
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Exclusion and cooperation in networks

Ule, A.

Publication date
2005

Link to publication

Citation for published version (APA):
Ule, A. (2005). Exclusion and cooperation in networks. [Thesis, fully internal, Universiteit van
Amsterdam]. Thela Thesis.

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/exclusion-and-cooperation-in-networks(198e7ea2-52e4-443a-9606-a6f3748dd564).html


Chapter 6 

Dynamics of exclusion and 
cooperation 

Ever since Robert Axelrod initiated his computer tournament aimed at finding 
the winning strategy in a repeated prisoner's dilemma game (see Axelrod, 1984) 
have simulations and tournaments been the preferred methodology of social sci
entists investigating the phenomena of reciprocity and cooperation. Simulations 
are attractive because they can often be applied when theoretical deduction is 
not possible. Even simple models of social interaction often produce complex 
dynamics that are hard to characterize with mathematical analysis. This is 
especially likely when the system under study has many elements that interact 
with each other in many different ways. The dynamics of such a system usually 
depends on the emerging interaction pattern as well as on the private expe
riences of each agent. Simulations may yield paths of system dynamics given 
by any set of behavioral rules and thus provide an insight into effects of any 
particular modelling assumption. Approaching the same task mathematically 
is often much more difficult. 

In this chapter we use computer simulations to study the dynamics of social 
exclusion among agents that follow simple behavioral rules in a stylized model 
of a social dilemma embedded in an endogenous network. We identify the 
conditions under which a norm can emerge that prescribes individual exclusion 
of players that do not cooperate, and the consequences of this norm for social 
cooperation. The modelling variables are the inclination to fairness among 
the players and their comprehension of the behavioral strategies used by other 
players. Even though our model considers only basic behavioral rules it produces 
rich dynamics that vary to a great extent across distinct simulation conditions. 

In the following section we discuss how an evolutionary view to behavior may 
give an important alternative approach to that of modelling rational agents 
in economics. We then shortly describe our dynamic model and discuss some 
related approaches in the literature, and our contribution. The model is formally 
introduced and analyzed in section 6.2. Medium and long-run simulations are 



described in detail in section 6.4, and their application is demonstrated for the 
case of selfish players. In section 6.5 we use simulations to study the dynamics 
of behavior among non-selfish players. In section 6.6 we discuss the results of 
our simulations and some possible extensions of our dynamic model. We briefly 
summarize the chapter in section 6.7. 

6.1 Introduction 

In his seminal tournament Axelrod asked a selection of researchers to submit 
strategies that would compete against each other in a finitely repeated prisoner's 
dilemma game. Even though many sophisticated strategies were submitted the 
winning one was simple. Called tit-for-tat, it was characterized by cooperating 
in the first period and subsequently repeating the action that the opponent 
played in the previous period. The strengths of this strategy were unconditional 
reciprocation and simplicity, so that other strategies were quickly able to learn 
to cooperate with it. Reciprocity and simplicity also characterized the winner 
of a computer simulation of the evolution of strategies in which strategies were 
not submitted but randomly generated by the computer (see Axelrod, 1987). 

Two kinds of evolutionary approaches are most prominent among the numer
ous simulation studies that have since been implemented by social scientists, 
computer scientists, mathematicians, economists and others. The first approach 
is to consider a limited set of strategies, usually a convex hull of those that 
describe intuitive modes of behavior. The dynamics of proportions of agents 
playing different strategies is then analyzed in a simulated environment under 
the assumption that the change in proportion of each strategy is a function of 
its relative success. In particular, the use of successful strategies is assumed to 
grow and of unsuccessful ones to decline, although they never quite disappear. 
This assumption can be motivated by conjecturing that successful strategies are 
imitated more often than unsuccessful ones, or that agents playing successful 
strategies have more offspring than those playing unsuccessful ones. See Fried
man (1991) and Nowak and Sigmund (1998) for examples of this approach. 

The second approach is to set complexity bounds on prospective strategies and 
specify the rules by which new strategies evolve from previous ones. Strategies 
may, for example, be structured as cellular automata in which case complexity 
can be bounded by limiting the maximal number of automata states. Only a 
small subset of strategies is present in the population at any certain time but 
new strategies may appear by way of random mutations of the most successful 
past strategies. This potentially permits a very large set of prospective strategies 
that is not limited by the intuition of the researcher. Evolutionary simulations 
of this kind may yield unexpected strategies and are useful exploratory studies 
but may be difficult to interpret. A number of recent papers using various evo
lutionary approaches for the study of the emergence of cooperation are surveyed 
in Axelrod (2000). 

The main reason to adopt computer simulations as a methodology of research 
in economics is to facilitate the study of models that reach beyond the tradi-
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tional assumption of fully rational, informed, computationally capable and self
ish economic agents. This assumption gives rise to accurate predictions about 
aggregate market behavior (Friedman, 1953) but it offers an oversimplified view 
of human behavior and its predictions at the micro-level often dramatically fail. 
One example is its failure to explain high levels of cooperation in experimental 
finitely repeated two-player prisoner's dilemma games. Many other examples 
can be found in laboratory experiments in game theory (see e.g. Goeree and 
Holt, 2001). Empirical evidence as well as casual experience yield further phe
nomena that the standard theory cannot explain, such as altruism, reciprocity, 
and conformism with social norms (Fehr and Fischbacher, 2003). 

The postulates about rationality, perfect foresight and selfishness are con
tested by the models of bounded rationality. Although people may try to act 
rationally the requirements of information and computational abilities that stan
dard models assume are rarely met (Simon, 1955). Customers have strong 
feelings about the perceived fairness of firms and worker's perception of what 
constitutes a fair wage constrains the wage setting of firms (Kahneman et al., 
1986; Fehr et al., 1993). It is striking that when people have incomplete in
formation or use behavioral rules that are constrained in complexity they may 
reach far higher levels of cooperation than suggested by standard theory (Kreps 
et al., 1982; Neyman, 1985). 

A common approach to modelling bounded rationality is to consider agents 
that follow simple behavioral rules. By way of learning and adaptation they 
occasionally change their heuristics. The updating dynamics may lead to a 
stable constellation of rules in the population of such agents. Rather than being 
the consequence of rational deliberation the emerging behavior constitutes the 
outcome of adaptation of agents to a complex environment. Using this approach 
one can contribute to an explanation of reciprocity, conformism with social 
norms, and cooperation. Because of analytical constraints these models are 
often analyzed with the help of computer simulations. 

We introduce in this chapter such a model to study conditions under which 
a norm that prescribes exclusion of defective players can survive, and the con
sequences of this norm for the dynamics of cooperation. Social exclusion of 
defectors may be seen as a form of punishment. It may, however, have addi
tional effects on the evolution of behavior, especially because it affects the social 
structure and the pattern of future interactions. We therefore discuss our ap
proach in relation to the literature on the evolution of norms and punishment 
behavior as well as the literature on spatial evolution of cooperation. 

That cooperation may be supported by reciprocation was already demon
strated by the success of the tit-for-tat strategy in Axelrod's tournament (al
though some evolutionary support for this conjecture already existed in the bi
ological literature, see e.g. Trivers, 1971). This strategy, however, is much less 
successful in multi-player games and some kind of retaliation that is directed 
solely at non-cooperators is needed to sustain cooperation. Boyd and Rich-
erson (1992, 1988) refer to such directed retaliation as retribution and study 
its evolutionary success. Retribution, if costly, can be seen as an altruistic 
act. Punishment is beneficial to the group, but costly to the individual, and 
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selection favors individuals that do not punish. This is commonly referred to 
as the "second order" free riding problem (Oliver, 1980). Several solutions to 
this problem have been suggested. One may, for example, consider punishers 
who punish any order free riders, thus following a metanorm (Axelrod, 1986), 
cooperators who always retaliate (Yamagishi and Hayashi, 1994), higher order 
punishments (Henrich and Boyd, 2001), and inter-group competition (Bowles 
and Gintis, 2003). 

The structure of social interaction, on the other hand, may also crucially affect 
the evolution of cooperation. This has first been demonstrated by Nowak and 
May (1992). Large number of models of adaptive play on different interaction 
structures, in what became known as models of local interaction, have since been 
analyzed using simulations (Eshel et al., 1998a; Cohen et al., 2001), tournaments 
(Burt, 1999) and theoretical analysis (Eshel et al., 1998b; Outkin, 2003; Tieman 
et al., 2000). A particularly thorough investigation is reported by Cohen et al. 
(1998) who use simulations to compare dynamics of cooperation across different 
structures of interaction, adaptive processes and strategy spaces. 

A common assumption in models of the evolution of retaliation and local 
interaction is that successful strategies grow by way of imitation or conformism. 
In particular, best response dynamics are not considered. Eshel et al. (1998b) 
claim that " altruism has no hope in the world of best responders", as defection 
is the unique best response. This, however, is true only in the world of myopic 
best responders, that is, players who look for strategies that maximize only their 
immediate payoff. We demonstrate in this chapter that to sustain cooperation 
under best response dynamics it is sufficient to assume that players understand 
the reactions of other players and take them into account when calculating their 
payoff. 

Players that are sufficiently sophisticated to include their knowledge about 
strategies used by other players when calculating their best response are usually 
referred to as level-2 players (see Stahl and Wilson, 1995), as opposed to level-1 
players who play best response to previous period actions and level-0 players who 
play randomly. That many people exhibit what is called strategic sophistication 
was demonstrated in experiments by Stahl and Wilson (1994) and Costa-Gomez 
et al. (2001) who classify between 45% and 53% of their subjects as level-2 
players. Such players may have significant impact on the dynamics of play, but 
have so far been largely neglected in dynamic models of adaptive behavior. Only 
the simplest modes of behavior, such as imitation or myopic best response, or 
most sophisticated ones, such as perfect foresight, are usually considered. We 
propose in this chapter a simple way of modelling level-2 players via limited 
forward looking. 

Players with forward looking of limited scope r > 0 choose strategies that 
maximize their utility across r periods. Players with r = 2 consider reactions 
of other players to their own behavior in their utility calculations in accordance 
with level-2 sophistication. Players with r = 1 choose myopic best response 
in accordance with level-1 sophistication. Players with r = 0 do not maximize 
their future payoff but make random actions, in accordance with level-0 sophis
tication. To study the effect of increased forward looking we also study players 
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with r = 4, although not with level-4 sophistication. A suggestion on how higher 
strategic sophistication may be simulated is given in section 6.6.2. As far as we 
know models of players with limited forward looking and limited, but not trivial, 
strategic sophistication have not been studied before. A reference to a few pos
sible models of limited foresight, with a short discussion of their shortcomings, 
is given by Rubinstein (1998). Jehiel (1995) proposes an intricate notion of an 
equilibrium with limited foresight, which we discuss in section 6.6.2. 

Consideration of best response dynamics permits us to make another contri
bution, by modelling the dynamics of behavior among players with non-selfish 
preferences. That people may have sentiments for the well-being of other peo
ple, and may not necessarily be selfish, has been debated by philosophers as 
well as economists (a historical reference is Adam Smith, e.g. Smith, 1975, see 
also Binmore, 2000). It has been observed empirically and demonstrated via 
laboratory experiments (see e.g. the dictator game experiments by Eckel and 
Grossman, 1996). Recently a number of approaches to model non-selfish players 
have been suggested (e.g. Rabin, 1993; Levine, 1998; Fehr and Schmidt, 1999; 
Cox et al., 2004). In this chapter we consider two simple models from this lit
erature, the model of altruism by Levine (1998) and the model of inequality 
aversion by Fehr and Schmidt (1999), and study the dynamics of norms and 
cooperation among altruistic or inequity averse players. Because these models 
require comparisons of prospective payoffs they are incompatible with assump
tions of imitation or conformism made in other evolutionary studies. In our 
model, in which we assume best-response behavior, they can be implemented in 
a straightforward manner. 

Best response has previously been used in the framework of the dynamics 
of conventions. Ellison (1993) and Blume (1993) both studied the evolution 
of coordination among myopic best responders embedded in a local interaction 
network. They noted that non-perturbed dynamics may converge to several 
equilibria, but if the process is perturbed by small errors the risk dominant 
equilibrium is most likely to be selected. Their approach is based on observations 
made by Fudenberg and Maskin (1990) and Young and Foster (1991) that the 
dynamics in games with noise may drastically differ from that in games without 
noise. Small perturbations may result in a process that, in the long run, spends 
considerably more time in some states than in the others. In this sense we may 
say that the dynamics select among the equilibria in the long run. We adopt 
the approach of Young and Foster (1991) to detect the long-run equilibria in 
our model. 

This is how we set up our model. We assume that a relatively small group 
of players is playing the prisoner's dilemma game embedded in an endogenous 
network. In each period players simultaneously choose with whom to play and 
what action to play. Each pair of players play the prisoner's dilemma game when 
both mutually chose each other, and earn the outside option otherwise. Our aim 
is to study the dynamics of the norm that prescribes cooperation and exclusion of 
players that defected in the previous period. We conjecture that full cooperation 
will emerge if sufficient number of players follows such a norm. Whether such a 
situation can be sustained in the long run may depend on forward looking and 
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social preferences of the players as well as on the outside option value. We run 
computer simulation across different scopes of forward looking, different outside 
options, and different constellations of social preferences in the group. Our main 
conclusions are that (i) sufficient forward looking is as important for sustaining 
cooperation as is sufficient regard for others, (ii) cooperation may be sustained 
among sufficiently forward looking selfish players, and (iii) even though assuming 
other-regarding preferences increases the set of cooperative equilibria, there are 
no qualitative differences in the long-run dynamics between groups of other-
regarding and groups of selfish players. Cooperation increases considerably only 
when extremely high altruism or inequality aversion is assumed. 

A few other studies exist that discuss the evolution of cooperation when one's 
interaction partners may be endogenously chosen or refused. Schuessler (1989) 
and Vanberg and Congleton (1992) explore the replicator dynamics within a 
small set of simple strategies in repeated two person prisoner's dilemma game 
with options of exit or partner change. Batali and Kitcher (1995) and Hauert 
et al. (2002) study the evolution of altruism in Public Goods games with exit 
possibility. Morikawa et al. (1995) and Orbell et al. (1996) look at the evolution
ary success of optimistic cooperators who often play the game, facing pessimistic 
defectors who are more likely to take the outside option. Mailath et al. (2001), 
Skyrms and Pemantle (2000) and Outkin (2003) describe probabilistic mod
els in which players are matched according to endogenously chosen probability 
distribution. Flache (2001) studies the effects of risk preferences on migration 
and cooperation in a model with heterogeneous players. Vega-Redondo (2002) 
describes a model of network formation with exogenously defined linking rules. 
Yamagishi et al. (1994) and Hayashi and Yamagishi (1998) use computer tourna
ments to study the success of various strategies in a finitely repeated prisoner's 
dilemma with endogenous matching. Smucker et al. (1994) and Ashlock et al. 
(1996) use genetic algorithms to study the evolution of cellular automata play
ing prisoner's dilemma in a partner choice and refusal environment and Hauk 
(2001) and Hanaki et al. (2004) consider a similar environment to study adaptive 
dynamics within a small set of intuitive strategies. 

All of these studies assume that behavior spreads via imitation or a related 
adaptive model and that players are constrained in the number of partners 
they may choose. In chapter 4 we show that if linking is constrained then 
cooperation can be achieved in subgame-perfect equilibria of finitely repeated 
network dilemma games even among rational and selfish players with perfect 
foresight. In contrast, we study in this chapter a repeated network dilemma 
game with costless and unconstrained linking. Our intuition that boundedly 
rational players may achieve cooperation in such setting is confirmed in our 
dynamic model. 
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6.2 Adaptive play 
In this chapter we consider network dilemma games with unconstrained and 
costless linking, introduced in chapter 3. We refer to such games as basic games. 

Given a basic game F = (N, J, w) with n players, the following dynamic 
model is considered. Let t = 0,1,2,... denote successive time periods. The 
basic game is played once each period. Let a^t) be the action and let Pi(t) 
be the linking choice of player i at time t. The profile of moves at time t is 
{a(t),p(t)) = ((ai(t),..,an(t)),(pi(t),...,pn(t))) G J. The history of moves up 
to time t is the sequence h(t) = (a(0),p(0), a( l ) ,p( l ) , ...,a(t),p(t)). The set 
H[t] = J1 consists of all possible time t histories. 

At each time t player i is characterized by a strategy, defined as a mapping 

8i[t) : H[t - 1] -» Ai x Pi 

assigning a move (ai(t),pi(t)) = Si[t](h(t — 1)) to each possible history h(t — 1). 
For convenience we omit the time parameter [t] whenever we refer to generic 
moves, strategies, and histories. We denote by Pi{si \ h) the linking choices and 
by aj(Sj | h) the action chosen by the strategy Sj given history h. 

We assume that players exhibit a fair amount of inertia in choice of their 
strategies. With high probability they keep the same strategy across several 
periods. Only occasionally a player realizes what strategies are played by the 
other players and updates her own strategy by choosing one that maximizes her 
utility given the strategies of the other players. An updating player assumes 
that the other players will continue to play the same strategies for a few more 
periods, and that she herself will be playing her new strategy for a few following 
periods. These assumptions may be viewed as a boundedly rational behavior 
of the players facing the difficult task of predicting the future behavior of the 
other players. 

When maximizing her future payoffs the player may consider only the payoffs 
in the coming period, in which case we say that player chooses a myopic best 
response. A standard result is that defection is the unique myopic best response 
in a multi player prisoner's dilemma game. We show here that in our basic 
game a player following the myopic best response never cooperates over an 
established link. The aim of this chapter is to extend the analysis by considering 
players which, to a limited extent, understand the future consequences of their 
actions. This is modelled by assuming that players behave in order to maximize 
their payoff across several periods of play. We discuss when cooperation among 
players with such "limited forward looking" can be sustained. 

6.2.1 Strategy set 

Below we introduce the set of strategies considered in the simulations. Rather 
than allowing for all feasible strategies at each time t we consider a fixed set 
of possible strategies. The strategies are independent of the time period. This 
is because we assume that players have a limited memory and consider only 
the most recent part of history, even though the length of history increases with 
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time. In particular, we assume for simplicity that the strategies are independent 
of all past periods except the most recent one. We also assume that strategies 
depend only on past actions, but are independent of past linking choices. 

Further, we assume action consistency and linking consistency. Action con
sistency requires that strategies are either fully cooperative or fully defective. 
That is, a player cooperates in each period she is playing a cooperative strategy 
and defects in each period she is playing a defective strategy. Linking consis
tency requires that a player proposes a link to another player playing strategy 
s if and only if she also proposes links with all other players playing strategy s. 
We do not consider mixed strategies. 

The resulting set consists of four intuitively plausible strategies. The benefit 
of a small set of feasible strategies is the tractability and clarity of interpretation 
of the simulation dynamics. 

We assume that each player is of one of the following types: 

(CA) (Non-exclusive) cooperator. If player i is of this type she proposes links 
to all other players and cooperates in the prisoner's dilemma game. For any 
time t the corresponding strategy sfA is defined by 

and the vector of proposed links pfA by 

vCA = I l 
P%3 \ 0 

if j ^ i 
0 if j = i 

(CE) Exclusive cooperator. If player i is of this type she proposes links only to 
those other players that cooperated in the previous period, and cooperates 
in the prisoner's dilemma game. For any time t the corresponding strategy 
sfE is defined by 

s?E(h(t-l)) = (C,p?E), 

and the vector of proposed links pfE by 

CE _ ƒ 1 i f o , ( t - l ) = C 
i f o j - ^ - l ) = Dori= j 

(DA) (Non-exclusive) defector. If player i is of this type she proposes links to 
all other players and defects in the prisoner's dilemma game. For any time 
t the corresponding strategy sfA is defined by 

SP
A{h{t-l)) = {D,pfA), 

and the vector of proposed links p®A by 

Hi ' \ o if j = i 
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always link exclude defectors 

cooperate 
defect 

sCA 

SDA 

Table 6.1: Classification of strategies according to cooperation and exclusive-

ness. 

(DE) Exclusive defector. If player i is of this type she proposes links only to 
those other players that cooperated in the past period, but herself defects 
in the prisoner's dilemma game. For any time t the corresponding strategy 
sfE is defined by 

s?E(h(t-l)) = (D,p?E), 
DE and the vector of proposed links p^ by 

oDE = { l 
v \ 0 

if aj(t- 1) =C 
1 0 iiaj(t - I) =D or i=j 

We refer to a player of type CA or CE as cooperative, and to a player of type 
DA or DE as defective. We refer to a player of type CE or DE as exclusive, 
and to a player of type CA or DA as non-exclusive. In Table 6.1 we use the 
same nominations to classify the corresponding strategies. The non-exclusive 
strategies are independent of the history, while the exclusive strategies depend 
on the most recent actions only. Let Si = {sfA,sfE,sf>A,sf>E} and let S = 
{(si,..., s„) | Si e Si} be the space of strategy vectors. 

We are interested in the long run dynamics of norms prescribing exclusion of 
defectors, and the impact of the exclusion in the long run success of cooperation. 
The four strategies defined above represent the modal types of behavior for 
our analysis. A notable omission is the absence of tit-for-tat type strategies, 
that is, strategies which prescribe cooperation as long as certain number of 
other players cooperate, and defection otherwise. In n-player prisoner's dilemma 
games defection of a single player negatively affects all other players, those who 
defect as well as those who cooperate. Even if the intent of defection is to punish 
a subgroup of defectors it may induce only more defections by the remaining 
cooperators, and the play may slide into the uniform defection. Exclusion of 
defectors, on the other hand, is a form of retaliation and does not risk being 
misinterpreted for defection by the remaining players. Rather than tit-for-tat 
strategy, we study in this chapter the success of the out-for-tat strategy sfE. 

6.2.2 Updat ing rule 

We describe next the strategy updating rule. Players use the same rule in all 
periods in which they update their strategy. For convenience we omit the time 
index "[£]" whenever it is not essential. Let a be the vector of actions at time 
t — 1 and let s= (si, . . . , S „ ) G 5 be the vector of strategies that players use at 
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time t. The profile of moves at time t is then determined by s and a. Let 
a,i(si) = a,i(si | h(t — 1)) be the action, and let Pi(si \ a) = Pi(si \ h(t — l)) be the 
linking choice induced at time t by strategy s,, given actions a at time t — 1. Let 
a-i(s) = (ai(si), . . . ,aj_i(sj_i),Oj+ i(s i + i) , ...,an(sn)) be the vector of actions 
and let P-i(s\ a) = (pi(si | a),...,pi_i(si_i | a), pi+1(si+i \ a),..., pn(sn | a)) be 
the vector of linking choices of players N/i induced by s. The vector of strategies 
that players use at time t is denoted by s[t] = [si[t],..., sn[t]). 

Players begin with an initial vector of strategies s[ l ]e5 at time t = l.1 At 
each time t > 2, before making her move, player i with some fixed probability 
qi € (0,1) updates her own strategy, by observing the vector of strategies at 
time t — 1 and maximizing her payoff across the next r» periods, under the 
assumption that the strategies of the other players do not change in that time 
span. Formally, let s= (sj , . . . , sn)eS be the vector of strategies at time t — 1, 
and let 

be the vector of strategies during time periods [t, t + rt] assuming that player 
i changes her strategy from s^ to s£ at t, keeps it during [t,t + r j , and that 
players N/i do not change their strategies during [t — l,t + r»]. Under these 
assumptions, the payoff of player i across the r, periods following her update is 

Xi(s'i\ s) =-Ki{ai{s'l),pi(s'l\ a(s)),a_i(s),p_i(s | a(s))) 

+ (r, - 1) • *ï(Oi(*{),ft(«{ | a(s ' ) ) ,a_ l (s ' ) ,p- l (s ' | o(s'))). (6.1) 

The first row of equation (6.1) is the payoff player i receives at time t, that is, 
when the remaining players believe she is playing the old strategy s* = Sj [t — 1], 
but in fact she is playing the new strategy s^. The second row of equation (6.1) 
is the payoff player i receives during the subsequent r» — 1 time periods, that 
is, when the remaining players realize she is playing the new strategy s't. This 
calculation is correct if no updates take place during [t — l,t + r<], aside from 
the initial update by player i. 

If player i is updating at time t she chooses a strategy Si[t] such that 

Si[t] e argmax xl(s'l | s[t -1]). (6.2) 
s'ie{sCA ,SCE ,SDA , S D E } 

If this payoff is maximized by the current strategy of the player, the player keeps 
her current strategy. If not, she randomly selects one of the optimal strategies. 
The parameter r; is called the scope of forward looking of player i. If player i 
does not update her strategy, which happens with probability (1 — <&), we say 
that she exhibits 'inertia', i.e. she maintains her current strategy. 

The assumption that strategies of other players can be observed is not very 
restrictive. To see this, note that (i) actions of all players are always observable 

1 In our simulations we will consider different initial strategy profiles. We specify them 
later. 
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and (ii) whenever at least two players defect the linking behavior of all play
ers in the next period reveals their type.2 This means that whenever at least 
two players defect strategies of all players are revealed in the following period. 
For simplicity we assume that a player observes all strategies whenever she is 
updating her strategy. 

6.3 T h e basic process 

When at some time t > 2 a player updates her strategy her choice depends 
only on the vector of strategies played a time t — l.3 The probability that 
players will play strategies s[t] at time t depends therefore only on the vector 
of strategies s[t — 1] played at time t — 1, and not on the strategies played 
during the previous time periods. Furthermore this probability is stationary, 
that is, it is independent of t. The updating rule outlined above thus generates 
a Markov chain with the finite state space S. This Markov chain is completely 
characterized by its transition matrix M in which for each s,s' e S the entry 

Mss, = prob[s[t] = s' | s[t - 1] = s] (6.3) 

gives the probability that the process is in state s' at time t, given that it was in 
state s at time t — l.4 The value of MSS' is also called the probability of transition 
from state s into state s'. The value of Mss is the probability that the process 
will not make any transition from state s. For each state s the corresponding 
row of the matrix represents the probability distribution over transitions from 
state s, and satisfies 

Y^ M*s' = 1- (6-4) 
s'es 

We refer to this particular discrete-time Markov process as the basic process. 

6.3.1 Absorbing states of the basic process 

Let s= (si,..., sn) be an absorbing state. By definition the set {s} is recurrent, 
which implies that MS

T
S, = 0 for every state s' ^s and all r G N. It then follows 

from (6.4) that Mss = 1, from (6.3) that s[t] =s implies s[t + l] =s, and, indeed, 
that s[t + r] =s for all r G N. This may hold only when 

st e argmax x(s'i | s), (6.5) 
Sl

ie{sCA,SCE,8nA,SDE} 

2If no player defects then in the following period all players propose all links and do not 
reveal whether they are exclusive or not. If only one player defects then this player, regardless 
of her type, proposes all links in the following period. 

3We assume that time starts with t =, 1, but the first update may take place only after 
the first round, that is at t = 2. This is because players need to observe at least one period of 
play before they can update their strategies. 

4 The definition (6.3) requires t > 2. Because of the stationarity of the process this proba
bility is well defined, that is, it is independent of t. 
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for each player i. It is easy to verify that the opposite argument is also true, 
which proves the following Proposition. 

Proposi t ion 6.1 State s is absorbing if and only if (6.5) holds for each player 

In other words, in an absorbing state, each player is playing a strategy that 
is a best response with limited forward looking to the strategies played by the 
other players. In this sense we may say that the process is in equilibrium when 
it reaches an absorbing state. 

In each state the set of possible transitions depends only on the numbers 
of players of each type. This is shown in the proof of Proposition 6.2, below. 
An intuitive explanation is that the strategies do not discriminate among the 
players on the basis of their identities. If players j and k play the same strategy 
at time t — 1, then each player i ^ j , k, using one of the strategies outlined 
above, will react to players j and k in the same way at time t. Formally, for 
any type T G {CA, CE, DA, DE} let 

nT(s) = \{ieN\Sl = sf}\ 

be the number of players of type T given the vector of strategies s.5 For each 
sES we refer to the 4-tuple 

CA/C\ „CE/C\ „DA/^ mDEi Z(B) = ( n ^ ( s ) , n ^ ( s ) , n ^ ( s ) , n ^ ( s ) ) 

as the type distribution in state s. Let 

Z = {{nGA,nCE,nDA,nDE)\ 
CA | „ C £ , „ f l i | „ B E 

n + n + nUA + nUE = n , n1 > 0 for each type T} 

be a set of possible type distributions. For each type distribution z e Z let 

Sz = {s G S | z(s) =z} 

be the set of all states with type distribution z. Sets Sz partition S into groups 
of states with equal type distribution. 

Let us introduce a short notation for the states in which all players play the 
same strategy. For a type T 6 {CA, CE, DA, DE) let sT = (sf,...,s^) be 
the state in which each player i plays the strategy sf. The corresponding type 
distributions are 

(CA) z(sCA) = (n, 0,0,0), 

(DA) z(S
CE) = (0,n,0,0), 

(CE) z(sDA) = (0,0, n,0), 

(DE) z{sDE) = (0,0,0,n). 

5Cardinality \A\ gives the number of elements in the set A. 
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The following proposition states that for each z e Z either all or none of the 
states with type distribution z are absorbing. The proof is given in the appendix 
to this chapter. 

Proposition 6.2 Let z e Z be a type distribution. State se Sz is absorbing if 
and only if each of the states in Sz is absorbing. State s£ Sz is transient if and 
only if each of the states in Sz is transient. 

Propositions 6.1 and 6.2 facilitate characterization of absorbing states of the 
basic process. To prove that states with type distribution z are absorbing it 
suffices to show that in some state se Sz strategies of all players satisfy condition 
(6.5). To prove that states with type distribution z are not absorbing it suffices 
to show that the strategy of some player in some state s€ Sz violates condition 
(6.5), that is, her strategy is not a best response with limited forward looking 
to strategies played by the other players. 

A non-absorbing state is either transient or belongs to a recurrent set. If 
the absorbing states are known, characterization of recurrent sets reduces to 
the characterization of the set of transient states. For this we use the following 
result. 

Proposition 6.3 A state s is transient if some transient or absorbing state 
is accessible from s. In particular, a state s is transient if MSS' > 0 for some 
transient or absorbing state s' j^s. 

Proof. By definition, state s belongs to a recurrent set if all states accessible 
from s also belong to the same recurrent set. Also by definition, a transient or 
absorbing state never belongs to a (non-singleton) recurrent set. If a transient 
or absorbing state is accessible from s, this implies that s does not belong to 
any recurrent set, and is therefore transient. • 

We implement the assertion of Proposition 6.3 to detect the transient states 
of the basic process via the following algorithm. 

Algor i thm 1 

1. Calculate the transition matrix M. 

2. Determine the absorbing states SA of the process. 

3. Let S° be the set of states sG S° such that Mss> > 0 for some absorbing 
state s' j^s. 

4. For T = 1, 2,... repeat: 
- let ST be the set of states sS ST such that Mss/ > 0 for some s' € ST~1, 
until ST = ST~1. 

Proposition 6.4 Let, for r = 0,1, ...,r, the sets ST be yielded by the Algorithm 
1. The process has no recurrent sets, aside from the absorbing states, if and only 
ifS°UST = S. 
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Proof. An iterative application of Proposition 6.3 implies that for each r all 
states in ST are transient. By the definition of the updating process, regardless 
of the state, the event that no player is updating has positive probability. This 
is to say, M s s > 0 for each state s. Consequently, ST~1 C ST for each r > 2. 
The algorithm thus makes at most \S\ iterations. Since the set S is finite, the 
algorithm stops in finite time. 

Clearly, if S° U ST = S there are no recurrent sets aside from the absorbing 
states in S°. To prove the opposite argument, assume that there are no recurrent 
sets aside from the absorbing states in 5°. At least one such absorbing state 
must be accessible from each state s. Therefore, for some T < T and some 
absorbing state s', MJS, > 0, which implies that sS ST, and thus se ST. • 

As it turns out every implementation of Algorithm 1 in this chapter yields the 
sets of absorbing states 5"° and of transient states ST, which satisfy S° U ST = S. 
Using proposition 6.4 we conclude that, across all the processes considered, the 
recurrent sets consist solely of absorbing states. 

Throughout this chapter we assume that q% = q and r, = r for all i. For 
reference we include the payoff matrix of the prisoner's dilemma below. 

Player j 
C D 

c,c 

f,e 
e J 
d, d 

Without the loss of generality we may assume that all payoffs in the prisoner's 
dilemma game are positive, / > c > d > e > 0 . Using Proposition 6.2 it is 
straightforward to verify that the state s , in which all links are established, all 
players cooperate, and threaten to exclude any defective player, is an absorbing 
state of the basic process whenever 

r c > / + ( r - l ) o , (6.6) 

i.e. whenever the payoff from r periods of mutual cooperation exceeds the payoff 
from one period of free-riding followed by r—1 periods of isolation. The complete 
characterization of absorbing states is, however, less straightforward. Below we 
analytically characterize absorbing states of the basic process with o = 0. In 
general, however, we use Algorithm 1 to characterize absorbing states of other 
processes considered in this chapter. 

Let the value of the outside option be o = 0. For each player i the choice profile 
sfA constitutes the unique dominant strategy in the basic game. Similarly, with 
any scope of forward looking r the state sDA, in which all links are established 
and all players defect, is an absorbing state of the basic process. For r = 1 
absorbing states consist only of defective players. Proposition 6.5 below states 
that there might, however, exist absorbing states with cooperative players, when 
their scope of forward looking is sufficiently long. Note that in any state with 
type distribution (p, n—p, 0,0), such that 0 < p < n, all n players are cooperative 
and n—p are exclusive. 
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Proposi t ion 6.5 Consider the basic process with o = 0. State sDA is absorbing 
for all r. State sDE is absorbing for r = 1. States s with type distribution 
z(s) = (n — 1,0,0,1) are absorbing if and only if 

States s with type distribution z(s) = (p,n — p, 0,0) are absorbing if and only if 

In particular, state sDE is absorbing if and only if r satisfies (6.6). There are 
no other absorbing states. 

The proof is given in the appendix to this chapter. Several general impli
cations may be drawn from Proposition 6.5. Condition (6.6) with o = 0 is 
necessary for (6.8) and thus for the existence of any fully cooperative absorbing 
state. Condition 

c > f - ^ (6.9) 
n — 2, 

is necessary for the existence of absorbing states with type distribution (n — 
1,0,0,1). There is always an r such that (6.6) is satisfied, but this is not the 
case with (6.9). To summarize, when their scope of foresight is short (e.g. r = 1, 
myopic best response) all players are defecting in an absorbing state. Only when 
players have a sufficiently long scope of foresight do there exist absorbing states 
in which all players cooperate. 

6.3.2 Stability of absorbing states 

The dynamics of the process may crucially depend on the initial conditions. 
In general, if a Markov chain starts in an absorbing state it will never leave 
that state. On the other hand, if it starts in a non-absorbing state it will leave 
that state and, in the long run, reach a recurrent set (or an absorbing state). 
The probability that the Markov chain is in a state that does not belong to 
a recurrent set is thus asymptotically zero. In this sense only the states in 
recurrent sets can be selected by the process in the long run. 

It turns out that our basic process may have several absorbing sates but 
no other recurrent sets. The basic process reaches, with probability one, one 
of its absorbing states in a finite time and remains in that state forever. To 
get an indication about which of the absorbing states are most likely to be 
reached we introduce the notion of their stability. In short, some absorbing 
states may be more persistent than others, when the process is subject to small 
perturbations. If the players occasionally violate the updating rule, e.g. due to 
mistakes or experimentation, the process is most likely to spend most periods 
in an absorbing state that is robust against these violations. 
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This notion of stability has been formalized in concepts of stochastic stability 
and the long-run equilibrium by Young (1993) and Kandori et al. (1993), re
spectively. Both concepts have been invoked as solution criteria in evolutionary 
models with best response dynamics, e.g. in Samuelson (1994) and Kandori and 
Rob (1995). Here, we use stochastic stability as the selection mechanism among 
the absorbing states of the basic process. An introduction to the concept of 
stochastic stability and discussion on the relation with concepts of asymptotic 
stability and evolutionary stability may be found in Foster and Young (1990). 
Essentially, stochastic stability requires robustness against persistent or regular 
mistakes, while evolutionary stability requires only robustness against isolated 
mutations. Young (1998) argues in favor of its implementation in the studies of 
social phenomena and provides a series of applications of the concept. 

Consider again the Markov chain defined by the best response dynamics intro
duced in section 6.2. Assume also that the players occasionally make mistakes 
in the choice of their strategy. Let e e (0,1) be the probability that an updating 
player chooses her new strategy at random. The player otherwise follows the 
best response rule (6.2). This modified updating rule generates a perturbed 
Markov process with state space S and transition matrix Me. Because of ran
dom error there is a positive probability Ms

£
s, > 0 of a transition between any 

pair of states s, s' S S, which implies that all entries in the transition matrix 
M£ are positive. Proposition 2.1 describes a number of properties of a process 
with such transition matrix. In particular, the perturbed process is ergodic for 
each e > 0, and has a unique stationary distribution fie(s). This distribution 
fully characterizes the asymptotic properties of the process: independently of 
the initial state s , the asymptotic proportion of time that the state spends in 
state s is given by fie(s), and the probability that the process is in state s at 
time t approaches /xe(s) as t grows large. 

Definition 6.1 A state s is stochastically stable if 

lim u£(s) > 0. 
e-»0 

The following Theorem is due to Young (1993). 

Theorem 6.1 For each s e S, fi (s) = lim£^oAte(s) exists and the limiting 
distribution fi is a stationary distribution of the non-perturbed process. 

It follows, in particular, that the basic process has at least one stochastically 
stable state. Intuitively, these are the states that are most likely to be observed 
over the long run when random mistakes are rare. The distribution fjt° is one 
of solutions of the system (2.2). The stochastically stable sets therefore form 
a union of recurrent sets. However, it may not put positive probability on all 
recurrent sets. For the basic process this means that no other states than some 
of the absorbing states are stochastically stable. 
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probability of updating q = 0.2 
scope of forward looking r e {1, 2, 4} 

number of players n = 6 

(b) 

Table 6.2: The parameters considered in the simulations of the basic dynamic 
process: (a) the prisoner's dilemma game, and (b) the updating rule. 

6.4 Simulations of the basic process 

To study dynamics of the process we employ two classes of computer simulations. 
Simulations of the first class are an implementation of Algorithm 1 and designed 
to detect the direction of transitions between the states of the Markov chain. 
Simulations of the second class are designed to study the asymptotic properties 
of the process, such as the stabilities of different absorbing states. The first class 
considers the non-perturbed basic process, while the second class considers its 
perturbed form. We consider two basic games that coincide with the experimen
tal games Tl and Th in chapter 5. The corresponding prisoner's dilemma game 
and the updating parameters considered in the simulations are shown in Table 
6.2. We provide the details of each class of simulations, and demonstrate their 
application, for the basic process with low outside option o = 0. We proceed by 
using the simulations to detect the dynamics and asymptotic properties of the 
basic process with high outside option o = 40. 

6.4.1 Low outside option, o = 0 

Consider o = 0. The parameters given in Table 6.2 do not comply with (6.9), 
but do comply with (6.6) for any r > 2. That is, there is no r € N such that 
states with type distribution (n— 1,0,0,1) are absorbing, while fully cooperative 
absorbing states, such as sCE, do exist for r > 2. According to Proposition 6.5 
the absorbing states of the basic process, under these parameters, are 

• r = 1 : sDA and sDE, 

• r G{2 ,3} : SDA, SCE, and s such that z(s) e {(1, 5, 0,0), (2,4,0, 0)}, 

• r > 4 : sDA,sCE, and s such that z(s) e {(1,5,0,0), (2,4,0,0), (3, 3, 0,0)}. 

Below we discuss the dynamics of the basic process with scope of forward 
looking of 1, 2, or 4. These values of r were chosen because they are the 
smallest values representing all different sets of absorbing states. 

6.4.2 Detect ing dynamics of the process 

The direct application of Algorithm 1 requires calculation of the transition ma
trix M of the non-perturbed process. In the worst case it will have \S\ iterations. 

C D 
c = 50 
ƒ = 70 

e = 10 
d = 30 

outside option o e {0,40} 
(a) 
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With n — 6 and with 4 possible types the state space S consists of 46 = 4096 
states and the transition matrix M of 40962 > 16.000.000 entries. Algorithm 1 
would in the worst case require 4096 operations on the matrix M. 

A simplification of Algorithm 1 is possible, however. According to Proposi
tion 6.2 it is sufficient to classify one of the states with type distribution z G Z 
as absorbing (transient) to prove that every state with type distribution z is 
absorbing (transient). Further, to prove that a state sG 5 is transient it is 
sufficient to simulate the updating process, initiated with s[l] =s, until an ab
sorbing state or another transient state is reached. If, on the other hand, the 
process makes no transitions for many periods from the state s, it is likely to 
be absorbing. 

We employ these observations and use computer simulations for detection 
of the absorbing states and of the direction of transitions from the transient 
states. For each possible initial distribution z E Z we choose a state sz 6 Sz 

and simulate 100 iterations of the non-perturbed basic process initiated with 
s[l] =sz. Additionally, for each sz we repeat the simulation 100 times. 

If no transition from the initial state is observed during the 100 periods then 
we classify it as absorbing. The probability of misclassification is below 10~4. 
To see this, note that in a non-absorbing state at least one player would change 
her type when updating. For the process to remain in the non-absorbing state, 
such player should never update. The probability that a player never updates 
during 100 periods is (1 — q)100 = 0.9100 < 10~4. Further, by repeating each 
such simulation 100 times, we assure observations of many transitions from 
every non-absorbing state. The probability that we observe less than 100 such 
transitions is (1 - 10~4)100 < 0.01. 

In the course of simulations we progressively classify the states as follows. We 
begin by classification of absorbing states. We classify any remaining state as 
transient whenever the process initiated in that state reaches an absorbing state. 
We proceed by iteration and classify any state as transient whenever the process 
initiated in that state reaches another transient state. If, after a number of such 
iterations, all states are classified as either absorbing or transient we conclude 
that there are no recurrent sets other than absorbing states. 

By following the transitions of the processes across all initial states sz we can 
also get an impression of the dynamics of cooperation and exclusion in the basic 
process. To turn this impression into a two-dimensional graphical presentation 
we must aggregate the information about the observed transitions. For each 
state se S let yi(s) = nCA(s) + nCE(s) be the number of cooperative players 
and let j/2(s) = nCE(s) +nDE(s) be the number of exclusive players in the state 
s. Each realization of the basic process s[t] implies a realization of the truncated 
process 

»[*] = (»i (•[*]), !&(s[t])) 

representing the corresponding evolution of cooperation and exclusion. The 
process y[t] is the projection of the basic process onto the two dimensional state 
s p a c e r = {0,1,.. . , 6}2 . 

For each y € Y we characterize how cooperation and exclusion change in one 
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period, starting from a state with yy cooperative and j/2 exclusive players. For 
this we estimate, for each y, the average value of y[t + 1] — y[t] conditional on 
y[t] = y. Let this value be given for each y G Y by the mapping \ : Y —> M2. For 
each y G Y the value of x(y) gives the average observed direction of transitions 
from y. Specifically, the value of Xi{v) gives the average increase in cooperation, 
and the value of X2(y) the average increase in exclusion, observed between a 
period in which there are y\ cooperative and t/2 exclusive players and the next 
period. In other words, the states with y\ cooperative and j/2 exclusive players 
induce an average increase in cooperation of Xi{y) and an average increase in 
exclusion of X2{y)-

For completeness we include the formal definition of the mapping x- Let \& 
be the set of observed realizations of the basic process. For each y € Y and 
realization s[t]}^{ £ * , let 

/*(y | •[*]££) = |{* < 100| fot(s[t]),»(•[*])) =y} | 

be the number of periods t during which the realization s[t]*£° was in a state 
with j/1 cooperative and j/2 exclusive players. The mapping x is then defined 
for each y £ Y by 

x(y)= £ (vM* + i])-»(•[*]))/ E My|s[C°i)-

v(s[t])=v 

The mapping x does not accurately describe the basic process. The main 
shortcoming of using a projection of the process is that it might aggregate over 
states with very different dynamic properties. It does, however, offer a fair idea 
of the dynamics within the process. 

Results of this class of simulation are presented in Figure 6.1 for r = 1,2,4. 
The dark spots represent absorbing states of the process. The arrows represent 
the mapping x- F° r each y £ Y, Xi(y) determines the vertical dimension and 
X2 (y) the horizontal dimension of the corresponding arrow. In this respect the 
length and the direction of the vectors represent the " speed" and " direction" of 
the dynamics. If for some y G Y all corresponding states are absorbing, only a 
dark spot is shown but no arrow. 

For all values of r = 1, 2,4 the sets of absorbing states yielded by the simula
tions coincide with those given by Proposition 6.5. All the remaining states are 
transient which implies that there are no recurrent sets, other than absorbing 
states. An inspection of Figure 6.1 suggests that the dynamics in the basic 
process overwhelmingly favors state sDA over alternative absorbing states. The 
figure also gives an indication about the dynamics of the perturbed process that 
we discuss in detail in the following section. For r = 2 and r = 4 a single mis
take in the choice of best response may lead the process away from absorbing 
states with full cooperation and into the state sDA with full defection. In con
trast, once in sDA, the process returns to sDA even after several simultaneous 
mistakes. In this sense the state sDA is the only stable among the absorbing 
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Figure 6.1: BASIC PROCESS WITH o=0 . In this and subsequent figures dynamics 
in simulations of various non-perturbed processes are shown for r = 1,2,4. The 
interpretation of the vector plots is given in the text. Roughly, given a state 
with t/1 cooperative and y^ exclusive players the arrow that originates at the 
corresponding location shows the relative likelihood and the average direction 
of the transition from this state. The dark spots illustrate the absorbing states. 

states. The direction of the dynamics suggests that, starting from a random 
initial state, sDA is the most likely absorbing state to be selected by the process 
over the long run, for all considered values of r. 

6.4.3 Detecting the asymptotic behavior of the process 

Using the first class of simulations we characterized the absorbing states of the 
basic process, and the dynamics between the remaining states. The process con
sidered was non-perturbed and assumed that players always follow the updating 
rule (6.2) precisely. This assumption allows us to obtain a useful benchmark for 
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the asymptotic properties of the process, such as its absorbing states. To select 
among the absorbing states, and to study the basic process in the presence of 
perturbations, we consider the second class of simulations. We still assume that 
players follow their best response most of the time, but allow occasional devia
tions from the updating rule (6.2). That is, when updating a player chooses a 
random strategy with small probability e, and follows the rule (6.2) otherwise. 

The asymptotic properties of the slightly perturbed process may be of in
terest for various reasons. Firstly, human players are often prone to errors in 
their decision making. Deviations may be unintentional, e.g. due to imperfect 
information or limited computing abilities, or intentional, such as when players 
choose to play a non-optimal strategy hoping to induce a transition from one 
equilibrium to another. In the setting of the repeated basic game, human play
ers may, for example, realize that the absorbing state sDA is payoff dominated 
by the absorbing state sCE and choose to cooperate and exclude defectors with 
intention to induce a transition between the two absorbing states. The per
turbed process may give us an impression on how successful players can be in 
inducing such transitions. 

Secondly, even though the recurrent sets are the only candidates for the long 
run selection by the non-perturbed process, the perturbed process may spend 
only a small fraction of time in those sets. For instance, we see below that the 
perturbed basic process with o = 0 spends most of the periods in the absorbing 
state sDA. It spends most of the remaining periods in the states with type 
distributions {(1,0,5,0), (0,1,5,0), (0,0, 5,1)}, which arise by a single deviation 
from the absorbing state sDA and have a high number of defective players. We 
denote a set of these states by {sDA — 1}. 

However, in some instances even a small perturbation of the process results 
in dynamics that only rarely stabilizes in an absorbing state. In section 6.4.4, 
for example, we show that the perturbed basic process with o = 40 and r = 2 
spends a significant number of periods in states with many cooperative players, 
even though all absorbing states are fully defective. 

Finally, because the considered error probability is small, the stationary dis
tribution //£(s) gives us an indication about the limit distribution fjP(s) = 
lim£^oAt£(s) and the stochastically stable states. In section 6.3.2 we argue that 
only the absorbing states of the non-perturbed process may be stochastically 
stable. The comparison of the values of //£(s) between the absorbing states of 
the non-perturbed process thus allows us to speculate about their stability. 

In section 6.3.2 we argue that the perturbed basic process is ergodic, with a 
unique stationary distribution /i£(s). Analytical computation of/i£(s) requires 
computation of matrix M£ and finding the solution of system (2.2), given this 
matrix. If the process is observed for a large number of periods r , however, the 
observed frequency distribution /xj(s| 8°) gives with high probability a close ap
proximation of fJ,£(s), independently of the initial state s°. Instead of computing 
//£(s) analytically we may therefore follow the perturbed process, initiated in 
an arbitrary initial state, and, after some large number of periods T, consider 
Hl(s\ s°) as a good approximation of /z£(s). The calculation of the convergence 
rate of the frequency distribution toward the stationary distribution requires 
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states 
6 coop. 
sDA 

{ s ^ - 1 } 

r : 1 

.01 

.65 

.29 

2 

.01 

.65 

.28 

4 

.01 

.61 

.29 

type r 
CA 
CE 
DA 
DE 

: 1 
.02 
.02 
.93 
.03 

2 

.02 

.02 

.93 

.03 

4 

.02 

.02 

.93 

.03 

(a) (b) 

Table 6.3: BASIC PROCESS WITH o=0 . In this and subsequent tables the relative 
frequencies (a) of absorbing and most frequent other states, (b) of different 
types, obtained from long-run simulations of various perturbed processes, are 
shown for r = 1,2,4. In this table "6 coop." stands for all states with 6 
cooperative players. 

equal computing capacity as the analytical calculation of /z£(s).6 Here, we rely 
rather on an intuitive criterion to decide how long to follow the process. 

We simulate the process sufficiently long to observe a sufficient number of 
transitions between the most distant states. The states which, between them, 
require the maximal number of transitions are the corner states {sCA,sCE ,sDA, 
sDE}. The criterion we implement is to continue the simulations until at least 5 
transitions are detected into each of the corner states, from another corner state. 
The process is initiated in the state s° =sCA. We consider e = 0.1.7 The values 
of /iT(s| s°) for the most frequent states of the non-perturbed basic process, as 
well as the frequencies of different types, are reported in Table 6.3. For any value 
of r the process spends around 65 percent of periods in state sDA and around 
29 percent of periods in states {sDA — 1} that can be reached from state sDA 

by a deviation of a single player. We conclude that for all considered values of 
r the state sDA appears to be unique stochastically stable state. Consequently, 
DA is by far the most frequently observed type. 

6.4.4 High outside option, o = 40 

To study the dynamics and the long run behavior of the basic process with 
o = 40 we employ the same classes of simulations as in the case with o = 0. We 
do not provide an analytical characterization of the absorbing states for o = 40. 
Rather, we rely on the simulations of the first class to accurately classify the 

6 Convergence in probability may be evaluated as follows, see Bhattacharya and Way mire 
(1990) for details. For any two distributions p and a over the states of the process consider 
||p — cr|f = m a x x g x \px — &x\ j the maximal difference in probabilities between two distribu
tions. For an ergodic Markov chain on a finite state space, with transition matrix M and 
stationary distribution p, the convergence of p M ' awards /x is at an exponential rate for any 
initial distribution p, that is, ||pM* — p\\ < c(ö') for some 0 < 9 < 1 and c > 0. To find 6 one 
needs to calculate the largest non-unit eigenvalue of M, calculation of which is comparable to 
solving the system pM = p.. Ellison (1993) uses this property to compare rates of convergence 
between local and global interaction processes. 

7Smaller error probability may give a better indication about stochastic stability of ab
sorbing states but also substantially increases the duration of simulations. 
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Figure 6.2: BASIC PROCESS WITH O = 4 0 . 

sets of absorbing and transient states. We have argued above tha t an inaccurate 
classification of the states is very unlikely. 

Again, we consider parameters given in Table 6.2, with o = 40. The absorbing 
states of the basic process, as classified by the first class of simulations under 
these parameters (see also Figure 6.2), are 

• r = 1 : sDE, and s such tha t z{s) G { (0 ,0 ,1 , 5), (0 ,1 ,0 , 5), ( 0 ,1 ,1 ,4 )} , 

' " , and s such tha t z(s) = (0 ,0 ,1 ,5 ) , . r = 2 • °DE 

• r - 4 : s C i \ sDh, and s such tha t z(s) = (0 ,0 ,1 ,5 ) . 

All the remaining states were classified as transient, which implies tha t there 
are no recurrent sets, other than absorbing states. In the s tate sDE all players 
defect and exclude other defective players, which results in an empty network 
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states r : 
SCE 

SDE 

{sDE + 1} 
other: 6 excl. 

1 

.01 

.09 

.69 

.02 

(a) 

2 

.01 

.10 

.20 

.45 

4 

.27 

.03 

.07 

.21 

type r : 1 

CA .02 
CE 
DA 
DE 

.11 

.12 

.75 

(b) 

2 

.02 

.34 

.06 

.58 

4 

.05 

.64 

.07 

.25 

Table 6.4: BASIC PROCESS WITH O=40. "other: 6. excl." stands for states 
with 6 exclusive players not mentioned in other categories. 

with isolated defective players. For convenience we denote by {sDE + 1} the set 
of states with type distributions in {(0,0,1,5), (0,1,0,5), (0,1,1,4)}. 

Results of this class of simulation are presented in Figure 6.2 for r = 1, 2, 4. 
The direction of the dynamics for r = 1 suggests that, starting from a random 
initial state, the process quickly reaches an absorbing state. For r = 2 only fully 
defective absorbing states exist but the dynamics suggests that the process may 
need a large number of periods to reach one of them (state (0, 3,0, 3) is not 
absorbing). More interesting, the illustration suggests that small perturbations 
may lead the process to spend a substantial proportion of periods in states 
with 2, 3 or 4 cooperative players. For r = 4 Figure 6.2(c) does not obviously 
suggest which of the absorbing states is most likely to be selected by the process. 
Judging by the dynamics close to the absorbing states, state sCE seems to be 
most attractive. 

The observations above can be verified using the second class of simulations. 
Again, the perturbed process with e = 0.1 is initiated in the state s° =sCA. 
For convenience we refer to the absorbing states of the non-perturbed process 
simply as absorbing states. The values of /j,T(s\s°) for absorbing states and 
most frequent transient states, as well as the frequencies of different types, are 
reported in Table 6.4. The statistics about the asymptotic behavior of the 
process confirm our conjectures inferred from Figure 6.2. For all considered 
values of r exclusion is very high. For r = 1 the perturbed process spends most 
of the time in the absorbing states implying low frequency of cooperation and 
low density of links. For r = 2, however, the perturbed process spends almost 
half of the time in the non-absorbing states with all players exclusive and some 
of them cooperative. For r = 4 the absorbing state sCE in which all players 
cooperate and threaten to exclude defectors, appears the unique stochastically 
stable state. 

It is interesting to conclude that with o = 0 the process remains in state sDA 

with full defection for most of the time even when there is a small probability 
that players experiment with sub-optimal strategies. This contrasts with the 
behavior of the process with o = 40 where some cooperation appears as long 
as the players have a non-trivial scope of forward looking r > 2. In this case 
a single cooperator may disturb the defective absorbing state sDE by inducing 
even more players to cooperate. When their scope of forward looking is r = 4 
players remain in fully cooperative and exclusive state sCE for much of the time. 
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6.5 Social preferences 

In the previous section players were assumed to consider only their own payoff 
when choosing their strategy. In this sense we may say they were selfish for not 
considering the consequences of their choices for the payoffs of the remaining 
players in the group. When shortsighted such players do not fare well in terms 
of cooperation. With scope of forward looking r = 1, and players choosing their 
strategy by maximizing their own immediate payoff, cooperation could not be 
sustained in the long run. 

This is not surprising in view of the theoretical results that cooperation in 
social dilemma games is unlikely if selfish players behave according to the myopic 
best response. In chapter 4, for example, we argue that there should be no 
cooperation in the finitely repeated basic game if it is (common knowledge that 
it is) played by fully rational selfish players. Under these assumptions the same 
holds also for general public goods games with or without punishment, see e.g. 
Fehr and Schmidt (1999). 

These predictions, however, are in stark contrast with experimental evidence. 
In chapter 5 we discuss an experimental study of the finitely repeated basic 
game. The observed average cooperation rates were above 80% for low and 
high outside options. Similarly, positive contributions are commonly observed 
in experiments with public goods games (see e.g. Davis and Holt, 1993). If 
a costly punishment possibility is included with the public goods game the 
contribution rates even increase, may be sustained until the last periods, and 
may reach 100% (see Fehr and Gachter, 2000). 

One explanation provided by several authors is that a non-negligible propor
tion of people are not really selfish. The utility of people may depend on their 
own payoff as well as on the payoff of other players in their reference group. 
We say that people with such utilities are other-regarding and exhibit social 
preferences rather than selfish ones. In this section we look at two models of 
social preferences: the model of altruism by Levine (1998) and the model of 
inequity aversion by Fehr and Schmidt (1999). Each has been shown to explain 
positive contributions in public goods games with punishment, even when as
suming myopic best response behavior. In chapter 5 we study equilibria of our 
basic game if played by other-regarding, but rational players. In this section we 
look at the dynamics of cooperation and exclusion in the repeated basic game, 
played by other-regarding players with limited forward looking. For each set 
of parameters considered we characterize dynamic and asymptotic properties of 
the corresponding processes using the simulations introduced in section 6.4. For 
convenience we repeat the essential definitions from chapter 5. 

In Tables 6.5-6.8 below we use the following notation: 

• "6 (5) coop." stands for the set of all states with 6 (or 5) cooperative 
players; 

• "other: 6 (5) excl." denotes the set of states with 6 (or 5) exclusive players 
(not already included in other categories); 
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• {sDA - 1} is the set of states with type distribution (1,0,5,0), (0,1,5,0) 
or (0,0,5, l) ;8 

• {sDE + 1} is the set of states with type distribution (0,1,0,5), (0,0,1,5), 
o r ( 0 , l , l , 4 ) . 9 

6.5.1 Process with altruism 

To explain, i.a., positive contributions in public goods games Levine (1998) 
proposes a model of altruism, which assumes that players gain additional utility 
from payoffs to those other players they consider nice, and lose utility from 
payoffs to those other players they consider aggressive. Each player is associated 
with a coefficient of altruism ji € ( — 1,1) which determines her other-regarding 
inclination. If payoffs of players are given by the vector (xi,...,xn), player i 
receives the (adjusted) utility 

A , V ^ 7» + ^7 j Uf = Xi + > — -±x 

3T* 

where the coefficient A G [0,1] reflects the fact that players have a higher regard 
for altruistic opponents than for the spiteful ones. 

In the basic process all players were assumed to consider only their own payoff, 
which is the special case of the model with altruism with trivial coefficients 
7» = 0 for all i. Levine (1998), however, estimates that data from ultimatum 
game experiments of Roth et al. (1991) are better explained if A = 0.45. Levine 
shows that the data from the public goods game experiments of Isaac and Walker 
(1988) are roughly consistent with the following distribution of coefficients of 
altruism: 

-0.9 ; pr = 0.20 
-0.22 ; pr = 0.52 
0.133 ; pr = 0.04 . (6.10) 
0.243 ; pr = 0.17 
0.453 ; pr = 0.07 

In the following we study the adaptation of the basic process by considering 
players, whose coefficients of altruism are non-trivial. We consider a group of 
n other-regarding players with a uniform scope of forward looking r repeatedly 
playing the basic game. At each time t each player i plays one of the strategies 
{sfA,sfE,sf)A,s^)E}. As in the basic process, at each time t > 2, before 
making her move, player i with some fixed probability & e (0,1) updates her 
own strategy, by observing the vector s[t — 1] of strategies at time t — 1. A player 
updates by choosing a strategy which maximizes her utility across the next r* 
periods, under the assumption that the strategies of the other players do not 
change in those periods. 

8 {s D A -1} represents states that can be reached from state sDA = (0, 0, 6,0) by a deviation 
of one player. 

9{sD B- |- l} represents absorbing states of the processes with high outside option and r = 1. 
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Formally, let s= (si, ...,sn)&S be the vector of strategies at time t — 1, and 
let s' = (si,..., Sj_i, s ,̂ Si+i,..., s„) be the vector of strategies at time t. Player 
% changes her strategy from Sj to s\ at t and assumes no other updates in the 
group during [t — l,t + r<]. Let Xi(s'% \s), defined as in (6.1), be the payoff of 
player i across the r, periods following her update, and let 

Xij(s'i | s) = iTjidjts^^jisj I a ( s ) ) , a^ ( s ' ) , p - j ( s ' | a(s))) 

+ {n - 1) ••Kj{aj{sj),pj{sj | o(s')),ffl-J(s'),P-i(s / | a(s'))), (6.11) 

be the payoff to player j across the same periods. The utility of player i, for 
changing her strategy Si to strategy sj is then given by 

u?(s't | s) = xtM I s) + £ 2 ^ 2 ^ , ( 4 I s). (6.12) 

If player i is updating at the start of period t she chooses a strategy s* [£] such 
that 

Si[£] G argmax wf(«i | s[t — 1]). 
s'ie{sGA,sDA,sCE,sDE} 

If this payoff is maximized by the current strategy of the player, the player keeps 
her current strategy. If not, she randomly selects one of the optimal strategies. 

The updating rule outlined above generates a Markov chain with the finite 
state space S and transition matrix MA. We refer to this Markov chain the 
process with altruism. The basic process can be seen as a special case of the 
process with altruism when all coefficients of altruism are trivial. Using the 
same argument that proved Proposition 6.1 it can be shown that in the process 
with altruism a state s is absorbing if and only if 

Si e argmax uf(s't\s), (6.13) 
s'ie{sCA,sDA,sGE,sDE] 

for each player i. Propositions 6.3 and 6.4 hold for any Markov chain and thus 
for the process with altruism. The following proposition is a generalization of 
Proposition 6.2 for the process with altruism. Its proof is given in the appendix 
to this chapter. 

Proposi t ion 6.6 Consider the process with altruism and let there be 7 such 
that 7i = 7 for each player i. Let z e Z be a type distribution. State sG Sz 

is absorbing if and only if each of the states in Sz is absorbing. State s€ Sz is 
transient if and only if each of the states in Sz is transient. 

In section 6.4.2 we argue that Proposition 6.2 permits us to use the first class 
of simulations, instead of Algorithm 1, to detect the absorbing and transient 
states of the basic process. With Proposition 6.6 we can argue in the same 
way that, whenever players are homogeneous with respect to their coefficients 
of altruism, we may implement the first class of simulations to detect absorbing 
and transient states of the process with altruism. 
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We study two cases with players having homogeneous coefficients of altruism, 
and one case with players whose coefficients of altruism are distributed according 
to distribution (6.10). The three processes are characterized by: 

Al 7J = 1 for each player i, 

A2 ji =0.453 for each player i, or 

A3 for each player i, 7$ is independently drawn from (6.10). 

We assume T{=r and q± = q for each i. We consider all the stage game con
stellations given by Table 6.2 to achieve consistency with parameters considered 
in the basic process. 

We want to study the process with altruism both with realistic coefficients 
of altruism, as in A3, and with those that give the best chance of cooperation. 
We conjecture that players with high coefficients of altruism are more likely 
to achieve cooperation than those with low coefficients of altruism. With this 
reason we consider the highest feasible coefficient of altruism in Al and the 
highest coefficient of altruism allowed by (6.10) in A2. 

Processes Al and A2 consider homogeneous coefficients of altruism and may 
be studied via simulations of the first, non-perturbed, class or the second, per
turbed, class. Process A3 considers heterogeneous coefficients of altruism and 
may be studied only via the simulations of the second class. Moreover, (6.10) 
induces a distribution over possible allocations of coefficients in the group. To 
study the asymptotic behavior of process A3 we repeat 50 runs of the following 
procedure. In each run we independently draw from (6.10) a coefficient of al
truism for each player, and simulate 1.000.000 periods of the perturbed process 
using simulations of the second class. We assume that coefficients of altruism 
are common knowledge. To report the results of these simulations we aggregate 
the frequencies observed across all 50 runs. 

Low outside option 

Let o = 0. For each value of r the dynamics of Al is shown in the left column 
and the dynamics of A2 in the right column of Figure 6.3. In Table 6.5 we report 
the results of long run simulations of perturbed processes Al, A2 and A3. For 
each of the processes we note the frequencies of the most frequent states and 
the frequency distribution across different types. 

By looking at Figure 6.3 we may conclude that cooperation is likely only 
among sufficiently altruistic players. This seems certainly true when players are 
altruistic at the extreme, as in the process Al. However, players with high, 
but not extreme, coefficients of altruism also need to be sufficiently forward 
looking to achieve cooperation. As is evident from Figure 6.3(b) players whose 
coefficients of altruism are maximal among those suggested by (6.10) fail to 
attain cooperation when r = 1, that is, if they behave according to the myopic 
best response. 

These observations are confirmed by the second class of simulations, see Table 
6.5. On the long run cooperation is sustained only in the process Al with players 
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Figure 6.3: PROCESSES WITH ALTRUISM WITH O=0. Non-perturbed processes 
Al and A2. 
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A l 
states 

6 coop. 
5 coop. 

r : 1 

.69 

.25 

2 

.70 

.24 

4 

.69 

.24 

A2 
states 

6 coop. 
(5,0,0, 
SDA 

{sDA-

1) 

1} 

r : 1 

.01 

.01 

.65 

.29 

2 

.06 

.13 

.32 

.17 

4 

.06 

.13 

.32 

.17 

A3 
states 

6 coop. 
SDA 

{sDA- 1} 

r : 1 

.01 

.65 

.29 

2 

.01 

.64 

.29 

4 

.01 

.63 

.29 

type r 

CA 
CE 
DA 
DE 

type r 

CA 
CE 
DA 
DE 

type r 

CA 
CE 
DA 
DE 

: 1 

.78 

.16 

.03 

.03 

: 1 

.02 

.02 

.93 

.03 

: 1 

.02 

.02 

.93 

.03 

2 

.79 

.15 

.03 

.03 

2 

.33 

.04 

.58 

.05 

2 

.02 

.02 

.93 

.03 

4 

.79 

.15 

.03 

.03 

4 

.33 

.04 

.58 

.05 

4 

.03 

.02 

.92 

.03 

Table 6.5: PROCESSES WITH ALTRUISM WITH O=0. Perturbed processes Al, 
A2 and A3. 

that have extremely high coefficients of altruism, e.g. if 7* = 1 for all players. 
Consider now the process A2 with players whose coefficients of altruism are 
the highest among those suggested by the theory. Cooperation can be achieved 
among such players with positive probability only if they are sufficiently forward 
looking, that is, if r > 2. If r = 1 then the state sDA, in which all players defect, 
seems to be the unique stochastically stable state and DA is the most frequently 
observed type. The results for the process A3 show that cooperation cannot be 
sustained if coefficients of altruism are distributed as suggested by the model of 
altruism. The process A3 spends around 65 percent of periods in state sDA and 
around 29 percent of periods in states {sDA — 1}. The state sDA seems to be 
the unique stochastically stable state and DA is the most frequently observed 
type for all values of r. 

High outside option 

Let o = 40. For each value of r the dynamics of Al is shown in the left column 
and the dynamics of A2 in the right column of Figure 6.4. In Table 6.6 we report 
the results of the long run simulations of processes Al, A2 and A3, respectively. 
For each of the processes we note the frequencies of the most frequent states 
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Figure 6.4: PROCESSES WITH ALTRUISM WITH O = 4 0 . Al and A2. 
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A l 
type i 

CA 
CE 
DA 
DE 

type 

CA 
CE 
DA 
DE 

- : 1 

.46 

.46 

.04 

.04 

" : 1 

.02 

.11 

.12 

.75 

type r : 1 

CA 
CE 
DA 
DE 

.02 

.11 

.12 

.75 

2 

.47 

.47 

.03 

.03 

2 

.15 

.79 

.03 

.03 

2 

.03 

.37 

.06 

.54 

4 

.47 

.47 

.03 

.03 

4 

.15 

.79 

.03 

.03 

4 

.04 

.48 

.06 

.12 

states 

6 coop. 
5 coop. 

r : 1 

.65 

.26 

2 

.68 

.24 

4 

.68 

.24 

A 2 
states r : 

6 coop. 
sDE{sDE + 1} 

other: 6 excl. 

1 

.01 

.78 

.02 

2 

.68 

.01 

.08 

4 

.69 

.01 

.08 

A 3 
states 
SCE 

SDE,{S 

other: 

r : 

DE + 1} 

3 excl. 

1 

.01 

.78 

.01 

2 

.01 

.20 

.34 

4 

.05 

.16 

.36 

Table 6.6: PROCESSES WITH ALTRUISM WITH 0=40 . Al, A2 and A3. 

and the frequency distribution across different types. 
Again, by looking at Figure 6.4 and at the frequencies given in Table 6.6, we 

may conclude that cooperation is likely only among sufficiently altruistic or suf
ficiently forward looking players. In the process Al with players with extremely 
high coefficients of altruism cooperation always prevails. In the process A2 with 
players whose coefficients of altruism are the highest among those suggested by 
Levine's model complete cooperation can be sustained if r > 2 but not if r = 1. 
Finally, in the process A3 where coefficients of altruism are distributed as sug
gested by the model of altruism, cooperation increases with forward looking. If 
r = 4 then 52 percent of observed types are cooperative. 

6.5.2 Process with inequity aversion 

Experiments with finitely repeated public goods games by Fehr and Gachter 
(2000) have shown that contribution rates increase by a large magnitude if 
the possibility for costly individual punishment is provided.10 At odds with 

1 0That punishment may increase cooperation in social dilemma type games was already 
observed in earlier experiments. Ostrom et al. (1992), for example, report that possibility 
for punishment significantly increased yield in the repeated common-pool resource games if 
the number of periods is unknown to players. The experiment of Fehr and Gachter (2000), 
however, was the first in which punishment possibility was shown to increase cooperation in 
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experimental evidence, the standard theory assuming selfish players predicts no 
punishment in the last period, if punishment is costly. To better account for this 
evidence Fehr and Schmidt (1999) propose a model of inequity aversion, which 
assumes that players dislike uneven payoffs. The model assumes that people 
loose utility from being payoff advantaged or disadvantaged, with the loss from 
an advantage being smaller than the loss from a disadvantage. 

Each player is associated with a coefficient of aversion to disadvantageous 
inequality cti > 0 and a coefficient of aversion to advantageous inequality fa > 
0 satisfying fa < min{aj,l}. If payoffs of players are given by the vector 
(xi, ...,xn), player i receives the (adjusted) utility 

uf Xi — 2_]maxfij — Xi, 0} — V"]maxjxj — Xj,0} 

Players in the basic process are assumed to be selfish and can be described by 
having trivial coefficients CÜJ = fa = 0. However, in Fehr and Schmidt (1999) 
the distribution of coefficients of inequality aversion is estimated as 

OLi fa = I 0.25 ; pr = 0.3 . (6.14) 

0 ; pr = 0.3 
0.5 ; pr = 0.3 

1 ; pr = 0.3 
4 ; pr = 0.1 

This distribution is shown to be consistent with the data from the experimental 
public goods game with punishment reported in Fehr and Gachter (2000). In 
the repeated basic game the exclusion of a defector can be viewed as a form 
of punishment. In the following we therefore consider an adaptation of the 
basic process by assuming players whose coefficients of inequity aversion are 
non-trivial. 

We consider a group of n other-regarding players with a uniform scope of 
forward looking r repeatedly playing the basic game. At each time t each player 
i plays one of the strategies {sfA, sfE, sfA, sf } . As in the basic process, at 
each time t > 2, before making her move, player i with some fixed probability 
9, £ (0,1) updates her own strategy, by observing the vector s[t — 1] of strategies 
at time t — 1. Player updates to a strategy maximizing her utility across the 
next Ti periods, under the assumption that the strategies of the other players 
do not change in those periods. 

Formally, let s= {s\,..., sn)eS be the vector of strategies at time t — 1, and 
let s' = (si, ...,Si-i,s'i,Si+i,...,sn) be the vector of strategies at time t. Player 
i changes her strategy from s, to ŝ  at t and assumes no other updates in the 
group during [t — l,t + r j . Let x^s^ \s), defined as in (6.1), be the payoff of 
player i across the rt periods following her update, and let i y ( s j \s), defined 
as in (6.11), be the payoff to player j across the same periods. The utility of 

the one-shot and finitely repeated public goods games among strangers. 
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player i for changing her strategy $t to strategy s^ is then given by 

ufis'i | s) = Xiis'i | s) - ——-^max{a; i j (s-1 s) - ^ ( s - | s),0} 

~ ^ Y ^ m a X ^ S ' ^ ^ ~ X l j ( s i l s ) ' ° } ' ( 6 1 5 ) 

If player i is updating at the start of period t she chooses a strategy Sj [£] such 
that 

Si[t] G argmax uf (s^ | s[i - 1]), 
s'ie{sCA,sDA,sCE,sDE} 

If this payoff is maximized by the current strategy of the player, the player keeps 
her current strategy. If not, she randomly selects one of the optimal strategies. 

The updating rule outlined above generates a Markov chain with the finite 
state space S and transition matrix MF. We refer to this Markov chain the 
process with inequity aversion. The basic process can be seen as a special case 
of the process with inequity aversion when all coefficients of inequality aversion 
are trivial. Using the same argument that proved Proposition 6.1 it can be 
shown that in the process with inequity aversion a state s is absorbing if and 
only if 

Si e argmax uf(^|s), (6.16) 
s'te{saA,sDA,sCE,sDE} 

for each player i. Propositions 6.3 and 6.4 hold for any Markov chain and thus 
for the process with inequity aversion. The proof of the following generalization 
of Proposition 6.2 for the process with altruism is given in the appendix to this 
chapter. 

Proposi t ion 6.7 Consider the process with inequity aversion and let there be 
a and (3 such that on = a and Pi = f3 for each player i. Let z e Z be a type 
distribution. State sG Sz is absorbing if and only if each of the states in Sz is 
absorbing. State s£ Sz is transient if and only if each of the states in Sz is 
transient. 

Consequently, whenever players are homogeneous with respect to their coef
ficients of inequality aversion, we may implement the first class of simulations 
to detect absorbing and transient states of the process with inequity aversion. 

We study two cases with players having homogeneous coefficients of inequal
ity aversion, and one case with players whose coefficients of inequality aversion 
are distributed according to distribution (6.14). The three processes are char
acterized by: 

F l Oj = 40 and /% = 1 for each player i, 

F2 ojj = 4 and /3j = 0.6 for each player i, or 

F3 for each player i, on and /3j are randomly and independently drawn from 
(6.14). 
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Figure 6.5: PROCESSES WITH INEQUITY AVERSION WITH O = 0 . Non-perturbed 
processes Fl and F2. 
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F l 
type 

CA 
CE 
DA 
DE 

type 

CA 
CE 
DA 
DE 

1 

.02 

.02 

.93 

.03 

- : 1 

.02 

.02 

.93 

.03 

type r : 1 

CA 
CE 
DA 
DE 

.02 

.02 

.93 

.03 

2 

.02 

.02 

.93 

.03 

2 

.02 

.02 

.93 

.03 

2 

.02 

.02 

.93 

.03 

4 

.02 

.02 

.93 

.03 

4 

.02 

.02 

.93 

.03 

4 

.02 

.02 

.93 

.03 

states 

6 coop. 
SDA 

{sDA - 1} 

r : 1 

.01 

.65 

.29 

2 

.01 

.65 

.29 

4 

.01 

.64 

.29 

F2 
states 

6 coop. 
SDA 

{sDA - 1} 

r : 1 

.01 

.65 

.28 

2 

.01 

.65 

.29 

4 

.01 

.65 

.29 

F3 
states 

6 coop. 

SDA 

{sDA - 1} 

r : 1 

.01 

.65 

.28 

2 

.01 

.65 

.29 

4 

.01 

.64 

.29 

Table 6.7: PROCESSES WITH INEQUITY AVERSION WITH O=0. Perturbed pro
cesses Fl , F2 and F3. 

We assume r* = r and Qi = q for all i. We consider all the stage game constel
lations given by Table 6.2 to achieve consistency with parameters considered in 
the basic process. 

As in the model with altruism we conjecture that players with high coefficients 
of inequality aversion are more likely to achieve cooperation than those with low 
ones. With this reason we consider the highest feasible coefficients of inequality 
aversion in F l , and the highest coefficients suggested by (6.14) in F2. Because Fl 
and F2 consider homogeneous coefficients they may be studied via simulations 
of first or second class. To study the asymptotic behavior of process F3 we 
follow the same procedure as outlined in section 6.5.1 for the process A3. 

Low outside option 

Let o = 0. For each value of r the dynamics of F l is shown in the left column 
and the dynamics of F2 in the right column of Figure 6.5. In Table 6.7 we 
report the results of the long run simulations of perturbed processes Fl , F2 and 
F3, respectively. For each of the processes we note the frequencies of the most 
frequent states and the frequency distribution across different types. 

Comparing the dynamics in processes with inequity aversion Fl and F2, 
shown in the Figure 6.5, with that of the basic process for o = 0, we can see 
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F l 
states r : 

6 coop. 
s D B , ( 0 , 0 , l , 5 ) 
other: 6 excl. 
other: 5 excl. 

1 

.01 

.10 

.27 

.50 

2 

.55 

.02 

.13 

.18 

4 

.60 

.03 

.11 

.14 

F 2 
states r : 

6 coop. 
s D E , ( 0 , 0 , l , 5 ) , 
other: 6 excl. 
other: 5 excl. 

1 

.01 

.29 

.34 

.20 

2 

.46 

.06 

.19 

.20 

4 

.59 

.03 

.11 

.15 

F 3 
states r : 

6 coop. 
s ^ , ( 0 , 0 , l , 5 ) , 
other: 6 excl. 
other: 5 excl. 

1 

.01 

.28 

.20 

.37 

2 

.04 

.13 

.48 

.28 

4 

.37 

.05 

.20 

.24 

type r 

CA 
CE 
DA 
DE 

type r 

CA 
CE 
DA 
DE 

type r 

CA 
CE 
DA 
DE 

: 1 

.02 

.32 

.12 

.54 

: 1 

.02 

.11 

.12 

.75 

: 1 

.02 

.11 

.12 

.75 

2 

.10 

.78 

.04 

.08 

2 

.07 

.69 

.05 

.19 

2 

.03 

.47 

.06 

.44 

4 

.12 

.76 

.04 

.08 

4 

.11 

.75 

.04 

.10 

4 

.05 

.71 

.06 

.18 

Table 6.8: PROCESSES WITH INEQUITY AVERSION WITH O = 4 0 . F l , F2 and F3. 

a surprising similarity. The absorbing s tate sDA seems to be the unique stable 
s ta te for every r considered in both F l and F2, just as it is in the basic process, 
even though for the process F l all fully cooperative states are absorbing. These 
observations are confirmed by comparing the asymptotic behavior of processes 
F l , F2 and F3, given in Table 6.7, with tha t given by Table 6.3 for the basic 
process. The long-run behavior statistics are virtually identical for all these 
processes, suggesting tha t s tate sDA is the unique stochastically stable s tate for 
any distribution of coefficients of inequality aversion in the group. In this sense, 
we may say tha t , for o = 0, the model of inequality aversion gives the same 
prediction as the model with selfish players. 

H i g h o u t s i d e o p t i o n 

Let o = 40. For each value of r the dynamics of F l is shown in the left column 
and the dynamics of F2 in the right column of Figure 6.6. In Table 6.8 we 
report the results of the long run simulations of perturbed processes F l , F2 and 
F3 , respectively. For each of the processes we note the frequencies of the most 
frequent states and the frequency distribution across different types. 

We can compare the results of the simulations of perturbed processes with 
and without inequity aversion by looking at Tables 6.4 and 6.8. By comparing 
the frequencies observed in F l , F2, F3 and in the basic process with the high 
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outside option we conclude that cooperation increases with inequity aversion 
and with r. However, in F2 and F3 cooperation is increased only marginally, 
and only if players are sufficiently forward looking, that is, if r > 2. 

6.6 Discussion 

6.6.1 Results of our simulation study 

Wc review and discuss in this section the main results of the chapter. Many 
conclusions may be drawn simply by examination of the dynamics of the pro
cesses, illustrated in figures 6.1 - 6.6. Inference about the long-run behavior of 
the perturbed processes and about the stability of absorbing states solely on 
the basis of the figures may, however, be misleading. We therefore analyze and 
compare the statistics of the long-run behavior of the processes, given by tables 
6.3 - 6.8, but refer to corresponding figures for explanation. 

Recall that the process is said to be in equilibrium if it reaches an absorbing 
state. For reference below we call an absorbing state cooperative if at least one 
link is established with at least one cooperative player. An absorbing state is 
called defective if all cooperative players are isolated. The process is in a long-
run equilibrium if it reaches a stochastically stable state. When r = 1, that is, 
when players update their strategies according to the myopic best response, we 
say that their scope of forward looking is trivial. 

Result 6.1 OUTSIDE OPTION 
A high outside option induces more cooperation than a low outside option. 

This is intuitively plausible. When the outside option is o = 40 players 
earn more by excluding defectors than by linking to them. In contrast, with 
low outside option o = 0 exclusion yields no earning, while establishing a link 
always yields a positive earning, regardless of the actions of linked players. In 
this sense, exclusion is costly when the outside option is low and cheap when 
the outside option is high. Since more exclusion, as a form of retribution, yields 
more cooperation, more cooperation should be observed with a high outside 
option. 

The above result may be verified by comparing the long-run cooperation lev
els, for each of the processes considered, between the low and high outside 
options. Long-run cooperation levels are computed by summing the frequencies 
of types CA and CE, and are given in Table 6.9. For each particular process 
and fixed scope of forward looking r the long-run cooperation under o = 40 is 
at least as high as the long-run cooperation under o = 0, with the exception of 
the process Al with r = 1 where the difference is negligible. 

Result 6.2 FORWARD LOOKING 
Non-trivial forward looking is necessary and sufficient for the existence of coop
erative equilibria in the basic process. In particular, under myopic best response 
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r = 1 

o = 0 
o = 40 

Al 
.94 
.92 

A2 
.04 
.13 

A3 
.04 
.13 

Fl 
.04 
.34 

F2 
.04 
.13 

F3 
.04 
.13 

B 
.04 
.13 

r = 2 

o = 0 
o = 40 

Al 
.94 
.94 

A2 
.37 
.94 

A3 
.04 
.40 

Fl 
.04 
.88 

F2 
.04 
.76 

F3 
.04 
.50 

B 
.04 
.36 

r = 4 

o = 0 
o = 40 

Al 
.94 
.94 

A2 
.37 
.94 

A3 
.05 
.52 

Fl 
.04 
.88 

F2 
.04 
.86 

F3 
.04 
.76 

B 
.04 
.69 

T a b l e 6.9: COOPERATION IN PERTURBED PROCESSES. 

no cooperative absorbing states exist. The same is true for processes with altru
ism or with inequity aversion unless extreme altruism or inequality aversion is 
assumed. 

For the basic process with o = 0 the above result is implied by Proposition 6.5. 
It follows from Figure 6.2 that, for the basic processes with o = 40, there exists 
a fully cooperative absorbing state when r = 4, while all (if any) cooperative 
players are isolated in any absorbing state when r = 1. The absorbing states 
of the process with altruism A2 are given in the right-hand columns of Figures 
6.3 and 6.4. The absorbing states of the process with inequity aversion F2 are 
given in the right-hand columns of Figures 6.5 and 6.6. For both processes A2 
and F2 and both outside option values considered cooperative absorbing states 
exist for r > 2, but not for r = 1. 

Cooperative equilibria under myopic best response do, however, exist if we 
assume that the coefficients of altruism or inequity aversion are higher than 
those estimated from the empirical data. The absorbing states of processes Al 
and Fl are shown in the left-hand columns of Figures 6.3 - 6.6. For both outside 
option values and all scopes of forward looking considered all fully cooperative 
states are absorbing. 

This suggests that high coefficients of altruism or inequity aversion induce 
more cooperative equilibria than low ones. Further support for this may be 
found by comparing the sets of absorbing states between the basic process and 
the processes with altruism A2 and Al, or between the basic process and the 
processes with inequity aversion F2 and Fl , for fixed o and r. If we do this for 
all fixed pairs of o and r we may conclude: 

Result 6.3 EQUILIBRIA INDUCED BY SOCIAL PREFERENCES 

The set of cooperative equilibria of the process with altruism increases with the 
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altruism of players. The set of cooperative equilibria of the process with the 
inequity aversion increases with inequity aversion of players. 

Support for this result is given in Figures 6.3-6.6. The set of cooperative 
equilibria of the basic process is contained in that of process A2, which is further 
contained in that of process Al. Similarly, the set of cooperative equilibria of 
the basic process is contained in that of process F2, which is further contained 
in that of process F l . 

A large set of cooperative absorbing states, however, does not imply that the 
updating dynamics are likely to direct the process toward these states. A case in 
point is given by Figure 6.1 which illustrates the dynamics of the basic process 
with o = 0. It is evident from the figure that while increasing the scope of forward 
looking r increases the set of cooperative absorbing states the dynamics remain 
mostly unaffected and direct the basic process toward the defective absorbing 
state sDA for all considered r. Table 6.3 confirms that the perturbed basic 
process with o = 0 spends most of the time in the state sDA. This indicates 
that sDA is the unique stochastically stable state of this process. 

In contrast, even if all equilibria are defective, cooperation may be substantial 
in the presence of persistent errors. The basic process with o = 40 and r = 2 
is one such example. It is evident from Figure 6.2(b) and Table 6.4 that no 
cooperative absorbing states of the non-perturbed process exist, but yet the 
slight perturbation of the process leads to a substantial level of cooperation. 

The following two results summarize the outcomes of the long-run simulations 
of perturbed processes. 

Resul t 6.4 LONG-RUN EQUILIBRIA, LOW OUTSIDE OPTION 

Consider o = 0. State sDA, in which all players defect and form a complete 
network, is the unique stochastically stable state of the basic process, as well as of 
the process with inequity aversion, for any distribution of inequity aversion and 
for all considered r. It is also the unique stochastically stable state of the process 
with altruism when, as suggested by the model of altruism, the distribution of 
altruism is given by (6.10). Cooperative absorbing states may be stochastically 
stable only when all players have (extremely) high coefficients of altruism, such 
as in processes with altruism Al and A2. 

Resul t 6.5 LONG-RUN EQUILIBRIA, HIGH OUTSIDE OPTION 

Consider o = 40. When r < 2 there are no cooperative stochastically stable states 
of the basic process. When r = 2, however, a small perturbation of the basic 
process may lead the dynamics away from defective states and, consequently, 
medium levels of cooperation may be achieved. When r = 4 the state sCE, in 
which all players cooperate and exclude defectors, is the unique stochastically 
stable state of the basic process. If, as suggested by the corresponding theories, 
coefficients of altruism or inequity aversion are drawn randomly from the distri
butions (6.10) or (6.14) the processes with altruism and inequity aversion exhibit 
the same dynamics as the basic process. Cooperation, however, increases when 
these coefficients are (extremely) high, such as in processes Al, A2, Fl, or F2. 
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The stochastically stable states and the long-run behavior of each process 
may be inferred from the frequencies of visits of different absorbing states by 
the process, given in the left-hand columns of Tables 6.3 - 6.8. The final result 
summarizes the comparison of the basic process with processes with altruism 
and inequity aversion from the discussion above. 

Resul t 6.6 COOPERATION INDUCED BY SOCIAL PREFERENCES 

If coefficients of altruism are distributed by (6.10), as suggested by the model of 
altruism, the process of altruism exhibits qualitatively the same behavior as the 
basic process assuming selfish players. Similarly, if coefficients of inequity aver
sion are distributed by (6.14), as suggested by the model of inequality aversion, 
the process of inequity aversion exhibits qualitatively the same behavior as the 
basic process. For o = 0 the process of inequity aversion exhibits qualitatively the 
same behavior as the basic process for any distribution of coefficients of inequity 
aversion. 

In chapter 5 we discuss the dynamics of behavior of human subjects playing 
the finitely repeated basic game in a laboratory experiment. The game was 
repeated for 60 periods. The behavior in the experiment differed significantly 
between the last 5 periods and the periods 1-55, which is in accordance with the 
assumption, made in this chapter, that people look only a few periods ahead. 
With both low and high outside options high average levels of cooperation were 
observed during most of the periods 1-55, while a strong tendency toward defec
tion was evident in the final 5 periods, the effect known in experimental repeated 
games as the "end-game effect". 

To see that this is consistent with the limited forward looking assumption, 
consider players whose scope of forward looking r is sufficiently long to induce 
cooperation during initial periods. When the play approaches the final periods 
of the repeated game players adjust their behavior to the shorter scope of the 
future. A player, for example, who realizes that there are only T < r periods left 
may behave as if having a shorter scope of forward looking r. For sufficiently 
short r players may thus defect, which would lead to the last period decline in 
cooperation. 

Among the processes considered in this chapter only the process with altruism 
A2 reaches substantial cooperation with r > 2 and low cooperation with r = 1, 
for both outside options considered. This suggests both (the possibility of) high 
altruism as well as the non-trivial forward looking as determinants of behavior 
in our experiments. 

6.6.2 Discussion of the model assumptions 

Some caution may be in order in the interpretation of our results. Firstly, our 
set of strategies was restricted by assumptions of limited memory and consis
tency. Enlarging the set of strategies may affect the results. However, it is 
not obvious which set of strategies would best represent those used in real life. 
One way to circumvent this problem would be to allow for all feasible strate
gies via the methodology of genetic algorithms (this approach is endorsed by 
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Ashlock et al., 1996). The nature of this approach, however, means that the 
evolution of strategies is not easily tractable and the interpretation of (success 
of) the complex surviving strategies is left to speculation (see Smucker et al., 
1994). Redundant sophistication yielded by genetic algorithms may sometimes 
be eliminated by adding the cost of complexity, e.g. as in Abreu and Rubinstein 
(1988). The manner in which cost is related to complexity may, however, bias 
the evolution. See, for example, the debate between Binmore and Samuelson 
(1992) and Cooper (1996). 

Another approach is to consider relaxed assumptions about the memory 
length and consistency of strategies. However, the relaxed bounds are just 
as artificial as any other, while the resulting set of all possible strategies soon 
becomes too large to permit straightforward analysis or interpretation. An oc
casional compromise is to consider a large set of intuitive strategies inferred 
from real life or experimental evidence (Hauk, 2001 advocates this approach). 
A set of strategies obtained in this way is, however, far from complete within 
the considered boundaries, as well as restricted by a subjective judgment. 

Best response and imitation models usually assume that players know the 
strategies played by the other players. This, however, becomes a strong as
sumption if players use relatively complex strategies. It may be reasonable to 
assume that actions are perfectly observable, but they need not reveal the strate
gies that yield these actions. In a world of complex strategies the dynamics of 
players' beliefs about strategies of the other players could therefore be better 
described by a model of learning from observed actions such as Bayesian learn
ing (see e.g. Kalai and Lehrer, 1993 and Nachbar, 1997, Cheung and Friedman, 
1997, or Fudenberg and Levine, 1998 for overviews and tests of the models of 
learning in games). 

A model of adaptive play that may allow for complex strategies without such 
strong assumptions is that of reinforcement learning, suggested by Roth and 
Erev (1995). In the future we may complement our results with a reinforcement 
learning model that allows limited forward looking. In this chapter, however, 
we opt for a best response model within a small but complete set of strategies 
within clearly defined and intuitive restrictions. The resulting dynamics appears 
complex yet sufficiently tractable to allow straightforward interpretation. 

The second caution, common to all simulation studies, concerns the sensitivity 
of results to the specific choice of parameters in the simulations. In particular, 
we considered a single set of prisoner's dilemma game parameters, group size 
n = 6, updating probability q = 0.2, and error probability e = 0.1. We next 
discuss how changing these parameters may affect our results. 

The error probability does affect the process dynamics, and its impact was 
described in section 6.3.2. In particular, Theorem 6.1 describes how the asymp
totic behavior of the process changes as e decreases toward zero. It states that 
for sufficiently small e the process is most likely to be observed in one of its 
stochastically stable states. We, however, have shown that if perturbation is 
small but not negligible the long-run behavior of the process may differ greatly 
from this limiting prediction. One such example is given by Result 6.5 for our 
basic process with o = 40 and r = 2. 
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Figure 6.7: Average cooperation in simulations of the basic process, the process 
with altruism A3, and the process with fairness F3, for different values of ƒ, with 
r = 2 and (a) low outside option o = 0, and (b) high outside option o = 40. 
Note that ƒ = 70 is chosen in all simulation in this chapter. 

The impact of the prisoner's dilemma game parameters for the process dy
namics requires more thorough elaboration. For this we perform a test of the 
robustness of our main results to a change in the value of ƒ = v(D, C), the pris
oner's dilemma game payoff when defecting on a cooperator. This value may 
be seen as a proxy for the incentive to defect. We use the simulations of the 
second class to detect the asymptotic behavior of the basic process, the process 
with altruism A3, and the process with inequity aversion F3, for 26 different 
values of ƒ, equidistantly taken from the interval [50,100]. We assume r = 2 in 
all these simulations. For each value of ƒ and each of the two outside options 
considered we register the average numbers of cooperative players in each of the 
three processes. Figure 6.7 shows the graphs of average cooperation depending 
on the value of ƒ, for each of the processes and outside option values. For low 
outside option cooperation levels remain negligible for all processes and values 
of ƒ. For high outside option, however, the value of ƒ does have an effect on 
cooperation. It is interesting to note that for low ƒ, close to c = 50, coopera
tion is lower in the process with altruism A3 than in the basic process. This is 
most likely due to the presence of spiteful players with negative coefficients of 
altruism, which gain utility by decreasing the payoff of other players. 

Finally, our definition of forward looking is a relatively simple way of modeling 
the relation between one's own present behavior and the future behavior of the 
others. We assume that players believe, when they are updating their own 
strategy, that no other players will update in the periods covered by their scope 
of forward looking. This assumption seems a fair approximation of the (short 
span) future behavior if, as is the case in our model, the possibilities for updates 
are rare, and it is correct once the play reaches a long-run equilibrium. It would 
nevertheless be worthwhile to relax it in a model that allows for players who 
understand that (and how) other players may revise their strategies in the future. 
Such players might, for example, strictly prefer exclusion from non-exclusion, 
even when it is costly to exclude, because they realize that threatening with 
exclusion induces other players to abandon defective strategies. 
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Jehiel (1995) suggested such a model when introducing the concept of limited 
foresight. Players with limited foresight in each period choose an action which 
maximizes their payoff across a finite number of coming periods, believing that 
play is going to follow a particular sequence of action profiles. The game is 
said to be in a limited foresight equilibrium if, at each period, beliefs of all 
players coincide with the actual path of play. Jehiel (1998) describes a model 
of learning about the strategy used by the opponent, that leads to a limited 
forecast equilibrium in two-player games. Such an equilibrium considers players 
who at each period use the truncated history of play to update their belief about 
the future paths of play. In Jehiel (2001) cooperation in repeated two-player 
prisoner's dilemma game is shown to be sustainable in such an equilibrium. 
Adjusting this concept to the setting of our n-player stage game may, however, 
prove difficult, among other things due to the large number of possible action 
paths. 

A simpler approach, arising from our model of limited forward looking, may 
be to consider players that know the transition matrix of the basic process 
and assume that their opponents behave according to the underlying updating 
process. We may call such players level-3 players, as opposed to level-2 players 
which understand the strategies of their opponents but assume that they never 
update. When updating, a level-3 player chooses a strategy that maximizes her 
expected payoff across several coming periods, under the assumption that other 
players change strategies according to the basic process. We may similarly define 
level-4 players, or indeed, level-n players for any n. Finally, we may consider 
the dynamics of the process that emerges as n goes to infinity. Players in such 
a process would correctly predict the behavior of their opponents, as opposed 
to finite-level players. It would be interesting to compare the model of players 
with such extreme comprehension to the existing models of rational players 
with perfect foresight (Selten, 1965, van Damme, 1989). For a similar iterative 
definition of the levels of reasoning see Stahl (1993) and Nagel (1995). 

6.7 Conclusions 

In this chapter we study the dynamics of social exclusion and cooperation among 
boundedly rational players that to a limited extent understand the consequences 
of their own actions and take them into account when adapting their behavior. 
We show that the assumption of limited forward looking induces cooperative 
equilibria even if players are best responding to their neighborhood. These 
equilibria, however, are often not stable with respect to occasional deviations 
from the best response behavior that we assume players make. In particular, 
when exclusion is costly cooperation remains low. It turns out that limited 
forward looking increases cooperation only when exclusion is sufficiently cheap. 

Assuming that players are other-regarding, rather than selfish, does not sub
stantially change these results. We consider in this chapter two theories of 
social preferences: the model of altruism and the model of inequality aversion. 
Assuming altruistic or inequity averse players further increases the set of co-
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operative equilibria. However, if altruism or inequity aversion is distributed 
according to the distributions proposed by the corresponding models the dy
namics of behavior among other-regarding players does qualitatively not differ 
from that among selfish players. This suggests that, at least in the setting of the 
repeated prisoner's dilemma game played on an endogenous network, a limited 
comprehension of the reactions to one's own actions may be as important for 
sustaining cooperation as is a concern for others. 

6.8 Appendix: Proofs 

Proof of Proposition 6.2. We begin by characterizing the payoff (6.1) of 
player i in terms of the distribution of types. Let z(s) = (nCA(s), nCE(s), 
nDA(s), nDE(s)) be the distribution of types in state s. For each j let Tj be 
the type of player j in state s. Consider a player i that is updating her current 
strategy Sj = sTi with a new strategy sj = sTi of type T[. For each player i, let 
of (s) = 1 if her type in state s is T, and Sf(s) = 0 otherwise. The four-tuple 

z(S)-5i(s) = (nCA(s)-ofA(S),n
CE(S)-6?E(S),n

DA(S)~5°A(S),n
DE(S)-5°E(s)) 

gives the distribution of types among the players N/i in state s. 
The definition of the stage game payoff (6.2) may be rewritten as 

•Ki(ai,Pi,a-i,P-i)= ^2 •"(ai,aj)-pij-pji (6.17) 
jEN/i 

for the case that the outside option value is o = 0, and as 

•Ki(ai,Pi,a-i,p-i) = ^2 lv(auaj) 'Pij 'Pa + (! -Pij -Pji) • o] (6.18) 
jEN/i 

for general o. Let pTT be 1 if players of type T propose links to players that 
were of type T' in the previous period, and 0 otherwise. Let aT be the action 
chosen by strategy sT. Combine the definition of payoff (6.1) with the definition 
of the stage game payoffs (6.17) to obtain 

Xi{s'i\s) = J2 v(ai(s^,aJ(s:j))-plj(s'l\a(s))-pjl{sj\a(s)) 

jEN/i 

+ ( r ~ 1 ) ! C V^(S'i)^aJ(-Sj))-P^(S't\a(S'))-PdS3\a(S')) 
j€N/i 

Y: (nT(s)-8T(s))-v(aV,aT). 
Te{CA,CE,DA,DE} 

.pT[T,[pTT,+{r_1)pTTl] ( 6 1 9 ) 
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for the case o = 0. One can show in the similar fashion that for general o, 

xM\s)= £ (n r(s)-<Jf(s)). 
Te{CA,CE,DA,DE} 

'v(aT^aT) • pT>T • [pTT* + (r - l)pTT'} + O • ( l - p T - T • [pTT' + (r - l )pT T-]) ' 

(6.20) 

Let 

v[Tun\T\ = v(aT^aT).pT^-{pTT'+(r-l)p^} 
+o • ( l - p T - T • [prT* + (r - l )pT T /]) (6.21) 

be the r-period payoff to any player i that changed her type from TÏ to T[ from 
the interaction with any player j ^ i oi type T. This payoff is independent of 
the identities i and j . The equation (6.20) rewrites as 

x ^ | s ) = Yl (nT(s)-öT(s)).v{TzX\T] 
Te{CA,CE,DA,DE} 

The best response of each player thus depends on her own previous type 
and on the distribution of types among the remaining players. Consequently, 
players who were playing the same strategy in the previous period have the 
same set of best responses, which depends only on the distribution of the types 
in the previous state. If state s= («j, ...,Sn) is absorbing, than the state s* = 
(S</>(1)> •••is4>(n))> f° r a n y permutation of the player indices <f> : N —• N, is also 
absorbing. To conclude the proof, note that Sz consists exactly of all states s* 
that can be obtained by permuting the player indices via any permutation (f>, 
from any state sESz. • 

Proof of Proposi t ion 6.5. Several observations can be made on the basis 
of (6.19). First, non-exclusive strategy always earns at least as much as its 
exclusive counterpart: for all s, 

Xi(sfA | s) > xt(sfE I s) and *«(«?A \ s) > Xl{sfE \ s). (6.22) 

This is because pCA'T > pCE<T and pDA'T > p
DE'T for all T, with strict in

equalities for T = DA, DE. The equality is attained only in the border cases: 
Xi(sfA\s) = Xi(sfE\s) implies that nDA = nDE = 0. Similarly, xl(sf)A \s) = 
Xi(sPE\s) implies nDA = 0 . 

[1] Strategy sDE may thus be a part of an absorbing state only when nDA = 
nCE = 0. Consider a state with type distribution (n — p, 0,0,p). If r = 1 coop
eration is not a best response, implying p = n. For r > 2 exclusion is not best 
response in presence of another defector, implying p < 1. For p = 1 cooperation 
is a best response if and only if condition (6.7) holds. 
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[2] When there are no exclusive players, that is when nCE = nDE = 0, the 
utility (6.19) rewrites as 

xi(s'i\s) = Y^ nT • v(aTi ,aT) • pTiT • r 
Te{CA,DA} 

in which case the strategy sDA is the best response. To see this note that 
v(D,a ) > v(C,aT) for any T, which in case that in s there are no exclusive 
players implies Xi(sfA \s) > Xi(sfA \s). Combine this with (6.19) to conclude 
that sDA maximizes the utility. 

[3] When nCB > 1, there are no defective players, nDA = nDE = 0. A 
state with type distribution (p,n — p, 0,0) is absorbing whenever players playing 
strategy sCA do not receive higher utility (6.19) by updating to strategy sDA. A 
straightforward calculation yields that for a player i with s$ = sCA, Xi(sfA | s) > 
Xi(sfA | s) if and only if condition (6.8) holds. 

Absorbing states may therefore have only one of the following type distribu
tions: (0,0,0, n) only for r = 1, (n — 1,0,0,1) whenever (6.7), (0,0, n, 0), and 
(p,n -p, 0,0) whenever (6.8). Constraint ƒ > c > d> e implies that conditions 
(6.7) and (6.8) do not hold for r = 1. 

Finally, note that for p = 0 condition (6.8) rewrites to (6.6). • 

Proof of Proposi t ions 6.6 and 6.7. 
Let v[Ti,Tl | T] be defined as in (6.21) and let 

v[T\ThT!\ = v(aT,aTi)-pT^-[pTT^{r-l)pTT>] 

be the r-period payoff to any player j of type T from interaction with player 
i T̂  j that changed her type from Tt to T[. When o = 0, the r-period utility of 
player j , Xij(s'i | s), defined as in (6.11), can be rewritten as 

xij(si\s) = r ^2 v(aj(sj)'ak(sk)) -Pjk(sj | ffl(s)) -Pkj(sk | a(s)) 

k€N/{i,j} 

+v(aj(sj),al{s'l)) -Pjiisj | a(s)) -pi;,(s-1 a(s)) 

+(r - l)v(aj(aj),ai(8'i))-pji(sj \ o(s')) • plj{s'i \ o(s')) 

Y, K ( s ) - Sj(s) - 5j(s)) r • W(ar^, aT) • pT>T • pTT> 
Te{CA,CE,DA,DE] 

+v(aT',aT') -pT^ • [pT^ + (r - l)pT^} 

again using the definition of the stage game payoffs (6.17), which further implies 

XiM | s) = Y ( n T ( s ) " 5J& ~ ^(s))-vlTj | T,Tj+vlTj | Ttl T/] 
TS{Cyl,CE,DA,DB} 
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and 

xi(s'i\S)-xij(s'i\s) = E (nT(s)-Sf(s)).v[Ti,T^\T] 
T€{CA,DA,CE,DE} 

J2 {nT(s)-^(s))-v[Tj\T,T\ 
Te{CA,DA,CE,DE} 

+v\TJ\Tj,TJ]-v[Tj\Ti,Tl}. 

One can show in the similar fashion that the above equality holds for general o. 
It is important to note that players, distinct from i, of the same type have the 
same utility: if Tj = Tfc for some j,k ^ i, then Xij(s'i | s) = ^ ( s ^ | s), and 

x,(s-1 s) - Xijis'i | s) = Xi(s'i | s) - Xij(8i | s). (6.23) 

This motivates the use of notation 

x i T ( ^ | s ) = £ p ( s ) - # ( s ) -<f(s))- iJ[T| T,T]+ïï[T| T^T/] 
Te{CA,DA,CE,DE} 

for each type T. Clearly, Xij(s'i \ s) = x^ (s^ \ s). 
[1] Assume the model of altruism of section 6.5.1 and let ji = 7 for each 

player i. In this case the definition of utility (6.12) reduces to 

u?(s'i I s) = Xiis'i I s) +l^xij{s'i I s) 

= xM I s) + 7 J2 ( " » " *?») so-W i s) 

TS{CA,CÊ,i3A,DB} 
The value of uf (s^ | s) therefore depends on the previous and the updated strate
gies of player i, and on the distribution of types among the remaining players. 
In particular, it does not depend on the identities of players of particular type. 
This means that if two players were of the same type in the previous period, 
the sets of their best responses coincide. Following the final steps outlined in 
the proof of Proposition 6.2 we prove the claim of Proposition 6.6. 

[2] Assume the model of inequity aversion of section 6.5.2 and let cti = a and 
Pi = (3 for each player i. The definition of utility (6.15) reduces to 

u f ( a ' i | s ) = x i ( ^ | s ) 

- £ l E C " 3 » - 6?&) m a x f e W I s) - xM I s), 0} 
T€{CA,CE,DA,DE} 

"^37 E {nT(s)-8f(S))m^{xl(s't\s)-xiT(s'i\s),0}. 
Te{CA,CE,DA,DE} 

Again, the value of uf(s^ | s) depends on the previous and the updated strategies 
of player i, and on the distribution of types among the remaining players. In 
particular, it does not depend on the identities of players of particular type and 
the claim of Proposition 6.7 follows in the similar steps as above. • 
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