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1 General introduction

This thesis is about the formation of planets. The word ‘planet’ originates from the
ancient Greek πλαν ήτ ης, which literally means ‘wanderer’. The Greeks called all
heavenly bodies that moved relative to the ‘fixed’ background of stars a planet. Besides the Sun and the Moon, they were familiar with five more sky wanderers that
can be seen with the naked eye: Mercury, Venus, Mars, Jupiter, and Saturn. Some
ancient philosophers, among which Aristarchus of Samos, had suggested that the Sun
is a star and that the Earth revolves around the Sun. However, their ideas did not
catch on immediately. In antiquity, the established center of the cosmos was the
Earth, and all heavenly bodies revolved around it. This geocentric view was successfully propagated by the influential astronomer Ptolemy (∼100 A.D.). Ptolemy was
a follower of the ideas of Aristotle (4th century B.C.), who had proclaimed “there
cannot be more worlds than one” in his work ‘On the heavens’. The observed planetary motions could in fact be accurately explained with Ptolemy’s model of circular
motions around the Earth, even though the model became necessarily very elaborate, and Occam’s razor would, in retrospect, have quickly discarded the Ptolemaic
theory.
The geocentric model was mainstream for hundreds of years. In the 16th and
17th century, renaissance thinkers Copernicus, Galilei and others revived the by then
mostly forgotten heliocentric model of the Solar System. As a consequence of their
work, the Earth was not placed at the center of the Universe anymore, but got degraded to one of multiple planets revolving around the Sun (Fig. 1.1). Thanks to
the invention of the telescope, two more planets were discovered in the subsequent
centuries: Neptune and Uranus. The idea that the Sun is not fundamentally different from the ‘background’ stars became more and more accepted following telescope
observations of stars.
Human knowledge about the individual planets increased significantly during the
space age in the 20th century, when spacecraft measurements provided a wealth of
information about their properties. By now, we know that the Solar System consists
of four rocky planets — of which only the Earth seems habitable — two giant planets
that consist primarily of gas and have numerous satellites, and two giants that predominantly consist of ice and have moderate primordial gas atmospheres1 . The Solar
System harbours multiple reservoirs of smaller bodies such as asteroids and comets,
most notably the asteroid belt in between the orbits of Mars and Jupiter, and the
large comet reservoirs of the Kuiper belt and the hypothetical Oort cloud.

1 For some time, the number of planets in the Solar System was counted to nine. Pluto was classified as the ninth planet from its discovery in 1930 until it got degraded to the status of dwarf planet
by the International Astronomical Union in 2005. Recently, indirect evidence has been put forward
for the existence of another, distant ‘Planet Nine’ (Batygin & Brown 2016), but this hypothesis has
yet to be confirmed.
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Figure 1.1: Copernicus’ model of the Solar System, with the Sun in the centre. From his book ‘De
revolutionibus orbium coelestium’ (‘On the revolutions of the heavenly spheres’).

Even though revolutions are generally identified after they have happened, I think it
is safe to say we are currently in the midst of the next revolution in planetary science:
the era of exoplanet discoveries. Exoplanets are planets that orbit around stars other
than the Sun. Already in ancient Greece, the Greek philosopher Epicurus seemed
to propose that the Universe is filled with planets. In his letter to Herodotus (∼300
B.C.), he wrote:
“It is not only the number of atoms but also the number of worlds that is infinite
in the Universe. There is an infinite number of worlds similar to our own, and an
infinite number of worlds that are different.”
However, as discussed earlier, this visionary idea was overshadowed for hundreds of
years by the geocentric view, in which the Earth takes up a special place in the center
of the Universe. The renaissance rise of the heliocentric model went hand in hand with
new speculations that other stars have planets revolving around them. For example,
the Italian philosopher Giordano Bruno, a contemporary of Galileo Galilei, wrote in
his book ‘On the Infinite Universe and Worlds’ (1584):
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“There are therefore countless suns and an infinite number of worlds orbiting around
them, like the seven worlds orbiting our own Sun.”
It would take until the twentieth century before these claims were confirmed. The
reason why it took such a long time is that exoplanets are very difficult to detect:
they are far away, and small and faint in comparison to the stars they orbit. After
several claimed detections of exoplanets that were later debunked, in 1992 the first
exoplanets were discovered and confirmed around a rapidly rotating neutron star with
precise pulse timing measurements (Wolszczan & Frail 1992). The year 1995 marked
the first discovery of an exoplanet around a main-sequence star like the Sun (Mayor
& Queloz 1995). Since then, the number of known exoplanets has rapidly increased:
to date, thousands of exoplanets have been discovered. On average, every star in
the Milky Way galaxy has at least one planet (Cassan et al. 2012). The Milky Way
contains hundreds of billions of stars, and the number of galaxies in the observable
Universe has been estimated to be of the same order. The Universe is teeming with
planets! This realisation naturally leads to questions about planet formation, which is
apparently a very common process. Astronomers have a rough picture of how planet
formation proceeds, but many questions remain to be answered. Planets are thought
to form in gaseous disks around young stars, as a byproduct of star formation. Such
protoplanetary disks are dominated by gas, but about one percent of their mass is in
the form of solid grains of micrometre sizes. These grains must congregate in some way
to form approximately kilometre-sized ‘planetesimals’ and eventually rocky planets
and the cores of gas giants. Observations indicate that the lifetime of a protoplanetary
disk is on the order of a few million years, which is quite short in comparison with
other astronomical timescales, such as the lifetime of stars. During the relatively
short time when the protoplanetary disk is around, the assembly of planets must be
completed. Besides the fact that planet formation must be a common phenomenon,
observations show that there is great diversity among exoplanetary systems. Exotic
extrasolar planets that for a long time belonged only to the realm of science fiction,
turned out to actually exist in the Universe. Planet formation theories that were
designed to explain the origin of the Solar System had to be revised, because many
exoplanets are nothing like the planets in our Solar System. Important questions in
planet formation are then: what physical processes enable micrometre-sized grains
to transform into bodies with diameters of thousands of kilometres (the increase in
mass spans ∼40 orders of magnitude!), within the lifetime of a protoplanetary disk?
And how does the outcome of the formation process depend on the conditions in
the protoplanetary disk? A considerable fraction of exoplanets are in the so-called
habitable zone: they are at a ‘Goldilocks’ distance from their host star such that the
temperature caused by stellar irradiation allows for the presence of liquid water, which
is widely considered to be a key ingredient for the origin of life. Specific to habitable
planet formation, then, is the question: what determines if a rocky planet forms in the
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Figure 1.2: Number of exoplanets that were known by the end of each year (for 2019: until 20 May
2019). Data obtained from http://exoplanet.eu (confirmed planets) on 20 May 2019. Note that
the vertical axis has a logarithmic scale: the total number of discovered exoplanets has increased
approximately exponentially with time since the first discovery.

habitable zone, with volatiles and organics essential for life at its disposal? Studying
planet formation therefore brings us closer to answers to ancient and most intriguing
questions: is the Earth unique and are we alone, or is there life elsewhere in the
Universe?
In this thesis we explore the role of the snowline in planet formation. The snowline
is the distance from the star in protoplanetary disks beyond which the temperature is
low enough for water to be in solid form. Beyond the snowline, therefore, the amount
of solids available for planet formation is enhanced compared to the hot inner disk.
This property, as well as the effects of physical processes such as condensation and
sublimation, make the snowline a special location for planet formation theory and
observations of protoplanetary disks, as we will discuss extensively in this thesis.
In the remainder of this introduction I will first describe the exoplanet observations
in Sect. 1.1. I will then give an overview of the current theory of planet formation in
Sect. 1.2, focusing on concepts that are important to this thesis. An outline of this
thesis is presented in Sect. 1.3.

5

1 General introduction

1.1

Exoplanets

Since the discovery of the first exoplanets in 1992, the number of known exoplanets has
increased in an approximately exponential fashion (Fig. 1.2). To date, a little over
four thousand exoplanets have been discovered. The masses and semi-major axes
(distances from the host star, measured in astronomical units (au) defined such that
1 au equals the semi-major axis of the orbit of the Earth) of exoplanets are plotted
in Fig. 1.3. The colours indicate the different detection methods. Directly imaging
exoplanets is very challenging, because the reflected light from planets is much fainter
than the light emitted by their host stars, even if planets are still young and glowing
from the residual heat of their formation. Moreover, the angular separation between
a planet and its host star is extremely small. Despite these difficulties, multiple
exoplanets have been discovered by direct imaging. Important techniques in direct
imaging are the use of coronographs, which are opaque masks that block out the
stellar light (comparable to the moon blocking out sunlight during a solar eclipse),
and adaptive optics that work to correct for fluctuations due to turbulence in the
Earth’s atmosphere. The brightness contrast between star and planet is smaller at
infrared wavelengths than at visible wavelengths, so observations are usually done in
the infrared part of the electromagnetic spectrum. Planets that are least difficult to
image directly are young and massive (generally more massive than Jupiter) and have
relatively large semi-major axes, as can be seen in Fig. 1.3.
The majority of exoplanets have been discovered indirectly. Indirect detections
are made by observing the effects of orbiting planets on the light observed from their
host stars. To date, the space telescope Kepler has been the most successful mission
in finding exoplanets. This telescope was active between 2009 and 2018 and observed
hundreds of thousands of stars in a fixed patch of the sky. The resulting stellar
brightness curves were searched for regular dips, caused by planets that passed in front
of them and blocked part of the starlight (typically for a few hours). This method of
finding planets is called the transit method. The transit method works best for large
planets around small stars, since the ratio between the size of the planet silhouette
and the size of the star determines the contrast between stellar brightness during and
out of planet transit. Additionally, the transit method is biased towards planets that
have small semi-major axes. The reason for this bias is twofold. Firstly, the chance
that a planet transits a star as seen from our point of view, becomes larger for smaller
separation between planet and star. Secondly, multiple transits need to be observed
in order to be sure that the dip in the stellar brightness is caused by a planet rather
than by other phenomena, such as starspots or the presence of an unresolved binary
companion star. The closer the planet orbits to the star, the shorter the period, and
therefore the shorter the time a telescope has to observe a star for, in order to witness
multiple transits. This observational bias of the transit method is clearly reflected
in Fig. 1.3: most transiting exoplanets are on the left side (small semi-major axis)
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Figure 1.3: Mass (in units of Jupiter mass) and semi-major axis of known exoplanets. The
colours indicate the different detection methods. The Earth is indicated by the symbol ⊕; Jupiter,
Saturn, Uranus, and Neptune are indicated by their initials. Exoplanet data obtained from
http://exoplanet.eu (confirmed planets) on 20 May 2019.

of the plot. Apart from discovering new exoplanets, the transit method can also
be used to study the atmosphere of exoplanets. If a planet has an atmosphere, the
fraction of starlight it blocks during transit (the ‘transit depth’) can be different at
different wavelengths. An alien observer monitoring the Earth transiting the Sun, for
example, would see a larger planet in blue light than in red light, because blue light is
scattered by the Earth’s atmosphere rather than passed through. Different molecules
in an atmosphere absorb stellar light of different wavelengths. Because a fraction of
the starlight passes through the planet atmosphere during a transit, studying transit
light curves as a function of wavelength is a way to learn about the composition
of a planet’s atmosphere (Miller-Ricci et al. 2009). The possible presence of clouds
constitutes a complication to this method: a thick cloud deck absorbs all optical light,
and therefore prohibits the observer from measuring a wavelength-dependent transit
depth (Kreidberg et al. 2014; Knutson et al. 2014; Sing et al. 2016).
Apart from the Kepler space telescope, several ground-based telescopes have detected planets transiting stars. During the course of the research presented in this
thesis, a spectacular discovery was made with the TRAPPIST 60 centimetre telescope:
no less than seven Earth-sized planets were found transiting a cool M-dwarf star about
40 light-years away, now known as TRAPPIST-1 (Gillon et al. 2016, 2017; Luger et al.
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Figure 1.4: Schematic comparison of the size of the TRAPPIST-1 planetary system and that of the
inner Solar System. The TRAPPIST-1 planets e, f, and g are expected to orbit within the habitable
zone. Of course, the colours of the TRAPPIST-1 planets are an artist impression. Figure by R. Hurt,
T. Pyle / NASA JPL-Caltech.

2017). This planetary system is extremely compact, with all planetary orbits fitting
well within Mercury’s orbit around the Sun (Fig. 1.4). Because TRAPPIST-1 is
much cooler than the Sun (a G-type main-sequence star), the habitable zone around
TRAPPIST-1 is much closer in compared to the habitable zone encircling the Sun,
and is expected to encompass three of the seven planets. Generally, only planet radii
can be obtained from transit measurements: with an additional measurement of the
stellar radius, the planet radius can be deduced from the transit depth. For some
systems with multiple planets, however, it is also possible to constrain planet masses
from transit measurements. The mutual gravitational interaction between planets can
lead to an observable effect. The gravitational pull between planets results in small
transit timing variations, which can be used to deduce planet masses. Thanks to the
compactness of the system, the planets of TRAPPIST-1 have been constrained in this
way, revealing bulk densities that are a bit lower than that of the Earth, consistent
with the presence of many Earth oceans worth of water (Grimm et al. 2018; Dorn
et al. 2018). We present a study dedicated to the formation of the TRAPPIST-1
system in chapter 5.
Another indirect planet-finding method that has proven to be successful is the
radial velocity or Doppler method. The first known exoplanet around a main-sequence
star was discovered with this method (Mayor & Queloz 1995). The radial velocity
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method works as follows. When a planet completes one orbit around its host star, the
star has completed a circular motion as well. This is because the planet and star both
rotate around their mutual center of mass, which is slightly offset of the center of the
star. The small movement of the star is reflected in the light it emits: when a star is
moving towards us during its rotation, its light is blue-shifted; when a star is moving
away from us, its light is red-shifted. The presence of a planet is therefore revealed
by the periodic wavelength shift of stellar spectral lines, which can be observed by
measuring the stellar spectrum in time at high spectral resolution. The more massive
the planet, the further away from the stellar center lies the mutual center of mass. This
means that the amplitude of the periodic wavelength shift is larger for more massive
planets. The radial velocity method is therefore particularly suited for discovering
massive exoplanets. A disadvantage of the radial velocity method is that it can only
measure lower limits of the mass of a planet, because the orbital orientation is often
unknown. Therefore, a fraction of the planets observed with this method may in fact
be brown dwarfs.
Regardless of observational biases, the clustering in Fig. 1.3 clearly shows that
there are several classes of planets. Two classes of exoplanets that have no counterpart
in the Solar System are the so-called ‘hot Jupiters’ and ‘super-Earths’. Hot Jupiters
are massive planets (Jupiter mass or higher) that are in very tight orbits around their
host stars (hence ‘hot’). The first discovered exoplanet around a main-sequence star,
51 Pegasi b, is a prototype of this class. Super-Earths are planets with masses several
times that of the Earth that orbit closely around their stars.
As discussed above, the different planet detection methods each have their own
selection biases. In order to calculate true planet occurrence rates, one has to correct
the observational statistics for these biases. Using statistics of exoplanets discovered
by microlensing (a technique that we have not discussed here), Cassan et al. (2012)
find that there must be more planets than stars in the Milky Way galaxy. Exoplanet
statistics obtained with the Kepler mission show that super-Earths are much more
prevalent than hot Jupiters, with occurrence rates of ∼30% and ∼0.5% around Sunlike stars, respectively (Howard et al. 2012; Fressin et al. 2013; Petigura et al. 2013b,
2018). Excitingly, Petigura et al. (2013a) report that ∼22% of Sun-like stars have
an Earth-sized planet orbiting in their habitable zone. However, this calculation is
based on extrapolation of the prevalence of Earth-sized planets with shorter periods
— from Fig. 1.3 it is clear that detecting an extrasolar twin of the Earth is still very
difficult.
The population of exoplanets poses important constraints on planet formation
theories. Hot Jupiters, for example, cannot form in situ (at their present location) in
protoplanetary disks, because there is likely not enough mass available to form cores
capable of gas accretion at such short distances from the star (i.e. Rafikov 2006, but
see Batygin et al. 2016 for a model where gas accretion onto hot-Jupiter progenitor
cores does occur in situ). Mechanisms of orbital migration during the protoplanetary
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disk phase have therefore been invoked in order to explain their current locations
(e.g. Lin et al. 1996; Ward 1997; Sect. 1.2.6). The TRAPPIST-1 system, as well
as other compact planetary systems harbouring several similarly-sized planets, have
architectures very different from the Solar System. The planet formation pathways
leading to such different planetary systems are not at all clear yet. Other clues to
planet formation are provided by observed relations between planet occurrence rates
and stellar properties such as mass or metallicity. For example, it has been shown
that giant planets occur more frequently around stars with higher metallicity (i.e. in
protoplanetary disks with more solids, Sect. 1.2.2) (Fischer & Valenti 2005; Mulders
et al. 2016), and that smaller planets occur more frequently around smaller stars
(Howard et al. 2012; Mulders et al. 2015), the latter observation being puzzling to
explain.

1.2

Overview of the planet formation process

1.2.1

Protoplanetary disks

Protoplanetary disk formation
Planets form in disks of gas and dust surrounding newborn stars (Safronov 1969).
Stars form in molecular clouds, which are cold, dense and dark regions of (mostly
hydrogen) gas and dust in the interstellar medium (ISM). A schematic of the main
stages of the evolution pathway from molecular clouds to planetary systems is shown
in Fig. 1.5. Within molecular clouds, material is not evenly distributed but clustered
in cores of relatively high density. The use of the word ‘dense’ is indeed relative: it is
challenging to achieve the low particle densities of dense cores in molecular clouds with
vacuum chambers on Earth. Because of their enormous sizes of up to almost a lightyear across, however, dark cores contain enough mass to form stars. The temperature
in dark cores is typically ∼10 − 20 Kelvin, and the gas number density is n ∼ 104 −105
per cubic centimetre. When a core gets massive enough, the self-gravity wins from the
gas pressure, and the core starts to collapse. The mass above which this instability
occurs can be calculated by equating the gravitational and thermal energy of the core,
and is called the Jeans mass MJ (Jeans 1902):

MJ ≈ 2.9M

T
10 K

3/2 

−1/2
n
,
104 cm−3

(1.1)

where M denotes units of solar mass, T is the temperature, and n is the number
density, defined as n = ρ/µ with ρ the density, and µ ≈ 2.34 mH the mean molecular
mass with mH the mass of a hydrogen atom. The fact that the Jeans mass of dark
cores is on the order of the mass of the Sun explains why masses of stars are in
this range. When the core mass exceeds the Jeans mass, it collapses on a free-fall
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a)

b)
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Figure 1.5: Schematic overview of the star and planet formation process. a) Molecular cloud
with dark cores of relatively high density. b) When the mass of a dark core exceeds the Jeans
mass, it collapses inside-out. c) A protostar forms in the center, deeply embedded in the infalling
envelope. An accretion disk with bipolar outflow is formed around the protostar. d) A protoplanetary
disk becomes visible as the envelope material is gone. e) Dust particles in the accretion disk are
coagulating and planets form. At the same time, the disk gas is slowly dissipating. f) A planetary
system remains. Figure after Hogerheijde (1998) and Shu et al. (1987).

timescale tff :
tff ∼ (Gρ)−1/2 ∼ 105 yr



−1/2
n
,
104 cm−3

(1.2)

where G is the gravitational constant. During collapse, gravitational energy is converted into thermal energy such that the temperature rises, eventually preventing further collapse because the Jeans mass increases with increasing temperature (Eq. 1.1).
Because of conservation of angular momentum, the outer shells of the core form
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a rotating accretion disk. Observations of the physical properties of dark cores in
molecular clouds are consistent with the formation of accretion disks with sizes on
the order of ∼100 au around Sun-like stars (Armitage 2007), which is similar to the
size of the Solar System (the outer edge of the Kuiper belt is ∼50 au away from the
Sun).
Protoplanetary disks are commonly observed around young stars in the Galaxy.
The presence of protoplanetary disks used to be inferred from infrared excesses in
the spectra of stars, caused by the thermal emission of dusty disks. More recently it
has become possible to resolve the disks, using millimetre-wavelength interferometers
such as the Atacama Large Millimetre/sub-millimetre Array (ALMA) in Chile, and
the Spectro-Polarimetric High-contrast Exoplanet Research (SPHERE) instrument
on the Very Large Telescope (VLT). The lifetime of protoplanetary disks is on the
order of several million years, inferred from the fact that disks are not observed around
stars older than a few million years (Strom et al. 1993; Fedele et al. 2010). Within a
few million years, then, the planet formation process must have proceeded. Isotopic
ratios measured in chondrites provide evidence for planetesimal formation (Sect. 1.2.3)
in the protoplanetary disk surrounding the young Sun within the first five million
years (Kleine et al. 2004; Wadhwa et al. 2007). More recently, also using isotopic
measurements, Kruijer et al. (2017) have shown that meteorites must originate from
two distinct reservoirs in the protoplanetary disk that have been spatially separated
between ∼1 and ∼3–4 million years after the formation of the Sun, which could be
explained by the formation of Jupiter’s core within one million years.
Very direct evidence of planet formation taking place in protoplanetary disks is
provided by direct images of two accreting protoplanets embedded in the circumstellar
disk around the star PDS 70 (Keppler et al. 2018; Müller et al. 2018; Haffert et al.
2019; see Fig. 1.6).
Protoplanetary disk structure and evolution
Assuming that the disk is axisymmetric, we can describe the disk structure by a temperature profile T (r, z) and a density profile ρgas (r, z), where r is the radial distance
to the star and z is the vertical height above the disk midplane. Assuming the disk is
vertically isothermal (T (r, z) = T (r)) and relatively thin (z  r), considering vertical
hydrostatic equilibrium leads to the following vertical density profile:
2
ρgas (z) = ρgas,z=0 exp[−z 2 /2Hgas
],

(1.3)

where ρgas,z=0 is the gas density at the disk midplane, and Hgas is the gas scale
height,
p defined as Hgas ≡ cs /Ω, where Ω is the Keplerian orbital frequency and
cs = kB T /µ is the sound speed, with kB the Boltzmann constant and µ the mean
molecular weight of the gas — typically taken to be 2.34 times the proton mass for
the typical hydrogen-helium mixture of protoplanetary disks.
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Figure 1.6: Hα-emission detected from two spots in the disk around PDS 70 that are attributed to
accreting protoplanets. The white dot in the middle marks the position of the central star. Figure
from Haffert et al. (2019).

A passively-irradiated, optically thin disk is expected to have a radial temperature
profile T (r) ∝ r−1/2 , implying a flared disk shape (Hgas /r increases with r) (Kenyon &
Hartmann 1987). Relaxing the assumption of a vertically isothermal disk, and taking
into account radiation transfer, viscous heating, and gas and dust opacities, however,
leads to much more complicated temperature structures (see, e.g., Dullemond et al.
2007).
Integrating the vertical gas density profile over the z-dimension gives us the gas
surface density Σgas :
√
(1.4)
Σgas = 2πρz=0 Hgas .
Observationally, gas surface density profiles are difficult to constrain. A widely used
surface density profile is the minimum mass solar nebula (MMSN). The MMSN is
a reconstruction of the minimum gas surface density of the circumsolar disk out of
which the Solar System planets assembled. It is found by enhancing the mass of each
Solar System planet by hydrogen and helium until the planet composition matches
the solar composition, and subsequently fitting the resulting radial distribution of
primordial gas by a power law (Weidenschilling 1977b; Hayashi 1981):
Σgas,MMSN (r) = 1700

 r −1.5
g cm−2 .
1 au

(1.5)
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Integrating this surface density profile between 0.1 au and 30 au (approximately the
semi-major axis of Neptune), we get an estimate of the total mass of the minimum
mass solar nebula:
Z

30 au

rΣgas,MMSN dr ≈ 0.01 M .

Mdisk, MMSN = 2π

(1.6)

0.1 au

We should note that the minimum mass solar nebula does not take into account the
(very likely, as we will see later) possibility that not all solids in the disk end up
in planets. Also, it assumes that planets did not migrate significantly after their
formation. A disk mass of the order of a few percent of the stellar mass is, however,
consistent with disk masses derived from disk observations (Andrews & Williams
2005; Andrews et al. 2009). These disk masses are estimated by measuring the dust
continuum emission at (sub)millimetre wavelengths, and converting the resulting dust
mass2 to a gas mass by dividing by a dust-to-gas ratio of 0.01, typical for the ISM.
However, the dust-to-gas ratio is expected to deviate from this fiducial value as a result
of dust growth and dynamics, as we will see in Sect. 1.2.3 and will come back to in each
subsequent chapter of this thesis. Another issue with converting measured dust masses
to total disk masses is that observations at (sub)millimetre wavelengths are only
sensitive to dust sizes comparable to those wavelengths (e.g. Draine 2006; Williams
& Cieza 2011). Low dust masses (e.g. Ansdell et al. 2017) can therefore also be the
result of dust growth to larger sizes (Sect. 1.2.3). Other ways of measuring disk masses
include looking at emission lines of CO isotopologues. These measurements also rely
on assumptions on the CO-to-hydrogen ratio, which is not necessarily the same as in
the ISM (e.g. Miotello et al. 2017). Alternatively, Powell et al. (2017) have introduced
a method for measuring disk masses that is based on dust aerodynamics (Sect. 1.2.3),
and find disk masses that are systematically higher than previously reported from
CO or dust continuum observations (Powell et al. 2019). Observations also indicate
that dust masses decline with age, which is expected from planet formation and disk
dissipation (e.g. Ansdell et al. 2017).
Physical models of viscously-evolving accretion disks yield a steady-state surface
density profile for a constant gas accretion rate Ṁ (Lynden-Bell & Pringle 1974;
Hartmann et al. 1998):
Σgas =

Ṁ
,
3πν

(1.7)

where ν is the viscosity, which acts to transport angular momentum outwards. The
molecular viscosity of protoplanetary disks cannot be the only source of gas accretion
— it is not sufficient to deplete protoplanetary disks on the observed ∼few million
2 The conversion from (sub)millimetre continuum flux to dust mass is possible under the assumption of optically thin emission, which we will come back to in Sect. 1.2.3.
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years timescale (Armitage 2007). We therefore expect there to be turbulent viscosity νT , which can be parameterised using the sound speed and gas scale height as the
characteristic length and velocity scales of disks (Shakura & Sunyaev 1973):
νT = αcs Hgas ,

(1.8)

where α is a dimensionless parameter. Assuming α is constant, and for a temperature
profile with power-law index −0.5, we find a radial dependence νT ∝ r, leading to
a steady-state gas surface density that goes as r−1 . This power-law index is more
consistent with observations than the value of -1.5 of the MMSN (Eq. 1.6): power-law
indices of ∼-0.9 seem to match disk observations best (Andrews & Williams 2007;
Andrews et al. 2009; Powell et al. 2019). However, α does not necessarily have to
be constant in the radial and vertical directions. Several mechanisms have been
proposed to be the cause of turbulent viscosity, including self-gravity (Gammie 2001)
and magneto-rotational instability (Balbus & Hawley 1991), among others. We will
not discuss these mechanisms here, but refer the interested reader to Turner et al. 2014
for a review of viscous accretion mechanisms in protoplanetary disks. The timescale
on which viscous evolution takes place, tvisc ∼ r2 /ν, is on the order of the observed
few million years for α-values of ∼10−2 (Hartmann et al. 1998). However, turbulent
viscosity need not be the only process by which the disk dissipates. Other mechanisms
that work to carry away angular momentum are photoevaporation from the central
star (Hollenbach et al. 1994) and disk winds (Blandford & Payne 1982). The precise
effects of (the combination of) these mechanisms on the disk structure remain elusive.
For simplicity, we consider only viscously-evolving disks in the models presented in
this thesis. We regard the α parameter as a constant, and mostly consider steadystate surface density profiles (i.e. Eq. 1.7) if the timescales of interest (on which
planet formation processes proceed) are shorter than the viscous evolution timescale.
Turbulence is an important concept in our models as it also greatly influences dust
evolution, as we will discuss in Sect. 1.2.3.

1.2.2

Core accretion versus disk instability

Two main frameworks of planet formation are core accretion and disk instability,
which are ‘bottom-up’ and ‘top-down’ processes, respectively. The idea behind the
core accretion scenario is that small dust particles aggregate and form cores, onto
which the disk gas can accrete to form giant planets (Lissauer 1993; Pollack et al.
1996). In the disk instability model, on the other hand, the disk is unstable against
gravitational collapse. Gravitational collapse is triggered when the Toomre parameter
QT is smaller than unity (Toomre 1964):
QT ≡

cs Ω
< 1.
πGΣ

(1.9)
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If the resulting clumps of gas are able to cool efficiently (such that QT stays smaller
than unity during the collapse), giant planets may form directly from the disk gas.
The most widely accepted scenario for planet formation is the core accretion model, for
several reasons. Firstly, rocky planet formation is challenging to explain by top-down
collapse of a gaseous disk (but see the tidal-downsizing scenario by Nayakshin 2010).
Secondly, as mentioned in Sect. 1.1, giant planets occur more frequently around stars
with higher metallicity (Fischer & Valenti 2005; Mulders et al. 2016). This observation
supports the core accretion model: stars with higher metallicity have more solids
available in their disk, such that the assembly of ‘seeds’ for gas giant formation is
easier. Thirdly, the fact that the giant planets in the Solar System are enriched in
heavy elements compared to the solar composition (Guillot 2005), strongly points to a
core accretion history. Even though disk instability may still be an appealing theory
to explain the formation of giant planets on wide orbits (e.g. the directly-imaged
planets, Fig. 1.3; Rafikov 2007) — especially considering that it is challenging for
core accretion to complete during the disk lifetime, at such wide separations from the
star — it has been shown that most of the directly-imaged exoplanets are likely to
belong to the same exoplanet population as the closer-in planets that have formed via
core accretion (Crepp & Johnson 2011; Janson et al. 2012). Therefore, core accretion
is expected to be the dominant planet formation mechanism. In this thesis we focus
on the open questions within the core accretion framework, especially the issue of
planetesimal formation, which we will discuss in the following section.

1.2.3

Dust evolution and planetesimal formation

Because the gas and dust in molecular clouds — the birthsite of stars and planets
— is inherited from the ISM, protoplanetary disks are expected to have the same
composition as the ISM. Initially, therefore, about 1% of their mass is in dust grains
with sizes on the order of a micrometre (Mathis et al. 1977), that consist of silicates,
carbonaceous grains, and ices such as water, carbon dioxide and carbon monoxide
(Lodders 2003).
Observations of dust in protoplanetary disks
Observations at (sub)millimetre wavelengths can constrain properties of dust grains
in protoplanetary disks. The flux of thermal emission at frequency ν, integrated over
a disk area, can be computed as:
Z
cos i
Fν = 2
Bν (T (r)) (1 − exp[−τν (r)]) 2πr dr,
(1.10)
d
where r is radial distance from the star, d is distance between telescope and source,
Bν is the Planck function as a function of temperature T , and τν is the optical depth

16

1.2 Overview of the planet formation process

at frequency ν, which is related to the dust opacity κν as:
τν (r) =

κν Σdust (r)
,
cos i

(1.11)

where Σdust is the dust surface density and i is the inclination of the disk. The spectral
index αmm at millimetre wavelengths is defined by the relation3
Fν ∝ ν αmm ,

(1.12)

and can therefore be constrained by observing (sub)millimetre emission at multiple
wavelengths. The opacity index β is defined as
κν ∝ ν β .

(1.13)

At mm-wavelengths, the Rayleigh-Jeans law is typically a good approximation of the
Planck function. When the dust disk is optically thick at frequency ν, Eq. 1.10 then
implies Fν ∝ Bν (T ) ∝ ν 2 , leading to a spectral index αmm = 2, independent of
the dust opacity index β. In the optically thin regime (τ  1), however, Eq. 1.10
reduces to Fν ∝ κν Bν (T ) ∝ ν 2+β , such that the spectral index is dependent on the
dust opacity index. For micron-sized particles, αmm is typically close to 4, whereas
for millimetre-sized particles, αmm is around 2–3 (Draine 2006; Testi et al. 2014).
Evidence from millimetre-wavelength observations for dust growth up to millimetre
and centimetre sizes in protoplanetary disks has been presented by many studies (e.g.
Isella et al. 2010; Banzatti et al. 2011; Guilloteau et al. 2011; Pérez et al. 2015; Tazzari
et al. 2016).
Dust-to-gas coupling
Before we describe the growth mechanisms for dust grains, we will discuss how dust
particles behave dynamically as a function of their size. The dynamics of dust particles
is governed by their interaction with the surrounding gas. The quantity that describes
to what extent dust particles are aerodynamically coupled to the gas is the stopping
time tstop , which is a measure of the timescale on which the velocity of a dust particle
equalises with the gas velocity due to gas friction. It is often multiplied by the orbital
frequency to get the dimensionless stopping time or Stokes number τ :
τ = tstop Ω.

(1.14)

Small dust grains have short stopping times τ  1 and are therefore well-coupled
to the gas. Large bodies with τ  1 are hardly bothered by the gas motion. The
dynamics of particles with τ ∼ 1 (called ‘pebbles’), however, are greatly influenced
by the interaction with the gas, as we will see shortly. Depending on the particle size
3 Note that this α is a different quantity than the turbulence parameter α, just as τ represents a
ν
different quantity than the Stokes number τ . Unfortunately, there is some overlap in notation, and
symbols are sometimes used to represent multiple, unrelated quantities.
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in comparison to the mean free path of the gas molecules, the gas drag force is either
in the Epstein regime (Epstein 1924) or in the Stokes regime (Whipple 1972). The
mean free path is given by:
lmfp = √

µ
,
2ρgas σmol

(1.15)

where σmol is the molecular collision cross-section, and ρgas is the gas density. In the
Stokes regime, the particle size is larger than the mean free path of the gas molecules,
and the gas can be considered a fluid. In the Epstein regime, the particle size is
smaller than lmfp , and a particle description of the gas molecules is necessary. The
stopping time is then given by:
 ρ•,p sp

,

v ρ
th gas

tstop =





(Epstein: sp < 94 lmfp )

4ρ•,p s2p
, (Stokes: sp > 94 lmfp )
9vth ρgas lmfp

(1.16)

where sp is the particle radius, ρ•,p is the particle internal
p density, and vth is the
thermal velocity of the gas molecules, defined as vth = 8/πcs . The expression for
the stopping time in the Stokes regime in Eq. 2.7 is valid if the Reynolds number of the
particle, Rep = 4sp vpg /(vth lmfp ), with vpg the relative velocity between the particle
and the gas, is smaller than unity. In order to illustrate the transition from the
Epstein regime to the Stokes regime4 , in Fig. 1.7 we plot the grain size as a function
of semi-major axis r, for different values of the dimensionless stopping time τ . Here we
have assumed the MMSN gas surface density profile (Eq. 1.6), a temperature profile
T = 150 (r/3 au)−1/2 K, and a particle internal density of ρ•,p = 1.5 g cm−3 . Note
that the Stokes number is a function of both particle size and particle internal density,
such that a large particle with a low density (for example a very porous particle) can
have the same aerodynamic properties as a smaller particle with a higher density.
Vertical settling
The Stokes number governs the vertical and radial movement of the dust. Let us
first look at the vertical direction. The gas disk is pressure-supported (Eq. 1.3), but
nothing is holding the dust from settling to the disk midplane as a consequence of the
vertical component of the stellar gravitational acceleration. For a particle at height z
above the disk midplane:
g?,z = −

GM?
sin θ,
r2

(1.17)

4 In the models presented in this thesis, we consider a smoother transition than in Fig. 1.7 for
numerical purposes.
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Figure 1.7: Lines of constant dimensionless stopping time τ (Eq. 1.14) as a function of particle size
sp and semi-major axis r. The green line denotes the particle size equal to 9/4 lmfp , which marks the
transition between the Epstein and Stokes drag regimes: if the particle size is larger than this value,
the drag is in the Stokes regime, if it is smaller, the drag is in the Epstein regime. We assumed the
MMSN gas surface density profile (Eq. 1.6), a temperature profile T = 150 (r/3 au)−1/2 K, and a
particle internal density of 1.5 g cm−3 .

where sin θ = z/d with d the real distance between the particle and the star. Under
the reasonable assumption of a thin disk (z  r, see also Eq. 1.3), z/d ≈ z/r, such
that we can write:
g?,z ≈ −

zGM?
= −zΩ2 .
r3

(1.18)

Equating the expression in Eq. 1.18 to the gas drag acceleration gd = vz /tstop , we can
solve for the settling velocity vz :
vz = −Ω2 ztstop = −Ωzτ,

(1.19)

such that the timescale on which particles settle to the midplane tsettle is:
tsettle =

1
.
Ωτ

(1.20)
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Figure 1.8: Radial drift timescale tdrift = r/vdrift at 1 au, as a function of dimensionless
stopping time τ , for an MMSN gas surface density profile (Eq. 1.6) and a temperature profile
T = 150 (r/3 au)−1/2 K.

This means that pebbles with τ = 1 will settle to the midplane on an orbital timescale.
However, turbulent diffusion acts to transport dust particles back to higher layers of
the disk. For small particles (τ < 1), the diffusivity is equal to the gas diffusivity,
which is typically assumed to be equal to the turbulent viscosity ν (Eq. 1.8). If the
diffusion timescale tdiff = z 2 /ν is shorter than the settling timescale tsettle , particles
will effectively not settle to the midplane at all, and will have the same scale height as
the gas. Particles that are aerodynamically partly decoupled from the gas, however,
will settle into a layer with scale height Hp < Hgas (Youdin & Lithwick 2007):
r
α
Hp = Hgas
,
(1.21)
α+τ
where Hp is the height above the midplane at which the diffusion timescale equals
the settling timescale.
Radial drift
The presence of gas pressure not only influences the vertical movement of dust —
the gas also inflicts radial motion upon dust particles. Because the gas is pressuresupported, it revolves around the central star with a slightly sub-Keplerian velocity.
The difference between the azimuthal gas velocity and the Keplerian velocity vK is
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given by ηvK :
ηvK = −

1 c2s ∂ log P
,
2 vK ∂ log r

(1.22)

with P the gas pressure. Dust particles that are partly decoupled from the gas do
not feel the pressure gradient as much and therefore tend to move toward Keplerian
velocities. Due to the slower-moving gas, they will experience a headwind, lose angular
momentum to the gas, and ‘drift’ inward at a velocity vdrift (Weidenschilling 1977a;
Nakagawa et al. 1986):
vdrift =

vgas + 2ηvK τ
,
1 + τ2

(1.23)

where vgas = 3ν/2r is the velocity at which the gas is accreted by the star. For a
typical ISM value of 0.01 for the dust-to-gas ratio, the back-reaction of the solids on
the gas can be safely neglected. When we are interested in disk conditions conducive to
planet formation, where the dust-to-gas ratio is locally enhanced, however, the backreaction of the solids on the gas (also called ‘collective effects’) becomes significant.
Including the back-reaction in the expression for the particle radial drift velocity in
the inviscid limit (α = 0) gives (Nakagawa et al. 1986):
vdrift =

2ηvK τ
,
(1 + Z)2 + τ 2

(1.24)

where Z is the solids-to-gas density ratio. The higher Z, the more the solids collectively ‘pull’ the gas along, such that the headwind and therefore drift velocity
become smaller. In chapter 2 we derive the particle radial drift velocity including the back-reaction and accounting for non-zero viscosity. Figure 1.8 shows the
radial drift timescale tdrift = r/vdrift (where vdrift is given by Eq. 1.23) at 1 au
as a function of Stokes number τ , for an MMSN disk with a temperature profile
T = 150 (r/3 au)−1/2 K. The fastest radial drift occurs for particles with Stokes number of 1 (corresponding to a physical size of approximately a metre with these disk
conditions). These particles drift in on timescales of ∼100 years, which is very short
compared to the ∼million year lifetime of the disk. Radial drift is therefore an essential process to planet formation theories, as we will discuss in the following sections
and in the rest of this thesis. Observational evidence for radial drift (i.e. smaller disk
sizes at longer wavelengths and in general smaller dust disks than gas disks) has been
presented by, e.g., Pérez et al. (2012, 2015).
Dust growth
Initially, when dust grains are micron-sized and well-coupled to the gas, their relative
velocities are brought about by Brownian motion. For larger particles, the interparticle velocities are typically due to turbulence (Ormel & Cuzzi 2007). Relative
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velocities between particles with very different stopping times can also be dominated
by the difference in their radial drift and vertical settling speeds. The coagulation or
growth timescale of dust particles can be estimated by
tgrow ∼

1
,
np σcoll ∆v

(1.25)

with np the particle number density, ∆v the relative velocity, σcoll the collisional crosssection, and where we have assumed that all dust grains have identical properties.
Numerical simulations and laboratory studies show that dust grains are expected
to quite easily coagulate up to mm-sized particles (e.g. Dominik & Tielens 1997),
but as particles grow, their relative velocities quickly become so large that sticking
is no longer the dominant outcome of collisions. Rather, particles start to bounce
off each other or fragment upon colliding (e.g. Blum & Wurm 2000; Brauer et al.
2008a; Zsom et al. 2010; Güttler et al. 2010). These limitations to particle growth are
known as the fragmentation and bouncing barriers. The problem is a bit less severe for
icy particles, which are able to stick at larger impact velocities compared to silicate
grains, due to their larger surface energy (Chokshi et al. 1993; Supulver et al. 1997;
Wada et al. 2009; Gundlach et al. 2011; Gundlach & Blum 2015). Additionally, it
may be possible for large particles to still gain mass via collisions with much smaller
particles (Windmark et al. 2012; Wada et al. 2013).
Even if there were no bouncing and fragmentation barriers to dust growth and
it were possible for particles to coagulate uninterruptedly, at some point the radial
drift timescale becomes shorter than the growth timescale. In this case, the maximum
particle size is size is ‘drift-limited’ rather than ‘fragmentation-limited’ (Birnstiel et al.
2012).
Planetesimal formation
The formation of planetesimals is widely thought to be an important intermediate step in the planet formation process (Safronov 1969; Pollack et al. 1996; Benz
2000). Planetesimals are bodies of approximately kilometre sizes, held together by
self-gravity rather than material strength, of which the gravitational cross-section is
larger than the geometrical cross-section (Sect. 1.2.5). Asteroids are thought to be
remnant planetesimals from the formation of the Solar System (see Johansen et al.
2014 and references therein).
Exactly how, when, and where planetesimals form in protoplanetary disks is still
an open question. Dust coagulation up to planetesimal sizes is very challenging due to
the fragmentation, bouncing, and radial drift barriers5 discussed in the previous section. Theoretically, one possible way to circumvent these barriers is invoking highly
5 The radial drift barrier is also known as the ‘metre-size barrier’, since a Stokes number of unity
— subject to the largest drift velocities — corresponds to a physical size of approximately a metre
at 1 au in an MMSN disk model.
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porous (‘fluffy’) icy aggregates, for which collisional cross-sections and sticking probabilities are enhanced (Okuzumi et al. 2012).
Another way in which planetesimals may form is by gravitational collapse of the
dust disk. Goldreich & Ward (1973) proposed that vertical settling of dust would lead
to a very thin and dense dust layer in the disk midplane, which would be susceptible
to gravitational fragmentation and thus form planetesimals. However, as we have
discussed, turbulence works against vertical settling. Even in the absence of global
turbulence, shear instabilities generate local turbulence long before particle densities
sensitive to gravitational instability are reached; namely when the dust-to-gas ratio at
the midplane starts exceeding unity (e.g. Cuzzi et al. 1993; Johansen et al. 2009; Bai &
Stone 2010). Vertical settling alone would therefore not lead to particle densities high
enough (dust disks thin enough) to allow for planetesimal formation via gravitational
fragmentation.
Particle clumps that can collapse gravitationally can be achieved by other mechanisms, however. Turbulence, which turned out to be the deal breaker for the
Goldreich-Ward mechanism, can actually lead to concentration of particles in between turbulent eddies (Eaton & Fessler 1994; Klahr & Henning 1997; Cuzzi et al.
2001). It has been questioned, however, whether the dust clumps generated this way
can be massive enough to produce a population of planetesimals (Pan et al. 2011;
Johansen et al. 2014).
Pressure bumps and hydrodynamical vortices are also able to concentrate dust
particles that are aerodynamically partly decoupled from the gas (τ ∼ 1). Such pebbles drift towards the local pressure maximum (Eq. 1.23), which means they drift
continuously towards the star in case the pressure decreases monotonously with semimajor axis. When the pressure gradient is locally flattened or even reversed, however,
particles will be trapped in the pressure maximum, and the radial drift barrier to
dust growth may be overcome (e.g. Whipple 1972; Haghighipour & Boss 2003). Various mechanisms for the creation of pressure bumps and vortices have been proposed,
for example the magneto-rotational instability (Balbus & Hawley 1991) or snowlines
(Kretke & Lin 2007); Sect. 1.2.4. For a review of these mechanisms, see Johansen
et al. 2014 and Turner et al. 2014. Models including pressure bumps have appealing
features. The observed presence of small grains in the outer regions of protoplanetary
disks, which is puzzling in light of the short radial drift timescale, may be the consequence of pressure bumps (Pinilla et al. 2012b). Also, pressure bumps outside the
orbits of giant planets provide an explanation for the ring-shaped features of thermal
dust emission from circumstellar disks observed with ALMA (Pinilla et al. 2012a).
However, especially before giant planets have materialised, it is not clear how common
and persistent pressure bumps in protoplanetary disks are.
Perhaps the most promising mechanism to produce clumps of dust particles in
protoplanetary disks is the streaming instability (Youdin & Goodman 2005). The
streaming instability relies upon the back-reaction of dust particles onto the gas.
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When the Stokes numbers of particles are sufficiently large, the streaming motions of
the gas and particle layers are unstable, and particles concentrate in thin filaments
(Johansen et al. 2007; Johansen & Youdin 2007). The streaming instability is only
triggered when the solids-to-gas ratio is (locally) enhanced with respect to the nominal
ISM value (Johansen et al. 2009; Carrera et al. 2015; Bai & Stone 2010; Yang et al.
2017). When this is the case, particle densities in filaments can be high enough to
result in gravitational collapse into planetesimals with sizes of hundreds of kilometres
(Johansen et al. 2007, 2015; Simon et al. 2016).
Gravitational collapse following streaming instability is consistent with the observed properties of the comet 67P/Churyumov-Gerasimenko, which was visited by
the Rosetta mission (Blum et al. 2017). Another observational clue to planetesimal
formation is provided by the size distribution of asteroids, which seems compatible
with the formation of large (∼100 km) planetesimals as accomplished in streaming
instability simulations (Morbidelli et al. 2009).
In this thesis we focus on the conditions for planetesimal formation via streaming
instability. In a smooth disk (i.e. without pressure bumps or other discontinuities
in the radial variation of disk properties), where particles can coagulate unlimitedly,
the solids are flushed towards the star by radial drift in an inside-out way. This is
because number densities are higher at shorter distances from the star, such that dust
in the inner disk grows faster than dust further out in the disk. Pebble sizes, at which
radial drift becomes significant, are therefore reached earlier at shorter distances from
the star, and the surface density of solids decreases over time in an inside-out manner
(Lambrechts & Johansen 2014; Krijt et al. 2016b). In this case, local enhancements of
the solids-to-gas ratio are never reached. When particle growth is limited by bouncing
or fragmentation, however, pebbles drifting inward from the outer disk may pile up
close to the star (Youdin & Shu 2002; Dra̧żkowska et al. 2016). Another possibility
is that the solids-to-gas ratio increases at late evolutionary times when a substantial
fraction of the gas has been removed by photoevaporation (Carrera et al. 2017).
Special locations in protoplanetary disks that may aid dust growth and accumulation are the so-called ‘snowlines’: distances to the star at which volatiles condense
into their solid form. We discuss the properties of snowlines in the following section.

1.2.4

Snowlines

Apart from refractory material such as silicates and carbonaceous grains, dust particles in protoplanetary disks consist of several volatile molecules, such as water (H2 O),
carbon dioxide (CO2 ), and carbon monoxide (CO) (Draine 2003; Lodders 2003; Pontoppidan 2006). Beyond certain distances from the star, volatiles freeze out onto solid
grains. These locations are called snowlines.
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snowline

T < 160 K

T > 160 K

Figure 1.9: Cartoon of the water snowline in a protoplanetary disk. The water snowline marks
the transition from dry silicate grains in the inner disk to water ice-covered grains in the colder
outer disk. For typical conditions in protoplanetary disks, this transition occurs at a temperature
of approximately 160 K. The exact location of the water snowline, however, depends on the partial
water vapour pressure as well.

Water
Water is the most abundant volatile in protoplanetary disks, and constitutes approximately 50% of the total mass of solid grains beyond the water snowline (Lodders 2003).
Dust grains obtain water ice coatings in molecular clouds (van Dishoeck et al. 2014),
and at least a fraction of the water molecules on Earth is expected to have formed
already in the molecular cloud from which the Solar System originated (Cleeves et al.
2014). Water vapour and water ice have been observed at different evolutionary stages
of star and planet formation (for a review, see van Dishoeck et al. 2014). At the level
of protoplanetary disks, rotational lines of water vapour have been observed in the
infrared (e.g. Pontoppidan et al. 2010; Salyk et al. 2011; Hogerheijde et al. 2011; for
more references, see van Dishoeck et al. 2014), and water ice has been detected in
scattered light (Honda et al. 2016) and from thermal emission (e.g. McClure et al.
2015; Min et al. 2016). Compared to the water budget of the protosolar nebula, the
inner Solar System is very dry, with the Earth’s oceans contributing only 0.02 percent
to the total mass of the Earth. The inner solar system planets must therefore have
formed interior to the water snowline in the protosolar nebula. The origin of the small
amount of water on Earth is still debated. It may have been delivered by asteroids
and/or comets at a late stage in the planet formation process (Morbidelli et al. 2000),
a hypothesis that is supported by observations of deuterium-to-hydrogen (D/H) ratios of asteroids and comets, which seem to be similarly enhanced (compared to the
solar value) as the D/H ratio of Earth’s water. Other water delivery mechanisms
include the accretion of a small amount of icy pebbles from the outer disk (beyond
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the water snowline) (Sato et al. 2016), and the accretion of hydrated silicate dust
grains originating interior to the water snowline (Hallis et al. 2015; D’Angelo et al.
2019).
The location of a snowline depends on the temperature structure of the disk. It
also depends on the partial water vapour pressure, and thereby on the radial flux of
drifting icy pebbles (Piso et al. 2015; chapter 2). The equilibrium or saturated vapour
pressure Peq is given by the Clausius-Clapeyron relation:
Peq = Peq,0 exp[−Ta /T ],

(1.26)

where Peq,0 and Ta are species-dependent constants. For water, Ta = 6062 K and
Peq,0 = 1.14 × 1013 g cm−1 s−2 (Lichtenegger & Komle 1991). When the partial
vapour pressure exceeds the equilibrium vapour pressure, water condenses6 . For typical conditions in protoplanetary disks, water condensation occurs at temperatures
lower than ∼160 K (Fig. 1.9; van Dishoeck et al. 2014).
The water snowline and planet formation
For a typical protoplanetary disk around a solar-type star, the snowline is expected
to be located around 3 au (Min et al. 2011). Beyond ∼3 au, therefore, the amount
of solids available for planet formation is enhanced by a factor two compared to
the hot inner disk. Hayashi (1981) proposed that the fact that the Solar System
harbours four small rocky planets interior to ∼3 au and four giant planets outside
∼3 au, is a natural consequence of the snowline in the protosolar disk. Not only
does the region outside the snowline have more solid mass available, the stickiness
of icy particles is also enhanced compared to rocky grains (Sect. 1.2.3). Laboratory
experiments of dust collisions suggest a fragmentation threshold velocity of 10 m/s for
ice-coated grains and 3 m/s for refractory particles (Blum & Münch 1993; Sirono
1999; Gundlach & Blum 2015). The fragmentation threshold of icy particles likely
also depends on temperature (Sirono 1999; Okuzumi et al. 2016; Musiolik & Wurm
2019).
The local region around the water snowline is of great interest to planet formation
theories. Water vapour in the inner disk can diffuse outward across the snowline and
condense there, leading to a local enhancement in the solids density just outside the
snowline (Stevenson & Lunine 1988; Cuzzi & Zahnle 2004; Ciesla & Cuzzi 2006; Ros &
Johansen 2013; Estrada et al. 2016; Armitage et al. 2016). Enhancement of the solids
density just interior to the snowline is also possible. When icy pebbles from the outer
disk drift across the snowline, their water evaporates and smaller refractory particles
6 In

fact, the correct term for the gas-to-solid transition is ‘deposition’, but in astronomy it is
common to name this process ‘condensation’, and we follow this nomenclature. We also call the
solid-to-gas transition ‘evaporation’ instead of ‘sublimation’, and we often refer to the water snowline
simply as ‘the snowline’.
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are released. These dry particles have smaller stopping times than the icy pebbles,
and therefore drift inward at lower velocities, leading to a ‘traffic jam’ interior to the
snowline (Saito & Sirono 2011; Ida & Guillot 2016). One of the aims of this thesis
is to investigate the viability of planetesimal formation in the vicinity of the water
snowline in more detail than previous studies.
In this thesis we focus on the water snowline, for two reasons. First, water is the
most abundant volatile element in protoplanetary disks. Second, of all volatile snowlines, the water snowline is located closest to the star. Water ice therefore constitutes
the largest reservoir of icy material that can be transported inward via radial drift.
Because of these reasons, physical processes at snowlines relevant for planet formation
are most pronounced at the water snowline.

Observations of snowlines
Snowlines have been attributed to the ringed substructures in disks observed with
ALMA (e.g. Zhang et al. 2015; Okuzumi et al. 2016; van der Marel et al. 2018), but
comparison of ring structures in disks across a sample of different stellar luminosities
and ages suggests that snowlines are unlikely to be the common origin for the observed
substructure (van der Marel et al. 2019). Cieza et al. (2016) have reported the first
detection of a water snowline around the outbursting star V883 Orionis. Due to the
outburst, the luminosity of the star has greatly increased, such that the temperature in
the disk has risen and the water snowline has been pushed outwards to an observable
distance — the water snowline around quiescent stars is typically too close to the star
to be angularly resolved with ALMA. A steep transition in the spectral index αmm
around 40 au has been attributed to the location of the water snowline. We discuss
the interpretation of this observation in chapter 3.

1.2.5

Growth beyond planetesimals

Planetesimal accretion
Once small dust grains have been transformed into planetesimals, gravity starts aiding the growth process. Planetesimals can grow larger by accreting other planetesimals and by accreting smaller particles. Because pebbles are subject to gas drag,
the efficiency of pebble accretion can be greatly enhanced compared to planetesimal
accretion, as we will discuss in Sect. 1.2.5. In this section we look at planetesimalplanetesimal accretion, which is the basis of the ‘classical model’ of planet formation.
Due to gravitational focusing, the collisional cross-section of a planetesimal is
larger than its geometric cross-section. Consider two planetesimals approaching each
other at relative velocity vdel . They will collide if their paths cross the collisional
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cross-section Γ, given by

Γ=

πRp2



2
vesc
1+ 2
,
vrel

(1.27)

where Rp is the sum of the physical radii of the two planetesimals, and vesc is the
escape velocity from the (hypothetical) point of contact. The term in between brackets
represents the enhancement due to gravitational focusing.
The growth rate of a planetesimal embedded in a swarm of other planetesimals is
proportional to its mass to the power 2/3 when the collisional cross-section is equal
to the geometric cross-section. Once a planetesimal grows large enough such that
the gravitational focusing term becomes significant, however, its growth rate becomes
proportional to its mass to the power 4/3. In that case, the growth is in ‘runaway’
mode: the more massive a protoplanet becomes, the faster it will grow, such that
its mass will ‘run away’ from (slightly) less massive bodies (Greenberg et al. 1978;
Wetherill & Stewart 1993; Kokubo & Ida 1998). As protoplanets grow more massive,
they dynamically stir the planetesimals in their vicinity, such that their growth slows
down again. The result is that the slightly less massive bodies catch up, and in the
end, multiple protoplanets (called ‘oligarchs’) emerge. The oligarchs continue to grow
until they have cleared their ‘feeding zone’ from planetesimals (Kokubo & Ida 1998,
2000). The feeding zone of a protoplanet with mass Mp is related to the region in
which it exerts gravitational dominance, called the Hill radius:

rHill =

Mp
3 M?

1/3
r,

(1.28)

where r is the distance from the star and M? is the stellar mass. In the classical model
of planet formation, planetesimals form throughout the entire disk. The oligarchic
‘planetary embryos’ that emerge from the sea of planetesimals coalesce to form the
terrestrial planets as well as the cores of gas giants. Models based on this scenario have
been successful in explaining some key properties of the Solar System. For a recent
review on classical (and modern) models of Solar System formation, see Raymond
et al. 2018.
Regardless of the question when and where planetesimals form, a problem with
the planetesimal accretion scenario is that the growth timescales of planetary embryos
in the outer disk may be too long for giant planet formation to complete before the
gas disk has dissipated; models in which planetary core growth occurs solely by the
accretion of large planetesimals need to evoke solids surface densities significantly
enhanced with respect to the MMSN (Sect. 1.2.1), in order to form giant planets in
the outer disk within the disk lifetime (Pollack et al. 1996; Kobayashi et al. 2011).
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Pebble
Planetesimal
Protoplanet

Figure 1.10: Cartoon image of pebble accretion. The dotted line represents the area of influence of
the protoplanet’s gravitational field. Planetesimal accretion is only aided by gravitational focusing,
whereas the efficiency of pebble accretion is enhanced due to the gas friction experienced by pebbles.
Figure adapted from L. Modica / Knowable.

Pebble accretion
Protoplanets need not grow only by colliding with planetesimals. Smaller particles
such as pebbles may also contribute to protoplanet growth. This scenario, in which
planetesimals or protoplanets coexist with small particles, is supported by observations that show evidence for the presence of millimetre- and centimetre-sized grains
in protoplanetary disks at late evolutionary stages (Sect. 1.2.3). In other words, not
all the mass in solids has been converted to planetesimals.
In the past few years, pebble accretion as a mechanism for efficient protoplanet
growth has been proposed (Ormel & Klahr 2010; Lambrechts & Johansen 2012; Lambrechts et al. 2014). The key difference between pebbles and planetesimals is that (by
definition) pebbles are much more influenced by gas drag than planetesimals. During
an encounter (flyby) between a protoplanet and a pebble, the pebble tends to sediment towards the protoplanet as a result of gas friction Fig. 1.10. If the encounter
timescale is longer than the sedimentation timescale, gas drag plays a significant role.
For the right combination of pebble stopping times and protoplanet masses, then,
gas drag greatly reduces the pebble accretion timescale compared to the planetesimal
accretion timescale. Once a planetesimal has grown to approximately lunar mass (the
exact mass depends on disk parameters), pebble accretion outpaces planetesimal accretion (Visser & Ormel 2016; Ormel 2017; Johansen & Lambrechts 2017; Liu et al.
2019). Protoplanets stop accreting pebbles when they become so massive that they

29

1 General introduction

induce a pressure bump in the gas disk outside their orbit. Pebbles drift towards the
local pressure maximum (Eq. 1.24), such that they stall at the pressure bump outside
the planet’s orbit. The mass at which a planet isolates itself from pebbles is called
the pebble isolation mass, and depends on the disk conditions as well as on the Stokes
number of pebbles (Morbidelli & Nesvorny 2012; Lambrechts et al. 2014; Bitsch et al.
2018; Ataiee et al. 2018).
Pebble accretion may be very efficient, and does not suffer from a negative feedback effect like planetesimal accretion does — the larger the protoplanet grows, the
more severe the effect of dynamical stirring of planetesimals. It may therefore provide
a solution to the problem of long growth timescales in the outer disk in the classical planetesimal accretion scenario. However, the pebble accretion mechanism has
caveats of its own. Besides the need for a large protoplanetary ‘seed’, the pebble scale
height may be a lot larger than the size of the protoplanet in case of high turbulence
(Eq. 1.21), such that most of the pebbles drift past the protoplanet without being
accreted. The fraction of pebbles that are not captured by a growing protoplanet
do not stay in the protoplanet’s ‘feeding zone’ as in the planetesimal accretion scenario, but drift away. For recent reviews of pebble accretion models, see Ormel 2017
and Johansen & Lambrechts 2017. We include pebble accretion effects in the models
presented in chapter 4 and chapter 5.

1.2.6

Planet migration

The assembly of planetary building blocks into a planet is not the end of the story.
When a planet that is still embedded in the gaseous disk becomes massive enough,
the influence of its gravitational well on the surrounding gas disk becomes significant.
According to Newton’s second law, the gas disk exerts an equal and opposite force
on the planet. The disk regions interior and exterior to the planet apply opposing
torques, but these do not cancel exactly. The remaining torque is known as the
Lindblad torque. Another contribution to the total torque exerted on a planet in a
gas disk is the co-orbital torque (Tanaka et al. 2002). A nonzero torque lies at the
root of disk migration: it leads to a change in the angular momentum of the planet
and therefore to planet migration (Goldreich & Tremaine 1980; Kley & Nelson 2012).
Planets and planetary cores of up to a few Earth masses (the exact mass depends
on disk conditions) embedded in protoplanetary disks do not significantly alter the
gas disk structure (Lin & Papaloizou 1993), and the migration rate scales linearly
with their mass. Planet migration in this regime is called type-I migration (Ward
1997). Under typical protoplanetary disk conditions, planets with masses just below
the critical core mass needed to bind disk gas, are expected to undergo inward type-I
migration on a timescale of ∼105 years (Tanaka et al. 2002), which is short compared to the disk lifetime. More massive planets tend to open a gap in the gas disk,
which suppresses the migration rate (Lin & Papaloizou 1986). In this regime, known
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as type-II migration, migration occurs on the viscous evolution timescale (Sect. 1.2.1).
Planet migration can also occur in a gas-free environment. The migration of
planets in a remnant planetesimal disk, for example, has been invoked to explain the
orbital architecture of the Solar System (the so-called Nice model, Tsiganis et al. 2005;
see also Raymond et al. 2018).

1.3

This thesis

In this thesis I investigate the role of water in planet formation processes. As discussed in the previous sections, the water snowline is of great importance for planet
formation, for several reasons. Firstly, the disk region outside the water snowline
has an enhanced solids surface density compared to the inner disk, where dust particles are rocky. Secondly, the stickiness of ice-coated particles is larger than that
of silicate grains, such that the water snowline typically marks the transition from a
fragmentation-limited particle growth regime in the dry inner disk to a drift-limited
regime outside the snowline. Additionally, the steep gradient in the water vapour density across the snowline can lead to a strong diffusive outward flux of water vapour,
which can subsequently condense and locally enhance the solids surface density even
more just outside the snowline. This diffusion-condensation process has already been
proposed by Stevenson & Lunine (1988) as a mechanism for the early formation of
Jupiter in the Solar System. This model did not take into account advection of gas
and solid particles, however. In chapter 2 we build on this work (and other more
recent works) by constructing a local model of the region around the water snowline
that includes diffusion, condensation, and evaporation, and also takes into account
the radial motion of both gas and solid particles. With this model we investigate
the viability of planetesimal formation via the streaming instability near the water
snowline.
Although the water snowline in protoplanetary disks is generally too close to the
host star to resolve with observations, it can be temporarily pushed outward to larger
distances during an episodic accretion event such as an FU Orionis outburst. In the
case of the FU Orionis object V883 Orionis, a detection of the water snowline at a
distance of 40 au from the star was reported by Cieza et al. (2016). In chapter 3,
we study the implications of this ALMA observation with regard to properties of the
solid particles in this disk.
Whereas the stopping time of pebbles and the total pebble flux are input parameters in the local model of the snowline presented in chapter 2, in chapter 4 we connect
the results regarding streaming instability conditions near the snowline obtained in
chapter 2 to a global Lagrangian dust evolution code that covers the entire protoplanetary disk. In this way we develop a self-consistent dust evolution and planetesimal
formation model, which we apply to different stellar masses.
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In chapter 5, we apply the Lagrangian model of chapter 4 towards understanding
the formation of the TRAPPIST-1 planets. A narrative for the formation of this
compact system of seven Earth-sized planets was proposed by Ormel et al. (2017).
In this scenario, planetesimals form outside the water snowline, where they grow
by accreting pebbles until they reach a size at which they start migrating inward
due to type-I migration. After the protoplanets cross the water snowline, they can
only accrete dry pebbles. The water fractions of the planets formed in this way are
therefore dependent on the ratio between ‘wet growth’ outside the snowline and ‘dry
growth’ in the inner disk. In chapter 5 we follow up on this study by performing
detailed numerical simulations of this formation scenario. We couple the Lagrangian
dust evolution and planetesimal formation code presented in chapter 4 to an N-body
code that follows the growth and dynamics of planetesimals and (proto)planets and
accounts for pebble accretion. The coupling is handled in such a way that both codes
provide feedback to each other, so that we can self-consistently model the assembly of
the TRAPPIST-1 planets starting from small dust particles. We focus on their water
contents, and make predictions for a trend of the planet water fraction with orbital
distance.

***
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Abstract
The formation of planetesimals in protoplanetary disks is not well-understood. Streaming instability is a promising mechanism to directly form planetesimals from pebblesized particles, provided a high enough solids-to-gas ratio. However, local enhancements of the solids-to-gas ratio are difficult to realize in a smooth disk, which motivates
the consideration of special disk locations such as the snowline – the radial distance
from the star beyond which water can condense into solid ice.
In this article we investigate the viability of planetesimal formation by streaming
instability near the snowline due to water diffusion and condensation. We aim to
identify under what disk conditions streaming instability can be triggered near the
snowline.
To this end, we adopt a viscous disk model, and numerically solve the transport
equations for vapour and solids on a cylindrical, 1D grid. We take into account
radial drift of solids, gas accretion on to the central star, and turbulent diffusion.
We study the importance of the back-reaction of solids on the gas and of the radial
variation of the mean molecular weight of the gas. Different designs for the structure
of pebbles are investigated, varying in the number and size of silicate grains. We also
introduce a semi-analytic model that we employ to obtain results for different disk
model parameters.
We find that water diffusion and condensation can locally enhance the ice surface
density by a factor 3–5 outside the snowline. Assuming that icy pebbles contain many
micron-sized silicate grains that are released during evaporation, the enhancement is
increased by another factor ∼2. In this ‘many-seeds’ model, the solids-to-gas ratio
interior to the snowline is enhanced as well, but not as much as just outside the
snowline. In the context of a viscous disk, the diffusion-condensation mechanism is
most effective for high values of the turbulence parameter α (10−3 –10−2 ). Therefore,
assuming young disks are more vigorously turbulent than older disks, planetesimals
near the snowline can form in an early stage of the disk. In highly turbulent disks,
tens of Earth masses can be stored in an annulus outside the snowline, which can be
identified with recent ALMA observations.

34

2.1 Introduction

2.1

Introduction

Planets form in gaseous disks around young stars. Initially, micron-sized dust grains
are present in such a disk. It is generally thought that planets form from planetesimals
of the order of a kilometre in size, which are large enough for gravity to play an
important role (Safronov 1969; Pollack et al. 1996; Benz 2000). However, the first
step in the planet formation process, the coagulation of dust grains into planetesimals,
is still an unsolved problem. Although micron-sized grains can quite easily coagulate
to mm-sized particles (Dominik & Tielens 1997; Ormel et al. 2007), typical relative
velocities quickly become so large that particles fragment or bounce rather than stick
(Blum & Wurm 2000; Zsom et al. 2010). The typical size at which coagulation is no
longer feasible is referred to as the fragmentation or bouncing barrier. Observations
at radio wavelengths indeed infer a large reservoir of these mm-to-cm size particles
(pebbles) (e.g. Testi et al. 2014).
Even if it were possible to coagulate uninterruptedly from micron-sizes to large
bodies, the growth process would face another challenge: that of radial drift. As
soon as particles reach sizes at which they aerodynamically start to decouple from
the gas, they lose angular momentum and spiral towards the star (Whipple 1972;
Weidenschilling 1977a). Radial drift is a fast process and hence poses a challenge to
planetesimal formation theories, as planetesimals should form before the solids are
lost to the star.
A promising mechanism to quickly form planetesimals directly from pebbles is
streaming instability (Youdin & Goodman 2005; Johansen et al. 2007; Johansen &
Youdin 2007). Streaming instability leads to clumping of pebbles that subsequently
become gravitationally unstable and form planetesimals. In order for streaming instabilities to occur, the metallicity of the disk has to be locally enhanced above the
typical value of 1% (Johansen et al. 2009; Bai & Stone 2010; Dra̧żkowska & Dullemond 2014). However, if one considers a smooth disk (i.e. without any radial pressure
bumps or special locations), solids are flushed to the star in an inside-out manner due
to dust growth and radial drift (e.g. Birnstiel et al. 2010, 2012; Krijt et al. 2016b;
Sato et al. 2016)1 . Radial drift lowers the metallicity of the disk and – at first sight
– works against creating conditions favorable to streaming instability.
A special location that can affect the distribution of solids in the disk is the
snowline. The snowline is the radius from the central star interior to which all water
is in the form of vapour. Recent observations of structures in protoplanetary disks (for
example HL Tau; ALMA Partnership et al. 2015) have been proposed to be associated
with icelines (not necessarily water), e.g. Banzatti et al. 2015; Okuzumi et al. 2016;
Nomura et al. 2016.
1 Dra̧żkowska et al. (2016) argue that growth and radial drift can lead to pile-ups in the inner
disk, where streaming instability may then be triggered.
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The viability of a pile-up of solids at the snowline has been a topic of interest for
considerable time. Several mechanisms have been proposed, such as the creation of a
pressure maximum (e.g. Brauer et al. 2008b) or a deadzone (e.g. Kretke & Lin 2007).
Another pile-up mechanism is water diffusion and condensation: water vapour in the
inner disk can diffuse outward across the snowline and condense, thereby increasing
the solids reservoir just outside the snowline. Works that have investigated the role
of water diffusion and condensation on the growth and distribution of solids include
Stevenson & Lunine 1988; Cuzzi & Zahnle 2004; Ciesla & Cuzzi 2006; Ros & Johansen
2013; Estrada et al. 2016; Armitage et al. 2016 and, recently, Krijt et al. 2016a, which
focuses on the atmospheric snowline. In this paper, we investigate the role of the
radial snowline to enhance the solids-to-gas ratio.
The works most relevant to our problem are Stevenson & Lunine 1988 and Ros &
Johansen 2013. Stevenson & Lunine (1988) investigated the role of outward diffusion
of water vapour across the snowline. In their work, a ‘cold-finger’ effect was considered: water vapour from the inner disk condenses on (pre-existing) solids beyond the
snowline. In this way, they found a steep increase in the solid density beyond the
snowline and hypothesised that this could accelerate the formation of Jupiter. However, dynamical aspects of the disk, such as radial drift of solids and accretion of gas,
were not taken into account; except for the vapour, their model is essentially static.
More recently, Ros & Johansen (2013) also simulated pebble growth by condensation,
adopting a Monte Carlo method. In their simulation, the purely icy particles grow
by condensation, until the point that they are ‘lost’ by evaporation (modelled as an
instantaneous process). Because their work does not feature silicate ‘seeds’ that are
immune to evaporation, the remaining ice particles can only grow in size. Consequently, a steady-state is never reached, also not because the simulation domain does
not connect to the rest of the disk: there is no inflow of small pebbles or removal of
vapour-rich gas.
In this work we consider a model that emphasizes the dynamic nature of the
disk, characterised by the accretion rates of pebbles and gas. Our model of the iceline
therefore includes inflow of pebbles (at the outer boundary) and outflow of vapour (at
the inner boundary) – a design that results in a steady-state. Our goal is to investigate
whether-or-not this more dynamic design will result in a solids enhancement that could
trigger streaming instabilities. In particular, we will investigate how the solids-to-gas
ratio will depend on the properties of the disk: the accretion rates (of solids and gas),
the turbulence strength, and the aerodynamical properties of the drifting pebbles.
We will also investigate which side of the snowline the solids-to-gas ratio is boosted
most: interior or exterior.
We use a characteristic particle method, assuming a single pebble size at each time
and location in the disk (Ormel 2014; Sato et al. 2016). We numerically solve the
partial differential equations that govern the transport and condensation/evaporation
processes for solids and vapour. We consider two model designs for the composition of
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pebbles: ‘single seed’ (all silicates in one core) and ‘many seeds’ (many tiny silicates
grains). Our model also accounts for feedback of solids on the gas (a.k.a. collective
effects) and feedback of water vapour on the scale height of the disk. A semi-analytic
model is presented that approximates the numerical results, enabling us to carry out
parameter searches.
We start out with a description of our model in Sect. 2.2. In Sect. 2.4 we discuss
numerical results for a fiducial set of model parameters in detail. We first describe the
time-dependent numerical results in Sect. 2.4.1, after which we focus on the steadystate solution in Sect. 2.4.2. In Sect. 2.5 we summarize the semi-analytic approximate
model (which is described in more detail in Appendix 2.C) and present our results
concerning streaming instability conditions. We discuss our results in Sect. 2.6 and
present our main conclusions in Sect. 2.7. A list of frequently used symbols can be
found in Table 2.2.

2.2

Model

2.2.1

Disk model

Throughout this paper, we use the α-accretion model (Shakura & Sunyaev 1973) to
model disks. We fix the mass of the central star M? = M . We fix the temperature
profile T (r) to
 r −1/2
T (r) = 150
K,
(2.1)
3 au
where r is the radial distance from the star. This temperature power-law profile
corresponds to a passively-irradiated disk and a solar-mass star (Kenyon & Hartmann
1987; Armitage et al. 2016); for simplicity, we neglect viscous heating. The isothermal
sound speed cs is related to the temperature as
s
kB T
,
(2.2)
cs =
µ
with kB the Boltzmann constant and µ the molecular weight of the gas, which is 2.34
times the proton mass for a typical solar metallicity gas. The disk scale height Hgas
is given by
 r 5/4
cs
Hgas =
≈ 0.033
au,
(2.3)
Ω
1 au
where Ω is the Keplerian orbital frequency. The gas accretes to the central star at a
rate Ṁgas . Given α and Ṁgas , the steady-state gas surface density is (Lynden-Bell &
Pringle 1974)
Σgas =

Ṁgas
Ṁgas
=
,
2πrvgas
3πν

(2.4)
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where vgas = 3ν/2r is the radial speed of the accreted gas, with ν the turbulent
viscosity, which is given by
ν = αcs Hgas ,

(2.5)

where α is the dimensionless turbulence parameter. As a result of our choices for the
temperature and scale height profiles, Σgas (r) is a power-law with index −1. We take
the turbulent gas diffusivity Dgas equal to the turbulent viscosity ν.

2.2.2

Radial motion of ice, silicates and vapour

In this study, we are interested in the pebble-sized fraction of the solids – we do not
consider the smaller-sized dust. Pebbles are characterised by the fact that they are
aerodynamically partly decoupled from the gas disk. The gas disk is partly pressuresupported, and therefore rotates at a sub-Keplerian velocity. The pebbles do not feel
the pressure gradient, and therefore tend to move toward Keplerian orbital velocities.
This means that pebbles are moving through a more slowly rotating gas disk, thereby
losing angular momentum through gas drag. The loss of angular momentum results
in pebbles spiralling (‘drifting’) towards the central star. The extent to which pebbles
drift depends on the stopping time tstop , which measures how strongly the pebbles
are coupled to the gas – it is the time after which any initial momentum is lost due
to gas friction.
Concerning the stopping times of pebbles we can distinguish between two regimes:
in the Stokes regime, the particle size is larger than the mean-free path of the gas
molecules lmfp , and the stopping time is calculated in a fluid description; in the Epstein
regime, the particle size is smaller than the mean-free path of the gas molecules, and
a particle description is needed instead. The mean-free path lmfp is given by
lmfp = √

µ
,
2ρgas σmol

(2.6)

where σmol is the molecular collision cross-section, and ρgas is the gas density. We take
σmol = 2 × 10−15 cm2 as the collisional cross-section of molecular hydrogen (Chapman
& Cowling 1970). The stopping time is given by
 ρ•,p sp

,

v ρ
th gas

tstop =





(Epstein: sp < 94 lmfp )

4ρ•,p s2p
, (Stokes: sp > 94 lmfp )
9vth ρgas lmfp

(2.7)

where sp is the particle radius, ρ•,p is the particle internal
p density, and vth is the
thermal velocity of the gas molecules, defined as vth = 8/πcs . The dimensionless
stopping time (sometimes referred to as the Stokes number) is τS = tstop Ω.
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The radial drift velocity of pebbles vpeb is given by (Weidenschilling 1977a; Nakagawa
et al. 1986):
vpeb =

vgas + 2ηvK τS
,
1 + τS2

(2.8)

where ηvK is the magnitude of the azimuthal motion of the gas disk below the Keplerian velocity vK :
ηvK = −

1 c2s ∂ log P
,
2 vK ∂ log r

(2.9)

with P the gas pressure. Under normal disk conditions, the solids-to-gas ratio is about
1 in 100, and it is reasonable to neglect the back-reaction of the solids on the gas.
In this paper we are interested in situations where the solids-to-gas ratio is boosted,
however, and therefore we study the effects of the back-reaction of solids on the gas, or
‘collective effects’, as well. Collective effects have been calculated by Nakagawa et al.
(1986). However, their formula was derived in the inviscid limit. In Appendix 2.B we
have calculated the drift velocity, accounting for both the backreaction and viscous
forces. When including the back-reaction, we replace Eq. 2.8 by Eq. 2.44.
Water vapour (denoted by the subscript Z) mixes with the gas and gets accreted
to the central star at the same velocity as the gas.

2.2.3

Evaporation and condensation

The rate of change in mass (dmp /dt) of a spherical icy pebble is given by (Lichtenegger
& Komle 1991; Ciesla & Cuzzi 2006; Ros & Johansen 2013):


dmp
Peq
2
= 4πsp vth,Z ρZ 1 −
,
(2.10)
dt
PZ
where sp is the radius of the pebble, vth,Z is the thermal velocity of vapour particles,
ρZ is the vapour density, PZ is the vapour pressure, and Peq is the saturated or
equilibrium pressure, which is given by the Clausius-Clapeyron equation:
Peq = Peq,0 e−Ta /T ,

(2.11)

where Ta and Peq,0 are constants depending on the species. For water, Ta = 6062 K
and Peq,0 = 1.14 × 1013 g cm−1 s−2 (Lichtenegger & Komle 1991).
Assuming spherical pebbles and one typical particle mass mp at each location and
time in the disk (i.e. the particle size distribution is narrow), and using the ideal gas
law to write PZ in terms of the (midplane) vapour density ρZ , we can rewrite Eq. 2.10
into a change in the ice surface density Σice due to condensation and evaporation:
Σ̇ice,C/E = Rc Σice ΣZ − Re Σice ,

(2.12)
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where the dot denotes the time derivative. In Eq. 2.12 the vapour surface density ΣZ
√
is related to the midplane vapour density as ρZ = ΣZ / 2πHgas and Rc and Re are
the condensation rate and evaporation rate, respectively, defined as
s
s2p
kB T
Rc = 8
,
(2.13)
µZ mp Hgas
r
√ s2p
µZ
Re = 8 2π
Peq ,
(2.14)
mp kB T
with kB the Boltzmann constant, and µZ = 18mH the mean molecular weight of
water vapour, where mH is the proton mass. Evaporating ice turns into vapour, and
condensing vapour turns into ice, and therefore we find for the vapour source terms:
Σ̇Z,C/E = −Σ̇ice,C/E = −Rc Σice ΣZ + Re Σice .

2.2.4

(2.15)

Internal structure and composition of pebbles

We assume that in the outer disk, half of the mass in pebbles consists of water
ice, and the other half consists of silicates (Lodders 2003; Morbidelli et al. 2015).
That is, the dust-fraction in pebbles in the outer disk ζ = 0.5. Adopting ρ•,ice =
1 g cm−3 as the density of a pure ice particle and ρ•,sil = 3 g cm−3 as the density
of a pure silicate particle, we find that in the outer disk, the internal density of a
pebble is ρ•,p = 1.5 g cm−3 . Generally, the internal density of an ice/silicate pebble is
given by
ρ•,p =

ρ•,ice ρ•,sil (msil + mice )
,
msil ρ•,ice + mice ρ•,sil

(2.16)

where mice is the mass in ice within the pebble and msil is the mass in silicate within
the pebble. Equation 2.10 is valid for a pure ice particle, while we use it for icy
pebbles with (a) silicate core(s). We checked that using mice instead of mp in the
condensation and evaporation rates does not change the results significantly.
We consider two possibilities for the internal structure of icy pebbles (Fig. 2.1).
• Single-seed model. In this model we view pebbles in the outer disk as balls of
ice with a single core made of silicates. When the ice in such a pebble evaporates,
the silicate core is left behind. In this framework, the number of pebbles does
not change when crossing the snowline.
• Many-seeds model. In this model we view icy pebbles as lots of small silicate
particles that are ‘glued’ together by ice. The small silicate particles are released
by evaporation, and free silicates can stick onto icy pebbles. We do not ‘resolve’
the internal structure of the pebbles, and only trace the total amount of silicates
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evaporation*front*

single#seed

many#seeds

Figure 2.1: Schematic showing the difference between the single-seed model and the many-seeds
model for the internal structure of icy pebbles in the outer disk. In the single-seed model, the water ice
layer (white) on the silicate core (red) becomes smaller at the evaporation front, and after complete
evaporation of the ice, only one single silicate core remains. Since we take ζ = 0.5, the silicate core
contains half the mass of the original pebble: mcore = mice = 0.5mp,start . In the many-seeds model,
pebbles in the outer disk consist of many micron-sized silicate grains (red) ‘glued’ together by water
ice (white). As the ice evaporates, silicate grains are released as well. After complete evaporation
of the ice, many micron-sized silicate grains remain. Again, with ζ = 0.5, the total mass in silicate
grains in a pebble in the outer disk is half of the total pebble mass, but this mass is now divided
among many silicate grains that each have mass msil . See text for more details.

‘locked’ into icy pebbles. Following Saito & Sirono (2011), we assume that the
released silicate particles are of micron size. Because they are so small, the
silicates do not undergo any aerodynamic drift and follow the radial motion of
the gas.

2.2.5

Transport equations

In this subsection we provide the systems of transport equations corresponding to both
pebble composition models presented in Sect. 2.2.4. Our model is 1D; we integrate
over the vertical dimension of the disk and follow column (surface) densities. Midplane
densities are calculated assuming a Gaussian distribution in height with scaleheights
Hgas (for the gas and the vapor) and Hpeb (for the pebbles), respectively.
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Single-seed pebble model
In the single-seed model, we follow the vapour surface density ΣZ , the ice surface
density Σice , and the number density of particles Np . The equations governing the
time evolution of these quantities are
∂Σice
+ ∇ · Mice = Σ̇ice,C/E ,
∂t
∂ΣZ
+ ∇ · MZ = Σ̇Z,C/E ,
∂t
∂Np
+ ∇ · Np = 0,
∂t

(2.17)
(2.18)
(2.19)

where the source terms Σ̇ice,C/E and Σ̇Z,C/E are defined in Eq. 2.12 and Eq. 2.15,
Mice and MZ are the ice and vapour mass flux, respectively, and Np is the number
flux of solid particles. These fluxes are given by
Σice
,
Σgas
ΣZ
MZ = −ΣZ vgas − Dgas Σgas ∇
,
Σgas
Np
Np = −Np vpeb − Dp Ngas ∇
,
Ngas

Mice = −Σice vpeb − Dp Σgas ∇

(2.20)
(2.21)
(2.22)

where vpeb is the drift velocity of the pebbles given by Eq. 2.8 or by Eq. 2.44 when
including collective effects, Ngas is the number of gas particles, and Dp is the particle diffusivity, which is related to Dgas through the Schmidt number Sc (Youdin &
Lithwick 2007):
Dp = Dgas × Sc =

Dgas
.
1 + τS2

(2.23)

Since in our models the stopping times are much smaller than unity, we set Dp equal
to Dgas .
Note that a negative flux means that material is transported inwards, towards the
star. Under the single-size approximation, the typical pebble mass mp is given by
mp = mcore +

Σice
,
Np

with mcore the mass of the bare silicate cores of the pebbles.
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Many-seeds pebble model
We implement the many-seeds model as follows. We now consider two additional
populations of solids: dirt and free silicates. Dirt refers to the silicates that are
captured in icy pebbles, whereas free silicates are small silicate grains without any
ice coating. The transport equations for Σice , ΣZ , and Np are the same as in the
single-seed pebble model (Eq. 2.17–2.19). The transport equations for the dirt surface
density Σdirt and free silicates surface density Σsil are given by
∂Σdirt
+ ∇ · Mdirt = −max [0, (Re − Rc ΣZ )] Σdirt + Rs Σsil ,
∂t
∂Σsil
+ ∇ · Msil = max [0, (Re − Rc ΣZ )] Σdirt − Rs Σsil ,
∂t

(2.25)
(2.26)

where Mdirt and Msil are the dirt and free silicate mass fluxes, respectively. Free
silicates are released from the pebbles at a rate proportional to the decrease of ice
surface density due to evaporation and to the amount of dirt that can evaporate from
within the pebbles: (Re − Rc Σvap )Σdirt , but only when there is net evaporation of
ice. Silicate grains stick to icy pebbles at a collision/sticking rate Rs :
Σice + Σdirt
Rs = √
· ∆vsil,peb · πs2p ,
2πHsil mp

(2.27)

where ∆vsil,peb is the relative velocity between the pebbles and the silicates and
Hsil is the scale height of the free silicates. Since the inward drift velocity of the
pebbles is much larger than the outward diffusion velocity of the silicates, we take
∆vsil,peb ≈ vpeb 2 .
The dirt and silicate mass fluxes, Mdirt and Msil , are given by
Σdirt
,
Σgas
Σsil
= −Σsil vgas − Dgas Σgas ∇
,
Σgas

Mdirt = −Σdirt vpeb − Dp Σgas ∇
Msil

(2.28)
(2.29)

where vpeb is again the radial drift velocity of the pebbles, and silicates are advected
with the gas.
2 For

simplicity, we have ignored other contributions to ∆vsil,peb . Turbulent velocities, however,
may dominate over radial drift motion when α is large (Cuzzi & Hogan 2003; Ormel & Cuzzi 2007).
Accounting for turbulent relative velocities will result in an increase of the peak solids-to-gas ratio
of ∼10% (e.g. 20% for our fiducial parameters presented in Table 2.1).

43

2 Planetesimal formation near the snowline: in or out?

2.2.6

Effects of variable µ

When icy pebbles evaporate, the gas becomes enriched in water vapour. This means
that the mean molecular weight µ of the gas increases:
1
fH2 O
fgas
=
+
,
µ
µH2 O
µgas

(2.30)

where fH2 O is the mass fraction of water molecules, µH2 O = 18mH is the mean
molecular weight of water, and fgas is the mass fraction of gas molecules (without the
vapour contribution), with µgas = 2.34mH .
p
Since the sound speed cs is proportional to 1/µ, the sound speed decreases as
more water vapour is added. The disk scale height Hgas is proportional to cs and will
therefore decrease as well: the disk becomes more vertically compact with increasing
water vapour. An increase in µ across the water evaporation front has an effect on
the pebble drift velocity vpeb (Eq. 2.8) in this region, since vpeb is proportional to
1/µ through its dependence on cs , and sensitive to variations in the gas pressure P
through ∂ log P/∂ log r. The total gas pressure (hydrogen/helium plus water) is given
by
P = Pgas + PZ = √

Σgas kB T
ΣZ k B T
+√
.
2πHgas µH2 /He
2πHgas µH2 O

(2.31)

We take the viscosity ν to be independent of variations in µ. Therefore, Σgas =
Ṁgas /3πν is independent of µ as well. However,
p the H2 O-enriched gas is characterised by a reduced scaleheight, since Hgas ∝ 1/µ, increasing the midplane gas
√
pressure Pgas as Pgas ∝ µ. Evaporation hence increases the pressure gradient and
the headwind of the gas through Eq. 2.9: pebbles tend to drift faster. Finally, the
drift velocity vpeb also depends on the stopping time τS , which in turn depends on
the gas density and the thermal velocity – both quantities that depend on µ. We take
these dependencies into account as well.
We now define two models that we study in the following sections. In the simple
model, we do not include collective effects and the variability of the mean molecular
weight µ. In the simple model, the sound speed and scale height are independent
of variations in µ, ηvK (Eq. 2.9) is constant, and the midplane gas density is µ√
independent: ρgas = Σgas / 2πHgas . In the complete model, we do take collective
effects and variations of µ into account, as described above.

2.2.7

Input parameters

The four key input parameters that can be varied in our model are:
• The gas accretion rate Ṁgas .
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• The ratio between the pebble accretion rate and the gas accretion rate, denoted
by the symbol Fs/g , and defined as
Fs/g ≡ Ṁpeb /Ṁgas .

(2.32)

• The dimensionless turbulence parameter α.
• The initial stopping time of pebbles just outside the snowline (at 3 au) denoted
by the symbol τ3 . This parameter is simply a proxy for the mass of the incoming
pebbles.
Together, these input parameters define the ‘zero-model’ of the disk: the gas and
solids distribution in the case of no condensation and evaporation. The gas surface
density profile Σgas is defined through Eq. 2.4, where the turbulent viscosity ν is
determined by α through Eq. 2.5. With Σgas and the stopping time normalization
τ3 at 3 au, we can find τ (r) at any other radius r. We can then also determine the
pebbles surface density Σpeb for the zero-model: it is given by Fs/g Ṁgas /2πrvpeb (r),
where the pebble velocity vpeb (r) depends on τ (r) and is given by Eq. 2.8 (without
backreaction) or Eq. 2.44 (including backreaction).

2.2.8

Model assumptions

In constructing our model we employed several assumptions, which we discuss below.
• We do not include a particle size distribution, but rather consider one typical
pebble size at each time and location in the disk. In the many-seeds model,
we do distinguish between the population of small silicate grains and large icy
pebbles, however. We come back to the importance of condensation onto small
grains rather than onto pebbles in the discussion (Sect. 2.6).
• Our model does not account for coagulation among pebbles: the enhancement
of the solids-to-gas ratio is solely due to diffusion and condensation. We remain
agnostic as to what happens to the pebbles in terms of coagulation and fragmentation until they reach the evaporation front. In the many-seeds model, we
do not take into account coagulation of silicate particles. We will come back to
this point in the discussion (Sect. 2.6).
• Our model is 1D, and has a straight vertical snowline. In reality, the vertical
snowline is curved rather than straight, because the temperature varies with
height above the midplane (e.g. Oka et al. 2011). However, Ros & Johansen
(2013) have shown that particle growth due to diffusion and subsequent condensation of water across the vertical snowline is negligible compared to the same
process across the radial snowline.
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• Similarly, we assume that the scale height of the vapour – and, in the many-seeds
implementation, of the free silicates – is always equal to the scale height of the
disk; in other words, when an icy pebble evaporates, the released water vapour
immediately distributes itself over the same vertical extent as the background
gas, whereas it originates from the icy pebbles that reside in a thinner disk,
characterised by a scale height Hpeb :
r
α
.
(2.33)
Hpeb = Hgas
τS + α
The assumption of rapid vertical mixing extends to the calculation of the mean
molecular weight of the gas in the complete model. Also there, it is assumed
that the water vapour is distributed evenly throughout the gas at all times. In
Sect. 2.4.2, we verify that the assumption of taking the vapour scale height equal
to the disk scale height rather than the pebbles scale height, does not have a
large effect on the results.
• We assume a steady-state gas distribution, that is, Ṁgas and T remain constant.
This assumption is justified since the solids-to-gas enhancement takes place on
a radial scale ∆r that is small compared to the size of the disk. In other words,
the local viscous evolution timescale (∆r2 /ν), on which the effect happens, is
much smaller than the global viscous evolution timescale of the disk, on which
the gas accretion rate and global temperature profile change. The temperature
profile (Eq. 2.1) corresponds to a passively-irradiated disk. However, in case
of viscous heating T (r) will still be described by a power-law (Armitage 2015).
We have checked the effect of adopting a viscous heating temperature profile
(T (r) ∝ r−3/4 ) in our numerical simulation. The key consequence is that the
location of the snowline is shifted in radius; all other model results are very
similar.
• We adopt an α-viscosity model, with constant α (the value of which we allow to
vary between very high and very low values), independent of the solids-to-gas
ratio. However, if turbulence is driven by the magneto-rotational instability,
the local turbulence strength at the midplane depends on the local grain size
and abundance. So-called ‘dead zones’, where turbulence is strongly reduced,
could occur at locations in the disk with a sharp increase in the solids-to-gas
ratio (Kretke & Lin 2007). Since our results depend strongly on the amount
of turbulence near the snowline, the creation of dead zones would change our
results.
• Similarly, we do not consider the interplay between (small) grains and the local
temperature: we do not solve for the temperature profile self-consistently, but
take it as constant, given by Eq. 2.1. However, in the many-seeds model, a
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Figure 2.2: The solution to the transport equations at different points in time, for the fiducial
model parameters listed in Table 2.1. At t = 105 yr, approximately 90% of the steady-state peak in
the ice surface density has formed. (a) Surface densities Σ of ice (solid lines) and vapour (dashed
lines). The dotted line corresponds to the steady-state advection-only vapour surface density profile.
(b) Midplane pebbles-to-gas ratio ρpeb /ρgas . (c) Typical pebble mass mp . (d) Typical pebble
internal density ρ•,p .

large amount of small silicate grains is released in the evaporation front. This
means that locally the opacity could increase. Conceivably, this could lead to
a steeper temperature profile in the region near the snowline and therefore to
a more narrow evaporation front. Including these effects requires a radiation
transfer model, which is beyond the scope of this work.
• In the many-seeds implementation, we do not include condensation onto the
small, free silicate particles. We also do not model the porosity of pebbles. We
come back to these issues in Sect. 2.6.3.
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Figure 2.3: Rate of change of the ice surface density at the peak location, as function of time.
The rate of change increases until the icy pebble front has reached the peak location, after which
the peak continues to grow at an exponentially decreasing rate, while the system is converging to its
steady-state solution.

2.3

Numerical implementation

We make use of the open source partial differential equations solver FiPy (Guyer et al.
2009) to solve the transport equations numerically. The coupled systems of equations
are solved on a cylindrical 1D grid that ranges from 1 to 5 au. We implement boundary
conditions as follows. At the outer boundary r2 = 5 au, the pebble mass flux Fs/g Ṁgas
is fixed3 . We convert the input parameter τ3 to a physical pebble size sp,start using
Eq. 2.7, and since our model does not include coagulation, we set the pebble size
(which can be converted to a pebble mass mp,start ) at the outer boundary r2 to this
value. For the single-seed model, the mass of the bare silicate core is then given by
mcore = ζmp,start = mp,start /2. At the inner boundary r1 = 1 au, we implement
outflow boundary conditions: solid particles and water vapour are accreted to the
central star at a constant rate. We also demand that Σice = 0 at r1 and ΣZ = 0
at r2 , for obvious reasons. Additionally, in the many-seeds implementation we have
Σdirt = Σice = 0 at r1 and Σsil = ΣZ = 0 at r2 .
3 We do not fix the pebble surface density: for high values of α, outward diffusion can be strong
enough to enhance the surface density of pebbles at the outer boundary (Σpeb,r2 ) with respect to
the expected value Σpeb,r2 = Ṁpeb /(2πr2 vpeb (r2 )) in case of no diffusion.
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Table 2.1: Fiducial model parameters.

Gas accretion rate
Pebbles-to-gas accretion rate
Turbulence strength
Dimensionless stopping time at 3 au

Ṁgas
Fs/g
α
τ3

10−8 M yr−1
0.8
3 × 10−3
3 × 10−2

Notes. See Sect. 2.2.7. τ3 translates into a physical pebble size at 3 au for
the zero-model.

2.3.1

Time-dependent

In our time-dependent method, we adopt small time steps (∆t ∼ 100 yr) and a
small value for the allowed residuals, to ensure mass conservation by demanding the
residuals4 to be small. This method requires a lot of computational power because
the system of partial differential equations is numerically very stiff, but the advantage
is that we find not only the steady-state solution to the equations, but are able to
follow the solution in time. This allows us to get a measure of the time needed for
the solution to settle into a steady-state. We present the time-dependent results for
the simple, single-seed, model with fiducial input parameters in Sect. 2.4.1.

2.3.2

Time-independent

Our time-independent method solves for the steady-state solution directly, by taking
very large time-steps (in total 40 time steps that increase to 107 yr) and decreasing
the residuals threshold after each run, taking the solution from the previous run as
the new input. We continue this process until we reach convergence. We present
the steady-state results for the ‘simple, single-seed’, ‘simple, many-seeds’, ‘complete,
single-seed’, and ‘complete, many-seeds’ models with fiducial input parameters in
Sect. 2.4.2.

2.4

Results — fiducial model

In this section we introduce a standard set of parameters which we then use to illustrate different aspects of the model. The fiducial model is defined by the parameters
listed in Table 2.1. We first discuss the time-dependent results for the simple, singleseed, fiducial model in Sect. 2.4.1. We then go on to discuss the steady-state results
for the other variants of the fiducial model in Sect. 2.4.2.
4 FiPy

linearizes the equations while our system is nonlinear; the residuals quantify this mismatch.
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Figure 2.4: Steady-state results for the fiducial parameters, for the simple model with singleseed evaporation (upper two panels) and many-seeds evaporation (lower two panels). (a) Surface
densities of ice, silicates and vapour (Σice , Σsil , and ΣZ , respectively) for the single-seed model. The
silicates are locked in the icy pebbles outside the snowline, whereas they are bare grains interior to
the snowline. (b) Midplane pebbles-to-gas ratio ρpeb /ρgas , and pebbles-to-gas column density ratio
Σpeb /Σgas for the single-seed model. (c) Same as panel (a) but for the many-seeds model. The
silicates are now divided in two populations: silicates that are locked up in icy pebbles (Σdirt ), and
free silicates (Σsil ). Note that in panels (a) and (c) the x-axis ranges between r = 1.8 − 2.8 au, for
clarity. (d) Same as (b), but for the many-seeds model and with an additional line for the midplane
‘free silicates’-to-gas ratio ρsil /ρgas .

2.4.1

Time-dependent solution

In Fig. 2.2 we plot several quantities as function of radial distance from the star r, at
four points in time. In Fig. 2.2a, the surface densities of ice (solid lines) and vapour
(dashed lines) are plotted. Initially (t = 0), the ice and vapour surface density are
zero, Σice = ΣZ = 0. Icy pebbles are drifting in from the outer disk (right) to the
inner disk (left). At the point where Σ̇Z,C/E > 0 the icy component of the pebbles
evaporate. At the snowline rsnow ≈ 2.1 au all the H2 O is in the gas phase. Since the
vapour is advected with the gas velocity vgas , which is much smaller than the pebble
velocity vpeb , the vapour surface density (dashed line) quickly exceeds that of the ice

50

2.4 Results — fiducial model

(solid line). The vapour density increases until the steady-state vapour distribution
ΣZ,a has been reached. ΣZ,a is given by5
ΣZ,a =

ζFs/g Ṁgas
,
3πν

(2.34)

and is plotted by the dotted curve. Meanwhile, due to the outward diffusion of water
vapour across the snowline and subsequent condensation onto the inward-drifting
pebbles, the ice surface density just exterior to the snowline increases. Diffusion of
vapour therefore results in a distinct bump in the ice profile and we denote the location
corresponding to maximum Σice the peak radius rpeak . A similar maximum is seen in
the solids-to-gas ratio (Fig. 2.2b), which rises to ∼0.45. After t = 2 × 105 yr a steady
state has been reached.
The enhancement of the pebbles-to-gas ratio is reflected by the typical pebble
mass mp and density ρ•,p , plotted in Fig. 2.2c and Fig. 2.2d, respectively. Pebbles at
the inner boundary are half as massive as pebbles at the outer boundary, because at
the inner boundary all the ice has evaporated off the pebbles, and the dust fraction
of pebbles ζ = 0.5. The typical pebble mass just outside the snowline increases
over time, indicating that water vapour condenses onto the pebbles. This is also
shown by the behaviour of the typical pebble density ρ•,p . At the outer boundary,
ρ•,p = 1.5gcm−3 , corresponding to pebbles containing as much water ice as silicates in
mass; at the inner boundary, ρ•,p = 3 g cm−3 , corresponding to pure silicate pebbles;
whereas just outside the snowline, ρ•,p decreases over time to values close to unity –
corresponding to pure water ice pebbles. A decrease in particle internal density outside
the snowline due to water condensation was also found by Estrada et al. (2016).
In Fig. 2.3 we plot the growth rate of the peak in Σice outside the snowline as
function of time t. At the start of the simulation, ice is not yet present at the location
of the peak. After the icy pebbles have reached the location of the eventual peak,
at t ∼ 2 × 104 yr, the rate of growth decreases exponentially – the peak continues to
grow, but at an ever slower rate, while the system is converging to its steady-state
solution. The e-folding growth timescale is ∼3 × 104 yr, which is approximately equal
to the gas advection timescale (rpeak − rsnow )/vgas ; the time it takes for the vapour
to traverse the peak and contribute to the steep vapour concentration gradient along
which outward diffusion can take place. We will come back to the peak formation
timescale in Sect. 2.5. The time in which 90% of the peak forms is ∼105 yr. Note
that we have assumed that the incoming pebble mass flux does not change over time
(Fs/g is constant at the outer boundary r2 ). If the pebble flux would decrease on a
timescale shorter than the time it takes to form the peak, a steady-state would not
exist. If the pebble flux would decrease on a timescale longer than it takes to form
5 Diffusion does not play a role in the steady-state, advection-only vapour surface density profile, because vapour has the same velocity as the gas and therefore the vapour concentration is
independent of r.
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the peak, we would reach a quasi-steady-state solution; in that case our model is fully
applicable.

2.4.2

Steady-state solution

The time-dependent solution described in Sect. 2.4.1 converges to the steady-state
solution. In this section we take a closer look at the steady-state solution for the
fiducial parameters, for the model designs discussed in Sect. 2.2.
Single-seed versus many-seeds
In Fig. 2.4 we compare the simple single-seed model (upper two panels) with the simple
many-seeds model (lower two panels). The left panels show the surface densities of ice,
vapour, and in the many-seeds case, also of locked silicates (dirt) and free silicates.
The ice profiles are very similar in both models, but in the many-seeds case there
is an additional peak in the dirt surface density. This is because the free silicates
behave like vapour: they are released throughout the evaporation front, and follow
the gas profile interior to the snowline. Turbulent diffusion not only causes vapour to
be transported outward and condense onto the pebbles, but leads to the same effect
for the small silicates – they diffuse outward and stick onto the pebbles, resulting in
a peak in the dirt surface density distribution.
In the right panels we plot pebbles-to-gas midplane density ratios ρpeb /ρgas and
column density ratios Σpeb /Σgas . In the many-seeds model, the pebbles-to-gas ratio
is the sum of the dirt-to-gas ratio and the ice-to-gas ratio. In both models, a clear
peak is present just outside the snowline. The midplane density ratio is larger than
the column density ratio due to settling of pebbles. In the many-seeds case, we also
plot the free silicates-to-gas midplane density ratio ρsil /ρgas . This ratio is constant
interior to the snowline because the silicates are perfectly coupled to the gas. In the
many-seeds model, small silicate grains diffuse outward across the snowline, whereas
in the single-seed model, there is no significant outward diffusion of the larger silicate
pebbles due to the absence of a steep concentration gradient. Therefore, the peak in
the pebbles-to-gas ratio outside the snowline is larger in the many-seeds model than
in the single-seed model.
Simple versus complete models
Figure 2.5 shows the results for the complete model with the single-seed pebble design
(upper two panels, a and b) and with the many-seeds pebble design (lower two panels,
c and d). In Fig. 2.5a (single-seed) and Fig. 2.5c (many-seeds), we plot the surface densities of ice, vapour, and in the many-seeds case the surface densities of locked silicates
(dirt) and free silicates (sil). Dashed lines denote the simple model results of Fig. 2.4a
and Fig. 2.4c, for comparison. The grey lines correspond to the mean molecular weight
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of the gas. From the outer disk to the inner disk, the mean molecular weight increases
from 2.34 mH to 3.11 mH across the snowline. Clearly, the peak in the ice surface density is higher and broader for the complete model than for the simple model. This is
because collective effects (which reduce the pebble drift velocity) outweigh the effect of
the enhanced gas pressure gradient in the evaporation front (which enhances the pebble drift velocity). In the complete model, therefore, pebbles effectively have a smaller
radial velocity than in the simple model, and therefore the resulting ice peak is higher
and broader. This is also the case in the many-seeds implementation. The width of
the peak strengthens the justification of the vertical mixing assumption (see below).
In Fig. 2.5b and Fig. 2.5d we compare the midplane pebbles-to-gas ratios between the
simple and the complete model. Collective effects help to boost the pebbles-to-gas
ratio, for the reason outlined above.
Validation of vertical mixing assumption
As discussed in Sect. 2.2.8, we assume rapid vertical mixing of vapour. However,
it could be argued that (part of) the released vapour recondenses onto icy pebbles
before relaxing to the same vertical distribution as the gas, thereby boosting the
condensation rate. This assumption also extends to the small silicate grains in the
many-seeds model. Similarly, one could argue that the silicate grains can collide with
a pebble before they can diffuse to higher vertical layers (e.g. Krijt & Ciesla 2016). In
order to investigate what the difference is in terms of the steady-state ice distribution
between two extreme cases, we take the simple, single-seed, fiducial model and run
it once with HZ = Hgas and once with HZ = Hpeb . We compare the steady-state
outcomes of the two cases in Fig. 2.6. Even though the location of the snowline and
of the pebbles-to-gas peak differs a bit between the two cases, the height of the peak
in the midplane pebbles-to-gas ratio increases only by ∼0.3% if one takes HZ = Hpeb
instead of HZ = Hgas . Similarly, assuming a smaller scale height for the silicate grains
in the evaporation region would probably not significantly change the height of the
peak in the ‘locked’ silicates, since the silicate grains behave like vapour. In the rest
of this paper, we assume HZ = Hsil = Hgas .

2.5

Results — streaming instability conditions

Carrera et al. (2015) have investigated for what values of the solids-to-gas column
density ratio streaming instability occurs, as function of the stopping time of the
solid particles. They found that, typically, the solids-to-gas column density ratio
should exceed ∼2% for stopping times ∼5 × 10−2 . However, these results should be
interpreted with caution, since Carrera et al. (2015) only accounted for self-driven
(Kelvin-Helmholtz) turbulence. We do include global turbulence, and therefore cannot simply use their conditions for streaming instability. A more robust condition
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Figure 2.5: Comparison of steady-state results for the fiducial parameters between the simple model
(dashed lines) and the complete model (solid lines), which includes collective effects and the effects
of the variation of the mean molecular weight µ. The upper two panels correspond to the single-seed
evaporation model; the lower two panels correspond to the many-seeds evaporation model. In the
latter case, we made the conservative choice of not including the free silicates in the back-reaction
onto the gas. (a) Surface densities of ice (Σice ), vapour (ΣZ ) and silicates (Σsil ) for the single-seed
model. The grey line indicates the mean molecular weight of the gas in units of proton mass mH .
(b) Midplane pebbles-to-gas ratio ρpeb /ρgas . (c) Same as (a), but the silicates are now divided into
‘free silicates’ (Σsil ) and ‘locked silicates’ (Σdirt ). For clarity, we only show the clean Σice profile
for comparison. (d) Same as (b), with an additional line denoting the ‘free silicates’-to-gas ratio
ρsil /ρgas .

for streaming instability in the presence of global turbulence is probably a midplane
solids-to-gas ratio that reaches order unity (Johansen & Youdin 2007).
In this section we investigate under what disk conditions, the midplane solids-togas ratio near the snowline gets most enhanced due to the effect of water diffusion and
condensation. To this end, we have constructed a semi-analytic approximate model to
be able to quickly test for many different values of the input parameters (Sect. 2.2.7),
within the single-seed implementation (Sect. 2.4). Before presenting the results, we
will provide a short summary of the semi-analytic model, which is discussed in greater
detail in Appendix 2.C.
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Figure 2.6: Comparison of steady-state results for the simple, single-seed, fiducial model between
the case where vapour has the same vertical distribution as the background gas (HZ = Hgas ) and the
case where vapour has the same scale height as the pebbles (HZ = Hpeb ). In all three panels, solid
lines correspond to the HZ = Hgas case and dashed lines correspond to the HZ = Hpeb case. (a)
Steady-state water ice (blue) and water vapour (green) surface densities. (b) Midplane solids-to-gas
ratios (green) and solids-to-gas surface densities ratios (blue). (c) Typical pebble mass mp .

2.5.1

Semi-analytic model: Summary

Our semi-analytic model is an analytic prescription to find the approximate location,
height and width of the ice surface density at the location of the ice peak, rpeak , of
the steady-state (time-independent) solution (see Sect. 3.2 for our numerical method
to find the steady-state solution to the transport equations). For simplicity, we have
tailored the semi-analytic model towards the ‘single-seed’ design. (An extension to
also include the ‘many-seeds’ design will be considered in a future work).
The model works by iteratively solving a set of analytical equations, until convergence is reached. The key parameter is the ratio between the pebble velocity at
rpeak and the normalised diffusivity at this location,  = vpeb (rpeak )/D(rpeak )rpeak .
Initially, we start with an estimate for , which can, for example, be taken from the
zero-model solution (Sect. 2.7). For a certain  the semi-analytic model then updates
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Figure 2.7: (a) Contours of constant relative ice surface density peak heights fΣ,peak (see text
for details) as function of turbulence parameter α and solids-to-gas accretion rate Fs/g . The gas
accretion rate Ṁgas is fixed to 10−8 M yr−1 and the initial size of the pebbles τ3 is fixed to 0.03.
(b) Contours of constant relative ice surface density peak heights (see text for details) as function of
the turbulence parameter α and the gas accretion rate Ṁgas . The solids-to-gas accretion rate ratio
Fs/g is fixed to 0.4 and the initial size of the pebbles τ3 is fixed to 0.03. The cyan lines denote a
Toomre parameter (QT ) of unity at 10 au (1 au); the space below these lines has QT < 1 and is
gravitationally unstable at 10 au (1 au).

the surface density at the peak (Σpeak ) as well as rpeak (or rather the difference
between rice and rpeak ). With these updates we obtain a new value of  and the
procedure can be repeated until the fractional change in the parameters has become
sufficiently low.
We emphasize that the semi-analytic model gives approximate solutions (correct
at the ∼20% level), but that they are very useful since they come at almost zero
computational costs. It is therefore ideal to be applied to the parameter searches that
we consider in this section. In Appendix 2.C the model is described in detail and
compared to runs of the numerical steady-state model.

2.5.2

Enhancement of the ice surface density

We first look at the relative effect of enhancing the ice surface density near the snowline: for each disk model, we normalize the resulting peak ice surface density by the
ice surface density at the peak radius in case there is only advection:
fΣ,peak =

Σice,peak
,
(1 − ζ)Fs/g Ṁgas /2πrpeak vpeb

(2.35)

where vpeb is calculated in the absence of condensation and evaporation. As before,
we take ζ = 0.5. In Fig. 2.7a we plot contours of constant fΣ,peak as function of α and
Fs/g , where Ṁgas is fixed at 10−8 M yr−1 and τ3 is fixed at 0.03. Clearly, the higher
the solids-to-gas accretion rate Fs/g , the higher fΣ,peak – at fixed α the normalised
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ice peak increases from low Fs/g -values to high Fs/g -values, due to collective effects
playing an increasingly important role. The plot also shows that disks with α-values of
about 10−3 are best at enhancing the ice surface density with respect to the advectiononly expected ice surface density. This is because higher values of α lead to a broader
and relatively lower peak, while lower α-values, indicating larger gas densities, move
pebbles into the Stokes drag regime. The fact that the relative height of the ice
peak becomes smaller when pebbles enter the Stokes regime, is explained by the
pebble size-dependency of the drift velocity. In the Epstein regime the drift velocity
depends linearly on the pebble size, whereas in the Stokes regime the drift velocity
is proportional to the square of the pebble size. This means that when pebbles enter
the Stokes regime, their stopping time – and hence their drift velocity – increases
rapidly. The effect of this is that fΣ,peak decreases rapidly. Therefore, the transition
from the Epstein regime to the Stokes drag regime is characterised by closely-spaced
contours.
Figure 2.7b shows contours of constant fΣ,peak , as function of α and Ṁgas . Fs/g is
fixed at 0.4 and τ3 is fixed at 0.03. The cyan lines correspond to a Toomre parameter
(QT ) of unity at 10 au (1 au). QT is defined as:
QT =

cs Ω
,
πGΣgas

(2.36)

where G is the gravitational constant. A disk is gravitationally unstable if QT < 1.
In Fig. 2.7b, models in the parameter space below the cyan line have QT < 1 at 10
au (1 au). In Fig. 2.7b densely-spaced contours again indicate the transition between
Epstein and Stokes drag.
The enhancement of the ice surface density near the snowline is relatively modest, but enrichment factors of a few can still be important for triggering streaming
instability (Johansen et al. 2009). Besides, Fig. 2.7 corresponds to our single-seed
model, which is conservative. Larger enhancements can be achieved in the framework
of the many-seeds model (see Fig. 2.4). We can imitate the many-seeds model in
the analytical model of Appendix 2.C, crudely, when we let ζ → 0, which assumes
that micron-sized silicate grains behave like vapour. In that case we see fΣ,peak increase by another factor of two (results not plotted). Therefore, total enhancements
of fΣ,peak ∼ 5–10 are feasible, which significantly boost the likelihood of triggering
streaming instability.

2.5.3

Solids-to-gas ratios

Let us now look at the absolute results, in terms of the midplane solids-to-gas ratio. In
Fig. 2.8a, black lines denote contours of constant peak midplane solids-to-gas ratios,
as function of α and Fs/g . We again fix Ṁgas = 10−8 M yr−1 and τ3 = 0.03. The
orange contours correspond to the total amount of solids in units of Earth masses
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Figure 2.8: (a) Contours of midplane solids-to-gas ratios (black) as function of the turbulence
parameter α and the solids-to-gas accretion rate Fs/g . The gas accretion rate Ṁgas is fixed to
10−8 M yr−1 and the initial size of the pebbles τ3 is fixed to 0.03. Orange contours denote the
amount of solid material (in Earth masses) that is required to form the eventual peak in the ice
surface density just outside the snowline. (b) Contours of midplane solids-to-gas ratios as function
of α and Ṁgas . The solids-to-gas accretion rate Fs/g is fixed to 0.4 and the initial size of the pebbles
τ3 is fixed to 0.03. Orange contours denote the amount of solid material (in Earth masses) that is
required to form the eventual peak in the ice surface density just outside the snowline. The cyan
lines denote a Toomre parameter (QT ) of unity at 10 au (1 au); the space below these lines has
QT < 1 and is gravitationally unstable at 10 au (1 au).

that is needed to form the eventual peak. This quantity (Msolids,needed ) is calculated
as:
Msolids,needed ∼

Fs/g Ṁgas (rpeak − rsnow )
,
vgas

(2.37)

where (rpeak −rsnow )/vgas is the typical timescale on which the peak forms, as discussed
in Sect. 2.4.1. The value of Msolids,needed is similar to the amount of solids that gets
‘locked up’ in the peak6 . Figure 2.8a shows that the higher the value of Fs/g , the
easier streaming instability can be triggered, as one may expect. It also shows that
in order to reach midplane solids-to-gas ratios of ∼10%, a solids-to-gas accretion rate
Fs/g of the same order is required. This also holds for other values of the gas accretion
rate Ṁgas and initial pebble size τ3 .
Figure 2.8b is the same as Fig. 2.7b, except that the black contours now denote
constant values of the peak midplane solids-to-gas ratio. Just like in Fig. 2.8a, orange
contours denote constant Msolids,needed , but now with Ṁgas as the parameter on the
x-axis. The region with closely-spaced contours in Fig. 2.8a and the oblique regions
in the otherwise fairly horizontal contours in Fig. 2.8b are again due to the transition
between the Epstein and Stokes drag regimes.
6 We stress again that the model assumes that the incoming pebble mass flux is constant over
time (see Sect. 2.4.1). However, the amount of solids needed to form the peak is independent of this
assumption.
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Up to this point we have kept the parameter τ3 constant at its fiducial value of 0.03.
Recently, Yang et al. (2017) have shown that the streaming instability mechanism
can also work for small particles (τ ∼ 10−3 ). In Fig. 2.9 we now vary τ3 and plot
the resulting peak midplane solids-to-gas ratio, whilst fixing Ṁgas at 10−8 M yr−1 ,
Fs/g at 0.4, and α at 3 × 10−3 . Different regimes in the plot are denoted by Roman
numbers I-IV. In region I, the particles are well-coupled to the gas. The solids-to-gas
ratio flattens out towards low τ3 -values, because radial drift and settling do not play a
role for these particles. The boundary between regime I and regime II corresponds to
the value of α. The highest solids-to-gas ratios are reached for particles with stopping
times of the same order as α or smaller. For higher values of τ , the larger drift velocity
(proportional to τ ) starts to dominate over the larger degree of settling (proportional
√
to τ ). Therefore, in regime II, the solids-to-gas ratio decreases with increasing τ .
The transition from regime I and regime II corresponds to the τ3 -value for which 
is unity. The  parameter (introduced in Sect. 2.5.1) increases with increasing τ3 ,
and the peak surface density decreases at a faster rate with increasing  for  > 1
than for  < 1 (Eq. 2.57). The physical explanation is that the solution changes from
diffusion-dominated ( < 1) to drift-dominated ( > 1). Therefore, the solids-to-gas
ratio decreases more steeply in regime III than in regime II. The final transition, from
regime III to regime IV, is caused by the transition from the Epstein regime to the
Stokes regime. For τ3 values of ∼1, the enhancement effect becomes minimal and the
peak solids-to-gas ratio flattens out.
From Fig. 2.8a and Fig. 2.8b we learn that in the context of the α-viscosity disk
model, the largest solids-to-gas ratios near the snowline are reached for high α-values.
This means that our diffusion model does not require a very quiescent disk to achieve
high solids-to-gas ratio, and also works in the early disk phase when α and Ṁgas are
presumably high. Our results show that for high α and high Ṁgas , tens of Earth
masses are locked up in pebbles in an annulus outside the snowline with a width of
the order of 1 au.

2.6
2.6.1

Discussion
Conditions for streaming instability

Our results show that the ice surface density can be enhanced by a factor ∼3–5 outside
the snowline, due to the effect of water diffusion and subsequent condensation onto
icy pebbles (adopting ζ < 0.5 or the many-seeds model increases the enhancement by
another factor ∼2). This differs from the results of Stevenson & Lunine (1988), who
found that the same effect could lead to an enhancement by as much as 75. However,
they considered a static system, whereas our model accounts for radial drift of pebbles
and gas accretion onto the star. Even though we found a modest enhancement,
we showed that the pebble density at the midplane can reach tens of percent of
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Figure 2.9: Peak midplane solids-to-gas ratio as function of τ3 . Ṁgas is fixed at 10−8 M yr−1 ,
Fs/g at 0.4, and the value of α is 3×10−3 . We can distinguish four regimes I-IV, which are explained
in the main text.

the gas density, under the condition that the solids-to-gas accretion rate Fs/g is of
order 0.1.
But what are realistic values for Fs/g ? Ida et al. (2016) have calculated the pebble
mass flux Ṁpeb in a viscously-evolving disk, taking into account dust growth and radial
drift. They found that after 106 yr, Fs/g ∼ 0.3 for a turbulence parameter α = 10−3
and a gas accretion rate Ṁgas = 10−8 M yr−1 . Since this result suggests Fs/g -values of
order 0.1 are plausible, water condensation can plausibly trigger streaming instability
near the snowline. According to Ida et al. (2016), Ṁpeb is inversely proportional
to α. This implies that even though our results show that for high α-values, water
diffusion and condensation leads to the largest solids-to-gas ratio at the snowline,
a smaller pebble mass flux is expected, which reduces the effect. The pebble mass
flux is, however, dependent on time t as Ṁpeb ∝ t−1/3 , meaning that the pebble
mass flux earlier in the disk is higher than the fiducial 30% of the gas accretion
rate quoted before. Because higher α-values lead to larger solids-to-gas ratios but to
lower pebble mass fluxes, we conclude that intermediate α-values (∼10−3 ) are most
favorable to trigger streaming instabilities. The fact that the diffusion-driven model
of this work already produces enhancement of solids at intermediate α-values and
high Ṁgas , implies that planetesimal formation does not have to await the arrival of
quiescent disk conditions. Provided a sufficiently large pebble flux, our results imply
that planetesimals can form early.
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2.6.2

Interior or exterior?

In Saito & Sirono 2011, it is argued that the evaporation of icy pebbles leads to a large
enhancement of small silicate grains interior to the snowline. In their model, micronsized silicate grains are instantaneously released at the snowline, and then follow the
radial motion of the gas. Since the gas moves at a much lower velocity than the
drift velocity of the icy pebbles, the silicate grains pile-up and become gravitationally
unstable. A similar mechanism for the formation of planetesimals in the inner disk
has recently been presented by Ida & Guillot (2016).
We confirm that the solids-to-gas ratio interior to the snowline is boosted due to
the slow radial motion of the small silicates (see Fig. 2.4c), but find smaller enhancements than Saito & Sirono (2011) and Ida & Guillot (2016). These works assumed
that the evaporated silicate grains remained in the same vertical layer as the icy pebbles, which had settled to the midplane due to their larger size. This is a natural
assumption if one adopts instantaneous evaporation. However, in our model silicate
grains are not instantaneously released from the pebbles at a single location, but are
instead released across the ice evaporation front – the region between the snowline
and the peak radius. With the exception of very low α-values, the width of the ice
peak is (much) larger than the gas scale height. Consequently, the timescale for vertical mixing is smaller than the timescale on which the silicate grains traverse the
evaporation front, justifying our assumption that silicate grains (and water vapour)
are distributed over Hgas . Allowing for the vertical mixing of silicate grains is why we
found smaller solids-to-gas ratios interior to the snowline than Saito & Sirono (2011)
and Ida & Guillot (2016).
In this work we did not model the porosity of pebbles, but assumed pebbles are
compact spheres. For homogeneous porous spheres, the results are the same as for
compact spheres with the same stopping time, if they are in the Epstein regime. This
is because the evaporation and condensation rates (Eq. 2.13–2.14) depend on s2p /mp
(the surface to mass ratio of a pebble), which is effectively the Epstein stopping time
(Eq. 2.7). For fractal aggregates, however, the evaporation rate could conceivably
be increased due to a larger total surface area available for evaporation. In that
case, the location of the snowline (rsnow ) and of the peak (rpeak ) are pushed to larger
radial distances, because drifting pebbles start to evaporate earlier. The shape of
the solids distribution profile and hence the width of the evaporation front, however,
remain similar. We have confirmed this behaviour by running our simulation with
an evaporation rate that has been arbitrarily increased by a factor 100 compared to
Eq. 2.13. Therefore, a fractal interior structure of the pebbles would not much change
the extent of the region in which pebbles evaporate. We note however that in the
many-seeds model, a large increase in opacity due to small silicate grains might lead
to a steeper temperature profile than assumed here, and therefore to a more narrow
evaporation front.
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Even though we found smaller enhancements interior to the snowline, adopting the
many-seeds model leads to larger enhancements outside the snowline compared to
the single-seed model. This is because outward radial diffusion and subsequent sticking of silicate grains to icy pebbles adds to the ice peak and therefore enforces the
enhancement of the solids-to-gas ratio outside the snowline (see Fig. 2.5).

2.6.3

Condensation onto small grains

In our single-seed model, we adopted a single-size assumption for the solid particles,
applicable to a drift-limited scenario, in which particles grow until they decouple from
the gas and start to drift inward (see, e.g., Birnstiel et al. 2010; Krijt et al. 2016b).
Because the solids density is larger close to the star than in the outer disk, particles
close to the star start to drift inward earlier than particles in the outer disk. This
leads to an inside-out clearing of the solids component of the disk. In this case, one
would not expect small particles to be present in significant amounts near the snowline
at the time when icy pebbles approach the snowline, drifting in from the outer disk.
Therefore, in the drift-limited case the single-size approximation for pebbles is valid.
The single-size assumption does not hold for a fragmentation-limited size distribution, however. In that case, pebbles dominate the total mass of solids, but small
particles dominate the total surface area (see, e.g., Birnstiel et al. 2012). Then, condensation of water vapour will predominantly happen onto small particles, instead of
onto pebbles as considered in this work. Also, in our many-seeds model, we do not
allow for condensation onto the small grains that get released from icy pebbles upon
evaporation.
Within the single-seed framework, we can mimic the situation where condensation
happens onto small grains rather than onto pebbles by adopting a very small typical
stopping time just outside the snowline (τ3 ). This results in approximately the same
or even larger peaks, as illustrated by Fig. 2.9. In that sense, assuming condensation
occurs solely onto pebbles, rather than onto small grains, is a conservative choice.
However, a more correct approach would allow for condensation onto small grains in
the many-seeds model, in which icy pebbles break up into small grains upon evaporation, or, alternatively, within a fragmentation-limited scenario by adopting a full size
distribution. Such improvements will be considered in future work.

2.6.4

Relevance of coagulation

The many-seeds model ignores coagulation among the small silicate grains, as well as
the possibility that water vapour condenses on to silicates. Because there are so many
of them, the average silicate grain size would not increase significantly due to water
condensation. In that case, the assumption that they are well-coupled to the gas would
still hold. However, growth of silicates might also occur due to coagulation. Growth
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increases the drift velocity, thereby reducing the effect of the outward-diffusion and
recondensation of the silicate component. Consequently, coagulation among silicates
would bring the many-seeds model closer to the single-seed model due to a decrease in
the enhancement of ‘locked’ silicates outside the snowline. A similar trend is expected
when the silicates that are released upon evaporation are larger. According to the
experimental work of Aumatell & Wurm (2011), an icy aggregate of 1 cm in size
breaks up into about 200 sub-aggregates when it evaporates. In any case, we expect
that a more realistic ‘break-up’ or coagulation model will lead to results that lie in
between the results for our many-seeds and single-seed model designs.
In our work, we have also neglected coagulation among pebbles. On the one
hand, one could think that icy pebbles on their way to the snowline would grow
even more because of coagulation – at least as long their relative velocities stay low
enough. On the other hand, according to Sirono (2011) and Okuzumi et al. (2016),
the fragmentation threshold velocity for icy pebbles near the snowline is reduced due
to sintering. This might motivate a smaller average icy pebble size (a lower τ3 in
our nomenclature) and therefore a smaller radial drift velocity, which would further
increase the solid surface density exterior to the snowline (see Fig. 2.9).

2.6.5

Observational implications

We showed that intermediate-to-high α-values are most favorable for triggering streaming instability near the snowline. The onset of streaming instability manifests itself
through the formation of a peak in the solids-to-gas ratio that grows in height (increasing Σice ) but also in width – the latter because collective effects cause pebbles to
move slower. Even though more solids are required for high α and high Ṁgas than for
low α and low Ṁgas , tens of Earth masses are sufficient to form the ice peak. This also
means that tens of Earth masses can be stored in an annulus outside the snowline,
especially when the system is characterised by high pebble and gas accretion rates.
Such annuli of solid enhancement can be observable with facilities as ALMA. In the
context of the snowline, the ring structure seen in the TW Hya system with a width
of about 1 au (Andrews et al. 2016) might very well correspond to a realisation of the
water-diffusion effect in a highly turbulent disk with a high gas accretion rate.
The fact that the planets in the inner Solar System are water-poor (Marty 2012;
McCubbin et al. 2012), even though the snowline should have migrated to 1 au before
the disk was depleted, was pointed out as the ‘snowline problem’ by Oka et al. (2011).
The early formation of a protoplanet near the snowline might provide a solution to
this problem, as proposed recently by Morbidelli et al. (2016). Once a protoplanet
near the snowline has formed it could halt the inward-drifting pebble flux, either by
accreting the pebbles (Guillot et al. 2014), or by trapping them in pressure maxima
created by the newborn planet (Zhu et al. 2014; Lambrechts et al. 2014). In the meantime, the water vapour gets accreted to the star and the snowline location migrates
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inward (e.g. Oka et al. 2011). Consequently, an early formation of a protoplanet
near the snowline might explain the lack of water in the inner Solar System. The
water diffusion/condensation effect discussed in this paper provides a way to form
planetesimals near the snowline in an early stage of the disk (i.e. when the snowline
is still located outside of the current water-poor region of the Solar System). After
planetesimals of a certain size have formed, they can subsequently accrete pebbles
and quickly grow to larger bodies (e.g. Ormel & Klahr 2010; Lambrechts & Johansen
2012, 2014; Bitsch et al. 2015; Visser & Ormel 2016). Therefore, our water diffusion/condensation model provides the first key step to realize the early formation of
a protoplanet near the snowline.

2.7

Conclusions

Our main findings can be summarised as follows.
1. Water diffusion and condensation near the snowline can result in an enhancement of a factor several in the ice surface density. Because of the dynamic setup
of our model where water vapour is carried away with the accreting gas, this
enhancement is much less than found by Stevenson & Lunine (1988). Nevertheless, the boost in the solids-to-gas ratio can still trigger streaming instability,
provided a large enough pebble flux.
2. The peak in the ice surface density is not located at the snowline, but exterior
to it (rpeak > rsnow ). With larger incoming pebble flux, the peak becomes
broader, because the back-reaction of the solids on the gas reduces the pebble
drift velocity. Depending on the turbulence strength, the width of the peak can
be as much as ∼1 au.
3. Such broad peaks can contain tens of Earth masses in pebbles, appearing as
bright annuli at radio wavelengths.
4. The release of many micron-sized silicate grains upon evaporation of icy pebbles
produces a peak in ‘locked’ silicates exterior to the snowline, due to diffusion
and sweep-up of the silicates. This peak adds to the ice peak and therefore
enforces the enhancement of the solids-to-gas ratio outside the snowline.
5. Interior to the snowline, the solids-to-gas ratio is boosted if many micron-sized
silicate grains are released during evaporation, because they cause a ‘traffic jam’
effect. However, because silicate grains mix with the background gas before they
cross the snowline, the solids-to-gas ratio enhancement just interior to rsnow is
limited.
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6. In the context of a viscous disk model, the ratio between the accretion rate of
solids and gas needs to be of order ∼0.1 in order to reach solids-to-gas midplane
ratios of the order of tens percent. The mechanism operates best at intermediate
(∼10−3 ) α-values. Therefore, planetesimals can form at an early time in the
evolution of the disk.
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2.A

List of symbols

A list of frequently-used symbols is given in Table 2.2.
Table 2.2: List of frequently-used symbols.

M
Fs/g
Ω
Σ
α
µ
ν
ρ
ρ•
τS
ζ
D
H
Ṁ
P
R
T
m
mcore
r
sp
vpeb

2.B

mass flux
solids-to-gas accretion rate
Keplerian orbital frequency
surface density
turbulent strength parameter
mean molecular weight
viscosity
midplane density
internal density
dimensionless stopping time
dust fraction in pebbles
gas or particle diffusivity
gas or pebble scaleheight
accretion rate
pressure
condensation or evaporation rate
temperature
mass
silicate mass in single-seed model
disk orbital radius
particle (pebble) radius
pebble drift velocity

Expression collective effects

Expressions for the aerodynamic drift of single particles have been derived by Whipple
(1972) and Weidenschilling (1977a) for non-accreting disks. Later, Nakagawa et al.
(1986) accounted for the backreaction forces that the particles collectively exert on the
gas. The gas motion is then outwards while the total dust+gas mass flux becomes zero.
These expressions can be generalised to account for a size distribution of particles
(Tanaka et al. 2005; Estrada & Cuzzi 2008; Bai & Stone 2010).
In (steady) accretion disks, gas moves inwards at a rate that is set by the viscosity.
This modifies the single particle drift expressions. In particular, small particles, which
show negligible radial drift, nevertheless move inwards as they are carried by the gas.
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While for the single particle case the modification of the drift expressions for accreting
disks is straightforward, expressions accounting for both collective effects and viscosity
have, to the best of our knowledge, not yet been presented. We derive those here.
The equations of motions in a frame co-rotating with the local Keplerian period
read:
Dv
v−u
= −
− 2ΩK × v + F Euler−dust
Dt
tstop
ρp v − u
Du
=
− 2ΩK × u + F Euler−gas + F ∇P + F ν
Dt
ρg tstop

(2.38a)
(2.38b)

where v is the particle velocity and u the gas velocity, D/Dt is the material derivative,
the first term on the RHS is the drag force, the second term is the Coriolis force, and
F Euler = −(dΩK /dt) × r is the Euler force that arises due to the radial motion. It
therefore appears in the radial equations. In addition, the equation of motion for the
gas includes a hydrostatic correction due to a radial pressure gradient (F ∇P ) and
viscous forces (F ν ). Following convention, we write the pressure gradient in terms of
a nondimensional η:
F ∇P =

1 dP
≡ 2ηvK ΩK er ,
ρg dr

(2.39)

and use the thin disk approximation (consider column densities Σgas instead of ρ) for
the viscous force:
Fν =

1
∇ · T,
Σgas

(2.40)

where T is the viscous stress tensor. In cylindrical coordinates, the only relevant term
is:
Trφ = νΣgas r

dΩK
,
dr

with which the viscous force becomes


1
1 1 ∂
dΩK
2
Fν =
∇·T=
r
νΣ
r
eφ ,
gas
Σgas
Σgas r2 ∂r
dr

(2.41)

(2.42)

where ν is the kinematic viscosity. In the α-disk model we have that νΣgas is constant
and therefore
Fν = −

3νΩK
eφ .
4r

(2.43)

In order to solve for the drift velocities, we put the accelerations on the LHS of Eq. 2.38
zero, Du/Dt = Dv/Dt = 0. This is justified, because a change in the drift velocities
occurs on a timescale of ∼r/vr , which is always much longer than the stopping time.
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Inserting Eq. 2.39 and Eq. 2.43 into Eq. 2.38 gives a system of four equations and
four unknowns (the velocities). Its solution is:




vr
−2ητs − 32 ν̃(1 + ξ)
3
 vφ 


1
4 ν̃τs − η(1 + ξ) 



(2.44)
 ur  = τ 2 + (1 + ξ)2  2ητs ξ − 3 ν̃(1 + τ 2 + ξ)  vK ,
s
s
2
uφ
− 43 ν̃τs ξ − η(1 + τs2 + ξ)
where τs = tstop ΩK , ξ = ρd /ρg , and ν̃ = ν/r2 ΩK . Note that in the α-prescription
ν̃ ∼ αη, that is, for α  1 the modification due to viscosity is minor.

2.C

Semi-analytic model

In this section we aim for an analytic prescription of the key characteristics of the
steady-state ice and vapour distribution for any given disc model – not necessarily
with the same gas and temperature profiles as assumed in this study. We will derive
expressions for the peak of the ice surface density and its location, which enable us to
determine whether the conditions for streaming instability beyond the snowline can
be reached.

2.C.1

Location of the snowline

The location of the snowline, rsnow , is the outer-most radius where the entire incoming ice flux can thermodynamically exist in the gaseous state. Its location is found
by equating the equilibrium (saturation) pressure to the vapour pressure of H2 O corresponding to the incoming icy pebble flux, that is, Peq = PZ,a , where PZ,a is the
steady-state vapour pressure; i.e., the vapour pressure obtained when all the H2 O is
in the gas phase. Therefore, the snowline rsnow is given by the radius r where


kB T ΣZ,a
kB T (r) Ṁice /3πν(r)
Ta
√
√
=
=
;
(2.45)
Peq,0 exp −
T (r)
µ
µ
2πHgas
2πHgas (r)
see Eq. 2.11 and Eq. 2.34. Given Ṁice , α and a disk model, we can therefore readily
solve (numerically) for rsnow .
A caveat of Eq. 2.45 is that the role of transport processes are neglected. These
could potentially introduce disequilibrium corrections. However, we find that the
times to achieve the equilibrium (saturation) pressure is typically much shorter than
the transport timescales (by diffusion or drift).

2.C.2

The equilibrium density

Generalizing the above arguments to locations beyond rsnow , we approximate the
vapour pressure with the saturation pressure – an approximation that is again justified
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as long as the timescales for evaporation (and condensation) are sufficiently short (in
other words: the super-saturation level is small). Similarly, we can define a vapour
surface density (Σeq ) corresponding to Peq . Rearranging Eq. 2.45 in terms of Σ we
obtain this equilibrium surface density:
√
2πHgas µ
Σeq ≡
Peq
kB T

p



q 
r
Ta
r
= Σsnow
exp
1−
,
(2.46)
rsnow
Tsnow
rsnow
where Σsnow and Tsnow are the vapour surface density and the temperature at the
location of the snowline. In Eq. 2.46 we have assumed power-laws for the temperature,
gas surface density, and the gas scaleheight. In our case we have p = 7/4 and q = 1/2
(see Sect. 2.2.1).
Taylor-expanding the (weakly-varying) power-laws involved in the expression of
Σeq around rsnow gives7


qTa x
= Σsnow (1 + px) e−aeq x ,
(2.47)
Σeq (x) ≈ Σsnow (1 + px) exp −
Tsnow
where x = (r − rsnow )/rsnow is the fractional distance beyond the snowline and
−1
 q  T
qTa
snow
aeq =
≈ 15
(2.48)
Tsnow
0.5
200 K
is a dimensionless number that weakly depends on the location of the snowline.
In Fig. 2.10 the respective vapour density profiles have been plotted. Parameters
correspond to those of the default model (Table 2.1). The simulated result of Sect. 2.4
is plotted by the thick gray curve. It is characterised by a sharp dent at rsnow . Exterior
to the snowline ΣZ follows the equilibrium profile (solid black curve), while interior to
rsnow , it is limited by the imposed mass flux (solid dashed curve). The approximate
expressions derived in Eq. 2.47, valid for r > rsnow , are shown by the blue curves.
We obtain rsnow = 2.09 au, Σsnow = 92 g cm−2 and aeq = 16.9. The solid blue curve
approximates Σeq very closely. The dashed blue curves gives a further approximation
to Σeq , obtained by putting p = 0. This slightly underestimates ΣZ but nevertheless
gives a reasonable approximation that we will use below.
Assuming ΣZ = Σeq for the vapour density beyond rsnow , we write for the associated mass flux MZ :


Σeq
d
MZ ≈ Meq = −vgas Σeq − Dgas Σgas
dr Σgas
dΣeq
,
(2.49)
≈ −vgas Σeq − Dgas
dr
7 Taylor-expansion of the exponent, on the other hand, would be valid only over a very limited
range, because aeq  1.
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Figure 2.10: Vapour surface density profiles. Shown in black are the steady state vapour profile
when all the ice is in the gas phase (thin solid curve), and the surface density corresponding to
equilibrium vapour pressure Peq (Eq. 2.46; dashed solid curve). The snowline rsnow is located at the
intersection of these two curves. The numerically-obtained profile (thick gray curve) closely follows
the minimum of steady-state and equilibrium profiles. The blue curves present mathematicallyconvenient approximations to Σeq (see text), valid for r > rsnow .

where we neglected the curvature of the disk, i.e., we assumed that the scales over
which Σeq and Σgas change are much smaller than r. This is justified as long as
x  1. In a similar vein, we assume that quantites as Dgas and vgas do not vary.
With Eq. 2.47 for Σeq we obtain
Meq
Dgas /rsnow

vgas rsnow
dΣeq
Σeq −
Dgas
dx

=

−

=

Σsnow (−bgas (1 + px) + aeq (1 + px) − p) e−aeq x

≈

Σsnow (aeq − bgas )e−aeq x ,

(2.50)

(2.51)

where bgas = vgas rsnow /Dgas is the dimensionless gas velocity and in the last step
p = 0. In a viscously-evolving disk vgas = 3ν/2r and hence bgas = 1.5.

2.C.3

The ice profile

With the equilibrium profile as the approximation to the vapour density, we solve for
the surface density of the ice by invoking conservation of mass. In steady-state the
total H2 O mass flux Mtot,ice = Mice + MZ is constant. Interior to the snowline,
MZ = Mtot,ice while for r  rsnow MZ  Mice ≈ Mtot,ice . But near the snowline
the mass fluxes change rapidly.Here, the steep gradient in the vapour density causes

70

2.C Semi-analytic model

an outward (positive) mass flux, which increases the inwardly-directed icy pebble flux:

−Mice ≡ Σice vice + Dp

dΣice
= MZ − Mtot,ice .
dr

(2.52)

(Note that just outside rsnow , Mice and Mtot,ice are negative and MZ is positive.)
With Meq for MZ Eq. 2.52, in terms of x, reads
rsnow
dΣice
+ bpeb Σice =
(Meq − Mtot ) ,
dx
Dp

(2.53)

where bpeb = rsnow vpeb /Dp is the ratio between the speed at which the pebbles drift
in and the radial velocity of the gas. Usually, pebbles outpace the gas and bpeb  1.
To solve Eq. 2.53 we will assume that bpeb and other parameters are constant in
x. Assuming constant bpeb is clearly an approximation, since the pebbles may (i)
acquire thick icy mantles on their approach to the snowline but (ii) lose all their ice
once their are very close to rsnow . Hence, the aerodynamical properties of the pebbles
and therefore vpeb are expected to vary considerably. Disregarding these concerns,
momentarily, the solution to Eq. 2.53 reads:
Z x
0
0 rsnow Meq (x )
dx0
Σice = e−bpeb x
ebpeb x
D
p
0


cM (1 − e−aeq εx ) e−aeq x − e−aeq εx
= Σsnow (1 − gas )
+
,
(2.54)
ε
ε−1
where we used Eq. 2.50 for Meq , put p = 08 and defined ε = bpeb /aeq , εgas = bgas /aeq
and cM = −Mtot,ice rsnow /Σsnow Dp (aeq −bgas ) to keep the notation concise. Typically,
εgas ≈ 1.5/aeq and cM are small numbers. In a steady-state viscous disk Σsnow ≈
Ṁice /2πrvgas and Mtot,ice = −Ṁice /2πrsnow . Hence in a viscous disk cM is related
to εgas :
cM =

vgas rsnow
εgas
=
≈ 0.1.
Dp (aeq − bgas )
1 − εgas

(2.55)

In Fig. 2.11 we plot Σice for the parameters of the default model (Table 2.1). The
simulated data are given by the thick grey curve while the analytical profiles are in
blue – the more precise approximation (with p = 7/4; solid) and the p = 0 case in
dashed. The analytical profiles fit the simulation data very well. The key parameter
for the analytical profiles is the velocity of the pebbles vpeb . Here, we have chosen
vpeb to be the pebble velocity at the ice peak rpeak , vpeb ≈ 2.4 m s−1 , which provides
a decent fit. The fit is somewhat sensitive to the choice of vpeb ; for example, adopting
vpeb (rpeak ) with the initial value for mice (i.e. without deposition of vapour) would
overestimate the numerical curve by 20%.
8 For

p 6= 0 a closed-form solution is possible but extremely contrived.
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Figure 2.11: Steady state surface density of ice for the default model parameters. The simulated
profile from the numerical model (thick grey line) is well reproduced by the full analytical solution
using p = 7/4 (solid curve; formula not shown in the main text) and the further p = 0 approximation
(dashed curve; Eq. 2.54). The black square denotes the values corresponding to the mass peak
(rpeak , Σpeak ) given by Eq. 2.56 and Eq. 2.57.

2.C.4

Peak values and final tuning

Equation 2.54 has a maximum at (x, Σice ) = (xpeak , Σpeak ) where
xpeak =

log [ε + cM (ε − 1)]
,
aeq (ε − 1)

(2.56)

or rpeak = (1 + xpeak )rsnow in dimensional units, and
1/(1−ε)

Σpeak = (1 − εgas )

cM + [cM (ε − 1) + ε]
ε

Σsnow .

(2.57)

Since cM and εgas are fixed, the latter expression only depends on ε. Lower ε –
meaning: a smaller pebble velocity at rpeak – increases both the width (xpeak ) and
the magnitude of the ice peak, resulting in a more pronounced, ‘fatter’ ice bump.
All that remains is to find an expression for the pebble velocity at the ice peak
vpeb , which in turn depends on the amount of ice those pebbles have accreted. To
obtain mpeb = mcore + mice we invoke conservation of the pebble number flux
Np =

Ṁsil /mcore
Σice
=
.
2πrvpeb
mice

(2.58)

Hence, we can obtain mice from Σpeak , calculate the the aerodynamical properties of
the pebbles at the peak (i.e. their stopping time) and obtain the pebble velocity vpeb .
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2.C Semi-analytic model
Table 2.3: Comparison between analytical and numerical model.

S/F

parameter

S
S
S
S
S
F
F
F
F
F
F
F
F

(default)
α
3 × 10−4
α
0.03
Ṁ
1 × 10−7
τ3
0.3
(default)
α
3 × 10−4
α
0.03
Ṁ
1 × 10−7
τ3
0.3
Fs/g 0.6
Fs/g 0.8
Fs/g 1

Fipy
rpeak Σpeak
2.20
26
1.77
12
2.75
5.0
1.80
110
2.13
4.2
2.34
15
1.85
5.9
2.95
2.7
1.90
66
2.22
2.0
2.30
26
2.29
40
2.30
60

Analytical
rpeak Σpeak
2.20
26
1.77
11
2.72
4.7
1.80
96
2.12
4.5
2.33
16
1.86
5.3
2.88
2.5
1.89
58
2.21
2.5
2.28
28
2.25
43
2.25
63

Notes. Column entries denote: (S/F) simple (no µ-variations or collective
effects) or full model; (parameter) input parameter that is varied and its
value; (FiPy) values for the position of the ice peak (in au) and the surface
density (in cgs units) for the ice peak; (Analytical) same for the analytical
model.

With Eq. 2.58 we have a closed system of expressions to obtain the relevant quantities
at the ice peak. These can best be computed by an iterative scheme, e.g.,
1. From (an initial guess for) ε obtain Σpeak and the position of the ice peak rpeak
from the ice flux conservation model, Eq. 2.57.
2. From Σpeak , obtain the ice mass mice at the ice peak from the pebble conservation law, Eq. 2.58.
3. From mice and the gas properties at r = rpeak , compute the stopping time of
the pebbles at rpeak . Update the pebble velocity vpeb and its normalised variant
ε.
This scheme can easily be extended with collective and mean molecular weight effects
(i.e. the complete model). Finally, in order to obtain a better match to our numerical
results we adopt two ad-hoc empirical ‘fixes’. First we reduce Eq. 2.57 by 10%, which
accounts for the fact that the p = 0 approximation tends to overestimate the peak.
Secondly, we slightly increase ε when it drops below unity. This fix approximately
accounts for curvature effects (not included in the model) that become apparent
when the ice peak becomes broad (at low ε). Hence we take ε = max(ε∗, ε∗0.8 ) where
∗ = (vpeb,peak rpeak /a2 Dpeak ) is the uncorrected value.

73

2 Planetesimal formation near the snowline: in or out?

In Table 2.3 a comparison of the model with the numerically-obtained peak parameters
is given for a number of model parameters. Generally, the agreement is very good; the
error in Σpeak is at most 20%. Given its crudeness, the analytical model, however,
does not always produce a perfect match — especially not when it comes to the
profile. For example the low turbulence runs (α = 3 × 10−4 ), which imply high gas
densities when Ṁgas is kept the same, still show a good match to Σpeak , but the
profile corresponding to Eq. 2.54 is very different from the numerical model. The
reason for this is that pebbles enter the Stokes drag regime when approaching the ice
peak, causing a sharp increase in the stopping time (and ε). The stopping time at
the ice peak is in that case not representative for other radii.

***
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Abstract
Recently, an Atacama Large Millimetre/submillimetre Array (ALMA) observation of
the water snow line in the protoplanetary disk around the FU Orionis star V883 Ori
was reported. The radial variation of the spectral index at mm-wavelengths around
the snow line was interpreted as being due to a pileup of particles interior to the snow
line. However, radial transport of solids in the outer disk operates on timescales much
longer than the typical timescale of an FU Ori outburst (101 –102 yr). Consequently,
a steady-state pileup is unlikely. We argue that it is only necessary to consider water
evaporation and recoagulation of silicates to explain the recent ALMA observation
of V883 Ori because these processes are short enough to have had their impact since
the outburst. Our model requires the inner disk to have already been optically thick
before the outburst, and our results suggest that the carbon content of pebbles is low.
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3.1

Introduction

Recently, Cieza et al. (2016) reported that the Atacama Large Millimetre/submillimetre
Array (ALMA) has for the first time detected the water snow line in a circumstellar
disk. The host of the disk, the T Tauri star V883 Ori, is undergoing a FU Orionis type outburst and is therefore very luminous (Strom & Strom 1993; Sandell
& Weintraub 2001; Audard et al. 2014). The outburst has pushed the snow line
out to a larger radial distance than in the quiescent phase, making it detectable
with ALMA. Since the disk was observed at wavelengths of 1.289 mm and 1.375
mm at high angular resolution, it was possible to constrain the spectral index α as
a function of distance from the star. It was also found that the inner disk (interior to the snow line) is optically thick, whereas the region outside the snow line
is optically thin (Cieza et al. 2016). The observation was interpreted in terms of
a pileup of particles interior to the snow line in a low-viscosity disk caused by a
lower fragmentation threshold for dry (water-free) particles than for icy particles
(Banzatti et al. 2015).
In this Letter we argue that a solids pileup interior to the snow line is not likely
to be the correct explanation for the ALMA observation of the snow line around
V883 Ori because the average FU Ori outburst duration (∼102 yr) is shorter than
the pileup timescale (∼104 yr; see Sect. 3.2.4). Therefore, post-outburst pileups have
not yet materialised. In this Letter we present an alternative interpretation of the
data presented by Cieza et al. (2016), accounting only for water evaporation and
recoagulation of silicates. Our model is simple on purpose and we do not aim to
fit the data perfectly. Rather, we aim to capture three main features of the ALMA
observation:

1. The mm-emission is optically thick interior to the snow line.

2. There is a peak in the spectral index α of ∼3.8 just exterior to the snow line.

3. The spectral index α decreases toward ∼3.5 in the outer disk.

In Sect. 3.2 we outline our disk model. In Sect. 3.3 we present the results of two
models that match the criteria above as well as of three models that do not. We
summarise our key findings and discuss possible improvements and avenues for future
research in Sect. 3.4.
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Figure 3.1: Solids surface density profiles Σ in the V883 Ori disk at three different points in time.
Top left: Before the outburst, the snow line was located at around 2 au. In the domain plotted
above the drifting pebbles consist of ices and silicates. Top right: During the outburst, the snow
line has moved to ∼50 au, exterior to which the pebbles still contain water ice and silicates. The
surface density profile of icy pebbles is given by the blue line. Interior to ∼50 au the pebbles have
disintegrated and smaller silicate particles remain (red line). We expect that the V883 Ori disk is
presently in this state. Bottom: Assuming that the disk temperature remains at Tpost after the
outburst, eventually a pileup of silicate particles interior to the snow line (red lines) is realised owing
to their smaller drift velocity. There is also a pileup in the icy pebble surface density distribution
(blue lines) owing to outward diffusion and recondensation (Schoonenberg & Ormel 2017). The
dashed lines correspond to the situation after 104 yr and the dotted lines correspond to the steadystate solution. The solid lines are the same as in the top right panel. Since the typical decay timescale
of an FU Ori outburst is ∼100 yr, we do not expect to reach either of these states.

3.2
3.2.1

Model
Disk model

The gas surface density profile as a function of radial separation from the star r is
taken to be
 r −1.5
Σgas = 50
g cm−2 ,
(3.1)
40 au
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which corresponds to seven times the minimum mass solar nebula and leads to disk
masses in agreement with the results of Cieza et al. (2016). We adopted the following
temperature profiles before and after the outburst (denoted by the subscripts ‘pre’
and ‘post’, respectively),
Tpre = 150



r −0.5
K;
2.5 au

Tpost = 150



r −0.5
K,
45.3 au

(3.2)

where the power-law indices correspond to a passively irradiated disk (Kenyon &
Hartmann 1987; Cieza et al. 2016). We estimated the thermal relaxation time to be
O(1 yr), which is shorter than the outburst timescale and therefore we identify Tpost
with a thermally relaxed disk.
We assumed that the solids content of the disk is made up of pebbles, which
are characterised by a typical size (Birnstiel et al. 2012; Krijt et al. 2016b; Sato
et al. 2016). Before the outburst, the pebble surface density Σpeb is determined by a
constant pebble mass flux Ṁpeb and drift velocity vdrift ,
Σpeb =

Ṁpeb
;
2πrvdrift

vdrift =

vgas + 2ηvK τpeb
,
2
1 + τpeb

(3.3)

where vgas is the radial velocity of the gas and ηvK is the deviation of the azimuthal gas
speed from the Keplerian velocity vK (Weidenschilling 1977a; Nakagawa et al. 1986).
In the Epstein drag regime, the dimensionless stopping time at the disk midplane τpeb
is equal to (Birnstiel et al. 2012)
τpeb =

π ρ• apeb
,
2 Σgas

(3.4)

where ρ• = 1.5 g cm−3 is the internal pebble density and apeb is the pebble radius.
The pre-outburst solids surface density is shown in the top left panel of Fig. 3.1.
We tuned the value of Ṁpeb to get the best result for a particular model (Sect. 3.3).
The actual value of Ṁpeb and the prefactors in Σgas (Eq. 3.1), Tpre , and Tpost (Eq. 3.2)
are not very meaningful in this work since our results are degenerate between these
quantities: from Eqs. (3)–(5) one can show that Σpeb ∝ Ṁpeb Σgas for pebble-sized
particles that have vdrift ∝ τpeb , and the location of the post-outburst snow line
depends both on Tpost and on Ṁpeb (Schoonenberg & Ormel 2017).

3.2.2

Evaporation and condensation

After the onset of the outburst the disk heats up and the icy pebbles interior to the
new snow line location evaporate, resulting in a post-outburst solids surface density
distribution that is sketched in the top right panel of Fig. 3.1. We adopted the ‘manyseeds’ model of Schoonenberg & Ormel (2017), in which icy pebbles beyond the snow
line consist of many micron-sized silicate particles that are ‘glued’ together by water
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ice. When icy pebbles evaporate, micron-sized bare silicate particles are left behind,
and these particles subsequently recoagulate (Sect. 3.2.3).
We assumed that the silicate surface density profile Σsil closely follows the equilibrium (saturated) water vapor surface density profile Σvap,sat , which is obtained from
the Clausius-Clapeyron equation (Schoonenberg & Ormel 2017):


fsil
Σsil = min
Σvap,sat , fsil Σpeb ,
(3.5)
1 − fsil
where we take the silicate fraction fsil of icy pebbles beyond the snow line equal to
0.5 (Lodders 2003).

3.2.3

Recoagulation of silicates

The icy pebbles are vertically settled and just after the evaporation of their hosts, the
silicate particles are as well (Ida & Guillot 2016). The vertical diffusion timescale for
the released silicate particles is given by
tdiff =

2
 α −1  r 1.5
Hgas
1
T
=
≈ 2.3 × 104
yr,
ν
αT Ω
10−3
30 au

(3.6)

2
Ω
where we have taken the turbulent diffusivity equal to the viscosity ν = αT Hgas
−3
(Shakura & Sunyaev 1973) with αT = 10
throughout this work and Hgas the
gas scale height. The decay timescale of an FU Ori outburst toutburst is typically
on the order of decades or centuries (Reipurth 1990; Hartmann & Kenyon 1996;
Kenyon 2000), which was also found for V883 Ori specifically (Strom & Strom 1993).
Because tdiff  toutburst , we concluded that the silicates are currently still residing
in the settled layer, which speeds up coagulation. For our benchmark model we find
coagulation timescales tcoag ∼ O(10 yr) at the post-outburst snow line location.
Since the coagulation timescale is shorter than the outburst timescale, the silicate particles have had time to settle into a coagulation-fragmentation equilibrium
(Birnstiel et al. 2011). The maximum silicate particle size amax is determined by the
fragmentation threshold velocity, which for silicates is on the order of 1 ms−1 (Güttler
et al. 2010; Zsom et al. 2010). Interior to the snow line, turbulent relative velocities
are of this order for a particle size ap ≈ 300 µm; therefore, we take amax = 300 µm.
For simplicity we adopted a standard Mathis-Rumpl-Nordsieck (MRN) index of −3.5
(Mathis et al. 1977).

3.2.4

Pileup

If the outburst lasted long enough, eventually a pileup of solids interior to the snow
line would occur because the silicate particles have a smaller drift velocity than the icy
pebbles outside the snow line (Banzatti et al. 2015). In the bottom panel of Fig. 3.1
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Figure 3.2: Left: Optical depth τ and surface density profiles Σ as a function of distance from
the star for compact pebbles. Right: Spectral index as a function of distance from the star for our
benchmark model with compact pebbles of initial size 0.5 cm pre-outburst (dotted dark blue line)
and post-outburst (solid dark blue line), and for our post-outburst model with porous pebbles of
packing fraction 0.1 and initial size 5.0 cm (light blue line). The gray line with error bars corresponds
to the data from Cieza et al. (2016).

we show the situation after 104 yr as well as the steady state. It can be seen that
even after 104 yr, the pileup has not yet spread throughout the inner disk. Because
the outburst timescale is much shorter, we do not expect a significant pileup to ever
be reached, and conclude that the V883 Ori disk is currently in the phase depicted
in the top right panel of Fig. 3.1.

3.3

Comparison with the ALMA observation

In order to be able to compare our model results to the ALMA observation presented
in Cieza et al. (2016), we defined the spectral index α as
α ≡ ln (I218.0GHz /I232.6GHz )/ ln (232.6/218.0).

(3.7)

The value Iν is the intensity at frequency ν, given by
Iν = Bν (1 − exp [−τν ]),

(3.8)

where Bν = Bν (Tpost ) is the Planck function and τν is the optical depth along our
line of sight, given by
(cos i)τν = κν,sil Σsil + κν,peb Σpeb ,

(3.9)

where i = 38.3◦ is the inclination of the V883 Ori disk and κν,sil and κν,peb are the
absorption opacities at frequency ν of the silicate particles and icy pebbles, respectively. We used the DIANA Opacity Tool1 to calculate the absorption opacities for
1 Publicly available at http://dianaproject.wp.st-andrews.ac.uk/data-results-downloads/
fortran-package/
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different particle sizes and compositions (Woitke et al. 2016; Toon & Ackerman 1981;
Min et al. 2005; Dorschner et al. 1995; Zubko et al. 1996).
Before calculating the spectral index α, we smoothed the intensities with a (Gaussian) beam size of 12 au, corresponding to the 0.03 arcsec resolution reported in Cieza
et al. 2016.

3.3.1

Benchmark model

In our benchmark model the initial physical size of icy pebbles is constant throughout
the disk. This leads to an initial pebble surface density profile proportional to r−5/2
(Eq. 3.4). The icy pebbles have an initial size of 0.5 cm (corresponding to a stopping
time of ∼0.03 at 50 au) and zero porosity. The benchmark results are shown in
Fig. 3.2. In the left panel we show the present surface density of icy pebbles (Σpeb )
and silicate particles (Σsil ). We also show the optical depth τ at 1.375 mm before and
after the outburst.
In the right panel, we compare our benchmark model predictions for the variation
of the spectral index α with the ALMA observation. All three criteria defined in
Sect. 3.1 are met by the post-outburst benchmark model. The first criterion — an
optically thick inner disk — is also met by the pre-outburst model, as reflected by
α → 2 in the inner disk.

3.3.2

Effect of porosity

Increasing the porosity of the icy pebbles while increasing their physical size by the
same factor does not change the results much because the stopping time of a pebble
(in the Epstein regime) depends on the product of its filling factor and physical size
(Eq. 3.4). The only difference between a high porosity and large size model and a low
porosity and small size model is that porous pebbles have a slightly higher opacity
index β than compact pebbles of the same stopping time (Kataoka et al. 2014). The
light blue line in the right panel of Fig. 3.2 shows our results for 5 cm pebbles with a
packing fraction of 0.1. The fact that the data lie between the curves for the porous
and compact pebble models suggests that the spectral index in the outer disk can
be explained by a combination of the porous and compact models; for example, just
outside the snow line pebbles have already grown to porous aggregates, while even
further out they are still smaller and compact.

3.3.3

Carbonaceous pebbles

The match between the model predictions and the data becomes worse when the
pebbles contain more carbonaceous grains. This is because the opacity index β at
millimetre wavelengths of pebbles decreases with increasing carbon content, leading
to a lower spectral index in the optically thin region. The solid blue line in Fig. 3.3
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gives the spectral index when 10% of the silicate fraction of pebbles is substituted
with carbonaceous materials.

3.3.4

Constant dimensionless stopping time

In a drift-limited solids distribution, the dimensionless stopping time τpeb tends to be
nearly constant throughout the disk (Lambrechts & Johansen 2014). If we keep τpeb
constant, the surface density profile of solids is proportional to r−1 , in contrast to
∝ r−5/2 for constant pebble size apeb (benchmark model; Fig. 3.2). This leads to an
optical depth profile that is too shallow compared to the optical depth profile observed
by Cieza et al. (2016). The results for our model with constant pebble stopping time
are shown by the dashed blue line in Fig. 3.3.

3.3.5

Model without recoagulation of silicates

The dotted blue line in Figure 3.3 shows the result of our model without recoagulation of silicate particles (Sect. 3.2.3), demonstrating that our model does not match
the data well if micron-sized silicate grains do not recoagulate to larger sizes. In
our benchmark model, the recoagulated silicate grains follow a size distribution with
amax = 300 µm, which corresponds to an optical size xmax = 2πamax /λ ∼ 1. In the
opacity model used in this work, the opacity and opacity index (β) of particles of
optical size ∼ 1 are a factor several larger at mm-wavelengths than those of much
smaller or larger particles. Therefore, for amax ∼ 300 µm, it is possible to have an
optically thick inner disk while still having α ∼ 3.8 beyond the snow line, whereas for
1 µm grains these two observed features cannot be reproduced simultaneously.

3.4

Conclusions and discussion

Our key findings can be summarised as follows:
• A simple model including only water evaporation and recoagulation of silicates
after an FU Ori outburst captures the characteristics of the ALMA observation
of V883 Ori reported in Cieza et al. 2016.
• The model requires the inner disk to be already optically thick before the outburst.
• Our model reproduces the ALMA observation best when we assume carbon-poor
icy pebbles, which recoagulate to ∼300 µm after evaporation.
We also found that an initially constant pebble size works better than an initially
constant dimensionless stopping time because the former leads to a steeper gradient
in the optical depth that better matches the observation (Fig. 3.2). A constant pebble
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Figure 3.3: Same as the right panel of Fig. 3.2, but for pebbles with 10% carbon (solid blue line),
for a model with constant stopping time throughout the disk (dashed blue line), and for a model
with micron-sized-only silicate particles (dotted blue line).

size could be justified by a material property; for example, icy pebbles cannot grow
beyond a certain size owing to a bouncing barrier, possibly induced by sintering
(Sirono & Ueno 2017). Alternatively, a steep optical depth profile can be realised by
adjusting the semi-major axis dependency of other disk quantities.
Naturally, the simplicity of our model implies several improvements. Firstly, the
success of our model relies on the recoagulation of µm silicate grains to ∼300 µm
grains. A more sophisticated model would take into account radial variations in the
maximum silicate particle size. Another possibility is that silicate seeds that are
encapsulated in icy pebbles are not all micron-sized as assumed in this work, but
already follow a size distribution. Secondly, our pre-outburst pebble surface density
profile does not take into account the CO2 and CO ice lines, which would both be
located within the inner 100 au (Öberg et al. 2011) and could lead to discontinuities
in the initial pebble surface density profile, although this would probably be a minor
effect (Stammler et al. 2017). However, we stress that the goal of this Letter is
to offer an alternative and more physical explanation for the observation of V883
Ori than that presented in Cieza et al. 2016, rather than a thorough fitting of our
model to the data. If ALMA were to observe water snow lines in more disks around
outbursting stars — a phenomenon which is suspected to be very common for young
stars (Hartmann & Kenyon 1996; Kenyon 2000; Audard et al. 2014) — a dedicated
parameter study could be a promising method to constrain the physical properties of
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pebbles (although parameters other than pebble size and composition have an effect
on the opacity index as well; Woitke et al. 2016).
In this Letter we have neglected transport processes because the corresponding
timescales are much longer than those of evaporation and recoagulation. However,
including transport processes would result in small temporal variations in the solids
distribution after the outburst, which might be detectable by observing a disk around
a young FU Ori object at different points in time. Also, it was recently proposed that
the cooling down of a disk after an outburst could facilitate planetesimal formation
by preferential recondensation (Hubbard 2017), making FU Ori objects even more
interesting to study from a planet formation perspective.
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Abstract
We introduce a new Lagrangian smooth-particle method to model the growth and
drift of pebbles in protoplanetary disks. The Lagrangian nature of the model makes
it especially suited to following characteristics of individual (groups of) particles, such
as their composition. In this work we focus on the water content of solid particles.
Planetesimal formation via streaming instability is taken into account, partly based
on previous results on streaming instability outside the water snowline that were presented in a recent publication. We validate our model by reproducing earlier results
from the literature and apply our model to steady-state viscous gas disks (with constant gas accretion rate) around stars with different masses. We also present various
other models where we explore the effects of pebble accretion, the fragmentation velocity threshold, the global metallicity of the disk, and a time-dependent gas accretion
rate.
We find that planetesimals preferentially form in a local annulus outside the water
snowline, at early times in the lifetime of the disk (.105 yr), when the pebble mass
fluxes are high enough to trigger the streaming instability. During this first phase in
the planet formation process, the snowline location hardly changes due to slow viscous
evolution, and we conclude that assuming a constant gas accretion rate is justified in
this first stage.
The efficiency of converting the solids reservoir of the disk to planetesimals depends on the location of the water snowline. Cooler disks with a closer-in water
snowline are more efficient at producing planetesimals than hotter disks where the
water snowline is located further away from the star. Therefore, low-mass stars tend
to form planetesimals more efficiently, but any correlation may be overshadowed by
the spread in disk properties.
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4.1

Introduction

Rocky planets and the cores of gas giants form from micron-sized dust grains in
gaseous disks around young stars. It is generally accepted that an intermediate
stage on the way from small dust grains in protoplanetary disks to full-sized planets
is the formation of ∼kilometre-sized planetesimals, which mark the transition to a
gravitation-dominated growth phase (Safronov 1969; Pollack et al. 1996; Benz 2000).
Planetesimal formation is still an active field of research since theories face several
problems. First, typical relative velocities between ∼cm-sized particles are often too
large for coagulation, such that particles fragment or bounce off each other upon
collision, rather than stick to form even larger particles (Blum & Wurm 2000; Zsom
et al. 2010). Second, particles that are large enough to be aerodynamically decoupled
from the gas disk (‘pebbles’) lose angular momentum and drift toward the central
star (Whipple 1972; Weidenschilling 1977a): planetesimals need to form before the
solids are lost due to this process.
Ormel et al. (2017) present a complete formation scenario for the TRAPPIST-1
planets that is based on the formation of planetesimals at a single location: the water
snowline. However, this scenario still lacks a thorough numerical model.
In this work we present a new, versatile model for planetesimal formation. We follow the growth and drift of pebbles in protoplanetary disks and include planetesimal
formation via the streaming instability, partly based on the results of Schoonenberg
& Ormel (2017) (hereafter: SO17). In SO17 we presented a local model where we
investigated whether water diffusion and condensation could lead to conditions conducive to streaming instability outside the water snowline, and how this depends on
certain parameters such as the turbulence strength and the particle size. In contrast
to SO17, in the current work we consider the entire protoplanetary disk. The pebble
mass flux and particle sizes are not treated as input parameters as in SO17, but follow self-consistently from the simulation and evolve in time. Another difference with
SO17 is that in this paper, the planetesimal formation process is followed (mass is
removed from pebbles as planetesimals form), whereas in SO17 we focused only on
the conditions for planetesimal formation. Our model makes use of the Lagrangian
method where super-particles represent groups of particles with identical physical
properties. In the context of dust evolution in protoplanetary disks, this method was
pioneered by several studies (e.g. Laibe et al. 2008; Krijt et al. 2016b; Gonzalez et al.
2017). In contrast to Eulerian approaches to dust evolution (e.g. Birnstiel et al. 2012;
Okuzumi et al. 2012), this method is mesh-free: physical quantities are computed at
the locations of the super-particles, not at the locations of grid cells, and individual
particle characteristics such as water content can easily be followed as particles move
through the disk.
Exoplanet data shows that low-mass stars are efficient at forming super-Earths
(Mulders et al. 2015; Mulders 2018). Differences in the occurrence rates between stars
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of different masses could (partly) originate in differences in planetesimal formation
efficiencies. In this paper we apply our model to testing the efficiency of icy and dry
planetesimal formation as a function of stellar mass. We find that generally, low-mass
stars convert a larger fraction of the solids reservoir in their disks to planetesimals
than high-mass stars, but other disk parameters play important roles as well. We
also discuss the effects that pebble accretion, the viscous evolution of the gas disk,
changing the metallicity and fragmentation threshold have on planetesimal formation.
We describe the different components of our model in Sect. 4.2–4.4 and provide a
summary of the model in Sect. 4.5. The results are discussed in Sect. 4.6–4.7 and we
discuss our findings in Sect. 4.8. Our main conclusions are listed in Sect. 4.9.

4.2

Gas disk model

4.2.1

Surface density profile

In our standard disk model, we adopt for simplicity a steady-state gas surface density profile Σgas for a given gas accretion rate Ṁgas and dimensionless turbulence
parameter α (Shakura & Sunyaev 1973; Lynden-Bell & Pringle 1974):
Σgas =

Ṁgas
,
3πν

(4.1)

where the viscosity ν is related to α as follows:
ν = αc2s Ω−1 ,

(4.2)

with cs the sound speed and Ω the Keplerian orbital frequency. The gas moves inward
at a speed |vgas | = 3ν/2r where r is the radial distance from the star. The surface
density Σgas for our fiducial model (Table 4.1) is plotted by the black line in Fig. 4.1.
We will discuss the validity of the assumption of constant Ṁgas in the context of
our model, and investigate the effects of relaxing this assumption in Sect. 4.7.2.

4.2.2

Temperature profile

We consider two mechanisms that heat the protoplanetary disk: viscous heating and
stellar irradiation. Viscous heating is only important in the innermost region of the
disk and leads to a radial dependence of Tvisc ∝ r−3/4 (Frank et al. 2002). Stellar
irradiation results in a temperature profile in the outer disk that goes as Tirr ∝ r−1/2
(Kenyon & Hartmann 1987). These general temperature profiles can only be directly
used for the disk midplane temperature (of interest in this work) if the vertical optical
depth were radially constant, which is probably not the case. A more sophisticated
model would calculate the temperature from the dust properties self-consistently.
However, for the purposes of the current work the simple power laws suffice. For
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our fiducial model, we use the following viscous and irradiated midplane temperature
profiles:
Tvisc (r) = 350

Tirr (r) = 177

 r −3/4
,
1 au

 r −1/2
.
1 au

(4.3)

(4.4)

We take the global temperature profile T (r) to be the (smoothed) maximum of the
temperature profiles Tvisc and Tirr :
4
4
T (r) = [Tvisc
(r) + Tirr
(r)]1/4 ,

which then defines the isothermal sound speed profile cs :
s
kB T (r)
cs (r) =
,
µ

(4.5)

(4.6)

where kB is the Boltzmann constant and µ is the mean molecular weight of the gas, for
which we take a value of 2.34 times the proton mass appropriate for a solar metallicity
gas. The temperature profiles T , Tvisc , and Tirr for our fiducial model (Table 4.1) are
plotted by the blue lines in Fig. 4.1.
We assume that the disk is vertically isothermal, such that the disk scale height
Hgas is given by:
Hgas = cs /Ω.

4.3

(4.7)

Treatment of solids: Lagrangian smooth-particle
model

In this work we adopt a Lagrangian method to solve for the growth and the radial
movement of the solid particles in the disk. A clear advantage of the Lagrangian
method is that it is naturally suited to follow characteristics of individual particles, such as their composition and porosity, as they grow and move through the
disk. It is not possible to follow all particles in the disk, however. We therefore use
super-particles: groups of particles with the same physical properties. In this work
we consider two different classes of super-particles: dust/pebble super-particles1 , and
1 We

use the term ‘dust’ for solid particles that are well-coupled to the gas, and the term ‘pebbles’
for particles that have a non-negligible radial drift velocity (Stokes numbers of ∼10−3 − 101 ; see
Sect. 4.3.4). Throughout the paper, the term ‘pebble super-particle’ is used instead of ‘dust/pebble
super-particle’.
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Figure 4.1: Gas disk profiles for our fiducial model (Table 4.1). The black line corresponds to
the gas surface density profile Σgas (Eq. 4.1); the solid blue line corresponds to the temperature
profile T , which receives contributions from viscous heating (dashed blue line) and stellar irradiation
(dotted blue line) (Eq. 4.5).

planetesimal super-particles (in future work, more super-particle classes may be added
to the model). Pebble super-particles can move through the disk, whereas planetesimal super-particles are inert. We assume a mono-disperse particle size distribution
at each point in space and time, such that a pebble super-particle represents particles
that all have the same individual particle mass.
The characteristics of the pebble super-particles that we follow are:
• location;
• total mass;
• individual particle mass;
• water mass fraction.
The planetesimal super-particles in our model are characterised by:
• location (fixed);
• total mass;
• water mass fraction.
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The total mass of a planetesimal super-particle can change because of streaming instability and pebble accretion: when planetesimal formation and/or pebble accretion
occurs, mass is transferred from the pebble super-particles to the planetesimal superparticles.
Formally, we end up with a system of ordinary differential equations (ODEs) that
govern the time evolution of the super-particles, of the form
dXi,j
~ (X),
~
=Y
dt

(4.8)

where i indicates the super-particle number, and j corresponds to their properties:
radial position r, individual particle mass mp (for pebble super-particles only), total
~ that consists
super-particle mass M . The right-hand side of Eq. 4.8 is a vector Y
of the planetesimal formation rates, drift velocities, and particle growth rates, which
~ We solve Eq. 4.8 making use of
depend on the properties of the super-particles X.
the Python package scipy.integrate.ode.

4.3.1

Smooth-particle method

In Krijt et al. 2016b, the solids surface density and its radial derivative at the location of each super-particle is calculated using a ‘tripod’ method: each super-particle
consists of three ‘legs’ that can move closer to each other (higher surface density)
or further apart (lower surface density). A consequence of this approach is that the
super-particles evolve independently of each other. In contrast, in our method all
super-particles are connected. As in SPH methods (e.g. Laibe et al. 2008), we approximate the solids surface density at each super-particle location using a weighting
kernel W , that accounts for the contribution of neighbouring super-particles as function of their mass and distance. Therefore, we simultaneously solve for the evolution
of all solids in the disk. As in Krijt et al. 2016b but unlike Laibe et al. 2008, our model
is one-dimensional; we only deal with the radial dimension r. The vertical dimension
of the disk is taken into account by means of the gas and solids scale heights, and the
model is symmetric in the azimuthal dimension.
The value of a quantity F at each particle location x is kernel-approximated by
Z
F (x) =
F (x0 )W (x − x0 , h)dx0 ,
(4.9)
Ω

where x and x0 are vectors and W (x − x0 , h) is the kernel, for which we take (Hicks
& Liebrock 2000; Liu & Liu 2003):
W (∆x, h) ≡ max[0,

3
(1 − [∆x/h]2 )],
4h

(4.10)

where h is the smoothing length, ∆x = |x − x0 | is the absolute distance between the
location of super-particle x0 and the location of the super-particle-of-interest x. The
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prefactor ensures that the kernel is normalised. Particles that are separated from x
by a distance larger than the smoothing length (|x − x0 | > h) do not influence the
value F (x); in other words, the kernel W is compact.
Since the values of F (x) are only defined at discrete locations (the super-particle
locations), we turn the integral in Eq. 4.9 into a sum over all simulated super-particles.
For the surface density Σ at the location xi of super-particle i, we then find:
Σ(xi ) =

1
2πxi

X

Mj W (|xi − xj |, hi ),

(4.11)

j∈support

where Mj is the mass of supporting super-particle j and hi is the smoothing length
of super-particle i. We treat the smoothing length hi as a variable, demanding that
at each super-particle location and time hi takes on a value such that there are five
neighbouring super-particles (including super-particle i itself) in the support group
contributing to the density at location xi (for the simulations presented in this paper,
changing the number of neighbours to three or seven did not change the results). The
advantage of a variable smoothing length is that the code can adapt to regions of high
density as well as regions of low density. Because of the compactness of the kernel
W , for each super-particle we only have to sum over the super-particles in its support
group.

4.3.2

Boundary treatment and initial conditions

The condition we set on the inner boundary of the simulated disk is a constant solids
surface density gradient. The innermost particles — which lack particles interior to
them to fill their support group — get assigned a surface density value in agreement
with the surface density gradient in the inner region.
At the outer boundary, we use an exponentially cut-off initial solid surface density
profile, such that particles close to the outer boundary barely grow and drift over the
lifetime of the disk, to prevent any unwanted outer boundary effect.
At the start of the disk evolution, a fraction of the total disk mass is in the form
of dust grains (ice + silicates). We take this fraction, also called the metallicity Z, to
be initially constant throughout the disk with a sharp exponential cutoff at the outer
disk radius rout . Therefore, the solids surface density profile Σsolids initially follows
Σsolids (r, t = 0) = ZΣgas (r) exp [−(r/rout )4 ],

(4.12)

where the sharp exponential cut-off is just to ensure that no unwanted numerical
effects occur at the outer boundary. The initial size of solid particles is set to 0.1 µm.
We assume that in the outer disk, the water ice mass fraction fice of particles is 50%
(fice,out = 0.5) (Lodders 2003; Morbidelli et al. 2015). Interior to the water snowline,
the solids consist of pure silicate (fice,in = 0). The location of the water snowline and
the transition between fice,out and fice,in will be discussed in Sect. 4.3.5.
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The initial mass of a super-particle follows from the initial solids surface density
profile Σsolids (r) and the initial number of super-particles N . We discretise the radial
distance to the central star r into N annuli with edges ri between the inner edge
of the disk rin and the outer edge rout . The kth super-particle then gets assigned a
Rr
mass mk = rkk+1 2πrΣ(r)dr (corresponding to the total mass in the kth annulus) and
an initial position xk = (rk+1 − rk )/2. If the initial solids surface density profile is
proportional to r−1 (Σsolids (r) = Σ0 r−1 where Σ0 is constant) and the spacing between
the annuli is linear, each super-particle has the same initial mass m = 2π∆rΣ0 with
∆r the annulus width. Alternatively, the initial particle locations can be chosen such
that the resolution varies across the disk (for example, closely-spaced particles in the
inner disk and particles that are further apart in the outer disk); in that case the
initial super-particle masses differ. In this work we have used a logarithmic spacing
between the initial positions of the dust/pebble super-particles, so that super-particles
in the outer disk have larger total masses than super-particles in the inner disk.

4.3.3

Resampling

During the evolution of the disk, the spacing between adjacent super-particles can
become larger than desired. This can for example occur when the resolution needs
to be high in the inner disk or around a special location (e.g. the snowline), whereas
in the outer disk the particles are initially further apart. Due to radial drift, closelyspaced particles from the inner disk get accreted to the star and less closely-spaced
particles from the outer disk enter the inner disk, such that the resolution in the
inner disk decreases. If at any point the resolution becomes too low, we initiate
a ‘resampling’ algorithm. In our model we resample when the separation between
particles at a certain point becomes 20% larger than the initial particle separation
at that point. The number and locations of super-particles are reset to the initial
configuration, and the characteristics of the new super-particle population are sampled
from the super-particle population right before the resampling process. The total mass
of each new super-particle is extracted from the cumulative mass distribution right
before ‘resampling’, in order to ensure mass conservation. Figure 4.2 shows a cartoon
of the concept of resampling.

4.3.4

Particle growth and radial drift

In this section we describe how we treat dust evolution (particle growth and radial
drift) in our model. In Appendix A we test our model against results from the
literature.
The dust population at the locations of the super-particles is represented by a
mono-disperse dust size distribution (Krijt et al. 2016b; Sato et al. 2016). This means
that the dust particles represented by one super-particle all have the same size sp
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Particle separation
becomes too large

Resampling

r
Figure 4.2: Procedure cartoon of the resampling concept. When the separation between neighbouring pebble super-particles becomes too large, the number and configuration of particles is reset
such that the resolution is again equal to that of the initial set-up. The total mass in pebble superparticles is conserved and the characteristics (such as water ice fraction, indicated by color here) are
sampled from the situation before resampling.

and mass mp . Within each super-particle then, particles can coagulate, increasing
the individual particle mass mp of that super-particle. The mass growth rate dmp /dt
assuming perfect sticking is (Krijt et al. 2016b):
dmp
Σsolids
=√
σcol vrel ,
dt
2πHsolids

(4.13)

with Hsolids the solids scale height, σcol the collisional cross-section (which we take
equal to the geometrical cross-section), and vrel the relative velocity between particles.
As long as the particles are small and well-coupled to the gas, Hsolids = Hgas . Once
particles have grown to sizes where they start to aerodynamically decouple from the
gas disk, their scale height is reduced with respect to that of the gas due to vertical
settling, and is given by (Youdin & Lithwick 2007):
r
α
,
(4.14)
Hsolids = Hgas
τ +α
where τ is the dimensionless stopping time, which measures the degree of coupling
between the particle and the gas. We distinguish between two regimes of τ : in the
Stokes regime, the particle size is larger than the mean-free path of the gas molecules
lmfp , and the stopping time is calculated in a fluid description; in the Epstein regime,
the particle size is smaller than the mean-free path of the gas molecules, and a particle
description is required instead (Weidenschilling 1977a). The mean-free path lmfp is
given by
µ
lmfp = √
,
(4.15)
2ρgas σmol
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√
where ρgas is the gas volume density at the disk midplane (ρgas = Σgas / 2πHgas ) and
σmol is the molecular collisional cross-section, for which we take σmol = 2 × 10−15 cm2
as appropriate for hydrogen (Chapman & Cowling 1970). The dimensionless stopping
time is given by
 ρ•,p sp

,
Ω

 v ρ
th gas

τ=



Ω

(Epstein: sp < 49 lmfp ),

4ρ•,p s2p
, (Stokes: sp > 49 lmfp ),
9lmfp vth ρgas

(4.16)

where sp is the particle radius, ρ•,p is the particle internal
density, and vth is the
p
thermal velocity of the gas molecules, defined as vth = 8/πcs . The particle radius
and internal density are determined from the particle mass mp and water mass fraction
fice :
ρ•,ice ρ•,sil mp
,
(1 − fice )mp ρ•,ice + fice mp ρ•,sil

1/3
3mp
sp =
,
4πρ•,p

ρ•,p =

(4.17)
(4.18)

where ρ•,ice = 1 g cm−3 is the density of a pure ice particle and ρ•,sil = 3 g cm−3 the
density of a pure silicate particle.
For the relative velocity between individual particles within a super-particle vrel ,
we consider the relative velocity due to turbulence, Brownian motion, and radial and
azimuthal drift, in the same way as Krijt et al. (2016b). The total relative velocity is
given by the maximum of these four contributions. We find that in most cases, the
turbulent relative velocity vrel,turb dominates. In the so-called intermediate regime
−1/2
— where the turn-over time scale of the smallest eddies (tη = ReT Ω−1 where ReT
is the turbulence Reynolds number) is much smaller than the stopping time of the
particles (Ormel & Cuzzi 2007), which is the regime of importance in our model —
vrel,turb is given by
vrel,turb ∼

√

3ατ cs .

(4.19)

Therefore, the larger the particles grow, the more violently they impact each other.
Fragmentation
When the relative velocity vrel between particles becomes larger than a certain fragmentation threshold vfrag , particles start to fragment rather than coagulate when they
collide. Concerning vfrag we distinguish between icy particles and dry particles. The
surface energy of an aggregate containing water ice is larger than that of a silicate one,
and therefore icy particles are more sticky than silicate particles (Chokshi et al. 1993).
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Motivated by laboratory experiments, for the fragmentation threshold velocity of silicate particles we take vfrag,sil = 3 m s−1 (Blum & Münch 1993); and for icy particles
we take vfrag,ice = 10ms−1 (Sirono 1999; Gundlach & Blum 2015). The fragmentation
threshold vfrag for particles with ice fraction fice is then given by


fice
fice
vfrag (fice ) =
vfrag,ice + 1 −
vfrag,sil ,
(4.20)
fice,out
fice,out
where we simply coupled the two fragmentation velocities according to the ice mass
fraction fice (similar to Lorek et al. (2016), who interpolate the fragmentation velocities using the fractional abundance of icy monomers). Our assumption that the
fragmentation velocity increases linearly with fice is arbitrary but unimportant, since
fice changes rapidly across the water snowline (Dra̧żkowska & Alibert 2017).
If vrel > vfrag , we instantaneously set the particle mass mp to the fragmentation
mass limit mfrag . In Fig. 4.3 we have plotted mfrag as a function of semi-major axis r
for our fiducial model. The assumption that fragmentation is instantaneous is justified
by the fact that mfrag increases for particles that are drifting from the outer parts
of the disk inward within the drift-limited region. In this region, drift is faster than
growth/fragmentation (Birnstiel et al. 2012). In the viscosity-dominated inner disk,
mfrag decreases for inward-drifting particles (see Fig. 4.3). In this region therefore,
inward-drifting particles that have a mass that is limited to mfrag are constantly
fragmenting to smaller masses on their way to the star. However, the viscositydominated region is fragmentation-limited, meaning that growth/fragmentation are
faster than drift (Birnstiel et al. 2012). Therefore, as long as the region where the
temperature is dominated by viscous heating is in the fragmentation-limited regime,
treating fragmentation as an instantaneous process is justified throughout the disk.
Radial drift
The radial velocity of solid particles vp (taking into account the back-reaction of the
solids onto the gas) is given by (Nakagawa et al. 1986):
vp = −

2ηvK τ − vgas (1 + ξ)
,
(1 + ξ)2 + τ 2

(4.21)

where vgas is negative (the gas is moving inward as well), ξ is the midplane solids-togas volume density ratio, and ηvK is the difference between the azimuthal motion of
the gas disk and the Keplerian velocity vK :
ηvK = −

1 c2s ∂ log P
,
2 vK ∂ log r

(4.22)

with P the gas pressure, given by
P = ρgas c2s = √

98

Σgas
c2s ,
2πHgas

(4.23)

4.3 Treatment of solids: Lagrangian smooth-particle model

10 4

1.0

10 3

0.8
0.6

10 1

fice

mfrag [g]

10 2

0.4

10 0

0.2

10 -1
10 -2

10 0

r [au]

10 1

0.0

Figure 4.3: Fragmentation mass limit mfrag (black line) for our fiducial model with initial ice
mass fraction profile fice (blue line). The snowline is located at around 2.4 au. Because of the
different stickiness between icy and silicate particles, the fragmentation velocity, and therefore the
fragmentation mass limit, varies rapidly across the snowline.

with ρgas the midplane volume density of gas.
We compare the coagulation and radial drift components of our model to wellknown literature results in Appendix A.

4.3.5

Location of the snowline and the pebble ice fraction

As in SO17, we define the location of the snowline rsnow as the radius interior to which
the water vapour pressure Pvap drops below the saturated (equilibrium) pressure Peq .
Outside rsnow , the water vapour distribution always follows the saturated profile,
which is given by the Clausius-Clapeyron equation:
Peq = Peq,0 e−Ta /T ,

(4.24)

where Ta and Peq,0 are constants depending on the species. For water, Ta = 6062 K
and Peq,0 = 1.14 × 1013 g cm−1 s−2 (Lichtenegger & Komle 1991). From Eq. 4.24 we
find the saturated water vapour surface density profile Σeq :
√
2πHgas µH2 O
Σeq = Peq
,
(4.25)
kB T
where µH2 O is the molecular weight of water. However, in contrast to SO17, in this
work we do not follow the water vapour distribution directly. Instead, we calculate
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the expected water vapour surface density profile ΣZ,a from the water mass flux that
is delivered by icy pebbles ṀH2 O,peb :
ΣZ,a =

ṀH2 O,peb
,
3πν

(4.26)

which is equal to the steady-state advection-only vapour surface density profile from
SO17. We note that ΣZ,a is not the physical water vapour surface density profile,
but rather the steady-state surface density profile if all the water in the disk is in the
form of vapour. Under our assumptions, the physical water vapour profile would be
given by the minimum of ΣZ,a and Σeq .
The location of the snowline rsnow can now be calculated by setting ΣZ,a equal to
Σeq (SO17):
ΣZ,a (rsnow ) = Σeq (rsnow ).

(4.27)

Therefore, the location of the snowline depends on the pebble mass flux, which changes
in time2 . In the simulations of SO17, the water mass flux was fixed and therefore
the snowline did not move. In the current work, the water mass flux follows from the
simulation: we determine ΣZ,a from Eq. 4.26 by measuring ṀH2 O,peb just outside the
snowline (at the innermost position where pebbles are icy) during the simulation. At
the start of the simulation, the initial vapour surface density profile ΣZ,a is given by
fice,out Σsolids (r, t = 0).
We define the ice fraction of pebbles fice as follows:
fice = fice,out

(Σ4Z,a + Σ4eq )1/4 − Σeq
,
ΣZ,a

(4.28)

where we have smoothed the maximum of ΣZ,a and Σeq in order to avoid a sharp
transition in the ice fraction profile. Using Eq. 4.28 is a convenient way to calculate
fice without having to model it directly by following the water vapour distribution. In
Fig. 4.4 we show the initial Σeq and ΣZ,a profiles and the corresponding ice fraction
profile fice for our fiducial model (Table 4.1).

4.3.6

Diffusion of particles

Our model does not directly account for radial diffusion of solid particles. However,
the semi-analytic model that we employ for planetesimal formation outside the snowline (Sect. 4.4.2) does include turbulent radial diffusion of water vapour and of solid
2 If

we take the accretion rate Ṁgas to be a decreasing function of time and the snowline is located
in the viscosity-dominated temperature region, the decrease in accretion heating is an additional
effect that pushes the snowline inward (Garaud & Lin 2007; Oka et al. 2011; Martin & Livio 2012).
This is discussed in Sect. 4.7.2.
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Figure 4.4: Initial pebble ice fraction (blue solid line) as function of semi-major axis r for the
fiducial model. The saturated water vapour profile Σeq is plotted by the black dashed line, and ΣZ,a
(see text for more details) is given by the black solid line. The snowline is located where Σeq crosses
ΣZ,a , in this case at rsnow ∼ 2.4 au (blue dotted line).

particles. Also, the radial velocity of solid particles (Eq. 4.21) includes the gas velocity component, meaning that if particles are small and well-coupled to the gas, they
are moving toward the star at the gas accretion velocity. Therefore, for high values
of α, small particles in the inner disk can be in the so-called mixing regime (Birnstiel
et al. 2012), even if particle diffusion is not taken into account. Vertical diffusion of
particles is accounted for by means of an α- and τ -dependent particle scale height
(Eq. 4.14).

4.4

Planetesimal formation by streaming instability

A promising planetesimal formation mechanism is streaming instability. Streaming
instability occurs in the presence of radial drift, and leads to clumping of pebbles.
These clumps can become dense enough to collapse under their own gravity and form
planetesimals (Youdin & Goodman 2005; Johansen et al. 2007; Johansen & Youdin
2007). For streaming instability to be triggered, however, the solids-to-gas ratio needs
to be locally enhanced above the typical, expected value of 1% (Johansen et al. 2009;
Bai & Stone 2010; Carrera et al. 2015; Yang et al. 2017). The condition for streaming instability that we adopt in this work is a midplane solids-to-gas mass density
ratio (ρsolids /ρgas) exceeding unity (Dra̧żkowska & Dullemond 2014), independent of
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the dimensionless stopping time of particles τ . Several studies have found that the
streaming instability threshold depends on τ , with increasingly higher metallicities
Z ≡ Σsolids /Σgas needed to trigger streaming instability for smaller values of τ (e.g.
Carrera et al. 2015; Yang et al. 2017). However, those works considered laminar disks,
whereas in our simulations the disks are intrinsically turbulent, so we cannot simply
adopt their results. We find that the requirement of a midplane solids-to-gas ratio
exceeding unity is always more constraining than the metallicity constraints found
by Carrera et al. (2015) and Yang et al. (2017). The behaviour of the streaming instability threshold on the metallicity with changing τ (increasing with decreasing τ )
is also captured by our choice of threshold, because the midplane solids-to-gas ratio
decreases with decreasing τ for a given metallicity:
r
ρsolids
τ +α
Σsolids Hgas
,
(4.29)
=
=Z
ρgas
Σgas Hsolids
α
where in the last step we made use of Eq. 4.14. The smallest particles that participate
in planetesimal formation in our simulations have τ ∼10−3 (Sect. 4.7.3), which according to Yang et al. (2017) should indeed be able to trigger the streaming instability.
In this work, we are specifically (but not exclusively) interested in planetesimal formation around the water snowline. An enhanced solids-to-gas ratio can form interior
to the snowline due to a traffic-jam effect caused by the variation of the fragmentation
velocity across the snowline (Saito & Sirono 2011; Ida & Guillot 2016), as well as outside the snowline due to the effect of water vapour diffusion and condensation (Cuzzi
& Zahnle 2004; Armitage et al. 2016; Schoonenberg & Ormel 2017; Dra̧żkowska &
Alibert 2017). In our model, we account for the effect of outward diffusion and recondensation of water vapour by means of a recipe for planetesimal formation outside the
snowline that we distill from SO17, since in this work we do not model the transport
and condensation of water vapour directly.
Planetesimals are treated in a similar way as the dust particles: they are represented by super-particles containing planetesimals with the same physical characteristics. Planetesimal super-particles are characterised by a position, a total mass and
a ice mass fraction. In contrast to pebble super-particles, the location of planetesimal super-particles is fixed; they are treated as sink particles. At the beginning of
the simulation, a number Npltsml planetesimal super-particles are initiated at a given
location, with zero mass. If the solids-to-gas ratio at a certain radius exceeds unity
(either directly or inferred from the ‘snowline recipe’), mass is transferred from the
pebble super-particles to the nearest planetesimal super-particle.

4.4.1

Direct streaming instability

Interior to the snowline, the solids-to-gas ratio can exceed unity ‘directly’, due to
a traffic-jam effect caused by the change in fragmentation velocity across the snow-
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line. If this is the case, mass is transferred from pebbles to planetesimals at a rate
dMpl,SI,direct /dt:
dMpl,SI,direct
Mpeb,SI
=
SI = Mpeb,SI SI τ Ω ,
dt
tsettle

(4.30)

where Mpeb,SI is the mass of the pebble super-particles that meet the requirement
for SI, and tsettle = 1/τ Ω is the timescale on which SI filaments form (Yang et al.
2017), which equals the vertical settling timescale. The SI parameter is an efficiency
parameter, that is considered a free parameter in some studies (e.g. Dra̧żkowska &
Dullemond 2014). In our model, we take SI = 0.1, and we come back to the relevance
of this parameter in Sect. 4.7.3.

4.4.2

Outside (but near) the snowline

A local peak in the solids-to-gas ratio that exceeds unity is formed outside the snowline if the pebble mass flux Ṁpeb,outside outside the snowline (that is delivered from the
outer disk) is larger than a certain critical value Ṁpeb,crit , which depends on α, Ṁgas ,
and on the dimensionless stopping time τ of particles outside the snowline (SO17).
For a given disk model with constant α and Ṁgas , we employ the semi-analytic model
presented in SO17 to calculate Ṁpeb,crit for different stopping times3 . We assume the
‘many-seeds’ scenario in this calculation, which leads to an ice fraction of planetesimals that is similar to that of pebbles in the outer disk: fice,pltsml = fice,out = 0.5
(Table 4.1). This is because not only water vapour is transported across the snowline, but small silicate grains diffuse outward as well and stick to the inward-drifting
pebbles (SO17). The tabulated values of Ṁpeb,crit are then used to decide whether
planetesimal formation takes place outside the snowline during the simulation.
SO17 showed that the timescale tpeak,buildup on which the solids enhancement
outside the snowline forms is related to the time it takes for water vapour to traverse
the distance between the location where the solids-to-gas ratio peaks rpeak , and the
snowline location rsnow . The width of the peak Wpeak = rpeak − rsnow depends on the
disk parameters and is another outcome of the semi-analytic model.
The incoming pebble mass flux outside the snowline Ṁpeb,outside first increases as
particles grow to pebble sizes. At some point it reaches a peak value after which it
slowly decreases for the greater part of the lifetime of the disk (see also Lambrechts &
Johansen 2014). As soon as Ṁpeb,outside exceeds the critical mass flux, we increase the
planetesimal formation rate outside the snowline from zero to dMpl,SI,snowline /dt on a
peak formation timescale tpeak,buildup = Wpeak /|vgas |. The value of dMpl,SI,snowline /dt
is given by:
3 The semi-analytic model of SO17 is not valid for dimensionless stopping times τ > 1. We have
updated it so that it can deal with τ > 1 values as well. We present this update in Sect. 4.B.
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dMpl,SI,snowline
= max[Ṁpeb − Ṁpeb,crit , 0],
dt

(4.31)

where we assume that the peak in the solids-to-gas ratio is continuously sustained,
and only the excess incoming pebble mass flux is transformed to planetesimals4 . The
mass of the planetesimal super-particle closest to the peak location rpeak (which is
given by the semi-analytic model) is increased at a rate dMpl,SI,snowline /dt.
We distribute the pebble mass loss rate over all pebble super-particles using a
Gaussian kernel centered on the peak location rpeak . The mass loss rate of pebble
super-particle i is then given by
dMpeb,SI,snowline,i
dMpl,SI,snowline
= f (ri )
,
dt
dt

(4.32)

where the fraction f (ri ) < 1 depends on the distance between ri and the peak location5 .
Throughout the simulation, we make sure to measure Ṁpeb,outside outside the
region where pebbles are converted to planetesimals.
The total mass that is lost from the pebbles (disregarding the term [(1 − fice,out ) +
fice ]; see footnote 6) is of course the exact negative of Eq. 4.31, such that when
streaming instability outside the snowline is going on (and the solids enhancement
outside the snowline has saturated), the pebble mass flux that reaches the actual
snowline is Ṁpeb,crit . A consequence of this is that the location of the snowline is
fixed during planetesimal formation outside the snowline (Sect. 4.3.5).
4 One

could imagine an “episodic” nature of streaming instability rather than the “continuous”
approach we use here. In the episodic scenario, once streaming instability outside the snowline has
been triggered the annulus of pebbles outside the snowline is emptied and need to be refilled by
inward-drifting pebbles before streaming instability is triggered again, leading to episodic bursts
of planetesimal formation. If the width of the peak Wpeak is much larger than ηr (the distance a
drifting pebble traverses during one vertical settling timescale) and all pebbles in the peak participate
in planetesimal formation, the episodic description may be better than the continuous one. However,
we checked that the timescales involved in emptying and refilling the snowline region with pebbles
are much shorter than the planetesimal formation phase, which justifies the continuous approach.
5 To be specific, Eq. 4.32 reads
dMpeb,SI,snowline
(ri ) =
dt
dMpl,SI,snowline
WGauss (ri , rpeak )
[(1 − fice,out ) + fice (ri )] PN
,
peb
dt
WGauss (rj , rpeak )
j=0

(4.33)

where Npeb is the number of pebble super-particles and WGauss is given by



1
1
WGauss (r, rc ) =
exp −
√
2
0.1rc 2π



r − rc
0.1rc

2 

.

(4.34)

The term [(1 − fice,out ) + fice ] in Eq. 4.33 takes into account the fact that in our model the location
of the solids enhancement outside the snowline rpeak can be at a distance from the star where
fice < fout , again because we do not follow the transport of water vapour explicitly in this work.
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Figure 4.5: Cartoon of two possible trajectories through space and time of pebble super-particles
(1 and 2). Both super-particles start out in the outer disk with a small typical particle mass. The
physical particles represented by the super-particles grow until they reach a size where radial drift
becomes faster than growth, and they start to drift inward. Planetesimal formation occurs outside
the snowline as well as in the dry inner disk. See text for a more elaborate description.

Once the pebble flux has dropped below the critical value Ṁpeb,crit , a peak in the
midplane solids-to-gas density ratio that exceeds unity cannot be sustained outside
the snowline any longer, and the pebble mass flux that reaches the snowline is again
the same as the pebble mass flux outside the snowline, because just outside the
snowline no pebbles are converted to planetesimals anymore.

4.5

Model summary

To summarise the various effects that we take into account in our model, Fig. 4.5
shows a schematic of two possible ‘lifelines’ (trajectories through space and time) of
pebble super-particles that start in the icy outer disk and eventually convert part of
their mass to planetesimals. The first super-particle (denoted by a ‘1’ in the cartoon)
begins its journey just outside the snowline, representing small icy particles of 0.1
micron (Table 4.1). Once these particles have grown to pebble sizes, the superparticle starts to drift inward (Eq. 4.21). At the time when it reaches the water
snowline, the conditions for streaming instability outside the snowline are not yet met
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Table 4.1: Input parameters, their symbols, and their fiducial values.

Stellar mass
Gas accretion rate
Total disk mass
Disk outer radius
Metallicity
Ice fraction outer disk
Initial particle size
Turbulence strength
Fragm. threshold, icy
Fragm. threshold, silicate
Viscous temp. at 1 au
Irradiation temp. at 1 au

M?
Ṁgas
Mdisk
rout
Z
fice,out
sp
α
vfrag,icy
vfrag,dry
Tvisc,1au
Tirr,1au

1M
5 × 10−9 M yr−1
0.04 M
55 au
0.01
0.5
0.1 µm
10−3
10 m s−1
3 m s−1
350 K
177 K

(the pebble mass flux does not exceed the critical mass flux yet; Eq. 4.31). Therefore,
the super-particle does not lose any mass to planetesimals outside the snowline. As
the super-particle crosses the snowline, its H2 O ice evaporates (Eq. 4.28), and the
physical particles it represents fragment down to smaller sizes during the snowline
crossing because of the lower fragmentation threshold for silicate particles (Eq. 4.20).
The inner disk is fragmentation-limited, which leads to a steeper radial dependence
of the solids surface density than of the gas surface density (Birnstiel et al. 2012),
and therefore to an increasing solids-to-gas ratio with decreasing distance to the star.
In this cartoon the solids-to-gas ratio reaches unity close to the star, resulting in dry
planetesimal formation (Eq. 4.30).
The second super-particle (indicated by a ‘2’ in the cartoon) starts out further
away from the star, also representing 0.1 micron-sized icy particles. These particles
grow to pebble-sizes at a slower pace than the particles of super-particle 1, because
the growth timescale (Eq. 4.13) is longer for larger distances from the star (because
the solids density goes down with increasing semi-major axis). At the time when
the super-particle reaches the snowline by radial drift, the conditions for streaming
instability outside the snowline are met, and part of its mass is converted to planetesimals before it crosses the snowline (Eq. 4.31). There, the water ice content of
the super-particle evaporates and the physical particles that it represents fragment to
smaller sizes.
During the evolution of the solids, the position of the snowline changes. At first,
it is pushed closer to the star as the pebble mass flux increases, after which it slowly
recedes as the pebble mass flux decreases (Eq. 4.27). When streaming instability outside the snowline starts (indicated with ‘SI outside snowline starts’), the pebble mass
flux reaching the snowline is reduced because part of it is converted to planetesimals
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Figure 4.6: Particle mass mp as function of semi-major axis r at different points in time for the
fiducial model (1a). The red line corresponds to the fragmentation limit on the mass (see Fig. 4.3)
for the last time point plotted (t = 5 × 105 yr).

outside the snowline. When the pebble mass flux outside the snowline falls below the
critical pebble mass flux for streaming instability, planetesimal formation outside the
snowline stalls, and the snowline resumes to recede as the pebble mass flux delivered
from the outer disk continues to decrease.

4.6

Fiducial model results

In this section we present results for our fiducial model, where we consider a protoplanetary disk around a solar-mass star. The parameter values for the fiducial model
can be found in Table 1. We constrain the total disk mass Mdisk to 0.04M . Together
with the fixed values for α and Ṁgas , this constrains the outer radius of the disk rout ,
which for the fiducial model is 55 au.
Figure 4.6 shows the particle mass mp as function of semi-major axis r at different time points. The red line indicates the fragmentation limit on the mass (see
Sect. 4.3.4) at the last time point plotted (5 × 105 years). After a few hundred
years, particles interior to the snowline have grown to their fragmentation limit. In
the outer part of the disk (&10 au) the fragmentation limit is never reached; there
the drift timescale is shorter than the growth timescale. The boundary between the
fragmentation-limited and the drift-limited regions gets closer to the star in time, as
the solids surface density goes down.
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Figure 4.7: Solids surface density profiles Σ at different points in time for the fiducial model (1a).
The blue dots correspond to the mass of planetesimal super-particles Ṁpltsmls in Earth masses at
the last time point plotted (t = 5 × 105 yr) (this is also the final total mass in planetesimals, because
the planetesimal formation phase ends at ∼3.2 × 104 yr).

In Fig. 4.7 we plot the solids surface density profiles at different points in time. After a few thousand years, a ‘traffic jam’ materialises interior to the snowline. This
pile-up then spreads throughout the inner disk because an icy pebble mass flux from
the outer disk keeps delivering material to the snowline region. At some point, as
the pile-up is extending through the inner disk, the pebble mass flux that is delivered interior to the snowline starts to decrease, and the solids surface density interior
to the snowline goes down as well. The decrease of the pebble mass flux is exacerbated by the streaming instability, because of which pebbles are converted to
planetesimals outside the snowline. This is made clear in Fig. 4.8. The surface density profiles in Fig. 4.7 also show the transition from the fragmentation-dominated
phase to the drift-dominated phase outside the snowline. For t < 105 yr, the region just outside the snowline is still fragmentation-dominated (solids surface density ∝ r−3/2 ; Birnstiel et al. 2012). At t = 2 × 105 yr, the region outside the
snowline has become drift-dominated, which is shown by an r−1 surface density
power law.
Figure 4.8 shows the pebble mass flux that arrives at the snowline rsnow as a
function of time (solid black line), as well as the pebble mass flux that arrives outside
the planetesimal annulus (dashed black line) and the streaming instability threshold
on the pebble mass flux (dotted line). The total mass in planetesimals is plotted in
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Figure 4.8: Pebble mass flux Ṁpeb that arrives at the snowline rsnow in Earth masses per year, as
a function of time t (solid black line), for the fiducial model (1a). The dashed black line corresponds
to the pebble mass flux Ṁpeb that arrives at the planetesimal annulus outside rsnow . During the
planetesimal formation phase, the pebble mass flux at the snowline is constant and equal to the
pebble mass flux delivered by the ‘peak’ outside the snowline Ṁpeb,crit (dotted line): the excess flux
is converted to planetesimals. The total mass in planetesimals Mpltsmls is plotted in blue.

blue. The pebble mass flux first increases as particles grow (Fig. 4.6). The critical
pebble mass flux needed for streaming instability varies with the stopping time of
particles outside the snowline, and reaches a constant value when particles outside
the snowline have reached their fragmentation limit, at about 103 years. When the
pebble mass flux exceeds the critical pebble mass flux, streaming instability operates
and pebbles are being converted to planetesimals at a rate given by Eq. 4.31. The
pebble mass flux reaching the snowline is decreased to the critical pebble mass flux
on the peak formation timescale (Sect. 4.4.2). The pebble mass flux that is still
reaching the snowline after the enhancement has saturated, during the planetesimal
formation phase, is equal to the critical pebble mass flux Ṁpeb,crit that is needed
to sustain the high solids-to-gas ratio outside the snowline (Sect. 4.4.2). When the
pebble mass flux that is delivered to the streaming instability region (outside rsnow ;
dashed line) drops below Ṁpeb,crit , streaming instability shuts off and the pebble mass
flux reaching rsnow is again equal to the pebble mass flux reaching the planetesimals
annulus outside rsnow . This happens at around 3.2 × 104 years. The total yield in
planetesimals is about ten Earth masses.
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4.7

Parameter study results

We investigate planetesimal formation in disks around stars of different masses. We
scale the gas accretion rate Ṁgas with stellar mass M? as Ṁgas ∝ M?2.2 , consistent with
observations (Manara et al. 2017; Mulders et al. 2017). The viscous temperature Tvisc
scales with (Ṁgas M? )1/4 , where M? is the stellar mass (Frank et al. 2002). It then
4/5
follows that Tvisc ∝ M? . We use the following mass-luminosity relation: L? ∝ M?4 ,
with which the irradiation temperature Tirr scales linearly with M? .
In our steady-state viscous gas disk model, the parameters Ṁgas and α determine the
gas surface density profile Σgas (Eq. 4.1). One then needs to either fix the total disk
mass Mdisk or the outer disk radius rout to find the other. In constructing disk models
around different stellar masses for our parameter study, we consider two scenarios.
In the first one, we constrain Mdisk to 4% M? , and the value of rout follows. In the
second one, we take rout = 150 au, from which the value of Mdisk follows. We omit
disks that would have Mdisk > 10% M? or Mdisk < 1% M? , as well as disks for which
rout > 500 au or rout < 30 au.
In Table 4.2 we list the parameter values for the different disk models, as well as
the results (total masses in icy and dry planetesimals, and the time period during
which streaming instability outside the snowline is operational (if it is operational at
all)). We run models with stellar masses M? of 0.1M , 0.5M , 1M and 2M (model
IDs starting with 2, 3, 1, and 4, respectively). We also included models where the
gas accretion rate Ṁgas varies with time; where we increased the metallicity Z; where
we include pebble accretion; and where we increase the fragmentation velocity for icy
particles vfrag,ice . These models are discussed in Sect. 4.7.2, Sect. 4.7.3, Sect. 4.7.4,
and Sect. 4.7.5, respectively.

4.7.1

Varying stellar mass

Let us first compare the results of models 1a, 2b, 3a, and 4a to take a look at the
stellar mass dependence for a fixed value of α = 10−3 . We find that models 1a,
2b, and 3a (corresponding to 1, 0.1, and 0.5 solar-mass stars, respectively) convert
similar percentages of their initial solids reservoir to planetesimals (∼10%). Model 4a
(M? = 2M ) does not form any planetesimals. The critical pebbles-to-gas mass flux
ratio Ṁpeb,crit /Ṁgas that is required for streaming instability depends only weakly on
the values of α and Ṁgas . We find however that the ratio of the actual pebbles-togas mass flux ratio Fs/g just outside the snowline does depend on the stellar mass,
through the snowline location. We can write Fs/g as:
Fs/g ≡
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Ṁpeb,snow,out
Σpeb,snow,out vp rsnow,out
∝
,
Ṁgas
Ṁgas

(4.35)

4.7 Parameter study results

where here rsnow,out is the location just outside the snowline, Σpeb,snow,out is the
pebble surface density at rsnow,out , and vp is the drift velocity of pebbles at rsnow,out .
Making use of the relation Σgas ∝ Ṁgas α−1 , and neglecting effects such as the timeevolution of the solids disk and the peak formation timescale, to zeroth order we can
approximate Eq. 4.35 as
1+p
Fs/g ∝ α−1 rsnow
τ,

(4.36)

where τ is the dimensionless stopping time of pebbles just outside the snowline (where
particles are icy) and p is the power-law index of the pebbles surface density. In
case the region outside the snowline is fragmentation-limited, as is the case in our
simulations (except for model 1l; see Sect. 4.7.5); p = −3/2. In the drift-limited case
p = −1. Assuming that the temperature at the snowline is independent of stellar
mass, the fragmentation limit on τ is proportional to α−1 (Birnstiel et al. 2012).
The drift limit on τ is proportional to (VK /cs )2 with VK the Kepler velocity and cs
−1
if we again
the sound speed (Birnstiel et al. 2012), which boils down to τ ∝ rsnow
assume a snowline temperature independent of stellar mass. We then find Fs/g ∝
−1/2

−1
if the region outside the snowline is drift-limited and Fs/g ∝ α−2 rsnow for
α−1 rsnow
the fragmentation-limited case. In both cases, the pebbles-to-gas mass flux ratio that
is important for planetesimal formation becomes smaller for more massive stars that
have their snowline further away. Because the snowline is located further away in
model 4a than in models 1a, 2b, and 3c, the critical pebble mass flux is (just) not
reached in this disk and no planetesimals are formed.
The negative relation between Fs/g,snow and α (partly due to the set-up of the
α-viscosity gas disks (Σgas ∝ Ṁgas α−1 ) as was already found in SO17), is clearly seen
in Table 4.2. For a given stellar mass, the lower α, the higher the total pebbles-toplanetesimal conversion efficiency. Model 4a has the lowest α value among all runs
with M? = 2M , and comes closest to forming planetesimals: the pebble mass fluxes
in the other disks in batch 4, which have higher α values, are even lower.
We have to keep in mind though that the zeroth-order dependencies on the stellar mass discussed above can be overshadowed by the effects of the gas disk. We
have already discussed the effect of the value of α (which by no means needs to be
constant throughout the disk as assumed in this work); but the transition from the
Epstein to the Stokes drag regime; the compactness of the disk; deviations from the
viscously-relaxed gas profile; the time when the fragmentation-limited region outside
the snowline becomes drift-limited, etcetera, could play important roles as well. For
example, one might notice that model 3a has a higher pebbles-to-planetesimals conversion efficiency than model 2b, which is not expected from the snowline-dependency
argument alone. However, disk 3a is much more compact than disk 2b. This means
that disk 2b has a lot of solids material in the outer disk that is not used for streaming
instability, because at the time when pebbles that originate in the outer disk reach
the snowline, the planetesimal formation phase has already ended. This reduces the
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Figure 4.9: Temperature T as function of semi-major axis r at different points in time, for model
1g (Table 4.2), where the accretion rate starts out at Ṁgas = 5 × 10−8 M yr−1 and decreases on
the viscous evolution timescale (see text for more details). Time is denoted in years, and the vertical dashed lines indicate the corresponding snowline locations for a constant, arbitrary ice flux
ṀH2 O = 3 × 10−4 M⊕ yr−1 .

conversion efficiency in model 2b. The compactness of a disk can also be a limiting
factor to the total amount of planetesimals that can form. Model disk 3d is the same
as model disk 3a except that it is larger. Model 3d forms more planetesimals than
model 3a because a high enough pebble mass flux is sustained for a longer period
of time (but again, the total conversion efficiency is lower). Therefore, even though
the pebbles-to-gas mass flux ratio outside the snowline Fs/g depends on the snowline location, we cannot directly translate this dependency to a simple scaling law
for the pebbles-to-planetesimals conversion efficiency. Such secondary effects are precisely the reason why fast and versatile planetesimal formation models such as the
one presented here are necessary.

4.7.2

Time-dependent accretion rate

Up to now, we have kept Ṁgas constant in our model runs. In reality, the gas accretion
rate Ṁgas decreases on a viscous evolution timescale tvisc = r12 /ν1 , where r1 is the
characteristic radius of the disk and ν1 is the viscosity at r1 (Lynden-Bell & Pringle
1974; Hartmann et al. 1998). The evolution of the solids content of the disk proceeds
faster than tvisc , and therefore a constant Σgas profile is justified. However, the
location of the water snowline, which is an important quantity in our model, is highly
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Figure 4.10: Solids surface density profiles Σ at different points in time, for model 1g (Table 4.2).
In this model the gas accretion rate is time-dependent and α = 3 × 10−2 . No planetesimals have
formed.

sensitive to the temperature structure in the disk. The temperature in the inner
disk, which is dominated by viscous heating, depends on Ṁgas . Therefore a decrease
in Ṁgas —however small— could lead to an inward movement of the water snowline
during the planetesimal formation phase Garaud & Lin 2007; Oka et al. 2011; Martin
& Livio 2012. The viscous evolution timescale is shorter for larger α. Therefore,
to investigate how viscous evolution affects our results, we run a model with a high
α-value of 3 × 10−2 , where the viscous temperature Tvisc goes down with decreasing
Ṁgas (Sect. 4.2.2). The gas surface density profile Σgas is adjusted accordingly, but
we do not account for viscous spreading of the disk (we keep rout fixed). This is not a
problem, because it would not change the situation around the snowline and the inner
disk. Because of the high α-value, we also increase the fragmentation velocity for icy
particles vfrag,icy from 10 m s−1 to 60 m s−1 (see also Sect. 4.7.5), to get non-negligible
drift velocities. The time-dependent accretion rate Ṁgas (t) is given by
Ṁgas (t) = 5 × 10−8 exp [−t/tvisc ] M yr−1 ,

(4.37)

where we take for the characteristic radius of the disk r1 = 50 au.
In Fig. 4.9 we plot the resulting temperature profile at different points in time, as
well as the corresponding snowline locations for a given, arbitrary ice flux of ṀH2 O =
3 × 10−4 M⊕ yr−1 .
We find that in this model no planetesimals form. We plot the solids surface
density profiles at different time points in Fig. 4.10. Because of the large value for
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α, silicate particles interior to the snowline move with the gas velocity (the radial
drift component to their velocity is negligible compared to the gas speed). Therefore, the solids surface density profile inside the snowline has the same power-law
index as the gas profile. Outside the snowline, particles are fragmentation-limited,
again due to the high α-value. This leads to an r−3/2 profile outside the snowline. Even further away from the star, particles are drift-limited and the solids
profile evolves toward an r−1 profile. If we would have chosen a smaller value
for α in this time-dependent gas accretion model, such that planetesimals would
form, viscous evolution would be slower and the position of the snowline would not
change significantly during the planetesimal formation phase. Therefore, we conclude that viscous evolution does not play an important role during the planetesimal formation phase. Recently, Dra̧żkowska & Dullemond (2018) concluded that
for α & 10−4 , the build-up stage of the disk (when material is still falling onto the
disk) is also not important for planetesimal formation. Of course, changes in the
disk conditions due to viscous evolution would matter for the subsequent stages of
planetesimal-planetesimal mergers and embryo migration, which occur after planetesimal formation and may take place on timescales longer than the viscous evolution
timescale.

4.7.3

Higher metallicity: icy and dry planetesimal formation

Figure 4.11 shows results for model run 1i, where we increased the metallicity Z
from 1% to 2%. Planetesimals form both outside and inside the snowline, but the
icy planetesimals dominate the total mass in planetesimals. During the streaming
instability phase outside the snowline, the pebble mass flux that reaches the snowline
is equal to the critical pebble mass flux (Sect. 4.4.2), just as in the fiducial model.
Before and after the icy planetesimal formation phase, however, the pebble mass flux
delivered to the snowline is higher in this model than in the fiducial model because of
the increased metallicity. Interior to the snowline the pebbles pile up after their ice
has evaporated and they have fragmented to smaller sizes. The solids-to-gas ratio just
interior to the snowline is not large enough to trigger streaming instability. However,
as the pile up extends through the inner disk, dry planetesimals are formed closer
to the star. This is because the surface density profile in the inner disk tends to an
r−3/2 power law: particle sizes are limited by fragmentation and the radial velocity
is not dominated by the gas accretion velocity (as is the case in Fig. 4.10, where α
and hence the gas accretion velocity vgas are higher). An r−3/2 solids surface density
power law is steeper than the gas surface density profile, leading to an increasing
solids-to-gas ratio with decreasing distance to the star. The result is dry planetesimal
formation that peaks close to the star. This effect was also described in Dra̧żkowska
et al. 2016. We note that in our model, turbulent radial diffusion of particles is
not accounted for (though it is implicitly included in our treatment of planetesimal
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Figure 4.11: Results for model 1i where Z = 0.02 and planetesimal formation occurs not only
outside the snowline, but also interior to it. The masses of the icy planetesimal super-particles are
plotted in blue; the masses of the water-poor planetesimal super-particles are plotted in brown. A
massive annulus of planetesimals forms outside the snowline. Interior to the snowline, a traffic-jam
effect leads to a high solids-to-gas ratio in the inner disk such that streaming instability is triggered
by dry pebbles as well.

formation outside the snowline; see Sect. 4.3.6), and might oppose a particle pile up
in the inner disk. However, small particles in the inner disk move inward with the gas
accretion velocity, and therefore small particles are removed from (and delivered to)
the inner pile-up region on a timescale that is of the same order as the radial diffusion
timescale (because vgas ∼ ν/r; Eq. 4.2).
In the work of Dra̧żkowska & Alibert (2017) no dry planetesimals were formed
interior to the snowline even at high metallicities. This difference with our results
is due to the fact that the dimensionless stopping times τ of particles involved in
dry planetesimal formation in our simulations are ∼10−3 , and Dra̧żkowska & Alibert
(2017) did not allow for streaming instability by particles with stopping times smaller
than 10−2 .
The ratio of the total amount of icy planetesimals that forms in model 1i (Z =
0.02) compared to the amount that forms in model 1a (Z = 0.01) is much more than
a factor two. This is because in model 1a, the pebble mass flux does not exceed the
pebble mass flux threshold by a lot (see Fig. 4.8). Therefore, if we increase Z by a
factor two, the ‘excess’ pebble mass flux becomes larger by a factor much larger than
two.
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Figure 4.12: Results for model 1h, which is the fiducial model including pebble accretion. The
pebble mass flux arriving at the snowline is plotted by the solid black line; the pebble mass flux outside the planetesimal annulus is plotted by the dashed black line. The dotted black line corresponds
to the streaming instability threshold pebble mass flux. The total mass in planetesimals including
pebble accretion is given by the blue line. A little after 104 yr, the pebble accretion efficiency is
100% and no pebbles reach the snowline anymore.

In model runs 1j and 1k we increase the ‘direct’ planetesimal formation efficiency
SI to 0.1 and 1.0, respectively (see Sect. 4.4.1). We find that the amount of dry
planetesimals that forms close to the star increases by a factor ∼3 between model 1i
and 1k, suggesting that the planetesimal formation efficiency is mildly dependent on
the streaming instability efficiency.

4.7.4

Including pebble accretion

When small planetesimals have merged to larger bodies — a process that we do not
model in this work — they can start to grow more efficiently by accreting pebbles
(Visser & Ormel 2016). In our current models, we do not have information about
the individual planetesimal sizes, because for simplicity we treat planetesimals as
super-particle ‘sinks’ that are only characterised by a position and a total mass.
However, if the planetesimals are residing in a narrow annulus, we can assume that
the pebble accretion efficiency PA is proportional to the total mass in planetesimals,
without having any information on the individual planetesimals. This assumption is
only valid in the three-dimensional regime (Ormel 2017), when the planetesimals are
residing in a vertical layer that is less extended than that of the pebbles, and only
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when planetesimal eccentricities and inclinations are small. The three-dimensional
pebble accretion rate is given by (Liu & Ormel 2018):


dMpl,PA
A3 qp r
= PA Ṁpeb = max 1,
Ṁpeb ,
(4.38)
dt
ηHpeb
where A3 = 0.39 is a numerical constant (Ormel & Liu 2018), qp is the mass ratio
between the planetesimals and the star, and Ṁpeb is the pebble flux just outside the
planetesimal annulus.
We take our fiducial model, in which a narrow annulus of planetesimals forms
outside the snowline (Sect. 4.6), and now take pebble accretion into account. We assume that the pebble mass flux available to streaming instability outside the snowline
Ṁpeb,SI equals the mass flux that remains after the pebbles that are accreted by the
already existing planetesimals have been removed:
Ṁpeb,SI = Ṁpeb (1 − PA ).

(4.39)

The total mass loss rate of pebble super-particles due to pebble accretion is the
negative of Eq. 4.38 and the individual pebble super-particle mass loss rates are
calculated according to Eq. 4.33.
The resulting pebble mass fluxes at the snowline and outside the planetesimal
annulus, as well as the total mass in planetesimals, are plotted as a function of time
in Fig. 4.12. The planetesimal formation phase, which is characterised by the pebble
mass flux that reaches the snowline being constant, is much shorter than in the
fiducial model (Fig. 4.8). This is because pebble accretion reduces the pebble mass
flux available for streaming instability Ṁpeb,SI , which quickly becomes smaller than
the critical pebble mass flux Ṁpeb,crit . Therefore, even though the pebble mass flux
delivered from the outer disk is still considerably larger than Ṁpeb,crit , planetesimal
formation stops and pebble accretion takes over. Planetesimal formation is a selflimiting process: the more planetesimals are formed, the larger the pebble accretion
efficiency becomes, which eventually prohibits the formation of new planetesimals.
The final total mass in planetesimals is 89.9 Earth masses, which is much larger than
in the case without pebble accretion.
Two key effects will alter these results. First, planetesimals can self-excite each
other to highly eccentric and inclined orbits when the individual planetesimals are
large (Levison et al. 2015), or when large embryos emerge as part of a runaway growth
process (Kokubo & Ida 1998). In that case pebble accretion on the smaller planetesimals will terminate, because the relative motions between pebbles and planetesimals
become too large (Liu & Ormel 2018). Second, the eventual planetary embryos that
emerge as the result of the combined planetesimal and pebble accretion are likely to
migrate out of their birth zone due to Type-I migration (Tanaka et al. 2002). Both
effects will suppress the amount of planetesimals formed compared to the above estimate. A thorough analysis of the efficacy of this process is underway (Liu, Ormel,
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& Johansen, submitted). Another effect of a large embryo crossing the snowline after
the planetesimal formation phase has terminated could be that the pebble mass flux
reaching the snowline becomes large enough for streaming instability again, such that
a new generation of planetesimals forms.

4.7.5

Increasing the fragmentation threshold for icy particles

Up to now, we have fixed the fragmentation threshold velocity for icy particles at
vfrag,icy = 10 m s−1 . However, some molecular dynamics simulations suggest icy
particles fragment only at higher velocities (Dominik & Tielens 1997; Wada et al.
2009, 2013). We therefore explore if and how the results change if we increase the icy
fragmentation threshold from 10ms−1 to 60ms−1 . Because of the higher fragmentation
threshold, the sizes of particles outside the snowline are now limited by radial drift
rather than fragmentation. In Fig. 4.13 the pebble mass fluxes Ṁpeb outside the
snowline (dashed black line) and at the snowline (solid black line), as well as the
critical pebble mass flux required for triggering streaming instability, are plotted as a
function of time. First, as the stopping time of pebbles outside the snowline increases
due to particle growth, the pebble mass flux increases and the critical pebble mass flux
(which depends on the stopping time) increases as well. In this case particles outside
the snowline reach dimensionless stopping times τ ∼ 0.3 at about 103 yr, after which
the critical pebble mass flux decreases. At around 6 × 103 yr the stopping time at the
snowline has reached a maximum of about 0.6, after which it gradually become smaller
again because of depletion of solids mass outside the snowline due to radial drift (see
also Lambrechts & Johansen 2014), and the threshold for streaming instability on the
pebble mass flux increases again. The total mass in planetesimals as a function of
time is plotted in blue. The final total planetesimal mass is 17.1 Earth masses, which
is larger than the planetesimals yield of the fiducial model. This is caused by the fact
that the pebble mass flux outside the snowline reaches larger values in this model than
in the fiducial model due to the higher stopping times, as well as by the fact that the
pebble mass flux required for streaming instability is for a large period of time reduced
compared to the fiducial model, again because of the higher stopping times. All in all
this leads to more excess pebble mass flux outside the snowline that can be converted
to planetesimals. Note also that the shape of the pebble mass flux as a function of
time is different in the drift-limited case (Fig. 4.13) than in the fragmentation-limited
case (Fig. 4.8).

4.8

Discussion

We find that lower-mass stars are more efficient at forming planetesimals than highermass stars, that is, disks around low-mass stars tend to convert a larger fraction of
their initial solids content to planetesimals. This is because in our model, planetesimal
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Figure 4.13: Results for model 1l, which is the fiducial model but with icy fragmentation threshold
vfrag,icy = 60 m s−1 . In solid black: the pebble mass flux Ṁpeb that reaches the snowline; in dashed
black: the pebble mass flux outside the snowline that is available for planetesimal formation outside
the snowline; and in dotted black the critical pebble mass flux needed for streaming instability
outside the snowline, all as a function of time. The total mass in planetesimals is plotted in blue.

formation works by virtue of a high flux of pebbles through the disk. The pebblesto-gas mass flux ratio, which dictates planetesimal formation outside the snowline,
depends inversely on snowline location, which for lower-mass stars is closer in than
for higher-mass stars that have hotter disks. The pebbles-to-planetesimals conversion
efficiency also depends on other disk parameters that may vary across the stellar
mass range, however, such as the outer disk radius, the turbulence parameter α, and
the metallicity. A spread in disk properties (e.g. Ansdell et al. 2017; Mulders et al.
2017; Manara et al. 2017; Tazzari et al. 2017; Ansdell et al. 2018) might obscure any
observable correlation between stellar mass and planetesimal formation efficiency.
For a given stellar mass and gas accretion rate, the total amount of planetesimals
that forms depends sensitively on the value of the turbulence parameter α. This is
partly due to the nature of the viscous gas disk model: for a given gas accretion
rate, the gas surface density is larger for lower α. In our model this means that
for a given stellar mass and metallicity, a lower α leads to a larger pebble mass
flux. This conclusion was already made in Schoonenberg & Ormel 2017. Another
quantity that proved to be important in our models is the fragmentation velocity
threshold, because it determines the drift velocity of pebbles and hence the pebble
flux. Therefore, more stringent laboratory constraints on the fragmentation threshold
in the snowline region (including snowline-specific effects such as sintering), as well
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as constraints on particle sizes around observed snowlines (such as around FU Ori
objects; Cieza et al. 2016; Banzatti et al. 2015; Schoonenberg et al. 2017), would help
narrow down the parameter space for our models. Additionally, recent studies predict
observable signatures of drifting pebbles in the gas-phase abundances of CO and CO2
(Booth et al. 2017; Bosman et al. 2018; Krijt et al. 2018), which could constrain the
pebble mass flux observationally.
Because the crucial factor in our planetesimal formation model is a high pebble
flux, planetesimals form in the early stages of disk evolution (in the first ∼105 years)
when the pebble mass flux is still high. A side effect of fast planetesimal formation
is the well-known ‘radial drift’ problem: depletion of the solids content of the disk
on short timescales is in disagreement with observations, which show that small solid
particles are present in the outer regions of protoplanetary disks at later ages. A
solution to this problem could be to take into account a particle size distribution.
In this work, we assume a mono-disperse particle size distribution at each point in
space and time, and thereby only focus on the large particles. Large particles dominate the mass, but small particles that do not drift significantly might be present
at all times. This could also be the clue to late planetesimal formation: while in
our model only early-stage planetesimal formation is possible due to the depletion
of solids over time, other works have suggested models in which late planetesimal
formation occurs in the outer disk at a late evolutionary disk stage due to gas depletion (Carrera et al. 2017). Also, the early formation of a protoplanet could halt
radial drift (Kobayashi et al. 2012; Morbidelli et al. 2016). Finally, another possible
solution to the radial drift problem in the context of our model is choosing a larger
outer disk radius rout , which leads to longer drift timescales in the outer regions
of the disk.
The Lagrangian smooth-particle model presented in this paper can be used for
different research directions that we have not explored yet in this paper. Characteristics of individual (groups of) particles can be naturally followed during their evolution
in time and through the disk. In this work we have focused on the water content,
but any other compositional information could be included as well. For example, the
D/H ratio of water depends on the local conditions in the evolving protoplanetary
disk (Yang et al. 2013), and therefore measurements of the D/H content of bodies in
the Solar System might provide information on where they formed (Hallis et al. 2015;
Hallis 2017). An interesting direction for further research using our model would
therefore be to focus on the D/H ratio of water in planetesimals by keeping track of
where and when in the disk their water is incorporated. One could also think of different disk structures than the ones we have considered in this paper. Axisymmetric
features such as rings and gaps seem to be ubiquitous in the gas and dust of observed
disks (e.g. ALMA Partnership et al. 2015; Akiyama et al. 2015; Andrews et al. 2016;
Isella et al. 2016; Nomura et al. 2016; Fedele et al. 2018). In our model scenario,
planetesimal formation occurs at earlier stages than the ages of the observed disks.
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However, in principle our model could deal with any disk structure. It would be interesting to investigate what the consequences would be for planetesimal formation
if one assumes a disk with radial pressure bumps rather than a smooth disk as we
did in the current work. Such structures could also alleviate the radial drift problem
(Pinilla et al. 2012a).
The formation of planetesimals from dust is clearly only the first piece of the
planet formation puzzle. The next step is how planetesimals grow into protoplanets and beyond, for which we need an N-body model that follows the interactions
between planetesimals, their growth by mutual collisions and pebble accretion, and
their migration through the disk. The combination of the Lagrangian planetesimal
formation model presented in this paper with such an N-body code will allow us to
model the formation of entire planetary systems from A to Z while automatically
following composition, which is a research direction we are planning to pursue. Our
first target is the H2 O fraction of the TRAPPIST-1 system (Schoonenberg et al., in
preparation).

4.9

Conclusions

Our main findings can be summarised as follows:
1. Planetesimals form early, when the pebble mass flux is still high. In the context
of our model, in this early formation phase the migration of the snowline due
to a decreasing gas accretion rate is not important.
2. Planetesimals form preferentially in a narrow annulus outside the snowline.
Even if rocky planetesimals are formed interior to the snowline, icy planetesimals
dominate the total planetesimal mass.
3. Pebble accretion leads to self-limiting planetesimal formation (the more planetesimals form, the higher the pebble accretion efficiency and the smaller the
pebble mass flux available to form new planetesimals). However, taking into
account migration and planetesimal-planetesimal scattering will change this picture.
4. The planetesimal formation efficiency depends on the location of the water snowline. The cooler the disk (the closer-in the water snowline), the higher the
pebbles-to-planetesimals conversion efficiency. Therefore, in general, we find
that low-mass stars are better at producing planetesimals than high-mass stars.
However, this result also depends on other factors such as the compactness of
disks, and may change for gas disks that deviate from a steady-state α-viscosity
disk where the gas surface density depends on a constant value of α as we
assumed in this work.
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Table 4.2: Parameter values and results for different model runs.

4.9 Conclusions

123

4 A Lagrangian Model for Dust Evolution in Protoplanetary Disks

10 3

1 × 10 3 yr
3 × 10 4 yr
1 × 10 5 yr
2 × 10 5 yr
3 × 10 5 yr

Σ [g cm −2 ]

10 2
10 1
10 0
10 -1
10 -210 0

10 1

r [au]

10 2

Figure 4.14: Solids surface density Σ as function of radial distance from the star r, plotted at
different time points. Solid lines correspond to the analytical predictions from Youdin & Shu 2002
(Eq. 4.40), and scattered points correspond to our model results. The physical size of particles is 0.5
cm.

4.A

Validation

We test our Lagrangian smooth-particle model of dust growth and radial drift against
analytical results from the literature.

4.A.1

Drift-only

First, we check if our model reproduces the analytical predictions of Youdin & Shu
(2002) for the surface density evolution of a single particle size (0.5 cm) without
growth. We take a gas disk with surface density profile Σgas = 1000(r/1au)−3/2 gcm−2
and temperature profile T = 150 (r/3 au)−1/2 K. We consider an initial solids surface
density profile Σ(r, 0) that has a cutoff at outer radius rout : Σ(r, 0) = Σ1 (r/r1 )−3/2
with r1 = 1 au if r < rout and Σ(r, 0) = 0 otherwise. Following the derivation in
Sect. 4.1 of Youdin & Shu 2002, we then find that Σ evolves with time t as
Σ(r, t) = Σ1 r−d−1 rid (r, t),

(4.40)

where d is defined through the radial dependence of the drift velocity vdr (the expression for which we copy from Youdin & Shu 2002) for a constant particle size: vdr ∝ rd .
For our temperature profile T ∝ r−0.5 and gas surface density profile Σgas ∝ r−3/2
we find d = 3/2. ri (r, t) is the initial location of a particle that ends up at radius r
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Figure 4.15: Reproduction of Fig. 1 of Lambrechts & Johansen 2014 with our model. Gray lines
correspond to solids surface densities at different points in time (labels denote time in years). Gas
surface density profiles are plotted in blue for the same time points. The vertical dashed lines indicate
the radial extent of the pebble front defined in Eq. 10 of Lambrechts & Johansen 2014.

at time t, which is given by

− 1
vdr (r)t d−1
ri (r, t) = r 1 − (d − 1)
.
r

(4.41)

In Fig. 4.14 we compare Eq. 4.40 with our numerical results at different points in
time, demonstrating that our model reproduces the analytical results presented by
Youdin & Shu (2002).

4.A.2

Including simple growth

We next turn to Lambrechts & Johansen 2014 (hereafter: LJ14) to compare the results
of our model including particle growth with their analytical results. We take the same
disk model as LJ14 and plot the resulting surface densities at different points in time
in Fig. 4.15. LJ14 introduced the term ‘pebble front’ for the distance from the star up
to which particles have grown to pebble-sizes and are drifting inwards. This distance,
calculated by their Eq. 10, is plotted by the vertical dashed lines in Fig. 4.15. Rather
than a razor-sharp transition between the pebble region to the dust region as in the
analytical work of LJ14, our numerical results show a smooth connection between the
two regions, the radius of which is in agreement with LJ14. The pebble front radius
that follows from our simulation progresses a little bit faster in time than the pebble
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front radius in LJ14, which is due to the fact that in their work, a constant value of ξ
(the number of growth e-foldings needed to grow to pebble-sizes), was used regardless
of semi-major axis, whereas in our model it is not. The slope of the surface density
interior to the pebble front falls off as r−3/4 , as was also found by LJ14.

4.B

Updated semi-analytic model for solids enhancement outside the snowline

Appendix C of Schoonenberg & Ormel 2017 (hereafter: SO17) contains several minor
errors or unclarified approximations:
• The term Mtot,ice was omitted in the top line of Eq. C.10 (Eq. 2.54 in chapter 2);
• In Eq. C.10 (Eq. 2.54 in chapter 2) the normalised Meq of Eq. C.7 (Eq. 2.51 in
chapter 2) was substituted. However, the difference between the particle and
gas diffusivities was not accounted for;
• Eq. C.11 (Eq. 2.55 in chapter 2) also implicitly assumes Dgas = Dp .
As a result the semi-analytic model will give an erroneous result for particles reaching
dimensionless stopping time approaching unity (at the location of the ice peak), since
in that case Dp < Dgas . For particles τ  1, however, the model outlined in SO17
remains correct.
In this Appendix, we briefly rederive the key expressions. Starting from Eq. C.8 of
SO17 (Eq. 2.52 in chapter 2), we normalise lengths to rsnow , surface density to Σsnow
and velocities to Dgas /rsnow :
Σ̃ṽpeb +

Dp 0
Mz − Mtot,ice
.
Σ̃ =
Dgas
Σsnow Dgas /rice

(4.42)

The left-hand side represents the mass flux of the ice; ∼ denote non-dimensional
quantities. The ice surface density (Σ) is normalised by the quantity Σsnow – the
surface density in H2 O vapour at the snowline rsnow – the pebble drift velocity is
normalised by Dgas /rsnow and the radius r is normalised by rsnow . The first term on
the right-hand side (RHS) is given by Eq. C.7 of SO17 (Eq. 2.51 in chapter 2). The
second term on the RHS is equals +bgas = 3/2 (because Mtot,ice , the total mass flux
in ice, is directed inwards) in an α-disk. Applying these, we obtain
Σ̃ṽpeb +

Dp 0
Σ̃ = (aeq − bgas )e−aeq x + bgas ,
Dgas

(4.43)

where x = r/rsnow − 1 as in SO17 and aeq is a constant that enters the expression for
the equilibrium vapour density of H2 O beyond the snowline. Getting rid of ∼ notation
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and putting Dgas = rsnow = 1:
Σvpeb + Dp Σ0 = (aeq − bgas )e−aeq x + bgas .

(4.44)

An analytical solution to this differential equation exists:

aeq bgas Dp (1 − e−xvpeb /Dp ) + aeq e−xvpeb /Dp + (bgas − aeq )e−aeq x − bgas vpeb
Σ(x) =
.
(aeq Dp − vpeb )vpeb
(4.45)
Of particular importance is the location where this function peaks (Σ0 = 0). The
maximum corresponding to Σ(x) is located at


(aeq − bgas )Dp
Dp
log
,
(4.46)
xpeak =
aeq Dp − vpeb
vpeb − bgas Dp
and the corresponding value of the (normalised) surface density is
Σpeak =

1 
vpeb


bgas + (aeq − bgas )e−aeq xpeak ,

(4.47)

which follows from Eq. 4.44.

***
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Abstract
Recently, seven Earth-sized planets were discovered around the M-dwarf star
TRAPPIST-1. Thanks to transit-timing variations, the masses and therefore the
bulk densities of the planets have been constrained, suggesting that all TRAPPIST-1
planets are consistent with water mass fractions on the order of 10%. These water
fractions, as well as the similar planet masses within the system, constitute strong
constraints on the origins of the TRAPPIST-1 system. In a previous work, we outlined a pebble-driven formation scenario. In this paper we investigate this formation
scenario in more detail. We used a Lagrangian smooth-particle method to model the
growth and drift of pebbles and the conversion of pebbles to planetesimals through the
streaming instability. We used the N-body code MERCURY to follow the composition of
planetesimals as they grow into protoplanets by merging and accreting pebbles. This
code is adapted to account for pebble accretion, type-I migration, and gas drag. In
this way, we modelled the entire planet formation process (pertaining to planet masses
and compositions, not dynamical configuration). We find that planetesimals form in
a single, early phase of streaming instability. The initially narrow annulus of planetesimals outside the snowline quickly broadens due to scattering. Our simulation
results confirm that this formation pathway indeed leads to similarly-sized planets
and is highly efficient in turning pebbles into planets. Our results suggest that the
innermost planets in the TRAPPIST-1 system grew mostly by planetesimal accretion
at an early time, whereas the outermost planets were initially scattered outwards and
grew mostly by pebble accretion. The water content of planets resulting from our
simulations is on the order of 10%, and our results predict a ‘V-shaped’ trend in the
planet water fraction with orbital distance: from relatively high (innermost planets)
to relatively low (intermediate planets) to relatively high (outermost planets).
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5.1

Introduction

The cool dwarf star TRAPPIST-1 has been found to be the host of an ultra-compact
system of seven Earth-sized planets (Gillon et al. 2016, 2017; Luger et al. 2017). All
seven planets are similar in size (about an Earth radius), which is puzzling to explain
with classical planet formation theories (Ormel et al. 2017). Moreover, measurements
of transit-timing variations and dynamical modelling have constrained their bulk densities, and it has been shown that these densities are consistent with water fractions
of a few to tens of mass percent (Grimm et al. 2018; Unterborn et al. 2018b; Dorn
et al. 2018). This poses another challenge to planet formation theory. If the planets
have formed interior to the water snowline (the distance from the star beyond which
water condenses to solid ice), one would expect their water content to be much lower;
on the other hand, if they had formed outside of the snowline, one would expect even
higher water fractions.
Ormel et al. (2017) proposed a scenario for the formation of a compact planetary
system like TRAPPIST-1, assuming an inward flux of icy pebbles from the outer
disk. In this scenario, planetesimals form in a narrow ring outside the snowline,
due to a local enhancement in solids that triggers the streaming instability. The
solids enhancement materialises because of outward diffusion of water vapour and
condensation (Stevenson & Lunine 1988; Ciesla & Cuzzi 2006; Ros & Johansen 2013;
Schoonenberg & Ormel 2017; Dra̧żkowska & Alibert 2017). The resulting icy planetesimals merge and accrete pebbles until they are large enough to start migrating
towards the star by type-I migration. Once the protoplanet has migrated across the
snowline, the pebbles it accretes are water-poor. The total mass in icy material a
protoplanet accretes outside the snowline versus the total mass in dry material it
accretes inside the snowline determines its eventual bulk composition. In the case of
the TRAPPIST-1 system, this process repeats itself until seven planets are formed,
such that the snowline region acts as a ‘planet formation factory’. In this formation
model, the similar masses are a result of planet growth stalling at the pebble isolation mass, and the moderate water contents are a result of the combination of wet
and dry accretion. Unterborn et al. (2018a) have also proposed a formation model
for TRAPPIST-1 where inward migration is key to explaining the moderate water
fractions, however in their model planet assembly processes are not included.
In this paper we present a numerical follow-up study of Ormel et al. 2017. Dust
evolution and planetesimal formation are treated with the Lagrangian smooth-particle
method presented in Schoonenberg et al. 2018. The pebble flux from the outer disk is
no longer a free parameter as in Ormel et al. 2017, but follows from the dust evolution
code. This code is coupled to the N-body code MERCURY (Chambers 1999), which is
adapted to account for pebble accretion, gas drag, and type-I migration (Liu et al.
2019). Our model does not follow the later dynamical evolution – the rearrangement
of the planetary system architecture during disk dissipation (Liu et al. 2017), or the
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characteristics and long-term stability of the resonant chain (Papaloizou et al. 2018;
Izidoro et al. 2017, 2019) – but it does follow the entire planet formation process from
small dust particles to full-sized planets, whilst keeping track of the solid bodies’ water
content. Any model that aims to explain the origin of the TRAPPIST-1 planets must,
of course, be able to explain their observed masses and compositions.
In Sect. 5.2, we summarise the features of the codes that we employ in this work
and describe how they are coupled. We present results of our fiducial model runs in
Sect. 5.3.1 and describe how the results depend on parameter choices in Sect. 5.3.2.
We discuss our results in Sect. 5.4 and summarise our main findings in Sect. 5.5.

5.2

Model

5.2.1

Disk model

The gas disk in which planet formation takes place is modelled as a one-dimensional
axisymmetric disk, assuming a viscously-relaxed (steady-state) gas surface density
profile Σgas :
Σgas =

Ṁgas
,
3πν

(5.1)

where Ṁgas is the gas accretion rate, and the viscosity ν is related to the dimensionless
turbulence parameter α (Shakura & Sunyaev 1973; Lynden-Bell & Pringle 1974) as
ν = αc2s Ω−1 ,

(5.2)

with cs the sound speed and Ω the Keplerian orbital frequency. The sound speed cs
is given by
s
kB T (r)
cs =
,
(5.3)
µ
where kB is the Boltzmann constant and µ is the mean molecular weight of the
protoplanetary disk gas, which we set to 2.34 times the proton mass. Concerning
the temperature T as a function of radial distance to the star r, we consider viscous
heating and stellar irradiation, and define T (r) as
4
4
T (r) = [Tvisc
(r) + Tirr
(r)]1/4 ,

(5.4)

where Tvisc (r) is the viscous temperature profile, which in our standard model is given
by
Tvisc (r) = 180
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and Tirr (r) is the irradiation temperature profile, given by
Tirr (r) = 150



r −1/2
K.
0.1 au

(5.6)

We assume a vertically isothermal disk, leading to a disk scale height Hgas of
Hgas = cs /Ω.

(5.7)

The gas moves with a velocity vgas = −3ν/2r.

5.2.2

Dust evolution and planetesimal formation

The evolution of dust and formation of planetesimals are treated with a Lagrangian
smooth-particle method. Here, we only give a summary of the characteristics of this
model. For more information we refer to Schoonenberg et al. 2018.
Dust evolution
We assume that the dust surface density Σdust is initially a radially constant fraction
of the gas surface density Σgas . This radially constant fraction is called the metallicity
Z, which we set to 2%. Outside of the water snowline, grains consist of 50% water
ice and 50% refractory material; interior to the water snowline, the dust composition
is completely refractory. Dust grains all start out with the same size (0.1 µm). At
any time, the dust grain size distribution at a given distance from the star is monodisperse: particles are described by a single size at a given time point and location
in the disk. Dust grains grow collisionally assuming perfect sticking (Krijt et al.
2016b), and fragment when their mutual impact velocities become larger than the
fragmentation threshold velocity, which we set to 10 m/s for ice-coated particles and
3 m/s for refractory particles, motivated by laboratory experiments (Blum & Münch
1993; Sirono 1999; Gundlach & Blum 2015). Although it has recently been reported
that the sticking properties of ice vary with temperature (Musiolik & Wurm 2019), for
simplicity we keep the fragmentation thresholds constant with the semi-major axis.
Initially, when the dust grains are small, the dust is vertically distributed in the
same way as the gas; the solids scale height Hsolids is initially equal to the gas scale
height Hgas . When dust grains have grown large enough to start decoupling aerodynamically from the surrounding gas, however, they settle to the disk midplane.
Vertical settling results in a solids scale height that is smaller than the gas scale
height (Youdin & Lithwick 2007):
r
α
Hgas ,
(5.8)
Hsolids =
τ +α
where τ is the dimensionless stopping time of the particles. In calculating τ , we take
into account the composition (water fraction) of the particles, and treat both the
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Epstein and the Stokes drag regimes. Particles with a non-negligible dimensionless
stopping time (τ & 10−3 ) are called pebbles1 . Besides settling vertically, pebbles also
move radially due to angular momentum loss as a result of experiencing a headwind
from the gas. Taking into account the back-reaction of the solid particles onto the
gas, the radial velocity of solid particles is given by (Nakagawa et al. 1986):
vp = −

2ηvK τ − vgas (1 + ξ)
,
(1 + ξ)2 + τ 2

(5.9)

where ξ is the midplane solids-to-gas volume density ratio, vK the Keplerian velocity,
and η the ‘sub-Keplerianity’ or headwind factor,
ηvK = −

1 c2s ∂ log P
,
2 vK ∂ log r

(5.10)

where P is the gas pressure. The radial pebble flux Ṁpeb is calculated by
Ṁpeb = Σdust 2πr|vp |.

(5.11)

The location of the water snowline depends on the temperature structure, as well as
on the water vapour pressure - which in turn depends on the flux of icy pebbles from
the outer disk that deliver water vapour to the inner disk (e.g. Ciesla & Cuzzi 2006;
Piso et al. 2015; Schoonenberg & Ormel 2017). We therefore evaluate Ṁpeb outside
the water snowline to calculate the position of the water snowline (for more details,
see Schoonenberg & Ormel 2017; Schoonenberg et al. 2018).
Planetesimal formation
The pebble mass flux outside the water snowline also regulates planetesimal formation
outside the snowline. The combination of a strong gradient in the water vapour
distribution across the water snowline together with some degree of turbulence leads
to an outward diffusive flux of water vapour (Stevenson & Lunine 1988; Ciesla &
Cuzzi 2006; Ros & Johansen 2013; Schoonenberg & Ormel 2017; Dra̧żkowska & Alibert
2017). The vapour that has been transported outwards condenses onto inward-drifting
icy pebbles, leading to a locally enhanced solids-to-gas ratio. This enhancement can be
large enough to reach the conditions for streaming instability, such that planetesimals
can form in an annulus outside the snowline. We have quantified the critical pebble
flux Ṁpeb,crit needed to trigger streaming instability as a function of τ , α, and Ṁgas
(Schoonenberg & Ormel 2017; Schoonenberg et al. 2018). If the pebble flux measured
outside the water snowline exceeds the critical value Ṁpeb,crit for a given set of disk
conditions, planetesimals form at a rate dMpltsml /dt = Ṁpeb − Ṁpeb,crit ; the excess
1 The solids surface density Σ
dust covers all solid particles. Pebbles belong to the same class of
particles as dust grains, which have much smaller stopping times.
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Figure 5.1: Cartoon of the code construction used to simulate the planet formation process from
dust grains to full-sized planets. The evolution of dust and pebbles and planetesimal formation are
treated by the Lagrangian code (‘L-code’), which covers the entire disk. Planetesimals form just
outside the snowline, and their growth and migration are followed with an N-body code (‘N-code’),
which accounts for dynamics, planetesimal and pebble accretion, gas drag, and type-I migration.
When protoplanets migrate across the inner domain radius of the N-code rdomain , their final growth
stage is calculated with a semi-analytic model (‘A-code’). The way in which the codes are coupled
in time is discussed in Sect. 5.2.4.

pebble flux is transformed to planetesimals. More generally, at any time
dMpltsml
= max[Ṁpeb − Ṁpeb,crit , 0].
dt

(5.12)

We assume that all formed planetesimals have the same initial size. In our fiducial
model, this initial size is 1200 km, corresponding to a mass of 1.8×10−3 Earth masses
(for a planetesimal internal density of 1.5 g cm−3 , corresponding to a composition of
50% ice and 50% silicates; Schoonenberg et al. 2018). Simulations show that the initial mass function of planetesimals formed by streaming instability can be described
by a power law (possibly with an exponential cutoff), such that the typical size of
formed planetesimals is a few hundred kilometres in size (Johansen et al. 2015; Simon
et al. 2016; Schäfer et al. 2017; Abod et al. 2018), although there is considerable
variation amongst these simulations, related to the choice of parameters such as simulation box size and disk metallicity. Our initial planetesimal size of 1200 km is a few
factors larger. However, smaller initial planetesimal sizes lead to a larger number of
planetesimals and therefore to longer computational timescales. For computational
reasons, therefore, we have chosen this value2 . We have verified that our results do
2 With this initial size, ∼800 planetesimals are formed in our fiducial model. A single simulation
takes approximately a week on a modern desktop computer.
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not depend greatly on the initial planetesimal size (Sect. 5.3.2). Practically, an initial planetesimal size of 1200 km means that a single planetesimal forms every time
enough pebble mass has been transformed to planetesimal mass to materialise a new
1200 km-sized planetesimal. The location where this planetesimal forms is assumed
to be the location where the solids-to-gas ratio outside the snowline peaks, according
to the results of Schoonenberg & Ormel (2017). Planetesimals therefore form in a
narrow annulus just exterior to the snowline.

5.2.3

Planetesimal growth and migration

The planetesimals that form in the Lagrangian dust evolution code described above
are followed with an adapted version of the MERCURY N-body code (Chambers 1999; Liu
et al. 2019). In this code, planetesimals can grow by planetesimal accretion as well as
by pebble accretion. Moreover, gas drag and type-I migration are taken into account.
More details can be found in Liu et al. 2019. For planetesimals with the initial size
of 1200 km, the migration timescale is still very long. Only after planetesimals have
grown larger (by accreting pebbles and other planetesimals) do they start to migrate
inwards. Computational times become longer as planetesimals migrate inwards and
their orbital periods decrease. To reduce the computational time we therefore take
protoplanets out of the N-body code when they cross some (quite arbitrary) distance
rdomain . We take rdomain = 0.7rsnow to ensure that the removed bodies are in the
water-free growth regime (see Sect. 5.3.1 for further discussion). The last growth
phase of protoplanets, which occurs after they have crossed rdomain , is treated with a
semi-analytic model and is discussed in Sect. 5.2.5.
We do not take into account the effects on the disk structure of a rapid opacity
variation across the snowline – due to the abundance of small grains released by
evaporating icy pebbles – leading to a pressure bump (e.g. Kretke & Lin 2007; Bitsch
et al. 2014). A pressure bump – or more generally a local flattening of the pressure
profile – would lead to a pile-up of pebbles, thereby aiding planetesimal formation at
the snowline. The formation of more icy planetesimals would result in higher planet
water fractions, since planet growth by planetesimal accretion would be more efficient.
The effects of an opacity transition on the migration rate remains unclear, but one
possibility is that the snowline acts as a migration trap (e.g. Bitsch et al. 2014;
Cridland et al. 2019). If that were the case, our planet formation model that is based
on the inward migration of protoplanets across the snowline would not hold. However,
it must be appreciated that these effects heavily depend on the exact thermodynamic
state of the disk, which carries major uncertainties (e.g. the efficiency of the magnetorotational instability and the rate at which micron-sized grains coagulate to lower the
opacity). For simplicity, therefore, we have sidelined these subtleties and assumed a
simple disk structure.
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Figure 5.2: Sketch of the pebble mass flux as function of semi-major axis in the N-body code. The
pebble mass flux decreases with decreasing semi-major axis because of pebble accretion. Interior to
the snowline, the pebble mass flux is halved due to evaporation. When streaming instability (SI) is
active, the pebble mass flux at the snowline is decreased even further due to planetesimal formation,
as dictated by the Lagrangian dust code.

5.2.4

Coupling of the two codes

We couple the Lagrangian dust evolution code (‘L-code’), the N-body code (‘N-code’),
and the semi-analytic ‘last growth phase’ code (‘A-code’) in a self-consistent way,
enabling us to model the entire planet assembly process (we do not model the longterm dynamical evolution of the planets). The gas disk model (Sect. 5.2.1) is the
same in all codes. Figure 5.1 provides a cartoon of the simulation setup. The L-code
covers the entire disk and describes the evolution of dust and pebbles and planetesimal
formation outside the water snowline, as well as the evolution of dry (silicate) pebbles
interior to the snowline. The dynamics and growth of planetesimals (by planetesimal
and pebble accretion) are followed by the N-code. Interior to rdomain , the growth of
protoplanets by dry pebble accretion is treated with a semi-analytic model (‘A-code’),
described in more detail in Sect. 5.2.5. In this section we describe how the L-code
and N-code are coupled.
Information about the pebbles (the pebble flux, as well as the size and composition
of pebbles as a function of distance to the star) is provided by the L-code to the Ncode. When streaming instability is taking place, the pebble flux that reaches interior
to the snowline is reduced because part of the pebble flux outside the water snowline
(the excess flux; Ṁpeb − Ṁpeb,crit ) is converted to planetesimals. Therefore, during
streaming instability, the pebble flux reaching inside of the water snowline is given by
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Figure 5.3: Sketch of the code coupling. The code runs in blocks, starting at block 1. For illustration
purposes the total number of blocks is 12 in this sketch; in reality, there are many more blocks in
one simulation. After some planetesimals have formed during the first run of the Lagrangian dust
evolution code (top row), we switch to the N-body code and inject the formed planetesimals (middle
row). After a fixed time interval we switch back to the Lagrangian dust code and update the value for
the pebble accretion efficiency as was output by the N-body code. This ‘zig-zag’ behaviour continues
until all planetesimals have left the N-body code, either because they have been accreted by bigger
objects, or because they have grown into bigger objects and have migrated across the inner radius of
the N-body domain rdomain (see text for more details). The final stage of our calculation concerns
the growth of the protoplanets that have crossed rdomain , and is discussed in Sect. 5.2.5.

0.5 Ṁpeb,crit , where the factor 0.5 takes into account the evaporation of the pebbles’
water content. This is sketched in Fig. 5.2. Pebbles drift in from the outer disk and
are accreted by planetesimals just outside the snowline. The pebble flux therefore
decreases with decreasing semi-major axis.
The formation times and locations of planetesimals are provided for the N-code
as well. The formed planetesimals are injected into the N-code at their formation
times. The locations where planetesimals are injected are picked randomly within an
annulus centred on the formation location dictated by the L-code, but with a finite
width of ηr, which is the typical length scale of streaming instability filaments as
found by simulations (Yang & Johansen 2016; Li et al. 2018). The eccentricities and
inclinations of the planetesimals are initialised according to a Rayleigh distribution
(Liu et al. 2019). When planetesimals (or proto-planets) migrate across the snowline,
the characteristics of the pebbles they can accrete change (typically, in our simulations, icy pebbles outside the snowline have dimensionless stopping times τ ∼ 10−1 ,
corresponding to a physical size of a few centimetres, and silicate grains interior to
the snowline have τ ∼ 10−3 , corresponding to physical sizes of less than a millimetre);
this information is provided to the N-code by the L-code.
The pebble accretion efficiency of the planetesimal population outside of the snowline that follows from the N-code is communicated back to the L-code. Here we assume
that the fraction of pebbles that are accreted by the already existing planetesimals
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outside the snowline, as found by the N-code, are not available to form new planetesimals in the L-code. In other words, anywhere exterior to the snowline, pebble
accretion happens before planetesimal formation.
The mutual feedback between the two codes compels us to run them in a ‘zigzag’ way. To avoid any biases in the code outputs, we switch from one code to the
other after fixed time intervals. The length of these time intervals is chosen such
that the output values (e.g. pebble mass flux, pebble accretion efficiency) do not
change significantly, but that a significant number of planetesimals are still formed
within an interval. We choose a time interval of 5000 years, which meets both these
requirements. The coupling of the two codes is illustrated in Fig. 5.3. The top row
depicts the Lagrangian dust evolution and planetesimal formation code; the middle row depicts the N-body code. The code starts at the block indicated by the
number 1, then moves to block 2, and so on. The bottom row corresponds to the
semi-analytic part of the code that deals with the last phase of planet growth, after
planetesimals have crossed the inner domain radius of the N-body code. We will
discuss this semi-analytic calculation in the next section. Both the Lagrangian code
and the N-body code cover the entire time during which planetesimals are present
beyond rdomain .

5.2.5

Last growth phase

As discussed in Sect. 5.2.3, bodies are removed from the N-body code when they
migrate interior to rdomain , to reduce computational time. After protoplanets have
left the N-body code domain, information about their dynamics is lost. Therefore,
we do not obtain the eventual planet period ratios, and we make the assumption
that the planets leaving the N-body code domain keep their order and do not merge.
However, we can still compute their final masses and water fractions, which is what we
are ultimately after. In order to do this, we have constructed a semi-analytic model
of the very last pebble accretion phase (‘A-code’; Fig. 5.1). During this last growth
phase, protoplanets are in the dry region. We assume that the planets are on perfectly
circular and planar orbits because we do not have the dynamical information on the
planets in the A-code. Assuming zero inclinations is justified because tidal damping
timescales are very short (Teyssandier & Terquem 2014; Liu et al. 2019). However,
due to resonant forcing, the planetary embryos are expected to have orbits with
eccentricities ep on the order of the disk aspect ratio h (Goldreich & Schlichting 2014;
Teyssandier & Terquem 2014). We check in Sect. 5.3.1 that our results do not change
significantly if we assume ep = h instead of ep = 0 in the pebble accretion efficiency
calculations for the very inner disk.
Each time a protoplanet has crossed rdomain , we integrate the mass growth rate
of each planet interior to rdomain , dMplanet,i /dt, in time, until the next protoplanet
crosses rdomain and is added to the sequence of protoplanets in the semi-analytic
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model. The growth rate of protoplanet i is given by
j=i−1
Y
dMplanet,i
= PA,i (t) Ṁpeb,rdomain (t)
1 − PA,j (t),
dt
j=1

(5.13)

where i ∈ [1, N ] with N the total number of protoplanets that crossed rdomain (an
incremental function of time), and where i = 1 and i = N correspond to the outermost
and the innermost protoplanet in the A-code, respectively. The symbol Ṁpeb,rdomain
denotes the pebble mass flux at the inner boundary of the N-body code domain
rdomain . The value of Ṁpeb,rdomain follows (as a function of time) from the N-code
and the L-code. To calculate the pebble accretion efficiency PA in the A-code we use
the same expression as used in the N-code, which is based on Liu & Ormel 2018 and
Ormel & Liu 2018.
In calculating PA , we assume that the protoplanets stall at rdomain (∼0.07 au). We
check, however, that putting the planets at random (but ordered) locations between
rdomain and the current position of the innermost TRAPPIST-1 planet (∼0.01 au)
during the integration of the growth rates does not matter much for the final outcome, because the pebble accretion efficiency does not vary much between 0.01 au
and 0.07 au (because the disk aspect ratio h = Hgas /r is nearly constant over this
distance). Therefore, planetary migration in the final growth phase followed by the
A-code is not so important for the final planet masses and compositions.
When a planet grows large enough to induce a pressure bump exterior to its orbit,
the pebble flux is halted: no pebbles can reach the planet’s orbit. The mass at
which this occurs is called the pebble isolation mass (Morbidelli & Nesvorny 2012;
Lambrechts et al. 2014; Bitsch et al. 2018; Ataiee et al. 2018). We do runs both
including pebble isolation and without. When we include pebble isolation, the growth
of a protoplanet stalls when that protoplanet reaches the pebble isolation mass, and
no pebbles reach protoplanets interior to the pebble-isolated planet.

5.3
5.3.1

Results
Fiducial simulation

We have chosen the fiducial values of our model parameters equal to the values used
in Ormel et al. 2017. Our aim is not to perfectly reproduce the TRAPPIST-1 system,
for multiple reasons. First of all, the exact compositions of the TRAPPIST-1 planets
are uncertain, and we do not account for the possibility of water loss. Due to water
loss, simulated planetary systems that we would consider too wet to resemble the
TRAPPIST-1 system could become drier systems post formation (see Sect. 5.4.2 for
further discussion). Secondly, computational times are too long to run an optimisation model (e.g. a Markov chain Monte Carlo model), for which many realisations are
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Table 5.1: Fiducial model parameters.

Gas accretion rate
Turbulence strength
Total disk mass (gas)
Metallicity
Total disk mass (solids)
Disk outer radius

Ṁgas
αT
Mdisk
Z
Msolids
rout

10−10 M yr−1
1 × 10−3
0.038 MTrappist−1
0.02
18.3 M⊕
200 au

Notes. The disk outer radius rout follows from the choices for Ṁgas , α, and Mdisk .

necessary. Thirdly, it is not trivial to define a quantitative metric for the similarity
between synthetic and observed planetary systems (but see Alibert 2019 for a pioneering work). Fourthly, the stochastic component in our model, the injection location of
planetesimals in the N-body code (Sect. 5.2.4), leads to quite some variations between
results of simulations with the same initial conditions, as we will demonstrate shortly.
Therefore, with ‘typical TRAPPIST-1 system’ we generally mean a compact system
of several (5–15) planets, which have moderate water fractions on the order of 10%.
The input parameters of our model are the gas accretion rate Ṁgas , the total gas
disk mass Mdisk , the disk outer radius rout , the metallicity Z, and the dimensionless
turbulence strength α, four of which are independent. The combination of Ṁgas and
α defines the gas surface density profile (Eq. 5.1). The metallicity of TRAPPIST-1
has been measured to be close to solar (Delrez et al. 2018) and we therefore take
Z = 0.02. Observed gas accretion rates of low-mass M-dwarf stars are typically on
the order of 10−10 solar masses per year (Manara et al. 2017), which is our fiducial
value. Observations of gas disk outer radii are notoriously difficult. Setting the total
gas disk mass to Mdisk = 0.038 MTrappist−1 leads to an outer disk radius rout = 200
au. The total solids budget of our fiducial disk is ZMdisk = 18.3 M⊕ , half of which is
rocky material. Our fiducial model parameter values are listed in Table 5.1.
First growth phase
In this section we present the results of our fiducial model for the first, predominantly
wet growth phase, with which we mean the growth and migration of planetesimals that
we follow with the Lagrangian dust evolution code and the N-body code (represented
by the two top rows in Fig. 5.3). The results of the semi-analytic procedure for the
final, dry growth phase after protoplanets have crossed the inner domain radius of
the N-body code (Sect. 5.2.4) are discussed in Sect. 5.3.1.
In Fig. 5.4 we show the evolution trajectories of growing planets for our fiducial
simulation parameters. The shading corresponds to the density of planetesimals: the
darker a region is shaded, the higher the density of planetesimals in that region. The
snowline is depicted by the dashed blue line, and moves outwards in time because the
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Figure 5.4: Protoplanet trajectories (solid lines) for one realisation of the fiducial model. The
water snowline (depicted by the dashed blue line) is located at around 0.1 au and moves outwards
in time due to a decreasing icy pebble flux. Shaded regions depict background planetesimal densities (the protoplanets are not accounted for in these background planetesimal densities). The first
planetesimals form after ∼103 years. The colour of the solid lines corresponds to the eccentricity of
that protoplanet: the redder, the more eccentric its orbit; the blacker, the more circular. The line
width is proportional to protoplanet mass.
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flux of icy pebbles delivering water vapour to the inner disk decreases over time. As
in Schoonenberg et al. 2018, we find that planetesimals form outside the snowline at
an early time (in the first ∼105 years). We note that Fig. 5.4 gives the impression
that planetesimals are present at t = 0. This is because the first planetesimals form
after ∼103 years, which is close to t = 0 on the timescale plotted. The planetesimal
belt that is initially narrow, quickly broadens due to scattering.
We find that not only large protoplanets migrate across the N-body inner domain
radius rdomain ; small planetesimals cross this radius as well due to scattering. The
solid lines in Fig. 5.4 correspond to the largest bodies that amount to more than 99%
of the total mass that crosses rdomain . These are the bodies for which we follow their
subsequent dry growth phase (Sect. 5.3.1). The smallest bodies – corresponding to
less than 1% of the total mass that crossed rdomain – are ignored in the semi-analytic
model of the last growth phase (A-code). In Fig. 5.5, a histogram shows the masses
of bodies that crossed rdomain , from a total of ten simulations with the fiducial input
parameters. The red line denotes the cumulative mass percentage of bodies that
crossed rdomain . The vertical dotted line corresponds to the threshold below which
bodies correspond to 1% of the total mass that crossed rdomain .
The masses of protoplanets are accreted from pebbles as well as from planetesimals.
The planetesimal fraction (the mass fraction contributed by planetesimal accretion)
and the water fraction of the total amount of bodies that crossed rdomain are plotted
as a function of time in Fig. 5.6. Each line corresponds to one realisation of the
fiducial simulation, and each ‘crossing event’ is denoted with a dot. We find that the
general trend is that the planetesimal mass fraction of the mass that crossed rdomain
(red lines) goes down with time. This is because the later bodies cross the domain
radius rdomain , the more their growth has been dominated by pebble accretion rather
than planetesimal accretion. This is also reflected in Fig. 5.4, where it is clear that the
bodies that migrate inwards at a relatively late time, have been scattered outwards at
early times. After having been scattered outwards, these protoplanets find themselves
in a planetesimal-free region, and grow mostly by pebble accretion. In contrast, the
protoplanets that migrate inwards at an early time have grown in a planetesimalrich region, and have therefore grown mostly by planetesimal accretion rather than
pebble accretion. This is also the reason why in Fig. 5.6 the water fraction of the total
mass in bodies that crossed rdomain (black lines) goes down with time. Whereas wet
planetesimals were available for the ‘early migrators’ even interior to the snowline,
‘late migrators’ could only accrete dry pebbles after migrating past the snowline.

Last growth phase
After protoplanets migrate across the N-body inner domain radius rdomain , we select
the largest bodies (corresponding to >99% of the total mass in bodies that crossed
rdomain , see Fig. 5.5) and calculate their final growth stage using a semi-analytic model
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Figure 5.5: Histogram of the masses of bodies that crossed the inner domain radius of the N-body
simulation rdomain . The peak at the smallest mass bin is due to bodies of the initial planetesimal
size. The red line denotes the cumulative mass percentage of crossed bodies. The vertical dotted line
corresponds to a cumulative mass percentage of 1%. Bodies to the left of this threshold are neglected
after they crossed rdomain ; only the bodies more massive than the threshold mass are followed. This
plot stacks the results of ten realisations of the fiducial simulation.

(A-code; Sect. 5.2.5). In this last growth phase, protoplanets are well interior to the
snowline and grow by accreting dry pebbles.
In Fig. 5.7 we show the results of the semi-analytic computation of this last growth
phase for one simulation with the fiducial model parameters. In this calculation we
have not taken into account a pebble isolation mass, so for a given protoplanet, pebble
accretion continues until the pebble mass flux at that protoplanet’s position dries out.
In the top panel, the masses of protoplanets at the time of their crossing the N-body
inner domain radius rdomain are plotted against their crossing time by the grey dots,
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Figure 5.6: Water mass fraction (black) and planetesimal mass fraction (red) of the total mass in
protoplanets (and planetesimals) that have crossed the inner domain radius of the N-body simulation
rdomain , as a function of time. Here we have not yet taken into account the final growth stage in
the dry inner disk (A-code). Results of ten simulations with the fiducial parameters are plotted.
Each crossing event corresponds to a red and a black dot. Crossing events belonging to the same
simulation are connected by a line.

and their final masses are plotted by the connected black dots. We note that by
virtue of our model, the ordering in crossing times is the same as the final ordering in
planets: the planet that migrated across rdomain first (last) ends up as the innermost
(outermost) planet in the system. We see that the first and the third planet are much
less massive than the other eight planets, with masses of 0.03 and 0.06 Earth masses,
respectively. Their masses at rdomain just exceeded our threshold mass (Fig. 5.5).
Due to their relatively low masses, they are less efficient at accreting pebbles than
the more massive protoplanets, and therefore their masses stay low. We also note
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Figure 5.7: Properties of simulated planets from one simulation with the fiducial model parameters.
Top: Protoplanet masses at the time of their migration across the inner domain radius of the N-body
code rdomain (grey) and their final masses (black), plotted against the time at which they migrated
across rdomain . Bottom: Water mass fractions of protoplanets at the time of their migration across
the inner domain radius of the N-body code rdomain (grey) and their final water fractions (black),
plotted against the time they crossed rdomain . In the bottom panel, the dot size is proportional to
the final planet mass.
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that even though the second planet entered the last growth phase with a higher mass
than the fourth planet, the fourth planet eventually becomes more massive than the
second planet. This is because the pebble flux at the second planet’s position dries
out more quickly, due to exterior planets accreting pebbles, than the pebble flux at
the fourth planet’s position.
The bottom panel of Fig. 5.7 shows the water fractions of the planets at the time at
which they migrated across the inner domain radius of the N-body simulation rdomain
(in grey) as well as their final water fractions (in black), plotted against the time they
crossed rdomain . In this plot the dot sizes are proportional to the final masses of the
planets. The water fractions go down during the last growth phase because planets
only accrete dry pebbles. The first and the third planet start and end the last, dry
growth phase being more water-rich than the other eight planets. This reflects the fact
that these planets crossed rdomain at relatively low masses, consisting predominantly
of wet planetesimals.
Ignoring the two smallest planets for now, we find that the innermost and outermost planets generally end up more water-rich than the middle planets, leading to
a ‘V-shape’ in the planet water fraction with orbital distance. With orbital distance
(again ignoring the two smallest planets), the planet water fraction starts relatively
high at ∼0.19 for planet c, gradually goes down until it reaches its lowest value of
∼0.07 at planet g, beyond which it goes up again to a value of ∼0.17 at planet k.
Planet j is an exception to the V-shape, as we discuss below. In Fig. 5.8 we plot the
constituents of each planet (wet planetesimals, wet pebbles, and dry pebbles) for each
planet from this simulation. The ‘V-shape’ is also visible in this figure. The planets
that formed earliest (the innermost planets) accreted the most (wet) planetesimals
(Sect. 5.3.1; Fig. 5.6). The later a planet formed, the more its growth was dominated
by pebble accretion. The middle planets are therefore generally the driest, because
they accreted a lot of dry pebbles after crossing the snowline. The outermost planets
also grew mostly by pebble accretion, but by the time they crossed the snowline and
could accrete dry pebbles, the pebble flux had already dried out to a great extent.
In this simulation, the second-most outer planet does not obey this trend of water
fraction with planet order. Because the outermost planet formed relatively late, the
second-outermost planet had quite a large pebble flux to accrete from for quite a long
time, without an exterior planet ‘stealing’ part of the pebbles.

Comparison to the TRAPPIST-1 system
In Fig. 5.9 we compare the simulated planets from the fiducial simulation with the
TRAPPIST-1 planets on a mass-radius diagram. The solid, dotted, and dashed lines
correspond to the mass-radius relations for a rocky composition with 0%, 10%, and
20% water mass fractions, respectively (Dorn et al. 2018). The TRAPPIST-1 planet
data are taken from Dorn et al. 2018. The two smallest simulated “planets”, the
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Figure 5.8: Stacked bar chart of planet constituents for each planet of the fiducial model run. Dark
blue bars correspond to planetesimals (which are formed outside the snowline and therefore contain
50% water); light blue bars denote wet pebbles (also 50% water) accreted outside the snowline;
brown bars depict dry pebbles accreted interior to the snowline. The ‘V-shape’ in the water fraction
with planet order (bottom panel of Fig. 5.7) is visible in this figure as well.

innermost (‘b’) and the third innermost (‘d’) (see Fig. 5.7), fall outside the mass
domain plotted here (it is conceivable that in reality these small bodies were swallowed
by the other, bigger planets). The arrows starting from each simulated planet data
point depict the trajectory that each simulated planet would follow on the mass-radius
diagram when its water content evaporated completely (see Sect. 5.4.2). Earth and
Venus are plotted by the black dots and fall on the mass-radius line corresponding to
a water fraction of 0%. The water fractions of simulated planets are similar to those
of the TRAPPIST-1 planets. The simulated planetary system contains four planets
that are slightly more massive than the most massive TRAPPIST-1 planet, but the
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simulated system agrees with our rough definition of a ‘typical TRAPPIST-1 system’,
which is quite remarkable given our lack of parameter optimisation.
Multiple realisations
In Fig. 5.12 the mass-radius diagrams for nine other realisations of the fiducial simulation are shown. Different realisations of the same simulation do not lead to identical
results. The scatter is due to the stochastic component of our model, which is the
exact injection location of planetesimals in the N-body code. However, the characteristics of the resulting planetary systems are similar. All realisations of the fiducial
simulation lead to a number of planets between 9 and 13 with masses between 0.02
and 3.6 Earth mass. In Table 5.2 we list the planetary system characteristics, such
as the number of planets and the mean planet water fraction, whic result from different model variations. For each quantity, the mean and the standard deviation are
provided, based on the results of different realisations of each model. The mean and
standard deviation of the individual planet mass and water fraction are weighted by
the individual planet mass, in order to reduce the importance of very small planets to
these quantities (which in reality may not have survived anyway). The results of our
fiducial simulation are listed in the first row. The second row provides results for the
fiducial model where we have accounted for the pebble isolation mass, as we discuss
in Sect. 5.3.1. In Sect. 5.3.2 we discuss the results of the other model runs, in which
we have varied several input parameters.
Pebble isolation mass
Our fiducial simulations have produced planets with masses of approximately Earth
mass without the implementation of the pebble isolation mass (PIM). Taking the
PIM into account imposes a maximum mass on the planets. The PIM has been
parametrised as a function of the disk aspect ratio h = Hgas /r, the turbulence
strength α, and the stopping time of pebbles τ by using hydrodynamical simulations (e.g. Lambrechts et al. 2014; Bitsch et al. 2018; Ataiee et al. 2018). Filling in
the expressions for the PIM provided by Bitsch et al. (2018) and Ataiee et al. (2018),
we find PIM values of 5.0 and 1.8 Earth masses at 0.05 au for our fiducial disk model,
respectively. Because these values differ by a factor of ∼2, and are larger than the
TRAPPIST-1 planet masses, we here assume a pebble isolation mass of one Earth
mass, independent of location3 and time, with the goal of demonstrating the effect of
imposing a maximum planet mass. We take our fiducial simulation results and run
the semi-analytic model (A-code), in which we now limit the planet growth to 1 M⊕ .
3 An additional complication in using a physical expression for the PIM would be the dependency
on the disk aspect ratio, which in our model varies slightly with semi-major axis, and we do not
know the exact orbital distances of the protoplanets in the A-code.
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Figure 5.9: Mass-radius diagram of simulated planets (blue dots) and TRAPPIST-1 planets (red
crosses), data taken from Dorn et al. 2018. The solid, dotted, and dashed lines correspond to massradius relations for a rocky composition and a water fraction of 0%, 10%, and 20%, respectively. The
mass-radius relations are the same as the ones used in Dorn et al. 2018. The arrows starting from
the simulated planets depict the trajectories on the mass-radius diagram that the simulated planets
would cover if they were to lose their entire water content.

In the top panel of Fig. 5.10, the water fractions of the planets at the time at
which they migrated across rdomain (in grey) as well as the resulting final water fractions (in black), are plotted against their crossing times. The dot sizes are proportional to the final planet masses. We find that compared to the fiducial simulation
without a PIM (Fig. 5.7), the nine innermost planets are more water-rich. Five of
these nine planets have reached the PIM, so that they have accreted fewer dry pebbles than in the case without a PIM, leading to higher final water fractions. The
other four planets have been starved of pebbles once an exterior planet became pebble isolated, and have thus also accreted fewer dry pebbles than in the no-PIM case.
The outermost planet has not reached PIM nor has it been starved of pebbles by an
exterior pebble-isolated planet, and therefore it has the same final water fraction as
in Fig. 5.7. In the bottom panel of Fig. 5.10 the mass-radius diagram is presented
for the simulation including the PIM. The simulated planets that were too massive
to match the TRAPPIST-1 planets in our fiducial model without a pebble isolation
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mass (Fig. 5.9) are now limited to one Earth mass. In Table 5.2 the general results
for our simulations including the PIM are listed (‘model 2’).
Non-zero eccentricity in very inner disk
Due to orbital resonances, the protoplanets in the very inner disk are expected to
have non-zero eccentricities, on the order of the disk aspect ratio: ep ∼ h (Goldreich
& Schlichting 2014; Teyssandier & Terquem 2014). We have already discussed that
the exact orbital distance of a protoplanet in the very inner disk (∼0.01–0.07 au,
covered by the A-code) does not matter much for the pebble accretion efficiency, as
the disk aspect ratio h is nearly constant over this distance range. Therefore, as long
as the ordering of the chain of planetary embryos remains intact, the exact locations
of the embryos in the very inner disk are not important for the final planet masses
and water fractions. We now check whether our results change when we take ep = h
into the calculations of the pebble accretion efficiencies in the very inner disk, instead
of assuming zero eccentricities in the very inner disk (which is what we have done up
to now). In Fig. 5.11 we show that the results change only slightly if we take ep = h,
thereby justifying our assumption that planets in the very inner disk move on circular
orbits when calculating their pebble accretion efficiencies. The reason why the results
with ep = h are very similar to those with ep = 0 is that the relative velocity due
to eccentricity (ep vK ) is not dominant over the Keplerian shear velocity (∼0.01 vK )
between the planetary embryos and the pebbles (Liu & Ormel 2018). The pebble
accretion efficiencies for ep > 0 are always larger than for ep = 0 because we kept the
planet inclinations equal to zero (Liu & Ormel 2018).

5.3.2

Dependence on model parameters

In this section we discuss the outcomes of simulations in which we vary one input
parameter at a time. The results are listed in Table 5.2. In all models except ‘model
9’ and ‘model 10’, we keep the initial gas and solids disk masses fixed at the fiducial
values (Table 5.1), by adjusting the disk size accordingly.
We first check the dependence of our results on the initial planetesimal size, the
fiducial value of which is 1200 km. Decreasing the initial planetesimal size to 1000 km
(‘model 4’) does not change the results, which justifies our fiducial choice of 1200 km.
Increasing the initial size to 1500 km (‘model 3’) leads to slightly fewer and larger
planets, but the total mass in planets remains unchanged.
A lower value of the turbulence strength α implies a smaller disk, because the
gas surface density Σgas is inversely proportional to α in our framework of a viscous
gas disk. A lower α-value also implies a larger pebble flux, because the dust surface
density is initially a constant fraction of the gas surface density. Because we only
vary α and keep the gas accretion rate Ṁgas fixed, the pebble-to-gas flux ratio is
also larger for smaller α. Planetesimal formation by streaming instability outside the
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Figure 5.10: Properties of planets from the fiducial simulation including a pebble isolation mass
of 1 M⊕ . Top: Same as the bottom panel of Fig. 5.7, but now including a pebble isolation mass of
1 M⊕ . Bottom: Same as Fig. 5.9, but now including a pebble isolation mass of 1 M⊕ .
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Figure 5.11: Comparison of planet properties from the fiducial simulation and the fiducial simulation with non-zero protoplanet eccentricities. Top: Final planet masses against the time at which
they migrated across rdomain for the fiducial simulation (black), and for the fiducial simulation accounting for non-zero protoplanet eccentricities ep in the very inner disk (by setting ep equal to the
disk aspect ratio h in the A-code) (red). Bottom: Same as top panel, but now for final planet water
fractions instead of masses. Taking into account non-zero eccentricities in the very inner disk leads
to only small variations in the final results.
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snowline is strongly dependent on the pebble-to-gas mass flux ratio (Schoonenberg
& Ormel 2017). It is much less dependent on the disk size, because solid material
from the very outer parts of the disk does not take part in the streaming instability
outside the snowline, which happens at an early stage of the evolution of the disk.
Therefore, as was already noted in Schoonenberg et al. 2018, even though we keep
the solids budget fixed, a smaller α leads to the formation of more planetesimals
(disregarding secondary effects such as the subtle dependencies on α of the pebble
size and of the streaming instability threshold on the pebble flux). Indeed, decreasing
the value of α to 5 × 10−4 (‘model 5’) results in more mass in formed planetesimals
MSI . We note that although we lowered α by a factor of 2, the mass in formed
planetesimals increased by a larger factor. This is because the planetesimal formation
rate is proportional to the pebble flux Ṁpeb that is in excess of the critical pebble
mass flux Ṁpeb,crit (Eq. 5.12). Increasing the pebble flux by a factor of f therefore
results in the planetesimal formation rate being increased by a factor greater than f
(Schoonenberg et al. 2018). In the case of α = 5 × 10−4 , most of the icy pebble flux
is converted to planetesimals. Due to computational limitations, we performed the
simulations of this model variation with the larger initial planetesimal size of 1500
km, in order to curb the number of planetesimals in the N-body code. To get rid
of the planetesimal-sized bodies that were scattered interior to the N-body domain,
before focusing on the protoplanets in the semi-analytic calculation of the last growth
phase (A-code), we had to neglect the smallest 3% instead of 1%. On average, 45.8
planets form in these simulations, with an average total mass in planets of 14.8 M⊕ .
This is a lot more than in the fiducial model runs, because in this case there are
many more planetesimal seeds to grow planets from, and pebble accretion is more
efficient for lower α. The type-I migration timescale is inversely proportional to the
gas surface density (Tanaka et al. 2002), and is therefore shorter for lower α, leading
to faster migration across the snowline. Additionally, planetesimals form closer to the
snowline for lower α (Schoonenberg & Ormel 2017). From these considerations one
would expect lower final water fractions for lower α, because protoplanets outside the
snowline have to traverse a shorter distance at a larger migration velocity to reach the
inner disk in which they can accrete dry pebbles. However, the effect of the formation
of many more wet planetesimals that accrete each other is more dominant, and we
find that the planets resulting from the simulations with lower α have much higher
water fractions and are smaller than those produced in the fiducial model4 .
A higher value of α, on the other hand, implies a larger disk and a smaller pebble
flux that is sustained for a longer time. Because planetesimal formation happens only
in the early stages of the disk evolution, one would expect fewer planetesimals to form
4 We

note that we have not taken the pebble isolation mass into account here. The pebble isolation
mass is lower for lower α, which, depending on its exact value, might make the effect of having smaller
planets with larger water fractions for lower α even stronger, by preventing protoplanets in the inner,
dry disk from accreting dry pebbles.
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UCM model, Dorn et al. 2018

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

TRAPPIST-1

7

# planets
11.0 ± 1.1
11.0 ± 1.1
10.8 ± 1.7
11.0 ± 0.6
45.8 ± 2.5
10.8 ± 1.2
20.3 ± 3.1
14.6 ± 1.2
11.6 ± 1.0
10.0 ± 0.6
5.66+0.65
−0.61

Mpl [M⊕ ]
9.3 ± 0.08
5.5 ± 0.56
9.3 ± 0.2
9.4 ± 0.08
14.8 ± 0.06
8.7 ± 0.17
10.8 ± 0.46
7.1 ± 0.1
14.5 ± 0.49
4.3 ± 0.04

P
MSI [M⊕ ]
1.4 ± 0.02
1.4 ± 0.02
1.4 ± 0.04
1.4 ± 0.03
5.9 ± 0.01
1.5 ± 0.01
3.0 ± 0.01
1.4 ± 0.04
1.4 ± 0.03
1.3 ± 0.02

0.95 ± 0.26

Mpl [M⊕ ]
1.74 ± 0.89
0.84 ± 0.29
1.84 ± 0.92
1.74 ± 0.73
0.67 ± 0.28
1.43 ± 0.71
1.06 ± 0.50
1.57 ± 0.93
2.56 ± 1.53
1.10 ± 0.49

0.10 ± 0.05

fH2 O
0.10 ± 0.05
0.19 ± 0.08
0.10 ± 0.05
0.10 ± 0.05
0.39 ± 0.09
0.14 ± 0.05
0.16 ± 0.09
0.13 ± 0.06
0.07 ± 0.05
0.17 ± 0.05

Notes. The columns denote (from left to right): model description; total number of planets; total mass in planets; total mass in planetesimals
formed by streaming instability; weighted mean of individual planet mass; mean planet water fraction (weighted with planet mass). Each column
entry gives the mean and standard deviation of the corresponding quantity, calculated from multiple realisations. The model descriptions are
elaborated on in the text.

Model description
Fiducial (see Table 5.1)
With a pebble isolation mass of 1 M⊕
Larger initial pltsml size (1500 km)
Smaller initial pltsml size (1000 km)
α = 5 × 10−4
α = 2 × 10−3
Ṁgas = 5 × 10−11 M yr−1
Ṁgas = 2 × 10−10 M yr−1
Higher disk mass (rout = 300 au)
Lower disk mass (rout = 100 au)

Table 5.2: Simulation results for different models.
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in this case, due to the smaller pebble flux. However, increasing the value of α to
2 × 10−3 (‘model 6’) results in slightly more planetesimals compared to the fiducial
model. This is because although the pebble flux is smaller, the streaming instability
phase lasts longer, due to the subtle dependency of the critical pebble mass flux
(needed to trigger the streaming instability) on the balance between diffusion, vertical
settling, and radial drift, and therefore on the combination of α and the dimensionless
stopping time of pebbles τ (Schoonenberg & Ormel 2017; Schoonenberg et al. 2018).
The migration timescale is longer for higher α, and planetesimals are formed further
away from the snowline. Therefore, protoplanets reside exterior to the snowline for
a longer time compared to the fiducial model. These effects result in slightly higher
final water fractions compared with the fiducial model. The final planet masses are
a bit lower than in the fiducial model, because pebble accretion is less efficient for
higher α. For α values higher than 5 × 10−3 , the region outside the snowline does
not reach the conditions for streaming instability and no planets are formed, but this
could be resolved by changing other model parameters, such as the metallicity, as
well.
Varying the gas accretion rate Ṁgas has similar effects as varying α. Lower (higher)
Ṁgas means a larger (smaller) disk with lower (higher) surface density and pebble
flux. However, when we change Ṁgas , we also change the viscous temperature profile
(Eq. 5.5), such that the snowline is located further outwards (inwards) for higher
(lower) Ṁgas . The pebble-to-gas mass flux ratio is inversely related to the snowline
location (Schoonenberg et al. 2018). The planetesimal formation rate in turn depends
on the pebble-to-gas mass flux ratio, but not linearly: we remember that only the
pebble flux in excess of the critical pebble flux is converted to planetesimals (Eq. 5.12).
With all these complications, we find that reducing the gas accretion rate to Ṁgas =
5 × 10−11 M yr−1 results in approximately twice as much mass in planetesimals
formed by streaming instability. As in the case of lower α, this leads to a larger
number of planets than in the fiducial case, because there are more planetesimal
seeds from which to grow. The larger amount of wet planetesimals overshadows the
effect of lower migration velocity (which tends to increase the planet water fraction),
and the final water fractions are a bit higher than in the fiducial model. A higher gas
accretion rate of Ṁgas = 2 × 10−10 M yr−1 in turn leads to an amount of formed
planetesimals similar to the fiducial case. Because in this model the type-I migration
timescale is shorter than in the fiducial model, the planets resulting from this model
are slightly more numerous, less massive, and more water-rich than in the fiducial
case.
In our model, the parameter values are fixed for the duration of the simulation. If
in reality protoplanetary disks feature decreasing values of α during their evolution,
we expect that planetesimal formation outside the snowline starts when the conditions
for streaming instability are marginally reached, such that only a small fraction of the
pebble flux is converted to planetesimals. Therefore, our fiducial model may be more
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physical than the models with lower and higher α values, in which larger fractions of
the icy pebble flux were converted to planetesimals and planets formed with higher
water fractions.
In ‘model 9’ and ‘model 10’ we change the disk outer radius rout to 300 au and
100 au, respectively. The gas disk mass changes accordingly, in contrast to all models
discussed up to now, in which we kept the gas disk mass fixed. Planetesimal formation
takes place in the early stage of the disk evolution and is therefore not affected by these
changes in the disk outer radius: the pebbles from which planetesimals are formed
originate at distances to the star closer than 100 au. However, pebble accretion can
go on for a longer (shorter) time if the disk is larger (smaller). This leads to more
massive (less massive) planets for larger (smaller) rout compared with the fiducial
model. The water fractions for smaller rout are also higher than in the fiducial model,
because of less dry pebble accretion in the inner disk. We note that the opposite is
not true: the mean water fraction for larger rout is only slightly lower than that in
the fiducial model. This is because a few planets ‘steal’ the long-lasting flux of dry
pebbles and become relatively water-poor, leaving the other planets without many
dry pebbles to accrete; these other planets therefore stay water-rich. We note that
a model with a smaller disk size may be more realistic than our fiducial model, as
observations seem to suggest that disks around very low-mass stars are quite small
(<100 au) (Ricci et al. 2013; Hendler et al. 2017), however, primordial disk radii may
have been larger (e.g. Rosotti et al. 2019).
Although the number of planets and their final masses and water fractions depend
on our model parameters, all planetary systems resulting from our different model
variations feature the same trend in the planet water fraction with planet order: the
inner- and outermost planets are generally more water-rich than the middle planets,
for the reasons explained in Sect. 5.3.1. For a very large disk (as in ‘model 9’), the
uprise in water fraction in the outermost planets is less strong, because in that case
dry pebble accretion is still important even for the outermost planets.

5.4
5.4.1

Discussion
Evolution of the snowline location

In our model, the water snowline location depends on the temperature and vapour
pressure. The vapour pressure depends on the influx of icy pebbles delivering water
vapour to the inner disk, and therefore varies with time. The pebble flux goes down
with time, and the snowline therefore moves outwards with time (Fig. 5.4). We
have assumed that the gas accretion rate Ṁgas and therefore the viscous temperature
profile are constant in time. However, taking into account that the gas accretion
rate decreases with time leads to an inward movement of the snowline (Garaud &
Lin 2007; Oka et al. 2011; Martin & Livio 2012). Schoonenberg et al. (2018) have
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shown that the planetesimal formation phase is not affected by the migration of the
snowline, because the viscous evolution timescale is much longer than the duration of
the planetesimal formation phase. The general picture of planets acquiring moderate
water fractions by originating and growing outside the snowline and then migrating
inwards would also not be affected by a moving snowline, as long as the early growth
and migration of planets is faster. Starting with a single embryo of 0.01 Earth masses
and a simplified planetary growth function, Bitsch et al. (2019) calculated planetary
growth tracks and resulting planetary compositions in an evolving disk, in which
the snowline moves inwards with time. When they only include inward migration,
they find that embryos indeed grow and migrate inwards faster than the evolution
of the snowline. However, as they mention, the eventual composition of a planet
does depend on the growth rate (pebble flux). For example, one can imagine that
late-stage pebble accretion might be affected by snowline migration, if the pebble flux
coming from the outer disk remains considerable on the viscous evolution timescale.
The outermost planets – that migrate inwards at late times, when the snowline might
have moved inwards considerably – could then be surrounded by icy pebbles rather
than dry pebbles for a slightly longer time. This would lead to even more water-rich
outer planets and therefore to a strengthening of the trend in the water fraction with
planet ordering (inner- and outermost planets being more water-rich than middle
planets; see Sect. 5.3.1).

5.4.2

Water loss

In our simulations we have not taken into account physical processes by which water
may be lost from the planets during or after their formation. When protoplanets
migrate across the water snowline, their surface escape velocity is much larger than
the thermal motions of a water vapour atmosphere (this is not true only for bodies
smaller than a few hundred kilometres). We therefore do not expect protoplanets
to lose water when they migrate past the water snowline. Collisions may present
a bigger threat to water retention. We assume each collision between protoplanets
and/or planetesimals leads to perfect merging, not taking into account the possibility
of more destructive outcomes. According to Burger et al. (2018), up to 75% of the
water can be lost in a hit-and-run collision between Mars-sized bodies (in a gasfree environment), and according to Marcus et al. (2010), an entire icy mantle can be
stripped off a rocky core by a violent giant impact. If violent collisions happen outside
the snowline, a large fraction of the ‘lost’ water may still end up in the planets via
condensation on pebbles, but collisions interior to the snowline would lead to lower
planet water fractions.
Bolmont et al. (2017) and more recently Bourrier et al. (2017) have estimated
the amount of water loss from the TRAPPIST-1 planets due to photodissociation
as a result of high-energy stellar radiation after the disk disappeared. Extrapolating
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the current high-energy stellar irradiation back in time using an evolutionary model,
Bourrier et al. (2017) report an upper limit of tens of Earth oceans on the water loss of
TRAPPIST-1g since its formation. The other planets have lost lesser amounts. Tens
of Earth oceans corresponds to a few percent of an Earth mass, which is still smaller
than the water contents of our simulated planets and of the present-day TRAPPIST-1
planets (Grimm et al. 2018; Dorn et al. 2018).
If a significant fraction of the TRAPPIST-1 planets’ water contents were lost
during or post formation, a disk model in which planets form more water-richly than
the currently observed TRAPPIST-1 planets may be more realistic (e.g. a smaller, and
therefore less massive disk than our fiducial model, such as ‘model 10’, see Table 5.2).

5.4.3

Planetary systems other than TRAPPIST-1

We have shown that compact systems of Earth-sized planets can form around M-dwarf
stars under different disk conditions. The occurrence rate of small planets is higher
around M-dwarfs than around FGK-stars (Mulders et al. 2015), but more systems like
TRAPPIST-1, with as many as seven small planets, have not been discovered yet.
However, forming a large enough number of planets has proven to be no problem in
our model, which leaves us wondering why no other compact ‘many-planet’ systems
have been discovered. One reason could be that a large fraction of compact multiplanet systems originally formed with more planets in a resonance chain, but became
unstable (Izidoro et al. 2017; Lambrechts et al. 2019; Izidoro et al. 2019).
A crucial feature of our model is that the icy pebble flux from the outer disk
reaches the snowline such that the streaming instability outside the snowline can be
triggered. If a massive planet outside the snowline were to open a gap and halt the
pebble flux, planetesimal formation would shut down. We hypothesise that this is
the main reason for the different architecture of compact multi-planet systems like
TRAPPIST-1 (in which all planets have similar sizes) on the one hand, and a system
like the solar system on the other. In the solar system, the early formation of Jupiter
may have stalled icy planetesimal formation just exterior to the snowline, leaving only
dry material available to form the rocky planets in the inner solar system (Morbidelli
et al. 2015; Lambrechts et al. 2019).

5.5

Conclusions

We have performed a numerical follow-up study regarding the formation model for
compact planetary systems around M-dwarf stars, such as the TRAPPIST-1 system,
which was presented in Ormel et al. 2017. We have coupled a Lagrangian dust evolution and planetesimal formation code (Schoonenberg et al. 2018) to an N-body code
adapted to account for gas drag, type-I migration, and pebble accretion (Liu et al.
2019). This coupling enabled us, for the first time, to self-consistently model the
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planet formation process from small dust grains to full-sized planets, whilst keeping
track of their water content. The main conclusions from this work can be summarised
as follows:
1. Our work has demonstrated that the planet formation scenario proposed in
Ormel et al. 2017 indeed produces multiple Earth-sized planets (even without
taking into account the pebble isolation mass), with water mass fractions on
the order of 10%.
2. In contrast to what was hypothesised in Ormel et al. 2017, we find that all
planetesimals form in one, early streaming instability phase.
3. Because the N-body code contains a stochastic component (the exact injection
location of planetesimals), we find scatter in the characteristics of planetary systems (such as the number of planets, the average planet mass, and water fraction) resulting from simulations with the same input parameters. The amount
of scatter is quantified in Table 5.2.
4. Our planet formation model shows a universal trend in the water fraction with
planet order: inner- and outermost planets are generally more water-rich than
middle planets, independent of the model parameters. This ‘V-shape’ in the
variation of the planet water fraction with orbital distance emerges because the
three different growth mechanisms (planetesimal accretion, wet pebble accretion, and dry pebble accretion) have different relative importance for the inner,
middle, and outer planets. The importance of wet planetesimal accretion for
planet growth diminishes with planet order, whereas pebble accretion becomes
more important for planets with larger orbital distance. The effect is a decreasing water fraction with planet orbital distance. However, the ratio of wet pebble
accretion to dry pebble accretion goes down with planet orbital distance, such
that the water fraction goes up again for the outermost planets.
We reiterate that, due to computational limitations, in this work we have solely
focused on the final masses and compositions of the planets, and have not followed the
final dynamical configuration of planetary systems. In order to extend our formation
model such that it also treats the long-term dynamics of the system, the N-body code
should be extended into the very inner region of the disk (interior to rdomain ), or a
dedicated dynamics study should be performed of this inner region, by making use of
the results of the simulations presented in this paper.
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5.A

Mass-radius diagrams for multiple realisations
of the fiducial model

We attach as an appendix the mass-radius diagrams of the planets resulting from nine
realisations of the fiducial simulation.
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Figure 5.12: Mass-radius diagrams with simulated planets from nine different realisations of the
fiducial model (parameter values listed in Table 5.1). Simulated planets are plotted by blue dots;
TRAPPIST-1 planets by red crosses (data taken from Dorn et al. 2018). The solid, dotted, and
dashed lines correspond to mass-radius relations for a rocky composition and a water fraction of 0%,
10%, and 20%, respectively. The mass-radius relations are the same as the ones used in Dorn et al.
2018. The arrows starting from the simulated planets depict the trajectories on the mass-radius
diagram that the simulated planets would cover if they were to lose their entire water content.
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Summary
The role of water in planet formation

Planets form in disks of gas and dust around young stars that are a byproduct of star
formation. Most of the gas and dust in these protoplanetary disks is depleted within
a few million years, which is a short timescale when compared to the lifetime of stars
and planetary systems. The conversion of dust grains to rocky planets and the cores
of gas giants must therefore be a relatively fast process. We also know that planet
formation is ubiquitous, since thousands of exoplanets — planets revolving around
stars other than the Sun — have been discovered in the past decades. On average,
every star in the Milky Way has at least one planet. Many of the known exoplanetary
systems have architectures that are very different from that of the Solar System.
Technologically, it is still difficult to find an identical twin of the Solar System, so
the question whether the Earth and the Solar System are unique in a cosmic context,
remains unanswered. We do know that exoplanets are highly diverse: several classes
of planets that have no counterpart in the Solar System have been discovered, such
as ‘super-Earths’ (rocky planets with masses a few times that of the Earth, typically
orbiting at short distances from their host stars), and ‘hot Jupiters’ (massive gas
giants with very short orbital periods).
With the realisation that planets are common and that there is great diversity in
exoplanet properties, come questions about planet formation: what physical processes
are responsible for converting micron-sized dust grains to planetary embryos within
the lifetime of protoplanetary disks? How does the outcome of the planet formation
process depend on the disk conditions? What do planet formation theories predict
regarding the uniqueness of the Earth? In order to work towards answers to these
questions, both observational and theoretical research are necessary. Observationally,
the properties of protoplanetary disks can be constrained in several ways, e.g. by
measurements of scattered light from the dust grains in the disk surface layers; by observations of (near)-infrared thermal emission of solid particles in the disk midplane;
and by detections of emission lines from different gas molecules. Disk observations,
and, of course, observations of exoplanet properties, provide valuable constraints to
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planet formation theories. However, observations of scattered light and thermal emission from protoplanetary disks are sensitive to relatively small particles of up to a few
centimetre, and do not probe larger bodies. Theoretical work is therefore not only
needed to interpret the disk and exoplanet observations, but also to fill the observational gap between pebbles and planets. Specifically, the formation of planetesimals
(approximately kilometre-sized objects akin to asteroids, which are considered to be
an important intermediate step in the planet formation process), and their subsequent growth, is still highly elusive. Also from a theoretical perspective, it is not yet
clear exactly how, when, and where planetesimals form. A promising mechanism for
planetesimal formation that circumvents the dust growth barriers discussed in chapter 1, is the streaming instability: when the solids-to-gas ratio exceeds a critical value,
dense filaments of pebbles emerge as a result of this instability. Clumps of pebbles
may subsequently collapse under their own gravity to directly form planetesimals.
The requirements for streaming instability; the presence of pebbles (particles that are
aerodynamically partly decoupled from the gas disk) and an enhanced solids-to-gas
ratio, are an important area of study in planet formation theory.
In this thesis, I have explored the role of water in planet formation with numerical
models. Water is the most abundant volatile in protoplanetary disks, and is expected
to play an important role in different stages of planet formation. The first part of this
thesis is focused on the early stages of planet formation: the growth and dynamics of
solid particles and the conditions for the formation of planetesimals by the streaming
instability. The attempt to develop a planet formation model that treats the two
main stages of planet formation (dust → planetesimals and planetesimals → planets)
self-consistently has culminated in a formation model for the TRAPPIST-1 planetary
system.

Planetesimal formation at the water snowline
In chapter 2 we have presented a model of the local region around the water snowline
in protoplanetary disks: the distance from the star beyond which water vapour freezes
out. Due to the strong dependence of the water evaporation rate on the disk temperature, the density distribution of water vapour exhibits a steep gradient across the
snowline region. Turbulent diffusion causes an outward flux of water vapour, which
can condense onto pebbles just outside the snowline that are drifting inward due to gas
friction. Because inward-drifting icy pebbles are continuously delivering water vapour
to the region interior to the snowline, the outward diffusion-condensation effect leads
to an enhanced density of solids just outside the snowline. This is important, because
a requirement for the formation of planetesimals is a solids density that is enhanced
compared to the typical solar metallicity.
We have developed a model in which the time evolution of the surface density
distributions of small silicate grains, icy pebbles, and vapour are solved for on a cylin-
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drical one-dimensional grid. The model takes into account radial drift (including the
back-reaction of dust on the gas), diffusion, gas accretion onto the star, water evaporation and condensation. For a constant gas accretion rate and a constant pebble flux
from the outer disk, a steady-state solution is reached. We have quantified the extent
to which the solids density outside the snowline gets locally enhanced as a function of
different disk parameters. We have focused particularly on the midplane solids-to-gas
ratio: if the solids-to-gas ratio at the disk midplane exceeds unity, streaming instability is triggered, leading to dense clumps of pebbles that can subsequently collapse
to form planetesimals.
We have presented two variants of the model: one in which we view icy pebbles
in the cold outer disk as conglomerates of many tiny (micron-sized) silicate grains
that are held together by water ice (the ‘many-seeds’ model), and one in which icy
pebbles consist of a single silicate core with an icy coating (the ‘single-seed’ model).
We found that in the many-seeds model, the solids-to-gas ratio outside the snowline
is boosted even more compared to the single-seed scenario. This is because not only
water vapour diffuses outward, but the tiny silicate grains do so as well - they are
aerodynamically well-coupled to the gas and diffuse outward together with the vapour,
after which they stick to the inward-drifting icy pebbles.
We have shown that under plausible disk conditions, the requirements for the
streaming instability scenario for planetesimal formation can be reached at an early
time in the disk evolution. This promising result has been further exploited in chapter 4 and chapter 5, in which we have employed the semi-analytic model of the snowline
presented in chapter 2. The semi-analytic model approximates the numerical results
and is computationally very cheap.

Interpretation of the ALMA observation of the water snowline
in the V883 Ori disk
Before chapter 4 and chapter 5, however, chapter 3 constitutes an intermezzo in which
we turn to an Atacama Large Millimetre/sub-millimetre Array (ALMA) observation
of the V883 Ori disk reported by Cieza et al. (2016). V883 Ori is a so-called FU Ori
object: a young star that is undergoing an accretion outburst, such that its luminosity
has increased by a few orders of magnitude. Due to the increased stellar luminosity,
the disk around V883 Ori has been heated and the water snowline has been pushed
outward to approximately 40 astronomical units (au) — corresponding to an angular
distance resolvable with ALMA. The presence of the water snowline in this disk has
been inferred from the radial variation of the spectral index at millimetre wavelengths,
which features a steep gradient from low to high values at around 40 au. This has
been interpreted as the presence of large icy pebbles outside the water snowline at 40
au and a pile up of small silicate particles interior to 40 au. The pile up of small grains
would have been the result of the difference in drift velocities between icy pebbles and
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small silicate grains, which leads to a ‘traffic jam’ of particles interior to the snowline.
In this chapter we have shown that the timescale for a ‘traffic jam’ to materialise is
much longer than the outburst timescale, such that a different interpretation is called
for. Using the DIANA Opacity Tool to calculate dust opacities at the wavelengths
at which ALMA observed the V883 Ori disk, we found that a solids surface density
distribution according to our many-seeds model (in which icy pebbles disintegrate
into tiny dust grains upon evaporation) can reproduce the ALMA data, if icy pebbles
have a low carbon content and if the inner disk was already optically thick before the
outburst. We have therefore offered an alternative and more realistic interpretation
of the ALMA observation. In order to distinguish our model from a scenario in which
the water snowline does not play a role at all in producing a rapid variation in the
millimetre spectral index with semi-major axis, more disks around FU Ori objects
should be observed.

Global Lagrangian model for dust evolution and planetesimal
formation
In chapter 4 we returned to the topic of planetesimal formation. In our local model
of the snowline presented in chapter 2, the flux of pebbles arriving at the snowline
from the outer disk and the aerodynamic properties of pebbles were input parameters.
In chapter 4 we have built a global model, in which we treat the evolution of dust
and pebbles and planetesimal formation throughout the entire protoplanetary disk.
We have implemented the semi-analytic model of chapter 2 as a ‘recipe’ to model
planetesimal formation outside the snowline due to the water diffusion-condensation
effect. Dust evolution is treated in a Lagrangian way: quantities are computed at
the locations of super-particles rather than at grid cells as in a Eulerian approach.
The surface densities of solids at each super-particle location are calculated using a
smoothing kernel. The Lagrangian nature of the model makes it especially suited to
following particle characteristics such as water fraction, and our model accounts for
the formation of both water-rich and water-poor planetesimals.
We have found that dry planetesimals can form close to the star as a result of fragmentation and pile-up of silicate grains (an effect that was also found by Dra̧żkowska
et al. 2016), but that planetesimal formation just outside the snowline is always
stronger. We showed that planetesimal formation is self-limiting when pebble accretion is accounted for. With an increasing mass in planetesimals, a larger fraction
of the pebble flux arriving from the outer disk gets accreted by the already existing
planetesimals, and therefore the fraction of the pebble flux available for formation of
new planetesimals becomes smaller. However, in this model we do not yet take into
account the dynamical evolution of the planetesimal population; we come back to this
in chapter 5. We have applied the model to different stellar masses and found that
low-mass stars are more efficient at converting pebbles to planetesimals than high-
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mass stars, because the planetesimal formation rate depends inversely on the snowline
distance. However, intrinsic variation of disk properties may well overshadow this
modest effect.

Formation of the TRAPPIST-1 planets
A particularly interesting exoplanetary system is TRAPPIST-1: a cool M-dwarf star
approximately forty light-years away, with seven Earth-sized planets. The planets
were discovered with the transit method: they pass in front of their host star as seen
from our line of sight, and during these transits, the tiny planet silhouettes on the
TRAPPIST-1 star cause observable dips in the stellar brightness. The timings of the
transit signals are not exactly regular: the mutual gravitational attraction between
the seven planets results in small transit-timing variations, which have been used to
constrain the strength of the gravitational attraction and therefore the planet masses.
The bulk densities that can be derived from the planet masses and radii are consistent
with water contents of a few to tens of mass percent (Grimm et al. 2018; Dorn et al.
2018). The architecture and expected planet water fractions of the TRAPPIST-1
system are puzzling to explain within the classical planetesimal accretion framework.
Ormel et al. (2017) have proposed a formation narrative for the TRAPPIST-1 system.
In this scenario, planetesimals form outside the snowline (chapter 2) and grow by
accreting pebbles. When a protoplanet reaches approximately lunar size, its orbit
starts decaying due to gravitational interaction with the gas disk (type-I migration).
After a protoplanet has crossed the snowline, the pebbles it can accrete are dry.
In chapter 5 we have performed detailed numerical simulations of this formation
scenario for the TRAPPIST-1 planets. We have coupled the dust evolution and
planetesimal formation model from chapter 4 with an N-body code that follows the
dynamics and growth of planetesimals, accounting for pebble accretion, gas drag and
type-I migration (Liu et al. 2019). The final phase of pebble accretion in the very
inner disk is calculated with a semi-analytic model to reduce computational cost. The
coupling of the three codes enabled us to self-consistently model the assembly of the
TRAPPIST-1 planets from small dust grains to full-sized planets. We have shown
that planetesimal formation takes place just outside the snowline during a single,
early phase in the evolution of the protoplanetary disk, and that multiple Earth-sized
planets are a natural outcome, without imposing a pebble isolation mass. We predicted that the water fraction of planets in compact systems such as TRAPPIST-1
shows a ‘V-shaped’ trend with planet order: from relatively high (innermost planets)
to relatively low (middle planets) to relatively high (outer planets). This is because
our simulations have shown that the relative contributions of planetary growth mechanisms (wet planetesimal accretion, wet pebble accretion, dry pebble accretion) differ
between the inner, middle, and outer planets. The first planets, which end up as the
innermost planets, grow predominantly by wet planetesimal accretion. By the time
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the middle planets start to grow, the density of planetesimals outside the snowline has
decreased, such that dry pebble accretion becomes a more dominant growth mechanism. The planets that end up as the outermost planets have been scattered outward
at early times, and have grown predominantly by wet pebble accretion. By the time
they arrive at the snowline, the pebble flux has already dried out to such an extent
that dry pebble accretion is not that important anymore. The constraints on the bulk
densities of the TRAPPIST-1 planets are not yet precise enough to confirm or deny
our predicted trend of the water fraction with planet order, but future measurements
may provide stronger constraints.

***
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Samenvatting
De rol van water in planeetvorming

Planeten vormen in schijven van gas en stofdeeltjes rondom jonge sterren, als een
bijproduct van stervorming. Verreweg het meeste van het gas en stof in zulke protoplanetaire schijven is na een paar miljoen jaar verdwenen, wat een korte tijdschaal
is vergeleken met, bijvoorbeeld, de levensduur van sterren en planetenstelsels. De
conversie van stofkorrels naar rotsachtige planeten en de kernen van gasreuzen moet
dus een relatief snel proces zijn. Ook weten we dat planeetvorming veelvuldig plaatsvindt, omdat er duizenden exoplaneten — planeten die om een andere ster dan de zon
draaien — zijn ontdekt in de afgelopen dertig jaar. Gemiddeld genomen heeft elke
ster in de Melkweg een planeet. Veel van de ontdekte exoplanetaire stelsels hebben
eigenschappen die erg anders zijn dan die van het zonnestelsel. Technologisch is het
nog altijd lastig om een identiek tweelingzusje van de aarde te vinden, dus de vraag
of de aarde en het zonnestelsel uniek zijn in een kosmisch perspectief blijft vooralsnog onbeantwoord. Wat we wel weten is dat exoplaneten zeer divers zijn: er zijn
meerdere planeetcategorieën ontdekt die we niet kennen uit het zonnestelsel, zoals
‘super-aardes’ (rotsachtige planeten die een paar keer zo massief zijn als de aarde, en
typisch op korte afstanden van hun ster cirkelen), en ‘hete Jupiters’ (zware gasreuzen
die zeer dicht rondom hun ster draaien).
De realisatie dat planeten veel voorkomen en dat er een grote verscheidenheid
aan planeeteigenschappen is, leidt tot vragen over planeetvorming: welke fysische
processen zijn verantwoordelijk voor de omzetting van kleine stofkorrels in planetaire embryos gedurende de levensduur van een protoplanetaire schijf? Hoe hangt
de uitkomst van het planeetvormingsproces af van de condities in de schijf? Wat
voorspellen planeetvormingstheorieën over hoe uniek de aarde is? Om dichter tot
een antwoord te komen op zulke vragen zijn zowel astronomische waarnemingen als
theoretisch onderzoek nodig. Door protoplanetaire schijven te observeren kunnen we
op meerdere manieren informatie te weten komen over hun eigenschappen; bijvoorbeeld door afbeeldingen te maken van sterlicht dat verstrooid wordt door stofkorrels
in het schijfoppervlak; door het waarnemen van infraroodstraling die wordt uitge-
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zonden door vaste deeltjes in het middenvlak van de schijf; en door het detecteren
van emissielijnen van verschillende gasmoleculen. Schijfwaarnemingen, en natuurlijk
exoplaneetwaarnemingen, leggen waardevolle beperkingen op aan planeetvormingstheorieën. Echter, metingen van verstrooid licht en infraroodstraling van protoplanetaire schijven zijn gevoelig voor relatief kleine stofkorrels, met groottes tot ongeveer
een paar centimeter, en kunnen niet veel zeggen over al dan niet aanwezige grotere
objecten. Theoretisch onderzoek is daarom niet alleen nodig om de schijfwaarnemingen te interpreteren, maar ook om het observationele ‘gat’ tussen grote stofkorrels
(ook wel ‘kiezels’ genoemd) en planeten te dichten. In het bijzonder zijn de vorming
van planetesimalen (objecten van ongeveer een kilometer in grootte, vergelijkbaar
met asteroïden, die een belangrijke tussenstap vormen in het planeetvormingsproces), en de daaropvolgende groei van planetesimalen, vrijwel onzichtbaar. Ook vanuit
een theoretisch perspectief is het nog niet helemaal duidelijk hoe, waar, en wanneer
planetesimalen kunnen vormen. Een veelbelovend mechanisme voor het ontstaan van
planetesimalen, dat de groeibarrières voor stofkorrels (beschreven in hoofdstuk 1) omzeilt, is de streaming-instabiliteit: als de massaverhouding tussen kiezels en gas een
bepaalde kritische waarde overschrijdt, ontstaan dichtbevolkte filamenten van kiezels
als gevolg van de instabiliteit. Kiezelklonten kunnen vervolgens ineenstorten onder
invloed van hun eigen zwaartekracht; zodanig dat er direct planetesimalen gevormd
worden. De vereisten voor streaming-instabiliteit; de aanwezigheid van kiezels (vaste
deeltjes die gevoelig zijn voor wrijving van het gas) en een verhoogde massaverhouding
tussen kiezels en gas, vormen een belangrijk onderzoeksgebied in de planeetvormingstheorie.
In dit proefschrift heb ik de rol van water in planeetvorming onderzocht met numerieke modellen. Water is de meest voorkomende vluchtige stof in protoplanetaire
schijven, en wordt daarom verwacht een belangrijke rol te spelen in verschillende stadia van planeetvorming. Het eerste deel van dit proefschrift gaat over de beginfase van
planeetvorming: de groei en dynamica van stofkorrels en de voorwaarden voor planetesimaalvorming via de streaming-instabiliteit. De poging tot het ontwikkelen van
een planeetvormingsmodel dat de twee hoofdstadia van planeetvorming (stof → planetesimalen en planetesimalen → planeten) op een zelf-consistente manier met elkaar
verbindt, heeft geculmineerd in een ontstaansmodel voor het TRAPPIST-1 planetenstelsel.

Planetesimaalvorming bij de sneeuwgrens
In hoofdstuk 2 hebben we een model gepresenteerd van de lokale omgeving rondom
de sneeuwgrens in een protoplanetaire schijf: de afstand tot de ster waarbuiten waterdamp bevriest. Omdat de verdampingssnelheid sterk afhankelijk is van de schijftemperatuur ontstaat er een steile gradiënt in de dichtheidsverdeling van waterdamp over
de sneeuwgrens. Turbulente diffusie veroorzaakt een uitwaartse flux van waterdamp,
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die kan condenseren op kiezels vlak buiten de sneeuwgrens die vanuit de buitenschijf
naar binnen bewegen onder invloed van gaswrijving. De inwaartse beweging van ijzige kiezels zorgt voor een constante toelevering van waterdamp aan het schijfgebied
binnen de sneeuwgrens, waardoor het uitwaartse diffusie-condensatie effect leidt tot
een verhoogde concentratie kiezels net buiten de sneeuwgrens. Dit is belangrijk, want
een voorwaarde voor het ontstaan van planetesimalen is een kiezelconcentratie die een
stuk hoger is dan de typische zonne-metalliciteit.
We hebben een model ontwikkeld waarin de tijdsevolutie van de oppervlaktedichtheden van kleine silicaatdeeltjes, ijzige kiezels en waterdamp, wordt opgelost op een
cilindrisch eendimensionaal rooster. Het model houdt rekening met de inwaartse beweging van stofkorrels onder invloed van gaswrijving, gasaccretie door de ster, en
verdamping en condensatie van water. Met een constante mate van gasaccretie en
een constante inwaartse flux van kiezels uit de buitenschijf wordt er een evenwichtstoestand bereikt. We hebben de mate waarin de dichtheid van vaste deeltjes buiten
de sneeuwgrens lokaal wordt verhoogd gekwantificeerd als functie van verschillende
schijfparameters. We hebben ons in het bijzonder gericht op de massaverhouding
tussen kiezels en gas in het middenvlak van de schijf: als deze verhouding groter dan
één wordt, wordt de streaming-instabiliteit geactiveerd, waardoor er kiezelklonten
ontstaan die ineen kunnen storten tot planetesimalen.
We hebben twee varianten van het model gepresenteerd: één waarin we ijzige kiezels in de koude buitenschijf beschouwen als conglomeraten van vele kleine (ongeveer
een micrometer) silicaatdeeltjes die bij elkaar worden gehouden door waterijs (het ‘veel
kernen’-model), en één waarin ijzige kiezels bestaan uit een enkele silicaatkern met
een ijslaag (het ‘enkele kern’-model). We kwamen erachter dat in het ‘veel kernen’model de lokale verhouding tussen kiezels en gas buiten de sneeuwgrens nog extra
wordt verhoogd in vergelijking met het ‘enkele kern’-model. Dit komt doordat niet
alleen waterdamp, maar ook silicaatdeeltjes naar buiten diffunderen — silicaatdeeltjes zijn aërodynamisch gekoppeld aan het gas waardoor ze samen met de waterdamp
naar buiten bewegen, waarna ze blijven plakken op de naar binnen bewegende ijzige
kiezels.
We hebben laten zien dat onder plausibele omstandigheden in een protoplanetaire schijf, de voorwaarden voor het ontstaan van planetesimalen via de streaminginstabiliteit gerealiseerd kunnen worden in een vroeg stadium van de schijfevolutie.
Dit veelbelovende resultaat werd verder onderzocht in hoofdstuk 4 and hoofdstuk 5,
waarin we een semi-analytisch model van de sneeuwgrens hebben gebruikt. Dit semianalytische model, ook beschreven in hoofdstuk 2, geeft een benadering van de numerieke resultaten en is computationeel heel goedkoop.
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Interpretatie van de ALMA-waarneming van de V883 Ori schijf
Hoofdstuk 3 vormde een intermezzo, waarin we gekeken hebben naar de Atacama
Large Millimetre/sub-millimetre Array (ALMA) waarneming van de V883 Ori schijf
door Cieza et al. (2016). V883 Ori is een zogenoemd FU Ori object: een jonge ster
die een accretie-uitbarsting ondergaat, zodat zijn helderheid tijdelijk tientallen malen groter is dan normaal. Door de verhoogde helderheid is de protoplanetaire schijf
rondom V883 Ori opgewarmd, en is de sneeuwgrens naar buiten geduwd tot ongeveer
40 astronomische eenheden (au) — overeenkomstig met een hoekafstand die oplosbaar
is met ALMA. De aanwezigheid van de sneeuwgrens in deze schijf werd afgeleid uit
de radiële variatie van de spectraalindex bij millimeter-golflengtes, die een steile overgang van lage naar hoge waarden vertoont rondom 40 au. Dit werd geïnterpreteerd
als de aanwezigheid van grote ijzige kiezels buiten de sneeuwgrens op 40 au en een
ophoping van kleine silicaatdeeltjes binnen 40 au. De ophoping van kleine silicaatdeeltjes zou het gevolg zijn geweest van het verschil in de snelheden waarmee ijzige
kiezels en kleine silicaatdeeltjes naar binnen bewegen onder invloed van het gas, wat
voor een ‘verkeersopstopping’ van deeltjes heeft gezorgd binnen de sneeuwgrens. In
dit hoofdstuk hebben we laten zien dat de tijdschaal waarop zo’n ‘verkeersopstopping’
ontstaat veel langer is dan de tijdschaal waarop de accretie-uitbarsting plaatsvindt,
zodat een andere interpretatie nodig is. Met de DIANA Opacity Tool hebben we de
opaciteit van stofkorrels berekend bij de golflengtes van de ALMA-waarneming van
de V883 Ori schijf, en aangetoond dat een oppervlaktedichtheid van vaste deeltjes die
overeenkomstig is met ons ‘veel kernen’-model (waarin ijzige kiezels uiteenvallen in
kleine stofdeeltjes als het water verdampt), de ALMA-waarneming kan reproduceren,
mits ijzige kiezels weinig koolstof bevatten en de binnenschijf al optisch dik was vóór
de uitbarsting. Met andere woorden; we hebben een alternatieve en realistischere interpretatie van de ALMA-waarneming gepresenteerd. Om ons model te onderscheiden
van een scenario waarin de sneeuwgrens helemaal niet te maken heeft met de sterke
radiële variatie van de spectraalindex, zullen meer schijven rondom FU Ori objecten
moeten worden waargenomen.

Globaal Lagrangiaans model voor stofevolutie en planetesimaalvorming
In hoofdstuk 4 kwamen we terug bij het vraagstuk van planetesimaalvorming. In
ons lokale model van de sneeuwgrens dat we presenteerden in hoofdstuk 2 waren
de kiezelflux vanuit de buitenschijf, en de aërodynamische eigenschappen van kiezels, invoerparameters. In hoofdstuk 4 hebben we een globaal model gebouwd van
de evolutie van stofdeeltjes en kiezels en planetesimaalvorming in de hele protoplanetaire schijf. We hebben het semi-analytische model van hoofdstuk 2 geïmplementeerd als een ‘recept’ voor planetesimaalvorming via het water diffusie-condensatie
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effect buiten de sneeuwgrens. Stofevolutie wordt met een Lagrangiaanse methode
beschreven: berekeningen worden niet uitgevoerd op een rooster, maar op de (veranderende) locaties van superdeeltjes. De oppervlaktedichtheid van stofkorrels op de
locaties van de superdeeltjes wordt berekend door te kijken naar de massa en afstanden van nabije superdeeltjes. De Lagrangiaanse kenmerken van het model maken
het bijzonder geschikt voor het volgen van de evolutie van deeltjeseigenschappen zoals waterfractie, en we modelleren de vorming van zowel waterrijke als waterarme
planetesimalen.
We concludeerden dat droge planetesimalen dichtbij de ster kunnen vormen als
gevolg van fragmentatie en ophoping van silicaatdeeltjes (een effect dat al was beschreven door Dra̧żkowska et al. 2016), maar dat planetesimaalvorming buiten de
sneeuwgrens altijd sterker is. We hebben laten zien dat planetesimaalvorming uit
zichzelf stopt als we het opvegen van kiezels door planetesimalen meenemen, vanwege
een negatieve terugkoppeling: naarmate de massa in planetesimalen toeneemt, wordt
een alsmaar groter deel van de inkomende kiezelflux ‘opgegeten’ door de planetesimalen, zodat de hoeveelheid kiezels die beschikbaar is om nieuwe planetesimalen te
vormen, afneemt. Een kanttekening hierbij is dat dit model nog niet de dynamische
evolutie van de planetesimalen meeneemt; hier komen we op terug in hoofdstuk 5. We
hebben ons model toegepast op verschillende stermassa’s en kwamen tot de conclusie
dat lichte sterren efficiënter zijn in het converteren van kiezels in planetesimalen dan
zware sterren; dit komt doordat de snelheid waarmee planetesimalen worden gevormd
lager is als de afstand tussen de ster en de sneeuwgrens groter is. Echter, intrinsieke
variatie in de eigenschappen van protoplanetaire schijven zou dit bescheiden effect
best eens kunnen overschaduwen.

Ontstaan van de TRAPPIST-1 planeten
Een bijzonder interessant planetenstelsel is TRAPPIST-1: een koele M-dwerg ster
ongeveer veertig lichtjaar van ons verwijderd, met maar liefst zeven planeten, die
allemaal ongeveer zo groot zijn als de aarde. De planeten zijn in 2016 en 2017 ontdekt met de overgangsmethode: vanaf onze locatie gezien bewegen ze voor hun ster
langs. Gedurende deze planeetovergangen blokkeren de planeten een kleine fractie
van het sterlicht, waardoor de helderheid van de TRAPPIST-1 ster telkens tijdelijk
lager is. De momenten waarop de planeetovergangen worden waargenomen zijn niet
perfect periodiek: de zwaartekracht tussen de planeten onderling veroorzaakt een
waarneembaar effect in de periodes waarmee planeten om de TRAPPIST-1 ster heen
bewegen. Hierdoor kon de sterkte van de aantrekkingskracht tussen de planeten, en
daarmee hun massa’s, worden bepaald. De gemiddelde dichtheden van de planeten
kunnen worden afgeleid uit hun massa’s en groottes, en zijn consistent met de aanwezigheid van een grote hoeveelheid water op de planeten (een paar tot een paar
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tientallen massaprocent; Grimm et al. 2018; Dorn et al. 2018). De architectuur en
deze verwachte waterfracties in het TRAPPIST-1 systeem zijn lastig te verklaren met
de klassieke planeetvormingstheorië waarin planeten groeien door planetesimalen te
accreteren. Ormel et al. (2017) hebben een nieuw scenario voor het ontstaan van
de TRAPPIST-1 planeten beschreven. In dit scenario worden planetesimalen alleen
buiten de sneeuwgrens gevormd (hoofdstuk 2), en groeien ze door het opvegen van
kiezels. Als een protoplaneet ongeveer de grootte van de maan heeft bereikt, wordt
zijn baan om de ster langzaam kleiner vanwege gravitationele interactie met de gasschijf (type-I migratie). Nadat een protoplaneet de sneeuwgrens heeft overgestoken
kan hij alleen nog droge kiezels opvegen.
In hoofdstuk 5 hebben we gedetailleerde numerieke simulaties van dit scenario
voor het ontstaan van de TRAPPIST-1 planeten uitgevoerd. We hebben het model voor stofevolutie en planetesimaalvorming van hoofdstuk 4 gekoppeld aan een
N-deeltjescode die de dynamica en groei van planetesimalen volgt, en ook het opvegen van kiezels, gaswrijving en type-I migratie modelleert (Liu et al. 2019). De laatste fase van planeetgroei (groei door het opvegen van droge kiezels in het binnenste
deel van de schijf) wordt berekend met een semi-analytisch model om de computationele kosten te verminderen. Het verbinden van de drie codes heeft ons in staat
gesteld om op een zelf-consistente manier de totstandkoming van de TRAPPIST-1
planeten, beginnende met kleine stofkorrels, te modelleren. We hebben laten zien
dat planetesimaalvorming net buiten de sneeuwgrens plaatsvindt tijdens een eenmalige fase in de vroege evolutie van de protoplanetaire schijf, en dat meerdere planeten met massa’s ongeveer gelijk aan die van de aarde, een natuurlijke uitkomst zijn
(zonder een limiet te stellen aan de maximale planeetmassa vanwege de zogeheten
‘kiezelisolatiemassa’). We hebben voorspeld dat de waterfracties van planeten in
compacte planetenstelsels zoals TRAPPIST-1, een variatie met de planeetvolgorde
laten zien in de vorm van een ‘V’: van relatief hoog (binnenste planeten) naar relatief
laag (middelste planeten) tot relatief hoog (buitenste planeten). Dit komt omdat onze
simulaties laten zien dat de relatieve bijdragen van verschillende mechanismen voor
planeetgroei (de accretie van natte planetesimalen, de accretie van natte kiezels, en
de accretie van droge kiezels), anders zijn voor de binnenste, middelste, en buitenste
planeten. De planeten die als eerste vormen, en die uiteindelijk de binnenste planeten
worden, groeien vooral door accretie van natte planetesimalen. Wanneer de middelste
planeten beginnen te groeien is de dichtheid in planetesimalen buiten de sneeuwgrens
lager geworden, zodat de accretie van droge kiezels relatief belangrijker wordt. De
protoplaneten die uiteindelijk de buitenste planeten worden zijn in een vroeg stadium
verder van de ster weg geslingerd, en zijn vooral gegroeid door natte kiezels op te
vegen. Op het moment dat deze planeten de sneeuwgrens bereiken, is de kiezelflux al
zodanig verminderd dat de accretie van droge kiezels niet zo belangrijk meer is. De
metingen van de gemiddelde dichtheden van de TRAPPIST-1 planeten zijn nog niet
precies genoeg om deze voorspelde variatie in de waterfractie met planeetvolgorde te

196

bevestigen of te ontkrachten, maar toekomstige waarnemingen zouden hier verandering in kunnen brengen.

***
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