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CHAPTERR 6 

Somee results on complete surfaces 

Ass we have seen, the geometry of Mg allows us to say something about the existence 
off  complete curves: for all g > 3 they do exist. Moreover, we can construct explicit 
examples,, in any genus g > 3. 

Ass for the existence of complete surfaces, the situation is much more mysterious. 
Completee surfaces in Mg do not exist for g < 3. For g = 2 this follows from the fact 
thatt M2 is affine. For g = 3, any complete surface contained in M3 would intersect 
thee hyperelliptic locus #3 in a complete curve (#3 is ample on M3—on M3 the class 
off  i/3 equals 9A, which is ample). Since #3 is affine, this is impossible. 

Diaz'ss upper bound (Theorem 1.6) tells us that for g > 4, the moduli space Mg 

mayy contain complete surfaces. In Chapter 1 and 2 we have shown examples, but 
theyy live in Mg, g > 8 (Fact 1.12 and Theorem 2.3). For g — 4, 5, 6 and 7 this 
problemm is completely open. However, in Chapter 4 we demonstrated the existence 
off  a complete surface in MQ in odd characteristic. 

Inn the following we state some general facts which can be deduced for complete 
surfacess in Mg or, correspondingly, for non-degenerate families of smooth curves 
overr a complete surface, in characteristic 0. 

6.11 Complete surfaces in Mg and the classification of 
surfaces s 

Forr g > 4 complete surfaces may exist in Mg. Such a complete surface gives rise to 
aa complete family X —* S of smooth curves, where 5 is a smooth algebraic surface, 
inn the following way. 
1.. Suppose So C Mg is a complete surface. In particular, So is projective. The 

spacee Mg does not admit a universal curve, but after adding a level n structure 
(nn > 3), a universal curve exists. So after a finite base change, we get a family 
off  smooth curves X\ — 5i, with S\ a finite cover of So- So S\ is projective as 
well. . 

2.. Desingularizing S\ and base changing, we get a family X2 —* S2 of smooth 
curves,, where S2 is smooth and projective. Note that the composite map 
522 —  Mg is generically finite, but it may have 1-dimensional fibers. 

Inn the case of complete families of curves over a 1-dimensional base, we saw that 
thatt the base has genus > 2. In particular, the base is a curve of general type. 
Wee claim that for 2-dimensional families a similar result holds, i.e., the base of a 
2-dimensionall  complete family of smooth curves is of general type. We prove this 
inn the following two theorems. 
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Theoremm 6.1 Let f : X —  S be a non-degenerate family of smooth curves. If S 
isis a smooth projective surface which is minimal, then S is of general type. 

PROOF.. We recall the classification of smooth, projective minimal surfaces. For a 
smooth,, projective variety X the Kodaira dimension is the dimension of <j> nK{X) 
forr n » 0. In the case \nK\ is empty for all n we set K = — oo. For surfaces, we 
havee K = —oo, 0, 1 or 2. If K = 2, the surface S is called of general type. We use 
thee classification of minimal smooth projective surfaces (see [8]): 

KK = — oo In this case S is birationally equivalent to a P1-bundle over a curve. Then S 
iss swept out by rational curves. The restriction of X —* S to these rational 
curvess is isotrivial, since every family of smooth algebraic curves over P1 is 
isotrivial.. This implies that the image of S in Mg is at most a curve, which 
iss absurd. 

K - 00 To this case correspond four different types of surfaces. 
AbelianAbelian surfaces (pg = 1 and q — 2). 
Sincee the universal cover of an abelian surface S is C2, a complete family of 
smoothh curves has to be constant: a map S —*  Mg induces a holomorphic 
mapp C2 —f Hg, the Siegel upper half plane, which is analytically equivalent 
too a bounded domain. Therefore, the image of S in Mg is a point. This 
contradictss the assumption that ƒ : X —  S is a non-degenerate family. 
KBKB surfaces (pg = 1 and q = 0). 
Considerr the map S —> Mg. Because 7ri(5, *) is trivial, we can trivialize 
RR11 /*Z over S. This yields a morphism S —  Hg which must be constant, 
sincee S is a projective surface and Hg is equivalent to a bounded domain. 
Hencee the image of S in Mg is a point. 
EnriquesEnriques surfaces {pg = 0 and q = 0). 
Everyy Enriques surface S admits a double étale cover S —> S, with S a K3 
surface.. So this case reduces to the previous case. 
Bi-ellipticBi-elliptic or hyperelliptic surfaces (pg = 0 and q = 1). 
Hyperellipticc surfaces are fiberd over P1 by a pencil of elliptic curves [29]. 
Hencee such a surface contains infinitely many elliptic curves, over which the 
familyy of curves must be isotrivial. This is absurd. 

KK = 1 Let 5 be a minimal surface with K = 1. Then there is a smooth curve B 
andd a surjective morphism 5 - > f l whose general fiber is an elliptic curve. 
Hencee S contains infinitely many elliptic curves, which is absurd. D 

InIn fact, in Theorem 6.1 we can get rid of the assumption that S is minimal. This is 
thee content of the following theorem. 

Theoremm 6.2 Let ƒ : X —* S be a non-degenerate, complete family of smooth 
curvescurves of genus g > 4. If S a smooth projective surface, then S is of general 
type. type. 

PROOF.. Suppose that ƒ : X —* S is a non-degenerate family of smooth curves, 
withh S smooth and projective. If K(S) = -oo, then S contains infinitely many 
rationall  curves, which is impossible (since ƒ : X —* S is non-degenerate, the map 
SS —> Mg has generically finite fibers, so only a finite number of curves in S get 
contracted—butt any rational curve in S gets contracted.) 
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Thereforee we may assume that K(X) > 0. Let S" be the minimal model of S and 
lett 7T: S —  S' the natural map. 

Supposee 5' is an abelian surface. The family X —  S gives a functorial map S —  Mg. 
Sincee 5 —  S' is birational, this map factors via S —> S' (since S — M9 contracts 
P ^ ).. So we have a map S'  Mg. We proceed as in the proof of Theorem 6.1. 

Iff  S' is a K3 surface, then TT\(S, *)  = 7Ti(S', *) = 0, so the argument given in 
thee proof of Theorem 6.1 applies: the period map gives a morphism S —* Hg, which 
mustt be constant. 

Iff  S' is an Enriques surface, then pulling back to the double K3 cover of S' 
reducess to the case that S' is a K3 surface. 

Iff  S' is bielliptic, then S' contains infinitely many elliptic curves, so the same 
holdss for S. Again, this is absurd. 

Finally,, if K(S") = 1, then also S contains infinitely many elliptic curves, since 
SS is birational to S'. This is absurd.

Remarkk 6.3 In her thesis from 1998, Emanuela Nicorestianu independently proves 
Theoremm 6.2 (see [44]). Her proof of Theorem 6.1 is essentially the same as the one 
givenn above, but the way in which she deduces Theorem 6.2 from Theorem 6.1 
iss different. In [44] she shows that any family of smooth curves X —*  S over a 
non-singularr surface S descends to a family of smooth curves X' —  S', with S' the 
minimall  model of S. 

6.22 Surfaces in the locus of curves wit h nontrivia l au-
tomorphisms s 

AA standard way to construct complete families of smooth curves is via cyclic cov-
erings.. Thus the base of such a family maps to the locus of curves with non-trivial 
automorphisms.. For g > 4 this locus is precisely the singular locus of Mg. 

Forr g = 4 or 5, it turns out that the locus of curves with automorphisms does 
nott contain complete surfaces. The rest of this section contains a proof of this claim. 
Thee main result is Theorem 6.6. To prove this we need two lemmas. 

Lemmaa 6.4 Let C be a smooth curve and A c C " the big diagonal of n-tuples 
(Pi»»  ,Pn) with Pi = Pj for some i ^ j . Then Cn \ A does not contain a 
completecomplete surface. 

PROOF.. Suppose that S C Cn \ A is a complete surface, and n > 3. The projection 
off  S onto the first n - 1 coordinates of C" is a complete subvariety of Cn _1 \ A. 
Thee fiber over {pi,... ,pn- i ) is finite, since it is contained in C \ {pi , . . . ,pn- i } -
Itt follows that the projection of S is a complete surface in Cn~l \ A. A repeated 
applicationn of this step yields a complete surface in C2 \ A, which is absurd. D 
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Lemmaa 6.5 If the moduli space of n-pointed genus g curves MSiTl contains a 
completecomplete surface, then g > 4, or g = 3 and n>\. 

PROOF.. For n > 3 the space M0fn is isomorphic to (P1 \ {0,1, oo})n~3 \ A. Hence 
Mo,nn is affine and does not contain any complete subvarieties of dimension > 0. 

Forr n > 1 the moduli space M\ n̂ maps to M\,\ which is affine. Hence a complete 
surfacee would be completely contained in a fiber of Mi iTl —> M\,\. The fiber over 
(E,(E, 0) is a finite quotient of (E \ 0)"_1 \ A, that is quasi-affine and does not contain 
anyy complete subvarieties of dimension > 0. 

Forr g > 2, let [C]  be a point of Mg. The fiber of Mg,n -  Mg over [C]  is a finite 
quotientt of Cn \ A. By Lemma 6.4 these fibers contain at most complete curves. 
Soo the image of a complete surface under MgjTl —*  Mg has dimension at least one, 
i.e.,, Mg contains a complete curve. Thus g > 3. Finally, M3 does not contain a 
completee surface (Theorem 1.6). D 

Theoremm 6.6 Suppose that the locus in Mg(C) of curves with non-trivial auto-
morphismsmorphisms contains a complete surface. Then g > 6. 

PROOF.. In [12], Cornalba has classified (over C) the irreducible components of the 
locuss of curves with automorphisms. Each component is a family S(p, 7; CL\, ..., an) 
off  curves C having an automorphism a of prime order p, such that Cja has genus 7 
andd C —> Cja has n branch points q\,..., qn and can be defined by a pth root of 
YA=IYA=I Uilii  w n ere the a*  are integers between 1 and p—1. Modulo p, the n-tuple (04)1 
iss up to permutation and up to multiplication by an integer uniquely determined by 
thee cover. If C has genus g, then 

2g-22g-2 = p{21-2) + n(jp-l) 

byy the Riemann-Hurwitz formula. 
Choosee m > 3 and denote by Mg [m]  the moduli space of curves of genus g with 

levell  m structure. Over M5[m] we have a universal curve Cff[m]. By [13], thm. 
1.11,, there exists a scheme A = Autji/ fl[m](Cff[m]), finite and unramified over Mg[m], 
representingg the functor of automorphism sets. Denote by Ap the closed subscheme 
off  A representing automorphisms of order dividing p. Let A'p = Ap \ A\. It is easy 
too see that this is finite over Mg[m].  The image of A'p in Mg is a union of several 
S(p,S(p, 7, a i , . . ., an). Let T(p,7,a1}..., an) be the inverse image of S(p,7, a\,..., an) 
inn A'p. The space T(p,7,01, . .. ,an) maps onto M7i„ . So a complete surface in 
S(p,S(p, 7, a i , . . ., an) would via pull-back to Ap give a complete surface in Af7i„ . 

Forr g < 3 we know already that Mg itself does not contain any complete surfaces. 
Too prove the theorem we have to deal only with the cases g = 4 and g = 5. 
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Inn M4 the locus of curves with nontrivial automorphisms has nine irreducible com-
ponents: : 

dimensionn 1: 5(5,0; 1,1,1,2) maps to: M0,4 
5(5,0;; 1,2,3,4) M0:4 

3:: 5(3,0; 1,1,1,1,1,1) M0,6 

5(3,0;; 1,1,1,2,2,2) M0,6 

5(3,1;; 1,1,1) Afi,3 

5:: 5(2,2; 1,1) M2,2 

6:: 5(2,1; 1,1,1,1,1,1) Mi,6 

7:: 5(2,0; 1,1,1,1,1,1,1,1,1,1) ^0,10 

AA complete surface in the locus of curves with automorphisms of M4 would map to 
aa complete surface in one of the moduli spaces M7in in the list. But by Lemma 6.5 
noo such M7)„  contains a complete surface. 

Inn M5 the locus of curves with nontrivial automorphisms has seven irreducible 
components.. Again by Lemma 6.5 it follows that no component of the locus of 
curvess with automorphisms of M5 can contain a complete surface: 

dimensionn 0: 5(11,0; 1,2,8) 
4:: 5(3,0; 1,1,1,1,1,2,2) 

5(3,1;; 1,1,2,2) 

mapss to: 

5(2,3) ) 
5(2,2,1,1,1,1) ) 
5(2,1;; 1,1,1,1,1,1,1,1) 
5(2,0;; 1,1,1,1,1,1,1,1,1,1,1,1) 

M),3 3 
M 0,7 7 
M M M 

M3 3 

M2,4 4 
Mi i 8 8 

Mo,, 12 D D 

Remarkk 6.7 Whereas for g = 4 or 5 the moduli space Mg cannot contain complete 
surfacess in the singular locus (in characteristic 0 or greater than 11), M6 can in 
characteristicc greater than 2. 

Onee component of the singular locus of M6 is 5(2,3; 1,1). This is a cover of M3)2. 
Inn characteristic p > 2 we can show that M^2 contains a complete surface, which in 
turnn gives rise to a complete surface in Me- This is the content of Chapter 4. 




