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Preface

This manuscript is an attempt to present the research I have done during the last
four years as a coherent whole, aimed at exploring a novel theoretical framework for
static granular matter, called the force network ensemble. This purely statistical
approach, based on ideas of Sir S. F. Edwards, was first suggested in its present form
by J.-P. Bouchaud during his Les Houches lectures in 2002 [1], and subsequently
developed at the Leiden University by Jacco Snoeijer, Thijs Vlugt, Martin van
Hecke and Wim van Saarloos [2], who coined the name “force network ensemble”.
The central purpose of this thesis is to examine how complete a picture of static
granular matter this simple theory can provide. For this, the predictions of the
force network ensemble are compared with experimental and numerical results as
well as with predictions of other models.
The first part of the dissertation develops several levels of motivation for the force
ensemble approach. Chapter 1 is a brief introduction to different aspects of granular
matter, focusing on the limits of classical theories and the need for new ones.
Chapter 2 describes in more detail the phenomenology of static granular assemblies,
defines the basic concepts used in the rest of the thesis, and introduces the force
network ensemble.
The second part investigates the possibility of describing the propagation of forces
between grains in the framework of the force ensemble. The effect of adding a
small overload on one of the grains is examined in various situations, each corre-
sponding to a previously studied experimental setup. Chapters 3 and 4 consider
two-dimensional arrays of hexagonally packed, frictionless grains, while in chapter
5 the effects of friction between grains are investigated in a rectangular packing.
The third part studies properties of spatial patterns of large forces between grains.
Chapter 6 introduces a method to characterize the stochastic patterns of large
forces, which is then applied to packings of grains obtained by large scale numerical
simulations. In chapter 7, these findings are compared with predictions of the force
ensemble and other theoretical models. Finally in chapter 8, the effects of external
shear stresses on the geometry of forces are investigated within the framework of
the force ensemble.
The different chapters are not meant to be self-contained. Parts II and III are
however essentially independent.
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Part I

Granular Matter and the
Force Network Ensemble
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1.

Granular Matter:
Phenomenology
and Theories

Gases, liquids and solids: this is the canonical trinity in which matter is tradi-
tionally classified. Each of the three states possesses clearly defined mechanical
properties, and the associated physical theories, the kinetic theory of gases, hy-
drodynamics and the theory of elasticity, are three fundamental pillars of classical
physics. Yet a brief look around ourselves suffices to run into difficulties with this
classification. Glasses in our windows are solid on short timescales, but flow on
timescales of years; for practical sake, proper toothpaste and shaving cream had
better be neither solid nor liquid; grains of coffee or sugar in a jar form a solid
when at rest, but flow as soon as the jar is sufficiently tilted.
Let us look more closely at this last example. Each of the grains is in itself a
classical solid body the physics of which is extremely well understood, yet the con-
glomeration of many of them leads to novel collective behavior. Such assemblies of
large numbers of macroscopic particles are more generally called granular materials
[3, 4, 5]. The most ubiquitous example is sand, but the definition encompasses a
variety of other systems ranging from stacks of books to pills in a conveyor belt,
and from piles of pears on a market stall to rocks in the rings of Saturn.
Given its practical importance for construction and industrial processing, granular
matter is hardly a new field of scientific study. Nevertheless the unique aspect of
granular systems is often neglected, as most engineering studies try to cast their
properties in terms of those of usual solids, liquids and gases. Indeed, assemblies
of grains are most commonly found in static configurations in many aspects rem-
iniscent of a solid. A sufficiently strong external perturbation, such as a shear,
can create a dense flow of particles with liquid-like properties. On the other hand
strong shaking leads to a loose, gas-like state. Considering each grain as an in-
dividual atom, it is tempting to describe the bulk properties of each “state” by

13



Chapter 1. Phenomenology and Theories

extending the corresponding classical theory. While useful in practical contexts,
these effective approaches show unexpectedly strong intrinsic limitations which
have attracted the attention of physicists in the last decades. Under intense theo-
retical scrutiny, a number of fundamental conceptual difficulties appeared, paving
the way for new models and theories addressing aspects specific to granular matter.
The macroscopic nature of the granular particles entails some essential differences
with their microscopic counterparts forming usual solids, liquids and gases. In
particular, every grain possesses a large number of internal degrees of freedom,
which are available for heat transfer. In consequence, in a collision a fraction
of the kinetic energy is dissipated to internal modes, and the average velocity
decreases after each impact. Given the size of the grains, this energy loss cannot
be compensated by thermal fluctuations of the surrounding fluid. Indeed, for sand
at room temperature the typical energy needed to raise a grain by its own diameter
in Earth’s gravity is more than 1012 times kBT , in other words sand grains do not
undergo Brownian motion. The requirement that thermal fluctuations be negligible
in fact sets a lower bound of the order of 100µm for the size of the particles regarded
as granular.
The dissipative and athermal character of the individual components breaks two
fundamental assumptions of classical statistical physics: the conservation of energy
and the ergodic exploration of the phase space. Additional difficulties come from
the continuum nature of hydrodynamic and elasticity theories, which assume that
the system is well described by averages over length and time scales much larger
than the typical microscopic scales, and much smaller than macroscopic ones. It is
not obvious that such a separation of scales occurs in granular matter, where many
systems of practical importance have a linear length of less than thousand grain
diameters. Moreover, due to the lack of self-averaging by thermal motion, in static
or slowly evolving systems fluctuations and average values are often comparable.
In granular assemblies, the classical theories of matter are thus pushed to the limits
of their validity. This is a fascinating situation which shines a new light both on
long-established general theories and on specific properties of granular systems. In
this introductory chapter, we review briefly the basic phenomenology of granular
gases, fluids and solids, and describe some successes and failures of the extensions
of kinetic, hydrodynamic and elasticity theories in these contexts. We focus in
particular on granular solids, and motivate an alternative theoretical approach
based on analogies with glassy systems. A critical assessment of the resulting
statistical mechanics of static granular matter is the main subject of this thesis.

14



1.1. Granular Gases and Kinetic Theory

1.1 Granular Gases and Kinetic Theory

Shaking a box of grains produces a loose, highly agitated state reminiscent of a
classical gas. The physics of ideal classical gases are dominated by binary collisions
between particles of sizes negligible compared to their mean-free path. The colli-
sions are elastic, in the sense that the total momentum and total kinetic energy
are conserved on each impact. A fundamental statistical description is given by
the Boltzmann equation [6], which expresses the effect of the collisions through the
assumption of “molecular chaos”. In absence of external driving, the gas settles
to an equilibrium steady state described by the Maxwell-Boltzmann distribution.
More generally, assuming local thermal equilibrium usual hydrodynamic equations
can be derived.

The simplest model of a granular gas is obtained by altering a single property of
the ideal gas: the conservation of energy. In the simplest form, the dissipation of
energy can be introduced through a parameter r, called the coefficient of restitution,
which represents the fraction of relative velocity conserved in each collision. The
usual elastic case corresponds to r = 1, while r < 1 represents an inelastic gas.
In the limit r = 0, in each collision the total relative velocity is lost and particles
aggregate. This extreme case has been called the sticky gas or ballistic aggregation,
and was first introduced to model aggregation of asteroids [7].

This seemingly minute modification of interactions between grains entails a drastic
change of physical properties of the assembly as a whole [8]. Consider a usual
elastic gas, and imagine its coefficient of restitution is switched to a value less
than 1 at a time t0, a situation that has been studied numerically in one [9, 10],
two[11, 12] and three dimensions [13] (cf Fig. 1.1). Until t0, the system is at
equilibrium at a well defined temperature, but at t0, the collisions start dissipating
energy, and the temperature drops as (t − t0)−2 [14]. This initial regime where
the system remains spatially uniform is called the homogeneous cooling state. Very
soon however, correlations build up between inter-particle velocities and structures
appear in both velocity and density fields. Such inhomogeneities generate dense
clusters of particles inside which the collision rates are very high and the cooling
much faster than in more dilute parts of the system. As more and more grains
aggregate, the late time dynamics are dominated by complex interactions between
the clusters which collide, merge and break.

A natural theoretical approach consists in incorporating the inelasticity of colli-
sions into Boltzmann’s equation [15]. Clearly, as energy is continuously lost, a
steady state can not be expected. Instead, the homogeneous cooling state is found
as a scale-invariant solution with tractable analytic properties. Hydrodynamics
equations resulting from such an inelastic kinetic theory differ from the usual ones
by presence of an energy loss term. From there, the onset of clustering can be
predicted as a linear instability at large wavelengths.

Continuum theory thus yields correct predictions in the initial stages of the free
cooling. Its validity however ceases as soon as clustering starts, since correlations
appear over large length scales [16, 17]. In practice, it is thus limited to very dilute
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Chapter 1. Phenomenology and Theories

(a) (b)

(c) (d)

Figure 1.1: Snapshots of the cooling of an inelastic gas (r = 0.8) starting from thermal
equilibrium, in an event-driven simulation. The energy of single particles is color-coded.
Figure taken from [12]
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1.1. Granular Gases and Kinetic Theory

Figure 1.2: Snapshots from experiments on clustering in two compartments. Initially
the grains are evenly distributed on both sides of the wall. As the system is shaken, they
cluster in one of the two compartments. Pictures taken from [36].

systems at short time scales, so that cluster dynamics in the later evolution seem to
require a different theoretical description. Interestingly, work on one-dimensional
systems suggests that for any value of the coefficient of restitution r less than one,
the statistical properties of the clusters at long time-scales are equivalent to the
properties of the r = 0 limit corresponding to ballistic aggregation [18, 19, 20].
Remarkably, this limit can be analyzed analytically [21, 22, 23], and the results
hint at a possible continuum description in terms of Burger’s shocks [24].

The clustering instability can be altogether avoided if the inelastic gas is driven
externally, for instance by strong shaking. The resulting non-equilibrium steady
state has been the object of several experimental [25, 26, 27], numerical [28, 29, 30,
31, 32] and theoretical studies [33, 34]. The attention mainly focused on the shape
of the velocity probability distribution, which seems to deviate from a gaussian in
the tails. While such deviations can be obtained using kinetic theory, an essential
theoretical difficulty comes from the concentration of heating on the walls, which
gives rise to anisotropies and spatial variations in temperature [34], and in some
cases clustering [31, 32, 35].

The presence of walls can lead to other phenomena at odds with the behavior
of usual gases. One of them is the apparent violation of the second law of ther-
modynamics in the context of the so-called “Maxwell paradox”. Consider a box
separated in two compartments by a wall. Initially all the particles are located on
the left side and at time t0, a small hole is opened in the wall. For usual elas-
tic gases, the principle of maximization of entropy implies that particles spread
uniformly over the two sides, and the probability of return to the initial state is
zero. Experiments on inelastic particles however show a preference for clustering
in one of the two compartments at high enough density (cf. Fig. 1.2) [37, 38]. This
symmetry breaking comes from the dissipation of energy in the collisions, which
transfers entropy to microscopic degrees of freedom. The transition and the dy-
namics of the clustering can be understood within a flux-type model, and a number
of effects related to size segregation and ratcheting have been studied within this
setup [39, 36, 40, 41].
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Chapter 1. Phenomenology and Theories

1.2 Granular Flows and Hydrodynamics

A macroscopic motion can be imposed on a system of grains by applying a directed
external force, such as a boundary shear or a gravitational acceleration. If the
density is high, the grains flow in a fashion similar to a liquid. However, in contrast
with conventional liquids, in dense granular flows, the microscopic dynamics are
not dominated by pairwise, instantaneous collisions. Instead, many long-standing
contacts undergo rolling and dissipate energy by friction, which leads to novel
physical properties and complicates significantly the theoretical description.

Despite these differences on the microscopic level, it is clear that a hydrodynamic
approach must remain valid to some extent. Indeed, hydrodynamic equations are
nothing more than a macroscopic formulation of conservation laws. Momentum
and mass are still conserved, and energy dissipation can be taken into account,
but the difficulty comes from the coefficients of transport. In contrast to simple
newtonian fluids, they can depend on hydrodynamic variables in a complex fashion,
and no simple and robust constitutive laws are known so far. From this point of
view, flowing grains are a subset of a larger class of so called complex fluids.

Another complication arises from the coexistence of a wide range of relevant time
and length scales in flowing granular systems [42]. This is best illustrated by the
dynamics inside a Couette cell (cf. Fig. 1.3). The grains are confined between
two concentric cylinders, one of which is rotated at a fixed rate. In a newtonian
liquid, a similar shear drive would generate a uniform velocity gradient between
the two walls. In contrast, in a granular system, large relative motion of the grains
is confined to a narrow zone of five to ten grains in diameter called a shear band
[43, 44, 45, 46]. Away from the shear band, rearrangements of the grains take much
longer, and a hydrodynamic description requires averaging over much longer time
scales than inside the shear band. Such a situation has led to a development of
an ad-hoc microscopic stochastic model [47], which represents the shear band as
the region of optimal yielding. On the other hand recent experiments [48, 49] have
found universal wide shear zones and suggest that the localization of the shear is
due to the driving at the boundary. An associated hydrodynamic description is
being developed [50].

A second example is provided by avalanches, which are a type of flow peculiar to
granular matter. They occur either spontaneously when a pile of grains is inclined
above its angle of repose, or they can be triggered by a local perturbation. In
both cases, large energy inputs lead to a steady flow, while smaller ones cause a
number of discrete intermittent events [51, 52, 53]. In the steady flow, although
some simple rheological relations have been found [54], again a range of length and
time scales are present depending on the distance from the surface. The stochastic
nature of intermittent avalanches on the other hand has given rise to a number
of microscopic models. In particular it has served as a compelling metaphor for
threshold driven cooperative phenomena, grouped under the name of self-organized
criticality [55, 56, 57].
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1.3. Granular Solids and Elasticity Theory

Figure 1.3: Localization of strain in slowly sheared granular matter: experimental pic-
tures of a part of a Couette cell with a line of black tracer particles placed on top of the
grains. The left picture shows the initial situation; the outer wall is then rotated, and a
snapshot at a later time is displayed in the right picture. The images were provided by
Martin van Hecke.

1.3 Granular Solids and Elasticity Theory

If all external driving ceases, the motion of grains is brought rapidly to a halt by
energy dissipation. The resulting frozen configuration is maintained at rest by ex-
ternal stresses which are provided by gravity and walls in the most familiar settings.
In many aspects, such a static packing behaves as a solid: it supports additional
overloads up to some maximum, in other words it exhibits a non-vanishing yield
stress.

Far below the yield stress, a quasi-elastic picture is expected to hold. This is the
traditional approach adopted in soil-mechanics: the macroscopic stress is related
to the macroscopic strain, though not necessarily in a linear fashion [58, 59]. Incre-
mental stress-strain relations are determined empirically in so-called bi-axial and
tri-axial tests, where only selected components of stress and strain tensors are var-
ied. The outcome are effective constitutive laws for elastic moduli, often useful in
practical contexts.

A direct extension of elasticity theory nevertheless neglects many crucial aspects of
granular materials [60], whose solid-like features are in first place due to mechanical
forces at localized inter-grain contacts. On the microscopic level, two essential
differences with continuum solids come from the repulsive nature of these forces
and the presence of friction. The first property implies a lack of cohesion of the
packing and thus frequent local rearrangements of the grains in response to a
variation of the external load [61, 62]. The second property, friction, is at the
source of the dependence of mechanical behavior on the construction history of the
packing (see Sec. 2.2.1).

The importance of inter-grain contacts for bulk mechanical properties can be illus-
trated by a simple experiment [63, 64] where the stress profiles beneath piles of sand
have been measured. The piles are formed via two different procedures (cf. Fig.
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Figure 1.4: Normal stress profiles beneath conical piles of granular materials of height
H. The photographs illustrate the two different construction techniques, pouring from a
localized source (top), and homogeneous pouring from a sieve (bottom). Pictures taken
from Ref. [63]

1.4): by pouring sand (i) homogeneously from a large sieve or (ii) from a localized
source. In the first case, the stress is maximal under the center of the pile as could
be naively expected. In contrast, in the second case, a clear dip in the stress profile
is seen at the same location. Such a drastic sensitivity of macroscopic stresses on
the construction procedure can be understood by considering the dynamics of the
grains prior to their arrest in a stable configuration. In the case of a localized
source, before stabilizing every grain takes part in several avalanches which lead
to a preferential orientation of contacts towards the exterior of the pile [65]. On
the other hand in uniform pouring, the avalanches concern a smaller number of
exterior grains, and the contact distribution essentially isotropic. The importance
of the contact orientation does not necessarily preclude an elastic description, but
the anisotropy of the contact network, often called texture, must be taken into
account [66, 67, 68, 69]. Additional experimental evidence for the influence of the
underlying contact geometry will be described in Sec. 2.2.4.

A second signature of the discrete nature of the grains is the existence of large
fluctuations in the measured macroscopic properties [43, 70, 71]. The variations
of effective elastic moduli between samples prepared under identical conditions
have in general been overlooked in the engineering literature. They are however a
fundamental characteristic of granular materials, and clearly call for a statistical
description. Moreover, even within a given sample local stresses are extremely
heterogeneous and a clear separation of scales is lacking, a situation which raises
doubts about the relevance of an average, continuum description.
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In fact, even the basic definitions of stress and strain fields for packings of discrete
grains are still subject to debate. In the case of the stress field, the discussions
concentrate on the appropriate coarse-graining of individual forces [72]. In most
experiments and simulations, the total number of grains does not exceed a couple
of thousands, so that the range available for coarse graining is limited, and the
dependence of the stress field on the length scale chosen for averaging is still being
investigated [73] The situation is more severe in the case of the strain field, which
is usually defined with respect to a simple and well-characterized reference state.
The existence of such a reference state for granular matter is not obvious [1, 74],
since even in the simplest, uniformly compressed, packings the stresses are hetero-
geneous and still ill-understood (see Sec. 2.2.3). These considerations have led to
a development of stress only theories [75, 76, 77, 78, 79, 80, 81, 82, 83], which seek
to establish constitutive relations between various components of the stress tensor
on the basis of symmetry arguments (or microscopic force transmission rules), and
without reference to a strain field.

1.4 Granular Glasses and Non-Equilibrium
Thermodynamics

Many of the peculiar differences between static granular matter and ordinary solids
stem from the fact that each static packing is effectively one among many macro-
scopically equivalent metastable states. Due to the rapid energy quench provided by
inelastic and frictional dissipation, and in absence of thermal fluctuations, initially
loose grains get jammed in a local energy minimum. The resulting amorphous rigid
state has much in common with other systems experiencing dynamical arrest, such
as compressed emulsions, foams, colloids and molecular glasses [84, 85, 86]. Physics
of these sorts of disordered systems have been a major field of research in the last
decades, and the analogy between granular matter and glasses has produced some
very fruitful theoretical cross-pollination.
Glassy dynamics in dense granular systems are observed close to the jamming
transition, as the system is slowly driven, typically by tapping or slow shear. The
resulting non-equilibrium evolution displays characteristic features such as a loga-
rithmic slowing down of relaxation times [87, 88], subdiffusion and caging [89], or
dynamical heterogeneity [90]. Phenomenologically, the underlying dynamics can
be understood as a succession of hops between metastable states. Such a picture
suggests a description in terms of generalized statistical mechanics pioneered by
Edwards, who considered a reduced phase space where every point corresponds to
a metastable state consistent with macroscopic constraints.
The empirical basis for a thermodynamical description comes from an experimental
study [91] which we describe here in some detail. A cylindrical container filled
with glass beads was subjected to discrete vertical shakes of intensity Γ, sufficiently
spaced in time to allow the grains to come to a complete rest. After a large number
of taps, the density of the packing reaches a stationary value, which is studied as
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Chapter 1. Phenomenology and Theories

Figure 1.5: The dependence of the density ρ on the vibration history in the study of
vertically vibrated granular packings [91]. The beads were prepared in a low density
initial configuration and then the acceleration amplitude Γ was slowly first increased
(solid symbols) and then decreased (open symbols). The upper branch that has the
higher density is reversible to changes in Γ. Γ∗ denotes the “irreversibility” point. Figure
taken from Ref. [91].

function of Γ. The beads are first fluidized to form a very loose packing, then Γ is
slowly increased. For Γ smaller than a “critical” value Γ∗, the density obtained even
after a large number of taps is not reproducible, and varies significantly between
experimental realizations. However once Γ∗ has been exceeded, a reversible state
is reached (cf. Fig. 1.5): increasing as well as decreasing in Γ leads to variations of
density along a well defined curve. In that state, each tap replaces one mechanically
stable configuration by another of same density. In other words, a given excitation
amplitude Γ gives rise to an ensemble of blocked configurations with a well-defined,
fixed density or equivalently volume.

The existence of a reversible curve corroborates Edwards’ proposal [92] for an
analogy between the volume of a granular packing subject to tapping, and the
energy of a conservative, isolated system in equilibrium statistical mechanics. The
classical micro-canonical hypothesis then corresponds to considering equally likely
all blocked states of a given volume, a prescription sometimes called the Edwards
measure. The entropy S(V ) is simply the logarithm of the total number of such
states, and is expected to be extensive. The variation of the entropy with the
volume ∂S/∂V has been called the inverse compactivity 1/X. Clearly X is an
intensive variable analogous to ordinary temperature.

The prospect of novel statistical mechanics for athermal systems has sprouted a
large research effort. Experimental work [93] examined the possibility of finding
thermodynamic variables in dense granular packings under quasi-static shear. The
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existence of an effective “temperature” was established via a fluctuation-dissipation
relation between the mobility and the diffusivity of tracer particles. This temper-
ature was shown to be independent of the tracers used and identical for grains
of different sizes but same packing fraction. A numerical simulation of a similar
experiment [94], demonstrated that the measured quantity is identical to the com-
pactivity obtained from Edwards’ thermodynamics in the case of frictionless grains.
However recent measurements of the distribution of free volumes [95] suggest that
Edwards’ entropy might not be extensive for systems of experimentally accessible
sizes.

Theoretical studies on the other hand have examined the relevance of the Edwards
measure in various lattice models of compaction and jamming [96, 97, 98, 99, 100,
101]. The models considered were mainly of “kinetically constrained” or of spin-
glass type, and tapping was mimicked by increasing instantaneously the energy of
the system and subsequently letting it relax to a blocked state through Monte Carlo
dynamics. The statistics of various observables in the final states are computed
and compared to the values obtained by assuming every blocked state to be equally
likely. An interesting alternative approach was followed in [102], where Edwards’
entropy was calculated exactly in a toy model of hexagonal grains. The overall
conclusion is that Edwards’ prescription gives in general a good effective description
although it is not always exact.

From the point of view of traditional granular matter, the main novelty of Ed-
wards’ approach is the proposal to describe static granular systems statistically,
rather than only on the average level disregarding fluctuations. Considering every
packing equally likely is clearly an ad-hoc assumption without any other immediate
justification than being the simplest starting point. The existence of a thermody-
namical description in terms of effective temperature does not critically rely on this
micro-canonical hypothesis, and it remains to be checked whether other statistical
properties of experimental ensembles of granular packings are well reproduced by
this flat measure.

1.5 This thesis

Edwards’ generalization of statistical mechanics has mostly been applied within
the context of compaction, where the main observable is volume, so that only the
spatial arrangement of grains matter. Yet if the forces between grains are also taken
into account, a similar approach can be used to describe statistically the mechanical
properties of static granular matter. The main aim of this thesis is to critically
assess the use of such a theoretical framework, by comparing its predictions with
experimental findings and results of other models.

The perspective taken here differs somewhat from the work of Edwards and collab-
orators, who have attempted to derive a constitutive relation for the stress tensor
in the most general context [78, 79, 80, 81, 103]. To avoid difficulties related to the
definition of a stress field in granular assemblies, we work on a discrete, mesoscopic
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Chapter 1. Phenomenology and Theories

level by taking into account the full topology of contacts between grains. In a
static packing, a repulsive force is associated with each contact, giving rise to a
force network. The contact and force networks have been studied experimentally
and numerically, and in Chap. 2 we review their properties, and show how these
suggest a natural extension of the Edwards measure which has been called the force
network ensemble [1, 2].

24



2.

Force Networks
and the Force Ensemble

The solid-like resistance of a dune to the weight of a stroller is most of all due to
mechanical forces at the contacts between grains of sand. A good understanding
of the geometrical structure of inter-grain contacts and associated forces is thus
a necessary basis for a study of large scale mechanics of granular matter. Rather
than use a continuum description in terms of stress fields, here we adopt a dis-
crete, contact-based theoretical approach, which is also experimentally relevant as
individual forces between grains can nowadays be measured.

The starting observation is that every mechanically stable configuration of grains
can be represented as a set of contact forces which are in balance on each grain. In
other words, to each blocked, “metastable” state corresponds a force network, and
it seems natural to extend the statistical mechanics of blocked states proposed by
Edwards to a statistical mechanics of force networks. To motivate this approach
and formulate it precisely, in this chapter we examine its phenomenological grounds
by reviewing the physical properties of the networks of contacts and forces. While
the focus here is on granular matter, similar considerations are valid for a larger
class of jammed, athermal assemblies such as foams and emulsions. Some relevant
results on these systems will be mentioned at appropriate places.

In Sec. 1, we present briefly the experimental and numerical techniques for the
investigation of contact forces, and fix some definitions of contact and force net-
works. In Sec. 2, the known properties of these networks are summarized, and
their implications discussed. In Sec. 3, the micro-canonical force network ensemble
is introduced, and possible implementations presented.
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Chapter 2. Force Networks and the Force Ensemble

2.1 Force Networks: Measurements
and Definitions

2.1.1 Experimental Determination of Contact Forces

From an experimental point of view, the macroscopic nature of particles forming
granular matter presents a number of practical advantages for the study of con-
tact properties. First, direct imaging of the grains is possible without having to
resort to microscopy or scattering techniques. Second, by carefully choosing the
studied system, the properties of the material of the grains can be exploited to
directly visualize the contact forces. A full study of a three-dimensional packing
remains however a daunting task, and experiments have concentrated either on
forces between grains and the boundaries, or on two-dimensional setups.
The first quantitative studies of contact forces were done in a very simple ex-
perimental apparatus [104]. The forces between the grains and the walls were
determined by placing a layer of carbon paper on the inner surface of the con-
tainer. The magnitudes of the normal forces were deduced from the sizes of the
marks left, which obey a linear relation with applied pressure. In later experi-
ments, a number of improvements in the measurement techniques were introduced
[105, 106, 63, 70, 107, 108, 109, 110, 111]. Nevertheless, all these methods access
only the boundary forces, the properties of which might significantly differ from
the forces in the bulk.
An alternative approach is to use a two-dimensional system of particles made of
a photo-elastic material, which displays stress-induced birefringence in response to
applied forces. With the help of cross-polarizers, large stresses inside the grains can
be directly observed (cf. Fig. 2.1). While such direct imaging gives a compelling
qualitative picture of stresses inside a granular packing, precise quantitative analy-
sis is difficult [112, 113]. Extracting individual contact forces from the polarization
pattern is a highly non-trivial task, and full packings were examined only very
recently [114], yielding precious information about the full network of forces in the
bulk of a two-dimensional system.

2.1.2 Numerical Methods

Although experimental measurements of inter-grain forces are feasible, they re-
main very difficult. Moreover they allow only a limited freedom in the choice of
parameters characterizing the grains (such as friction or elasticity), and a limited
resolution at small forces. For these reasons, a great effort has been invested in
the development of realistic numerical simulations, which are the most common
method for the study of grain-level properties of granular matter.
The aim of large scale numerical simulations is to reproduce the physical evolution
of the system, by incorporating as faithfully as possible the physical characteristics
of individual grains and their interactions. Nevertheless, efficiency imperatives im-
pose that a number of details be ignored. In first place, the grains are almost always
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2.1. Force Networks: Measurements and Definitions

Figure 2.1: Experimental picture of stress patterns in a two-dimensional packing of
bi-refringent grains, taken from the website of Prof. R. P. Behringer.

considered spherical, and geometrical randomness is introduced by considering a
statistical distribution of grain diameters, also called polydispersity.

The two main types of simulation schemes are called contact dynamics (CD) and
molecular dynamics (MD). The essential difference between the two is that CD
consider hard spheres and MD soft spheres. In the first case, the grains are infinitely
rigid, and the configurations are determined so that volume exclusion between
grains is satisfied at all times. In contrast, MD allows grains to overlap. The
finite rigidity of the grains is taken into account through a restoring force, the
magnitude of which depends on the overlap. The function relating the force to
the overlap is called the force law and it encodes the microscopic characteristics of
the grains. For three-dimensional elastic spheres, the force is given by the Hertz
law, which is a power 3/2 of the overlap, and linear with the elastic modulus of the
grains. MD is a very general method as far as normal forces are considered, but the
implementation of friction between grains is delicate due to history dependence.
CD on the other hand are specific to granular matter, as it was designed for an
automatic implementation of Coulomb’s criterion for frictional forces.

In both CD and MD, a static packing is in general created starting from loose,
colliding grains, and following a predetermined dynamics, such as uni-axial, or bi-
axial compression. Energy is dissipated through (unphysical enhanced) viscosity of
the particles, and a mechanically stable configuration is obtained once the motion
of all grains is negligible. The outcome is complete information about particle
positions and contact forces, which can be represented graphically as in Fig. 2.2.
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Chapter 2. Force Networks and the Force Ensemble

Figure 2.2: The network of forces between frictionless grains obtained by molecular dy-
namics simulations. The grains are represented as gray disks, and the centers of grains in
contact are connected bonds. The thickness of each bond is proportional to the magnitude
of the associated contact force.

The statistical properties of the packings can be obtained with high precision.

2.1.3 Contact and Force Networks: Definitions

The graphical representation of Fig. 2.2 suggests a natural description of the
packing in terms of a contact and force “networks”. For clarity, here we define
precisely what is meant by these expressions in the rest of this thesis, and we
introduce some additional notations. To avoid complications only spherical grains
are considered.

The contact network (graph) C encodes the topology of the packing. Each grain is
represented by a vertex vi, with 1 ≤ i ≤ N , where N is the total number of grains
in the packing. The position ri of the center of the grain i and its radius Ri are
associated with vi. Vertices corresponding to grains in contact are connected, so
that each contact is represented by an edge ej of C, with 1 ≤ j ≤ M , where M is
the total number of contacts in the packing . Clearly, the positions of the grains
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2.1. Force Networks: Measurements and Definitions

j1 and j2 touching at the contact j define a direction normal to the grains at the
contact, which we call the contact direction.
The force network groups all the inter-grain forces in the packing. It is represented
by associating with each edge ej of C the corresponding contact force Fj. It is
natural to decompose the force in a normal component Fn

j along the contact direc-
tion and a tangential component Ft

j in the plane of the contact. As the inter-grain
forces are repulsive, Fn

j can be chosen to be positive for all j. Coulomb’s law of
friction moreover implies |Ft

j | < µFn
j , where µ is the coefficient of friction. In the

frictionless case, Ft
j = 0, so that the force network is fully specified by associating

a positive scalar with each edge of C.
As each force network stands for a mechanically stable configuration, the contact
forces must balance the external forces and torques on every grain. Considering
the packing as a whole, force and torque balance on all grains can be represented
as a linear equation A ·F = Fext. Here the components of the forces for all contacts
are grouped in a vector F of dimension dM and M respectively for frictional and
frictionless grains in d dimensions. The matrix A is called the stability matrix, it
contains force and torque balance equations on all grains. Clearly, its components
can be expressed in terms of positions and radii of the grains, so that A is directly
given by the contact network. For frictional and frictionless grains, A is respectively
of dimensions d(d+1)

2 N×dM and dN×M . The vector Fext contains the components
of the external forces and torques on the grains, it is of dimensions d(d+1)

2 N and
dN respectively in the frictional and frictionless case.
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2.2 Statistical Properties of Contact and Force
Networks

A static assembly of grains is the outcome of a complex many-body dynamics. In a
set of experimental or numerical measurements, due to various sources of disorder,
every configuration is different on the microscopic level, yet for fixed macroscopic
conditions, an ensemble of packings is expected to display reproducible statistical
properties. In this section we examine the various levels of randomness present
in such ensembles, and review separately the statistical properties of contact and
force networks.

2.2.1 Disorder and Randomness

Two different levels of disorder can be distinguished in ensembles of packings [1]: (i)
the geometrical randomness of the contact network, (ii) indetermination of forces
on a given contact network.
In the simplest case of spherical grains, the geometrical randomness of the con-
tact network comes from the polydispersity of the grains. A sufficiently broad
distribution of grain sizes precludes any ordering and leads to a large number of
macroscopically equivalent geometrical arrangements. Pouring the grains in a dif-
ferent order or stirring them around, geometrically distinct packings are obtained,
each with completely different force networks.
However, even a fixed contact network can allow for a considerable randomness
in the force network. As an example, remembering the experiment described in
Sec. 1.4, consider an ensemble of packings obtained by a shaking of a given am-
plitude. While for strong shaking the particles loose contact with the base of the
container and rearrangements ensue, for vanishingly weak tapping the contact net-
work remains essentially unchanged, but the values of the forces are modified [115].
Such a behavior can be understood from the force balance equations. A given con-
tact network determines the force configuration uniquely only if the associated
stability matrix is invertible, in which case the packing is said to be isostatic. This
is not necessarily the case, the stability equations can be under-determined, and
allow a whole set of possible force configurations. In such a hyperstatic packing, the
precise values of the forces at a contact depend on the local deformation of the grain
through the force law. Gentle tapping could thus modify only the deformations of
the grains, and change the forces without affecting the overall geometry.
While the previous considerations are valid for both frictional and frictionless parti-
cles (such as bubbles and emulsions), the history dependence of tangential contact
forces on frictional grains brings in additional randomness. The complications aris-
ing from friction can be illustrated by a simple, two-dimensional example of a single
ball confined between two walls under the effect of gravity [116, 117]. There are
four unknowns, a normal and a tangential force on each of the two contacts (cf.
Fig. 2.3), but only three equations, two for force balance and one for torque. To
obtain a unique force configuration, the elastic deformation of the ball at contacts
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Figure 2.3: A ball in a groove is subject to five forces: the gravitational force, and normal
and tangential forces at each contact. The four unknown contact forces are constrained
by only three equations, two for force balance, and one for torque balance. Figure taken
from Ref. [116].

must be taken into account, but a scalar parameter is not sufficient. Due to the
presence of friction, the equilibrium force configuration depends on the dynamics
leading to it.

2.2.2 Contact Networks: Isostatic or Hypostatic?

The simplest characterization of the contact network pertaining to an amorphous
packing of spheres is the average number of contacts per grain, also called coor-
dination number z. Although it takes into account only nearest neighbors, this
quantity is fundamental as it distinguishes isostatic contact networks from hyper-
static ones. Indeed, a contact network is isostatic if the associated stability matrix
is invertible, which is generically the case if the number of unknown forces and the
number of force balance equations are equal [118]. In a d-dimensional packing of
N grains and M contacts, for frictionless or frictional grains, they are respectively
M or dM unknown components of contact forces, and dN or d(d+1)

2 N equations.
As z = 2M/N , the isostatic coordination numbers are respectively ziso = 2d and
ziso
fric = d + 1, and hyperstatic packings correspond to coordination numbers larger

than the isostatic value.
Deciding under which conditions a granular packing is isostatic or hyperstatic is an
essential starting point for the construction of a theory of force networks. In the first
case, one can hope to build a theory on the basis of equations of force balance alone,
while in the second case additional assumptions are needed. Several theoretical
arguments suggests that infinitely hard grains generate isostatic contact networks
[119, 120], and a class of models of force networks is based on this hypothesis
[78, 79, 121, 122, 81, 82, 83]. It seems however important to check whether packings
of realistically hard grains are isostatic.
Experiments [123, 124] and most of all simulations [125, 126, 127, 128] provide
a detailed picture of the dependence of the coordination number z on friction
and rigidity of the grains. For frictionless grains, as the rigidity is increased (or
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equivalently the pressure lowered), the coordination number decreases continuously
and reaches the isostatic value ziso = 2d in the hard sphere limit. The approach
to this limit is however rather slow, so that realistic grains still correspond to z
significantly larger than ziso. Moreover z− ziso (as well as other quantities such as
the shear modulus of the packing) follows a power law for high rigidities, suggesting
that the hard sphere (or zero pressure) limit is a critical point, which has been called
the jamming point [85, 129, 126, 130].
In presence of friction, simulations find that the coordination number does not nec-
essarily reach the frictional isostatic value ziso

fric = d + 1. Depending on the details
of the dynamics used to create the static packing, it can take any value between ziso

and ziso
fric, so that the contact networks are hyperstatic even in the limit of infinitely

hard grains. Interestingly, critical divergence is found only if z approaches ziso
fric,

suggesting that the criticality of the jamming/unjamming transition is related to
the isostaticity of the zero pressure packing [128].
In conclusion, numerical evidence shows that realistic packings of grains are gener-
ically hyperstatic. Isostatic packings seem to be a rather singular limit correspond-
ing to a critical transition between jammed and flowing packings.

2.2.3 Fluctuations and Heterogeneities in Force Networks

Even in packings under simple, uniform boundary conditions such as an isotropic
confining pressure, the contact forces between grains are distributed extremely
inhomogeneously in space as evidenced by experimental pictures (see Figs. 2.1 and
2.2). From direct visual inspection, two aspects of disorder can be identified in
these force networks: (i) the magnitude of the force varies greatly from contact to
contact ; (ii) large forces seem to form filamentary branching patterns.
The first aspect can be directly quantified by the probability P (F ) of finding a
contact force of magnitude F in an ensemble of packings. By similarity with
a generic disordered system, one could expect the forces to be distributed in a
gaussian fashion around a well defined mean 〈F 〉. The first experiments on carbon
paper [104] however identified drastically different features for the distribution of
normal forces at the walls of the container (see Fig. 2.4): (1) for large forces P (F )
seems exponential; (2) at small forces it displays a plateau, and reaches a finite value
in the limit F → 0. These two remarkable properties spurred a surge of interest,
and a number of subsequent experimental [105, 106, 107, 110] and numerical [131,
65, 132, 133, 125, 134, 135] studies examined the dependence of P (F ) on various
parameters. In spite of the invested effort, the situation remains somewhat unclear.
At first, the two main features of P (F ) seemed to be rather robust, in particular
they were observed also in ordered arrays of spherical grains and in other jammed
systems such as emulsions [136, 137] and supercooled liquids [138, 139], where
the microscopic interactions are different. However, in compressible packings the
decay at large forces is faster as the applied pressure is increased, and eventually
resembles a gaussian. Moreover, the influence of the walls must be taken into
account [140, 141]. Very recent experimental measurements of inter-grain forces in
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Figure 2.4: Carbon paper measurement of forces between grains and the walls[105] . (a)
Sketch of the apparatus: a load is applied to the upper piston and the beads press the
carbon paper into white paper, leaving marks which are used to determine the contact
forces. (b) The distribution P (f) of normalized forces F/〈F 〉 against the top piston, the
bottom piston, and the walls. Figures taken from [105].

the bulk of a two-dimensional packing [114] indicate that the distribution of normal
inter-grain forces decays exponentially only when the confining stress is anisotropic
(as in most carbon-paper experiments), while isotropic pressure leads to gaussian
behavior.
The second visually obvious property of force networks is the apparent localization
of large forces along tenuous paths, which are often called force chains. As a large
contact force on one side of the packing is typically balanced by another large force
on the opposite side, it is clear that these geometrical structures are essentially
due to the mechanical balance on the grains. Yet, a precise characterization of
their properties is difficult. Clearly, the distribution of force magnitudes does not
describe the spatial structure of the network. Force-force correlations have pro-
vided only limited information so far: they decay fast for isotropically compressed
particles [127], but seem long-ranged for packings under shear [114]. A novel de-
scription of the patterns of large forces, based on the scaling properties of clusters
of particles connected by relatively large forces, will be described in Chap. 6.

2.2.4 Mechanical Response Function

While spatially uniform boundary conditions already lead to a rich structure in
force networks, it is important to understand the effect of adding a localized exter-
nal load. If this overload is infinitesimally small and point-like, then the relative
variation of the contact forces corresponds to the mechanical Green’s function of the
packing, also called the mechanical response function. This quantity has recently
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Figure 2.5: Mean photo-elastic response to a point force applied on the top of packings
of bidisperse systems of disks with increasing disorder from (a) to (c) . Figure taken from
Ref. [113].

been the subject of a number of experimental [108, 112, 66, 109, 113] and numerical
[142, 69, 143] studies, as its qualitative properties allow a basic distinction between
various models for stress propagation (cf. Sec. 3.1.1).
In experiments, the stresses are measured either on the bottom of the packing, or in
the bulk using photo-elastic disks in two dimensions. Starting from a configuration
under uniform pressure, a small additional weight is placed on top of the packing,
ideally without inducing any rearrangements between the grains. The relative
variation of the forces due to this local vertical overload is then determined. As the
obtained value fluctuates significantly from realization to realization, the response
is a random variable on the ensemble of measurements. Its average is usually the
main quantity of interest, but the standard deviation has also been considered as
it yields important information about the fluctuations.
The main conclusion of these studies is that the shape of the response function
depends crucially on the underlying geometry of the packing (cf. Figs. 2.5 and
2.6). If the grains are polydisperse and form an amorphous packing, at each depth
the response displays a single peak, with a maximum vertically under the point
of application of the overload. The width of the peak grows linearly with depth,
in agreement with predictions of elasticity theory. On the contrary if the grains
are identical spheres or disks arranged in a regular array, the response in two
dimensional systems displays two peaks emanating from the point of application of
the overload . In three dimensions, the response is maximal along principal lattice
directions.
The mechanical Green function thus seems very sensitive to the geometrical order
of the underlying contact network, in contrast with other statistical properties of
forces described in Sec. 2.2.3. This quantity will be further examined in Chaps. 3,
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2.3. Force Network Ensemble

Figure 2.6: The mean response (a) and the standard deviation (b) for a hexagonal
packing of disks. The standard deviation image has a similar shape to the mean image.
Figure taken from Ref. [113].

4 and 5.

2.3 Force Network Ensemble

2.3.1 Motivation

The ultimate ambition of a theory of static granular matter is to provide a realistic
description of the statistical properties of both contact and force networks, starting
from some simple assumptions on individual grains and the requirement of force
balance. Given the complexity of the many body dynamics involved, such a com-
plete theory is still far beyond the horizon, and progress is achieved by discarding
many details as well as assuming rather than deducing some of the phenomenolog-
ical properties.

In the spirit of equilibrium statistical mechanics, Edwards proposed to ignore the
details of the dynamical history, and to consider any static, mechanically sta-
ble configuration (compatible with given macroscopic constraints) equally likely
(cf. Sec. 1.4). For the sake of practical tractability, a further simplification was
introduced by assuming any static packing to be isostatic [78, 79, 80, 81, 83]. In
that case, each static geometrical arrangement of grains corresponds to a single
configuration of forces.

Recent investigations of contact and force networks suggest a different route [1, 2].
As the contact networks are generically hyperstatic, the forces are not uniquely de-
termined from the geometry, and two levels of randomness are present. Although
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Chapter 2. Force Networks and the Force Ensemble

Figure 2.7: Two different mechanically stable configurations in the “snooker triangle”
geometry. All the forces are repulsive, they are in mechanical balance on each grain. The
pressure is the same on all sides of the triangle.

the two levels are interdependent, a natural simplification is to conceptually dis-
entangle them, by first considering equally likely all force configurations allowed
on a fixed contact network, and later possibly averaging over different contact ge-
ometries. In other words, a first step is to study a force network ensemble, a flat,
microcanonical ensemble of force networks in a given, quenched contact geometry.
The force network ensemble is more than a purely theoretical construction. Ex-
perimentally, it could be sampled by tapping a packing gently enough to avoid
any rearrangements of the grains. Another possibility is to consider ordered as-
semblies such as hexagonal packings. In both examples, the contact networks in
different configurations are identical, except for microscopic disorder on the level
of contacts. For hard grains, small differences in the deformation can neverthe-
less lead to huge variations of the forces. The sampling of the force ensemble can
thus be understood as a consequence of scale separation between the scale of the
contact deformations and the grain sizes. The requirement of equiprobability of
all force networks is however clearly an ad-hoc assumption. Different dynamics or
preparation procedures could generate different probability distributions, but the
hope is that some physical aspects can be captured by considering all points in the
ensemble equivalent.
The force ensemble approach was first implemented in [2], where the resulting dis-
tribution of force magnitudes P (F ) was examined. Both ordered and disordered
contact geometries were considered. The ordered configuration, called the snooker
packing was a hexagonal assembly of monodisperse disks within a triangular domain
(cf. Fig. 2.7). The disordered configurations were hyperstatic packings obtained by
molecular dynamics simulations. In both cases, force networks generated numeri-
cally from the force network ensemble led to distributions of forces P (F ) displaying
the two key features of granular systems described in Sec. 2.2.3.
In this thesis, we examine how far the force ensemble describes other properties
of force networks, in particular the mechanical Green function in ordered arrays
of grains, and the geometrical patterns of large forces. As the whole approach is
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2.3. Force Network Ensemble

based on a very simple theoretical idea, it should be clear that we do not expect the
force ensemble to provide a complete, quantitative description of granular materials
useful on an engineering level. At best, we look for qualitative agreement between
suitably selected, universal properties of granular matter and the predictions of the
theory.

2.3.2 Implementations

Theoretical or numerical investigations require a precise formulation of the force
ensemble. Here we show how the set of allowed forces can be parametrized using
the properties of the stability matrix. The force ensemble then corresponds to
considering any point of that set equally likely.
The underlying contact network, which is by hypothesis hypostatic, determines a
rectangular stability matrix A with a non-empty null space Ker A. Force balance
is satisfied by all solutions of A · F = Fext, which form an affine space of dimension
dK = dim Ker A. The set of allowed force configurations E is a subset of that
space corresponding to repulsive normal forces i.e. Fn

j > 0, and tangential forces
obeying the Coulomb criterion |Ft

j | < µFn
j , where µ is the coefficient of friction.

It can be shown that E is usually a dK-dimensional compact polygon [144]. The
microcanonical force ensemble is obtained by considering all points of E equally
likely, i.e. a flat probability measure over E .
A simple parametrization of E can be constructed via the three following steps:
(1) one first identifies an orthonormal basis {F(l)} (with l = 1, . . . , dK) that spans
Ker A; (2) one then determines a unique solution F(0) of A·F(0) = Fext by requiring
F(0).F(l) = 0 for l = 1, . . . , dK ; and (3) one finally obtains all solutions of A·F = Fext

as F = F(0) +
dK∑
l=1

fl F
(l), where fl are real numbers. The restriction of the fl’s to

a set S, generating tangential forces satisfying Coulomb’s criterion and repulsive
normal forces, gives a possible parametrization of E . The uniform measure on E is
given by dµ =

∏
l

dfl on S.

Sampling the force ensemble is thus equivalent to sampling uniformly the convex
dK−dimensional volume S. Numerically, the most generic Monte Carlo method
for this task consists in exploring S by a random walk. Starting from a point inside
S, the walker moves by a given amount in a randomly chosen direction. If the new
point still belongs to S (as determined by Fn

j > 0 and |Ft
j | < µFn

j for all j), it
is accepted, otherwise rejected. Detailed balance is satisfied in these dynamics, so
that asymptotically the random walker visits any point of S with equal frequency.
A number of different prescriptions for the choice of the random direction and the
displacement distance can be considered [145].
This method however relies on finding a complete basis of Ker A, a difficult com-
putational problem for an arbitrary packing. In practice, its use is restricted to
ordered assemblies for which a simple parametrization of E can be constructed ex-
plicitly. In those cases, ad-hoc Monte-Carlo dynamics are often more efficient than
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(i,j)F(i,j)Fl

W (i,j)

r

Figure 2.8: Illustration of the q-model as a packing of bricks. Each brick receives a
total vertical force W from its top neighbors, and transmits F1 = qW and F2 = (1− q)W
respectively to its bottom left and right neighbors. The fractions q are chosen randomly,
independently for each grain, most commonly from the uniform distribution on [0, 1].

the brute force random walk method. In Chaps. 3 and 7 a Metropolis algorithm is
therefore used. In Chap. 5, we resort to the general random walk described above,
while in Chap. 8 a variation called the “wheel move” algorithm [146] is exploited.

For disordered packings, a completely different numerical strategy was followed in
[2, 147, 148]. Mechanically stable force networks on a fixed contact geometry were
obtained by minimizing a penalty function via a simulated annealing algorithm.
While it was not rigorously shown that this approach generates the force networks
with equal probability, the force distributions P (F ) obtained for regular packings
were identical to those obtained via other types of simulations. Note that similar
algorithms were used in studies of the Edwards hypothesis in the context of com-
paction [96, 94]. In Chap. 8, we analyze force networks under shear generated in
this manner.

2.3.3 Relation to Other Stochastic Models

Since the first experimental studies of force fluctuations on the grain level, a number
of microscopic stochastic models have been introduced. The earliest and maybe
most prominent one is the q-model [104, 149], the original aim of which was to
describe the statistics of the forces between grains and the floor of the container,
as measured in carbon-paper experiments. In consequence, only the vertical com-
ponent of forces was taken into account, and mechanical balance was enforced by
a single equation on each grain. Despite this and other drastic simplifications,
this model displays a rather rich analytic behavior and constitutes a very useful
reference.

The simplest definition of the q-model considers grains located on the nodes of a
two-dimensional, tilted rectangular lattice, which can be naturally interpreted as
a packing of bricks (cf. Fig. 2.8). The grain on the site (i, j) receives a total
vertical force Wij from its top neighbors, and transmits fractions qij and 1− qij of
it respectively to the bottom left and right neighbors. This can be summarized as
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Wi,j = (1− qi−1,j−1) Wi−1,j−1 + qi−1,j Wi−1,j + mg (2.1)

where m is the mass of a grain. To represent various sources of disorder present
on the microscopic level, the fractions qij vary stochastically from grain to grain.
A central assumption in the q-model is that the random variables qij on different
grains are independently and identically distributed. In consequence, the pressure
on the topmost bricks propagates stochastically layer by layer from top towards the
bottom, in a time-like manner. The statistical distribution of weights on the layer
i depends only on the distribution of weights in the layer i−1, i.e. the propagation
is Markovian. At large depths, a steady state is reached where the weights of
neighboring grains become independent, and many quantities can be computed
analytically [149, 77, 150, 151]. In particular, the distributions of weights and
forces decay exponentially for large forces, but for small weights corrections have
to be taken into account [140, 141]. On the other hand, the response function to
a localized overload displays diffusive characteristics: it is gaussian with a width
proportional to the square root of the depth. While such properties have been
observed in a peculiar stacking of photoelastic bricks [152], more generic packings
display a rather different behavior (cf. Sec. 2.2.4).
In many respects, the q-model embodies the spirit of Edward’s stochastic approach.
In fact, in Chap. 3 it will be shown that the force ensemble in a hexagonal packing
can be formulated in terms of weights Wij and stochastic fractions qij , which
account for the full vectorial nature of forces. The hypothesis of equal probability
of all allowed force networks however induces a specific joint probability distribution
for the qij . This distribution implies the existence of correlations between the q’s
which destroy the Markovian structure of the original q-model. We will argue that
this is the essential difference which explains the drastically different behavior of
the two models in the contexts of the mechanical Green function (cf. Chap.3) and
the geometry of large forces (cf. Chap. 7).
A number of extensions of the q-model have been proposed [153, 77, 154, 133, 155,
156, 142]. Nevertheless, most of these models assume a top-down propagation of
forces and therefore a Markovian structure, which we believe is the most important
ingredient of the q-model. While some of them will be mentioned at appropriate
places, none will be studied in detail in this thesis.
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Part II

Mechanical Response
to an External Overload
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3.

Hexagonal Packing
of Frictionless Grains

In this chapter, we study the mechanical response of a hexagonal packing of fric-
tionless spheres to a localized overload, within the framework of the force network
ensemble. In Sec. 3.1, we provide some motivation for the study of this response
function. In Sec. 3.2, the implementation of the force network ensemble in the
hexagonal geometry is developed. In Sec. 3.3.1, we present the results of numerical
studies for various boundary conditions.

3.1 Introduction

3.1.1 The Stress Equation in Granular Materials

In the recent years, one of the central questions in the field of static granular matter
has been the nature of the equations for the stress field. Traditional engineering
approaches follow elasticity theory, which predicts elliptic partial differential equa-
tions for the stress field, on the basis of a linear closure relation between stresses
and strains [58, 59]. In granular matter, the definition of a strain field is problem-
atic, and the derivation of elasticity equations from first principles seems difficult.
In consequence, alternative closures have been proposed to account for various
phenomenological properties. Several of them lead to wave-like, hyperbolic par-
tial differential equations [1, 75, 76, 77, 84, 78, 80, 103] in stark contrast with
elasticity theory. In addition, the q-model (cf. Sec. 2.3.3) introduced to describe
the fluctuations of individual forces predicts a parabolic, diffusion-like equation for
stresses. An essential qualitative difference between the three types of equations is
that solutions of elliptic equations depend on all boundaries of the system, while
for hyperbolic and parabolic equations they are obtained by propagating a single
boundary configuration, for example from top down.
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Chapter 3. Hexagonal Packing of Frictionless Grains

To distinguish between the three cases, it was proposed to study experimentally
the mechanical response function [75, 74], defined as the variation of the stresses
due to a small, localized overload. The qualitative features of this observable
can determine the type of the underlying equations. For simplicity, we describe
them here only for two-dimensional packings. In the elliptic case, the response
function at a given depth h displays either one or two peaks the width of which
increases linearly with h [67]. Hyperbolic equations yield a wave-like propagation
of the overload with two peaks, which broaden proportionally to the square root of
depth. Finally parabolic equations lead to a single-peaked response with a width
increasing as square root of depth. Note that all these theories describe only the
linear part of the response, corresponding to very small overloads.

As described in Sec. 2.2.4, experiments found that the characteristics of the re-
sponse function depend drastically on the underlying geometry of the packing.
Disordered packings lead to a single-peaked response which is well described by
isotropic elastic equations. Ordered packings produce two peaks, but their fea-
tures seem to correspond better to anisotropic elliptic equations than to hyperbolic
ones. These observations have recently been supplemented by several molecular
dynamics studies [157, 158, 143, 159]. Altogether, these results have demonstrated
that hyperbolic and parabolic theories do not describe appropriately the stress
transmission in granular packings.

A number of issues remain however to be clarified, the most prominent being the
origin of the elastic behavior from grain-level physics. An attractive qualitative
picture has emerged from recent work by the Leiden group [160, 161, 159]. Starting
from a two-dimensional disordered packings of Hertzian spheres under isotropic
pressure, a vanishingly small overload is added on a grain in the bulk. The variation
of all the forces is obtained by a linear expansion around the original state, assuming
that none of the contacts is broken (as should be the case for an infinitesimal
overload). The problem is then equivalent to finding the vibrational modes of
the packing, i.e. the eigenstates of the dynamical matrix ADAt, where A is the
stability matrix introduced in Sec. 2.1.3, and D a diagonal matrix specifying the
stiffnesses of the contacts 1. In studies of sound propagation in granular packings
[160], it was found that the low frequency eigenmodes essentially correspond to the
elastic modes of a continuum body. At intermediate frequencies, the eigenmodes
become more disordered, and for high frequency they localize. The response for
each packing is a superposition of these eigenstates, so that averaging over different
packings, the disordered modes essentially cancel out, and only elastic components
(identical in all packings) survive.

This approach however predicts a single-peaked response also in ordered, hexagonal
packings, which is in conflict with experiments. On the other hand, recent molecu-
lar dynamics simulations [157] suggest that the two peaks observed in experiments
are fundamentally a non-linear effect due to a large value of the overload. In these
simulations, the peaks persist only up to a finite cross-over depth, below which

1The matrix ADAt is in fact a generalization of a discrete Laplacian; while the usual Laplacian
represents scalar balance, ADAt takes into account vectorial balance on each grain.
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the response is linear and elastic-like. As the value of the overload is decreased,
the cross-over occurs higher up in the packing, and for very small overloads the
response is purely elastic.

3.1.2 The Response Function in the Force Network Ensem-
ble

A natural question is whether the force network ensemble could be used to evalu-
ate the mechanical response function, and how the outcome would compare with
experimental and numerical results. The hypothesis of equal probability of all al-
lowed force networks on a given contact network does not depend on the external
forces exerted on the packing. It could be applied both in the case of uniform pres-
sure p on the boundaries, corresponding to a force ensemble Ep (in the language
of Sec. 2.3.2), and in the case of uniform pressure with an additional overload F
on a single grain, corresponding to Ep+F . The average forces (or higher moments)
can be computed in both situations, and the mechanical response function can be
defined as the difference (〈F〉Ep+F

−〈F〉Ep
)/F . Note that this procedure is somewhat

different from the measurement of the response in practice, where first a packing
under uniform pressure is constructed with a configuration of forces F1. An over-
load F is then slowly added, inducing a dynamics in force space that leads to a
force configuration F2. The response function is determined as 〈F2− F1〉/F , where
the average is taken over all experimental realizations. Clearly, for each realiza-
tion F1 ∈ Ep and F2 ∈ Ep+F , so that the response in the force network ensemble
corresponds to assuming that both F1 and F2 are independent of the construction
history. In other words, the dynamics leading from F1 to F2 is ignored, which could
seem at odds with elasticity theory. In particular, the ensemble approach does not
assume linearity.

In this and the next chapter, we study the response predicted by the force network
ensemble for a two-dimensional hexagonal packing of rigid, frictionless spherical
disks subject to uniform confining pressures ph in the horizontal and pv in the
vertical direction, where a vertically downward force F is applied on a single grain
at the top layer (see Fig. 3.1). We consider only the vertical force Wij transmitted
by the grain (i, j) to the layer below. In that case, the response is defined as
G(i, j) =

[
〈Wi,j〉Ep+F

− 〈Wi,j〉Ep

]
/F , where Ep and Ep+F are the force ensembles

respectively without and with the additional overload F . In the case of massless
disks, 〈Wi,j〉Ep

is uniform, so that the main quantity of interest is 〈Wi,j〉Ep+F
.

We start by showing in Sec. 3.2 that the problem of equally-probable force config-
urations in the hexagonal geometry is equivalent to a correlated q-model. Using
this formulation, we then numerically study three different physical situations. In
Sec. 3.3.1, we examine the case where there is no vertical pressure and no gravity.
In Sec. 3.3.2, we consider the effect of gravity in absence of vertical boundary pres-
sure. Finally in Sec. 3.3.3 we study the situation where the packing is isotropically
compressed from the boundaries.
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Figure 3.1: The packing studied: (a) N × P array of hexagonally close-packed fric-
tionless disks (drawn for odd N). At the top, a uniform vertical pressure pv is applied
on all grains, and an overload F is added on one grain. On the sides, the packing is
maintained by a uniform pressure ph (little gray circles appear on interfaces where the
contact forces are non-zero). (b) In the case pv = 0, and g = 0, the forces are non-zero
only within a triangular domain delimited by the lattice directions emanating from the
point of application of the overload.

In all three cases, we find that the response on the top layers displays two symmetric
peaks lying on the lattice directions emanating from the point of application of the
force. With increasing depth, the amplitude of these peaks decreases, and a cross-
over to a single peak takes place. The first case studied, where pv = 0 and ph

is large (called “fully mobilized” in the rest of this chapter) is the closest to the
original q-model and yet it displays a drastically different behavior. In particular,
the response exhibits remarkable self-similar scaling with the system size, which
implies that for large systems, the response is double-peaked at all depths. In the
more realistic situations where the scale for vertical forces is set either by gravity or
vertical pressure, the response displays a cross-over at a finite depth, below which
it is linear and elastic-like.

3.2 Force Network Ensemble in the Hexagonal
Geometry

In this section, we construct a parametrization of the force network ensemble in the
geometry described in Fig. 3.1, following the general principle laid out in Sec. 2.3.2.
We write the equations of force balance on individual particles (cf Fig. 3.2), and
show that they can be solved by choosing randomly one force per grain. The final
aim is to calculate the mean and the variance of Wi,j =

√
3

2

[
F

(i,j)
1 + F

(i,j)
2

]
when

an overload F is applied on the top of the packing.
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Figure 3.2: Schematically shown forces on the j-th grain in the i-th layer: (a) i = 1, (b)

i ≤ N and (c) i = N ; F
(i,j)
m ≥ 0.

3.2.1 Force Balance on Individual Grains

To start with, we calculate the forces F
(i,j)
5 and F

(i,j)
6 for each grain in terms of

other forces by using Newton’s equations. For the top layer, i.e., i = 1 (cf. Fig. 3.2(a)),

F
(1,j)
5 =

1√
3
W j

ext + [F (1,j)
4 − F

(1,j)
3 ] +

mg√
3

F
(1,j)
6 =

1√
3
W j

ext − [F (1,j)
4 − F

(1,j)
3 ] +

mg√
3

, (3.1)

while for a grain in the bulk (cf. Fig. 3.2(b))

F
(i,j)
5 = F

(i,j)
2 + [F (i,j)

4 − F
(i,j)
3 ] +

mg√
3

F
(i,j)
6 = F

(i,j)
1 − [F (i,j)

4 − F
(i,j)
3 ] +

mg√
3

, (3.2)

and finally for the bottom layer (cf. Fig. 3.2(c)),

WN,j =
√

3
2

[
F

(N,j)
1 + F

(N,j)
2

]
+ mg

F
(N,j)
4 − F

(N,j)
3 =

1
2

[
F

(N,j)
1 − F

(N,j)
2

]
. (3.3)

Of course the forces belonging to the same contact are related via the action-
reaction principle, which gives the following identifications for 1 < i ≤ N and
1 < j ≤ P :

F
(i,j)
1 = F

(i−1,j−1)
6 , F

(i,j)
2 = F

(i−1,j)
5 , and F

(i,j)
3 = F

(i,j−1)
4 . (3.4)

Simple counting shows that there are M = 3NP −P −N + 1 unknowns and 2NP
equations, so that the dimension of the force ensemble is dK = (N − 1)(P − 1).
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3.2.2 Parametrization of the Force Network Ensemble

A convenient property of the hexagonal packing is that the force network ensemble
can be parametrized by the values of lateral forces F

(i,j)
4 . This comes from the fact

that equations (3.1-3.3) can be solved grain by grain for increasing i and j starting
from the top layer. For i = 1 and j = 1, the top and side forces are known from
the boundary conditions: W 1

ext = pv and F
(1,1)
3 = ph . Then, if F

(1,1)
4 is chosen

randomly, F
(1,1)
5 and F

(1,1)
6 are uniquely determined from (3.1). Similarly, for the

next grain i = 1 and j = 2, once F
(1,2)
4 is fixed, F

(1,2)
5 and F

(1,2)
6 are uniquely

determined from W 2
ext = pv, and F

(1,2)
3 = F

(1,1)
4 . This procedure can be carried on

identically for all the other grains for i = 1, except for j = P where F
(0,P )
4 is set by

the boundary condition. In this way, the top forces F
(i,j)
1 and F

(i,j)
2 on all grains

in the layer i = 2 are known, and Eq. (3.2) can be solved in a similar fashion to
determine the forces for all layers successively.

Such a sequential procedure shows that, once the forces F
(i,j)
4 are fixed, all the

others are uniquely determined. In other words F
(i,j)
4 ’s for 1 ≤ i < N, 1 ≤ j < P−1

parameterize E , the set of force networks which satisfy force balance. The number
of these parameters is indeed dK , as it should be. In this parametrization, the
uniform measure on the force ensemble can be expressed simply as

dµ =
(N−1,P )∏

(i,j)=(1,1)

dF
(i,j)
4 (3.5)

Note that, from the convention described in Fig. 3.2, the requirement that all
the forces are repulsive translates to F

(i,j)
m ≥ 0, for all i, j, m. To fulfill the non-

negativity conditions for F
(i,j)
5 ’s and F

(i,j)
6 ’s, the parameters F

(i,j)
4 must satisfy

−F
(i,j)
2 − mg√

3
≤ F i,j

4 − F i,j
3 ≤ F

(i,j)
1 +

mg√
3

, (3.6)

Together with the conditions F
(i,j)
4 > 0 , the inequalities (3.6) define a bounded

set S of parameters describing the force network ensemble. The mean 〈Wi,j〉 on
the ensemble is then given by

〈Wi,j〉 ≡
1
N

∫
S

Wi,j

∏
k,l

dF
(k,l)
4 ; (3.7)

with N =
∫
S
∏

ij dF i,j
4 the normalization constant. Note that, as Wi,j are linear

functions of F
(k,l)
4 , the problem is equivalent to finding the mean of F

(k,l)
4 , i.e. the

center of mass of the set S, assuming uniform density.
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3.2.3 The q-coordinates

An alternative formulation can be obtained in terms of new variables

qi,j =
√

3(F (i,j)
4 − F

(i,j)
3 + F

(i,j)
2 ) + mg

2Wi,j
. (3.8)

The quantity qi,j corresponds to the fraction of Wi,j that the (i, j)th particle
transmits to the layer below it towards the left, i.e., F

(i,j)
5 = 2√

3
qi,jWi,j and

F
(i,j)
6 = 2√

3
(1 − qi,j)Wi,j . Note that the non-negativity conditions (3.6) for F

(i,j)
5

and F
(i,j)
6 are automatically satisfied for 0 ≤ qi,j ≤ 1. However, the conditions

F
(i,j)
4 ≥ 0 must be taken into account separately; they may further restrict the

choice of available values of the qi,j ’s.

Clearly, W1,j0 = W j
ext = pv + δj,j0F is the external force applied on the top layer.

For i > 1, the Wi,j ’s in the successive layers are related via

Wi,j = (1− qi−1,j−1) Wi−1,j−1 + qi−1,j Wi−1,j + mg (3.9)

i.e., Wi,j is a function of qk,l for k < i.

The probability measure on the new coordinates qi,j is given by the Jacobian of
the variable change (3.8)

∏
i,j

dF
(i,j)
4 =

[
2√
3

](N−1)P ∏
i,j

dqi,j Wi,j(q) , (3.10)

Although from the formulation in terms of q’s it may seem that in the hexagonal
geometry, the force network ensemble is equivalent to the q-model [149], there is
a fundamental difference: while in the original q-model the q’s corresponding to
different grains are chosen to be uncorrelated and identically distributed, in the
force ensemble the uniform measure on S translates to the measure

∏
ij Wi,j(q),

which is not factorisable in a product of identical factors depending on a single q.

The difference between the q-model and the uniform sampling of the force ensem-
ble can be illustrated by a simple two-dimensional example. Suppose the set to be
sampled is the rhombus shown in Fig. 3.3; this area can be defined as delimited
by two curves r+(x1) and r−(x1). A sampling analogous to the q-model consists
in choosing the two coordinates of a point one after the other, always in the same
order: first x1 is chosen uniformly between a and b, then x2 is chosen uniformly
between r−(x1) and r+(x1). Repeating this procedure, every point in the rhom-
bus is visited with probability w(x1)dx1dx2, where w(x1) = r+(x1)− r−(x1). The
sampling is therefore not uniform, moreover choosing the coordinates in the re-
verse order would lead to a different distribution on the rhombus. The sampling
procedure of the q-model thus induces an anisotropy and breaks a symmetry of the
sampled domain, in contrast with a uniform sampling.
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x1

x1(  )r−

x1(  )r+

x1(  )w

x2

ba

Figure 3.3: The sampling of a two-dimensional rhombus can be used to illustrate the
the difference between the q-model and the uniform ensemble.

3.2.4 Numerical Procedure

To sample the force network ensemble uniformly using the q-coordinates, we imple-
ment a variant of the the Metropolis algorithm [162], where the usual Boltzmann
factor is replaced by

∏
ij Wi,j . At each Monte Carlo step, a grain is chosen ran-

domly, and the corresponding value of q is drawn uniformly between 0 and 1. The
values of Wi,j and of the lateral forces F

(i,j)
4 are evaluated on the affected grains. If

any F
(i,j)
4 becomes negative, the move is rejected, otherwise the new configuration

is accepted with the usual Metropolis acceptance ratio.

3.3 Results

In this section, the numerical results for the response G(i, j) are presented for
three different physical situations. For the sake of comparison with the q-model, in
Sec. 3.3.1 we consider the case without any vertical pressure, while the horizontal
pressure is large. We then examine the two cases where the pressure is provided
vertically by gravity and horizontally by walls (Sec. 3.3.2), or isotropically by walls
(Sec. 3.3.3).

3.3.1 The case pv = 0, g = 0

We first consider the simplest situation where there is no pressure on the top of
the packing, i.e. pv = 0. The response G(i, j) is then zero outside the triangle
formed by the two downward lattice directions emanating from (1, j0), the point
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Figure 3.4: Simulation results for N = 35, in the case pv = 0, F < ph and g =
0: (a) mean response; (b) the standard deviation of the response. The null vanishing
forces appear in black, while the largest are represented in white. The other values are
represented by a linear grayscale in between.
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Figure 3.5: Mean response G as function of reduced co-ordinates x and z in the case
pv = 0,F < ph and g = 0, for different numbers of layers N .: (a) scaling of G(x, z) with
system size for |x| < z at three z values (for clarity, z = 0.8 and z = 0.6 have been shifted
upwards by one and two units respectively); (b) data collapse for G(x, z)|x=z for different
N values.
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of application of F (cf. Fig. 3.1 (b)), so in the simulations we consider only this
triangular domain containing N(N−1)/2 grains. Moreover, if F ≤

√
3

2 ph, the qi,j ’s
are allowed to take all values between 0 and 1, and we call this case fully mobilized.
The response then scales linearly with F , hence we use F = 1. While this situation
is not physically the most realistic one, it is theoretically interesting since it differs
from the usual q-model only in the probability distribution of q’s. Moreover, we will
show in Chap. 4 that for these boundary conditions, the response can be evaluated
analytically.

Shape and scaling of the response The response function G(i, j) obtained
for N = 35 layers is plotted in Fig. 3.4(a), using the built-in cubic interpolation
function of Mathematica. Outside the central triangular domain, G(i, j) ≡ 0 ap-
pears in black; the largest G(i, j) value within the triangle appears in white; and
any other non-zero G(i, j) value is represented by a linear grayscale in between.
The standard deviation of the response, shown in 3.4(b) is similar in shape to the
average. These two figures can be qualitatively compared with the experimental
results displayed in Fig. 2.6.
As the number of layers is increased, for any N the mean response G(i, j) displays
two symmetric peaks that lie precisely on the two downward lattice directions
emanating from (1, j0). The width of these peaks is a single grain diameter and
with depth their magnitudes decrease, while a broader central peak appears. At
the very bottom layer (i = N) only the central maximum for G(i, j) remains.
We further define x = j−j0

N and z = i
N in order to put the vertexes formed by the

locations of non-zero G(i, j) values on the triangle (0, 0), (−1/2, 1) and (1/2, 1).
Using these coordinates, we obtain an excellent data collapse (cf. Fig. 3.5), which
indicates that the G(i, j) values for |x| < z scale with the inverse system size
(cf. Fig. 3.5(a)), while the G(i, j) values for |x| = z are independent of the system
size (Fig. 3.5(b)). We thus expect lim

N→∞
G(x, z)

∣∣
|x|=z

> G(x, z)
∣∣
|x|<z

for all z < 1

and therefore a double-peaked response field at all depths z < 1 in the limit of
large system sizes.

For F >
√

3
2 ph, as the value of ph decreases for fixed F , the qi,j ’s get restricted

to narrower ranges within (0, 1), and an increasing amount of vertically downward
force is transferred to the boundary of the triangle. In the limit ph/F → 0, the
non-negativity conditions of all the forces make all F

(i,j)
3 and F

(i,j)
4 vanish, and the

packing effectively becomes rectangular so that the only grains that correspond
to non-zero Wi,j-values lie exactly on the boundary. Fig. 3.6, where we plot the
response at two different z values (z = 0.75 and z = 1) for N = 50 and

√
3

2 ph = F ,
F/10 and F/100, clearly supports such an intuitive picture.

Linearity of response A natural question is whether the response obtained
from the force ensemble depends linearly on the external forces Fext, i.e., whether
the response to a superposition of external forces is simply the superposition of
responses.
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Figure 3.6: Response in reduced coordinates with pv = 0, F < ph and g = 0, for three
different values of ph, at two different depths: (a) z = 0.75, (b) z = 1.

It might appear at first sight that the response should indeed be linear — after all,
the heart of the problem is the system of linear equations A · F = Fext. In fact,
with the notations of Sec. 2.1.3, one might argue that since F(0) is a linear function
of Fext, while Ker A is fixed for a given contact geometry, the averages over the
affine space F(0) + Ker A should depend linearly on Fext. Notice however that the
set E corresponds only to Fk ≥ 0, so that the shape and volume of E in general
depend on Fext in a complex way, and thus the response needs not be linear.
To illustrate this point, we consider again the fully mobilized case, where the re-
sponse was linear in the value of F . We now apply two vertically downward forces
of unit magnitude on the grains (1, j1) and (1, j2) for N = 35 and P = 100. If
|j2 − j1| > N , the situation is trivial, since in this case the two triangular regions
of non-zero Wi,j ’s do not overlap with each other, and the system is simply the
superposition of two stochastically independent subsystems. In other words, the
response observed for the |j2 − j1| > N is simply a superposition of the responses
of two individual responses (see Fig. 3.7(a)). For |j2 − j1| ≤ N however, the two
triangular regions do overlap and the subsystems interact; as shown in Fig. 3.7(b),
the fact that there exists a central minimum for the response at i = 15 is a clear
demonstration that the linearity of the responses does not hold.

q-distributions and correlations The qualitative behavior of the response in
the force network ensemble is drastically different from that of the q-model even
in the fully mobilized case where the only difference is the probability distribution
of the q’s. To understand better the distinction between the two models, here we
compare the probability distributions of the q’s at the grain level.
Our starting hypothesis of equal probability for all mechanically stable force con-
figurations implies that the joint probability distribution for the qi,j ’s is given by
1
N
∏

ij Wi,j(q), where N is the normalization constant. This distribution does not
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Figure 3.7: Mean response NG(i, j) due to two vertically downward forces of unit
magnitude each, applied on the grains (1, j1) and (1, j2) for N = 35 and p = 100: (a)
j2 − j1 = 35 (b) j2 − j1 = 15. Three different values of i are displayed in each case.

factorize into a product of terms that depend on single qi,j ’s, and as a result, the
qi,j ’s associated with different grains are correlated with each other. Here we in-
vestigate numerically the properties of the induced probability distributions p(qi,j)
for single qi,j ’s, as well as the correlations between different qi,j ’s throughout the
system.
Since individual Wi,j(q)’s are independent of qN,k’s for k = 1, . . . , N , each of the
qN,k’s is uncorrelated with all other other q’s in the system, and is also uniformly
distributed within the interval [0, 1]. However, higher up in the packing, the q-
distributions start to show a single maximum. For an odd i and j0 = i+1

2 , i.e.,
at the center of the layer, p(qi,j0) exhibits a single peak precisely at qi,j0 = 0.5
for symmetry reasons. Furthermore, p(qi,j0) is independent of the precise value of
i < N as well as the system size, and it is well-fitted by a quadratic polynomial
(cf. Fig. 3.8). For a given layer i, the larger |j − j0| , the more the location of
the single maximum of p(qi,j) shifts away (symmetrically) from qi,j = 0.5: for
j − j0 > 0 (resp. j − j0 < 0) , this maximum occurs at qi,j > 0.5 (resp. qi,j < 0.5)
(Fig. 3.8(c)). Finally, exactly on the boundary the maximum of p(qi,j) occurs at
q = 0 or at q = 1 respectively on the left and right boundary (Fig. 3.8(b)).
Interestingly, the self-similarity that we observed for the response behavior also
seems to be valid for p(qi,j) in the bulk (cf. Fig. 3.8(d)). This stands at a stark
contrast to the physical behavior of the q-model, as the self-similarity implies that in
our model, the forces in a granular packing do not propagate from top down, instead
they depend on the whole extent of the system. This observation is confirmed by
a study of two-point correlations. In Fig. 3.9 we show results for the correlations
between qic,jc

and qi,j for several values of i and j for N = 50, (ic, jc) = (25, 12) and
(ic, jc) = (47, 10). While it appears from the plots that the correlations between
the q’s at different locations decay very fast with the distance, the correlations
between successive layers are not negligible.
From the study of q-distributions, we conclude that there are two major differences
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Figure 3.8: Induced probability distributions p(qi,j) for (a) j = i/2 for N = 25 and
50, with a quadratic fit in gray; (b) for N = 25 on the left boundary j = 0 at different
heights i; (c) for N = 25 at i = 15 for four different j values; (d) self-similarity of p(qi,j)
for N = 25 and N = 50 at (x, z) = (0.12, 0.4) and(x, z) = (0.2, 0.8).
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Figure 3.9: Correlations between qic,jc and qi,j at various values of i for N = 50, (a)
(ic, jc) = (25, 12) and (b) (ic, jc) = (47, 10).

between the force network ensemble in the fully mobilized case and the usual q-
model: (i) the probability distributions of individual q’s depend on the location;
(ii) the observed self-similarity and correlations between q’s in successive layers
imply that the propagation of the forces is not Markovian from the top towards
the bottom.

3.3.2 The case pv = 0, g 6= 0

In absence of vertical pressure, in a realistic situation the packing is confined by the
effect of gravity on the grains. This situation is significantly more complicated, as
even in absence of overload F a gradient of pressure is present, and the full system
size must be studied (instead of only the central triangle). Moreover, the response
is not anymore simply proportional to F , and the relevant scale is obviously F/mg.
For computational convenience, we have only considered the fully mobilized case
where on each grain all the values of q in [0, 1] are allowed, in other words we
assumed ph is large enough.
Fig. 3.10 shows the results of the simulations for a system of N = 30 layers,
for various values of the overload. For F/mg sufficiently large, close to the top
of the packing the response is double-peaked (cf. Fig. 3.10 (a)). Going deeper,
the magnitude of the peaks decreases, and the overload is increasingly transferred
towards the center of the packing, so that below a given depth only a central
peak remains. In contrast to the case g = 0, this cross-over takes place above the
bottom of the packing. The cross-over depth increases with overload, as evidenced
in Fig. 3.10 (b). Note that for small enough overloads, the response is essentially
independent of the overload, it is linear, and elastic-like.
In view of the self-similarity of G(x, z) with system size that we observe in the fully
mobilized case for g 6= 0, we examine the same aspect here. Due to the presence
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Figure 3.10: Simulation results for the mean response G(i, j), for mg = 1, pv = 0, and
ph large, for a system of N = 30 layers: (a) G(i, j) for F = 320 as function of j − j0, at
four different values of i; (b) G(i, j) at the layer i = 10, for different values of the overload
F .
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Figure 3.11: Scaling properties of the mean response G(x, z) in presence of gravity, , for
F/Nmg = 100 and three N values.
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Figure 3.12: Simulation results for the mean response G(i, j), for ph = pv = 1, and
g = 0: (a) G(i, j) for F = 10 as function of j − j0, at four different values of i for various
system sizes; (b) G(i, j) at the layer i = 15, for four different values of the overload F .

of a gradient of pressure, it is clear that in order to study the self-similarity of
the scaling with increasing N , one needs to scale F in some way. The simplest
assumption is to scale F proportionally to the number of layers N , i.e. we keep
F/Nmg constant for increasing N . The corresponding graphs are shown in Fig. 3.11
for F/Nmg = 100. The self-similarity is not as striking as in Figs. 3.5, and appears
to be only approximative.

3.3.3 The case ph = pv = p, g = 0

In practice, the effect of gravity can be eliminated by considering a two-dimensional
assembly in the horizontal plane. To maintain the grains together, a confining
pressure has to be applied on all sides of the packing, so that experimentally the
most relevant situation is ph = pv = p. In this case, the conditions F i,j

4 > 0 restrict
the values of the q’s to a subset of (0, 1). Moreover, the response clearly depends
on the dimensionless parameter F/p. The simulation results for N = 20, 30 and 40
are presented in Fig. 3.12.
Fig. 3.12 (a) shows the response for F/p = 10 as function of j−j0 for various values
of i and N . Close to the top of the packing, the overload propagates mainly along
the lattice directions, where the response displays two sharp peaks. Going deeper,
more and more overload is transferred towards the center, and the magnitude of
the peaks decreases. At a well-defined depth ic, the response becomes flat, and a
cross-over occurs from two peaks to a single central one. Below ic, a single broad
peak persists, and its width grows proportionally to depth.
The scaling of the response with the system size is very different from the fully
mobilized case. Rather than being self-similar, the response is simply independent
of N : G(i, j) at a given depth i is the same for all systems with N > i layers. In
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contrast with the fully mobilized case, the crossover depth ic is thus independent
of the system size.

The dependence of the response on the applied overload is displayed in Fig. 3.12 (b),
where G(i, j) is shown at the layer i = 15 for several values of the overload F/p.
For small overloads, the response is single peaked, and essentially independent of
F/p, in other words the variation of the forces is linear in the overload. As F/p
is increased, the transmission along lattice directions is enhanced, and two peaks
appear. In consequence, for larger values of the overload, the cross-over takes place
deeper in the packing.

The cross-over from two to one peaks can be intuitively understood by comparing
the value of the overload with the allowed fluctuations of the forces on the grains.
The maximal difference between forces on a grain is restricted by the requirement
that all forces remain repulsive. In absence of overload, the scale for these fluctu-
ations is set by the overall pressure. If the applied vertical overload is much larger
than the allowed horizontal fluctuations, the packing is effectively rectangular, and
the overload propagates almost exclusively along lattice directions. If the overload
is smaller than the typical fluctuations, the response is linear and elastic. In the
intermediate case, with increasing depth the overload on the lattice directions is
slowly decreased by the fluctuations, until it becomes comparable to them, at which
point the cross-over occurs.

3.4 Summary and Discussion

In this chapter, we have studied numerically the mechanical response of a hexagonal
packing of frictionless grains to a point-like external force, within the framework
of the force network ensemble. We have shown that the force ensemble in the
hexagonal geometry can be formulated as a correlated q-model. While the original
q-model produces a single-peaked, diffusive response, the force ensemble leads to
strikingly different behavior: at the top of the packing, the response displays two
sharp peaks along two lattice directions emanating from the grain (1, j0) on which
the overload is applied; the magnitude of the peaks decreases with depth, and deep
enough in the packing a cross-over occurs to a single, central peak, the width of
which increases linearly with depth. The location of the crossover depends on the
pressures ph and pv at the boundaries, as well as on the value of the overload F .

In the case pv = 0, ph large (which we have called “fully mobilized”), the only
difference with the original q-model is the probability distribution of the q’s, which
are correlated and not identically distributed from grain to grain. This situation
leads to a remarkable scaling with the number of layers N : while the response
in the bulk of the packing scales as 1

N , on the lattice directions emanating from
(1, j0) it is independent of N , so that the crossover depth is proportional to the
total number of layers N . In the limit of very large system size, the response is
thus effectively double-peaked at all depths. As we will show in Ch. 4, it turns out
that for this specific boundary condition analytic results can be obtained. While
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this fully mobilized situation is of theoretical interest, in particular as it allows
for a direct comparison between the force ensemble and the q-model, physically it
corresponds to a somewhat singular limit.
The boundary condition ph = pv = p, g = 0 is on the contrary close to an exper-
imental situation where a two-dimensional assembly of grains lies in a horizontal
plane. In this case, the scaling with the system size is more intuitive, as the re-
sponse is essentially independent of the number of layers. For a fixed value of the
overload, the cross-over therefore takes place at finite depth ic, which is indepen-
dent of the total system size. With increasing overload, ic is shifted deeper in the
packing. At large scales, i.e. on layers below ic, the force network ensemble thus
generates an essentially elastic-like, linear response. Identical behavior is observed
if the pressure is provided by gravity in the vertical direction, and walls in the
horizontal direction.
Recent molecular dynamics simulations of elastic disks [157] have observed a similar
cross-over between a non-linear, double peaked response in the top layers to a linear,
single-peaked one deeper in the packing. It is rather remarkable that the force
network ensemble reproduces qualitatively the features of a much more complex
microscopic model. Together, these results suggest that the response measured in
experiments on hexagonal packings corresponds to the non-linear regime. Indeed,
rather large values of the overload are necessary to determine the response from
the photo-elastic effect. It should however be noted that in experiments, the width
of the peaks increases linearly with depth, while in our model, the peaks are rather
sharp. We believe peak broadening is a consequence of inter-grain friction. As
we will show in Chap. 5 , in a rectangular packing of disks, friction produces a
broadening of the peaks around the two lattice direction.
Finally, an important question is how much our results depend on the uniform
probability distribution of all force networks assumed in the force ensemble. As
pointed out in Sec. 3.2.2, the mean response is in fact determined by the center of
mass of the set of all allowed networks, assuming uniform density. Any non-uniform
distribution corresponding to the same center of mass would thus lead to exactly
the same mean response.
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4.

Hexagonal Packing
of Frictionless Grains:
Some Analytic Results

In this chapter, we study analytically the mechanical response of the hexagonal
packing of frictionless disks in the context of the force ensemble. For a particular
form of boundary conditions, it turns out that for any system size, the response
can be expressed exactly in terms of sums of integers given by an equivalent com-
binatorial problem. The details of the calculation are presented here.

4.1 Introduction

Having presented in Chap. 3 the simulation results for the mechanical Green
function of a hexagonal packing in the context of force ensemble, in this chapter
we present some analytic results. We consider only the special boundary condition
pv = 0,

√
3

2 ph > F (cf. Sec. 3.3.1), for which the coordinate qij can take any value in
[0, 1] on any grain. In this ”fully mobilized”case, the response obtained numerically
displays an interesting scale invariance as the number of layers N is increased.
It turns out that for that boundary condition not only the 〈Wi,j〉 values, but also
all the higher moments and correlations of the Wi,j ’s can be expressed exactly in
terms of integers defined by simple recursion relations.
Our main result are exact expressions for all moments of the set of Wi,j for any
number of layers N , in terms of integers defined by recursive relations. For instance,
the zero-th moment or normalization constant N for a packing of N layers reads

N =
1[

(N−1)N
2

]
!

∑
j1,...,jN−2

Λ(N−2)
j1,...,jN−2

. (4.1)
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where Λ(N−2)
j1,...,jN−2

are integers indexed by {jk}1≤k≤N−2, with 1 ≤ j1 ≤ 2 and
1 ≤ jk ≤ k + jk−1. They are given by the following recurrence relations

Λ(2)
j1j2

= δj2,1

Λ(p+1)
j1,...,jp+1

= δjp+1,1

∑
k1,...,kp

Λ(p)
k1,...,kp

p∏
l=1

Θ(jl+1 − kl) . (4.2)

with Θ the discrete Heaviside (step) function.

Any higher moment of Wi,j can be expressed as 1
N
∑

j1,...,jN−2
Λ̄(N−2)

j1,...,jN−2
, where

Λ̄(N−2)
j1,...,jN−2

are integers obtained through modifications of the recurrence formulas
(4.2), described in full detail in sections 4.4.2, 4.4.3, and 4.5. These results es-
tablish a non-trivial equivalence between the model studied here and a discrete
combinatorial problem defined in Sec. 4.6.
We provide here a summary of the calculation, which will be repeated in full detail
in the following chapters. The crux of calculating any moment of Wij lies in
the transformation of the integration measure

∏
i,j

dF
(i,j)
4 (such as in Eq. (3.7)). In

Eq. (3.10),
∏
i,j

dF
(i,j)
4 has been rewritten in terms of the qi,j ’s. With another change

of variables from qi,j ’s to Wi,j ’s, the integration measure can be further expressed
as

∏
i,j

dF
(i,j)
4 =

[
2√
3

]N(N−1)
2 ∏

i,j

dqi,j Wi,j(q)

=
[

2√
3

]N(N−1)
2 ∏

i,j

dWi,j . (4.3)

While such a variable change simplifies the integrands, the mapped volume S is
however not the N(N − 1)/2-dimensional square [0, 1]

N(N−1)
2 anymore, but a poly-

gon. Despite this complication, one can build up a recursive structure for the
integrations over Wk,l’s, which allows to calculate recursively the integrals over S.
To simplify somewhat the notations, we first relabel the grains in the packing. For
the boundary conditions we are considering, the forces are non-zero only within
the triangular domain represented in Fig. 3.1(b). For convenience, we distort this
triangle into that of Fig. 4.1(a). We choose j0 = 1, and relabel the grains in the
i-th row as (i, j) with 1 ≤ j ≤ i. Starting at (k, l) = (N,N), we then execute the
integrals over Wk,l in the decreasing order of both k and l; i.e., for a given value
of k, we integrate over Wk,l sequentially for decreasing l, we then decrease k by
one, and continue the integration process over Wk−1,l sequentially for decreasing
l, and so on. The integration results over the successive layers are expressed in a
“hierarchical nested matrix form” in a recursive manner.

62



4.1. Introduction

i
j

...

...

N

1

i =21

i =11

j =11 j =21{{
{
{( )

t 21,41 t 21,42 t 21,43 t 22,41 t 22,42 t 22,43 t 22,44

t 21,31 t 21,32 t 21,33 t 22,31 t 22,32 t 22,33 t 22,34

t 21,21 t 21,22 t 21,23 t 22,21 t 22,22 t 22,23 t 22,24

t 21,12 t 21,13 t 22,11 t 22,12 t 22,13 t 22,14

t 11,31 t 11,32 t 11,33 t 12,31 t 12,32 t 12,33 t 12,34

t 11,21 t 11,22 t 11,23 t 12,21 t 12,22 t 12,23 t 12,24

t 11,11 t 11,12 t 11,13 t 12,11 t 12,12 t 12,13 t 12,14

t 21,11

Figure 4.1: (a) Schematic view of the sublattice we consider; (b) illustration of the
“nested” notation used for the matrix elements for p = 2.

To illustrate the recursive formulation of the “hierarchical nested matrix form”, let

us consider the calculation of N . In the expression of N =
∫
S

∏
k,l

dWk,l, evaluating

the integrations over WN,N−1 through WN,1, and WN−1,N−2 through WN−1,1, we
find that the result is a polynomial in WN−2,k that can be written as a matrix
product

JN−2 =
∫ N−2∏

l=1

dWN−1,l

N−1∏
k=1

dWN,k

=
[
L(1)

] N−2∏
l=1

tN−1,l R(1). (4.4)

Here, L(1) and R(1) are respectively 1 × 2 and 2 × 1 matrices, and the elements
of the 2 × 2 matrix tN−1,l depend only on WN−2,l. Thereafter, when JN−2 is
integrated over WN−2,N−3 through WN−1,1, the corresponding result JN−3 =∫ N−3∏

l=1

dWN−2,l JN−2 yields again a polynomial expressible in a similar matrix

product form, i.e., JN−3 =
[
L(2)

] ∏N−3
l=1 tN−2,l R(2). The crucial point to note

however is that the matrices L(2), tN−2,l and R(2) can be constructed by sim-
ply unfolding each respective element of L(1), tN−1,l and R(1) as matrices (see
Fig.4.1(b) for the elements of tN−2,l, which are now indexed by i1j1, i2j2). After
the integration of JN−3 over the WN−3,l’s, each of the elements of L(2), tN−2,l and
R(2) further unfold into matrices and so on. This process continues over further
and further integrations generating the “hierarchical nested matrix form”. The
elements of L(k−1), tN−k+1,l and R(k−1) are related to those of L(k), tN−k,l and
R(k) in a recursive manner.
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In the rest of this chapter, we develop the full details of this recursive integration
scheme and derive exact expressions for 〈Wi,j〉. In Sec. 4.2, we establish some
preliminary formulas, which we use over and over again during the course of the

calculation. In Secs. 4.3 and 4.4 respectively, we evaluate N and
∫ ∏

k,l

dWk,l Wi,j .

How to proceed with the calculations of the higher moments and correlations of
Wi,j ’s is discussed in Sec. 4.5.

4.2 Preliminaries

As described in Eqs. (3.8-3.10), a full description of a given realization of the
contact force configurations is given by the variables {qi,j}i=1...N−1,j=1...i with
0 ≤ qi,j ≤ 1. The unnormalized joint probability distribution on these q-variables
is
∏N−1

i=1

∏i
j=1 Wi,j . Here, W1,1 = Wext = 1, and for i > 1, the successive Wi,j ’s

are given by

Wi,1 = qi−1,1Wi−1,1

Wi,j = (1− qi−1,j−1) Wi−1,j−1 + qi−1,j Wi−1,j for 1 < j < i and
Wi,i = (1− qi−1,i−1)Wi−1,i−1 . (4.5)

We calculate the moments of Wi,j(q) on this joint q-distribution by changing vari-
ables from {qi,j}i=1...N−1,j=1...i to {Wi,j}i=2...N,j=...i−1. This is achieved by rewrit-
ing Eq. (4.5) as

qi,j =
1

Wi,j

[
j∑

k=1

Wi+1,k −
j−1∑
k=1

Wi,k

]
. (4.6)

Notice from Fig. 3.1 (a) that since all the forces on the triangle from the left and
the right are horizontal,

∑i
k=1 Wi,k = 1∀i. This implies that on the i-th layer there

are only (i− 1) unconstrained Wi,j ’s. We choose them to be Wi,j for 1 ≤ j ≤ i− 1.
Then Wi,i = 1−

∑i−1
k=1 Wi,k.

The advantage associated with the change of variables from {qi,j}i=1,...,N−1,j=1,...,i

to {Wi,j}i=2,...,N,j=1,...,i−1 is that

N−1∏
i=1

i∏
j=1

dqi,j =

[
N−1∏
k=1

k∏
l=1

Wk,l

]−1 N∏
i=2

i−1∏
j=1

dWi,j , (4.7)

so that (from Eq. (3.10))
∏

ij dF 4
i,j =

[
2√
3

]N(N−1)
2 ∏

ij dWi,j , i.e., the Wi,j ’s are
uniformly distributed, as announced in Eq. (4.3). The difficulty of this formulation,
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4.3. Evaluation of the Normalization Constant N

however, is that the volume the Wi,j ’s span is not a cube anymore. Instead, the
volume spanned is a polygon given by the inequalities

ai,j ≤ Wi,j ≤ bi,j , (4.8)

with

ai,j =
j−1∑
k=1

(Wi−1,k −Wi,k)

bi,j = Wi−1,j +
j−1∑
k=1

(Wi−1,k −Wi,k) (4.9)

The ai,j ’s and the bi,j ’s are related by the following simple relations:

bi,j − ai,j = Wi−1,j (4.10)
ai,j = bi,j−1 −Wi,j−1 (4.11)
bi,1 = Wi−1,1 (4.12)
ai,1 = 0 . (4.13)

Finally, the following integral is the centerpiece of all our calculations:

Imn(a, b) =
∫ b

a

xm(b− x)ndx

=
m∑

k=0

αm−k
m,n (b− a)n+1+k am−k , (4.14)

where

αm−k
m,n =

m!n!
(n + k + 1)! (m− k)!

. (4.15)

4.3 Evaluation of the Normalization Constant N
In the Wi,j-space, the average of a quantity h is given by 〈h〉 =

[∫ ∏
ij dWi,jh

]
/N ,

where N =
∫ ∏

ij dWi,j is the normalization constant. In this section, we evaluate
N by performing the integrations over

∏
ij Wi,j layer by layer bottom up; i.e., we

start at i = N and decrease i until we reach the top layer where i = 1. At each
layer, the integrations are carried out one by one in the direction of decreasing j,
from j = i− 1 to j = 1. The integral JN−p =

∫ ∏N
i=N−p+1

∏
j=1,...,i−1 dWi,j is the

unnormalized induced probability density of the Wi,j ’s for the (N − p) top layers.
In this notation, N = J1.
Our calculations are made possible due to the particular forms of the bounds ai,j ’s
and bi,j ’s, as they introduce a recursive structure. We will evaluate JN−1 and
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JN−2 explicitly, after which we will prove the general recurrence relation for JN−p

by induction. In fact, we will show that JN−p can be written as a matrix product.
The matrices entering this product are given by recursive relations, which we will
call the “fundamental relations”, as they are the building blocks of the calculation
of all moments of Wi,j .

4.3.1 Evaluation of JN−1 and JN−2

By definition, JN−1 =
∫ N−1∏

j=1

dWN,j . We integrate the WN,j ’s one by one in the

direction of decreasing j’s. Using∫ bN,j−1

aN,j−1

dWN,j−1 = bN,j−1 − aN,j−1

= WN−1,N−1 , (4.16)

we have

JN−1 =
∫ N−1∏

j=1

dWN,j

=
N−1∏
j=1

WN−1,j .

In order to obtain JN−2, we have to integrate JN−1 w.r.t. WN−1,j for 1 ≤ j ≤ N−2.
Since the bounds ai,j and bi,j depend only on Wi,l and Wi−1,l for l < j, JN−2 can
be expressed in a nested form:

JN−2 =
∫ N−2∏

j=1

dWN−1,j

 JN−1

=
∫ bN−1,1

aN−1,1

dWN−1,1WN−1,1 . . .

∫ bN−1,N−2

aN−1,N−2

dWN−1,N−2 WN−1,N−2 WN−1,N−1 (4.17)

and thereafter it can be evaluated iteratively. Having defined

JN−2,N−1 = WN−1,N−1 = 1−
N−2∑
k=1

WN−1,k, (4.18)

we have

JN−2,k =
∫ bN−1,k

aN−1,k

dWN−1,k WN−1,k JN−2,k+1 (4.19)
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for k > 1, i.e., JN−2 = JN−2,1. We now show that ∀ k ≥ 1, JN−2,k is of the form
γN−1,k−1
1 (bN−1,k−1 −WN−1,k−1) + γN−1,k−1

2 , where the vectors

γN−1,k =
[

γN−1,k
1

γN−1,k
2

]
(4.20)

are related by means of a matrix relation of the form γN−1,k−1 = tN−1,k γN−1,k.

For k = N−1, the proposed form of JN−2,k is easily checked by using
∑N−2

k=0 WN−2,k =
1 and Eq. (4.8):

JN−2,N−1 = 1−
N−2∑
k=1

WN−1,k

=
N−2∑
k=1

[WN−2,k −WN−1,k] (4.21)

= bN−1,N−2 −WN−1,N−2

= γN−1,N−2
1 [bN−1,N−2 −WN−1,N−2] + γN−1,N−2

2 , (4.22)

with γN−1,N−2
1 = 1 and γN−1,N−2

2 = 0. This means that γN−1,N−2 =
[

1
0

]
≡

R(1).

Let us now assume that the form JN−2,k+1 = γN−1,k
1 (bN−1,k −WN−1,k) + γN−1,k

2

holds for a given k, 1 < k < N − 2. Then from Eqs. (4.14) and (4.19), we have

JN−2,k = γN−1,k
1 I11(aN−1,k, bN−1,k) + γN−1,k

2 I10(aN−1,k, bN−1,k)

=
[
γN−1,k
1 α1

11(bN−1,k − aN−1,k)2 + γN−1,k
2 α1

10(bN−1,k − aN−1,k)
]
aN−1,k

+
[
γN−1,k
1 α0

11(bN−1,k − aN−1,k)3 + γN−1,k
2 α0

10(bN−1,k − aN−1,k)2
]

(4.23)

Thereafter, using Eqs. (4.10) and (4.11), JN−2,k can be rewritten as

JN−2,k = γN−1,k−1
1 (bN−1,k−1 −WN−1,k−1) + γN−1,k−1

2 , (4.24)

with

γN−1,k−1
1 = γN−1,k

1 α1
11W

2
N−2,k + γN−1,k

2 α1
10WN−2,k

γN−1,k−1
2 = γN−1,k

1 α0
11W

3
N−2,k + γN−1,k

2 α0
10W

2
N−2,k . (4.25)

In other words, we have the matrix relation γN−1,k−1 = tN−1,k γN−1,k, where
tN−1,k is a 2× 2 matrix with elements

tN−1,k
i1j1

= α2−i1
1,2−j1

W 2+i1−j1
N−2,k . (4.26)
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Thus, by means of the induction procedure via Eqs. (4.23-4.26), we have demon-
strated that JN−2,2 =

∏N−2
k=2 tN−1,k R(1). Finally, in the last integral (over WN−1,1)

in Eq. (4.17), the lower limit aN−1,1 = 0, and it is easily seen that

JN−2 =
∫ bN−1,1

aN−1,1

dWN−1,1 WN−1,1J
N−2,2

=
[
L(1)

]
JN−2,1

=
[
L(1)

] N−2∏
k=1

tN−1,k R(1), (4.27)

where
[
L(1)

]
is the row vector [0 1].

4.3.2 Expression of JN−p by Induction

We now derive the general formula for JN−p by induction. The postulate is that
the induced probability density of the N − p top layers can be written as

JN−p =
[
L(p−1)

]N−p∏
k=1

tN−(p−1),k R(p−1) , (4.28)

where tN−(p−1),k, expressed in “hierarchical nested matrix form”, has elements

t
N−(p−1),k
i1j1,i2j2,...,ip−1jp−1

= βi1j1,i2j2,...,ip−1jp−1W
p+ip−1−jp−1
N−p,k (4.29)

with

βi1j1,...,ip−1jp−1 = α2−i1
1,2−j1

p−1∏
l=2

α
l+il−1−il

l+il−1−jl−1,l+jl−1−jl
Θ(il − jl−1) . (4.30)

Here Θ(k) is the discrete Heavyside Step-function, i.e., Θ(k) = 1 if k ≥ 0, else
Θ(k) = 0. An alternative recursive formulation for the β’s is given by

βi1j1 = α2−i1
1,2−j1

and

βi1j1,...,ipjp = βi1j1,...,ip−1jp−1 α
p+ip−1−ip

p+ip−1−jp−1,p+jp−1−jp
Θ(ip − jp−1) ∀p > 1.(4.31)

The expressions (4.29-4.31) will constantly be referred to in all the following cal-
culations, and we call them the “fundamental relations”.
The vectors L(p−1) and R(p−1), respectively, are

L
(p−1)
i1,...,ip−1

=
p−1∏
l=1

δ
il,

l(l+1)
2 +1

and

R
(p−1)
i1,...,ip−1

= δjp−1,1

∑
j1...jp−2

βi1j1,...,ip−2jp−2R
(p−2)
j1,...,jp−2

. (4.32)
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“Hierarchical nested matrix form” means that elements are referenced through
nested blocks. For example, the element referenced by i1j1, i2j2, . . . , ip−1jp−1 is
the ip−1jp−1-th sub-block of the block i1j1, i2j2, . . . , ip−2jp−2, which itself is the
(ip−1jp−1)-th sub-block of the block i1j1, i2j2, . . . , ip−3jp−3, and so on (cf. Fig. 4.1(b)
for an illustration in the case p = 2). The indices vary between the following
bounds:

1 ≤ i1 ≤ 2, 1 ≤ j1 ≤ 2
1 ≤ i2 ≤ 2 + i1, 1 ≤ j2 ≤ 2 + j1

...
1 ≤ il ≤ l + il−1, 1 ≤ jl ≤ l + jl−1

...
1 ≤ ip−1 ≤ p− 1 + ip−2, 1 ≤ jp−1 ≤ p− 1 + jp−2 . (4.33)

In our induction procedure, we assume the above forms (4.28-4.33) for a given p,
and then show that these relations also hold when p is replaced by p + 1. The two
step route for this induction procedure that we follow is the same as the one we
followed to evaluate JN−2.

Step (i): We first write

JN−p−1 =
∫ [N−p−1∏

k′=1

dWN−p,k′

] [
L(p−1)

] N−p∏
k=1

tN−(p−1),kR(p−1) , (4.34)

which we will evaluate in an iterative manner as we did in Sec. 4.3.1. We define the
vector JN−p−1,N−p = tN−(p−1),N−pR(p−1) for 1 < k < N − p, and the successive
integrals are iteratively given by

JN−p−1,k =
∫ bN−p,k

aN−p,k

dWN−p,k tN−(p−1),k JN−p−1,k+1 . (4.35)

The integral sign in Eq. (4.35) is interpreted in the sense that we integrate each
component of the vector integrand. The final integral (over WN−p,1) yields, just
as we saw in Sec. 4.3.1, JN−p−1 =

[
L(p−1)

]
JN−p−1,1.

Step (ii): We then show that the (i1, i2, . . . , ip−1)-th component of JN−p−1,k is
given by

JN−p−1,k
i1,...,ip−1

=
p+ip−1∑
ip=1

γN−p,k−1
i1,...,ip

(bN−p,k−1 −WN−p,k−1)p+jp−1−jp . (4.36)

The vectors γN−p,k−1 and γN−p,k with elements γN−p,k−1
i1,...,ip

and γN−p,k
i1,...,ip

respectively
are related to each other via the matrix relation γN−p,k−1 = tN−p,k γN−p,k.
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Starting with JN−p−1,N−p, we have

JN−p−1,N−p
j1,...,jp−1

=
∑

k1,k2,...,kp−1

βj1k1,j2k2,...,jp−1kp−1W
p+jp−1−kp−1
N−p,N−p Rp−1

k1,k2,...,kp−1

=
∑

k1,k2,...,kp−1

βj1k1,j2k2,...,jp−1kp−1W
p+jp−1−1
N−p,N−p δkp−1,1R

(p−1)
k1,k2,...,kp−2

=
p+jp−1∑
jp=1

γN−p,N−p
j1,j2,...,jp

(bN−p,N−p−1 −WN−p,N−p−1)p+jp−1−jp ,(4.37)

where we have used Eq. (4.32) between the first and the second lines of Eq. (4.37),
and the fact that WN−p,N−p = bN−p,N−p−1−WN−p,N−p−1 between the second and
the third lines. In other words, JN−p−1,N−p indeed has the postulated form (4.36
with γN−p,N−p

j1,...,jp
= δjp,1

∑
k1,...,kp−1

βj1k1,...,jp−1kp−1R
(p−1)
k1,...,kp−2

, where we choose jp

to vary between 1 and p + jp−1, as shown in Eq. (4.33).

Assuming the form (4.36) for JN−p−1,k, we now calculate JN−p−1,k−1 using Eq. (4.35).
The (i1, . . . , ip−1)-th element of the corresponding integrand is

∑
j1,...,jp

βi1j1,...,ip−1jp−1W
p+ip−1−jp−1
N−p,k−1 γN−p,k−1

j1,...,jp
(bN−p,k−1 −WN−p,k−1)p+jp−1−jp (4.38)

so that after using Eq. (4.14), we obtain

JN−p−1,k−1
i1,...,ip−1

=∑
j1,...,jp

βi1j1,...,ip−1jp−1γ
N−p,k−1
j1,...,jp

Ip+ip−1−jp−1,p+jp−1−jp
(aN−p,k−1, bN−p,k−1).(4.39)

Using Eqs. (4.10) and (4.14), we now expand

Ip+ip−1−jp−1,p+jp−1−jp
(aN−p,k−1, bN−p,k−1)

=
p+ip−1−jp−1∑

l=0

α
p+ip−1−jp−1−l
p+ip−1−jp−1,p+jp−1−jp

a
p+ip−1−jp−1−l
N−p,k−1 W

p+1+jp−1+l−jp

N−p−1,k−1

=
p+ip−1∑
ip=1

Θ(ip − jp−1)α
p+ip−1−ip

p+ip−1−jp−1,p+jp−1−jp
a

p+ip−1−ip

N−p,k−1 W
p+1+ip−jp

N−p−1,k−1(4.40)

where in the last line of Eq. (4.40), ip = jp−1 + l. Thereafter, we rewrite Eq. (4.39)
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using Eq. (4.40) as

JN−p−1,k−1
i1,...,ip−1

=
∑

j1,...,jp

βi1j1,...,ip−1jp−1γ
N−p,k−1
j1,...,jp

p+ip−1∑
ip=1

Θ(ip − jp−1)×

× α
p+ip−1−ip

p+ip−1−jp−1,p+jp−1−jp
a

p+ip−1−ip

N−p,k−1 W
p+1+ip−jp

N−p−1,k−1

=
p+ip−1∑
ip=1

γN−p,k−2
i1,...,ip

a
p+ip−1−ip

N−p,k−1

=
p+ip−1∑

ip

γN−p,k−2
i1,...,ip

(bN−p,k−2 −WN−p,k−2)p+jp−1−jp (4.41)

to recover

γN−p,k−2
i1,...,ip

=
∑

j1,...,jp

tN−p,k−1
i1j1,...,ipjp

γN−p,k−1
j1,...,jp

(4.42)

and

tN−p,k−1
i1j1,...,ipjp

= βi1j1,...,ip−1jp−1α
p+ip−1−ip

p+ip−1−jp−1,p+jp−1−jp
Θ(ip − jp−1)W

p+1+ip−jp

N−p−1,k−1

= α2−i1
1,2−j1

p∏
l=2

α
l+il−1−il

l+il−1−jl−1,l+jl−1−jl
Θ(il − jl−1) W

p+1+ip−jp

N−p−1,k−1 . (4.43)

Notice that tN−p,k−1 indeed has the form postulated by Eq. (4.29).
This procedure outlined in Eqs. (4.38-4.43) allows us to evaluate all the integrals
in Eq. (4.34) up to k = 1. Each iteration in Eq. (4.34) introduces an extra multi-
plicative factor of the matrix tN−p,k, whose form is given in Eq. (4.43).
For the last integration (over WN−p,1) in Eq. (4.34), aN−p,1 = 0 and bN−p,1 = 1,
so that JN−p−1,1

i1,...,ip−1 is simply equal to γN−p,1
i1,i2,...,ip−1,p+ip−1

; i.e.,

JN−p−1 =
∑

i1,i2,...ip−1

L
(p−1)
i1,i2,...,ip−1

γN−p,1
i1,i2,...,ip−1,p+ip−1

=
∑

i1,i2,...,ip

Lp−1
i1,i2,...,ip−1

δip,p+ip−1γ
N−p,1
i1,i2,...,ip−1,ip

=
∑

i1,i2,...,ip

L
(p−1)
i1,i2,...,ip−1

δip,p+ip−1

[
N−p−1∏

k=1

tN−p,kγN−p,N−p

]
i1,i2,...,ip−1,ip

=
[
L(p)

]N−p−1∏
k=1

tN−p,kR(p) , (4.44)

where

L
(p)
i1,...,ip

= L
(p−1)
i1,...,ip−1

δip,p+ip−1 =
p∏

l=1

δ
il,

l(l+1)
2 +1

(4.45)
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and

R
(p)
j1,j2,...,jp

= γN−p,N−p
j1,j2,...,jp

= δjp,1

∑
k1,k2,...,kp−1

βj1k1,j2k2,...,jp−1kp−1R
(p−1)
k1,...,kp−1

(4.46)

i.e., Eqs. (4.45-4.46) are precisely of the form postulated in Eq. (4.32).

4.3.3 The Normalization Constant N

The above induction procedure allows us to evaluate JN−p all the way to p = N−1,
and the expression for the normalization constant is then given by

N = J1 =
[
L(N−2)

]
t2,1 R(N−2) . (4.47)

For the full expression of N however, we also need to use Eqs. (4.15), (4.29) and
(4.30) to obtain

t2,1
i1j1,i2j2,...,iN−2jN−2

= βi1j1,i2j2,...,iN−2jN−2 since W1,1 = Wext = 1 , (4.48)

βi1j1,...,ipjp =

(2−j1)!
(2−i1)!

(2+j1−j2)!
(2+i1−i2)!

. . .
(p+jp−1−jp)!
(p+ip−1−ip)!

1
(p+1+ip−jp)!

p−1∏
l=2

Θ(il−jl−1), (4.49)

and further Eqs. (4.15) and (4.32) to derive

R
(p)
i1,...,ip

=
Λ(p)

i1...,ip

(2−i1)!(2+i1−i2)! . . . (p−1+ip−2−ip−1)!(p−1+ip−1)!
. (4.50)

In Eq. (4.50), Λ(p)
j1...jp

are integers given by the following recursive formula:

Λ(2)
j1j2

= δj2,1

Λ(p+1)
j1,...,jp+1

= δjp+1,1

∑
k1,...,kp

Λ(p)
k1,...,kp

p∏
l=1

Θ(jl+1 − kl) . (4.51)

Finally, using Eqs. (4.47-4.51) and (4.45), we have

N = J1 =
1[

(N−1)N
2

]
!

∑
j1,...,jN−2

Λ(N−2)
j1,...,jN−2

. (4.52)
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4.4 Calculation of the Expectation Values 〈WN−q,r〉

4.4.1 Modifications of fundamental relations

In this section, we obtain the general form of 〈WN−q,r〉, the mean value of WN−q,r

at q layers from the bottom and r grains from the left boundary (cf. Fig. 4.2 for
illustration), for 0 ≤ q ≤ N − 1 and 1 ≤ r ≤ N − q − 1, in four steps. From what
we learned in Sec. 4.3, it is clear that in order to calculate 〈WN−q,r〉, we need to
integrate WN−q,rJN−q from the (N − q)-th layer to all the way to the top. Just
like we saw in Sec. 4.3, these integrations are equivalent to matrix multiplications
layer by layer in an iterative manner, but the fundamental relations (4.29-4.31) do
get slightly modified.
Step (i): We start with the calculation of the integral of WN−q,rJN−q on the
(N − q)-th layer

J̄N−q−1(q, r)

=
∫ [N−q−1∏

l′=1

dWN−q,l′

]
WN−q,r

[
L(q−1)

] [N−q∏
l=1

tN−(q−1),l

]
R(q−1), (4.53)

wherein once again we carry out the integrations iteratively from l′ = N−q−1 down
to l′ = 1. Of them, notice that the integrations for l′ = N−q−1 down to l′ = r+1
proceed exactly as in Eqs. (4.36-4.43), yielding J̄N−q−1,r+1(q, r) ≡ JN−q−1,r+1,
i.e.,

J̄N−q−1(q, r)

=
∫ [ r∏

l′=1

dWN−q,l′

]
WN−q,r

[
L(q−1)

] [ r∏
l=1

tN−(q−1),l

]
JN−q−1,r+1(q, r)

≡
∫ [r−1∏

l′=1

dWN−q,l′

] [
L(q−1)

] [r−1∏
l=1

tN−(q−1),l

]
J̄N−q−1,r(q, r) . (4.54)

Step (ii): For l′ = r, the recursive integration procedure differs from those in Eqs.
(4.36-4.43) due to the presence of an extra factor of WN−q,r in the integrand,
and thus the integration over WN−q,r in Eq. (4.53) requires a slightly different
treatment.We first write J̄N−q−1,r(q, r) explicitly:

J̄N−q−1,r
i1,...,iq−1

(q, r)

=
∫ bN−q,r

aN−q,r

dWN−q,rWN−q,r

∑
j1,...,jq

βi1j1,...,iq−1jq−1W
q+iq−1−jq−1
N−q,r ×

× γN−q,r+1
j1,...,jq

(bN−q,r −WN−q,r)q+jq−1−jq

=
∑

j1,...,jq

βi1j1,...,iq−1jq−1γ
N−q,r+1
j1,...,jq

Iq+1+iq−1−jq−1,q+jq−1−jq (aN−q,r, bN−q,r) .
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We then use

Iq+1+iq−1−jq−1,q+jq−1−jq (aN−q,r, bN−q,r)

=
q+1+iq−1−jq−1∑

l=0

α
q+1+iq−1−jq−1−l
q+1+iq−1−jq−1,q+jq−1−jq

a
q+1+iq−1−jq−1−l
N−q,r W

q+1+jq−1+l−jq

N−q−1,r

=
q+1+iq−1∑

iq=1

Θ(iq − jq−1) α
q+1+iq−1−iq

q+1+iq−1−jq−1,q+jq−1−jq
a

q+1+iq−1−iq

N−q,r W
q+1+iq−jq

N−q−1,r

(where once again we introduce iq = jq−1 + l), to get

J̄N−q−1,r
i1,...,iq−1

(q, r) =
q+1+iq−1∑

iq=1

γ̄N−q,r
i1,...,iq

(bN−q,r−1 −WN−q,r−1)q+1+iq−1−iq (4.55)

with γ̄N−q,r = t̄(q, r)N−q,r
γN−q,r+1, where

t̄N−q,r
i1j1,...,iqjq

(q, r)

= βi1j1,...,iq−1jq−1Θ(iq − jq−1) α
q+1+iq−1−iq

q+1+iq−1−jq−1,q+jq−1−jq
W

q+1+iq−jq

N−q−1,r

= β̄q,r
i1j1,...,iqjq

W
q+1+iq−jq

N−q−1,r . (4.56)

It is worthwhile to note that all indices except iq in Eqs. (4.55-4.56) run between
the bounds defined in (4.33), while for iq, we have 1 ≤ iq ≤ q + 1 + iq−1. In other
words, the fundamental relation (4.29) gets modified, as t̄N−q,r has one more row
than tN−q,r. Such a modification can be thought of as a “defect” in the recursive
integration procedure (4.36-4.43). More precisely, we call Eq. (4.56) a “defect of
type I at (q, r)” and it is characterized by the following relation between β and β̄q,r

(this relation is obtained via the usage of Eq. (4.15)):

β̄q,r
i1j1,...,iqjq

= βi1j1,...,iqjq

q + 1 + iq−1 − jq−1

q + 1 + iq−1 − iq
. (4.57)

Step (iii): Next we show that one needs yet another recursive form when l′ = r− 1
in Eq. (4.53), but thereafter from l′ = r−2 down to l′ = 1, the recursive integration
scheme of Eq. (4.53) returns to its old form (4.36-4.43).
The recursive form for l′ = r−1 is easily obtained by taking the matrix product of
tN−(q−1),r−1 and J̄N−q−1,r(q, r) and then integrating it w.r.t. WN−q,r−1, yielding

J̄N−q−1,r−1
i1...iq−1

(q, r)

=
∑

j1,...,jq

βi1j1,...,iq−1jq−1 γ̄N−q,r
j1,...,jq

Iq+iq−1−jq−1,q+1+jq−1−jq
(aN−q,r−1, bN−q,r−1)

=
q+iq−1∑
iq=1

γ̄N−q,r−1
i1,...,iq

(bN−q,r−2 −WN−q,r−2)q+iq−1−iq , (4.58)
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where the last line of Eq. (4.58) has been obtained by using Eq. (4.14). Thereafter,
using Eq. (4.15), we get γ̄N−q,r−1 = t̄N−q,r−1(q, r)γ̄N−q,r, with

t̄N−q,r−1
i1j1,...,iqjq

(q, r)

= βi1j1,...,iq−1jq−1 Θ(iq − jq−1) α
q+iq−1−iq

q+iq−1−jq−1,q+1+jq−1−jq
W

q+2+iq−jq

N−q−1,r−1 .(4.59)

In Eq. (4.59), all indices except jq satisfy Eq. (4.33), and for jq, we have 1 ≤ jq ≤
q + 1 + jq−1; i.e., the fundamental relation is once again modified: t̄N−q,r−1(q, r)
has one more column than tN−q,r−1. We call this modification a “defect of type II
at (q, r−1)”, which is characterized by the following relation between β and β̄q,r−1

(once again, obtained via the usage of Eq. (4.15)):

β̄q,r−1
i1j1,i2j2,...iqjq

= βi1j1,i2j2,...iqjq

q + 1 + jq−1 − jq

q + 2 + iq − jq
. (4.60)

As for the integrations in Eq. (4.53) for l′ = r − 2 down to l′ = 1, notice that the
final expression (4.58) is the same as the earlier expression (4.37), although the
matrices relating the γ’s have been modified. Thus, the rest of the integrations
in Eq. (4.53) for the (N − q)-th layer yield the recurrence relation (4.36), and the
fundamental relations for the matrices remain the same as in Eq. (4.29). The final
result then simply becomes

J̄N−q−1 =
[
L(q)

] r−2∏
l′=1

tN−q,l′ t̄N−q,r−1(q, r) t̄N−q,r(q, r)
N−q−1∏
l=r+1

tN−q,lR(q), (4.61)

i.e., in the (N −q)-th layer, only two of the matrices get modified w.r.t. Eq. (4.29).
Step (iv): In the fourth step, we integrate J̄N−q−1 for the remaining N − q − 2
layers to the top of the pile one by one. This integration procedure is the same as
what has been detailed in steps (i)-(iii), so here we only provide a short description
of it.
When we integrate J̄N−q−1 in the (N − q − 1)-th layer, it is easily seen (following
the calculations in steps (i)-(iii) above) that the fundamental relations for the
matrices remain the same as in Eq. (4.29) for the integrations over WN−q−1,N−q−2

down to WN−q−1,r. Two defects, one of type I and another of type II appear
respectively at locations (N − q − 1, r − 1) and at (N − q − 1, r − 2), but the
fundamental relations (4.29) are recovered for the integrations over WN−q−1,r−3

down to WN−q−1,1. In other words, after the integrations of J̄N−q−1 over all the
WN−q−1,j ’s for j = (N − q − 2), . . . , 1, the locations of the defects move one grain
each towards the left. In fact, this trend of the leftward shift of the defects by
one grain each time we integrate over all the Wi,j ’s in the successive layer upwards
continues to hold until the locations of the defects reach (and terminate on) the
left boundary (cf. Fig. 4.2).
In summary, effectively, the difference between the calculations of N and that of
〈WN−q,r〉 lies in the fact that for the latter calculation, the fundamental relations
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j
i

type ItypeII

(q,r)

N

1

Figure 4.2: Propagation of defects in the recurrence relations for the calculation of
〈WN−q,r〉.

between the matrices are modified on the grains located at (N − q − k, r − k),
0 ≤ k ≤ r − 1 and (N − q − k, r − 1− k), 0 ≤ k ≤ r − 2. The final result is of the
form

〈WN−q,r〉 =
1
N

[
L̄(N−2)

]
t̄2,1(q, r) R̄(N−2)(q, r) , (4.62)

but the explicit form of 〈WN−q,r〉 depends on how the modified fundamental rela-
tions affect L̄(N−2), t̄2,1(q, r), and R̄(N−2)(q, r), and hence on the values of r.

4.4.2 〈WN−q,r〉 on the boundary

For r = 1, there is only one relevant defect, and it is of type I. It affects only L̄(N−2)

and t̄2,1(q, 1), while R̄(N−2)(q, 1) remains the same as R(N−2). Let us first consider
the case q > 1, for which we have

t̄2,1(q, 1) = β̄
(q,1)
i1j1,...,iN−2jN−2

. (4.63)

Herein, the fundamental relation for β̄i1j1,...,iN−2jN−2(q, 1) gets modified only at the
q-th layer to the form (4.57) to yield

β̄q,1
i1j1,...,iN−2jN−2

= βi1j1,...,iN−2jN−2

q + 1 + iq−1 − jq−1

q + 1 + iq−1 − iq
. (4.64)

In addition, we should also keep in mind that the dimensions of the matrix t̄2,1(q, 1)
are not the same as those of t2,1, since the index iq for t̄2,1(q, 1) varies between 1
and q +1+ iq−1 as opposed to varying between 1 and q + iq−1 for t2,1. This implies
that the maximum value attained by il for t̄2,1(q, 1) for l ≥ q is increased by 1 due
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to the presence of the defect of type I at location (N − q, r), and consequently

L̄
(N−2)
i1,...,iN−2

=
q−1∏
l′=1

δ
il′ ,

l′(l′+1)
2 +1

N−2∏
l=q

δ
il,

l(l+1)
2 +2

(4.65)

When Eqs. (4.63-4.65) are put together along with Eqs. (4.31) and (4.15) and
(4.51) in Eq. (4.62), we obtain

〈WN−q,1〉 =
1
N

∑
j1,...,jN−2

[
q(q+1)

2 + 2− jq−1

]
Λ(N−2)

j1,...,jN−2[
N(N−1)

2 + 1
]
!

. (4.66)

The two cases q = 0 and q = 1, however, have to be considered separately. For
q = 1, we find that Eq. (4.66) can be generalized by using j0 = 1, yielding

〈WN−1,1〉 =
4

(N − 1)N + 1
(4.67)

while for q = 1, it can be seen that 〈WN,1〉 = 〈WN−1,1〉/2.

4.4.3 〈WN−q,r〉 in the bulk

For r > 1, each quantity in Eq. (4.62) is affected due to the development of the
defects. Of these quantities, t̄ 2,1(q, r) is affected by a defect of type I terminating
on the boundary at location (q + r − 1, 1) and a defect of type II at location
(q + r − 2, 1). Using Eqs. (4.57) and (4.60), we then get

β̄q,r
i1j1,...,iN−2jN−2

= βi1j1,...,iN−2jN−2

q + r − 1 + jq+r−3 − jq+r−2

q + r + iq+r−2 − iq+r−1
. (4.68)

We also obtain, just as before,

L̄
(N−2)
i1,...,i(N−2)

=
q+r−2∏
l′=1

δ
il′ ,

l′(l′+1)
2 +1

N−2∏
l=q+r−1

δ
il,

l(l+1)
2 +2

. (4.69)

However, we still need to express R̄(N−2)(q, r). Recall from Eq. (4.32) that R(N−2)

depends, through the recursion formula, on tN−p,N−p−1 for 1 ≤ p ≤ N − 1. Since
for the calculation of 〈WN−q,r〉, tN−p,N−p−1 for N−r−1 ≤ p ≤ N−3 are modified
due to the defects, R̄(N−2)(q, r) must also differ from R(N−2).

More precisely, in the recursive formalism described above, R̄(p)(q, r) does not differ
from R(p)(q, r) for p ≤ N − r−2. The value p = N − r−1 corresponds to the layer
number where a vertical line drawn from (q, r) in Fig. 4.2 intersects the right edge
of the triangle.
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Thus, up to p = N − r − 2, the usual recursion formula applies so that

R
(N−r−1)
i1,...,iN−r−1

=
Λ(N−r−1)

i1,...,iN−r−1

(2−i1)!(2+i1−i2)!...(N−r−2+iN−r−3−iN−r−2)!(N−r−2+iN−r−2)!
,(4.70)

but then β̄r+1,r is modified with respect to βr+1,r by a defect of type I at (q, r),
and we get

R̄
(N−r−1)
i1,...,iN−r

=
1

q+1+iq−1−iq
Λ̄(N−r)

i1...iN−r
(q, r)

(2−i1)!(2+i1−i2)!...(N−r−1+iN−r−2−iN−r−1)!(N−r−1+iN−r−1)!
,(4.71)

where

Λ̄(N−r)
i1,...,iN−r

(q, r)

=
∑

j1,...,jN−r−1

(q + 1 + iq−1 − jq−1)
∏

l

Θ(il − jl−1) Λ(N−r−1)
j1...jN−r−1

. (4.72)

Once again, it is important to remember that the q-th index iq satisfies 1 ≤ iq ≤
q + 1 + iq−1, while all the others satisfy the inequalities (4.33).

At the next step of the recursion formula for R(N−2), β̄r,r−1 is modified with respect
to βr,r−1 by two defects: one of type I at (q+1, r−1) and one of type II at (q, r−1)
and we obtain

R̄
(N−r+1)
i1,...,iN−r+1

=
1

q+2+iq−iq+1
Λ̄(N−r+1)

i1...iN−r+1
(q, r)

(2− i1)!(2 + i1 − i2)! . . . (N − r + iN−r−1 − iN−r)!(N − r + iN−r)!
, (4.73)

where

Λ̄(N−r+1)
i1,...,iN−r+1

(q, r) =
∑

j1,...,jN−r

∏
l

Θ(il − jl−1) Λ̄(N−r)
j1,...,jN−r

(q, r), (4.74)

with 1 ≤ jq ≤ q + 1 + jq−1 and 1 ≤ iq+1 ≤ q + 2 + iq. Notice that Eq. (4.74) is of
the same form as Eq. (4.51) except for the bounds of jq and iq+1.

The calculations for R̄(N−k)(q, r), 2 ≤ k ≤ r proceed along the same lines as for
R̄(N−r+1)(q, r) and finally we obtain

R̄
(N−2)
i1,...,iN−3

=
1

q+r−1+iq+r−3−iq+r−2
Λ̄(N−2)

i1,...,iN−2
(q, r)

(2− i1)!(2− i1 − i2)! . . . (N − 4 + iN−5 − iN−4)!(N − 4 + iN−4)!
, (4.75)
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where 1 ≤ iq+r−2 ≤ q + r − 1 + iq+r−3, and for all the other indices, we have
1 ≤ il ≤ l + il−1.

Putting everything together, as usual, most of the factorials that appear in the
expressions of t̄2,1(q, r) and R̄(N−2)(q, r) cancel out and we are left with

〈WN−q,r〉 =
1
N

∑
j1,...,jN−2

Λ̄(N−2)
j1,...,jN−2

(q, r)[
N(N−1)

2 + 1
]
!
. (4.76)

4.5 Higher Moments and Correlations

From the methods we described in Secs. 4.2-4.4, it is clear that higher moments
and correlations can in principle be calculated by following the same procedure.
We will not provide too many details below, instead we will demonstrate that the
higher moments and correlations can easily be obtained by keeping track of more
“defects” in the fundamental relations.

4.5.1 The case of 〈W s
N−q,r〉, s > 1

The modifications of the fundamental relations for the integration of W s
N−q,r are

obtained by generalizing the calculations of section 4.4.1.

To start with, the (i1, . . . , iq−1)-th element of the matrix integration result∫ bN−q,r

aN−q,r

dWN−q,rW
s
N−q,rt

N−(q−1),kJ̄N−q−1,r+1(q, r) (4.77)

reads∑
j1,...,jq

βi1j1,...,iq−1jq−1γ
N−q,r+1
j1,...,jq

Iq+s+iq−1−jq−1,q+jq−1−jq
(aN−q,r, bN−q,r)

=
q+s+iq−1∑

iq=0

γ̄N−q,r,s
i1,...iq

(bN−q,r−1 −WN−q,r−1)q+s+iq−1−iq (4.78)

with γ̄N−q,r,s = t̄(q, r, s)N−q,r
γN−q,r+1, where

t̄N−q,r
i1j1,...,iqjq

(q, r, s)

= βi1j1,...,iq−1jq−1Θ(iq − jq−1) α
q+s+iq−1−iq

q+s+iq−1−jq−1,q+jq−1−jq
W

q+1+iq−jq

N−q−1,r−1 (4.79)

= β̄
(q,r,s)
i1j1,...,iqjq

W
q+1+iq−jq

N−q−1,r−1. (4.80)

Once again, all the indices vary between the bounds defined in (4.33), except for iq,
which satisfies 1 ≤ iq ≤ q+s+ iq−1. The resulting modification of the fundamental
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relations can be called an s-th order defect of type I, and it is characterized by the
relation

β̄q,r,s
i1j1,...,iqjq

= βi1j1,...,iqjq

(q + s + iq−1 − jq−1) . . . (q + 1 + iq−1 − jq−1)
(q + s + iq−1 − iq) . . . (q + 1 + iq−1 − iq)

. (4.81)

After multiplying the r.h.s. of Eq. (4.78) with tN−(q−1),r−1, the integral with
respect to WN−q,r−1 yields∑

j1,...,jq

βi1j1,...,iq−1jq−1 γ̄N−q,r,s
j1,...,jq

Iq+iq−1−jq−1,q+s+jq−1−jq (aN−q,r−1, bN−q,r−1)

=
q+iq−1∑
iq=0

γ̄N−q,r−1,s
i1...iq

(bN−q,r−2 −WN−q,r−2)q+iq−1−iq . (4.82)

Furthermore, using γ̄N−q,r−1,s = t̄N−q,r−1(q, r, s) γ̄N−q,r,s, we obtain

t̄N−q,r−1,s
i1j1,...,iqjq

(q, r)

= βi1j1,...,iq−1jq−1Θ(iq − jq−1) α
q+iq−1−iq

q+iq−1−jq−1,q+s+jq−1−jq
W

q+s+1+iq−jq

N−q−1,r−1 , (4.83)

where 1 ≤ jq ≤ s + q + jq−1, while all the other indices satisfy Eq. (4.33). Thus,
the s-th order defect of type II is characterized by

β̄
(q,r−1,s)
i1j1,...,iqjq

= βi1j1,...,iqjq

(q + s + jq−1 − jq) . . . (q + 1 + jq−1 − jq)
(q + s + 1 + iq − jq) . . . (q + 2 + iq − jq)

. (4.84)

As in the case for s = 1, all the other integrals on the (N−q)-th layer have the usual
form (4.36), so that there are only two defects per layer to take care of. Moreover,
these defects propagate exactly in the same fashion as shown in Fig. 4.2(a).
The explicit expression for 〈W s

N−q,r〉 in terms of Λ̄’s can be directly deduced from
the recurrence relations for the t̄’s.

4.5.2 Correlations of the type 〈W s1
N−q1,r1

. . . W sm
N−qm,rm

〉

It turns out that these quantities can be calculated using the results for 〈W s
N−q,r〉.

Consider the simplest case 〈W s1
N−q1,r1

W s2
N−q2,r2

〉 with q2 ≥ q1. If the point (q2, r2)
does not lie on one of the two lines of defects originating from (q1, r1), it is clear
that the effects on the recurrence relations of the defects originating from (q1, r1)
and (q2, r2) do not “interact” with each other.
The defects do “interact” only if (q2, r2) lies on the line defined by (q1+k, r1−k) for
0 ≤ k ≤ r1−1. In that case, the defects are of s1-th order of type I on (q1+k, r1−k),
0 ≤ k ≤ r1 − r2 − 1, and of type II on (q1 + k, r1 − k− 1), 0 ≤ k ≤ r1 − r2 − 2; and
then of (s1 + s2)-th order of type I on (q1 + k, r1 − k),r1 − r2 ≤ k ≤ r1 − 1. and
type II (q1 + k, r1 − k − 1), r1 − r2 ≤ k ≤ r1 − 2.
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The modifications of the fundamental relations for all the higher correlations
〈W s1

N−q1,r1
. . .W sm

N−qm,rm
〉 can be obtained by using these observations. Once again

if the lines of defects originating from the points (qi, ri) for i = 1, . . . ,m do not
intersect, the individual defects do not “interact”. If they do intersect, the defects
“interact” as described above, implying that all correlations can be expressed in
terms of Λ̄’s.

4.6 Equivalent Combinatorial Problem

We have not been able to find an explicit expression or an asymptotic formula for
Λ(p)

i1,...,ip
for large p. However, after some relabeling, a combinatorial interpretation

can be obtained for Λ(p)
i1,...,ip

and related expressions entering the formulas for the
moments of Wi,j .
This interpretation goes as follows: we consider maps h which associate a positive
integer h(k,l) to the (k, l)-th site of the portion of the square lattice defined by
1 ≤ k ≤ p and 1 ≤ l ≤ k (i.e., the triangle in Fig. 4.1(a)). The integers h(k,l) are
constrained by the following inequalities:

h(1,1) = 1,
1 ≤ h(l,1) ≤ 2, ∀l = 2 . . . p

1 ≤ h(l,k) ≤ k + h(l,k−1), ∀l = 2 . . . p, k = 1 . . . l. (4.85)

The inequalities (4.85) are in fact just a re-expression of Eq. (4.33). Furthermore,
Eq. (4.51) can then be rewritten as

Λ(2)
h(11)h(12)

= δh(12),1

Λ(p)
h(p,1)...h(p,p)

= δh(p,p),1

∑
h(p−1,1),...,h(p−1,p−1)

Λ(p−1)
h(p−1,1),...,h(p−1,p−1)

p−1∏
l=1

Θ[h(p,l+1) − h(p−1,l)].(4.86)

Having iterated the recurrence relation, an equivalent “explicit” expression for Λ’s
can be obtained as

Λ(p)
h(p,1)...h(p,p)

=
∑
{h}

p∏
k=1

k∏
l=1

Θ[h(k,l+1) − h(k−1,l)] , (4.87)

where the sum runs over all maps h satisfying Eq. (4.85) with fixed values of h(p,k)

for k = 1, . . . , p. The products on the right hand side are obviously non-zero only
for maps h satisfying

h(k,l) ≤ h(k+1,l+1) ∀k = 1 . . . p− 1, l = 1, . . . , k. (4.88)

We now introduce a new symbol ZN−2 for
∑

j1,...,jN−2
Λ(N−2)

j1,...,jN−2
, which enters the

expression of the normalization constant N . It is then easily seen that ZN−2 is sim-
ply the total number of maps h satisfying inequalities (4.85) and (4.88) for p = N−
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Figure 4.3: Comparison between analytic results and simulations: (a) on the boundary
r = 1 for N = 11; (b) in the bulk for q = 3 and N = 11.

2. In a similar manner, the quantity
∑

j1,...,jN−2
Λ̄(N−2)

j1,...,jN−2
(q, r) from (4.76) can be

re-expressed in terms of maps h̄(q, r) as
∑

{h̄(q,r)}[q+1+h̄(N−r,q−1)−h̄(N−r−1,q−1)]
where the maps h̄(q, r) satisfy the inequalities (4.85) and (4.88) except on the line
(l, k) = (N − r + j, q + j) for 0 ≤ j ≤ r − 2, where they satisfy

1 ≤ h̄(l,k) ≤ k + 1 + h̄(l,k−1). (4.89)

Thus, we finally get

〈WN−q,r〉 =
1

N(N−1)
2 + 1

Z̄N−2(q, r)
ZN−2

〈q + 1 + h̄(N−r,q−1) − h̄(N−r−1,q−1)〉h̄(q,r),(4.90)

where Z̄N−2(q, r) is the total number of maps h̄(q, r) for p = N−2, and the angular
brackets on the r.h.s. denote an average over all maps. Similar expressions can
also be obtained for all higher moments and correlations.
Interestingly, the original left-right symmetry of the model is not apparent at all in
this formulation. Although the final results, once calculated (cf. Fig. 4.3), display
of course the symmetry, it seems difficult to show that the underlying discrete
problem is indeed symmetric.

4.7 Comparison with Simulation Results

To evaluate 〈Wi,j〉’s using the relations developed above, we need to compute the
integers Λ(p)

i1...ip
and correspondingly the Λ̄(p)

i1...ip
. These integers are defined recur-

rently by the relations (4.51). Although the relations (4.51) are simple sums, the
number of terms necessary to evaluate Λ(p)

i1...ip
increases faster than p! for large p, so

that for practical purposes, it is difficult to go beyond N = 11. The exact values of
the 〈Wi,j〉’s computed for N = 11 layers are in perfect agreement with Monte-Carlo
simulation results, as shown in Fig. 4.3.
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4.8 Summary and Discussion

In this chapter, we have presented analytic results for the response in the ”fully
mobilized”case corresponding to boundary conditions pv = 0 and

√
3

2 ph > F . Ex-
pressing the probability measure on the force ensemble in terms of weights Wij

on the grains, the integrals giving 〈Wi,j〉 and higher moments display an interest-
ing recursive structure, which can be exploited to evaluate them. The outcome
are exact expressions for any system size in terms of integers corresponding to an
equivalent combinatorial problem.
While the end result are simple sums of integers, the number of terms in the sums
increases extremely fast with the system size, so that the exact values cannot be
evaluated for systems larger than N = 11 layers. From a computational point
of view, the outcome of the calculation is thus of limited use, and Monte Carlo
simulations are far more efficient for large system sizes. The perfect agreement
between analytic and numerical results for small system sizes provides an additional
validation of the numerical scheme used in Chap. 3.
Information for large system sizes could be extracted by identifying the dominant
contributions in the sums. Due to the peculiar form of the recurrence relations, we
have however not been able to derive an asymptotic expression for the scaling limit.
In particular the remarkable scale-invariance observed in numerical simulations
remains un-elucidated.
Although the effort invested in the calculation might seem somewhat dispropor-
tionate with the final outcome, the equivalence between the starting continuous
problem and the final, discrete, combinatorial one is nevertheless a non-trivial re-
sult The resemblance of the discrete structure with plane-partition problems [163]
might lead to further progress.
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5.

Rectangular Packing
of Frictional Grains

In this chapter, we study numerically the mechanical response of a rectangular
packing of frictional spheres to a localized overload, within the framework of the
force network ensemble. In Sec. 5.1 we provide some background on the role of
friction in the mechanical response of static granular matter. In Sec. 5.2, we present
an implementation of the force ensemble in the rectangular geometry that includes
the tangential, frictional forces on the contacts. In Sec. 5.3, we present the results,
and finally discuss the effects of friction in Sec. 5.4.

5.1 Introduction

Friction between the grains is one of the characteristic properties of granular matter.
Despite a long history dating back to Coulomb [164], its importance for the macro-
scopic properties of assemblies of grains remains ill-understood. Many numerical
simulations (especially contact dynamics) consider frictional grains by default, yet
there have been few systematic investigations attempting to pinpoint the effects of
friction in static granular packings [153, 107, 142, 113, 128, 157].
In the context of the mechanical response to an external overload, two important
studies have examined the influence of friction. In [113], experimental results are
reported on rectangular packings of grains, the friction of which was varied by
coating them with teflon. The overload was found to propagate mainly along
the lattice directions, where the response displays sharp peaks. As the friction is
increased, these peaks broaden, and more force is transfered on the grains next to
the lattice direction. In [157], a hexagonal arrangement of elastic, frictional disks
has been studied using molecular dynamics simulations. The central result is that
“friction enhances elasticity”, in the sense that, as friction is increased at constant
overload, the response becomes more and more similar to that of an elastic solid.
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One of the reasons for the limited understanding of effects of friction is the lack of
simple theoretical models which take it into account. The simplest experimentally
relevant case that can be studied theoretically is the rectangular array of frictional
disks (cf. Fig. 5.1). Every disk shares four contacts with its neighbors, as shown in
Fig. 5.2. In absence of friction, there are two unknown forces per grain and they can
be determined completely from the two equations of force balance. In particular,
an overload applied on a grain on the top of the packing propagates exclusively
along lattice directions. The situation becomes more interesting when friction is
included. In that case, at every contact two degrees of liberty are present, a normal
and a tangential component of the force, and an additional equation is provided
by torque balance. There are thus four unknowns per grain and three equations:
similarly to the hexagonal packing, the complete force network is specified by fixing
arbitrarily one force per grain.

The rectangular packing is attractive because it provides a way of isolating the
effects of friction, which is the only source of disorder. In [153, 142], the mechan-
ical response of this packing was studied by choosing randomly, in a tentatively
independent way, the degree of liberty on each grain. In this chapter, we revisit
the problem within the context of the force network ensemble. A uniform pressure
p is applied on the top layer, and we study the response to an overload F , defined
as G(i, j) =

[
〈Wi,j〉Ep+F

− 〈Wi,j〉Ep

]
/F . Here Wi,j denotes the vertical force trans-

mitted by the grain (i, j), while Ep and Ep+F are the force ensembles respectively
without and with the additional overload F . Our results differ substantially from
those of the previous study of Breton et al. [142], and are in many ways similar
to those of Goldenberg and Goldhirsch [157]. As friction is increased, we find that
the response displays increasingly elastic-like features, in particular we observe a
cross-over from two-peaks along the lattice direction to a single one. Increasing the
overload favors the propagation along lattice directions and inhibits the cross-over.

5.2 Force Ensemble in Rectangular Geometry

In this section, we construct a parametrization of the force ensemble and describe
the numerical Monte Carlo procedure we used to sample it.

5.2.1 Parametrization

Every grain in the bulk of the packing shares four contacts with its neighbors. On
each contact, the force can be decomposed in a normal and a tangential component
(cf. Fig. 5.2). The vertical force transfered by the grain (i, j) is given by

Wi,j = sin θ(N1 + N2) + cos θ(T1 − T2) (5.1)

On each grain, there are two equations of force balance, and one equation for torque
balance. They can be expressed as:
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F

θ

j
i

p p

Figure 5.1: The rectangular packing. Each grain shares four contact with its neighbors.
A confining pressure p = 1 is applied on the top of the packing. We study the response
to an overload F applied on the grain j0 in the first layer. The system we study consists
of N = 20 layers, with P = 41 grains per layer (only 26 are shown here).The value of the
angle θ, chosen between 30 and 60 degrees, does not influence the results.

N4N3

N1

T1

T3

T4

T2
N2

Figure 5.2: Schematically shown forces on a grain in the bulk of the packing. The
directions of the arrows indicate the chosen orientations for positive forces.
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N
(i,j)
3 = N

(i,j)
2 + cotan θ (T (i,j)

2 − T
(i,j)
4 ) + tan θ (T (i,j)

1 + T
(i,j)
2 )

N
(i,j)
4 = N

(i,j)
1 + cotan θ (T (i,j)

2 − T
(i,j)
4 )− tan θ (T (i,j)

1 + T
(i,j)
2 )(5.2)

T
(i,j)
3 + T

(i,j)
4 = T

(i,j)
1 + T

(i,j)
2

These equations are supplemented by action-reaction identities:

N
(i,j)
1 = N

(i−1,j−1)
4

N
(i,j)
2 = N

(i−1,j)
3

T
(i,j)
1 = −T

(i−1,j−1)
4

T
(i,j)
2 = −T

(i−1,j)
3

(5.3)

Similarly to the hexagonal packing (cf. Sec. 3.2), there is one unknown per grain,
and a full force configuration is obtained by solving Eqs. (5.3) from the top layer
down, while choosing T4 (or equivalently T3, for obvious symmetry reasons) on
each grain. Hence a vector T4 with components {T (i,j)

4 }1≤i<N,1≤j<P provides a
full parametrization of the force ensemble.

5.2.2 Bounds

The allowed values of the forces are constrained by Coulomb’s criterion and the
requirement that normal forces be positive:

N
(i,j)
k ≥ 0

|T (i,j)
k | ≤ µN

(i,j)
k (5.4)

for 1 ≤ i < N, 1 ≤ j < P and k = 1, 2.

The inequalities (5.4) determine the bound of the set S which parametrizes the
force network ensemble. In the following, we discuss in more detail the implication
of these inequalities on the properties of S.

Suppose the T
(i,j)
4 are fixed for all (i, j) except (i0, j0), so that we want to determine

the allowed values of T
(i0,j0)
4 . The conditions (5.4) on the grain (i0, j0) provide 6

inequalities, which can be expressed as (the indices (i0, j0) are omitted as all forces
correspond to the same grain):

(i) N4 ≥ 0:
tan θ [−N1 + tan θ(T1 + T2) + cotan θ T2] ≤ T4 (5.5)
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(ii) −µN4 ≤ T4:

−µ[N1 − tan θ (T1 + T2)− cotan θ T2] ≤ (1 + µ cotan θ )T4 (5.6)

(iii) T4 ≤ µN4:

(1− µ cotan θ )T4 ≤ µ[N1 − tan θ (T1 + T2)− cotan θ T2] (5.7)

(iv) N3 ≥ 0:
−N2 − tan θ(T1 + T2) + cotan θ T2 ≤ T4 (5.8)

(v) −µN3 ≤ T3:

(1− µ cotan θ )T4 ≤ T1 + T2 + µ[N2 + tan θ (T1 + T2)− cotan θ T2] (5.9)

(vi) T3 ≤ µN3:

T1 + T2 − µ[N2 + tan θ (T1 + T2)− cotan θ T2] ≤ (1 + µ cotan θ )T4 (5.10)

From Eq. (5.7) and (5.9), it might seem that if 1 − µ cotan θ < 0, T
(i0,j0)
4 is

unbounded from above, so that in this geometry only the situation µ < tan θ can
be studied [153]. This is however not the case, because additional bounds for T

(i0,j0)
4

are provided by the inequalities (5.4) for grains on layers below the layer i0. Indeed,
as all the T

(i,j)
4 for i 6= i0 and j 6= j0 are fixed, the forces N

(i,j)
3 ,T (i,j)

3 and N
(i,j)
4

on the grains in the triangle delimited by lattice directions emanating downwards
from (i0, j0) can be expressed as linear functions of T

(i0,j0)
4 . The inequalities (5.4)

on all these grains provide additional bounds on T
(i0,j0)
4 , which must be taken

into account. Note that in the limit µ → ∞, the Coulomb conditions are always
fulfilled, yet the positivity conditions for normal forces on all the grains suffice to
provide lower and upper bounds for all T

(i,j)
4 .

These considerations highlight the fact that the T
(i,j)
4 cannot be considered as

independent variables. Instead they are components of an NP -dimensional vector
T4, which is constrained to a convex set S. The value of the coefficient of friction
determines the shape of S: clearly if µ1 < µ2, S(µ1) ⊂ S(µ2). In particular,
for all µ, S(µ) ⊂ S(∞), where S(∞) is the set determined only by the positivity
conditions for normal forces.
Note that the T

(i,j)
4 are allowed to take both positive and negative values. The

configuration with T
(i,j)
4 = 0 for all (i, j) corresponds to the case where all the

overload is transmitted only along the lattice directions emanating from the point
of applications. If the sets S(µ) were symmetric around 0, i.e. if T4 ∈ S(µ) implied
−T4 ∈ S(µ), then the average of T4 over S(µ) would be zero, and the average re-
sponse would correspond to response of a rectangular packing of frictionless grains.
Examinations of systems of small size however show that such a symmetry does
not hold, and the response is non-trivial.
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5.2.3 Numerical Procedure

To sample the force ensemble, we use the most general method described in Sec. 2.3.2:
a random walk on the parameter set S. We start with T4 = 0; at each step a ran-
dom direction e is chosen on the NP -dimensional unit sphere, and a step by a
distance δ in that direction is considered. If the new point T

′

4 = T4 + δe belongs
to S, i.e. if all the inequalities (5.4) are satisfied, the move is accepted; otherwise
it is rejected and a new direction is chosen.

Such a random walk satisfies detailed balance, so that S is sampled uniformly.
However, due to Coulomb’s criterion, S has many sharp corners (“Coulomb cones”),
especially for small µ. These corners will be visited only if the size of the step δ is
small enough. On the other hand, if δ is too small, the walker will hardly move, and
the statistics will be poor. The final choice of δ is a compromise between resolution
and efficiency. In consequence, the simulations are extremely CPU-intensive, so
that good statistics could be obtained for a maximum of N = 20 layers1. While
much smaller than systems examined in [142], our system is still somewhat larger
than the 15 layers studied in experiments [113] and molecular dynamics simulations
[157].

5.3 Results

Using the random walk sampling described in Sec. 5.2.3, we have determined the
response to a vertical force of a rectangular array of N = 20 layers, with P = 41
grains per layer. We have considered four different values of the coefficient of
friction µ = 0.1, 0.3, 0.5 and 0.7 and four values of the applied force F = 3, 6 and
12.

Fig. 5.3 displays the response G(i, j) at different depths i, for the smallest applied
force F = 3. Each graph corresponds to a different value of the coefficient of friction
µ. For the smallest value of friction µ = 0.1, G(i, j) displays two sharp peaks at all
depths, showing that the applied overload is transmitted almost exclusively along
the lattice directions. However, at the bottom of the packing, i.e. for i = 20,
the peaks slightly broaden. This broadening is enhanced with increasing friction.
For µ = 0.5, the peaks become extremely broad (in fact almost indistinguishable),
and their maximum is not located anymore on the lattice directions, but closer
to the origin. Finally for the largest value of friction µ = 0.7, a single, central
broad peak persists: the overload is transmitted vertically through the packing. In
conclusion, as the value of µ is increased for fixed F , a cross-over takes place from
a double-peaked to a single-peaked response.

The effect of increasing the applied overload is displayed in Fig. 5.4. For each
value of µ, we show the mean response G(i, j) for F = 3, 6 and 12 at two depths
in the packing, i = 10 and 20. Clearly, as F is increased, the transmission of the

1These simulations were done by D. Panja.
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Figure 5.3: Simulation results for the mean response G(i, j) at different heights i. The
value of the applied force is F = 3, and the pressure on the top layer p = 1. Each graph
corresponds to a different value of the coefficient of friction µ.
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Figure 5.4: The mean response G(i, j) for different values of the overload F . Data are
shown for two different layers: i = 20 (black), and i = 10 (gray). Each graph corresponds
to a different value of the coefficient of friction µ.
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Figure 5.5: (a-c) Widths of the peaks as function of depth i, quantified by the standard
deviation ∆j2(i) (cf.Eq. 5.11). For µ = 0.3 and µ = 0.5, ∆j2(i) is computed separately
on the two peaks. (d) Position of the maximum of the peak as function of depth i, in the
case µ = 0.5. case

overload along the lattice directions is enhanced, and the cross-over to a single-
peaked response occurs at higher values of µ. Interestingly, the graph for µ = 0.7
shows that at the bottom of the packing, i.e. for i = 20, G(i, j) is independent of
F , in other words the response is linear. Higher up in the packing, for i = 10, the
response is identical for F = 3 and 6, but for F = 12 three peaks can be seen, two
on the lattice directions, and a central one.
To characterize the broadening of the peaks, we compute

∆j2(i) =
1
N

∑
j

j2G(i, j)− 1
N2

∑
j

jG(i, j)

2

. (5.11)

In the cases where G(i, j) displays two peaks, we evaluate ∆j2(i) separately on
the two peaks. Clearly,

√
∆j2(i) quantifies the spread of the peak around its

“center of mass” at a depth i, given by 1
N

∑
j jG(i, j). Fig. 5.5 displays the results

93



Chapter 5. Rectangular Packing of Frictional Grains

for µ = 0.3, 0.5 and 0.7 and various values of applied force. For µ = 0.7, the
single central peak clearly broadens linearly, and the values of

√
∆j2(i) are almost

independent of the applied force. For µ = 0.3, the width of the two peaks also
appears to grow linearly with depth. The magnitude of

√
∆j2(i) decreases with

increasing overload, but the slope seems to be approximately independent of F .
The case µ = 0.5 is somewhat special, as for F = 3 it corresponds to the cross-over
between one and two peaks.

5.4 Summary and Discussion

We find that the response of a rectangular packing of frictional grains, evaluated
in the framework of the force ensemble, displays essentially elastic characteristics.
For small values of the coefficient of friction (or large forces), its behavior resembles
anisotropic elasticity [67], where the response exhibits two peaks the width of which
broadens linearly with depth. As the coefficient of friction is increased, a cross-
over occurs to a single-peak, the width of which is proportional to depth, as in
isotropic elasticity. The single-peaked response corresponds to a linear regime,
while the double-peaked does not. Increasing the overload drives the system away
from linear behavior, and favors a double-peaked response.
Remarkably, the purely statistical approach of the force ensemble reproduces the
findings of much more elaborate molecular dynamics simulations of Goldenberg and
Goldhirsch [157]. As in those simulations a number of additional parameters could
be varied, the agreement is of course qualitative rather than quantitative. Our
study thus confirms the interpretation of the experimental results [113] proposed
by Goldenberg and Goldhirsch: in the experiments, the applied force was much
larger then the confining pressure provided by the weight of the grains, so that the
observed behavior corresponds to the non-linear double-peaked regime.
Finally, the predictions of the force ensemble differ significantly from the previous
results of Breton et al. [142]. In that study, the starting aim was to choose the force
T4 independently on each grain (proceeding from top down), uniformly within the
bounds (5.7-5.9), which correspond to the Coulomb’s condition and positivity of
normal forces on that same grain. As noted in Sec. 5.2.2, such a procedure ignores
the fact that the T

(i,j)
4 are fundamentally not independent, as the real bounds for

T4 on a given grain depend on the choices of T4’s on all other grains in the packing.
Even if it were possible to choose the T4 independently, this approach would have
been analogous to the q-model, and the predictions would probably have differed
significantly from the force ensemble, as is the case for the hexagonal packing.
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6.

Scale Invariance
and Universality
in Force Networks

In this chapter, we leave the force network ensemble aside to explore a poorly un-
derstood aspect of force networks: patterns of large forces, commonly called “force
chains”. After introducing them in Sec. 6.1, in Sec. 6.2 we propose a method for
characterizing these patterns. This method suggests that clusters of grains con-
nected by large forces display scale-invariance, which we examine via a finite size
scaling analysis introduced in Sec. 6.3. In Sec. 6.4 we describe the molecular dy-
namics simulations used to obtain force networks for different physical parameters,
and in Sec. 6.5 we present the results of the scaling analysis.

6.1 Introduction

Force networks form the skeleton of static granular matter. Due to disorder —
even in a regular pile each grain is slightly different — the arrangement of contact
forces is highly inhomogeneous in space, even in packings under uniform, isotropic
pressure. The simplest characterization of this inhomogeneity is the probability
distribution of individual contact forces P (F ) discussed in Sec. 2.2.3. While P (F )
is an important and well studied quantity, it tells little about the spatial structure
of the force network, which is so striking visually (cf. Fig. 6.1). As a large contact
force on one side of a particle is typically balanced by another large force on the
opposite side, large forces tend to align in filamentary structures, called force chains
though they are not completely linear. These force chains are deflected from grain
to grain, and screen out regions of the packing which feel only relatively weak
forces, a phenomenon known as ”arching”.
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Figure 6.1: Two force networks obtained for the same set of parameters: pressure
p = 10−4, polydispersity d = 20%, no friction. Grains are represented as gray disks and
forces as bonds joining the centers of grains in contact. . The thickness of each bond is
proportional to the magnitude of the force.

Since the first qualitative observations of tenuous paths carrying large forces [165],
it has been believed that this localization of stresses determines many properties
of granular packings. Among others, the influence of force chains on sound trans-
mission has been examined in several studies [166, 167, 160]. They could also be
important for electrical conductivity of arrangements of metallic grains, as the con-
ductivity of a contact depends on the magnitude of the associated force (but so far
experimental studies have been hindered by the details of the surface of metallic
grains). Moreover, some models for stress transmission consider only the scattering
of “rays” formed by large forces [168, 67], although weaker side forces are essential
for mechanical balance. More qualitatively, force chains are believed to control the
instabilities due to an applied shear stress.

In spite of the large interest the force chains have attracted in the granular com-
munity, the characterization of the patterns of large forces in force networks has
remained rather incomplete. A central difficulty has been the precise definition of
“strong” and “weak” forces. In absence of a clearly defined scale separating the
two, it is difficult to distinguish the force chains from the rest of the force network.

In this chapter, we show that discriminating between forces of different magnitudes
provides a well-defined characterization of patterns of large forces. Via an analogy
with equilibrium critical phenomena, such a description naturally captures scale
invariance: a set of scaling exponents and a scaling function are extracted from
a given ensemble of force networks. We apply this approach to two-dimensional
granular packings under isotropic pressure generated by molecular dynamics sim-
ulations. Although the appearance of the force network varies significantly with
pressure and polydispersity, we found that the scaling exponents and the scaling
function are independent of these and other parameters, and thus capture universal
properties of force networks.
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6.2 Characterizing Force Chains

The force network in a granular packing can be represented as a set of bonds
connecting grains in contact. Each bond carries a scalar given by the magnitude
of the repulsive force between the grains (see Fig. 6.1 and Sec. 2.1.3). A natural
way to isolate the, visually obvious, force chains in such a network, is to choose
a threshold f , and consider only the subgraph formed by bonds carrying forces
larger than f . Such a procedure was followed in a number of earlier works, where
f was usually fixed to a given value, usually the mean force in the packing, chosen
to distinguish between strong and weak forces.
Rather than select a fixed arbitrary value of f , we study the patterns of large
forces at different scales by varying the threshold1. For small values, most of the
grains remain connected, but as the threshold is increased eventually the extracted
subgraph breaks up into a set of disconnected clusters (see Fig. 6.2). The extent
of each chain of forces larger than the threshold can be characterized by the size
of the corresponding cluster, quantified for example by the number s of mutually
connected bonds.
In an ensemble of packings obtained experimentally or numerically, the force net-
work varies totally between different realizations (See Fig. 6.1). A possible statisti-
cal description of the fluctuating patterns of large forces is given by the statistics of
the clusters obtained at different thresholds. The situation is very similar to lattice
models of critical phenomena, and particularly percolation theory [169], which in
fact describes the clusters obtained in the case where the “forces” on the bonds are
independent random variables. Percolation is a special member of a larger family
of cluster models[170], which includes the Ising and Potts models. Following the
methods of percolation theory, the geometry of an ensemble of packings can be
characterized by P (s, f), the number (per bond) of clusters of size s obtained at
the threshold f . It is moreover natural to assume that there is a single character-
istic length, the cluster correlation length ξ(f), which corresponds to the typical
linear size of the largest clusters at a given threshold.
By analogy with lattice models of equilibrium critical phenomena, we expect a
phase transition to occur at the critical threshold fc above which no cluster con-
nects the opposite boundaries of the system. In equilibrium systems, the correlation
length ξ(f) diverges at the critical point, and the system exhibits scale invariance.
In particular P (s, f) obeys the scaling law P (s, f) ∼ s−τρ(s/ξD). This scale in-
variance is universal: the scaling exponents τ and D, as well as the scaling function
ρ are determined only by the global symmetries of the system rather than the mi-
croscopic details of the interactions. Equilibrium critical phenomena can therefore
be classified in universality classes according to the values of the exponents.
A natural question is how far the analogy with equilibrium critical phenomena
extends to the case of force networks. Are the clusters describing the patterns of
large forces scale-invariant around a critical threshold fc? How do the associated
scaling-exponents depend on the various parameters of the packing? A detailed

1A similar procedure was carried out in [132], but the quantities considered were different
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Figure 6.2: Force chains at different scales. The packing on the left of Fig. 6.1 is repeated
here, showing as bold lines forces larger than a threshold f . The threshold values are from
left to right f = 0.5fc, f = fc and f = 1.5fc, where fc is the critical threshold.

mathematical formalism has been developed for the description of equilibrium crit-
ical phenomena. A similarity between scaling properties of force patterns around
fc and critical phenomena would therefore allow the use of many new tools for the
characterization of the geometry of force networks2.

6.3 Finite Size Scaling

To study the existence of scale invariance and universality in clusters of grains
interacting via strong forces, we will use a finite-size scaling analysis. In this section,
we formulate the finite size scaling for a two-dimensional, equilibrium critical model
of clusters, keeping track explicitly of all non-universal parameters.
In a system of infinite size, close to the critical point fc, the number P (s, f) of
clusters of s bonds obtained at threshold f , is expected to become a power law up
to a maximal, cut-off size s0:

P (s, f) = s−τρ0ρ(s/s0) (6.1)

The size s0 of the largest clusters can be related to their linear size as s0 ∼ ξD,
where D is the fractal dimension of the clusters. This yields the scaling relation

P (s, f) = s−τρ0ρ(sξ−D) (6.2)

where ξ is the cluster correlation length in an infinite system, and τ and D are
universal scaling exponents. The function ρ is a universal scaling function, while
the multiplicative constant ρ0 is non-universal.
Instead of the full distribution P (s, f), we consider its n-th moment, which can be
expressed as a function of the correlation length ξ using Eq. (6.2):

2A similar approach is followed in “statistical topography” of transport in disordered media
[171].
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〈sn(f)〉 =
∫

snP (s, f)ds

= ρ0

∫
sn−τρ(sξ−D)ds

= ξD(n−τ+1)ρ0

∫
wn−τρ(w)dw, (6.3)

where the last equality is obtained through the change of variables w = sξ−D. In
consequence, 〈sn(f)〉 is proportional to ξD(n−τ+1), with a non-universal propor-
tionality factor ρ0

∫
wn−τρ(w)dw.

On the other hand, the correlation length diverges at criticality with a universal
scaling exponent ν defined by

ξ = ξ0|
f − fc

fc
|−ν (6.4)

where ξ0 is a non-universal length scale.
In a system of finite size, the maximal value of the correlation length is bounded
by the system size. On a two-dimensional, isotropic domain of size L × L, if the
correlation length ξ∞ of the corresponding infinite system is much larger than the
linear system size L, the effective correlation length ξeff is set by L. This is the
essence of finite size scaling, and it can be reformulated as

ξeff = LΞ(L/ξ∞) (6.5)

where a is a non-universal constant, and Ξ(x) is a universal scaling function satis-
fying

Ξ(x) →
{

a if x → 0
x−1 if |x| � 1 . (6.6)

Replacing Eq. (6.5) and Eq. (6.4) into Eq. (6.3), we get

〈sn(f, L)〉 = AnLD(n−τ+1)Σn

(
(f − fc)

fc

(
L

ξ0

)1/ν
)

(6.7)

From Eq. (6.7), we obtain the final finite size scaling formula for the total system
size M , defined as the total number of bonds in the force network:

〈sn(f,M)〉 = AnMφnΣn

(
1
B

(f − fc)M1/2ν

)
(6.8)
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where the universal scaling function Σn is given by Σn(x) = (Ξ(xν))D(n−τ+1), and
the non-universal constants are given by

An = ρ0

∫
wn−τρ(w)dw

B = fcξ
1/ν
0 (6.9)

and φn = D(n− τ + 1)/2. Note that the hyperscaling relation in d = 2 [169] gives
τ − 1 = 2/D, so that equivalently φn = n−τ+1

τ−1 .
Our aim is to check whether the clusters obtained from force networks satisfy
Eq. (6.8). If D(n − τ + 1) > 0, 〈sn(f,M)〉 diverges with M close to fc. In the
following scaling analysis, we will mainly consider the case n = 2, as it corresponds
to the lowest diverging moment. From the hyperscaling relation, we then get simply
φ2 = D − 1. The results are also valid for higher moments.

6.4 Molecular Dynamics Simulations

The finite size scaling of patterns of large forces can be studied in data obtained
either from experiments or from any model of granular matter. We analyzed force
networks corresponding to two-dimensional static packings created by molecular
dynamics simulations (also known as discrete element method [172] in the en-
gineering literature). The simulations were done by E. Somfai, using the same
procedure as described in [160].
The simulations consider 10000 spherical particles in a periodic, two-dimensional
cell subject to an isotropic pressure. The radii of the grains are chosen randomly
from a flat distribution with mean unity, and width d which characterizes the
polydispersity.
Starting from a dilute gas phase, Newton’s equations are solved at every time-
step. The particles interact with a frictional or frictionless Hertz-Mindlin contact
force [173]. The centers of the particles are restricted to a two-dimensional plane;
however, the normal component of the Hertzian repulsive force is that of three-
dimensional elastic spheres:

F =
2
3
E/(1− ν2)R1/2n3/2, (6.10)

where E and ν are the Young modulus and Poisson ratio of the particle’s material,
and R = R1R2/(R1 + R2). The overlap n = R1 + R2 − r12 is calculated from the
particle’s radii R1 and R2 and the distance r12 between their centers.
In the case of frictional particles, the increments in the tangential forces are imple-
mented with Mindlin’s approximation [173]:

∆Ft = 4G
√

R12n∆t, (6.11)
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where G = E/[2(1 + ν)(2 − ν)] is an elastic constant, and the virtual tangential
displacement t of the particle surfaces is determined from their centers’ motion and
their rotations. This incremental force is augmented with the Coulomb criterion
|Ft| ≤ µFn, where µ is the coefficient of friction.

During the evolution the volume of the periodic box is shrunk at a rate controlled
by a feedback loop to achieve a target pressure. The pressures are expressed in
units of the Young modulus of the particle’s material. As some dissipation is
artificially included in the interactions between particles, eventually all motion
stops. A packing is considered to have converged to mechanical equilibrium when
all grains have accelerations smaller than 10−10 in reduced units (where the unit
length is average grain diameter).

6.5 Results

We have carried out a scaling analysis on packings created by molecular dynamics
simulations where four parameters were varied: the final pressure p in the pack-
ing, the polydispersity d, the coefficient of friction µ, and finally the force law
determining the interaction between grains.

For each set of parameters, we used 100 independently constructed, periodic pack-
ings of 10, 000 particles. To improve the statistics, the periodic boundary conditions
were exploited to construct 10 non-periodic packings from each original one. By
extracting recursively subsystems with half the number of grains, in total seven
system sizes were obtained, with the number of samples inversely proportional to
the system size. The two biggest system sizes were discarded in the final results
for lack of good statistics.

In each sample, the clusters of particles interacting with forces larger than f were
obtained by a depth-first search [162] for a large number of threshold values. The
size s of each cluster was determined as the total number of connected bonds. The
second moment 〈s2〉 was calculated by summing the squared size of all clusters,
leaving out the biggest cluster in each sample at every value of the threshold, and
dividing the result by the total number M of edges in the original force network.

For a given system size M , 〈s2(f,M)〉 as function of f displays a maximum, the
magnitude of which diverges with M . If 〈s2(f,M)〉 scales according to Eq. (6.8),
then plotting M−φ〈s2(f,M)〉 as function of (f−fc)M1/2ν should lead to a collapse
of data for different system sizes on a single curve. To determine the values of the
critical exponents φ and ν, and the critical threshold fc, we look for the best
collapse, quantified as the minimum of

σ2(φ, ν, fc) =
1

xmax − xmin

∫ xmax

xmin

∑
M

(m2(x,M))2 −

(∑
M

m2(x,M)

)2
 dx

(6.12)
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Table 6.1: Values of the non-universal packing parameters as function of pressure p,
for d = 20% and µ = 0: average coordination number z, critical threshold fc, and scale
parameters A and B (determined with respect to p = 10−1, see Sec. 6.5.5).

p z fc/〈F 〉 A B ξ0

10−1 5.786 1.362(1) 1 1 0.6
10−2 5.016 1.450(5) 1.1 2.0 1.7
10−3 4.432 1.51(1) 1.2 3.0 3.1
10−4 4.10 1.54(2) 1.25 3.7 4.2

where m2(x, M) = M−φ〈s2(x,M)〉, with x = (f − fc)M1/2ν . The errors on the
obtained exponents correspond to the fluctuations observed by varying the bounds
xmin and xmax over the region of the collapse.

6.5.1 Pressure

We first considered strongly polydisperse (d = 20%) frictionless (µ = 0) packings
at four different values of pressure ranging over three orders of magnitude (in units
of Young modulus of the particles).
The lowest pressure studied, p = 10−4, leads to strongly disordered force networks
with clearly visible force chains (cf. Fig. 6.3 (a)). The finite size scaling analysis
yields a sharp collapse (cf. Fig. 6.3 (b)), which clearly confirms the scale invariance
of clusters of large forces around a critical threshold. The optimal collapse is
obtained for φ = 0.89± 0.01, ν = 1.65± 0.1 and fc/〈F 〉 = 1.54± 0.01, where 〈F 〉
is the average normal force in the packing.
As the pressure is increased, the grains overlap and the number of contacts per par-
ticle rises, as indicated by the growing average coordination number z (cf. Table
6.1). Simultaneously, the force network becomes increasingly uniform in appear-
ance (cf. Fig. 6.3 (c)), and the distributions of force magnitudes narrow down
(cf. Fig. 6.3 (e)). Nevertheless, at each value of the pressure, we obtain a good
collapse, with the same scaling exponents φ = 0.89 ± 0.01 and ν = 1.65 ± 0.1.
Despite its influence on the coordination number and P (F ), the pressure appears
to be an irrelevant parameter for the scale invariance.
The value of the critical threshold however depends on pressure in a monotonic
fashion (cf. Table 6.1). Moreover, the width of the collapse increases with decreas-
ing pressure (compare Fig. 6.3 (b) and (d)).

6.5.2 Polydispersity

So far we considered only strongly polydisperse grains (d = 20%) which form highly
disordered contact networks. To investigate the influence of the contact geometry
on the observed scaling, we considered more uniformly distributed grains, at fixed
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Figure 6.3: Force networks and scaling as pressure is varied for polydispersity d = 20%
and µ = 0: (a-b) p = 10−4; (c-d) p = 10−1; (e) probability distribution of force magnitudes
for the four values of pressure studied. For all values of pressure the same exponents φ
and ν were found from the optimal collapse.
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Table 6.2: Values of the non-universal packing parameters as function of polydispersity
d, for p = 10−2 and µ = 0: average coordination number z, critical threshold fc, and
scale parameters A and B (determined with respect to p = 10−1. d = 20%, µ = 0, see
Sec. 6.5.5).

d 〈z〉 fc/〈Fn〉 A B ξ0

20% 5.016 1.450(5) 1.1 2 1.7
10% 5.10 1.52(1) 1.25 2.1 1.71
5% 5.42 1.49(1) 2 2.4 2.19

pressure p = 10−2 and µ = 0. As the polydispersity decreases, crystallization
occurs in larger and larger domains, inside which the grains form a hexagonal close
packing. While the contact network becomes more regular, the forces are still
highly heterogeneous. In particular, the width of P (F ), the distribution of force
magnitudes, does not vary significantly (cf. Fig. 6.4 (e)).

Computing 〈s2(f,M)〉 for three different values of polydispersity (d = 20%, 10%, 5%),
we find that the finite size scaling analysis yields exponents in the same range
φ = 0.89±0.01 and ν = 1.65±0.1. Although no clear conclusions can be drawn on
the variation of the critical threshold with d, Fig. 6.4 (e) suggests that fc is related
to the width of the distribution P (F ).

6.5.3 Friction

It could be suspected that packings of frictional grains differ drastically from fric-
tionless ones. Indeed, for µ 6= 0, in addition to the normal component, the contact
forces have also a tangential part. For typical grains, the coefficient of friction
varies between 0.5 and 1, so that in principle the tangential component can be
comparable in magnitude to the normal component. The mobilization of friction
for a given contact can be quantified by the so-called mobilization ratio Ft/µFn.
The distribution of this ratio for all the contacts is a way to describe the impor-
tance of friction in a given packing. For the packings we used, this distribution
compares well with experimental results [114].

In principle, in the case of frictional grains, several prescriptions are possible for
the construction of clusters: one could either compare the full magnitude of the
contact force with the threshold, or only the normal component. In practice, both
prescriptions lead to identical scaling, with the same values of the exponents as
found previously.

In fact, close to the critical threshold, the individual clusters obtained from the two
different definitions are almost identical. Looking at P (F ) for normal and tangen-
tial forces (cf. Fig. 6.5), it is clear that the probability distribution for tangential
forces decays much faster than for normal ones (as also observed in experiments
[114]). The tangential forces are thus typically much smaller than fc, so that they
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Figure 6.4: Force networks and scaling as polydispersity is varied at fixed pressure
p = 10−2 and µ = 0: (a-b) d = 20%; (c-d) d = 5%; (e) probability distribution of force
magnitudes for the four values of pressure studied. For all values of pressure the same
exponents φ and ν were found from the optimal collapse.
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Figure 6.5: Forces in packings of frictional grains for two values of the coefficient of
friction: (a) Probability distribution of the mobilization ration |Ft|/µFN (b) Probability
distributions of force magnitudes. The normal forces are represented by the symbols •,
and the tangential forces by +.

Table 6.3: Values of the non-universal packing parameters as function of the coefficient
of friction µ, for p = 10−2 and d = 20%: average coordination number z, critical threshold
fc, and scale parameters A and B (determined with respect to p = 10−1. d = 20%, µ = 0,
see Sec. 6.5.5).

µ 〈z〉 fc/〈Fn〉 A B ξ0

0 5.016 1.450(5) 1.1 2 1.7
0.5 4.06 1.46(1) 0.7 3.3 3.84
1 3.82 1.37(1) 0.65 3.5 4.7

do not influence the scaling properties of clusters. This is not in contradiction with
the observed distribution of friction mobilization ratios, instead it suggests that
the contacts with small normal forces are the most mobilized ones. However, the
distribution of frictional forces is probably highly dependent on the preparation
history of the the packing.
While irrelevant for scaling, the tangential forces have an essential influence on the
geometry of the packing. As µ is increased, the packing becomes looser, and the
coordination number drops significantly (cf. Table 6.3).

6.5.4 Force Law

We have also examined the influence of the microscopic interactions on the scaling
properties of the clusters by considering different force laws. In the rest of this
study, the force between two overlapping particles was given by the hertzian inter-
action (see Eq. (6.10)), which is a power 3/2 of the overlap. We have checked that
a harmonic force, i.e. linear in the overlap, leads to the same scaling behavior, so
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that the scaling exponents are independent of the details of the interactions.

6.5.5 Universal Scaling Function

The independence of the scaling exponents on pressure, polydispersity, friction and
force law is clear evidence for universality. On the other hand, as expected the
value of the critical threshold is not universal. Moreover the width and height of
the collapse vary with the parameters, as could be expected from Eq. 6.8, where
they correspond to the non-universal coefficients A2 and B.
To check for the universality of the scaling function Σ2, we rescale both axes linearly,
taking as reference the collapse obtained for p = 10−1, d = 20% and µ = 0.
This leads to a single collapse for all considered values of parameters, displayed
in Fig. 6.6. The scale factors A2 and B are given in Tables 6.1, 6.2 and 6.3. In
conclusion, similarly to equilibrium critical phenomena, the full scaling function
appears to be universal.

6.6 Summary and Discussion

We have studied the patterns of large forces in force networks by examining clusters
of grains interacting via forces larger than a given threshold. We have shown that
these clusters are scale-invariant around a critical value of the threshold.
The observed scale invariance is in all aspects comparable to equilibrium criticality.
In particular the associated scaling exponents and scaling function are universal, i.e.
independent of many details of the packing. We have identified several parameters
irrelevant for the scaling, in first place the elasticity of the grains and the details of
the force it generates. More surprisingly, the geometrical randomness of the grain
arrangements and friction between grains do not have any bearing on the universal
mechanical properties.
These observations suggest that the universal aspects of the scaling can be obtained
from simplified models which ignore the irrelevant parameters. We expect that the
key ingredient is the vectorial balance of forces on each grain. In Ch. 7 we will
provide evidence for this statement by showing that force networks from the force
ensemble on the snooker packing belong to the same universality class as force
networks obtained from molecular dynamics simulations, while other simplified
models lead to different scaling behavior.
From our results, the universality class of force networks appears to be distinct from
that of percolation: while the exponents φ are not distinguishable (in percolation
φ = 43/48), the percolation exponent ν = 4/3 is clearly smaller than the value
ν = 1.65± 0.1 we obtained. Moreover, in percolation the scaling function exhibits
a maximum for f > fc, in contrast with our findings. As short-range correlations
are irrelevant for the scaling properties of percolation clusters, our result implies the
existence of long-range correlations between forces. Two-point correlations between
forces are known to be short ranged, but this does not exclude the existence of more
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Figure 6.6: The universal scaling function. The mean square of the cluster sizes, omitting
the largest cluster, m2, is rescaled as BM−φm2 and plotted as function of the rescaled
threshold A(f − fc)M

1/2ν . The figure shows the collapse on a single curve of 50 datasets
corresponding to various packing parameters and system sizes. A color is associated
with each of six different sets of parameters (pressure p, polydispersity d) used in MD
simulations. For each set of parameters, five system sizes (increasing by factors of two)
are represented by symbols ◦, �,4,×, +. The collapse was obtained for φ = 0.89±0.1 and
ν = 1.6± 0.1 for all datasets, while the value of fc, A and B depends on the parameters
(but not on the system size). The solid black line shows Monte Carlo results of the force
network ensemble on the “snooker packing”, which gives the same values of φ and ν
(cf. Sec. 7.2).

110



6.6. Summary and Discussion

complex correlations due to the mechanical equilibrium (see in particular [151]). It
should be noted that this point of view is somewhat in conflict with studies of so-
called correlated percolation, where it is believed that only two-point correlations
are relevant [174, 175, 171]. These claims have however been tested only in the
gaussian case, where all the higher correlations are given by the two point ones.
We will come back to the issue of correlation functions in Ch. 8.
Beyond the universal aspects, perhaps the most important outcome of the con-
nection with equilibrium critical phenomena is a novel mathematical description
of force networks. Although strictly speaking the clusters are scale-invariant only
at the critical threshold fc (the value of which might not be simply related to
some physical phenomenon), the scaling of cluster sizes is valid over a large range
of thresholds. While the critical exponents are universal, the set of non-universal
amplitudes could provide a novel, threshold-independent characterization of force
networks. For example, the typical linear size of clusters as function of threshold is
given by ξ(f) = ξ0| f−fc

fc
|−ν . This relation defines a threshold-independent length

scale ξ0, which, in contrast with ν, depends on the parameters of the packing. From
Eq. 6.9, it is clear that ξ0 can be directly determined from the width of the scaling
function. In particular, our results show that ξ0 grows with decreasing pressure
(cf. Table 6.1, and possibly diverges at p = 0, i.e. at the jamming transition. More
data for small pressures is however needed to examine this possible divergence.
Finally, a natural question is what are the relevant perturbations which could
modify the observed scaling. In this analysis, we have not studied the effect of an
applied shear stress. This parameter is probably physically the most important,
as it corresponds to the most common way of destabilizing a static packing and
generating a flow. For small amounts of shear stress, the packing remains at rest,
but the force network becomes highly anisotropic. One might suspect that such
an anisotropy modifies the scaling properties. As static packings under shear are
difficult to create from molecular dynamics simulations, in Ch. 8, we analyze the
effect of shear within the force ensemble.
We conjecture that in three dimensions the exponents and scaling function are
equally universal, though different from their two-dimensional equivalent. We ex-
pect force networks in other jammed systems, such as foams and emulsions, to
belong to the same universality class.
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7.

Universality Classes for
Models of Force Networks

In this chapter, we study the scaling properties of patterns of large forces in various
models of force networks. In Sec. 7.2 we examine the force networks generated from
the force ensemble on both ordered and disordered contact networks. In Sec. 7.3,
we study two variations of the q-model. In Sec. 7.4, we introduce an integrable
lattice vertex model, and show that in the continuous limit it is equivalent to the
force ensemble on a hexagonal packing. Finally, in Sec. 7.5 we sum up the lessons
learned from the various models.

7.1 Introduction

To characterize geometrical patterns of large forces in force networks, in Chap. 6
we introduced a method which considers clusters formed by forces greater than a
threshold f . Around a critical value fc of the threshold, these clusters are sta-
tistically scale-invariant. The associated scaling properties provide a quantitative
description of the geometry of the force networks. We applied this method to pack-
ings created by molecular dynamics simulations which mimic real granular matter,
and found that the associated scaling exponents and scaling function are indepen-
dent of many physical parameters of the packing, and thus define a universality
class.
As the scaling exponents and the scaling function are universal, it is natural to
expect that they can be obtained from simplified models belonging to the appro-
priate universality class. In this chapter, we study several simple stochastic models
which ignore the elasticity and friction of the grains. In each case, we provide some
motivation for the model, explain how it generates force networks, and proceed to
a scaling analysis identical to the one presented in Sec. 6.5. Our aim is to identify
the basic physical ingredients which determine the universality class, and to find
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Figure 7.1: A force network on a snooker packing of N = 20 layers, and the correspond-
ing clusters close to the critical threshold.

the simplest model which reproduces the scaling properties observed in molecular
dynamics simulations
In Sec. 7.2, we study the force networks generated from the force network ensemble,
and find that they belong to the same universality class as those produced by
molecular dynamics simulations. In that context, we also examine the influence
of the underlying geometry and of the uniform sampling of the force space. In
Sec. 7.3, we study two variations of the q-model, which turn out to lead to different
universality classes. In Sec. 7.4, we introduce an exactly solvable vertex model
related to the square-triangle tiling, and show that, in the continuous limit, it is
equivalent to the force network ensemble on the hexagonal packing. This mapping
establishes that the entropy in the force network ensemble is extensive and provides
an exact value for the entropy per grain. Finally, we observe that force networks
generated from the vertex model via a second procedure appear not to exhibit
scale-invariance.

7.2 Force Network Ensemble

The force networks studied in Chap. 6 were obtained from molecular dynamic
simulations. These simulations effectively provide a (non-unique) solution to a
complex many-body problem: finding a stable configuration of N grains, given the
form of their interactions. The final positions of the grains and the precise values
of the forces depend in an intricate way on the dynamics followed and on the
elasticity (and force law) of the grains. We however found that these details of the
interactions are irrelevant for the values of the scaling exponents and the scaling
function. Looking for simpler models of force networks, it is thus natural to ignore
them, and to keep only the most fundamental ingredient, the mechanical balance
of forces on each grain. Molecular dynamics generate a statistical distribution
of force networks satisfying that requirement. If, in the first approximation, we
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assume that the distribution is uniform, i.e. that every force network is equally
likely, we recover Edwards’ microcanonical hypothesis. Moreover, the geometric
disorder due to the polydispersity of the grains appeared also to be irrelevant. If
we ignore it, and consider every force network on a fixed geometry equally likely,
we are back to the force network ensemble.

In this section, we examine whether the scaling properties are affected by such a
series of simplifying assumptions. We first study the force ensemble in the sim-
plest regular geometry, a hexagonal packing. We then briefly look at disordered
networks. Finally, we study the influence of the probability distribution in force
space on the scaling properties.

7.2.1 Snooker Packing

The simplest case in which the force network ensemble can be implemented is a
hexagonal packing of monodisperse and frictionless disks. We consider here such
a packing on a triangular domain (cf. Fig. 7.1) resembling a snooker triangle and
first studied in [2]. An isotropic pressure applied on the three walls of the triangle
fixes the scale of the forces.

The main reason here to study this specific geometry is that the force network
ensemble can be implemented via the same procedure as in Sec. 3.2. The grains
in the bulk share six contact with their neighbors, and the force balance equations
are given in Eq. (3.2). The situation is slightly different on the boundaries, where
grains share four contacts with their neighbors, and one with the boundary 1. If
the external forces are known on one of the boundaries (for example the left one),
then the force network ensemble can be parametrized by specifying one force per
grain for each grain in the packing, except those on the two opposite boundaries
(the right and the bottom one), where there is no freedom left. Note that such a
parametrization breaks the symmetry of the problem; nevertheless, if the uniform
sampling is properly implemented, the symmetry is statistically recovered.

Using the formulation in terms of q-coordinates, we generated force networks on the
snooker packing with uniform probability via a Metropolis algorithm (cf. Sec. 3.3).
We determined the second moment of cluster sizes for seven different system sizes,
using 50, 000 force networks for each system size. The optimal collapse is obtained
for values of scaling exponents within error bars equal to those found from MD
simulations. Moreover, the full scaling function appears to be identical to the one
found in MD simulations as shown in Fig. 6.6.

7.2.2 Disordered Packings

In this section, we examine how the topology of the underlying contact network
influences the scaling properties of force networks generated from the force network

1Note that in this geometry, as boundary grains have a single contact with the wall, the absence
of friction implies the absence of shear stresses
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Figure 7.2: Scaling in the snooker model: (a) Second moment of cluster sizes as function
of threshold, for seven different system sizes (M denotes the total number of contacts).
(b) The optimal collapse obtained for φ = 0.895 and ν = 1.65.

ensemble. In view of the results on molecular dynamics packings, we do not expect
the scaling exponents to be modified, but it is interesting to investigate how the
contact geometry relates to non-universal properties.

We consider fixed contact networks of different coordination numbers, obtained
from Lennard-Jones simulations. On each of the contact networks, force networks
were generated using the simulated annealing method introduced in [2]. The sim-
ulation2 starts with a random distribution of repulsive forces out of mechanical
equilibrium. A positive cost is associated with every grain on which the forces do
not balance, and thermal dynamics are implemented. The temperature is slowly
decreased from infinity, and as it goes to zero, the force configuration approaches
an energy minimum, corresponding to a mechanically stable force network. Note
that it is not obvious that this procedure leads to a uniform distribution on the set
of allowed force networks.

We analyzed networks with three different coordination numbers (so far). As ex-
pected, the scaling exponents are not changed. The value of the critical threshold
very slowly decreases with z. Interestingly, while the height of the scaling function
depends on z, the width is the same for all the networks studied. Note that the
distribution of force magnitudes is also independent of z as shown in Fig. 7.3 (a)
[176].

2These simulations were done by Thijs J. H. Vlugt
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Figure 7.3: Probability distributions of force magnitudes P (F ) in force networks ob-
tained in various ways: (a) force ensemble on disordered force networks of different co-
ordination numbers z (data provided by W. G. Ellenbroek and T. J. H. Vlugt) (b) force
networks obtained by averaging P instances from the force ensemble on a hexagonal
packing.

7.2.3 Non-uniform Sampling

An important question is how much the scaling properties depend on the equal
likelihood of all mechanically stable force networks assumed by the force network
ensemble. The results of Sec. 7.2.2 suggest that the details of the distribution do
not influence the scaling exponents. Here we investigate this aspect in some more
detail.

In a snooker packing of N layers, the set E of mechanically stable force networks is
isomorphic to an N(N − 1)/2-dimensional polygon in parameter-space. The force
network ensemble assumes a uniform density on E , so that the center of mass of E
corresponds to the uniform force network where all the forces are equal. In such a
large-dimensional set, most of the points however lie close to the boundaries. On
the other hand, each boundary corresponds to one of the forces becoming zero,
which explains the large probability of finding vanishing forces displayed in the
distribution of force magnitudes P (F ).

The probability distribution on S can be easily modified to give more weight to the
points in the center of the ensemble. We start by choosing P points uniformly on
S (i.e. P force networks from the force network ensemble). We then create a new
force network given by their average. Clearly, as P is increased, the averaged force
networks become more uniform, and their distribution becomes gaussian around
the center of mass of S. We concentrate here on small values of P , where the
deviations from the gaussian are still significant.

The shape of the probability distribution of force magnitudes P (F ) changes very
fast with P (cf. Fig. 7.3 b). For P = 2, the probability of vanishing force already
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Figure 7.4: A force network from the independent q-model on the tilted rectangular
lattice, and the corresponding clusters close to the critical threshold.

drops by an order of magnitude, and vanishes for P = 4. The values of the
scaling exponents are not affected, but the width of the scaling function decreases
drastically. Together with the observations reported in Sec. 7.2.2, this seems to
indicate that the width of the scaling function is determined only by the width of
P (F ). Interestingly, for P = 8 and larger, the values of the scaling exponents seem
to change, in particular φ takes on systematically smaller values.

7.3 q-models

A natural question is whether models even simpler than the snooker packing could
capture the universal scaling properties of force networks. Here we study the q-
model [104, 149], possibly the first purely stochastic lattice model of forces in
static granular matter. Its original aim was to describe the fluctuations of forces
measured in carbon-paper experiments. As these experiments examined mainly the
bottom boundary of the packing, the q-model takes into account only the vertical
components of the forces. The mechanical balance on each grain is therefore scalar,
rather than vectorial.

The simplest geometry on which the model can be defined is a periodic tilted
rectangular lattice. In that case, every grain shares four contacts with its neighbors
(cf. Fig. 2.8). A uniform pressure is applied on the top of the packing and on each
site a grain supports a weight Wi,j = F

(i−1,j−1)
r +F

(i−1,j)
l . Vertical force balance is

automatically satisfied by expressing F
(i,j)
l and F

(i,j)
r respectively as fractions qij

and 1−qij of Wi,j , and randomness in force transfer is implemented by considering
qij to be a random variable. In this section, we examine two different prescriptions
for the joint probability distribution of {qij}.
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7.3.1 Independent q-model

In the original model, the q’s were taken to be independently and identically dis-
tributed for each grain, in the simplest case uniformly on (0, 1). A number of
analytic results have been obtained for that situation: the force magnitude P (f)
is exactly exponential at large depths, and the force-force correlations have been
calculated [77, 150, 151]. In particular, horizontal two-points correlations vanish
at large depths, but the vertical ones are power laws. An interesting finding is that
for more general distributions (but still independent between grains) on lattices
with larger coordination numbers, the horizontal two-point functions vanish, but
higher order correlations are long-ranged [151].
Fig. 7.4 displays a force network obtained from the q-model, with uniformly dis-
tributed q’s. As could be expected, there is an anisotropy between the horizontal
and the vertical directions, and the clusters close to the critical threshold must be
described by two typical lengths ξhor and ξvert. In principle, the scaling should be
studied via an anisotropic finite-size scaling analysis (see Chap. 8). However, we
find that the anisotropy is extremely strong, in the sense that we could not observe
the scaling of ξhor at criticality, even for very large system sizes. Therefore we
apply a simple finite-size scaling analysis, but take into account only the vertical
size of the system Lvert. As ξhor is very short, increasing Lhor simply replicates
the system and improves the statistics.
We have examined the finite size scaling of the second moment of cluster sizes, for
six different system sizes and a large number of samples for each size. The optimal
collapse, shown in Fig. 7.5 (a), was obtained for φ = 0.70± 0.01 and ν = 3.0± 0.1.
Modifying the single-q probability distribution left these values unchanged. We also
examined the effect of quenched geometrical randomness by eliminating randomly
one of the two bottom contacts on a fraction ρd of grains 3. The exponents were
not affected, but the minimal system size needed to observe scaling increased with
ρd, indicating a probable cross-over at large disorder.

7.3.2 Microcanonic q-model

A completely different prescription for the probability distribution of the q’s can
be obtained if any network of vertical force is chosen with equal probability. We
call this force ensemble corresponding to scalar force balance the “microcanonic” q-
model. In the rectangular packing, there are two unknowns and one equations per
grain, and a force network is fixed by specifying for example F

(ij)
l on each grain.

This is completely analogous to specifying the associated qij , and the positivity
conditions on the forces are satisfied for any value of qij in (0, 1). The difference is
that now the probability of a force network is

∏
ij dF

(ij)
l , which from the relation

F
(ij)
l = qijWij gives rise to a joint probability distribution

∏
ij Wijdqij in terms of

q’s.
3Note that this is equivalent to adding delta functions at 0 and 1 in the probability distribution

of q, an approach followed in [154]
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Figure 7.5: Scaling in the snooker model: (a) Second moment of cluster sizes as function
of threshold, for seven different system sizes (M denotes the total number of contacts).
(b) The optimal collapse obtained for φ = 0.895 and ν = 1.65.

The scalar force network ensemble on a rectangular packing thus seems equivalent
to the vectorial force network ensemble on a hexagonal packing. It is however
worth pointing out the differences. In the hexagonal packing, the q variable is
related to the horizontal force F

(ij)
4 (cf. Fig. 3.2). The positivity conditions on this

force induce additional constraints on q on a given grain, allowing it to take values
only in a subset of (0, 1). Together with the boundary conditions, these constraints
generate additional correlations between the q’s on the same layer. Moreover, the
horizontal contacts corresponding to F

(ij)
4 do not take part to clusters.

In spite of the similarity with the snooker model, the microcanonical q-model is
strongly anisotropic, just as the independent q-model. The finite-size scaling is
therefore determined only by the vertical extent of the system Lvert. We find that
the values of the scaling exponents differ drastically from the independent q-model:
φ = 0.81 ± 0.01, and ν = 1.65 ± 0.1. Interestingly, the value of ν seems to be the
same as for the snooker packing, while the values of φ are far apart. Note that the
distribution of force magnitudes P (F ) is also more similar to that of the snooker
packing than to the exponential of the independent q-model.

7.4 The Chicken-wire Model

The results presented in Secs. 7.2 and 7.3 show that the force network ensemble
describes accurately the scaling properties of force networks, in contrast with the
q-models. Moreover, it was previously found that it predicts a distribution of force
magnitudes in agreement with experiments [2], and in Ch. 3 and 5 we showed that it
also reproduces several properties of the mechanical response function. Altogether,
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Figure 7.6: Probability distributions of force magnitudes P (F ) obtained from different
models of force networks on ordered geometries.

these results suggest that the force network ensemble, in its simplest implementa-
tion on a hexagonal packing, captures the main physical aspects of force networks.
It seems thus important to develop analytic tools to study it further.
In this section, we show via an explicit mapping that the force network ensemble on
a hexagonal packing belongs to the family of integrable models [177]. In Sec. 7.4.1,
we introduce a lattice vertex model called the “chicken-wire” and describe some
of its properties. In Sec. 7.4.2, we present an alternative representation of force
networks, and show that it provides a direct mapping to a continuous limit of the
chicken-wire model. In Sec. 7.4.3, we briefly describe another possible mapping
from the discrete vertex model to force networks, which however does not seem to
describe the scaling properties adequately.

7.4.1 Definition and Properties

The chicken-wire model [178] is a two-dimensional statistical model defined on the
triangular lattice. Each bond of the lattice is either empty or occupied, in such a
way that on each site, the bonds form one of the six vertices described in Fig. 7.7. A
configuration in this model thus forms a covering of the plane by hexagonal cells, in
a manner resembling a foam, or irregular chicken wire (cf. Fig. 7.8). Alternatively,
viewing the horizontal direction as time, the model can be seen as representing
particles in two states (right and left moving) that evolve ballistically on the lattice,
and occasionally interact through an exchange of a photon (a horizontally moving
particle), which interchanges their states.
In principle, the model is described by six parameters given by the densities of the
six types of vertices. Geometrical constraints however limit the number of inde-
pendent densities, as can be seen by reasoning in terms of hexagons (cf. Fig. 7.8).
On each hexagon, the scattering vertices come in pairs, so that their densities are
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Figure 7.7: The six allowed vertices in the chicken-wire model: (a) empty vertex; (b-c)
scattering; (d-f) left, right and horizontally moving particles. The bold lines represent
occupied bonds.

Figure 7.8: Two configurations of the chicken-wire model, related by shrink-
ing/expanding the central hexagonal cell by a unit.

equal, and fixed by the density of hexagons. The number of empty vertices is also
clearly determined by total number of hexagons. Finally the sum of the numbers of
vertices corresponding to freely moving particles is related to the sum of perimeters
of all hexagons, which is proportional to the density of hexagons. In conclusion,
there are three independent parameters, the density of hexagons (or particles), and
the two average aspect ratios of the hexagons (or relative densities of the three
species of particles).
Similarly to other statistical models, the main task here is to compute the ther-
modynamic functions. As all configurations have the same energy, the problem is
purely entropic, in other words the statistical properties are given by considering
any configuration equally likely. In particular the partition function corresponds
to the number of possible configurations for a given set of parameters.
In a basic, Monte Carlo approach, the model can be studied using very simple
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Figure 7.9: A portion of a tiling by the plane with squares and equilateral triangles, in
the hexagonal phase where the density of triangles is larger than the density of squares.
The domain walls made of squares correspond to a configuration of the chicken-wire model.

elementary moves described in Fig. 7.8. A hexagon is chosen randomly in the con-
figuration, and it is either shrunk or expanded by a unit (if geometrically allowed).
It is clear that such dynamics are ergodic and satisfy detailed balance.
More elaborate analytical techniques are however available. In fact, the chicken-
wire model is exactly solvable, in the sense that the transfer matrix can be diagonal-
ized using a Bethe Ansatz [177]. This Ansatz provides the form of the eigenvectors,
and reduces the problem of finding the eigenvalues of the transfer matrix, the di-
mensions of which are of the order of 2L (here L is the linear size of the system)
to solving of the order of L non-linear coupled equations.
These analytic results were first obtained in the context of the square-triangle
tiling, which is in fact equivalent to the chicken-wire model [178]. The Bethe Ansatz
equations giving the eigenvalues of the transfer matrix were first solved numerically
for arbitrary values of the parameters [179]. Interestingly, in the isotropic case
where the average aspect ratios of the hexagons are equal (equivalently, the densities
of particles moving in the three directions are equal), these equations can be solved
analytically in the thermodynamic limit [180]. In particular, the largest eigenvalue
gives the partition function, or equivalently the entropy of the packing. The result
for the entropy per site reads:
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Figure 7.10: Two representations of contact forces on a grain: (a) direct representation:
the directions of the vectors are identical to the directions of the forces, i.e. normal to
the grains at the contacts; (b) reciprocal representation: all the vectors are rotated by 90
degrees, and arranged in the way to form a closed loop. In both cases, the length of a
vector is proportional to the magnitude of the corresponding force.

where the parameter γ is related to the density Q of left (equivalently right) moving
particles via

Q =
1
2
− cos γ/3

2
√

3(1− sin γ/s)
. (7.2)

A number of other properties have been studied in the context of the square-triangle
tiling, in particular finite-size corrections, which are related to the charge of the
associated conformal field theory [181, 182].

7.4.2 Exact Mapping from the Snooker Packing

The connection between the chicken-wire model and force networks becomes obvi-
ous if the so-called “reciprocal” construction [183, 184] is used to represent force
networks. So far, the magnitudes of the forces were displayed as the widths of the
bonds joining grains in contact. Another possibility is to represent every normal
force as a vector of length proportional to its magnitude, and direction normal to
the grain at the contact (Fig. 7.10 (a)). The reciprocal representation is obtained
by rotating each of these vectors by 90 degrees. As the sum of all the forces on
the grain is zero, sliding the vectors around, a closed loop can be formed around
the center of the grain (Fig. 7.10 (b)). Note that in this last step the angles are
preserved, and each force is parallel to the corresponding contact. Proceeding in
this fashion for every grain in the packing, the force network corresponds to a cov-
ering of the plane (without gaps or overlaps), where each cell represents a grain,
and each cell boundary stands for a contact force, the magnitude of which is given
by the length of the boundary.
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This reciprocal construction is valid for any force network, independently of the
underlying topology of the contacts. For a hexagonal packing of grains, the recip-
rocal network is however particularly simple: it consists of hexagonal cells, with
only three possible angles for the cell walls, very much as in Fig. 7.8. As the walls
of the cell are parallel two by two, shrinking or expanding any hexagon produces
another network of forces in balance. This elementary change of the network is in
fact equivalent to the “wheel move” used in [146] for a Monte Carlo sampling of
force networks.
In the force network ensemble, every mechanically stable force network is equally
likely. Using the reciprocal representation for a hexagonal packing of N grains,
this is the same as considering any covering of N hexagons equally likely. This is
precisely the formulation of the chicken-wire model, with the difference that there
the vertices of hexagons are restricted to a discrete set of lattice sites. The force
network ensemble is thus equivalent to the chicken-wire model, in the limit where
the lattice spacing vanishes, while the number of hexagons is kept constant. The
mean length of the cell boundaries fixes the pressure, and the average aspect ratios
correspond to shear stresses.
For the isotropic case, the entropy per grain in the force ensemble under isotropic
pressure can be deduced from Eq. 7.1 in two steps: (i) find the behavior of σv when
the lattice spacing goes to zero; (ii) express the number of vertices of the triangular
lattice per grain of the packing, in the same limit.
In the limit where the lattice spacing goes to zero, while the number of hexagons in
the chicken-wire model is fixed, the density Q of left-moving particles goes to zero.
From Eq. (7.2), this corresponds to γ → π

2
−. Writing γ = π

2 − δ, the expansion of
Eq. (7.1) in δ small reads

σv =
[
−1

6
+

1
9

log 6
√

3− 1
9

log δ

]
δ2. (7.3)

To find the number of vertices per hexagon, consider the most symmetric configu-
ration where the tiling consists of identical, regular hexagons. If l is the length of
a side of a hexagon, the total number of vertices of the lattice belonging to a single
hexagon is 3l2 +3l +1. The entropy per hexagon, or equivalently per grain, is thus
given by σg = 3l2σv in the limit l →∞.
On the other hand the number of left moving particles is Q ∼ 1

3l . Expanding
Eq. (7.2) for small δ, we get δ ∼

√
3

l . Putting everything together, the end result
reads

σg = −3
2

+ log(6〈F 〉) (7.4)

where 〈F 〉 sets the scale of the forces, or equivalently the length scale for the
hexagons.
Note that this expression clearly shows that the entropy in the force network en-
semble on the hexagonal packing is extensive. The extensivity of the entropy for
the more general Edwards ensemble is still subject to debate [102, 185, 95].
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Figure 7.11: A force network obtained from a linear superposition of configurations from
the chicken-wire model

7.4.3 Another Mapping to Force Networks

Force networks can be generated from the chicken-wire model also via a completely
different procedure, without going to the continuous limit. If we consider that every
site of the triangular lattice represents a grain in a hexagonal packing, and that
every occupied bond in a chicken-wire configuration represents a unit force, then the
six allowed vertices ensure every grain is in mechanical balance. A configuration
of the chicken-wire model can therefore be seen as an elementary force network
composed only of forces of magnitudes zero or one. As most of the forces are zero,
these elementary configurations belong to the boundaries of the set E of allowed
force networks. More complex force networks, belonging to the bulk of E , can
then be constructed simply by taking linear combinations (with random positive
weights) of a sufficient number of these elementary configurations.

This approach is very similar to the parametrization of the force network ensemble
used in [147]. In that study, a vector basis spanning the set of allowed force
networks was constructed in terms of “force lines” analogous to configurations of
the chicken-wire model. This was however done only for hexagonal packings of
up to 9 grains. For larger packings, the identification of an independent set of
basis vectors becomes tedious. In particular, it is clear that for a large packing,
the configurations of the chicken-wire model are not linearly independent, as their
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number is much larger than the dimension of the set of force networks in mechanical
balance.
The linear superposition of chicken-wire configurations thus provides a many-to-
one mapping from the chicken-wire model to force networks. There are two free
parameters in this mapping: the density of hexagons ρh in the chicken wire config-
urations, and the number P of configurations included in the superposition. Given
ρh and P , the form of the resulting distribution on E is not easily identified. It is
however clear that the average of the distribution corresponds to uniform forces,
and, according to the central limit theorem as ρh and P are increased the distri-
bution becomes a gaussian around that average.
To avoid producing very uniform networks, we have chosen ρh very low and P
just large enough to ensure all bonds receive a non-zero force. Constructing su-
perpositions of chicken-wire configurations produced by Monte-Carlo simulations,
we have generated a large number of force networks, which were analyzed via the
same procedure as force networks from molecular dynamics simulations. Surpris-
ingly, although we examined large system sizes, no clear scaling was observed. In
particular, the maximum of the second moment of cluster sizes does not follow a
clear power law. Moreover the shape of the curve varies as the parameters (and
total system size is varied).
At this point, we do not have a clear explanation for this behavior. Note that a
given density ρh of hexagonal cells induces a typical length, which seems to persist
in the force networks. The density of the different chicken-wire configurations in
the superposition need not be identical, but attempts with randomized densities
did not significantly change the observations.
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Table 7.1: Values of the critical exponents φ and ν obtained from the finite-size scaling
analysis via the data collapses shown in Figs. 7.2 and 7.5. For two-dimensional percolation,
exact values are shown inside brackets.

φ = D − 1 ν
Force ensemble 0.89± 0.01 1.65± 0.1
Independent q-model 0.70± 0.01 3.0± 0.1
Microcanonic q-model 0.81± 0.01 1.65± 0.1
Percolation 0.895(43/48) 1.33(4/3)

7.5 Summary and Discussion

In this chapter, we have examined the scaling properties of clusters of large forces
in three simple stochastic models of force networks. The critical exponents are
summarized in Table 7.1. We find that the three models belong to distinct univer-
sality classes. Remarkably, the force network ensemble appears to belong to the
same universality class as the force networks obtained from molecular dynamics
simulations studied in Ch. 6.

Two distinct universality classes could have been expected a priori for the q-models
on one hand and the snooker packing on the other. Indeed, the q-models are both
anisotropic and include only scalar conservation laws, while the snooker model
is isotropic with vectorial conservation laws. Note that anisotropy alone is not
necessarily a relevant parameter for the universality class: in Ch. 8, we will show
that shear-induced anisotropy in the force ensemble does not modify the scaling
exponents, at least far from the yielding threshold. This observation suggests that
the nature of the conservation law is a relevant ingredient for scaling.

The reason for the segregation of the independent and microcanonic q-models in
two different universality classes is more subtle. They differ only by the form of the
probability distribution of forces, but in the independent case the distribution is
Markovian from top towards bottom, while in the microcanonic case no such pre-
ferred direction of propagation exists. As we have already seen in Ch. 3 and 5, this
distinction entails a number of important qualitative differences in the mechanical
properties of the models, so it is not surprising that it also leads to two different
universality classes.

In Sec. 7.4, we have shown that the force network ensemble on a hexagonal packing
is equivalent to the continuous limit of an integrable lattice model. This mapping
opens the door to analytic studies of the force ensemble using techniques developed
for critical models. These techniques will however need to be adapted to answer
the questions of interest in granular matter.

While the three models studied in the beginning of this chapter exhibited scale-
invariance, albeit with different exponents, the force networks obtained in Sec. 7.4.3
seemed not to do so. This raises an important question: consider an ensemble of
networks with some scalar weights on the bonds; selecting bonds with weights
larger than a threshold value, does a critical threshold generically exist? There
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Figure 7.12: An example of a hierarchical network: a pattern of venation’s in a leaf
[186].

is at least one simple family of networks which do not exhibit the same kind of
scale invariance as force networks. These networks are often called hierarchical
(cf. Fig. 7.12 for an example). They can be constructed (schematically) in the
following way: consider a two-dimensional domain, and split it up in n cells, and
assign a weight w0 to each of the cell boundaries; repeat the procedure recursively
for each of the cells, assigning at the step i of the recursions weights wi < wi−1.
The resulting network is scale-invariant, but in a different sense than the force
networks. Constructing clusters of bonds with w > f , no percolation transition
can be found, as the clusters corresponding to the largest w already percolate.
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8.

Anisotropic Scaling in
Force Networks under Shear

In this chapter, we examine the influence of a global shear stress on the scaling
properties of clusters of large forces. The force networks were generated from the
force network ensemble, via a procedure described in Sec. 8.2. In Sec. 8.3 we
present the results of an anisotropic scaling analysis, which in particular allows for
a characterization of the anisotropy of the force network as function of shear.

8.1 Introduction

Shear stress is the main physical parameter controlling the transition between a
static and a flowing state of an assembly of grains. While this yielding transition
is of great practical importance, the complex mechanisms leading to it remain
little understood [187]. It has been proposed that the unjamming of grains under
the effect of shear is analogous to a phase transition, the universal properties of
which could be shared by all athermal, jammed systems [85]. So far however little
quantitative evidence has been reported in support of this qualitative picture, in
part due to a lack of appropriate analytic tools.
Starting from a packing under isotropic pressure, as a shear stress is slowly applied,
the grains first rearrange locally. While some contacts do slip and break, the most
noticeable evolution takes place in the force network (cf. Fig. 8.1), which becomes
more and more anisotropic. In particular, large forces orient in a preferred direction
and produce a strengthening of the material to resist the applied shear [113, 114].
Qualitatively, the force chains become increasingly linear, up to a point where
mechanical balance can no longer be sustained, and a global rearrangement results.
In the study of force chains presented in Ch. 6, we have not analyzed the effects
of a shear stress, although it is physically probably the most important parameter.
The main reason for this is that static shear seems problematic to implement in
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Figure 8.1: Effect of shear on force networks: (a-c) Force networks obtained from the
force ensemble on the same contact network, for three different values of shear: (a) τ = 0,
(b) τ = 0.2, (c) τ = 0.4; (d-f) corresponding clusters obtained for thresholds close to the
critical value.
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molecular dynamics simulations: permanent local rearrangements create numerical
instabilities which prevent the simulations from reaching a clear mechanical equi-
librium. Due to this difficulty, very few numerical studies have examined static
packings under shear, in fact we are only aware of [132]. Instead of using molecular
or contact dynamics simulations, it has recently been proposed to exploit instead
the force ensemble on a fixed contact network to study the effects of a global shear
stress [148]. While this approach ignores the complex local reorientations and re-
arrangements of the grains, it predicts an angular dependence of the mean force
in agreement with experiments, as well as an interesting scaling law for the yield
stress.
In Ch. 7, we found that the force ensemble describes accurately the scaling proper-
ties of patterns of large forces. It seems thus natural to study in this context also
the effect of shear on the geometry of force networks. In Sec. 8.2, we describe the
procedures used to generate force networks under shear from the force ensemble.
In Sec. 8.3, the results of the scaling analysis are presented. We find that for small
amounts of shear, despite the anisotropy, the scaling exponents are identical to the
isotropic case. The shear-induced anisotropy can be characterized by the typical
aspect ratio of clusters of large forces. While this ratio clearly depends on the
value of the applied shear stress, surprisingly it appears to be independent of the
underlying geometry of the packing, and thus universal.

8.2 Shear in the Force Ensemble

In a packing of volume V containing N particles, if ri is the position of particle i
and Fij is the force between particles i and j, the macroscopic stress tensor can be
expressed as

σαβ =
1
V

∑
ij

(Fij)α(ri − rj)β (8.1)

where the greek subscripts denote the two directions of space [2].
In Sec. 7.2, force networks were required to satisfy σxx = σyy and implicitly σxy = 0.
In this chapter, while maintaining the first requirement, we consider σxy 6= 0,
and, following [148], define the dimensionless shear stress as τ = σxy/σxx. For
various values of τ , force networks were generated using two different procedures
respectively for ordered and disordered contact networks. These simulations were
done by Thijs J. H. Vlugt.
The ordered geometry considered was a periodic hexagonal packing of monodisperse
spheres. Starting from an initial configuration with forces uniform in each of the
three allowed directions, and consistent with the imposed macroscopic stresses, a
Monte Carlo dynamics was implemented. On each step, the force network was mod-
ified via a “wheel-move” [146], equivalent to expanding or shrinking a hexagon in
the reciprocal representation (cf. Fig. 7.8). Such elementary moves clearly preserve
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mechanical equilibrium as well as the macroscopic stresses, and satisfy detailed
balance, so that the resulting distribution of force networks is uniform 1.
Disordered contact networks were obtained from simulations of bidisperse spheres
interacting via purely repulsive Lennard-Jones interactions, using the same pro-
cedure as in [126]. In these simulations, no shear stress was applied, so that the
resulting contact networks are isotropic. On a given geometry, force networks
were then generated via a simulated annealing scheme[2] . The simulation starts
with a random distribution of repulsive forces out of mechanical equilibrium. A
cost function defines the energy as distance from mechanical balance. A cost is
also associated with macroscopic stresses different from the targeted ones. The
temperature is slowly decreased from infinity, and as it goes to zero, the force con-
figuration approaches an energy minimum, corresponding to a mechanically stable
force network with specified macroscopic stresses.
As found in [148], networks of repulsive forces satisfying mechanical equilibrium
can be obtained only for τ smaller than a maximum shear stress τm, which was
identified as the yielding threshold. The precise value of τm strongly depends on
the coordination number of the packing, larger coordination numbers leading to
larger yield thresholds.

8.3 Results

Figure 8.1 shows examples of force networks obtained for various values of the
shear stress τ in the disordered geometry. Although the contact network remains
unchanged, the shear induces an anisotropy in the forces, so that two non-equivalent
directions must be distinguished in the packing. They correspond to the principal
directions of the macroscopic stress tensor. The direction of maximal stresses makes
an angle of π/4 with the horizontal, and the minimal principal axis is perpendicular
to it.

8.3.1 Scaling Properties

Due to the anisotropy, the clusters obtained for forces close to the percolation
threshold can no longer be described by a single length scale. Instead two cor-
relation lengths ξM and ξm must be distinguished, respectively in the direction
of maximal and minimal stress axes. In principle, at criticality these two length
scales can diverge with two different exponents νM and νm. We describe here a
basic scaling analysis, which allowed us to see that νM = νm = ντ=0 for τ far
enough from the yield threshold.
To determine the exponents in the two directions, we looked at the finite size
scaling obtained by varying independently the linear extents of the system LM and
Lm respectively in the directions of maximal and minimal stress axes. For each

1Note that in contrast with the triangular domain studied in Sec. 7.2.1, on a rectangular or
periodic domain, the force ensemble cannot be easily implemented using the q-formulation
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Figure 8.2: Scaling of the maximum of the second moment of cluster sizes: (a) the
maximum of 〈s2(f, LM , Lm)〉 with respect to f , as function of Lm. All the data was
obtained for a hexagonal geometry. Three different values of LM are represented with
circles, squares and triangles, while three different values of the shear stress are shown
in three different colors. (b) Collapses of data corresponding to same τ , obtained by
rescaling the axes by LM .

considered value of shear stress τ , from force networks generated numerically on
large packings, subsystems rectangular in the direction of principle stress axes were
extracted. Clusters of bonds corresponding to forces larger than a threshold f were
determined as previously. In contrast to the isotropic case, at the critical threshold
several percolating clusters can exist even in the scaling limit. In the calculation of
the second moment of cluster sizes, we therefore left out all the clusters percolating
in one of the two directions, rather than only the largest one.

We started by varying LM , while Lm was fixed at a large value. For τ sufficiently
far from the yield threshold τm, 〈s2(f, LM )〉 displays a clear scaling, and the scaling
exponents obtained from the data collapse are identical to the ones found for τ = 0:
φ = 0.89± 0.01 and νM = 1.65± 0.1.

In a second step, Lm was varied for fixed LM . As Lm is decreased below LM ,
〈s2(f, LM , Lm)〉 at first does not change noticeably. This indicates that ξm < ξM ,
as could be expected for τ > 0. For Lm ∼ ξm, 〈s2(f, LM , Lm)〉 starts to change
with Lm. Qualitatively, this allows to locate ξm, which is found to decrease fast
with τ . To reach the scaling regime, Lm must be decreased to values much smaller
than ξm. The exponents observed turned out to be identical to those obtained
in the direction of maximal stresses, i.e. νm = νM . In practice, to observe the
scaling with a reasonable accuracy, very large packings had to be analyzed: we
used 100,000 particles for the hexagonal case, and 50,000 for the disordered case.
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8.3.2 Anisotropy

Although the correlation lengths ξM and ξm diverge with the same exponent, their
values are clearly not identical. This implies that, to leading order,

ξM = ξ
(0)
M

(
f − fc

fc

)−ν

(8.2)

ξm = ξ(0)
m

(
f − fc

fc

)−ν

. (8.3)

where the length scales ξ
(0)
M and ξ

(0)
m depend on the shear stress τ (but not on

the threshold f). In the language of critical phenomena, this situation is called
“weak anisotropic scaling”, as opposed to the case where the two correlation-length
exponents differ [188].
From Eq. (8.3), it appears natural to quantify the anisotropy of force networks as
function of shear stress via an anisotropy parameter defined as

r(τ) =
ξ
(0)
m

ξ
(0)
M

. (8.4)

Clearly, for τ = 0, r = 1, and as τ is increased, r decreases below one.
The anisotropy parameter r as function of τ can be determined using an anisotropic
scaling analysis. The central observation is that, in the context of conventional
critical phenomena, a weakly anisotropic system can be made isotropic simply
by rescaling the lengths in the two directions of principle axes. In the present
setting, this property suggests that if the actual lengths LM and Lm are replaced
by properly rescaled effective lengths L̃M and L̃m, the scaling properties of the
sheared force networks should be identical to those of isotropically compressed
networks.
To check whether this hypothesis is correct, we first need to formulate the finite size
scaling for an isotropic system on rectangular domains of size L1×L2. In Sec. 6.3,
we assumed a unit aspect ratio of the domains, i.e. L1 = L2. In general however the
scaling function depends explicitly on the aspect ratio, so that Eq. (6.7) becomes

〈s2(f, L1, L2)〉 = Lφ
2Σ
(

1
B

(f − fc)L
1/ν
1 ,

L1

L2

)
. (8.5)

To avoid working with a scaling function of two parameters, we consider only the
maximum of 〈s2(f, L1, L2)〉 with respect to f , which is equivalent to looking only
at the behavior precisely at the critical point. In that case, Eq. (8.5) reduces to

〈s2(L1, L2)〉max = Lφ
2 Σ̄
(

L1

L2

)
. (8.6)
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The scaling function Σ̄(x) simply expresses the fact that if L1 � L2, the effective
correlation length is set by L1, so that 〈s2〉max ∼ Lφ

1 , and correspondingly if
L2 � L1, 〈s2〉max ∼ Lφ

2 . We therefore have

Σ̄(y) =
{

c1y
φ for y � 1

c2 for y � 1 (8.7)

where c1 and c2 are two non-universal constants, which in fact must be equal as
the system considered is isotropic and the two directions equivalent. For L1 ∼ L2,
a crossover occurs, and the precise behavior is determined by the scaling function.
Let us now return to force networks under shear. The scaling of the maximum of
〈s2〉 can be expressed by replacing in Eq. (8.6) L1 and L2 respectively by LM and
Lm, but due to the anisotropy the scaling function depends also on the shear stress
τ . Our hypothesis is that the anisotropy can be eliminated simply by replacing
LM and Lm by rescaled lengths L̃M and L̃m obtained by

L̃M = bM (τ)LM

L̃m = bm(τ)Lm (8.8)

with bM = c

ξ
(0)
M

and bm = c

ξ
(0)
m

, and therefore r(τ) = bM

bm
. Note that bM and bm are

defined up to a multiplicative constant, which must be identical for the two, but
can depend on τ . Replacing into Eq. (8.6), the scaling relation becomes

〈s2(LM , Lm, τ)〉max = (bmLm)φΣ̄
(

bMLM

bmLm

)
. (8.9)

where the dependence on τ occurs only through the scale factors b1 and b2, i.e. the
scaling function Σ̄ does not depend explicitly on the shear stress.
The validity of the scaling relation (8.9) can be checked directly from the numerical
data. Fig. 8.2 illustrates the behavior of 〈s2〉max as function of Lm, for three
different values of τ , and in each case three different values of LM . For fixed LM

and τ , as Lm is increased at first a clear power-law can be observed. For larger
values of Lm, a crossover occurs and 〈s2〉max reaches a plateau. As LM is increased,
the scaling regime is unchanged, but the crossover occurs at larger Lm, and the
value of the plateau increases. According to Eq. (8.6), the value of the crossover
should scale as LM , and the value of the plateau as Lφ

M . Rescaling both axes
appropriately, the data for different LM indeed collapse on the same curves as
shown in Fig. 8.2 (b).
For different values of the shear stress, the exponents in the scaling regimes appear
to be identical, however the prefactors of the power laws clearly depend on τ . From
Eq. (8.9), these prefactors correspond to bM and bm, which can thus be determined
respectively from the value reached at the plateau and the intercept of the straight
line. Replacing LM and Lm by rescaled lengths L̃M and L̃m defined in Eq. (8.8),
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Figure 8.3: The anisotropic scaling function Σ̄ (cf. Eq. (8.6)): collapse of data obtained
for different values of shear stress τ and different packing geometries. Each symbol

corresponds to a different coordination number z (z = 6 is the regular, hexagonal
packing, all the others are disordered). Each value of τ is represented by a different
color. The inset shows the anisotropy parameter r = bM

bm
as function of τ , for

different z. The black solid line is a quadratic fit.
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if the scaling function Σ̄ is independent of τ , all the data must collapse on a single
curve. Note that as τ is increased, the cross over occurs at smaller Lm, and the
domain of power-law scaling shrinks, so that bm can be extracted only sufficiently
far away from the yielding point.
Fig. 8.3 displays the results obtained for all considered values of shear stress τ , on
several packing geometries of different coordination number z (z = 6 corresponds
to the ordered hexagonal case, while the other packings are disordered). All the
data clearly collapses on the same curve, so that the corresponding scaling function
does not depend on τ . As postulated, a simple rescaling of the length scales in the
two directions of anisotropy is thus sufficient to recover isotropic scaling in force
networks under shear.
The inset of Fig. 8.3 displays the anisotropy parameter r = bM

bm
as function of τ .

Unexpectedly, r(τ) appears to be independent of the geometry of the underlying
contact network, and thus seems to be universal. Moreover, its behavior is very
well approximated by a quadratic function of τ .

8.4 Summary and Discussion

In this chapter, we have examined the effect of a shear stress on the scaling proper-
ties of clusters of large forces, in force networks generated from the force ensemble.
Although the shear stress induces a clear anisotropy, we find that, away from the
yield threshold, the scaling exponents remain unaffected. Moreover, the scaling
properties become identical to the isotropic ones upon a simple rescaling of the
lengths in the directions of the two principal stress axes. The corresponding scale
factors are given by the typical lengths ξ

(0)
M and ξ

(0)
m of clusters of large forces, the

ratio of which quantifies the degree of anisotropy of the force network.
In contrast with scaling exponents, these typical lengths and their ratio r are not
a priori expected to be universal. While they clearly depend on the applied shear,
they could also depend on the geometry of the underlying contact network. We
however find that this is not the case: the function r(τ) appears to be identical
for various contact networks we considered, which include the regular hexagonal
packing, and disordered networks of different coordination numbers. This result
suggests that shear-induced anisotropy is unexpectedly universal.
In experimental studies [113, 114], the anisotropy of force networks under shear was
described using the force-force correlation function. While in absence of shear the
correlations are isotropic and decay fast, in presence of shear it was observed that
the correlations in the direction of maximal stress are of much longer range than
in the perpendicular direction. We have evaluated the same quantities in networks
generated from the force ensemble. Although the anisotropy can be clearly seen,
we nevertheless find that the correlations in the direction of maximal stress vanish
after a couple of grain diameters, even for very large shear. As far as correlations
are concerned, the isotropy of the underlying contact network might thus play a
role.
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An important remaining question is the behavior close to the yielding point. As
described in [148], within the force network ensemble, the yield stress can be iden-
tified as the maximal shear stress τmax, beyond which no solutions can be found
to the equations of motion. The precise value of τmax was found to depend on the
coordination number of the packing. It could be expected that close to that point
a cross-over occurs, and the scaling properties of clusters of large forces change
significantly. So far, we have however not been able to see any dramatic effect of
yielding. It seems that, close to τmax, the value of the exponent φ decreases, while
ν remains essentially unchanged. This behavior suggests a possible cross-over to
the microcanonic q-model (cf. Sec. 7.3.2), which corresponds to a scalar conser-
vation law in the direction of large stresses. While this seems to be a reasonable
limit as ξ

(0)
m vanishes, additional quantitative evidence is needed to support this

observation.
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The starting point of this thesis is a very simple question: in static packings of
grains, the number of equations of force balance is less than the number of unknown
contact forces; could the mechanical properties of granular assemblies be described
simply by assuming that any solution of force balance equations is equally likely?
This is the essence of the force network ensemble.
At first such an approach might seem too arbitrary and simplistic to capture any
of the specific features of static granular matter. A careful investigation of its
predictions however reveals that the force network ensemble provides a picture
much more complete than initially expected. The work of the Leiden group [2, 148]
established that it produces statistics of individual forces that compare very well
with experiments and simulations. In Chaps. 3 and 5, we showed that this approach
can also be used to study the transmission of forces, with results surprisingly close
to those of more realistic numerical simulations. In Chap. 7 and 8, we found that
it also captures the universal geometrical properties of clusters of large forces in
force networks. Moreover, the force network ensemble on the hexagonal packing
possesses some remarkable analytic properties, as it corresponds to a continuous
limit of the square-triangle tiling and thus belongs to the family of exactly solvable
models.
Altogether, these results suggest that the force network ensemble, and in particular
its implementation on the hexagonal packing, the snooker model, could constitute
a standard theoretical reference for the study of granular matter. So far, this
role has essentially been played by the q-model, although its severe limitations
have been known for long. In this work, we have tried to systematically compare
the q-model with the snooker model, and found that the predictions of the two
strongly differ. We believe that the essential difference comes from the Markovian
nature of the q-model, in other words the top-to-bottom propagation of the forces.
Unfortunately this very feature allows for analytic results, which constitutes main
advantage of the q-model over the snooker model, at this stage still very difficult
to handle analytically.
In spite of the relative success of the force network ensemble, a number of limi-
tations and open questions should be kept in mind. An important aspect which
remains unclear is how far the force ensemble can be used to investigate the unjam-
ming transition. Several studies [138, 126, 139, 130] have shown that, for frictionless
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grains, the limit of zero pressure displays properties analogous to a critical point.
A given value of the pressure determines the coordination number z of the packing,
and the critical properties at vanishing pressure can be related to the fact that z
approaches the isostatic value. As shown in Sec. 7.2.2, the force network ensem-
ble however seems to be insensitive to the coordination number of the underlying
contact network, at least as far as the statistics of individual forces, and the non-
universal properties of patterns of large forces are concerned. The dependence of
these quantities on pressure as observed in molecular dynamics (cf. Chap. 6) have
not been reproduced by simply varying the coordination number of the contact
network used in the force ensemble approach.
The previous observation somewhat challenges the assumption of uniform sampling
in the force ensemble: for a given coordination number (or equivalently pressure),
the force networks obtained from molecular dynamics seem to be typically less
disordered than those obtained from the uniform ensemble. In other words, the
molecular dynamics force networks typically seem to lie closer than assumed to the
“center” of the ensemble, where all forces are equal. As noted at several places in
this manuscript, the assumption of uniform sampling is made mainly for simplicity,
and could certainly be relaxed, for example along the lines of Sec. 7.2.3. Whether
such an additional complication is really desirable is however questionable.
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Samenvatting

Suikerkorrels in een pak vormen een bijzonder fysisch systeem dat op een vaste stof
lijkt zolang het pak in rust is, maar begint te stromen zodra het pak voldoende
schuin wordt gehouden. Elke korrel suiker is op zichzelf een klassiek vast deeltje
waarvan de fysica zeer goed wordt begrepen, maar toch leidt het samenspel van
veel van die deeltjes tot nieuw collectief gedrag. Zulke samenstellingen van een
grote hoeveelheid macroscopische deeltjes heten granulaire materialen. Het meest
voorkomende voorbeeld is zand, maar een grote variatie aan systemen valt onder
de definitie, van stapels boeken tot pillen op een lopende band, en van bergen peren
in een marktkraam tot de stenen in de ringen van Saturnus.
Deze samenstellingen van korrels worden gewoonlijk aangetroffen in statische con-
figuraties die in veel opzichten lijken op een vaste stof. Dit vaste-stof gedrag
wordt voornamelijk veroorzaakt door het subtiele netwerk van afstotende krachten
tussen deeltjes die met elkaar in contact staan. Het discrete karakter en de grote
ruimtelijke inhomogeniteit van dit kracht-netwerk zijn de bron van veel opmerke-
lijke fenomenologische eigenschappen. Zo hangt bijvoorbeeld de verdeling van het
gewicht onder een hoop zand af van de manier waarop de hoop werd gevormd. Als
het zand homogeen door een grote zeef werd gestrooid, dan is het gewicht van de
berg maximaal onder het middelpunt, zoals men wellicht intüıtief zou verwachten.
Als men daarentegen het zand vanuit een gelokaliseerde bron heeft gegoten, dan is
het gewicht onder de hoop maximaal op een ring rondom het middelpunt. Dit komt
door de ruimtelijke orientatie van de contacten tussen de zandkorrels als gevolg van
lawines.
Het belang van het onderliggende discrete netwerk van krachten roept vragen op
over de relevantie van een continue, elastisch-mechanische beschrijving van statis-
che granulaire materialen. In reactie hierop zijn er alternatieve beschrijvingen
voorgesteld, waaronder in het bijzonder een statistische aanpak die bekend is on-
der de naam kracht-netwerk ensemble. Het hoofddoel van dit proefschrift is om het
gebruik van dit theoretische raamwerk kritisch te evalueren, door de voorspellin-
gen ervan te vergelijken met experimentele bevindingen en resultaten uit andere
modellen.
Het uitgangspunt van het kracht-netwerk ensemble is om details van de mechanica
van contacten te verwaarlozen, en alleen rekening te houden met de fundamentele
beperking dat de krachten op elke korrel in evenwicht moeten zijn. Voor een
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gegeven ruimtelijke configuratie van korrels staat deze beperking niet één unieke,
maar veel verschillende kracht-netwerken toe, omdat in een typische situatie het
aantal onbekende krachten groter is dan het aantal vergelijkingen voor mechanisch
evenwicht. Het centrale idee van het kracht-netwerk ensemble is dat de statistische
eigenschappen van de krachten nauwkeurig beschreven kunnen worden door aan te
nemen dat elk netwerk van afstotende krachten die op elke korrel in evenwicht zijn,
even waarschijnlijk is. Hoewel dit voorschrift in eerste instantie enigszins arbitrair
en simplistisch lijkt, blijkt uit de in dit proefschrift besproken resultaten dat het
tot een verrassend volledig beeld van de fysica van kracht-netwerken leidt.
Het eerste deel van deze dissertatie verschaft een motivatie voor de aanpak via het
kracht-netwerk ensemble op enkele niveau’s. Hoofdstuk 1 is een beknopte introduc-
tie in verschillende aspecten van granulaire materialen, toegespitst op de limieten
van klassieke, en de noodzaak van nieuwe theorieën. Hoofdstuk 2 beschrijft de
fenomenologie van statische granulaire samenstellingen in meer detail, definieert
de basisconcepten die in de rest van het proefschrift worden gebruikt, en intro-
duceert het kracht-netwerk ensemble.
Het tweede deel onderzoekt de mogelijkheid om de voortplanting van krachten
tussen de korrels te beschrijven binnen het raamwerk van het kracht-netwerk en-
semble. De voortplanting van krachten wordt normaal gesproken bestudeerd via
de mechanische respons-functie, d.w.z. het effect van het toevoegen van een kleine
overbelasting op een van de korrels. Uit experimentele gegevens blijkt dat de
vorm van deze functie gevoelig is voor de ruimtelijke ordening van de korrels,
aangezien hij geordende stapelingen onderscheidt van niet-geordende stapelingen.
Wij bestuderen twee verschillende, experimenteel relevante, situaties: hoofdstukken
3 en 4 beschouwen een twee-dimensionale hexagonale stapeling van wrijvingsloze
korrels, terwijl in hoofdstuk 4 de effecten van wrijving worden onderzocht in een
rechthoekige stapeling. Over het geheel genomen zien we dat het kracht-nerwerk
ensemble de transmissie van krachten beschrijft op een onverwacht hoog niveau van
detail, aangezien het voorspellingen genereert die overeenkomen met experimentele
observaties en realistische numerieke simulaties.
Het derde deel van dit proefschrift bestudeert eigenschappen van geometrische pa-
tronen van grote krachten tussen korrels, een aspect dat onderbelicht is gebleven in
de literatuur. Hoofdstuk 6 introduceert een methode om de toevallige patronen van
grote krachten te karakteriseren. Deze methode legt een schaalinvariantie bloot,
die kan worden gekarakteriseerd door schalingsexponenten en een schalingsfunc-
tie. Bestudering van kracht-netwerken door numerieke simulaties op grote schaal
laat zien dat de schalinsexponenten en de schalingsfunctie universeel zijn binnen
een grote klasse van granulaire stapelingen. In hoofdstuk 7 laten we zien dat het
kracht-netwerk ensemble netwerken genereert die in dezelfde universaliteitsklasse
vallen, terwijl dit niet geldt voor andere eenvoudige modellen. Tenslotte wor-
den in hoofdstuk 8 de effecten van schuifspanningen onderzocht op de geometrie
van de krachten, binnen het raamwerk van het kracht-netwerk ensemble. Terwijl
de schuifspanningen de schalingsexponenten niet veranderen, introduceren ze een
anisotropie die verrassend universeel lijkt te zijn.
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