
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Stabilization by competing instability mechanisms

Valkhoff, N.J.M.

Publication date
2006
Document Version
Final published version

Link to publication

Citation for published version (APA):
Valkhoff, N. J. M. (2006). Stabilization by competing instability mechanisms. [Thesis, fully
internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/stabilization-by-competing-instability-mechanisms(1839b091-5f4b-48e3-a2b4-8b1f41202ab0).html


Stabilization

by

Competing Instability Mechanisms

Nienke Valkhoff



ISBN-10: 90-9021311-2
ISBN-13: 978-90-9021311-8

Copyright c© 2006, Nienke Valkhoff, Amsterdam, The Netherlands



STABILIZATION
BY

COMPETING INSTABILITY MECHANISMS

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Universiteit van Amsterdam

op gezag van de Rector Magnificus prof. mr. P.F. van der Heijden
ten overstaan van een door het college voor promoties ingestelde commissie,

in het openbaar te verdedigen in de Aula der Universiteit
op dinsdag 28 november 2006, te 10.00 uur

door

Nienke Jeltje Marjoke Valkhoff

geboren te Amsterdam



Promotiecommissie:

Promotor: prof. dr. A. Doelman
Copromotor: dr. G.M. Hek

Overige leden: prof. dr. S.A. van Gils
prof. dr. P.W. Hemker
dr. A.J. Homburg
prof. dr. T.H. Koornwinder
dr. V. Rottschäfer
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Chapter 1

Introduction

One of the goals of applied mathematics is to deduce relatively simple equations
that capture the essential properties of a physical system. There is a rich variety
of physical phenomena, which can be modelled by partial differential equations
(PDEs). These equations govern the change in quantities of the system as a
function of two or more independent variables. Analyzing the equations allows
us to predict and explain the behavior of the system. In this thesis, we are
interested in PDEs where time is one of the independent variables. These are
called evolution equations.

In the analysis of partial differential equations of evolution type, one stud-
ies the existence, structure, and dynamics (in time) of its solutions. Given
initial and/or boundary conditions, it is seldomly possible to determine the cor-
responding solution to the PDE. In most cases, it can only be approximated
numerically. Sometimes however, the structure of the PDE allows one to ob-
tain analytical results for certain types of solutions. Such results can vary from
closed formulas for solutions to approximations or estimates for a certain norm
of the solutions, or just an abstract existence result.

The existence of a solution to a PDE does not guarantee that the solution
can be observed in a (physical) experiment that is modelled by the PDE. For
a solution to be observable, it has to be stable as a solution to the PDE. We
say that a solution is (asymptotically) stable if small perturbations eventually
decay away and the system returns to its original state, either or not slightly
shifted in space. The stability of solutions has become an important issue in
the study of PDEs.

One of the phenomena that can be studied with PDEs is the formation of
patterns. Mathematically, a pattern is a special kind of solution of a PDE,
that for instance represents/describes spot and stripe patterns on animal coats,
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2 CHAPTER 1. INTRODUCTION

fingerprints, wind-driven water waves and dune patterns. Some patterns arise
when a so-called ‘trivial state,’ such as an animal coat of uniform color or a
perfectly flat water surface, becomes unstable. The trivial state will no longer
be observed: as soon as there is a tiny perturbation in the system, a pattern
will grow, see [44, 18]. In the modelling of the patterns that appear when a
trivial state becomes weakly unstable, one can in general derive an amplitude
equation that describes the evolution of the created pattern.

A famous pattern forming system is the Rayleigh-Bénard experiment (Sec-
tion 1.1). Here, the trivial state is the fluid at rest, but when a temperature
difference is increased above a certain threshold, the fluid will start to move up
and down in a certain pattern, which can be described by the Ginzburg-Landau
equation, a well known and well studied amplitude equation. Certain mod-
elling and stability questions related to this experiment formed an important
inspiration for the work presented in this thesis.

1.1 Rayleigh-Bénard convection

In the famous Rayleigh-Bénard experiment, a horizontal layer of fluid is enclosed
between two parallel plates. The bottom plate is heated, the top plate is kept
at a constant, lower temperature. The temperature difference gives rise to a
difference in density. Since the colder fluid at the top has higher density, it has
a tendency to move down; the hot fluid at the bottom tends to move upward.
However, until the temperature difference reaches a certain critical threshold,
viscosity keeps the fluid at rest. In this state, heat is only transferred by con-
duction, see figure 1.1(a). Above the threshold, the conductive state becomes
unstable. The fluid starts to move up and down, and a so-called convective
pattern emerges, depicted in figure 1.1(b).

The structure of the emerging pattern depends on the properties of the
fluid used in the experiment. For pure fluids, a stationary pattern consisting
of parallel convection rolls emerges. Near the critical value, this pattern is
described by the well-known real Ginzburg-Landau equation,

At = α1Axx + α2A + α3|A|2A, (1.1)

where the complex quantity A(x, t) represents the amplitude and phase of the
roll pattern, a standing wave, and the coefficients α1, α2 and α3 are real and
determined by the hydrodynamic stability problem. This so-called amplitude
equation can be derived from the full hydrodynamic equations using weakly
nonlinear stability analysis, see Section 1.2.

In experiments performed with binary fluids, for instance mixtures of wa-
ter and alcohol, another pattern may emerge [6]. Again, the pattern consists
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(a)

(b)

(c)

Figure 1.1: Cross section diagram of the Rayleigh-Bénard convection experi-
ment. (a) With the temperature difference below the critical value, the water
is at rest, and heat is transferred solely through heat conduction. (b) Above
the critical value, convection rolls form. For pure fluids, the rolls are stationary;
for binary mixtures, their position is time-dependent. (c) Depending on the
composition of the (binary) fluid, coexisting regions of conduction and convec-
tion may form, with the localized convective areas moving slowly through the
container.

of parallel convection rolls. This time, however, the rolls are not stationary
but move. Such traveling wave patterns can be modelled using the complex
Ginzburg-Landau equation, which is given by (1.1), this time with complex
coefficients.

Depending on the choice of the parameters, many other patterns can be
observed, most importantly (for this thesis) localized traveling wave patterns. In
these patterns, the convective state of the fluid coexists with conductive regions
where the fluid is at rest (figure 1.1(c)). Localized traveling wave patterns
do appear as solutions to the complex Ginzburg-Landau equation associated
to this problem, but are unstable. Attempts have been made [60] to extend
the Ginzburg-Landau equation by adding a quintic term to describe localized
traveling wave patterns, but this is not sufficient to explain the anomalously
slow movement of wave packets observed in experiments. Inspired by numerical
simulations [5], Riecke suggested a more precise derivation of the amplitude
equation [48], taking into account the interaction between the motion of the
fluid and the local concentration of the mixture. This derivation leads to an
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extended Ginzburg-Landau equation [50],{
At + sAx = dAxx + (λ + fC)A + cA|A|2 + p|A|4A

Ct = δCxx − αC + h|A|2x,
(1.2)

where the real quantity C(x, t) represents variations in the concentration of
the mixture. Numerical investigations [49] showed that in this model, localized
slowly drifting wave patterns can indeed be stable.

1.2 Weakly nonlinear stability analysis

The phenomenon of our interest in the Rayleigh-Bénard experiment is the for-
mation of patterns, where a basic state becomes unstable and is replaced by
(sometimes localized) periodic structures as a control parameter R crosses a
critical threshold. Similar phenomena have been observed in many other sys-
tems. In general, these experiments can be described by a system of coupled
nonlinear partial differential equations

φt = LRφ + N(φ), φ = φ(x, y, t) : R × Ω × R
+ → R

n, (1.3)

where Ω a bounded subset of R
k, the spatial operator LR denotes the linear part

of the equation, which depends on the control parameter R, and the operator
N denotes the nonlinear part of the equation. The vector valued function φ
represents the quantities of interest in the system. For instance, in the case
of Rayleigh-Bénard convection, x denotes the axes along the plates, y the axis
between the plates, and the function φ the motion, pressure and temperature of
the fluid. The fact that we have unbounded spatial directions x and a bounded
direction y means that relative to their size, the plates are close together. For
simplicity, we shall assume x to be one-dimensional.

The basic state of the system corresponds to a laminar solution φ0 = φ0(y).
In convection, φ0 describes the fluid at rest and a linear decay in y of the temper-
ature between the plates. To study the linear stability of the laminar solution,
one substitutes the perturbation φ = φ0(y) + �v(y)eikx+λt in the equation and
linearizes about φ0(y). For each k and R this yields an eigenvalue problem for
�v with eigenvalues λi(k,R):

Lk,R(y) �v(y) = λ�v(y)

with y ∈ Ω. We define the critical eigenvalue λ(k,R) as the eigenvalue with the
largest real part for given k and R. Hence, the critical eigenvalue determines
the growth rate of the perturbation with wave number k at control parameter
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Re λ

R < Rc k
φ0 observed
φ0 stable φ0

R = Rc -kc kc

k λ(kc, Rc) = iωc

R > Rc -kc kc

k
φ0 not observed
φ0 unstable

2π/kc

φ0

Figure 1.2: The growth rate of perturbations with wave number k depends on
the critical eigenvalue λ(k,R). As long as R < Rc, we have Re λ(k,R) < 0 for
all k, hence perturbations die out and the basic solution φ0 can be observed.
When the curve of critical eigenvalues crosses the Re λ = 0 axis at k = kc, φ0

becomes unstable, and the system begins to exhibit wave patterns with wave
number kc. As R grows further, a larger and larger interval of wave numbers
around k = kc gets unstable eigenvalues, so that the patterns may become more
complex and possibly even chaotic.

value R. As depicted in Figure 1.2, if Reλ(k,R) < 0 for all R and k, small
perturbations of φ0 die out, whereas if Reλ(k,R) > 0 for some combination
of k and R, that wave’s amplitude grows exponentially as long as the linear
approximation is valid. The question is now, what happens beyond the critical
value in the full, nonlinear system? In general, this is a difficult problem. How-
ever, close to threshold one can obtain a good and rigorous approximation of
the pattern that arises.

1.2.1 Ginzburg-Landau equation

The position kc on the k-axis where, as R is increased, λ(k,R) first crosses the
Re λ = 0 axis is of particular interest for our understanding of the formation
of patterns. Suppose R is slightly beyond the critical value. In that situation,
we would expect Re λ(k,R) to be still negative anywhere except in a small
region around kc, with kc being the dominant wavenumber of the perturbation,
i.e., the wave number with the ‘most unstable’ eigenvalue. Based on these
considerations, we set R = Rc + ε2r with 0 < ε � 1 and make the following
‘Ansatz’:

φ(x, y, t) − φ0(y) = εA(ξ, τ)�vc(y) ei(kcx+ωct) + c.c. + h.o.t., (1.4)
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where c.c. denotes the complex conjugate. The term �vc(y) ei(kcx+ωct) is the
dominant wave with ωc = Im λ(kc, Rc) and �vc = v(y; kc, Rc). The modulation
factor A(ξ = εx, τ = ε2t) accounts for the other wave numbers and nonlinear
effects: nearby modes with x-dependence eikx can be written as ei(k−kc)xeikcx,
with the (very slow) term ei(k−kc)x acting as a modulation factor on the domi-
nant mode eikcx. It was shown by Eckhaus [22] that this Ansatz can be made
rigorous for a large class of problems.

Plugging (1.4) into the general equation yields (after considerable effort)
an equation on A, the so-called amplitude equation or modulation equation.
It arises as a solvability condition (or equivalently, through the application of
a Fredholm orthogonality condition) to the equation associated to terms of
order ε3ei(kcx+ωct) when we substitute (1.4), gather equal powers of εje(kcx+ωct)n

and impose that the result is equal to zero.
The kind of amplitude equation one obtains depends on the λ(k,R) curve.

In the common situation where λ(k,R) crosses {Re λ = 0} simultaneously in
two positions kc and −kc, as depicted in Figure 1.2, one obtains the well-known
complex Ginzburg-Landau equation (1.1) which can be scaled into the form

Aτ = rA + (1 + ip)Aξξ ± (1 + iq)|A|2A, (1.5)

where r measures the distance from Rc, R − Rc = rε2. The constants p and q
depend on the properties of the original system, i.e., on LR, N(φ) and the
boundary conditions. The complex Ginzburg-Landau equation has two impor-
tant limits. For p, q → 0 it reduces to the real Ginzburg-Landau equation that
we already mentioned before, and for p−1, q−1 → 0 it reduces to the nonlinear
Schrödinger equation, which is, for instance, used to describe electromagnetic
pulses in optical fibers.

In the above sketch of the derivation of the Ginzburg-Landau equation, it is
assumed that (kc, ωc) �= (0, 0), see Figure 1.2. If (kc, ωc) = (0, 0) the derivation
process has to be adapted and one finds that the dynamics of small perturbations
are governed by a modulation equation that is a real, scalar, reaction-diffusion
equation ([53] and the references therein). Note that (kc, ωc) = (0, 0) appears
naturally, for instance when the background state undergoes a transcritical bi-
furcation, i.e., (kc, ωc) = (0, 0) is not a degeneration, but a generic phenomenon.

For various types of model equations of the form (1.3), the validity of the
Ginzburg-Landau equation has been shown, i.e., one can prove that solutions of
the Ginzburg-Landau equation (1.5) inserted in the Ansatz (1.4) provide good
approximations for solutions of the original system, see [42]. The Ginzburg-
Landau equation has an extremely rich variety of solutions, see for instance
[60, 9] and the references therein. Many of these solutions are not stable. For
instance, the only stable stationary solutions of the real supercritical Ginzburg-
Landau equation, i.e., where the cubic term acts as a damping term, p = q = 0
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-kc kc

Re(λ)

k

Figure 1.3: Competing instability mechanisms. Just after the appearance of
an unstable mode at (kc, ωc) �= (0, 0), a second, weakly stable mode reaches
criticality at (kc, ωc) = (0, 0). In many cases the second mode remains fixed at
(kc, ωc) = (0, 0) as ε2r = R−Rc is increased and we speak of a neutrally stable
mode.

and r > 0, are the Eckhaus stable plane waves and a simple front solution;
all quasi-periodic and homoclinic solutions are unstable [10, 29]. Nevertheless,
some of the a priori unstable solutions seem to be observable and thus stable
in experiments, such as several types of homoclinic pulses observed in binary
fluid convection, see Section 1.1. This would be a contradiction when the ob-
served structure is really governed by (1.5). However, the observations are done
in physical systems with competing instability mechanisms. This means that
the dynamics of these patterns cannot be described sufficiently by (1.5). The
equation has to be coupled to another amplitude equation.

1.2.2 Competing instability mechanisms

Of course, more complex situations than those described above are possible.
The curve Re λ(k,R) may, for instance, have two maxima (k1

c , R1
c) and (k2

c , R2
c)

and their symmetric counterparts with R1
c and R2

c almost equal. In such cases,
there are two unstable modes that interact. Mathematically speaking this is a
codimension 2 situation that occurs naturally in many physical systems. The
dynamics of small perturbations are now governed by a coupled system of mod-
ulation equations. If both (ki

c, ω
i
c) �= (0, 0) and there are no resonances, then the

system consists of two coupled Ginzburg-Landau equations (see [17], [52] and
the references therein). Our interest, however, is in systems with a maximum at
(k1

c , ω1
c ) �= (0, 0) which is governed by the Ginzburg-Landau equation as above,

plus an additional maximum (k2
c , ω2

c ) = (0, 0). This situation is sketched in
Figure 1.3.

In this case, we have to adapt the Ansatz (1.4). It is natural to introduce a
second (real) amplitude B and consider perturbations of the form

φ = φ0(y) + ε(A(ξ, τ)vc(y)ei(kcx+ωct) + c.c.) + ε2B(ξ, τ)ṽc(y) + h.o.t. .

Substituting this in equation (1.3) we can again perform a multiple-scales anal-
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ysis. Applying the solvability condition now yields a Ginzburg-Landau equation
coupled to a real diffusion equation, that is,{

Aτ = α1Aξξ + α2A + α3|A|2A + µBA
β0Bτ = β1Bξξ + G(B,Bξ, |A|2, |A|2ξ , |A|2ξξ),

(1.6)

with α1, α2, α3 ∈ C, A(ξ, τ) : R ×R
+ → C, µ, β0, β1 ∈ R, B(ξ, τ) : R ×R

+ → R

and G a real function that is in general nonlinear. The leading order input of B
into the A equation is by the interaction of the critical (kc, ωc)-mode associated
with A with the critical (0, 0)-mode associated with B. This implies that the
coupling occurs as a quadratic AB-term in the Ginzburg-Landau component of
(1.6). Vice versa, A enters at leading order into the (0, 0)-mode of B through a
|A|2-term. Note that the quintic term |A4|A in (1.2), which is indeed a higher
order term of the Ginzburg-Landau equation, has been omitted for simplicity.
Likewise, we leave out the term Ax. This is equivalent to the assumption that
the group speeds of the A- and B-mode are equal.

For a consistent derivation of equations of the type (1.6) it is necessary to
carefully order the magnitudes of the various terms that appear in G, see for
instance [50]. Most derivations of equations of the type (1.6) are formal and
often not completely consistent. In general, there are no validity results, except
for specific cases such as systems with a conservated quantity [41]. It is, however,
clear from the literature that models of this type play an important role in the
description of systems with competing instability mechanisms.

1.2.3 Appearance of competing instability systems

In Section 1.1, we already mentioned binary fluid convection, where the influence
of variations in the concentration of the mixture leads to a second, real, mode
and thus yields a system of the form (1.6).

There are many other systems in which the above described interaction be-
tween instability mechanisms is a natural phenomenon. Examples are for in-
stance found in biological models of the density of ion channels embedded in a
biomembrane. Here, the simple pattern is the homogeneous distribution of ion
channels. In [47], the nonlinear behavior immediately above threshold is ana-
lyzed in terms of nonlinear stability analysis. A global conservation law imposed
on the number of ion channels leads to an amplitude equation of the type (1.6).
Similar pattern forming mechanisms appear to be relevant for other models from
cell biology, such as mixtures of cytoskeletal filaments interacting with molec-
ular motors. Equations such as (1.6) also appear in other biological/chemical
systems [8], geophysical morphodynamics [40], thermo- and electroconvection
in nematic liquid crystals [20] and systems with a conservation law [41, 45, 63].
Moreover, they appear as phenomenological models, i.e., where the model is
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derived outside the setting of weakly nonlinear analysis, e.g., pattern formation
in vibrated granular media [59].

Many of these systems have a so-called neutrally stable mode at kc = 0.
In this situation, the parabolically shaped critical curve around k = 0 has its
maximum fixed at zero, independent of ε2r = R − Rc, see Figure 1.3. As a
consequence, the function G in system (1.6) does not have a linear B-term,
see Chapter 3. Mathematically, a neutrally stable mode at kc = 0 is often
associated with a symmetry in the underlying system [7], or with the existence
of a conservation law.

1.3 Slow diffusion in reaction-diffusion systems

It is well known that homoclinic pulse solutions to scalar (spatially homoge-
neous) reaction-diffusion equations in one (unbounded) spatial dimension are
unstable [32]. In the context of systems of reaction-diffusion equations, pulse
solutions can certainly be stable. A famous example is the FitzHugh-Nagumo
system, which exhibits a stable traveling pulse solution [34]. From a pertur-
bative point of view, this pulse solution can be seen as a combination of two
scalar front solutions in a singular limit. Since scalar traveling fronts can be
stable, it is natural to expect that the ‘double front’ FitzHugh-Nagumo pulses
can also be stable. Recently, however, it has been shown that singularly per-
turbed systems may also have asymptotically stable pulse solutions that, in the
singular limit, merge with an unstable pulse solution of a scalar limit system
[11, 12]. The stabilization of the originally unstable scalar pulse is caused by
the effects of coupling the scalar equation to a diffusion equation in which the
diffusion acts on a long spatial scale. In other words, coupling a scalar equation
to another ‘slow’ diffusion equation introduces a ‘control mechanism’ that may
remove the unstable eigenvalue of the linearized stability problem associated to
the homoclinic pulse in the scalar limit problem. That this a priori counter
intuitive control mechanism can be responsible for the existence of stable pulse
solutions has been shown by means of an Evans function approach [11, 12] in
well-studied systems such as the Gray-Scott and Gierer-Meinhardt models.

1.4 Stabilization by competing instability
mechanisms

Numerical simulations of equations of the type{
At = α1Axx + α2A + α3|A|2A + µBA

β0Bt = β1Bxx + G(B,Bx, |A|2, |A|2x, |A|2xx). (1.7)
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strongly suggest that the coupling to a diffusion equation can have a stabilizing
effect on the solutions of the Ginzburg-Landau equation [49]. Thus the situa-
tion is similar to that of the reaction-diffusion models described in Section 1.3.
Motivated by the stabilization of pulses by slow diffusion in reaction-diffusion
models, we intend to investigate the stabilizing effects of this control mechanism
when applied to a less simple equation such as the Ginzburg-Landau equation.
Therefore we assume that in (1.7), the B equation is a slow diffusion equa-
tion. This has a direct interpretation in the underlying physical system, see
Remark 1.1.

We introduce ε as 0 < Re α1/β1 = ε2 � 1. Note that this ε is not related
to the small parameter that appears in the derivation of the modulation equa-
tion described in Section 1.2.2. The observations of stable pulse-like patterns
in binary fluid convection have been done in the subcritical regime [48, 49].
Therefore, we focus on the situation in which the Ginzburg-Landau equation
describes a subcritical bifurcation, i.e., Reα1 > 0, Re α2 < 0 and Reα3 > 0.
Finally, we assume that β0 = O(ε2), see Remark 1.2.

We can now write system (1.7) as{
At = (1 + ip)Axx − (1 − µB)A + (1 + iq)|A|2A

ε2τBt = ε−2Bxx + G(B,Bx, |A|2, |A|2x, |A|2xx). (1.8)

It is natural to impose the condition that B is bounded, since B represents a
perturbation in the original underlying system. The B equation can be written
as Bxx = O(ε2). It follows that B is constant in the limit ε = 0, i.e., B → b0 as
ε → 0. Hence, as ε → 0, the system (1.8) reduces to

At = (1 + ip)Axx − (1 − µb0)A + (1 + iq)|A|2A. (1.9)

The main goal of this thesis is to study the stability of pulse solutions of the
full system (1.8) which in the limit ε → 0 correspond to unstable pulse solutions
to the Ginzburg-Landau equation (1.9). Before we can establish the stability
of these pulse solutions, we first have to prove that the unstable solutions to
the limit system persist in the full system. This is done by applying geometric
singular perturbation theory [35, 36].

Remark 1.1 The assumption that the B equation is a slow diffusion equa-
tion, has a direct interpretation in the underlying physical system. In fact, the
magnitude of the diffusion coefficient in a modulation equation describes the
natural spatial scale of the evolution associated with the instability (see also
[53]). Thus, the assumption of slow diffusion in (1.8) has in essence the same
meaning in the underlying system: the instabilities associated with B gener-
ated at (kc, ωc) = (0, 0) evolve on a longer spatial scale than those of A at
(kc, ωc) �= (0, 0).
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Remark 1.2 The O(ε2) magnitude of β0 (1.7) is mostly motivated by the ob-
servations in the existence and stability analysis. For instance, at this magnitude
the transitions from stable to unstable, and vice versa, occur. It means for the
underlying system that the perturbations associated with the (0, 0)-mode evolve
faster in time than those of the (kc, ωc)-mode.

1.5 The Evans function

Over the last decades, the Evans function has become an important tool in
the investigation of the stability of nonlinear waves such as fronts, pulses and
wave trains. Loosely speaking, the stability question is the following: do small
perturbations of the pattern of interest grow or die out under the dynamics
described by the PDE? The study of the stability of a given pattern or wave
in general starts with linearization of the PDE around the wave. One thus
obtains a so-called linearized or spectral instability result. The spectrum of
the resulting linear operator gives a first idea about the stability of the wave.
Under certain conditions, which apply in many cases, nonlinear stability of the
wave as a solution to the full nonlinear PDE follows from linearized or spectral
stability [32].

The spectrum of the linearized operator is the union of the point spectrum
and the continuous or essential spectrum. Spectrum in the left half of the com-
plex plane corresponds to stable directions, whereas spectrum on the right hand
side corresponds to unstable directions. The essential spectrum is associated
with (in)stability under perturbations ‘at infinity’ and can be determined in a
standard, straightforward way for localized solutions [32]. The point spectrum,
the set of isolated eigenvalues that correspond to localized integrable eigenfunc-
tions, is much harder to determine, and it is here where the Evans function can
play a role. The Evans function is an analytic function whose zeroes give the
eigenvalues of the linearized operator, similar to the role the determinant of the
eigenvalue matrix plays in finite-dimensional eigenvalue problems.

Under certain general conditions, one can construct two sets of solutions to
the linearized system, such that one set forms a basis of the space of solutions
which approach zero in the negative spatial limit, and the other for the space
of solutions which approach zero in the positive spatial limit. In general, and
for λ not in the essential spectrum, the two sets will together span the space
of all solutions to the linear system [54]. An isolated eigenvalue, however, is
associated with (in)stability under localized perturbations. A corresponding
eigenfunction thus converges to zero in both spatial limits, and is an element
of both spaces. The Evans function D(λ) basically is a determinant, roughly
speaking the Wronskian, of these two sets of solutions and is thus in general
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nonzero. Should an eigenfunction exist for certain λ (eigenvalue), then at least
one growing and one decaying solution in this Wronskian must be linearly de-
pendent: the determinant is zero. This intuitively explains why zeroes of the
Evans function D(λ) correspond to eigenvalues λ.

Evans [23, 24, 25, 26] was the first to formulate this function for a special
category of equations, named ‘nerve impulse equations’, although this idea also
came up in various other contexts, see [46] and the references therein. Jones [34]
recognized some of the most powerful aspects of the Evans function and used this
idea to determine the stability of the traveling pulse of the FitzHugh-Nagumo
system. A general definition of the Evans function was introduced by Alexander
et al [2].

1.5.1 Construction of the Evans function

Consider a class of PDEs of the form

ut = B uxx + f(u, ux) (1.10)

with u(x, t) : R × R
+ → R

n, B an n × n-matrix, and f a nonlinear function.
Standard Evans function theory is applicable to pulse solutions to equations of
the form (1.10) which are traveling waves U(ξ) = u(x − ct) of (1.10) decaying
exponentially to zero, i.e., |U(ξ)| → 0 as |ξ| → ∞. In this thesis, we also address
the problem where the pulse solution decays algebraically to zero. In Chapter 3,
we consider how the theory can adapted to a system where pulse solutions decay
algebraically. In this section, however, we consider the standard case.

Transforming (1.10) into a moving coordinate frame (x, t) �→ (x − ct, t) =
(ξ, t) yields

ut = B uξξ + cuξ + f(u, uξ). (1.11)

Assuming that this equation indeed has a traveling wave solution U(ξ), we can
study the linearized stability of U(ξ) by introducing v(ξ) such that

u(ξ, t) = U(ξ) + v(ξ)eλt (1.12)

is a solution of (1.11). The linear terms of the resulting equation form an
eigenvalue problem

L(v) = λv (1.13)

where L is the linear differential operator associated to the stability of the pulse.
This can be written as a first-order system

Y ′ = M(ξ, λ)Y (1.14)
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with Y : R → R
2n and M(ξ, λ) a (2n×2n)-matrix dependent on ξ and λ. Using

that U decays exponentially to zero as |ξ| → ∞, one can show that M(ξ, λ)
converges exponentially to a constant coefficients matrix M∞(λ) as |ξ| → ∞.

The essential spectrum σess of (1.13) consists of λ ∈ C for which M∞(λ)
possesses purely imaginary eigenvalues [32]. If the essential spectrum is strictly
contained in the left half of the complex plane, the stability of the pulse is
completely determined by the discrete spectrum of (1.13). We assume that
M∞(λ) has m distinct eigenvalues Λ−

1 (λ), . . . ,Λ−
m(λ) with negative real part,

and 2n − m distinct eigenvalues Λ+
m+1(λ), . . . ,Λ+

2n(λ) with positive real part,
together with corresponding eigenvectors E−

1 (λ), . . . , E+
2n(λ). For λ ∈ C \ σess,

all eigenvalues and eigenvectors are analytic functions of λ.
The functions {E−

1 (λ)eΛ−
1 (λ)ξ, . . . , E+

2n(λ)eΛ−
2n(λ)ξ} form a basis for the solu-

tion space of Yξ = M∞(λ)Y . Notice that {E−
i (λ)eΛ−

i (λ)ξ}m
i=1 spans the space

of solutions that approach zero as ξ → +∞, and {E+
i (λ)eΛ+

i (λ)ξ}2n
i=m+1 spans

the space that approaches zero as ξ → −∞.
We can now describe the behavior of solutions of (1.14) in terms of the

eigenvalues and -vectors of M∞. For λ ∈ C \ σess, we can choose solutions Y ±
i

of (1.14) such that they are analytic in λ for fixed ξ and satisfy

lim
ξ→+∞

Y +
i (ξ, λ)e−Λ−

i (λ)ξ = E−
i (λ) for i = 1, . . . ,m,

lim
ξ→−∞

Y −
i (ξ, λ)e−Λ+

i (λ)ξ = E+
i (λ) for i = m + 1, . . . , 2n.

By this choice, {Y +
i }m

i=1 spans the space of solutions of Y ′ = M(ξ, λ)Y which
approach zero as ξ → +∞ and {Y −

i }2n
i=m+1 spans the space of solutions which

approach zero as ξ → −∞.
The Evans function D(λ) is now defined as

D(λ) = det
(
Y −

1 (ξ, λ), . . . , Y +
2n(ξ, λ)

)
e−

R ξ
0 TrM(s,λ) ds. (1.15)

One can prove by Abel’s formula that this expression is independent of ξ. The
following theorem was proved by Alexander et al. [2].

Theorem 1.5.1 The Evans function is analytic on C \ σess. Furthermore,
D(λ) = 0 if and only if λ is an eigenvalue, and the order of the zero is equal to
the algebraic multiplicity of the eigenvalue.

An eigenfunction corresponding to an eigenvalue λ of (1.13) approaches zero
in both spatial limits, and is thus an element of both {Y +

i }m
i=1 and {Y −

i }2n
i=m+1.

Therefore, the determinant in D(λ) is zero for this λ.
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1.5.2 Decomposition of the Evans function

In singularly perturbed systems the Evans function can often be decoupled into
a slow and a fast component [2, 30],

D(λ) = Dslow(λ) Dfast(λ).

Here, the eigenvalues of the eigenvalue problem associated with the stability
analysis of the pulse in the limit problem ε → 0 correspond to zeroes of the fast
component Dfast(λ). The slow component Dslow(λ) is in general not analytic [11,
12] and since D(λ) and Dfast(λ) are analytic, its poles must coincide with the
zeroes of Dfast(λ). Moreover, it can be shown within a certain class of reduced
system, that Dslow(λ) has a pole at the perturbed unstable eigenvalue of the
fast reduced limit system. As the pole of Dslow(λ) cancels the positive zero of
Dfast(λ), the stability of the wave is now determined by the zeroes of Dslow(λ).
A method, the NLEP approach, has been developed by which Dslow(λ) can be
determined explicitly [11, 12].

In our setting, the fast reduced limit system is the Ginzburg-Landau equa-
tion, which has an unstable pulse solution. It depends on the explicit structure
of G in (1.8) whether or not this approach is straightforwardly applicable to
this system. In the case of a stable B-mode, i.e., the case that G has a linear
B-term, the Evans and NLEP approach can be applied in a standard way. As
mentioned in Section 1.2.3, many competing instability systems have a neutrally
stable B-mode. When this is the case, i.e., if the lowest order B-term in G is
quadratic, both the Evans and the NLEP method have to be extended.

1.6 Outline

Throughout this thesis, we study the influence of an additional diffusion equa-
tion on the pulse solutions of the Ginzburg-Landau equation. In light of recently
developed insights into the effect of slow diffusion on the stability of pulses, we
consider the case of slow diffusion, i.e., in which the additional diffusion equation
acts on a long spatial scale.

In Chapter 2, we show that under the simplifying assumption that A is a
real-valued function, the solitary pulse solution of the real Ginzburg-Landau
equation persists under coupling with a ‘weakly stable, almost neutral’ diffusive
mode B. An Evans function approach is used to study the stability of the
pulse. The slow diffusion has indeed influence on the stability properties of
the pulse, via the zero-pole cancellation mechanism mentioned in Section 1.5.2.
In particular, when the diffusion equation contains higher-order nonlinearities,
pulse solutions of the Ginzburg-Landau equation can indeed be stabilized.
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In Chapter 3, we retain the simplifying assumption that A(x, t) ∈ R, but
consider systems where the B-mode is truly neutral, and as a consequence, there
is no linear B-term in the diffusion equation. The consequence is, that the pulse
solution we construct decays algebraically slow to zero in the spatial dimension,
instead of exponentially fast. This has a significant influence on the stability
analysis. Exponential decay is an essential ingredient for the decomposition
of D(λ) and the NLEP approach. A large part of this chapter is therefore
devoted to an extension of the standard approach, so that it is still possible
to construct an Evans function and a useful slow/fast decomposition of this
function in the algebraic case. We again find that stabilization of the Ginzburg-
Landau pulse is possible.

In Chapter 4, we drop the assumption that A(x, t) ∈ R and consider the
complex Ginzburg-Landau equation, where the coefficients are complex values.
In general, it is hard to prove the persistence of the unstable pulse solution of
the complex Ginzburg-Landau equation when the equation is coupled to a real
diffusion equation. Therefore, we consider two limit problems: the nearly real
Ginzburg-Landau equation, and the nearly nonlinear Schrödinger limit. In both
cases, we show the persistence of pulse solutions in the coupled equation.
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Chapter 2

Stabilization by slow
diffusion in a real
Ginzburg-Landau system

In this chapter we investigate whether unstable pulse solutions of the uncoupled
Ginzburg-Landau equation can be stabilized by coupling to a diffusion equation.
In other words, we study whether the “control mechanism” described in Sec-
tion 1.3 is able to explain the observations of stable pulses in systems described
by equations of the type (1.8) that seem to correspond to unstable pulses of
the (uncoupled) Ginzburg-Landau equation. Here, we do not study (1.8) in its
most general setting, but make some explicit choices. As a first step towards
understanding the dynamics of (1.8), we assume that we have a real Ginzburg-
Landau equation, i.e., the coefficients p and q are zero. Note that this is not a
very strong assumption; the coefficients of the Ginzburg-Landau equation are
for instance real when the underlying physical system has a (spatial) reflection
symmetry [42]. We next reduce the three-component model (1.8) — recall that
A(x, t) ∈ C — to a two-component model by restricting to the case A(x, t) ∈ R.
The uncoupled scalar limit equation can now be scaled into

At = Axx − (1 − µb0)A + A3, (2.1)

with b0 a constant. This equation has an unstable standing pulse solution (if
µb0 < 1), which is, of course, also an unstable pulse solution of the associated
complex version of (2.1). Finally, we choose G in (1.8) explicitly,{

At = Axx − A + A3 + µAB
ε2τBt = ε−2Bxx − αε2B + σBx + νA2 + βA2B.

(2.2)

17
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The terms B and A2 (originally |A|2) are the first to appear in the derivation
process as sketched in Remark 2.2. However, we have also introduced Bx to
break the reversibility symmetry (so that we may expect to see traveling pulses)
and A2B (|A|2B) as a representative of higher order nonlinear terms in G.
Note that various nonlinear terms appear in the literature; we choose A2B to
represent the possible effects of these terms. We have made rather explicit
choices for the relative magnitudes of the coefficients of the terms in the B-
equation. The reason for this is mostly mathematical, for the chosen ratio of the
magnitudes of the coefficients is the ‘significant degeneration’ in the terminology
of singular perturbation theory [21]. In other words, in this scaling the effects of
the various terms are balanced. Other scalings do not generate new phenomena,
but can be obtained by taking a relevant limit in this ‘significant’ scaling. We
refer to Remarks 2.1, 1.1 and 1.2 for a physical interpretation and motivation
of the scalings.

The main goal of this chapter is to study the persistence and stability of the
(unstable) homoclinic pulse solution of the (uncoupled, real) Ginzburg-Landau
equation (2.1) as solution of the full system (2.2). The stability analysis centers
around the question: can the unstable pulse be stabilized by the control mech-
anism introduced by the slow B-diffusion? Here we only consider the pulse in
(2.1) with A ≥ 0 for all x, i.e., we do not pay attention to its negative (and
symmetrical) counterpart (the analysis is identical).

The persistence problem corresponds to searching for (slowly) traveling waves
in system (2.2). Thus, we introduce ξ := x − Ct and reduce (2.2) to a 4-
dimensional singularly perturbed ODE. We put C = ε2c; the magnitude ε2

of the wave speed is determined by the (forthcoming) analysis. The ODE for
(a, v, b, d) = (A,Aξ, B,Bξ/ε) is now given by

a′ = v,
v′ = a − a3 − µab − ε2cv,
b′ = εd,
d′ = ε[αε2b − ε(σ + τε4c)d − νa2 − βba2],

(2.3)

where the ′ represents differentiation with respect to ξ. A physically relevant
pulse solution satisfies limx→±∞ |A(x, t)| = limx→±∞ |B(x, t)| = 0. Therefore,
we look for homoclinic solutions γh(ξ) to (2.3) that satisfy limξ→±∞ γh(ξ) =
(0, 0, 0, 0), where S = (0, 0, 0, 0) is a fixed point of (2.3). Note that this does
not contradict the convergence of B to b0 as ε → 0 (since this is for x restricted
to a fixed interval of O(1) length). By the methods of geometric singular per-
turbation theory [28, 35] the existence of such homoclinic solutions, and thus
the persistence of the limit pulse, is established. The homoclinic solution γh(ξ)
corresponds to the (traveling) pulse solution (Ah(x, t), Bh(x, t)) of (2.2) that is
given in Figure 2.1. We first consider the system for β = 0 and show for all
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Figure 2.1: The homoclinic pulse solution (Ah(x, t), Bh(x, t)) of (2.2) as func-
tion of x (for ε = 0.01, σ = 0, α = 4, µ = 1, ν = 1

3 ). Note that Bh(x, t) (dashed
line) is constant – at leading order – on intervals of O(1) length, i.e., a length
that is of the order of the width of the Ah(x, t) spike.

α > 0 and µ �= 0 that there is a unique homoclinic orbit γh(ξ) that merges
with the scalar pulse in the limit ε → 0. The associated pulse solution to (2.2)
travels with a uniquely determined wave speed if σ �= 0 (Theorem 2.1.1). In
the case β �= 0, the situation is less transparent: there are open regions in pa-
rameter space in which two different orbits γh(ξ) exist, while there are other
regions where no homoclinic orbit can exist (Theorem 2.1.2). These regions are
separated by manifolds at which homoclinic saddle node bifurcations take place.
Thus, the inclusion of higher order nonlinear terms of G in (1.8) has a nontrivial
effect on the persistence problem.

The stability analysis of the (traveling) pulses is based on the Evans function
and can be studied by the recently developed method that decomposes the Evans
function D(λ, c, ε) into a product of two transmission functions t1(λ) and t2(λ)
[12, 11]. The stability of the pulse is in essence determined by the zeroes of the
slow transmission function t2(λ, c, ε). This function can be computed explicitly
with the use of hypergeometric functions. This enables us to explicitly obtain all
eigenvalues of the stability problem for a given combination of the parameters
(τ, α, σ, µ, ν, β) (for ε small enough and α > 0).

As for the persistence problem, we first focus on the simplest case, β = 0.
We find that the coupling of the slow diffusion equation indeed has the expected
O(1) effect on the eigenvalues of the stability problem associated with the pulse
in the scalar limit (2.1). However, the control mechanism cannot bring the
unstable eigenvalue of the scalar limit problem into the stable (complex) half
plane. This is in essence due to the uniqueness result for β = 0 (Theorem
2.1.1). Since bifurcations (of homoclinic orbits) are impossible in the existence
problem, there cannot be a double eigenvalue at λ = 0. In terms of the Evans
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function, if β = 0 we can show that t2(0, c, ε) �= 0 for all possible parameter
combinations (Lemma 2.3.2) – note that the eigenvalue at λ = 0 that is related to
the translation invariance corresponds to a zero of the fast transmission function
t1. Thus, the eigenvalue of the reduced limit system cannot cross through λ = 0.
This is similar to the situation in equations of Gray-Scott or Gierer-Meinhardt
type [12, 11]. However, for these systems there is a second eigenvalue in the
unstable half plane which merges with λ = 0 in the singular limit ε → 0. It
is shown in [12, 11] that these two eigenvalues can merge and become a pair
of complex conjugate eigenvalues. This pair can cross the imaginary axis, so
that the pulses in the Gray-Scott/Gierer-Meinhardt system can indeed become
stable through a Hopf bifurcation. This scenario is not possible in (2.2) for
β = 0, since there is always only one eigenvalue in the unstable half plane.
Thus, the Hopf stabilization scenario is also impossible. We conclude that the
pulses are always unstable if β = 0 (Theorem 2.3.4).

The β coefficient represents higher order nonlinearities in the function G in
(1.8). These nonlinear terms have a major impact on the dynamics of (1.8).
The β-term induces saddle-node bifurcations in the persistence problem (The-
orem 2.1.2, Lemma 2.1.6). In the context of the stability analysis we find, as
expected, that these saddle-node bifurcations coincide with zeroes of t2 (Lemma
2.3.5). The saddle-node bifurcations provide an additional mechanism by which
a pulse may be stabilized. At a saddle-node bifurcation two pulses are cre-
ated. From the point of view of the stability analysis these pulses differ in the
sense that one initially has a small positive eigenvalue, the other a small nega-
tive eigenvalue. Thus, together with the positive eigenvalue associated with the
scalar limit pulse, the pulse with the small unstable eigenvalue can have a pair
of unstable eigenvalues. A related relevant new class of pulses are those pulses
that do not merge with a β = 0 pulse, but diverge, in the limit β → 0. It is pos-
sible to explicitly compute the spectrum of the eigenvalue problem associated
with the stability of these pulses for 0 < ε � β � 1; such pulses have two un-
stable real eigenvalues (Lemma 2.3.6). We show that by moving away from the
0 < ε � β � 1 limit, such a pair of unstable eigenvalues can become a complex
conjugate pair of eigenvalues that, eventually, moves by a Hopf bifurcation into
the stable half space (Theorem 2.3.7).

Thus we conclude that, as in the Gray-Scott/Gierer-Meinhardt cases, the
slow diffusion control mechanism is indeed able to stabilize an unstable pulse
of the (scalar, real) subcritical Ginzburg-Landau equation. However, we imme-
diately remark that our analysis also shows that this control mechanism is a
rather subtle one. We found that to make the mechanism effective, we need the
higher order terms in the nonlinearity G of (1.8) and the associated bifurcations.

The chapter is organized as follows. In Section 2.1 we study the persistence
problem. The stability analysis and the decomposition of the Evans function is
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developed in Section 2.2 and applied in Section 2.3. Section 2.3 also contains a
brief discussion of the results.

Remark 2.1 The choice of the O(ε2) magnitude of the linear B-term in the
B-equation is related to the fact that the (0, 0)-mode is neutrally stable in many
applications. A perfectly neutrally stable B-mode would have no B-term, i.e.,
α = 0 in (2.2). Thus, the assumption that the coefficient of the B-term is O(ε2)
approximates the neutrally stable case. Note that the perfectly neutrally stable
case α = 0 can also be studied by the methods of this chapter and is addressed
in Chapter 3.

Remark 2.2 Recall that the ε introduced in (2.2) is assumed to be O(1) with
respect to the small parameter of the derivation process and thus, from the
derivational point of view, all coefficients in (2.2) are of the same order. This
is not consistent with the derivation process where, for instance, the |A|2B-
term appears at a higher order than the |A|2-term. In fact, apart from the
case in which there is a conservation law ([41] and Remark 2.3), it is debatable
whether a fully consistent derivation of equations of the type (1.8)/(2.2) is pos-
sible at all. The situation here is in essence the same as that of the (uncoupled)
Ginzburg-Landau equation with other, non-cubic, nonlinearities, such as the
quintic-cubic Ginzburg-Landau equation ([60, 9], but also [48, 49] for a system
of the type (1.8) with a Ginzburg-Landau equation that includes quintic terms).
Like (1.8)/(2.2), these equations cannot be derived in a consistent way as mod-
ulation equations (unless one imposes additional (non-generic) constraints on
the underlying system). Nevertheless, the quintic Ginzburg-Landau equations
have shown their relevance in understanding pattern generating systems. For a
similar kind of reason ‘inconsistent’ systems of the type (1.8)/(2.2) appear all
through the literature (see the above mentioned references).

Remark 2.3 In the presence of a conservation law one can derive (in a con-
sistent way) an equation like (1.8) with a G that is not covered by (1.8),
G = β̃2|A|2xx [41], so that the B-equation can be written as Bt = (β̃1B+β̃2A

2)xx.
It has been shown recently ([45]) that there can be stable periodic pulse pat-
terns with a long spatial period in such a system of modulation equations in the
supercritical case (i.e A−A3 instead of −A + A3 in (2.2)). Thus, the results of
[45] are similar to the results presented here. However, the motivation differs
slightly, since there is no pulse solution to A = 0 in the (real scalar) supercritical
case, which implies that the results of [45] cannot be seen as persistence and
stabilization results. Moreover, due to the different character of the B-equation,
the existence and stability analysis in [45] differs essentially from the analysis
here.
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Remark 2.4 The unstable pulse solution of the subcritical real Ginzburg-
Landau limit system (2.1) corresponds to an element of the family of Hocking-
Stewartson solutions of the general complex Ginzburg-Landau equation (1.1)
[33]. The (in)stability of the family of Hocking-Stewartson solutions has been
studied in [1]. Other results on the instability of pulses in the Ginzburg-Landau
equation can be found in [29] and [37, 38]. However, it should be noted that
the latter two papers consider a cubic-quintic Ginzburg-Landau equation in the
nearly integrable nonlinear Schrödinger limit; as a consequence, the pulses do
not have O(1) unstable eigenvalues.

2.1 Persistence

In this section, we study the existence of traveling and stationary pulse solutions
to (2.2), or equivalently (2.3), using the methods developed in [16, 11, 31]. The
four dimensional ’fast’ system (2.3) can alternatively be written as the slow
system

εȧ = v,
εv̇ = a − a3 − µab − ε2cv,

ḃ = d,

ḋ = αε2b − ε(σ + τε4c)d − νa2 − βba2.

(2.4)

Here the dot denotes the derivative with respect to the slow variable ξ∗ = εξ.
Putting ε = 0 in (2.3), we obtain the associated fast reduced system, which is
given by

a′ = v,
v′ = (1 − µb0)a − a3,
b′ = 0,
d′ = 0.

(2.5)

Hence solutions satisfy b ≡ b0, d ≡ d0. For any µ and b0 such that 1 − µb0 > 0,
this system has a positive and a negative homoclinic orbit (±a0(ξ; b0),±v0(ξ; b0))
satisfying a0 ≥ 0 and limξ→±∞(a0(ξ; b0), v0(ξ; b0)) = (0, 0). Here

a0(ξ; b0) =
√

2(1 − µb0) sech(
√

1 − µb0ξ), v0(ξ; b0) = a′
0(ξ; b0). (2.6)

This orbit corresponds to pulse solutions A(x, t) = a0(ξ; b0), with limξ→±∞ A =
0, in the uncoupled Ginzburg-Landau equation (2.1). This pulse may persist in
various forms as a solution to the full equation, such as wave trains of multi-
pulses [16, 11]. Here, we restrict our attention to the most simple form, the
solutions that satisfy limx→±∞ |A(x, t)| = limx→±∞ |B(x, t)| = 0. Therefore,
we look for homoclinic solutions γh(ξ) to (2.3) that satisfy limξ→±∞ γh(ξ) =
(0, 0, 0, 0), where we define S as the fixed point (0, 0, 0, 0) of (2.3).
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Our existence (or persistence) results are summarized in the following two
theorems and illustrated by Figure 2.3. The first Theorem considers the simpler
case, β = 0.

Theorem 2.1.1 Let β = 0, α > 0, µ �= 0, σ ∈ R and ν ∈ R. For every ε > 0
sufficiently small, there is a b0 satisfying 1−µb0 > 0 with a corresponding wave
speed C = ε2c = ε2c0 + O(ε3) such that system (2.3) has a solution γh(ξ) =
(ah(ξ), vh(ξ), bh(ξ), dh(ξ)) that is homoclinic to S = (0, 0, 0, 0). This solution
satisfies |ah(ξ; b0) − a0(ξ; b0)| = O(ε), |vh(ξ; b0) − v0(ξ; b0)| = O(ε) uniformly
on R with a0, v0 as in (2.6), and bh(ξ) = b0 + O(ε) for ξ = O(1). The orbit
γh(ξ) corresponds to a traveling pulse solution (Ah(ξ), Bh(ξ)) = (ah(ξ), bh(ξ))
of (2.2) with limξ→±∞(Ah(ξ), Bh(ξ)) = (0, 0). There are two distinct cases to
consider:

(i) σ = 0: the solution is a standing wave solution, i.e., c ≡ 0, with

b0 =
2ν

α

[
−µν +

√
µ2ν2 + α

]
, (2.7)

(ii) σ �= 0: the solution is a traveling wave with

b0 =
4c

µ(4c − 3σ)
and c0 =

3σµν

σ2 + 4α

(
−2µν −

√
4µ2ν2 + σ2 + 4α

)
.

Thus, for every choice of the parameters (with α > 0, µ �= 0), there is
exactly one standing or traveling (single) pulse solution to (2.2) that can be
seen as the continuation of the (standing) pulse of the uncoupled Ginzburg-
Landau equation. In fact, this solution is recovered explicitly if ν = 0, for which
the Ginzburg-Landau equation has no influence on the B-equation (and we thus
find b0 = c = 0). The pulse γh(ξ) is sketched as homoclinic orbit in phase space
in Figure 2.3, its counterpart (Ah(ξ), Bh(ξ)) is given as a solution to the PDE
(2.2) in Figure 2.1.

The case β �= 0 is more complex. To avoid cumbersome computations, we
only consider stationary orbits.

Theorem 2.1.2 Let β �= 0, α > 0, µ �= 0, ν ∈ R and let ε > 0 be sufficiently
small. Consider c = σ = 0. There are open regions in (µ, α, ν, β)-space in
which system (2.3) possesses 0, 1, or 2 (different) orbits γh(ξ) homoclinic to
S = (0, 0, 0, 0). The boundary between the regions with 0 or 2 types of homo-
clinic orbits is formed by a codimension 1 manifold of homoclinic saddle-node
bifurcations.

For each solution γh(ξ) = (ah(ξ), vh(ξ), bh(ξ), dh(ξ)) the approximate value
of b0 is determined by an explicit polynomial (see (2.23)). The fast coordinates
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ah(ξ), vh(ξ) satisfy |ah(ξ) − a0(ξ; b0)| = O(ε), |vh(ξ) − v0(ξ; b0)| = O(ε) uni-
formly on R with a0, v0 as in (2.6); bh(ξ) = b0 + O(ε) for ξ = O(1). The orbit
γh(ξ) corresponds to a traveling pulse solution (Ah(ξ), Bh(ξ)) = (ah(ξ), bh(ξ))
of (2.2) with limx→±∞(Ah(ξ), Bh(ξ)) = (0, 0).

Thus, the unperturbed homoclinic pulses of the uncoupled Ginzburg-Landau
equation may not persist, or may persist in two different forms when β �= 0. In
Section 2.1.5 we will give a more precise description of this situation. Sections
2.1.1 to 2.1.4 are devoted to the proof of both Theorems using a geometrical
singular perturbation approach [28, 35].

2.1.1 The reduced fast and slow systems

The fast reduced system (2.5) is in essence a two-parameter (b0 and d0) family
of planar, integrable systems (Figure 2.2). Since we are interested in homoclinic
orbits, we assume throughout this chapter that

1 − µb0 > 0. (2.8)

Under this assumption, (2.5) possesses three two-dimensional invariant mani-
folds {a0 = 0, v0 = 0}, {a0 = −

√
1 − µb0, v0 = 0} and {a0 = +

√
1 − µb0, v0 =

0}. Only the first one, M0 := {(a0, v0, b0, d0) | a0 = v0 = 0}, is filled with
hyperbolic equilibria, and is thus a normally hyperbolic invariant manifold, see
Theorem 2.1.3. The manifold M0 has three-dimensional stable and unstable
manifolds W s(M0) and Wu(M0), which are the unions of the two-parameter
families of one-dimensional stable and unstable manifolds of the saddle points
(a, v, b0, d0) = (0, 0, b0, d0) ∈ M0. For each (b0, d0) satisfying (2.8) M0 is con-
nected to itself by a homoclinic orbit (2.6). The family of homoclinic orbits
forms a homoclinic manifold H in which W s(M0) and Wu(M0) merge. Inside
every homoclinic orbit the plane is filled with periodic orbits, see Figure 2.2.

In [27, 28], Fenichel developed a geometric approach, nowadays referred to
as Geometric Singular Perturbation Theory (GSP), to study singular systems
of the type

u̇ = f(u, v, ε),
v̇ = εg(u, v, ε), (2.9)

where ˙ = d
dt , u ∈ R

k and v ∈ R
l with k, l ≥ 1 and 0 < ε � 1. We state two

theorems from Fenichel theory that guarantee the persistence of the invariant
manifold M0 and its stable and unstable manifolds W s(M0) and Wu(M0)
under sufficiently small perturbations.
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a

v

M0

H

Figure 2.2: The (a0, v0) phase space of the fast subsystem.

Theorem 2.1.3 (Fenichel) Consider a system of the form (2.9). Suppose
M0 ⊂ {f(u, v, 0) = 0} is compact, possibly with boundary, and normally hy-
perbolic, that is, the eigenvalues λ of the Jacobian ∂f

∂u (u, v, 0)|M0 all satisfy
Re(λ) �= 0. Suppose f and g are smooth. Then for ε > 0 and sufficiently small,
there exists a manifold Mε, O(ε) close in C1 and diffeomorphic to M0, that is
locally invariant under the flow of the full problem (2.9).

Theorem 2.1.4 (Fenichel) Suppose M0 ⊂ {f(u, v, 0) = 0} is compact, pos-
sibly with boundary, and normally hyperbolic, and suppose f and g are smooth.
Then for ε > 0 and sufficiently small, there exist manifolds W s(Mε) and
Wu(Mε), that are O(ε) close in C1 and diffeomorphic to W s(M0) and Wu(M0),
respectively, and that are locally invariant under the flow of (2.9).

In our case, M0 is not compact. Due to the structure of the system, however,
the theorems do apply to every compact subset of M0. In the current case it is
clear that M0 is still invariant under (2.3) and therefore Mε = M0. It follows
from Theorem 2.1.4 that W s(M0) and Wu(M0) exist.

The flow on Mε for the full system (2.3) can be determined by substituting
(a, v) = (0, 0). The resulting two-dimensional system is linear and has one
equilibrium point (b, d) = (0, 0), which is S in the four-dimensional system. It
is given by

b′ = εd,
d′ = ε[−ε(σ + τcε4)d + αε2b]. (2.10)

If S is a saddle point within Mε, construction of solutions homoclinic to S may
be possible. The eigenvalues of the linear system (2.10) are given, at leading
order, by λ2 + ε2σλ − αε4 = 0; hence, with Γ := ε−2λ, by

Γ± =
1
2
[
− σ ±

√
σ2 + 4α

]
. (2.11)
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Thus, the restriction of S to Mε is a saddle point if α > 0, which is assumed for
the remainder of this section. The stable and unstable manifolds of S (restricted
to Mε) are given by

lu,s = Wu,s(0, 0) |Mε
= {(b, d) | d = ε[Γ± + O(ε4)]b}. (2.12)

Remark 2.5 As noted in Remark 2.1, there are many systems in which the
mode associated with B is neutrally (un)stable [48]. Neutral stability corre-
sponds to α = 0 in (2.2), and thus in (2.3) and (2.10). As a consequence, the
flow on Mε degenerates. In the system described by (2.10) one cannot construct
homoclinic orbits to the critical point (0, 0) on Mε, since it has either no stable
or no unstable manifold (depending on the sign of σ). However, as soon as one
includes higher order terms of G(B,Bx, |A|2) into this system, the structure of
(0, 0) on Mε becomes less singular. A natural nonlinear term to include in the
neutral case is B2. Then, (0, 0) indeed has a stable and an unstable manifold
on Mε (which are tangent in (0, 0)). As a consequence, we can use the meth-
ods developed in this section to construct a homoclinic solution to (0, 0, 0, 0)
in (2.3). Since this is technically a bit more involved we do not consider this
case here explicitly. Nevertheless, we conclude that the homoclinic pulse of the
uncoupled Ginzburg-Landau equation can also persist in the neutral case with
α = 0. Note, however, that in this case the pulses will not decay exponentially
but algebraically as ξ → ∞; see Chapter 3.

2.1.2 Persistent fast connections

In the reduced fast system, we found that the three-dimensional stable and
unstable manifolds of M0 merge and form a homoclinic manifold H. In the
general case, where 0 < ε � 1, the stable and unstable manifolds W s(Mε)
and Wu(Mε), will no longer merge, but may intersect in one or more two-
dimensional surfaces. If homoclinic orbits to the point S exist, they must lie
on one of these intersections. Since the system (2.3) is an O(ε) perturbation
of an integrable system with periodic orbits inside H, components of Wu(Mε)
and W s(Mε) inside H wind around (a, v) = (

√
1 − µb0, 0) and intersect the

hyperplane {v = 0} several times.
Adiabatic Melnikov theory [51] provides a measure ∆ as a function of b0 and

d0 that determines the O(ε) distance between the first intersections of Wu(Mε)
and W s(Mε) with {v = 0}. For system (2.3), the measure ∆ is at leading order
given by

∆(b0, d0) =
∫ ∞

−∞
µd0a0(ξ; b0)v0(ξ; b0)ξ dξ,

where (a0(ξ; b0), v0(ξ; b0), b0, d0) = γ0(ξ; b0, d0) are the homoclinic solutions for
the ε = 0 system given by (2.6). A simple zero (b0, d0) of ∆ corresponds to an
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orbit γ(ξ) in a transverse intersection of W s(Mε) and Wu(Mε) (see for instance
[11] for more details), which is therefore biasymptotic to Mε. This orbit is in
leading order given by γ0(ξ; b0, d0) during its fast circuit away from Mε.

Solving ∆(b0, d0) = 0 we find d0 = 0 at leading order, so a transverse
intersection of W s(Mε) and Wu(Mε) occurs near d0 = 0. To obtain the next
term in the expansion of d0 we determine a higher order correction of ∆(b0, d0),

∆(b0, d0) =
∫ ∞

−∞
εc0v

2
0(ξ; b0) + µd0a0(ξ; b0)v0(ξ; b0)ξ dξ (2.13)

in which we have assumed that d0 = O(ε) (see [11]). Hence, ∆(b0, d0) = 0 yields
either

d0 =
2
3

c0

µ
(1 − µb0)ε with µ �= 0, (2.14)

or
b0 = 1/µ with µ �= 0, (2.15)

or
c0 = 0, with µ = 0, (2.16)

all at leading order. Relations (2.14) and (2.15) both represent a one-parameter
family or two-dimensional manifold of orbits that are biasymptotic to Mε. In
the next section we will find that (2.15) cannot yield homoclinic orbits to S. In
situation (2.16) the fast flow (equations for a and v) is decoupled and possesses
the usual homoclinic orbit (a0(ξ), v0(ξ)) = (

√
2 sech ξ, a′

0(ξ)) to (a = 0, v = 0).
Given this solution the equations for b and d can be solved and the behavior of
solutions for |ξ| → ∞ can be checked. Alternatively, the methods in Section 2.1.3
give pairs (b0 = O(1), d0 = O(ε)) for which (b(ξ), d(ξ)) → (0, 0) as |ξ| → ∞.
However, since the behavior of the fast pulses is not influenced by the slow field,
these GL-pulses will remain unstable. Therefore, pulses satisfying (2.16) will
not be considered here.

2.1.3 Take off and touch down curves

We have determined two one-parameter families of orbits biasymptotic to Mε.
However, our aim is to find orbits homoclinic to S = (0, 0, 0, 0). The construc-
tion so far is only based on the fast dynamics of (2.3). We now turn our attention
to slow segments of the biasymptotic orbits.

For any orbit γ(ξ, x0) with x0 = γ(0, x0) ∈ Wu(Mε) ∩ W s(Mε) ∩ {v =
0}, Fenichels third GSP theorem [28, 35] implies the existence of two orbits
γ+ = γ+(ξ, x+

0 ) ⊂ Mε and γ− = γ−(ξ, x−
0 ) ⊂ Mε, such that ‖γ(ξ, x0) −

γ+(ξ, x+
0 )‖ is exponentially small in ε when ξ ≥ O(1

ε ) and ‖γ(ξ, x0)−γ−(ξ, x−
0 )‖

is exponentially small in ε when −ξ ≥ O(1
ε ). A homoclinic orbit γh(ξ) to
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S must either tend to S via a strong stable or unstable manifold, or via its
stable and unstable manifolds lu and ls within Mε. The former is the case in
situation (2.16). In the latter, generic case ||γh(ξ, x0) − lu,s|| is exponentially
small in ε for ξ ≥ O( 1

ε ). Whether such an orbit γh exists depends on the
positions of the base points x±

0 = γ±(0, x±
0 ) ∈ Mε.

We define the curves To ⊂ Mε (take off) and Td ⊂ Mε (touch down) as

To :=
⋃
x0

{x−
0 = γ−(0, x−

0 )} and Td :=
⋃
x0

{x+
0 = γ+(0, x+

0 )},

where the unions are over all x0 ∈ W s(Mε) ∩ Wu(Mε) ∩ {v = 0}. The take
off set To represents the collection of base points of all of the Fenichel fibers in
Wu(Mε) that are asymptotic to Mε as ξ → ∞. Similarly, Td represents the set
of base points of the fibers in W s(Mε) that are asymptotic to Mε as ξ → −∞.

Detailed information about the positions of To and Td is given by the relation
between x0 = γ(0, x0) = (a0, 0, b0, d0) and its base points x−

0 = (a−
0 , v−

0 , b−0 , d−0 )
and x+

0 , respectively, or in fact by the relation between b0 and b±0 , d0 and d±0 .
Thus we determine the sets To and Td by measuring the change in b and d of
γ(ξ, x0) ⊂ Wu(Mε)∩W s(Mε) during half a circuit through the fast field. The
accumulated change in d during a circuit can be measured by integrating d′ along
the orbit γ(ξ, x0) until the orbit settles down near Mε. Since it takes O(| log ε|)
‘time’ to leave an O(ε) neighborhood of Mε, make a fast loop and return to
the neighborhood of Mε, we integrate up to O(| log ε|). For the positive and
negative half circuits we thus take, with some arbitrary k > 0 independent of ε,

∆−d = −
∫ 0

k log ε

d′|γ(ξ;x0) dξ and ∆+d =
∫ −k log ε

0

d′|γ(ξ;x0) dξ,

respectively. For γ(ξ;x0) with x0 = (a0(0), 0, b0, d0) we find, by (2.3),

∆d = ∆+d + ∆−d

=
∫ −k log ε

k log ε

d′|γ(ξ;x0) dξ

= −ε

∫ −k log ε

k log ε

(νa2 + βba2)|γ(ξ;x0) dξ + O(ε2| log ε|)

= −ε

∫ −k log ε

k log ε

(ν + βb0)a2
0(ξ; b0) dξ + O(ε2| log ε|)

= −ε

∫ ∞

−∞
(ν + βb0)a2

0(ξ; b0) dξ + O(ε1+2K) + O(ε2| log ε|),

where we have used that γ(ξ, x0) can be approximated by the unperturbed ho-
moclinic orbit γ0(ξ, x0) = (a0(ξ; b0), v0(ξ; b0), b0, d0) (2.6) during the fast circuit.
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Moreover, it follows from (2.6) that K = k
√

1 − µb0 > 0 (see also the explicit
computation below (2.17)). Note that the above argument also implies that
∆−d = ∆+d = (1/2)∆d up to terms of O(ε2| log ε|). Thus, we conclude by
(2.6), and by choosing k large enough, that

∆d = −2ε(ν + βb0)
√

1 − µb0

∫ ∞

−∞
sech2(χ) dχ + O(ε2| log ε|)

= −4ε(ν + βb0)
√

1 − µb0 + O(ε2| log ε|). (2.17)

Similarly we find

∆b =
∫ −k log ε

k log ε

b′|γ(ξ,x0) dξ = ε

∫ −k log ε

k log ε

(
d0 +O(ε)

)
dξ = −2kε log ε

(
d0 +O(ε)

)
.

For a homoclinic orbit γh(ξ) to S, ∆d and ∆b should account for the ‘jump’
from lu to ls. If a fast loop γ(ξ, x0) originates at ξ = 0 in a point x0 given
by (2.15), so in a point on the curve (a0(0), 0, b0=1/µ, d0), then ∆d is at most
O(ε2| log ε|) and ∆b is at most O(ε| log ε|), depending on the d coordinate of x0.
Because the distance (in d) between lu and ls near b = 1/µ is O(ε), this cannot
give rise to a homoclinic loop. Therefore, (2.15) cannot yield any homoclinic
orbit to S and we only have to consider loops prescribed by (2.14). Near the
line d0 = 2

3
c0
µ (1 − µb0)ε(= O(ε)), the coordinate d0 is also O(ε), and ∆b =

O(ε2| log ε|). Therefore a jump from lu to ls is possible. We now know that we
made the right choice for the scaling of the wave speed c, when we started the
traveling wave analysis.

The take off and touch down curves are now obtained by correcting (2.14) for
the change in d during half an excursion through the fast field. Up to corrections
(in d0) of O(ε2| log ε|), they are given by

To :=
{
(b−0 , d−0 ) = (b0, d0) | d0 = ε

(
2
3

c0

µ
(1 − µb0) + 2(ν + βb0)

√
1 − µb0

)}
,

Td :=
{
(b+

0 , d+
0 ) = (b0, d0) | d0 = ε

(
2
3

c0

µ
(1 − µb0) − 2(ν + βb0)

√
1 − µb0

)}
.

The take off and touch down curves are illustrated in Figure 2.4.

2.1.4 Homoclinic pulse solutions

We recall that a generic homoclinic orbit to S satisfies ||γh(ξ, x0) − lu,s|| =
O(e−κ/ε) for |ξ| > O(1/ε) and some κ > 0. Therefore, its take off and touch
down points So = x−

0 and Sd = x+
0 must lie on lu and ls, respectively (see

Figure 2.3), and thus in the intersections To ∩ lu and Td ∩ ls (Figure 2.4).
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M

S

x−
0

x+
0

x0

lu

ls

Figure 2.3: A sketch of a solution (ah, vh, bh, dh) homoclinic to S, which cor-
responds to a traveling pulse solution (Ah(ξ), Bh(ξ)) = (ah(ξ), bh(ξ)).

b

d lu

ls

To

Td

S

So

Sd

1
µ

Figure 2.4: The take off and touch down curves To and Td, which merge
at b0 = 1/µ, and their intersections with lu and ls (in Mε). The wave speed c
is chosen in such a way that a homoclinic loop is possible, as in lemma 2.1.5.
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The b-coordinates of So and Sd have to be equal at leading order since ∆b =
O(ε2| log ε|) during an excursion through the fast field. Therefore the leading
order term b0 of the homoclinic orbit has to fulfill both equations

To ∩ lu; Γ+b0 = 2
3

c0
µ (1 − µb0) + 2(ν + βb0)

√
1 − µb0,

Td ∩ ls; Γ−b0 = 2
3

c0
µ (1 − µb0) − 2(ν + βb0)

√
1 − µb0,

(2.18)

for a certain wave speed c0, where Γ± is given by (2.11).

Lemma 2.1.5 If µ �= 0, β = 0 and α > 0, there are two kinds of solution
pairs (b0, c0) to system (2.18):

(i) If σ = 0,

b0 =
2ν

α

(
−µν +

√
µ2ν2 + α

)
and c0 = 0.

(ii) If σ �= 0, then 4c0 − 3σ �= 0 and

b0 =
4c0

µ(4c0 − 3σ)
and c0 =

3σµν

σ2 + 4α

(
−2µν −

√
4µ2ν2 + σ2 + 4α

)
.

If ε > 0 is small enough, the corresponding intersections To ∩ lu and Td ∩ ls are
transversal.

Proof We solve system (2.18) by first solving the sum of the equations and
then plugging the resulting solutions into their difference. The sum is given by
(Γ++Γ−+ 4

3c0)b0− 4
3

c0
µ = 0, which, by (2.11), reduces to (4c0−3σ)b0−4c0/µ = 0.

We distinguish two cases:

1. If 4c0 − 3σ = 0, this implies that c0 = 0 and therefore σ = 0.

2. If 4c0 − 3σ �= 0, this implies that b0 = 4c0/µ(4c0 − 3σ).

The difference of the equations in (2.18) is given by (Γ+−Γ−)b0 = 4ν
√

1 − µb0,
which reduces to

√
σ2 + 4α b0 = 4ν

√
1 − µb0. Note that

sign(b0) = sign(ν). (2.19)

Taking squares we obtain

(σ2 + 4α)b2
0 + 16µν2b0 − 16ν2 = 0; (2.20)

we will use (2.19) to eliminate improper roots of this equation.
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1. Plugging in case 1, c0 = σ = 0, into (2.20) we obtain αb2
0+4µν2b0−4ν2 = 0

and thus b0± = 2ν
α

(
−µν ±

√
µ2ν2 + α

)
. Because (2.19) has to hold, we

can easily see that

b0 =
2ν

α

(
−µν +

√
µ2ν2 + α

)
,

which gives us case (i) of Lemma 2.1.5. In this case the intersections To∩lu

and Td ∩ ls are transversal at leading order in ε if ±α �= ∓µν/
√

1 − µb0.
Equality can only be obtained if µν < 0 and b0 = 1

µ − ν2µ
α2 , which is not

the case in the intersection points. We conclude that the intersections are
transversal at leading order and that they are therefore transversal for
small enough ε.

2. If 4c0 − 3σ �= 0, plugging b0 = 4c0/µ(4c0 − 3σ) into (2.20) yields the
equality (σ2 + 4α)c2

0 + 12µ2ν2σc0 − 9µ2ν2σ2 = 0 and therefore

c±0 (σ) =
3µνσ

σ2 + 4α

(
−2µν ±

√
4µ2ν2 + σ2 + 4α

)
.

It is clear that sign(c±0 ) = ± sign(µνσ). Since α > 0 we have c±0 (σ) = 3
4σ

if and only if σ = 0, which means that σ �= 0 is equivalent to 4c0−3σ �= 0.
We also have

lim
σ→∞ c±0 (σ) = ±3µν, lim

σ→−∞ c±0 (σ) = ∓3µν,

which means that c±0 (σ) is of order 1 in the limit σ → ±∞. Therefore
c0(σ) < 3

4σ if σ > 0 and c0(σ) > 3
4σ if σ < 0, or, in other words,

sign(4c±0 (σ) − 3σ) = − sign(σ). (2.21)

Thus

sign(b0) = sign
(

4c±0
µ(4c±0 − 3σ)

)
= ∓ sign

(
µνσ

µσ

)
= ∓ sign(ν).

Because (2.19) has to hold, we can conclude

c0 = c−0 =
3µνσ

σ2 + 4α

(
−2µν −

√
4µ2ν2 + σ2 + 4α

)
.

This proves case (ii). Again it can be checked that the intersections To∩lu

and Td ∩ ls are transversal at leading order, so that we may conclude
transversality for ε > 0 small enough. �
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Note that the condition 1 − µb0 > 0 (2.8) is fulfilled in both cases (i) and (ii)
of the above Lemma. For example, in case (ii) we have σ �= 0, and by (2.21)

1 − µb0 = 1 − 4c0

4c0 − 3σ
=

−3σ

4c0 − 3σ
> 0.

Lemma 2.1.5 is an important ingredient in the proof of Theorem 2.1.1. The idea
of the proof is to formally construct a singular homoclinic orbit that consists
of two slow parts in M0 with a middle fast part given by an unperturbed
homoclinic orbit. The essential idea behind singular perturbation theory is that
persistence of this singular orbit for small ε > 0 can be established by showing
that the singular structure corresponds to transversal intersections of pairs of
manifolds.

Proof of Theorem 2.1.1 Let β = 0, α > 0, µ �= 0, ν ∈ R, σ ∈ R all be
fixed and ε > 0 sufficiently small. For any b0 satisfying 1 − µb0 > 0 and arbi-
trary d0, the unperturbed system (2.5) has homoclinic solutions γ0(ξ; b0, d0) =
(a0(ξ; b0), v0(ξ; b0), b0, d0) with a0 and v0 as in (2.6) with (a0(ξ), v0(ξ)) → (0, 0)
as |ξ| → ∞.

By the Fenichel and Melnikov arguments (Sections 2.1.1 and 2.1.2) the man-
ifold of homoclinic solutions γ0(ξ; b0, d0) is perturbed to manifolds Wu(Mε)
and W s(Mε) that intersect transversally. In fact, it follows from the explicit
O(ε2) expression (2.13) for the distance between Wu(Mε) and W s(Mε) that
the angle between Wu(Mε) and W s(Mε) near Wu(Mε) ∩ W s(Mε) is > Cε2

for some C > 0. The intersection Wu(Mε) ∩ W s(Mε) is represented by a
family of orbits γ(ξ;x0) = γ(ξ; b0) = (a(ξ; b0), v(ξ; b0), b(ξ; b0), d(ξ; b0)) with
γ(0) = x0 ≡ (a(0), 0, b0,

2c0
3µ (1 − µb0)ε + O(ε2)) that are biasymptotic to Mε.

Since the fast dynamics of (2.3) is an O(ε) perturbation of (2.5), these orbits
satisfy |a(ξ; b0) − a0(ξ; b0)|, |v(ξ; b0) − v0(ξ; b0)|, |b(ξ) − b0| = O(ε) as long as
|ξ| = O(1), or in other words, the fast part of γ(ξ; b0) is O(ε) close to γ0(ξ).

We first consider case (ii) of Theorem 2.1.1, i.e., case (ii) of Lemma 2.1.5
with σ �= 0. For each orbit γ(ξ;x0), Fenichel theory yields the existence of
points x+

0 ∈ Td and x−
0 ∈ To, and orbits γ±(ξ;x±

0 ) on Mε, such that ‖γ(ξ;x0)−
γ±(ξ;x±

0 )‖ → 0 as ξ → ±∞. In order to construct a singular homoclinic orbit,
x+

0 and x−
0 need to satisfy x+

0 ∈ ls ∩ Td and x−
0 ∈ lu ∩ To. Thus, if we can

construct a singular orbit consisting of pieces of lu and ls connected by a jump
through the fast field, we may conclude that it persists for small enough ε > 0
(since all relevant intersections, To ∩ lu, Wu(Mε) ∩ W s(Mε), and Td ∩ ls are
transversal; see also Lemma 2.1.5).

Lemma 2.1.5 gives a c0 = c0(α, σ, µ, ν) for which the intersections of ls and
Td and of lu and To occur at the same value of b0 = b0(c0, α, σ, µ, ν). Since
∆b = O(ε2| log ε|) (Section 2.1.3), we can indeed construct a singular orbit that
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persists as the orbit γh(ξ) := γ(ξ; b0), with ξ = x − Ct, that is homoclinic to
S = (0, 0, 0, 0).

If σ = c = 0, systems (2.2) and (2.3) are reversible. Hence, the symmetry

ξ → −ξ v → −v d → −d (2.22)

maps lu to ls and To to Td (and vice versa). Note that this condition is fulfilled in
case (i) of Lemma 2.1.5. Thus, an intersection lu∩To automatically corresponds
to a (symmetric) homoclinic orbit γh ∈ Wu(S) ∩ W s(S) since all intersections
of manifolds involved are transversal. This proves case (i) of the Theorem.

In both cases, the orbit γh satisfies a′
h(ξ) = v(ξ) > 0 for ξ < 0 and a′

h(ξ) =
v(ξ) < 0 for ξ < 0, and moreover, by Section 2.1.3, ||γh(ξ, x0)−lu,s|| = O(e−κ/ε)
for |ξ| ≥ O(1

ε ) and some κ > 0. This implies that the approximations a(ξ; b0) =
a0(ξ; b0) + O(ε), v(ξ; b0) = v0(ξ; b0) + O(ε) can be extended to the slow parts
of γh(ξ) so that they are uniform on R.

In the setting of system (2.2) the orbit γh(ξ) corresponds to a pulse so-
lution (Ah(ξ), Bh(ξ)) = (ah(ξ), bh(ξ)) that satisfies limx→±∞(Ah(ξ), Bh(ξ)) =
(0, 0) and that travels with speed C = ε2c which is at leading order given by
Lemma 2.1.5. �

2.1.5 Pulse solutions for β �= 0

The introduction of higher order nonlinearities in G(B,Bx, |A|2) in (1.8), i.e.,
by our specific choice β �= 0 in (2.2), merely increases the algebraic complexity
of the persistence problem. The essence of the geometrical structure developed
in the preceding subsections is not influenced by the term βA2B, or, in general,
other higher order nonlinear terms (such as B2, see Remark 2.5).

As in the proof of Theorem 2.1.1/Lemma 2.1.5 we only need to determine
the intersection lu ∩ To and ls ∩ Td and check transversality. An orbit γh in
Wu(S) ∩ W s(S) corresponds to a solution b0 of both equations in (2.18) thus,
one expects that γh again selects a (uniquely determined) wave speed c.

For simplicity, we do not consider the most general case, i.e., the equivalent
of case (ii) in Lemma 2.1.5. Instead, we assume that σ = 0 (case (i)), so that
c = 0 and (2.18) can be written as a cubic polynomial in b0,

4µβ2b3
0 + (α + 8µνβ − 4β2)b2

0 + (4µν2 − 8νβ)b0 − 4ν2 = 0, (2.23)

where we again must be careful, since we might have introduced improper solu-
tions by eliminating the square root. For future reference we note that equation
(2.23) has two types of solutions: solutions b0(β) that correspond to pulse solu-
tions that merge in the limit β → 0 with a pulse solution of the β = 0 case, or
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solutions for which b0(β) diverges. The latter solutions are for 0 < ε � β � 1,
i.e., β must be positive, given by

b0(β) = − α

4µ

1
β2

+ O(
1
β

). (2.24)

Next, we again note that (2.2) and (2.3) has become a reversible system by
setting c = σ = 0. As a consequence, we can again use the symmetry (2.22) to
conclude that any intersection of lu and To corresponds directly to a symmetric
homoclinic orbit to S. Hence, the essence of the proof of Theorem 2.1.2 has been
reduced to studying the cubic polynomial (2.23). Note that we can consider
µ > 0, due to the symmetry

µ → −µ ν → −ν b → −b d → −d.

Lemma 2.1.6 If β �= 0, c = σ = 0 and α > 0, the number of intersections
between lu and To depends on the parameters µ, ν, β in the following way.

1. If µ > 0 and β < 0, then for each α there exists one intersection at b0.

2. If µν > 0 and β > 0, then for each α there exist two intersections; one
with positive b0 and one with negative b0.

3. If µ > 0, ν < 0 and 0 < β < −µν, then there exists an αsn > 0 such
that there are no intersections if α < αsn; lu and To are tangent at b0 < 0
if α = αsn; and there exist two intersections, both with b0 negative, if
α > αsn.

4. If µ > 0, ν < 0 and β > −µν, then there exist α1
sn and α2

sn with 0 < α1
sn <

α2
sn such that there exist two intersections with b0 > 0 if α < α1

sn; lu and
To are tangent if α = α1

sn; there are no intersections if α1
sn < α < α2

sn; lu

and To are again tangent if α = α2
sn; and there are two intersections, both

with b0 < 0, if α > α2
sn.

See Figure 2.5 for a picture of each of the above cases.

Proof The proof is by inspection of the domain of To, the intersection of To

with the d-axis, the sign of To and the behavior of To for b → |∞|. �
As was already noted, the proof of Theorem 2.1.2 now follows from the

symmetry (2.22), the Fenichel and Melnikov arguments and the above Lemma.
Transversality of the intersecting manifolds and curves can always be ensured
for small enough ε, unless α is close to αsn or α1,2

sn . The several subcases of
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Figure 2.5: The different intersection situations of To and lu of all four cases in
Lemma 2.1.6. (1) For each α > 0 there is always one intersection. (2) For each
α > 0 there are two intersections. (3) Variation of the curve lu with α: the curve
lu2 with 0 < α < αsn and lu1 with α > αsn such that there are two intersections;
αsn is the only bifurcation value. (4) The curve lu1 with α > α2

sn such that there
are two intersections both with b0 < 0. The curve lu2 with α1

sn < α < α2
sn.

The curve lu3 with 0 < α < α1
sn such that there are two intersections both with

b0 > 0.
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the Lemma describe the open regions in (µ, α, ν, β)-space in which system (2.2)
possesses 0, 1, or 2 (different) orbits homoclinic to S = (0, 0, 0, 0). In cases
3 and 4 the curves To and lu (Td and ls) have tangencies at first order for
α = α1

sn(µ, ν, β), in which two elements of lu ∩ To are created or annihilated.
It can be shown that these correspond to bifurcations α̃1

sn = α1
sn + O(ε) in

which two homoclinic orbits to S are created or annihilated. Hence, at α = α̃1
sn

a saddle-node bifurcation of homoclinic orbits takes place. Since they are of
codimension 1 type, they generically also occur when varying one of the other
parameters µ, ν, β while keeping the others fixed. In Section 2.3.3 we will vary
β for fixed α, µ, ν and recover the saddle-node bifurcations for some β = βsn.

2.2 Linear stability analysis

In this section we study by the Evans function method [2] the stability of the
homoclinic pulse solutions (Ah(ξ), Bh(ξ)) of (2.2). First, we transform system
(2.2) into a system in which these pulses are stationary by replacing (x, t) by
the traveling coordinates (ξ, t),

−cε2Aξ + At = −A + A3 + µAB + Aξξ,
−ε4τcBξ + ε2τBt = −αε2B + νA2 + βBA2 + σBξ + ε−2Bξξ.

(2.25)

Next, we linearize around (Ah(ξ), Bh(ξ)) and, with a small abuse of notation,
re-introduce a(ξ) and b(ξ) by,

A(ξ, t) = Ah(ξ) + a(ξ)eλt,

B(ξ, t) = Bh(ξ) + b(ξ)eλt,

where (A(ξ, t), B(ξ, t)) is a solution of (2.25). The linearized equations for
(a(ξ), b(ξ)) read

−cε2aξ + λa = −a + 3A2
ha + µAhb + µBha + aξξ, (2.26)

−τε4cbξ + ε2τλb = −αε2b + 2νAha + 2βAhBha + βA2
hb + σbξ + ε−2bξξ.

This system can be written as a 4-dimensional system of (first order) ODEs by
introducing φ(ξ) = (a(ξ), v(ξ), b(ξ), d(ξ))�

φξ(ξ) = M(ξ;λ, c, ε)φ(ξ), (2.27)

where M(ξ;λ, c, ε) is given by


0 1 0 0
[1 − 3A2

h − µBh] + λ −cε2 −µAh 0
0 0 0 ε

−2[βAhBh + νAh]ε 0 [τλ + α]ε3 − βA2
hε −[τcε4 + σ]ε2


 . (2.28)
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Taking the limit |ξ| → ∞ in M(ξ;λ, c, ε) yields the constant coefficient matrix

M∞(λ, c, ε) =




0 1 0 0
λ + 1 −cε2 0 0

0 0 0 ε
0 0 [τλ + α]ε3 −[τcε4 + σ]ε2


 . (2.29)

where we used that lim|ξ|→∞ Ah(ξ) = lim|ξ|→∞ Bh(ξ) = 0. The eigenvalues of
M∞(λ, c, ε) are

Λ1,4(λ, c, ε) = 1
2

[
−ε2c ±

√
ε4c2 + 4(λ + 1)

]
,

Λ2,3(λ, c, ε) = ε2

2

[
−(τε4c + σ) ±

√
(τcε4 + σ)2 + 4(τλ + α)

]
.

(2.30)

The associated eigenvectors are given by

E1,4(λ, c, ε) = (1,Λ1,4(λ, c, ε), 0, 0)�,
E2,3(λ, c, ε) = (0, 0, 1,Λ2,3(λ, c, ε)/ε)�.

(2.31)

The essential spectrum σe of the linear eigenvalue problem (2.26), or (2.27),
is determined by values of λ for which either one of the eigenvalues Λj(λ) of
M∞(λ) is purely imaginary, i.e., for λ such that Λj(λ) = ik for some k ∈ R

[32]. Hence, σe consists of the curves

λ1(k) = −(1 + k2) + ε2cki,

λ2(k) =
1
τ

(−α − ε−4k2 + [σkε−2 + τckε2]i),

with k ∈ R (see Figure 2.6). Thus, we may conclude that the stability of the
pulse (Ah(ξ), Bh(ξ)) is completely determined by the discrete spectrum of the
eigenvalue problem (2.26)/(2.27) (recall that α, τ > 0).

We denote the complement of the essential spectrum by

Ce := C \ σe = C+
e ∪ C−

e . (2.32)

Here, C+
e is that part of Ce that is to the right of σe, i.e., C+

e is the (open,
unbounded) connected component of Ce that includes the halfplane {Re(λ) ≥ 0}
and that is bounded by (parts of) σe (note that C−

e consists of several disjoint
components, see Figure 2.6). For λ ∈ C+

e (and not O(ε4) close to its boundary),
the eigenvalues Λj(λ) of M∞(λ) can be ordered,

Re Λ1(λ, c, ε) > Re Λ2(λ, c, ε) > 0 > Re Λ3(λ, c, ε) > Re Λ4(λ, c, ε).
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(a)

−1

�

(b)

−1

�

(c)

−1

�

Figure 2.6: The essential spectrum of the linear eigenvalue problem associated
with (2.26) in the complex plane. (a) For 0 < τ < α. (b) For τ = α. (c) For
0 < α < τ .

2.2.1 The Evans function and its decomposition

The discrete spectrum of eigenvalue problem (2.27), and thus the stability of
the traveling pulse (Ah(ξ), Bh(ξ)), can be determined by the Evans function
D(λ, c, ε). In this section, we give a brief exposition of the characteristics of the
Evans function approach in (singularly perturbed) reaction-diffusion equations;
we refer to [2, 30, 12, 11] for the details of the proofs of the statements and/or
Lemmas in this section.

The Evans function D(λ, c, ε) is in essence a Wronskian, i.e., the determinant
of a (fundamental) matrix of four solutions φj(ξ;λ, c, ε), j = 1, . . . , 4, of the
4-dimensional linear system (2.27). Since M(ξ;λ) converges to the constant
coefficient matrix M∞(λ) as ξ → ±∞, we can prescribe the behavior of the
solutions φj(ξ;λ, c, ε) for ξ → ±∞ in terms of the eigenvalues and eigenvectors
Λj(λ) and Ej(λ) of M∞(λ) ((2.30),(2.31)).

Lemma 2.2.1 For all λ ∈ C+
e (2.32), there exist four solutions φj(ξ;λ, c, ε) of

(2.27), j = 1, . . . , 4, such that

lim
ξ→−∞

φ1,2(ξ;λ)e−Λ1,2(λ)ξ = E1,2(λ), lim
ξ→+∞

φ3,4(ξ;λ)e−Λ3,4(λ)ξ = E3,4(λ).

Thus, φ1(ξ;λ, c, ε) and φ2(ξ;λ, c, ε) span the two-dimensional space Φ−(ξ;λ, c, ε)
of solutions of (2.27) that approach (0, 0, 0, 0)� as ξ → −∞, while φ3(ξ;λ, c, ε)
and φ4(ξ;λ, c, ε) span the two-dimensional space Φ+(ξ;λ, c, ε) of solutions that
approach (0, 0, 0, 0)� as ξ → ∞. The functions φ1(ξ;λ) and φ4(ξ;λ) converge
on the fast spatial scale (since Λ1,4(λ) = O(1)), and are determined uniquely by
their behavior at −∞, respectively +∞. As a consequence, we can define the
first transmission function t1(λ, c, ε) by the behavior of φ1(ξ;λ) as ξ → +∞:

lim
ξ→+∞

φ1(ξ;λ, c, ε)e−Λ1(λ,c,ε)ξ = t1(λ, c, ε)E1(λ, c, ε). (2.33)
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This transmission function is an analytic function of λ for λ ∈ C+
e [2, 12]. To

determine φ2(ξ;λ, c, ε) (and likewise φ3(ξ;λ, c, ε)) uniquely we need to impose
a condition on its behavior as ξ → +∞. As φ1(ξ;λ, c, ε), a solution φ2(ξ;λ, c, ε)
of (2.27) will in general also diverge as ξ → +∞ on the fast spatial scale (2.33),
however, it can be shown that there is one solution φ2(ξ;λ, c, ε) that only in-
creases at the slow exponential rate (associated with Λ2(λ)) as ξ → +∞ [12, 11]:

Lemma 2.2.2 For λ ∈ C+
e such that t1(λ) �= 0 there exists a (unique) solution

φ2(ξ;λ, c, ε) of (2.27), and a second transmission function t2(λ), such that

lim
ξ→+∞

φ2(ξ;λ, c, ε)e−Λ2(λ,c,ε)ξ = t2(λ, c, ε)E2(λ, c, ε). (2.34)

Both φ2(ξ;λ) and t2(λ) may have a simple pole at the zeroes of t1(λ) (see [11, 12]
and Section 2.2.2). Nevertheless, the Evans function D(λ, ε) can be defined by

D(λ, ε) = det[φ1(ξ), φ2(ξ), φ3(ξ), φ4(ξ)]e−
R ξ
0 Tr(M(η;λ))dη, (2.35)

D(λ, ε) does not depend on ξ and is an analytic function of λ (for λ ∈ C+
e ) [2].

This can be understood by noticing that the space Φ−(ξ;λ, c, ε) is spanned
by two analytic functions φ1(ξ;λ) and φ̃2(ξ;λ) as defined in Lemma 2.2.1.
Thus, a standard, analytical Evans function D̃(λ) can be defined as in (2.35)
with φ2(ξ;λ) replaced by φ̃2(ξ;λ). By construction, the function φ2(ξ;λ) ∈
Φ−(ξ;λ, c, ε) as defined in Lemma 2.2.2 can be written as φ2(ξ;λ) = φ̃2(ξ;λ) +
C(λ)φ1(ξ;λ), with C(λ) such that it has a singularity at the poles of φ2(ξ;λ)
and t2(λ). Due to the determinant in the definition of D (2.35) it follows that
D(λ) = D̃(λ) for all λ ∈ C+

e for which t1(λ) �= 0. Hence, the singularities of
D(λ) are removable and D(λ) = D̃(λ) for all λ ∈ C+

e .
As a consequence, D(λ) can be seen as a classical eigenfunction (for instance

in the sense of [2]). An eigenfunction of (2.27) converges to zero for both ξ →
−∞ and ξ → +∞, hence it must be an element of both spaces Φ−(ξ;λ) and
Φ+(ξ;λ). In other words, the solutions φ1(ξ;λ), φ2(ξ;λ), φ3(ξ;λ) and φ4(ξ;λ)
cannot be independent if λ is an eigenvalue, so that D(λ, ε) = 0 at an eigenvalue
of (2.27). More precisely, there is a one-to-one correspondence between zeroes
of D(λ, ε) and eigenvalues of (2.27), counting multiplicities [2].

Since

Tr(M(η;λ)) = Tr(M∞(λ)) =
4∑

j=1

Λj(λ),

the Evans function D(λ, ε) can be decomposed into a product of the transmission
functions t1(λ, ε) and t2(λ, ε),

D(λ, c, ε) = lim
ξ→∞

det[φ1(ξ), φ2(ξ), φ3(ξ), φ4(ξ)]e−
R ξ
0 Tr(M∞(λ))dx
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= lim
ξ→∞

det[φ1(ξ)e−Λ1ξ, φ2(ξ)e−Λ2ξ, φ3(ξ)e−Λ3ξ, φ4(ξ)e−Λ4ξ]

= det[t1(λ, c, ε)E1(λ, c, ε), t2(λ, c, ε)E2(λ, c, ε), E3(λ, c, ε), E4(λ, c, ε)]

= εt1(λ, c, ε)t2(λ, c, ε)
√

[ε4c2 + 4(λ + 1)][(τcε4 + σ)2 + 4(τλ + α)].

Therefore the eigenvalues of (2.27) are determined by the zeroes of t1(λ, c, ε)
and t2(λ, c, ε). Moreover, the zeroes of t1(λ, c, ε) are strongly related to the
eigenvalues associated with the stability problem of the homoclinic pulse of the
fast reduced limit problem, i.e., the uncoupled Ginzburg-Landau equation (2.1),

(L0 − λ)a = aξξ + [3a2
0(ξ) − (1 − µb0 + λ)]a = 0, (2.36)

where a0(ξ) (2.6), respectively b0, is the leading order approximation of Ah(ξ),
resp. Bh(ξ), in the fast field (Theorem 2.1.1). By introducing the new indepen-
dent variable χ =

√
1 − µb0ξ,

λ̃ =
λ

1 − µb0
, w(χ) =

−
√

1 − µb0

µ
a(ξ), wh(χ) =

1√
1 − µb0

a0(ξ), (2.37)

where wh(χ) is the positive homoclinic solution of

Wχχ = W − W 3, wh(χ) =
√

2 sech χ, (2.38)

system (2.36) transforms into

(L̃0 − λ̃)w = wχχ + [3w2
h(χ) − (1 + λ̃)]w = 0. (2.39)

Note that the scaling of w(χ) in (2.37) is at this point irrelevant, however it
will become meaningful when we consider an inhomogeneous version of (2.36).
Using hypergeometric functions, it is possible to determine the eigenvalues and
eigenfunctions of this equation explicitly, see Remark 2.6. The two eigenvalues
are λ̃f

0 = 3 and λ̃f
1 = 0. The associated eigenfunction wf

j (χ), j = 0, 1, can be
expressed in terms of wh(χ) and ẇh(χ); wf

0 (χ) is even and wf
1 (χ) = ẇh(χ) is

odd as a function of χ. Thus, we conclude

Lemma 2.2.3 The eigenvalues λf
0 and λf

1 of the fast reduced stability problem
(2.36) are given by λf

0 = 3(1 − µb0) > 0 and λf
1 = 0.

This Lemma establishes the well known fact that the pulse solution of the uncou-
pled subcritical Ginzburg-Landau equation (2.1) is indeed unstable. The zeroes
of t1(λ) can now be determined by a winding number argument [2, 30, 12, 11].

Lemma 2.2.4 The transmission function t1(λ) has two simple zeroes for λ ∈
Ce, λ0(ε), λ1(ε) ∈ R (i.e., t1(λ) �= 0 for λ �= λ0,1(ε)); λ1(ε) ≡ λf

1 = 0 and
limε→0 λ0(ε) = λf

0 > 0.
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The zero λ1(ε) = 0 of course corresponds to the eigenfunction of (2.27) given
by the derivative of the pulse (Ah(ξ), Bh(ξ)). Although the fast transmis-
sion function t1(λ) has a real positive root at λ0(ε), this does not imply that
D(λ0(ε), c, ε) = 0, since we will see in the next section that the slow transmis-
sion function t2(λ, c, ε) has a pole (of order one) at λ = λ0(ε). Hence, Lemma
2.2.4 does not yield a positive eigenvalue of (2.27), so that one cannot conclude
from this lemma that stabilization by slow diffusion is impossible.

2.2.2 The NLEP approach

We will use the NLEP approach that has been developed in [12, 11] to determine
the zeroes of the slow transmission function t2(λ, c, ε). These zeroes can be called
‘slow-fast eigenvalues’ since they exist due to the interactions of the fast field
and the slow field. Thus, unlike the zeroes of t1(λ, c, ε), the zeroes of t2(λ, c, ε)
are not related to eigenvalues of the fast reduced limit problem. In order to
study the interactions between slow and fast effects, we need to define the fast
spatial region more accurately. Therefore, we introduce the interval

If =
[
− 1/

√
ε, 1/

√
ε
]
. (2.40)

The choice of the boundaries of If is not very relevant, any choice will be suitable
as long as it is in the transition zone (or ‘matching region’ in the terminology
of matched asymptotics) between the slow ξ∗- and the fast ξ-scale, i.e., so that
|ξ∗| � 1 and |ξ| � 1 on the boundary of If .

To determine t2(λ, c, ε), we need to study the fundamental solution φ2(ξ;λ) =
(a2(ξ;λ), v2(ξ;λ), b2(ξ;λ), d2(ξ;λ))� (Lemma 2.2.1). By the limiting behavior
of φ2(ξ;λ) for ξ → ±∞ (Lemma 2.2.1 and 2.2.2), by the structure of E2(λ) and
E3(λ) (2.31), and by the (fast) exponential decay of Ah(ξ), we conclude from
(2.26) that a2(ξ) and v2(ξ) are exponentially small outside If , and that up to
exponentially small terms, the equation for (b2(ξ;λ), d2(ξ;λ))� is of constant
coefficients type outside If (see also [12, 11]). Thus we conclude

Lemma 2.2.5 For all λ ∈ C+
e such that t1(λ, ε) �= 0 there exist O(1) constants

C−, C+ > 0 and a third (meromorphic) transmission function t3(λ, ε) such that

φ2(ξ;λ) =

{
E2(λ)eΛ2(λ)ξ + O(eC−ξ), ξ < − 1√

ε
,

t2(λ)E2(λ)eΛ2(λ)ξ + t3(λ)E3(λ)eΛ3(λ)ξ + O(e−C+ξ), ξ > 1√
ε
.

(2.41)

Note that t3(λ) governs the decay of φ2(ξ;λ) on the long spatial scale (which has
not been incorporated in Lemma 2.2.2). Since bξξ = O(ε2) in If , it follows that
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b2(ξ) does not change during the passage of φ2(ξ;λ) of If . The b-components
of E2,3(λ) are equal to 1 (2.31), so that

t2(λ, c, ε) + t3(λ, c, ε) = 1 + O(
√

ε). (2.42)

We will determine a second relation between t2(λ, c, ε) and t3(λ, c, ε) by deter-
mining the change of the d2(ξ;λ)-coefficient, i.e., bξ(ξ;λ), of φ2(ξ;λ) over the
fast field If . Since we now know that b2(ξ;λ) = 1 at leading order in If , we note
that the b-equation decouples from the full system (2.26). For ξ ∈ If we can
furthermore approximate Bh(ξ) by b0 and Ah(ξ) by a0(ξ) (see Theorems 2.1.1
and 2.1.2). As a consequence, we obtain at leading order an inhomogeneous
version of the fast reduced limit problem (2.36),

(L0 − λ)a = aξξ + [3a2
0(ξ) − (1 − µb0 + λ)]a = −µa0(ξ) (2.43)

(for ξ ∈ If ). Thus, if we consider (2.43) for ξ ∈ R, we know that for all
λ ∈ C+

e such that λ �= λf
j , j = 0, 1 (the eigenvalues of the fast reduced linear

stability problem, Lemma 2.2.3) we can define ain(ξ;λ, c) as the unique bounded
solution of (2.43). Using ain(ξ;λ, c), we deduce from (2.26) that the leading
order behavior of b2(ξ) over If is governed by

bξξ = −ε2[2(ν + βb0)a0ain + βa2
0],

where we have (again) approximated Ah(ξ) by a0(ξ), Bh(ξ) by b0 and b(ξ)
by 1 (and thus bξ by 0). Hence, we have the following explicit leading order
approximation for the change in bξ(ξ;λ) over If ,

∆fastbξ =
∫ 1/

√
ε

−1/
√

ε
bξξ dξ

= −ε2
∫∞
−∞
[
2(ν + βb0)a0(ξ)ain(ξ) + βa2

0(ξ)
]
dξ + O(ε2

√
ε).

(2.44)

Outside If , φ2(ξ;λ) is prescribed by Lemma 2.2.5. Since we thus have a leading
order approximation for φ2(ξ;λ) on the boundaries of If , we can compute a
second expression for the change in bξ(ξ;λ) over If ,

∆slowbξ = t2(λ)Λ2(λ) + t3(λ)Λ3(λ) − Λ2(λ) + O(ε3
√

ε)

= ε2(t2(λ) − 1)
√

σ2 + 4(τλ + α) + O(ε2
√

ε),
(2.45)

where we have used (2.30) and (2.42). The fast ‘jump’ ∆fastbξ must of course
‘match’ the slow ‘jump’ ∆slowbξ, which gives us the desired expression for the
transmission function t2(λ, c, ε),

t2(λ, c, ε) = 1 − 1√
σ2 + 4(τλ + α)

∫ ∞

−∞
[2(ν + βb0)a0ain + βa2

0] dξ + O(
√

ε).

(2.46)
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The inhomogeneous problem (2.43) can – in general – only be solved when the
operator (L0 − λ) is invertible. Therefore, it is clear from the combination
of (2.43) and (2.46) that t2(λ) will – in general – have a (simple) pole near
the eigenvalues λf

0,1 of the fast reduced limit problem. However, since D(λ) is
analytic [2], the product t1(λ)t2(λ) cannot have poles. Hence the poles of t2(λ)
must coincide with the zeroes λ0,1(ε) of t1(λ) (which are asymptotically close
to λf

0,1, see Lemma 2.2.4). Note that this is consistent with the fact that t2(λ)
could only be defined for λ such that t1(λ) �= 0 (Lemma 2.2.2).

However, as is usual in these systems [12, 11], t2(λ) does not have a pole
at λ = 0. To see this, we first transform (2.43) for ain(ξ) into a simpler form,
using the transformations (2.37),

(L̃0(χ) − λ̃)w = wχχ + [3w2
h(χ) − (1 + λ̃)]w = wh(χ), (2.47)

The solution ain(ξ) of (2.43) corresponds to the (uniquely determined bounded)
solution w = win(χ; λ̃) of (2.47) – see Section 2.2.3, where we will determine
win(χ; λ̃) explicitly. The inhomogeneous problem cannot be solved at an eigen-
value λf

j of L̃0, unless the inhomogeneous term satisfies a solvability condition,

∫ ∞

−∞
wh(χ)wf

j (χ) dχ = 0. (2.48)

Because wh(χ) is even as a function of χ, and wf
1 (χ) = ẇh(χ) is odd, we conclude

that t2(λ) does not have a pole at λ = 0, and thus that D(0, c, ε) ≡ 0 (since
t1(0, c, ε) ≡ 0, Lemma 2.2.4). On the other hand, the solvability condition (2.48)
can clearly not be satisfied for λ = λf

0 – recall that both wf
0 (χ) and wh(χ) are

positive. Thus, t2(λ) has a pole at λ0(ε) = λf
0 , at leading order, that cancels

the zero of t1(λ) – see once again [12, 11] for more details. We conclude that
D(λ) does not have a zero at λ0(ε).

In other words, the coupling of the slow B-equation to the Ginzburg-Landau
A-equation has a significant impact on the stability of the traveling pulse (Ah(ξ),
Bh(ξ)), since the O(1) unstable eigenvalue λf

0 of the stability problem associated
with the fast reduced limit problem, i.e., the uncoupled Ginzburg-Landau equa-
tion (2.1), is canceled by the interactions between the slow and the fast effects.
Thus, the full system (2.2) indeed is a singular perturbation of the reduced sys-
tem (2.1), since the O(1) effect on the stability of the pulse is induced by the
O(ε) terms in (2.2). Furthermore, we may conclude that the stability of the
pulse is determined by the zeroes of the slow transmission function t2(λ, c, ε).

Lemma 2.2.6 Let λ ∈ C+
e , λ �= 0. Then λ is a zero of D(λ, c, ε) if and only if

t2(λ, c, ε) = 0.
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Note that this result also implies that the eigenvalue problem (2.27) has a double
eigenvalue at λ = 0 if t2(0) = 0. We will see in the next section that a zero of
t2(λ) is directly related to a saddle-node bifurcation of homoclinic orbits in the
existence problem (Theorem 2.1.2).

2.2.3 A reduction to hypergeometric functions

Lemma 2.2.6 establishes that the stability of the pulse (Ah(ξ), Bh(ξ)) is deter-
mined by the zeroes of the explicit expression (2.46). At this point, however,
(2.46) is not fully explicit, since we do not have an expression for the entry
ain(ξ;λ), the bounded solution of (2.43). In this section, we will derive a fully
explicit expression for t2(λ, c, 0).

First, we use (2.37) to express the leading order approximation t2(λ, c, 0) of
t2(λ, c, ε) (2.46) in terms of wh(χ) (2.38), win(χ; λ̃) (2.47), and λ̃,

t2(λ̃, c, 0) = 1 + 2µ√
σ2+4(τλ̃(1−µb0)+α)

[
ν+βb0√
1−µb0

∫∞
−∞ whwindχ

− β
2µ

√
1 − µb0

∫∞
−∞ w2

hdχ
]
.

(2.49)

Since
∫∞
−∞ w2

hdχ = 4 (2.38), we only need to find an expression for

R(λ̃) =
∫ ∞

−∞
wh(χ)win(χ; λ̃)dχ. (2.50)

We define P ∈ C and F (χ) by

P = +
√

1 + λ̃, w(χ) = F (χ)(wh(χ))P , (2.51)

so that the homogeneous equation (2.39) associated with (2.47) transforms into

F̈ + 2P
ẇh

wh
Ḟ − 1

2
(P + 3)(P − 2)w2

hF = 0.

We introduce the new independent variable z by

z =
1
2

(
1 − ẇh(χ)

wh(χ)

)
, (2.52)

so that
1 − 2z =

ẇh

wh
, w2

h = 8z(1 − z),
d

dχ
= 2z(1 − z)

d

dz
,

and obtain a hypergeometric differential equation for F (z),

z(1 − z)F ′′ + (1 − 2z)(P + 1)F ′ − (P + 3)(P − 2)F = 0. (2.53)
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Note that this equation is symmetric with respect to z → 1 − z (which cor-
responds through (2.52) with the reversibility symmetry of (2.39)). Standard
theory (see, for instance, [43]) yields two independent solutions, the hypergeo-
metric functions

F1(z) = F (P + 3, P − 2, P + 1, z), F2(z) = z−P F (3,−2, 1 − P, z), (2.54)

where

F (3,−2, 1 − P, z) =
(1 − P )(2 − P ) − 6(2 − P )z + 12z2

(1 − P )(2 − P )
. (2.55)

The function F1(1 − z) is, by the symmetry, also a solution of (2.53), and can
therefore be expressed in terms of F1(z) and F2(z). It follows (see [43], [12])
that

F1(1 − z) = M(P )z−P F (3,−2, 1 − P, z), (2.56)

with

M(P ) =
Γ(P + 1)Γ(P )

Γ(P + 3)Γ(P − 2)
. (2.57)

Thus, by combining (2.54), (2.55) and (2.56), we see that both fundamental
solutions of (2.53) are very simple hypergeometric functions: F1(z) and F2(z),
are quadratic polynomials in z divided by (1 − z)P , respectively zP . To solve
the inhomogeneous problem (2.47) we replace F (z) by G(z), with

F (z) = 2−
1
2 (1+3P )G(z), (2.58)

in (2.51), so that (2.47) transforms into

z(1 − z)G′′ + (1 − 2z)(P + 1)G′ − (P + 3)(P − 2)G = [z(1 − z)]−
1
2 (1+P ).(2.59)

We can solve this inhomogeneous equation by using the two independent solu-
tions of the homogeneous equation and apply the variation of constants method,
i.e., we introduce the functions g1(z) and g2(z) and set

G(z) = g1(z)H1(z) + g2(z)H2(z), (2.60)

with
H1(z) = F1(z), H2(z) = F1(1 − z) (2.61)

(2.54), (2.56). Since equation (2.59) is also symmetric we can set g2(z) =
g1(1 − z). We obtain

g1(z) =
1

PM(P )

(∫ z

0

[ζ(1 − ζ)]
1
2 (P−1)H1(1 − ζ)dζ + g0

)
(2.62)
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with

g0 = −
∫ 1

0

[ζ(1 − ζ)]
1
2 (P−1)H1(1 − ζ)dζ, (2.63)

see [11] for more details. We can now return to R(λ̃) (2.50), or, equivalently,
R(P ). It follows by (2.51), (2.52), (2.58), (2.60), (2.62) and (2.63) that

R(P ) =
∫ 1

0

G(z, P )[z(1 − z)]
1
2 (P−1)dz

= 2
∫ 1

0

g1(z)H1(z)[z(1 − z)]
1
2 (P−1)dz (2.64)

=
−2

PM(P )

∫ 1

0

∫ 1

z

[ζ(1 − ζ)]
1
2 (P−1)H1(1 − ζ)dζH1(z)[z(1 − z)]

1
2 (P−1)dz.

Recall that H1(z), i.e., F1(z) (2.61), is a quadratic polynomial in z divided by
(1−z)P . With this expression for R(P ), we have also derived an explicit formula
for t2(P, c, 0),

t2(P, c, 0) =

1 +
2µ√

σ2 + 4(τ(1 − µb0)(P 2 − 1) + α)

(
ν + βb0√
1 − µb0

R(P ) − 2β

µ

√
1 − µb0

)
.

(2.65)

Remark 2.6 The results on the eigenvalues of the fast reduced limit problems
(2.36)/(2.39) formulated in Lemma 2.2.3, can be obtained directly from (2.54),
(2.55) and (2.56). An eigenfunction w(χ) of (2.39) corresponds to a solution
F (P ) of (2.53) that is bounded at both z = 0 and z = 1 (since limχ→±∞ w(χ) =
0). It follows from (2.55) and (2.56) that F2(z) can be made regular only at
z = 0 for P = 1 and P = 2. Hence, by (2.51), the eigenvalues of (2.39) are given
by λ̃ = 0 and λ̃ = 3. Note that we can likewise obtain explicit expressions for
the associated eigenfunctions.

2.3 The stability of the homoclinic patterns

In Section 2.1 we established the existence of pulse solutions to system (2.2).
Section 2.2 was devoted to the linear stability analysis of these solutions. We
found that their stability is determined only by the discrete spectrum, and
we are able to control the eigenvalues corresponding to the fast reduced limit
problem. By the NLEP-approach we obtained an expression for t2(P (λ)), and
we proved that this transmission function has a pole that exactly coincides with
the positive root λ0(ε) of t1(λ, c, ε). Hence the equation t2(P (λ)) = 0 gives the
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eigenvalues of the stability problem except for the trivial eigenvalue λ1 = 0,
which is a zero of t1(λ). Since t2 depends on R(P ) the understanding of R(P )
is crucial for the stability analysis. In the following (sub)section we state some
analytic results on R(P ). Furthermore we used Mathematica to evaluate R(P )
and solve t2(P (λ)) = 0, for various values of the parameters. The result for
β = 0 is stated in Section 2.3.2 and those for β �= 0 are given in Section 2.3.3.

2.3.1 Some asymptotic results

As stated above, the understanding of R(P ) is crucial for analyzing of the be-
havior of the eigenvalues. The following Lemma gives some analytical results
on R.

Lemma 2.3.1 Let R(P ) be as given in (2.50)/(2.64), then
(i) R(P = 1) = 1;
(ii) R(P ) is given by R(P ) = R2

P−2 +O(1) for some constant R2 �= 0 near P = 2;
(iii) R(P ) = − 4

P 2 + O( 1
P 4 ) for P � 1.

Proof
(i) A particular solution of (2.59) is given by

Gp(z, P = 1) =
1

6z(1 − z)
. (2.66)

However, this solution is singular in z = 0 and z = 1, so that it cannot corre-
spond to win(χ). To determine the solution Gb(z, P = 1) that corresponds to
the bounded solution win(χ), we use the fact that general solutions of (2.59)
are of the form

G(z, 1) = c1F1(z, 1) + c2F2(z, 1) + Gp(z, 1). (2.67)

Here F1(z, P = 1) and F2(z, P = 1) are two independent solutions of the cor-
responding homogeneous equation, and c1 and c2 are constants. It is easy to
check that F1(z, 1) = 1 − 2z (2.54) is a bounded solution of the homogeneous
equation. Thus F1 alone cannot cancel the singularities in Gp. The second,
independent solution F2 (2.54) we already found is not well-defined for P = 1,
i.e., λ̃ = 0. An alternative independent solution can be obtained by applying
variation of constants

F2(z, 1) = F1(z, 1)
∫ z

u(x)dx

to (2.53). This yields
u′

u
=

−2[6z2 − 6z + 1]
(1 − 2z)z(1 − z)

,
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and thus
u(z) =

1
(1 − 2z)2z2(1 − z)2

.

This determines a second independent solution F2(z, 1):

F2(z, 1) = (1 − 2z)
(

6 ln z − 1
z
− 6 ln(1 − z) +

1
1 − z

+
8

1 − 2z

)
. (2.68)

Note that F2 is singular in both z = 0 and z = 1. With the choice c2 = 1/6 in
Equation (2.67), we obtain a solution of the inhomogeneous equation for P = 1
with only logarithmic singularities:

Gb(z, 1) = c1F1(z, 1) + 1/6F2(z, 1) + Gp(z, 1)
= c1(1 − 2z) + (1 − 2z)[ln z − ln(1 − z)] + 2.

Gb(z, 1) corresponds to the bounded solutions

win(χ, λ̃ = 0) = c1ẇh +
1
4
ẇh ln

(
wh − ẇh

wh + ẇh

)
+

1
2
wh.

Substituting this into (2.50) we find R(P = 1) = 1.

(ii) This observation follows immediately from the fact that the operator L̃0,
see (2.39) and (2.47), has a simple eigenvalue at λ̃ = 3, i.e., P = 2.

(iii) The leading order behavior of R(P ) for P 2 � 1 can be obtained from (2.47)
and (2.50). We decompose win(χ;P 2) into win(ξ;P ) = 1

P 2 w1(χ) + 1
P 4 wr(χ;P )

and substitute this into (2.47). It follows that w1(χ) = −wh(χ) and that
wr(χ;P ) = O(1) with respect to the small parameter 1/P 2. The expansion of
win can now be used to evaluate the leading order behavior of R(P ) by (2.50).

�
The analytical results we stated for R(P ) in the above Lemma are confirmed

by Figure 2.7, which is obtained by evaluating (2.64) with Mathematica. Using
R(P = 1) = 1 in (2.65) the leading order expression of t2(P, c, ε) is given by

t2(P = 1, c, 0) = 1 +
1√

σ2 + 4α

(
2µ(ν + βb0)√

1 − µb0

− 4β
√

1 − µb0

)
. (2.69)

Recall that P = 1 corresponds to the critical eigenvalue λ̃ = 0.
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P

R(P )

2

−2

1 2 3 4 5 6

Figure 2.7: The R(P)-graph.

2.3.2 Stability analysis for β = 0

In Theorem 2.1.1 we found conditions under which a pulse solution to sys-
tem (2.2) exists. In Section 2.2 we studied the linear stability of these pulses
and found that the eigenvalues of this eigenvalue problem are given as zeroes
of t2(P (λ)), except for λ1 = 0. Note that if we plug in b0, as found in case (i)
and case (ii) of Theorem 2.1.1, into the expression (2.65) for t2(P (λ)), the pa-
rameters µ and ν only appear as a product, so that it is natural to consider
the product m = µν as one parameter. Therefore, we study the eigenvalues as
functions of m.

First, we establish that eigenvalues cannot pass through zero and that there
always is a unique real unstable eigenvalue for m small enough.

Lemma 2.3.2 For β = 0, t2 satisfies t2(λ = 0, c, ε) �= 0.

Proof For β = 0 the equation t2 = 0 reads

t2(λ = 0, c, 0) = t2(P = 1, c, 0) = 1 +
2µν√

σ2 + 4α
√

1 − µb0

= 0,

with b0 given by cases (i) and (ii) of Theorem 2.1.1. Inspection of both cases
shows that no (allowed) parameter combinations exist for which t2(λ = 0, c, 0) =
0 has a solution. �

Lemma 2.3.3 Let β = 0. There exists a mu > 0 such that the eigenvalue
problem (2.26)/(2.27) has exactly one real unstable eigenvalue λu(m, ε) > 0 for
all m with |m| < mu. Moreover, limm→0 λu(m, ε) = 3 (at leading order in ε).
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Proof A similar result has been proved in [11] by a topological winding
number argument (Theorem 5.1). Here, we use the explicit expression (2.65)
for t2(P ) in combination with Lemma 2.3.1 (ii). It follows from (2.65) that
t2(P ) = 1 + C(P )mR(P ) (at leading order in ε) – recall that m = µν and
that β = 0 – where C(P ) is a smooth function of P (for P > 1, i.e., λ > 0
(2.37), (2.51)). Since R(P ) has a singularity near P = 2 (Lemma 2.3.1 (ii)),
we conclude that t2(P ) must change sign at P = Pu(m, ε) near 2 if |m| is small
enough, and that limm→0 Pu(m, ε) = 2+O(

√
ε). Hence, the eigenvalue λu(m, ε)

that corresponds to Pu(m, ε) exists. Since R(P ) has only one singularity in the
right half plane – recall that a singularity of R(P ) corresponds to eigenvalues
of the fast reduced stability problem (2.39) – and since R(P ) is bounded for
P � 1 (Lemma 2.3.1 (iii)) it follows that λu(m, ε) is the unique real unstable
eigenvalue. By Lemma 2.1.5 we know that µb0 → 0 as m → 0, and thus we
conclude by (2.37) and (2.51) that limm→0 λu(m, ε) = 3 + O(

√
ε). �

The latter result shows that the stability problem behaves like a regular
perturbed system as m approaches zero, and that the full problem has an eigen-
value that is asymptotically close to that of the reduced system. In other words,
the unstable pulse of the uncoupled Ginzburg-Landau equation (2.1) cannot be
stabilized by the coupling to the slow field for |m| � 1. However, evaluation of
(2.65) by Mathematica shows that the zero λu(m, ε) of t2(λ) moves away from
that of the singular limit systems as |m| increases (see below and Figure 2.8), so
that we may indeed conclude that the coupling to the slow diffusion equation in
(2.2) is singular, since it has an O(1) effect on the eigenvalue λu(m, ε). Thus, the
‘control mechanism’ of coupling to slow diffusion (see the Introduction) might
indeed be strong enough to stabilize the pulse.

Nevertheless, this is not the case. This is in essence due to Lemma 2.3.2,
which does not allow λu(m, ε) to move to the stable half plane by passing
through λ = 0. The pulse (Ah(ξ), Bh(ξ)) can, however, a priori also be stabi-
lized by a Hopf bifurcation. This is the route by which similar pulses in the
Gray-Scott and the Gierer-Meinhardt equations are stabilized [12, 11]. In this
scenario, λu(m, ε) must merge with a second real unstable eigenvalue into a pair
of complex conjugate eigenvalues. This pair can then move into the stable half
plane through a Hopf bifurcation. The question is, of course, whether such a
second unstable eigenvalue exists.

In general there can indeed be a second (real) eigenvalue, λe(m, ε) < 0.
Varying m, this eigenvalue can appear from, or disappear into, the essential
spectrum (that is in the left half plane) by an edge bifurcation (Figure 2.8). Edge
bifurcations are studied systematically in the context of perturbed integrable
systems in [38, 39] and can be analyzed in singularly perturbed reaction-diffusion
problems by the decomposition of the Evans function in combination with the
NLEP approach as sketched in Section 2.2, see [15] for more details. However,
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λe(m, ε) cannot cross to the positive half plane (Lemma 2.3.2), and so it cannot
merge with λu(m, ε). In principle, there could be a second edge bifurcation in
which another eigenvalue λe,2(m, ε) is created. The two eigenvalues λe,2(m, ε)
and λe(m, ε) could form a pair of complex conjugated eigenvalues and leave the
real axis. Such a pair could cross the imaginary axis. However, a scenario that
involves Hopf bifurcations cannot change the parity of the number of eigenvalues
in the right half plane. Hence, if there is an odd number of unstable eigenvalues
for a certain value of m, the pulse cannot be stabilized through a mechanism
that is based on eigenvalues that appear from the essential spectrum.

The following Theorem establishes that the (Ah(ξ), Bh(ξ)) pulse can never
be stabilized if we do not consider higher order terms in the equation for B (in
(2.2)).

Theorem 2.3.4 Let β = 0, α > 0, τ > 0, µ �= 0, ν, σ ∈ R and let ε > 0 be
sufficiently small. The traveling pulse solution (Ah(ξ), Bh(ξ)) of (2.2) – as given
by Theorem 2.1.1 – is unstable.

Proof The proof is completely based on the fact that we have an explicit
formula for t2(λ) (2.65). This expression has already been used to derive
Lemmas 2.3.2 and 2.3.3. Thus, we know that there is exactly one unstable
real eigenvalue in the eigenvalue problem associated with the stability of the
pulse (Ah(ξ), Bh(ξ)) for |m| small enough, i.e., for |m| = |µν| small enough
(Ah(ξ), Bh(ξ)) is indeed unstable.

As m moves away from zero, we also know that eigenvalues cannot cross
through λ = 0 (Lemma 2.3.2). Therefore, the only way for the real eigenvalue
λu(m) to gain stability as m is varied is via the Hopf bifurcation scenario of
the Gray-Scott and Gierer-Meinhardt pulses [12, 11], i.e., to make λu(m) merge
with another real eigenvalue and to let the resulting pair of complex conjugate
eigenvalues cross the imaginary axis. Lemma 2.3.2 also implies that we do
not have to pay attention to eigenvalues that enter the unstable half plane
from the stable half plane as |m| increases (eigenvalues that may be created by
edge bifurcations). These eigenvalues can only come in pairs and can thus only
remove an even number of unstable eigenvalues from the unstable half plane (by
going back again). For the same reason we do not have to pay attention to the
possible existence of unstable eigenvalues with non-zero imaginary parts: these
eigenvalues also come in pairs and can only bring an even number of eigenvalues
to the stable half plane as m is varied (note that Lemma 2.3.3 does not exclude
the possibility of having unstable eigenvalues with Im(λ) �= 0 for |m| small).

Hence, we may restrict ourselves to studying t2(λ, ε) for λ > 0. We may also
neglect the correction terms (in ε), so that we only need to consider t2(P, c, 0)
(2.65) for P > 1 (2.51), (2.37). As in the proof of Lemma 2.3.3, we note
that t2(P, 0) can be written as 1 + mC(P ;m)R(P ), where C(P ;m) is a smooth
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bounded function of P (since P > 1) and R(P ) has one singularity (at P = 2 –
Lemma 2.3.1). Thus, t2(P ) also has only one singularity. It is also clear from
(2.65) and Lemma 2.3.1 (iii) that t2(P, c, 0) → 1 as P → ∞ for m fixed. Hence,
for any fixed m eigenvalues cannot escape to ∞. This implies that for any
fixed m the number of (non-degenerate) zeroes of t2(P ) = 1 + mC(P ;m)R(P )
can only be odd, since zeroes can only be created/annihilated as m is varied
through tangencies of the t2-curve with the P -axis (which correspond to pairs
of conjugate eigenvalues becoming real/being created). Hence, for finite m, the
Gray-Scott/Gierer-Meinhardt Hopf bifurcation mechanism cannot stabilize the
pulse.

Finally, we consider the limit |m| � 1. It follows from Lemma 2.1.5 (i) and
(ii) that it is possible to determine explicit expressions for µb0 as asymptotic
series in 1/|m|. These expressions can be used to compute an explicit leading
order expression for t2(P ) (again as asymptotic series in 1/|m|). As a conse-
quence, we can compute approximations for the zeroes of t2(P ) for |m| � 1. We
refrain from giving the computational details here (the analysis is very similar
to that in the proof of Lemma 2.3.6). It follows that there is exactly one real
unstable eigenvalue for |m| � 1 (see also Figure 2.8).

Thus, we conclude that the eigenvalue problem (2.26)/(2.27) has at least one
unstable real eigenvalue for any m. Hence, (Ah(ξ), Bh(ξ)) is spectrally unstable
(and unstable in the nonlinear sense, by the standard methods of [32]). �

As an example, we determine the eigenvalues of the stability problem as-
sociated with the pulse solutions of (2.2) (with β = 0) by evaluating t2(P (λ))
and solving the equation t2(λ) = 0 with the help of Mathematica. We consider
only the case of standing pulses, i.e., c = σ = 0 or case (i) of Theorem 2.1.1.
We find that there are three cases to consider, (a) α/τ < 1, (b) α/τ = 1 and
(c) α/τ > 1, see Figure 2.8. This distinction is caused by the character of
the edge bifurcation or, in other words, the behavior of the ‘new’ eigenvalue
λe(m, ε) < 0.

In case (a), α/τ < 1, there are edge bifurcations at m = 0 and m = medge >
0, with λe(0) = λe(medge) = −α/τ . In case (b), the degeneration α/τ = 1,
there appears an eigenvalue λe(m) with λe(0) = −1 at m = 0 as m is increased,
as well as when m is decreased; in case (c), α/τ > 1, there are edge bifurcations
at m = 0 and m = medge < 0, with λe(0) = λe(medge) = −1. In the limits
λe(m, ε) near σe and |m| � 1, a leading order approximation of λe(m) can be
determined explicitly (using (2.65) and the methods developed in [15]). For
instance, it follows that λe(m) ↑ 0 as m → +∞ (Figure 2.8).

We conclude that there can be at most three eigenvalues in the case β =
σ = 0, namely λu(m) > 0, the trivial eigenvalue λ1(m) ≡ 0, and λe(m) < 0;
λu(m) exists for all m while λe(m) may have merged with σe for some values
of m (when α �= τ).
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Figure 2.8: The zeroes of t2(P (λ)), corresponding to the eigenvalues λ0(m) and
λe(m) for β = 0 and c = σ = 0: (a) α/τ < 1, (b) α/τ = 1 and (c) α/τ > 1. In
each case the left endpoints of the curves coincide with the edge of the essential
spectrum.

2.3.3 Stability analysis for β �= 0

Recall that in Section 2.1 we established the existence of open regions for
which system (2.2) possesses 0, 1 or 2 (different) pulse solutions for β �= 0
(Theorem 2.1.2). This result was based on the different cases described in
Lemma 2.1.6. In this subsection we use expression (2.65) and Mathematica
to determine the eigenvalues of the associated stability problem for various
parameter combinations. For simplicity, we only consider the case σ = 0,
as in Section 2.1.5. We find that also for β �= 0 many of the pulse solu-
tions (Ah(x;β), Bh(x;β)) to (2.2) are unstable. However, we also show that
there are parameter combinations (with β �= 0) for which the pulse solutions
can be stable.

For β = 0 we found that the only zero-eigenvalue is the trivial eigenvalue,
λ1(m) ≡ 0, that corresponds to the translation symmetry of the system (Lemma
2.3.2). For β �= 0 we have again λ1(β) ≡ 0 for all parameters, however, in
this case there are parameter combinations for which there is an additional
eigenvalue λsn(β = βsn) = 0, i.e., a solution of t2(P = 1) = 0.

Lemma 2.3.5 Let β �= 0 and σ = 0. A saddle-node bifurcation of homoclinic
solutions occurs exactly at a zero of t2(λ = 0), and vice versa, a second zero-
eigenvalue of D(λ) corresponds to a saddle-node bifurcation.

Thus, this Lemma states that there is a one-to-one correspondence between the
second zero-eigenvalue of t2 with the saddle-node bifurcations at α = αsn or
β = βsn in Lemma 2.1.6 and Theorem 2.1.2.

Proof In Section 2.1.5 we found that an intersection at b0 between lu and Td

immediately gives rise to a homoclinic orbit. It is clear that the saddle-node
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bifurcation occurs when lu and Td are also tangent at b0. This yields (at leading
order)

√
αb0 = 2(ν + βb0)

√
1 − µb0,

√
α = 2β

√
1 − µb0 −

µ(ν + βb0)√
1 − µb0

. (2.70)

The second equation, i.e., the tangency condition, clearly is equivalent with the
equation t2(P = 1, c = 0, 0) = 0 given by

1 +
1

2
√

α

(
2µ(ν + βb0)√

1 − µb0
− 4β

√
1 − µb0

)
= 0, (2.71)

since R(P = 1) = 1. �
Apart from the saddle-node bifurcation, a pulse (Ah(x;β), Bh(x;β)) can as a

function of β also diverge as β ↓ 0, see (2.24). The eigenvalues of the associated
stability problem can be determined explicitly in this limit.

Lemma 2.3.6 Let 0 < ε � β � 1 and let the pulse (Ah(x;β), Bh(x;β)) be
described by (2.24). Apart from the trivial eigenvalue λ1(β) ≡ 0, the linearized
stability problem has two eigenvalues, λd(β) = 5α

4τ + O(β) > 0 and λu(β) =
3α
4

1
β2 + O( 1

β ) � 1.

In other words, we have found that the pattern (Ah(x;β), Bh(x;β)) with b0

given by (2.24) for 0 < β small, has two unstable eigenvalues.

Proof Substitution of the approximation (2.24) into (2.65) yields (for 0 <
ε � β � 1),

t2(P, 0, 0) = 1 − β
R(P ) + 2 + O(β)√

(τ + O(β))(P 2 − 1) + 4β2
. (2.72)

Thus, t2(P ) = 1+O(β), i.e., t2(P ) �= 0, unless P 2−1 = O(β2) or P = 2+O(β)
(see also below). The latter case is associated with the O(1) unstable eigenvalue
λf

0 of the fast reduced limit system that is the origin of the pole of R(P ) at P = 2
(Figure 2.7). We see by Lemma 2.3.1 (ii) that t2(P ) must change sign for P
O(β) close to 2. Hence, there is an eigenvalue λ̃u = 3 + O(β) (2.51), i.e., by
(2.37) and (2.24), λu(β) = 3α

4
1

β2 + O( 1
β ) � 1.

The other zero of t2 can be obtained by setting P 2 = 1 + P2β
2, so that by

Lemma 2.3.1 (i) and (2.72),

t2(P2) = 1 − 3 + O(β)√
τP2 + 4 + O(β)

.
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Hence, t2(P2) = 0 for P2 = 5
τ + O(β), which corresponds by (2.51), (2.37) and

(2.24) to λd(β) = 5α
4τ + O(β).

Finally we note that the behavior of t2(P ) is controlled by Lemma 2.3.1 (iii)
for P � 1, so that also for P � 1 t2(P ) = 1 +O(β). Moreover, due to the sign
of R(P ) as P ↓ 0, the singularity R(P ) at P = 0 (Figure 2.7) cannot generate
a (stable) eigenvalue (note that this singularity will not play a role for α < τ ,
since P = 0 will then be to the left of the tip of the essential spectrum, see
Figure 2.6). Thus, we may indeed conclude that t2 can only be zero at λd(β)
and λu(β). �

These two Lemmas establish two mechanisms by which the number of unsta-
ble eigenvalues can become even (and > 1), so that a pulse (Ah(ξ;β), Bh(ξ;β))
may stabilize through the Hopf-bifurcation scenario (by first merging into pairs
of complex conjugate eigenvalues). In the case of Lemma 2.3.6 this is obvious.
In the case of the saddle-node bifurcation, Lemma 2.3.5, it is because at β = βsn

two pulses are created with initially identical spectra and two zero eigenvalues
λ1 ≡ 0 and λsn(βsn) = 0. As β moves away from βsn, λsn(β) will become neg-
ative for one of the pulses and positive for the other. Thus, either one of the
pulses will have an even number of unstable eigenvalues.

We indeed observed that a pulse may be stabilized by the Hopf-scenario
by varying the parameters (see Theorem 2.3.7 below). We did not perform a
fully extensive study through the (α, β, µ, ν, τ)-parameter space. Instead, the
observations below are based on exploring typical collections of parameter com-
binations. As in [12, 11], we combined evaluation of the explicit expression for
t2(P ) (using Mathematica) with the asymptotic analysis of relevant limits (for
instance |m| � 1, |β| � 1, etc.).

We study the parameter space by dividing it into the 4 cases as described in
Lemma 2.1.6 – see also Figure 2.5. In each of these cases we choose β as main
parameter.

Case 1, Lemma 2.1.6. There is one pulse solution, which can be seen as a
continuation of the unstable pulse at β = 0. As in the β = 0 case, this pulse has
one unstable eigenvalue λu(β,m) that can be related to λf

0 > 0, the unstable
eigenvalue associated with the fast reduced limit problem. See Figure 2.9(a).

Case 2, Lemma 2.1.6. There exist two pulse solutions for every β > 0, one
with b0 positive and the other with b0 negative. Pulses with b0 positive are
similar to those of case 1 and β = 0. Again; there is always one unstable
eigenvalue λu(β,m), see Figure 2.9(a). The pulse solutions with negative b0

behave in ways that are essentially different. These pulses are of the type
described by Lemma 2.3.6. Thus, for β > 0 small there are two positive real
eigenvalues. If β is increased, the eigenvalues merge at some value β = βc1 and
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Figure 2.9: The eigenvalues as function of β for pulses in case (1) and (2) of
Lemma 2.1.6. (a) The eigenvalues of a pulse with α = τ = µ = ν = 1 and
b0 > 0; for −1 < β < 0 this is case (1), for β > 0 case (2). (b) The eigenvalues
of a pulse in case (2), with α = 3, τ = 1/2, µ = 1/3, ν = 1/3 and b0 < 0. For
β small there are two unstable eigenvalues λd(β) and λu(β), see Lemma 2.3.6.
The theoretical limit is given by limβ→0 λd(β) = 5α

4τ + O(ε) = 7.5 + O(ε). The
grey line is the real part of the complex conjugate eigenvalues.

indeed form a pair of complex conjugate eigenvalues (with positive real part).
At first the real part of these eigenvalues decays. If β is increased further, the
real part will increase again and eventually the complex pair merges at some
value β = βc2 . At that point two positive real eigenvalues re-appear. These real
eigenvalues persist as β is increased even further, see Figure 2.9(b). We have
not been able to find parameters for which the complex pair of eigenvalues that
is formed at β = βc1 crosses the imaginary axis, i.e., in which the pulse becomes
stable (at least for a bounded β-interval). However, the possibility that such
pulses exist cannot be excluded.

Case 3, Lemma 2.1.6. There are two saddle-node bifurcations, one after
which two pulse solutions are created with negative b0 and one after which two
pulses are created with positive b0. We only describe the behavior of the pulses
with b0 > 0, since those with b0 < 0 behave as described in Case 4 below.
The pulse that has the smallest value of b0 is the one for which the eigenvalue
λsn(β) is positive. Moreover, for each β ≥ βsn there exists a second positive
real eigenvalue λu(β) (which can be related to λf

0 ). However, these eigenvalues
do not merge, they both remain real and positive (Figure 2.10(a)). The other
pulse solution that is created at the saddle-node bifurcation also has an unstable
eigenvalue λu(β), that cannot be stabilized since λsn(β) < 0 for β ≥ βsn (there
are no other real positive eigenvalues), see Figure 2.10(b).
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Figure 2.10: The eigenvalues of two pulses of case (3) of Lemma 2.1.6, both
with α = 4, τ = 1/2, µ = 1/4, ν = −1/4 and b0 > 0, for β > βsn ≈ 1.40 in
(a) the pulse with smallest b0 > 0 which always has two unstable eigenvalues
λsn(β) and λu(β), and in (b) the pulse with largest b0 > 0, which always has
one unstable eigenvalue λu(β) and one stable eigenvalue λsn(β).

Case 4, Lemma 2.1.6. We consider β > −µν > 0 and decrease β below −µν
– which is in fact case 3 – so that we can combine Lemmas 2.3.5 and 2.3.6. At
β = βsn there is a saddle-node bifurcation after which two pulses appear, both
with b0 < 0. The pulse with λsn(β) < 0 can become stable, and the pulse with
λsn(β) > 0 will remain unstable. The pulse with λsn(β) < 0 is stabilized by
the Hopf-scenario for the two unstable eigenvalues in the limit β � 1. Thus,
λsn(β) < 0 does not play a role in the stabilization process (in fact, it disappears
into the essential spectrum at a certain value of β).

Theorem 2.3.7 Consider (for example) α = 12.5, µ = 0.5, ν = −0.5 and
τ = 1. The pulse (Ah(ξ;β), Bh(ξ;β)), that is for 0 < ε � β � 1 described by
(2.24) and Lemma 2.3.6, exists for β ∈ (0, βsn) and merges with another pulse
solution at β = βsn in a saddle-node bifurcation of homoclinic solutions of the
type described in Case 4 of Lemma 2.1.6.

As β increases, the two eigenvalues λd(β) > 0 and λu(β) > 0 of the associ-
ated linearized stability problem (2.26) – Lemma 2.3.6 – merge, and become a
pair of complex conjugate eigenvalues. At β = βHopf , this pair crosses through
the imaginary axis. The pulse (Ah(x), Bh(x)) is asymptotically stable as a so-
lution of (2.2) for β ∈ (βHopf , βsn).

The proof of this Theorem follows immediately from the theory developed
in the preceding (sub)sections. In fact, the situation is in essence identical to
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Figure 2.11: The eigenvalues of the pulse solutions in case (4) of Lemma 2.1.6,
both with α = 12.5, τ = 1, µ = 1/2 and ν = −1/2; (a) Two unstable eigenvalues,
λd(β) and λu(β), merge and become stable. In Lemma 2.3.6 we found the
theoretical limit limβ→0 λd(β) = 5α

4τ + O(ε) = 15.625 + O(ε). The black line
to the left is the eigenvalue λsn(β) that appears at the saddle-node bifurcation
β = βsn, (b) The path of the eigenvalues through the complex plane as function
of β.
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Figure 2.12: The eigenvalues of a pulse in case (4) of Lemma 2.1.6, with α = 4,
τ = 1, µ = 1/2, ν = −1/2 and thus b0 < 0. (a) The eigenvalues of the pulse b0

farthest from zero. (b) The path of the eigenvalues through the complex plane
as a function of β of the same pulse as in (a).

that of the stability proofs of the pulses in the Gray-Scott [12] and Gierer-
Meinhardt [11] systems. In all three situations there is a fully explicit control
on the eigenvalues in an asymptotic limit (here, 0 < ε � β � 1, Lemma
2.3.6). In this limit, there are two unstable eigenvalues, one, λu(β), associated
with the unstable eigenvalue λf

0 of a singular limit, and one λd(β), related to
a possible singularity of t2 near P = 1 (in fact, the asymptotic behavior is a
bit less straightforward here, due to the β-dependence of the relation between
P and λ). The Hopf-bifurcation scenario followed by λu(β) and λd(β) as β
increases can be traced by the expression (2.65) for t2(P ;β). This way, the
‘fate’ of the eigenvalue λsn(β) can also be followed. There is an edge bifurcation
at βedge < βsn at which λsn(β) ‘pops’ out of the essential spectrum; λsn(β) < 0
for all β ∈ (βedge , βsn).

We have thus established the spectral stability of (Ah(ξ;β), Bh(ξ;β)) for
β ∈ (βHopf , βsn). The asymptotic (or nonlinear) stability follows immediately,
since the linear operator associated with the full system (2.26) is clearly sectorial
[32].

The exact behavior of the eigenvalues λu(β), λd(β) and λsn(β) is shown in
Figure 2.11. In Figure 2.11(a) the real part of λ has been plotted as a function
of β, in Figure 2.11(b) the track of the eigenvalues through the complex plane
is shown. Note that for the choice of parameters of Theorem 2.3.7, the width
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of the β-region of stability is relatively small. The region (βHopf , βsn) can be
enlarged by varying the parameters. However, one has to be careful, since other
parameter combinations can yield a different bifurcation scenario, as we show
in Figure 2.12. In this scenario, the positive λsn(β) is connected to λu(β) or
λd(β). As in Case 2/Figure 2.9(b), λu(β) and λd(β) do not cross the imaginary
axis, but instead re-appear as a pair of unstable real eigenvalues (after being
complex conjugate for a certain β-range).

2.3.4 Discussion

The main goal of this chapter has been to understand analytically, and in an
asymptotic limit, how an additional B-diffusion equation in systems of the type
(1.8)/(2.2) is able to stabilize unstable localized structures in an (uncoupled)
Ginzburg-Landau equation. Such a stabilization effect has been encountered in
various settings — see Section 1.3. Therefore, we focused on a model system
that is as simple as possible, i.e., we on purpose did not consider an explicit sys-
tem from the literature. In this system, (2.2) with β = 0 (and possibly σ = 0),
we deduced through an Evans function analysis that the slow B-equation indeed
has an O(1) influence on the stability characteristics of the pulses that corre-
spond to those of the uncoupled limit. However, due to the relative simplicity of
this system (i.e., the lack of non-trivial bifurcational behavior in the existence
problem), we found that the pulses nevertheless remain unstable. Adding a
higher order nonlinearity, i.e., setting β �= 0 in (2.2), introduced various mecha-
nisms by which the pulse could be stabilized. Due to the structure of both the
persistence and stability problem, we may conclude that the slow diffusion ‘con-
trol mechanism’ can indeed explain the existence of stable pulses in equations
of the type (1.8)/(2.2), if G includes a higher order nonlinearity.

Of course, the present analysis is only a first step towards understanding
the stabilization of patterns in coupled Ginzburg-Landau/diffusion equations
such as (1.7), i.e., in systems with interacting instability mechanisms. Here, we
mention two essential next steps, which are the topics of Chapter 3 and 4.

The first important issue, which has only been considered very briefly in
the present chapter, is the fact that the B-term in equation (1.8) represents an
instability that is often associated with a marginally (un)stable mode (see the
Introduction). As was already noted in Remarks 2.1 and 2.5, α in (2.2) should
be 0 in such systems, while it has been assumed throughout this chapter that
α > 0. It has been indicated in Remark 2.5 that the persistence problem is –
in essence – covered by the methods developed in Section 2.1, as long as one
includes the higher order nonlinearity B2 in the B-equation of (2.2). However,
in order to study the stability of these pulses one has to take into account
that the rate of decay of these pulses (as |ξ| → ∞) is no longer exponential
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if α = 0. The exponential decay of the pulses is an essential ingredient of
the construction and the decomposition of the Evans function in Section 2.2.
Nevertheless, a method to study the stability of algebraically decaying pulses
has been developed recently [55].

The second challenge is to consider a complex Ginzburg-Landau equation,
instead of the reduction to a real-valued amplitude A. Especially in the case
of a supercritical Ginzburg-Landau equation with complex coefficients, the per-
sistence question alone is already highly non-trivial (the associated ODE is 5-
dimensional). There is an extremely rich family of unstable localized solutions
in this case [60, 9], many of these could, a priori, be stabilized by slow diffusion.



Chapter 3

Algebraically decaying
pulses in a
Ginzburg-Landau system
with a neutrally stable
mode

The leading order behavior of small perturbations in ‘marginally unstable’ sys-
tems of nonlinear partial differential equations defined on unbounded domains
is generically determined by the complex Ginzburg-Landau equation (see [42]
and the references therein). If the destabilization is caused by two competing
instability mechanisms, the evolution of small solutions is determined by a sys-
tem of coupled equations. Such a situation is a priori of codimension 2, but
occurs very naturally in systems that have a spatially homogeneous neutrally
stable mode. This mode appears in the linear stability analysis on which the
derivation of the Ginzburg-Landau equations is based as a neither growing nor
decaying structure that has kc = 0 as critical wave number. The homogeneous
mode is diffusive, i.e., its evolution is governed by a real diffusion equation. In
general, the coupled system that describes the interaction of a Ginzburg-Landau
instability with a diffusive mode is given by{

At = α1Axx + α2A + α3|A|2A + µAB
β0Bt = β1Bxx + G(B,Bx, |A|2, |A|2x, |A|2xx), (3.1)

63
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with αi ∈ C, i = 1, 2, 3, A(x, t) : R×R
+ → C, µ, β0, β1 ∈ R, B(x, t) : R×R

+ →
R, and G a (real) function of B, Bx, |A|2, |A|2x, |A|2xx that is in general nonlinear.
Coupled equations of the type (3.1) appear in binary fluid convection [48, 49],
biological/chemical systems [8], nematic liquid crystals [20], granular media [59],
geophysical morphodynamics [40], systems with symmetries or conserved quan-
tities [7, 41, 45, 63], etc. We refer to [50] for a survey of the appearance and
relevance of systems of the form (3.1), and to Section 1.2.2 for more background
on derivation of (3.1).

The precise structure of the function G varies from case to case. In this
chapter, we focus on systems that are reversible in x, which implies that we
assume that G does not depend on Bx or |A|2x. Moreover, we also assume that
G does not depend on |A|2xx (these terms appear at leading order in systems
with a conserved quantity [41, 63]), and that it has the simple form

G(B, |A|2) = Bg1(B) + |A|2g2(B), (3.2)

with g1(0) = α and g2(0) = ν (see Remark 3.2). Note that G’s of this form
appear frequently in the literature. The stability of the diffusive, neutrally
stable mode, sometimes called the Goldstone mode, is determined by α. If
α = 0, the B-mode is truly neutral, and it does not grow or decay in the
linear analysis. In Chapter 2, we have considered the situation in which α is
small and negative, but nonzero, so that the B-mode is ‘weakly stable’ and not
‘fully neutral’. This enabled us to study the existence and stability of localized
solutions to (a simplified, real version of) (3.1) by applying methods that have
been developed in the context of reaction-diffusion equations. Note that also
systems of the form (3.1) with α �= 0 appear quite naturally in the literature. In
this chapter, we consider the case of a completely neutral mode, i.e., we assume
that g1(0) = 0 in (3.2). This means for the Taylor expansion of g1(B) that its
first term is linear in B. This is also completely natural from the point of view
of the derivation of (3.1). As a consequence, G(B, |A|2) varies quadratically in
B for small B and |A|2 = 0. This quadratic structure generates the algebraic,
i.e., non-exponential, decay in the pulse solutions of (3.1).

The forthcoming analysis has two main themes.
The first theme concerns the issue of the impact of the neutral B-mode on

the dynamics of the complex Ginzburg-Landau equation (i.e., the first equation
in (3.1) with B ≡ b0, a constant). This is especially relevant by the observations
in [48, 49] and the references therein that indicate that unstable solutions of the
Ginzburg-Landau equation can be stabilized by the interaction with a diffusive
B-mode. It has been shown in Chapter 2 that the coupling of a ‘weakly stable,
almost neutral’ B-mode to the Ginzburg-Landau equation for A indeed may
stabilize localized solutions of the Ginzburg-Landau equation that are unstable
without this coupling.
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In this chapter we study this stabilization mechanism, now in the context of
a Ginzburg-Landau equation coupled to a neutrally stable diffusive mode. As
in the previous chapter, we consider a simplified version of (3.1),{

At = Axx − A + A3 + µAB
ε2τBt = ε−2Bxx − ε2ηB2 + νA2 + βA2B.

(3.3)

Thus, we have assumed that the coefficients αi, i = 1, 2, 3 are real and re-
duced the three-component model (3.1) — recall that A(x, t) ∈ C — to a two-
component model by restricting to the case A(x, t) ∈ R. Furthermore, we follow
[48, 49] and focus on the situation in which the Ginzburg-Landau equation de-
scribes a subcritical bifurcation. We also have introduced the ‘artificial’ small
parameter 0 < ε � 1 in the B-equation. As a consequence, Bxx = O(ε2), and
thus small. Since it is natural to assume that B must be bounded, it (roughly)
follows that B = b0, a constant, at leading order in ε (on long, but bounded
spatial intervals). Thus, we may indeed interpret (3.3) as a ‘small perturbation’
of its limit problem

At = Axx − (1 − µb0)A + A3, (3.4)

a subcritical scalar Ginzburg-Landau equation. Note that this equation has an
unstable standing pulse solution (if µb0 < 1, Sections 3.1 and 3.2). Furthermore,
we have set g1(B) = −ε2ηB and g2(B) = ν + βB in (3.2). We refer to Remark
3.1 for some further background on the model and its parameters. Notice that
there are two differences between the central equation studied in Chapter 2 and
equation (3.3). The main difference is the fact that the ‘stable’ linear term
‘−ε2αB’ is now replaced by the ‘neutral’ quadratic term ‘−ε2ηB2’. The second
difference is that there is no ‘σBx’ term in (3.3) – see Remark 3.2.

As in Chapter 2, we will study the persistence and stability of the (unstable)
homoclinic pulse solution of the (uncoupled, real) Ginzburg-Landau equation
(3.4) as solution of the full system (3.3). The persistence problem corresponds to
searching for standing waves in system (3.3), (Remark 3.2), i.e., to constructing
heteroclinic or homoclinic orbits in the 4-dimensional singularly perturbed ODE,

a′ = v,
v′ = a − a3 − µab,
b′ = εd,
d′ = ε[ε2ηb2 − νa2 − βba2],

(3.5)

where the ′ represents differentiation with respect to x. A physically relevant
pulse solution satisfies limx→±∞ |A(x, t)| = limx→±∞ |B(x, t)| = 0. There-
fore, we look for homoclinic solutions γh(x) to (3.5), and corresponding pulse
solutions (Ah(x), Bh(x)), of (3.3), that satisfy limx→±∞ γh(x) = (0, 0, 0, 0).
Due to the absence of the linear term in the B-equation, this critical point
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is non-hyperbolic/degenerate. Nevertheless, the methods of geometric singular
perturbation theory can be applied, and the persistence issue can be settled
in a relatively straightforward fashion (Theorem 3.1.1). However, the pulse
(Ah(x), Bh(x)) decays algebraically slow to (0, 0) as |x| → ∞. This fact has a
significant impact on the stability analysis, which brings us to the second main
theme of this chapter.

The linear stability analysis of localized solutions that do not decay exponen-
tially fast to their ‘background states’ is the second main theme of this chapter.
This issue goes beyond the setting of the explicit model problems (3.1) and
(3.3). Recently, there has been a growing interest in the stability analysis of
localized solutions with algebraic decay. This issue appears naturally in various
settings, such as the stability analysis of contact defects [55], absolute instabili-
ties of pulses [56], and curvature effects on the spectra of spiral waves [57]. The
present study can be seen as an extension of the general methods developed in
[11, 12] to the case of pulses with algebraic decay. The approach developed here
can be applied more general (singularly perturbed) systems.

In [11, 12], a method has been developed to decompose the Evans func-
tion D(λ) associated to the stability of (Ah(x), Bh(x)) into a product of two
transmission functions (in the context of singularly perturbed reaction-diffusion
equations). The zeroes of D(λ), that correspond to the eigenvalues of the stabil-
ity problem [2, 54], are shown to be determined by the zeroes of the second ‘slow’
transmission function t2(λ). Moreover, a method, called the NLEP method, is
presented by which the t2(λ) can be computed explicitly. This (NLEP) approach
has also been used in Chapter 2 to show that the ‘weakly stable’ B-mode can
indeed stabilize unstable pulses in the Ginzburg-Landau equation. The fact
that the pulses considered in [11, 12, 13] decay exponentially is essential for the
NLEP approach (both for the decomposition of D(λ) and for the computation
of t2(λ)). More specifically, in [11, 12, 13], the 4×4 matrix A(x;λ) that governs
the stability of the pulse (see (3.26) and (3.27)) decays exponentially fast to a
constant coefficient matrix A∞(λ). This matrix, the solutions to the associated
constant coefficient problem, and the fact that ‖A(x;λ)−A∞(λ)‖ decays expo-
nentially fast as |x| → ∞, are fundamental ingredients of the NLEP approach.
In this chapter we extend the NLEP approach by introducing an ‘intermediate’
matrix Aalg(x;λ) in such a way that ‖A(x;λ)−Aalg(x;λ)‖ decays exponentially
fast, while Aalg(x;λ) only decays algebraically slow to A∞(λ). The role of the
fundamental solutions of the constant coefficient problem associated to A∞(λ) is
now played by the (four, independent) solutions of the linear system associated
to Aalg(x;λ). These solutions can be determined/approximated explicitly by
applying the WKBJ method and solving a Whittaker equation (see also [57]).

These solutions also form the backbone of the extension of the NLEP ap-
proach to pulses that decay algebraically. The Evans function can again be
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shown to be decomposable, and its zeroes are all determined by the zeroes of
an explicitly computable ‘slow’ transmission function tb(λ). However, both the
analysis and its outcome are more involved than in the standard, exponential
case. Moreover, it is found that the Evans function has a pole of order 2 at
λ = 0, the tip of the essential spectrum.

It should be noted that the extension of the NLEP approach developed
here can also be expected to be relevant beyond the setting of pulses that decay
algebraically. The methods developed in [11, 12] are based on the decomposition
of the stability problem into a fast system and a ‘trivial’ slow system (of constant
coefficient type, associated to A∞(λ)). In the class of systems considered in
[11, 12] and in Chapter 2 this slow system is indeed ‘trivial’, but it isn’t in
the context of algebraically decaying pulses. The slow limit system is also non
trivial in the stability analysis of fronts (with exponential decay!) in the class
of systems considered in [15]. Moreover, the analysis of [15] implies that the
slow limit system associated to the stability problem of a pulse is in general not
trivial, i.e., not of constant coefficients type. This feature appears to be generic
within a large class of reaction-diffusion problems. The methods developed here
are expected to be applicable too in that context.

In the final section of this chapter, we return to its first main theme and
apply the ‘algebraic NLEP approach’ to the stability problem of the pulse
(Ah(x), Bh(x)). As in the previous chapter, we first consider a linear G, i.e.,
g2(B) = ν in (3.2), or β = 0 in (3.3). It is shown that the neutral mode does have
an O(1) effect on the eigenvalues of the associated limit problem – the unstable
pulse solution of (3.4). Nevertheless, the pulse (Ah(x), Bh(x)) remains unstable
(Theorem 3.3.3). When we introduce higher order terms in the B-equation, we
need to distinguish between the 6 different cases that appear from the existence
theory (Lemma 3.1.3). In the first 4 cases, (Ah(x), Bh(x)) is unstable (Theorem
3.3.8), however, it is shown that the neutral B mode can indeed stabilize an
unstable pulse (by a Hopf bifurcation) and that (Ah(x), Bh(x)) may become
stable in the final two cases (Theorems 3.3.11 and 3.3.12).

Although the analysis of the transmission function tb(λ) is more involved,
and in fact more complete, than that in Chapter 2, it is somewhat surprising to
notice that, in the end, the stabilization mechanism in the case with a neutrally
stable B-mode acts in a way that is remarkably similar to that of Chapter 2
in which the B-mode was weakly stable. This especially holds for the nature
of the stabilization – a Hopf bifurcation – and the fact that (Ah(x), Bh(x)) can
only be stabilized in the presence of higher order nonlinear terms in G(B, |A|2).

Remark 3.1 We assume that τ > 0 and that (3.3) is fully coupled, i.e., that
µ �= 0. We also assume that η �= 0, since the presence of the B2-term in
(3.3) is crucial to the analysis (although a similar analysis can be performed
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with a cubic, or higher order, nonlinearity). By the symmetry {(B,µ, η, ν) →
(−B,−µ,−η,−ν)} of (3.3), we can thus restrict our attention to the case η > 0.
The motivation to assume that both the Bt- and the B2-terms in (3.3) are of
O(ε2) is mostly mathematical. For instance, the transitions from instability to
stability occur for these scalings of β0 (3.1) and g1(B) (3.2).

Remark 3.2 As opposed to Chapter 2, where a symmetry-breaking term σBx

was introduced in the B-equation, system (3.3) is symmetric under {x → −x}.
This symmetry is inherited by (3.5),

{(x, v, d) → (−x,−v,−d)}. (3.6)

Due to the reversibility symmetry, one typically expects to find standing wave
solutions in (3.3). Thus, we focus on the most simple persistence/existence
problem and reduce (3.3) to (3.5) in Section 3.1. As in Chapter 2, our methods
can also be applied to the setting of (slowly) travelling waves. In fact, our
methods can be applied to systems (3.1) in which the function G is less simple
than in (3.2) or (3.3). Finally, we note that (3.3) is also symmetric under
{A → −A}. The pulse solutions (Ah(x), Bh(x)) studied in this chapter have
Ah(x) > 0 for all x ∈ R. By the symmetry, our results also hold for the negative
pulses (−Ah(x), Bh(x)).

3.1 Persistence

In this section, we study the existence of stationary pulse solutions to (3.3).
The four dimensional ‘fast’ system (3.5) can alternatively be written as the slow
system

εȧ = v,
εv̇ = a − a3 − µab,

ḃ = d,

ḋ = ε2ηb2 − νa2 − βba2.

(3.7)

Here the dot denotes the derivative with respect to the slow variable ξ = εx. In
the forthcoming stability analysis it will be useful to explicitly separate the x-
regions in which the (spatial) dynamics are slow or fast. Therefore, we introduce
the fast spatial region

If = [− 1√
ε
,

1√
ε
]. (3.8)

The boundary of If is clearly in the transition zone between the slow ξ- and
the fast x-scale, i.e., |ξ| � 1 and |x| � 1 at ∂If . This condition does not
define If uniquely, nevertheless, (3.8) is also used as the standard choice for If

in [11, 15, 13].
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3.1.1 The reduced fast and slow systems

Putting ε = 0 in (3.5), we obtain the associated fast reduced system,

a′ = v,
v′ = (1 − µb0)a − a3,
b′ = 0,
d′ = 0.

(3.9)

Hence, solutions of (3.9) satisfy b ≡ b0, d ≡ d0; (3.9) is a two-parameter family
of planar, integrable systems (Figure 3.1). We assume throughout this chapter
that

1 − µb0 > 0, (3.10)

so that (3.9) has a family of (positive) homoclinic solutions

a0(x; b0) =
√

2(1 − µb0) sech(
√

1 − µb0x),

v0(x; b0) = a′
0(x; b0),

(3.11)

that satisfy limx→±∞(a0(x; b0), v0(x; b0)) = (0, 0) (Remark 3.2). These orbits
correspond to pulse solutions A(x, t) = a0(x; b0) in the uncoupled Ginzburg-
Landau equation (3.4). These pulses may persist in various forms as solu-
tion to the full equation, such as wave trains of multi-pulse patterns ([11]
and the references therein). Here, as in Chapter 2, we restrict our attention
to the most simple setting and only consider solutions of (3.3) that satisfy
limx→±∞ |A(x, t)| = limx→±∞ |B(x, t)| = 0. In other words, we look for ho-
moclinic solutions γh(x) to (3.5) that satisfy limx→±∞ γh(x) = S, where we
define S as the degenerate fixed point (0, 0, 0, 0) of (3.5).

System (3.9) possesses three 2-dimensional invariant manifolds {a0 = 0, v0 =
0} and {a0 = ±

√
1 − µb0, v0 = 0}. Only the first one, M0 := {(a0, v0, b0, d0) |

a0 = v0 = 0}, is filled with hyperbolic equilibria, and is thus a normally hy-
perbolic invariant manifold [28, 35]; M0 has 3-dimensional stable and unstable
manifolds W s(M0) and Wu(M0), which are the unions of the 2-parameter
families of one-dimensional stable and unstable manifolds of the saddle points
(0, 0, b0, d0) ∈ M0 of (3.9). For each (b0, d0) satisfying (3.10), M0 is connected
to itself by the homoclinic orbit given by (3.11). The family of homoclinic orbits
forms a 3-dimensional homoclinic manifold H = W s(M0) ∩ Wu(M0).

If ε is sufficiently small, geometric singular perturbation theory [28, 35] guar-
antees that there exists a locally invariant manifold Mε for the perturbed
system (3.5) which is diffeomorphic to and O(ε) C1-close to M0. Clearly,
Mε = M0 in the current setting. In addition, the theory states that for
0 < ε � 1 the manifold Mε has three-dimensional stable and unstable mani-
folds W s(Mε) and Wu(Mε) that are again O(ε) C1-close and diffeomorphic to
their counterparts W s(M0) and Wu(M0).
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The flow on Mε for the full system (3.5) can be determined by substituting
(a, v) = (0, 0). The resulting 2-dimensional system,

b′ = εd,
d′ = ε3ηb2,

(3.12)

has one critical point, (b, d) = (0, 0), that corresponds to S in the 4-dimensional
system (3.5). Due to the fact that there is no linear B term in (3.3), (0, 0) is de-
generate, the flow generated by (3.12) on Mε has a cusp at (0, 0). Nevertheless,
S has stable and unstable manifolds, and their restrictions to Mε together form
the cusp (see also Figure 3.2). However, due to this degeneracy, the solutions
on W s(S), respectively Wu(S), do not converge exponentially to S as x → ∞,
resp. x → −∞. The slow flow (3.12) can be integrated to obtain formulas for
the corresponding orbits in Mε, the integral being

K = d2 − 2ε2η

3
b3. (3.13)

The stable and unstable manifolds of S (restricted to Mε) correspond to K = 0,
and are given by

wu,s = Wu,s(0, 0) |Mε
= {(b, d) | d = ± ε

3

√
6|ηb3|}. (3.14)

Note that the curves wu and ws are O(ε) apart by the scaling of the B2-term
in (3.3). As in Chapter 2, this is necessary for establishing the existence of the
pulse solution of our interest. The curves wu,s can be parameterized by the
slowly varying algebraically decaying exact solutions

balg(x;X∗) = balg(x; b(0)) =
6

η(X∗ + ε2x)2
=

b(0)
(1 + ε2x

√
ηb(0)/6)2

(3.15)

of (3.12), where balg(x) is parameterized either by its value b(0) at x = 0, or by
its blow-up point x = −X∗/ε2, that are related by

X∗ =

√
6

ηb(0)
> 0. (3.16)

Note that balg(x) varies as a function of the super-slow spatial variable X =
ε2x and thus does not change (at leading order) on spatial intervals of length
O(1/

√
ε), i.e., balg(x) = b(0) (at leading order) for x ∈ If (3.8). Note also that

our choice η > 0 forces b(0) > 0 (Remark 3.1) and that ws, respectively wu, is
described by balg(x) for x > −X∗/ε2, resp. by balg(−x) for x < X∗/ε2 (3.6).

We can now formulate our main existence (or persistence) result.
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Figure 3.1: The (a0, v0) phase space of the fast subsystem.

Theorem 3.1.1 Let η > 0, µ �= 0 and ε > 0 be sufficiently small.

(i) If β = 0 and ν > 0, then (3.5) has a uniquely determined homoclinic
solution γh(x) = (ah(x), vh(x), bh(x), dh(x)) to S = (0, 0, 0, 0).

(ii) If β �= 0, then there are open regions in (µ, ν, η, β)-space in which sys-
tem (3.5) possesses 0, 1, or 2 (different) homoclinic orbits γh(x) to S =
(0, 0, 0, 0). The boundary between the regions with 0 or 2 homoclinic orbits
is formed by a codimension 1 manifold of homoclinic saddle-node bifurca-
tions.

In all cases,

|ah(x) − a0(x; b0)|, |vh(x) − v0(x; b0)|, |bh(x) − b0|, |dh(x)| = O(ε) (3.17)

uniformly for x ∈ If , with a0(x; b0), v0(x; b0) as in (3.11), and b0 a solution of

1
3

√
6ηb3

0 = 2(ν + βb0)
√

1 − µb0. (3.18)

that satisfies (3.10). Moreover, there are O(1) constants C,K > 0 such that for
x ∈ R \ If ,

|ah(x)|, |vh(x)|, |bh(x) − balg(|x|; b(0))|, |εdh(x) − d

dx
balg(|x|; b(0))| < Ce−K|x|,

(3.19)
with b(0) = b0 +O(ε) and balg(x; b(0)) as in (3.15). The orbits γh(x) correspond
to standing pulse solutions (Ah(x), Bh(x)) = (ah(x), bh(x)) of (3.3) that decay
algebraically to (0, 0) as |x| → ∞.
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In Chapter 2, similar results have been proved for a coupled Ginzburg-Landau-
diffusion equation with linear decay in the B-equation. The situation there is
standard, since the flow on Mε is non-degenerate and linear. Nevertheless, apart
from the algebraic decay of the B-component, the persistence results for (3.3) are
qualitatively remarkably similar to those in Chapter 2: if β = 0, i.e., if there are
no higher order terms in the B-equation, then there is a uniquely determined
homoclinic solution γh(x) to (0, 0, 0, 0) in (3.5). This uniqueness is lost, and
homoclinic saddle-node bifurcation occur if β �= 0. Quantitatively, there are of
course differences. We refer to Lemma 3.1.3 for a more detailed description of
the open regions in (µ, ν, η, β)-space mentioned in Theorem 3.1.1 (ii). We will
consider each of the 6 cases discussed in this lemma in detail in the stability
analysis (Section 3.3.2).

3.1.2 The proof of Theorem 3.1.1

Although the critical point S ⊂ Mε is degenerate, the slow manifold Mε itself
is normally hyperbolic. This fact is crucial in the proof of Theorem 3.1.1, since
it allows us to apply the standard machinery of geometric singular perturbation
theory.

The stable and unstable manifolds W s(Mε) and Wu(Mε) no longer merge in
a homoclinic manifold H if ε �= 0, but may intersect in one or more 2-dimensional
surfaces. If homoclinic orbits to the point S exist, they must lie in one of these
intersections. Since the system (3.5) is an O(ε) perturbation of an integrable
system with periodic orbits inside H, components of Wu(Mε) and W s(Mε)
inside H wind around and intersect the hyperplane {v = 0} several times.
Adiabatic Melnikov theory [51] provides a measure ∆(b0, d0) that determines
the leading order distance (divided by ε) between the (first) intersections of
Wu(Mε) and W s(Mε) with {v = 0},

∆(b0, d0) =
∫ ∞

−∞
µd0a0(x; b0)v0(x; b0)x dx, (3.20)

with a0(x; b0), v0(x; b0) as in (3.11). The zeroes of ∆(b0, d0) give the intersections
of Wu(Mε) and W s(Mε). The integrand in (3.20) is an even function of x,
thus, since µ �= 0, these intersections must have d0 = 0 (the integral can also
be explicitly computed, see Chapter 2). A priori this is only a leading order
result, however it follows by the reversibility symmetry (3.6) and the fact that
Wu,s(Mε) are O(ε) C1−close to Wu,s(M0) that

Wu(Mε) ∩ W s(Mε) ∩ {v = 0} ⊂ {d = 0}.

This determines a one-parameter family of orbits biasymptotic to Mε. For
any such orbit γ(x;x0), i.e., with initial condition x0 = γ(0;x0) ∈ Wu(Mε) ∩
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Figure 3.2: Sketch of a homoclinic solution γh(x) as given by Theorem 3.1.1.

W s(Mε)∩{v = 0} there exist two orbits γ±(x;x±
0 ) ⊂ Mε such that ‖γ(x;x0)−

γ+(x;x+
0 )‖, respectively ‖γ(x;x0)− γ−(x, x−

0 )‖, is exponentially small in ε and
x for x ≥ 1/

√
ε, resp. x ≤ −1/

√
ε. An orbit γh(x) = γ(x;x0) is homoclinic

to S ∈ Mε if its base point x+
0 satisfies x+

0 ⊂ ws (3.14), with ws the stable
manifold of S on Mε. This automatically implies by (3.6) that x−

0 ⊂ wu.
In Figure 3.2, γh(x) = γ(x;x0) is sketched, together with its initial condition
x0 = γ(0, x0) ∈ Wu(Mε) ∩ W s(Mε) ∩ {v = 0} and its base points x±

0 ∈ Mε.
The take off curve To ⊂ Mε, respectively touch down curve Td ⊂ Mε, rep-

resents the collection of base points of the solutions in Wu(Mε), resp. W s(Mε)
that are asymptotic to Mε as x → ∞, resp. x → −∞. Hence,

To :=
⋃
x0

{x−
0 = γ−(0, x−

0 )}, Td :=
⋃
x0

{x+
0 = γ+(0, x+

0 )}, (3.21)

where the unions are over all x0 ∈ W s(Mε) ∩ Wu(Mε) ∩ {v = 0}. The sets
To and Td can be determined by computing the accumulated change in b and
d of γ(x;x0) ⊂ Wu(Mε) ∩ W s(Mε) during half a circuit through the fast field
(using (3.5), (3.9), (3.11) – see [11, 13]. Since the degeneracy of S does not
appear at leading order in the fast field, the calculations are identical to those
in Chapter 2 and result in

To =
{
(b0, d

−
0 ) | d−0 = 2ε(ν + βb0)

√
1 − µb0

}
, (3.22)

up to corrections of O(ε2| log ε|); Td = {(b0, d
+
0 ) | d+

0 = −d−0 }, by the symmetry
(3.6).

The orbit γ(x;x0) ⊂ Wu(Mε)∩W s(Mε) is homoclinic to S if its base point
x−

0 , given by (3.22), is on wu, i.e., if To intersects wu and thus if (3.18) in
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Theorem 3.1.1 holds. By (3.6), this immediately implies that also Td ∩ ws �= ∅.
The following two lemmas are obtained by a straightforward analysis of (3.18)
and give more quantitative information on parts (i) and (ii) of Theorem 3.1.1.

Lemma 3.1.2 Let µ �= 0, ν > 0, η > 0, β = 0, and . ε sufficiently small: (3.18)
determines a unique value b0(µ, ν) at which To intersects wu transversally.

Lemma 3.1.3 Let β �= 0, η > 0, and ε > 0 be sufficiently small. The number
of transversal intersections between wu and To depends on the parameters µ, ν,
β and η > 0 in the following way:

(i) If µ > 0, ν < 0, β ≤ −µν or µ < 0, ν < 0, β < 0, then To ∩ wu = ∅ for
all η.

(ii) If µ > 0, ν > 0 or µ < 0, ν > 0, β < 0, then To ∩wu consists of one point
for each η.

(iii) If µ > 0, ν < 0, β > −µν, then there exists an ηsn > 0 such that To ∩ wu

contains two points for η < ηsn, To ∩ wu = ∅ for η > ηsn.

(iv) If µ < 0, ν > 0, β > 0, then there exists an η� > 0, with η� = −6β2µ +
O(ε), such that To ∩ wu = ∅ for η < η�; To ∩ wu consists of one point for
η > η�.

(v) If µ < 0, ν < 0, β > 0 and β − 2µν > 0, then there exists an η� > 0,
η� = −6β2µ + O(ε) and an ηsn > η� > 0, such that To ∩ wu consists of
one point for η < η�, and of two points for η� < η < ηsn; To ∩ wu = ∅ for
η > ηsn.

(vi) If µ < 0, ν < 0, β > 0 and β − 2µν < 0, then there exists an η� > 0,
η� = −6β2µ + O(ε), such that To ∩ wu consists of one point for η < η�;
To ∩ wu = ∅ for η > η�.

The relative positions of To and wu are sketched in Figure 3.3 for each of the
6 cases. Note that we have for simplicity decided to not consider the transitional
cases such as ν = 0, β − 2µν = 0, etc. in the statement of this lemma. The
following lemma gives a more quantitative description of the non-transversal
intersection that occurs at a saddle-node bifurcation (see also Section 3.2.5).

Lemma 3.1.4 The intersections To ∩ lu and Td ∩ ls are non-transversal for
parameter combinations at which both (3.18) and

1
2

√
6ηb0 = −µ(ν + βb0)√

1 − µb0

+ 2β
√

1 − µb0 (3.23)
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hold (at leading order). For these parameter combinations, a saddle-node bifur-
cation of homoclinic orbits takes place. Such a saddle-node bifurcation cannot
occur if β = 0.

The existence of an homoclinic orbit γh(x) ⊂ Wu(Mε) ∩ W s(Mε) now fol-
lows from the above geometrical construction in combination with the Melnikov
method and the quantitative results on the relative positions of To and wu of
Lemmas 3.1.2 and 3.1.3. Since the arguments are in essence identical to those
in (for instance) [11] and Chapter 2 we refrain from giving more details.

The approximations (3.17) and (3.19) of the components (ah(x), vh(x), bh(x),
dh(x)) in Theorem 3.1.1 both follow immediately from the asymptotic construc-
tion of γh(x); (3.17) is based on the standard — see [11] and Chapter 2 — ap-
proximations in the fast field If , i.e., the part of γh(x) that is not exponentially
close to the slow manifold Mε.

A direct application of Fenichel theory yields that all orbits in Wu(Mε) ∩
W s(Mε) are exponentially close to Mε outside If . This is quantitatively de-
scribed by the estimates on ah(x) and vh(x) in (3.19). The take off point
associated to γh(x) is, by construction, on wu (and, by (3.6), its touch down
point on ws). Thus, for x ∈ R \ If , γh(x) must be exponentially close to either
wu ⊂ Mε or ws ⊂ Mε. Note that this observation is completely independent
of the (singular) nature of the stable and unstable manifold ws,u of S. The slow
manifold Mε is exactly given by {a, v, b, d) : a = v = 0}, thus, the flow on Mε is
determined by (3.12), without any higher order corrections in ε. Therefore, ws,u

are exactly given by the explicit solution balg(x; b(0)) in which b(0) is the only
free parameter left. Hence, the estimates on bh(x) and dh(x) in (3.19) follow.
The construction of γh(x) automatically yields the leading order approximation
b(0) = b0 (with b0 determined by (3.18)).

3.2 Linear stability analysis

The linearized stability of the homoclinic pulse solutions (Ah(x), Bh(x)) of (3.3)
can be determined by an Evans function method. However, since the pulse
(Ah(x), Bh(x)) does not converge exponentially to (0, 0) as x → ±∞, we need
to adapt the standard approach. Nevertheless, we can use the fact that the
constructed single pulse solutions consist of a fast part, that decays on an expo-
nential scale, and two slow parts close to the slow manifold for which the decay
is only algebraic, to establish a decomposition of the Evans function D(λ) into
a product of two explicitly computable transmission functions ta(λ) and tb(λ).
The fact that Bh(x) does not decay exponentially is especially encoded in tb(λ),
that will have a much more complex structure than in the standard exponential
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Figure 3.3: On page 76 and 77, the various possible relative positions of To

and wu of Lemma 3.1.3. (i) For all η > 0 there are no intersections. (ii) For
all η > 0 there is one intersection. (iii) By varying η, wu moves from wu

1 , for
which there are two intersections, to wu

3 (no intersections). In between, a saddle-
node bifurcation occurs at η = ηsn, To and wu

2 are tangent. (iv) Depending
on η, there are no intersections (wu

1 ) or there is one intersection (wu
2 ). (v) One

intersection (wu
1 ), two intersections (wu

2 ), or no intersections (wu
3 ). (vi) One

intersection (wu
1 ) or no intersections (wu

2 ).
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case [11] and Chapter 2. Moreover, we will find that D(λ) has a pole of order 2
at λ = 0, while it is smooth (and non-zero) near λ = 0 in the exponential case.

3.2.1 Preliminaries

We linearize around (Ah(x), Bh(x)) and, with a small abuse of notation, re-
introduce a(x) and b(x) by

A(x, t) = Ah(x) + a(x)eλt,
B(x, t) = Bh(x) + b(x)eλt,

(3.24)

where (A(x, t), B(x, t)) is a solution of (3.3) and λ ∈ C. The linearized sta-
bility of the homoclinic pulse solution is thus determined by the following 4-
dimensional eigenvalue problem

−λa = a − 3A2
ha − µAhb − µBha − axx,

−ε2τλb = 2ηε2Bhb − 2νAha − 2βAhBha − βA2
hb − ε−2bxx.

(3.25)

This equation can be written as a system of first order ODEs by introducing
the vector φ(x) = (a(x), v(x), b(x), d(x))�, with ax = v and bx = εd:

φx = A(x;λ, ε)φ, (3.26)

where A(x;λ, ε) is given by


0 1 0 0
λ + 1 + 3A2

h(x) + µBh(x) 0 −µAh(x) 0
0 0 0 ε

−ε[2νAh(x) + 2βAh(x)Bh(x)] 0 ε[ε2τλ + 2ηε2Bh(x) − βA2
h(x)] 0


 .

(3.27)
Taking the limit |x| → ∞ in A(x;λ, ε) yields the constant coefficient matrix

A∞(λ, ε) =




0 1 0 0
λ + 1 0 0 0

0 0 0 ε
0 0 ε3τλ 0


 . (3.28)

The eigenvalues and eigenvectors of A∞(λ, ε) are given by

Λ1,4(λ, ε) = ±
√

λ + 1, E1,4(λ, ε) = (1,Λ1,4(λ, ε), 0, 0)�,

Λ2,3(λ, ε) = ±ε2
√

τλ, E2,3(λ, ε) = (0, 0, 1,Λ2,3(λ, ε)/ε)�.
(3.29)

Although the decay of A(x;λ) to A∞(λ) is only algebraic in x, the essential
spectrum σe of the linear eigenvalue problem (3.25), or (3.26), is still determined
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by values of λ for which either one of the eigenvalues Λj(λ) of A∞(λ) is purely
imaginary [32], i.e.,

σe = {λ ∈ C : λ ∈ (−∞, 0]} (3.30)

(recall that τ > 0). Note that although λ = 0 ∈ σe, it can still be inter-
preted as an eigenvalue, since it corresponds naturally to the (algebraically
decaying) eigenfunction of (3.26) given by the derivative of the wave, i.e.,
( d

dxAh(x), d
dxBh(x)). The region Cc is defined as the complement of σe,

Cc := C \ σe = {λ ∈ C : |λ| > 0, arg λ ∈ (−π, π)} (3.31)

For λ ∈ Cc, the eigenvalues Λj(λ) of A(λ) can be ordered as follows,

Re Λ1(λ) > Re Λ2(λ) > 0 > Re Λ3(λ) > Re Λ4(λ).

Note that the essential spectrum σe coincides with the absolute spectrum σa

of (3.26), or (3.25), since Re Λ2(λ) = Re Λ3(λ) for λ ∈ σe — see [54] for the
definition of σa. This is natural, since (3.26) admits the reversibility symmetry
x → −x. However, this also implies, in combination with the fact that A(x;λ)
does not converge exponentially, that the Evans function D(λ) associated to
(3.26) cannot be expected to be smooth near σe ([55] and Section 3.2.5). Note
also that the point λ = 0 is part of the essential/absolute spectrum σe, since
there is no linear damping in the B-equation in (3.3). This property of σe makes
it far from trivial to conclude nonlinear stability from linearized stability. We do
not consider the issue of the nonlinear stability of the pulse (Ah(x), Bh(x)) here.
In this chapter, we focus completely on the spectral stability of (Ah(x), Bh(x)),
where we define (Ah(x), Bh(x)) to be spectrally stable if the part of the discrete
spectrum σd of (3.26) outside λ = 0 is in the stable half plane, i.e., if

σd \ {λ = 0} ⊂ {λ ∈ C : Re(λ) < 0}.

3.2.2 The matrix Aalg(x; λ) and its solutions

In the classical construction of an Evans function D(λ) it is assumed (and used)
that the matrix A(x;λ) of an eigenvalue problem of the type (3.26) converges
exponentially to its limit A∞(λ) as x → ±∞. The 4 fundamental solutions
φi(x;λ) of (3.26) by which D(λ) is defined are described by their limit behavior
(for x → ±∞) in terms of the exponential solutions of the constant coefficient
problem associated to A∞(λ) [2, 54]. Such a construction is not immediately
possible for this problem, since ‖A(x;λ)−A∞(λ)‖ only decays algebraically as
x → ±∞.
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However, the matrix A(x;λ) does decay exponentially fast (for x → ±∞) to
the matrix Aalg(x;λ), that is defined by

Aalg(x;λ, ε) :=




0 1 0 0
λ + 1 + µbalg(|x|) 0 0 0

0 0 0 ε
0 0 ε3[τλ + 2ηbalg(|x|)] 0


 , (3.32)

with balg(x) as in (3.15). In fact, it follows from Theorem 3.1.1 and especially
(3.19) that there are positive constants C and K such that

‖A(x;λ) −Aalg(x;λ)‖ < Ce−K|x| (3.33)

uniformly in λ ∈ C, i.e., A(x;λ) decays exponentially fast to Aalg(x;λ) on
the fast spatial scale. The approximation Aalg(x;λ) of A(x;λ) is only relevant
outside the fast region If (3.8). We will thus only consider it for |x| ≥ 1/

√
ε.

Note that ‖A(x;λ) −Aalg(x;λ)‖ is exponentially accurate, in ε as well as in x,
outside If .

In the construction of the Evans function associated to (3.26), we now let the
matrix Aalg(x;λ) and its solutions play the role that A∞(λ) and its exponential
solutions play in the standard exponential setting. This choice is both motivated
by the exponential convergence of A(x;λ) to Aalg(x;λ) and the fact that we can
explicitly construct all solutions of

ψx = Aalg(x;λ)ψ, (3.34)

i.e., we can explicitly determine the counterparts of the exponential solutions
in the standard exponential case. We can use these functions to prescribe the
behavior of the solutions of (3.26) with exponential accuracy (outside the fast
region If ) and define an Evans function based on the limit behavior of the
solutions of (3.34).

The matrix Aalg(x;λ) has a block-diagonal structure, and (3.34) is equivalent
to two uncoupled second order equations,

axx = [λ + 1 − µbalg(|x|)]a, (3.35)

and
bxx = ε4[τλ + 2ηbalg(|x|)]b. (3.36)

Note that both equations have inherited the reversibility symmetry of (3.1), so
we may restrict our attention to the case x ≥ 1/

√
ε > 0. Since balg(x) only

varies on a slow spatial scale outside If (3.15), (3.35) can be solved by a WKBJ
approach for λ ∈ Cc (3.31).
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Lemma 3.2.1 Let λ ∈ Cc and define for x > 0

H(X) = H(ε2x) =

√
λ + 1 − 6µ

η(X∗ + ε2x)2
,

with X∗ as in (3.16). The solutions of (3.35) are spanned by a±(x;λ), with

a±(x) = A±(ε2x)e±
R x
0 H(ε2s) ds.

Moreover, there is a C > 0 independent of ε such that∣∣∣∣∣A±(ε2x) − 1√
H(ε2x)

∣∣∣∣∣ < Cε

for all x > 0.

This lemma is proved by direct substitution. Note that there are no turning
points, i.e., H(X) �= 0, since λ + 1 − µbalg(x) > λ + 1 − µb0 > 0 for λ ∈ R \ σe

(3.15), (3.10). Note also that the solutions a±(x) decay/grow exponentially on
the fast spatial scale, and that

lim
x→∞ a±(x;λ)e∓

√
λ+1x =

1 + O(ε)
(1 + λ)1/4

e±
C∞
ε2 �= 0, (3.37)

with

C∞ = C∞(
√

λ + 1) =
∫ ∞

0

[√
λ + 1 − 6µ

η(X∗ + X)2
−
√

λ + 1

]
dX. (3.38)

Hence, the decay/growth rates of a±(x) relax algebraically on the slow spatial
X = ε2x-scale to the decay/growth rates associated to the O(1) eigenvalues
Λ1,4(λ) of the matrix A∞(λ) (3.29).

For λ �= 0, equation (3.36) defines a Whittaker equation for W (z) = b(x)
where z = 2

√
τλ(X∗ + ε2x),

Wzz +
{
−1

4
+

κ

z
+

1
4 − µ2

z2

}
W = 0, (3.39)

with κ = 0 and µ = 7
2 [3, 58].

Lemma 3.2.2 Let λ ∈ Cc and define z = 2
√

τλ(X∗ + ε2x) for x > 0. The
solutions of (3.36) are spanned by b±(x;λ) that are given by

b+(x;λ) =
(
−120

z3
+

60
z2

− 12
z

+ 1
)

e
z
2 ,

b−(x;λ) =
(

120
z3

+
60
z2

+
12
z

+ 1
)

e−
z
2 .

(3.40)



82 CHAPTER 3. ALGEBRAICALLY DECAYING PULSES

As a±(x), the solutions b±(x) decay/grow exponentially as x → ∞, but now on
the slow spatial scale,

lim
x→∞ b±(x;λ)e∓ε2√τλx = 1. (3.41)

The decay/growth rates of b±(x) correspond to the O(ε2) eigenvalues Λ2,3(λ)
of A∞(λ) (3.29).

Proof of Lemma 3.2.2 Since κ = 0, (3.39) can be transformed into a Bessel
equation by introducing y(ζ) = W (2iζ)/

√
ζ,

d2y

dζ2
+

1
ζ

dy

dζ
+ (1 − µ2

ζ2
)y = 0,

that has the Bessel functions J± 7
2
(ζ),

J+ 7
2
(ζ) =

√
2

πζ

[(
15
ζ3 − 6

ζ

)
sin ζ −

(
15
ζ2 − 1

)
cos ζ

]
,

J− 7
2
(ζ) = −

√
2

πζ

[(
15
ζ3 − 6

ζ

)
cos ζ +

(
15
ζ2 − 1

)
sin ζ
]

as solutions [3, 58]. The Bessel functions J± 7
2
(ζ) correspond to two independent

solutions W± 7
2
(z) of (3.39) through

W+ 7
2
(z) =

√
πζ

2
J+ 7

2
(ζ), W− 7

2
(z) = i

√
πζ

2
J− 7

2
(ζ)

with z = ζ
2i , so that

W+ 7
2
(z) = −

(
120
z3 + 12

z

)
sinh z

2 +
(

60
z2 + 1

)
cosh z

2 ,

W− 7
2
(z) = −

(
120
z3 + 12

z

)
cosh z

2 +
(

60
z2 + 1

)
sinh z

2 .
(3.42)

Finally, we set b+(x;λ) = W+ 7
2
(z)+W− 7

2
(z) and b−(x;λ) = W+ 7

2
(z)−W− 7

2
(z).

�

Corollary 3.2.3 Let λ ∈ Cc. For x > 0, the solutions of (3.34) are spanned by
the 4 vector-valued functions ψ+

±,a,b(x), where

ψ+
±,a(x;λ) = (a±(x;λ),

da±
dx

(x;λ), 0, 0)�,

ψ+
±,b(x;λ) = (0, 0, b±(x;λ),

1
ε

db±
dx

(x;λ))�.
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By the reversibility symmetry, the solutions of (3.34) are for x < 0 spanned by
ψ−
±,a,b(x), with

ψ−
±,a(x;λ) = (a∓(−x;λ),−da∓

dx
(−x;λ), 0, 0)�,

ψ−
±,b(x;λ) = (0, 0, b∓(−x;λ),−1

ε

db∓
dx

(−x;λ))�.

Note that ψ−
+,a,b(x;λ) → (0, 0, 0, 0)� as x → −∞, i.e., the ± in the subscript

of ψ±
±,a,b(x;λ) indicates the sign of the exponent of its exponential component.

3.2.3 The Evans function D(λ) and its decomposition

For λ ∈ Cc, (3.26) has a two-dimensional space of solutions that approach
(0, 0, 0, 0)� as x → −∞, denoted by Φ−(x;λ), and a two-dimensional space
of solutions that approach (0, 0, 0, 0)� as x → +∞, Φ+(x;λ). Since Aalg(x;λ)
is an exponentially accurate approximation of A(x;λ) (3.33), we may conclude,
using standard methods for linear ODEs, that Φ−(x;λ), respectively Φ+(x;λ),
is approximated by the span of ψ−

+,a(x;λ) and ψ−
+,b(x;λ), resp. ψ+

−,a(x;λ) and
ψ+
−,b(x;λ).

Lemma 3.2.4 Let λ ∈ Cc and let ε > 0 be small enough. The manifold
Φ−(x;λ), respectively Φ+(x;λ), is spanned by solutions φ−

+,a(x;λ) and φ̃−
+,b(x;λ),

resp. φ+
−,a(x;λ) and φ̃+

−,b(x;λ), of (3.26), where φ±
∓,a(x;λ) and φ̃±

∓,b(x;λ) are
such that

‖φ±
∓,a(x;λ) − ψ±

∓,a(x;λ)‖ < Ce∓Kx, ‖φ̃±
∓,b(x;λ) − ψ±

∓,b(x;λ)‖ < Ce∓Kx,

for ±x ≥ 1/
√

ε and some O(1) constants C,K > 0. Moreover,

limx→±∞ φ±
∓,a(x;λ)e±

√
λ+1x = 1+O(ε)

(1+λ)1/4 e−
C∞
ε2
(
1,±

√
1 + λ, 0, 0

)�
,

limx→±∞ φ̃±
∓,b(x;λ)e±ε2√τλx =

(
0, 0, 1,±ε

√
τλ
)�

,

with C∞ as in (3.38).

The solution φ−
+,a(x;λ) is determined uniquely, while φ̃−

+,b(x;λ) is part of a
one-parameter family, i.e.,

φ̃−
+,b(x;λ) = φ−

+,b(x;λ) + sφ−
+,a(x;λ), (3.43)

for some s ∈ R and some ‘special’ φ−
+,b(x;λ). As in the standard exponential

case [11] and Chapter 2, the choice of φ−
+,b(x;λ) will enable us to decompose

and explicitly compute the Evans function associated to (3.26). This choice is
determined by the behavior of φ−

+,b(x;λ) for x ≥ 1/
√

ε.



84 CHAPTER 3. ALGEBRAICALLY DECAYING PULSES

Lemma 3.2.5 Let λ ∈ Cc, let ε > 0 be small enough and let ψ+
+,a(x;λ) and

ψ+
+,b(x;λ) as defined in Corollary 3.2.3. There is a uniquely determined analytic

transmission function ta(λ, ε) and O(1) constants C,K > 0 such that

‖
(
φ−

+,a(x;λ) − ta(λ)ψ+
+,a(x;λ)

)
e−

R x
0 H(ε2s) ds‖ < Ce−Kx, (3.44)

for x ≥ 1/
√

ε, with H(ε2x) as in Lemma 3.2.1. For λ such that ta(λ) �= 0, there
is a uniquely determined φ−

+,b(x;λ) ⊂ Φ−(x;λ) such that

‖φ−
+,b(x;λ)e−

R x
0 H(ε2s) ds‖ < Ce−Kx,

for x ≥ 1/
√

ε. For this solution φ−
+,b(x;λ), there are two additional meromor-

phic transmission functions, tb(λ, ε) and tc(λ, ε), such that

‖φ−
+,b(x;λ) − tb(λ)ψ+

+,b(x;λ) − tc(λ)ψ+
−,b(x;λ)‖ < Ce−Kx, (3.45)

for x ≥ 1/
√

ε.

Note that ψ+
−,b(x;λ) decays (slowly) as x → ∞, so that tb(λ) measures the

(slow) growth of φ−
+,b(x;λ).

Proof Due to the exponential convergence of Aalg(x;λ) to A(x;λ) we can
apply the arguments of [2, 11, 12]. The growth for x ≥ 1/

√
ε of the solutions of

(3.26) is determined by the fastest growing solution of (3.34), i.e., by ψ+
+,a(x;λ)

(Corollary 3.2.3). The transmission function ta(λ) as defined in (3.44) measures
this growth for φ−

+,a(x;λ); it is by construction uniquely determined and analytic
as function of λ for λ ∈ Cc [2].

The 3-dimensional subspace Φw(x, λ) of solutions φ(x;λ) of (3.26) for which
there are O(1) constants C,K > 0 such that

‖φ(x;λ)e−
R x
0 H(ε2s) ds‖ < Ce−Kx,

for x ≥ 1/
√

ε consists of all φ(x;λ) that do not grow as ψ+
+,a(x;λ). Since

Φ−(x, λ) is two-dimensional, the intersection Φw(x, λ) ∩ Φ−(x, λ) must be at
least one-dimensional. Clearly, φ−

+,a(x;λ) ⊂ Φ−(x, λ) cannot be an element of
this intersection if ta(λ) �= 0. Thus, for λ such that ta(λ) �= 0, there must be
a one-dimensional subset of Φ−(x, λ), i.e., a one-parameter family of solutions
that decay to (0, 0, 0, 0)� as x → −∞, that is also a subset of Φw(x, λ). The
boundary condition as given in Lemma 3.2.4 determines the ‘special choice’
φ−

+,b(x;λ) ⊂ Φw(x, λ) ∩ Φ−(x, λ) uniquely.
For solutions within Φw(x, λ), the growth (for x ≥ 1/

√
ε) is determined by

the slowly growing solution ψ+
+,b(x;λ) of (3.34); apart from ψ+

+,b(x;λ), Φw(x, λ)
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is furthermore spanned by two solutions that are exponentially close to the
(decaying) solutions ψ+

−,b(x;λ) and ψ+
−,a(x;λ) (this again follows from (3.33)).

The function tb(λ) measures by definition the (slow) growth of φ−
+,b(x;λ), tc(λ)

measures the slow component of the decay of φ−
+,b(x;λ). The remaining term

φ−
+,b(x;λ)−tb(λ)ψ+

+,b(x;λ)−tc(λ)ψ+
−,b(x;λ) is exponentially close to ψ+

−,a(x;λ),
that also decays exponentially (on an O(1) spatial scale), so that (3.45) follows.

The transmission functions tb,c(λ) are by construction analytic for those
λ ∈ Cc for which they are defined. However, they may have poles at the zeroes
of ta(λ) [11], and they are thus meromorphic as function of λ. �

For λ ∈ Cc and ε small enough, we can now define the (standard [2, 11])
Evans function D(λ) associated to (3.26) by

D(λ, ε) := det
[
φ−

+,a(x;λ), φ−
+,b(x;λ), φ̃+

−,b(x;λ), φ+
−,a(x;λ)

]
, (3.46)

where φ+
−,a(x;λ) and φ̃+

−,b(x;λ) are given by the natural counterpart of Lemma
3.2.4; φ+

−,a(x;λ) is determined uniquely and φ̃+
−,b(x;λ) can be chosen from a one-

parameter family of solutions such that it depends analytically on λ for λ ∈ Cc.
The trace of A(x;λ) is 0 (3.27), thus D(λ) does not depend on x. Although
φ−

+,b(x;λ) may have a pole (as function of λ) at a zero of ta(λ), D(λ) is analytic
as function of λ for λ ∈ Cc. To see this, we can define the alternative Evans
function D̃(λ) by replacing φ−

+,b(x;λ) in (3.46) by a φ̃−
+,b(x;λ) that depends

analytically on λ; D̃ is thus analytic in λ (for λ ∈ Cc). Clearly, φ̃−
+,b(x;λ) and

φ−
+,b(x;λ) must be related as in (3.43), where s = s(λ) will have poles at the

singularities of tb(λ) and φ−
+,b(x;λ). It follows from (3.43) that D(λ) = D̃(λ)

for all λ ∈ Cc such that ta(λ) �= 0. Thus, D(λ) is analytic in Cc, the singularities
of D(λ) are removable.

Following [11], we can now consider the limit x → ∞ in (3.46),

D(λ) = lim
x→+∞det

[
φ−

+,a(x;λ), φ−
+,b(x;λ), φ̃+

−,b(x;λ), φ+
−,a(x;λ)

]

= lim
x→+∞det

[
ta(λ)ψ+

+,ae−
√

λ+1x, tb(λ)ψ+
+,be

−ε2√τλx, ψ+
−,be

ε2√τλx, ψ+
−,ae

√
λ+1x
]

= ta(λ)tb(λ) det
[

1+O(ε)
(1+λ)1/4 e

C∞
ε2 E1(λ), E2(λ), E3(λ), 1+O(ε)

(1+λ)1/4 e−
C∞
ε2 E4(λ)

]
= 4ε

√
τλ ta(λ, ε) tb(λ, ε) (1 + O(ε)),

(3.47)
by Lemmas 3.2.4 and 3.2.5 (and (3.29),(3.37), (3.41) — note that the two ex-
ponential terms cancel). Thus, the zeroes of D(λ) are determined by the zeroes
of ta(λ) and tb(λ). As in the standard, exponential, case [11] and Chapter 2
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we will find that tb(λ) may have a pole at a zero of ta(λ), so that D(λ) can be
non-zero if ta(λ) = 0.

The transmission function ta(λ) is completely associated to the fast dynamics
of (3.26), i.e., the a-equation in (3.25). In fact, its zeroes are at leading order
given by the eigenvalues of the Sturm-Liouville problem

(Lf − λ) a = aξξ + [3a2
0(x) − (1 − µb0 + λ)]a = 0 (3.48)

associated to the stability of the (unstable) standing pulse solution a0(x; b0) of
the singular limit (3.4) of (3.3). The pulse solution a0(x; b0) of (3.4) coincides
with the homoclinic solution of the fast reduced system (3.9) given in (3.11).
The eigenvalue problem (3.48) has two eigenvalues, λ0

f = 3(1−µb0) and λ1
f = 0,

see Lemma 2.2.3.

Lemma 3.2.6 Let ε > 0 be small enough. The transmission function ta(λ) has
a unique zero λa(ε) = λ0

f + O(ε) = 3(1 − µb0) + O(ε) in Cc. It can be written
as ta(λ) = λ t̃a(λ) with t̃a(λ) such that limλ→0 t̃a(λ) = t̃a(0) exists.

Proof The relation between the first/fast transmission function, here ta(λ),
and the stability problem that arises in a (fast) singular limit, and especially
the fact that all eigenvalues λj

f associated to the fast reduced limit problem
persist as zeroes of this transmission function, has been established in a more
general setting in [11]. Since ta(λ) is a measure for the fast dynamics in (3.26),
φ−

+,a(x;λ) and ψ−
+,a(x;λ) are both exponentially small for x ≤ −1/

√
ε, and since

the A-component of the (Ah(x), Bh(x))-pulse decays at an exponential rate, the
methods in [11] carry over directly to this setting. Moreover, ta(λ) can be defined
in a neighborhood of λ = 0, i.e., inside a part of σe, since the solutions associated
to the a-component in (3.26) have O(1) exponential decay/growth rates for all
λ such that λ > −(1 − µb0) (3.35), (3.10). Thus, the eigenvalue λ1

f = 0 of the
fast reduced limit problem also persists and ta(λ) must have a zero near λ = 0.
The derivative of the wave ( d

dxAh(x), d
dxBh(x)) is an eigenfunction of (3.26) at

λ = 0 of which the O(1) part decays exponentially with an O(1) rate. Hence,
( d

dxAh(x), d
dxBh(x)) ∈ span{φ−

+,a(x;λ)} which implies that ta(0) = 0 and thus
that ta(λ) = λ t̃a(λ) with t̃a(0) well-defined. �

In the upcoming section it will be shown that tb(λ) must have a pole at
λa(ε), i.e., that λa(ε) is not a zero of D(λ).

Corollary 3.2.7 Let λ ∈ Cc and let ε > 0 be small enough. The zeroes of the
Evans function D(λ, ε), i.e., the eigenvalues associated to (3.26), are determined
by the zeroes of the transmission function tb(λ, ε).
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3.2.4 The NLEP approach for algebraically decaying pulses

Although we had to adapt the procedure by which we constructed the Evans
functions, i.e., we had to introduce the matrix Aalg(x;λ), the main outcome of
our approach, Corollary 3.2.7 and especially decomposition (3.47), is completely
similar to that of the standard case with exponentially decaying pulses as in [11]
and Chapter 2. In this section, we will see that the NLEP method, by which
tb(λ) will be computed, can also be extended to the case of algebraically decaying
pulses. However, the analysis and the resulting expression for tb(λ) are much
more involved than in the exponential case (see Remark 3.4). Moreover, we
will find that D(λ) has a pole of order 2 at λ = 0, while its counterpart in
the exponential case is well-defined at λ = 0. Therefore, the structure of D(λ)
near λ = 0, and its relation to saddle-node bifurcations (Lemma 3.1.4), will be
studied in more detail in Section 3.2.5.

To compute tb(λ), we first note by the b-equation in (3.25) that the b-
component b−+,b(x;λ) of φ−

+,b(x;λ) must remain constant (at leading order) over
the fast interval If . It thus follows from Lemma 3.2.4, Corollary 3.2.3, and
Lemma 3.2.2 that

b−+,b(0) = b−+,b(−
1√
ε
) + O(ε) = b−(+

1√
ε
) + O(ε)

=
Λ3 + 6Λ2 + 15Λ + 15

Λ3
e−Λ + O(ε),

(3.49)

with

Λ = Λ(λ) :=

√
6τλ

ηb0
(3.50)

((3.16) with b(0) = b0 + O(ε), Theorem 3.1.1). By Lemma 3.2.5, it also follows
that

b−+,b(0) =
Λ3 − 6Λ2 + 15Λ − 15

Λ3
eΛ tb(λ)

+
Λ3 + 6Λ2 + 15Λ + 15

Λ3
e−Λ tc(λ) + O(ε), (3.51)

which implies that

tc(λ) = 1 −
(

Λ3 − 6Λ2 + 15Λ − 15
Λ3 + 6Λ2 + 15Λ + 15

)
e2Λ tb(λ) + O(ε). (3.52)

Remark 3.3 The polynomial Λ3 + 6Λ2 + 15Λ + 15 is zero at Λ = −2.32...,Λ =
−1.83... ± 1.75...i. However λ ∈ Cc, so that arg Λ(λ) ∈ (−π

2 , π
2 ) (3.31), (3.50).

Thus, Λ3 + 6Λ2 + 15Λ + 15 �= 0 and b−+,b(0) �= 0 for λ ∈ Cc (3.49). See also
Remark 3.5.
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As in the standard, exponential case, the expression for tb(λ) can now be
obtained by determining the total change, ∆ bx, in the derivative of b−+,b(x;λ)
over If . This can be done in two ways: by using the information on φ−

+,b(x;λ) in
the slow field and computing ∆slow bx, and by integrating bxx over the fast field,
which yields ∆fast bx. On the boundaries of If , b−+,b(x;λ) is given by Corollary
3.2.3, and Lemmas 3.2.4 and 3.2.5. Thus, ∆ bx = ∆slow bx with

∆slow bx =
[
tb(λ) d

dxb+(x) + tc(λ) d
dxb−(x)

]
x= 1√

ε

−
[

d
dxb−(−x)

]
x=− 1√

ε

=
[
tb(λ) d

dxb+(x) +
(
1 −
(

Λ3−6Λ2+15Λ−15
Λ3+6Λ2+15Λ+15

)
e2Λ tb(λ)

)
d
dxb−(x) + d

dxb−(x)
]

x= 1√
ε

=
[
tb(λ)

(
d
dxb+(x) −

(
Λ3−6Λ2+15Λ−15
Λ3+6Λ2+15Λ+15

)
e2Λ d

dxb−(x)
)

+ 2 d
dxb−(x)

]
x= 1√

ε

= 2ε2
√

λτ
(

Λ3

Λ3+6Λ2+15Λ+15 eΛ tb(λ) − Λ4+6Λ3+21Λ2+45Λ+45
Λ4 e−Λ

)
,

(3.53)
at leading order in ε.

In the fast field If , Ah(x) can be approximated by a0(x; b0), Bh(x) by b0

(Theorem 3.1.1), and b(x) by b−+,b(0) (3.49). Hence, the a-equation in (3.25) is
up to terms of O(ε) given by the inhomogeneous Sturm-Liouville problem

(Lf − λa) = axx + [3a2
0(x) − (1 − µb0 + λ)]a = −µb−+,b(0) a0(x) (3.54)

(3.48). This is the same inhomogeneous limit problem as was encountered in
Chapter 2, up to the constant b−+,b(0) in the inhomogeneous part. Note that
this is not surprising, since the fast reduced limit problem of the ‘system with
exponential decay’ in that chapter is identical to the ‘system with algebraic de-
cay’ considered here. In Chapter 2 the b-component of the solution of (3.25) was
scaled to 1 in If , here we considered b = b−+,b(0) in If — see also Section 3.2.5.
Equation (3.54) can be solved explicitly. To see this, we introduce

χ =
√

1 − µb0 x, λ̃ =
λ

1 − µb0
,

w(χ) = −
√

1 − µb0

µb−+,b(0)
a(x), wh(χ) =

1√
1 − µb0

a0(x)
(3.55)

(recall that µ �= 0 1−µb0 �= 0 (3.10), and b−+,b(0) �= 0, Remark 3.3), so that wh(χ)
is the positive homoclinic solution of Wχχ = W − W 3 and (3.54) transforms
into

(L0 − λ̃)w = wχχ + [3w2
h(χ) − (1 + λ̃)]w = wh(χ). (3.56)

For all λ̃ �= 0, 3, the eigenvalues of L0 (Lemma 2.2.3), there is a uniquely deter-
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mined solution win(χ; λ̃) of (3.56) that decays for χ → ±∞. Since

(
wh,

d

dχ
wh

)
L2 = 0,

(3.56) can also be solved at λ̃ = 0. This (non-unique) solution is explicitly
determined in Chapter 2. The operator L0 − λ̃ is not invertible at λ̃ = 3,
win(χ; λ̃) has a (simple) pole at λ̃ = 3 ([11, 13]). By (3.55) we conclude that
the solution ain(x;λ) of (3.54) exists for all λ �= λ0

f (Lemma 3.2.6) and that
ain(x;λ) has a simple pole at λ0

f .
By the same approximations that yielded (3.54), we now find

bxx = −ε2[2(ν + βb0)a0(x)ain(x;λ) + βb−+,b(0)a2
0(x)] (3.57)

as leading order description of the b-equation of (3.25) in If in which all terms
in the right hand side are explicitly known. Thus, the fast field analysis yields
a leading order approximation of the accumulated change over If of the b-
component of φ−

+,b(x;λ) by integrating bxx as given by (3.57) over If , i.e.,

∆fast bx = −ε2

∫ ∞

−∞

[
2(ν + βb0)a0(x)ain(x;λ) + βb−+,b(0)a2

0(x)
]
dx + O(ε2

√
ε).

(3.58)
Note that the computation of ∆fast bx has been identical to that in Chapter 2.
Before we explicitly determine the leading order expression for tb(λ) by setting
∆slow bx = ∆fast bx, we observe that the appearance of ain(x;λ) in (3.58) implies
that tb(λ) must have a simple pole near λ0

f . Since D(λ) is analytic near λ0
f , it

follows from the decomposition (3.47) that this pole lies exactly at λa(ε), the
zero of ta(λ) (Lemma 3.2.6).

We now define
R(λ̃) :=

∫ ∞

−∞
wh(χ)win(χ; λ̃) dχ, (3.59)

and

J (λ̃) := 2β
√

1 − µb0 −
µ(ν + βb0)√

1 − µb0

R(λ̃), (3.60)

so that, by (3.55), (3.11), and (3.58),

∆fast bx = −ε2b−+,b(0)J (λ̃) + O(ε2
√

ε).

Moreover, we introduce

P(λ) := (Λ3 + 6Λ2 + 15Λ + 15)(Λ4 + 6Λ3 + 21Λ2 + 45Λ + 45), (3.61)

Q(λ) :=
Λ3 + 6Λ2 + 15Λ + 15

Λ4 + 6Λ3 + 21Λ2 + 45Λ + 45
. (3.62)
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It can be checked that the two polynomials in the definitions of P(λ) and Q(λ)
both have their zeroes for Λ in the negative complex half plane, thus neither
P(λ) nor Q(λ) has zeroes or poles for λ ∈ Cc (see Remark 3.3).

Lemma 3.2.8 Let λ ∈ Cc and let ε be small enough. The transmission tb(λ)
as defined in Lemma 3.2.5 is given by

tb(λ, ε) =
P(λ)
Λ(λ)7

(
1 −

√
6√

ηb0

Q(λ)J (λ̃)

)
e−2Λ(λ) + O(

√
ε), (3.63)

with Λ(λ), J (λ̃), P(λ), Q(λ) as in (3.50), (3.60), (3.61), (3.62).

Proof The leading order result of (3.63) follows directly from the above
calculations. Uniform estimates on the leading order corrections can be obtained
in a straightforward fashion (as in [11, 12, 15]). �

Our stability analysis can now be summarized as follows (see Corollary 3.2.7).

Corollary 3.2.9 Let λ ∈ Cc and let ε be small enough. The zeroes of the Evans
function D(λ) are at leading order determined by

T (λ) := 1 −
√

6√
ηb0

Q(λ)J (λ̃) = 0. (3.64)

Remark 3.4 In the exponential case, i.e., in the study of pulses in a Ginzburg-
Landau/diffusion system as (3.3) with ‘−ε2ηB2’ replaced by ‘−ε2αB’, it was
found in the previous chapter for t2(λ), the equivalent of tb(λ), that

t2(λ, ε) = 1 − 1√
τλ + α

J (λ̃) + O(
√

ε),

with J (λ̃) as in (3.60). Thus, although the Evans function and the NLEP
approach has been successfully extended to the case of pulses with algebraic
decay, the end product, (3.63), is a more complex expression than its exponential
counterpart, with singularity of higher order at λ = 0 — see also Remark 3.5
and Section 3.2.5.

Note that the only nontrivial component in expression (3.63) for tb(λ) is
the function R(λ̃). This function can be determined explicitly by using the
transformations

P =
√

λ̃ + 1, z =
1
2

(
1 − ẇh(χ)

wh(χ)

)
, w(χ) = 2−

1
2 (1+3P )G(z)(wh(χ))P , (3.65)
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to rewrite (3.56) as an inhomogeneous hypergeometric differential equation,

z(1 − z)G′′ + (1 − 2z)(P + 1)G′ − (P + 3)(P − 2)G = [z(1 − z)]−
1
2 (1+P ),

that can be solved explicitly. Hence, win(χ), the bounded solution of (3.56), can
be determined, and R(λ̃) (3.59) can be computed explicitly — see Section 2.2.3
for the details. Thus, the function R(λ̃) can be considered as a known expres-
sion.

In the upcoming sections it will be often convenient to consider R, tb, T ,
etc. as function of P instead of λ or λ̃ (with P as in (3.65)). These expressions
will be denoted by R(P ), tb(P ), T (P ), etc. Moreover, we will use the following
properties of R(P ), that have been obtained in Lemma 2.3.1.

Lemma 3.2.10 Let λ ∈ Cc and R(P ) as defined in (3.59) with P = P (λ) by
(3.65), (3.55), then

(i) R(P = 1) = 1, R′(P = 1) = R1 > 0.
(ii) R(P ) = R2/(P − 2) + O(1) near P = 2, R2 < 0.
(iii) R(P ) = −4/P 2 + O(1/P 4) for P � 1.
(iv) R(P ) has no other poles than P = 2 for λ ∈ Cc.
(v) R(P ) is monotonically increasing for P > 1 and P �= 2.
(vi) R(P ) > 0 for P ∈ (1, 2) and R(P ) < 0 for P > 2.

Note that P = 1 corresponds to λ = λ̃ = 0, and that P = 2 to λ = λ0
f =

3(1 − µb0) (Section 3.2.3), or λ̃ = 3, the critical eigenvalue of L0 (3.56).

Remark 3.5 By the reversibility symmetry, the eigenfunctions of the eigen-
value problem (3.25) are a priori either even or odd as function of x. The zeroes
of D(λ) all have b−+,b(0) �= 0 (Remark 3.3), thus all eigenfunctions of (3.25)
must be even. This can also be seen more explicitly from (3.52), since clearly
tc(λ) = 1 (at leading order) if tb(λ) = 0.

This is completely similar to the case of exponential decay, as considered in
the previous chapter. Nevertheless, in the algebraic decay case considered here,
there can be odd ‘resonant eigenfunctions’, that are related to the ‘resonance
poles’ of D(λ) [54]. The Evans function D(λ) is a complex valued function that
has a two-sheeted Riemann surface as its domain of definition (see also [12, 54,
55]). The essential spectrum σe (3.30) determines a cut in the complex plane,
and thus the sheet Cc = C \ σe (3.31), on which D(λ) is uniquely determined.
The eigenvalues of (3.25) correspond by construction to the zeroes of D(λ) on
this sheet. The second sheet of this Riemann surface corresponds to λ such
that arg Λ(λ) ∈ (π

2 , 3π
2 ) (3.50). Thus, the zeroes of tb(λ) coming from P(Λ) = 0

(3.63), (3.61), i.e., with Λ such that Λ3+6Λ2+15Λ+15 = 0, define zeroes in D(λ)
on the ‘wrong’, second, sheet (Remark 3.3). Such zeroes are called resonance
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poles. In principle, a resonance pole may move from the second sheet to Cc as
function of a parameter, so that a ‘new’ eigenvalue appears through σe (this is
called an edge bifurcation, see also [11, 54, 15]). This cannot happen to these
resonance poles. Note however, that the ‘resonant eigenfunctions’ associated
to the resonant poles are indeed odd, since b−+,b(0) = 0 (3.49) (this implies by
(3.51) that tb(λ) = 0, by (3.54) that ain(x) ≡ 0, and thus by (3.53) and (3.58)
that tc(λ) = −1).

3.2.5 The Evans function near λ = 0

The Evans function D(λ) as defined in Section 3.2.3 has a pole of order 2 as λ
approaches zero.

Corollary 3.2.11 Let λ ∈ Cc be such that |λ| is small, then

D(λ, ε) = ε
25η3b3

0

6τ3
t̃a(0)

[
1
2

√
6ηb0 − 2β

√
1 − µb0 +

µ(ν + βb0)√
1 − µb0

]
1 + O(

√
ε,
√

λ)
λ2

,

(3.66)
where t̃a(0) has been defined in Lemma 3.2.6.

Proof The approximation follows immediately from substitution of the results
of Lemmas 3.2.6, 3.2.8 and 3.2.10 into the decomposition (3.47). �

The singularity of D(λ) at λ = 0 originates from the scaling of the function
φ−

+,b(x;λ) in the definition (3.46) of D(λ). This function is normalized such
that its b-component approaches 1 as x → −∞ (Lemma 3.2.4, (3.41)). As a
consequence, the value of this b-component near x = 0, b−+,b(0), has a singularity
near λ = 0 (3.49). This singularity enters into the expression for D(λ) (even
twice, since φ̃+

−,b(x;λ) has been scaled similarly).
Nevertheless, the singularity of D(λ) is essential, in the sense that it rep-

resents an intrinsic obstruction in the construction of D(λ) at λ = 0. This is
caused by the degenerate behavior of the solutions of the b-equation (3.36) at
λ = 0. The two independent solutions of this equation,

b̃+(x; 0) = z̃4, b̃−(x; 0) =
1
z̃3

, with z̃ = X∗ + ε2x, (3.67)

do not decay exponentially, and, more importantly, cannot be obtained as limits
of b±(x;λ) (Lemma 3.2.2, (3.40)) for λ = 0. Taking |λ| small in (3.40) yields
that b±(x;λ) = C̃±/z̃3, at leading order in λ and for x bounded (i.e., ε2x = O(1)
with respect to |λ| � ε). Thus, the functions b±(x;λ) both approach (a multiple
of) b̃−(x; 0) in the limit λ → 0, which implies that they do not span the solution
space of (3.36) at λ = 0. As a consequence, the construction of the Evans
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function, and in particular that of the transmission functions tb,c(λ), breaks
down (Lemmas 3.2.4 and 3.2.5). Since the limit behavior of b±(x;λ) and thus
that of φ−

+,b(x;λ) is normalized (Lemma 3.2.4, (3.41)), this degeneration can
only appear in D(λ) through b−+,b(0), the value of the b-component of φ−

+,b(x;λ)
in If (at leading order).

Note that the functions b̃±(x; 0) (3.67) can be obtained as limits of indepen-
dent solutions of (3.36) with λ �= 0 since

W+ 7
2
(z) =

1
1680

z4 + O(z6),

(3.42) for |z| � 1. Thus, b̃±(x; 0) appear in the limit λ → 0 from the scaled
Bessel functions W± 7

2
(z). For λ �= 0, neither of the functions W± 7

2
(z) decays to

zero as z → ∞, therefore they have not been used in the construction of D(λ)
for λ �= 0 (the decaying function, b−(x;λ), is a linear combination of W± 7

2
(z)).

Conceptually, the construction of an Evans function is based on solutions
to the linear eigenvalue system that decay, either for x → −∞ or for x →
+∞. Only for such solutions, the essential property of Evans function — zeroes
of D(λ) correspond to eigenvalues — is directly encoded in its definition (see
(3.46)). Here, we have found that there cannot be a family of independent
solutions to (3.26) that can both be used for the construction of D(λ) and be
smoothly extended to λ = 0. Hence, the singular behavior of D(λ) in the limit
λ → 0 (Corollary 3.2.11) is not an artifact of our scalings, it is intrinsic to
the stability problem. Note that this is typical behavior for an Evans function
associated to the stability problem for a pulse with algebraic decay; D(λ) can
even have an essential singularity at λ = 0 [55], however, it is also possible that
D(λ) is smooth up to λ = 0 [56].

Finally, we note that the saddle-node bifurcation of homoclinic orbits (Lem-
ma 3.1.4) also re-appears in the Evans function. In the standard exponential
case, such a saddle-node bifurcation corresponds to a case in which D(λ) has
a double zero at λ = 0 (see for instance Lemma 2.3.5 and [15]). Due to the
singularity of D(λ), the situation here is less standard. Nevertheless, the saddle-
node or tangency condition (3.23) also appears in approximation (3.66) of D(λ)
near zero. At the saddle-node bifurcation the order of the singularity of D(λ)
at λ = 0 is reduced. Moreover, T (λ) (3.64) is defined at λ = 0, and T (0) = 0
(3.64) at a saddle-node bifurcation. By Corollary 3.2.9, λ = 0 can thus still be
interpreted as a double eigenvalue — recall that λ = 0 corresponds as eigenvalue
to the x-derivative of (Ah(x), Bh(x)). In fact, the above developed methods can
be used to construct the second independent eigenfunction associated to λ = 0
at the saddle-node bifurcation. Due to the appearance of b̃−(x; 0) (3.67) in the
b-component, this eigenfunction will not decay exponentially, but algebraically
(like the other eigenfunction, the derivative of (Ah(x), Bh(x))).
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Corollary 3.2.12 A saddle-node bifurcation of homoclinic solutions occurs if
the linearized eigenvalue problem (3.25) has a double eigenvalue at λ = 0. Vice
versa, a second zero-eigenvalue of (3.25) corresponds to a saddle-node bifurca-
tion.

At one side of the bifurcation point, and O(δ) close to it for some 0 < ε �
δ � 1, two almost identical homoclinic pulse solutions, (A+

h (x; δ), B+
h (x; δ)) and

(A−
h (x; δ), B−

h (x; δ)), exist. The eigenvalues of the stability problem associated
to these pulses are also close to each other. In principle, one would expect that
both pulses should have an O(

√
δ) eigenvalue λ±

sn, that merges with λ = 0 at
the saddle-node bifurcation (i.e., as δ → 0). These eigenvalues can be obtained
directly from the equation tb(λ, ε) = 0 by an expansion in δ, which yields

λ±
sn = ±C

√
δ + O(δ),

with some explicitly computable constant C �= 0 (see Section 3.3.2 for various ex-
amples of calculations of this type). Thus, one of the pulses (A±

h (x; δ), B±
h (x; δ))

would have a λ±
sn with arg λ = π. However, this λ±

sn is inside the essential spec-
trum σe of the linear stability problem (3.26). Thus, due to the fact that
σe reaches up to, and includes λ = 0 (3.30), one of the pulses (A±

h (x; δ),
B±

h (x; δ)) does not have an eigenvalue near zero. As a consequence, one of
the (A±

h (x; δ), B±
h (x; δ)) has an even number of eigenvalues, the other odd.

3.3 Stability of the homoclinic patterns

In this section we employ the Evans function machinery developed in Section 3.2
to study the stability of the pulse (Ah(x), Bh(x)). We know through Corollaries
3.2.7 and 3.2.9 that the eigenvalues of (3.25) correspond to zeroes of tb(P (λ))
or even T (P (λ)) (except for the trivial eigenvalue λ1 ≡ 0 that is associated to
the derivative of the pulse). As in Theorem 3.1.1, we distinguish between the
cases β = 0 and β �= 0 (see also Lemmas 3.1.2 and 3.1.3)

3.3.1 Stability analysis for β = 0

We first establish that for β = 0, the eigenvalues cannot enter into λ = 0, and
that there is always a unique real unstable eigenvalue for µ small.

Lemma 3.3.1 For β = 0, the eigenvalue problem (3.25) has exactly one eigen-
value at λ = 0.

Proof By Section 3.2.5 (especially Corollary 3.2.12), there can only be a
second eigenvalue at λ = 0 if there is a saddle-node bifurcation. This cannot
occur for β = 0 (Lemma 3.1.4). �
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Lemma 3.3.2 Let β = 0. There exists a µu > 0 such that the eigenvalue
problem (3.25) has exactly one real unstable eigenvalue λu(µ, ε) > 0 for all µ
with |µ| < µu. Moreover, limµ→0 λu(µ, ε) = 3.

Proof By Corollary 3.2.9, we only need to consider T (P ) = 0. For β = 0,
T (P ) can be written as

T (P ) = 1 + µ

√
6νQ(P )√

ηb0

√
1 − µb0

R(P ).

Since R(P ) has a singularity at P = 2 (Lemma 3.2.10), T (P ) must change sign
near P = 2, i.e., λ̃ = 3 or λ = 3(1 − µb0). Thus, D(λ) must have a zero near
λ = 3(1 − µb0) (for |µ| small). We refer to the proof of Lemma 2.3.3 for more
details. �

The combination of these two results yields that there must always be at
least one unstable eigenvalue in the case β = 0. The details of the proof of this
statement are identical to those of the proof of Theorem 2.3.4. The main idea
behind the proof is that we can use the explicit expression (3.64) and the fact
that eigenvalues cannot enter into, or appear from, λ = 0, to show that the
number of zeroes of D(λ) in the unstable half plane must always be odd (i.e.,
eigenvalues cannot appear from/disappear to ∞ and can only move into/out of
the stable half plane as pairs of complex eigenvalues). Note that it is a priori
not excluded that eigenvalues may appear from the essential spectrum σe. In
fact, we will see in our analysis of cases (v) and (vi) of Lemma 3.1.3 that pairs
of complex conjugate eigenvalues may indeed merge into and/or appear from
σe. Nevertheless, these eigenvalues can only enter the unstable half plane by
crossing the imaginary axis away from λ = 0, and thus do not change the parity
of the total number of unstable eigenvalues. We again refer to Chapter 2 for
the details.

Theorem 3.3.3 Let β = 0, η > 0, τ > 0, µ �= 0, ν > 0 and let ε > 0 be
sufficiently small. The pulse solution (Ah(x), Bh(x)) is spectrally unstable.

3.3.2 Stability analysis for β �= 0

For β �= 0, most pulse solutions can be regarded as continuations of pulses
with β = 0. These pulses will have an unstable eigenvalue related to λf

0 from
the fast reduced limit problem (by varying parameters, as in the proof of Lemma
3.3.2). However, an additional new real eigenvalue may introduce a mechanism
by which all eigenvalues can be brought to the stable half plane (the total
number of unstable eigenvalues can become even).
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The saddle-node bifurcation (Corollary 3.2.12) indeed introduces a ‘new’
zero of T (λ) that a priori may become an extra unstable eigenvalue and thus
make the number of unstable eigenvalues even (see Section 3.2.5). Such pulses
may be stabilized by a Hopf bifurcation.

Apart from pulse solutions that merge in the limit β → 0 with a pulse
solution for β = 0, a pulse (Ah(x), Bh(x)) can also diverge as β ↓ 0. Such pulse
solutions can have an essentially different spectrum. In this scenario it is also
possible to have an even number of unstable eigenvalues, and thus that the pulse
may be stabilized via a Hopf bifurcation. The analysis below shows that there
are indeed pulse solutions which stabilize via this Hopf scenario.

In this section, we study each of the cases distinguished in Lemma 3.1.3,
starting with all situations where µ > 0. For µ > 0, it can easily be seen that
there is at least one real unstable eigenvalue, so that the corresponding pulse
solution is spectrally unstable. This occurs in Case (iii) and part of Case (ii) of
Lemma 3.1.3.

Lemma 3.3.4 Let β �= 0. If µ > 0, tb(P ) has at least one real zero with P > 2.

Proof Let P > 2. Using Lemma 3.2.10, it can be directly checked that for P
close to 2,

tb(P ) =
P(2)Q(2)e−Λ(2)

Λ(2)7

√
6R2(ν + βb0)√
ηb0(1 − µb0)

1
P − 2

,

at leading order. It follows that tb(P ) < 0 for P sufficiently close to 2 (R2 < 0,
Lemma 3.2.10). Moreover, a similar analysis yields that tb(P ) ↓ 0 as P → ∞
(P ∈ R) so that tb(P ) > 0 for P large. Since tb(P ) is smooth for P > 2, it
follows that tb(P ) has at least one zero for P > 2. �

Theorem 3.3.5 Let β �= 0, µ > 0 and let ε > 0 be sufficiently small. The pulse
solutions (Ah(x), Bh(x)) of (3.3) are spectrally unstable.

Recall that Case (i) of Lemma 3.1.3 refers to parameter combinations for
which no pulse solutions exist. Apart from µ > 0 we have to consider pulse
solutions of Case (ii) with µ < 0. We can determine the eigenvalues of the
associated stability problem explicitly in the limit η ↓ 0 and in the limit η � 0.

Lemma 3.3.6 Let 0 < ε � η � 1 and µ < 0, ν > 0, β < 0 such that the pulse
solution (Ah(x), Bh(x)) corresponds to Case (ii) of Lemma 3.1.3. Apart from
the trivial eigenvalue at λ = 0, linearized stability problem (3.26) has a unique
eigenvalue λu(η) = 3(1 + µν/β) + O(

√
η) > 0.
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Proof For 0 < η � 1, b0(η) can be approximated by

b0(η) = − ν

β
− ν3/2

β2
√

−6(β + µν)
√

η + O(η) (3.68)

(3.18). Since Λ(P ) = O(1/
√

η) � 1 (3.50) it follows that Q(P ) = 1/Λ at leading
order (3.62), so that

T (P ) = 1 − 2β√
τ(P 2 − 1)

+ O(
√

η) (3.69)

for P not close to 1 or 2 (3.64). Since β < 0, T (P ) cannot have a zero for P
not close to 1 or 2. For P close to 2, we consider the next order approximation
of (3.69),

T (P ) = 1 − 2β√
τ(P 2 − 1)

− µν3/2R(P )
√

η√
6τ(P 2 − 1)

√
−(β + µν)3

.

This expression can be zero if R(P ) = O(1/
√

η). By Lemma 3.2.10 (ii) and (iv)
we know that P = 2 + p

√
η is the only possibility (with p < 0 if µ < 0). The

result that λu(η) = 3(1+µν/β)+O(
√

η) follows immediately after substitution.
If P is close to 1, we introduce γ > 0 by P 2 − 1 = O(ηγ) so that, by (3.64),

T (P ) =
{

1 −O(η− γ
2 ) × J (P ) if 0 < γ < 1,

1 −O(η− 1
2 ) × J (P ) if γ ≥ 1.

However, it can be checked that J (P ) = O(1) for these values of η and P ,
so that we may conclude that the only zero of T (P ) is indeed O(

√
η) close to

P = 2. �

Lemma 3.3.7 Let ε > 0, η � 0 and µ < 0, ν > 0, β < 0 such that
(Ah(x), Bh(x)) corresponds to Case (ii) of Lemma 3.1.3. Apart from λ = 0,
linearized stability problem (3.26) has a unique real eigenvalue λu(η) = 3 +
O(η−1/3) > 0.

Proof For η � 1, b0(η) is given by

b0(η) =
(

6ν

η

) 1
3

+ O(η− 2
3 ).

Substituting this in (3.64), one can do a similar analysis as in the proof of
Lemma 3.3.6 and find that the only possible zero is P = 2+pη−1/3 +h.o.t. with
p < 0. �
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Since there are no saddle-node bifurcations in Case (ii) of Lemma 3.1.3, i.e.,
the unstable eigenvalues cannot merge into λ = 0, we conclude that for any
η > 0 there must be an odd number of unstable eigenvalues (see Theorems
2.3.4 and 3.3.3). Hence, the pulses associated to Case (ii) of Lemma 3.1.3 are
unstable (Theorem 3.3.8).

As Theorem 3.3.5, this result is natural, since these pulses are continuations
of pulse solutions with β = 0. In Case (iii) a saddle-node bifurcation occurs.
One of the pulse that is created at η = ηsn has an even number of unstable
eigenvalues, and cannot be continued to β = 0. Thus, this pulse may in principle
be stabilized by the Hopf bifurcation scenario. However, this is not possible since
µ > 0 in this case (Theorem 3.3.5).

Pulse solutions that correspond to Case (iv) of Lemma 3.1.3 can also be
regarded as continuations of pulse solutions with β = 0. In this case, one can
again prove that there is always an odd number of real unstable eigenvalues.

Theorem 3.3.8 Let ε > 0 be sufficiently small. Every pulse solution (Ah(x),
Bh(x)) of (3.3) that correspond to one of the cases (i), (ii), (iii) or (iv) of
Lemma 3.1.3 is spectrally unstable.

Neither of the pulse solutions that correspond to Cases (v) or (vi) of Lemma
3.1.3 can be regarded as continuations of pulse solutions with β = 0. Therefore,
their spectrum may differ significantly from those with β = 0. We again consider
two limit cases explicitly, 0 < η � 1 and |η − η�| � 1.

Lemma 3.3.9 Let 0 < ε � η � 1 and µ < 0, ν < 0, β > 0 such that
(Ah(x), Bh(x)) corresponds to Cases (v) or (vi) of Lemma 3.1.3. Apart from
λ = 0, (3.26) has two unstable eigenvalues λ±. Moreover, there are two critical
values of τ

β2 ,

τ

β2
= S± =

4
3
± 4

3

√
6 S0 η

1
4 + O(

√
η), with S0 =

µR2√
6

√(
−ν

β + µν

)3

> 0

(3.70)
and R2 as in Lemma 3.2.10, such that λ± > λ0

f = 3(1 − µb0) > 0 for 0 < τ
β2 <

S−, |λ − λ0
f | = O(η1/4) and λ± ∈ C \ R for S− < τ

β2 < S+, and 0 < λ± < λ0
f

for τ
β2 > S+.

Thus, as τ
β2 is varied, the eigenvalues λ± cannot travel through the pole of tb(λ)

at λ = λ0
f , i.e., P = 2. However, by briefly forming a complex pair, they travel

around the singularity.

Proof For 0 < η � 1, b0(η) is given by

b0(η) = − ν

β
+

(−ν)3/2

β2
√

6(β + µν)
√

η + O(η).
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(compare to (3.68)). For P not close to 1 or 2, T (P ) is again given by (3.69),
thus, since now β > 0, we find the eigenvalue λ+ associated to

P = P+ =

√
4β2 + τ√

τ
. (3.71)

Note that this result is not valid if |τ/β2 − 4/3| � 1 with respect to η since it
is assumed in the derivation of (3.69) that P − 2 = O(1).

As in the proof of Lemma 3.3.6, it can be shown that T (P ) cannot have
zeroes near P = 1. To consider the case |P − 2| � 1 with respect to η, we
introduce p and γ > 0 by P = 2 + pηγ . Moreover, we set τ = 4

3β2(1 + qηθ),
with θ ≥ 0, where θ = 0 represents the case |τ/β2 − 4/3| = O(1). At leading
order, T (P ) is now given by

T (p, γ) =
1
2
qηθ +

2
3
pηγ +

S0

p
η

1
2−γ ,

with S0 as in (3.70). Thus, for θ < 1
4 there are two solutions to T (P ) = 0,

P+ = −3
4
qηθ + h.o.t., P− = −2

S0

q
η

1
2−θ + h.o.t. .

The solution P+ merges with (3.71) as θ ↓ 0. The second zero of T (P ), P−,
is O(

√
η) close to 2 if |τ/β2 − 4/3| = O(1). Note that P± > 2 for q < 0, and

P± < 2 for q > 0, which establishes by (3.65), (3.55) the ordering of λ± as given
in the Lemma.

If θ = 1
4 , the zeroes of T (P ) are at leading order determined by the quadratic

equation
2
3
p2 +

1
2
qp + S0 = 0.

This equation determines the transition of P±, and equivalently λ±, from being
real-valued to complex-valued and the critical values S± as given in (3.70). For
θ > 1

4 , i.e., for |τ/β2 − 4/3| � η1/4, P± are determined by p2 = − 2
3S0 and thus

complex-valued. �

Lemma 3.3.10 Let 0 < ε < |η� − η| � 1 and µ < 0, ν < 0, β > 0 such that
(Ah(x), Bh(x)) corresponds to Case (v) or (vi) of Lemma 3.1.3.

(v) (β − 2µν > 0) For all τ/β2 there exists one unique unstable eigenvalue
λ� ∈ (0, λ0

f ).
(vi) (β − 2µν < 0) There are two eigenvalues λ± and there is a critical value

of τ/β2,
τ

β2
= S� =

5
2
R1 + O(

√
|η� − η|) (3.72)
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(Lemma 3.2.10), such that λ± ∈ (0, λ0
f ) ⊂ R for τ/β2 > S�, and λ± ∈

C \ R for τ/β2 < S�.

Proof We first consider Case (vi), i.e., β − 2µν < 0, and introduce δ by
η = η�(1 − δ), with η� = −6β2µ + O(ε) (Lemma 3.1.3) and 0 < ε � δ � 1, so
that by (3.18),

b0 =
1
δ

[
β − 2µν

µβ
+ O(δ)

]
� 1. (3.73)

The zeroes of T (P ) are determined by
√

6√
ηb0

J (P ) =
1

Q(P )
(3.74)

(3.64). At P = 1 we find, using (3.73),
√

6√
ηb0

J (1) = 3 + δ + O(δ2) >
1

Q(1)
= 3. (3.75)

At leading order in δ, (3.74) is equivalent to

2 + R(P ) =
1

Q(
√

τ
β

√
P 2 − 1)

. (3.76)

It can be checked that the right hand side is a monotonically increasing function
of P , for P > 1, and that

1

Q(
√

τ
β

√
P 2 − 1)

= 3 +
2
5

τ

β2
(P − 1) + O((P − 1)

3
2 ) (3.77)

for 0 < P − 1 � 1 (note that dQ/dΛ(0) = 0). Since R(P ) is also monotonically
increasing and R(P ) < 0 for P > 2 (Lemma 3.2.10), (3.76) can only have zeroes
for P ∈ (1, 2). Moreover,

2 + R(P ) = 3 + R1(P − 1) + O((P − 1)2) (3.78)

(Lemma 3.2.10). Thus,
√

6√
ηb0

J (1) >
1

Q(1)
and lim

P↑2

√
6√

ηb0

J (P ) >
1

Q(2)

((3.75), Lemma 3.2.10), and it follows from (3.77) and (3.78) that (3.74) has
a degenerate (non-transversal) solution P+ = P− O(δ) close to P = 1 for
τ/β2 = S� as in (3.72). Moreover, (3.74) must have two real solutions P± ∈ (1, 2)
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(a)
1 2 Re(P )

η�

?

(b)
1 2 Re(P )

η�

?

(c)
1 2 Re(P )

η�

Figure 3.4: Possible behavior of the zeroes of tb(P ) for a pulse solution of
Case (vi) of Lemma 3.1.3: (a) 0 < τ/β2 < S−, the zeroes must merge as function
of η and form a complex pair; (b) S+ < τ/β2 < S�, as in (a); (c) τ/β2 > S�,
the two real zeroes can either persist or merge temporarily into a complex pair.

for τ/β2 > S� that merge in a pair of complex conjugate solutions when τ/β2

decreases through S�.
The result for Case (v) (β − 2µν > 0) runs along the same lines, the main

difference is that now
√

6√
ηb0

J (1) = 3 − δ + O(δ2) <
1

Q(1)
= 3,

where δ > 0 is now defined by η = η�(1 + δ). As a consequence,
√

6√
ηb0

J (1) <
1

Q(1)
and lim

P↑2

√
6√

ηb0

J (P ) >
1

Q(2)

so that (3.74) must have one unique solution P ∈ (1, 2) for all τ/β2 > 0. �
Lemmas 3.3.9 and 3.3.10 give control over the (unique) Case (vi)-pulse so-

lution of Lemma 3.1.3 near the boundaries 0 and η� of its domain of existence.
For the Case (v)-pulses, the situation is less simple. Therefore, we first consider
the stability of the pulses described by Case (vi).

First, we note that S� > S± (3.70), (3.72), which can be checked by direct
calculations or by evaluating R(P ) as in Chapter 2. Thus, we may distinguish
a number of different cases, see Figure 3.4. In Figure 3.4 (a), it is assumed that
0 < τ/β2 < S−, and thus there are two real eigenvalues λ± > λ0

f , i.e., P± > 2,
for η small and no real eigenvalues near η�. We conclude that the eigenvalues λ±
must merge and form a pair of complex conjugate eigenvalues. For simplicity,
we neglect the narrow band S− < τ/β2 < S+ and consider S+ < τ/β2 < S� in
Figure 3.4 (b). Except for the fact that P± ∈ (1, 2) (λ± ∈ (0, λ0

f )) for η small



102 CHAPTER 3. ALGEBRAICALLY DECAYING PULSES

the behavior must be similar to that of Figure 3.4 (a). In Figure 3.4 (c), where
τ/β2 > S�, there are two eigenvalues P± ∈ (1, 2), both η small and for η
near η�. Now, as η increases, these eigenvalues may either persist, or merge into
a complex pair and later merge again to reappear as real zeroes.

Whenever the eigenvalues form a complex pair, the possibility arises that this
pair crosses the imaginary axis and thus stabilizes the pulse (Ah(x), Bh(x)) via
a Hopf bifurcation. Using Mathematica, we can evaluate R(P ), and thus T (P ),
explicitly, and can thus determine the eigenvalues of (3.26) for each given set of
parameters. By tracing the eigenvalues as function of η in the case depicted in
Figure 3.4(c), we observe that the real eigenvalues may persist, and that they
may also temporarily form a complex pair, as is sketched in Figure 3.4(c). For
parameter combinations as in Figures 3.4(a) and 3.4(b), we indeed observe the
formation of a complex pair of eigenvalues. Moreover, we find an open region in
(τ, µ, ν, β)-space in which the complex conjugate pair λ± crosses the imaginary
axis, and the pulse becomes (spectrally) stable.

Theorem 3.3.11 Let 0 < ε � 1 and µ < 0, ν < 0, β > 0, β − 2µν < 0,
so that (Ah(x), Bh(x)) corresponds to Case (vi) of Lemma 3.1.3. There is an
open region in (τ, µ, ν, β)-space for which there exists an ηHopf ∈ (0, η�) such
that (Ah(x), Bh(x)) is spectrally stable for η ∈ (ηHopf , η�).

In Figure 3.5 an explicit example is considered. Note that there is an addi-
tional critical value ηe of η, ηe ∈ (ηHopf , ηl), that is not relevant to the stability
of the pulse. At η = ηl, the two complex conjugate eigenvalues associated to the
stability (Ah(x), Bh(x)) merge into the essential spectrum σe – see especially
Figure 3.5 (b). There are no eigenvalues for η ∈ (ηe, ηl).

Finally, we consider Case (v) of Lemma 3.1.3, in which there are two pulse
solutions, (A±

h (x), B±
h (x)), for η ∈ (η�, ηsn), see Figure 3.3. By definition,

(A+
h (x), B+

h (x)) exists only for η ∈ (η�, ηsn) and (A−
h (x), B−

h (x)) for η ∈ (0, ηsn),
so that Lemma 3.3.9 applies to (A−

h (x), B−
h (x)) and Lemma 3.3.10 to (A+

h (x),
B+

h (x)). Thus, unlike for Case (vi), these lemmas do not give information on
the spectrum associated to the pulses at both sides of their domain of existence.

Near ηsn, the number of eigenvalues associated to (A±
h (x), B±

h (x)) differs by
one (Section 3.2.5). Thus, by Lemmas 3.3.9 and 3.3.10, (A−

h (x), B−
h (x)) has an

even number of eigenvalues (apart from the trivial eigenvalue at λ = 0), and
(A+

h (x), B+
h (x)) an odd number. It immediately follows that (A+

h (x), B+
h (x))

cannot be stable (by the arguments that also led to Theorems 3.3.3 and 3.3.8).
Either (A+

h (x), B+
h (x)) or (A−

h (x), B−
h (x)) must have a real eigenvalue that

merges with λ = 0 as η → ηsn (section 3.2.5). By evaluating T (P ), we find that
there is a 3-dimensional manifold in the 4-dimensional (τ, µ, ν, β) parameter
space that distinguishes between cases in which (A+

h (x), B+
h (x)) has the real

eigenvalue near 0 (see Figure 3.6 (c)) or (A−
h (x), B−

h (x)) does (Figure 3.6 (a, b)).
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η�

ηc

Re(λ)
0 15−15−30

Re(λ)

Im(λ)

0 15−15−30

15

−15

Figure 3.5: Eigenvalues associated to a pulse (Ah(x), Bh(x)) in Case (vi) of
Lemma 3.1.3 as a function of η with parameters τ = 1, µ = −1/4, ν = −4 and
β = 1.9. There are four critical values of η: ηc > 0 at which the eigenvalues λ±
merge and form a complex pair, ηHopf > ηc at which λ± cross the imaginary
axis so that (Ah(x), Bh(x)) is stabilized by a Hopf bifurcation, ηe > ηHopf at
which the eigenvalues disappear into the essential spectrum, and η� > ηHopf at
which the pulse ‘disappears to ∞.’

Note that this manifold can be explicitly determined by a local analysis with η
near ηsn, as in the proofs of Lemmas 3.3.9 and 3.3.10. We refrain from going
into the (computationally quite cumbersome) details here.

In the first case, i.e., in which (A−
h (x), B−

h (x)) has the eigenvalue near 0 for η
near ηsn, (A−

h (x), B−
h (x)) must also have at least one other real eigenvalue for η

near ηsn (since the total number of eigenvalues is even). These two eigenvalues
may merge into a complex pair for decreasing η. However, according to Lemma
3.3.9 there must also be a pair of unstable real eigenvalues as η approaches 0.
Thus, the situation is similar to that sketched in Figure 3.4 (c). Nevertheless, it
is in principle possible that there is a region (ηHopf,1, ηHopf,2) ⊂ (0, ηsn) in which
the imaginary parts of all eigenvalues are negative, i.e., the pulse stabilizes by a
Hopf bifurcation, but later destabilizes again by another Hopf bifurcation. We
have evaluated T (P ) for many Case (v) parameter combinations, but did not
find such a subregion of stability. In Figure 3.6 (c) the graphs of the (real values
of the) eigenvalues are plotted as function of η for a typical situation. Note that
the stability problem associated to (A−

h (x), B−
h (x)) has one real eigenvalue for

all η ∈ (ηl, ηsn).
In the other case, the two real unstable eigenvalues associated to (A−

h (x),
B−

h (x)) that must exist for η near zero (Lemma 3.3.9), may also merge into a
pair of complex conjugate eigenvalues as η increases – see Figure 3.6 (a). As in
Case (vi), it is found that this pair may move into the stable half plane, i.e., that
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there is critical value ηHopf of η such that (A−
h (x), B−

h (x)) is (spectrally) stable
for η ∈ (ηHopf , ηsn) – see Theorem 3.3.12. As η ↑ ηsn, the pair of eigenvalues
has a well-defined limit λ±

sn ⊂ C \ R, see Figure 3.6 (b). Thus, the spectrum
associated to (A+

h (x), B+
h (x)) must have at least three eigenvalues for η near ηsn,

a pair of complex conjugate eigenvalues near λ±
sn, and the eigenvalue near zero.

As η decreases, the complex conjugate pair merges into the essential spectrum
at a certain critical ηe ∈ (ηl, ηsn) – see Figure 3.6 (a, b). The other branch
persists, so that there is one (real, unstable) eigenvalue for η ∈ (ηl, ηe).

Theorem 3.3.12 Let 0 < ε � 1 and µ < 0, ν < 0, β > 0, β − 2µν > 0, so
that there are two pulse solutions (A±

h (x), B±
h (x)) (Case (v) of Lemma 3.1.3);

(A+
h (x), B+

h (x)) exists for η ∈ (η�, ηsn), (A−
h (x), B−

h (x)) for η ∈ (0, ηsn). The
pulse (A+

h (x), B+
h (x)) is always unstable. There is an open region in (τ, µ, ν, β)-

space for which there exists an ηHopf ∈ (0, ηsn) such that (A−
h (x), B−

h (x)) is
spectrally stable for η ∈ (ηHopf , ηsn).
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(a) Re(λ)

ηsn

η�

0 10−5 (b)

Re(λ)

Im(λ)
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2.5

−2.5

(c) Re(λ)0 1 2 3

η�

ηsn

Figure 3.6: The orbits of the eigenvalues associated to the two pulses
(A±

h (x), B±
h (x)) in Case (v) of Lemma 3.1.3 as functions of η in two typical

situations. The dotted curves denote the eigenvalues associated to (A+
h , B+

h ),
which exist for η ∈ (η�, ηsn), the black curves denote the eigenvalues associated
to (A−

h , B−
h ) (η ∈ (0, ηsn)). Figures (a) and (b) depict the eigenvalues for pa-

rameters τ = 1, µ = −1/4, ν = −1/2, β = 2, in which the pulse (A−
h , B−

h ) is
stable for η ∈ (ηHopf , ηsn). In Figure (c), τ = 6, µ = −1/4, ν = −1/2, β = 2,
and both pulses are unstable for all η.
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Chapter 4

Pulses in a complex
Ginzburg-Landau system:
persistence under coupling
with slow diffusion

In this chapter, we again study systems of a Ginzburg-Landau equation coupled
to a reaction-diffusion equation, which are a model for pattern-forming systems
with two competing instability mechanisms instead of a single one. The equation
under consideration is in the most general setting again of the form{

At = α1Axx + α2A + α3|A|2A + µAB
β0Bt = β1Bxx + G(B,Bx, |A|2), (4.1)

as it was introduced in (1.8) in Chapter 1. Here µ, β0, β1 ∈ R, A(x, t) : R×R
+ →

C, B(x, t) : R × R
+ → R, and G a is (real, nonlinear) function of B, Bx, |A|2.

In the previous chapters, the existence and stability of a single pulse pattern
was studied under the simplifying assumption that A was a real amplitude.
Furthermore, we restricted ourselves to real coefficients αi, i.e., we chose the
real Ginzburg-Landau equation as underlying system, and we only considered
real amplitudes A. For a prototype of equations, with specific choices for βi and
G, we proved that unstable pulse solutions of the uncoupled Ginzburg-Landau
equation

At = α1Axx + α2A + α3|A|2A (4.2)
persist as solutions to (4.1) and can be stabilized by the coupling to a diffusion
equation. The main idea is, that coupling of the scalar equation to a second

107
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‘slow’ diffusion equation introduces a ‘control mechanism’ that can remove the
unstable eigenvalue of the linearized stability problem associated to the homo-
clinic pulse in the scalar limit problem. A similar mechanism is responsible
for the existence of stable pulse solutions in well-studied systems such as the
Gray-Scott and Gierer-Meinhardt models [12, 11].

Whereas the real Ginzburg-Landau equation is valid near a stationary bifur-
cation, the complex Ginzburg-Landau (CGL) equation describes the envelope of
a travelling wave pattern in a nonlinear system. Hence, as soon as the underly-
ing system is linearly unstable with respect to travelling spatial periodic waves,
pattern formation near threshold is described by the CGL. See for instance [42]
and the references therein. Many of the experiments of our interest are in fact
described by the CGL.

In this chapter we therefore no longer restrict ourselves to the real coeffi-
cients, but study persistence of the unstable pulse solutions to the full CGL
under coupling with the diffusion equation. As in [48, 49] we focus on the situa-
tion in which the Ginzburg-Landau equation describes a subcritical bifurcation
– note that the observations of stable pulse-like patterns in binary fluid convec-
tion are also done in the subcritical regime [48, 49]. As in Chapters 2 and 3, we
take an explicit function G(B,Bx, |A|2) and consider a simplified version of the
system (4.1):{

At = −(1 − µB)A + (1 + ip)Axx + (1 + iq)|A|2A
ε2τBt = −αε2B − ηε2B2 + ν|A|2 + σBx + ε−2Bxx + β|A|2B.

(4.3)

The most important assumption is, that the diffusion of B can indeed be seen
as slow background diffusion: we assume the diffusion coefficient of B to be
much larger than that of A. This is made explicit by the introduction of a small
parameter 0 < ε � 1 and the diffusion coefficient ε−2 in the B-equation, so that
Bxx = O(ε). We refer to Chapter 2 for a thorough discussion of the various
other choices for scalings we made.

Viewing the single GL equation as limiting equation for the coupled pair
(4.1), the uncoupled ε = 0 limit equation can be scaled to

At = (1 + ip)Axx − (1 − µb0)A + (1 + iq)|A|2A, (4.4)

with b0 a constant. Here, we have kept the B-dependence of this limit explicitly
visible by replacing α2A + µAB in (4.1) by −(1 − µb0)A, without any further
scaling. Since it is natural to assume that B must be bounded, the ‘slow diffu-
sion’ Bxx = O(ε) implies that B approaches a constant value at leading order in
ε on long, but bounded spatial intervals. This is made explicit in the constant
value b0 in the uncoupled limit (4.4).
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The main parameters we want to discuss here, are α and η. If α > 0 (and
η = 0 for convenience), the system (4.3) has a linearly damped diffusive mode,
if on the other hand α = 0 and η �= 0, the system has a neutrally stable mode B.
Note that, by symmetry, we can assume η > 0 without loss of generality. From
the point of view of analysis, the most feasible setting for both the construction
of solutions and the linear stability analysis is that of a diffusive mode B that is
linearly damped. In many applications however, the competition of instability
mechanisms occurs in systems with a perfect neutrally stable mode at kc = 0,
often due to a (natural) symmetry in the underlying system. Such systems
are found in e.g. fluid mechanics [48, 49], bio-chemical systems [8], geophysical
morphodynamics [40] and dynamics of barrier coasts [61, 62].

Another parameter that appears to have significant influence on the results
is the parameter β. With this parameter the importance of higher order non-
linearities, represented here by the explicit choice |A|2B, in the B-equation can
be tuned.

The equation (4.4) has an unstable standing pulse solution under some con-
dition on the parameters – in the nearly real limit this condition converges to
µb0 < 1. Our main goal is to study the persistence of this homoclinic pulse
solution A0(x, t) as solution of the full system (4.3). This persistence problem
corresponds to searching for travelling waves, so we set

A(x, t) = a(ξ)e−iωt, B(x, t) = b(ξ) with ξ = x − ct. (4.5)

Since solutions to (4.4) are phase invariant, it is natural to write a in polar
coordinates:

a(ξ) = r(ξ)ei
R ξ ψ(s)ds. (4.6)

Substituting this, the equations (4.3) become

−c(r′ + iψr) − iωr = −(1 − µb)r + (1 + ip)(r′′ + 2iψr′ + iψ′r − rψ2)
+(1 + iq)r3,

−ε2τcb′ = −αε2b − ηε2b2 + νr2 + σb′ + ε−2b′′ + βr2b

where the ′ represents differentiation with respect to ξ. Splitting in real and
imaginary parts, and writing r′ = rs, and b′ = εd, one obtains the system

r′ = rs,
s′ = (1 − µb)p̂ − s2 + ψ2 − cp̂s − p̃ω − cp̃ψ − (1 + pq)p̂r2,
ψ′ = −2ψs − p̂(ω + cψ) − p̃(1 − µb) + p̃cs + (p − q)p̂r2,
b′ = εd,
d′ = ε(αε2b + ηε2b2 − νr2 − ε(ε2τc + σ)d − βr2b),

(4.7)
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with p̂ = (1 + p2)−1 and p̃ = p/(1 + p2).

The variables r and s being introduced as r = |A| and s = r′/r in fact
mean a blow-up of |A| = 0. A physically relevant pulse solution satisfies
limx→±∞ |A(x, t)| = limx→±∞ B(x, t) = 0. The blow-up makes that such homo-
clinic pulse solution corresponds to a heteroclinic solution γh(ξ) to the ODE that
satisfies limξ→±∞ γh(ξ) = (0,±s∗,±ψ∗, 0, 0) for some s∗, ψ∗. See Section 4.1
for the details. Note that the fact that γh converges to |A| = B = 0 does not
contradict the convergence of B to b0 as ε → 0 (since this is for x restricted to
a fixed interval of O(1) length).

To study existence of pulse solutions to (4.3) we use a combination of an-
alytical, partly asymptotic, and geometrical methods. The main ingredient we
use, is that the resulting ODE system (4.7) is of a singularly perturbed nature,
with both fast O(1) dynamics (for r, s and ψ) and slow O(ε) dynamics (for b
and d). The ε = 0 limit of (4.7) is the so-called fast limit, in which the variables
b and d are constant and can hence be treated as parameters. In this limit,
the system reduces to the 3D system of ODEs that describes travelling wave
solutions to the uncoupled CGL equation (4.4). The main idea behind the ge-
ometric singular perturbation theory we apply, is that pulse solutions to (4.4)
can serve as building blocks for pulse solutions in the full 0 < ε � 1 system
(4.3), if they exist.

Equations of the type (4.4), or more general (4.2), are very well-studied; see
e.g. [60, 9, 4] and references therein. For our analysis of the ε = 0 limit, we
in particular the review paper [60] on so-called ‘coherent structures’, like stable
pulse solutions, sources, sinks and homoclinic orbits in the CGL.

In comparison with the real Ginzburg-Landau equation, the CGL equation
has extremely rich behavior. It forms the connection between two limiting sys-
tems of a very different nature: the real Ginzburg-Landau equation on the one
hand (with p, q = 0), with in essence dissipative dynamics, and the Nonlinear
Schrödinger (NLS) equation on the other hand (with p, q → ∞), an equation
that is Hamiltonian, has infinitely many conservation laws, and is integrable.
Since the CGL equation forms the bridge between these two very different lim-
its, it is in some sense unavoidable that the dynamics of the CGL is complex.
The consequence for the analysis of the CGL is very often, that only certain
subclasses of equation (4.2) or (4.4) are treated at once – for other subclasses
different methods are needed or different questions are important.

The existence problem of our interest is of such nature as well. Apart from
the basic analysis it appears too general to treat at once, and we therefore
restrict our analysis to the parameter regimes in which the CGL is close to
either one of the limiting cases mentioned above.
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The nearly real case is a very natural limit of systems of the form (4.1)
– it is for instant relevant for binary fluid convection that for a part inspired
our work on the particular system (4.3). The limit of a near NLS equation
coupled to a diffusion equation is however much less natural: very rarely one sees
Hamiltonian equations, with their many associated conservation laws, coupled
to a dissipative equation (the B-equation). The only example we are aware of,
is a model for propagation of an optical beam in a weakly absorbing liquid that
consists of a Schrödinger equation coupled with a diffusion equation [19]. In this
example there is a physical reason for the coupling of optical beam dynamics
(the NLS) to the refractive index of a medium with diffusive (thermally induced)
behavior. Although the model presented in [19] has a 2D phase space and is
in general not of the form (4.1), it resembles (4.1) for travelling wave solutions
with a constant speed in the vertical z-direction.

From a mathematical point of view the near NLS limit is of course a natural
limit of (4.3). As in the nearly real limit, part of the dynamics of the fast (CGL)
subsystem becomes of order O(ε), so that the singularly perturbed nature of
(4.3) can be exploited even better.

Our existence or persistence results are stated in Theorems 4.3.7, 4.3.8, 4.4.6
and 4.4.7. The first main conclusion is, that in the nearly real GL limit the
behavior of system (4.3) is indeed of ‘nearly real’ nature. In the limit p =
q = 0, Theorems 4.3.7 and 4.3.8 exactly limit at corresponding theorems in the
previous two chapters, and the solutions we construct exactly have the same
jump position and the same asymptotic behavior. Theorem 4.3.7 states that
for β = 0 and p, q = O(ε), there is always one pulse solution that exists for the
uncoupled CGL (4.4) with fixed parameters and persists as a perturbed orbit in
the coupled system (4.3). This in particular means that there is no bifurcational
structure of pulse solutions when there are no higher-order nonlinearities in
the B-equation. If β �= 0, so if some higher order nonlinearity is present in
the diffusion equation, bifurcations are introduced and the persistence becomes
parameter dependent. See Theorem 4.3.8.

The second conclusion concerns the near NLS case. In this case we con-
clude that (as expected) the integrable structure of the NLS is broken. The
unperturbed NLS equation has a two-parameter family of pulse solutions, pa-
rameterized by the wave parameters c and ω, for any fixed b0. Under small
perturbations only one such pulse solution with a well-defined jump position
b0 and corresponding pair (c, ω) is selected to persist. Again, the presence of
higher order nonlinearities, represented by β �= 0, can induce bifurcations.

The existence analysis in this chapter is inherently more involved than that
in the previous chapters. There, A was assumed to be a real amplitude, lead-
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ing to a 4-dimensional ODE problem for which rather straightforward singu-
lar perturbation analysis could be applied. Here, the resulting ODE-system
is 5-dimensional, and standard geometric perturbation analysis can only be
applied after the existence of a 1-parameter family of solutions to (4.3) with
lim|x|→∞ |A(x, t)| = 0 is established. This is done in Subsections 4.3.2 and 4.4.5
by a Melnikov type method, but the analysis here is much more involved than
the standard computation of a Melnikov integral that could be used in the 4-D
case in Chapters 2 and 3. For this part of the analysis the original setting in
(4.3) appears more feasible than the ODE-setting introduced in equations (4.7).
The ODE-setting is especially useful for the more geometrical arguments that
form the remainder of the existence proofs.

The scalings in (4.3) lead to a system of ODEs with three fast variables and
two slow variables, where the slow subsystem resembles the slow subsystems
in Chapters 2 and 3; see Subsection 4.3.1. The fast dynamics in the ε = 0
limit can be analyzed following [60]. Depending on the choice of p, q, the slow
dynamics varies: in the nearly real case we can build on the results in the
previous Chapters, whereas in the near NLS limit the analysis is new, but still
rather straightforward.

4.1 The fast reduced limit

Since ε > 0 is assumed small, the system (4.7) is of singularly perturbed na-
ture, and it can be studied by geometric singular perturbation methods [35, 36].
Putting ε = 0 in (4.7), we obtain the associated fast reduced system, corre-
sponding to the single GL equation (4.4),

r′ = rs,
s′ = (1 − µb0)p̂ − s2 + ψ2 − cp̂s − p̃ω − cp̃ψ − (1 + pq)p̂r2,
ψ′ = −2ψs − p̂(ω + cψ) − p̃(1 − µb0) + p̃cs + (p − q)p̂r2.

(4.8)

This system serves as a backbone of the full ε > 0 system: these equations
describe the leading order behavior of the amplitude A in the full system (4.3).
The constants b0 and d0 are the approximate values that b and d take in the
full system (4.7) during an O(1) ‘time’ interval in ξ.

4.1.1 Determination of the fast pulse

Following Van Saarloos and Hohenberg [60], we make the Ansatz

s2 = h0 + h2r
2,

ψ = h7 + h8s
(4.9)
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for the pulse solution of (4.8) and derive the following three equations from
the equation for s by gathering constant terms, terms in r2 and terms in s
respectively:

r0 : (1 − µb0)p̂ − h0 + h2
7 − p̃ω − cp̃h7 + h2

8h0 = 0, (4.10)
r2 : −h2 + h2

8h2 − (1 + pq)p̂ = h2, (4.11)
s : 2h7h8 − cp̂ − cp̃h8 = (2h7 − cp̃)h8 − cp̂ = 0. (4.12)

Similarly, using the relation s′ = h2r
2, the ψ-equation yields the three equations

r0 : −2h0h8 − p̂ω − p̂ch7 − p̃(1 − µb0) = 0, (4.13)
r2 : −2h2h8 + (p − q)p̂ = h2h8, (4.14)
s : −2h7 − p̂ch8 + p̃c = 0. (4.15)

Note that we thus have six equations for the six unknowns (c, ω, hi); the parame-
ters µ, p and q are given model parameters. Combining the two equations (4.12)
and (4.15), one obtains (2h7 − cp̃)2 + p̂2c2 = 0, which implies cp̃ − 2h7 = 0 and
p̂c = 0. Since p̂ is assumed nonzero, this means that c = 0 and hence h7 = 0.
Note that this means for the full ε > 0 system that c = 0 at leading order, i.e.,
c need not be identically zero. The remaining parameters satisfy

−p̃(1 − µb0) − p̂ω = 2h0h8, (4.16)
−p̂(1 − µb0) + p̃ω = h0(h2

8 − 1), (4.17)
p̂q − p̃ = −3h2h8, (4.18)

−p̃q − p̂ = −h2(h2
8 − 2). (4.19)

Solving the equations (4.18)-(4.19) we subsequently find, for p �= q,

h8 =
3(pq + 1) ±

√
9(pq + 1)2 + 8(p − q)2

2(p − q)
(4.20)

and

h2 =
p̂(p − q)

3h8
=

2
3 p̂(p − q)2

3(pq + 1) ±
√

9(pq + 1)2 + 8(p − q)2
. (4.21)

Note that both the two solutions for h8 and the corresponding ones for h2 have
different sign.

Now h0 and ω can be solved from the remaining two equations, yielding

h0 = − 1 − µb0

h2
8 + 2ph8 − 1

, (4.22)
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and finally the angle

ω = ω∗(b0) = −2h0h8 + p̃(1 − µb0)
p̂

. (4.23)

In writing ω∗(b0) we explicitly express that the homoclinic orbit under con-
struction not only depends on the model parameters p, q and µ, but that the
selection of the angle ω also depends on b0, the leading order value of the second
amplitude B during the ‘jump’ through the fast field. Returning to the Ansatz
(4.9) we find that r and s satisfy

r′ = rs,

s′ = h0 − s2 + 2h2r
2.

Thus we conclude that h2 should be the negative solution of (4.21) and that
h0 > 0 in order to allow for the existence of the heteroclinic orbit

r(ξ) =
√
−4h2h0 sech(

√
h0ξ),

s(ξ) = −
√

h0 tanh(
√

h0ξ),
ψ(ξ) = h8s(ξ) = −h8

√
h0 tanh(

√
h0ξ).

(4.24)

The condition that h2 is negative also determines h8, and hence h0 and ω
uniquely.

Resuming, given arbitrary p, q, µ, one can pick any b0 for which the condition
h0 > 0 is satisfied. Then there is a heteroclinic orbit (4.24) that corresponds to
a travelling pulse solution of (4.4) with wave speed c = 0 and angle ω = ω∗(b0).
This travelling pulse is a connection between the fixed points s± introduced
below, see Figure 4.1.

We shortly turn back to the condition that h7 = 0 for a solution of the
form (4.9). This namely means that ψ = h8s, becoming ψ = O(ε) in case
|p − q| = O(ε). Indeed, if q = p + ε∆, then h8 = − 2ε∆

3(p2+1) + O(ε2), h2 =
− 1

2 +O(ε), limiting at h8 = 0 and h2 = − 1
2 if p = q. This situation includes the

nearly real Ginzburg-Landau limit that will be analyzed in Section 4.3. In case
|p − q| = O(1/ε), the above analysis breaks down, and it is a different Ansatz
that should be made. This is the topic of Section 4.4.

4.1.2 Critical points and their stable and unstable mani-
folds

From (4.24) it is immediately clear that, if it exists, so if h0 > 0, the heteroclinic
orbit limits at

s± = (r = 0, s = ±
√

h0, ψ = ±h8

√
h0)
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r

s

φ

s+

s−

Figure 4.1: The fast reduced system with fixed points s+ and s− connected
by a family of heteroclinic orbits induced by the blow-up (see Subsection 4.2.1)
and the heteroclinic orbit (4.24).

as ξ → ∓∞. These points are indeed critical points of (4.8) and the only two
within {r = 0}.

Linearizing the fast reduced system (4.8) about s± gives the eigenvalues:

λ±
1 = ±

√
h0,

λ±
2 = ∓2

√
h0 + 2h8

√
h0 i,

λ±
3 = ∓2

√
h0 − 2h8

√
h0 i.

This means that within the fast subsystem, s+ has a 2-dimensional stable man-
ifold W s(s+) and a 1-dimensional unstable manifold Wu(s+), whereas s− has a
2-dimensional unstable manifold Wu(s−) and a 1-dimensional stable manifold
W s(s−). In both points, the eigenvectors (0, 1,±i)� corresponding to the com-
plex pair λ2,3 span the plane {r = 0}. Together with the invariance of {r = 0}
under (4.8) (and in fact under the full flow (4.7)), we therefore conclude by the
Hartman-Grobman theorem that Wu(s−) ⊂ {r = 0} and W s(s+) ⊂ {r = 0}.
Indeed, phase plane analysis yields that Wu(s−)|s>−√

h0
= W s(s+)|s<

√
h0

is
filled with a family of heteroclinic orbits Wu(s−)∩W s(s+) that are introduced
by the blow-up. See Figure 4.1.

In both points s± the remaining eigenvector is (1, 0, 0)�. This vector thus
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gives the linear approximation of Wu(s+) and W s(s−). Since Wu(s+) and
W s(s−) are both 1-dimensional, the heteroclinic orbit (4.24), that must lie in
Wu(s+) ∩ W s(s−) is thus not a transversal heteroclinic orbit. Within the 3-
dimensional phase space this is a codimension-2 situation, and indeed there were
two parameters c and ω that needed to be tuned at c = 0 and ω = ω∗(b0) in
order to obtain Wu(s+) ∩ W s(s−) �= ∅.

The question addressed in the sequel is, whether this codimension-2 hete-
roclinic orbit can survive the perturbation induced by the coupling to the slow
background diffusion for small ε > 0. We will use geometric singular perturba-
tion theory to study the full system (4.7).

4.2 Analysis of the perturbed system

By the above analysis, the 5-dimensional system (4.7) with ε = 0 possesses two
two-dimensional hyperbolic invariant manifolds

M±
0 =

{
r = 0, s = ±

√
h0, ψ = ±h8

√
h0

}
(4.25)

parameterized by b and d, where the b-coordinate is restricted to the region
where h0 > 0. Both manifolds are filled with hyperbolic fixed points. M+

0

has a 4-dimensional stable manifold W s(M+
0 ) and a 3-dimensional unstable

manifold Wu(M+
0 ), and M−

0 has a 3-dimensional stable W s(M−
0 ) and a 4-

dimensional unstable manifold Wu(M−
0 ).

By the theory introduced by Fenichel [28], the manifolds M±
0 persist for

ε > 0 sufficiently small as (invariant) hyperbolic slow manifolds M±
ε with cor-

responding stable and unstable manifolds W s,u(M±
ε ), all O(ε)-close and diffeo-

morphic to their ε = 0 counterparts.
Under the perturbed flow, the manifolds M±

0 are no longer invariant, so
M±

ε �= M±
0 . However, as noted above, the set {r = 0} still is invariant for

nonzero ε and there are fixed points S+ = (0,
√

h0 +O(ε), h8

√
h0 +O(ε), 0, 0) ∈

M+
ε and S− = (0,−

√
h0 + O(ε),−h8

√
h0 + O(ε), 0, 0) ∈ M−

ε , of which the
O(ε) correction terms can be explicitly determined. Counting dimensions, one
expects that there will for any h0 > 0 still be a 1-dimensional intersection
Wu(M+

ε ) ∩ W s(M−
ε ). Realize however, that such intersection only guarantees

that there exists a connecting orbit between M+
ε and M−

ε , but not necessarily
between the fixed points S+ and S−. In order to draw conclusions, it is necessary
to analyze the flow on M±

ε .
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4.2.1 The flow on the slow manifolds M±
ε

The flow on M±
ε for the full system (4.7) can be determined by substituting

(r = 0, s = ±
√

h0 + O(ε), ψ = ±h8

√
h0 + O(ε)) in the equations for b and

d. The resulting 2-dimensional system has an equilibrium point (b, d) = (0, 0),
corresponding to S± in the 5-dimensional system. It is given by

b′ = εd,
d′ = ε2(εαb + εηb2 − (ε2τc + σ)d). (4.26)

Note that these equations on M±
ε are exact, since r = 0 exactly on M±

ε . We
consider either α > 0 (and η = 0), so that b is a linearly damped diffusive mode
[13], or α = 0, η > 0, for which b is a neutrally stable mode [14].

If α > 0, η = 0, S± is a saddle point within M±
ε , so that construction

of solutions homoclinic to S± may be possible. The eigenvalues of the linear
system (4.26) are given, at leading order with Γ := ε−2λ, by

Γ± =
1
2
(
− σ ±

√
σ2 + 4α

)
. (4.27)

Thus, the restriction of S± to M±
ε is a saddle point precisely when α > 0. The

stable and unstable manifolds of S± (restricted to M±
ε ) are given by

lu,s = Wu,s(0, 0) |M±
ε
= {(b, d) | d = ε[Γ± + O(ε2)]b}. (4.28)

Note that, by a reversibility symmetry (b, d, x) → (b,−d,−x) of (4.26), the
curves lu,s are symmetric under (b, d) → (b,−d) if σ = c = 0.

If α = 0, η > 0, then S± is not of saddle type, but it has eigenvalues λ = 0
(exactly) and λ = −ε2σ + O(ε4). For σ = 0 (and hence c = 0, since (4.3) has
a reversibility symmetry for σ = 0) the slow flow (4.26) forms a cusp at S±.
The flow can in this case be integrated to obtain formulas for the corresponding
orbits in Mε, the integral being

K = d2 − 2ε2η

3
b3. (4.29)

Note that this expression is again exact. The stable and unstable manifolds of
S± (restricted to M±

ε ), correspond to K = 0 and are given by

wu,s = Wu,s(0, 0) |Mε
= {(b, d) | d = ± ε

3

√
6|ηb3|}. (4.30)

Note here, that in both the linear and the neutral case with σ = c = 0, the curves
lu,s, resp. wu,s are O(ε) apart by the scaling of the respective parameters α and
η. This will turn out to be necessary for the existence of the pulse solution of
our interest.
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Remark 4.1 As in the linear case, the symmetry (b, d) → (b,−d) between wu,s

is broken if (σ, c) �= (0, 0). In that case the flow (4.26) is no longer integrable
and we cannot obtain closed forms for solution curves. This is the reason why
we choose σ = c = 0 in the neutral case α = 0, η > 0. Although this choice facil-
itates our computations and construction, it is not necessary for the existence of
the pulse solutions we construct. For our construction two basic ingredients are
important, being (i) the existence of the fixed points S± with their stable and
unstable manifolds, and (ii) the O(ε) distance between the stable and unstable
manifolds (restricted to M±

ε ).
For (σ, c) �= (0, 0) this structure remains. The points S± have a stable

manifold of which the linear approximation restricted to M±
ε is d = −εσb and

an unstable manifold with linear approximation (restricted to M±
ε ) d = 0. So

when (σ, c) �= (0, 0) we expect results similar to the ones obtained in Sections 4.3
and 4.4 for the neutral case.

Remark 4.2 In the sequel we consider c �= 0 in all our calculations. Of course
c = 0 is also possible for σ �= 0, but for simplicity we a priori do not consider
this degeneration. Only later we explicitly take c = σ = 0 in the neutral case
α = 0, η > 0.

4.2.2 Construction of the pulse solution for 0 < ε � 1

The problems (4.8) and (4.26) are lower dimensional and their properties of
interest can be analyzed in some detail. The idea is now, to ‘glue’ together the
fast heteroclinic solution to (4.8) and parts of the curves lu,s or wu,s that are
slow orbits within M±

ε . This way, one can construct a global singular structure
that indeed corresponds to a heteroclinic orbit in the full system (4.7) if all
manifolds that are involved intersect transversally.

From now on, we will consider the orbit (4.24) as the zeroth order approxi-
mation of the heteroclinic orbit γh(ξ) ≡ (rh(ξ), sh(ξ), φh(ξ), bh(ξ), dh(ξ)) we are
looking for. We expand rh = r0 + εr1 + . . ., and similarly expand sh, ψh, bh, c
and ω in orders of ε, so that the full system (4.7) becomes at zeroth order

r′0 = r0s0,
s′0 = (1 − µb0)p̂ − s2

0 + ψ2
0 − p̃ω0 − (1 + pq)p̂r2

0,
ψ′

0 = −2ψ0s0 − p̂ω0 − p̃(1 − µb0) + (p − q)p̂r2
0,

b′0 = 0,
d′0 = 0,

with heteroclinic solution

r0(ξ) =
√

−4h0h2 sech(
√

h0ξ),
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s0(ξ) = −
√

h0 tanh(
√

h0ξ),

ψ0(ξ) = −h8

√
h0 tanh(

√
h0ξ),

b0 and d0 constant, and c0 = 0, ω0 = ω∗(b0) (4.23). Gathering the O(ε) terms
one obtains:

r′1 = r0s1 + s0r1,

s′1 = −µb1p̂ − 2s0s1 + 2ψ0ψ1 − c1p̂s0 − p̃ω1 − c1p̃ψ0 − 2(1 + pq)p̂r0r1,

ψ′
1 = −2(ψ0s1 + ψ1s0) − p̂(ω1 + c1ψ0) + p̃µb1 + p̃c1s0 + 2(p − q)p̂r0r1,

b′1 = d0,

d′1 = −(ν + βb0)r2
0,

which immediately yields

b1(ξ) = d0ξ + b1(0),

d1(ξ) = 4h2

√
h0(ν + βb0) tanh(

√
h0 ξ) + d1(0)

for some constants b1(0) and d1(0). Solving for the corresponding r1, s1, ψ1,
one can obtain an O(ε) approximation for γh(ξ). If the system of equations for
these variables is written as follows

r′1 − r0s1 − s0r1 = 0,

s′1 + 2s0s1 − 2ψ0ψ1 + 2(1 + pq)p̂r0r1 = − µp̂d0ξ − c1p̂s0 − p̃ω1 − c1p̃ψ0,

ψ′
1 + 2(ψ0s1 + ψ1s0) − 2(p − q)p̂r0r1 = − p̂(ω1 + c1ψ0) + µp̃(d0ξ + b1(0)),

+ p̃c1s0,

then (r1, s1, ψ1) = (r′0, s
′
0, ψ

′
0) exactly solves the homogeneous problem. This

will prove to be very useful in the construction of the pulse.
For a pulse solution γh(ξ) it is necessary that (r1, s1, ψ1) is bounded and

that r1(ξ) tends to 0 as ξ → ±∞, since r0(ξ) already approaches the (zero)
r-coordinate of S± as ξ → ∓∞. A necessary condition for γh to exist, is of
course that Wu(M+

ε ) and W s(M−
ε ) intersect. In order to measure the distance

between Wu(M+
ε ) and W s(M−

ε ), one can in case of a fast field with a Hamilto-
nian structure compute a Melnikov integral, of which simple zeroes correspond
to transversal intersections Wu(M+

ε )∩W s(M−
ε ). Here, there is no Hamiltonian

structure, but one can write down a solvability condition that should be satisfied
in order to obtain the solution (r1, s1, ψ1) of interest. This method is in essence
an alternative way to express the distance between Wu(M+

ε ) and W s(M−
ε ),

and in our case the computations almost immediately imply tranversality as
well.
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For general coefficients p and q, the solvability condition appears to be com-
putationally hard to determine explicitly. We therefore choose to analyze the
two standard limiting situations: the nearly real Ginzburg-Landau (RGL) limit
(in which p, q = O(ε)) and the Nonlinear Schrödinger (NLS) limit (in which
p, q = O(ε−1) and the equation can be rescaled to a perturbation of the NLS).

4.3 The nearly real Ginzburg-Landau limit

In the nearly real GL the coefficients have only small imaginary parts, which
we denote by p = εp1 and q = εq1. Note that we implicitly choose the small
parameter to be equal to the one used in the scaling of the B equation, which
implies that the imaginary parts have significant influence. The system is now
written as{

At = −(1 − µB)A + (1 + ip1ε)Axx + (1 + iq1ε)|A|2A
ε2τBt = −αε2B − ηε2B2 + ν|A|2 + σBx + ε−2Bxx + β|A|2B.

(4.31)

Using that p̂ = (1 + p2
1ε

2)−1 = 1 − p2
1ε

2 + O(ε4) and p̃ = p1ε/(1 + p2
1ε

2) =
p1ε− p3

1ε
3 +O(ε5) the system of ODEs (4.7) becomes in this scaling at leading

order

r′ = rs,
s′ = (1 − µb) − s2 + ψ2 − r2 − cs − p1(ω + cψ)ε,
ψ′ = −2ψs − (ω + cψ) − p1(1 − µb)ε + p1csε + (p1 − q1)εr2,
b′ = εd,
d′ = ε(αε2b + ηε2b2 − νr2 − ε(ε2τc + σ)d − βr2b).

(4.32)

4.3.1 Construction of the fast reduced heteroclinic orbit

We again first study the fast (r, s, ψ)-subsystem to determine a leading order
approximation for the heteroclinic orbit under construction. Writing c = c0 +
εc1 + O(ε2), ω = ω0 + εω1 + O(ε2) and inserting b = b0 and the Ansatz (4.9),
the relations between the constants h0, h2, h7, h8 become

r0 : (1 − µb0) − h0 + h2
7 + h2

8h0 − (c0h7 + ω0)p1ε + O(ε2) = 0, (4.33)
r2 : −h2 + h2

8h2 − 1 + O(ε2) = h2, (4.34)
s : 2h7h8 − c0 − (h1c0h8 + c1)ε + O(ε2) = 0, (4.35)

and

r0 : −2h0h8 − ω0 − c0h7 − (c1h7 + ω1 + p1(1 − µb0))ε + O(ε2) = 0, (4.36)
r2 : −2h2h8 + (p1 − q1)ε + O(ε2) = h2h8, (4.37)
s : −2h7 − c0h8 + (p1c0 − c1h8)ε + O(ε2) = 0, (4.38)
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respectively. Since the coefficients p = εp1 and q = εq1 do not play a role at
leading order, the constants reduce to

h0 = 1 − µb0,
h2 = −1/2,

h7 = 0,
h8 = 0,

c0 = 0,
ω0 = 0,

at leading order. Inserting those results back into (4.33)–(4.35), we find

(4.35), (4.38) : h7 = O(ε2) ∧ −c1 = 0,
(4.36) : −2(1 − µb0)h8 − ω1ε − p1(1 − µb0)ε = O(ε2),
(4.37) : h8 + (p1 − q1)ε = −1/2h8.

Hence,

h0 = 1 − µb0 + O(ε2),

h2 = −1
2

+ O(ε2),

h7 = 0 + O(ε2), (4.39)

h8 = −2
3
(p1 − q1)ε + O(ε2),

c = 0 + O(ε2),

ω = ω∗(b0) =
1
3
(p1 − 4q1)(1 − µb0)ε + O(ε2).

Returning to the Ansatz (4.9), this in particular yields ψ = h8s = O(ε); it is
thus natural to introduce φ = ψ/ε and rewrite the ODE (4.32) as

r′ = rs,

s′ = (1 − µb) − s2 − r2 − cs,

φ′ = −2φs − (ωε−1 + cφ) − p1(1 − µb) + (p1 − q1)r2 + p1cs, (4.40)
b′ = εd,

d′ = ε(αε2b + ηε2b2 − νr2 − ε(ε2τc + σ)d − βr2b).

Again inserting c = c0 + εc1 +O(ε2), ω = ω0 + εω1 +O(ε2) and using the above
result that c0 = ω0 = 0 for the pulse that satisfies the Ansatz (4.9), we reduce
the r, s, φ system to

r′ = rs,
s′ = (1 − µb) − s2 − r2 − c1sε,
φ′ = −2φs − ω1 − p1(1 − µb) + (p1 − q1)r2 − ω2ε + p1c1sε − c1φε,

(4.41)
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From now on, we take this as the fast reduced system. Thus, following the
analysis in Subsection 4.1.1, we obtain the leading order heteroclinic orbit

r0(ξ) =
√

2(1 − µb0) sech(
√

1 − µb0ξ), (4.42)

s0(ξ) = −
√

1 − µb0 tanh(
√

1 − µb0ξ), (4.43)

φ0(ξ) = −2
3
(p1 − q1)

√
1 − µb0 tanh(

√
1 − µb0ξ). (4.44)

as the nearly real GL limit of (4.24).

4.3.2 The full 5-dimensional system

In the full 5-dimensional setting, the manifolds (4.25) are in the ε = 0 limit
equal to

M±
0 =

{
r = 0, s = ±

√
1 − µb0, φ = ∓2

3
(p1 − q1)

√
1 − µb0

}
, (4.45)

parameterized by the b0 and d0-coordinates with b0 now restricted to the region
h0 = 1 − µb0 > 0. For ε > 0 sufficiently small, they are perturbed to slow
manifolds M±

ε ⊂ {r = 0} with on them the slow flow (4.26) that we analyzed
above.

Expanding the heteroclinic orbit γh(ξ) ≡ (rh(ξ), sh(ξ), φh(ξ), bh(ξ), dh(ξ))
under construction, the leading order fast dynamics (in r, s, φ) is given by the
above derived equations (4.42)-(4.44). We again expand r = r0 + εr1 + . . .,
and similarly expand s, φ, b, d, c and ω in orders of ε. Inserting these and the
constants c1 = 0 and ω1 = 1

3 (p1−4q1)(1−µb0), we obtain the first order system

r′1 = r0s1 + s0r1,
s′1 = −µb1 − 2s0s1 − 2r0r1,
φ′

1 = −2φ1s0 − 2φ0s1 − ω2 + p1µb1 + 2(p1 − q1)r0r1,
b′1 = d0,
d′1 = −(ν + βb0)r2

0,

(4.46)

so that

b1(ξ) = d0ξ + b1(0), (4.47)

d1(ξ) = −2
√

1 − µb0(ν + βb0) tanh(
√

1 − µb0 ξ) + d1(0). (4.48)

See Section 4.2.2. Note that b1(0) = 0 can be assumed without loss of generality,
by imposing that b(0) = b0(0) = b0. The remaining equations for r1, s1 and φ1

reduce in this limit to

r′1 − r0s1 − s0r1 = 0,

s′1 + 2s0s1 + 2r0r1 = −µb1, (4.49)
φ′

1 + 2φ1s0 + 2φ0s1 − 2(p1 − q1)r0r1 = −ω2 + p1µb1,
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a system in which the first two equations are now decoupled from the third. This
is special feature of the nearly real limit of (4.3) and is the main benefit of the
choice p, q = O(ε). Still (r1, s1, φ1) = (r′0, s

′
0, φ

′
0), with now (r0, s0, φ0) given by

(4.42)-(4.44), is a solution of the homogeneous problem. The full inhomogeneous
problem (4.49) can be analyzed realizing that it derives from the GL equation.

Our aim is, to derive a solvability condition for problem (4.49), which turns
out to be easier to find in the original setting. We thus turn back to the complex
GL system (4.31) and look for a travelling pulse solution (Ah, Bh). We therefore
substitute A = a(ξ)e−iωt, B(x, t) = b(ξ) with ξ = x − ct, and obtain the a-
equation

−iωa − caξ = −(1 − µb)a + (1 + ip1ε)aξξ + (1 + iq1ε)|a|2a. (4.50)

We substitute

a = a0 + εa1 + O(ε2),
b = b0 + εb1 + O(ε2),
c = c0 + εc1 + O(ε2),
ω = ω0 + εω1 + O(ε2).

so that the resulting ε = 0 system is

0 = −(1 − µb0)a0 + a′′
0 + |a0|2a0. (4.51)

By the analysis in Section 4.3.1, this equation has a pulse solution a0(ξ) with
c0 = c1 = ω0 = 0. Plugging this in and gathering O(ε) terms yields the leading
order equation

(1 − µb0)a1 − a′′
1 − (2|a0|2a1 + a2

0a
∗
1) = iω1a0 + µb1a0 + ip1a

′′
0 + iq1a

3
0,

(4.52)
where we consider the right hand side as inhomogeneous term. Taking the
derivative of (4.51) with respect to ξ we obtain

0 = −(1 − µb0)a′
0 + a′′′

0 + (2|a0|2a′
0 + a2

0(a
∗
0)

′),

which is exactly the left hand side of (4.52). It follows that the derivative a′
0

of the unperturbed pulse a0 is a solution (and in fact the only solution that
converges to 0) of (4.52).

Define the operator L as

L(a) = (1 − µb0)a − a′′ − (2|a0|2a + a2
0a

∗), (4.53)

and F as
F = iω1a0 + µ(d0ξ + b1(0))a0 + ip1a

′′
0 + iq1a

3
0, (4.54)
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using our previous result that b1 satisfies b1 = d0ξ + b1(0). We now look for a1

such that
L(a1) = F.

with |a1| decaying exponentially to 0 as |ξ| → ∞.
By partial integration, using that |a0| and |a1| decay to zero exponentially

as |ξ| → ∞, we derive a solvability condition for F that needs to be satisfied in
order to find a solution a1:

〈F, a′
0〉 = 〈L(a1), a′

0〉 = 〈L(a′
0), a

′
1〉 −

∫ ∞

−∞
a2
0(a

′
0a

∗
1 − (a∗

0)
′a1) dξ. (4.55)

Since L(a′
0) = 0, the first integral in the last expression equals zero. The second

integral can be simplified using the expression (a′
0a

∗
1 − (a∗

0)
′a1) = 2i Im(a′

0a
∗
1).

Turning back to the polar coordinates we introduced before, we write

a0 + εa1 + O(ε2) =
(
r0 + εr1 + O(ε2)

)
ei

R
εφ0(s)+O(ε2) ds

=
(
r0 + εr1 + O(ε2)

)
eεi

R
φ0(s)+O(ε) ds

=
(
r0 + εr1 + O(ε2)

)(
1 + εi

∫
φ0(s) ds + O(ε2)

)

= r0 + ε

(
ir0

∫
φ0(s) ds + r1

)
+ O(ε2)

which yields

Im(a′
0a

∗
1) = Im

[
r′0

(
−ir0

∫
φ0(s) ds + r1

)]

= −r′0r0

∫
φ0(s) ds. (4.56)

Since we know from (4.44) that φ0 is an odd function, we conclude that

2i

∫ ∞

−∞
a2
0 Im(a′

0a
∗
1) = 0.

This results in the solvability condition 〈F, (a∗
0)

′〉 = 0.
Writing out the inner product and separating real and imaginary parts this

condition results in

µd0

∫ ∞

−∞
a0a

′
0ξ dξ + µb1(0)

∫ ∞

−∞
a0a

′
0 dξ = 0, (4.57)

ω1

∫ ∞

−∞
a0a

′
0 dξ + p1

∫ ∞

−∞
a′′
0a′

0 dξ + q1

∫ ∞

−∞
a3
0a

′
0 dξ = 0. (4.58)
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Since the last integrand of (4.57) and all integrands of (4.58) are odd, we thus
obtain

0 = µd0

∫ ∞

−∞
a0a

′
0ξ dξ = −2µd0

√
1 − µb0,

so that d0 = 0 or b0 = 1/µ should be satisfied. The case b0 = 1/µ is very
singular, since r0 = s0 = φ0 = 0 in that case. Therefore we conclude that any
heteroclinic orbit connecting M+

ε to M−
ε should satisfy d0 = 0 at leading order.

See also Remark 4.3.
Since the integral 〈L(a1), a′

0〉 changes sign as d0 changes sign, the condition
〈L(a1), a′

0〉 = 0 is in fact a Melnikov-type condition that determines the position
in phase space where Wu(M+

ε ) and W s(M−
ε ) intersect. Before we state the

precise result in Lemmas 4.3.1 and 4.3.2, we compute a next order condition on
ω by imposing that φ1(ξ) be bounded.

Given that the d0 = 0 for the orbit(s) under construction, it follows that
b1(ξ) = O(ε) (see (4.47), so that terms with b1 in system (4.46) become of
higher order. The (r, s) equations of system (4.46) thus have solutions that
are at leading order spanned by the bounded solution (r′0, s

′
0) and a second,

unbounded, solution. Since the biasymptotic orbit under construction should
be bounded, we now determine bounded solutions of the φ1 equation based on
the solution (r1, s1) = (r′0, s

′
0). In other words, we aim to solve (at leading

order) for

φ′
1 + 2φ1s0 = −2φ0s

′
0 + 2(p1 − q1)r0r

′
0 − ω2 =: f(ξ).

To solve this inhomogeneous equation for φ1, we substitute

φ1(ξ) = K(ξ)e−2
R ξ s0(x) dx,

leading to

K ′(ξ)e−2
R ξ s0(x) dx−2s0(ξ)K(ξ)e−2

R ξ s0(x) dx +2s0(ξ)K(ξ)e−2
R ξ s0(x) dx = f(ξ),

so
K ′(ξ)e−2

R ξ s0(x) dx = f(ξ).

Using (4.43), we thus find

K(ξ) =
∫ ξ

f(x) sech2(
√

1 − µb0x) dx.

Splitting the integral in K = −2I1 + 2(p1 − q1)I2 − ω2I3, with

I1 =
∫ ξ

φ0(x)s′0(x) sech2(
√

1 − µb0x) dx

=
1
6
(p1 − q1)(1 − µb0) sech4(

√
1 − µb0ξ) + C1,
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I2 =
∫ ξ

r0(x)r′0(x) sech2(
√

1 − µb0x) dx

=
1
2
(1 − µb0) sech4(

√
1 − µb0ξ) + C2

and

I3 =
∫ ξ

sech2(
√

1 − µb0x) dx =
tanh(

√
1 − µb0ξ)√

1 − µb0
+ C3,

we find

φ1(ξ) = K(ξ) cosh2(
√

1 − µb0ξ)

=
(

2
3
(p1 − q1)(1 − µb0) sech4(

√
1 − µb0ξ) (4.59)

− ω2
tanh(

√
1 − µb0ξ)√

1 − µb0

+ C

)
× cosh2(

√
1 − µb0ξ).

Thus, a bounded solution φ1 only exists if ω2 = 0 is chosen, and the integration
constants Ci add up to zero. This in particular means that any heteroclinic con-
nection between M+

ε and M−
ε has selected ω-value that is up to and including

O(ε2) exactly the same as the value ω = ω∗(b0) of the unperturbed heteroclinic
orbit on which it is built.

The above calculations, together with Fenichel theory [28], proof the follow-
ing lemma.

Lemma 4.3.1 Let ε > 0 be sufficiently small. Given arbitrary p1, q1, µ and
any B = b0 with 1 − µb0 > 0, a biasymptotic orbit γ(ξ; b0) to M±

ε exists that
corresponds to a travelling pulse solution of (4.31) and has wave speed c = ε2c2+
O(ε3) (that possibly depends on b0) and angle ω = 1

3 (p1−4q1)(1−µb0)ε+O(ε3).

Lemma 4.3.2 The one-parameter (b0) family of heteroclinic orbits γ(ξ; b0) to
M±

ε forms a transversal intersection Wu(M+
ε ) ∩ W s(M−

ε ).

Proof Consider two solutions γu(ξ) = (ru(ξ), su(ξ), φu(ξ), bu(ξ), du(ξ)) ⊂
Wu(M+

ε ) and γs(ξ) = (rs(ξ), ss(ξ), φs(ξ), bs(ξ), ds(ξ)) ⊂ W s(M−
ε ) of system

(4.40) with identical wave parameters c and ω, satisfying ‘boundary’ conditions
limξ→−∞ |γu(ξ)−M+

ε | = 0, su(0) = 0, bu(0) = b0 and limξ→∞ |γs(ξ)−M−
ε | = 0,

ss(0) = 0, bs(0) = b0, respectively. Moreover, assume that both orbits have
identical coordinates du(0) = ds(0) and φu(0) = φs(0) in their intersections
with the hyperplane {s = 0}. These conditions mean that both represent a
perturbation of the same travelling pulse solution A0(ξ;B0) of the ε = 0 limit
of (4.31).
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By assumption, both orbits transversally intersect the hyperplane {s = 0},
in the points γu(0) and γs(0), so that the distance between the orbits can
be measured in this hyperplane. Since γu(0) and γs(0) have by assumption
identical (φ, b, d)-coordinates, the distance |γu(0) − γs(0)| only depends on the
remaining r-coordinates: |γu(0)−γs(0)| = |ru(0)−rs(0)|. Since the orbits γu(ξ)
and γs(ξ) are perturbations of the same unperturbed orbit, this distance is of
order O(ε). If nonzero, the angle between Wu(M+

ε ) and W s(M−
ε ) is therefore

of order O(ε) as well.
By the above calculations, the integral 〈L(a1), a′

0〉 can serve as a measure for
this distance. The result that 〈L(a1), a′

0〉 = 〈F, a′
0〉 > 0 if du(0) = ds(0) = d0 < 0

and 〈L(a1), a′
0〉 < 0 if d0 > 0 shows that the intersection at d0 = 0 is transversal.

�

4.3.3 Existence of a pulse solution

To prove existence of a pulse solution in the nearly real Ginzburg-Landau limit,
we apply standard geometric singular perturbation techniques [28, 35, 36]. The
main task is to determine whether any of the constructed family of orbits γ(ξ; b0)
is a heteroclinic orbit connecting the two saddle points S±. The so-called take
off and touch down curves on M±

ε play a major role here. Their existence
follows from geometric singular perturbation theory [28], in short from the fact
that any orbit that is asymptotic to a slow manifold as ξ → ∞ is exponentially
close to some orbit in the slow manifold as ξ → ∞. More precisely, for any orbit
γ(ξ) connecting M+

ε to M−
ε with initial condition x0 := γ(0) ∈ Wu(M+

ε ) ∩
W s(M−

ε )∩ {r = 0} as above, there exist two orbits γ±(ξ;x±
0 ) ⊂ M∓

ε such that
‖γ(ξ)− γ+(x;x+

0 )‖, respectively ‖γ(ξ)− γ−(x, x−
0 )‖, is exponentially small in ε

and ξ for ξ ≥ 1/
√

ε, resp. ξ ≤ −1/
√

ε.
An orbit γh(x) = γ(x;x0) is a heteroclinic orbit connecting S+ ∈ M+

ε to
S− ∈ M−

ε if its base points satisfy x+
0 ⊂ ls, x−

0 ⊂ lu (for α > 0, η = 0) or
x+

0 ⊂ ws, x+
0 ⊂ wu (for α = 0, η > 0), with ls and ws the respective stable

manifolds of S− on M−
ε and lu, wu the unstable manifold of S+ on M+

ε : see
equations (4.28) and (4.30).

The take off curve To ⊂ M+
ε and touch down curve Td ⊂ M−

ε , respec-
tively represent the collections of base points of the solutions in Wu(M+

ε ), resp.
W s(M−

ε ) that are asymptotic to M−
ε , resp. M+

ε as x → ∞, resp. x → −∞.
Hence,

To :=
⋃
x0

{x−
0 = γ−(0, x−

0 )}, Td :=
⋃
x0

{x+
0 = γ+(0, x+

0 )}, (4.60)



128 CHAPTER 4. PERSISTENCE IN A COMPLEX GL SYSTEM

where the unions are over all x0 ∈ W s(M−
ε ) ∩ Wu(M+

ε ) ∩ {s = 0}. The sets
To and Td are determined by the accumulated change in b and d of γ(ξ) ⊂
Wu(M+

ε ) ∩ W s(M−
ε ) during half the jump through the fast field. Leading

order expressions for the curves are obtained by integrating b′ and d′ of (4.7)
over (half) the fast field and correcting the jump positions (b, d) = (b0, εd1(b0))
for this accumulated change, with

d1(0; b0) = ε
2
3

c2

µ
(1 − µb0). (4.61)

The calculations use the leading order approximation of γ(ξ) given by (4.42)
- (4.44); see Chapters 2 and 3. Since we coupled the complex GL equation
to the same reaction diffusion equation as we did for the real GL equation in
Chapters 2 and 3, and since the leading order fast pulse (r0, s0, φ0) is in essence
the ‘real GL’ pulse, the calculations are identical to those in Chapters 2 and 3
and result in

To =
{
(b0, d

−
0 ) | d−0 = 2ε

(
1
3

c2
µ (1 − µb0) + (ν + βb0)

√
1 − µb0

)}
,

Td =
{
(b0, d

+
0 ) | d+

0 = 2ε
(

1
3

c2
µ (1 − µb0) − (ν + βb0)

√
1 − µb0

)}
,

up to corrections (in d0) of O(ε2| log ε|). See also Remarks 4.3 and 4.2.

If To ∩ lu �= ∅ and Td ∩ ls �= ∅ (or To ∩ wu �= ∅ and Td ∩ ws �= ∅) and the
intersection points are conveniently positioned (see Remark 4.3 below), one of
the ε = 0 limiting fast heteroclinic orbits (4.42) - (4.44) and the slow trajectories
lu,s ⊂ M±

ε or wu,s ⊂ M±
ε can be concatenated to form a singular heteroclinic

orbit connecting S+ to S−. See Figure 4.2. The main idea of geometric singular
perturbation theory [28, 35, 36] is, that this singular structure persists for 0 <
ε � 1 if the slow manifolds M±

0 are normally hyperbolic and all manifolds that
are involved in the construction intersect transversally.

Remark 4.3 The calculation of the curves To,d implicitly gives information
about the possibility for a jump from x−

0 ∈ To ⊂ M+
ε to x+

0 ∈ Td ⊂ M−
ε . The

accumulated change in d over a full jump through the fast field is

∆d =
∫ −k log ε

k log ε

d′|γ(ξ;x0) dξ

= −ε

∫ ∞

−∞
(νr2 + βbr2)|γ(ξ;x0) dξ + O(ε2| log ε|)

= −4ε(ν + βb0)
√

1 − µb0 + O(ε2| log ε|),



4.3. THE NEARLY REAL GINZBURG-LANDAU LIMIT 129

M−
ε M+

ε

d d

b b

s

φ
r

S− S+

Figure 4.2: Sketch of the singular heteroclinic orbit in case of a linearly stable
B-mode.

where it is used that γ(ξ, x0) can be approximated by the unperturbed homo-
clinic orbit γ0(ξ, x0) = (r0(ξ; b0), s0(ξ; b0), φ0(ξ; b0), b0, d0). Similarly

∆b =
∫ −k log ε

k log ε

b′|γ(ξ,x0) dξ = ε

∫ −k log ε

k log ε

(
d0 +O(ε)

)
dξ = −2kε log ε

(
d0 +O(ε)

)
.

(4.62)
This implies that, if b0 = 1/µ, then ∆d is at most O(ε2| log ε|) and ∆b is at most
O(ε| log ε|). Because near b = 1/µ the distance (in d) between lu and ls, resp.
wu and ws is O(ε), a jump at this position cannot give rise to a heteroclinic
orbit. A jump near d0 = d1(0) = ε 2

3
c2
µ (1 − µb0) on the other hand is possible.

The b-coordinates of the base points x−
0 and x+

0 of a heteroclinic orbit
γh(ξ;x0) have to be equal at leading order since ∆b = O(ε2| log ε|) during an
excursion through the fast field; see (4.62). Therefore the leading order term b0

of a heteroclinic orbit has to fulfill both equations

To ∩ lu; Γ+b0 = 2
3

c2
µ (1 − µb0) + 2(ν + βb0)

√
1 − µb0,

Td ∩ ls; Γ−b0 = 2
3

c2
µ (1 − µb0) − 2(ν + βb0)

√
1 − µb0,

(4.63)

for a certain wave speed c2, with Γ± as defined in (4.27), or, in case of a neutrally
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stable B-mode, where we assume σ = c = 0 (see Remark 4.1):

To ∩ wu; 1
3

√
6|ηb3

0| = +2(ν + βb0)
√

1 − µb0,

Td ∩ ws; − 1
3

√
6|ηb3

0| = −2(ν + βb0)
√

1 − µb0.
(4.64)

Since in the current nearly real GL system both To,d and lu,s or wu,s are identical
to the corresponding curves in the truly real case, the expressions (4.63) and
(4.64) are identical to those in Chapter 2 and 3, respectively. Therefore, we can
copy the following results. In case of a linearly stable B-mode, the following
results were obtained in Chapter 2, Lemmas 2.4 and 2.5.

Lemma 4.3.3 If µ �= 0, β = 0, α > 0 and η = 0, two types of solutions (b0, c2)
to system (4.63) are possible, i.e., there are two types of base point pairs x−

0 and
x+

0 that can give rise to a heteroclinic connection between S+ and S−:

(i) If σ = 0,

b0 =
2ν

α

(
−µν +

√
µ2ν2 + α

)
and c2 = 0.

(ii) If σ �= 0, then 4c2 − 3σ �= 0 and

b0 =
4c0

µ(4c2 − 3σ)
and c2 =

3σµν

σ2 + 4α

(
−2µν −

√
4µ2ν2 + σ2 + 4α

)
.

If ε > 0 is small enough, the corresponding intersections To ∩ lu and Td ∩ ls are
transversal.

This lemma basically implies that with β = 0, so without any higher order
terms in the equation for B in (4.3), there is always a single intersection pair
To ∩ lu, Td ∩ ls. When the higher order nonlinearity β|A|2B is included, there
are various possibilities, that we computed explicitly in case of c = σ = 0. For
a more detailed formulation of the parameter regions we refer to Lemma 2.1.6
of Chapter 2.

Lemma 4.3.4 If β �= 0, c = σ = 0, α > 0 and η = 0, the number of intersec-
tions between lu and To varies with the parameters. There are open regions in
(µ, α, ν, β)-space in which there are 0, 1 or 2 intersections To ∩ lu. The bound-
ary between the regions with 0 or 2 intersections is formed by a codimension-1
manifold on which the curves To and lu are tangent.

Note that when c = σ = 0, the reversibility symmetry (b, d, x) → (b,−d,−x)
in system (4.26) ensures that any intersection To ∩ lu is accompanied by a
symmetric intersection Td ∩ ls.
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This lemma implies that (saddle-node) bifurcations of pulse-type orbits are
induced by higher-order nonlinearities, which we represented by the term β|A|2B.
See Theorem 4.3.8.

In case of a neutrally stable B-mode we have the following results, both
already proven in Chapter 3.

Lemma 4.3.5 Let µ �= 0, ν > 0, α = 0, η > 0, σ = c = 0 and β = 0. Then for
sufficiently small ε > 0, (4.64) uniquely determines a value b0(µ, ν) at which To

intersects wu transversally, and Td intersects ws transversally.

Lemma 4.3.6 Let β �= 0, σ = c = 0, α = 0, η > 0, and ε > 0 be sufficiently
small. The number of transversal intersections between wu and To varies with
the parameters. There are open regions in (µ, α, ν, β)-space in which there are
0, 1 or 2 intersections To ∩ lu. The boundaries between the regions are formed
by codimension-1 manifolds on which the curves To and lu are either tangent or
intersect ‘at infinity’.

For a precise description of the parameter regions and conditions under which
the curves are tangent, we refer to Lemmas 3.1.3 and 3.1.4 of Chapter 3.

The existence of a heteroclinic orbit γh(ξ) connecting S+ to S− now follows
from geometrical singular perturbation theory: Lemma 4.3.1 and the results
on transversal intersections of To,d and lu,s, resp. wu,s, in Lemmas 4.3.3 to
4.3.6 together allow for a geometrical construction of a singular orbit consisting
of slow pieces along M±

ε (the curves lu,s or wu,s) and a fast connection that
is approximated by (r0(ξ), s0(ξ), φ0(ξ, b0, d0)). Here (r0, s0, φ0) are given in
(4.42)-(4.44), d0 = d1(0) as in (4.61) and b0 and c2 are determined in the
above Lemmas. Combining this construction with the transversality result in
Lemmas 4.3.2 (and Lemmas 4.3.3 to 4.3.6) the existence of a heteroclinic orbit
γh(ξ) is then established. We state the existence results in Theorems 4.3.7
and 4.3.8 below. See Chapter 2 for a detailed proof of very similar theorems.

In case of β = 0 our result, presented in Theorem 4.3.7, is really a persistence
result: for any parameter combination there is a pulse-type travelling wave
solution to (4.31) that exists in the limit ε = 0 and persists for ε > 0 small
enough, with a selected wave speed c and angle ω that are at leading order
equal to the wave parameters of the ε = 0 pulse. This result is qualitatively
independent of the question whether B has a linearly or neutrally stable zero
mode, and the only quantitative difference between the two cases is the selected
asymptotic value b0 of B.
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Theorem 4.3.7 Let α > 0 and η = 0, or α = 0, η > 0 and σ = c = 0. Let
β = 0. Then for any ε > 0 sufficiently small and arbitrary p1, q1, µ, ν, σ there
is a b0 with 1−µb0 > 0 and corresponding wave parameters c = O(ε2) (or c = 0
if assumed so) and ω = 1

3 (p1−4q1)(1−µb0)ε+O(ε3) such that system (4.40) has
a nontrivial heteroclinic solution γh(ξ) = (rh(ξ), sh(ξ), ψh(ξ), bh(ξ), dh(ξ)), with
ξ = x − ct. This solution connects the two fixed points S+ and S−. The orbit
γh(ξ) corresponds to a travelling pulse solution (Ah(x− ct)e−iωt, Bh(x− ct)) of
(4.31) with limx→±∞(|Ah(x− ct)|, Bh(x− ct)) = (0, 0). It satisfies |Ah(ξ; b0)−
A0(ξ; b0)| = O(ε) uniformly on R. Here, A0 is the pulse solution of (4.31) with
ε = 0 and B ≡ b0 described by (4.42) - (4.44), and Bh(ξ) = b0 + O(ε) for
ξ = O(1).

In case of β �= 0, bifurcations of pulse solutions occur, but the result is still
qualitatively the same for the linear and the neutral case:

Theorem 4.3.8 Let α > 0 and η = 0 or α = 0 or η > 0. Let β �= 0 and
consider σ = c = 0. Then for any ε > 0 sufficiently small there are open
regions in (p1, q1, µ, ν, σ)-parameter space, separated by codimension-1 mani-
folds of bifurcations, in which system (4.40) possesses 0, 1 or 2 orbits γh(ξ)
heteroclinic to S±. Any solution that exists satisfies 1 − µb0 > 0 and ω =
1
3 (p1 − 4q1)(1 − µb0)ε + O(ε3). The orbits γh(ξ) correspond to pulse solutions
(Ah(x)e−iωt, Bh(x)) of (4.31) with limx→±∞(|Ah(x)|, Bh(x)) = (0, 0). They
satisfy |Ah(x; b0) − A0(x; b0)| = O(ε) uniformly on R. Here, A0 is the pulse
solution of (4.31) with ε = 0 and B ≡ b0 described by (4.42) - (4.44), and
Bh(x) = b0 + O(ε) for x = O(1).

Approximations for the components (rh, sh, φh, bh, dh) in Theorems 4.3.7 and
4.3.8 immediately follow from the asymptotic construction of γh(ξ). A direct
application of Fenichel theory yields that all orbits in Wu(M+

ε )∩W s(M−
ε ) are

O(ε) close to the unperturbed manifold Wu(M+
0 ) = W s(M−

0 ) in the fast field
(so for ξ = O(1) with respect to ε), and exponentially close to Mε outside the
fast field. This means that the fast coordinates rh(ξ), sh(ξ) and φh(ξ) satisfy
|rh(ξ)−r0(ξ; b0)| = O(ε), |sh(ξ)−s0(ξ; b0)| = O(ε) and |φh(ξ)−φ0(ξ; b0)| = O(ε)
uniformly on R with (r0, s0, φ0) as in (4.42) - (4.44) and b0 determined by (4.63)
or (4.64). The take off point associated to γh(ξ) is, by construction, on lu or
wu; its touch down point on ls or ws. Thus, for |ξ| > 1/

√
ε, γh(ξ) must be

exponentially close to either lu, wu ⊂ M+
ε or ls, ws ⊂ M−

ε . Note that this
observation is completely independent of the choice for a linearly or neutrally
stable B-mode, i.e., the choice η = 0 or α = 0.

Remark 4.4 Since the analysis of the flow near M±
ε is in the limit of a CGL

with small complex coefficients identical to the analysis in case of real coeffi-
cients, that part of the analysis completely follows the analysis in the previous
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two chapters. This means that the real work here was, to establish existence of
a 1-parameter family of connecting orbits between M±

ε .

4.4 Near the Nonlinear Schrödinger limit

When the coefficients in the GL equation have very large imaginary parts, it
can be rescaled to a perturbation of the Nonlinear Schrödinger (NLS) equation.
We scale the imaginary parts p and q to p = O(εk), q = O(εl) with k, l < 0 and
make the explicit choice k = l = 1. Other choices are of course also possible,
but to reduce calculations we only consider this (significant) scaling. We write
(4.3) as{

At = −(1 − µB)A + (1 + ip/ε)Axx + (1 + iq/ε)|A|2A,
ε2τBt = −αε2B − ηε2B2 + ν|A|2 + σBx + ε−2Bxx + β|A|2B,

(4.65)

with p, q �= 0 and introduce A(x, t) = Ã(x̃, t̃)/
√

q and B(x, t) = B̃(x̃, t̃), with
x =

√
px̃ and t = εt̃, so that the equation for A becomes

1
ε
√

q
Ãt̃ = −(1 − µB̃)

Ã
√

q
+ (1 + i

p

ε
)
Ãx̃x̃

p
√

q
+ (1 + i

q

ε
)
|Ã|2Ã
q
√

q

and the resulting equation for B is

pετB̃t̃ = −pαε2B̃ − pηε2B̃2 +
p

q
ν|Ã|2 +

√
pσB̃x̃ + ε−2B̃x̃x̃ +

p

q
β|Ã|2B̃.

Multiplying by ε
√

q, introducing p1 = 1/p, q1 = 1/q, τ̃ = εpτ , α̃ = pα, η̃ = pη,
ν̃ = p

q ν, σ̃ =
√

pσ and β̃ = p
q β, and dropping all tildes, one derives the system

{
At = −ε(1 − µB)A + (p1ε + i)Axx + (q1ε + i)|A|2A,

ε2τBt = −αε2B − ηε2B2 + ν|A|2 + σBx + ε−2Bxx + β|A|2B.
(4.66)

In this form the A equation is indeed a perturbed NLS equation. In the forth-
coming analysis we will strongly use the integrable structure of the NLS equa-
tion, which permits (again) the use of geometric singular perturbation tech-
niques.

To search for travelling waves, we again introduce A(x, t) = a(ξ)e−iωt,
B(x, t) = b(ξ), ξ = x − ct and define new variables r, s, ψ and d by a(ξ) =
r(ξ)ei

R
ψ(s)ds, dr

dξ = rs and db
dξ = εd, so that the following system of ODEs can

be derived:
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r′ = rs,

s′ = (1 − µb)εp̃ − s2 + ψ2 − r2 − cp̃s − p̂(ω + cψ) − q1εp̃r2,

ψ′ = −2ψs − p̃(ω + cψ) − p̂(1 − µb)ε + p̂cs + (q1 − p1)p̂εr2,

b′ = εd,

d′ = ε(αε2b + ηε2b2 − νr2 − ε(ε2τc + σ)d − βr2b).

Here the prime means differentiation with respect to ξ, and new parameters p̂
and q̃ are defined by p̂ = (1+ p2

1ε
2)−1 and p̃ = p1ε/(1+ p2

1ε
2). Expanding those

parameters in powers of ε, we end up with the system we will analyze in the
sequel:

r′ = rs,
s′ = −s2 + ψ2 − r2 − (ω + cψ) − p1csε + O(ε2),
ψ′ = −2ψS + cs − (1 − µb)ε + (q1 − p1)εr2 − (ω + cψ)p1ε + O(ε2),
b′ = εd,
d′ = ε(αε2b + ηε2b2 − νr2 − ε(ε2τc + σ)d − βr2b).

(4.67)

4.4.1 Heteroclinic orbits in the fast reduced limit

We are still interested in the question whether system (4.66) has pulse-type
travelling wave solutions satisfying limx→±∞ |A(x, t)| = limx→±∞ B(x, t) = 0.
In the ε = 0 limit this question is easily answered, since the A equation is
reduced to the NLS equation and the B equation reduces to Bxx = 0, with
constant solutions B = b0 as only bounded solutions. In the ODE setting the
fast reduced limit of (4.67) is

r′ = rs,
s′ = −s2 + ψ2 − r2 − (ω + cψ),
ψ′ = −2ψs + cs,

(4.68)

with b = b0 and d = d0 constant.
System (4.68) is completely integrable, with integrals

ψ =
c

2
and s2 =

1
2
r2
∗ − 1

2
r2. (4.69)

Here r2
∗ = −2(ω + 1

4c2). Imposing ψ = c/2 and assuming ω < − 1
4c2 one finds a

2-parameter family of pulse solutions

r(ξ) =
√
−2(ω + 1

4c2) sech(
√

−(ω + 1
4c2)ξ),

s(ξ) = −
√
−(ω + 1

4c2) tanh(
√

−(ω + 1
4c2)ξ),

ψ(ξ) = c
2 .

(4.70)
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(Note that in the real case the pulses only formed a 1-parameter family.) See
for instance [60].

4.4.2 Critical points and their stable and unstable mani-
folds

If ω < − 1
4c2, the heteroclinic orbit (4.70) limits at

s± =
{
r = 0, s = ±

√
−(ω +

1
4
c2), ψ =

c

2
}

as ξ → ∓∞, both critical points of (4.68).
Linearizing the fast reduced system (4.68) about s± gives the eigenvalues:

λ±
1 = ±

√
−(ω +

1
4
c2),

λ±
2 = ∓2

√
−(ω +

1
4
c2),

λ±
3 = ∓2

√
−(ω +

1
4
c2),

with corresponding eigenvectors (1, 0, 0)�, (0, 1, 0)� and (0, 0, 1)�. This means
that, within the fast subsystem, s+ has a 2-dimensional stable manifold W s(s+)
and a 1-dimensional unstable manifold Wu(s+), whereas s− has a 2-dimensional
unstable manifold Wu(s−) and a 1-dimensional stable manifold W s(s−). Since
(0, 1, 0)� and (0, 0, 1)� span the plane {r = 0}, which is invariant under (4.68)
(and in fact under the full flow (4.67)), we conclude as in the full complex GL
case that Wu(s−) ⊂ {r = 0} and W s(s+) ⊂ {r = 0}. Again, phase plane
analysis yields that both manifolds coincide.

In both points s± the remaining eigenvector, to which the heteroclinic orbit
is tangent, is (1, 0, 0)�. This orbit (4.24) is not a transversal heteroclinic orbit,
but only exists if the two 1-dimensional manifolds Wu(s+) and W s(s−) coincide.
The integrable structure of (4.68) however allows this to occur for any parameter
combination (c, ω) satisfying ω < − 1

4c2.

The question now is, whether this heteroclinic orbit can survive the pertur-
bation induced by the coupling to the slow background diffusion for small ε > 0,
and whether there are conditions on the wave parameters c and ω in order to
survive.
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4.4.3 Fenichel theory

For ω < − 1
4c2, the full 5-dimensional system (4.67) possesses by the above

analysis two hyperbolic invariant manifolds

M±
0 =

{
r = 0, s = ±

√
−(ω +

1
4
c2), ψ = 0

}
(4.71)

that are the counterparts of (4.25). As in Section 4.2, Fenichel theory guarantees
for small ε > 0 existence of two nearby normally hyperbolic manifolds M+

ε and
M−

ε . Again, M±
0 are no longer invariant for 0 < ε � 1, but M±

ε are still
subsets of {r ≡ 0}. This means that the flow on M±

ε is identical to the flow
(4.26), and that the limiting behavior of the pulse solution we aim to construct
is still determined by the flow on the curves lu,s or wu,s defined in (4.28) and
(4.30).

4.4.4 Construction of the pulse solution for 0 < ε � 1

As in Section 4.2.2, the aim is now to construct a heteroclinic solution γh(ξ) ≡
(rh(ξ), sh(ξ), φh(ξ), bh(ξ), dh(ξ)) of the full equation (4.67), based on one of the
limiting heteroclinic solutions (4.70) that serves as ‘building block’ and is con-
sidered the zeroth order approximation of γh. We expand rh = r0 + εr1 + . . .,
and similarly expand sh, ψh, bh, c and ω in orders of ε, so that the full system
(4.67) becomes at zeroth order

r′0 = r0s0,
s′0 = −s2

0 + ψ2
0 − r2

0 − (ω0 + c0ψ0),
ψ′

0 = −2ψ0s0 + c0s0,
b′0 = 0,
d0 = 0,

with, for any c0 and ω0 satisfying ω0 < − 1
4c2

0, heteroclinic solution

r0(ξ) =

√
−2(ω0 +

1
4
c2
0) sech(

√
−(ω0 +

1
4
c2
0)ξ),

s0(ξ) = −
√

−(ω0 +
1
4
c2
0) tanh(

√
−(ω0 +

1
4
c2
0)ξ),

ψ0(ξ) =
c0

2
,

b0 and d0 constant. Gathering the O(ε) terms in the expansion results in the
following set of equations for the first correction terms:
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r′1 = r0s1 + s0r1,

s′1 = −2s0s1 + 2ψ0ψ1 − 2r0r1 − c0ψ1 − (ω1 + c1ψ0) − p1c0s0,

ψ′
1 = −2ψ1s0 − 2ψ0s1 + c0s1 + c1s0 − (1 − µb0) + (q1 − p1)r2

0 − (ω0 + c0ψ0)p1,

b′1 = d0,

d′1 = −(ν + βb0)r2
0.

The first order correction terms for the (b, d) part are immediately found to be

b1(ξ) = d0ξ + b1(0),

d1(ξ) = −2
√

1 − µb0(ν + βb0) tanh(
√

1 − µb0 ξ) + d1(0).

It remains to solve or find a solvability condition for (r1, s1, ψ1). We again write
the equations in the form

r′1 − r0s1 − s0r1 = 0,

s′1 + 2s0s1 − 2ψ0ψ1 + 2r0r1 + c0ψ1 = −(ω1 + c1ψ0) − p1c0s0, (4.72)
ψ′

1 + 2ψ1s0 + 2ψ0s1 − c0s1 = c1s0 − (1 − µb0) + (q1 − p1)r2
0,

− (ω0 + c0ψ0)p1,

so that (r1, s1, ψ1) = (r′0, s
′
0, ψ

′
0) solves the homogeneous problem. Since ψ0(ξ) =

c0
2 , the equations for (r1, s1) decouple and the solution (r′0, s

′
0, ψ

′
0) = (r′0, s

′
0, 0)

is in fact a solution of the real GL equation.

4.4.5 Derivation of solvability conditions

To derive a first solvability condition, we substitute the travelling wave A =
a(ξ)e−iωt in (4.66). This results in

−iωa − caξ = −ε(1 − µb)a + (p1ε + i)aξξ + (q1ε + i)|a|2a. (4.73)

We insert the expansion

a = a0 + εa1 + O(ε2),
b = b0 + εb1 + O(ε2),
c = c0 + εc1 + O(ε2),
ω = ω0 + εω1 + O(ε2),

and use that a is of the form (4.6) for a travelling wave:

a0 = r0e
i

R ξ ψ0(s)ds = r0e
i

c0
2 ξ,

a1 = r1e
i

c0
2 ξ + ir0e

i
c0
2 ξ

∫ ξ

ψ1(s)ds.
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This results in the O(1) equation

−iω0r0 − i
c2
0

4
r0 = ir′′0 + ir3

0 (4.74)

and the O(ε) equation, split in real and imaginary part:

Re : −c1r
′
0 − c0r

′
1 = −(1 − µb0)r0 + p1(r′′0 − c2

0

4
r0) −

c0

2
r′1 − 2r′0ψ1

− r0ψ
′
1 + q1r

3
0, (4.75)

Im : −ω1r0 − ω0r1 −
c0c1

2
r0 −

c2
0

4
r1 = p1c0r

′
0 + r′′1 + 3r2

0r1. (4.76)

Here we used that all terms involving ψ1 cancel, and that all terms involving∫ ξ
ψ1(s)ds drop out as well, since the prefactors together exactly form equation

(4.74) that is already satisfied.
Note that, in case of a real amplitude a = r, the second equation is indeed

equivalent to the equations for (r1, s1) in (4.72) with ψ0 = c0
2 . We therefore view

(4.76) as a real GL equation, substituting r0 = a0 and r1 = a1, and introduce
the operator L as

L(a) = a′′ + (ω0 +
1
4
c2
0)a + 3a2

0a

and F as
F (ξ) = −(ω1 +

1
2
c0c1)a0 − p1c0a

′
0.

Then one derives in the standard way, via partial integration, that 〈L(a1), a′
0〉 =

0 for any solution a1 of which |a1| decays to zero exponentially as |ξ| → ∞. So
in order to allow for such solution a1, the function F should satisfy the following
solvability condition:

0 = 〈F, a′
0〉 = −c0p1

∫ ∞

−∞
(a′

0)
2 dξ

= −2c0p1(ω0 +
1
4
c2
0)

3/2

∫ ∞

−∞
sech2(ξ) tanh2(ξ)dξ

= −4
3
c0p1(ω0 +

1
4
c2
0)

3/2.

Since p (and hence p1) was assumed nonzero in (4.65), and ω0 + 1
4c2

0 < 0 for
any heteroclinic orbit (4.70), it follows that c0 = 0 (and hence ω0 < 0) should
be satisfied.
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Remark 4.5 Now c0 = 0 is derived as a solvability condition for the existence
of heteroclinic solutions, it follows that the ψ-coordinate of the orbit(s) under
construction is of O(ε). One could therefore choose to rescale φ = ψ/ε, as we
did in the nearly real case. We however will not do so anymore in this stage of
the analysis.

Using this first condition c0 = 0, a second can be derived directly from (4.73).
Inserting expansions for a, b, c and ω again, without rewriting the amplitude a,
the zeroth order system

−iω0a0 = ia′′
0 + i|a0|2a0 (4.77)

of course again has the unperturbed heteroclinic orbit as solution. Gathering
O(ε) terms leads to

−iω0a1 − ia′′
1 − i(2|a0|2a1 + a2

0a
∗
1) = iω1a0 + c1a

′
0 − (1 − µb0)a0

+ p1a
′′
0 + q1|a0|2a0,

(4.78)

where we again view the right hand side as inhomogeneous term. Taking the
derivative of (4.77) with respect to ξ, it follows that a′

0 is a solution of the
homogeneous part of (4.52).

Similar to the analysis in Subsection 4.3.2 we define a second operator L̃ as

L̃(a) = −iω0a − ia′′ − i(2|a0|2a + a2
0a

∗), (4.79)

and G(ξ) as

G(ξ) = iω1a0 + c1a
′
0 − (1 − µb0)a0 + p1a

′′
0 + q1|a0|2a0, (4.80)

and look for a solution a1 such that L̃(a1) = G with |a1| decaying to zero
exponentially as |ξ| → ∞.

As in (4.55) it follows that

〈G, a′
0〉 = 〈L̃(a1), a′

0〉 = 〈L̃(a′
0), a

′
1〉 − i

∫ ∞

−∞
a2
0(a

′
0a

∗
1 − (a∗

0)
′a1) dξ.

Since L̃(a′
0) = 0, the first integral equals zero. We rewrite the second one

using that (a′
0a

∗
1− (a∗

0)
′a1) = 2i Im(a′

0a
∗
1) = −2ir′0r0

∫
ψ1(s) ds, as we derived in

(4.56). To compute this integral we determine ψ1 from (4.72), using that c0 = 0
and that ψ1 should be bounded for the heteroclinic orbit under construction.
The equation for ψ1 reads

ψ′
1 + 2ψ1s0 = c1s0 − (1 − µb0) − ω1a1 + (q1 − p1)r2

0.
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Multiplying by r0 and using that s0 = r′0/r0, we rewrite this as

(r2
0ψ1)′ = r2

0(c1s0 − (1 − µb0) − ω1a1 + (q1 − p1)r2
0)

of which any bounded solution ψ1 has zero integration constants and is of the
form:

ψ1(ξ) =
−(1 − µb0) − ω0p1√−ω0

cosh(
√
−ω0ξ) sinh(

√
−ω0ξ)

+
2
3
(q1 − p1)

√
−ω0 cosh(

√
−ω0ξ) sinh(

√
−ω0ξ)

(
2 + sech2(

√
−ω0ξ)

)
.

This solution can only be bounded if

0 =
−(1 − µb0) − ω0p1√−ω0

+
4
3
(q1 − p1)

√
−ω0,

so the solution we find is

ψ1 = −2
3
(q1 − p1)

√
−ω0 tanh(

√
−ω0ξ).

with ω0 = 3(1 − µb0)/(p1 − 4q1 < 0.
The constructed ψ1 being an odd function, we conclude that 〈G, (a∗

0)
′〉 =

〈L̃(a1), (a∗
0)

′〉 = 0. On the other hand, computing 〈G, (a∗
0)

′〉 directly from (4.80)
yields

〈G, a′
0〉 = c1

∫ ∞

−∞
(a′

0)
2 dξ,

so that a next solvability condition is c1 = 0.
Redoing the calculations taking directly into account that c1 = 0, c = ε2c2 +

O(ε3), we find with

G(ξ) = iω1a0 + εc2a
′
0 − (1 − µb0)a0 + εµb1a0 + p1a

′′
0 + q1|a0|2a0, (4.81)

the solvability condition

c2

∫ ξ

(a′
0)

2 dy + µd0

∫ ξ

a0a
′
0y dy = 0,

leading to

c2
4
3
(−ω0)3/2 − 2µd0

√
−ω0 = 0.

This means that a heteroclinic orbit connecting M+
ε to M−

ε has its jump posi-
tioned at

d0 = −2
3

c2

µ
ω0 = −2

c2

µ

1 − µb0

p1 − 4q1
. (4.82)
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See the geometrical arguments in Subsection 4.3.3. The above calculations lead
to the following lemma.

Lemma 4.4.1 Let ε > 0 be sufficiently small. Given arbitrary parameters p1 �=
0, q1 �= 0, µ, α, η, β, ν, σ and τ , and any B = b0 satisfying (1−µb0)(p1−4q1) <
0, a biasymptotic orbit γ(ξ; b0) to M±

ε exists that corresponds to a travelling
pulse solution of (4.66) and has wave speed c = ε2c2 + O(ε3) and angle ω =
3(1 − µb0)/(p1 − 4q1) + O(ε) < 0.

This means, that the perturbation in (4.66) breaks the integrable structure
of (4.68) so that out of the 2-parameter (c and ω with ω < 1

4c2) family of
heteroclinic orbits (4.70) only a 1-parameter family survives. In other words,
the perturbation selects a specified wave parameter ω = ω∗(b0, c).

Lemma 4.4.2 The family of heteroclinic orbits γ(ξ; b0) to M±
ε forms a transver-

sal intersection Wu(M+
ε ) ∩ W s(M−

ε ).

Proof The proof is similar to the proof of Lemma 4.3.2. �

4.4.6 Existence of a pulse solution for 0 < ε � 1

In order to construct a pulse solution to (4.67), it remains to couple the be-
havior in the fast field as determined above to the slow behavior near M±

ε ; see
Subsection 4.3.3. Since the slow equations for b and d in (4.67) are identical to
those in the nearly real case, the main part of Subsection 4.3.3 can be used here
without any adaptation.

The only differences between the construction there and here are the constant
−(ω+ 1

4c2) in the leading order expression for the heteroclinic orbit and the jump
position given by (4.82). As a consequence, the accumulated change in d over
half the fast field is now (taking into account that c0 = 0)

∆d+ = −∆d− =
∫ −k log ε

0

d′|γ(ξ;x0) dξ = −2ε(ν + βb0)
√
−ω0 + O(ε2| log ε|),

with ω0 = 3(1− µb0)/(p1 − 4q1). Hence the take off and touch down curves are
now up to O(ε2| log ε|) given by

To =
{
(b0, d

−
0 ) | d−0 = d0 + ε(ν + βb0)

√
−3(1 − µb0)/(p1 − 4q1)

}
,

Td =
{
(b0, d

+
0 ) | d+

0 = d0 − ε(ν + βb0)
√

−3(1 − µb0)/(p1 − 4q1)
}

with d0 = −2 c2
µ

1−µb0
p1−4q1

. The take off and touch down position of a heteroclinic
orbit connecting the fixed points S+ ∈ M+

ε and S− ∈ M−
ε are again determined
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as intersection points of To,d with the stable and unstable manifolds (restricted
to M±

ε ) lu,s or wu,s of S±. These curves satisfy d = O(ε) as long as b = O(1),
so it is immediately clear that any intersection point satisfies d0 = 0. Hence
any heteroclinic orbit connecting S± should satisfy c2 = 0 so that it has a wave
speed of order O(ε3).

Extending the above calculations in Subsection 4.4.4 again to a next order,
we find the O(ε) jump position as a result deriving from the solvability condition:

d1 = −2
3

c3

µ
ω0 = −2

c3

µ

1 − µb0

p1 − 4q1
.

Note that this is in fact the same as (4.82) if one explicitly assumes d0 =
O(ε), c2 = O(ε). The take off and touch down points for a heteroclinic orbit
connecting S± are thus in the linear case determined by

To ∩ lu; Γ+b0 = d1 + 2(ν + βb0)
√

−3(1 − µb0)/(p1 − 4q1),

Td ∩ ls; Γ−b0 = d1 − 2(ν + βb0)
√

−3(1 − µb0)/(p1 − 4q1),
(4.83)

or, in case of a neutrally stable B-mode,

To ∩ wu; 1
3

√
6|ηb3

0| = d1 + 2(ν + βb0)
√
−3(1 − µb0)/(p1 − 4q1),

Td ∩ ws; − 1
3

√
6|ηb3

0| = d1 − 2(ν + βb0)
√
−3(1 − µb0)/(p1 − 4q1).

(4.84)

The curves lu,s or wu,s are completely determined by the slow flow (4.26) and
are hence identical to those in Section 4.3, and the curves To,d only differ from
those in Section 4.3 by a scaling in their parameters, so that the results are
similar to Lemmas 4.3.3 to 4.3.6.

Lemma 4.4.3 Assume µ �= 0 and β = 0. In the linear case, with α > 0, η = 0,
system (4.83) always has a single solution pair (b0, c3) that forms the leading
order b-coordinate for the base point pair x−

0 and x+
0 , and the corresponding

wave speed. There are two cases:

(i) If σ = 0, then

c3 = 0 and b0 =
{

b+
0 , if p1 − 4q1 > 0,

b−0 , if p1 − 4q1 < 0,

with b±0 = 6 ν
α(p1−4q1)

(
µν ±

√
µ2ν2 − α

3 (p1 − 4q1)
)
.

(ii) If σ �= 0, then 4c3 − σ(p1 − 4q1) �= 0 and b0 = 4c3
µ(4c3−σ(p1−4q1)

with c3 = c±3 =
3σµν

σ2 + 4α

(
−2µν ±

√
4µ2ν2 − 1

3
(p1 − 4q1)(σ2 + 4α)

)
.

The selection of c±3 is such that sign(b0) = sign(ν).
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If ε > 0 is small enough, the corresponding intersections To ∩ lu and Td ∩ ls are
transversal, so that this base point pair can give rise to a heteroclinic connection
between S+ and S−.

Proof The proof is along the lines of the proof of Lemma 2.1.5 in Chapter 2.
Taking the sum of the two equations of (4.83) it follows that either 4c3 −σ(p1−
4q1) = 0, which implies c3 = 0 and thus σ = 0, or 4c3 − σ(p1 − 4q1) �= 0, which
implies b0 = 4c3

µ(4c3−σ(p1−4q1)
. Taking the difference of the two equations, one

observes that sign(b0) = sign(ν). Both statements then immediately follow by
solving the remaining quadratic equation. �

As mentioned above, if one a priori assumes that σ = c = 0, then any
intersection To ∩ lu or To ∩wu is by symmetry automatically accompanied by a
corresponding symmetric intersection Td ∩ ls or Td ∩ws. We have the following
intersection results:

Lemma 4.4.4 Let µ �= 0, ν > 0, α = 0, η > 0, σ = c = 0 and β = 0. Then for
sufficiently small ε > 0, (4.64) uniquely determines a value b0(µ, ν) at which To

intersects wu transversally, and Td intersects ws transversally.

Lemma 4.4.5 Let β �= 0, σ = c = 0, and ε > 0 be sufficiently small. Con-
sider either α = 0, η > 0, or η = 0, α > 0. Then the number of transversal
intersections between wu and To varies with the parameters. There are open re-
gions in (µ, α, ν, β)-space in which there are 0, 1 or 2 intersections To ∩ lu. The
boundaries between the regions are for α > 0, η = 0 all formed by codimension-1
manifolds on which the curves To and lu are tangent, and for α = 0, η > 0 they
are formed by codimension-1 manifolds on which the curves To and lu are either
tangent or intersect ‘at infinity’. Away from these codimension-1 parameter
regions, the intersections To ∩ lu are transversal.

As in the nearly real case, the existence of a heteroclinic orbit γh(ξ) con-
necting S+ to S− now follows from geometrical singular perturbation theory:
Lemma 4.4.1 and the results in Lemmas 4.4.3 to 4.4.5 together allow for a
geometrical construction of a singular orbit consisting of slow pieces along
M±

ε (the curves lu,s or wu,s) and a fast connection that is approximated by
(r0(ξ), s0(ξ), ψ0(ξ, b0, d0). Here (r0, s0, ψ0) are given in (4.70), d0 = εd1 =
−2ε c3

µ
1−µb0
p1−4q1

and b0 and c3 are determined in the above Lemmas. Combin-
ing this construction with the transversality result in Lemmas 4.3.2 (and Lem-
mas 4.4.3 to 4.4.5) the existence of a heteroclinic orbit γh(ξ) is then established.

In case of β = 0 our result, presented in Theorem 4.4.6, is in some sense really
a persistence result: for any parameter combination satisfying the condition
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(1−µb0)(p1−4q1) < 0 there is a pulse-type travelling wave solution to (4.31) that
exists in the limit ε = 0 and persists for ε > 0 small enough. However, only one
orbit, with wave speed c = O(ε3) and angle ω = 3(1−µb0)/(p1−4q1)+O(ε) < 0,
is selected out of the original 3-parameter (b0, c, ω) family. This result is
qualitatively independent of the question whether B has a linearly or neutrally
stable zero mode, and the only quantitative difference between the two cases is
the selected asymptotic value b0 of B.

Theorem 4.4.6 Let α > 0 and η = 0, or α = 0, η > 0 and c = σ = 0.
Let β = 0. Then for any ε > 0 sufficiently small and arbitrary p1, q1, µ, ν,
σ there is a b0 with (1 − µb0)(p1 − 4q1) < 0 and corresponding wave param-
eters c = ε3c3 + O(ε4) (or c = 0 if assumed so) and ω = 3(1 − µb0)/(p1 −
4q1) + O(ε) < 0 such that system (4.67) has a nontrivial heteroclinic solution
γh(ξ) = (rh(ξ), sh(ξ), ψh(ξ), bh(ξ), dh(ξ)), with ξ = x − ct. This solution con-
nects the two fixed points S+ and S−. The orbit γh(ξ) corresponds to a travelling
pulse solution (Ah(x − ct)e−iωt, Bh(x − ct)) of (4.66) with limx→±∞(|Ah(x −
ct)|, Bh(x− ct)) = (0, 0). It satisfies |Ah(ξ; b0)−A0(ξ; b0)| = O(ε) uniformly on
R, where A0 is the pulse solution (4.70) of (4.66) with ε = 0 and B ≡ b0, and
Bh(ξ) = b0 + O(ε) for ξ = O(1).

In case of β �= 0, bifurcations of pulse solutions occur, but the result is still
qualitatively the same for the linear and the neutral case:

Theorem 4.4.7 Let α > 0 and η = 0 or α = 0 or η > 0. Let β �= 0 and
consider σ = c = 0. Then for any ε > 0 sufficiently small there are open re-
gions in (p1, q1, µ, ν, σ)-parameter space, separated by codimension-1 manifolds
of bifurcations, in which system (4.67) possesses 0, 1 or 2 orbits γh(ξ) hetero-
clinic to S±. For given parameters, a value b0 is selected, where the fast jump
of the orbit γh(ξ) is at leading order positioned. Any solution that exists satis-
fies (1 − µb0)(p1 − 4q1) < 0 and ω = 3(1 − µb0)/(p1 − 4q1) + O(ε) < 0. The
orbits γh(ξ) correspond to pulse solutions (Ah(x)e−iωt, Bh(x)) of (4.66) with
limx→±∞(|Ah(x)|, Bh(x)) = (0, 0) that satisfy |Ah(x; b0) − A0(x; b0)| = O(ε)
uniformly on R where A0 is the pulse solution (4.70) of (4.66) with ε = 0 and
B ≡ b0, and Bh(x) = b0 + O(ε) for x = O(1).

Approximations for the components (rh, sh, φh, bh, dh) in Theorems 4.4.6 and
4.4.7 again immediately follow from the asymptotic construction of γh(ξ); see
the explanation in subsection 4.3.3.

4.5 Discussion

The work in this chapter was inspired by the results in the previous chap-
ters, concerning pulse solutions in a coupled system of a real Ginzburg-Landau
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equation for a real amplitude A(x, t) and a diffusion equation for a second (real)
amplitude B(x, t). There it was proved that travelling one-pulse solutions to the
GL equation can both persist and be stabilized by coupling of the GL equation
to a diffusion equation, as in equation (4.1). The GL equation is an amplitude
equation that describes the behavior of a pattern in a nonlinear system near a
critical situation (bifurcation). However, the real GL equation in fact only mod-
els behavior near a stationary bifurcation, and the assumption that A(x, t) is a
real amplitude only allows a certain class of patterns. To really model physical
experiments and consider all relevant patterns that may appear, it is necessary
to consider the full complex GL equation and a complex amplitude A(x, t).

The aim of this chapter was to extend the existence or persistence results in
the previous chapters to the case of a complex GL equation coupled to a diffusion
equation. We chose a model system (4.3) that limits at the two different systems
we studied before: one with a linearly stable diffusive mode B and one with a
neutrally stable diffusive mode B.

The existence analysis in this chapter was inherently more involved than
that in Chapters 2 and 3, mainly caused by the additional (third) fast dimen-
sion. Standard geometric perturbation analysis could only be applied after the
existence of Wu(M+

ε )∩W s(M−
ε ) was established. The analysis here was much

more involved than the standard computation of a Melnikov integral that could
be used in the 4-D case in the previous chapters.

Probably the most important conclusion of the present work is that the
persistence results of Chapters 2 and 3 can be extended in a very natural way
to nearly real GL equations for a complex amplitude, that is, GL equations with
complex coefficients with small imaginary part.

As mentioned above, a next step would be to try and extend the stability
results to the full complex system (4.3) as well. We believe that the stabilization
properties of the coupling with (slow) background diffusion are a rather general
phenomenon. However, it will probably be not a trivial task to prove that the
coupling to slow diffusion indeed again introduces a control mechanism that can
remove a (large) unstable eigenvalue. Again, the additional fast dimension will
make the problem much harder than those in Chapters 2 and 3, and probably
‘new’ ideas are necessary to tackle this problem.

On the other hand, stabilization of pulses is tightly connected with the
occurrence of (nontrivial) bifurcations of such solutions, which can introduce
mechanisms to control of remove (unstable) eigenvalues. We proved both in the
nearly real limit and in the near NLS limit that bifurcations of persistent pulse
solutions to (4.3) only occur in the presence of a higher order nonlinearity in the
B-equation (β �= 0). Therefore we expect that, similar to the real case, stabi-
lization of the Ginzburg-Landau pulse will only be possible when the equation
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is coupled to a diffusion equation with higher-order nonlinear terms, i.e., in the
case β �= 0.

We do not claim that the system (4.3) models any physical experiment – it
is of singularly perturbed nature and it is merely a phenomenological model.
However, we expect that the impact of the neutral B-mode on the dynamics of
the complex Ginzburg-Landau equation can be as strong in ‘real’ models, and
that the effect of the neutral mode may be such that stable pulse-type patterns
can exist and be observed.
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Samenvatting

In de toegepaste wiskunde wordt, zoals de naam al zegt, wiskunde gebruikt
om vragen uit andere vakgebieden te beantwoorden. Een eerste, belangrijk en
niet-triviaal probleem daarbij is, om de vertaalslag van de toepassing naar de
wiskunde te maken. Hoe beschrijf je bijvoorbeeld een fysisch, economisch of
biologisch proces en de bijbehorende vraag in termen van wiskunde? Hoe zorg
je ervoor dat je de vraag adequaat vertaalt naar een relatief eenvoudig wiskundig
probleem? Het afleiden van vergelijkingen die de essentiële eigenschappen van
bijvoorbeeld een fysisch systeem beschrijven is dus al een doel op zich.

Het werk in dit proefschrift is gerelateerd aan een vervolgvraag: als uit
analyse van een wiskundig model blijkt dat het de waarnemingen in de fysica
toch niet goed beschrijft, hoe kan het wiskundig model dan aangepast worden
zodat het de waarnemingen wellicht wél kan beschrijven of zelfs verklaren?

Veel fysische verschijnselen kunnen goed gemodelleerd worden met partiële
differentiaalvergelijkingen. Zulke vergelijkingen beschrijven hoe grootheden in
fysische systemen veranderen, bijvoorbeeld afhankelijk van de plaats en de tijd.

Die grootheden zijn de variabelen van de vergelijking. Verder komen er in
differentiaalvergelijkingen vaak parameters voor. Parameters kunnen gevarieerd
worden, en daarmee het systeem veranderen, maar ze hebben een vaste waarde
ten opzichte van de tijd en de plaats. Vaak probeert men een oplossing te
vinden van een stelsel differentiaalvergelijkingen. Een oplossing is een formule
die direct beschrijft hoe de grootheid afhangt van de tijd en de plaats. Dit is
echter zelden mogelijk, en vaak moet men genoegen nemen met een benadering,
of met algemene eigenschappen van de oplossing.

Een in de natuurkunde veel bestudeerd verschijnsel is convectie. Dit ver-
schijnsel wordt onder andere bestudeerd door middel van het volgende expe-
riment. Een laag vloeistof, bijvoorbeeld water, wordt ingesloten tussen twee
platen. Zolang de platen dezelfde temperatuur hebben, zal het water in rust
zijn. Als we nu de temperatuur van de onderste plaat hoger maken dan die van
de bovenste, dan zal de warmte zich in eerste instantie door geleiding door de
vloeistof verspreiden. Het temperatuurverschil tussen de platen is een voorbeeld
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van een parameter van het systeem. Gaan we deze parameter verder veranderen,
oftewel, de temperatuur verder verhogen, dan komt er een tweede mechanisme
in het spel dat de warmteverdeling in de vloeistof bëınvloedt. Doordat de war-
me vloeistof onderin een lagere dichtheid heeft dan de koude vloeistof erboven,
zal de warme vloeistof zich omhoog bewegen. Omgekeerd komt de zwaardere
koude vloeistof omlaag. Deze vloeistof wordt vervolgens opgewarmd, waardoor
het proces zich kan voortzetten. Hierdoor ontstaan zogenaamde convectierol-
len, zie figuur 1.1. Zou je de omlaag stromende vloeistof wit kleuren en de
omhoog stromende vloeistof zwart, dan zou je van bovenaf een patroon zien
van witte en zwarte strepen. Bovenstaand experiment kan goed gemodelleerd
worden door middel van een stelsel niet-lineaire partiële differentiaalvergelij-
kingen. In dit experiment wil men vooral begrijpen hoe de rollen ontstaan en
wat de eigenschappen van de ontstane rollen zijn. De eigenschappen en het
ontstaan van de rollen zijn echter moeilijk direct te bestuderen aan de hand
van het gebruikte model. Om deze specifieke vragen te beantwoorden kan ech-
ter een andere partiële differentiaalvergelijking afgeleid worden, de zogenaamde
Ginzburg-Landauvergelijking. Deze vergelijking beschrijft alleen de evolutie van
het rolpatroon vlakbij de kritieke temperatuurgrens waarbij de overgang van
warmtegeleiding naar convectie plaatsvindt.

De Ginzburg-Landauvergelijking is een van de belangrijkste voorbeelden van
een modulatievergelijking. Voordat uitgelegd kan worden wat een modulatiever-
gelijking is, gaan we eerst in op het begrip stabiliteit. Wiskundig kan men
definiëren wanneer een oplossing van een differentiaalvergelijkingen stabiel is
of instabiel. In de praktijk corresponderen stabiele oplossingen met waarneem-
bare patronen. Vaak hangt de stabiliteit van een oplossing af van één of meer
parameters van het systeem. In veel modellen is er een simpele basisoplos-
sing, die stabiel is voor zekere parameterwaarden, maar op een gegeven moment
instabiel wordt. Voor dit soort modellen kan vaak een relatief eenvoudige ver-
gelijking afgeleid worden, de zogenaamde modulatievergelijking, die de evolutie
van het patroon beschrijft als de basisoplossing net instabiel is geworden. In
het hierboven beschreven experiment correspondeert de situatie waarin het wa-
ter stilstaat met de basisoplossing. Deze is stabiel en wordt dus waargenomen
zolang het temperatuursverschil laag genoeg is. Als het temperatuursverschil
boven de kritieke temperatuurgrens komt, is de situatie waarin het water stil-
staat niet meer stabiel en wordt deze dus ook niet meer waargenomen. In plaats
daarvan verschijnen de genoemde convectiepatronen. Een dergelijke manier van
patroonvorming komt veel vaker voor, bijvoorbeeld ook bij het ontstaan van
windgolfjes op een wateroppervlak als de kracht van de wind net over een kriti-
sche waarde heengaat. Daarnaast wordt vermoed dat dit mechanisme mede ten
grondslag ligt aan de vorming van stip- en streeppatronen op dieren. Er lijkt
hier ook een verband te zijn met hoe dit soort patronen ontstaan bij bepaalde
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chemische reakties.
De Ginzburg-Landauvergelijking blijkt convectiepatronen in het algemeen

goed te beschrijven. Er zijn echter ook convectie-experimenten gedaan waar-
bij de patronen die ontstaan niet goed beschreven worden door de Ginzburg-
Landauvergelijking. In deze experimenten is het water vervangen door bijvoor-
beeld een mengsel van water en alcohol. Hierbij kan het voorkomen, dat er alleen
lokaal convectierollen waargenomen worden, terwijl de rest van de vloeistof in
rust blijft. Dit gedrag correspondeert met pulsoplossingen van de Ginzburg-
Landauvergelijking. De Ginzburg-Landauvergelijking heeft inderdaad zulke op-
lossingen, maar deze zijn wiskundig niet stabiel, en zouden dus niet waar te
nemen moeten zijn. Kortom, de Ginzburg-Landauvergelijking geeft in dit geval
geen goede beschrijving van het systeem.

De experimenten waarin lokale convectiepatronen worden waargenomen, zijn
een belangrijke motivatie geweest voor het onderzoek in dit proefschrift. Het
vermoeden is, dat bij dit experiment de Ginzburg-Landauvergelijking niet de
juiste modulatievergelijking is. Er is in dit geval namelijk sprake van twee
concurrerende processen die elk de basisoplossing (de stilstaande vloeistof) in-
stabiel maken. In dit soort gevallen is het moeilijk om wiskundig netjes een
modulatievergelijking af te leiden. Het vermoeden is echter, dat een Ginzburg-
Landauvergelijking gekoppeld aan een tweede diffusievergelijking wel een ge-
schikte modulatievergelijking is. Daarom bestuderen we in dit proefschrift in
hoeverre de pulsoplossingen ook oplossingen zijn van zo’n gekoppeld systeem,
en of ze in het gekoppelde systeem daadwerkelijk stabiel kunnen zijn. In dit
proefschrift wordt, onder een aantal vereenvoudigende aannamen, aangetoond
dat dit inderdaad het geval is. Vandaar de titel “Stabilization by Competing
Instability Mechanisms”.
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