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INTRODUCTION N 

InIn many current information processing systems the measurements are very high di-
mensional:: each measurement comprises many variables. Examples include: 

 Systems which use a camera as a sensor, delivering images consisting of several 
thousandss or millions of pixels. 

 Systems which process text documents, frequently represented as a vector indi-
catingg for each of several thousands of words in a dictionary how often it occurs 
inn the document. 

 Systems which analyze sound by measuring the energy in several hundreds of 
frequencyy bands every few milliseconds. 

Byy measuring many different variables a very rich representation is obtained, that can 
bee used for a wide variety of tasks. For example, images can be used to recognize the 
differentt digits of a postal code written on an envelope, or to recognize a person from 
ann image of his face. 

Informationn processing tasks where high dimensional data sets are common include 
classification,, regression and data visualization. In classification, the goal is to predict 
thee class of a new measurement on the basis of supervised examples. For example, we 
mayy want to predict which digit is displayed in an image: does the image belong to 
classs 0 .1 . . . ., 8 or 9? The supervised examples then consist of images of digits together 
withh a label indicating which digit is displayed. The supervised examples are used to 
estimatee a function that can be used to map new images from an unknown class to a 
predictionn of the class label. Regression is similar to classification, but the goal is to 
predictt some continuous quantity from the measurement rather than a discrete class 
label.. Visualization techniques are used to produce an insightful graphical display of 
thee data to assist a user in interpreting the data. For example, the results of image 
databasee queries can be presented using a two dimensional visualization that displays 
similarr images near to each other. In this manner a user quickly gets an idea of what 
kindd of images were found. 
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Figuree 1.1: The points are given by a linear projection of the 1600 pixel values of images of a 
face.. The images trace-out a curve along which the pose of the face gradually changes. For 

somee points the corresponding image is plotted next to it. 

Degreess of freedom and clusters. The high dimensional data can be thought of as a 
sett of points in a high dimensional data space; the value of a measured variable gives 
thee coordinate on a corresponding dimension of this space. In many applications where 
suchh high dimensional data is processed, the data is not distributed evenly over the data 
spacee but exhibits some structure. 

Oftenn the dimensionality of the data space is much larger than the number of degrees 
ofof freedom of the process from which the measurements are obtained. The degrees 
off  freedom are the manners in which the process that is monitored can vary. Since 
thee measurements are in a sense a function of the degrees of freedom, the number of 
degreess of freedom also limit s the number of ways in which the measurements can 
vary.. For example, consider 40 x 40 = 1600 pixel gray-scale images of a face that looks 
inn different directions, as depicted in Fig. 1.1. We may consider each image as a 1600 
dimensionall  measurement, one dimension for the gray value of each pixel. However, 
theree is only one degree of freedom since the face changes only by turning from left 
too right. If the direction in which the face looks changes, the values of many of the 
16000 pixels wil l change. However, these changes wil l be highly correlated. Apart from 
measur ingg many correlated variables, irrelevant variables may be measured as well: 
variabless that are not dependent on the degrees of freedom. If the sensor is noisy, the 
valuee of an irrelevant variable does vary over the different measurements. 
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Iff  small changes in the degrees of freedom also lead to small changes in the measured 
variables,, then the value of the measured variables is a smooth function of the degrees 
off  freedom. An illustration is given in Fig. 1.1, where we plotted images of a face as 
pointss in a two dimensional space, each coordinate is given by a linear combination 
off  the original pixel values. We see that the points are roughly distributed around a 
smoothh curve. By plotting for several points the corresponding image next to it, we see 
thatt indeed the direction in which the face looks changes gradually along the curve. 

Iff  the number of degrees of freedom is larger than one, then the data lies on or near 
surfacess —or in general manifolds-— rather than curves. The degrees of freedom are re-
ferredd to as latent variables underlying the data, and the number of degrees of freedom 
iss referred to as the intrinsic dimensionality of the data. 

Inn addition, the data may exhibit a clustered structure: the data forms several discon-
nectedd clouds of points in the data space. For example, consider a collection of text 
documentss which contains articles about soccer and articles about religion. Suppose 
thatt the documents are represented as suggested above, and that very common words 
likee 'a', 'the', 'have', 'is', etc., have been removed from the dictionary. It may be expected 
thatt articles about the same topic have a lot of words in common. On the other hand, 
twoo articles about different topics are expected to use rather different words. Thus, the 
documentss of the two topics form two separated clusters in the data space. There are 
alsoo situations where the data exhibits both a clustered structure and the data within 
eachh cluster is distributed near a low dimensional manifold. 

Thee curse of dimensionality. It is well known that for classification and regression the 
amountt of supervised examples required to reliably estimate a function with a given ac-
curacyy grows exponentially with the dimensionality of the data. Therefore, already for 
severall  tens of dimensions the number of required supervised examples becomes im-
practicallyy large. This effect was termed 'the curse of dimensionality' by Bellman (Bell-
man,, 1961). To illustrate this, consider a rather simplistic approach to classification and 
regressionn where we partition each input dimension into m cells. For D input dimen-
sions,, the total number of cells is then mD, and to estimate the function output of each 
celll  we would need at least mD supervised examples. 

Thee set of classification or regression functions that is considered for a specific task 
playss a crucial role here. If the set of functions is very small, then, regardless of the data 
dimensionality,, chances are high that already with relatively few supervised examples 
wee can determine which function gives the best predictions for future data. As the set 
off  functions becomes larger, more supervised examples are needed to identify the best 
functionn among the many candidates. When processing high dimensional data, the 
absencee of prior knowledge to reduce the set of potentially useful functions often leads 
too a very large set of functions that is considered. 

Highh dimensional data is also problematic for data visualization, since the number of 
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variabless that can be displayed is inherently limited to two or three. With colors and 
temporall  effects, i.e. showing a movie rather than a still plot, it is possible to somewhat 
increasee the number of variables that can be displayed. However, the total number of 
variabless that can be displayed remains limited to about six. 

Findingg the relevant information . To avoid the curse of dimensionality and to visual-
izee high dimensional data, there is a need for methods which are able to detect clusters 
andd to identify the manifolds on which the data resides. The data can then be repre-
sentedd in terms of cluster membership and/or low dimensional coordinates on these 
manifolds.. In a sense, such methods find the relevant information in an overwhelming 
amountt of variables. In Chapter 2 we give a review of different types of clustering and 
dimensionn reduction methods that have been proposed. 

InIn most classification and regression applications it is time and/or money consuming 
too generate supervised examples: for a set of measurements the class label or regression 
variablee has to be determined manually. Therefore the number of supervised exam-
pless is often limited. Unsupervised examples —lacking the class label or regression 
variable—— on the other hand, are often much easier to acquire. For example, when the 
goall  is to classify email messages as 'spam' or 'not-spam', it is easy to acquire thou-
sandss or more email messages but quite cumbersome to determine the class label for 
alll  these messages. Therefore, it is attractive to apply clustering or dimension reduction 
techniquess on a relatively large set of unsupervised data to recover a compact represen-
tation.. A classification or regression function can then be estimated from a low dimen-
sionall  description of a smaller set of supervised data and / or from the supervised data 
inn each cluster separately. In this thesis we mainly focus on such unsupervised methods 
forr clustering and dimension reduction. 

Amongg the best known clustering approaches are the k-means algorithm and the EM al-
gorithmm to estimate Gaussian mixture densities. Both algorithms iterate two steps, and 
bothh algorithms are guaranteed to converge and to increase some performance measure 
afterr each iteration. The main drawback of these algorithms is that the resulting clus-
teringg depends strongly on the initialization of the algorithm and is not guaranteed to 
maximizee the performance criterion. In Section 3.1 we introduce mixture densities and 
thee EM algorithm. Then in Section 3.2 and Section 3.3 we consider how to overcome the 
drawbackss of the k-means algorithm and the EM algorithm for Gaussian mixtures. In 
Sectionn 3.4 we consider how the EM algorithm can be accelerated when applied to data 
setss containing many points. 

Dimensionn reduction methods can be divided into methods which are limited to finding 
linearlinear manifolds in the data space (lines, planes, etc.), and methods which also find 
non-linearnon-linear manifolds. The self-organizing map, introduced by Kohonen in the early 
1980's,, is a non-linear dimension reduction method that has been used in many practical 
applications.. Nevertheless, there are several problematic issues with self-organizing 
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maps.. First Kohonen's parameter estimation algorithm is not guaranteed to converge. 
Second,, the self-organizing map was originally designed for dimension reduction of 
reall  valued data. Extensions for data that are not specified as real numbers have been 
proposed,, but were rather ad-hoc and not derived from a general principle. The same 
holdss when there are data points with missing values; i.e. data points for which the 
valuee of some variables is unknown. In Chapter 4 we present a dimension reduction 
techniquee based on mixture densities, similar to Kohonen's self-organizing map, that 
resolvess the mentioned problems. 

Inn some applications it is not only desirable to have a mapping from the high dimen-
sionall  data space to a low dimensional representation, but also a mapping from the low 
dimensionall  representation to the original high dimensional data space. Such a map-
pingg allows us to reconstruct the high dimensional data from the low dimensional rep-
resentation.. In the example of facial images given above, such a mapping would allow 
uss to generate the different facial images by specifying a single number: their location 
alongg the curve. Linear dimension reduction methods, such as principal component 
analysis,, are widely used for data compression and reconstruction. Although linear 
methodss can be implemented very efficiently and provide a smooth two-way mapping, 
theyy are limited to map to and from linear manifolds. Most non-linear dimension reduc-
tionn methods do not provide a smooth two-way mapping or lack an efficient algorithm 
forr parameter estimation. 

Severall  methods exist that combine clustering and linear dimension reduction. Such 
methodss have been applied to data which lies on or near a non-linear manifold in the 
dataa space, i.e. like the images in Fig. 1.1 which lie along a non-linear curve. The data is 
clusteredd in such a manner that the data within each cluster lies close to a linear mani-
fold;; the curve is approximated by several linear segments. These methods find a sep-
aratee low dimensional representation for the data in each cluster by projecting the data 
ontoo the linear subspace associated with the cluster. Thus, there is no single —global-
loww dimensional representation for the complete data set. In Chapter 5 we explore a 
probabilisticc approach to combine the several linear low dimensional representations 
intoo a global non-linear one. This approach provides a smooth two-way mapping and 
parameterss can be estimated with an EM-like algorithm. 

Inn Chapter 6, we summarize our conclusions from the preceding chapters and discuss 
directionss for further research. 




