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3 3 

MIXTUR EE DENSITY ESTIMATION 

Inn this chapter we consider mixture densities, the main building block for the dimen-
sionn reduction techniques described in the following chapters. In the first section we 
introducee mixture densities and the expectation-maximization (EM) algorithm to esti-
matee their parameters from data. The EM algorithm finds, from an initial parameter 
estimate,, a sequence of parameter estimates that yield increasingly higher data log-
likelihood.. The algorithm is guaranteed to converge to a local maximum of the data 
log-likelihoodd as function of the parameters. However, this local maximum may yield 
significantlyy lower log-likelihood than the globally optimal parameter estimate. 

Thee first contribution we present is a technique that is empirically found to avoid many 
off  the poor local maxima found when using random initial parameter estimates. Our 
techniquee finds an initial parameter estimate by starting with a one-component mix-
turee and adding components to the mixture one-by-one. In Section 3.2 we apply this 
techniquee to mixtures of Gaussian densities and in Section 3.3 to k-means clustering. 

Eachh iteration of the EM algorithm requires a number of computations that scales lin-
earlyy with the product of the number of data points and the number of mixture compo-
nents,, this limits its applicability in large scale applications with many data points and 
mixturee components. In Section 3.4, we present a technique to speed-up the estimation 
off  mixture models from large quantities of data where the amount of computation can 
bee traded against accuracy of the algorithm. However, for any preferred accuracy the al-
gorithmm is in each step guaranteed to increase a lower bound on the data log-likelihood. 

3.11 The EM algorithm and Gaussian mixture densities 

Inn this section we describe the expectation-maximization (EM) algorithm for estimating 
thee parameters of mixture densities. Parameter estimation algorithms are sometimes 
alsoo referred to as Teaming algorithms' since the machinery that implements the algo-
rithm,, in a sense, 'learns' about the data by estimating the parameters. Mixture models, 
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aa weighted sum of finitely many elements of some parametric class of component densi-
ties,, form an expressive class of models for density estimation. Due to the development 
off  automated procedures to estimate mixture models from data, applications in a wide 
rangee of fields have emerged in recent decades. Examples are density estimation, clus-
tering,, and estimating class-conditional densities in supervised learning settings. Using 
thee EM algorithm it is relatively straightforward to apply density estimation techniques 
inn cases where some data is missing. The missing data could be the class labels of some 
objectss in partially supervised classification problems or the value of some features that 
describee the objects for which we try to find a density estimate. 

3.1.11 Mixture densities 

AA mixture density (McLachlan and Feel, 2000) is defined as a weighted sum of, say , 
componentt densities. The component densities are restricted to a particular parametric 
classs of densities that is assumed to be appropriate for the data at hand or attractive 
forr computational reasons. Let us denote by /;(x: 0„) the .s-th component density, where 
0SS are the component parameters. We use TT,S to denote the weighing factor of the s-th 
componentt in the mixture. The weights must satisfy two constraints: (i) non-negativity: 
77,, > 0 and (ii) partition of unity: £*  , TTS = 1. The weights 7rs are also known as 'mixing 
proportions'' or 'mixing weights' and can be thought of as the probability p(s) that a 
dataa sample wil l be drawn from mixture component s. A k component mixture density 
iss then defined as: 

k k 

/>{x)) = ^7r^ (x :0 . , ). (3.1) 

Forr a mixture we collectively denote all parameters with 6 = {6l 6k. TT1 n k } . 
Throughoutt this thesis we assume that all data are identically and independently dis-
tributedd (i.i.d.), and hence that the likelihood of a set of data vectors is just the product 
off  the individual likelihoods. 

Onee can think of a mixture density as modelling a process where first a 'source' .« is 
selectedd according to the multinomial distribution {—j 7ik} and then a sample is 
drawnn from the corresponding component density p{x:8s). Thus, the probability of 
selectingg source * and datum x is 7r,/;(x: 0S). The marginal probability of selecting datum 
xx is then given by (3.1). We can think of the source that generated a data vector x as 
'missingg information': we only observe x and do not know the generating source. The 
expectation-maximizationn algorithm, presented in the next section, can be understood 
inn terms of iteratively estimating this missing information. 

Ann important derived quantity is the 'posterior probability' on a mixture component 
givenn a data vector. One can think of this distribution as a distribution on which mixture 
componentt generaree/ a particular data vector, i.e. "Which component density was this 
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dataa vector drawn from?" or "to which cluster does this data vector belong?". The 
posteriorr distribution on the mixture components is defined using Bayes rule: 

7rsp(x ;0s)) 7Tsp(x;0f l ) , _ _. 
p(sp(s x) = —— = = -.—^— V-*) 

Thee expectation-maximization algorithm to estimate the parameters of a mixture model 
fromm data makes essential use of these posterior probabilities. 

Mixturee modelling is also known as semi-parametric density estimation and it can be 
placedd in between two extremes: parametric and non-parametric density estimation. 
Parametricc density estimation assumes the data is drawn from a density in a parametric 
class,, say the class of Gaussian densities. The estimation problem then reduces to find-
ingg the parameters of the Gaussian that fits the data best. The assumption underlying 
parametricc density estimation is often unrealistic but allows for very efficient parameter 
estimation.. At the other extreme, non-parametric methods do not assume a particular 
formm of the density from which the data is drawn. Non-parametric estimates typically 
takee a form of a mixture density with a mixture component for every data point in the 
dataa set. The components, often referred to as 'kernels'. A well known non-parametric 
densityy estimator is the Parzen estimator (Parzen, 1962) which uses Gaussian compo-
nentss with mean equal to the corresponding data point and small isotropic covariance. 
Non-parametricc estimates can implement a large class of densities. The price we have 
too pay is that for the evaluation of the estimator at a new point we have to evaluate 
alll  the kernels, which is computationally demanding if the estimate is based on a large 
dataa set. Mixture modelling strikes a balance between these extremes: a large class of 
densitiess can be implemented and we can evaluate the density efficiently, since only 
relativelyy few density functions have to be evaluated. 

3.1.22 Parameter  estimation with the EM algorithm 

Thee first step when using a mixture model is to determine its architecture: a proper class 
off  component densities and the number of component densities in the mixture. We wil l 
discusss these issues in Section 3.1.3. After these design choices have been made, we 
estimatee the free parameters in the mixture model such that the model 'fits' our data as 
goodd as possible. The expectation-maximization algorithm is the most popular method 
too estimate the parameters of mixture models to a given data set. 

Wee define "fit s the data as good as possible" as "assigns maximum likelihood to the 
data".. Hence, fitting the model to given data becomes searching for the maximum-
likelihoodd parameters for our data in the set of probabilistic models defined by the cho-
senn architecture. Since the logarithm is a monotone increasing function, the maximum 
likelihoodd criterion is equivalent to a maximum log-likelihood criterion and these crite-
riaa are often interchanged. Due to the i.i.d. assumption, the log-likelihood of a data set 
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XX v = {xj x v}  can be written as: 

aXy.0)aXy.0) = logp(Xs:0) = log JJ/>{x;i:Ö) = 5Zlog/Mx„:ö). (3.3) 
f)) i » i 

Whenn no confusion arises, the dependence of the log-likelihood on X v is not made 
explicitt and we simply write C{6). 

Findingg the maximum likelihood parameters for a single component density is easy 
forr a wide range of component densities and can often be done in closed-form. This 
iss for example the case for Gaussian mixture components. However, if the probabilis-
ticc model is a mixture, the estimation often becomes considerably harder because the 
(log-)likelihoodd as a function of the parameters may have many local optima. Hence, 
somee non-trivial optimization is needed to obtain good parameter estimates. 

Thee expectation-maximization (EM) algorithm (Dempster et al., 1977) finds parameters 
att the local optima of the log-likelihood function given some initial parameter values. 
Inn our exposition we follow the generalized view on EM of (Neal and Hinton, 1998). 
Thee greatest advantages of the EM algorithm over other methods are (i) no parameters 
havee to be set that influence the optimization algorithm, like e.g. the step-size for gra-
dientt based algorithms, and (ii) its ease of implementation. The biggest drawback is, 
ass for all local-optimization methods, the sensitivity of the found solution to the ini-
tiall  parameter values. This sensitivity can be partially resolved by either (i) performing 
severall  runs from different initial parameter values and keeping the best, or (ii) finding 
thee mixture parameters in a 'greedy' manner by starting with a single component mix-
turee and adding new components one at a time (this is the topic of Section 3.2). Other 
parameterr estimation techniques are gradient and sampling based methods, however 
thesee are not treated within this thesis. 

Intuitively,, the idea of the EM algorithm is to make estimates on the 'missing informa-
tion'' mentioned in the previous section: to which mixture component do we ascribe 
eachh data vector? The EM algorithm proceeds by (E-step) estimating to which compo-
nentt each data point belongs and (M-step) re-estimating the parameters on the basis of 
thiss estimation. This sounds like a chicken-and-egg problem: given the assignment of 
dataa to components we can re-estimate the components and given the components we 
cann re-assign the data to the components. Indeed, this is a chicken-and-egg problem and 
wee simply either start with initial parameters or with an initial assignment. However, 
afterr each iteration of EM, we are guaranteed that the re-estimated parameters give at 
leastt as high a log-likelihood as the previous parameter values. 

Technically,, the idea of EM is to iteratively define a lower bound on the log-likelihood 
andd to maximize this lower bound. The lower bound is obtained by subtracting from 
thee log-likelihood a non-negative quantity known as Kullback-Leibler (KL) divergence. 
KLL divergence is an asymmetric dissimilarity measure between two probability distri-
butionss p and q from the field of information theory (Cover and Thomas, 1991), it is 
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definedd for discrete distributions p and q with domain {1 k} as: 

V(q\\p)V(q\\p) = $ > ( * ) log ^ ( = -H(q) " $>( * ) l °gP(s) > °- (3"4) 

wheree Tt(-) denotes the entropy of a distribution, an information theoretic measure of 
thee 'uncertainty' or 'information' in a distribution. The KL divergence is defined analo-
gouslyy for probability density functions by replacing the sum over the domain with an 
integrall  over the domain. The KL divergence is zero if and only if the two distributions 
pp and q are identical. We wil l use the KL divergence to measure, for each data point, 
howw well the true posterior distribution p(s\x) matches an approximating distribution q 
forr this data point. 

Sincee the KL-divergence is non-negative we can bound each of the terms log p(xn) in the 
log-likelihoodd (3.3) from below by subtracting the KL-divergence T>(qn\\p(s\xn)). Note 
thatt this bound holds for any distribution qn and becomes tight if and only if qn = 
/;(,s|x„).. We wil l use q to denote the set of distributions {<ji qN). Combining the 
boundss on the individual log-likelihoods logp(x„), the complete log-likelihood (3.3) can 
bee bounded by: 

A''  N 

C(0)C(0) = ^ l ogp (xr i ) > F{0.q) = Y. l^&PlXn-O) - V(qn\\p(s\xn))\ (3.5) 
nn - 1 ?i = l 

A' ' 

-- Y, [H(qn) + E,,, log 7rsp{xn: 0S)\. (3.6) 

Noww that we have the two forms (3.5) and (3.6), iterative maximization of the lower 
boundd T on the log-likelihood becomes easy. In (3.5) the only term dependent on qn is 
thee KL divergence T>{qn\\p{s\x.n)). To maximize T, recall that the KL divergence is zero 
iff  and only if its two arguments are identical. Therefore, to maximize T w.r.t. the qn we 
shouldd set them as the posteriors: qn <- p{|x„) . In this case the lower bound equals the 
dataa log-likelihood: T = C. 

Too maximize T w.r.t. 6, only the second term of (3.6) is of interest. The maximization is 
oftenn easy since now we have to maximize a sum of single component log-likelihoods 
insteadd of a sum of mixture model log-likelihoods. Let us use the compact notation qns 

forr <7„(.s), then if we consider optimizing the parameters of a single component s the 
onlyy relevant terms in (3.6) are: 

^ „ [ l o g r r ,, + logp(xn:6>,)]. (3.7) 

Forr many component densities from the exponential family the maximization of (3.7) 
w.r.t.. the parameters 0S can be done in closed form. 
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Summarizing,, the EM algorithm consists of iteratively maximizing T, in the E-step w.r.t. 
qq and in the M-step w.r.t. 9. Intuitively, we can see the E-step as fixing a probabilistic 
assignmentt of every data vector to mixture components. The M-step then optimizes the 
mixturee parameters given this assignment. Since after each E-step, we have 7 = C and 
bothh the E-step and the M-step do not decrease T we immediately have that iterative 
applicationn of these steps can not decrease C 

Thee qn, are often referred to as 'responsibilities', since they indicate for each data point 
whichh mixture component models it. With every data vector x„  we associate a random 
variablee s„  which can take values in {1 A} , indicating which component generated 
x„ .. These variables are often called 'hidden' or 'unobserved' variables since we have 
noo direct access to them. EM treats the mixture density log-likelihood maximization 
problemm as a problem of dealing with missing data. Similar approaches can be taken to 
fitt (mixture) density models to data where there truly is missing data in the sense that 
certainn values are missing in the input vector x. 

Generalizedd and variational EM. The EM algorithm presented above can be modified 
inn two interesting ways, which both give-up maximization of T and settle for increase 
off  T. The concession can be made either in the M-step {generalized EM) or in the E-step 
(variationall  EM). These modifications are useful when computational requirements of 
eitherr step of the algorithm become intractable. 

Forr some models it may be difficult to maximize T w.r.t. 6 but relatively easy to find 
valuess for 6 that increase 7. For example, it might be easy to maximize T w.r.t. either 
onee of the elements of 8 but not to maximize w.r.t. all of them simultaneously. However, 
thee convergence to local optima (or saddle points) can still be guaranteed when only 
increasingg instead of maximizing T in the M-step, algorithms that do so are known as 
'generalizedd EM' algorithms. 

Above,, due to the independence assumption on the data vectors it was possible to con-
structt the EM lower bound by bounding each of the individual log-likelihoods lo^p(x„). 
Thiss iterative bound optimization strategy can also be applied to other settings with 
unobservedd variables. However, in some cases hidden variables are dependent on each 
otherr given the observed data. If we have A' hidden variables with k possible values 
each,, then in principle the distribution over hidden variables is characterized by v 

numbers.. In such cases, the number of summands in the expected joint log-likelihood 
wee have to optimize in the M-step also equals Av. In this case tractability can be ob-
tainedd if we do not allow for general distributions q over the hidden variables, but only 
thosee from a class Q which gives us a tractable number of summands in the expected 
jointt log-likelihood. For example, we can use distributions over the hidden variables 
thatt factor over the different hidden variables. EM algorithms using a restricted class Q 
aree known as 'variational EM' algorithms. The term refers to the 'variational parame-
ters'' that characterize the distributions q e Q. The variational parameters are optimized 
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inn the E-step of the variational EM algorithm. Most often the variational approach is 
usedd to decouple dependencies present in the true distribution over hidden variables 
whichh give rise to intractability. An example of a variational EM algorithm is the mean-
fieldd algorithm used in hidden Markov random fields, which are applied to image seg-
mentationn problems (Celeux et al., 2003). 

Whenn using a variational EM algorithm we can no longer guarantee that T equals the 
log-likelihoodd after the E-step, since we cannot guarantee that the true posterior is in 
Q.Q. Therefore, it is also not guaranteed that the log-likelihood wil l increase after each 
EMM iteration. However, we can at least still guarantee that the lower bound on the 
log-likelihoodd T wil l increase after each EM iteration. By restricting the q to a specific 
classs of distributions Q, we effectively augment the log-likelihood objective of the opti-
mizationn algorithm with a penalty term —the generally non-zero KL divergence— that 
measuress how close the true distribution over the hidden variables is to Q. Thus vari-
ationall  EM parameter estimation algorithms have a bias towards parameters that yield 
posteriorr distributions over the hidden variables similar to a member of Q. 

3.1.33 Model selection 

Too apply mixture models, two model selection issues have to be resolved: (i) how many 
componentss should be used and (ii) which class of component densities should be used. 
Thesee two factors together determine the 'model structure'. These type of design choices 
cann be compared with the selection of the number and type of hidden nodes in feed-
forwardd neural networks. A trade-off has to be made when choosing the class of models 
thatt is used. More complex models (e.g. more mixture components) allow for modelling 
off  more properties of the data, and in general lead to a better fit to the data. However, 
whenn using more complex models spurious artifacts of the data due to a noisy mea-
surementt system can also be captured by the model. Capturing accidental properties of 
thee data may degrades the estimates, an effect known as 'overfitting'. Less complexity 
allowss for more robust identification of the best model within the selected complexity 
classs and yields a smaller risk of overfitting the data. 

Throughoutt the previous decades several criteria have been proposed to resolve the 
modell  selection problem. However, the problem of model selection seems far from 
beingg solved. Methods for model selection can be roughly divided into four groups: 

1.. Methods using concepts from statistical learning theory, e.g. structural risk min-
imizationn (Vapnik, 1995). Most of these methods use worst-case guarantees of 
performancee on future data which are derived by a statistical analysis. 

2.. Information theoretical methods, such as the minimum description length (MDL) 
principlee (Rissanen, 1989). These methods are based on a data compression prin-
ciple:: a model is selected that allows for maximal compression of the data, where 
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thee rate of compression is measured by the total number of bits required to encode 
bothh the model and the data (using the model). 

3.. Bayesian methods that use a prior distribution on model structures and parame-
terss together with a distribution on data given models to define a posterior dis-
tributionn /Hmodel structure|data). To compute the required probabilities several 
approximationn techniques have been proposed, e.g. Bayesian information crite-
rionn (Schwarz, 1978), variational Bayesian learning (Beal and Ghahramani, 2003), 
andd a number of sampling techniques (Andrieu et al., 2003). 

4.. Holdout methods that keep part of the data to assess performance of models 
learnedd on the rest of the data, e.g. cross-validation (Webb, 2002). 

Notee that holdout methods are applicable only in cases where there is abundant data, 
andd one can afford to ignore a part of the data for parameter estimation in order to 
obtainn an independent test-set. 

Bayesiann techniques are attractive because they allow for unified treatment of model 
selectionn and parameter estimation. The application of compression based methods 
likee MDL is sometimes problematic because the so called 'two-part' MDL code requires 
aa particular coding scheme and it is not always clear which coding scheme should be 
usedd (Verbeek, 2000). Methods based on worst-case analysis are known to give very 
conservativee guarantees, which limits their use. 

Inn genera], to apply a particular model selection criterion, parameter estimation has to 
bee performed for models with different numbers of components. The algorithm for es-
timatingg the parameters of a Gaussian mixture model we present in Section 3.2 finds a 
parameterr estimate of a A--component mixture by iteratively adding components, start-
ingg from a single Gaussian. Thus, this algorithm is particularly useful when the number 
off  components has to be determined, since the model selection criterion can be applied 
too mixtures with 1 /,' components as components are added to the mixture. 

3.1.44 Gaussian mixture models 

Inn this section we discuss the EM algorithm for Mixtures of Gaussian densities (MoG). 
Recalll  that we already saw one example of a MoG: generative topographic mapping in 
Sectionn 2.2.2. We also present a hierarchy of shapes the covariance matrices can take. 
Inn the hierarchy, increasingly stringent constraints are placed on the form of the covari-
ancee matrix. Then, we discuss how some of the shapes for covariance matrices can be 
interpretedd as linear latent variable models. 

Gaussiann densities are probably the most commonly used densities to model continuous 
valuedd data. The first reason for this popularity is that maximum likelihood parameter 
estimationn can be done in closed form and only requires computation of the data mean 
andd covariance. The second reason is that of all densities with a particular variance, the 
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Gaussiann density has the largest entropy and therefore is the most 'vague' density in this 
sense.. This last property motivates the use of the Gaussian as a default density when 
theree are no reasons to assume that some other parametric density is more appropriate 
too model the data at hand. 

AA Gaussian density in a Z)-dimensional space, characterized by its mean fx <E IRD and 
DD x D covariance matrix X, is defined as: 

,V(x;0)) = (27T)-D/2|Er1/2exp - ( x - ^ ) T ££ l{x-fi) (3.8) ) 

wheree 0 denotes the parameters (j, and X and |Ej denotes the determinant of £. In order 
forr (3.8) to be a proper density, it is necessary and sufficient that the covariance matrix 
bee positive definite. Throughout this thesis we implicitly assume that the likelihood 
iss bounded, e.g. by restricting the parameter space such that the determinant of the 
covariancee matrices is bounded, and hence the maximum likelihood estimator is known 
too exist (Lindsay, 1983). Alternatively, the imperfect precision of each measurement can 
bee taken into account by treating each data point as a Gaussian density centered on 
thee data point and with small but non-zero variance. We then maximize the expected 
log-likelihood,, which is bounded by construction. 

Thee EM algorithm for  mixtur e of Gaussian densities. In the E-step of the EM algo-
rithmm for a MoG we compute the posterior probabilities p(sjx) according to (3.2) and set 
«7nss <— p(sl xn)- m m e M-step we maximize T w.r.t. 8, by setting the partial derivatives of 
TT w.r.t. the elements of 6 to zero and taking the constraints on the 7rs into account, and 
findd the updates: 

nnsŝ ^J2'^-^^J2'^-  (3"9) 

ii  -v 

/ * „ - T ^ y > w x „ .. (3.io) 
-- > TT e ^ 

**  II-\ 

11 'v 

S,, - — - y \ n , ( x „  -^,}(x, ( - M,JT . (3.11) 
-- n = \ 

Thee update of the mean uses the new mixing weight and the update of the covariance 
matrixx uses the new mean and mixing weight. 

InIn many practical applications of MoGs for clustering and density estimation no con-
straintss are imposed on the covariance matrix. Using an unconstrained covariance ma-
trix,, the number of parameters of a Gaussian density grows quadratically with the data 
dimensionality.. For example, using 16 x 16 — 256 pixel gray-valued images of an object 
ass data (treating an image as a 256 dimensional vector), we would need to estimate over 
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32.0000 parameters! To reduce the number of parameters in the covariance matrix, it can 
bee constrained to have a form that involves fewer parameters. In some applications a 
constrainedd covariance matrix can be appropriate to reflect certain assumptions about 
thee data generating process. See the discussion below on latent variable models. 

Next,, we discuss several frequently used ways to constrain the covariance matrix. We 
wil ll  use I to denote the identity matrix, * to denote a diagonal matrix, and A to denote 
aa D x d matrix, with d < D. 

Typee 1: factor  analysis. The covariance matrices in factor analysis (FA) are constrained 
too be of the form: 

££ = # + AA T. (3.12) 

Thee d columns of A are often referred to as the 'factor loadings'. Each column of A can be 
associatedd with a latent variable (see the discussion on latent variable models below). In 
thee diagonal matrix vt the variance of each data coordinate is modelled separately, and 
additionall  variance is added in the directions spanned by the columns of A. The number 
off  parameters to specify the covariance matrix is O(Dd). In (Ghahramani and Hinton, 
1996)) the EM algorithm for mixtures of factor analyzers is given. The determinant and 
thee inverse of the covariance matrix can be efficiently computed using two identities: 

|AA + BC| = |A| x II + CA^BI . (3.13) 

(AA + BCD) ] - A" 1 - A - ' B t C - 1 + D A - l B r 1 D A ' 1 . (3-14) 

Usingg these identities we only need to compute inverses and determinants of d x d and 
diagonall  matrices, rather than of full D x D matrices: 

|**  + AA' | = |* | x |I  + A ' * _ 1A | . (3.15) 

(tff  + AA~) 1 = * - 1 - *  'A( I  + A - *  'A) 'A * '. (3.16) 

Typee 2: principal component analysis. Here the constraints are similar to those of FA, 
butt the matrix * is further constrained to be a multiple of the identity matrix: 

SS = fT
2I + AA : with a > 0. (3.17) 

AA MoG where the covariance matrices are of this type is termed a 'mixture of proba-
bilisticc principal component analyzers' (Tipping and Bishop, 1999). 

Principall  component analysis (Jolliffe, 1986) (PCA) appears as a limiting case if we use 
justt one mixture component and let the variance approach zero: n2 — 0 (Roweis, 1998). 
Lett U be the D x d matrix with the eigenvectors of the data covariance matrix with the 
dd largest eigenvalues, and V the diagonal matrix with the corresponding eigenvalues 
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onn it diagonal. Then, the maximum likelihood estimate of A is given by A = UV 2. For 
probabilisticc PCA the number of parameters is also 0{Dd), as for FA. 

Too see the difference between PCA and FA note the following. Using PCA we can arbi-
trarilyy rotate the original basis of our space: the covariance matrix that is obtained for 
thee variables corresponding to the new basis is still of the PCA type. Thus the class of 
PCAA models is closed under rotations, which is not the case for FA. On the other hand, 
iff  some of the data dimensions are scaled, the scaled FA covariance matrix is still of 
thee FA type. Thus the class of FA models is closed under non-uniform scaling of the 
variables,, which is not the case for PCA. Hence if the relative scale of the variables is 
nott considered meaningful, then an FA model may be preferred over a PCA model, and 
vicee versa if relative scale is important. 

Typee 3: k-subspaces. Here, we further restrict the covariance matrix such that the 
normm of all columns of A is equal: 

££ - a2\ + AA^ with AT A = p2I and a, p > 0. (3.18) 

Thiss type of covariance matrix was used in (Verbeek et al., 2002b), for non-linear di-
mensionn reduction technique similar to the one described in Chapter 5. The number of 
parameterss is again O(Dd). 

Iff  we train a MoG with this type of covariance matrix with EM, then this results in an 
algorithmm known as k-subspaces (Kambhatla and Leen, 1994; de Ridder, 2001) under 
thee following conditions: (i) all mixing weights are equal, ns = l/k, and (ii) the as and 
ppss are equal for all mixture components: <7,, — a and ps = p. Then, if we take the limi t 
a s u^^ 0, we obtain k-subspaces. The term k-subspaces refers to the k linear subspaces 
spannedd by the columns of the A.,. The k-subspaces algorithm, a variation on the k-
meanss algorithm (see Section 2.1.2), iterates two steps: 

1.. Assign each data point to the subspace which reconstructs the data vector the best 
(inn terms of squared distance between the data point and the projection of the data 
pointt on the subspace). 

2.. For every subspace compute the PCA subspace of the assigned data to get the 
updatedd subspace. 

Typee 4: isotropic. This shape of the covariance matrix is the most restricted: 

EE - o2\ with a > 0. (3.19) 

Thiss model is referred to as isotropic or spherical variance since the variance is equal in 
alll  directions. It involves just the single parameter a. 

Iff  all components share the same variance a1 and letting it approach zero, the posterior 
onn the components for a given data vector tends to put all mass on the component 
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closestt in Euclidean distance to the data vector (Bishop, 1995). This means that the E-
stepp reduces to finding the closest component for all data vectors. The expectation in 
(3.6)) then just counts the term for the closest component. This means for the M-step that 
thee centers / i , of the components are found by simply averaging all the data vectors for 
whichh it is the closest. This simple case of the EM algorithm coincides exactly with the 
k-meanss algorithm. 

Takingg S diagonal, and thus letting all variables be independently distributed, is also 
aa popular constraint yielding ()[<(}  parameters, however it is not used by any of the 
techniquess discussed in this thesis. 

Linearr  latent variable models. Three types of covariance matrix (FA, PCA and k-
subspaces)) can be interpreted as linear latent variable models. The idea is that the data 
cann be thought of as being generated in a low dimensional latent space, which is linearly 
embeddedd in the higher dimensional data space. Some noise may make the observed 
dataa deviate from the embedded linear subspace. 

Forr these models it is conceptually convenient to introduce a new, hidden variable g for 
everyy data vector. This variable represents the (unknown) ^/-dimensional latent coordi-
natee of the data vector. Using this variable we can write the density for the data vectors 
byy marginalizing over the hidden variable: 

/>(g}=A%:( ) . I )) (3.20) 

;>(x|g)) =A /*(x:/ i + A g . * ) (3.21) 

Mx)) - / />(x|g)/,(g)(lg = A ' (x :p. * 4- AA" ) (3.22) 

Itt is not necessary to introduce g to formulate the model, but it may be convenient to 
usee g for computational reasons. For example, in (Roweis, 1998) this view is adopted 
too compute PCA subspaces without comput ing the data covariance matrix or the data 
inner-productt matrix. The cost to compute these matrices is, respectively, ()(XI)'2) and 
(){DX(){DX22).). By treating the latent coordinates as hidden variables one can perform PCA 
wit hh an EM algorithm that has a cost of (){flDX) per iteration to find the d principal 
components.. This EM algorithm for PCA involves computing the posterior distribution 
onn g given x, which is given by: 

/>(g|x)) = A / (g :m(x) .C). (3.23) 

m(x)) - C A * ' ( x - z i ) . (3.24) 

CC ' - I - A * 'A. (3.25) 

Wee can use linear latent variable models to reduce the dimensionality of the data by 
inferringg the r/-dimensional latent coordinates from the D-dimensional data vectors and 
usingg the found latent coordinates for further processing of the data. Another option 
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iss to use these models for clustering if there is reason to expect that the clusters show 
significantt variation only in a few dimensions and very small variation in all others. 

3.22 Efficient greedy learning of Gaussian mixtures 

Thee EM algorithm is known to converge to local maxima of the data log-likelihood w.r.t. 
thee parameter vector. However, convergence to a global maximum is not guaranteed. 
Thee data log-likelihood under the mixture distribution returned by the EM algorithm is 
highlyy dependent on the initial parameter vector used by the EM algorithm. The stan-
dardd procedure to overcome this initialization dependence is to start the EM algorithm 
fromm several random initializations and retain the best obtained result. 

Inn this section we present a greedy EM algorithm to learn mixtures of Gaussian densi-
ties,, designed to overcome the sensitivity of the normal EM algorithm to initialization 
off  the parameters.1 Our approach is motivated by an approximation result (Li and Bar-
ron,, 2000). This result states that we can 'quickly' approximate any target density with 
aa finite mixture model, as compared to the best we can do with any mixture from the 
samee component class. The result also holds if we learn the mixture models in a greedy 
manner:: start with one component and optimally add new components one after the 
other.. The learning algorithm alternates between optimization of the current mixture 
modell  and adding a new component to the mixture after convergence. 

Too determine the optimal new component to insert, the parameters yielding the global 
maximumm of a two-component mixture log-likelihood have to be found, which is again 
non-trivial.. We propose a search heuristic to locate the global maximum. Our search 
proceduree selects the best element from a set of candidate new components. Since the 
greedyy algorithm generates a sequence of mixtures with an increasing number of com-
ponents,, it can be particularly useful when the optimal number of mixture components 
hass to be found automatically 

Thee rest of this section is organized as follows: Section 3.2.1 discusses greedy learning 
off  a MoG. Our component insertion procedure is discussed in Section 3.2.2. Related 
workk is discussed in Section 3.2.3, and in Section 3.2.4 we present experimental results 
comparingg our method with alternative methods. We draw conclusions in Section 3.2.5. 

3.2.11 Greedy learning of Gaussian mixtures 

Thee basic idea of greedy mixture learning is simple: instead of starting with a (ran-
dom)) configuration of all components and improving upon this configuration with the 

11 The material of this section is largely drawn from (Verbeek et al., 2003d). 
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Figuree 3.1: Panels (a)-(d) illustrate the construction of a 4-component mixture distribution. 

EMM algorithm, we build the mixture component-wise. We start with the optimal one-
componentt mixture, whose parameters are trivially computed, then we start repeating 
twoo steps until a stopping criterion is met. The steps are: (i) insert a new component 
andd (ii) apply the EM algorithm until convergence. The stopping criterion can imple-
mentt one of the model selection criteria mentioned in Section 3.1.3, or the algorithm is 
terminatedd when a specified number of components is reached. An example of greedy 
mixturee learning is given in Fig. 3.1, which depicts the evolution of a solution for data 
pointt plotted as '+'-signs. Mixtures with one up to four components are depicted, and 
eachh component is shown as an ellipse which has the eigenvectors of the covariance 
matrixx as axes and radii of twice the square root of the corresponding eigenvalue. 

Thee motivation for the greedy approach is that the optimal component insertion prob-
lemm involves a factor k fewer parameters than the original problem of finding a near 
optimall  starting configuration, and we therefore expect it to be an easier problem The 
intuitivee idea is that we can find the optimal (with respect to log-likelihood) (k + 1)-
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componentt mixture by local search if we start from the mixture obtained bv inserting 
optimallyy a new component in the optimal //-component mixture. A recent theoreti-
call  result provides complementary motivation. Recall the Kullback-Leibler <KL) diver-
gencee between two densities /> and q, defined as: 

VU>U)=VU>U)=  / /Hx)loft[/;(x)/v(x)j<lx . (3.26) 

wheree <> is the domain of the densities p and q. In this section we wil l use o to indicate 
aa component density of a mixture and use pk to refer to a mixture of k components, 
i.e.. /^(x) - Y] , ~so(x; 0.„). In (Li and Barron, 2000) it is shown that for an arbitrary 
probabilityy density function p there exists a sequence {p,}  of finite mixtures such that /;/.
achievess KL divergence "D{p\\pk) < V{p\\ps) - c/k for every (possibly non-finite) mixture 
PlPl = J o{x: 6) ƒ(6)0.6, with ƒ a density over the parameter space. Hence, the difference 
inn KL divergence achievable by /.--component mixtures and the KL divergence achiev-
ablee by any mixture from the same family of components tends to zero with a rate of c'k, 
wheree  is a constant not dependent on k but only on the component family. Further-
more,, it is shown in (Li and Barron, 2000) that this bound is achievable by employing 
thee greedy scheme discussed above. This tells us that we can 'quickly' approximate any 
densityy by the greedy procedure. Therefore, we might expect the results of the greedy 
procedure,, as compared to methods that initialize all-at-once, to differ more when fit-
tingg mixtures with many components. 

Thee sequence of mixtures generated by the greedy learning method can conveniently 
bee used to guide a model selection process in the case of an unknown number of com-
ponents.. We can use the /.--component mixture, for A- <E {1 klUiiX\, as an estimate of 
thee maximum-likelihood estimator with k components and combine this with the other 
factorss of the model selection criterion that is employed. When using a non-greedy ap-
proach,, we would have to fit a /.-component mixture for each k € {1 /,mHX) from 
scratch.. This would be computationally unattractive, since for each k we would need to 
doo several runs of the EM algorithm starting from different initial parameters. 

AA general scheme for greedy learning of mixtures. Let £ ( X \ .pk ) — ^ ) , lug/^ix, i 
(wee wil l just write £/, if no confusion arises) denote the log-likelihood of the data set X„ 
underr the /.-component mixture pk. The greedy learning procedure outlined above can 
bee summarized as follows: 

1.. Compute the maximum likelihood one-component mixture p\. Set k — 1. 

2.. Find the optimal new component o(x: 6" \ and mixing weight <\'\ 

x x 

\6'\6' .n' }  ;ir<; max Y " ]u« ( 1 - r. )/;,.( x„  ) - nO(X„ : 6) . (3.27) 

Sett pi.  — (1 - n' ) - n'o(-.6') a nd /.- — /,- - 1; 
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3.. (optional) Update pk with the EM algorithm until it converges. 

4.. If a stopping criterion is met then quit, else go to step 2. 

Thee crucial step is component insertion (step 2). In the next section we describe several 
possibilitiess to implement this step. Note that step 3 can be implemented by other al-
gorithmss than EM. Moreover, step 3 is not needed to obtain the approximation result of 
(Lii  and Barron, 2000), but improves practical results dramatically. 

3.2.22 Efficient search for new components 

Supposee we have obtained a A-component mixture pk. In step 2 of the above greedy 
algorithmm the component characterized by equation (3.27) has to be found. We refer to 
thiss component as the 'optimal' component and to problem of finding it as the 'insertion 
problem'.. It is easily shown that if we fix pk and 6 then Ck^\ is concave as function of a 
only,, allowing efficient optimization. However, as function of 9, Ck^\ can have multiple 
locall  maxima and no constructive method is known to identify the optimal component. 
Hence,, a search has to be performed to identify the optimal component. 

InIn (Li, 1999) it is proposed to quantize the parameter space to locate the global maxi-
mum,, but this is infeasible when learning mixtures with high dimensional parameter 
spacess since the number of required quantization cells quickly becomes too large. We 
developedd our search procedure for the optimal component as an improvement upon 
thee insertion procedure proposed in (Vlassis and Likas, 2002) (we wil l from now on re-
ferr to the latter procedure as VL). Below, we wil l discuss the VL procedure and identify 
itss drawbacks. Then, we present our improved search procedure. Both methods are 
basedd on using a set of candidate components. The best candidate is identified as the 
candidatee component o(x: 0) that maximizes the likelihood when mixed into the previ-
ouss mixture by a factor <\ as in (3.27). Then, in step 3 of the general algorithm, instead 
off  the (unknown) optimal parameter pair (0*. a*) we use {9. a). 

Thee VL insertion procedure. The VL procedure uses A" candidate components. Every 
dataa point is the mean of a corresponding candidate. All candidates have the same 
covariancee matrix <r2I, where o is set in an automatic manner. The value of a depends on 
thee data dimensionality and the number of data points and is based on a non-parametric 
densityy estimation procedure (Wand, 1994). For each candidate component, the mixing 
weightt <\ is set to the mixing weight maximizing the second order Taylor approximation 
off  Lk i i around o = 1/2. The candidate yielding highest log-likelihood when inserted in 
thee existing mixture ]> k is selected. The selected component is then updated using partial 
EMM steps before it is actually inserted into \)k to give pk+  x. With partial EM steps, we 
meann EM steps in which only the new component is updated rather than the complete 
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mixture.. These partial EM steps can be performed in time that is not dependent on the 
numberr of components in the current mixture. 

Thee VL has two drawbacks. First, using .V candidates in each step results in a time 
complexityy O(.V-) for the search which is unacceptable in many applications. (){X2) 
computat ionss are needed since the likelihood of every data point under every candidate 
componentt has to be evaluated. Second, we found experimentally that by using only 
candidatess with covariance matrix <r2I and small a, the method keeps inserting small 
componentss in high density areas. Components with other covariance matrices that 
givee greater improvement of the mixture log-likelihood are not among the candidates, 
norr are they found by the EM updates in step 3 following the component insertion. 

Ann improved insertion procedure. Based on our experience with the VL method, we 
proposee a new search heuristic for finding the optimal new mixture component. Two 
observationss motivate the new search method. First, the size (i.e. the determinant of the 
covariancee matrix) of the new component should in general be smaller than the size of 
thee components in the current mixture. Second, as the existing mixture \>k contains more 
components,, the search for the optimal new component should become more thorough. 
Inn our search strategy we account for both observations by (i) initializing the candidates 
basedd on a subset of the data that is currently captured by a single component and (ii) 
increasingg the number of candidates linearly with k. In the next section we present 
experimentall  results that indicate that our new search procedure is faster and yields 
betterr results that the VL procedure. This is possible because the small set of candidates 
thatt is considered is tailored to the current mixture. 

Forr each insertion problem, our method constructs in candidate components per exist-
ingg mixture component. Based on the posterior distributions, we partition the data set 
XX v in k disjoint subsets .4] Ak, with .-1, = { x € X v : i = aig max.. p(.s-|x)}. If EM or a 
gradientt based method is used in step 3 of the scheme given above, then the posteriors 
/H.s|x)) are already available. From each set ,4, in candidate components are constructed. 
Inn our experiments we used in ~ 10, but more candidates can be used at the expense 
off  extra computat ion. Following (Smola and Schölkopf, 2000), the choice of in can be 
basedd on a confidence bound by specifying S and r. "Wit h probability at least 1 - d the 
bestt split among in uniformly randomly selected splits is among the best c fraction of 
alll  splits, if in > [logo/ log (1 -  ) \ . " 

Wee want the candidate components to capture a subset of the data currently captured 
byy one of the components in the mixture fitted so far. To this end we generate new 
candidatess from ,4, by selecting uniformly at random two data points x; and x, in .4,. 
Then,, we partit ion .4, into two disjoint subsets .4,7 and Au, where .4,/ contains the ele-
mentss of .4, that are closer to x( than to x r and .4,r contains the remaining elements. The 
meann and covariance of the sets .4l ( and ,4i r are used as parameters for the two candi-
datee components. The initial mixing weights for candidates generated from .4; are set 
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too 7T,/2. This process is repeated until the desired number of candidates is obtained. 

Thee initial candidates can be replaced easily by candidates that yield higher likelihood if 
theyy are included in the existing mixture. To obtain these better candidates we perform 
partiall  EM searches, starting from the initial candidates. These partial EM searches can 
bee regarded as a lookahead, so we can judge the components on the log-likelihood that 
iss achievable if we insert a candidate rather than on the log-likelihood that is achieved 
immediatelyy after the insertion. Each iteration of the km partial updates takes O(Nmk) 
computations,, since we have to evaluate the likelihood of each datum under each of 
thee rnk candidate components. Below we discuss how we can reduce the amount of 
computationss needed by a factor k. We stop the partial updates if the change in log-
likelihoodd of the resulting (k 4- 1 )-component mixtures drops below some threshold or 
iff  some maximal number of iterations is reached. 

Speedingg up the partial EM searches. In the partial EM steps we have to maximize 
thee log-likelihood function of a two component mixture i> k. ] = (1 - n )pk - no. The first 
componentt is the mixture p  ̂ which we keep fixed and the second component is the new 
componentt o which has a mixing weight a. In order to achieve O(niX) time complex-
ityy for the partial EM searches initiated at the km initial candidates, we constrain the 
responsibilitiess used in the partial EM steps. When doing partial EM steps for a compo-
nentt originating from existing component /' we constrain the responsibility of the new 
componentt for points x ^ A, to be zero. 

Thee usual EM update equations for a MoG (3.11) can now be simplified when updating 
aa candidate generated from ,4,. Sincee we are in a two-component mixture case, we write 
thee responsibility for the new component as q„  and the responsibility for the old mixture 
iss thus (1 - (jn). The simplified updates are: 

q„q„  — . (3.28) 
(11 - n)/>A.(x„ ) + oo (x „ : / z . £ ) 

« - |XX  y'- (3-29) 
x,^x,^  A, 

]]  ^ 

MM ' rr > '/»x„. (3.30) 
x „ ff  A, 

£ '' rr Y rj„(x„  - n)(x„  - A * ) ' - (3-31) 
x„<x„<  A , 

Notee that these updates only involve the data in .1,. Thus the computational cost of 
updatingg a candidate is now proportional to the number of points in A, rather than A". 
Therefore,, we can update k candidates, one based on each Alf in time proportional to A' 
ratherr than /.A". 
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Usingg the constrained responsibilities, the partial EM steps optimize a lower bound on 
thee data log-likelihood. The constrained responsibilities for points outside ,4, wil l not 
matchh the posterior on the new component in general, thus after the E-step the EM 
lowerr bound corresponding to the partial EM algorithm wil l not equal the data log-
likelihood.. If we use p(k + l|x) to denote the posterior on the new component, then 
afterr the E-step the lower bound on the data log-likelihood Ck^i can be written as: 

CCk+lk+l  >Ck+l + £ l o g ( l - / > ( A - + l | x ) )= £ l og /> , ( x )+ £ logpf c + 1(x ) . (3.32) 
xg.4,, x^.4, xt .4, 

Thee lower bound becomes tight when, for data outside Alr the posterior on the new 
componentt approaches zero. Thus, for data sets containing several widely separated 
clusterss the speed-up is not expected to impact the obtained results. 

Timee Complexity Analysis. The total runtime of the algorithm is 0{k2N) (or O(kmX) 
iff  k < m). This is due to the updates of the mixtures pt, which cost O(Ni) computations 
eachh if we use the EM algorithm for these updates. Summing over all mixtures we 
obtainn (){k2N). This is a factor k slower than the standard EM procedure. The runtime 
measurementss in our experiments confirm this analysis. The new method performed 
onn average about k/2 times slower than the standard EM algorithm. However, if we 
usee a single run of the normal EM to learn mixtures consisting of 1 k components, 
e.g.. for determining the number of components that should be used according to some 
modell  selection criterion, then the runtime would also be 0(nk2). Note that if we do 
nott use the aforementioned speed-up, the runtime would become 0(k'2mn) since in that 
casee the component allocation step for the i-th mixture component would cost O(imn). 
Thiss is a factor m more than the preceding EM steps, hence the total runtime increases 
byy a factor w. 

3.2.33 Related work 

Severall  other approaches to mixture modelling that fit in the general greedy learning 
schemee of Section 3.2.1 have been proposed (Böhning, 1995; DerSimonian, 1986; Lind-
say,, 1983; Wu, 1978). The Vertex Direction Method (VDM) (Lindsay, 1983; Wu, 1978) is 
similarr to our method, although VDM does not perform the intermediate complete mix-
turee updates of step 3 of the greedy learning scheme. VDM makes use of the directional 
derivativee DPk (o) of the data log-likelihood for the current mixture pk, where 

DDppJo)Jo) = l im r £(X„ . ( l -a)pk+ao)-C(Xn.Pk)]/a. 

VDMM proceeds by selecting o' = argmax0 DPk(o) and inserting this in the mixture with 
aa factor o * such that o * = arg max0 {C( X„ . (1 - o )pk + oo'} . Using the directional deriva-
tivee at the current mixture can be seen as an instantiation of step 2 of the general scheme. 
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Thee optimization over both o and o is replaced by (i) an optimization over DlHio) fol-
lowedd by (ii) an optimization over n. Finding the maximizer of the directional deriva-
tivee o' is typically implemented by gridding the parameter space, which becomes in-
feasiblee for high dimensional spaces. Note that by moving in the direction of maximum 
DDi<ki<k  (<:>)  does not guarantee that we move in the direction of maximum improvement of 
log-likelihoodd if we optimize over a subsequently. 

Thee split-and-merge EM (SMEM) algorithm (Ueda et al, 2000) applies split and merge 
operationss to locally optimal mixtures found by the EM algorithm. In each split and 
mergee operation three mixture components, r, .s and /, are replaced by new compo-
nents,, v', s' and t'. Components y and s are merged into y' by letting the responsibilities 
forr each data point of  be the sum of the responsibilities of /  and s. Component / is 
splitt by initializing the parameters of ->' and /' with slight random perturbations of the 
parameterss of /. The split and merge operations constitute jumps in the parameter space 
thatt allow the algorithm to jump from one local optimum to a region in the parameter 
spacee where the EM algorithm will converge to a different local optimum. By again 
applyingg the EM algorithm a potentially better optimum is found. 

SMEMM and our greedy approach can be combined. Split and merge operations can be 
incorporatedd in the greedy algorithm by checking after each component insertion (re-
gardedd as a split) whether some component s can be removed (regarded as a merge) 
suchh that the resulting log-likelihood is greater than the likelihood before the inser-
tion.. If so, component .*> is removed and the algorithm continues, having performed a 
split-and-mergee step. If not, the algorithm just proceeds as usual having performed an 
insertionn step. However, in experimental studies on synthetic data we found that this 
combinationn gave hardly any improvement over the individual methods. An important 
benefitt of our method over SMEM is that our algorithm produces a sequence of mixtures 
thatt can be used to perform model complexity selection as the mixtures are learned. We 
alsoo note that our algorithm executes faster than SMEM, which has a runtime of ()(nk:i). 
Inn our experiments we found SMEM to execute 2 to 8 times slower than our algorithm. 

Bayesiann methods are also used to learn a MoG. These methods approximate the pos-
teriorr distribution over mixture models given the data. The posterior is defined using a 
priorr distribution p{6) over the mixture models, i.e. the parameters, and Bayes rule. 

Methodss in a sense opposite to the greedy approach to mixture learning are proposed in 
(Brand,, 1999; Figueiredo and Jain, 2002). The idea is to start with a large number of mix-
turee components and to successively remove components with small mixing weights. 
Inn both cases the 'pruning' criterion is based on the introduction of a prior distribu-
tionn i>{B)  on the mixing weights of the components; a Dirichlet prior in (Figueiredo and 
Jain,, 2002) and an prior favoring mixing proportions with low entropy in (Brand, 1999). 
Thee pruning criterion can be included in an EM algorithm now aiming at maximizing 
j>(Xx\6)iH0}j>(Xx\6)iH0}  rather than just p(X\-\6), yielding different update rules for the mixing 
proportionss only. Comparing the greedy approach with the pruning approach, we note 
thatt the greedy approach does not need an initialization scheme since the optimal one-
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componentt mixture can be found analytically. Furthermore, in most EM iterations the 
pruningg approaches need to update the parameters of many components (more than 
thee final number). The greedy approach, however, updates in most EM iterations fewer 
componentss than the final number, and thus requires fewer updates in total. 

InIn (Richardson and Green, 1997) the posterior over mixture models is approximated by 
aa repeated sampling using a reversible jump Markov Chain Monte Carlo (RJMCMC) 
methodd (Green, 1995). In the limit of an infinite sample, the obtained sample corre-
spondss to a sample from the true posterior. The RJMCMC method allows jumps be-
tweenn parameter spaces of different dimensionality, i.e. parameter spaces for mixtures 
consistingg of differing number of components). However, the experimental results re-
portedd in (Richardson and Green, 1997) indicate that such sampling methods are rather 
sloww as compared to constructive maximum likelihood algorithms. It is reported that 
aboutt 160 'sweeps' (sampling of all model parameters) per second are performed on a 
SUNN Sparc4 workstation. The experiments involve 200.000 sweeps, which yields about 
200 minutes runtime. Although it is remarked that the 200.000 sweeps are not needed 
forr reliable results, this contrasts sharply with the 2.8 seconds and 5.7 seconds runtime 
(allowingg respectively about 480 and 960 sweeps) of the standard EM and our greedy 
EMM in a similar experimental setting also performed on a SUN Sparc4 workstation. 

Simulatedd annealing techniques can be used to find the (global) maximum a-posteriori 
mixturee model if an appropriate cooling schedule is used (Kirkpatrick et al., 1983). 
However,, cooling schedules for which theoretical results guarantee convergence to the 
globall  optimum are impractically slow (Geman and Geman, 1984). Alternatively, faster 
deterministicc annealing methods (Rose, 1998) can be used but these are not guaranteed 
too identify the global optimum. 

Thee variational Baysian (VB) learning scheme (Beal and Ghahramani, 2003) also approx-
imatess the posterior distribution over parameters, but does so with analytic rather than 
sample-basedd approximations. The analytic approximation is computationally much 
moree attractive than sample based approximations. In fact, the VB algorithm requires 
hardlyy more computation than the standard EM algorithm. In (Ghahramani and Beal, 
2000)) the authors combine their VB algorithm with a greedy algorithm to learn MoG and 
usee the results of the VB algorithm to select the number of mixture components and the 
structuree of the covariance matrices in the MoG. The component insertion procedure 
usedd is this work is similar to ours. Since we encountered this work only recently we do 
nott have experimental results comparing these methods. However, we expect similar 
performancee due to the similarity of the approaches. 

3.2.44 Experimental results 

Inn this section we present results of two experiments. The experiments compare the 
performancee of our new greedy approach with k-means initialized EM, the VL method, 
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andd SMEM. To initialize the EM algorithm with k-means, we initialize the cluster cen-
terss with randomly selected data points and then apply the k-means algorithm until 
convergence.. The means and covariance matrices of the clusters found by k-means are 
thenn used to initialize the parameters of the MoG. The mixing weights are initialized as 
thee fraction of the data in each cluster. The SMEM algorithm was also initialized with 
thee k-means algorithm. 

Wee present the results of two experiments. In the first experiment we apply the different 
algorithmss to data generated from MoGs. This allows us to asses how the performance 
differencess depend on several characteristics of the generated data. In the second ex-
perimentt we used 50 dimensional data derived from images of textured surfaces. In 
thiss experiment the data is in realitv probably not Gaussian distributed, so using this 
dataa set we can see how the performance of the algorithms differs on realistic data as 
encounteredd in practice. 

Syntheticc data. In this experiment we generated data sets of 400 points in IR ' for 
DD e {2.Ö} . The data was drawn from MoGs with k € f-l.G.i^. 1(1}  components and 
separationn < € {1.2. 3. 1}. The separation  of a MoG is defined as (Dasgupta, 1999): 

V, ^^ : \\fx, -tij\\2 > r j }) . (3.33) 

Forr each mixture configuration we generated 50 data sets. We allowed a maximum 
eccentricity,, defined as the ratio between the largest and the smallest singular value of 
thee covariance matrix, of 15 for each component. Also, for each generated mixture, we 
generatedd a test set of 200 points not presented to the mixture learning algorithm. In the 
comparisonn below, we evaluate the difference in log-likelihood of the test sets under the 
mixturess estimated with the different methods. 

Inn Figure 3.2 we present experimental results comparing our greedy approach to VL, 
SMEM,, and several runs of normal EM initialized with k-means. The average of the 
differencee in log-likelihood on the test set is given for different characteristics of the 
generatingg mixture. The results show that the greedy algorithm performs comparable 
too SMEM and generallv outperforms VL. Both greedy methods and SMEM outperform 
thee k-means initialization. 

Texturee clustering. In this experiment the task is to cluster a set of image patches of 
H»» x \(') = 2-5G pixels. The patches are extracted from Brodatz texture images of 2')li / 2">(> 
pixels,, four of these textures are shown in Figure 3.3. The patches extracted from the 
differentt textures are quite different and therefore can be expected to constitute clusters 
inn the 256 dimensional space of possible patches. Since different patches from the same 
texturee differ, roughlv speaking, from each other onlv in a limited number of degrees 
off  freedom (translation, rotation, scaling and brightness), the clusters in the patch-space 
aree also assumed to be confined to a low dimensional subspace that is spanned bv these 
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Figuree 3.2: Detailed exposition of log-likelihood differences. The upper three tables give the 
log-likelihoodd of a method subtracted from the log-likelihood obtained using our greedy 

approach.. The bottom table gives averages of the log-likelihood under the generating mixture 
minuss the log-likelihood given by our method. 
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Figuree 3.3: Several Brodatz textures. The white squares indicate the patch size. 

degreess of freedom. Of course, the changes in the images as a result of making a small 
changee in one of the underlying degrees of freedom should be sufficiently small in order 
forr the patches of a single texture to form a compact cluster in the patch space. 

Notee that our aim is not to present MoGs as the appropriate approach for texture clus-
tering.. Methods based on image analysis techniques probably attain better results. We 
merelyy use the texture clustering problem as test case to compare the algorithms on a 
naturall  data set where the true clusters are probably not Gaussian distributed. 

Wee conducted experiments where the number of textures from which patches were ex-
tractedd ranged from k = 2 . . . ., 6. For each value of k, we created 100 data sets of 500/c 
patchess each by uniformly selecting at random 500 patches from each of k uniformly 
randomm selected textures. On each data set we fitted a MoG with as many components 
ass different textures collected in the data set. We compared our greedy approach to the 
samee methods as in the previous experiment. 

Too speed-up the experiment and to reduce the number of parameters that had to be 
estimated,, we projected the data into a linear subspace with principal component anal-
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Figuree 3.4: Average conditional entropy for different values of k for the greedy approach, 
k-meanss initialized EM and SMEM and VL. The bottom line gives the conditional entropy if the 

clusterss are totally uninformative. Bold face is used to identify the method with minimum 
conditionall  entropy for each k. 

ysis.. We used the smallest number of principal components that could account for at 
leastt 80% of the data variance, but fixed the maximum number of dimensions to 50. 
Oncee the mixture model was learned, we clustered the patches by assigning each patch 
too the mixture component having the highest posterior probability for this patch. This 
yieldss a confusion matrix between the clusters and the textures. To evaluate the qual-
ityy of the clusterings discovered by the different learning methods, we considered how 
informativee the clusterings are on the texture label; we measured how predictable the 
texturee label of a patch is, given the cluster of the class. This can be done using the con-
ditionall  entropy (Cover and Thomas, 1991) of the texture label given the cluster label. 
Thee conditional entropy for two variables A' and Y is defined as: 

H(A'|V)) = -Y,plY = J / ) £ > ( A' - r\Y = y)\ogp(X = x\Y = y). (3.34) 

andd measures the uncertainty in A' (texture label) given the value of Y (cluster label). 
Thee joint probability p(X,Y) is estimated from the confusion matrix. 

Inn Figure 3.4 the conditional entropies (averaged over 50 experiments) are given.2 The 
resultss of the greedy method and SMEM are roughly comparable, although the greedy 
approachh was on average about four times faster. Both provide generally more informa-
tivee segmentations than using the k-means initialization. Note that VL fails to produce 
informativee clusters in this experiment. This is probably due to the high dimensionality 
off  the data that renders candidate components with isotropic covariance rather unfit. 

3.2.55 Conclusions 

Wee proposed an efficient greedy method to learn mixtures of Gaussian densities that 
hass runt ime ()(k2X + krnX) for X data points, a final number of k mixture components, 
andd m candidates per component. 

22 The logarithm with base 2 was used to compute these entropies. 
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Ourr experiments have shown that our greedy algorithm generally outperforms the k-
meanss initialized EM. Both on synthetic and natural data, SMEM performs comparably 
too our new method. An important benefit of the greedy method, both compared to 
SMEMM and the standard EM algorithm, is the production of a sequence of mixtures. 
Thiss obviates the need for initialization and facilitates model selection. As compared 
too VL we note: (i) The 0{X2k'2) time complexity has been reduced by a factor A", (ii) 
Thee somewhat arbitrary choice of spherical candidate components with fixed variance 
hass been replaced by a search for candidate components that depends on the data and 
thee current mixture, (iii ) Experiments suggest that if the methods yield different perfor-
mance,, then the new method generally outperforms VL. 

3.33 A greedy approach to k-means clustering 

Inn this section we propose a greedy approach to k-means clustering similar to the greedy 
approachh for MoG learning presented in the previous section. The proposed clustering 
methodd is tested on well-known data sets and compares favorably to the k-means algo-
rithmm with random restarts.3 

Inn the previous chapter we already discussed the k-means algorithm, one of the most 
popularr clustering algorithms. Suppose we are given a data set X,v — {x , xA } , 
x„„  e \Rn. The A-clustering problem aims at partitioning this data set into k disjoint 
subsetss (clusters) .4, Ak, such that a clustering criterion is optimized. The most 
widelyy used clustering criterion is the sum of the squared Euclidean distances between 
eachh data point x„  and the centroid /JS (cluster center) of the subset As which contains 
x„ .. This criterion is called clustering error and depends on the cluster centers fi, nk: 

k k 

-- l x „ f . . - K 

Givenn some initialization of the fis, the k-means algorithm iterates between two steps 
analogouss to the E-step and M-step of the EM algorithm. In the first step (E) each data 
pointt x„  is assigned to the cluster * given by s = argmin, ||x„  - /xj|2. The second 
stepp (M) updates the cluster centers as the average of the associated data vectors: /x_ — 
~f~~ zLx, ( i x" - I*  *s e a sy to see that the iterations of these steps can not increase the error 
inn (3.35). However, one can not guarantee that the k-means algorithm wil l converge to 
thee optimal clustering. The main disadvantage of the method thus lies in its sensitivity 
too initial positions of the cluster centers (Pena et al., 1999). Therefore, in order to obtain 
nearr optimal solutions using the k-means algorithm, several runs must be scheduled 
differingg in the initial positions of the cluster centers. 

11 The material of this section is largely drawn from (Likas et al., 2003). 
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Otherr approaches to deal with this problem have been developed that are based on 
stochasticc global optimization methods, e.g. simulated annealing (Banddyopadhyay 
ett al., 2001), genetic algorithms (Krishna and Murty, 1999), or eigenvector analysis of 
thee data inner-product matrix (Zha et al., 2002). However, these techniques have not 
gainedd wide acceptance and in many practical applications the clustering method that 
iss used is the k-means algorithm with multiple restarts (Jain et al., 1999). In this section 
wee present the global k-means algorithm, a deterministic algorithm designed to reduce 
thee sensitivity to initialization. 

Inn the next subsection we present the global k-means algorithm and propose heuris-
ticss to reduce the computation time in Section 3.3.2. Experimental results comparing 
thee global k-means algorithm to the normal k-means algorithm are presented in Sec-
tionn 3.3.3. Conclusions wil l be drawn in Section 3.3.4. 

3.3.11 The global k-means algorithm 

Thee global k-means clustering algorithm is a deterministic method that does not de-
pendd on initial parameter values and employs the k-means algorithm as a local search 
procedure.. Instead of randomly selecting initial values for all cluster centers as is the 
casee with most global clustering algorithms, the proposed technique proceeds in an in-
crementall  way attempting to optimally add one new cluster center at each stage. 

Moree specifically, to solve a clustering problem with A„ iax clusters the method proceeds 
ass follows. We start with one cluster, k — 1, and find its optimal position which corre-
spondss to the centroid of the data set. In order to solve the problem with two clusters 
(k(k = 2) we perform .V executions of the k-means algorithm from the following initial 
positionss of the cluster centers: the first cluster center is always placed at the optimal po-
sitionn for the problem with A - — 1, while the second center at execution n is placed at the 
positionn of the data point x„  (n = 1 V). The best solution obtained after the .V exe-
cutionss of the k-means algorithm is considered as the solution to the 2-clustering prob-
lem.. Let (/!,(/>•) Vk-(k)) denote the final solution to the /.--clustering problem. Once 
wee have found the solution to the /.-clustering problem, we try to find the solution to 
thee (/.• -r 1 j-clustering problem as follows: we perform A' runs of the k-means algorithm 
withh {/,- + 1) clusters where each run n starts from the initial state (/xs(A-J nk.{k).x„). 
Thee best solution obtained from the .V runs is considered as the solution to the (k - 1)-
clusteringg problem. By repeating this procedure we finally obtain a solution with kWAX 

clusterss having also found solutions to all /.-clustering problems with 1 < A < kUiiiX. 

Thee latter characteristic can be advantageous in many applications where the aim is 
alsoo to discover the 'correct' number of clusters. To achieve this, one has to solve the k-
clusteringg problem for various numbers of clusters and then employ appropriate criteria 
forr selecting the most suitable value of k (Milligan and Cooper, 1985). In this case the 
proposedd method directly provides clustering solutions for all intermediate values of k, 
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thuss requiring no additional computational effort. 

Thee method requires A" executions of the k-means algorithm for each value of k (k — 
11 kmilJ.), resulting in a total runtime of 0[k'fU(U..\2), Depending on the available re-
sourcess and the values of .V and k„ mjr, the algorithm may be an attractive approach, 
since,, as experimental results indicate, the performance of the method is excellent. 
Moreover,, as we wil l show later, there are several modifications that can be applied 
inn order to reduce the computational load. 

Ann implicit assumption seems to underly the algorithm: an optimal clustering solution 
withh k clusters can be obtained by applying the k-means algorithm initialized with opti-
mall  positions for the (k - l)-clustering problem and the remaining k-th center placed at 
ann appropriate position to be discovered. Although this assumption may seem valid at 
firstt glance, it was recently shown (Hansen et a l, 2002) that in general this assumption 
doess not hold for kni<Jl. > ,'i. Despite this negative result we find near optimal perfor-
mancee in our experiments; the solution obtained by the proposed method was at least 
ass good as that obtained using numerous random restarts of the k-means algorithm. 

3.3.22 Speeding up execution of global k-means 

Inn this section we propose two heuristics to reduce the computational load of the global 
k-meanss algorithm without significantly affecting the quality of the solution. These 
heuristicss can be used separately from each other or together. 

Thee fast global k-means algorithm. The fast global k-means algorithm constitutes a 
straightforwardd method to accelerate the global k-means algorithm. The difference lies 
inn the way a solution for the A-clustering problem is obtained, given the solution of the 
(A--l)-clusteringg problem. For each of the X initial states (/i,,(A--l) /xu. i]{k-l).x„) 
wee do not execute the k-means algorithm until convergence to obtain the final clustering 
error.. Instead, we compute the clustering error E„  that is obtained when only a single 
assignmentt step is performed after x„  is added to the set of cluster means. Clearly, this 
iss an upper bound on the clustering error if we would continue the k-means algorithm 
untill  convergence. The difference between the clustering error E,A...];, before inserting 
x„„  and the clustering error E„  after the first assignment step is given by: 

,\ \ 

£a-r,, - f-'n = Y^ I , m xK - i - l!x» - x,|fJ.0). 0-36) 
ii  i 

wheree d\. , is the squared distance between x, and the closest center among the k - 1 
clusterr centers obtained so far. We then initialize the position of the new cluster center 
att x„  that minimizes En, or equivalently that maximizes (3.36), and execute the k-means 
algorithmm to obtain the solution with k clusters. Experimental results presented in the 
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nextt section suggest that using the data point that minimizes this bound leads to results 
almostt as good as those provided by the global k-means algorithm. 

Initializatio nn with kd-trees. A second possibility to reduce the amount of computa-
tionn needed by global k-means is to use a small set of appropriately selected potential 
insertionn positions rather than to consider all data points as potential insertion locations. 
Below,, we discuss using a kd-tree to select such a small set of insertion locations. 

AA kd-tree (Bentley, 1975; Sproull, 1991) is a multi-dimensional generalization of the stan-
dardd one-dimensional binary search tree that facilitates storage and search over multi-
dimensionall  data sets. A kd-tree defines a recursive partitioning of the data space into 
half-spaces.. To each node of the tree corresponds a half-space of the original data space 
andd the subset of the data contained in this half-space. Each non-terminal node has 
twoo successors, each of them associated with one of the two half-spaces obtained from 
thee partitioning of the parent half-space using a cutting hyper-plane. The kd-tree struc-
turee was originally used for speeding up distance-based search operations like nearest 
neighborss queries, range queries, etc. Below we use a variation of the original kd-tree 
proposedd in (Sproull, 1991). There, the cutting hyper-plane is defined as the plane that 
iss perpendicular to the direction of the principal component of the data points corre-
spondingg to each node. 

Inn principle the leaves of the tree contains single points. However, for practical purposes 
thee recursion is usually terminated if a node (called a bucket) is created containing less 
thann a pre-specified number of points b (called the bucket size) or if a pre-specified 
numberr of buckets have been created. It turns out that the buckets of the kd-tree are 
veryy useful to determine potential insertion locations. The idea is to use the bucket 
centers,, which are fewer in number than the data points if a bucket size h > 1 is used, 
ass potential insertion locations for the (fast) global k-means algorithm. 

Fromm experiments we learned that restricting the insertion locations for the (fast) global 
k-meanss to those given by the kd-tree (instead of using all data points) does not signifi-
cantlyy degrade performance if we consider a sufficiently large number of buckets in the 
kd-tree.. In general, using more buckets than the final number of clusters gave results 
comparablee to using all data points as insertion locations. 

3.3.33 Experimental results 

Wee have tested the proposed clustering algorithms on several well-known data sets, 
namelyy the iris data set (Blake and Merz, 1998), the synthetic data set from (Ripley, 
1996),, and the image segmentation data set from (Blake and Merz, 1998). In all data sets 
wee conducted experiments for the clustering problems obtained by considering only 
featuree vectors and ignoring class labels. The iris data set contains 150 four dimensional 
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Figuree 3.5: Performance results for the iris data set. 

dataa points, the synthetic data set contains 250 two dimensional data points. The im-
agee segmentation data set contains 210 six dimensional data points obtained through a 
PCAA projection of the original 18-dimensional data points. The quality of the obtained 
solutionss was evaluated in terms of the values of the final clustering error. 

Forr each data set we conducted the following experiments: 

•• one run of the global k-means algorithm for A- = 15. 

•• one run of the fast global k-means algorithm for k = 15. 

•• the k-means algorithm for A- = 1 15. For each value of k, the k-means algo
rithmm was executed N times (where A" is the number of data points) starting from 
randomm initial positions for the k centers. We compute the minimum and average 
clusteringg error as well as its standard deviation. 

Forr each of the three data sets the experimental results are displayed in Figures 3.5, 3.6 
andd 3.7 respectively. Each figure displays the clustering error as a function of the num
berr of clusters. It is clear that the global k-means algorithm is very effective, providing 
inn all cases solutions of equal or better quality with respect to the k-means algorithm. 
Thee fast version of the algorithm also provides solutions comparable to those obtained 
byy the original method while executing significantly faster. 
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Figuree 3.6: Performance results for the synthetic data set. 
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Figuree 3.7: Performance results for the image segmentation data set. 
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Figuree 3.8: Example data sets with k = 5, D = 2 and separation (left to right) i, |, and 1. 

Syntheticc data. Here we provide more extensive comparative experimental results us-
ingg artificially created data sets. The purpose is to compare the randomly initialized 
k-meanss algorithm with the fast global k-means algorithm that uses the top 2k nodes of 
thee corresponding kd-tree as candidate insertion locations. 

Thee data have been drawn from randomly generated Gaussian mixtures. We varied the 
numberr of mixture components k, the dimensionality D of the data space and the sepa-
rationn c, as defined in (3.33), between the sources of the mixture. In our experiments we 
consideredd mixtures having a separation in the interval [|. 1], these values correspond 
too clusters that overlap to a large extent. The number of data points in each data set was 
ö(M',, where k is the number of sources. Some example data sets are shown in Fig. 3.8. 

Wee considered 120 problems corresponding to all combinations of the following values: 
kk = {2.7.12.17.22}, D = {2.4.6,8}, c = {0.5,0.6.0.7.0.8,0.9.1.0}. For each problem 10 
dataa sets were created. On every data set, the 'greedy' (i.e. fast global k-means with kd-
treee initialization) algorithm was applied first. Then the randomly initialized k-means 
algorithmm was applied as many times as possible in the runtime of the greedy algorithm. 
Too evaluate the quality of the solutions found for a specific data set, first the mean 
clusteringg error Ë is computed for the runs performed using the k-means algorithm. 
Thee results are displayed in Fig. 3.9 and Fig. 3.10. 

Bothh the minimum clustering error value encountered during the runs with the k-means 
algorithmm and the error obtained with the greedy algorithm are given relative to the 
meann error E. The minimum error among the k-means runs is given in the 'min.' 
columnss as (1 - min/Ë1) x 100, thus this value says how much better the minimum 
errorr is as a percentage of the mean error. The standard deviation a of the errors is 
givenn in the a column as a JE x 100. The 'gr.' column provides the clustering error 
EEgrgr obtained with the greedy algorithm as: (1 - Egr/É) x 100, this number shows how 
muchh better Egr was than Ë. Finally, the 'trials' column indicates how many runs of 
thee k-means algorithm were allowed in the runtime of the greedy algorithm. Each row 
off  the table displays the averaged results over 10 data sets constructed for the specific 
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Figuree 3.9: Experimental results on synthetic data sets with D = 2 and D = 4. 
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Figuree 3.10: Experimental results on synthetic data sets with D — G and D - s. 
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valuess of k, D and c. We used bold values in the tables to indicate whether the cluster-
ingg error of the greedy algorithm or the minimum error achieved for the runs with the 
k-meanss algorithm was the smallest. 

Thee results show that the benefit of the greedy method becomes larger if there are more 
clusters,, the separation becomes larger, or the dimensionality gets smaller. In almost all 
casess the greedy algorithm gives better results. In cases where the greedy method is not 
superior,, both methods yield results relatively close to the average k-means result. It is 
interestingg that the number of trials allowed for the random k-means algorithm grows 
onlyy slowly as the number of clusters increases. 

3.3.44 Conclusions 

Wee have presented the global k-means clustering algorithm, a deterministic clustering 
methodd providing excellent results in terms of the clustering error criterion. The method 
iss independent of any starting conditions and compares favorably to the k-means algo-
rithmrithm with multiple random restarts. The deterministic nature of the method is par-
ticularlyy useful in cases where the clustering method is used either to specify initial 
parameterr values for other methods (for example training of radial basis function net-
workss (Webb, 2002)) or as a module in a more complex system. In such cases other parts 
off  the system can be designed and tested while there is no risk of obtaining bad results 
duee to occasional aberrant behavior of the clustering module. Another advantage of the 
proposedd technique is that in order to solve the A--clustering problem, all intermediate 
/-clusteringg problems are also solved for / < k. This may prove useful in applications 
wheree we seek the actual number of clusters and the A'-clustering problem needs to be 
solvedd for several values of k. We also proposed two modifications of the method that 
reducee the computational load without significantly affecting solution quality. 

3.44 Accelerating the EM algorithm for  large data sets 

Inn the previous sections we considered the EM algorithm for Gaussian mixtures and 
thee k-means algorithm. The run-time per iteration of both algorithms is ()(.\k) for A' 
dataa items and k clusters, this limits their usefulness in large scale applications with 
manyy data points and many clusters. Recently several authors (Moore, 1999; Moore 
andd Pelleg, 1999; Kanungo et al., 2002; Alsabti et al., 1998) proposed speed-ups of these 
algorithmss based on analysis of sufficient statistics of large chunks of data. The idea is 
too use geometrical reasoning to determine that for chunks of data a particular prototype 
iss the closest (k-means) or the posterior on mixture components hardly varies in the 
chunkk of data (EM for MoG). Cached sufficient statistics are then used to perform the 
updatee step of the algorithms. 
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Inn this section we present a constrained EM algorithm that can be used to speed-up 
large-scalee Gaussian mixture modelling. Contrary to related work, our algorithm is in 
eachh step guaranteed to increase a lower bound on the data log-likelihood. We derive 
closed-formm and efficiently computable optimal assignments of chunks of data to mix-
turee components (E-step) and parameter estimate update equations (M-step). In our 
algorithmm sufficient statistics of chunks of data are stored in the nodes of a kd-tree. The 
computationall  cost of the EM steps is independent of the number of data points and 
iss linear in the number of outer nodes of the tree since both steps only use the suffi-
cientt statistics stored in these nodes. Furthermore, our algorithm allows for arbitrary 
partitions,, while existing techniques were limited to use relatively fine partitions of the 
dataa to ensure stability of the algorithms. Thus the proposed framework allows more 
freedomm in designing new speed-up algorithms. We present experimental results that 
illustratee the validity of our approach.4 

Thee rest of this section is organized as follows: in Section 3.4.1 we present our acceler-
atedd EM algorithm. Then, in Section 3.4.2 we compare our work with related work. In 
Sectionn 3.4.3 we describe our experiments on speeding up Gaussian mixture learning 
andd end with conclusions in Section 3.4.4. 

3.4.11 An accelerated EM algorithm for  Gaussian mixtures 

Wee have seen that the EM algorithm iteratively maximizes the lower bound ƒ"(#. q) on 
thee data log-likelihood £(X.V .0) with respect to q and 6. The bound is a function of 
mixturee parameters 0 and a set of distributions q = {t/, qs) where each q„(s) cor-
respondss to a data point x„  and defines an arbitrary discrete distribution over mixture 
componentss indexed by .s. Recall that this lower bound can be written in two forms: 

.v v 
T(O.q)T(O.q) = Y  ̂ 'M>iu>(x„:0)  - £>(f/,)(.s)|!/,(.sjx„:0))j (3.37) 

n.-n.-1 1 

.VV A-

-- Y, X/ ' " (" s) ^ / ^ „ . . s i ö) - If'gf/^.s)1 . (3.38) 
a-a- i .*. i 

Thee dependence of p on 6 is throughout assumed, although not always written explic-
itly .. As discussed in Section 3.1.2, the EM algorithm can be modified by constraining 
thee allowed distributions over hidden variables, i.e. the responsibilities <y„(.s). Rather 
thann iteratively increasing C, such a constrained, or variational, EM algorithm wil l it-
erativelyy increase a lower bound on C. The idea of our accelerated EM algorithm is to 
assignn equal responsibilities to chunks of data points that are nearby in the input space. 

Considerr a partitioning of the data space into a collection of non-overlapping cells A =--
M ii  l„ }/  such that each point in the data set belongs to a single cell. To all points in 

ii The material of this section is largely drawn from (Verbeek et al., 2003e). 
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aa cell A e A we assign the same responsibility distribution q,\(s) which we can compute 
inn an optimal way as we show next. Note from (3.38) that the objective function T can 
bee written as a sum of local parts J*7 - J2\f 4JF,t, one per cell. If we impose (/„(.s) = qA{s) 
forr all data points x„  € A, then the part of T corresponding to a cell .4 reads: 

k k 

F\F\ = ]T J2(1A(S) I)»ZPMS) + 1('S/'(") - l»K'M(*) i (3-39) 
x„ << A s --1 

k k 

==  \A\^2qA(s) [\<>£l>(s)  - \ogqA(s) + (log/>(x|.s)}..,;. (3.40) 
.ss - 1 

wrheree {•)A denotes average over all points in cell A. Setting the derivatives of TA w.r.t. 
(JA{*)(JA{*)  to zero we find the distribution qA(s) that maximizes TA. 

(j(jAA[*)[*)  x i>{s)ox])(lo£p{x\s))A. (3.41) 

Suchh an optimal distribution can be computed separately for each cell A e A, and only 
requiress computing the average conditional log-likelihood of the points in A. 

Wee now show that it is possible to efficiently compute (i) the optimal (/AU) for each cell 
AA in the E-step and (ii) the new values of the unknown mixture parameters in the M-
step,, if some statistics of the points in each cell .4 are cached in advance. The averaging 
operationn in (3.40) can be written3: 

(log/,(x|,s)).44 . ^ logp(x„|.s) (3.42) 
x„e.4 4 

1 1 logg |SJ + T 4 V (X„ ~ /i.J ' Kl(*n ~ IIs) \A\\A\ ^ x 

11 x„G.4 

(3.43) ) 

==  - \ [log |SS | + »\ S ; V , + Tr{SA'{xxT}.,} - 2p.\ S; I(x).,] . (3.44) 

Fromm this we see that the mean (x) A and average outer product matrix (xx } A of the 
pointss in .4 are sufficient statistics for computing the optimal responsibilities <] A{s). The 
samee statistics can be used for updating the mixture parameters 6. If we set the deriva
tivess of T w.r.t. 9 to zero we find the update equations similar to those given in (3.11) 
forr the standard EM algorithm: 

M * ) -- —yV<(* ) . (3-45) 
nn iL—' 

AtAt A 

^ , - ~ ^ £ ^ ( * ) ( x > , t .. (3.46) 
np(.s)) j ^ A 

„„ 1-41 *-^ 
2 ^^ qA(s)(xx )..!-/x8/xs. (3.47) np(.s) np(.s) 

11 V ' A(r_A 

Wee ignore the additive constant - | log(27r), which translates into a multiplicative constant in (3.41). 



78 8 MIXTUREE DENSITY ESTIMATION 

Notee that the sums over the data points have been replaced by sums over the cells of 
thee partition that is used. Therefore, the number of summations and multiplications that 
hass to be performed for each component scales linearly with the number of cells rather 
thann with the number of data points. Note that, whichever partition we choose, the 
constrainedd EM algorithm presented above, which interacts with the data only through 
thee cached statistics of chunks of data, is always a convergent algorithm in that each 
stepp increases a lower bound on data log-likelihood. In the limit , if we partition all data 
pointss into separate cells, the algorithm coincides exactly with the normal EM algorithm 
andd wil l converge to a local maximum of the data log-likelihood. It is easy to see that if 
wee refine a specific partition and recompute the responsibilities qA{$) then T cannot de-
crease.. Refinement of the partition and recomputing the responsibilities can be viewed 
ass an E-step. Clearly, various trade-offs between the amount of computation and the 
tightnesss of the bound can be made, depending on the particular application. 

AA convenient structure for storing statistics in a way that permits the use of different 
partitionss in the course of the algorithm is a kd-tree (Bentley, 1975; Moore, 1999), see 
Sectionn 3.3.2, a binary tree that defines a hierarchical decomposition of the data space 
intoo cells, each cell corresponding to a node of the tree. As in (Moore, 1999) we store 
inn each node of the kd-tree the sufficient statistics of all data points under this node. 
Buildingg these cached statistics can be efficiently done bottom-up by noticing that the 
statisticss of a parent node are the sum of the statistics of its children nodes. Building the 
kd-treee and storing statistics in its nodes has cost ()(N log TV). 

AA particular expansion of the kd-tree corresponds to a specific partition A of the data 
space,, where each cell A e A corresponds to an outer node of the expanded tree. Further 
expandingg the tree means refining the current partition, and in our implementations as 
heuristicc to guide the tree expansion we employ a breadth-first search strategy in which 
wee expand all cells in the current partition. Other strategies, like a best-first one are 
possiblee as well. We also need a criterion to stop expanding the tree, and one could 
use,, among others, bounds on the variation of the data posteriors inside a node like 
inn (Moore, 1999), a bound on the size of the partition (number of outer nodes at any 
step),, or sampled approximations of the difference between log-likelihood and T. An-
otherr possibility, which we used in our implementation, is to control the tree expansion 
basedd on the performance of the algorithm, i.e. whether refining the partition improves 
thee value of T from the previous partitioning by a significant amount. 

3.4.22 Related work 

Thee idea of using a kd-tree for accelerating the EM algorithm in large-scale mixture 
modellingg was first proposed in (Moore, 1999). In that work, in each EM step every 
nodee in the kd-tree is assigned responsibility distribution equal to the Bayes posterior 
off  the centroid of the data points stored in the node, i.e., ijA = /;(.s|(x),i). In comparison, 
wee use f/,i proportional to the average joint log-likelihood, c.f. (3.41). If there is littl e 
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variationn in the posteriors within a node, e.g. when using fine-grained partitions, the 
approximationn wil l hardly affect the update in the M-step, and therefore the M-step 
wil ll  probably still increase the data log-likelihood. However this is not guaranteed. 

Inn (Moore, 1999) a different tree expansion is computed in each EM step, as stopping 
criterionn for tree expansion bounds are used on the variation of the posterior probabil-
itiess of the data inside a node of the kd-tree. Computing these bounds is a nontrivial 
operationn that involves solving a quadratic programming problem. 

Thee main advantage of our method compared to (Moore, 1999) is that we provably 
increasee in each EM step a lower bound of the data log-likelihood by computing the op-
timaltimal responsibility distribution for each node given the current parameters. Moreover, 
thiss optimal distribution is independent of the size, shape, and other properties of the 
node,, allowing us to run EM even with very coarse-grained partitions. As mentioned 
above,, and demonstrated in the experiments below, by gradually refining the partition-
ingg while running EM we can get close to the optima of the log-likelihood in relatively 
feww EM steps. 

3.4.33 Experimental results 

Inn this section we describe our experiments and present the obtained results. In the 
experimentss we applied our constrained EM algorithm to learn a /.-component MoG 
onn the data. First, a kd-tree is constructed and we cache in its nodes the data statistics 
bottom-up,, as explained above. The EM algorithm is started with an initial expansion 
off  the tree to depth two. We keep this partitioning fixed and run the accelerated EM 
untill  convergence. Convergence is measured in terms of relative increase in T, We 
thenn refine the partitioning by expanding the current cells of the partitioning. Then 
wee run again the constrained EM algorithm until convergence, refine the partitioning 
breadth-first,, etc. We stop the algorithm if the relative change in T between two suc-
cessivee partitions is smaller than 10 l. In all experiments we used artificially generated 
dataa sampled from a randomly- initialized /.--component MoG in D dimensions with a 
componentt separation of c, as defined in (3.33). 

Differencee with suboptimal shared responsibilities. As indicated by theory, the re-
sponsibilitiess computed from (3.41) maximizing T for a given 6. For fixed 6, the log-
likelihoodd C is unaffected by the choice of responsibilities, thus we see from (3.37) that 
thee sum of KL divergences should be smaller when using the optimal shared respon-
sibilitiess (3.41) than when for example using /J(.\ 'X \), as in (Moore, 1999). We inves-
tigatedd the difference in summed KL divergences between the responsibilities and the 
truee posteriors when using (3.41) and using /;(*vX A)-

Wee generated 20 data sets of 5000 points from a random k = 20 component MoG in 
DD = 10 dimensions with a separation of r = 2. We then initialized a mixture using 
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Figuree 3.11: Differences in KL divergence as a function of partition size. 

k-meanss and approximated the responsibilities for this mixture. Fig. 3.11 shows the 
differencess in the KL divergence summed over all data points, for different partit ioning 
sizes,, averaged over the 20 data sets. Each unit on the horizontal axis corresponds to 
expandingg the tree one level down, and hence doubling the number of nodes used in 
thee partition. The result confirms that our method indeed gives a better approximation, 
ass predicted by theory. The difference is larger for rough partit ions, this is as expected 
sincee p(s\(x)A) becomes a better approximation of the individual responsibilities as the 
partit ionn becomes finer. 

Gaussiann mixtur e learning: accelerated vs. regular  EM. We compared our method to 
thee regular EM algorithm in terms of speed and quality of the resulting mixtures. We 
lookedd at how the difference in performance and speed is influenced by the number of 
dataa points, dimensions, components, and the amount of separation. 

Thee default data set consisted of 10,000 points drawn from a 10-component 3-separated 
MoGG in 2 dimensions. To compare log-likelihoods we also created a test set of 1000 
pointss from the same mixture. We applied both algorithms to a mixture initialized us-
ingg k-means. Fig. 3.12 shows the negative log-likelihood of the test set attained by the 
algorithmss and the generating mixture averaged over 20 data sets as well as the speed-
upp of the accelerated algorithm. Speed was measured using the total number of basic 
floatingg point operations (flops) needed for convergence. The graphs show how many 
timess fewer flops were needed by the accelerated algorithm. 

Thee results show that (i) the speed-up is roughly linear in the number of data points (ii ) 
thee number of dimensions and components have a negative effect on the speed-up and 
(iii )) the amount of separation has a positive effect. In general the accelerated algorithm 
requiress more iterations to converge but it is still faster than regular EM algorithm since 
thee iterations themselves are executed much faster. The difference in the performance of 
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Figuree 3.12: Experimental results on Gaussian mixture learning. (Left) Speed-up factor. (Right) 
Negativee log-likelihoods at convergence: generating mixture (black), regular EM (light), 

acceleratedd EM (dark). 
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thee two algorithms w.r.t. log-likelihood becomes larger (our method performs worse) as 
thee number of components and data dimensionality increase. However, the difference 
inn log-likelihood between accelerated and regular EM is still small compared to the re-
spectivee differences with the log-likelihood of the generating mixture, even when using 
manyy components in relatively high dimensional spaces. 

Gaussiann mixtur e learning: accelerated greedy vs. greedy EM. We also combined 
thee accelerated EM algorithm with the greedy EM algorithm of Section 3.2. Below we 
presentt the results of a comparison similar to the comparison presented above, now 
comparingg the standard greedy and accelerated greedy algorithm. 

Thee effects on the speed-up of changing the number of points, dimensions, separation 
andd number of components are similar to those obtained with the non-greedy algo-
rithms.. However, the effects when increasing dimension are less pronounced. Further-
more,, both greedy algorithms obtain log-likelihoods very close to those of the generat-
ingg mixture. Thus, using the greedy algorithm improves results for both methods and 
reducess the difference in log-likelihood between them while obtaining similar speed-
upss as compared to the non-greedy algorithms. 

3.4.44 Conclusions 

Wee presented an accelerated EM algorithm that can be used to speed-up the EM algo-
rithmm to learn MoGs for large data sets. Our contributions over similar existing tech-
niquess are two-fold. First, we can show that the algorithm maximizes a lower bound on 
dataa log-likelihood and that the bound becomes tighter if we use finer partitions. The 
algorithmm finds mixture configurations near local optima of the log-likelihood surface 
whichh are comparable to those found by the regular EM algorithm, and does so consid-
erablyy faster. Second, the algorithm is convergent and maximizes a lower bound on data 
log-likelihoodd for any partitioning of the data. This allows us to use partitions where 
thee true posteriors differ heavily in each part, which are needed when working on very 
largee data sets and only limited computational resources are available. Another option 
iss to start the algorithm with a rough partitioning, for which the EM iterations are per-
formedd very fast, and only refine the partitioning when needed because the algorithm 
convergedd with the rough partitioning. 

Comparingg our work with (Moore, 1999), we conclude that with the same computa-
tionall  effort we can use the optimal shared responsibilities instead of the posterior at 
thee node centroid which limits the algorithm to using relatively fine partitions. 

Thee need to store sufficient statistics limits the use of our method, and other methods 
basedd on storing sufficient statistics to accelerate MoG learning, to data sets that are of 
relativelyy low dimension. This is because the space needed to store the average outer 
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productss grows quadratically with the data dimension. However, if the covariance ma-
trixx is constrained to be diagonal then the inner products are sufficient statistics, for 
whichh the storage requirements are only linear in the data dimensionality. Finally, note 
thatt the proposed technique can directly be applied to other Gaussian mixture models 
suchh as the self-organizing mixture models described in the next chapter. An interesting 
linee of further research is to consider whether a similar technique can be developed to 
speed-upp mixture learning for discrete data. 

Outlook k 

Inn this chapter we have considered Gaussian mixture learning with the EM algorithm. 
Wee presented greedy algorithms for MoG learning and k-means clustering that avoid 
manyy of the poor local optima found by other methods. The greedy algorithms start 
withh a single component and then iteratively add a component to the mixture and up-
datee the mixture parameters with the EM algorithm. The greedy approaches are of 
particularr interest when the number of mixture components (or clusters) has to be deter-
mined,, since locally optimal mixtures with different numbers of components are gener-
ated.. We also presented an accelerated EM algorithm that is convergent and guaranteed 
too increase a lower bound on the data log-likelihood. Our accelerated EM algorithm also 
supportss coarse partitions that cannot be used in existing accelerated EM algorithms. 

Inn the following chapters we wil l use mixture models for dimension reduction. The di-
mensionn reduction techniques developed in those chapters divide the data into several 
clusterss and analyze the relation between the clusters in order to produce a represen-
tationn of the data in fewer dimensions than the original data. The self-organizing map 
approachh of the next chapter associates with each mixture component a location in a 
loww dimensional latent space. Data points are mapped to the latent space by averag-
ingg over the locations of the mixture components according to the posterior p(s\x). In 
Chapterr 5 each mixture component implements a linear map between the data space 
andd the latent space. For each data point, a weighted average of the linear maps of the 
componentss is used to map it to the latent space; the weights are given by the posterior 
onn the components. 


