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SELF-ORGANIZINGG MIXTUR E MODELS 

Inn this chapter we present a class of models for non-linear data visualization based on 
probabilisticc mixture models. Some of these models exhibit great similarity to Koho-
nen'ss self-organizing map, but the fact that ours are based on mixture models allows 
forr several important benefits. In the first section we review Kohonen's self-organizing 
mapp and discuss its limitations to motivate our work. Then, in Section 4.2, we present 
ourr mixture based approach. Related work on self-organizing maps is discussed in 
Sectionn 4.3. We provide experimental results obtained when applying our approach to 
differentt types of mixture models in Section 4.4, after which we present our conclusions 
inn Section 4.5.1 

4.11 Self-organizing maps 

Thee self-organizing map, or SOM for short, was introduced by Kohonen in the early 
1980s.. It extends data clustering in a manner such that it can be used for dimension 
reduction;; each cluster is assigned fixed coordinates in a low dimensional latent space. 
Afterr estimation of the parameters of a SOM from a given data set, the data can be 
mappedd to the latent space by assigning each data point the latent coordinates associ-
atedd with the cluster that best matches it. Notably, the mapping from the data space 
too the latent space implemented by a SOM can be non-linear. A self-organizing map 
preservess topology in the sense that clusters that are nearby in the latent space wil l typ-
icallyy contain similar data. We wil l refer to the clusters also as 'nodes', a term that is 
commonn in the SOM literature. 

Sincee their introduction, self-organizing maps have been applied in many engineering 
problems,, see e.g. the list of over 3000 references on applications of SOM in (Kohonen, 
2001).. One key application area is data visualization. As noted in the introduction, di-
mensionn reduction is a valuable tool for visualizing high dimensional data since it is 

11 The material of this chapter is largely drawn from (Verbeek et al., 2003c; Verbeek et al., 2004). 
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nott possible to use a simple scatter plot for such data. An application of SOMs for for 
content-basedd image retrieval can be found in the PICSOM system 2 (Laaksonen et al., 
2001).. The system provides a search mechanism that allows a user to find images of in-
terestt through several interactions with the system. First, the PICSOM svstem presents 
somee random images from the data-base to the user and then the user identifies relevant 
images:: i.e. images that are most similar to the desired image. Alternatively, the user 
couldd directly provide some relevant images to the system. The svstem uses a SOM to 
findd similar pictures and presents those to the user: it presents images from the node 
thatt best matches the relevant images and also from nodes that are in the latent space 
nearr the best matching node. The process is then iterated by letting the user add new 
imagess (from the presented ones) to the set of relevant images and/or removing others. 
Thee system uses several different representations of the images. Among others, color 
andd texture content are used. As the user adds more images to the set of relevant im-
ages,, it may become apparent that they are all similar in respect to their texture content 
butt not in their color content. The system then identifies that mainly texture content 
matterss and wil l present new images on the basis of similar texture content. 

Kohonen'ss self-organizing map algorithm. The basic self-organizing map (SOM) al-
gorithmm assumes that the data are given as vectors x„  e IR (n - 1 V). With each 
nodee * (.s = 1 A) we associate two vectors: g.„  gives the location in the latent 
spacee and /xv e IR is the 'center' in the data space. The latent space is typically two-
dimensionall  in visualization applications of the SOM. The centers / i t are estimated in 
suchh a way that nearby nodes in the latent space wil l have nearby centers in the data 
space.. There are two ways to estimate the centers, we can process data items one-by-
onee (on-line) and all-at-once (batch). The batch algorithm is useful when the data set is 
fixed.. The on-line algorithm is useful when the data comes as a continuous stream. We 
describedd the online algorithm in Section 2.2.2. 

Thee neighborhood function is a function that maps two nodes to a real number which 
encodess spatial relationships of the nodes in the latent space. Tvpicallv, the neighbor-
hoodd function is a positive function which decreases as the distance between two nodes 
inn the latent space increases. An example is the exponent of the negative squared Eu-
clideann distance between the two nodes in the latent space. The neighborhood function 
evaluatedd at nodes / and -. is written as: 

!>,..!>,..  =rx,,(-A'.K ,. - gj!-). (4.1) 

wheree A controls the width of the neighborhood function. 

Recalll  that the on-line SOM algorithm processes one data point at a time and for each 
dataa point performs two steps. In the assignment step the current data item is assigned 
too the 'winner': the node r' with the nearest center (according to some dissimilarity 

-- An on-line demo of the >\>tem can be found at 
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Figuree 4.1: The update of the on-line algorithm for a point x. The small discs represent data 
pointss and the big discs represent cluster centers. The ordering of the nodes in the latent space 
iss indicated by connecting neighboring nodes with bars. The size of the arrows indicates the 

forcee by which the nodes are attracted toward the point ,r. 

measure,, often Euclidean distance). In the update step each center /xs is moved toward 
thee data vector by an amount proport ional to hr-s: the value of the neighborhood func-
tionn evaluated at the winner r*  and node s. Thus a center is moved toward the data 
thatt is assigned to it, but also toward data that is assigned to nodes nearby in the latent 
space.. Fig. 4.1 illustrates the update for a point indicated with x. 

Thee batch version of the SOM algorithm performs the assignment and update steps for 
alll  data points at once. First each data point is assigned to its winning node. Then, in 
thee update step each center /xr is placed at the weighted average of all data, where each 
dataa vector is weighted by a factor proport ional to the neighborhood function evaluated 
att r and the winner for that data vector. Thus, if we use sn to indicate the winner for 
dataa point x„ , we have: 

""  N 

_n= l l 

/ / 
""  A' 

Limitation ss of Kohonen's self-organizing map. The Euclidean distance used in the 
assignmentt step of the SOM algorithm is not always appropriate, or applicable when 
thee data is not expressed as real-valued vectors. Consider data that consists of vectors 
wit hh binary entries. The Euclidean distance can still be used, but how wil l we represent 
thee centers? As binary vectors as well, or should we allow for scalars in the interval 
[0.1]?? In general it is not always clear whether Euclidean distance is appropriate or not. 
Iff  it is not, then it may not be obvious which dissimilarity measure is more appropri-
atee and whether the centers should be the same type of object as the data vectors (e.g. 
binaryy vs. real valued vectors). Hence, an ongoing issue in research on self-organizing 
mapss is to find appropriate dissimilarity measures for different types of data, see e.g. 
(Kohonenn and Somervuo, 2002). Another problematic situation occurs when the data 
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hass several real valued variables but also some discrete variables. Should the dissimi-
larityy be a, possibly weighted, sum of a dissimilarity for the real valued variables and a 
dissimilarityy for the discrete variables? 

Inn some applications values in the data might be missing: a sensor on a robot breaks 
down,, an entry in a questionnaire was left unanswered, etc. In such cases it is common 
practicee when applying Kohonen's SOM algorithm, see e.g. (Kohonen, 2001), to simply 
ignoree the missing values and use a modified dissimilarity measure in order to compute 
thee winning node and to update the centers. However, it is unclear whether and why 
thiss is a good idea. 

Finally,, the Kohonen's SOM algorithm cannot be interpreted as maximizing some ob-
jectivee function and it is not guaranteed to converge (Erwin et al., 1992) 

Thesee limitations motivate our mixture model approach to self-organizing maps. In 
thee next section we present our EM algorithm for mixture models that yields topology 
preservingg maps. The algorithm is obtained by using a slightly modified E-step in the 
standardd EM algorithm for mixture models. After we have presented our SOM ap-
proachh based on mixture models, we compare our approach in Section 4.3 to a number 
off  alternative learning schemes that have been proposed. 

4.22 Self-organizing mixture models 

Inn this section we describe how we produce self-organizing maps by using a constrained 
EMM algorithm for parameter estimation of a mixture distribution. First we describe our 
approachh and give an example for modell ing data with a Gaussian mixture, then we 
discusss some algorithmic issues. In Section 4.2.2 we explain how we can deal with 
missingg data values, and in Section 4.2.3 we show how a variation of Kohonen's SOM, 
thee adaptive-subspace SOM, can also be cast in our mixture model approach. 

4.2.11 A constrained EM algorithm for self-organizing maps 

Inn the previous chapter we introduced the EM algorithm for mixture models. Recall the 
EMM lower-bound T on the data log-likelihood L from the previous chapter: 

v v 

C(0)C(0) > T[{q„}.6.  ) - ] > ] ƒ > / „ . 0 ) . (4.3) 
n-n- i 

w i t h h 

T„{(1„.6)T„{(1„.6)  - loo ƒ,1x,,: 0) -P( r / „ | | /> ( .s |x „ :0 )) (4.4) 

-- Ev„  ; i o - / , (x „ . . s :0 ); -H{<j„).  (4-5) 
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Wheree V and H denote Kullback-Leibler divergence and entropy respectively. We used 
99 to represent the parameters of the mixture model and qn is a distribution on the 
mixturee components associated with the n-th data point. The standard EM algorithm 
(Dempsterr et al., 1977; Neal and Hinton, 1998) can be understood as performing coor-
dinatee ascent on the EM lower bound T on the data log-likelihood function C. In the 
E-stepp the bound T is maximized w.r.t. the distributions q„  for fixed 9, and in the M-
stepp T is maximized w.r.t. the parameters of the mixture model 9 for fixed q„.  After each 
E-stepp the equality T = C holds. 

Inn order to obtain self-organizing behavior in the mixture model learning we constrain 
thee distributions q„  to be in a restricted set of distributions Q. The distributions in Q 
aree similar to the neighborhood function of Kohonen's SOM. Non-negative neighbor-
hoodd functions hrs can be re-scaled to sum to unity, so that they can be interpreted as a 
distributionn //,.(*) over the components .s. The neighborhood function of (4.1) results in: 

h,.{s)h,.{s) xcxp(-A| |g , -g , | |2) . £ / ,r ( .s) = 1. (4.6) 
.-- -1 

Wee refer to such neighborhood functions as 'normalized' neighborhood functions. The 
sett Q contains all the normalized neighborhood functions /?,(-): (r = 1 A). Using 
thee restricted set of distributions Q, the E-step consists of selecting for each data item 
nn the component *  such that Tn from (4.4) is maximized if we use qn — /?,.-  As be-
fore,, we wil l call r*  the 'winner' for data item n. Since the E-step is constrained, the 
objectivee function T does not have to equal the log-likelihood after the E-step. Instead, 
thee objective function sums data log-likelihood and a penalty term which measures the 
KLL divergence between the (best matching, after the E-step) normalized neighborhood 
functionn and the true posteriors />(.s|x) for each data point. If the penalty term is low it 
meanss that the posteriors do in fact look like the neighborhood function, indicating that 
componentss nearby in the latent space represent similar data. 

Whatt happens in the M-step if the q„  in the EM algorithm are normalized neighborhood 
functions?? Similar to Kohonen's SOM, the winner for xr; receives most responsibility 
andd wil l be forced to model x„ , but also its neighbors in the latent space wil l be forced, 
too a lesser degree, to model x„ . So by restricting the q„  in the EM-algorithm to be a 
normalizedd neighborhood function centered on one of the nodes, we ensure that the 
componentss with large responsibility for a data point are close to each other in the latent 
space.. In this manner we obtain a training algorithm that yields mixture models with 
self-organizingg properties similar to Kohonen's SOM. 

Thee effect can be understood in another way. Consider the second decomposition (4.5) 
off  the terms Tn in the objective function T from (4.3). Let us consider also two mixtures, 
parameterizedd by 9 and 9', that yield equal data log-likelihood C{9) — C(d'). The ob-
jectivee function T subtracts from the data log-likelihood a penalty term which consists 
off  KL divergences. Thus if the data log-likelihoods are equal, T prefers the mixture for 
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whichh the KL divergences are the smallest, i.e. the mixture for which the posterior on 
thee mixture components is most similar to the normalized neighborhood function. If 
thee posteriors truly are very similar to the normalized neighborhood function, then this 
impliess that components nearby in the latent space model similar data. 

Ourr EM algorithm for self-organizing mixture models (SOMM) can be summarized as: 

SOMMM  algorithm. 
Initializee the parameter vector 6 and then iterate until convergence: 

1.. E: Determine for each x„  the distribution q* <E Q that maximizes Tni i.e. 
q*q* = argmin Q̂ DKL{q\\p{n\x.n\6)), and set q„  «— q*. 

2.. M: Perform the normal M-step for the mixture, i.e. maximize T w.r.t. 6 
usingg the qn computed in the E-step. 

InIn fact, in the M-step we do not need to maximize T with respect to the parameters 6. 
Ass long as we can guarantee that the M-step does not decrease T, we are guaranteed 
thatt the iterations of the (modified) EM algorithm wil l never decrease I'. 

Finally,, in order to project the data to the latent space, we average over the latent coor-
dinatess of the mixture components. Using the latent coordinates gs (.s = 1 k) of the 
mixturee components, we define the latent coordinates for the n-th data item as: 

k k 

g„„  = £p(* |x „ )g ,. (4.7) 
ss = l 

Examplee with Gaussian mixture. A particularly simple M-step is obtained when we 
applyy our general algorithm to a mixture of Gaussian densities (MoG) with fixed and 
equall  mixing weights TTS = I/k for all k componentss and isotropic variance: 

/,(x|.s)) = ,V(x:/zv.<72I). (4.8) 

Forr this simple MoG, the Tn are given, up to some constants, by: 

11 k 

TTuu{q{qnn.9).9) = - - D l o » rr2 -^2<h, [a '2\\x„  - A*Jf J/2 -t- loK'A,.-  (4-9) 
>> l 

Thee parameters of the mixture are 9 = {a2, / j i fih}. The parameters 0 maximizing 
TT for given qx f/.v are obtained easily through differentiation of T. In the M-step for 
thiss mixture we set: 

A''  A 

/!,-- Y,'^*"  Y,'i»> (4-10) 
nn I n - \ 

A''  A 

aa22 - ^ £ \ / , , J ! x , , - / x JJ/ ' ( - V / ; ) . (4.11) 
nn I s I 
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Inn comparison to Kohonen's batch SOM algorithm, only the winner definition is differ-
entt in this case: instead of the the minimizer of ||x„  — fir\\

2 we select the minimizer of 
XL=ii  M<s)||x„  - MrII2- Hence, the selection of the winners also takes into account the 
neighborhoodd function, whereas this is not the case in the standard Kohonen SOM. The 
updatee for the means iis given above coincides exactly with that of Kohonen's batch 
SOMM algorithm when using the Euclidean distance. 

Shrinkin gg the neighborhood function. Since the objective function might have local 
optimaa and the EM algorithm is only guaranteed to give a local optimizer of T, good ini-
tializationn of the parameters of the mixture model is essential to find good parameters. 
Wee can use the parameter A e R of the neighborhood function to control the entropy 
off  the neighborhood distributions. In the limit of A —> 0, the neighborhood distribution 
becomess uniform. If all distributions in Q are uniform then initialization of the param-
eterss 6 is irrelevant since in the E-step all data points are equally assigned to all mixture 
components.. The subsequent M step wil l give all components very similar parameters.3 

Wee can start the algorithm with neighborhood distributions with high entropy (small 
A)) and gradually decrease the entropy until we reach the desired form of the neighbor-
hoodd function.4 Other SOM approaches use similar procedures to gradually decrease 
thee entropy of the neighborhood function to avoid poor solutions. 

Inn implementations we started with A such that the q £ Q are close to uniform over the 
components,, then we run the EM algorithm until convergence. After convergence we 
sett Xnew <— r]Xold with TJ > 1, typically rj is close to unity, such as 1.1 or 1.01. We initialize 
thee EM procedure for \new

/ with 0 found when running EM with Xold. 

Reducingg computational complexity with sparse winner  search. The computational 
costt of the E-step is 0{Nk2) because for every data point and every component we have 
too evaluate !Fn which involves a sum over all components. This is a factor k slower 
thann SOM and prohibitive in applications where both N and k are large. However, 
byy restricting the search for a winner in the E-step to a limited number of candidate 
winnerss we can obtain an 0{Nk) algorithm. A straightforward choice is to use the / 
componentss with the largest joint likelihood p(x„. s) as candidates, corresponding for 
ourr simple example MoG to smallest Euclidean distances to the data point. If none of 
thee candidates yields a higher value of J-n{qn. 6), we keep the winner of the previous 
step.. In this way we are guaranteed, in each E-step, not to decrease the objective. We 
foundd / — 1 to work remarkably well and fast in practice; in this case we only check 
whetherr the winner from the previous round should be replaced with the node with 
highestt joint-likelihood p{s. x„) . 

33 Only when using mixture components for which it is not possible to maximize T in the M-step w.r.t. 
66 initialization is still important. 

44 The entropy of the neighborhood distribution and A are monotonically related. 
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4.2.22 Modelling data with missing values 

Whenn the given data has missing values the EM algorithm can still he used to train 
aa mixture on the incomplete data (Ghahramani and Jordan, 1994). The procedure is 
similarr to the normal EM algorithm to train a mixture model. Below, we consider the 
casee for i.i.d. data. Let us use x" to denote the observed part of x„  and xf( to denote the 
missingg or 'hidden' part. The distributions q„  now range over all the hidden variables of 
x„ ,, namely :„ , the generating component, and possibly x'', if there are some unobserved 
valuess for x„ . We can again bound the log-likelihood of the observed data: 

.v v 
T{Q.O)=T{Q.O)= Y^Tn(,i„.9).  (4.12) 

n-n-1 1 

with h 

T„i<LT„i<L nn.e).e) = loc;/>(x'/,:0) -X)K/ j/y„!!/4i„.xj!x^l ) (4.13) 

== E,;>-/Hx'/,.x;;..:,,:0)-HU/f t). (4.14) 

Inn the E-step we set: q„  — p{z„. x^|x",). The M-step updates 6 to maximize (or at least 
increase)) the expected joint log-likelihood: 

^E„> g/)(x;-.x:;.-:„:6>).. (4.15) 
nn I 

Ass with the standard EM algorithm for mixture models, after the E-step T equals the 
log-likelihoodd of the observed data, so we see that the EM iterations can never decrease 
thee log-likelihood of the observed data. 

Too handle missing data in the EM algorithm for self-organizing mixture models we 
considerr the decomposition: qt,(z,1.x'/'l) = qn{zn)qn(x'l'l\z„).  We can write (4.14) as: 

T,A<in-6)T,A<in-6) - H('7„U„) ) + E,,,.,,.,, [7t(y„(x!;j:„} ) - E1/p(lx;; ^V%\A:.u.x
]> ,,.x"u)\ . 
(4.16) ) 

Justt as before, we can now constrain the q„{z„)  to be a normalized neighborhood func-
tion.. In order to maximize T w.r.t. Q in the E-step, we set f/„(xfjc, j — y/(x';|x'/,, zn). The 
optimizationn of T w.r.t. q„{z„)  is achieved by choosing qn(zn) to be the neighborhood 
functionn that maximizes (4.16). In the M-step we then have to maximize (or at least 
increase)) the expected joint (complete) data log-likelihood 

.YY k 

HH 5 1 ^ " ( - » ) [Io^"--» -»-E9.,(xi;:,M.i«^/'(x;;.x!;i- rr)] (4.17) 
IfIf  1 z„ 1 
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w.r.t.. the parameters 0. The class of mixture components that is employed determines 
howw easy or difficult it is to derive and perform the M-step, and whether we can maxi-
mizee or just increase T w.r.t. 0 in the M step. 

Thingss become particularly simple when the mixture components distribute indepen-
dentlyy over variables which have missing values and the other variables. In this case, 
insteadd of (4.12)-(4.14), we can use the normal EM bound on the data log-likelihood: 

F(Q.O)F(Q.O) = ] T ƒ;,(</„. 0) (4.18) 
n n 

with h 

TMn-O)TMn-O) = 1<>O/,(X;;;6>) - DKL{>ln\\p{:-n\<))  (4.19) 
== E,;>1los/,(x;;.c„:0) +H{qn). (4.20) 

Thiss is possible since we now have (by assumption) standard expressions for the dis-
tributionss /;(x^jc„). The E-step in this case sets r/„(c„ ) <— p{zn\x.°) oc p(z„}p(x"n\zn), i.e. 
thee E-step simply 'ignores' the missing values. Ignoring missing data in the assignment 
stepp of SOM algorithms is common, here we see that within our framework it is only 
justifiedd to do so if our model distributes over the observed variables independently of 
thee variables with missing values. 

4.2.33 The adaptive-subspace self-organizing map. 

Thee adaptive-subspace self-organizing map (ASSOM) (Kohonen et al., 1997) learns in-
variantt features of data patterns. The ASSOM does not process single data points (pat-
terns)) but small sets A, (t = 1 V) , called 'episodes', of slightly transformed pat-
terns.. The data points in an episode are forced to be assigned the same winner, thereby 
forcingg the nodes of the map to fit patterns and their transformations. The nodes of 
thee basic ASSOM are parameterized by a set of vectors that together span a linear sub-
spacee of the complete signal space. The learning algorithm updates the subspace of 
eachh node in such a mannerr that the patterns, and their transformations, assigned to the 
nodee have minimum average squared Euclidean distance to the subspace. In this man-
nerr the distance of a pattern to a subspace wil l tend to be more or less invariant for the 
transformationss included in the episodes. The ASSOM thus ensures that the variation 
off  patterns between the different nodes does not contain the transformations that were 
usedd to generate the episodes. 

Thee ASSOM can be readily cast in the probabilistic mixture framework presented here. 
Too do this we force all patterns x in an episode .4, of transformed patterns to share the 
samee responsibilities qAi (.s) over the components s of the mixture. We can then rewrite 
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thee objective function T defined in (4.3)-(4.5) as: 

== ^ ;FA i (0 . ,y . .l t ) . (4-21) 
r- l l 

k k 

f.-\,f.-\, = Yl 5Zfy--1'(-SJ ;lo87>(x.-sJ - logf/,i,(.sj; (4.22) 
X t , l ,, *-  1 

A' ' 

== l- ' l l i5Z ( ,y,t1(-s) ' l t ) S/H«) + ( losp(x|.s)) , i, — logf/.^t-s)-. (4.23) 

w h e ree <lo» p (x. s)) ( = ry- 2^x. i 1<>£W>(X- .s) and |.4(| denotes the number of patterns in 
thee episode. In the E-step we then set qAi to maximize T[Q. qAi). Compared to computa-
tionss needed in the basic E-step presented in Section 4.2, we simply replace the complete 
log-likelihoodd lo<» ;;(x. .s) with the average log-likelihood over the episode: (h)gp(x. s})Ai. 

Sincee the ASSOM nodes span subspaces of the original signal space, it is reasonable to 
usee Gaussian components with constrained covariance matrices of the PCA type, see 
Sectionn 3.1.4. The covariance matrix can then be written as: S = rr-I -+- AA . The <i 
columnss of the matrix A span the linear subspace with large variance and the a2I term 
addss some small variance in all variables that makes the covariance matrix non-singular. 
Notee that here we essentially use the same technique as in Section 3.4 on accelerated 
Gaussiann mixture learning, but for a different purpose. 

4.33 Comparison with related work 

Severall  other modifications of the original SOM algorithm have been proposed to over-
comee its limitations. These modifications can be divided into two categories. First, 
differentt dissimilarity measures, used to determine the winning node, have been pro-
posedd for different types of data. Second, alternative learning algorithms for SOMs have 
beenn proposed which can be shown to converge to a local maximum of some objective 
function.. We discuss some of these methods below and compare them to our approach. 

Ourr approach offers contributions in both these categories. First, since our approach 
iss applicable to anv mixture model for which we have a standard EM algorithm, it can 
bee applied to a wide range of data types. The class of mixture components that is used 
implicitl yy provides the dissimilarity measure. In our approach, the mixture component 
densitiess can be designed based on assumptions or prior knowledge on how the data 
iss distributed. The actual algorithm is then derived as an instantiation of the general 
algorithm.. Hence, we separate the design of the model from the learning algorithm. For 
example,, we could use a mixture of Bernoulli distr ibutions to model binary variables. 
Sincee we merely replace the E-step, we can very easily make a self-organizing map 
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versionn of any mixture model for which we have a normal EM algorithm. Second, 
ourr learning algorithm is guaranteed to converge to a local maximum of the objective 
functionn T. The proposed algorithm also offers the other merits of probabilistic models, 
likee the ability to handle missing data values and the ability to learn mixtures (of self-
organizingg maps). 

Kohonen'ss self-organizing map. Let us first consider the Kohonen's original SOM 
(KSOM)) algorithm. We saw that our algorithm is very close to KSOM when applied 
onn the simple MoG used in the example in Section 4.2: the update of the means of the 
Gaussianss is the same as the update for the centers in KSOM with Euclidean distance as 
dissimilarity.. For this simple model the conditional log-likelihood p(x|,s) is given by the 
negativee squared Euclidean distance ||x /zj[2 (up to some additive and multiplicative 
constants).. If we use a sparse search for the winner (E-step) with only / = 1 candidate, 
thee difference with Kohonen's winner selection is that we only accept the closest node, 
inn terms of Euclidean distance, as a winner when it increases the objective T and keep 
thee previous winner otherwise. 

Inn contrast to KSOM, we presented a SOM algorithm applicable to any type of mixture 
model.. We can use prior knowledge to select specific mixture components for given 
dataa and then train it with our SOMM algorithm. In particular, the probabilistic frame-
workk allows us to model dependencies between the different variables and helps us 
designn SOM algorithms for data types which are difficult to handle in the original SOM 
framework,, e.g. data that consists of variable-size trees or sequences, data that combines 
numericall  with categorical features, etc. Finally, our SOMM algorithm is guaranteed to 
convergee and it finds a (local) maximum of an easy to interpret objective function that 
sumss data log-likelihood and a penalty term. For the KSOM algorithm no such objective 
functionn exists (Erwin et al., 1992) and it is not guaranteed to converge. 

Softt  topographic vector  quantization. The soft topographic vector quantization al-
gorithmm (STVQ) (Graepel et al., 1998; Heskes, 2001) our SOMM algorithm presented 
above.. Given some dissimilarity measure r/(x„. 0,s) between data items and nodes, the 
followingg objective function is maximized w.r.t. the qns and 6S by STVQ: 

.vv k -V k 

FSTYQFSTYQ = -]T5->.log<z,,, - J ^ ^ ,s ^ ] / ^ / ( x r , . 6 y . (4.24) 
r t - ll  * = 1 n = l s = l r 

withh all qlls > 0 and ^ q,]S = 1. The error function sums an entropy term and an error 
term.. The error term d{xu. 8S) can be based on squared Euclidean distance to a reference 
vectorr fis for each component s, but other errors d based on the exponential family can 
bee plugged in.-1 Instead of selecting a single 'winner' as in our work, an unconstrained 

77 The exponential family contains all the distributions for which the log-likelihood lnp(jHÖ) can be writ-
tenn as: In/;(./  119) = Qt>(x) + K{0) - YLT=\ Qi(->')M#), for finite m. It includes many well known distributions 
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distributionn q7l!i over the nodes is used. Since a complete distribution over the nodes is 
usedd rather than selecting a single winner, one cannot apply the 'sparse' winner search 
speed-up.. However, speed-ups can be achieved when for each n not all qnfi are opti-
mized,, but rather the q„ s for only a few components s are optimized (different ones for 
eachh data item), while keeping the values qtl,< for other components fixed. 

Thee parameter 3 is used for annealing in STVQ. For small 3 the entropy term, with only 
onee global maximum, becomes dominant, whereas for large 3 the error term, potentially 
withh many local optima, becomes dominant. A deterministic annealing scheme (Rose, 
1998)) is followed: by gradually increasing 3 more structure is added to the objective 
functionn until some desired value of 3 is reached. In comparison, we use the neighbor-
hoodd function for annealing: we start with a broad neighborhood function and shrink 
itt gradually to the desired shape in order to be less sensitive to the initialization of the 
parameters.. Both approaches have a similar effect. 

Afterr optimizing over the qnK/ the error function Jrsr\Q may be interpreted as the sum of 
log-likelihoodd of the data under a mixture model p plus a penalty term independent of 
thee data (Heskes, 2001). Using squared Euclidean distance as a dissimilarity measure, 
thee components and mixing weights of the mixture model p are given by : 

k k 

p(x)=p(x)= ^7T^(x;ms,3-[ l). (4.25) 
66 = 1 

wheree the parameters of this mixture are given by: 

exp(exp( — 3v 3vss)) y-  ̂ T—  ̂ ., 

£,,=1exp(-^v)) f^  ^ 

Thee validity of this interpretation is of course dependent on the particular dissimilarity 
measuree that is used. The dissimilarity measure should be derived from distributions 
inn the exponential family to validate the mixture model interpretation. 

InIn comparison, the relation of our objective function J7 to the log-likelihood of the data 
underr a mixture model (log-likelihood plus a penalty between the true posterior and 
thee neighborhood function) also holds for models outside the exponential family. Note 
thatt in STVQ the annealing parameter 3, which is set by hand or through an anneal-
ingg schedule, controls parameters (the mixing weights and the variance of the mixture 
components)) in the corresponding mixture model. In our approach the neighborhood 
functionn is used for annealing and it appears in the objective function only in the penalty 
termm and does not control the parameters of the mixture model. Thus our objective func-
tionn T is related to data log-likelihood under a mixture model in a simpler way than 
TSTYQ-TSTYQ- Also, in our approach we can optimize over all the parameters of the mixture 
model,, while in STVQ the final value of the variance is set by hand. 

suchh as the Gaussian, inverse Gaussian, gamma, Poisson, and binomial distribution. 



4.33 COMPARISON WITH RELATED WORK 97 7 

Generativee Topographic Mapping. Generative Topographic Mapping (GTM) (Bishop 
ett al., 1998b) achieves topographic organization of the cluster centers in a quite different 
mannerr than the self-organizing map approaches discussed so far, see also Section 2.2.2 
wheree we already reviewed the GTM. GTM fits a constrained probabilistic mixture 
modell  to given data. The parameters 0S (s — 1 k) of the A- mixture components 
aree parameterized as a linear combination of a fixed set of m smooth nonlinear basis 
functionss 0, of the fixed coordinates g„  of the components in the latent space. For a 
Gaussiann mixture model the means p.. are then of the form: 

ïïi ïïi 

/x„„  = X>,s0,(gJ (4-27) 
ii  i 

Duee to the smooth mapping from latent coordinates of the mixture components to their 
parameters,, nearby components in the latent space wil l have similar parameters. The 
parameterss <xls of the linear map are fitted by a standard EM algorithm to maximize the 
dataa log-likelihood. Although originally presented for Gaussian mixtures, the GTM can 
bee extended to mixtures of other members of the exponential family (Girolami, 2001; 
Kabann and Girolami, 2001). To our knowledge it is unknown how to extend the GTM 
too mixtures of component densities outside the exponential family. 

Thee main benefit of GTM over SOMM is that the parameter fitting can be done directly 
onn the basis of maximum likelihood. For SOMM we need to specify the number of 
mixturee components and the neighborhood function. For GTM we need to specify: the 
numberr of mixture components, the number of basis functions and their smoothness 
andd shape. The GTM parameters can be dealt with in a Bayesian manner by speci-
fyingg appropriate prior distributions over the parameters. A a-posteriori distribution 
overr parameter settings given the data can then be found using (approximate) inference 
techniquess when enough computational resources are available (Bishop et al., 1998a). 
Forr the SOMM approach it is not clear whether such techniques can be used to set the 
parameterss of the algorithm. Since the SOMM has fewer parameters to be set, it may be 
preferredd in situations where no prior distributions on the parameters are available or 
whenn limited computational resources prevent the use of approximate inference tech-
niquess to estimate the parameters of the GTM. 

Otherr  mixtur e based SOM algorithms. Another approach to learn mixture models 
thatt implements topology preserving maps, similar to GTM, is presented (Utsugi, 1998). 
AA special smoothness prior on the parameters is used that favors nearby components 
inn the latent space to have similar parameter. The type of prior that is appropriate 
dependss on the type of mixture components that is used. Thus, a new class of mix-
turee components potentially also requires a new prior distribution. This makes it less 
straight-forwardd to apply this approach to new types of mixture components than our 
approachh for which we only need to derive the new M-step. For this method it is not 
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clearr whether it generalizes directly to mixture models outside the exponential family 
andd whether speed-ups can be applied to avoid ()(nk2) run-time. 

AA different way to cast the SOM in a probabilistic framework is given by (Anouar et al., 
1998).. The log-likelihood function that is maximized is: 

i VV A: 

£'' = X>g5>»»P(x|0s). (4.28) 
n=\n=\ .%—1 

Here,, each data point has its likelihood evaluated under its own mixture of the k com-
ponentt densities p(-\0s) (s = 1 k) with mixing weights pus. The algorithm iterates 
twoo steps. In the first step, we set: 

k k 

PnsPns *— hrnS with: r„  - a r g m a x̂  hr„p{x n\s). (4.29) 
.-  = l 

Inn the second step a new parameter vector is computed for given p„ s. However, the new 
parameterr vector is in general not guaranteed to increase C' for the fixed ]> ns. Just as our 
approach,, this model in principle allows one to use any type of mixture components. 
Contraryy to our approach, this algorithm does not optimize data log-likelihood under a 
singlesingle mixture, since the mixing weights vary for each data item and change throughout 
thee iterations of the algorithm. Moreover, the second learning step is not guaranteed to 
improvee the objective function. The algorithm has run-time 0(Nk2), but can benefit 
fromm the same speed-up as our approach. 

Anotherr probabilistic SOM-like model, based on isotropic Gaussian components, is 
givenn in (Kostiainen and Lampinen, 2002). The maximum-likelihood estimation proce-
duree of the means of the Gaussian densities coincides with the estimation of the centers 
inn the batch version of Kohonen's SOM algorithm. There are, however, some difficul-
tiess with this approach. First, the final density estimate is not smooth throughout the 
dataa space. Second, the estimation of the variance of the Gaussian densities cannot be 
performedd in closed form but requires numerical optimization techniques. Third, to 
evaluatee the likelihood a normalizing constant has to be computed which is defined 
throughh integrals that cannot be analytically evaluated. Therefore sampling techniques 
aree required to approximate it. Furthermore, the density model appears to be restricted 
too Gaussian mixtures with the corresponding squared Euclidean distance as dissimilar-
ityy measure. 

4.44 Experimental results 

Inn this section we present experimental results obtained with the SOMM algorithm. We 
startt with an experiment using Gaussian component densities. The second example 
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Figuree 4.2: Configuration of the means At, during training after 10, 20 60 EM iterations. 

usess Bernoulli distributions for binary data and in the third example we model data 
withh both discrete and continuous features. 

Thee simple Gaussian mixture. We generated a data set by drawing 500 points at ran-
domm from a uniform distribution over the unit square and trained two different self-
organizingg mixture models. The first model consisted of 49 Gaussian densities placed 
onn a 7 by 7 rectangular grid in the latent space and we used a Gaussian neighborhood 
functionn as in Section 4.2. In Fig. 4.2 we show the means fxa of the Gaussian components, 
connectedd according to the grid in the latent space. Configurations after each 10 EM it-
erationss are shown for the first 60 iterations. It can be seen how the SOMM spreads out 
overr the data as the neighborhood function is shrunk until it has about 80% of its mass 
att the winner at iteration 60. Fig. 4.3 shows the same experiment for the second model, 
whichh has 50 Gaussian components placed on a regular grid in a one dimensional la-
tentt space. Here we showed the configuration after every 20 iterations. Again, we can 
observee the SOM spreading out over the data as the algorithm progresses. In this case 
thee SOM has to fold itself in order to approach the uniform distribution of the data. 

Too quantitatively determine the similarity with Kohonen's SOM (KSOM) we compared 
thee results when using our SOMM and KSOM for the unit square data. For both meth-
odss we evaluated the objective function T of SOMM, as defined in (4.3)-(4.5). To eval-
uatee the objective function for KSOM, we used the means as obtained with KSOM and 
thee variances obtained with SOMM to specify a mixture model. Both methods used the 
samee neighborhood shrinking scheme: A is multiplied by 1.1 after convergence with the 
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Figuree 4.3: Configuration of the means fis during training after 20,40 120 EM iterations. 

currentt neighborhood function. For SOM the neighborhood function was also changed 
iff  the algorithm did not converge after 1000 iterations. In Fig. 4.4 we summarize the 
resultss for different numbers of mixture components k and dimensions of the latent 
spacee d. We used a standard rectangular grid for the components in the latent space 
andd a Gaussian neighborhood function. The reported results on TSOMM and FKSOM are 
averagess over 50 experiments; the standard deviations are given as well. 

Inn general, SOMM and KSOM give similar values of the objective function. The differ-
encee in the average objective function between the methods is in general smaller than 
thee standard deviations in the results. Recall that the objective function T is the sum of 
thee data log-likelihood and a penalty term V which sums the KL divergences between 
thee neighborhood function and the true posteriors on the components. If we consider 
thee penalty terms VSOMM and VKS0M, obtained respectively with SOMM and KSOM, 
wee again see that the differences are small and close to the standard deviation in the 
penaltyy terms observed for each method. We conclude that for the MoG considered 
heree there is no significant difference between the performance of SOMM and KSOM. 

AA mixtur e of Bernoull i distributions . In this example we apply the SOMM algorithm 
too a mixture with non-Gaussian components. We model word occurrence data in doc-
umentss obtained from the 20 newsgroup data set.6 The data set contains occurrence 
off  100 words in 16242 newsgroup postings. The data is represented as a 100 x 16424 
matrixx with entries that are either zero or one. Each row represents a word and each 

66 This data set is available at: h t t p: //www. ai .mi t. edu/~ j rennie/2 0Newsgroups/. 
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Figuree 4.4: Comparison of KSOM and SOMM in terms of the SOMM objective T and penalty P. 

columnn represents a document. A 1 indicates that the specific word occurs in a specific 
document.. Thus, each word is a data point, and its feature vector indicates in which 
documentss this word occurs. 

Wee use mixture components that assume independence between all the bits in the fea-
turee vector, and each bit is Bernoulli distributed. We use AT to indicate the number of 
wordss and D to denote the number of documents and x  ̂ e {0,1}  to denote the value of 
thee rf-th bit of the feature vector (presence in document d) of the n-th word x„ . The prob-
abilityy of the t/-th feature being ' 1' according to the s-th mixture component is denoted 
ppsdsd.. Thus, the likelihood of x under component density s is given by: 

p(xp(xnn\s)\s) = Mt)
ll-* ) (4.30) ) 

d-i i 

Thee mixing weights of all k = 25 components were taken equal. To perform the E-step 
inn our SOMM algorithm we compute the conditional log-likelihoods log/>(xf! |.s) as: 

log;;(x„| | E E sdsd)+xt\ogp)+xt\ogpsli sli (4.31) ) 

andd proceed as usual. In the M-step we have to maximize the expected joint log-
likelihoodd w.r.t. the parameters psd. This yields: 

Psd Psd 
t—trit—tri — \\ Qrifi'J-n 

EUi<i™ ™ 
(4-32) ) 

i.e.. we set psd to the relative frequency of occurrence of the words in document d where 
alll  the words are weighted by the responsibilities qns. Note that the update of the psd is 
similarr to that for the means ns of the simple MoG given in (4.10). This suggests that we 
mightt as well treat the data as if it were continuous valued and use Gaussian mixture 
components.. In the E-step, however, the conditional log-likelihoods are quite different: 
theyy are given for the simple MoG, up to some constant, as squared Euclidean distances, 
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whilee here by (4.32). Thus the Bernoulli distributions yield a different 'dissimilarity' 
betweenn data points and mixture components (or nodes). 

Inn Fig. 4.5 we plotted the words at the corresponding g„; the bottom plot zooms in on 
thee area indicated by the box in the top plot. The visualization of the data allows us 
too identify different regions of the map that contain words that have similar occurrence 
patternss in the documents. Due to the huge dimensionality of this data, the posteriors 
aree rather peaked, i.e. the posteriors have very low entropy resulting in g,„  as computed 
fromm (4.7), that are almost equal to one of the g.s. In a visualization this results in placing 
thee words almost exactly at the locations of the mixture components in the latent space. 
Iff  we print the words on their location in the latent space, they would be printed on 
topp of each other. Therefore, for visualization we did not use the actual posterior but 
distributionss //(.s|x„}  x />(.s|x„)n for 0 < a < 1 such that the entropies of the //(.s|x„) 
weree close to two bits.7 

Modellin gg credit card application data. In this section we consider a self-organizing 
mixturee model for data set describing 690 credit card applications, available from the 
UCII  machine learning repository (Blake and Merz, 1998). The data has 6 numerical fea-
turess and 9 nominal attributes.8 The meaning of the attributes is not provided with the 
databasee for privacy reasons, except for the attribute that indicates whether the credit 
cardd application was approved or not. Therefore, interpretation of modelling results 
inn terms of customer profiles is difficult. However, below we summarize and compare 
resultss we obtained when applying different SOM algorithms on this data. For each 
modell  we used k = 25 components arranged in a two dimensional square grid and a 
Gaussiann neighborhood function. 

AA simple way to extend the standard Kohonen SOM (KSOM) to data that has nominal 
attributess is to use the one-of-r/ encoding: each nominal variable is represented with a 
binaryy vector, one bit for each possible value, with a 1 in the location of the particular 
valuee a data item has for the nominal variable. Thus a variable that can take as values 
'red',, 'green' or 'blue' is encoded with a bit vector of length three, where the values are 
encodedd with the vectors 001, 010 and 10 0. The final data vector then becomes the 
concatenationn of the continuous data attributes and the binary vectors of the nominal 
attributes.. The KSOM model can be trained by either proceeding as usual on the one-of-
nn (l/n) encoding, or by constraining the means of the nodes to be in the 1/'n encoding 
ass well (Negri and Belanche, 2001). The latter corresponds to a normal batch KSOM 
updatee step, and then mapping the updated mean vector to the 1,1 n encoding with a 
11 in the position of the maximum value of the mean vector. In the results below the 

Thee justification for using the normalized exponentiated posteriors is again that if we have a dis-
tributionn and want the distribution that is closest in the sense of KL divergence to the original under a 
constraintt on the entropy, then we should use the normalized exponentiated distribution. 

ss For 37 records the values of one or more attributes are missing, in the example below we removed 
thesee cases from the data set for simplicity. 
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Figuree 4.5: Self-organizing Bernoulli models, k = 25. The bottom plot displays the area in the 
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thee sports terms (top right area). 
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normall  KSOM is indicated by KSOM and the version with means constrained to the 
1/n1/n encoding is indicated with KSOM-l/n. 

InIn this experiment we considered variants of SOMM with different combinations of 
densitiess for the continuous variables and distributions for the discrete variables. For 
thee continuous variables we used multivariate Gaussian densities with three types of 
covariancee matrices : isotropic (i), diagonal (d) and general (g). We used two different 
distributionss on the nominal variables. The first distribution modelled all nine nominal 
variabless independently (i). The second distribution modelled some pairs of nominal 
variabless jointly (p). The different combinations are indicated by SOMM-xy, where x 
denotess the covariance matrix structure (i, d, or g) and y denotes the nominal variable 
modell  (i or p). 

Thee four pairs of nominal variables that were modelled jointly were selected by com-
putingg (based on the complete data set) the mutual information9 between pairs of nom-
inall  variables, and we selected the pairs with maximum mutual information in a greedy 
manner.. For two of the four pairs the mutual information was in the order of the entropy 
off  one of the variables in the pair, indicating strong correlations between the variables. 
Thee continuous variables had considerably different ranges of values (differing by sev-
erall  orders of magnitude). Therefore, we scaled all continuous variables to have unit 
variancee and zero mean before learning the different models. Note that for diagonal 
andd general covariance matrices this scaling is superfluous, since the model can take 
thee different variances into account. 

Inn order to compare the KSOM models with the SOMM models, we used the objective 
functionn T of SOMM. When we train a KSOM model this yields a final assignment of 
dataa items to nodes after the last training step. To obtain a mixture model for which 
wee can evaluate T, we used the neighborhood function of the winning node for a data 
pointt as its responsibility over mixture components. We then performed a single M-step 
off  SOMM with isotropic covariance matrix and an independent model for the nominal 
variables.. We used such components as they are most closely related to the results of 
thee KSOM algorithms. We then evaluated 7 using the resulting mixture models. The 
resultingg averages of T and the penalty term V for the different models are presented in 
Fig.. 4.6. Averages were taken over 20 experiments, each time selecting a random subset 
off  620 of the total 653 data points. 

Thee results support two conclusions. First, the SOMM-ii algorithm obtains higher ob-
jectivee values than both KSOM algorithms. The KSOM algorithm yields better results 
thann the KSOM-l/n algorithm. We also compared the penalty terms obtained with the 
differentt algorithms. We see that the SOMM-ii models yield lower penalty terms than 
thee KSOM models. However, the differences in the objective function are not com-
pletelyy explained by the smaller penalty. On average the SOMM-ii models also yield 

QQ The mutual information 1{X;Y) between two variables X and Y, jointly distributed according to p 
iss defined in terms of KL divergence as follows: I(X: Y) = Ulp(X.Y )^p(X )p(Y}). 
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Figuree 4.6: Comparison in terms of the SOMM objective T and the penalty term T>. 

aa higher likelihood. We conclude that on average the SOMM-ii models yield both a 
higherr likelihood and better topology preservation than the KSOM models. Second, 
usingg SOMM models that use more expressive component densities we can obtain con-
siderablyy higher scores of the objective function. In particular the models that do not 
assumee equal variance in all continuous variables obtain relatively high scores.10 This 
indicatess that these models give a much better fit on the data and thus that they can 
providee more realistic descriptions of the credit card applicants in the clusters. 

4.55 Conclusions 

Wee presented a constrained EM algorithm to learn self-organizing maps based on mix-
turee models with any type of component densities. Our algorithm is convergent and 
maximizess an objective function that sums the data log-likelihood and a penalty term. 
Ourr mixture model approach to self-organizing maps offers several benefits as com-
paredd to existing SOM algorithms. First, the use of mixture models as a basis for SOMs 
allowss for easy design of dissimilarity measures by choosing the component densities 
basedd on prior knowledge and/or assumptions. In particular, it is easy to model de-
pendenciess between variables, which is non-trivial in the standard approach to self-
organizingg maps: it would correspond to using dissimilarity measures that are non-
additivee over the features. Second, our approach can be applied to arbitrary component 
densities.. Third, the EM framework allows one to deal with missing data in a princi-
pledd way, by estimating in each EM iteration the missing values based on the current 
parameterss of the mixture model. 

100 Note that the non-isotropic models achieve relatively large penalty terms. This is caused by several 
'overlapping'' mixture components with similar parameters. Consequently, their posteriors are similar 
whichh conflicts with the neighborhood function. In the isotropic mixtures this happens less, because 
overlappingg components incur too much loss in data log-likelihood. 




