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Introduction 

 
 
 
 

 
 Structural glasses are amorphous solid materials, characterized by the absence of 
equilibrium long-range crystalline order. Many different materials can be prepared 
into the glass form, including inorganic, organic, and polymeric molecular materials, 
as well as atomic and ionic materials. Glasses are most easily obtained through a 
thermal glass transition: the equilibrium liquid material is rapidly cooled to a 
temperature gT  below which the glass exists, whereas a slower cooling would result 
in the crystallization of the material at a temperature gc TT > .  The fundamental 
interest in the glass transition stems from its current partial understanding, despite 
decades of intense experimental studies and theoretical insights. The core difficulty 
resides in the ambiguous character of the glass transition, which is not a 
thermodynamic phase transition. Its signature is the slowing-down of microscopic 
structural relaxation as temperature T  is lowered towards the glass transition 
temperature gT , where the microscopic dynamics becomes suppressed altogether 
over the experimental time scale; hence crystallization at cT  is avoided, and the 
symmetry of the liquid phase is preserved in the glass phase. 

Experimental difficulties result, both in the identification of the glass transition 
temperature and the parameterization of the approach to it, by measurements of the 
characteristic time scale for structural relaxation. A commonly measured quantity is 
the shear viscosity )(Tη , quantifying the ability of the material to flow. It is often 
represented approximately in the glass transition region by a Vogel-Fulcher-
Tammann (VFT) form, ))((exp,0 ∞−⋅ TTTVFTVFTη  with gTT << ∞0 . The behaviour of 
the supercooled liquid (i.e. in the glass transition region, cg TTT ≤≤ ) deviates from 
its equilibrium Arrhenius behaviour, for which )(exp)( ,0 TTT AA ⋅=ηη : the viscosity 
of the supercooled liquid increases much faster, and becomes comparable to the 
viscosity of a solid at gT , where the material becomes glassy. Likewise, the 
relaxation dynamics in the supercooled region is not of Debye character, and is 
instead indicative of a more complex relaxation often represented (approximately) by 
a stretched exponential. For a complete overview of the various experimental 
techniques and theoretical models that permit the characterization of the glass 
transition, we refer the reader to the book edited by Richert and Blumen [1]. 

The complexity, which appears inseparable of the transition to the glassy state, 
has stimulated numerous attempts at finding dimensionless quantities and scaling 



INTRODUCTION 2 

functions encompassing the behaviour of, at least restricted, classes of glass-forming 
materials. The work of Angell led to the notion of fragility, which arranges widely 
different glass formers on the same scale, based on the temperature variation of their 
viscosity at a scaled temperature [2]. The fragility notion was challenged for 
polymeric glass formers, and Rössler et al. [3] were the first to support, by scaling 
the viscosity data for many glass formers, the claim that polymers form a class 
distinct from the group of the other molecular glass formers. One interesting outcome 
of their study [3] is furthermore that the viscosity behaviour of poly(styrene) (PS) 
with molecular weights 18.1=wM  kg/mol and 3.3  kg/mol turns out to be 
intermediate between the viscosity master curves for the high- wM  entangled 
polymeric (including PS with 16=wM  kg/mol) and non-polymeric glass formers. 

 
While the above-mentioned studies extensively document the dynamical 

attributes of the glass transition, it is also necessary to explore its spatial 
characteristics to obtain a complete understanding of glass formation (structural 
relaxation is a process embedded in both space and time). However it has been more 
challenging to establish experimentally the existence of a length scale describing the 
slowing-down of the microscopic structural relaxation. In particular, the close 
resemblance between the liquid and glass structures has prevented the identification 
of any such length scale by diffraction measurements. From this perspective the glass 
transition is at most a dynamical transition, corresponding to the trapping of an 
equilibrium liquid configuration into a long-lived metastable state. It is only in recent 
years that a characteristic length scale could be associated with direct observations of 
the dynamical correlations above the glass transition temperature, by nuclear-
magnetic-resonance [4] and computer [5] experiments. 

Adam and Gibbs [6] constructed the first model entailing a VFT behaviour for 
the viscosity, by postulating cooperatively-rearranging molecular regions of growing 
size towards the glass transition temperature. Their model showed that cooperativity 
implies a larger viscous dissipation per molecule, and the more so the larger the 
cooperatively-rearranging regions. This established theoretically the possibility of a 
length scale relevant to the glass transition. In the search for the experimental 
counterpart of this idea, and complementing investigations on bulk glass formers 
such as [4], an alternative approach consists in confining glass-forming materials into 
dimensions of the order of the presumed characteristic length scale for the glass 
transition. In particular, if glass formation features an intrinsic length scale in the 
sense of Adam and Gibbs, then confinement is expected to shift the glass transition 
temperature gT  [7]. 

gT -drops in PS thin films have been extensively reported, since their first 
observation by Keddie et al. [8] in films of thicknesses less than 200  nm, supported 
by oxide-covered silicon substrates. By contrast, gT  is found to increase for PS films 
supported by hydrogen-passivated silicon substrates. Similar trends are found for 
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other polymers (for a broad review see [9]), and the direction of the gT -shifts 
depends on the substrate interaction being weak (such as for PS/SiOx) or strong (such 
as for PS/SiH) [10]. The largest gT -drops were found in free-standing PS films by 
Forrest and coworkers, as reviewed in [11]. 

It is expected from a microscopic point of view that a physical property like gT  
depends not only on the strength of the confinement (dimensions ranging between the 
molecular monolayer and several hundred molecular radii), but also on the specific 
surface termination of the material. Due to the nature and phase of the media forming 
the film boundaries, there results most often chemisorption or physisorption at small 
length-scales, and/or dewetting and other interfacial instabilities at large length-
scales. These phenomena influence both the structure and dynamics in at least part of 
the thin film. The PS thin-film results were quantitatively modeled empirically by 
Forrest and Mattsson [12], and are consistent with the model of Jérôme [7]. Both 
models imply that the gT  of a free-standing film is not constant throughout its 
thickness, and that the free-surface regions possess lower glass transition 
temperatures than the inner region of the film, for sufficiently thick films. Supported-
film gT  data have similarly been explained by the competing effects of the film free-
surface (with a lower glass transition temperature) and the film interface with the 
substrate (with a higher glass transition temperature), with respect to the inner region 
of the film [13,12]. 
 

The preceding overview illustrates that the gT -shifts arising from the 
confinement of materials such as PS cannot be solely ascribed to the existence of an 
intrinsic length scale for glass formation. Indeed the models [12,13] that succeed in 
reproducing the observed thin-film gT -shifts actually predict a distribution of glass 
transition temperatures, which is determined in part by the nature of the confining 
boundaries. However these models are based upon the average response of the films 
across the glass transition (such as the film thermal expansivity), and their 
unambiguous verification requires the direct observation, by a high-resolution depth 
profiling technique, of the response of a film dynamical property across the glass 
transition temperature. 

Therefore, the goal of the work presented throughout this thesis is to advance the 
set of tools suited to the investigation of molecular translational self-diffusion in thin 
polymer and organic films in the vicinity of their glass transition. Specifically, we 
have developed methods to measure the translational self-diffusivity by neutron 
reflectometry, at various positions in thin films of low-molecular weight polymeric 
and organic thin films, for a range of film thicknesses and a range of temperatures in 
the glass transition region. We note that similar tools were developed for probing 
rotational diffusion by Cecchetto [14] in the same research group. 
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Neutron reflectometry is a non-intrusive scattering technique allowing, in 
favourable situations, a depth profiling of the chemical composition of layered 
structures with a total thickness in the range of a nanometre up to several hundreds of 
nanometres, with a resolution better than a nanometre. A good introduction to this 
technique can be found in the review of Russell [15]. The essential requirement for 
achieving its high resolution consists in preparing planar thin films, with uniform 
interface positions over an area of at least a squared-centimetre; likewise, density and 
chemical-composition variations can be resolved across the film normal, provided 
these quantities exhibit a lateral homogeneity over a similar area. 

A necessary requirement for the determination of the chemical composition is 
that the various chemical species present in the film are known and scatter 
differently. This is generally achieved by substituting in some of the species 
hydrogen atoms by deuterium atoms, which scatter neutrons more strongly than 
hydrogen. In fact, neutron reflectometry is not uniquely suited to chemical-
composition analysis, and it has been long recognized that its combination with other 
investigation tools is more powerful [16,17]. For example the practical application of 
chemical-composition depth profiling is somewhat restricted to mixtures of two or 
three constituents, and spectroscopies such as infrared produce less ambiguous 
results with less stringent requirements on the sample conditioning, although they do 
not possess the depth-profiling ability. Similar complementarity is also to be found in 
the use of x-ray reflectometry, which is very effective for depth profiling density 
fluctuations with a higher resolution than neutron reflectometry [18]. 
 

Self-diffusion being a dynamical property, it cannot be directly observed by 
neutron reflectometry, which is, as outlined above, a structural analysis technique. In 
fact self-diffusion is really a single-particle property, normally observed either by 
radioactive tracer measurements, nuclear magnetic resonance, or quasielastic neutron 
scattering, at the molecular scale. 

With neutron reflectometry it is accessed to by performing repeated 
measurements of the relaxing composition profile of an initially segregated mixture 
of the hydrogenated and deuterated counterparts. At the start of the experiment, it is 
preferable to have (contacting) phases of the pure materials; hydrogen and deuterium 
have significantly different coherent-scattering cross-sections, affording a good 
contrast between the pure phases. If the thin-film boundaries are interacting with no 
preference for either of the two phases, the equilibrium state of the system is a 
homogeneous mixture of the materials. In those cases where the mass- and number- 
density differences for the hydrogenated and deuterated materials can be neglected, 
the diffusive relaxation of the composition profile is directly controlled by the self-
diffusion of the individual molecules in confinement. 

Ideally each measurement is a snapshot of the relaxation of the mixture, thereby 
enabling the highest resolution on the determination of the self-diffusion at various 
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positions across the thin film, at a given temperature. For materials that are glassy at 
room temperature, this objective is met easily because the self-diffusivity remains 
small close to the glass transition temperature; hence the experimental methodology 
consists of a sequence of controlled annealings that allow for the relaxation of the 
mixture, and neutron-reflectometry measurements at room temperature during which 
no relaxation occurs. 
 

For our study, we choose a polymeric material well-studied for its bulk 
properties, and commercially available in monodisperse form, linear atactic PS. 
High-molecular weight atactic PS has been extensively studied under thin-film 
confinement [11]; one point of particular interest is the experimental evidence [19, 
20] and established theoretical argument [21] that the presence of chain entanglement 
is at the origin of some of the confinement effects observed in high-molecular weight 
PS thin films. Using PS with molecular weight below its entanglement point ( 30≈  
kg/mol), the confinement effects associated with chain entanglement are suppressed, 
thereby simplifying the study of the glass transition by thin-film confinement. 
However low-molecular weight PS has been relatively less studied than its higher-
molecular weight counterpart; in particular, there was no proven experimental 
procedure allowing to access its local microscopic dynamics in thin films at the 
beginning of our work. Nearly monodisperse PS with 5.5=wM  kg/mol (Polymer 
Standards Service GmbH, Mainz) was used throughout this thesis. The chains are 
made of 53  styrene segments, resulting in a radius of gyration of 7.1  nm; its bulk 
glass transition temperature is 80=gT  °C [22]. 

We should note here that while the mobile free-surface region has been 
introduced to explain gT  reductions in supported and free-standing thin PS films 
[11], very recent experiments do not indicate any gT  reductions in the same thickness 
range of supported thin films [23,24]. Serghei et al. [25] suggest that the discrepancy 
between these results is due to the measurements of [23,24] being carried in vacuum 
or a nitrogen atmosphere, whereas some of the previous measurements reviewed in 
[11] were carried in air; [25] shows that oxidative PS chain scission, occurring in air, 
might be at the origin of the observed gT  reductions. In any case, the thin films 
studied in the present thesis were annealed under vacuum so our results are 
representative of unaltered PS chains with 5.5=wM  kg/mol. 
 

This thesis is organised in two parts of unequal length: the first two chapters are 
predominantly theoretical and numerical, i.e. they introduce the important concepts 
and procedures we have developed for modelling reflectometry data; the last three 
chapters are predominantly experimental, and report on our observations on low- wM  
PS thin films. 

Chapter I deals primarily with the theory of specular reflectometry for neutrons 
and x-rays. After reviewing some exact results of the theory, we develop an original 
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approximation scheme allowing their straightforward interpretation when analysing 
the fine structure of thin films. Unlike previous approximations, our approximation 
accounts accurately for the fine structure of the density fluctuations that exist 
between multiple interfaces, not only at a single interface, even at low wave-vector 
transfers. Finally we provide a brief account of the practical difficulties associated 
with the inversion of the reflectance, and we describe the basics of the experimental 
schemes for measuring reflectivities and modelling the finite instrumental resolution 
of experiments. Presentation is also made of the quantitative relations between 
neutron and x-ray optical properties and chemical composition of the materials. 

Chapter II elaborates on the practical possibility of recovering the fine structure 
of thin-film depth profiles. This recovery is explored by fitting simulated resolution-
broadened reflectivities with a minimally-constrained model for the depth profiles. 
The recovery is successful for weakly-modulated depth profiles. Compared to 
previous fitting approaches, our approach is fully general in the sense that it involves 
the exact calculation of the reflectivities corresponding to the depth profiles; this 
advance establishes that the complete reflectivities can be used for recovering real-
space information. Like previous fitting approaches, our approach is inherently 
limited by the phase problem of reflectometry, which we state explicitly in the Born 
approximation. From there we obtain new insight into how our and previous fitting 
approaches work. The fitting approach developed in this chapter is powerful in its 
ability to extract the most information from reflectivity data, and we expect that its 
application to experimental data will provide precious insights into the fine structure 
of single-layer and multilayer density fluctuations. 

Chapter III introduces the spin-coating of solutions onto solid substrates, which 
is a central preparation technique for polymer and organic thin films. We review 
some of the important factors in the preparation of smooth defect-free single layers 
by this method, and the physicochemical and spin-coating parameters relevant to the 
control of the film thickness. Finally, we document the behaviour of the film density 
against the spin-coating parameters on the basis of x-ray reflectometry measurements 
on silica-supported low- wM  PS thin films. We introduce a simple new procedure to 
obtain accurate values of the film density relatively to the substrate density. Our 
results show that spin-coating does not determine trivially the structure of polymeric 
and organic thin films. 

Chapter IV discloses our first contribution to the experimental investigation of 
PS self-diffusion in the thin-film geometry. After reviewing the shortcomings of the 
pre-existing methods of preparation of PS bilayers, we introduce a new method 
suited for the preparation of low- wM  PS bilayers. By taking advantage of the 
different hydrophilicities of muscovite mica and silicon oxide, and of the 
hydrophobicity of PS, it becomes possible to prepare bilayers over large areas, 
regardless of the mechanical fragility of the individual layers. The method is 
generally applicable to the preparation of bilayers made from other hydrophobic 
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materials. Our Si/SiOx-supported bilayers of low- wM  hydrogenated and deuterated 
PS are shown to be suited for the neutron reflectometry investigation of PS self-
diffusion by an anneal-quench sequence. Our measurements at 13+gT  °C reveal a 
previously-unobserved quantitative increase of the self-diffusivity of low- wM  PS, 
normal to the film plane, in the centre of bilayers of total thickness about 30  nm, 
relatively to the bulk self-diffusivity. 

Chapter V articulates our second contribution to the experimental investigation 
of PS self-diffusion in the thin-film geometry. We demonstrate, on the basis of the 
solution of the diffusion equation for a bilayer, that the bilayer sample geometry is 
poorly suited to the investigation of the self-diffusion near the bilayer outer 
boundaries. This motivates the consideration of thin films with a lateral modulation 
in hydrogenated and deuterated PS composition, as an alternative sample geometry. 
For bringing this idea to an experimental verification, we first deposit hydrogenated-
PS particles from an aerosol onto a Si/SiOx-supported deuterated-PS thin film. Then 
we measure by neutron reflectometry the evolution in the density profile of the 
initially deuterated-PS thin film, by an anneal-quench sequence. From our 
measurements on this new sample geometry, we are able to put upper bounds on the 
self-diffusivity of low- wM  PS, parallel to the film plane of a 20 -nm thick film; our 
measurements are the first that have been carried on such thin films with nanometre 
resolution. On the time scale of our experiments, we do not detect a self-diffusivity 
enhancement in the free-surface region, relatively to the rest of the film, at 10+gT  
°C or 15+gT  °C. 

Our results do not, however, form a large body of experimental data, so that we 
cannot resolve the on-going discrepancies among studies of gT  and glass-transition 
dynamics in thin films. Our main contributions are the introduction of sample-
preparation techniques allowing to resolve, with unprecedented spatial resolution, 
spatial inhomogeneities in thin PS films, of both the self-diffusivity normal to the 
film plane in low- wM  limit, and the self-diffusivity parallel to the film plane. 
Therefore we expect that interesting results will come from extensions of the studies 
of chapters IV and V, to wider ranges of temperature, film thickness, and interface 
position (in the bilayers of chapter IV). The observation of the spatially-resolved self-
diffusivity in the high- wM  PS region will validate or invalidate the results of 
previous studies. Measurement of the spatially-resolved self-diffusivity in the low-

wM  PS region and in monomeric organic-glass formers will allow further 
exploration of the observable consequences of an intrinsic length scale of the glass 
transition [7,12,26]. Finally, we anticipate that our sample-preparation techniques 
will find other applications than we have presented. In fact, Krishnan and Mackay 
(Michigan State University, East Lansing) have successfully applied the sample-
preparation technique that we introduce in chapter IV, to the deposition of PS films 
containing cross-linked PS particles onto silanized silicon substrates, and their 
subsequent neutron reflectometry study. 



 



 
I. Specular reflection 

 
 
 
 
 

In this chapter, the basics are presented for interpreting the specular 
reflectometry of x-rays and neutrons. By way of introduction, an outline of the 
propagation mode of radiation in condensed phases is drawn. Then, in the first 
section, the (exact) Parratt formalism is introduced on a geometrical-optics basis, to 
calculate the reflection coefficients for a single interface, a single layer, and 
eventually a multilayer. Following this, we develop a new accurate approximation to 
the Parratt formalism, valid for a particular class of multilayered structures. The first 
section is closed with clarifying comments on the meaning of the assumptions 
involved in the derivation of the approximation. The second section deals with the 
more practical aspects connected to actual reflectometry experiments: it features a 
statement of the phase problem of the technique, some argument on the use of fitting 
as a tool in interpreting the experimental curves. Next, an overview of the 
experimental protocols is given, and then an elementary account of the resolution 
modelling is presented. Finally, the equations necessary to relate the material 
properties of mass density and chemical composition, to the refractive index for x-
rays and neutrons, are supplied. 

 
The propagation of x-rays is governed by the Helmholtz equation, which follows 

from the Maxwell equations [27]. Thermal neutrons, by the wave-particle duality, 
propagate according to the (stationary) Schrödinger equation [28]. This Schrödinger 
equation is cast similarly to the Helmoltz equation, as a wave equation: 

022 =+∇ AkA , (1)
where )(rA  can be the electric field )(rE  or magnetic field )(rH  of the x-ray 
electromagnetic wave, or the wave function )(rψ  of the neutron, and =2)(rk  

2
0

2)( kn r  is the (squared) wave number, with λπ20 =k  being the vacuum wave 
number. 
 

The absolute refractive index n  of the medium takes the form 
ξ−=12n , (2)

where ξ  accounts for the dispersing effect of the medium on the radiation; notably, 
ρξ ∝ , ρ  being the density of the medium. At x-ray or thermal neutron energies, ξ  

is typically of order 610− ; in this case, ρξ ∝≈− 21 n  holds as well. Provided the x-
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ray energy is away from atomic resonances, polarization effects [29] can be neglected 
as n  remains so close to unity. 
 

The propagation of the radiation is obtained by solving the differential equation 
(1), supplemented with proper boundary conditions at the surfaces of discontinuities 
in refractive index. For neutrons, the boundary conditions are the continuity of both 
the wave function and its first derivative. The boundary conditions for x-rays are the 
continuity of the tangential components of both electromagnetic field vectors E  and 
H . 
 
 
A. Laterally homogeneous planar structures 
 
 a. Exact results 
 
 §1 Isolated interface; we consider here the case of a beam incident from air 
(half-space 0>z ) on a substrate of refractive index sn  extending over the half-space 

0≤z  (fig. 1). We call θ  the incidence angle in air, and sθ  the refraction angle in the 
substrate, related to θ  by Snell's law: ssn θθ coscos = . The wave number of the 
transmitted wave in the substrate is 2

0
22 knk ss = . The plane-wave solution of eq. (1) 

yields the Fresnel coefficients of reflection Fresnelr  and transmission Fresnelt  for the 
radiation at the air-substrate interface: 

s

s

QQ
QQr

+
−

=Fresnel , 
(3a)

sQQ
Qt
+

=
2

Fresnel , 
(3b)

with θsin0kQ =  and sss kQ θsin= , the vacuum and substrate wave-vector transfers, 
respectively. Combining the definitions of sk  and sθ , the plain dependence of sQ  on 
Q  is: 

)1( 22
0

22 −+= ss nkQQ . (4)
This dependence will be kept implicit for notational convenience, in most of the 
following. 
 

 

figure 1: reflection from an isolated interface. The 
incident, reflected, and transmitted wave vectors, 
respectively denoted ink , outk , and throughk , are 
schematically represented with respect to the surface 
( 0=z ) of a reflecting substrate of refractive index sn . 
The incidence and reflection angles are θ , in air; the 
refraction angle is sθ , in the substrate. 

θ θ
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0
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air outk
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figure 2: reflection from a multilayer. 
The multilayer extends from layer 1  to 
layer N . Each layer is assigned a 
thickness pl  and a refractive index pn . 
The wave vectors and angles are 
defined as in fig. 1. 

 
Further, the substrate may be stratified and/or covered with layers, as depicted in 

fig. 2. Again it is possible to solve eq. (1), so as to obtain the reflection and 
transmission coefficients of this multilayered structure. Alternatively, these 
coefficients may be computed from a geometrical-optics [27] approach. As an 
illustration, this approach is followed to obtain the reflection coefficient for a single 
layer of thickness l  and refractive index ln , supported by a substrate of refractive 
index sn . 

 
 §2 Isolated layer; for radiation incident at an angle θ , the first event occurs at 
the air-layer interface, resulting in a wave reflected in the specular direction and a 
wave refracted to an angle lθ  such that lln θθ coscos = . The refracted wave then 
undergoes a sequence of reflections both at the layer-substrate and layer-air 
interfaces. Each of these reflection events is accompanied by another refraction of the 
wave, either in the air or in the substrate. The waves refracted into the substrate 
interfere and result in a transmitted wave characteristic of the system structure, 
propagating in the sθ -direction. The waves refracted at the layer-air interface 
propagate in the direction of the specular reflection, and interfere with the wave first 
reflected by the layer-air interface; the resulting reflection coefficient can therefore 
be written as: 

LL ++++= + φφ )1(
layer )( mi

la
m

lslalsal
i

lalsalal etrrrtetrtrr . (5)

In this expression )()( qpqppq QQQQr +−=  is the Fresnel coefficient for the 
reflection at the interface between the media of refractive indices pn  and qn , and pqt  
is the transmission coefficient through the same interface ( 1≡an  so alr  and alt  
reduce to (3a) and (3b), respectively). Following the notations defined above, 

ppp kQ θsin= , 2
0

22 knk pp = , and θθ coscos 1 ⋅= −
pp n . The complex-exponential factors 

in expr. (5) account for the phase shift φ , undergone by the wave after one reflection 
in the layer medium, relatively to the first reflected wave. Using the fact i that 
                                                           
i The property qppq rr −=  should be considered merely a formal calculation rule. Indeed in the 
case that pq nn < , 2|)(| Qrqp  erroneously exhibits a total reflection plateau for the definition 
given above. Physically, the problem comes from the nonexistence of propagating waves with 

qQ  imaginary. It is necessary, then, to take as reference the (semi-infinite) medium of 
incidence: this corresponds to the case of incidence through a condensed phase with 1≠qn . 
For simplicity, we restrict ourselves to the case of incidence from vacuum (or air), with no 
loss of generality. 
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pqpq rt +=1  and qppq rr −= , and recognizing the occurrence of the geometric series 
∑∞

=
−

0
)(

m
mi

lsal err φ , expr. (5) becomes: 

φ
φ

i
lsal

i
lsalal err
errrr

+
−+=

1
1)1( 2

layer . 
(6)

Finally, making explicit the expression of the phase shift lQl2=φ  and reducing expr. 
(6), we obtain: 

lQi
lsal

lQi
lsal

l

l

err
errr 2

2

layer 1+
+

= . 
(7)

This result is exact since all the multiple reflections occurring within the layer are 
accounted for. Modified to account for the presence of interfacial roughness (see §b.4 
below), the above expression allows to model the reflectivities presented in chapter 
III, section C. Expr. (7) for the reflection coefficient of a single layer will be referred 
to in the following by: 

)2,,(layer lQrrfr llsal= . (8)
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figure 3: reflectivities from an interface (dashed line) and a layer (solid line), 
calculated by taking the squared moduli of the exact exprs. (3a) and (7), respectively. 
For the layer, the thickness and reduced density were chosen ii to be 1c =⋅Ql  and 

222 75.0)1()1( =−−= sll nnρ) , respectively. 
                                                           
ii In all subsequent numerical examples, wave-vector transfers and lengths are related to the 
modulus of the substrate critical wave-vector transfer, which scales all quantities relevant to 
the reflection process. This includes the density, reduced by considering )1()1( 22

snn −−=ρ) . 
Finally, we note that a simpler expression for cQ  can be obtained from expr. (35) below, 
subsection B.d. 
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Figure 3 illustrates the reflectivities 2
Fresnel )(Qr  of an interface (dashed curve), 

and 
2

layer )(Qr  of a layer (solid curve). For both curves, a substrate with a real 
refractive index 1<sn  is assumed. In this case, there exists a positive critical wave-
vector transfer cQ  determined by the equation 0)( c =QQs : expr. (4) prescribes that 

)1( 22
0

2
c snkQ −= . For cQQ < , sQ  is imaginary, so that the wave refracted in the 

substrate vanishes, and a total reflection of the incident wave occurs. Total reflection 
is manifest in the plateau of the reflectivity curves of fig. 3; beyond cQ  the 
reflectivities decay quickly. For the layer, this decay is modulated by so-called 
Kiessig fringes, of spacing approximately )( cQl ⋅π , coming from the interference 
between the different reflected waves. 

 
§3 Multilayer; the case of a multilayer (see fig. 2) can be treated with the same 

accuracy as the case of a single layer. For this we label the layers NK1 , each being 
characterized by a refractive index pn  and a thickness pl . The air is medium 0  and 
the substrate medium 1+N . By iterating the net reflection coefficient 

pp

pp

lQi
ppp

lQi
ppp

pppppp er
er

lQrf 2
)1(

2
)1(

)1(1 1
)2,,(

γ

γ
γγ

−

−
−−

+

+
==  

(9)

for any interface between pairs of adjacent layers 1−p  and p  within the structure, 
one builds the reflection coefficient r  of the multilayer. The recursion is performed 
backward and starts with )1( += NNN rγ ; it ends with r=0γ . 

This approach for calculating the reflection coefficient of a multilayer, which is 
codified by the sequence term (9), is referred to as the Parratt formalism [30]. In 
chapters II, IV, and V, we shall make extensive use of the equivalent matrix 
formalism [27] for modelling experimental data. 
 
 b. Approximations 

 
§1 Introduction; while rigorous for arbitrary (discrete) density profiles and 

arbitrary wave-vector transfers, expression (9) for the reflectance of a multilayer 
requires lengthy computations and is not very transparent. Usually the structure of the 
reflectivity spectrum is rationalized by the consideration of its behaviour at high Q , 
where a Born approximation is valid [31]: 

∫∝ dzez
Q
ir Qzi2)(ρ ; 

(10)

the reflectance and the real-space density profile of the system are simply related by a 
one-dimensional Fourier transformation. This Born approximation will be useful to 
interpret the measured reflectivities in chapter V, §B.c.3. 

Unfortunately approximation (10) looses the information on the absolute value 
of the density, as pointed out by Pershan [32]: for example, two same-thickness 
single layers, having distinct real reduced densities lρ

)  and lρ
)−1 , display 
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reflectivities which are identical when computed with approx. (10). Yet in favourable 
cases, the exact reflectivities (as computed with expr. (7)) differ at low Q , due to the 
different refraction of radiation in the two layers iii (for more details, see [32]). 

This has motivated the derivation of approximations alternative to the basic 
approximation (10). We have developed a new approximation valid over an extended 
range of Q  including low Q  in the case of small variations in density from one layer 
to the other. Our approximation was inspired by the work of Asmussen and Riegler 
[33], who developed an approximation for the small variations in the density of a 
single layer. Our approach is more general and more rigorous however, than [33]. In 
the derivation, presented below, we proceed by first studying two successive 
sequence terms (9) in the Parratt formalism. Then an expansion parameter is chosen, 
allowing to linearize the compound term. Finally, a high- Q  approximation is made, 
which yields the final form of our approximation. 

 
§2 Linearization of the reflectance; for an arbitrary pair of adjacent layers within 

the multilayer structure, the reflection coefficient (9) can be developed into 

                                                           
iii The origin of refraction effects in reflectometry is most apparent in the phase shift pplQ2  of 
exprs. (9) and (7), which controls the Q -dependent Kiessig-fringe spacing. Indeed recalling 
expr. (4), )1(1 222

0
22 −⋅+= pp nQkQQ , it is apparent that refraction is more important at low 

Q  than high Q , and that its strength is controlled by the refractive index of the material. 

pp

pp

pp

pp

pp

pp

lQi
lQi

ppp

lQi
ppp

pp

lQi
lQi

ppp

lQi
ppp

pp

p

e
er
er

r

e
er
er

r

2
2

1)1(

2
1)1(

)1(

2
2

1)1(

2
1)1(

)1(

1

11

11

11

11

1
1

1

++

++

++

++

++

++
−

++

++
−

−

+

+
+

+

+
+

=

γ
γ

γ
γ

γ . 

(11)

Rearranging, the above expression can be cast into: 

)(1
)1(

)(2
1)1(

2
)1(

)(2
1)1(

)(2
1)1(
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)(2
1)1(

1

1111

1111

4444 34444 214444 34444 21

4444 84444 764444 84444 76

−+

−+

−
+−+

+
+−

−
+−+

+
+−

−

++++

++++

+++

+++

=

UV

VU

pppppppppp

pppppppppp

lQlQi
ppp

lQi
pp

lQlQi
ppp

lQlQi
ppp

lQi
pp

lQlQi
ppp

p

ererer
ererer

γγ

γγ

γ

. 

(12)

In this expression, ))(2,,( 111)1( ppppppp lQlQrfVU ±= +++−±± γ , where f  is again the 
form of the reflection coefficient for a single layer, identified in expr. (8). This 
property, together with the form of expression (12) being )()( −+−+ ++ UgVVgU  
with pplQi

pp erg 2
)1( += , inspires the approximation worked out below. For this 
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purpose, we define the phase shift ∑ +

=+ =
qp

pm mmqpp lQ2)(φ , and the ‘effective’ 
reflection coefficient 

)(

)(

)1(

)1(
)()1())(1( 1
),,(~

qpp

qpp

i
qppp

i
qppp

qppqpppqpp er
er

rfr
+

+

+−

+−
++−+−

+

+
== φ

φ

γ

γ
φγ , 

(13)

as these quantities will turn out meaningful; we see that +++− = VUr pp )1)(1(
~ . 

 
Assuming now that the ( p , 1+p ) interface is weakly reflecting compared to its 

surroundings, the small parameter )1( +ppr  allows expanding expr. (12) to first order 
into: 

2
1)1(

42
1

2
)1(2

)1()1)(1(1 )1(
)1)(1(~

)1(

11

+

++

+−

+−
++−−

+

−−
+≈

pp

pp

pp

i
ppp

lQi
ppplQi

ppppp er
er

err φγ

γ
γ ; 

(14)

after some algebra, expr. (14) is factorized into 

[
]

2
1)1(
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(15)

  
Expressions (14) and (15) for the reflection coefficient 1−pγ  are accurate to first 

order, over the whole range of Q  values. In expression (15), the last term of the r.h.s. 
factor decays the fastest with Q  and so a good approximation to the first order in 

)1( +ppr  is given by: 

)~1(1~
2

)1)(1(
2

)1(
)1)(1(

1
+−+

+−

− −+≈ pp
lQi

pp
pp

p rer
r

pp
γ . (16)

 
The development of the reflection coefficient (9), from expr. (11) to expr. (15), is 

transposed to the situation of a multilayered structure extending from layers p  to 
qp + , and for which all inner interfaces are weakly reflecting with respect to 

interfaces ( 1−p , p ) and ( qp + , 1++ qp ). By using further the same high- Q  
approximation as that leading to expr. (16), one gets: 

∑
−+

=
++−

+−

− −+≈
1

)1(
2

))(1(
))(1(

1 )~1(1~
qp

pm

i
mmqpp

qpp

p pmerr
r

φγ . (17)

 
An illustration of this situation is given in fig. 4; formula (17) gives directly our 

approximate formula for the reflection coefficient of a slightly inhomogeneous 
structure extending from layers 1=p  to Nqp =+ , which is: 

∑
−

=
+−+≈

1

1
)1(

2
0

0

1)~1(1~
N

m

i
mmN

N

merr
r
r φ . (18)
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This formula is interpreted as follows: the reflection from the weakly structured 
multilayer is essentially that of a homogeneous layer of same total thickness and 
properly averaged density variations. Supplementary modulations of larger period 
originate from the weak reflections caused by the presence of inner interfaces. 
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figure 4: weakly 
inhomogeneous density 
profile (left) of a multilayer 
lying on a substrate (right). 
The multilayer spans layers 

NK1 ; its total thickness is 
∑ =

=
N

p pll
1

. 
 

Before studying more closely the behaviour of our approximation, we notice that 
it resembles the modified Born approximation [34,35] 

dze
dz

zd
r

r Qzi

NN

2

1)1(0

)(1
∫

++

≈
ρ

ρ
, 

(19)

or its generalization where refraction in the substrate is corrected for, by substituting 
1+NQ  for Q  in the integrand (cf footnote iii). Approximation (19) and its 

generalization are commonly employed despite their restricted range of validity, see 
for example [36]. In fact, these are generally accurate for a single interface with some 
structure: this is implied by the factorization of the Fresnel reflectance of the 
substrate )1(0 +Nr , on the l.h.s. of expr. (19). In spite of this shortcoming, we shall use 
in chapter II the Born approximation (19), to rationalize the behaviour of a fitting 
approach to the retrieval of density profiles from reflectivity data (cf subsections 
II.B.b and II.B.c). 

Approximation (18), on the other hand, is more suited to the case of a 
(structured) single layer: it remains accurate in the presence of two arbitrary density 
changes bounding the structure, i.e. two interfaces. This is not the case of approx. 
(19), which does not hold when more than one arbitrary density change is present; to 
our knowledge this problem was first recognized by Asmussen and Riegler [33]. 

 
§3 Accuracy of the linearized reflectance; we now turn to the properties of the 

approximation formulae derived above, exprs. (17) and (18). These properties are 
studied by evaluating the approximate reflectivity from expr. (18) and comparing it to 
the exact reflectivity obtained from expr. (9), for randomly-generated density 
profiles. 

The density profile of fig. 5.a, and the other density profiles considered in the 
remainder of this subsection, were generated by the following procedure. N  slab 
thicknesses cQll pp ⋅=

)
, Np K1= , were randomly drawn from an interval ],[ +− ll

))
, 
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forming a layer of total thickness ∑ =
=

N

m mll
1

))
. Then a reduced density 1ρ

)  was chosen 
for slab 1; from this density, the other 1−N  slab densities pρ

) , Np K2= , were 
drawn from the intervals ],[ 11 maxpmaxp JJ

)))) +− −− ρρ . Hence the arbitrary density profile 
)( czQρ)  of the layer was formed by the set of pairs ),( pp l

))ρ , Np K1= . Again, a 
substrate of real refractive index 1<sn  was assumed. 

Denoting pppJ ρρ )))
−= +1  the density jump between successive slabs, it follows 

from the above definition of a density profile that maxp JJ
))

≤  for all 11 −= Np K . 
Hence the parameter maxJ

)
 is just the maximum density jump between successive 

slabs; this parameter is expected to control directly the applicability of our 
approximation. In the example of fig. 5.a, 0005.0=maxJ

)
; the corresponding 

approximate and exact reflectivities are compared in fig. 5.b.  
The error due to approx. (18) is better demonstrated by considering the ratio of 

the same reflectivities 

2

(9) expr.exact 

2

(18) approx.

)(

)(

Qr

Qr
, 

(20)

hereafter referred to as deviation function, and calculated as the thick line in fig. 5.c. 
Obviously, for a perfect agreement between the exact expression and its 
approximation, the deviation function is unity for all Q . 

From fig. 5 and other such numerical experiments, it appears that the deviation 
function can be very different from unity at some small Q  values, oscillates together 
with the Kiessig-fringe spacing, and does not decay to unity at large Q . Yet the 
deviation function remains within a few percents of unity, indicating a good overall 
agreement of approximation (18) with the exact result. This behaviour was 
summarized by calculating the root-mean-square (r.m.s.) deviation 

2
1

2

)(

)( )(12
(9) expr.exact 

2
(18) approx.

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⎟

⎠
⎞

⎜
⎝
⎛ − −+∫

+

−

QQdQ
Q

Q
Qr

Qr  
(21)

from the pairs of exact and approximate reflectivities corresponding to a set of 
randomly-generated density profiles. The result is shown in fig. 6: all profiles were 
generated with a substrate of real refractive index 1<sn , and the abscissa represents 
the average density of the profile over its total thickness, 

l

zdz
l

layer
)

)))
)

)

∫
= 0

)(ρ
ρ . 

In calculating expr. (21), the cut-off wave-vector transfers were chosen as 
01c >+=− lQQ

)
π  and lQQ

)
π⋅+=+ 301c , by the following argument. The lower 

cut-off −Q  ensured that most of the low- Q  region, where approx. (18) is known and 
found to be inaccurate, was excluded from the root-mean-square deviation 
calculations. As to the upper cut-off wave-vector +Q , one would ideally take the 
limit of expr. (21) as ∞→+Q ; instead it was assumed that probing up to the 30 th 
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Kiessig fringe would be sufficient to calculate representative values of the r.m.s. 
deviation. 

 

 
figure 5: illustration of approximation (18). (a) Randomly-generated density profile, 
with a total thickness 10c =⋅Ql  and 88=N  layers; as in fig. 3, a substrate of real 
refractive index 1<sn  was assumed. (b) Corresponding exact (dots) and 
approximate (line) reflectivities, as computed from the square moduli of exprs. (9) 
and (18), respectively. (c) Ratio (thick line) of the reflectivities in panel (b) (cf expr. 
(20) in the text); also shown (thin line) is the deviation function for a single, 
homogeneous, layer of thickness 10c =⋅Ql  and of density equal to the average 
density of the profile of inset (a). 
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figure 6: r.m.s. deviations of approx. (18) with respect to the exact formula, plotted 
against the average density 

layer
ρ)  of the randomly-generated profiles. 5002×  

profiles were randomly generated in ranges of thickness 150 ≤≤ l
)

 and density 
20 ≤≤

layer
ρ) , but with different allowed maximum density jumps maxJ

)
 of 005.0  

(open circles) and 0005.0  (full squares). 
 

Consistently with the nature of approx. (18), the r.m.s. deviations are smallest, 
for those profiles involving the smaller maximum density jump between successive 
slabs ( 0005.0=maxJ

)
). We notice furthermore that the largest r.m.s. deviations occur 

at an average density 5.0=
layer

ρ) . This value corresponds to an optimum scattering 
contrast between the layered structure and its surroundings (vacuum and substrate), 
which apparently provides for the most stringent tests of the approximation. 

We considered other structural parameters characterising the randomly-generated 
profiles, and investigated their correlation with the variation and scatter of the r.m.s. 
deviations. Hence the r.m.s deviations were found to increase with the number of 
density jumps, 1−N , as well as with the average density jump between successive 
slabs, 

2
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1

1
2

1
1

⎟
⎠
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−
= ∑ −

=
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m m
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N
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. 

By contrast no dependence of the r.m.s. deviations was found against the average 
density fluctuation, 

2
1

0

2))(( ⎟
⎠
⎞

⎜
⎝
⎛ −=Δ ∫ lzdz

l

layerlayer

))))))
)

ρρρ , 
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nor the net density variation, 1
1

1
ρρ ))))

−==∑ −

= N
N

m mlayer JJ , when these quantities were 
normalized by the factor 21)1( −N . Empirically the r.m.s. deviations were found to 
behave like 

layer

layer

JN
)

)
⋅

−
⋅−

5.0

11
ρ

, 
(22)

which is shown in fig. 7. This relation was validated over the parameter ranges: 
20 ≤≤

layer
ρ) , 0005.0=maxJ

)
 and 005.0=maxJ

)
, and ≤−≤ 11 N 250 . 
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figure 7: r.m.s. deviations of fig. 6, scaled by eq. (22); the thickness range quoted in 
the caption of fig. 6 amounts to 13511 ≤−≤ N . Symbol definitions are unchanged: 

005.0=maxJ
)

 (open circles) and 0005.0  (full squares). 
 

In order to further quantify the performance of our approximation, r.m.s. 
deviations were also calculated for the single-layer representations of the above 
randomly-generated profiles. Specifically, for each randomly-generated profile, 
another deviation function 

2

(9) expr.exact 

2

layer

)(

)(

Qr

Qr
 

was calculated for the single, homogeneous, layer of same total thickness l
)

 and of 
density the average density 

layer
ρ)  of the randomly-generated profile. This deviation 

function, for the profile of fig. 5.a, is represented by the thin line in fig. 5.c. 
Another set of r.m.s. deviations could then be calculated, using )(layer Qr  in place 

of )((18) approx. Qr  in expr. (21), and using the same −Q  and +Q  as before. Fig. 8 
compares the two sets of r.m.s. deviations, that is, the reflectivities calculated by 
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approximation (18) and by the single-layer representation, both with respect to exact 
reflectivity. 
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figure 8: comparison of approx. (18) and the single-layer representation, for the data 
of fig. 6, with the same symbol definitions; the dashed lines materialize an equal 
performance of the two representations. (a) r.m.s. deviations. (b) ratio of the r.m.s 
deviation for approx. (18) to the r.m.s. deviation for the single layer, plotted against 
the r.m.s. deviation for the single layer scaled by eq. (22). 
 

Fig. 8.a confirms that approx. (18) performs better than the very simple 
representation of the randomly-generated profiles by single layers. Interestingly it 
shows also that the exceptions to this behaviour tend to occur, for those instances 
where the approximation is the least effective (i.e. those instances associated with 
large r.m.s. deviations for approx. (18), for each maxJ

)
). 

From the ratios of the r.m.s. deviation for approx. (18) to the r.m.s. deviation for 
the single-layer representation, it is possible to assess more quantitatively the relative 
performance of approx. (18); a small ratio corresponds to a successful application of 
the approximation. This ratio was found to be independent of the r.m.s. deviation for 
approx. (18). However it was found to be strongly dependent on the r.m.s. deviation 
for the single layer: hence approx. (18) is increasingly successful, relatively to 
increasing r.m.s. deviations of the single-layer reflectivity from the exact reflectivity. 
A close-up ( 5.98  % of all data points) of this behaviour is shown in fig. 8.b. It was 
finally noticed that the single-layer r.m.s. deviation was increasing with increasing 
normalised average density fluctuation 

layer
N ρ)Δ⋅− − 21)1(  or normalised net density 

variation layerJN
)

⋅− − 21)1(  of the randomly-generated profiles. 
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In summary, the foregoing validation of approximation (18), by numerical 
means, establishes the assumptions leading its derivation, and so the general 
approximation scheme contained in expr. (17). It is worth noting that even though the 
density jumps (as measured by layerJ >< ||

)
 or maxJ

)
) must be small, 0005.0≤maxJ

)
, for 

an accurate application of our approximation, there does not appear to be a 
qualitative difference between the behaviours observed at 0005.0=maxJ

)
 and 

005.0=maxJ
)

. It is furthermore remarkable that the effectiveness of our 
approximation (as measured by the r.m.s. deviation of approx. (18) from the exact 
result) does not depend on the normalized average density fluctuation 

layer
N ρ)Δ⋅− − 21)1( . This implies that the reflectivity from a profile of any shape is 

representable accurately by approx. (17), in each region of the profile where the 
density jumps are sufficiently small iv. A further understanding of our approximation 
might help identifying the origin of the residual scatter seen in the scaled data of figs. 
7 and 8, and would call for an analytical study or more sophisticated numerical 
methods. 

 
From a broader point of view, the expressions (16) and (17) derived above, 

properly qualified by their premise, suggest that: for a large class of practically-
occurring multilayered assemblies, the nonlinearity distinctly inherent to grazing-
angle reflection phenomena, as described by the Parratt formalism, is in fact acting 
only on a small subset of the parameters describing the multilayer. More precisely, 
when representing the net reflection coefficient of layers p  to qp + , and in the 
event that interfaces ( 1−p , p ) and ( qp + , 1++ qp ) are much more strongly 
reflecting than the interfaces in between, expr. (17) applies; this proves that, while 
accuracy mandates the use of the complicated effective reflection coefficient (13), it 
tolerates that the contributions pmi

mm er φ
)1( + , from the inner interfaces, are treated 

additively with respect to each other. 
These considerations tentatively support the relevance of approx. (17) to a 

number of field situations. A correlate is that an analysis of reflectivity spectra, by a 
fitting procedure involving minimal pre-knowledge of the multilayer structure, is 
sound in the same situations. This latter aspect is extensively developed in chapter II. 
                                                           
iv This aspect is especially relevant to the discretization of (piecewise) continuous density 
profiles. Consider a certain continuous portion Π  of such a profile, involving a length ll

))
≤Π  

and a net density variation ΠJ
)

 over Π . For the discrete representation of the profile, one can 
apply approx. (17), which accuracy is determined in part by the factor layerJN ><⋅− ||1

)
 of 

eq. (22). Distinguishing the ΠN  layers in Π  from the 0N  layers not in Π , writing explicitly 
layerJ >< ||

)
, and assuming for simplicity that Π  is of constant slope ΠΠ lJ

))
, one gets 

1
1

2
2

0
−

+=⋅−
Π

Π

∈
∑ N

JJJN
Nm

m
layer

)
))

. 

This expression demonstrates how the accuracy of expr. (17) improves, as the number of 
layers chosen to sample Π  increases. 
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§4 Interface roughness; the interfaces of a real multilayered structure are usually 
not completely flat, and this fact has to be accounted for by modifying the Fresnel 
coefficients, expr. (3). 

Let us consider the interface ( p , 1+p ) in fig. 4. One describes the local 
interface position by the height function ),()1( yxh pp +  of the layered-structure in-plane 
coordinates x  and y . The local interface position is related to the average (planar) 
interface position by 

)1()1( ),(1
+

Α
+ =

Α ∫∫ pppp zdydxyxh , 
(23)

with Α  the illuminated interface area and )1( +ppz  the ( p , 1+p ) interface position 
defined by (fig. 4): 

⎪⎩

⎪
⎨
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=−

=
= ∑

=

+ .1

,0,

1

)1( Npll

pl
z p

m
m

pp K
 

(24)

If this interface is not flat, its reflection and transmission properties are affected in 
two principal ways by the lack of lateral homogeneity across the yx,  plane. First, the 
variation in local interface position, =Δ + ),()1( yxh pp )1()1( ),( ++ − pppp zyxh , implies that 
the radiation incident onto this interface propagates along nonequivalent optical 
paths; for example a spread in the phase shifts, ),(2 )1( yxhQi pppe +Δ− , becomes associated 
with the reflection event at )1( +ppz  (see §A.a.2). Second, the variation in local 
interface position usually occurs concurrently with a variation in local interface 
slope, ),()1(, yxh ppyx +∇ , which causes the radiation incident on the interface to 
propagate along directions other than the reflection angle pθ  and the refraction angle 

1+pθ . For reflection, these effects amount to the attenuation of the specularly reflected 
intensity and the appearance of intensity in off-specular directions. 

A quantitative treatment of the above effects is rather involved; a review can be 
found in [37]. For reflection, the results depend sensitively on the actual form of 

),()1( yxh pp +  only in the off-specular directions [38]; for those directions the 
scattering wave vector (see subsection B.b) has a nonzero component in the yx,  
plane, hence the scattered intensity is determined by the lateral morphology of the 
interfaces of the multilayer (as well as it is determined by in-plane density 
fluctuations within each layer). In the specular direction however, the scattered 
intensity depends only on some average of the lateral multilayer structure since the 
projection of the scattering wave vector is 0  in the yx,  plane. 

 
Because we are not concerned with off-specular scattering in this thesis, we 

merely report on the modification of the Fresnel coefficients by Beckmann and 
Spizzichino [39]: 

222
,oSpizzichin-Beckmann

pqpQ
pqpq err σ−⋅= , (25a)
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pqpq rt ,oSpizzichin-Beckmann,oSpizzichin-Beckmann 1+= , (25b)

where pqσ  is the interface roughness, defined as the r.m.s. of the variation in local 
interface position, 

2
1

2),(1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ

Α
= ∫∫

Α

dydxyxhpqpqσ . 
(26)

Coefficients (25) account accurately for the effects of the perturbation of the flat 
interface by a molecular-scale roughness. As seen from expr. (25a), the Fresnel 
reflectance is increasingly attenuated by an increasing interface roughness, and this 
behaviour is strongly Q -dependent, being more pronounced at larger Q . 

It is noteworthy that expr. (25a) can be obtained directly from approximation 
(19) to the reflectance. Indeed, assuming a Gaussian distribution of the local interface 
position, and laterally averaging the variation in this local interface position, we may 
write: 

2

2
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1)( ⎟
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⎠
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⎛ −
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⋅
−

⋅= pq

pqzz
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qp e
dz

zd σ

σ

ρρ

π
ρ . 

(27)

Then, setting 0=pqz , and performing the Fourier transform in expr. (19) with the 
density profile (27), one recovers coefficient (25a) for the reflectance of an air-
substrate interface with densities 0== ap ρρ  and 1+== Nsq ρρρ . This result 
demonstrates that the effect of interface roughness on the specular reflectivity is 
similar to a grading of the interface density profile by a function such as reported in 
expr. (27) [40,41]. 
 

The case of a multilayer containing rough interfaces can then be treated by 
application of the Parratt formalism, expr. (9), wherein the Fresnel coefficients )1( +ppr  
are replaced by the coefficients )1(,oSpizzichin-Beckmann +ppr , provided all interface 
roughnesses are small: 

.10,
,1,

1)1(

)1(

−=<<
=<<

++

+

Npl
Npl

ppp

ppp

K

K

σ
σ

 
(28)

When this condition was satisfied the coefficients (25) were used in the exact 
formalism, in chapters III, IV, and V. 
 

The effect, on specular reflectivity, of a macroscopic sample curvature is treated 
in subsection B.c. 
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B. Practical aspects 
 

a. Inversion of the reflectance 
 

X-ray and neutron specular reflectometry experiments usually aim at measuring, 
over a large range of Q  values, the reflectivity 

2
)()( QrQR =  from a layered 

sample. This information is of importance owing to the special relation between the 
reflectance and the density profile characterizing the sample (or equivalently, 
between the reflectance and the refractive-index profile since 2)(1)( znz −∝ρ ). The 
relation, between the functions )(Qr  and )(zρ , is indeed one-to-one v, so that )(Qr  
determines completely )(zρ . In practice, this property implies that knowing )(Qr , it 
can be inverted so as to reconstruct univocally )(zρ . 

 
There are, by essence, experimental and numerical obstacles to exploiting the 

theoretical possibility of such inversion. Of those, the single most troublesome 
obstacle arises from the well-appreciated circumstance that experiments normally 
measure only the flux of particles reflected from the sample (which is, after 
normalizing to the incident beam flux, )(QR ), and so do not supply any direct 
information on the phase )(arg)( QrQ =Φ  of the reflectance. Unfortunately this 
incomplete experimental determination of the reflectance is not sufficient to perform 
the inversion. )(QR  has to be supplemented with a guess of )(QΦ ; the inversion 
becomes then possible, but the resulting density profile need not, in general, be the 
true )(zρ . This difficulty is referred to as the phase problem of reflectometry, and a 
close look at this problem is expanded in chapter II, section B. 

The alternative, prevalent method to reconstruct )(zρ  is conceptually less direct 
than an inversion of the reflectance, and consists in matching empirically the 
reflectivities )(QRmodel  calculated from a model of the density profile, with the 
measured reflectivities )(QR . This procedure, commonly referred to as fitting, draws 
its versatility from the possibility to explore various models of the density profile, 
and to investigate the effect of systematically varying the model parameters, on the 
agreement between the calculated and measured reflectivities. Typically, the best 
model and model parameters are selected, as determined by those that yield the best 
agreement of the reflectivities, quantified by the residual mean-square deviation 

                                                           
v Exprs. (10) and (19) suggest that the relation between )(Qr  and )(zρ  is essentially a 
Fourier transform. Because these expressions are approximations to the exact reflectivity, this 
relation is however not exactly a Fourier transform. Those of the reported results that rely on 
approx. (10) or approx. (19) (see especially section II.B), hold at least qualitatively and thus 
do capture the physical phenomena under consideration. In any case, due mention is made of 
the use of these Born approximations in the right places. 
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(29)

In this expression, dataN  denotes the number of points where the reflectivity )( mQR  
was measured at wave-vector transfers mQ , )( mQRΔ  represents the statistical error in 
the measured reflectivity )( mQR , and parametersN  denotes the number of fitting 
parameters. For a very good model of a given refractive-index profile, 12 →χ , 
where ‘ ’ denotes the average of the 2χ  found by applying the fitting procedure to 
an increasing number of reflectivity measurements of the same density profile. 

Of course the fitting procedure does not provide more certainty on the obtained 
density profile, than the guessing of the phase of )(QR  does. Rather, models tend to 
restrict the numerical region spanned by )(QRmodel ; as a result one might not be able 
to represent accurately, or without systematic errors, the measured reflectivity )(QR  
by the model reflectivity )(QRmodel , for any set of values for the model parameters of 
a given model. But the procedure of fitting has earned success, due in part to its 
flexibility for summarizing the expectations of the experimenter with regard to 
multilayer structure, and in part to the convenience afforded by the present 
computational power. This is also the procedure that we employ to analyse our 
reflectivity data, in all of the following chapters. 

 
The remainder of this section deals with the presentation of the experimental 

schemes conceptually involved in the experiments proper, the discussion of 
resolution and curvature effects, and the presentation of explicit expressions for the 
refractive index as the quantity determining the net interaction between a specific 
scattered probe and a specific scattering sample.  
 
 b. Experimental schemes 
 
 Experiments are performed in two ways, differing in the manner by which the 
Q -range is probed. θλπ sin2 ⋅=Q  is half the modulus of the scattering wave vector 

inout kk − , when the specular condition is satisfied as shown in fig. 9. 
 

z

y
θ

ink−

outk
inout kk −

θx

 

 
figure 9: scattering geometry for specular 
reflectometry, with the plane of incidence 
parallel to the ),( zy -plane, and the sample 
surface parallel to the ),( yx -plane. 
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The wavelength of the incident radiation being kept constant, the reflected 
intensity is collected while sweeping the incidence angle over an arbitrary range and 
maintaining the specular condition. This first collection mode (‘angle scan’) is typical 
when working with a monochromatic incident radiation, and requires using precision 
goniometers so as to preserve a good resolution in scattering wave vector. All x-ray 
reflectometry measurements in this thesis (chapters III and V) have been performed 
with angle scans; an example of reflectometer design for such measurements is 
shown in fig. 10. 

In this set-up, slit (2) defines the geometrical cross-section of the beam coming 
from the x-ray source (1), and incident onto the monochromator crystal (3). This 
crystal is oriented with respect to the incident x-ray beam so as to select by Bragg 
reflection a narrow wavelength band of the beam; it also defines the beam 
divergence. Slit (4) allows to define the angular acceptance of the sample, as well as 
the beam size onto the sample (5). Elements (2) to (4) define the incident x-ray beam 
collimation. The sample is mounted vertically onto a goniometer, by which the 
incidence angle of the beam is defined by rotating the sample-surface to an angle θ  
with respect to the incident beam. The sample is aligned by translation in, and 
rotation about, the horizontal plane. The specularly reflected beam, making an angle 
of θ2  with respect to the incident beam, lies in the horizontal plane for this vertical 
sample geometry, and is collected by the detector (7) which is mounted on a 
goniometer arm. Slit (6) serves to eliminate the background (diffuse) scattering by 
reducing the angular acceptance of the detector; it also define the beam size of the 
reflected beam. 
 

 

figure 10: sketch of an x-
ray reflectometer for 
performing angle scans. 
The labels represent: (1) 
x-ray source, (2)(4)(6) 
slits, (3) monochromator 
crystal, (5) sample, and 
(7) detector. Additionally 
another slit can be added 
between the sample and 
slit (6), close to the 
sample, for further 
background reduction. 
Taken after [42]. 

 
The second collection mode (‘wavelength scan’) consists in setting the sample 

and detector angles fixed so as to fulfil the specular condition, while the reflected 
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intensity is collected for various wavelengths of the incident radiation. It is especially 
suited for neutron time-of-flight instruments, where a chopper defines a reference 
time and a neutron wavelength range; a good discrimination of the time of arrival of 
the neutrons must then be possible at the detector. The neutron reflectometry 
measurements reported in this thesis (chapters IV and V) were all performed as 
wavelength scans on ROG, the time-of-flight reflectometer of the Interfacultair 
Reactor Instituut, Technische Universiteit Delft. On this instrument the sample is 
mounted horizontally, and kept horizontal at all times, hence allowing measurements 
of liquid surfaces in addition to thin films. It is therefore necessary to orient the beam 
towards the sample surface, which is achieved by the combination of a stacked 
neutron guide and a supermirror allowing to define the neutron beam angle of 
incidence. The collimation and beam size are set by slits, as outlined for the case of 
angle scans (fig. 10). More information can be found in the thesis of de Haan [43], 
where ROG is extensively described.   
 
 c. Resolution and curvature effects 

 
The expressions for the reflectivity we have derived above assume that the 

modulus Q  of the scattering wave vector is perfectly defined. In practice, this is 
never achieved. A first reason for this is that the resolution function of the instrument 

)(QΩ , giving the distribution of values of Q  defined by the instrument around the 
nominal value, is not a Dirac function. This smears the reflectivity spectrum, so that 

)()( QQR Ω∗  is the quantity actually measured vi. The resolution function Ω  is 
usually assumed to be Gaussian. When the beam-defining slits (cf previous 
subsection) are disposed symmetrically about the sample, i.e. with equal widths and 
equal distances before and after the sample, the resolution width parameter QΔ  is 
written as:  

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ Δ+⎟

⎠
⎞

⎜
⎝
⎛ Δ×≈⎟

⎠
⎞

⎜
⎝
⎛ Δ⋅+⎟

⎠
⎞

⎜
⎝
⎛ Δ⋅=Δ

<<

22
2

1

2

2

2
2 sin2cos2

λ
λ

θ
θλθ

λ
πθθ

λ
π

θ
QQ , 

                                                           
vi The fitting procedure introduced at the beginning of this section does not necessitate a 
deconvolution of )(QR  and )(QΩ : in those situations where the resolution )(QΩ  is not 
known with sufficient accuracy, its parameters (for example, the resolution width parameter 

QΔ  of expr. (30)) can be fitted together with the other fitted model parameters. In any event, 
the residual mean-squared deviation becomes 
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by modification of expr. (29). We use this expression to measure the fit qualities in all of the 
following chapters. 

(30) 
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where θΔ  is the divergence of the beam produced by the instrument, and λΔ  is the 
width of the wavelength distribution. Derivations of this expression and similar 
expressions for more complicated slit geometries can be found in [44-46]. For angle 
scans with a highly monochromatic radiation, expr. (30) reveals an almost-constant 
resolution over the whole Q  range. For both angle and wavelength scans, the 
magnitude of the angular contribution to the resolution smear decreases with a better 
beam collimation. 
 

Sample curvature is another source of smearing for )(QR , but this effect may 
also be described in the resolution function Ω , which thus becomes sample-
dependent, in addition to being instrumental. The term corresponding to sample 
curvature is added to expr. (30), so sampleθθ Δ+Δ  replaces θΔ  therein. 

 
It is worth noting that the presence of sample curvature necessitates specific 

alignment procedures, especially when performing angle scans. Indeed for a 
misaligned curved sample, satisfying the specular condition at a given angle does not 
ensure specularity at all angles. This issue is by definition less serious for wavelength 
scans. 
 
 d. Constitution of the refractive index 

 
The expressions derived earlier in this chapter (section A) did not necessitate any 

detailed knowledge of the refractive index n . In light of eq. (1) however, it is clear 
that the refractive index contains all the information on the propagation medium, 
which can be determined from its interaction with the probing radiation. 

Quantitative relations, between the refractive index and the properties of the 
propagation medium, are therefore central to the application of reflectometry to 
materials study. These relations, reported below for x-rays [47] and neutrons [28], are 
determined by inferring the coefficient 21 n−=ξ  (expr. 2) from the microscopic 
properties of the dispersing medium. The refractive index is complex, and the real 
and imaginary parts are designated: 

βδξ i+= . (31)
In accord with experimental observations, calculations indicate that both ξ  and 

δβ  are very small, for x-ray (neutron) energies away from the atomic (nuclear) 
resonances of the elements of material. 
 

For x-rays, the real and imaginary components of );( rλξ rayx−  are written as: 
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(32a)
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(32b)

where the constants 15
e 108179.2 −×=r  m and AN  are the classical electron radius 

and the Avogadro’s number, respectively; the electronic density )(e rρ  is averaged 
over a volume vΔ  centered on r ; mZ , mM , )(λeff

mZ , and )(λμm  are the atomic 
number, atomic weight, real part of the atomic form factor, and mass absorption 
coefficient, respectively, of those atoms m  belonging to the volume vΔ  centered on 
r . The mass absorption coefficient is related to the imaginary part of the atomic form 
factor by the multiplicative factor mMNr Ae2λ . A simplification was made in 
writing the r.h.s. of eq. (32a), where the angular dependence of )(λeff

mZ  is ignored. 
Indeed the atomic form factor is essentially constant over the entire Q  region 
explored by the experiments of this thesis. More details on relations (32) can be 
found in the book of James [47]. 
 
 For neutrons, ignoring magnetic scattering, the real and imaginary components 
of );( rλξ neutron  for nuclear scattering are written as: 
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(33a)
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(33b)

where )(n rρ  is the average number density of atoms, and the summations over m  
are defined, as above, relatively to a certain volume vΔ  centered on r ; vNΔ  is the 
number of atoms in vΔ . For atom m , mb  is the real part of the bound coherent 
scattering length, and )(λσm  is the total collision cross section. The wavelength 
dependence of mb  in eq. (33a) is ignored, as it is negligible over the range of thermal 
neutron energies, except for a few isotopes not employed in this thesis. More details 
on relations (33) can be found in the book of Sears [28]. 
 
 It is also possible to introduce an (electronic or nuclear) scattering-length density 
Γ : 

);(4);( /2

2

e/n rr λξ
λ
πλ neutronrayx−=Γ . 

(34)

This definition allows to write into a more compact form the Q  dependence of the 
wave-vector transfer in a medium of refractive index pn  (expr. (4) and also footnote 
iii). Using expr. (2) one obtains: 

pp QQ Γ−= 22 . (35)
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Finally, we note that the ‘scattering-length density’ is especially useful when 
dealing with thermal neutrons. Indeed, as appears from the form of neutronδ , and since 
in most cases neutronneutron δβ << , the nuclear scattering-length density nΓ  is 
essentially wavelength-independent. We will work with this quantity when analysing 
the neutron reflectometry experiments presented in chapters IV and V. 
 

The electronic density )(e rρ  and the number density )(n rρ  are explicitly 
defined with reference to the (locally-averaged) mass density )(rρ : 

v

m
m
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= )()( ne rr ρρ , 

(36a)

∑
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m
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M
NNA

n )()( rr ρρ . 
(36b)

Both the ratios rayxrayx −− δβ  from exprs. (32), and neutronneutron δβ  from exprs. (33), 
are λ -dependent, density-independent, constants of the local atomic composition of 
the material. This property, implying that the refractive index (at a fixed wavelength) 
is correctly described by two independent parameters (density and composition), is 
used in chapter III, where angle scans were performed. 

The relations (36), as well as the form of the δβ  ratios supporting the relation 
ρξ ∝ , justify that ‘density’ and ‘ ρ ’ were used throughout this chapter, without 

specification of the actual nature of the density being considered. 
 

For a molecular material, the locally-averaged molecular density is defined by 
taking vΔ  as the volume of a single molecule, so that it is related to the densities in  
eqs. (36a) and (36b) by: 

∑
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m
mM

NA
molecule )()( rr ρρ , 

(37a)

vNΔ= )()( moleculen rr ρρ , (37b)

∑=
m

mZ)()( moleculee rr ρρ . (37c)

For a macromolecule, it is preferable to average over the volumes of the various 
subunits of the macromolecule. Hence for a polymer with small side groups, one 
defines a monomeric density instead of the molecular density, by taking vΔ  as the 
volume of a monomer. 
 



 



 
II. Model-independent analysis 

 
 
 

  
 

In the previous chapter, we derived a new approximation (formula (I.18); see 
also formula (I.17)) to the exact reflectivity, in an attempt to uncover the structure of 
the reflection coefficient for a single layer. The main hypothesis was the weakness of 
the density variations within the single layer, itself defined by two large density 
jumps, at the top (free) and bottom (film-substrate) interfaces. In such conditions, 
where the linearization leading to the same expression (I.18) is justified, the 
modulations to the reflectivity spectrum are essentially additive. This suggests that it 
may be a simple matter, from an algorithmic point of view, to resolve these 
fluctuations, knowing the average single-layer structure that they perturb. 

In this chapter, we present our development of such an algorithm, by a fitting 
approach; the novelty of the algorithm lies in its applicability over the entire wave-
vector range of the reflectivities. This algorithm is shown in a first section to be 
effective in revealing the real-space structure of films, using simulated reflectivity 
spectra. These numerical examples also support the finding that the algorithm is 
effective much beyond the range of validity of approximation (I.18). While the 
algorithm is not tested through the analysis of the measured reflectivity spectra of the 
subsequent chapters (III, IV, and V), the emphasis of the first section is put on those 
aspects that are expected to be the most important to the practical application of the 
algorithm. In particular, the requirement of knowing the average film structure is 
examined in some detail. In a second section, the implications of the phase problem 
(see subsection I.B.a) are considered, both insofar as it represents an intrinsic 
limitation to the knowledge attainable by the x-ray and neutron reflectometry 
techniques, and for the conclusions derived by the fitting approach presented in the 
first section. Our analysis, of the implications of the phase problem for our approach, 
also clarifies the reasons underlying the success of similar, less general fitting 
approaches. Finally, the generalisation of our results to the case of multilayers is 
outlined. 
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A. Analysis with a few assumptions 
 

a. Basic constraint 
 

The main motivation for this study was to dispose of a means to resolve the fine 
structure of thin, single organic layers. This fine structure is often difficult to guess, 
or alternatively, easy to miss because of the weak contrast in those systems, which 
arises typically from mass density variations due to surface effects (adsorption 
properties of the material, layering close to a hard wall). 

For such films, the reflectivities are suggestive of a single layer (see fig. I.5), and 
only a close inspection of the data reveals deviations from the model of a single layer 
with constant refractive index. Practical experience shows that the deviations from 
the single-layer model do not, most often, disappear by just introducing a two- or 
three- layer model. This is because there is no a priori reason for density variations to 
distribute coherently over a small number of layers. On the other hand, it is unsafe to 
divide a single layer in an arbitrary (large) number of slabs, and just ‘look what 
comes out’ of a fitting process. It would yet be valuable to possess the ability to 
resolve unanticipated structural features with some confidence. 

 
Over the past decade, a number of reflectivity studies have discovered or 

confirmed experimentally the existence of structural features, on a variety of thin-
film systems [48-53]. While these studies relied on the development of ‘model-
independent’ analyses [48], they were not usually based on the fully general (exact) 
reflectivity formalism. Intuitively, using the full formalism should yet be equally 
feasible, since the film fine structure manifests itself mostly at larger Q , where most 
approximations tend to the exact result, similarly to the Born approximation recalled 
by eq. (I.10). In fact, the full formalism is even preferable over approximate 
formalisms, for deriving information on the longer-scale density fluctuations and 
absolute density, to the extent that approximations fail in the lower- Q  region. We are 
going to show that using the full formalism in a model-independent analysis is indeed 
possible. Our results can therefore be seen as an important generalization of the 
earlier results of [48-53], which are still currently applied [54,55]. 

The foregoing considerations lead to the following premise: if the system is a 
weakly structured single layer (in the sense that its reflectivity can be roughly 
represented by a single layer model in the low- Q  region), the constraint 

∫∫ =
ll

model dzzdzzmodel

00
)()( ρρ , (1a)

llmodel = , (1b)
should convey very little bias into the reflectivity analysis. In the above expression 
and in the following, we follow the notations of fig. I.4, and the model quantities are 
distinguished from the quantities of the true system by the subscript ‘ model ’. 
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Constraint (1) acts on the layer parameters by enforcing that the model thickness 
equals the true thickness, and that the mean density 

layermodelρ  of the layer in the 
model profile equals the mean density 

layer
ρ  of the layer in the true profile. 

In expr. (1a), the integrand forms ensure equivalent constraints, using rayx−ξ  or 
neutronξ , by eqs (I.36); in fact, the following tests were performed using the scattering-

length density Γ , defined in expr. (I.34). 
 

b. Implementation and testing i 
 

The testing was performed by fitting simulated data, and gauging the success in 
retrieving the (known) density profile underlying these data. 

 
§1 Implementation of the basic constraint; the fitting program used was Software 

Tools for the Analysis of Reflectometry (STAR) [56], employing the exact matrix 
formalism; the matrix formalism [27] is equivalent to the Parratt formalism, 
presented in chapter I. We will also use this software to analyse the measured 
reflectivities of chapters IV and V. STAR allows a flexible implementation of 
constraints between layer parameters. For example, functions parameterizing the 
density profiles can be defined; reflectivities from such density profiles are best 
computed from the discrete forms of the functions, as the steps of a discrete function 
can be directly fed into the matrix. The constraints to be imposed are then that the 
densities of each slab match those of the function to be fitted. This scheme is 
specifically used in chapter IV, sections B and C. In the present chapter, we chose to 
assess the effectiveness of constraint (1) on discrete density profiles, which 
construction rules are described in the next paragraph. Such density profiles are 
easily described with STAR, and so the discrete model density profiles, derived from 
fitting with STAR, can be directly compared with the (discrete) original density 
profiles. 

This approach is not lacking generality, as explained now. Reflectometry is 
always performed up to a finite, maximum wave-vector transfer maxQ ; consequently 
for a given measurement (and a given maxQ ), the features of the original density 
profile at length scales finer than )2(1 maxQz =Δ  cannot be resolved, and the most 
information can be extracted down to the scale zΔ  [57]. This property furthermore 
implies that a given measurement supports up to zl Δ⋅)2(1 π  parameters for 
representing the original density profile of assumed spatial extension l , by any 
function describing the model density profile (see [58] and references therein); if 
more parameters are allowed in this function, the model density profile becomes 
under-determined with respect to that measurement. Therefore the choice of 
describing the model density profile by a discrete function (involving slabs of 
                                                           
i The work described in this subsection was performed together with dr. Gooitzen 
Zwanenburg (Universiteit van Amsterdam). 
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independent densities) is reasonable, since it does not presume of the discreteness of 
the original density profile; this is reflected in the remainder of this chapter, by the 
accent ‘ˆ’ attached to model density profiles to emphasize their discrete character, as 
derived from the fitting process. The implications of the above choice are considered 
in §5 of the present subsection, for the general form of the model density profile itself 
(see also §B.b.3). 

 
In order to allow representing the through-plane density variations identifying 

the true structure, the modelling structure was divided into slabs of constant thickness 
at least of the order of zΔ , so into a number modelN  of slabs such that 

zNl modelmodel Δ≥ . Most importantly, all slab densities were left free, except for one, 
set to 

∑
−

=

Γ−Γ=Γ
1

1
,,

ˆˆˆ
model

model

N

p
pmodellayermodelmodelNmodel N , 

(2)

with layermodel >Γ< ˆ  fixed throughout a fit. With modell  fixed as well, expr. (2) forms the 
minimal constraint needed for obtaining the results presented thereafter. We 
emphasize that, only when layerlayermodel >Γ<=>Γ< ˆ  and llmodel = , expr. (2) is the 
discrete version of expr. (1a). For a given numerical experiment, i.e. all fits carried 
over with given )(zΓ  and maxQ , modelN  was set to a constant, and the substrate 
density was assumed known, 11

ˆ
++ Γ=Γ NNmodel, model

. 
The minimization involved in the fitting process of STAR was accomplished by 

the MINUIT package (CERN). The chosen initial condition was, for all tests, a film 
of homogeneous density; the importance of this initial condition will be elucidated in 
subsection B.c. At this stage we simply remark that, by the arguments underlying the 
emergence of constraint (1) in the previous section, an homogeneous density profile 
turned up as the natural choice for the initial condition. In any case, the program 
would subsequently vary slab densities from this initial condition, with the imposed 
constraint (2), towards a minimal residual mean-square deviation 2χ ; the latter was 
calculated by the expression given in footnote I.vi. 

 
 §2 Generation of simulated reflectivities; next we describe the procedure for 
fabricating the data used. For a layer of N  slabs, N  slab densities pΓ , Np K1= , 
were drawn randomly from an interval ],[ +− ΓΓ . N  slab thicknesses pl , Np K1= , 
were drawn similarly from an interval ],[ +− ll , or set to a single value. Hence the 
arbitrary density profile )(zΓ , for the layer, was formed by the set of pairs ),( pp lΓ , 

Np K1=  ii. 
                                                           
ii The morphology of the density profiles considered in this chapter is more restricted than that 
of the density profiles dealt with in evaluating approx. (I.18). Indeed, using the notation 
introduced in chapter I to define 1+ΓΓ= Nppρ

) , 1)( +−+ ΓΓ−Γ= NmaxJ
)

, and =middleρ)  
)2()( 1++− ΓΓ+Γ N , the rule for generating the density profile is reformulated as pρ

)  being 
drawn from ]2,2[],[ 11 maxmiddlemaxmiddlemaxpmaxp JJJJ

))))))))
+−∩+− −− ρρρρ . At fixed maxJ

)
, 
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Assuming vacuum for the medium of incidence, the reflectivity 2)()( QrQR =  
from this density profile was then evaluated by the matrix formalism, for a set of Q  
values, and up to a maxQ  high enough that the reciprocal scale zΔ  is not limiting for 
the retrieval of the initial density profile. Successive Q  values were spaced 3103 −×  
nm-1, for all tests. The reflectivity )(QR  was folded with a Gaussian resolution 
function )(QΩ  of width 05.0=Δ QQ , for all tests. 

The next step was to introduce noise into the data. Constant relative error bars 
... ber  were assumed, and values )(QW  for the simulated data points were drawn at 

each Q , from a Gaussian distribution centered on )()( QQR Ω∗  and of width 
))()((.)..( QQRber Ω∗× . Finally error bars ))()((.)..()( QQRberQW Ω∗×=Δ  were 

added to construct the final data set { })(),(, QWQWQ Δ . The above procedure ensures 
that the simulated data bear some similarity with real data. 

 
 §3 Testing the algorithm – the simplest case; in a first group of tests, the density 
profiles Γ  were spatially defined by 50=N  slabs of thickness Nl , 50=l  nm, and 
only the N  slab densities were randomly defined. Such profiles are seen in the solid 
lines of figs. 1.b and 2.b, representing the instances of a mean density layer>Γ<  
above ( 3109.4 −

− ×=Γ  nm-2
+Γ≤Γ≤ p

3101.5 −×=  nm-2) and below ( 31066.1 −
− ×=Γ  

nm-2 31086.1 −
+ ×=Γ≤Γ≤ p  nm-2), respectively, that of the substrate ( 3

1 106.2 −
+ ×=ΓN  

nm-2). In comparison with the density profiles of §I.A.b.3, these parameters amount 
to generating profiles with a maximum density jump 077.0=maxJ

)
 between 

successive slabs. The resulting reflectivities )(QW  were evaluated until 3=maxQ  nm-1, 
and are shown as symbols in figs. 1.a and 2.a, with error bars =Δ )(QW  

))()((05.0 QQR Ω∗×  having the size of symbols. 
As indicated above, the starting form for modelΓ̂  was that of a constant density 

throughout all slabs in the layer. The assumption NNmodel =  was further made in this 
first group of tests. Applying the constraint (2) with the values llmodel =  and 

layerlayermodel >Γ<=>Γ< ˆ , fitting results in the model reflectivities )()( QQRmodel Ω∗ , 
reported as solid lines in fig. 1.a ( 03.12 =χ ) and fig. 2.a ( 295.12 =χ ). 

                                                                                                                                                       
restricting the density profiles to the region around middleρ)  results in smaller layerJ

)
 and 

layer
ρ)Δ , and so in the restriction to the low-‘scaled single-layer r.m.s. deviation’ region of 

fig. I.8.b. 
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figure 1: retrieval of the density profile of a weakly structured single layer; constant-
thickness slab case; the mean layer density is larger than the substrate density 

3
1 106.2 −
+ ×=ΓN  nm-2. (a) simulated reflectivity data )(QW  with 05.0... =ber  

(symbols) and fitted curve (solid line); the error bars are smaller than the symbol 
size. The overlap between the simulated and fitted reflectivity data is very good, and 
the difference between them is made visible by plotting (c) the normalised residuals 
for data with 05.0... =ber  (bottom) and data with 01.0... =ber  (top, shifted by a 
constant). (b) comparison between the true density profile (solid line) and the density 
profiles obtained from the fits to )(QW  (data of (a) with 05.0... =ber , open symbols; 
data with 01.0... =ber , full symbols). 
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figure 2: retrieval of the density profile of a weakly structured single layer; constant-
thickness slab case; unlike in fig. 1, the mean layer density is smaller than the 
substrate density 3

1 106.2 −
+ ×=ΓN  nm-2. (a) simulated reflectivity data )(QW  with 

05.0... =ber  (symbols) and fitted curve (solid line); the error bars are smaller than 
the symbol size. The overlap between the simulated and fitted reflectivity data is very 
good, and the difference between them is made visible by plotting (c) the normalised 
residuals for data with 05.0... =ber  (bottom) and data with 01.0... =ber  (top, shifted 
by a constant). (b) comparison between the true density profile (solid line) and the 
density profiles obtained from the fits to )(QW  (data of (a) with 05.0... =ber , open 
symbols; data with 01.0... =ber , full symbols). 
 

While the agreement between the )(QW  and )()( QQRmodel Ω∗  is rather good, the 
retrieved density profiles modelΓ̂  (open symbols in figs. 1.b and 2.b) are only in fair 
agreement with the original density profiles Γ . To understand this result further, 
reflectivities )(QW  were calculated again from the original density profiles in figs. 



 MODEL-INDEPENDENT ANALYSIS II.A.b 40

1.b and 2.b, but with (smaller) 01.0... =ber , and the fitting procedure was repeated. 
Similarly to the curves in figs. 1.a and 2.a (both for 05.0... =ber ), the 

)()( QQRmodel Ω∗  trace very closely the )(QW  for 01.0... =ber  (data not shown), 
with 93.02 =χ  and 0.82 =χ , respectively. For the two different statistical 
accuracies in )()( QQR Ω∗ , a comparison of the normalized residuals 
( ) )()()()( QWQQRQW model ΔΩ∗−  is made in figs. 1.c and 2.c: it appears that there 
is no significant difference in the relative quality of the model reflectivities 
reproducing the simulated data. Yet the retrieved density profiles in the case of the 
higher-quality data, displayed as full symbols in the figs 1.b and 2.b, are in sensibly 
better agreement with the original density profiles, than those retrieved by fitting the 
lower-quality data (open symbols). 

These observations allow drawing two simple conclusions. First, the fitting 
procedure, together with the assumptions made in applying constraint (2) for this first 
group of tests, appears effective in retrieving the original density profiles, in view of 
the consistent scatter of the retrieved density profiles around the original density 
profiles. Second, we ascribe the difference in the results obtained from the lower- and 
higher- quality data, to the fineness of the analysis scheme; it is powerful enough to 
translate the statistical character of actual data into fluctuations around the true 
density profile iii. The practical implication for experiments is that very accurate data 
are necessary to obtain the best results from constraint (2). 

 
§4 Testing the algorithm – the case of errors in the basic-constraint parameters; 

we now address the necessity of the assumptions llmodel =  and =>Γ< layermodel
ˆ  

layer>Γ< , as these embody only the most favourable application of constraint (2). 
Indeed, from the reflectivities of an arbitrarily structured single layer, the accurate 
determination of l  and layer>Γ<  is the outcome of a (complete) data analysis. It is 
only in the special situation of a weakly structured single layer that the pre-
knowledge of l  and layer>Γ< , set as a requirement in stating constraint (1), is 
obtainable from a (partial) low- Q  data analysis. For example, such an analysis would 
probably be sound when carried out on the data of fig. I.5.b, judging by the apparent 
regularity of their Kiessig fringes; by contrast the data of fig. 2.a exhibit less regular 
Kiessig fringes at lower Q  (the maximum wave-vector transfer of fig. I.5.b 
corresponds to 40.1  nm-1 in fig. 2.a). This comparison underlines that there does not 
seem to exist an objective basis for marking out, by the extent of the layer 
                                                           
iii This claim is supported by the following test on the case summarized in fig. 1. The model 
density profile retrieved from )(QW  with 01.0... =ber  was used as starting profile for fitting 
the )(QW  data with 05.0... =ber . The fitting process started with 08.12 =χ , and ended with 

03.12 =χ , yielding a model profile identical to that obtained by the normal procedure of 
starting with a constant density profile for the layer. Similarly, starting with the profile 
retrieved from )(QW  with 05.0... =ber , for fitting the )(QW  data with 01.0... =ber  (starting 

16.22 =χ ), the minimization ended with 93.02 =χ  and the model density profile found 
previously by starting with a constant density profile for the layer. 
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structuring, the domain where such a low- Q  analysis is valid (see also the comments 
to fig. I.8.b in §I.A.b.3). Hence, it is crucial to determine the status of these 
assumptions, llmodel =  and layerlayermodel >Γ<=>Γ< ˆ . 

In a second group of tests, the reflectivities )(QW  with 01.0... =ber , for the 
profile in fig. 1.b, were therefore analysed again with a range of fixed ratios 

1≠llmodel  and 1ˆ ≠>Γ<>Γ< layerlayermodel . This simulates the instances of an 
inaccurate guess or knowledge of the true parameters l  and layer>Γ< . Because of the 
narrow range in llmodel  explored around unity, the number modelN  of slabs for the 
model was kept constant to its correct value 50=N . Figure 3 summarizes the results 
obtained, in terms of the 2χ  parameter representing the fit quality. The minimum for 
all three paths on the layermodelmodell >Γ< ˆ,  plane is 93.02 =χ , as quoted earlier. 

Fig. 3 shows that assumptions regarding the values of l  and layer>Γ<  are 
testable against the data themselves, owing to the extended basin formed around the 
minimum of 2χ , at the true parameters. In particular, when layermodel >Γ< ˆ  and modell  
are varied while keeping ll layermodellayermodel ×>Γ<=×>Γ< ˆ  (constant), the terms of 
the product modellayermodel l×>Γ< ˆ  can be further separated accurately into 

layerlayermodel >Γ<=>Γ< ˆ  and llmodel = , respectively. 
 

figure 3: effect of the error in the assumed total layer thickness modell  and assumed 
mean layer density layermodel >Γ< ˆ . Each 2χ  is the outcome of a fit to the same )(QW  
( 01.0... =ber ) simulated from the solid-line density profile of fig. 1.b. Open squares: 

llmodel =  and 07.1ˆ94.0 <>Γ<>Γ<< layerlayermodel ; full diamonds: =>Γ< layermodel
ˆ  

layer>Γ<  and 05.195.0 << llmodel ; full triangles: ll layermodellayermodel ×>Γ<=×>Γ< ˆ , 
and 06.1ˆ94.0 <>Γ<>Γ<< layerlayermodel , << llmodel94.0 06.1 . 
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From this second series of tests, it is therefore apparent that the strictest 
application of constraint (1) (as realized through the first group of tests) can be 
extended meaningfully to the situation, where one just holds an approximate 
knowledge of the key layer parameters l  and layer>Γ< . For the analysis of 
experimental data, and having often rough estimates of the layer thickness and mean 
density, it follows that it is necessary, in order to find the minimum of 2χ , to 
determine the topography of the 2χ  surface in the portion of the layermodelmodell >Γ< ˆ,  
plane that covers the range of plausible values for l  and layer>Γ< . 
 

§5 Testing the algorithm – the general case; Finally we determine the 
significance of the convenience assumption NNmodel = , held throughout the 
preceding series of test. While a continuous density profile Γ  is representable, for the 
purpose of computing its reflectivity, by a discrete density profile Γ̂ , there is no 
necessity of constructing this profile with constant-thickness slabs, nor of assigning 
to it a definite number N  of slabs. In fact, it is unclear how effectively a discrete 
profile Γ̂  with certain N  and Nl -thickness slabs will represent, for a fixed maxQ , a 
given density profile Γ . 

To explore the seriousness of this issue, the reflectivities )(QW  with 
01.0... =ber , shown as symbols in fig. 4.a, were simulated from the density profile Γ  

of fig. 4.b (solid line). This density profile was made of N  random-thickness ( 1=−l  
nm and 5  nm 10≤≤ +l  nm iv), as well random-density ( 3106.1 −

− ×=Γ  nm-2 and 
3108.1 −

+ ×=Γ  nm-2), slabs. The total layer thickness l  and the number N  of slabs 
were determined by the condition 501

1
<∑ −

=

N

p pl  nm llN

p p =≤∑ =1
, amounting to 

drawing a number of slabs such that the layer thickness just exceeds 50  nm. In fig. 
4.b 17=N  and 55.51=l  nm. A substrate density 3

1 106.2 −
+ ×=ΓN  nm-2 was chosen 

as previously. This density profile is again characterized by 077.0=maxJ
)

. 

                                                           
iv Precisely, a new +l  was randomly drawn from the interval 5[  nm 10,  nm ] , prior to each 
drawing of pl  from ],[ +− ll . 
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figure 4: retrieval of the density profile of a weakly structured single layer; variable-
thickness slab case; like in fig. 2, the mean layer density is smaller than the substrate 
density 3

1 106.2 −
+ ×=ΓN  nm-2. (a) simulated reflectivity data )(QW  with 01.0... =ber  

(symbols) and fitted curve (solid line); the error bars are smaller than the symbol 
size. The difference between the simulated and fitted reflectivity data is visualized by 
plotting (c) the normalized residuals for data with 05.0... =ber  (bottom), 

01.0... =ber  (middle, shifted by a constant), 002.0... =ber  (top, further shifted by a 
constant); the middle and top normalized residuals were also divided by factors 5  
and 25 , respectively. (b) comparison between the true density profile (solid line) and 
the density profiles obtained from the fits to )(QW  (data of (a) with 01.0... =ber , 
open symbols; data with 002.0... =ber , full symbols). 
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The reflectivities were then analysed by fitting with a model of 50=modelN  
constant-thickness slabs. As in the first series of test, constraint (2) was applied with 

llmodel =  and layerlayermodel >Γ<=>Γ< ˆ . The starting form for modelΓ̂  was again a 
constant density profile. The result for )()( QQRmodel Ω∗  is shown in fig 4.a (solid 
line); as in figs. 1.a and 2.a, the agreement between the )(QW  and )()( QQRmodel Ω∗  
is rather good, with 5.132 =χ . Yet, the retrieved density profile modelΓ̂  (open 
symbols in fig. 4.b) is not quite reproducing the original density profile Γ : this 
qualitative difference with the cases explored in the first series of tests is more 
apparent when recalling that the solid-symbol profiles in figs. 1.b and 2.b were also 
retrieved from reflectivities with 01.0... =ber . Also, the statistical properties of the 
original density profiles are similar in all these examples, as shown in table 1. 
Consequently, constraint (2) does not seem as immediately effective as in the 
previous series of tests, in retrieving more general density profiles such as presented 
in fig. 4.b. 
 
table 1: statistical properties (defined in §I.A.b.3) of the density profiles considered 
throughout this chapter; the 2χ  for the fits to the corresponding reflectivity data 

)(QW  with 01.0... =ber  are also reported in the last column. 

 
layer

J
)

 expr. (I.22) layerN
ρ)Δ⋅

−1
1  2

01.0... =berχ  

fig. 1.b 030.0  18.0  3100.3 −×  93.0  
fig. 2.b 031.0  52.0  3102.3 −×  0.8  
fig. 4.b 020.0  20.0  3107.4 −×  5.13  
fig. 5.b 061.0  36.0  3104.6 −×  98.0  

 
Before attempting to determine the necessary modifications of the presented 

analysis scheme, the importance of the statistical accuracy in the knowledge of 
)()( QQR Ω∗  was again assessed by varying the ... ber  for )(QW . The density profile 

retrieved by fitting )(QW  data with 002.0... =ber  ( 3092 =χ , not shown) is 
represented by solid symbols in fig. 4.b; it appears that the convergence towards the 
true density profile is not significant (relatively to the convergence observed in figs. 
1.b and 2.b, also for a fivefold reduction in ... ber  on the corresponding )(QW ). 
Alternatively, )(QW  data with 05.0... =ber  ( 59.12 =χ , not shown) were fitted as 
well, without any improvement of the retrieved profile (not shown) towards the true 
profile either. The effect of varying the statistical accuracy in )()( QQR Ω∗  is 
summarized by looking at the normalized residuals, between each )(QW  and 

)()( QQRmodel Ω∗ ; these normalized residuals are plotted in fig. 4.c, with the two 
upper curves scaled by factors 501.005.0 =  (middle) and 25002.005.0 =  (top), 
respectively. Fig 4.c reveals the persistent disagreement of each simulated 
reflectivities )(QW  and their corresponding model reflectivities )()( QQRmodel Ω∗ , in 
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two ways. First, the scaled normalized residuals do not decrease with decreasing 
... ber ; this is unlike what is seen in figs. 1.c and 2.c (where the normalized residuals 

are plotted without scaling ‘out’ ... ber ). Second, these residuals develop a definite 
pattern as ... ber  are decreased; this is again unlike what is seen above in figs. 1.c and 
2.c. This last aspect of the disagreement between )(QW  and )()( QQRmodel Ω∗  is a 
signature of systematic errors being introduced by the fitting model, in the data 
analysis. 

The above exploration of varying ... ber  clarifies that the only difference between 
the first and the current series of tests, namely not matching the slab thicknesses of 
the model profile with those of the true profile, is in fact profoundly affecting the 
performance of the analysis scheme presented. 

 
For the case considered in fig. 4, and in view of the fact that the model slab 

thickness 15055.51 ≈=modelmodel Nl  nm is quite larger than the finest scale 
61)2(1 ==Δ maxQz  nm, it might be anticipated that e.g. doubling or tripling modelN  

would allow for a less pronounced mismatch between Γ  and the corresponding new 
modelΓ̂ , thereby yielding a better overall agreement between the two profiles. 

 
§6 Outline of a suitable implementation for experimental reflectivities; More 

generally, and as far as analyzing experimental reflectivities is concerned, it seems 
favourable to actually perform experiments in a regime where )2(1 ζ>>maxQ , ζ  
denoting the smallest length scale of interest to the experimenter. Rather than 
providing information on purposelessly small length scales, this working rule allows 
in fact to tackle the problems encountered in the third series of tests. Indeed, using a 
model density profile, obtained for a given modelN  (and in the above-presented 
analysis scheme, such that modelmodelpmodel Nll =,  for all slabs modelNp K1=  of the 
model), generally implies an arbitrary discretization of the actual density profile. 
Therefore the possibility of tuning the thickness pmodell ,  of each of the modelN  model 
slabs down to ζ<<=Δ )2(1 maxQz  allows to precisely match the slab thicknesses 
between the true and model density profiles. In turn, the onset of the systematic 
errors due to the fitting model is pushed out to wave-vector transfers )2(1 ζ>Q . 

From the above perspective, possible modifications of the analysis scheme 
presented so far are then for example: to vary systematically modelN , so as to generate 
a series of constant slab-thickness model density profiles; one could then monitor the 
occurrence of stable features in these profiles, thus helping to identify those features 
that are characteristic of the true profile. Alternatively, for pairs (or triplets, …) of 
slabs p  and q  from an initial (converged) model, their thicknesses and densities 
could be further varied simultaneously, while keeping constant both sums 

qmodelpmodel ll ,, +  and qmodelqmodelpmodelpmodel ll ,,,,
ˆˆ Γ+Γ  at the values found in the initial 

model. Yet a different approach could be to insert a supplementary model slab suppl.  
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between consecutive slabs p  and 1+p  in an initial (converged) model, and to fit the 
so-modified model while controlling again the local layer structure by the constraints 

1,,,1,, 00 ++ +=++ pmodelpmodelsuppl.modelpmodelpmodel lllll , (3a)

1,1,,,

1,1,,,,

0000
ˆˆ

ˆˆˆ

++

++

Γ+Γ=

Γ+Γ+Γ

pmodelpmodelpmodelpmodel

pmodelpmodelpmodelpmodelsuppl.model

ll

ll
, 

(3b)

where the subscript ‘
0model ’ denotes parameters of the initial model. Each of the above 

suggested modifications of the primary analysis scheme preserves the role of the 
basic constraint (1), while it is also consistent with the limit in the information 
extractable from a given measurement. Their respective performance is yet to be 
examined. 
 
 
B. Significance of the phase problem 
 
 As indicated in subsection I.B.a, any fitting procedure retains the drawback of 
not ascertaining the correctness of the density profile recovered. 

The algorithm presented in the preceding section was shown, through practical 
examples, to possess the ability to model a class of (simulated) reflectivities with no 
systematic errors up to a wave-vector transfer )2(1 ζ , so that RRmodel = ; in the latter 
sense, this algorithm exemplified a viable model-independent analysis scheme. 
Consequently, the phase modelΦ  of the model reflectance modeli

modelmodel eRr Φ×= , 
associated with the model density profile modelΓ̂ , seems a priori a very good guess of 
the unobserved, actual phase Φ  of the actual reflectance Φ×= ieRr . 

In the following subsection (a), we present an example where, while the 
algorithm of the previous section models the simulated reflectivities accurately, the 
model density profile differs significantly from the initial density profile. In the 
second subsection (b), this difficulty is rationalized by making use of the literature 
results that relate quantitatively modelΦ  to Φ . The main result is that, below a given 
wave-vector transfer )2(1 ζ , there is a finite number of distinct reflectances 

α
αα

Φ×= ieRr  such that their reflectivities are exactly the actual reflectivity, 
RR =α ; the phases of these reflectances differ however from the actual phase, 
Φ≠Φα , to the exception of one, distinguished by Φ=Φ0 . The model phase modelΦ  

is just one of the αΦ , not necessarily 0Φ . The αr  yield density profiles v αρ  that, 
down to the length scale ζ , do not coincide with the original density profile ρ , 
except for the density profile 0ρ  obtained from 0r . Consequently, even down to the 
length scale ζ , the model density profile modelρ̂  does not in general coincide with ρ . 
In turn, this result might be construed as an indication that the successful retrieval of 

                                                           
v In this section, the Greek subscript ‘ α ’ in a density profile αρ  refers to the density profile 
associated with the phase solution αΦ , and does not denote a slab density as elsewhere. 
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the density profiles of figs. 1.b and 2.b was only fortuitous. On the contrary, we 
demonstrate in the final subsection (c) that this successful retrieval results instead 
from a judicious choice of the starting density profiles for the application of our 
algorithm. The arguments developed in this last subsection also explain the success 
of the earlier, less general fitting approaches that are based on approximate analyses 
of the reflectivities. 
 
 a. An example 
 

In order to illustrate these considerations, we apply our algorithm to the density 
profile of fig. 5.b. This profile was generated identically to that of fig. 1.b, except for 
the parameters 3108.4 −

− ×=Γ  nm-2 and 3102.5 −
+ ×=Γ  nm-2, so that the maximum 

density jump maxJ
)

 between successive slabs was 15.0  instead of 077.0 . 
As in the first series of tests of subsection A.b, the simulated )(QW  and fitted 

)()( QQRmodel Ω∗  agree well, as expressed by the values 09.12 =χ  for the data shown 
in fig. 5.a ( 05.0... =ber ), and 98.02 =χ  for the data with 01.0... =ber  (not shown). 
However, unlike in figs. 1.b and 2.b, fig. 5.b reveals significant deviations between 
the original (solid line) and retrieved (symbols) density profiles. Fitting )(QW  data 
with 002.0... =ber  resulted in 02.12 =χ  (not shown), and the corresponding density 
profile was essentially identical to that found from the fit to the )(QW  data with 

01.0... =ber  (full symbols in fig. 5.b); hence the convergence towards the true 
density profile did not improve, even for the highest quality data. 

One possible explanation for the poor performance of the algorithm is that the 
constraint (2) might not be appropriate for the instance of fig. 5. This could happen if 
the starting form for the model density profile, i.e. an homogeneous layer, introduces 
a bias in the analysis scheme, relatively to the stronger density fluctuations that are 
present in the true density profile and are permitted by the larger maxJ

)
. There is yet 

no indication of any fundamental problem with recovering the true density profile, at 
any stage of the fitting procedure. Indeed, both the reflectivities (figs. 1a, 2a, and 5.a) 
and the statistical properties (table 1) characteristic of the density profiles appear 
similar in the comparison between all the cases studied in this chapter, and the 
residuals reported in fig. 5.c do not indicate the presence of systematic errors. 
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figure 5: retrieval of the density profile of a weakly structured single layer; constant-
thickness slab case; like in fig. 1, the mean layer density is larger than the substrate 
density 3

1 106.2 −
+ ×=ΓN  nm-2. (a) simulated reflectivity data )(QW  with 05.0... =ber  

(symbols) and fitted curve (solid line); the error bars are smaller than the symbol 
size. The overlap between the simulated and fitted reflectivity data is very good, and 
the difference between them is made visible by plotting (c) the normalised residuals 
for data with 05.0... =ber  (bottom) and data with 01.0... =ber  (top, shifted by a 
constant). (b) comparison between the true density profile (solid line) and the density 
profiles obtained from the fits to )(QW  (data of (a) with 05.0... =ber , open symbols; 
data with 01.0... =ber , full symbols). 
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b. Phase relations 
 

The above difficulties, in the validation of the proposed explanation for the 
deficiency of the analysis scheme, are resolved by taking into account the multiplicity 
of the phases compatible with the simulated reflectivity. We explore this property in 
this section in some details. We follow for simplicity the treatments of [59] and [60] 
that rely on the improved Born approximation (I.19) for the reflectance vi, recalled 
here: 

                                                           
vi Similar results are derived from the exact formalism: van der Lee [61] determined the class 
of those density profiles, for which the exact reflectance and the reflectance obtained from 
approx. (I.19) are in qualitative agreement with regard to the phase problem. Hence we take 
the Born approximation as a sufficient basis for the purpose of our discussion. 

)()()(1)()( Fresnel
2

1
FresnelBorn QFQrdze

dz
zdQrQr Qzi

N

⋅=⋅= ∫
+∞

∞− +

ρ
ρ

. 
(4)

In this expression Fresnelr  is the reflectance (I.3a) of the air-substrate interface (in the 
notations of fig. I.2, the ( 0 , 1+N ) interface), and so F  can be thought of as the form 
factor of this interface. From expr. (4), one obtains approximate forms for the 
reflectivity BornR  and the phase BornΦ : 

22
FresnelBorn )()()( QFQrQR ⋅= , (5a)

)()()( FresnelBorn QQQ FΦ+Φ=Φ , (5b)
with FresnelΦ  denoting the phase of the Fresnel reflectance, and FΦ  denoting the 
phase of the air-substrate interface form factor. 
 

§1 The phase as a function of the interface form factor; it is now assumed that 
the function dzzdN )(1

1 ρρ ⋅−
+  is real, and since it vanishes beyond some value of z  

(taking fig. I.2 as reference for the present discussion, a value 0>+z ), the analyticity 
of F  allows a logarithmic dispersion relation between FΦ  and F : 

∑

∫

>>

+∞

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

⋅
−

′
′−

−′
⋅=Φ

0Im,0Re

22

0
22

Im2arctan2

)(ln)(ln2)(

mm ZZ
m m

m

F

ZQ
ZQ

Qd
QQ

QFQF
QQ

π
. 

(6)
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In this expression, the summation involves the complex zeros mZ  of )(~ ZF , the 
analytic continuation of )(QF  to the complex plane described by a variable Z , and 
the mZ  are ordered in such a way that mZ  increases with increasing m . 

In [58], a truncation of the summation in expr. (6) is justified by noting that, 
since dzzdN )(1

1 ρρ ⋅−
+  vanishes also below some value 0≤−z , the average number Ξ  

of those zeros mZ , with 0Re >mZ  and that are situated on a disk of large radius 
maxZ , is given by 

π
maxZzz ⋅−

=Ξ −+ )(
; 

(7)

−+ − zz  measures the total width of the density profile. Furthermore, [58] indicates 
that expr. (6), with the summation truncated to the first Ξ  zeros mZ  with 0Re >mZ , 
is a valid representation of the phase FΦ  for maxZQ ≤ , with the number Ξ  correctly 
given by expr. (7) for large maxZ . 
 

§2 Symmetries in the modulus of the interface form factor; we now turn to the 
restriction that only some of the Ξ  complex zeros mZ , namely those satisfying 

0Im >mZ , contribute in the summation of expr. (6). Consider an operator αcc  on the 
set }{ mZ=Z , which performs the α -th arbitrary sequence of complex conjugations 
on the elements of Z ; hence mm Z=)(Zccα  or ∗

mZ . By convention, the operator 0cc  
is defined as the identity operator, mm Z=)(0 Zcc . 

Another property of the interface form factor F  is that [58], while phases 
αFΦ , 

with 0≠α  and FF Φ≠Φ
α

, are constructed by arbitrarily flipping some of the 
complex zeros mZ  across the real line in expr. (6), 

∑

∫

>>

+∞

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

⋅
−

′
′−

−′
⋅=Φ

0)(Im,0Re

22

0
22

Im2arctan2

)(ln)(ln2)(

mmZ
m m

m

F

ZQ
ZQ

Qd
QQ

QFQF
QQ

Zccα

α π
, 

(8)

the corresponding moduli remain unchanged, 
)()( QFQF =α . (9)

Truncating again the summation in expr. (8) to the first Ξ  complex zeros m)(Zccα , it 
appears that there are at most Ξ2  distinct phases 

αFΦ  for maxZQ ≤ . 
 
 Summarizing the results of this subsection, to the extent of applicability of 
approx. (4), one obtains the following relation: 

)(

Fresnel

)()(
)(

)( Qi FeQFQF
Qr

Qr
α

α
α Φ⋅== , 

(10)

which amounts to setting 
)()()( Fresnel QQQ Fαα Φ+Φ=Φ . (11)



II.B.b MODEL-INDEPENDENT ANALYSIS   51

An inverse Fourier transform of αF  yields the density profile αρ , corresponding to 
each phase solution 

αFΦ : 

( )∫
+∞

+

Φ−⋅=
01

)(2cos)(2)(1 dQQzQQF
dz

zd
F

N
απ

ρ
ρ

α . 
(12)

With these notations, the phase that matches the actual phase is )()(0 QQ Φ=Φ , 
resulting in the true density profile, )()(0 zz ρρ = . 

Some graphical representations of expressions (8), (10), (11) and (12) can be 
found in [60] and [59]. In theory, exprs. (8) and (12) are usable for examining those 
phases and density profiles which, by eq. (9), are equally compatible with the 
measured data. However actual reflectivity data are collected until some maximum 
wave-vector transfer maxQ , as pointed out in subsection A.a. Therefore an evaluation 
of the integral in expr. (8) requires the extrapolation of the integrated )(QF  to 
arguments maxQQ > , and an evaluation of the integral in expr. (12) requires the 
truncation of the upper integration boundary +∞→Q ; these aspects are discussed 
below. 

 
§3 Application to our model-independent analysis scheme; from a model-

independent fitting procedure, such as presented in the previous section, a simple 
way to extrapolate )(QF  consists in putting the model density profile )(ˆ zmodelρ  into 
the representation of )(QF  by expr. (4). Our analysis scheme is thought to represent 
reflectivity data accurately up to a wave-vector transfer maxQ<<)2(1 ζ  (subsection 
A.b), so that an extrapolation of )(QF  is in fact occurring beyond )2(1 ζ .  
Depending on the magnitude of this number, extrapolating )(QF  might be 
necessary to determine accurately the phase 

αFΦ  given by expr. (8). 
As noted above, the truncation radius maxZ  also determines the accuracy in the 

computation of )(QFα
Φ  up to maxZQ ≤ : it ensures that the relevant complex zeros 

mZ  are included in the summation of expr. (8), and that all possible phase solutions 
αFΦ  are considered. In view of our model-independent analysis scheme, one choice 

for the truncation radius is )2(1 ζ=maxZ , and since furthermore =− −+ zz  
lzz N =−0 , expr. (7) may be rewritten: 

ζπ
l

⋅=Ξ
2
1 . 

(13)

Turning to the evaluation of expr. (12), the accurate representation of )(QF  
until )2(1 ζ≤Q  restricts the occurrence of meaningful features in the density 
profiles αρ  to length scales larger than ζ . Hence no error is introduced by a 
truncation of the integral in expr. (12), setting the upper integration boundary to 

)2(1 ζ=Q . This is achieved by performing the inverse Fourier transform of 
)()( 1)2(

QQF −Π×
ζα , instead of )(QFα , in the derivation of expr. (12); the envelope 

function xΠ  is defined as: 1)( =Π Qx  if xQ ≤  and 0=  otherwise. Hence the 
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truncation is equivalent to a convolution of the density profile )(zαρ  with the 
function 

( )
z
zz ζ

π
οζ

sin1)( ⋅= , 
(14)

which is the inverse Fourier transform of )(1)2(
Q−Π

ζ
. 

This allows finally to detail the relation between the model density profile modelρ̂  
and one of the density profiles αρ , designated as vii ±ρ : 

                                                           
vii The choice for this notation will be motivated below. However for the general case treated 
here, this notation has no special meaning. 

)()()()(ˆ zzzzmodel ζζ ορορ ∗=∗ ± . (15)

 
Most importantly, there is no possibility of predicting which of the density 

profile is selected in the r.h.s. of eq. (15), for any method that uses only )(QR  as its 
input for determining the model density profile, for any situation where the original 
density profile is real. This difficulty is summarized by eq. (9). 

The phase problem is serious because there can be as many as Ξ2  phase 
solutions, or equivalently as many as Ξ2  density profiles, compatible with the 
modulus of a given interface form factor. For each of the examples of figs. 1, 2, and 
5, applying expr. (13) with 1=ζ  nm, there are a priori almost 82  possible density 
profiles, representing equally well the simulated reflectivities up to 5.0  nm-1. The 
large number of phase solutions demonstrates that the recovery of the original density 
profile is very unlikely in the general case, from reflectivity data alone. 

 
By contrast, the success of the model-independent analysis scheme presented in 

section A is explained, in part by the density profiles considered being not 
completely arbitrary, and in part by the appropriateness of constraint (2) to such 
density profiles. This perspective is made more definite by the following argument. 
 
 c. Applicability of our model-independent analysis scheme 

 
The density profiles considered in this chapter have the form: 

∑
=+

−=
N

p
pp

N

zzJ
dz

zd
01

)()(1 δρ
ρ

)
, 

(16)

where )(zδ  denotes here the Dirac delta function, pJ
)

 the reduced density jump 
between successive slabs was defined in §I.A.b.3 (cf also footnote ii of the present 
chapter), and the position pz  of the density jumps pJ

)
 was defined by expr. (I.24). 

The analytic continuation )(~ ZF  of the interface form factor )(QF  (defined in expr. 
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(4)) is then written out, separating the complex variable into its real and imaginary 
parts, κ⋅+= iQZ : 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⋅==⋅+ ∑∑

=

′−′−

=

−
N

p

zzQi
p

lQli
N

p

zQzi
p

pppp eeJJeeeeJiQF
1

22
0

22

0

22)(~ κκκκ
)))

 
(17)

with the definition lzz pp −=′ , Np K0=  for the shifted positions of the density 
jumps. By definition, the complex zeros mmm iQZ κ⋅+=  of )(~ ZF  must satisfy the 
equation 

0
2

1

22
0 =+∑

=

′−′
N

p

zzQi
p

pmpm eeJJ κ))
. 

(18)

Now, we assume that the two density jumps 0J
)

 and NJ
)

 are much larger than 
the other density jumps maxp JJ

))
≤ , 11 −= Np K . This is essentially the same 

assumption as was employed in the derivation of approximation (I.18), itself heuristic 
to identifying constraint (1) (of which constraint (2) is the discrete form). The extent 
to which the density profiles of this chapter satisfy this assumption is controlled by 
the relative magnitude of the parameters middleρ)  and maxJ

)
: the construction rule given 

in §A.b.2 prescribes that middleJ ρ)
)
≈0  and middleNJ ρ)

)
−≈1  both within 2maxJ

)
± , and 

that maxp JJ
))

≤  for 11 −= Np K . The actual parameters are summarized in table 2. 
The form factor )(QF  and its analytic continuation )(~ ZF  are then dominated by 

the largest density jumps, 0J
)

 and NJ
)

, and keeping only the leading terms in 2
0J
)

, 
2
NJ
)

, and NJJ
))

0 , the approximate form of eq. (18) 

0
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determines approximately the set of complex zeros of )(~ ZF . It can be shown (see 
e.g. [59]) that 
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with m  integer, are solutions of expr. (19). As appears from expr. (20), for 
5.0>middleρ)  these solutions lie in the lower half complex plane, whereas for 
5.0<middleρ)  the solutions lie in the upper half complex plane. 

 
table 2: parameters used for generating the density profiles considered throughout 
this chapter; the average density jumps layerJ ><

)
 are also reported in the last 

column. 

 middleρ)  maxJ
)

 
layer

J
)

 

fig. 1.b 92.1  077.0  030.0  
fig. 2.b 68.0  077.0  031.0  
fig. 4.b 68.0  077.0  020.0  
fig. 5.b 92.1  15.0  061.0  
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If middleρ)  is sufficiently different from 5.0 , it is therefore expected that the exact 
complex zeros, which satisfy eq. (18), are characterized by either 0>mκ  or 0<mκ , 
for all m . In turn, it is anticipated that the correct phase solution 0Φ  (cf expr. (10) 
and (11)) is one of the pair of phase solutions ±Φ , where ‘ ± ’ denotes the phase 
solutions obtained by applying one of the complex-conjugation sequences ±cc  
(introduced in expr. (8)) setting all complex zeros either in the upper half complex 
plane or in the lower half complex plane. 

 
 The appropriateness of constraint (2) to this situation is then made apparent by 
noticing that the best implementation of constraint (2) involved starting from an 
homogeneous density profile, with ≈>=<>< layerlayermodel ρρ ))̂

middleρ)  (see fig 3). For 
such a density profile, the complex zeros are directly given by the r.h.s. of expr. (20); 
hence the fitting process starts from a phase solution that is very close to the correct 
phase solution. 

In further support of this conclusion, it is worth noting that, while the single 
layers of homogeneous density profile middleρ)  and middleρ)−1  are in fact the density 
profiles +ρ

)  and −ρ
)  obtained from the solutions ±Φ  [58], the analysis scheme 

employed in the first section allows their discrimination, based on refraction [32] 
being properly accounted for since the analysis scheme is using the exact reflectivity 
formalism (see the comments to expr. (I.10) in §I.A.b.1). 

Finally, we should remark that the preceding arguments apply equally well to 
explain the success of the fitting approaches of Sanyal et al. [48-50,54,55] and 
Bollinne et al. [51], which are based on approximate analyses of the reflectivities. 

 
Comparing the data in table 2 for the density profiles of figs. 2.b and 5.b, it 

appears that a smaller middlemaxJ ρ)
)

 ratio does not ensure the convergence of the initial 
density profile towards the true density profile. This imperfect correlation might 
correspond to a finer criterion being required to justify the application of constraint 
(2), to those cases where relatively large ratios are involved, 05.0>middlemaxJ ρ)

)
. 

More fundamentally, it should be emphasized that the results of this section are 
derived within the improved Born approximation (4), which is misapplied when the 
structure under consideration contains two arbitrary density jumps, as was argued in 
the discussion following expr. (I.19), §I.A.b.2. For this reason the foregoing 
argument, that compared the solutions of eqs. (18) and (19), is not entirely rigorous. 
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C. Concluding remarks 
 

We have demonstrated that provided the density fluctuations are small enough, a 
model-independent fitting process, involving constraint (2) realised with the initial 
guess of a single layer [48,60], will converge towards the true density profile since it 
is starting from the approximate phase solution closest to the true phase, in the 
complex plane. Unlike previous studies, our fitting algorithm employs exact 
reflectivity calculations; we have also made significant progress in clarifying under 
which conditions the initial model converges towards the true density profile. 

The other strength of our analysis scheme resides in the ease of incorporating 
into the fitting process a minimal pre-knowledge of the fine structure of single layers. 
Our analysis scheme reaches its limits when applied to single-layer structures 
containing too large, random density fluctuations. In such cases some of the complex 
zeros of the analytically-continued interface form factor for the true structure, are too 
distant from those of the analytically-continued interface form factor for the single-
layer representation of the true structure. 

A straightforward generalisation of the analysis scheme consists in modifying 
constraint (1), and correspondingly (2), as outlined below. The rationale presented for 
qualifying the appropriateness of constraint (2) suggests that, in instances where a 
density profile is known to be organized into portions of limited total lengths and 
mean densities, and the density fluctuations within each portion are sufficiently 
small, constraint (1) can be broken down into several constraints acting on each 
distinct portion of the density profile. Each such constraint would be of a form 
similar to constraint (1), and the simplest starting density profile would in fact be a 
multilayer, where the thickness and density of each layer are known down to a 
limited error. Then, based on approximation (I.17) and the results of this chapter for 
the single-layer case, it is anticipated that the fine features of such density profiles 
could be resolved confidently. 

Further demonstration of the usefulness of our analysis scheme lies obviously in 
its testing on measured reflectivity spectra. For example, in chapter III we perform x-
ray reflectometry measurements on supported single-layers of poly(styrene), and in 
chapter IV neutron reflectometry measurements on supported bilayers of the same 
material. However, these measurements aimed at quantifying the mean density of 
single layers (chapter III) or verifying the occurrence of interdiffusion at bilayer 
interfaces (chapter IV). Consequently the reflectivity spectra in these experiments 
were collected up to relatively low maxQ , and as explained in §II.A.b.6, the film 
structure cannot then be resolved at the nanometre scale, in a model-independent 
manner by our analysis scheme. Yet we expect that valuable information on the 
structure of such layered samples can be derived by more extensive reflectometry 
measurements in combination with the present analysis scheme. 
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We conclude by pointing out that the general solution to the problem of the 
unambiguous retrieval of density profiles from reflectivity data is found in 
experiments specifically designed to solve the phase problem. Whether the resulting 
experimental data are analysed by direct inversion, or a (model-independent) fitting 
procedure, the measured modulus of the reflectance must be complemented with 
some other measurement allowing to identify the actual phase of reflectance. Such 
experiments involve variations of the scattering interaction and/or of the sample; thus 
these experiments provide various measurements of the same density profile 
observed at different scattering contrasts. The measurements are then combined so as 
to identify the phase of the reflectance. 

For neutrons, spin polarization is the principal possibility that has been explored, 
adding magnetic reference layers to the sample [62-64]; this and related 
methodologies for neutron reflectometry analysis are reviewed in [65]. For x-rays, 
measurements at several wavelengths around atomic resonances of the sample, or of 
added reference layers, have also permitted the unambiguous retrieval of density 
profiles [66]; despite a well-developed formalism [67] and the availability of tunable-
wavelength synchrotron sources, this methodology is not widely practised in x-ray 
reflectometry analysis. 
 



 
III. Spin coating 

 
 
 
 
 

Spin coating is a popular industrial process, to deposit e.g. interlayers or 
photoresist films on silicon wafers of any size. This has stimulated numerous studies 
shedding light on the fundamentals of the process, as reviewed in [68]. It is also a 
common sample-preparation technique for fundamental thin-film studies of polymer 
structure and dynamics. All the samples examined in this thesis (this chapter, and 
chapters IV and V) were prepared by spin coating. 

The spin coating procedure consists in covering a substrate with an excess 
solution of the (nonvolatile) material to deposit. The substrate is held horizontal, 
clamped e.g. by a vacuum chuck, and rotated about a vertical rotation axis at a speed 
of typically 1000  rotations per minute (rpm), for a prescribed duration. During 
rotation, centrifugal forces first eject the excess solution off the substrate, leaving a 
liquid layer that subsequently thins due to the induced radial flow. Throughout the 
whole process, solvent evaporates. Beyond some time during rotation, radial flow 
ceases to be significant, so that only film drying proceeds until rotation stops. 

 
In this chapter we will review some important factors controlling the quality, 

thickness, and density of PS thin films prepared by spin coating. In particular, we will 
detail in the second section the dependence of the spin-coated film thickness, on the 
spinning speed and the physicochemical parameters of the PS solution. While the two 
first sections are based on data from the spin-coating literature, the density of the 
spin-coated films has received little attention so far. Yet density is also expected to 
depend on the spin-coating parameters, and it is furthermore a basic quantity for 
characterizing the initially non-equilibrated state of the films. Therefore we measure 
the density of the spin-coated films in the third section, by x-ray reflectometry. Our 
density measurements are corrected for experimental misalignment errors, by a 
simple new numerical procedure. We find a dependence of the film density on the 
spinning speed. 
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A. Preliminary considerations 
 

Large-area substrates are useful for neutron reflectometry experiments, 
especially at low-flux facilities. We have employed large-area substrates in the 
neutron-reflectometry experiments described in chapters IV and V. Unlike their small 
analogues however, spinning large substrates involve the problem of stability of their 
overlying gas phase. For low spinning speeds, this gas phase flows radially, ensuring 
the uniform evaporation of solvent from the drying liquid layer ([69] and references 
therein). The flow becomes unstable for higher speeds, and the resulting 
inhomogeneities in the evaporation rate cause topographical defects in the dried film 
[69]. This happens if the radius of the substrate is larger than a critical value: 

crit
g ReR
ω
ν

>2 , 
(1)

where gν  is the gas kinematic viscosity, ω  the spinning speed, and 33000=critRe  a 
‘critical’ Reynolds number. This value was found empirically from experimental 
measurements [69]. Care was therefore taken in the present work (this chapter, 
chapters IV and V), to spin coat below the critical radius, so as to obtain uniform 
films. In air and for a 10 –cm diameter wafer, the spinning speed should not exceed 
approximately 1900  rpm. 
 

Another point of concern is the overall planarity of the substrate. Wafer 
curvature is an unavoidable outcome of polishing thin (silicon) wafers; this problem 
is less present on thick substrates (see e.g. [70]). Muscovite mica pieces (that were 
used in chapter IV) often exhibit some curvature too; furthermore it is difficult to 
cleave mica into large (10  cm2 or more), step-free areas. Finally, the vacuum chuck 
of a spin coater also curves thin wafers. On one hand, the curvature problem is not 
too serious since laterally extended height variations of the substrate translate to the 
free film surface, provided they are small enough [71] (i.e. the thickness of the film is 
constant throughout the surface). On the other hand, a curvature of the samples 
requires tedious alignment procedures for setting-up reflectometry experiments in the 
angle-scan mode, and contributes to the smearing of the experimental reflectivities, 
as mentioned in subsection I.B.c. The latter effect might be important in chapters IV 
and V, where we study films supported by thin silicon wafers. 
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B. Correlations for spin coating poly(styrene) from toluene 
solutions 

 
Toluene is a common solvent for preparing poly(styrene) (PS) films by spin 

coating [72-75]. Indeed, toluene is a good solvent for PS, owing to its chemical 
structure being almost identical to that of the polymer repeat unit; this warrants the 
production of homogeneous films, almost free of defect [72,76]. Another important 
property of toluene is its relatively low volatility, which favors low free-surface film 
roughnesses [72,77]. We use toluene for the spin coating of all the PS films in this 
thesis (this chapter, chapters IV and V).   

 
An accurate, semi-empirical correlation has been reported by Schubert [74], for 

the final film thickness fh  against the solution parameters i (polymer molecular 
weight wM  and initial solvent mass fraction sx ) and the spinning speed: 

                                                           
i In the same study, the molecular weight average pertinent to correlation (2) is investigated in 
some detail. As we focus in the present work on monodisperse polymers, this aspect is not 
further developed here. 

25.05.0)1( wsf Mxh −−∝ ω . (2)

There is little scattering of the measured values of fh , so that this law is rather 
accurate. It is actually possible to predict correlations such as (2) from mass transport 
equations using hydrodynamic models of spin coating. In fact, Hall et al. [78] derived 
from previous theoretical works the following expression for the final film thickness, 
and validated it in their experiments: 

3
22

3)1( s
l

sf xkxh
ω
ν

−= , 
(3)

which involves as further parameters the (initial) kinematic viscosity )( sll xνν ≡  of 
the solution, and the mass transfer coefficient k  characterizing the solvent 
evaporation throughout the process. k  varies with the spinning speed as 5.0

0ωk , and 
the constant 0k  depends on the initial solution density as well as the properties of the 
pure-solvent and overlying gas phases. Expr. (3) holds down to thicknesses as small 
as about 10  nm [78]. 
 
 In view of their accuracy, expressions (2) and (3) provide useful guidelines when 
preparing a film of a specified thickness, as in this chapter, chapters IV, and V. Still, 
offset from a given correlation might arise from differences in the wettability of a 
particular substrate by the solution, or in the hydrodynamic slippage at that interface. 
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Another issue, unaddressed by the above correlations, is that of the density of the 
films produced. This problem has hardly been considered experimentally [79,80] or 
theoretically, whereas density is one of the simplest parameter characterizing the 
initial state of spin-coated films. Because dewetting occurs for certain film-substrate 
combinations (for example, PS films with thicknesses less than about 100  nm, 
supported by oxide-covered silicon substrates [81]), annealing those films for an 
extended time at high temperature above their glass transition temperature may not 
always be a practicable way to ensure that the film molecular configurations have 
relaxed to equilibrium. In such cases the thin films would remain in a glassy state that 
is partly determined by their initial state. As a first step towards a characterization of 
the initial state resulting from spin coating, the experiments described in the next 
section were carried out to determine the density of unannealed films produced from 
(toluene) solutions of low-molecular weight PS. 
 
 
C. Film density resulting from the spin coating process 
 
 To address the aforementioned issues, the effects of spinning time and spinning 
speed were investigated in exploratory measurements. Intuitively, the latter parameter 
determines how fast the evaporation process traps the polymer network in an 
unequilibrated expanded state. The spinning time determines to what extent the 
solvent evaporation is completed. For an incomplete spin-coating process and/or a 
slow evaporation (as in a quiescent environment), the polymer molecules in the 
drying solution of a good solvent have a large mobility for a sufficient time, so that 
we expect the observed film density to be independent of the spin coating parameters. 
 

All experiments were conducted with the same low-molecular weight PS with 
5.5=wM  kg/mol, as was used in the self-diffusion studies (chapters IV and V). As 

to the substrates, thick, flat fused-quartz wafers (Louwers Glass and Ceramic 
Technologies, Hapert) were employed for the quantitative measurements presented 
below. Spin coating on thin (curved) silicon wafers was also performed, for the 
enhanced optical contrast provided by silicon. This allowed us to visually control the 
quality of the spin-coated layer, especially the absence of defects produced by 
particulate impurities (so-called ‘comets’ [82]). 

For substrate cleaning, acid treatments were avoided, as most of them roughen 
the silicon oxide surface. A well-known exception to this is the chromic acid 
treatment [83]; however, chromium seems to contaminate the surface. Instead a 
simple toluene treatment was used throughout: prior to each film deposition the 
substrates were rinsed with pure filtered toluene. Since the substrates were only used 
for spin coating PS from toluene, it was expected that the condition of the substrates 
would not change from one spin coating to the next. 
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 The thicknesses, densities, and roughnesses of unannealed PS films supported by 
10 –cm diameter fused-quartz substrates, were measured by x-ray specular 
reflectometry, performing angle scans on a Philips X’Pert Pro equipment at the 
Technische Universiteit Delft ii. Generator settings were 40  kV ×  45  mA, and Cu–
Kα,1 radiation ( 54.1=λ  Å) was selected by a double monochromator. Sample 
measurements are displayed in fig. 1, together with model curves resulting from the 
fitting procedure. The x-ray beam size (in the plane of incidence) was set small 
enough by the front-slit width (cf fig. I.10), so that the beam area was fully included 
on the sample till well below the critical angle PSc,θ  for PS, as shown on fig. 1 by the 
constant reflectivity for PSc,θθ < . 

The model spectra were computed by fitting with the Speedo software [84], 
using the single-layer reflection coefficient (I.7) and the Debye-Waller factors (I.25a) 
accounting for the roughnesses of the (layer,air) and (layer,substrate) interfaces, with 
all parameters free in order to describe the sample structure optimally. An overall 
scale factor was fitted as well, to accurately normalize the reflectivity; this scale 
factor was consistent with the count rate measured at the direct beam. A last fitting 
parameter was the resolution width parameter (I.30). 
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figure 1: sample reflectivity spectra (dots) and their modeling (lines), plotted against 
reflection angle θ . Film thickness and fit quality are, from top to bottom, (1116  Å, 

122 =χ ), ( 539  Å, 102 =χ ), ( 597  Å, 102 =χ ). The second and third curves are 
offset one and two decades, respectively, from the first curve. 
 

                                                           
ii I am most grateful to Ruud Staakman and dr. Ad Ettema for granting access to their 
equipment, and dr. Henk Fredrikze for numerous discussions on the alignment procedures. 
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The two fused-quartz wafers used were identical and contain at most ppm 
impurity levels; PS has a fixed chemical composition as well. Therefore the 
components δ  and β  of the refractive indices for the substrate and film could 
rigorously be set to a fixed ratio (determined by the material constants), and so only 
the molecular densities of each medium were to be fitted. The components δ  and β , 
defined by expr. (I.33), were related to the molecular densities with expr. (I.37); we 
took SiO2 as the molecular unit for fused quartz, and styrene (C8H8) as the molecular 
unit for PS. Compared to the case where δ  and β  are fitted independently, the fit 
stability is enhanced while the deduced parameters remain meaningful. 

 
 Most of the samples yielded reflectivities that could be modeled accurately, as 
seen for example on the spectra of fig. 1. For such samples, the analysis yielded 
normalised 2χ  lying between 7  and 12 . The resolution width fell between 18.0  ′ 
and 36.0  ′, consistently with the direct beam width of 6.0  ′, and the goniometer 
angle-scan settings. The interfaces were smooth: the mean rms-roughnesses for the 
film free surface were 3.18.10 ±  Å, and for the (film,substrate) interface 8.16.0 ±  Å. 
The scatter in densities for the film and substrate is represented in fig. 2. For the 
substrates, the mean molecular density is 21022.2 −×  Å-3, close to the expected value 
for amorphous silica. For the films, the mean molecular density is 21073.1 −×   Å-3; 
again, this value is comparable to the expected value for PS of 21068.1 −×  Å-3 (which 
corresponds to a mass density of 05.1  g/cm3). 
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figure 2: PS film molecular density 
against fused-quartz substrate molecular 
density. Experiments were performed on 
films about 550  Å thick (filled squares), 
and 1117  Å (empty square). Thicknesses 
were tuned by varying initial solution 
concentration and spinning speed, as 
prescribed by correlation (2). The 
diagonal cross represents the mean 
molecular densities, and the straight 
cross the literature values. 

 
Wallace and Wu [85] pointed out that typical misalignment errors result in an 

error of a few percent in the deduced densities; these errors cannot be avoided with 
setups such as the present one. It is yet possible to correct for it, by comparing the 
substrate densities measuredρ  actually measured to the mean substrate density meanρ . 
Their difference yields the misalignment error ε  for each measurement, through the 
relation )()( 2121

meanmeasuredc ρρλε −= , where )(λc  is a wavelength-dependent constant 
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[85]. In turn, corrected film densities can be computed (their mean value is indeed 
unchanged, as required for consistency of the correction). 

 
Importantly, the scatter in the corrected film densities is now informative of true, 

sample-to-sample density variations. In fig. 3, the corrected molecular densities for 
the samples of fig. 2 are plotted against spinning time et , at the three spinning speed 
considered. 

Fig. 3 indicates that the lower the spinning time and speed, the higher the final 
film density. This is in partial agreement with the considerations on network 
relaxation, at the beginning of this section. Furthermore, solvent evaporation during 
spin coating does not determine critically these density variations, at least in the 
parameter range probed: no obvious insight is gained when plotting the data of fig. 3 
against the quantity ekt   which is proportional to the total mass of solvent evaporated 
( k  is the mass transfer coefficient introduced in expr. (3)). 
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figure 3: molecular film 
density against spinning time 

et , for various spinning 
speeds: 500  rpm (diamonds), 
1000  rpm (squares), and 
1200  rpm (triangle). As in 
fig. 2, filled symbols represent 
films of thickness about 550  
Å, and the empty square a film 
thickness of 1117  Å. 

 
Still, more data are needed for a more definite picture of the trends observed. As 

indicated in section B, our study is a first step in the characterization of the initial 
state resulting from spin coating; in addition, we have introduced a simple new 
procedure for extracting accurately the film densities relative to the substrate 
densities. Furthermore, while we have not found an obvious relation between the 
trends of fig. 3 and solvent evaporation, our study could be complemented by 
neutron-reflectometry measurements on, for example, hydrogenated PS films 
prepared from deuterated toluene solutions, in order to determine the relative volume 
fractions of PS and toluene in the films (the usefulness of neutron reflectometry for 
such determinations is explained in §IV.B.a.2). It would finally be of interest to know 
whether behaviours similar to that shown in fig. 3 hold for longer chains and/or less 
good solvents. 

Most importantly, a systematic study of the relaxation of the film densities upon 
annealing would help to characterize the nature of the glassy-state of the thin films 
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studied in chapters IV and V. The need for such a study is common to most studies 
on glassy dynamics in thin films (see [9] and references therein). It should be 
mentioned as well that the issue of the initial film density is coupled to the problem 
of the existence of some initial structure in the films [72,86], which favours a specific 
dewetting mechanism when the density fluctuations associated with the structure are 
large enough [87]. 
 



 
IV. Self-diffusion near the glass transition  

in low-molecular weight poly(styrene) thin films 
 
 
 
 
 

In the past decade, several experimental groups have reported on significant 
variations in the glass transition temperature gT  of atactic poly(styrene) (PS) 
confined in supported thin films, compared to the bulk gT  [8,88,13,89-93,26,94-97]. 
This thin-film confinement effect usually sets in at a thickness of several 10  nm and 
is almost molecular-weight ( wM ) independent [11,97]. For the thinnest PS films 
studied, the variations in film gT  amount to a few 10  °C below or above the bulk gT , 
depending on the nature of the interaction between PS and the supporting substrate. 
PS-film gT  have been determined mostly by ellipsometry, by monitoring the change 
in thermal expansivity between the glassy and liquid phases of the thin PS film [8,91-
93,26,94]. 

A complementary approach is to investigate the slowing-down of molecular 
motion at the microscopic scale upon approach to gT , as in thin-film rotational and 
translational diffusivities studies of optically-active probe molecules [98-100] or 
labelled PS chains [101]. In this respect measurements of PS self-diffusivity reflect 
most directly the dynamics of the polymer in confinement. So far, experiments of this 
kind have been performed on high- wM  PS thin films, using neutron reflectometry 
[102-108] and dynamic secondary ion mass spectrometry (DSIMS) [20,103]. Both 
techniques allow to resolve local variations in the self-diffusivity across the film 
thickness, and because of its higher real-space resolution, neutron reflectometry is 
preferable over DSIMS. The depth-profiling ability is central to the refinement of the 
models [7,12,21,109] that have been proposed to explain the observed variations in 
film gT : these models commonly predict a dispersion in the local glass transition 
temperatures across the thin film. While DSIMS diffusivity measurements have been 
conducted in thin films of low- wM  PS [110], no similar study has been carried out 
by neutron reflectometry, owing to difficulties with preparing suitable samples. 

 
Our primary goal is to make available low- wM  PS thin films, that are suited to 

the study of self-diffusion by neutron reflectometry. This implies the fabrication of 
two superimposed layers (that is, a bilayer) of low- wM  hydrogenated PS (hPS) and 
deuterated PS (dPS), of a quality sufficient so that their mixing can subsequently be 
monitored by neutron specular reflectometry. Mixing, or interdiffusion, occurs by the 
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thermally-allowed molecular motions of the liquid phase. The identical glass 
transition temperatures of hPS and dPS, 80, =PSgT  °C, ensure that the polymers are 
in the glassy phase at room temperature, so that the bilayer internal structure is stable 
at room temperature. Mixing, on the other hand, is induced by annealing the sample 
above gT . The two layers are initially distinguishable from each other, owing to their 
different nuclear compositions, detectable by neutrons. Scattering contrast vanishes 
when mixing is complete, that is, when a homogeneous mixture of hPS and dPS is 
spread over the entire bilayer volume. 

These experimental aspects are developed in the following sections. First, details 
are presented on how to prepare bilayers of low-molecular weight PS, suitable for 
studying by neutron reflectometry. Second, it is shown which experimental procedure 
allows to quantitatively measure interdiffusion. Last, some results are presented on 
self-diffusion in low-molecular weight PS bilayers. 
 
 
A. Bilayer preparation 
 
 a. Review of some existing methods 

 
Thin, supported polymeric bilayers have already allowed to resolve, by specular 

neutron reflectometry, interdiffusion in high-molecular weight PS (see [103] and 
references therein; for an account of early results: [15]), in high-molecular weight 
poly(methyl methacrylate) (PMMA) [111], and in pairs of chemically-dissimilar 
polymers (e.g. [112]). A supported bilayer is schematically represented in fig. 1. As 
indicated in the Introduction chapter, neutron reflectometry requires large-area 
samples, to take advantage of the large available neutron-beam cross section and so 
increase the contribution of the reflected intensity over the background in the 
measured signal. The large areas involved should be as homogeneous as possible, in 
all the sample properties that affect the reflection phenomena, so as to produce a 
reflection signal easily interpretable within the theory recalled in subsection I.A.a. 
 

supporting substrate

top layer, thickness l-h

bottom layer, thickness h
z

0

 

 
figure 1: schematic view of a 
supported bilayer of total 
thickness l . Substrate thickness 
is typically l×410 . Lateral 
substrate dimension is typically 

l×610 . 

 



IV.A.b SELF-DIFFUSION IN BILAYERS 67

For chemically-dissimilar polymers, it is possible to prepare a bilayer by spin 
coating a 'top' layer onto a previously-deposited 'bottom' layer [112], provided that 
the second spin-coating solution does not dissolve the bottom layer. This method is 
effective in preparing bilayers of even low-molecular weight materials [14]. 
Ultimately the feasibility of this approach resides in the chemical structures of each 
layer material being distinct enough to result in significantly different solubility 
behaviors. For example, spin-coated layers of high-molecular weight PS were found 
to be always disturbed by drops of a non-solvent (like acetone or cyclohexane, that 
yet dissolve low-molecular weight PS); thus it was not possible with this approach to 
prepare bilayers of low-molecular weight PS and high-molecular weight PS. 

 
An alternative to the spin coating of the top layer directly onto the bottom layer 

consists in spin coating each layer onto its own substrate. By subsequently floating 
one layer off its supporting substrate onto water, the floating layer is available for 
pickup by the other (supported) layer. This approach has found common applicability 
in the preparation of bilayers of high-molecular weight polymers, for the purpose of 
most of the interdiffusion studies mentioned above, and related studies [106,104, 
108]. The detailed structure of the PS bilayers prepared by this method has been 
investigated by Karim et al. [113], and Kraus et al. [114]. Unfortunately the method, 
as such, is not suited to the preparation of bilayers of low-molecular weight PS 
possessing sufficient quality for neutron reflectometry purposes [110]. Indeed, as the 
molecular weight decreases below the critical-entanglement molecular weight, the 
fracture energy of the material jumps to a low value [115], and the layer breaks up 
into small patches upon its floating off the substrate. Because the focus of the present 
study is not on bulk interdiffusion, but is instead on thin-film interdiffusion, it is not 
meaningful to strengthen the floated layer by arbitrarily varying its thickness.  

 
b. A new method 

 
To obtain the low-molecular weight PS bilayer needed for our study, we 

explored the possibilities offered by a third approach. It is a variant of the previous 
approach in that PS layers are also spin coated onto separate substrates. The 
substrates are chosen for their difference in hydrophilicity and, specifically, silicon 
wafers and mica plates were used. There is then no need to float one layer off onto 
water; rather, the two supported films are put against each other, sandwiched between 
their substrates. The sandwich assembly is then brought into contact with water, 
which seeps in at the (PS,mica) interface, allowing an easy removal of the mica plate 
and leaving a bilayer supported by the silicon wafer i. The specific experimental 
                                                           
i I am most indebted to prof. Martien Cohen Stuart (Wageningen Universiteit), for 
communicating his central idea of taking advantage of the different hydrophilicities of silicon 
and mica, to perform the water detachment of an assembled bilayer. 
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sequence, leading to low-molecular weight PS bilayers suitable for neutron 
reflectometry, is given below. 

 
All preliminary tests were conducted with the same monodisperse hPS material 

that was used in the neutron reflectometry experiments (the results of which are 
presented in section C below). This was done in order to optimize the preparation 
procedure, considering material-specific properties. The material used has been 
presented in the Introduction chapter, and has a molar mass 5.5, =hPSwM  kg/mol, a 
radius of gyration of 7.1  nm, and a glass transition temperature 80, =PSgT  °C. For 
the interdiffusion experiments, dPS was used as well, with hPSwdPSw MM ,, = . 

The spin coating of the PS layers from toluene solutions was performed on 
muscovite mica plates and polished silicon wafers. The spin coating speed and time 
were set to 1000  rpm and 120  s. Film thicknesses were tuned with correlation 
(III.2), and solutions of identical concentrations were applied to both substrates. 

All silicon wafers were used with their native oxide layers, and rinsed with 
filtered toluene prior to each spin coating (cf section III.C). 5 –cm diameter wafers 
(Wafer World Inc., West Palm Beach) were used for the tests, and 10 –cm diameter 
wafers for the interdiffusion experiments. All these wafers had thicknesses less than 
500  μm, and so most of them exhibited a slight curvature. 

The square muscovite mica plates (MaTecK GmbH, Jülich) were chosen with 
sides of 7  cm for the tests, and 5.11  cm for the experiments. Plates at least 300 –μm 
thick were necessary for the purpose of spin coating, and before each film deposition, 
a fresh mica surface was created by peeling a few layers of the mica plate off with 
tape. This fresh surface was rinsed well with filtered deionized water (Elga Ltd, 
Bucks), which had the effect of removing the potassium ions [116,117] exposed by 
the cleavage operation. The rinsed surface was then dried in the spin coater laminar 
flow fume hood, from which all sources of organic vapors had beforehand been 
removed; this precaution minimized the presence of unwanted adsorbing organic 
vapors [118] in the fume hood. Finally, the surface was spin dried with filtered 
toluene immediately prior to spin coating. In view of the complicated nature of the 
muscovite-mica surface, this whole procedure was adopted to obtain a well-defined 
(PS,mica) interface, which is important to understanding the dynamics of the 
subsequent water detachment. 
 The PS-covered mica plate was cautiously cleaved, and the resulting 100 –μm 
thick, PS-covered mica was put down onto the PS-covered silicon substrate, so as to 
bring the two PS layers into contact. The sandwich assembly was loaded with 
weights, as sketched in fig. 2. The most reproducible results, as to the topography of 
the produced bilayer, were obtained when loading with a close-packed ‘monolayer’ 
of single-sized (steel) beads restrained above the silicon-supported area. The entire 
assembly was then gently carried into an oven for a 45 –°C (sub- gT ) annealing under 
vacuum and overnight. 
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Sub- gT  annealings have been shown to be effective in strengthening joints of 
thick PS plates [119,120]. This behaviour arises under the condition that, prior to 
annealing, the surfaces are in close contact. Evenly loading the thin backing mica 
plate allowed compensating for the intrinsic curvature of the substrates involved, so 
that the PS surfaces were indeed contacting over their entire area. On the other hand, 
loading with a single weight, resting over the whole silicon-supported area, did not 
result in the creation of a uniform bilayer, after annealing; this finding is consistent 
with the results of Eaton et al. on the bonding of a silicon-supported PMMA film to a 
bare silicon wafer [121].  
 

mica

silicon

dPS

hPS

loading weights

 
figure 2: a bilayer sandwiched between two supporting substrates. Top dPS and 
bottom hPS layers. The load, in the form of weights, is evenly distributed above the 
silicon area. 
 
 After annealing, the assembly was withdrawn from the oven, and the sandwich 
was slowly flooded with filtered deionized water. With no load, capillary forces 
acting at the mica edges were enough to break the PS/PS joint, before proper 
detachment could occur. Since mica is transparent, it was possible to visually track 
the water front seeping in. Most strikingly, water did not always flow continuously, 
but rather most often step-wise ii. Mobile gas bubbles would also frequently remain, 
apparently between PS and mica. 

After this step, water was pumped out completely, until only a water layer 
remained trapped between PS and mica. It was then easy to pick up the mica, the 
natural hydrophobicity of PS helping in draining the water layer off onto mica iii. 
Eventually the silicon wafer, bearing now a bilayer, was left to dry in a fume hood. 
                                                           
ii The observation of this behavior was easiest when the load was concentrated on the central 
area of the silicon wafer. This behavior is evidently more difficult to observe when loading 
with a packed monolayer of steel beads. 
iii On occasion, a few macroscopic water drops would stick to the PS surface. After forcing 
them off the PS-covered substrate, the bilayer would appear damaged, where the drops 
previously stood; upon further water rinsing, PS would simply be washed away there, so as to 
expose the bare silicon surface. Occurrences of this problem were invariably coupled to an 
incomplete water rinsing of the fresh mica surface, prior to its spin coating. 
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 Evidence of the existence of a bilayer by this preparation method is easily 
brought out by the convenient reflecting properties of silicon. Indeed on such a 
substrate, it is possible to discriminate visually bare silicon, from e.g. a 15–nm thin 
PS layer, and from a 30 –nm thin PS layers, due to their distinct colors, and as they 
appear at the different stages of the preparation procedure. Furthermore, most 
prepared samples were in fact covered by the bilayer over only part of their area, and 
by patches of the bottom layer over the remaining area: this undesirable, yet recurrent 
feature helped in identifying areas as bi-layered. A typical example is presented in 
fig. 3. 
 

M

X

 
figure 3: negative photographic image of a bilayer (dPS top layer and hPS bottom 
layer) prepared on a 10 –cm diameter silicon wafer. Dark patches, such as indicated 
by the cross, are exposed single-layer areas. The relatively uniform, lighter 
background is the bi-layered area. This specimen, identified as ‘sample ii’ in section 
C, was used for neutron reflectometry measurements; the photograph shown was 
taken after the last annealing of the sample. The neutron beam-illuminated area 
(about 103×  cm2) is the interior of the dash-dotted perimeter. An optical 
micrograph (fig. 11, left) was taken at the position indicated by the symbol ‘M’. 
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Visual inspection also revealed that a 30 –nm spin-coated film and a bilayer of 
the same total thickness do not reflect light with the same clarity. This hinted toward 
the fact that the bilayers prepared were not ‘perfect’. In fact, it became clear during 
the tests that imperfect bilayers always detached through the stepwise water flow 
noted earlier. Conversely in a few, rare cases, wafer flowed smoothly over the whole 
(PS,mica)-interface area, and visually ‘perfect’ test samples were produced. 
Unfortunately, the exact conditions under which the latter behavior occurred 
remained elusive. 

 
We acknowledge that the ultimate proof of the suitability of the prepared 

bilayers, for neutron reflectometry experiments, can only come from neutron 
reflectometry experiments, especially in regard to the structure of the inner, (PS,PS) 
interface. Proof thereof is delayed until section C below, and background 
information, on the description of diffusion within a bilayer, is given at present. 
 
 
B. Measurement protocol 
 
 a. Poly(styrene) self-diffusion 
 

§1 Bulk behaviour; the diffusive mixing of two identical materials at a given 
temperature T , is described by a single mass-diffusion constant, the self-diffusivity 

)(TDD ≡ . For liquids being cooled down toward their glass transition, the self-
diffusivity becomes strongly temperature-dependent; and close to gT , it decreases to 
values such that motion is too small to be observed on the experimental timescale. 

 
For PS, Green and Kramer [122] have described the measured temperature 

dependence quantitatively, by the empirical Vogel law: 

∞−
−=

TT
BA

T
Dlog , 

(1)

where the parameters B  and ∞T  are constants drawn from the temperature 
dependence of the PS viscosity, and A  is a fitting parameter accounting for the 
dependence of D  on molecular weight. In a related study [123], the same authors 
measured the diffusion of long PS chains in PS matrices of variable molecular 
weights, and tested theoretical relations for A . Their work reports data for the 
diffusion of chains with 55=wM  kg/mol, in a matrix of molar mass as low as 2  
kg/mol. Extrapolating their results allows to predict the bulk self-diffusivity for the 
PS under consideration here, 5.5, =PSwM  kg/mol, as shown in fig. 4. Below about 
87  °C, self-diffusion becomes ‘very slow’ (the material then diffuses over less than 

1.0  nm in one hour), as expected for a very viscous liquid. 
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figure 4: calculated self-diffusivity D  against temperature T , for 5.5 –kg/mol PS. 
On the right axis, the interesting range of lengths DttD 2)( =σ  over which the 
material diffuses in one hour ( 3600=t  s), at the same temperatures. (See also below 
the discussion on the meaning of Dσ ). 

 
§2 Homogeneous self-diffusion in a bilayer; to observe diffusive mixing with 

neutron reflectometry, it is necessary to impart scattering contrast between the two 
identical (PS) phases, and to organize this contrast about a planar interface. The 
bilayer geometry of fig. 1 meets the latter requirement, in a thin film. The first 
requirement is readily satisfied by considering hydrogenated and deuterated forms of 
the material, as developed now. Maximum contrast is found between a fully-
hydrogenated PS phase and a fully-deuterated PS phase, which have different 
scattering length densities: 31076.1 −×=ΓhPS  nm-2 and 31007.8 −×=ΓdPS  nm-2, 
respectively. An homogeneous mixture of the two materials is characterized by the 
scattering length density: 

dPShPShPShPSmixture xx Γ⋅−+Γ⋅=Γ )1(  (2)
which depends on the composition of the mixture, described by the hPS volume 
fraction hPSx  ( 1=+ dPShPS xx ). 
 

For a bilayer of total thickness l , bottom hPS layer thickness h , and top dPS 
layer thickness hl − , the maximum contrast is observed in the bilayer as initially 
prepared, before diffusion has occurred. The scattering length density is then hPSΓ  for 

hz <≤0 , and dPSΓ  for lzh ≤<  (curve a in fig. 5). On the other hand, when mixing 
has been completed, no contrast is observed and only a single, homogeneous layer 
appears, with scattering length density dPShPS lhllh Γ⋅−+Γ⋅ )(  (curve e in fig. 5). 

The bilayer and its different stages of mixing are all represented by the local, 
time-dependent hPS volume fraction ),( tzxhPS  ( ),(),( tzxtzx dPShPS + 1= ), which 
determines the scattering length density profile of the bilayer: 

dPShPShPShPSbilayer tzxtzxtz Γ⋅−+Γ⋅=Γ )),(1(),(),( . (3)
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),( tzxhPS  is a solution of the diffusion equation, and has the following form, 
assuming homogeneous diffusion within the bilayer, and treating the bilayer outer 
interfaces as reflecting boundaries [124]: 

∑
+∞

−∞=
⎥
⎦

⎤
⎢
⎣

⎡ +−
+

−+
=

m
hPS Dt

zmlherf
Dt

zmlherftzx )
2
2()

2
2(

2
1),( . 

(4)

The reflecting boundary conditions account for the constraint that no material escapes 
the bilayer. Indeed, the solution (4) is such that  

hdztzx
l

hPS =∫0
),(  (and so hldztzx

l

dPS −=∫0
),( ), 

which states that the mass of the bilayer materials is conserved through the diffusion 
process. In particular, integrating profile (3) at any stage over the interval ],0[ l , 
yields a constant )( hlh dPShPS −Γ+Γ≡μ . This bilayer mass parameter allows 
checking for mass conservation in a bilayer in the fitting of the neutron reflectometry 
data (cf subsection C.b below). 

In the case of a bottom dPS layer and a top hPS layer, the diffusion-equation 
solution (4) describes dPSx  instead of hPSx . If thin-film dynamics is affected by 
confinement (see the following paragraph §3), D  might become thickness-dependent  
(that is, lDD ≡  in expr. (4)). 

 
Expr. (3) is plotted in fig. 5 for the case of a ‘symmetric’ bilayer ( 2lh = ), at 

different times. For short times, expr. (4) reduces to ]1))2()(([21 +−⋅ Dtzherf , 
which is the solution for diffusion proceeding between two semi-infinite media [124]. 
The corresponding density profile (cf profiles 5.a and 5.b) is furthermore of the same 
form as profile (I.27), which describes a rough interface. The diffusion length 

)(2 tDt Dσ≡  is therefore characterizing an interface width, much similarly to the 
rms-roughness introduced in (I.26). 

At longer times (profiles 5.c to 5.e) however, the finite thickness of the bilayer 
becomes important and expr. (4) deviates from a simple error function. Then, the 
diffusion length Dσ  does not bear the same simple interpretation as for shorter times. 
Yet, from the structure of expr. (4), Dσ  remains a good parameter to describe the 
extent of diffusive mixing, without knowing the actual value for the product tD ⋅ ; 

Dσ  may be thought of as the interfacial broadening resulting from diffusion in an 
infinite system. 
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figure 5: scattering length density profiles of a symmetric, 35 -nm thick dPS/hPS 
bilayer, for different diffusion lengths Dσ  in nm (corresponding to different diffusion 
times )2(2 Dt Dσ= ). a: 0  nm (solid curve), b: 4  nm (dashed curve), c: 12  nm 
(dotted curve), d: 5.17  nm (dash-dotted curve), e: 25  nm (solid curve). Mixing is 
almost completed for 25=Dσ  nm. 
 
 §3 Inhomogeneous self-diffusion in a bilayer; in the previous paragraph, the self-
diffusivity D  was assumed constant throughout the bilayer, thereby allowing expr. 
(4) to describe correctly the diffusive mixing occurring at a fixed temperature above 

gT . However this assumption is not always correct for describing diffusion in thin 
films. In particular, the diffusivity has been shown experimentally to depend on the 
nature of the media surrounding the thin film, and especially on whether the 
interactions at the polymer film interfaces are attractive or repulsive [20,125,19,126, 
104,127]. For example, the adsorption of poly(ethylene propylene) (PEP) segments at 
an oxide-covered silicon surface has been shown to reduce significantly the mobility 
of the PEP chains at the interface [125]. These interactions can furthermore be long-
ranged: Zheng et al. found that the slowing-down effect of an oxide-covered silicon 
surface, on PS diffusivity, decays over distances up to several 10  radii of gyration of 
the chains [19]. These experimental facts indicate that a dependence of the self-
diffusivity on bilayer thickness and position in the bilayer, i.e. ),( lzDD ≡ , must be 
included in a consistent description of the diffusive mixing in a bilayer iv. 

Another motivation, for incorporating inhomogenous self-diffusivity into the 
description of the bilayer diffusive mixing, resides in the possibility that an intrinsic 
length scale Λ  is connected with glass transition phenomena [6]; if this is the case 
then there exists a nonuniform profile of glass transition temperatures throughout the 
                                                           
iv Computer simulations [128,129] have furthermore suggested that the self-diffusivity is not 
the same in the directions normal and parallel to the film plane, so that it should really be 
represented by a tensor. In the bilayer geometry however, neutron reflectometry probes only 
the self-diffusivity normal to the film plane. 
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film thickness, and this is reflected in the self-diffusivity behaviour of the thin film 
[7]. In particular, one expects an enhanced self-diffusivity near the free surface(s) of 
the film, and the thickness of this region to be controlled by Λ . Similarly, the decay 
of the reduction in mobility, caused by the possible attractive interactions at a film-
substrate interface, might be parameterized by Λ . Models based on these ideas have 
been constructed to represent the observed shifts in gT  of both supported [109] and 
free-standing [12] PS thin films. Experimental observations (that we discuss in 
subsection B.d of chapter V) of an enhanced mobility in the vicinity of PS surfaces 
have been reported as well. 

 
In spite of the above remarks, our neutron-reflectometry data (see below section 

C) do not seem to require solving the diffusion equation with a position-dependent 
diffusion coefficient, for their proper modelling; therefore we do not treat this 
problem further. We shall nonetheless return to the case of near-surface 
enhancements of the molecular mobility in chapter V, where we discuss the general 
problem of observing these enhancements by neutron reflectometry and explore a 
practical method for their observation. We note finally that several other physical 
phenomena affect self-diffusivity and its inhomogeneity at the nanoscale: a realistic 
treatment ought to be complemented by accounts of the interface-induced anisotropy 
of the PS chains, fluctuations of the mass density across the film thickness (see 
subsection II.A.a), preferential segregation of hPS or dPS at the interfaces [130], as 
well as nonequilibrium effects. 

 
b. Anneal-quench sequence 

 
The evolution in bilayer structure, a priori described by expr. (3) and illustrated 

in fig. 5, is sampled experimentally by collecting reflectivity spectra at a series of 
instants pt , such that )()( 1 pDpD tt σσ ≠+ . This is most easily achieved, by setting the 
specimen temperature to a fixed value above gT  during the measurements. In 
practice, however, the data collection is not instantaneous, and so the evolution of the 
bilayer has to be halted during the data collection time. The glass-transition 
behaviour of PS gives a natural separation of timescales (cf fig. 4), exploited by 
letting the bilayer structure evolve at high temperature, and performing the data 
collection at low temperature. The corresponding ‘anneal-quench’ sequence is 
performed as follows. 

 
First the reflectivity spectrum of the bilayer as-prepared was measured at room 

temperature; this defined approximately a time zero. Then the specimen was brought 
to a prescribed temperature annealingT  above gT , and annealed for a specified period of 
time 1tΔ , such that, presumably, mixing would proceed to a measurable extent. No 
measurements were made during this annealing stage. The sample was then quenched 
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to room temperature, and replaced in the reflectometer, where another data collection 
was undertaken; since the bilayer is frozen at room temperature, the collected 
spectrum carries information on the bilayer structure after a time 11 tt Δ=  at 
temperature annealingT . By annealing further the sample at annealingT  and for a period 

2tΔ , the reflectivity spectrum collected back at room temperature is representative of 
the bilayer structure after a time 212 ttt Δ+Δ=  at temperature annealingT . Upon carrying 
forward these anneal and quench steps v, a set of reflectivity spectra is obtained, 
representing the evolution of the bilayer structure at the temperature annealingT , and at 
the instants 1t , 2t , …, pt , …, from the bilayer structure measured at time zero. Fig. 6 
displays an anticipated set of curves, for the case of an hypothetical silicon-supported 
bilayer made of hPS bottom and dPS top layers, with the scattering length density 
profiles at different times given in fig. 5. 

The different spectra clearly identify distinct-enough times in the diffusion 
process. The model spectra of fig. 6 were computed with STAR, which implements 
the matrix method for calculating reflectivities from arbitrary scattering length 
density profiles (like profile (3)) (see §II.A.b.1 for more details). 
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figure 6: calculated reflectivity spectra, indicating how diffusive mixing of hPS-
top/dPS-bottom bilayer might show. The bilayer support was taken to be silicon, with 

310604.2 −×=Γsilicon  nm-2. The scattering length density profiles of the different 
diffusion stages are those of fig. 5, with the same line-style definitions.  
 

                                                           
v Stange et al. [131] have shown that this may only be done a few times, as thermal expansion 
mismatch between the film and the substrate causes damage to the film. 
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The above procedure has proven effective for tracking, by neutron reflectometry, 
the evolution of the interfacial broadening due to diffusion in polymeric bilayers (cf 
the studies mentioned in subsection A.a). 
 
 
C. Results vi 
 

a. Experiments 
 
 Three bilayers, prepared on 10 –cm diameter silicon wafers according to the 
procedure given in section A.b, were studied. All were approximately symmetric, of 
total thickness about 30  nm; samples i and ii had a top dPS layer and a bottom hPS 
layer, while sample iii had hPS top and dPS bottom layers. 
 

The neutron specular reflectometry measurements were conducted at the 
Interfacultair Reactor Instituut, Technische Universiteit Delft, on the time-of-flight 
reflectometer ROG, extensively described in the thesis of de Haan [43]. For each 
reflectometry spectrum, two wavelength scans (with two different glancing angles) 
were combined, in order to cover a typical range 03.0  nm-1 ≤≤ Q 45.0  nm-1; the slit 
settings, defining the neutron beam size, were chosen so as to keep the neutron-
irradiated area equal for the two glancing angles. The reflectivities (displayed in fig. 
7 for sample ii) were counted at room temperature, and the samples were annealed 
ex-situ under vacuum at 93  °C (at which temperature a bulk self-diffusivity 

17108.1 −×≈D  cm2/s is predicted: cf fig. 4) for various times up to 300  min. Sample 
i was annealed for 300  min; sample ii for 30  min, 75  min, and 213  min;  and 
sample iii for 15  min. 

Since the bilayer area did not cover the entire silicon-wafer area, each sample 
was always replaced at its same position, after each annealing. This position was 
furthermore selected to maximize the contribution from the bilayer reflectivities to 
the measured signal; as example, the illuminated area on sample ii is delimited by the 
dash-dotted perimeter in fig. 3. 

Fig. 7 shows the reflectivity spectra for sample ii. The change, upon annealing, is 
similar to the model spectra presented in fig. 6. This is a clear indication that mixing 
between two layers occurred.  
 

                                                           
vi The experiments and analyses described in this section were conducted in close 
collaboration with dr. Henk Fredrikze and dr. Ad van Well (IRI, Delft). 
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figure 7: neutron reflectivity spectra on sample ii; a: as prepared, and annealed at 
93  °C for b: 30  min, c: 75  min, d: 213  min. Spectra are offset one decade with 
respect to each other, from the reference spectrum a. The low-angle wavelength 
scans (full dots) were all performed at 5=θ  mrad. The high-angle wavelength scans 
(empty circles) were all performed at 5.12=θ  mrad, except for spectrum a for which 

10=θ  mrad. Vertical bars are error bars. Relative misalignments between the low- 
and high- angle wavelength scans are uncorrected for in the figure (see the text of 
subsection C.b, below). 
 

b. Analysis 
 
 §1 A crude analysis; STAR (see also §II.A.b.1) allows simultaneous fitting of 
multiple data sets; this implies that the fitting parameters for different data sets may 
be set equal to each other all throughout the fitting process. In the following, this 
possibility allowed to consistently interpret the two wavelength scans performed at 
two different glancing angles, for each reflectivity spectrum (cf fig. 7). 

To quantitatively interpret the measurements of the previous subsection, 
scattering length density profiles of the form (3) were fitted to the reflectivities from 
samples i, ii, and iii. The series involved in expr. (4) was truncated for computational 
efficiency, by retaining terms up to 2=m . Parameters hPSΓ , dPSΓ , h , and l , in 
exprs. (3) and (4), were left free to represent optimally the bilayers, independently for 
each reflectivity spectrum; the last important parameter describing the bilayer was 

DttD 2)( =σ . In order not to overlook a possible time dependence of D , the 
explicit structure of Dσ  was disregarded, and instead an empirical mixing parameter 

observedD,σ  was fitted in expr. (4), independently for each time pt . In other words, 
whereas in principle Dtttt qqDppD ∝= )()( 22 σσ , no a-priori relation was enforced 
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between )(, pobservedD tσ  and )(, qobservedD tσ  in the fitting procedure. The (air,bilayer) and 
(bilayer,silicon) roughnesses were fitted as well. 

For each spectrum, other fitting parameters were the relative angular 
misalignment and the relative normalization, between the low- and the high- angle 
wavelength scans; these two parameters correct for the experimental errors causing 
the imperfect overlap between the scans, for each spectrum (see e.g. spectrum d in 
fig. 7). An overall normalization scale factor was fitted as well. Finally, two 
resolution width parameters lowQQ )(Δ  and highQQ )(Δ  were fitted for each pair of 
wavelength scans. 

Fits for the series of measurements on sample ii are displayed in fig. 8, together 
with the experimental data. Some of the fitting parameters are listed in table 1, for all 
measurements performed, on all three samples. 

 
table 1: fitted resolution width parameters and normalisation factors for each pair of 
wavelength scans performed on samples i, ii, and iii, as-prepared and after annealing 
at 93  °C. The normalised 2χ , measuring the fit quality, are reported in the third 
column. μ , measuring the bilayer mass conservation in the fitting model, are 
reported in the last column. The other fitted bilayer parameters for sample ii are 
reported in table 2. 

 annealing 2χ  
lowQ

Q )(Δ

 (%) 

highQ
Q )(Δ

 (%) 

low-
angle 
norm. 
factor 

high-
angle 
norm. 
factor 

μ   
(10-3 nm-1) 

as-prepared 74.1  34  70.0  63.0  124  sample i 300  min 16.1  18  62.0  60.0  154  
as-prepared 78.1  17  67.0  68.0  124  

30  min 76.0  0  68.0  61.0  113  
75  min 14.1  6  73.0  67.0  128  

sample ii 

213  min 96.0  17  73.0  67.0  135  
as-prepared 30.1  29  28  86.0  81.0  180  

sample iii 
15  min 22.1  34  35  87.0  84.0  210  
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figure 8: neutron reflectivity spectra on sample ii presented as in fig. 7, together with 
their fits for the low-angle wavelength scans. The fits for the high-angle wavelength 
scans were of identical shape, since identical bilayer parameters were fitted for each 
pair of wavelength scans. 
 

All fits are of comparable quality, with normalized 2χ  lying between 76.0  and 
78.1 . However, the bilayer mass parameter μ  (introduced in subsection B.a) is not 

constant throughout the measurements of each sample; this would mean that the mass 
of the bilayer is not constant. This cannot be the case, which indicates an artifact of 
the data analysis. The resolution widths are also changing throughout the annealings, 
taking on improbable values, outside their typical range of 5  % to 10  %, and outside 
the range of values measured from detector scans of the reflected beam. Despite these 
problems, the scattering length density profiles of fig. 9, which correspond to the fits 
of fig. 8, are supportive of diffusion occurring in the bilayers, in agreement with the 
remarks of the previous subsection. We also report in table 2 the fitted bilayer 
parameters corresponding to the fits of fig. 8. 

 
table 2: fitted bilayer parameters of sample ii, for the fitting model defined by exprs. 
(3) and (4); the fitted (bilayer,silicon) and (air,bilayer) rms roughnesses, lsσ  and 

alσ , are reported in the two last columns. 
annealing l h σ D ,observed ΓhPS ΓdPS σ l s σ a l

at 93 °C (min) (nm ) (nm ) (nm ) (× 10-3 nm -2) (× 10-3 nm -2) (nm ) (nm )
0 29.6 13.9 0.5 1.64 7.20 0.0 0.0

30 28.85 20.3 9.6 0.00 6.53 0.0 0.5
75 29.7 23.9 11.1 0.00 5.47 0.0 0.6

213 29.6 14.65 50.0 3.425 6.22 0.0 0.4  
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figure 9: scattering length 
density profiles of sample 
ii, obtained from the fits 
shown in fig. 8. Sample as 
prepared (solid line), 
annealed for 30  min 
(dashed line), 75  min 
(dash-dotted line), and 
213  min (dotted line). 
Thicknesses h  and l  are 
shown for the sample as 
prepared. 

 
 §2 Bilayer defect structure; to correct the aforementioned problems, the partial 
bilayer coverage of the silicon-wafer area was included in the modeling of the 
reflectivities from samples i and ii. Optical examination (cf subsection A.b) of the 
specimens allowed estimating the coverage fraction υ  of the illuminated area 
covered by a single layer to the total neutron-illuminated area. This fraction υ  was 

05.0  and 10.0 , for samples i and ii, respectively. The areas covered by a single layer 
are seen to be macroscopic patches (cf fig. 3). In such a case, the contributions to the 
total reflectivity coming from the single and bilayer structures are added 
incoherently. The total reflectivity may then be written as 

22
)1( bilayerlayersingletotal rrR υυ −+= , (5)

In fig. 10, the low-angle reflectivity spectrum of sample ii, as prepared, is plotted 
together with the single-layer model reflectivity for a coverage fraction υ ; from eq. 
(5), the difference between the two is the bilayer reflectivity spectrum of sample ii, 
weighted by the bilayer coverage fraction. Both reflectivity spectra vary quickly just 
beyond the total reflection plateau ending at siliconcQ , . This implies that the subtraction 
of the single-layer contribution is most critical in this Q –region. To correctly 
subtract the single-layer contribution, its misalignement error was therefore carefully 
adjusted so that the end of its total reflection plateau coincided with the end of the 
total reflection plateau of the total reflectivity spectrum. Finally, the subtracted 
reflectivities were again fitted with the same model as previously, and the effect of 
the subtraction on the parameters of table 1, is shown in table 3. 
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figure 10: calculated single-
layer contribution (solid line) to 
the total reflectivity (symbols) at 
low angles, for the sample ii, as 
prepared. The single-layer 
coverage fraction is about 10.0 , 
as may be read from the 
intersection of the y –axis with 
the total reflection plateau of the 
model curve. A resolution width 
parameter of 5  % was assumed. 

table 3: fitted resolution width and bilayer mass conservation parameters, after 
substraction of the single-layer contribution to the measured reflectivities of samples 
i and ii, as-prepared and after annealing at 93  °C. The normalised 2χ  are also 
reported in the third column. 

 annealing 2χ  lowQ
Q )(Δ

 (%) 

highQ
Q )(Δ

 (%) 

μ   
(10-3 nm-1) 

as-prepared 57.1  30  34  131  
sample i 300  min 12.1  14  17  153  

as-prepared 33.1  7  20  134  
30  min 76.0  0  0  120  
75  min 15.1  0  0  134  sample ii 

213  min 97.0  15  18  136  
 
From table 3, it appears that the fit quality, as judged from the normalized 2χ , 

improves slightly; qualitatively, no significant difference was observed between these 
fits and those modeling the sum spectra. The normalization factors (not shown in the 
table) were unchanged, as expected from eq. (5). The mass of the bilayer is better 
conserved, as judged from the bilayer mass parameter μ ; this seems to be the main 
benefit from the subtraction procedure. 

The resolution width parameters remained anomalous. Implications of this 
problem are now considered. First, a close look at the spectrum c in fig. 6 reveals that 
there is a range of times, for which a symmetric dPS top/hPS bottom bilayer has 
evolved in a structure resulting in small oscillation fringes. This situation originates 
from the small contrast present at (bilayer,substrate) interface: in fig. 5, the value of 
Γ  at 0=z  is 3107.2 −×  nm-2 for curve c while 310604.2 −×=Γsilicon  nm-2. The 
experimental spectra b and c in fig. 7 look similar to spectrum c in fig. 6. Also the 
corresponding scattering length density profiles in fig. 9, which result from the fits of 
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fig. 8, show that the bilayer scattering length density, at the (bilayer,substrate) 
interface, is close to that of silicon. In the case of such low-amplitude and low-
frequency oscillations of the reflectivity spectrum, the resolution width parameter is 
only determined by the reflectivities in the Q –region near siliconcQ , , where these 
reflectivities drop abruptly. This region is, however, small, and apparently the fitting 
procedure allows the resolution width parameters to converge to 0  %, for the 
sample-ii annealing times of 30  min and 75  min. 

For all the other measurements, the large resolution width parameters found 
account for a damping of the oscillation fringes. The unperfect character of the bi-
layered areas (cf subsection A.b) is possibly the source of this damping. Another 
indication of this imperfection lies in the fact that the total reflection plateau was 
always less than unity: this feature is visible in the experimental spectra (cf fig. 8) 
and is accounted for by the values for the normalization factors (table 1). Such an 
intensity loss below siliconcQ ,  may be explained, qualitatively, by the presence of 
topographic defects which scatter the incident beam off the specular direction. A last 
hint, of the relevance of some topographic defects to the reflection properties of the 
bilayers, is the consistently higher normalized 2χ  obtained from fitting the as-
prepared samples, compared to those obtained from fitting the same annealed 
samples. This difference is indicative of the relative inadequacy of the simple model 
of a laterally-homogeneous bilayer, for describing the as-prepared sample 
reflectivities. 

To shed some light on the nature of the imperfection of the bilayer areas, optical 
microscopy was performed on sample i and ii. Micrographs, collected at the end of 
the measurements (so, after the last annealing), are shown in fig. 11. 
 

500 μm

500 μm

 
figure 11: negative micrographs of the bi-layered areas of samples i (right) and ii 
(left) after their last annealings, at the positions indicated in figs. 3 and 12, 
respectively. Horizontal grey-tone grading is an artifact of the camera positioning on 
the microscope. The dark rugged stripes are regions where the bottom layer is not 
covered by the top layer. 
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The bilayers are not without defects; in particular, trenches are seen, at the 
bottom of which lies the single (bottom) layer. The scale of these features, up to 30 –
μm wide, is comparable to the projected lateral coherence length of the neutron 
beam, estimated to be 100  μm. In such a situation, the formalism developed for 
laterally-homogeneous structures has to be extended [132]. This extension is 
nontrivial, and is not attempted here. 

Finally, it may be noticed that the resolution width parameter for (as-prepared) 
samples i and iii is even larger than for sample ii (cf table 1). Apart from the 
differences in microscopic defect structure seen in fig. 11, optical observations 
comparing fig. 3 (sample ii) and fig. 12 (sample i) suggest a dispersion in the bilayer 
thickness of sample i, absent for sample ii. 
 

M

X

 
figure 12: negative photographic image of sample i after its last annealing. Dark 
patches, such as indicated by the cross, are exposed single-layer areas. The slowly-
varying, lighter background is the bi-layered area. An optical micrograph (fig. 11, 
right) was taken at the position indicated by the symbol ‘M’. The neutron beam-
illuminated area (about 103×  cm2) is the interior of the dash-dotted perimeter. 
Sample iii is visually similar to this sample. 
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Assuming that this dispersion originates only from (stepwise) variations in the 
top layer thickness hlh −≡′  (cf fig. 1), and keeping constant the bottom layer 
thickness h , the reflectivities from the bi-layered area may be written, similarly to 
expr. (5): 

∫ ′′′=− ′ hdrhr hbilayerbilayer

2

,

2
)()1( υυ , (6)

where )(h′′υ  is the coverage fraction of areas with a top layer of thickness h′  
( υυ −=′′′∫ 1)( hdh , the bilayer coverage fraction introduced for expr. (5)). Such an 
incoherent superposition of thicknesses results again in a damping of the oscillation 
fringes; however expr. (6) is of use for explicit modeling of the experimental bilayer 
reflectivities only if the distribution υ′  is known.  
 

It is remarkable that, despite these difficulties, the total mass of sample ii is 
approximately conserved (cf table 3). On the other hand, samples i and iii do not 
seem to satisfy this mass conservation requirement (cf tables 3 and 1). For this 
reason, data from sample i and iii are simply discarded, and a closer look is now 
expended upon the sample-ii bilayer structure corresponding to the data of table 3.  

The (bilayer,silicon) and (air,bilayer) rms roughnesses fell between 0  nm and 
1.0  nm, and 0  nm and 7.0  nm, respectively. The preceding remarks indicate that 

details in the variations of the parameters observedD,σ , h , l , hPSΓ , and dPSΓ , with 
annealing time, are unlikely to bear meaningful information on a time dependence of 
these parameters. The scattering length density profiles deduced from the fits were 
therefore matched with profiles parameterized explicitly with Dσ  (that is, assuming 
D  constant), and constant h , hPSΓ , and dPSΓ , as prescribed by expr. (4); the result is 
shown in fig. 13. 
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figure 13: fitted scattering length 
density profiles (solid lines), for 
sample ii and their fit with the 
scattering length density profiles 
defined by expr. (4) (dashed lines). 
Bilayer profiles from bottom to top: 
as-prepared, annealed for 30  min, 
75  min, and 213  min. The profiles 
are offset 3105 −×  nm-2 with respect 
to each other, from the reference as-
prepared bilayer profile. The best 
representation was found for 

16102.2 −×≈D  cm2/s, 2.14≈h  nm, 
31061.1 −×≈ΓhPS  nm-2, and ≈ΓdPS  

31038.7 −×  nm-2.  
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At the annealing temperature of 93  °C, the best self-diffusivity estimate is 
16102.2 −×≈D  cm2/s for a PS film about 30 -nm thick, one order of magnitude larger 

than the predicted self-diffusivity for bulk dynamics, 17108.1 −×≈D  cm2/s (cf fig. 4). 
 
c. Discussion 

 
Despite the uncertainties relating to the data analysis presented in the previous 

subsection, the order-of-magnitude increase of the PS self-diffusion that we have 
measured in a 30 -nm thin film appears significant. The self-diffusivity measured at 
93  °C, 16102.2 −×≈D  cm2/s, occurs at 96  °C in bulk PS (cf fig. 4). Assuming that 
the measured self-diffusivity is representative of the average self-diffusivity in the 
film, and that the temperature dependences of the self-diffusivity in the film and in 
the bulk are identical, our result suggests that 30(, =lT filmg  nm 3) , −= bulkgT  °C 77=  
°C, for our PS with 5.5=wM  kg/mol on a native oxide-covered silicon substrate. In 
the following we compare our supported-film PS glass transition temperature and 
self-diffusivity results to the published literature data; unless stated otherwise, we 
compare our results to monodisperse PS data for the same film thickness ( 30=l  
nm).  

 
Our simple estimation of 30(, =lT filmg  nm 77) =  °C is in apparent agreement 

with the following results: 1) the ellipsometry determination of filmgT ,  by Tsui and 
Zhang [93], for PS with 7.13=wM  kg/mol on a native oxide-covered silicon 
substrate; 2) the filmgT ,  determination by positron annihilation lifetime spectroscopy 
of DeMaggio et al. [13], for PS with 63=wM  kg/mol on a hydrogen-passivated 
silicon substrate. 

Furthermore, probe diffusivity measurements [133] have suggested that the 
temperature dependence of translational diffusivity is smaller in thin PS films than in 
the bulk PS; this implies that our gT  shift might be underestimated, i.e. 

30(, ==Δ lTT filmgg  nm <− bulkgT ,) 3−  °C. Therefore our filmgT ,  result is in qualitative 
agreement with: the determinations of [89,94,90,97], covering the ranges 13−  °C≤  

3−≤Δ gT  °C and 12  kg/mol 2240≤≤ wM  kg/mol for PS films on (native) oxide-
covered silicon and (aluminium-covered) glass, by ellipsometry, dielectric relaxation 
spectroscopy (DRS) and fluorimetry; and the determinations by ellipsometry of [26] 
( 5.8−=Δ gT  °C for PS with 2=wM  kg/mol on native oxide-covered silicon) and by 
DRS of [90] ( 7−=Δ gT  °C for PS with 6.3=wM  kg/mol on aluminium-covered 
glass). 

Finally our filmgT ,  result is at variance from: the results of [8] (ellipsometry, 
hydrogen-passivated silicon) and [24] (dielectric capacitive dilatometry, aluminium-
covered glass) reporting no shift of 30(, =lT filmg  nm )  for PS; and the results of [88] 
(x-ray reflectometry, hydrogen-passivated silicon) and [95] (shear-modulated 
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scanning force microscopy, native oxide-covered silicon) reporting a positive shift of 
30(, =lT filmg  nm )  for PS.  

 
 Our PS self-diffusivity result, 16102.2 −×≈D  cm2/s at 13, +bulkgT  °C 93=  °C, is 
not easily compared to the existing literature; to our knowledge there is no 
experimental report of the translational self-diffusivity or probe diffusivity in PS 
films as thin as in our study ( 30=l  nm). Tseng et al. have reported a hundredfold 
increase in the lateral probe diffusivity measured by fluorescence recovery after 
photobleaching (FRAP), in PS films of thicknesses 55  nm and 91  nm (with 
respective 347=wM  kg/mol [133] and polydisperse 280=wM  kg/mol [100]; both 
on silica) at 13, +bulkgT  °C; however these authors could not exclude that their 
diffusion probe had segregated at the PS film surface. Previous FRAP measurements 
by Frank et al. [101], carried out on labelled PS with 38=wM  kg/mol in a PS matrix 
with 31=wM  kg/mol, indicate a steady decrease in the lateral PS diffusivity down to 
the thinnest film prepared ( 55  nm, on silica), at 40, +bulkgT  °C. Not withstanding the 
conflicting nature of the results of these two groups, their simplest comparison with 
our result implies to assume that the PS self-diffusivities in the directions normal and 
parallel to the film plane are equal. However this assumption is not justified for self-
diffusivities averaged across the film thicknesses [128,129,134] of the films 
considered in our study and in [101,133]. 

Previous experimental reports on the diffusivity normal to the PS film plane 
indicate a slowing-down with respect to the bulk diffusivity. Fluorescence 
nonradiative energy transfer measurements [98] show a steady decrease of the probe 
diffusivities down to the thinnest PS film prepared ( 67  nm, 123=wM  kg/mol on 
silica). DSIMS measurements [20] indicate a reduction of the PS tracer diffusivity 
( 22  kg/mol 670≤≤ wM  kg/mol) into PS matrices with 740=wM  kg/mol, at 5  nm 
from silicon surfaces (native oxide-covered, hydrogen-passivated, and poly(2-
vinylpyridine)-covered), in 405 -nm thick films at 53, +bulkgT  °C; in a subsequent 
study [19], the same group extended their DSIMS measurements, confirming the 
reduction of PS tracer diffusivity ( 6.83=wM  kg/mol) in PS matrices of 9  kg/mol≤  

8000≤wM  kg/mol, at distances up to 200  nm from (native) oxide-covered and 
hydrogen-passivated silicon surfaces, at 53, +bulkgT  °C. Neutron reflectometry 
measurements [104] show a bulk self-diffusivity in thick (more than 120  nm) PS 
films ( 668=wM  kg/mol, on glass). 

 
From the above literature overview, restricted to some of the studies relevant to 

the interpretation of our data, there appears to be significant scatter in the extent (and 
to a lesser extent in the trend) of the thin-film confinement effects on PS glass 
transition and diffusivity. This scatter is partly reduced when taking into account the 
differing interfacial energies of PS with the various supporting substrates [10,92], but 
this does not resolve the remaining ambiguities [98,135]. Other sources of 
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discrepancies between studies have been suggested as well: differences in sample 
preparation procedures [136,25] and differences in the physical properties probed by 
the various experimental techniques.  

The neutron reflectometry measurements that we have presented in this section 
can be extended to cover wide film-thickness and temperature ranges, as well as the 
range of low wM  below the critical molecular weight for entanglement. From such 
measurements at various thicknesses and bilayer interface positions, we can 
accurately determine the position-dependent PS self-diffusivity normal to the film 
plane, down to film thicknesses of the order of a few nanometres, which cannot be 
easily done by the other existing experimental techniques. Finally, we emphasize that 
low- wM  PS self-diffusivity in thin films had not been investigated by the high 
resolution afforded by neutron reflectometry, because bilayers of such materials 
could not be prepared with sufficient quality so far. Our study demonstrates that such 
investigations are now possible. 
 



 
V. Surface mobility in  

low-molecular weight poly(styrene) thin films 
 

 
 
 

  
 In the previous chapter, we presented neutron-reflectometry measurements of the 
self-diffusivity of low- wM  poly(styrene) (PS) in thin films. An enhanced molecular 
mobility near the thin-film free surface has been postulated since the first observation 
of reductions in the glass transition temperature of PS thin-films [8,11]. Such a free-
surface region of enhanced molecular mobility might furthermore be a generic 
feature of molecular glass formers [7,137]. Therefore, it is interesting to test directly 
this hypothesis by the observation of the PS self-diffusivity in the free-surface region. 
As developed in the following, this requires the introduction of a novel sample 
geometry, suited to the study, by neutron reflectometry, of the near-surface dynamics 
in thin films. We choose a sample geometry consisting in PS particles deposited over 
a PS single layer. Using hPS and dPS for the particles and single layer, respectively, 
the scattering contrast is most pronounced at the partially-covered free surface of the 
hPS layer. The evolution of the concentration profile, upon annealing, is therefore 
expected to give information on the dynamics in the near-surface region of the thin 
film. Apart from the different sample geometry, the experimental methodology is 
otherwise identical to that described in the previous chapter, subsection IV.B.b. 

The presentation is organized as follows: first we discuss the limitations of the 
bilayer geometry for studying PS self-diffusivity in the free-surface region. Then we 
show how lateral modulations in the thin-film composition might be useful to such a 
study. In the second section we describe the deposition of PS particles over a thin PS 
film. The benefits of this sample geometry, in terms of its increased sensitivity for 
observing near-surface dynamics are emphasized. Finally, our neutron-reflectometry 
experiments are reported and analysed, and their results are compared to the results 
of the previous chapter. 
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A. Beyond the bilayer geometry 
 

a. Limitations of the bilayer geometry 
 

As illustrated by the previous chapter on the case of PS, the bilayer geometry is 
well-suited to the investigation of the molecular mobility above the glass transition 
temperature in thin films, by the neutron reflectometry technique. In this respect, the 
key parameter is the diffusion length DttD 2)( =σ . As suggested in subsection 
IV.B.b, measurements of Dσ  performed at several times during an extended 
annealing period of the thin film afford a high precision on the inferred value for the 
self-diffusivity. The most accurate measurements of Dσ  itself are obtained during the 
early stages of the diffusion process, since Dσ  is then legitimately interpreted as an 
interface width [138]. Indeed, at the beginning of the diffusion process 
( ),min()( hlhtD −<<σ ), the density profile of the bilayer is merely an error function 
of width Dσ  and density parameters the densities of pure hPS and dPS. Rather, later 
in the diffusion process, the density profile of the bilayer involves the more 
complicated function (IV.4) and Dσ  cannot be interpreted as an interface width 
anymore (cf. subsection IV.B.a, in particular the discussion of fig. IV.5). Besides, a 
preliminary study of the numerical behaviour of expr. (IV.4) throughout the later 
stages of the diffusion process indicates that, in the case of asymmetric bilayers 
( 2lh ≠ ), the density profile cannot be approximated accurately by a single error 
function. Fig. 1 shows an example of evolution of the density profile for an 
asymmetric bilayer, of total thickness 35=l  nm and initially composed of layers 
with thicknesses l×95.0  for dPS and l×05.0  for hPS. 

We now show in which manner the preceding requirement, for an accurate and 
straightforward determination of Dσ  by neutron reflectometry, is related to the 
condition of the density profile having its highest gradient i at the position of the 
bilayer hPS-dPS interface. The significance of this condition is clarified further in 
this subsection, where we address the situation of a molecular mobility that varies 
across the film thickness. 

                                                           
i In addition to the air-film and film-substrate interfaces, the reflectivity curve shows a third 
interface in the thin-film structure, provided there is a third well-defined peak in the gradient 
of the density profile. The thin film is then, as far as experimental observations by 
reflectometry are concerned, effectively a bilayer with an inner interface position that is 
determined approximately by the locus of this third extremum in the gradient of the density 
profile. 
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figure 1: scattering length density profiles of an asymmetric, 35 -nm thick dPS/hPS 
bilayer, for different diffusion lengths Dσ  in nm (corresponding to different diffusion 
times )2(2 Dt Dσ= ). a: 0  nm (solid curve), b: 4.1  nm (dashed curve), c: 4  nm 
(dotted curve), d: 12  nm (dash-dotted curve), e: 25  nm (solid curve). The density 
profiles were calculated with exprs. (IV.3) and (IV.4). Similarly to the case of a 
symmetric bilayer shown in fig. IV.5, mixing is almost completed for 25=Dσ  nm. 
 

At present, for the purpose of establishing the above condition, it is sufficient to 
study the properties of the hPS fraction throughout the bilayer, which is described by 
expr. (IV.4). In fig. 2, the position )(theff  of the maximum gradient, obtained by 
solving for z  in 0),( 22 =dztzxd hPS , is plotted against time for various values of the 
hPS-dPS interface position. For asymmetric bilayers, fig. 2 illustrates that while the 
bilayer inner interface coincides with the initial, hPS-dPS interface at position hz =  
during the early times of the diffusion process, it shifts towards the centre of the 
bilayer at later times. This shifting occurs at earlier times in the more asymmetric 
bilayers. 
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figure 2: time dependence of the positions of the bilayer inner interface, for various 
initial bilayer geometries; from top to bottom: 95.0=lh , 85.0 , 75.0 , 65.0 , 55.0 , 

50.0 , 45.0 , 35.0 , 25.0 , 15.0 , and 05.0 . Each interface position evolves from its 
initial hPS-dPS interface position, lh , towards the centre of the bilayer, 

50.0)( =+∞= ltheff . The full circles locate the density profiles shown in fig IV.5; 
the empty circles locate the density profiles shown in fig. 1. 
 

It is further demonstrated in fig. 3 that the bilayer inner interface is more strongly 
reflecting than the initial hPS-dPS interface, by the comparison between 

)(
),(

thzhPS
eff

dztzdx
=

 and 
hzhPS dztzdx

=
),( . For the most asymmetric bilayers, the 

maximum gradient in the density profile is significantly larger than the gradient of 
the density profile at the initial hPS-dPS interface position. 
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figure 3: arctangent of the density gradient at the initial position of the hPS-dPS 
bilayer interface, vs the arctangent of the maximum density gradient at the position 
of the bilayer inner interface. In this representation, all slopes evolve from 2π−  at 

0=t  to 0  at +∞=t . The slopes of increasingly asymmetric bilayers ( =− 21lh  
15.0 , 30.0 , and 45.0 ) deviate more and more from the slopes of the symmetric 

bilayer ( 021 =−lh , straight line on the graph). The dots locate the density profiles 
shown in fig IV.5; the empty circles locate the density profiles shown in fig. 1. 
 

Turning at present to the situation where the self-diffusivity )(zD  is not constant 
across the film thickness (cf. §IV.B.a.3), figs. 2 and 3 demonstrate that for 
increasingly asymmetric bilayers, one effectively probes the molecular mobility at 
positions )(theff  deviating from the position of interest, h , at shorter and shorter 
times. Consequently, the bilayer geometry does not allow to resolve with a uniform 
accuracy the molecular mobility as a function of the position in the film thickness. It 
is easiest to measure the molecular mobility in the centre of the film, with a 
symmetric bilayer geometry. On the contrary it is most difficult to study the 
molecular mobility nearby either of the boundaries of the film, because the 
asymmetric-bilayer interface quickly shifts towards the centre of the film. 

 
b. Laterally-structured thin films 

 
The argument developed in the previous subsection reflects the difficulties 

associated with maintaining the bilayer inner interface at a fixed position. In fact, the 
displacement of this interface is simply the microscopic underpinning of the minority 
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phase (which is, from expr. (IV.4), hPS if 2lh <  or dPS if 2lh > ) diluting in the 
majority phase (which is dPS if 2lh <  or hPS if 2lh > ). 

 
Since the film thickness is also a parameter influencing the molecular mobility in 

the film (see §IV.B.a.3), clearly it cannot be varied freely for the purpose of ‘adding’ 
material to the minority phase. Then, while keeping the film thickness constant, the 
only way to bring ‘more’ material to the minority phase is to introduce into the film 
controlled in-plane variations of the hPS-dPS composition. In fig. 4 a hypothetical 
situation is depicted, where such a modification of the film structure might indeed 
assist in resolving variations of the molecular mobility across the film. 

In this example we assume that the film can be divided into two regions, a free-
surface region ‘1’ and the rest of the film ‘ 2 ’; each region is characterized by its 
own glass transition temperature, such that 2,1, gg TT <  (and the film glass transition 
temperature filmgT ,  lies between 1,gT  and 2,gT ). These assumptions imply that there 
exists a range of intermediate temperatures iT , with 1,gi TT > , such that the free-
surface region possesses an enhanced mobility with respect to the rest of the film. At 
these temperatures the self-diffusivities ii of each region satisfy )()( //

2
//

1 ii TDTD > ; in 
particular, 0)()( //

2
//

1 => ii TDTD  (over the considered time scale) for 2,1, gig TTT ≤< , 
and in the middle of fig. 4 we have sketched the result of an annealing in this 
temperature range. At higher temperatures the film material is an equilibrium liquid 
and )()( //

2
//

1 TDTD = . 
In contrast to the hypothetical situation described in our example, the discussion 

of §IV.B.a.3 indicates that inhomogeneous self-diffusion in a thin film near filmgT ,  is 
more complex. In particular the substrate supporting the film can define a third 
region in the film, thereby influencing the position-dependent self-diffusivity. It has 
also been suggested that the distributions of local glass transition temperature and 
diffusivity in the film should in fact be regarded as continuous functions [7,109]. 
Nevertheless, fig. 4 shows that going from an in-plane hPS-dPS interface (which is 
characteristic of the bilayer geometry) to through-plane hPS-dPS interfaces, makes 
visible the varying molecular mobilities across the film thickness. The hPS-dPS 
contrast is indeed lost at different rates, 1// ))(2( −∝ tzD , at different positions z  in the 
film. 
 

                                                           
ii The self-diffusivities, in the directions normal ( ⊥D ) and parallel ( //D ) to the plane of the 
film, are not necessarily the same. Whereas diffusion in the bilayer geometry can be described 
with ⊥D  only (cf. footnote IV.iv), diffusion in laterally-structured thin films is generally 
described by ⊥D  and //D . In the remainder of the present chapter, we study spatial variations 
in the self-diffusivity with initial density profiles such that //D  is the most interesting 
quantity. We shall assume that //DD =⊥ , except where //DD ≠⊥  leads to a qualitatively 
distinct behaviour. We will not consider cases where 0// ≠D  and 0=⊥D . 
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figure 4: sketch of a laterally structured thin film, with a free-surface region of 
enhanced molecular mobility. The plane of the film is assumed perpendicular to the 
plane of the figure; the film substrate is represented by the striped region; the thin 
film is delimited by the solid lines, and the region of enhanced mobility is delimited 
by the dashed line. Initially (top), the film is structured into alternating bands of hPS 
(white) and dPS (black). After annealing at some temperature above the glass-
transition temperature of the free-surface region (middle), hPS and dPS are partially 
mixed in this region, owing to the faster molecular motion. After further annealing at 
a temperature higher than the glass-transition temperature of the rest of the film 
(bottom), hPS and dPS are completely mixed in the free-surface region, whereas they 
are only partially mixed in the rest of the film. 
 

The example of fig. 4 finally illustrates another difficulty, associated with the use 
of the bilayer geometry to detect variations of molecular mobility localized near 
either of the film boundaries: in order to establish the existence of the more mobile 
region, the initial bilayer interface must lie within the region delimited by the dashed 
line. Then, since the extent of the mobile region is a priori unknown as well, the 
experimental investigation potentially demands collecting reflectivity spectra on 
multiple bilayers of increasing asymmetry, until the mobile free-surface region is 
encountered. A sample geometry such as outlined in fig. 4 allows instead to answer 
the question of the existence of the mobile surface region, by experiments on a single 
thin film. 

 
We acknowledge that the practical realization of a sample geometry, involving 

these controlled in-plane variations of the hPS-dPS composition, constitutes a 
significant challenge (cf. the discussion in subsection IV.A.a). In the next section we 
describe an experimental procedure for fabricating a related sample geometry, of 
special relevance to resolving the free-surface region dynamics. We also report on 
experimental results obtained by neutron reflectometry performed on samples 
fabricated in this way. 

time 
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B. Poly(styrene) particles on a poly(styrene) layer 
 

a. Preliminary remarks 
 

The sample geometry that we have realized consists in micron-sized hPS 
particles deposited onto a dPS thin film. The thin film was prepared by spin coating a 
toluene solution of 45.0  wt% monodisperse dPS, 5.5, =dPSwM  kg/mol, onto a silicon 
<100> wafer. The detailed spin-coating procedure was the same as described in 
subsection IV.A.b, and we describe in the next subsection the hPS particle deposition 
procedure. 

 
At present we relate this sample geometry to the considerations of subsection 

A.b. We are primarily interested in studying the dynamics in the thin film supporting 
the particles; this emphasis is most easily met in the regime pRl <<  (where pR  is the 
average particle radius) since then the diffusion iii lengths satisfy <<⊥ pD

Rt)(σ  
lt

D
)(⊥σ . The thin-film region of the sample is magnified in fig. 5. In complete 

analogy with fig. 4, we assume now a free-surface region of enhanced molecular 
mobility extending over both the thin film and the particles, characterized by a glass 
transition temperature 1,gT  smaller than the glass transition temperature 2,gT  of both 
the rest of the film and the inner volume of the particles. It is furthermore anticipated 
[139] that the spreading of the particles is much slower than self-diffusion at the 
particles-film interface. Consequently, annealing at a temperature iT , such that 

2,1, gig TTT ≤< , results in the mixing of the free-surface regions of the (dPS) film and 
(hPS) particles. This is represented in the second stage of fig. 5. 

We note that for large pR , it is expected that DDD ==⊥ //
22  the bulk self-

diffusivity and bulkgg TT ,2, =  the bulk glass transition temperature, in the portions of 
region 2  that are included in the particles and lie beneath their contact area. Yet, 
sufficiently far away from the particles, it may be that DD ≠⊥

2  and DD ≠//
2  since 

there the self-diffusivity takes on values characteristic of the small film thickness l . 
This implies that self-diffusion within region 2  itself is not homogeneous. We are 
addressing only the situation where bulkgg TT ,2, ≤ ; therefore the explicit distinction 
between the two subregions of region 2  is made only where needed. 

 

                                                           
iii ⊥D  and //D  refer now to the self-diffusivities in the directions normal and parallel to the 
thin-film and particles free surfaces. 
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timetime
 

figure 5: magnification of the thin-film region of a thin dPS film with overlaid hPS 
particles. As in fig. 4, the plane of the film is assumed perpendicular to the plane of 
the figure, the film substrate is represented by the striped region, and the dPS thin 
film (black) and the hPS particles (white) are delimited by the solid lines. A free-
surface region of enhanced molecular mobility is represented as well, delimited by 
the dotted line. Initially (top), the thin film and particles PS are well segregated. 
After annealing at some temperature above the glass-transition temperature of the 
free-surface regions of the thin film and particles (bottom), hPS and dPS have formed 
a uniformly mixed layer in these regions, owing to the faster molecular motion. 

 
Both the examples of figs. 4 and 5 illustrate how lateral variations in the hPS-

dPS composition may lead to a layering of the thin-film structure in certain 
situations. This potential behaviour is appealing to the investigation of the free-
surface region mobility in PS thin films, by the sample geometry of fig. 5 that is 
experimentally realizable: a conversion of the initial dPS single layer into a dPS 
bottom/hPS-dPS top bilayer would constitute a simple proof of the enhanced mobility 
of the free-surface region with respect to the rest of the film. This can be checked 
straightforwardly by specular neutron reflectometry, provided that the particles do 
not interfere significantly with the reflections from the underlying thin film, and 
provided that the unmixed dPS area in the particles-film contact region is small 
compared to the free-surface area of the dPS film. 

The occurrence of a layering is ensured by 0)(//
1 ≠iTD  and 0)(//

2 =iTD , for a 
sufficiently long annealing in the temperature range 2,1, gig TTT ≤< . Diffusion near a 
glass transition can be very slow however (cf. §IV.B.a.1), so that from an 
experimental point of view, a very long annealing period might be required to mix 
hPS and dPS in the free-surface region, even at 2,gi TT = . Therefore it might be more 
practical to anneal at a temperature 2,gi TT > , in those cases where 

0)()( //
2

//
1 ≠>> ii TDTD  and ( )()( 2

//
1 ii TDTD ⊥>>  or )()( 1

//
1 ii TDTD ⊥>> ); a judicious 

choice of the annealing time would then result in a significant mixing in the free-
surface region, accompanied by a negligible broadening of the interface between this 
region and the rest of the sample. These considerations show that the actual 
formation of a homogenously-mixed layer of hPS and dPS, localized to the free 
surface region on account of its enhanced mobility, is strongly dependent upon the 
relative temperature behaviours of the PS self-diffusivities //

1D , //
2D , ⊥

1D , and ⊥
2D . 
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Even if it happens that neither of the above annealing schemes is usable to form 
a homogeneously-mixed hPS-dPS layer at the free surface region, the identification 
of an enhancement in PS self-diffusivity is still a priori possible with the sample 
geometries of figs. 4 and 5. It becomes then necessary to solve the two-dimensional 
diffusion equation with a position-dependent self-diffusivity, to analyse the observed 
spatial variations in hPS and dPS volume fractions that result from the annealings at 

2,gi TT > . These observed spatial variations must furthermore be obtained from 
measurements of the off-specular scattering produced by the thin-film structure [140, 
141], in addition to its specular reflectivity. 

 
In the present work, we are addressing only the question of the existence of a 

free-surface region that has a significant enhancement in molecular mobility with 
respect to the rest of the film. Accordingly, the analysis of the experimental results, 
presented in subsection c below, relies upon the formation of the homogeneously-
mixed hPS-dPS layer, as a definite signature of enhanced mobility in the free-surface 
region. This approach is somewhat restrictive, as appears from the foregoing 
discussion, and because of its inability to deduce an accurate numerical value for the 
self-diffusivity in the free-surface region. Nevertheless, we consider it as a natural 
first step in establishing the suitability of the sample geometry of fig. 5, to the study 
of PS mobility in the free-surface region, by neutron reflectometry. 

Preliminary x-ray specular reflectometry experiments indicated that the particles 
did not modulate the Kiessig interference fringes originating from the underlaying 
thin film (cf. fig. 7 below). Therefore this suggested that the neutron specular 
reflectometry would not, a fortiori, be sensitive to details of the diffusion process 
within the particles, thereby supporting the fact that the sample geometry of fig. 5 
might indeed provide a straightforward means of studying the free-surface dynamics 
in thin PS films. 

 
 b. Particles deposition process 

 
The poly(styrene) particles were prepared by aerosolization iv. A dilute solution 

of monodisperse hPS, 5.5,, == dPSwhPSw MM  kg/mol, in HPLC-grade acetone was 
prepared with a concentration of 2  mg/ml, in a 5.0 -l glass beaker. The filled beaker 
was subsequently loaded inside a stainless-steel pressure vessel. Using nitrogen as 
the pressurization fluid, the solution was driven to a pneumatic concentric nebuliser 
(fig. 6). The nebuliser was installed at the top of a meter-sided cubic box, and 
operated at typical flow rates for its design. Within a few mm from the nozzle [142], 
this type of nebuliser produces a distribution of droplet sizes, ranging from a few μm 
                                                           
iv I am most grateful towards Jaap Elgersma, for providing the pneumatic nebuliser and 
pressure vessel, as well as the operating parameters and background information, relevant to 
the process described in the following. 
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to a few ten µm (see e.g. [143,144]). The resulting aerosol was accumulated in the 
box volume for several 15–min intervals and collected onto the silicon-wafer 
supported dPS thin film, as detailed below. 

 

 

 
 
figure 6: schematic of the concentric 
glass nozzle used to produce the hPS 
particles. Dimensions are indicated 
in µm, and the filled sections 
represent the glass parts of the 
nozzle. The hPS-acetone solution 
flows at a rate of about 1  ml/min 
through the central orifice, and is 
nebulized by a nitrogen flow 
(cylindrical orifice) of about 1  l/min. 

 
Prior to beginning to generate the aerosol of PS-acetone droplets, the silicon-

wafer supported PS thin film v was annealed under vacuum for one hour at 80  °C, 
and was set horizontally on the floor of the box, away from the emission region of the 
nebuliser vi. In this location, the film remained homogeneous over its entire area, but 
also started to reflect white light diffusely, and the more so, as the film was exposed 
longer to the aerosol. This was caused by an accumulation of PS particles onto the PS 
film, as explained now.  

 
Acetone possesses a high vapour pressure at room temperature, so that acetone 

aerosol droplets evaporate within a few seconds [145]. Hence it is expected that the 
PS-acetone aerosol droplets partially dry in the course of the sedimentation time 
necessary for reaching the silicon wafer. During the same time, the deposition-box 
volume becomes progressively saturated with acetone vapour. The presence of 
particles was confirmed by transmission optical microscopy on fused-quartz 
substrates, both bare and covered with PS thin films. It was also possible to estimate 

                                                           
v All trials with the aerosol deposition process were carried out with hPS thin films, so that the 
use of dPS thin films was reserved for those experiments which involved neutron 
reflectometry. 
vi The emission region of the nebuliser was identified as the region where the largest liquid 
aerosol droplets impacted and displaced the film, resulting in macroscopic defects readily 
resolved by optical microscopy. 
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the particle sizes and to characterize their organization, by optical microscopy. 
Particle sizes were observed to lie between 1 µm and 5  µm, and we estimated a 
typical particle size of the order of 1 µm. This is consistent with the estimated mass 
of PS in the droplets: 2  mg/ml of PS dissolved in a spherical 5 -µm acetone droplet 
amounts to a spherical particle size of about 1 µm, assuming that all acetone is 
evaporated and that PS takes on its bulk density. 

Whereas below a deposition time 25≈maxt  min, micron-sized particles were 
indeed collected onto the surface of the underlying PS film, beyond maxt  the particles 
were observed to spread onto the film. In the latter case, the lack of optical contrast 
between the particles and the film suggested that the particle spreading was 
extensive; this is supported by the significant alteration of the x-ray specular 
reflectivities from the PS film, as shown in fig. 7. Since PS is glassy at room 
temperature, such a large-amplitude motion implies necessarily a large concentration 
of acetone in the particles, which might result in a significant mixing at the film-
particle interfaces. 

 

 
figure 7: effect of acetone vapor on the x-ray reflectivity vii spectrum of a PS thin film 
covered by micron-sized PS particles. The reflectivities were not measured at low 
angles, but the sample alignment was verified prior to each measurement. The three 
spectra were obtained with identical collection times on the same sample: the two top 
overlapping curves are from a PS thin film spin-coated on a fused-quartz substrate, 
before and after the deposition of PS particles for 20  min maxt< ; the bottom curve is 
from this particles-film structure after a subsequent exposure to acetone vapour for 
30  min maxt> . Both the particles deposition and the acetone exposure were 
performed under the same conditions using the aerosol generation setup described in 
the text. 

                                                           
vii I am most grateful to prof. H. Schenk and W. Molleman for granting access to their x-ray 
powder diffractometer. The instrument was a Philips X’pert Pro equipment similar to the one 
used in chapter III. 
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For the neutron reflectometry experiment, the dPS thin film was exposed for a 
total period of 324  min, with the box vented at 15 –min intervals (i.e. times less than 

maxt ), which definitely prevented particle spreading. Hence, and assuming that the 
concentration of acetone in the dPS film was less than that in the hPS particles, we 
expect that this sample preparation procedure is accompanied by virtually no mixing 
between the hPS particles and the dPS thin film. 

 
 For long particle-deposition times, such as used to prepare the samples of the 
neutron reflectometry experiments, the surface of the PS film became covered by an 
assembly of isolated tree-like clusters of particles, as observed by scanning the region 
of the deposited particles through the focal plane of the microscope. 

The long particle-deposition times were chosen so as to maximize the coverage 
of the film by the particles. However the microscope observation shows that the 
concentration of particles at the film surface saturates to a rather low value. This 
occurs because the most elevated parts of the particles-film structure tend to capture 
incoming particles first, before they reach the film surface. As a result the number 
density of particles per unit area increases faster away from the surface than at the 
surface, and eventually the tree-like clusters screen the film surface from the 
incoming particles. 

The total deposition time amounted to clusters of height about 150  µm and no 
further significant increase in coverage. Defining the coverage pυ  as the total 
particles-film contact area divided by the total film area prior to particles deposition, 
we estimate 10  % 20≤≤ pυ  %. Such a dPS thin film with deposited hPS particles 
was investigated with neutron reflectometry, as reported in the following subsection. 
  

c. Neutron reflectometry experiment viii 
 
 Neutron reflectometry was performed on the time-of-flight reflectometer ROG at 
the Interfacultair Reactor Instituut, Technische Universiteit Delft. As explained in 
chapter I, subsection B.b, the experiments are performed in the wavelength scan 
mode, and the present measurements were carried out similarly to those described in 
chapter IV, section C.a. The sample was made of hPS particles overlaying a dPS film 
spin-coated over a 10 –cm diameter silicon wafer, by the preparation method 
described in the previous subsection. 
 

§1 As-prepared sample; the sample was first measured as-prepared, with the 
beam incident from air, at room temperature; the collected reflectivity spectrum is 
shown in fig. 8 for the glancing angles of the measurement. Kiessig fringes are 
clearly visible, and from the positions of the two first minima of the reflectivity 
                                                           
viii The experiment described in this section was conducted in close collaboration with dr. 
Henk Fredrikze and dr. Ad van Well (IRI, Delft). I am also grateful for stimulating 
discussions on the data analysis. 
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curve, one estimates a thickness =− )185.034.0(π 3.20  nm, in agreement with the 
expected thickness of the dPS film prepared by spin-coating a 45.0  wt% solution of 
dPS in toluene. The critical edge for silicon is also immediately visible at 

05.0,c ≈siliconQ  nm-1, despite the absence of total reflection below siliconQ ,c . 
In fact, the decreasing reflectivity below siliconQ ,c  is strongly anomalous and we 

attribute this behaviour to the presence of the hPS particles overlaying the dPS film ix. 
Indeed, for a homogenous single layer with flat parallel surfaces and a real refractive 
index, a total reflection plateau is found in the specular reflectivity below siliconQ ,c  (cf. 
fig. I.3); in case of a small roughness of the free surface and/or a small imaginary 
component to the refractive index of the film, the total reflection plateau becomes a 
roughly decreasing function of Q , still such that 1)( ≈QR  for siliconQQ ,c< . Hence it 
is not possible to describe the observed reflectivity curve below the silicon critical 
edge by a supported single-layer model. We nevertheless found that it is possible to 
fit the observed curves above siliconQ ,c  by such a model, as evidenced by the solid 
lines in fig. 8; the model parameters were the single-layer scattering length density 
Γ , thickness l , roughnesses alσ  and lsσ , as well as arbitrary normalization factors 
for the low- and high- angle spectra, and Q -resolution width parameters lowQQ )(Δ  
and highQQ )(Δ . Their values are reported in row (a) of table 1, as determined by the 
simultaneous fitting with the STAR program (see subsection IV.C.b), of the spectra 
measured at the two glancing angles. 

 
table 1: fitting parameters obtained from the model of a single layer on a silicon 
substrate, applied to the sample of hPS particles deposited over the silicon-supported 
dPS film, at different stages of its evolution. (a) as prepared; (b) annealed for 120  
min at 90  °C; (c) further annealed for 60  min at 95  °C; (d) finally annealed for 50  
min at 100  °C. In the model, the silicon scattering length density was fixed to its bulk 
value, 310604.2 −×=ΓSi nm-2; the initial scattering length density of the layer was 
found to lie close to the bulk-dPS scattering length density, 31007.8 −×=ΓdPS nm-2. 
Experimental reflectivities for 06.0<Q nm-1 were not included in the data analysis. 

 
Γ  

( 310−×  
nm-2) 

l  
(nm) 

alσ  
(nm) 

lsσ  
(nm)

lowQ
Q )(Δ  

(%) 
highQ

Q )(Δ  

(%) 

low- 
angle 
norm. 
factor 

high- 
angle 
norm. 
factor 

2χ  

(a) 03.8  3.19  0.0  95.0 0  9  32.0  47.0  55.1  
(b) 76.7  2.19  1.0  5.1  1  0  37.0  34.0  94.0  
(c) 11.7  95.18 6.0  6.1  0  0  40.0  33.0  14.1  
(d) 51.6  4.18  6.0  6.1  33  0  36.0  20.0  29.1  

                                                           
ix This phenomenon was apparently first observed in x-ray reflectometry by Parratt on aged 
copper thin films [146], and later on micrometer-sized PS latex particles [147]. To our 
knowledge, the present measurements are the first observation of the phenomenon by neutron 
reflectometry. 
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figure 8: reflected-neutron intensity from a thin dPS film covered by hPS particles, as 
a function of the wave-vector transfer for two glancing angles, 3.12=θ  mrad (main) 
and 5.3=θ  mrad (inset). The symbols represent the measured intensities and their 
errors, and the solid line is the fit to these data by the model of a single layer 
supported by a silicon substrate. 
 

While the above values for the single-layer parameters are plausible, the 
deficiency of the single-layer model requires the truncation of the low-angle data set 
at low Q , in order to obtain a good fit. In turn, we have not found a good criterion 
for choosing this low Q  cut-off, and so the truncation procedure itself introduces 
some uncertainty in the obtained model parameters. 

 
We have therefore included a more explicit account of the influence of the hPS 

particles overlaying the dPS film, into the description of the measured reflectivities. 
One effect of having the hPS particles above the dPS film is their scattering of some 
of the incident and specularly-reflected neutron beams. There is more small-angle 
scattering from the hPS particles at the longer wavelengths; therefore a lower 
transmission of the incident and specularly-reflected beams results at lower Q , for 
the fixed resolution QQΔ . The effect was modelled by considering the clusters of 
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hPS particles as a homogeneous, strongly scattering medium characterized 
phenomenologically by a complex refractive index (or scattering length density, 

effΓ ). This effective medium was introduced in the fitting model as an additional 
layer above the dPS layer, with a large arbitrary thickness effl  x. Since this additional 
layer is assumed homogeneous even very near to the dPS layer, this model does not 
account for possible scattering processes due to the presence of particles at the 
immediate vicinity of the thin-film free surface, more than the model shown in fig. 8 
(we shall consider this point further in §3). Nevertheless, as shown in fig. 9, the 
overall agreement between the fitted and measured reflectivities improves 
significantly at low Q , whereas it is preserved above siliconQ ,c . 

 

 
figure 9: reflected-neutron intensity from a thin dPS film covered by hPS particles; 
the experimental data are the same as in fig. 8, with the symbols representing the 
measured intensities and their errors. The solid line is the fit to these data by a 
phenomenological model described in the text. 

                                                           
x This thickness was varied between 1.0  µm and 12  µm, as detailed in table 2 below. Due to 
software numerical instabilities, we were not able to test our model with larger thicknesses, 
nor assuming instead a semi-infinite incidence medium of complex refractive index. 
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Empirically, we determined that the strength of the model of fig. 9 lies in the 
combination of a small real component and a large (negative) imaginary component 
of the scattering length density effΓ  for the effective top layer representing the hPS 
particles. Additionally, a finite Q  resolution smoothes out the fast oscillations 
originating from the thick effective top layer, both above and below [37] the silicon 
critical wave-vector transfer. In table 2 below, we compile the observations on the 
behaviour of our model with respect to the sample as-prepared, over a range of 
assumed thicknesses for the effective top layer. 

Inspection of the data of table 2 indicates the following: all the quantities of the 
model assume stable values for effective top layer thicknesses 5>effl  µm, except for 
the imaginary component effΓIm  of the scattering length density for the effective top 
layer that increases monotonously with the assumed thickness. From the point of 
view of our model, effΓIm  accounts for the scattering produced by the hPS particles. 
If this point of view is correct, the total scattering due to the effective top layer ought 
to be constant; this is in fact verified by our model parameters for 5≥effl  µm, as seen 
from the values of effeffl Γ× Im  in table 2. 
 
table 2: fitting parameters for a phenomenological two-layer model of the 
reflectivities from the as-prepared sample of hPS particles deposited over the silicon-
supported dPS film. This model differs from the single-layer model by the addition of 
a top layer with thickness effl  and complex scattering length density effΓ . The top 
layer represents the influence of the clusters of hPS particles on the reflectivities 
from the dPS thin film, and the coupling of its parameters effl  and effΓ , with the other 
model parameters, is explored through fits performed at fixed effl  in the range of 1.0  
µm to 12  µm. 

l eff Re Γeff Im Γeff low-angle high-angle l eff  × Im Γeff

(μm ) (× 10-3 nm -2) (× 10-5 nm -2) norm. factor norm. factor (μm -1)
0.1 0.21 -6.66 0.42 0.62 -6.66 2.18

0.25 0.50 -2.97 0.44 0.64 -7.42 1.88
0.5 0.47 -1.66 0.46 0.68 -8.32 1.53
1 0.43 -0.88 0.47 0.70 -8.82 1.48
2 0.49 -0.40 0.45 0.68 -8.07 1.50
3 0.40 -0.31 0.47 0.71 -9.40 1.49
5 0.28 -0.23 0.51 0.77 -11.39 1.50
6 0.28 -0.19 0.52 0.77 -11.45 1.49
8 0.28 -0.14 0.52 0.77 -11.53 1.49

11 0.28 -0.11 0.52 0.78 -11.57 1.49
12 0.26 -0.10 0.52 0.78 -11.84 1.49

χ ²
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table 2 (continued) 
l eff Γ l σ a l σ l s (ΔQ /Q )low (ΔQ /Q )high

(μm ) (× 10-3 nm -2) (nm ) (nm ) (nm ) (% ) (% )
0.1 7.10 20.2 1.0 0.0 12 11

0.25 7.81 19.0 0.0 1.1 15 9
0.5 7.85 18.8 0.7 0.9 10 10
1 7.86 18.6 0.4 1.2 6 8
2 7.90 18.7 0.2 1.2 4 8
3 7.86 18.6 0.3 1.3 5 7
5 7.78 18.5 0.5 1.4 6 5
6 7.76 18.5 0.7 1.2 6 8
8 7.76 18.5 0.7 1.2 7 7

11 7.76 18.5 0.8 1.1 7 8
12 7.74 18.5 0.8 1.1 7 8  

 
By comparison with the model of a single layer (row (a) of table 1), the 

preceding model (table 2) yields a comparable 2χ , even though it is evaluated over 
the complete Q  range of the measured reflectivities. In this respect the 
phenomenological two-layer model is an improvement over the single-layer model. 
Its application also improves the values found for the low- and high- angle resolution 
parameters, closer to the resolution parameters expected from the slit settings of the 
reflectometer. We also note larger normalizations factors for the reflectivities. This 
latter difference is explained by the large scattering accounted for by the effective top 
layer, which by itself reduces the model reflectivities; consequently larger 
normalization factors are permitted. Finally we comment on the differences in 
numerical values of the dPS film density and thickness in §3 below. 

 
§2 Annealings of the sample; having now established a good phenomenological 

model for the characterization of the as-prepared sample, we proceed with the 
analysis of the reflectometry measurements taken after various annealing steps of the 
same sample. As explained in subsection section IV.B.b, the anneal-quench 
procedure allows to obtain information on the self-diffusivity of PS above its glass-
transition temperature; for the particular sample geometry considered here, we should 
therefore obtain some information on the PS mobility near the free surface of the thin 
film, and we are specifically attempting to detect an enhancement of this mobility (cf. 
subsection B.a of this chapter). 

The annealings of the sample were carried out under vacuum and were chosen 
specifically: on the basis of optical-microscopy observations, necessary to determine 
the thermal stability of the clusters of (hPS) particles; and on the basis of the bulk-
diffusion behaviour described in chapter IV, subsection B.a. Since we are 
investigating the possibility of an enhanced near-surface dynamics, the bulk self-
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diffusivity of PS is to be considered as a lower bound for the self-diffusivity of PS at 
the surface of the sample. 

The sample was first annealed for 120  min at 90  °C, resulting in a diffusion 
length 32.1=Dσ  nm if self-diffusion proceeds at the bulk rate represented in fig. 
IV.4. Observed by optical microscopy, the only change to the particles-film structure 
was the disappearance of the smallest-visible (hPS) particles at (dPS) film surface. 
The second annealing was performed at 95  °C for 60  min, amounting to a total bulk 
diffusion length of 29.8  nm. At this stage, the clusters of particles appeared 
homogeneous (the particle boundaries had merged) and had begun to spread onto the 
film. The third and final annealing stage was another 50  min at 100  °C, resulting in 
a total bulk diffusion length of 75.43  nm. This corresponded to flattened bumps (a 
few 10  µm thick) over the film, as a result of the advanced spreading of the initial 
clusters of particles. After each of these annealing steps, neutron reflectivities were 
measured at room temperature with the beam incident from air, as shown in fig. 10 
and 11. Both in these figures and in tables 1 and 3, the as-prepared sample and its 
three annealed forms are referred to as (a) through (d). 
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figure 10: neutron reflectivities from the thin dPS film covered by hPS particles, as a 
function of wave-vector transfer for the glancing angle 3.12=θ  mrad. The sample 
conditioning for each measured reflectivities (symbols) is, from top to bottom: (a) as 
prepared (same data as shown in fig. 8); (b) annealed for 120  min at 90  °C; (c) 
further annealed for 60  min at 95  °C; (d) finally annealed for 50  min at 100  °C. 
The solid lines are fits to the data with the phenomenological two-layer model, with 
the parameters given in table 3. Data and fit (a) are unshifted, whereas the other 
curves are shifted one, two, and three decades from this reference. 
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It is immediately seen from fig. 10 that the main feature present in the as-
prepared sample, namely the Kiessig fringes indicative of a single layer, survives 
through the various annealings of the structure. From fig. 11, it is also apparent that 
the reflectivity below the silicon critical edge siliconQ ,c  is not constant, and is instead 
increasing with Q  until siliconQ ,c , similar to the behaviour of the reflectivity for the as-
prepared sample. Relatively to each other, the spectra change mostly in their overall 
intensity and in their slope below siliconQ ,c . 
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figure 11: neutron reflectivities from the thin dPS film covered by hPS particles, as a 
function of wave-vector transfer for the glancing angle 5.3=θ  mrad. The sample 
conditioning for each measured reflectivities (symbols) is as in fig. 10, from top to 
bottom: (a) through (d). The solid lines are fits to the data with the phenomenological 
two-layer model, with the parameters given in table 3. Data and fit (a) are unshifted, 
whereas the other curves are shifted by 5.0 , 0.1 , and 5.1  from this reference. 
 

To interpret these variations, we analysed all data as we did for the sample as-
prepared: first using the simple model of a single layer, by truncating the 
reflectivities at low Q , and the obtained parameters are shown in table 1 above; 
second by adding an effective top layer modelling the strong scattering by the 
evolving clusters over the bottom thin film. The fits shown in figs. 10 and 11 were 
obtained from this latter model, with the effective top layer thickness set to 11  µm. 
For the annealed films the fitting parameters were again found stable for an effective 
top layer thickness effl  at least 5  µm. Hence we collect in table 3 our final 
parameters for the various annealings of the sample. 
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table 3: fitting parameters obtained from the phenomenological model of two layers 
on a silicon substrate, applied to the sample of hPS particles deposited over the 
silicon-supported dPS film, at different stages of its evolution. (a) as prepared; (b) 
annealed for 120  min at 90  °C; (c) further annealed for 60  min at 95  °C; (d) 
finally annealed for 50  min at 100  °C. Low- and high- glancing angle reflectivities 
were simultaneously fitted for each annealing of the sample. In the model, the silicon 
scattering length density was fixed to its bulk value, 310604.2 −×=ΓSi nm-2, and the 
effective top layer thickness was set to 11=effl  µm. In the last column, approximate 
upper bounds for the coverage pυ  of clusters of hPS particles are reported (see §3 
below for details). 

Re Γeff Im Γeff low-angle high-angle l eff  × Im Γeff

(× 10-3 nm -2) (× 10-5 nm -2) norm. factor norm. factor (μm -1)
(a) 0.28 -0.11 0.52 0.78 -11.57 1.49
(b) 0.47 -0.07 0.53 0.52 -7.80 1.12
(c) 0.43 -0.05 0.48 0.37 -5.01 0.98
(d) 0.07 -0.14 0.68 0.43 -15.21 1.22

χ ²

 
 

table 3 (continued) 
Γ l σ a l σ l s (ΔQ /Q )low (ΔQ /Q )high υ p ,max

(× 10-3 nm -2) (nm ) (nm ) (nm ) (% ) (% ) (% )
(a) 7.76 18.5 0.8 1.1 7 8 9.4
(b) 8.03 17.9 1.3 0.0 6 13 1.3
(c) 7.15 19.0 0.8 1.6 1 2 26.2
(d) 4.80 20.3 1.9 0.8 23 0 76.0  

 
Comparing the parameters listed in tables 1 and 3, the trends found for the as-

prepared sample are confirmed for its annealings; the two models yield a comparable 
2χ , even though the phenomenological two-layer model is evaluated over the 

complete Q  range of the measured reflectivities. The latter model also improves the 
values found for the low- and high- angle resolution parameters; these values still are 
not quite those expected from the slit settings of the reflectometer, especially for 
annealings (c) and (d). 

The two models also yield different values for the film parameters, Γ , l , alσ , 
and lsσ . In fact the variations in Γ  and l , from (a) to (d), are also different: the 
single-layer model shows decreasing l  and Γ , whereas the two-layer model shows a 
net increase in l  and a pronounced decrease in Γ . It is difficult to interpret these 
differences, since the single-layer model is definitely inadequate for an analysis of 
the data over the complete Q  range of the measurement, and the applicability of the 
two-layer model was not established formally. 

Yet, in support of the two-layer model, we further notice that decreasing values 
of effeffl Γ× Im  are found from (a) to (c); because this quantity is an inverse length, 
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its behaviour appears consistent with the point of view that it is a measure of the total 
scattering due to the effective top layer. 

1
Im

−
Γ× effeffl  can then be interpreted as an 

attenuation length, which increases as the clusters of hPS particles become more 
homogeneous and scatter less. The final decrease in 

1
Im

−
Γ× effeffl  is not conflicting 

this interpretation, since by annealing (d) the clusters have converted into flattened 
bumps over the film: this morphological change prevents a direct comparison of the 
values for the phenomenological parameters effΓ  and effl  at stage (d), with their 
values at the stages (a), (b), or (c). 

Hence, from the foregoing remarks the phenomenological two-layer model is 
probably more representative of the actual evolution of the particles-film structure. 

 
 §3 Discussion; neither of the two models used throughout this subsection 
accounts for the actual scattering occurring at, or in the vicinity of, the interface 
between the hPS particles and the dPS thin film. Let us return to the model 
introduced by fig. 5 in subsection B.a. At early times of the interdiffusion at the 
contact region, the scattering length density varies on lengths tD //

12  and tD //
22 . 

Around the contact region, the particles and thin-film free surfaces meet as well so 
that scattering-length-density variations span lengths up to the particle radii; the 
distribution of these inhomogeneities furthermore evolves as the spreading of the 
particles proceeds. These inhomogeneities should affect the reflected intensities, and 
so it is important to discriminate them against the intensities reflected from the thin 
film. Because their length scales are comparable to the thicknesses of the thin film 
and possible strata (due to the surface enhanced mobility), it is not necessarily correct 
to allow for a homogeneous medium next to the thin-film free surface, as implied by 
the effective top layer of the phenomenological two-layer model. 

An important guide to the interpretation of our results comes from previous 
studies of island formation in block-copolymer thin films by Vignaud et al. These 
authors established that in the Born approximation, the specular reflectivity is 
proportional to [148]: 

2222
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(1)

where )(22
, SipolSi Γ−ΓΓ=Κ , with Γ  the polymer scattering length density, represents 

the scattering contrast between the (silicon) substrate and the polymer xi, l  and il  are 
the film and island thicknesses, and iυ  is the coverage fraction of islands. Expr. (1) is 
valid for islands of well-defined thickness, and is generalized to the case of a 
distribution of island thicknesses in [149]. Such expressions are relevant to describe 

                                                           
xi In their study, Vignaud et al. quote only the formula for an homogeneous x-ray scattering 
length density of block-copolymer. 
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our reflectivities (for sufficiently large Q ) but they require detailed information on 
the free-surface topography, which we do not have; this information can be acquired 
by interference light microscopy (see for instance [150]) or off-specular x-ray 
scattering. More complicated expressions would have to be developed to take into 
account the effect of the scattering length density inhomogeneities due to 
interdiffusion; experimentally these inhomogeneities can only be characterized by 
off-specular neutron scattering, as indicated in subsection B.b. 

Expr. (1) is nevertheless useful, in view of the particular sample geometry of our 
experiments on the as-prepared sample and its two first annealings (curves (a) to (c) 
in figs. 10 and 11). In this case the spreading of the particles and clusters of particles 
is not too extensive, so that their coverage fraction iυ  (denoted pυ  in subsection B.b) 
is small and the complementary fraction iυ−1  of the uncovered thin-film area is 
large. Furthermore, most of the free surface of the clusters of particles is not parallel 
to the substrate plane, i.e. their thicknesses il  vary rapidly across the substrate plane. 
Then we can restrict our attention to the first three terms in the square modulus of 
expr. (1), and its last two terms are a small slowly-varying correction. Consequently, 
and assuming that the scattering length density of the film is uniform (as we have 
done for both fitting models used in this subsection), it is seen that the apparent 
average film density Γ , determined from the amplitude 2

,)1( polSii Κ−υ  of the Kiessig 
fringes of constant period lπ , is a decreasing function of the coverage fraction iυ : 

)()1()( SitruetrueiSi Γ−ΓΓ⋅−≈Γ−ΓΓ υ , (2)

trueΓ  denoting the true average film density. 
In the sample as-prepared (stage (a)) the film contains only dPS, i.e. trueΓ  is very 

close to the bulk scattering length density for dPS; upon the subsequent annealings 
(stages (b), (c), (d)), trueΓ  decreases owing to interdiffusion between the dPS film and 
the hPS particles. Therefore, expr. (2) implies that the decrease in the scattering 
length density Γ  of the film, reported for the successive annealings of the particles-
film structure in both fitting models (tables 1 and 3), is in part attributable to the 
spreading of the particles and clusters of particles over the underlying thin film: it is 
not only the result of the diffusive mixing of dPS and hPS in the thin film. In the 
absence of quantitative measurements of the fraction iυ−1  of the uncovered thin-
film area, it is unfortunately difficult to deduce the true average scattering length 
density trueΓ  of the film from its apparent average scattering length density Γ . In 
spite of this ambiguity, from expr. (2) we can calculate upper bounds for the covered 
thin-film fraction iυ , by assuming that no interdiffusion takes place in the course of 
the annealings, i.e. keeping trueΓ  constant to the bulk dPS value 31007.8 −×  nm-2. The 
resulting values are reported in the last column of table 3, and in view of the 
approximate characters of both the fitting model and expr. (2), these values compare 
favourably with the initial coverage estimate of 2.01.0 ≤≤ pυ  given in subsection 
B.b and the description of the cluster spreading in §2. 
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The reasonable agreement between observed and fitted model reflectivities (cf. 
figs. 10 and 11, and the 2χ  quoted in tables 1 and 3) lends further support to the 
foregoing interpretation of the decrease in Γ . While both models indicate deviations 
from this behaviour, i.e. a small increase in Γ  between the stages (a) and (b) in table 
3, and small fluctuations in l  throughout stages (a) to (c) in tables 1 and 3, these 
deviations might be ascribed to the approximate character of the models, as explained 
in the preceding discussion. 

 
 Returning at present to our motivation for this experiment, and making use of the 
interpretation scheme outlined in subsection B.a, we can now quantify the magnitude 
of the enhancement in free-surface molecular mobility on the basis of our 
experimental data. In this respect, annealings (b) and (c) are the most straightforward 
to analyse: the limited spreading at the clusters-film interface suggests that a 
significant variation in the scattering length density across the film thickness would 
have its origin in diffuse hPS-dPS mixing in the free-surface region of the thin-film, 
since the bulk self-diffusivity D  predicts negligible hPS-dPS mixing in region 2  of 
the clusters-film interface, at these temperatures; and we have argued above that the 
models used are at least approximately correct. By contrast the extensive spreading of 
the clusters occurring in annealing (d) implies that the use of the above models, 
validated for the annealing stages (a) through (c), might not be appropriate. A 
quantitative modelling of the inhomogeneous self-diffusion in the thin film and the 
clusters might be necessary, since the bulk self-diffusivity D  becomes large enough 
to result in the mixing of the hPS-dPS interface, at this temperature. 

To detect a variation in the scattering length density of the film in its annealed 
forms, we have split the film obtained from the fits to the reflectivities into two layers 
with initial parameter values 41 ll =  and 432 ll =  (so =+ 21 ll l ), Γ=Γ=Γ 21 , and 
layer 2  is sandwiched between the silicon substrate and the hypothetical top layer 1. 
We carried out new fits with these modified model and initial guesses, as an 
extension of the phenomenological two-layer model of table 3; in addition an 
interfacial roughness was allowed between the layers 1 and 2 . We obtained fitted 
parameter values as in table 3, so that we show only the values for the new fitted 
parameters in table 4. 

 
A comparison of the values for 21 ll +  (table 4) and l  (table 3) indicates that both 

series of fits are describing the same layer throughout stages (a) to (d). The initial 
guesses for 1l  were such that 51 ≈l  nm 1)2(1 ≈> maxQ  nm, maxQ  being the maximum 
wave-vector transfer of our measurements. Despite this large sensitivity range (cf. 
§II.A.b.1), table 4 shows that the fitted values for 1l  remain within about 1 nm of 
their initial guesses. Likewise the fitted 1Γ  and 2Γ  values for stages (a) to (c) remain 
close to their initial guesses, i.e. the fitted values for Γ  reported in table 3. Hence the 
fitting results for stages (a) to (c) suggest that the film remains in fact homogeneous, 
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and this is supported as well by the single period of the Kiessig fringes in fig. 10 and 
the comparable 2χ  in tables 3 and 4. 
 
table 4: fitting parameters 1l , 2l , 12σ , 1Γ , and 2Γ , refining the thin-film structure in 
the phenomenological two-layer model with 11=effl  µm. The other fitting 
parameters retain the same values as in table 3. The total thickness 21 ll +  and 
average scattering length density )()( 212211 llll +⋅Γ+⋅Γ=Γ  values can be 
compared to the values of l  and Γ  in table 3. 

l 1 σ 12 l 2 l 1+l 2 Γ1 Γ2 <Γ>
(nm ) (nm ) (nm ) (nm ) (× 10-3 nm -2) (× 10-3 nm -2) (× 10-3 nm -2)

(a) 5.5 1.9 13.0 18.5 7.60 7.79 7.73 1.50
(b) 4.8 0.1 13.1 18.0 7.94 8.03 8.01 1.14
(c) 4.9 0.0 13.9 18.8 7.47 7.15 7.23 0.98
(d) 4.0 0.0 17.0 21.0 3.81 4.80 4.61 1.18

χ 2

 
 

The fitting results for annealing (d) might instead be indicative of some layering 
of the film: the difference in the values for 1Γ  and 2Γ  is of the order of 20  %, and 
there is a noticeable decrease of the 2χ  reported in table 4 with respect to the 2χ  
reported in table 3. While we might be detecting a true layering, it does not 
unambiguously imply an enhancement in surface mobility at the temperature of 
annealing (d). The bulk self-diffusivity at 100  °C implies 75.43=Dσ  nm; this is 
more than twice the film thickness and since the clusters have extensively spread to 
cover most of the thin-film free surface, a bulk homogeneous interdiffusion between 
these thick overlying clusters and the thin film might then also result in what the 
model of table 4 renders as a layering. As announced above, a more complete 
interpretation of the results for annealing (d) involves a modelling of two-
dimensional inhomogeneous self-diffusion, which is beyond the scope of our work. 

 
 We will now deduce upper bounds for the self-diffusivity //

1D  in the free-surface 
region at the temperatures of the annealings (b) and (c). The average distance L  
between the particles in contact with the thin film is determined by their contact area 

pA  and contact coverage pυ . Per particle and prior to annealing (b), we estimate that 
2
pp RxA =  with 5.0≈pR  µm the average particle radius and a constant 1≈x  [151], 

and 1.0≈pυ . So L  is given by the relation: 
22
p

p

RxL
υ

= . 
(3)

We note that pR  and px υ  in eq. (3) are constant throughout the spreading of simple 
objects such as an axisymmetric drop of a nonvolatile liquid. This is not the case for 
the spreading of clusters of hPS particles, as in our experiments. For these it is 
expected that the length scale pR , controlling the contact area pA , grows in the 
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course of the annealings as the particles in the clusters coalesce. For simplicity we 
shall assume that for annealings (b) and (c), 5.0≈pR  µm and 101.01 =≈px υ . 

If there is indeed an enhancement of the self-diffusivity in the free-surface 
region, a layering of the thin film is observed when the duration layeringt  of the 
annealing is large enough so that 

2//
1 )1( LtD playering υ−≈  (4)

with the factor )1( pυ−  accounting for the area covered by the particles. However, 
the results reported in table 4 suggest that, for the durations .annealt  of annealings (b) 
and (c), there has in fact been little or no diffusion into the thin-film free-surface 
region. Therefore relation (4) is modified into a form more appropriate for our 
experiments: 

2
..

//
1 )1( LtD pdiffusanneal υυ −≈ , (5)

with .diffusυ  representing the fraction of the thin-film free-surface region where 
diffusion occurred; by definition 1. →diffusυ  when layeringanneal tt →. . From the estimated 
sensitivity of our measurements to scattering length density (see the discussions of 
the data of tables 3 and 4), a reasonable guess is 05.0. ≤diffusυ  for annealings (b) and 
(c). Combining relations (3) and (5) we finally obtain: 

.

2

.
//

1 )1(
anneal

p

p
pdiffus t

RxD ⋅⋅−≈
υ

υυ . 
(6)

Making use of the above estimates, we can evaluate expr. (6): assuming 1.0=pυ  
for annealing (b), 13//

1 106.1 −×≤D  cm2/s at 90  °C; and assuming 2.0=pυ  for 
annealing (c), 13//

1 108.2 −×≤D  cm2/s at 95  °C. We emphasize that the inequalities 
come from a lack of accurate knowledge of .diffusυ ; in particular we cannot exclude 
that .diffusυ  might be much smaller than its upper bound 05.0 . Nevertheless, the upper 
bounds for //

1D  are much larger than the corresponding bulk values for PS self-
diffusivity (cf. fig. IV.4): 18102.1 −×≈D  cm2/s at 90  °C, 17103.9 −×≈D  cm2/s at 95  °C. 
 
 d. Concluding remarks 

 
Our results for the low- wM  PS film with a thickness of 20  nm can be compared 

to the results presented in the previous chapter, for the same low- wM  PS, in a 30 -nm 
thin film. There we found a self-diffusivity ≈⊥D 16102.2 −×  cm2/s at 93  °C, in the 
centre of the film. Assuming the same temperature dependences for the self-
diffusivity in the 30 -nm film and in the bulk, we can estimate the self-diffusivity at 
the temperatures of the present measurements: 17101.2 −⊥ ×≈D  cm2/s at 90  °C and 

16101.9 −⊥ ×≈D  cm2/s at 95  °C. Assuming furthermore that these estimates are 
approximately correct for the self-diffusivity in region 2  of the 20 -nm film, we find 
the upper bounds for the relative mobility enhancement: 75002

//
1 ≤⊥DD  at 90  °C 

and 3002
//

1 ≤⊥DD  at 95  °C. 
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Provided that the clusters do not spread significantly (say, 3.0<pυ ), tighter 
estimates could be obtained, using the current methodology, by annealing the sample 
longer than we have done in stages (b) or (c); at these temperatures, annealing for a 
few weeks is required to determine whether a layering develops before it turns out 
that 12

//
1 ≤⊥DD . However when the spreading of the clusters is extensive, as we have 

found at 100  °C in annealing (d), the interpretation of the reflectivities is more 
difficult and the onset of diffusion in region 2  demands that the two-dimensional 
nature of the density profiles be considered when determining //

1D . In this case, a 
rigorous analysis of the reflectivities might in fact require measurements of the off-
specular scattering, and a supporting analysis by numerical simulations of the 
diffusive mixing. We should emphasize here that the progress, required for the proper 
interpretation of the reflectivities and density profiles in the case of high pυ , would 
also be beneficial to a finer interpretation of the case of low pυ : we might then be 
able to determine .diffusυ  more correctly as well as obtain //

2
//

1 DD . 
As in subsection IV.C.c, we can also compare our current experimental results 

with published reports on supported PS films. We will consider studies concerned 
with the difference between 1,gT  and a reference glass transition temperature ( 2,gT  or 

bulkgT , ); the choice of the reference glass transition temperature is in principle set by 
the thickness of the films studied. 

Several glass transition temperature studies have settled for layered models of 
bulkgfilmg TT ,, <  in thin films, bearing similarity to the model that we introduce in 

subsections A.b and B.a. These are two- [8,12] or three- [13,12,90,96] layer models, 
with a free-surface region and an inner region of the film (regions 1 and 2  in 
subsection A.b), and possibly an added third layer accounting for the influence of the 
supporting substrate. The layer model parameters, viz. glass transition temperature 
and thickness, are inferred from fits to filmgT ,  and/or thermal expansivities (below and 
above filmgT , ) data measured over a range of film thicknesses. This is clearly an 
indirect, model-dependent procedure for extracting the layer model parameters, and 
so we are making now a few general comments on the nature of these layered 
models. These comments will help us to determine which meaningful comparisons 
can be made between our data and the model predictions. We will also compare 
below our data with published data from thick-film studies of 1,gT , carried out 
independently from these model predictions. 

The following discussion is based on the thin-film glass transition picture from 
the two-layer models. This simplifying restriction is motivated by such models being 
sufficient [8,12,24] to put our own results in perspective with the results of others, 
and since our results are not providing any information on the self-diffusivity near the 
supporting substrate. The central model assumptions are that region 2  is bulk-like, 
i.e. bulkgg TT ,2, = , and that region 1 possesses a higher mobility, i.e. 2,1, gg TT <  [8,13, 
12,90,96]; in our model we relax the first assumption into bulkgg TT ,2, ≤ . These model 
assumptions ensure that bulkgfilmg TT ,, < . The other important feature of the layered 
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models is the quantification of the relative widths of regions 1 and 2 : Keddie et al. 
[8] originally proposed that the thickness of region 1 diverges at filmgT , , whereas 
subsequent models [13,12,96] and ours propose the coexistence of regions 1 and 2  
above filmgT , ; Fukao and Miyamoto [90] propose yet a third possibility, namely that 
only region 2  exists above filmgT , . 

The models of [8] and [90] immediately imply that the thin-film dynamics above 
filmgT ,  is homogeneous, rather than inhomogeneous as we have assumed throughout 

the present chapter. Then, our experiments being conducted above filmgbulkg TT ,, > , we 
cannot test any relation quantifying the difference between regions 1 and 2 . From 
this point of view, the estimates that we give above for ⊥

2
//

1 DD  are in fact for 
⊥

1
//

1 DD  ([8]) or ⊥
2

//
2 DD  ([90]). Further consideration of [8] with regard to our 

experiments indicates that we cannot test bulkgg TT ,2, = ; more fundamentally there is 
an inconsistency between the predicted DDD ==⊥ //

11  above filmgT ,  and the finding of 
the previous chapter, DD >⊥

1 . Therefore our data seem incompatible with the model 
of Keddie et al. [8] in the limit of thick films. 

Both for the model of [90] and for the models [13,12,96], our experiments allow 
in principle the testing of the assumption bulkgg TT ,2, = . Models [13,12,96] letting 
regions 1 and 2  coexist above filmgT , , our experiments allow furthermore the testing 
of relations quantifying the difference between regions 1 and 2 . However, while the 
assumption bulkgg TT ,2, =  is reasonable for thick films, it is not justified for thin films. 
In particular the data that we have presented in chapter IV, obtained above bulkgT , , 
suggest that bulkgg TT ,2, < . Again, this inconsistency voids a meaningful comparison 
between our results and the model of Fukao and Miyamoto [90]. For the same reason 
it is not possible to compare our results to the predictions of [13,12,96] for thin films; 
nevertheless it is meaningful to compare our results with the predictions of these 
models in their thick-film limit. 

 
For PS with 5.5=wM  kg/mol, bulk self-diffusivities comparable to our upper 

bounds for //
1D  at 90  °C and 95  °C are recovered at temperatures 17+T  °C and 

13+T  °C, respectively. This suggests that 17,1, −≥− bulkgg TT  °C. We shall now 
compare this estimate with the published results for thick films (80  nm or more). 

Our estimate is compatible with the shear modulation force microscopy study of 
Ge et al. [152], that showed no depression in the glass transition temperature of the 
free-surface region of PS with 3  kg/mol≤ 6500≤wM  kg/mol. We acknowledge that 
our estimate of the minimum shift bulkgg TT ,1, −  is crude for thick films, because then 
the temperature dependence of //

1D  must be smaller than that of D , to ensure that 
DD →//

1  at high temperatures (cf. subsection A.b): therefore the minimum shift 
might be actually smaller. However our results are unlikely to allow shifts as large as 
implied by those observations supporting the existence of a liquid-like layer at the PS 
free surface, at room temperature [153,154]. Satomi et al. [154], using scanning 
viscoelasticity microscopy, report that 105,1, −≈− bulkgg TT  °C for 9.4=wM  kg/mol 
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increases until 15,1, −≈− bulkgg TT  °C for 1450=wM  kg/mol. The experimental results 
of [155-158] (deduced from various techniques including positron annihilation 
lifetime spectroscopy (PALS), muon spin relaxation, and atomic force microscopy 
monitoring of corrugation decay at the free surface) and the model predictions of [12] 
are scattered closely around the results of [154]; therefore they cannot be compatible 
with our results either. Our data might yet be compatible with: the results of Weber et 
al. [159], using x-ray reflectometry monitoring of gold-nanocluster embedding at the 
free surface, that 22,1, −≤− bulkgg TT  °C for 7.3=wM  kg/mol; and the PALS results 
of DeMaggio et al. [13] that 21,1, −=− bulkgg TT  °C for 63=wM  kg/mol. It should 
also be noted that experimental results [160] very similar to those of [159] have been 
disputed by Hutcheson and McKenna [161], by the argument that PS bulk 
viscoelasticity and PS-gold interactions account quantitatively for the gold 
nanoclusters embedding at the free surface below bulkgT , , i.e. it is alternatively 
possible that 0,1, ≈− bulkgg TT  °C in [159,160]. Finally, while we cannot estimate the 
thickness 1l  of the free-surface region since we have not actually observed its 
mobility enhancement in our experiments, we note that some of the described studies 
estimate that 1l  is of the order of a few nm just below bulkgT ,  [13,155,12,156,160, 
157], and that Pu et al. [152] estimate that their technique probes the first nm for 

bulkgTT ,≤ . 
We believe that the marginal character of our results, with respect to the above-

discussed models, reflects the under-determined character of these models. In 
particular, their refinement is only possible through direct studies of the layered 
mobility in thin films, such as presented in this chapter. However the analysis of our 
experiments addressed only the ratio ⊥

2
//

1 DD ; because of the difficulty in making 
sound assumptions on the relative magnitude and temperature dependence of //

1D  and 
⊥

1D , or //
2D  and ⊥

2D , a more complete characterization of the thin-film dynamics, in 
terms of the ratios //

2
//

1 DD  or ⊥⊥
21 DD  instead of ⊥

2
//

1 DD , would be more 
satisfactory. We have nevertheless demonstrated the potential residing in the 
application of neutron reflectometry, as a characterization tool of the layered mobility 
in PS thin films. 

Through the combination of neutron reflectometry experiments on both 
asymmetric bilayers and particles-covered single layers, the extension of the present 
study to temperatures ranging below and above bulkgT ,  forms an extensive 
investigation of the homogeneity and isotropy of PS self-diffusion, in the vicinity of 
the free surface of films of arbitrary thickness and molecular weights. Compared to 
other techniques such as dynamic secondary ion mass spectrometry [134] or 
fluorimetry [162], the high-spatial resolution of the neutron reflectometry technique 
is a unique advantage for such studies: it provides direct access to the length scales 
relevant to an unambiguous verification of the presence of the mobile free-surface 
layer found in some of the above-discussed experimental reports. 
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Summary 

 
 
 
 

 
Glass formation is an open fundamental physical problem. It is believed that 

studies of the glass transition in thin (several ten nanometres or less) films can 
contribute to its solution. In thin atactic poly(styrene) (PS) films supported by 
oxidized-silicon substrates, it has been observed that the film glass transition 
temperature ( gT ) is reduced relatively to the bulk gT , and this reduction has been 
modeled by an even larger reduction of gT  in the free-surface region. These 
observations and models are still disputed however, and to resolve this dispute, one 
needs to characterize the glass transition dynamics by direct measurements of the 
microscopic dynamics at various depths of the thin films. 

For such measurements, we have chosen to study the molecular translational 
self-diffusion with a high-spatial resolution scattering technique (better than a 
nanometre), specular neutron reflectometry on locally-deuterated thin films.
 Therefore we develop in this thesis the necessary tools for such a study. The first 
two chapters of the thesis introduce, and report on our contributions to, the theory 
and analysis of specular neutron and x-ray reflectometry. The last three chapters 
describe our sample-preparation techniques for the thin films, and report on the 
corresponding experimental results obtained by specular neutron and x-ray 
reflectometry, on the glass transition dynamics in thin films. 

In the first chapter, we describe some known results of the formalism for 
computing exactly the reflectivities from a prescribed density profile. We then 
develop a new approximation scheme to the exact formalism, useful to the more 
straightforward interpretation of the reflectivities, when the density profiles comprise 
either localized arbitrary variations or extended small variations. In combination with 
its validity over a wide range of wave-vector transfers Q , our approximation is 
unique among the existing approximation schemes. The more practical aspects 
discussed in this first chapter include short descriptions of the experimental 
measurement schemes, the instrumental-resolution broadening of the theoretical 
reflectivities, and the form of the refractive index for x-rays and neutrons depending 
on the condensed phase that is probed. 

In the second chapter, we explore the feasibility of resolving the small density 
variations that can exist in thin films, by a fitting algorithm that uses as input the 
reflectivities over the entire measured range of Q . Our fitting approach generalises 
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the existing fitting approaches, that use as input the reflectivities over a partial 
measured range of Q . Our algorithm is based on a minimal constraint applied to the 
starting model density profile, and we study extensively the consequences of this 
constraint by fitting simulated reflectivities. Together with our careful analysis of the 
known phase problem of reflectometry, our results yield new insight into the reasons 
underlying the success of model-independent analyses, that is demonstrated both in 
previous and our studies. 

The third chapter is concerned exclusively with the spin-coating process, by 
which we prepare the thin atactic PS films studied in this thesis. In all our 
experiments, we use nearly-monodisperse PS with molecular weight 5.5=wM  
kg/mol. On the basis of the available literature, we discuss some of the factors 
controlling the quality and thickness of the thin films in the spin-coating process. We 
also investigate the dependence of the film density on the spin-coating parameters; 
this aspect of the spin-coating process had received very little attention previously. 
We obtain the thin-film densities by applying a simple new analysis procedure to our 
specular x-ray reflectometry measurements. Our results have broad implications, 
showing that spin coating does not determine trivially the structure of polymeric and 
organic thin films. 

In the fourth chapter, we introduce a new sample-preparation procedure for 
making thin bilayers of low- wM  PS. The existing bilayer-preparation methods are 
not suited to the purpose of measuring, by neutron reflectometry, the self-diffusivity 
in the direction normal to the bilayer plane. We prove experimentally that our method 
is suited to this purpose. By our method it becomes possible to prepare bilayers made 
from other hydrophobic materials than PS, including organic monomeric glass-
formers. Our neutron specular reflectometry measurements are performed on Si/SiOx-
supported bilayers of low- wM  hydrogenated and deuterated PS, of total thickness 30  
nm. These measurements reveal a previously-unobserved tenfold increase of the self-
diffusivity with respect to the bulk self-diffusivity, in the centre of the bilayers and 
13  °C above the bulk gT . Our finding is consistent with a reduction of the film gT  
relatively to the bulk gT , and is compared to the existing literature data. 

In the fifth chapter, we present a new sample geometry allowing the 
observation, by neutron reflectometry, of the potentially-enhanced molecular 
mobility in the free-surface region of thin PS films. We demonstrate numerically that 
this question cannot be answered properly when employing the bilayer-sample 
geometry. The new sample geometry consists in PS particles deposited over a PS thin 
film. We conceive experimentally a sample-preparation procedure realizing this 
geometry; this procedure can be applied to a variety of polymeric and organic 
materials. In our experiments, we deposit micrometer-size hydrogenated PS particles 
over a Si/SiOx-supported 20 -nm thin deuterated PS film, of the same low wM . On 
the time scale of our experiments on this sample, neutron reflectometry does not 
reveal an enhancement of the free-surface region mobility. We are nevertheless able 
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to put upper bounds on the self-diffusivity parallel to the film plane, 10  °C and 15  
°C above the bulk gT . In comparison with the existing literature data, our finding 
excludes the possibility that a liquid-like layer is present at the free-surface of the 
studied- wM  PS, or of higher- wM  PS, at room temperature. 
 



 



 
Samenvatting 

 
 
 
 

 
De vorming van glazen is een nog niet opgelost fundamenteel fysisch probleem. 

Een mogelijke bijdrage aan de oplossing van dit probleem kan geleverd worden door 
het bestuderen van de glasovergangstemperatuur in dunne lagen (enkele tientallen 
nanometers). In dunne lagen atactisch polystyreen (PS) op een geoxideerd 
siliciumsubstraat is een lagere glasovergangstemperatuur, gT , waargenomen dan in 
de bulk. Modelleren van een vrij PS-oppervlak laat zelfs een nog verder verlaagde 
glasovergangstemperatuur zien. Deze waarnemingen en modelberekeningen worden 
evenwel niet algemeen aanvaard. Om tot een oplossing van dit dispuut te komen 
dient de microscopische dynamica van dunne lagen op verschillende diepten in de 
lagen bepaald te worden teneinde de glasovergang te karakteriseren. 

Om dergelijke directe metingen aan dunne lagen te kunnen doen hebben we 
ervoor gekozen hoge resolutie (beter dan één nanometer) speculaire neutronen-
reflectometrie aan lokaal gedeutereerde dunne lagen te gebruiken. Met deze techniek 
kunnen we de moleculaire translatie zelfdiffusie in dunne lagen bestuderen. 

In dit proefschrift beschrijven we de ontwikkeling van de benodigde 
gereedschappen voor een dergelijke studie. In de eerste twee hoofdstukken 
introduceren we de theorie en analyse methoden van speculaire neutronen- en 
röntgenreflectometrie en onze bijdrage daaraan. In de laatste drie hoofdstukken 
worden de monster bereiding voor dunne lagen en de resultaten van neutronen- en 
röntgenreflectometrie experimenten beschreven. 

In het eerste hoofdstuk beschrijven we hoe uit een gegeven dichtheidsprofiel 
exacte reflectiviteiten kunnen worden berekend. Wanneer de dichtheidsprofielen 
echter bestaan uit gelokaliseerde dichtheidsvariaties of uit uitgebreidere kleine 
dichtheidsvariaties is een benaderings methode nodig om de gemeten reflectiviteit te 
kunnen interpreteren. Het eerste hoofdstuk bevat een door ons ontwikkeld nieuw 
benaderingsschema om tot een eenduidige interpretatie van de gemeten 
reflectiviteiten te komen als we te maken hebben met dergelijke dichtheidsvariaties. 
De geldigheid van onze benaderingsmethode over een breed gebied van 
golfvectoroverdrachten Q  maakt deze uniek ten aanzien van reeds bestaande 
benaderingen. Naast de beschrijving van de theorie van neutronen- en 
röntgenreflectometrie en onze benaderingsmethode bevat het eerste hoofdstuk een 
overzicht van de meer praktische aspecten van dit onderzoek zoals een korte 
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beschrijving van de experimenten, de instrumentele resolutieverbreding van de 
theoretische reflectiviteit en de afhankelijkheid van de brekingsindex voor neutronen- 
en röntgenstraling van de onderzochte fase. 

In het tweede hoofdstuk onderzoeken we de mogelijkheid om kleine 
dichtheidsvariaties die optreden in dunne lagen te bepalen. We doen dit door de 
gemeten reflectiviteiten over het gehele bereik van Q  waar over gemeten is te fitten 
aan een modeldichtheidsprofiel. Aan het initiële dichtheidsprofiel van ons model 
worden minimale voorwaarden opgelegd. We hebben een uitgebreide studie gemaakt 
van de gevolgen van het opleggen van verschillende voorwaarden aan het 
modelprofiel voor de gefitte reflectiviteiten. Deze studie heeft, tezamen met een 
gedetailleerde analyse van het in de reflectometrie bekende faseprobleem, nieuw 
inzicht verschaft omtrent de reden van het succes van eerdere, modelonafhankelijke 
analyses. 

Het derde hoofdstuk is gewijd aan het spin-coating proces wat we gebruiken 
voor de fabricage van de dunne atactische PS-lagen die we in dit proefschrift 
bestuderen. In al onze experimenten gebruikten we vrijwel monodispers PS met een 
moleculair gewicht van 5.5  kg/mol. We bespreken enkele in de literatuur beschreven 
factoren die de kwaliteit en de dikte van dunne lagen die met spin-coating worden 
verkregen, bepalen. Daarnaast onderzoeken we een aspect dat weinig aandacht heeft 
gekregen in de literatuur: de afhankelijkheid van de dichtheid van de laag van de 
verschillende spin-coating parameters. We kunnen de dichtheid van dunne lagen 
bepalen door een nieuwe analyse van de speculaire röntgenreflectometrie metingen. 
Onze resultaten hebben brede implicaties. Zij laten namelijk zien dat de structuur van 
polymeer- en organische lagen niet op triviale wijze door spin-coating bepaald wordt. 

In het vierde hoofdstuk introduceren we een nieuwe methode voor het bereiden 
van dunne bilagen van PS met laag moleculair gewicht. Bestaande bereidings-
technieken voor bilagen zijn niet geschikt om neutronenreflectiviteitsmetingen aan 
zelfdiffusie in de richting loodrecht op de bilaag te doen. We laten zien dat de door 
ons gebruikte techniek om dunne bilagen te maken monsters oplevert die wel 
geschikt zijn voor deze metingen. Met onze methode kunnen ook bilagen van andere 
hydrofobe materialen gemaakt worden, bijvoorbeeld van organische glasvormende 
materialen. Onze speculaire neutronen reflectiemetingen worden uitgevoerd aan 
bilagen van gehydrogeneerd en gedeutereerd PS met laag moleculair gewicht op een 
substraat van Si/SiOx. De totale dikte van de bilagen is 30  nm. De metingen laten 
een tot dusver niet waargenomen tienvoudige toename in zelfdiffusiviteit ten opzicht 
van de bulk zien. Deze sterke toenamen in zelfdiffusiviteit treedt op in het midden 
van de bilaag bij een temperatuur van 13  °C boven de bulk gT . Deze waarneming is 
consistent met een verlaging van de gT  van de dunne laag in vergelijking met de gT  
van de bulk en is vergeleken met bestaande data in de literatuur. 

In het vijfde hoofdstuk presenteren we een nieuwe monster geometrie. Deze 
nieuwe geometrie maakt het mogelijk met neutronenreflectometrie de potentieel 
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verhoogde moleculaire mobiliteit in het vrije-oppervlakregime van PS-lagen te 
meten. Met numerieke methoden tonen we aan dat deze metingen niet mogelijk zijn 
aan monsters met een bilaag geometrie. In de nieuwe geometrie worden PS deeltjes 
op een dunne laag PS aangebracht. De bereidingsmethode die we voor deze 
geometrie ontwikkeld hebben kan ook toegepast worden op ander polymeren en 
organische materialen. De monsters worden gemaakt door gehydrogeneerde PS 
deeltjes van orde van grootte van een micrometer aan te brengen op een dunne PS-
laag. Neutronenreflectometrie laat op de tijdschaal van het experiment geen 
verhoging van de mobiliteit zien in het vrije-oppervlakteregime. Toch kunnen we 
bovengrenzen stellen aan de diffusiviteit parallel aan het vlak van de dunne laag bij 
10  °C en bij 15  °C boven de bulk gT . Vergelijking met data uit de literatuur leert dat 
onze bevindingen de mogelijkheid van een vloeistofachtige laag aan het vrije 
oppervlak van het bestudeerde PS bij kamertemperatuur uitsluiten. 
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