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CHAPTERR 2 

Explicitt complete subvarieties of dimension d in 
M 2d+i i 

Abstract.. We describe a construction of complete subvarieties of Mg with 
dimensiondimension of order \og2(g). 

Inn [25] Joe Harris describes a construction of higher dimensional subvarieties of Mg, 
followingg a construction of Kodaira's: given a complete family n : X —> B of smooth 
curvess of genus g, one looks at the family of all curves of genus 3^ — 1 that are triple 
coverss of fibers of n totally ramified over one point. This gives a family of dim(£)+1. 
Startingg with a fixed genus 2 curve C —> Spec(C) of genus 2, this construction gives 
risee to complete subvarieties of dimension d in Mg, where g = | ( 3d — 1) +2. In this 
wayy we get complete subvarieties of Mg with dimension of order log3(#). (If one 
startss with P1 or an elliptic curve, one gets families without moduli.) 

Inn this chapter we improve on this result. We will construct subvarieties of 
MMgg with dimension of order log2(<?). To be more precise, we will exhibit complete 
subvarietiess of dimension d in M^+i . This construction was suggested in [17], but 
hass not found its way into the literature yet. 

Theoremm 2.1 For every d > 1 there exist in M2d+i complete subvarieties of di-
mensionmension d. 

InIn fact, we show a stronger statement, see Theorem 2.3. In showing the theorem 
above,, we exhibit non-degenerate families of smooth curves X —  B, for which the 
basee B is complete and has dimension d and the genus of the fiber is 2d+1. Non-
degeneratee means that the functorial map B — M^+i , sending b to [X&] € M2d+i, 
genericallyy has finite fibers. Our base field is C. 

2.11 The basic step 

Thee basic ingredient in our contruction is the following lemma, which we will apply 
recursively. . 

Lemmaa 2.2 Suppose we are given the following data: 
(i)(i)  a smooth algebraic curve TTQ : Xo —* Spec(C); 
(H)(H) a non-degenerate family ni : X\ —* B\ of curves of genus g > 1, smooth 

overover a smooth base B\; 
(Hi)(Hi)  maps X\ —  Xo and B\ —* Spec(C) commuting with the iti, such that the 

inducedinduced map on the fibers of the families is a finite map of curves; 
(iv)(iv) in Xo x Xo an irreducible, complete curve Wo not meeting the diagonal. 

ThenThen there exists a non-degenerate family 7T2 : X2 —* B2 of smooth curves of 
genusgenus 2g, with smooth base B2 and dim(i?2) = dim(Bi) +1. Moreover, there is a 


