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5 5 

COMBININ GG LOCAL LINEA R MODELS TO 

FORMM GLOBAL NON-LINEAR MODELS 

Inn this chapter we consider a method to combine several local linear mappings to obtain 
aa globally non-linear mapping. The method is based on a mixture of Gaussian (MoG) 
densityy for which we can estimate the parameters with an EM-like algorithm. First 
wee use this method for unsupervised non-linear dimension reduction. We contribute 
ann improvement to the existing parameter estimation procedure, replacing an iterative 
parameterr estimation procedure with a closed-form estimation. Second, we consider 
howw this method can used when high dimensional outputs have to be predicted from 
highh dimensional inputs.1 

5.11 Introductio n 

Recentlyy various nonparametric spectral methods, such as Isomap (Tenenbaum et al., 
2000),, LLE (Roweis and Saul, 2000), Kernel PCA (Scholkopf et al., 1998) and Laplacian 
Eigenmapss (Belkin and Niyogi, 2002) have been proposed (see Section 2.2) which reduce 
thee dimensionality of a fixed training set in a non-linear way that maximally preserves 
certainn inter-point relationships. These methods allow generalization of the mapping 
fromm the high dimensional space to the low dimensional space to new data points. We 
havee seen this for kernel PCA in Section 2.2.1, and procedures for the other methods 
cann be found in (Bengio et al., 2004). However, these methods generally do not provide 
ann inverse mapping from the low dimensional space to the high dimensional space. 

Linearr dimension reduction techniques have several attractive properties: they can be 
implementedd very efficiently and produce a functional mapping, in both directions, 
betweenn the high and low dimensional space, that generalizes to data not included 

11 Part of the material presented in this chapter is drawn from (Verbeek et al., 2002b; Verbeek et al., 
2003a;; Verbeek et al., 2003b). 
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whenn the mapping was learned. Their practical applicability is limited, however, since 
inn practical situations the data may be confined to a non-linear subspace of the original 
featuree space. 

Inn this chapter, we consider a method to combine several, locally valid, linear mappings 
betweenn the data space and the space of reduced dimension. The presented method 
delivers,, after training, a non-linear mapping which can be used to convert previously 
unseenn high dimensional observations into their low dimensional global coordinates 
andd vice versa, without the need to store the original training data. 

Intuitively,, the approach taken in this chapter can be understood as a combination of 
clusteringg and principal component analysis (PCA). The idea is illustrated in Fig. 5.1; 
althoughh globally the data is spread out in three directions, locally the data is concen-
tratedd around a two dimensional subspace. This allows us, locally, to describe the data 
accuratelyy by two coordinates in the appropriate subspace (plane). Thus, clusters need 
too be identified in which the data are concentrated around a low dimensional linear sub-
space.. Several authors, e.g. (Kambhatla and Leen, 1994; Tipping and Bishop, 1999), have 
reportedd that such a combination of clustering and PCA allows for significantly better 
reconstructionss of images when they are reconstructed from their PCA projections, as 
comparedd to a reconstruction using one single linear PCA subspace. Others (Hinton 
ett al., 1997) successfully used such a 'mixture of PCAs' (MPCA) to model images of 
handd written digits; an MPCA model was learned on images of each digit / = 0 9, 
yieldingg density models pt (i = 0. 9). The learned models were used to classify new 
imagess x of handwritten digits by classifying them as digit / = arg max; pj{x). 

Thee problem with this approach is that each cluster provides a separate low dimen-
sionall  coordinate system that is only used for data in that cluster rather than one — 
global—— low dimensional coordinate system for all data. Thus, if our goal is to find a 
singlee low-dimensional representation of the data, e.g. for data visualization, then the 
combinationn of clustering and PCA is not sufficient. We need a method to combine the 
coordinatee systems of the different local PCA subspaces into a single low dimensional 
representation.. In Section 2.2.1 we mentioned a method to find principal curves (Ver-
beekk et al., 2002a) that (i) finds clusters of data that are concentrated around a line seg-
mentt and (ii) connects the line segments to find a piece-wise linear curve around which 
thee complete data set is concentrated. This approach is limited to find one-dimensional 
representationss of the data. The techniques described in this chapter also integrate sev-
erall  local low-dimensional representations, even if the local subspaces have a dimen-
sionalityy greater than one, as in the example in Fig. 5.1. 

Inn the next section we describe a recently introduced method to integrate the local low 
dimensionall  representations. Our contribution in this section is an improvement of the 
parameterr estimation technique, which replaces an iterative procedure with a closed-
formm solution. We compare this method with several other dimension reduction tech-
niques:: PCA, the self-organizing mixture models approach of the previous chapter, and 
generativee topographic mapping. 
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Figuree 5.1: Data in IR'1 with local two dimensional subspaces indicated by the axes (left). The 
Desiredd global two dimensional data representation unfolds the non-linear subspace in which 

thee data resides (right). 

Inn Section 5.3, we consider how this method applies to a setting where one has two 
setss of high dimensional points in different spaces that are related by several correspon-
dences,, i.e. for some points in one set we know that they should have the same low 
dimensionall  coordinates as a point in the other set. Non-linear dimension reduction for 
thee two sets of points simultaneously allows us to predict the correspondences for other 
pointss through the discovered low dimensional representation. Since this approach also 
exploitss points without a correspondence, good predictions can be made even when 
onlyy a few correspondences are given. Note that this technique is useful in sensor fu-
sionn problems, where each high dimensional set is a collection of measurements from a 
differentt sensor. The correspondences are then simultaneously recorded readings from 
thee different sensors; these different sensor readings are thus recorded while the mea-
suredd system is in a single state. Then, if one sensor fails, the missing high dimensional 
sensorr reading may be reconstructed from the other high dimensional sensor reading 
byy a mapping through the low dimensional space. We extend the approach of Sec-
tionn 5.2 for this new setting and compare it to a more straightforward approach using a 
mixturee of factor analyzers. In Section 5.4 we present our conclusions on the methods 
consideredd in this chapter. 

5.22 Combining local linear models 

Inn Section 5.2.1 we describe in detail two types of local linear models that can be com-
binedd to form global non-linear models: mixtures of probabilistic factor analyzers and 
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mixturess of probabilistic principal component analyzers. Then, in Section 5.2.2, we de-
scribee a method to simultaneously estimate the parameters of such mixtures and inte-
gratee the local coordinate systems into a single global representation. In Section 5.2.3 
wee present our improved parameter estimation procedure. Since the optimization pro-
ceduree is only guaranteed to find local optima of the objective function, careful initial-
izationn of the parameters is required. In Section 5.2.4 we consider several parameter ini-
tializationn methods. Finally, in Section 5.2.5, we present experimental results obtained 
withh this approach and compare them to results obtained with other methods. 

5.2.11 Mixtures of linear models 

Wee assume that the high dimensional data {x , x.v}  is sampled independently and 
identicallyy from a smooth (non-linear) manifold and is potentially corrupted by some 
additivee Gaussian noise. Thus, the data is distributed on, or near, a low dimensional 
manifoldd in a high dimensional space. If the manifold is sufficiently smooth, i.e. locally 
itit  is almost linearly embedded in the high dimensional space, then we can model the 
dataa density with a mixture of densities that concentrate their mass in a linear subspace. 
Too this end we can use mixtures of factor analyzers (MFA) or mixtures of principal 
componentt analyzers (MPCA). 

Bothh an MFA and an MPCA density over data vectors x e JRD can be specified by intro-
ducingg two hidden (or unobserved) variables .s and z. The first variable, s € {1, k}, 
iss an index over the k components of the mixture. The second variable z e JRd is a 
coordinatee in the (/-dimensional subspace associated with the mixture component with 
indexx given by s. Thus, z may be interpreted as a coordinate on one of the local lin-
earr approximations of the manifold. The density over vectors x follows from the joint 
densityy over (x. z. s): 

p(x.z.. ,s-) = p(x\z. s)p(z\s)p(s). 

p(z\s)p(z\s) =,V(z:0,I). 
p(x|.s,, z) = Ar(x: fit + A.,z. *,-) 

Thee distribution on x given s is obtained by marginalizing over z and given by: 

;;(x|,s)) = ƒ p(x\z. s)p(z\s) dz = J\f(x: nH, A,AS' + * , ) . (5.4) 

Thee marginal distribution on x is then given by the mixture: 

/>(x)) = £/,(.s)y>(x|.s). (5.5) 
ss -1 

Thee columns of the matrix A., span the subspace of component s which has an offset 
fifi ss from the origin. The uncertainty of the latent coordinate z is mapped by n, and A t 

(5-1) ) 
(5.2) ) 
(5.3) ) 
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intoo uncertainty of x in the subspace. The positive diagonal matrix *., adds variance 
outsidee the subspace which makes the covariance matrix of p(x|.s) positive definite so 
thatt p{x\s) is a proper density. The MPCA density differs from the MFA density by the 
restrictionn that ^.s = rr'^l.1 

Thee subspace spanned by the columns of A.s provides a coordinate system which can be 
usedd to reconstruct the data from low dimensional coordinates z € IRd, at least for data 
thatt receives high likelihood under />(x|.s). The joint model /J(X. z. s) induces a Gaussian 
densityy on z given x and s: 

i>{z\x..«)i>{z\x..«) - A r ( z : r ; , A j * : 1 ( x - / o . r ; 1 v (5.6) 
r ss = i + Aj*; 1A„ . (5.7) 

whichh can be used to infer the coordinates z in the local subspace given a data point x 
andd a mixture component .s. 

5.2.22 Alignin g local linear  models 

Inn order to combine the local coordinate systems of each mixture component into a sin-
glee global coordinate system, we assume that each data point has unique (but unknown) 
globall  coordinates g on the manifold. Furthermore, we assume that locally —in a re-
gionn that is assigned high likelihood by a single mixture component, say component 
,s—— there is a linear transformation that maps the local coordinates z to the global coor-
dinatess g; i.e. locally we have: 

gg = rc, -I- Asz. (5.8) 

forr some offset K„ € IIV' and linear map A... If a data point x is assigned high likelihood 
byy two or more mixture components, then the global coordinates as computed from 
thee different coordinate systems with (5.8) should be approximately the same. In other 
words:: mixture components with high posterior p{s\x) should 'agree' on the global co-
ordinatee of point x. Since the local coordinates z are not known with certainty, a formal 
notionn of 'agreement' between the mixture components needs to take into account the 
uncertaintyy in the local coordinates z as given by p(z x. .s). 

Conditionedd on a mixture component .s we have posited a deterministic linear relation 
betweenn local and global coordinates in (5.8). Therefore, the Gaussian density /;(z|x„. *) 
inducess a Gaussian density on g given x„  and .s: 

/,(g|x„..s)) = A'(g:m,„.V, '). (5.9) 
V .. - A r .A ' (5.10) 

m„,, - K, - VA 'A„  ' A s> / ( x „  - / O . (5-11) 

22 See Section 3.1.4 for more details on the difference between PCA and FA. 
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Sincee .s is also not known with certainty we marginalize over it to obtain the conditional 
densityy on g given x. This density takes the form of a MoG: 

k k 

y;(g|x)) = ^/>(* |x) / ; (g|x. .s). (5.12) 
.-  l 

Thus,, if several mixture components with non-negligible posterior /i(.s|x) for a data 
pointt x yield quite different corresponding densities />(g|x. s) on the global coordinates, 
thenn they do not 'agree' and the mixture />(g|x) wil l exhibit several modes. On the other 
hand,, if all components with non-negligible posterior ;>(.s|x) yield exactly the same den-
sityy /;(g|x. .s) on the global coordinates, the components are in perfect agreement and 
thee mixture /;(g|x) wil l be exactly a single Gaussian. 

Therefore,, to include the notion of agreement in the learning algorithm for the mixture 
modell  we can penalize models which —on average— yield multi-modal p(g\x„). To 
thiss end we add to the data log-likelihood a penalty term. The penalty term measures 
howw much the mixture ;>{g|x„) resembles a Gaussian ^;(g) = A'(g: g„. £„) , through the 
KLL divergence T>{qn{g)\\p(g\xn}). The penalized log-likelihood objective function reads: 

A* * £'=E E 
A' ' 

== £ 

logp(x„)) -I%„(g)||Mg|x„)) 

KUlAs))KUlAs)) + ƒ iy„(g)logp(x„,g) dg 

(5.13) ) 

(5.14) ) 

wheree 'H denotes the entropy of a distribution.3 Note that the objective C' does not only 
dependd on the parameters of the mixture model p, but also on the distributions <\u which 
cann be regarded as probabilistic estimates of the global coordinates of the data. 

Remarks.. Note the similarity between C' and the objective function (4.3) that we intro-
ducedd in the previous chapter to enforce self-organization in mixture models. There, we 
associatedd a discrete hidden variable with each data point —an index over the mixture 
components—— and with each mixture component s we associated a location gt in the 
loww dimensional latent space. We used the penalty term V(qt!(*)\\p(s\xn)), to encourage 
thee p(s\x) to be 'localized' in the latent space since the q„  were constrained to be of the 
formm {{n(s) x exp(-A||g.« - g,||) for some t e {!... . A-}. In contrast, here we aim to find 
aa mixture of linear models such that the smooth density over latent coordinates, y(g|x), 
iss uni-modal. 

Thee mixture of experts approach to classification and regression (Jacobs et al„  1991) is 
alsoo similar to the method presented in this chapter. This approach constructs a com-
plexx (e.g. non-linear) classification or regression function by combining several experts. 

11 See Section 3.1.2 for the definitions of entropy and KL divergence 
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Eachh expert implements a simple (e.g. linear) classification or regression function that 
iss suitable for some subset of the data space. To determine which expert should be 
usedd to classify a new data point, a gating network is used. The gating network pro-
ducess weighting factors (that are positive and sum to one) by which the predictions 
off  the individual experts are averaged. Of course, the output of both the experts and 
thee gating network depend on the presented data point. Analogously, in the model 
describedd above, the non-linear mapping between high dimensional coordinates x and 
latentt coordinates g defined in (5.12) is also a weighted average of simple linear Gaus-
siann dependencies /;(g|x. .s) weighted by factors p(.s|x) that switch between the 'experts'. 

Optimization .. In Section 3.1.2 we encountered the problem of local maxima in mix-
turee log-likelihoods and discussed the EM algorithm to identify these local maxima. 
Thee second term in the summands of our objective function defined in (5.14) is an ex-
pectationn of the logarithm of the mixture likelihood />(x„, g) = Ylt=i P(*')P(X„, g|s), and 
ass a result C' also exhibits local maxima that are not global. Below, we consider how 
wee can use an EM-like algorithm to (locally) maximize the objective C!. To this end we 
introducee for each data point a distribution qn(s) over the mixture components that is 
usedd to define a bound on the mixture log-likelihoods: 

logp(xn,g)) > logp(xn,g) - V(qn(s)\\p(s\xn.g)) (5.15) 
k k 

==  n(qn(s)) + ] T Vn(s) logp(xn, g, .s). (5.16) 

Thee bounds on the individual mixture log-likelihoods can be combined to bound the 
completee objective function: 

A' ' 

c>^>c>^> = j2 n{qn{qnn(s))(s)) + H(qn(g)) + J^qn(fi) ƒ ?„(g ) logp(x,,. g. ,s) dg 
.s=l l 

(5.17) ) 

Wee can now iteratively increase $, analogous to the EM algorithm, by maximizing it 
inn turn with respect to the parameters of qn(s), </„(g) and p respectively. We coin this 
EM-likee maximization of $ the Coordinated Factor Analysis (CFA) algorithm. Using 
thee abbreviations, qns = qn{s), xns = xH - / v a nd g™ = gn - KS, we can write $ in terms 
off  the parameters as: 

*=££u^-*-] -- (5-18) 

n-ln-l  s-l 

5n,, = \ log |S„| - logy,,, + \ log(27T). (5.19) 

SSnn,, - \&:ysëns + l^*; 1*»» ~ g L A ^ A j * ; ^ , , + iTr{E nV,}  (5.20) 

++ - log 1*,| + log I A, I - logp(s) + —-— log(27r). (5.21) 
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Too maximize $ with respect to the distributions qn(.s) we equate the corresponding par-
tiall  derivatives to zero and find the maximizing assignment as: 

7-- (5-22) 

Similarly,, to maximize $ with respect to the distributions q,,(g) we set: 

E " ll "" X (1">V>.  g„  - S„  Y ^V. sm„, . (5.23) 

Givenn the distributions q„(.s) and y„(g) we can maximize 4> with respect to the param-
eterss of />. Let <7,1S = (in*/ J2m(hn.-> then the maximizing assignments for the mixing 
weightss and offsets are: 

«« ' i n 

Forr the remaining parameters {A,,. A.s. * A }L i we can again equate the partial deriva-
tivess to zero.4 Using the weighted correlations and covariances: 

Css = Y, ^.sx,,sg„,. Gs - Y ^ [ g - g- + S„]. (5.25) 
'ii  n 

thee equations are: 

A ^ C G r ' A , .. (5.26) 

[** LL = X > * [ [ x - - A ^ A ; ' g - ] " + [ A ^ A ^ . A ^ A j ] , , ] . (5.27) 

A ; ]] = (I + A J * ; ' A,}" [ (Aj + A,' * ; ! C ,) G;] . (5.28) 

Thesee equations are coupled, and it is not immediately clear how we can find the pa-
rameterss that jointly satisfy these equations. In (Roweis et al., 2002) the authors propose 
too use the optimality equations as assignments and iterate them until convergence, i.e. 
inn turn setting the left-hand-side of each of the equations (5.26)-(5.28) to the righthand 
sidee of the equation. Clearly, the optimal matrices form a fixed point of these equa-
tions.. Note that in this manner a 'double-loop' algorithm is obtained. First we loop 
overr the EM steps until convergence and second, within each M-step, we iterate (5.26)-
(5.28)) as assignments until convergence. Below, we show that parameters that satisfy 
(5.26)-(5.28)) can be found in closed-form, obviating the iterations within the M-steps. 

44 See e.g. (Schonemann, 1985) for some of the required matrix derivatives. 
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5.2.33 Closed-form update equations 

Inn (Verbeek et al., 2002b) it was already shown that for a restricted version5 of the prob-
abilisticc model p the parameters can be found in closed-form. Here we show that the 
samee holds for the unrestricted model. 

Iff  we substitute (5.26) into (5.28), we obtain the equation: 

A;11 = (i + AT
sG;lCJ^:'c!iG;lAK)-l(A  ̂ + A]G:lc]^; lc,)G;\ (5.29) 

Thiss equation can be further simplified by simple algebraic manipulation to reveal the 
solutionss for A,: 

(ii  + A ; G ; 1C J * ; 1C , G ; 1A J A ; 1G . = A ; + A J G ^ C; ^; lc (5.30) 
A; JG,, + Aj  G; lC] *; lcs - A ; + A J G ^ C ; * ; 1 ^ . (5.31) 

A; ! G,, = A j . (5.32) 

G,, = A.A j (5.33) 

Oncee the optimal As is found, corresponding optimal As and * s are found through 
(5.26)) and (5.27). Since Gs is positive definite by construction, see (5.25), the existence 
off  a matrix A., satisfying (5.33) is guaranteed (Horn and Johnson, 1985). Note that for 
anyy matrix As that satisfies (5.33) and some unitary matrix U, i.e. with U U r = I, the 
matrixx A,U also satisfies (5.33). This invariance corresponds to an arbitrary unitary 
transformationn of the local coordinates in the subspace of a mixture component. 

Wee wil l now show that we do not need to explicitly factorize Gs as is suggested by 
(5.33).. Let us make the following observations: 

1.. In all computations needed for the other updates and evaluation of $, the matrix 
A,,, appears only in products A,,A_ '. For optimal As and As this product equals 
CSG;',, cf. (5.26), and does not depend on the particular factorization that is used. 

2.. To compute £ng we need the logarithm of the determinant of A,,. The equality 
logg | A,, | = ^ log | G„| shows that this quantity does not depend on the particular 
factorization. . 

3.. To compute V, we need .4; T . 4 ;\ which equals G;1, again independent of which 
factorizationn is used. 

Thus,, although optimal matrices A, are characterized by the factorization of G, in (5.33), 
thee actual factorization is not needed in the CFA parameter estimation procedure. 

Evaluationn of closed-form update equation. Next we consider how our closed-form 
updatee compares with the iterative scheme of (Roweis et al„  2002) in terms of com-
putationn time and the obtained parameter estimates. For our closed-form update we 

""  The covariance matrix was restricted to he of the k-subspaces type (see Section 3.1.4). 
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onlyy need to compute G;1 and the product C.G '. To perform the latter multiplica-
tionn (HDfP) computations are needed. The matrices G/1 and C.G;1, which are fixed 
throughoutt the iterations, are also needed when iterating (5.26)-(5.28). In addition, in 
thee iterative approach, the amount of computations needed in each iteration is ()(Drf'2), 
whichh is needed to compute the different matrix products in the updates equations. 
Thus,, our closed-form update equations require less computations than a single itera-
tionn of iterative approach. The factor of speed-up when using our closed-form equations 
ratherr than the iterative approach depends on the number of iterations needed by the 
iterativee approach to reach a fixed point. 

Beloww we present results comparing the performance when using the closed-form up-
datee equations versus the iterative approach. To start the iterations of (5.26)-(5.28) we 
initializedd A. by its value found in the previous M-step, and randomly in the first step. 
Too determine when the iterative procedure has converged we considered the maximum 
relativee change m in the elements <i n of A.v, i.e. 

mm = max 11 - a]" "'/V/J''!. (5.34) 
I . J J 

Wee assumed the iterations to have converged if m < 10" \ 

Too our knowledge it is not known whether the iterative procedure is guaranteed to 
converge.. In practice we encountered cases (with D = 3 and d = 2) where the iterations 
didd not converge within 10r' iterations. Since (i) the number of iterations needed to 
convergee can be extremely large and (ii) there might be cases where the iterations do 
nott converge at all, it makes sense to limit the number of iterations. If the iterations do 
nott converge, we can simply keep the old parameters found at the last time the iterations 
converged.. In our experiments we found that using a maximum of 100 iterations hardly 
everr yields convergence in the M-step, a maximum of 1000 yielded convergence in most 
cases.. In our experiments we also noticed that the number of iterations needed for 
convergencee is much larger when the estimates of the g„  are very poor, e.g. initialized 
byy independent draws form a Gaussian distribution. 

Too quantify the speed-up of the closed-form equations in practice, and to see whether 
theyy lead to better final parameter estimates, we measured: (i) the total time needed for 
thee algorithm to converge6, (ii) the value of <I> that was attained after convergence and 
(iii )) the number of EM steps required to converge. 

Wee measured the performance when applying the algorithms to two data sets. The first 
onee is the data set of Fig. 5.1 (we wil l refer to it as the'S' data set), we initialized the latent 
coordinatess as coordinates on the unrolled 'S'. The second data set is a set of 698 images 
off  04 x 01 pixel each of a face seen from different directions and under different lighting 
conditions,, rendered by a computer graphics engine.7 To speed-up the experiment, the 

66 To measure convergence of the EM algorithm we checked whether the relative change in <I> was 
smallerr than II) '. 

Thiss data set is available online at ;.-_. : 1 .-  ...- .i: ..: \ n,: o . i . ed ;. 
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Resultss for  the 'S' data set, .V = 1000. D = 3. d = 2. k = 10. 

closed-form m 

iterative e 

## EM steps 

123.55 5 

125.55  33.8 

time e 

6.66 9 

77.88  29.3 

t ime/s tep p 

0.055  0.01 

0.611 0 

<1> > 

0.99 6 

0.22  0.8 

Resultss for  the isomap face data set, X = 698, D = 30, (/ = 3, k - 50. 

closed-form m 

iterative e 

## EM steps 

78.44  7.0 

76.77 1 

time e 

30.00  2.8 

198.00 7 

t ime/s tep p 

0.3822  0.004 

2.5966  0.420 

<ï> > 

9.77 7 

8.11  1.1 

Figur ee 5.2: Performance evaluation of closed-form update equations. 

facess were first projected on the 30-dimensional principal components subspace which 
containss over 90% of the total data variance. The face varies in the direction from which 
itt is seen (two degrees of freedom) and the direction of lighting (one degree of freedom). 
Here,, we initialized the latent coordinates as the known three pose parameters. 

Thee results are summarized in Fig. 5.2 by averages and standard deviations from ten 
runs.. The results show that using the closed-form update equations in practice yields a 
significantlyy faster algorithm and higher values for the objective function in a compara-
blee number of EM iterations. We conclude that the closed-form update equations are to 
bee preferred over the iterative procedure proposed in (Roweis et al., 2002). 

5.2.44 Parameter  initializatio n 

Likee many other EM algorithms, the CFA algorithm described above can terminate at 
poorr local optima of the objective function. Careful parameter initialization, especially 
off  the g„, is needed to successfully use the algorithm. In (Roweis et al., 2002) the authors 
proposedd to initialize the g„  by using some other unsupervised non-linear dimension 
reductionn technique. We can then apply the CFA algorithm described above until con-
vergencee while keeping the g„  fixed at their initialized value. The £„  are also kept fixed 
att a small multiple of identity and the qns are initialized at random near uniform.8 In this 
mannerr we learn a MoG on the 'complete' data, i.e. each data vector x„  is augmented 
withh its estimated global coordinate g„. After such an initialization phase, the g„  and 
£„„  can be updated as well, to obtain better estimates of consistent global coordinates g„ 
andd their uncertainties. Note that the overall procedure is still unsupervised. 

Inn principle any non-linear dimension reduction method can be used for the initializa-
tion.. However, since we need it to avoid poor local optima in the optimization proce-
duree of the last section, the initialization should not suffer from the same problem. The 

88 Alternatively, while keeping the g„  and £„  fixed, a greedy mixture learning approach can be used 
suchh as described in Chapter 3. 



1188 COMBINING LOCAL LINEAR MODELS TO FORM GLOBAL NON-LINEAR MODELS 

methodss we consider below minimize quadratic error functions, which have only one 
globall  minimum which can be identified efficiently. 

Initializatio nn using locally linear  embedding. In (Roweis et al., 2002) the authors 
usedd the locally linear embedding (LLE) algorithm for initialization of the g„, see Sec-
tionn 2.2.3. Recall that the LLE algorithm consists of two steps. In the first step, for each 
dataa point x„  weights >r ntn are computed that optimally reconstruct x„  from a linear 
combinationn of a few data points x,„  that are nearest to x„  in the data space. We use W 
too denote the matrix with 'W]inn = „  and G to denote the A" x <1 matrix with g~ on 
thee /f-th row. In the second step of LLE, we use the weights in W to find the matrix G 
withh low dimensional coordinates that minimizes: 

ÏU.KÏU.K  = X > » "  Z -gr r Tr^G'MG} . . (5.35) ) 

wheree M = (1 - W)' (I - W). Since ELL, is invariant to translations and rotations of the 
g„,, the low dimensional coordinates are constrained to be zero mean and have identity 
covariancee matrix. The <l  dimensional coordinates that minimize ELLl, can be recovered 
byy computing the {<l  + 1) eigenvectors with smallest eigenvalues of the sparse A' x A' 
matrixx M. 

Althoughh the matrix M used by LLE is sparse, its size grows as the number of points in 
thee data sets grows. In (Teh and Roweis, 2003), a constrained version of the LLE algo-
rithmm was proposed that avoids the linear growth of the eigenproblem with the number 
off  data points. In this approach first a mixture of factor analyzers (MFA) is fitted on the 
data.. The fitted model is used to constrain the solutions of the LLE algorithm as follows. 
Thee MFA gives for each data point x„  and mixture component s a posterior probability 
<l„,<l„,  = p(s\x„). Furthermore, we can project each data point x„  on the subspace of the 
.s-thh mixture component to obtain z„„  = A.s(x„  - /x j . The global coordinates g,„  which 
aree found by LLE, are now constrained to be given bv: 

E E in.gn. in.gn. -- K, - A . Z n , . (5.36) ) 

wheree g„„  is a linear transformation of z„„ . Given the <],,,  and z.,,, the global coordinates 
onlyy depend on the linear maps A, and the offsets «... To make this linear dependence 
explicitt we write G as the product of matrices U and L: 

GG UL. 

/ ' / M l l 

\<l: \<l: 

7u- 'll  ZIA , \ 

'/.VAA 1 z A / , , / 

A, , 

\A ,, / 

(5.37 7 
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Iff  we now substitute G — UL in ELU.: from (5.35), we obtain: 

ELLEELLE - T r j G ' M G }  = Tr{L TU ' M U L } . (5.38) 

Underr the constraints that the g„  are zero mean and have identity covariance matrix, 
thee gradient of the error function equals zero for vectors v that satisfy: 

U ' M U vv - A U ' U v . (5.39) 

Similarr to the unconstrained LLE, the optimal linear maps are recovered by comput ing 
thee (d + 1) eigenvectors with smallest eigenvalues. The first eigenvector has eigenvalue 
AA = 0 and it has constant value in all the entries for the KX and zero elsewhere. This 
eigenvectorr does not satisfy the variance constraint since it leads to assigning the same 
coordinatee to all the data points. The other eigenvectors do satisfy the constraints and 
thee value of the error function is given by the sum of their corresponding eigenvalues. 

Notee that the eigenvectors va re of length k(d+ 1), the number of local models t imes one 
pluss the dimensionality of the local subspaces, rather than of length A" as in the normal 
LL EE algorithm. However, in order to compute the error function we do need to find the 
NN x A' weight matrix W for which we need to find for each point its nearest neighbors 
inn the data space. Finding the nearest neighbors costs ()(N2) operations in a naive im-
plementationn which computes distances for each pair of data points. As mentioned in 
Sectionn 2.2.4, more efficient techniques exist. 

Inn (Wieghardt, 2001) a similar approach was presented to integrate a fixed set of local 
linearr models. In this approach each data point is assigned to one or more local models, 
andd the overlap of two local models .s and / is defined as the set of data points that is as-
signedd to both s and t. Then, approximate distances between overlapping local models 
aree estimated on the basis of the points in their overlap. The distances between non-
overlappingg local models are estimated as the length of the shortest connecting path 
throughh overlapping models. Then classical MDS (see Section 2.2.3) is applied to find 
globall  low dimensional coordinates KS for each local model. (Note the similarity with 
thee isomap algorithm, discussed in Section 2.2.3.) Finally, for each local model s a linear 
transformationn from local to global coordinates is found. This is done on the basis of (i) 
thee center of gravity, in local coordinates of model s, of points in the overlap between s 
andd each overlapping model /, and (ii) the difference K , - K, in latent coordinates be-
tweenn local model s and all overlapping models /. Compared to the approach of (Teh 
andd Roweis, 2003), this approach is more ad-hoc in the sense that here the optimization 
iss decoupled into several steps which are not optimizing a single objective function. 

Initializatio nn without computing nearest neighbors. An alternative method, similar 
too the constrained LLE algorithm but for which nearest neighbors are not needed, was 
proposedd in (Brand, 2003). As in the constrained LLE algorithm, a mixture of linear 
modelss is fitted to the data and for every data point x„  each mixture component s yields 
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aa posterior probability qn, = ;J(S]X„) and a projection zns of x„  on the subspace associ-
atedd with component s. Each mixture component ,s is assigned a linear map that can be 
usedd to map local coordinates z„, to global coordinates, again we have: g„„  = Asz,)S + KS. 

Thee error function here is similar to the notion of 'agreement' in Section 5.2.2: for each 
dataa point we want the mapping of its local coordinates to the global coordinates — 
usingg components with large qns— to be as close as possible to the (unknown) global 
coordinatee g„. Given the global coordinates g„, we can define the error function as 
thee weighted (by the posteriors) sum over all data points x„  and local models s of the 
squaredd distance between the global coordinate g„  and the local projections g,,,: 

A'' k 

EcharUngEcharUng ~ £ ] 5 Z *K'H g" ~ Knslf  (5-40) 

n i s i i 

Too find an estimate of the g„  from given linear maps and corresponding local projections 
g„ss we can minimize this error with respect to the g„. The minimizing g„  are given by a 
weightedd average of the local mappings of x„  to global coordinates: 

k k 

&n=^2(lnsgns-&n=^2(lnsgns- (5.41) 

S----1 1 

Wee can now substitute the estimated global coordinates of (5.41) into (5.40), such that it 
becomess a function of the local linear maps only. This yields: 

11 A' k k 

EcharUngEcharUng =  ̂^ ^ ^ Qn.^lnt ||g,.s ~ gnf | j 2 - (5-42) 

nn - 1 .s - 1 t 1 

Thiss error function is quadratic in the linear maps A.4 and offsets K.S. We define the 
block-diagonall  matrix D with k blocks D.s (.s = 1 A) as: 

(V(V11 0 \ 

D D Dftt = £< / „> ; , , l f f c l ] . (5.43) 

\ 00 D , / 

Withh U and L as defined above, the objective can now be written as: 

EchnrUn»EchnrUn» =  Tr { L ' (D U ' U ) L } . (5.44) 

Forr the same reasons as before, we constrain the g„ to be zero mean and have unit 
covariance.. The columns of L yielding zero derivative of Ecu,,,-,,,, ̂ under this constraint 
aree characterized as the generalized eigenvectors: 

(DD - U"U)v - AU'Uv. (5.45) 
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Thee value of the objective function is given by the sum of the corresponding eigenval-
uess A. The smallest eigenvalue is always zero, corresponding to mapping all data into 
thee same latent coordinate. This embedding is uninformative since it is constant, there-
foree we select the eigenvectors corresponding to the second up to the (d + l)st smallest 
eigenvaluess to obtain the best embedding in d dimensions. 

Notee that the objective Echartmg effectively only takes points into account for which 
thee posterior qns is non-negligible for at least two mixture components. This can be 
seenn from (5.42), where each term is multiplied by the product of two posteriors qnaqnt-
Experimentallyy we found that often only a small percentage of the data points have a 
posteriorr distribution with entropy significantly larger than zero if a mixture of FA or 
PCAA is fitted to high dimensional data that is distributed on or near a low dimensional 
manifold.. Therefore, only a small number of data points determine the actual error 
function.. Thus, this method is not very robust, since two different mixtures fitted to 
thee same data might yield quite different sets of points that determine the actual error 
functionn and quite different results could be obtained. 

Robustnesss for variation in the mixture fitting can be improved by using several, say 
C,C, different mixtures of local models fitted to the same data. To obtain several different 
mixturess that fit the data well, we can use the EM algorithm and initialize each mixture 
att different parameter values; the EM algorithm wil l most probably terminate at differ-
entt mixture configurations due to the local optima in the data log-likelihood surface. 
Alternatively,, we can train each mixture on a different random subset of, say 90%, of 
alll  available data. We can then define a new mixture, p, by averaging over the C mix-
turess pi,... ,pc; thus p = £ Yli=i  Pi- Since each individual mixture px has to fit all the 
data,, most of the posteriors p(s|x) on components in p wil l have an entropy significantly 
largerr than zero. Thus in the larger mixture p almost every point wil l contribute to the 
associatedd objective function Echartmg and better results are obtained in practice (Ver-
beekk et al., 2003b). 

Comparisonn of coordinate initializatio n methods. Above we have described several 
wayss to initialize the estimates of the global coordinates of the data. We pointed out 
thatt EcharUng can become degenerate if the mixture posteriors are near zero entropy. 
Thiss degeneracy does not occur when using the constrained LLE error function. Even 
whenn all points have a posterior with zero entropy, the constrained error function (5.38) 
iss still non-degenerate and can be used successfully. This is an important advantage of 
usingg the constrained LLE method. 

However,, Erlmrting has the advantage that it can be used in two settings where the LLE 
algorithmm cannot. First, if there are missing values in the data vectors then it is not clear 
howw to compute the nearest neighbors and the reconstruction weights. Second, it is also 
nott clear how to compute the neighbors and weights if the data are not vectors in IRD but 
alsoo have discrete valued variables. In both settings we can still fit a mixture model to 
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Latentt space 

Figuree 5.3: Original data in EJ (top left). Recovered low dimensional coordinates with grid 
overlayy (bottom). Grid points mapped to the data space using model (top right). 

thee data and compute the posteriors on the mixture components. In the first setting we 
cann also compute projections on local subspaces. In the second setting projections can 
onlyy be computed from the real-valued variables. If there are no real valued variables 
att all, itt is possible to discard the linear maps As and only optimize for the KS.

9 

Forr the data sets used in our experiments, which are all treated as sets of vectors in 
]R]RDD without missing values, we found that the mixture fitting often takes more time 
thann finding the nearest neighbors. In particular when several mixtures are used to 
alleviatee the problem of low entropy posteriors with Eci„ irUng, the mixture fitting takes 
moree computation than finding the nearest neighbors. Therefore, in the experiments 
describedd in the next section we used initialization based on the LLE error function. 

5.2.55 Experimental results 

Inn this section we present results obtained by applying the method described in the 
previouss section to several data sets. First, we present several qualitative experimen-
tall  results. Second, we present a quantitative comparison of the obtained results with 
resultss obtained with self-organizing maps and generative topographic mapping. 

MM In fact, in this case solving for the nx coincides with the Laplacian eigenmap algorithm, see Sec-
tionn 2.2.3, using the affinity matrix QT Q, where [Q]„ , = qns-
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Figuree 5.4: Recovered latent representation of the images (top). Images generated with model 
alongg the line segments shown in the top panel (bottom). 

Qualitativ ee results. The model presented above can be used in two directions. First, 
thee model can be used for dimension reduction, i.e. mapping a point x in the data space 
too a point g in the latent space. Second, the model can be used for data reconstruction, 
i.e.. mapping a point g in the latent space to a point x in the data space. In Fig. 5.3 we 
illustratee the two directions in which we can use the model using the 'S' data set of 
Fig.. 5.1. We initialized the latent coordinates with the LLE algorithm using 10 nearest 
neighbors,, and we used a mixture of k = 10 factor analyzers. In the left panel of Fig. 5.3 
thee original three dimensional data is depicted on which the model was trained. The 
rightt panel depicts the two-dimensional latent representation of the original data and a 
rectangularr grid in the same space. The left panel depicts the same grid, when mapped 
too the data space with the trained model. The il lustration shows that the non-linear 
subspacee containing the data was indeed recovered based on the training data and that 
accuratee non-linear mapping between the data space and latent space is possible using 
kk = 10 locally valid linear mappings. 

Next,, we show results obtained when applying the model to a data set of images of a 
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Figuree 5.5: Results for the 'S' data set. 

face,, which vary in the pose and expression of the face. This data set consists of 1965 
imagess of 20 x 28 pixels each. The data set was also used in (Roweis et al., 2002) and 
wee were able to confirm the results reported there.10 For initialization we used the 
LLEE algorithm with 14 nearest neighbors. The recovered latent representation of the 
dataa is illustrated in Fig. 5.4, where each dot represents the coordinates g of an image. 
Wee used the trained model to generate images x from latent coordinates g along three 
straightt trajectories in the latent space. The trajectories are plotted in the figure and the 
correspondingg generated images are shown in the bottom panel of Fig. 5.4. The latent 
coordinatess form two clusters; the first trajectory passes through both clusters and the 
otherr two trajectories stay within a single cluster. From the generated images along the 
trajectoriess we can see that the clusters roughly correspond to images of smiling and 
non-smilingg faces. The reconstructed images along the second and third line segment 
showw that the variation within the clusters corresponds to the variation in gazing direc-
tionn (left-right) of the faces. 

Quantitativ ee comparison. Here we compare CFA with several other dimension re-
ductionn methods: PCA, self-organizing mixture models (SOMM), and generative topo-
graphicc mapping (GTM). To asses the generalization performance of these methods for 
dataa not included in the training set, the methods are evaluated using a separate set of 
testt data. We compared the log-likelihood assigned to the test data and the reconstruc-
tionn error obtained for the test data. The reconstruction error was measured as follows: 
(i)) we map each test data point x„  to a point g„  in the latent space and then (ii) we map 
thee g„  in the latent space back to the data space11, yielding x and (iii ) we measure the 

i(11 This data set is available online from h*. *.o : v/v/v;, :;H . _oicr.-_c . edu '"rov/ois. 
111 For SOMM we mapped latent coordinates back to the data space by assigning the high dimensional 

coordinatess of the mixture component with nearest mean in the latent space. For GTM we map latent 
coordinatess back to the data space using the obtained generalized linear model, see Section 2.2.2. 
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Figuree 5.6: Results for the image data. 

squaredd Euclidean distance between the original test point and its reconstruction. Thus 
thee reconstruction error may be defined as: 

N N 

EErrrr ..cc = Y,\\Xn-*n\ï2. (5.46) 
n - 1 1 

Al ll  models used a two dimensional latent space, and for GTM and SOMM the nodes 
weree placed on a square rectangular grid in the latent space such that the node loca-
tionss had zero mean and identity covariance. For GTM and SOMM we use Gaussian 
componentt densities with isotropic covariance matrix. For GTM we used as many ba-
siss functions as mixture components. The basis functions were of the form o,(g) = 
expH|g-K,|]2/2CT2),, wither2 - 1/10. 

Wee performed the comparison on two data sets: the 'S' data set used before (using a 
trainingg and test set of 600 points) and a data set of 2000 images of 40 x 40 pixels each of 
aa face looking in different directions (using 1500 training images and 500 test images). 
Thee reported results are averages and standard deviations over 20 randomly drawn 
trainn and test sets. The results on the 'S' data set are summarized in Fig. 5.5 and those 
onn the second data set in Fig. 5.6. In Fig. 5.7 we plotted some obtained reconstructions 
(usingg k = 81) for the different models. As expected from the results in Fig. 5.6, the re-
constructionss of the different methods appear quite similar although the ones produced 
withh CFA look slightly better (in particular those in the second and last column). 

Notee the overfitting effect for CFA on both data sets. The mean reconstruction error 
andd log-likelihood are optimal for about 36-50 components, using more components 
actuallyy worsens the results although the models are more expressive. This effect is 
welll  known (Webb, 2002) and is caused by the fact that when using many components 
moree parameters must be estimated. However, since the amount of available data is 
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Figuree 5.7: Top row: original images. Reconstructions of images based on two-dimensional 
representationn using CFA (second row), GTM (third row) and SOMM (fourth row). 

limited,, the parameters cannot be accurately estimated and as a result the model can 
bee erroneous. The overfitting effect is not observed for SOMM and GTM. This can be 
explainedd by the fact that these models use fewer parameters than the CFA model, while 
usingg the same number of mixture components. 

Thee obtained results lead to the following conclusions. The CFA model is able to achieve 
significantlyy higher log-likelihood on the test data than the SOMM and GTM models, 
whilee using the same number of mixture components. Compared to the log-likelihood 
differences,, the reduction in reconstruction errors is relatively small. However, with a 
smalll  number of mixture components the CFA model is able to achieve small recon-
structionn errors. SOM and GTM need a much larger number of mixture components 
inn order to achieve comparable reconstruction errors since they do not use local linear 
mappings.. The standard deviation in the results obtained with the CFA model is several 
timess larger than in those obtained for SOM and GTM (except for the reconstruction er-
rorss on the 'S' data set). This is caused by the sensitivity to the initialization of the CFA 
model.. It is possible that this sensitivity can be resolved by using more robust initial-
izationn techniques, e.g. it is possible to minimize the sum of LLE error function using 
severall  numbers of neighbors or to use bootstrap-like procedures as in (Ham et al., 
2003).. Generally, the linear PCA models perform the worst. Interestingly, for the image 
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Figuree 5.8: Two data sets (left and right panel), the four pairs of corresponding points have 
beenn labelled 'a'-'d'. 

dataa the PCA model assigns higher likelihood to the test data than the GTM and SOMM 
models.. This is due to the fact that the data is very high dimensional; if the dimension-
alityy grows the mass of an isotropic Gaussian density contained within a ball of unit 
radiuss quickly drops12. The PCA model is able to concentrate most mass in the linear 
subspacee with most data variance, and therefore yields a higher likelihood. 

5.33 Learning mappings between manifolds 

Inn the previous section we considered the CFA model for non-linear dimension reduc-
tion.. In this section, we consider how the CFA model applies to the case where multiple 
embeddingss of the same underlying low dimensional manifold are observed, each em-
beddingg lying in a different high dimensional data space. So rather than one set of high 
dimensionall  data points, we are now given two sets of high dimensional data points: 
{x,1,, G \RD'}(n = 1 Ari) and {x ; e IR02}  (n = 1 N2). The two sets are related 
throughh a set of correspondences: for some pairs xj,. x2, we know they share the same 
loww dimensional coordinate on the manifold. Fig. 5.8 illustrates this setting: the two 
dataa sets are plotted respectively in the left and right panel and the correspondences 
aree indicated by the letters 'a'-'d'. Our goal is to predict the missing correspondences, 
i.e.. for a point in one space without a correspondence we want to estimate the coordi-
natess of the point in the other space that would correspond to it. In other words, we 
considerr a prediction problem where both the inputs and outputs are intrinsically low 
dimensional,, but specified as vectors in a high dimensional space. 

122 For a Gaussian with unit isotropic variance the mass contained in a unit ball is 70% in a one dimen-
sionall  space, but only 0.02% in a 10 dimensional space (Carreira-Perpinan, 1997). 
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Onee can also think of the data as points in the product space IRDl x IRPj = MDl*D2. 
Correspondingg pairs x*. xf„  can be regarded as a point in the product space, the first Dy 

coordinatess are given by x,1, and the remaining D2 coordinates are given by x ; r Points 
x!,, for which we do not have a correspondence can be regarded as points in the product 
spacee for which the first Dx coordinates are given by x.ln and the other coordinates are 
nott observed and similarly for points x2 without correspondence. 

Notee that without loss of generality we can re-order the points such that (i) all the points 
withh a correspondence have a lower index than points without a correspondence and 
(ü)) all corresponding points have the same index, i.e. we only have correspondences for 
pairss x^.x2,, with n = m. The data vectors can be collected into a A^ x D{ matrix X, 
andd a N2 x D2 matrix X2 which contain the coordinates of the data points as rows. We 
cann then partition the two matrices into a block containing points with correspondences 
(indexedd by <) and a part for points without a correspondence (indexed by ir): 

*-(£)  *-(£)
Viewingg the data as points in the product space with missing values, the matrix with 
dataa in the product space is given by: 

XX = XlXl 7 , (5.48) 

wheree the question marks indicate the missing values. The goal is now to estimate the 
missingg values. This can be done by estimating a density p( x,. x2) on the product space, 
sincee such a density induces the predictive densities p(xl |x2) and />(x2jx1). 

Thee method described in this section is related to the parameterized self-organizing 
mapp (PSOM) (Ritter, 1993). The PSOM also produces a mapping between two high 
dimensionall  spaces through an underlying low dimensional representation. The basic 
ideaa is to first find a low dimensional representation13 of the set of given input-output 
pairss {(x,. y j }  (/ ^ 1 V) and then to find a vector-valued function f that optimally 
reproducess each input-output pair from its low dimensional representation. Thus if 
g,, is the vector of low-dimensional coordinates of the /-th pair, then f is such that for 
ii  = 1 V we have f(g,) % (x,. y,j. The function f is taken to be a linear combination 
off  non-linear basis functions. To predict the output for a new input x, low dimensional 
coordinatess g*  are found such that g*  = ar«;miiiK ||x - fx(g)|2, where fx is the function 
ff  restricted to the part corresponding to x. Compared to the CFA approach the PSOM 
hass two drawbacks: (i) PSOM can not use observations without a correspondence and 
(ii)) to map between the two spaces we have to find the low dimensional coordinates g* 

uu The authors suggest using self-organizing maps. 
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thatt optimally reproduce the input. This involves minimizing a non-convex error func-
tion,, which may produce erroneous results if a local but non-global minimum is found. 
Arguably,, another drawback of PSOM is that for a given input it simply produces an 
outputt where the CFA approach produces a density over possible outputs. For these 
reasonss we do not compare the CFA approach with PSOM below. 

Anotherr approach to the correspondence problem is to fit a mixture of factor analyzers 
(MFA)) to the (incomplete) data matrix X. The EM algorithm can be used to estimate the 
parameterss in the presence of missing values, see e.g. (Ghahramani and Jordan, 1994). 

InIn Section 5.3.1 we start by considering how the CFA model and learning algorithm 
shouldd be adapted to apply to this new setting. Then, in Section 5.3.2, we consider ini-
tializationn techniques suitable for this setting. In Section 5.3.3 we present experimental 
resultss which are used to compare the CFA and the MFA approach. 

5.3.11 The probabilisti c model 

Thee probabilistic model presented in Section 5.2, together with its learning algorithm 
cann be adapted to apply to the current problem. Recall that in Section 5.2 we assumed 
thee densities 

p(z)=Af(z;0,I),, (5.49) 

p(x|z,, s) = A^(x; (is + Aazs, * s ) . (5.50) 

Furthermore,, conditioned on s, we posited a deterministic relation: g = Ks + Asg, which 
inducess the densities: 

p (g l s )=^ (g ;«s,A ,A j ) ,, (5.51) 
p(x|g,, s) = A^(x; p, + A sA; 1(g - K 8) , * s ) . (5.52) 

InIn the current setting it is more convenient to parameterize the model in a slightly dif-
ferentt manner: 

p(g|s)=Af(g;; « „ £ , ) , (5.53) 

p(x|g,s)=JV(x:/if ll + A s ( g - / 0 , * ' s ) . (5.54) 

Thesee densities induce the conditional densities p(x\s) and p(g|x, .s): 

p(x\s)=M(x:np(x\s)=M(x:n!r!r CCss),), (5.55) 
Css = A,S,AS + * s. (5.56) 

;,(g|x,.s)=JV(g:ms.V;1).. (5-57) 
V,, = S ; 1 + A ; * 1 A . S . (5.58) 

m,, - K, + V ^ A j t f J ^ x - A*,) . (5.59) 
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Thee marginal p(x\s) has a D x D covariance matrix of the factor analysis type and its 
inversee and determinant can be computed from inverses and determinants of d x <7 
matricess and diagonal matrices: 

|C,|| = l* sj x JES| x IVJ. (5.60) 

C;11 = * ; ] ( * - A , S V ; 1 A . J * ; 1 . (5.61) 

Sincee we do not know the missing values, the objective function $ defined in (5.17) in 
thee previous section is modified by basing it on the observed variables only. If x? indi-
catess the part of x, that was observed (either the D{ first variables, the last D2 variables, 
orr all variables), then the modified objective function reads: 

**  = £ H{qH{qnn{s)){s)) + H(q„(g)) + £ > ( * ) ƒ ,/„(g) loo ' / , (x ; ; .g. .s) <\ t (5.62) ) 

Too write $ in terms of the model parameters we use the superscripts 1 and 2 to indicate 
thee sub-matrices and sub-vectors related to the first and second data space. Thus x,1 

indicatess the first Dy coordinates of vector xi and similarly A*  denotes the sub-matrix 
givenn by the last D2 rows of As. We write $ as a sum of entropy terms S„s and energy 
termss £nst using the abbreviations x,1^ = x,1, -p)., and similarly for xj?,„  and g,,,s = gH - K.,: 

NN k 

®=Y1Y^®=Y1Y^ q»*f5™ ~ £»«]• (5-63) 

SSnsns = - log |S„ | - - log qn/l + - log(27r), (5.64) 

£,,„£,,„  = - \ogp(s) + -2 log |£ , | + i l r f S ^ E , , + g t„gT,)} (5.65) 

++ l « ~ K&nJK' ' ( x^ - A,!g„,) + ^Tr{Sf,A.:.' *!" JA!} + \\*l\  (5.66) 

++ \(*L ~ A,2gnJ ' * f ] ( x L - AjgMJ + i ï r { E „ A f * f ' Aj} + i|*J|.(5.67) 

Thee second (respectively third) line of the expression for Sns should not be added for 
pointss of which the first Dy (respectively last D2) coordinates are not observed. 

Nextt we consider the parameter update equations of the EM-like algorithm. For £„ and 
g„„ the updates become: 

k k 

S; ; 1 -- J > „ , [s.s ' + A,! >J. 'A.l + Af ^ " ' A ^ I . (5.68) 

k k 

g„„ - S„ £ \ / n s [ s , V + Aj ' ^ " ' ( x ^ 4- A> , ) + A f * r ' ( x ^ + A?KS.)1 .(5.69) 
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Notee that for the updates related to a particular data point, only the terms related to 
thee observed coordinates should be added. The update equations for <y„,e./J(.S) and K.V 

remainn as before, thus using y„.„ = </„,„./ ]Tn; qms, the updates are: 

-t~n. -t~n. 

Thee other updates are given below 

1>(», 1>(», vl9" ""  K.-][>,,g,, 
A A 

AA = 

[*;i .. = r V £»«• K- - A 'g»'i'+[A:S«A;T] 

(5.70) ) 

(5.71) ) 

(5.72) ) 

(5.73) ) 

(5.74) ) 

(5.75) ) 

InIn the last three updates the sums over data points run only over points for which the 
firstt Di coordinates are observed. The updates for fij, Aj and [^ j , are analogous. 

5.3.22 Parameter initialization 

Ass before, proper initialization of the g„ is crucial in order to find good parameter esti
matess with our EM-like algorithm. Below, we consider howr the initialization methods 
off the previous section apply to the current setting. 

Parameterr  initializatio n without computing nearest neighbors. The parameter ini
tializationn method based on Eclinvtni(l, presented in Section 5.2.4, can be extended to the 
currentt setting as follows. Recall that the method based on Ecllfirtni(/  consists of two 
steps.. First, a mixture of linear models is fitted to the data to yield for each data point 
andd mixture component a responsibility <•/„., and a projection zns of x„ on the subspace 
off component .s. Second, the quadratic error function Erhart)liy (which is based on the 
r/,,..,, and z,t>) is minimized to find optimal linear maps that project the coordinates in the 
componentt subspaces to global low dimensional coordinates. The global low dimen
sionall coordinates g„ for a point x„ are given by the weighted average of the projections 
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g,iSS with the different components: 

kk k 

s -11 s -1 

Inn the current setting where we have two sets of points, we can proceed as before for 
eachh point set separately. However, in order to take into account the correspondence 
betweenn pairs x,1, and x2, we want the latent coordinates g^ and g2 computed from x,1, 
andd x2 to be as similar as possible. Thus, we can use an error function that adds Echarting 
basedd on each point set separately and for each correspondence a term that penalizes 
thee squared distance between g,1, and g2: 

EE = El
Chariing + Elhartuig + £ Hg,1, - g2||2. (5.77) 

71 1 

wheree the last sum runs over corresponding pairs x,1,, x2. This error function is again 
quadraticc in the linear maps assigned to the mixture components and can be minimized 
withh the same techniques that were used in the previous section. 

LLEE based parameter  initialization . In the current setting we can not directly apply 
thee LLE based parameter initialization used before because the missing values do not 
alloww us to compute nearest neighbors and reconstruction weights in the usual manner. 

InIn (Ham et al., 2003) an approach was proposed to extend the LLE algorithm to the 
currentt setting. The idea is to perform LLE on both sets of points X1 and X2 separately, 
butt to constrain the latent coordinates of corresponding points to be identical. Note 
thatt for each set X1 and X2 we can compute the nearest neighbors and reconstruction 
weightss as in the first step of the standard LLE algorithm. Recall that the standard LLE 
errorr function is: 

A''  A" 

ELLEELLE = Y,ilg" " Y, u'»»'6'«ll* = Tr{G'MG}. (5.78) 
nn - 1 111 r- 1 

Lett EX
LLE — Tr{G' M'G1} be the LLE error function based on X1 and similarly for 

E\E\LKLK.. Our goal is to minimize E)iU,: + Ej, h: subject to the constraint that corresponding 
pointss have the same latent coordinates, and the usual constraint that the latent coordi
natess are zero mean and have identity covariance. If we partition the matrix G1 with 
latentt coordinates for X1 into blocks Gf' and Gj,. as: 

G11 = (5.79) ) 
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andd similarly for G2, then the correspondence constraint is that G:
c — G2. We can use a 

similarr partition of the matrices M1 and M2: 

M11 = 
M11 M1 

CCCC CI 

Ml...Ml... ML 
M' ' 

M22 M2 

CCCC cw 

M22 M2 
(5.80) ) 

Itt is not difficult to show that the constrained minimization problem is solved by com
putingg the (d + 1) eigenvectors of: 

MM = 

'Ml'Ml  + Ml 

MM ll
wc wc 

ML L 

M1 1 

^^  cw 

M1 1 

WW WW 

0 0 

M2 2 

cw cw 

0 0 

M2 2 

WWWW _ 

(5.81) ) 

withh smallest eigenvalues. As before, the eigenvector with smallest eigenvalue (zero) 
containss a degenerate solution and is discarded. The final solution is then given by 
lettingg the other d eigenvectors be the columns of: 

Gc c 

G,„ „ 

(5.82) ) 

Comparisonn of initializatio n methods. In the previous section we saw that the error 
functionn E charting becomes degenerate when the entropy in the posterior probabilities 
tendss to zero. The same degeneracy appears in the current setting. In the current setting, 
thee LLE based error function can also become degenerate. However, this only happens 
iff the dimensionality of the latent space is greater than, or equal to, the number of cor
respondencess (which is unlikely since usually this dimensionality is very small). 

Anotherr difference is that in the LLE based method a constraint is used to account for 
thee correspondences, while in the method based on EChartmg the penalty term that en
codess the correspondences is added to the separate error function of each set of points. 
Ass a result, if there are only very few correspondences, the penalty term is relatively 
unimportantt as compared to the other error functions and some weighting factor has to 
bee introduced to increase the influence of the penalty term. The value of the weighting 
factorr introduces a free parameter, and it is not clear how to set it automatically. 

Inn our experiments below, we have used the LLE based initialization method because 
itit can be used when only very few correspondences are given and does not involve 
weightingg of the different errors. 
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Figuree 5.9: Data sets X1 (left panel) and X2 (right panel). If both curves are stretched out on a 
linee between zero and one, then corresponding points have the same position. Corresponding 

pointss are filled identically in the figures. 

5.3.33 Experimental results 

Inn this section we experimentally compare CFA and MFA models to predict high di
mensionall correspondences. We investigate how the performance of the approaches 
dependss on the number of given correspondences and the number of mixture compo
nents.. First, we compare prediction accuracy on two synthetic data sets to gain insight 
intoo the differences between the two approaches. Then we compare them using a data 
sett consisting of gray scale images of two objects to determine if the differences observed 
withh the synthetic data sets are also apparent in more realistic data sets. 

Thee MFA density model was described in Section 5.2.1, and we used the EM algorithm 
forr mixtures of factor analyzers (Ghahramani and Hinton, 1996) to find parameters that 
correspondd to a (local) maximum of the data log-likelihood. 

Syntheticc data sets. In the first experiment we consider two data sets X 1 and X 2 that 
aree both distributed along a curve embedded in IR2, illustrated in Fig. 5.9. Both sets con
tainn 1240 points, in each experiment we used a training set of 200 points from each set 
andd a second set of 200 corresponding points to assess the quality of the fitted models. 
Thee results reported below are averages over 20 experiments. 

Wee trained CFA and MFA models using a latent dimensionality of <7 = 1, while varying 
thee percentage c of training data for which correspondences are available (ranging from 
cc = 5% up to c = 55% in 5% intervals, i.e. using from 10 up to 110 correspondences) 
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Figuree 5.10: Results (CFA left and MFA right in each column) for the first synthetic data set. 

andd the number k of mixture components (ranging from A- = 1 to A• - 10). To asses the 
qualityy of the fitted models we used the test data, for which all 4 coordinates are known. 
Forr the test data we predicted the last two coordinates given the first two coordinates 
withh the trained models, and vice versa. 

Whenn using an MFA, each mixture component .s is a Gaussian density p(x\s) on the 
productt space which induces a conditional Gaussian on the coordinates in the second 
spacee given the coordinates in the first space: /;(x"-|x'. s). Combining the different com
ponentss we obtain the conditional mixture density p(x2\xl) = ]T^' , p(x 2 | x ' . s)p(s\xl). 
Hence,, the expected value of x- under this distribution, which we denote by x2 , is the 
summ of the means of p(x2\xl. .s) (,s = 1 A-) where each mean is weighted by the cor
respondingg posterior probability p(.s|x'). The same analysis holds for the CFA models 
andd the predictions on x1 given x2 . 

Ass an error measure of the models we used the squared difference between the pre
dictedd coordinates x1 (or x2) and the true coordinates of x1 (or x2), averaged over all 
testt data points and over the coordinates. Thus for all .V = 200 test points we measure: 

11 V 1 V 

Kr<r=Kr<r= Y1TY1TY\\<-<\\Y\\<-<\\ + YWX^«-X»11 (5-83) 

i,i, I - n I 

Inn Fig. 5.10 we tabulated, for different numbers of correspondences and mixture com
ponents,, the error E,,r obtained with CFA and MFA. Results where the CFA error is 
significantly144 smaller are printed in bold. 

Resultss of the same experiment using the data set shown in Fig. 5.8 are tabulated in 
Fig.. 5.11. in these experiments the latent dimensionality was d = 2. Of the total 1240 

144 To determine significance we used a /-test with 19 degrt'es of freedom and \> — (i.().">. 
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Figuree 5.11: Results (CFA left and MFA right in each column) tor the second synthetic data set. 

dataa points in each set, 600 random points were used to fit the models and another 600 
randomm pairs of corresponding points were used to asses the error of the model. Again, 
significantlyy smaller errors are printed bold. 

Thee results for both data sets show a similar pattern. If many correspondences are 
available,, CFA and MFA give comparable results. If only a few correspondences are 
givenn CFA performs significantly better than MFA. This difference is more pronounced 
ass the number of mixture components becomes larger. The effect is observed more 
clearlyy in Fig. 5.12 where we plotted the average error differences against the number 
off correspondences divided bv the number of mixture components. 

Thee explanation of the effect is that if the average number of correspondences per mix
turee component becomes very low, then in an MFA model there can be mixture com
ponentss .s which have (almost) no responsibility for correspondences (i.e. observations 
withoutt missing values). In such cases it is not possible to determine the dependencies 
betweenn coordinates in the two different spaces, since for each data point with non-
negligiblee responsibility for the component .-> either only the first I)\ coordinates are 
observedd or only the last D> coordinates. In comparison, the CFA model can exploit the 
incompletee observations to determine these dependencies; this is possible through the 
dependenciess between the incomplete observations and the estimated global low di
mensionall coordinates on the manifold. To illustrate the difference in predictions using 
aa few correspondences and relatively many components, we plotted the obtained pre
dictionss on the test set in Fig. 5.13. These predictions were obtained on the first synthetic 
dataa set, using k — 10 mixture components and four correspondences (<• -^). 

Mappingg between views of different objects. In the second experiment we also com
paree the reconstruction errors using MFA and CFA models, but we use a more realistic 

file:///0/-LI/LAR
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Figuree 5.12: Average error of MFA minus average error of CFA on test set, plotted as function 
off the number of correspondences per mixture component. Left and right panel show results 

forr respectively the first and the second synthetic data set. 
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Figuree 5.13: Predictions on the test set with MFA and CFA and the true coordinates plotted as 
dots.. The correspondences are plotted with an x symbol. 
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II J i * * * 
Figuree 5.14: Examples of the images of the two toy puppets. The top row contains images of 

thee cat figure and the bottom row images of the dwarf figure. Corresponding views are 
displayedd above each other. 

dataa set of much higher dimensionality. The data consists of 2500 gray-scale images of 
644 x 64 pixels each of two toy puppets viewed from different directions. In Fig. 5.14 some 
correspondingg views of the two puppets are depicted. The images, originally used in 
(Peterss et alv 2002), were provided by G. Peters who recorded them at the Institute for 
Neurall Computation of the Ruhr-Universitat-Bochum, Germany Images of the objects 
weree recorded while moving the camera over the viewing hemisphere, see the left panel 
off Fig. 5.15. The viewing hemisphere was sampled at 3.6° intervals in longitude (yield
ingg 100 steps to complete the circle) and at 4.0° intervals in latitude (yielding 25 steps to 
goo from the equator of the hemisphere to the pole). Note that the images recorded near 
thee top of the hemisphere differ considerably, since these are different rotations of the 
topp view of the object. 

Theree are only two degrees of freedom in each set of images since the images are de
terminedd by position of the camera, which is in turn determined by its longitude and 
latitudee on the hemisphere. Since the longitude is a periodic degree of freedom, the 
imagess can be embedded on the surface of a cylinder in a Euclidean space. In princi
plee the images can also be embedded, while preserving nearest neighbor relations, in a 
twoo dimensional space by embedding images with equal latitude on concentric circles 
withh a radius that is monotonically increasing with the latitude. However, such a two 
dimensionall embedding in not returned by the LLE based algorithm since it is not di
rectlyy aiming at the preservation of nearest neighbor relations. Three dimensions are 
requiredd to recover a cylinder-like embedding of the images in which only similar im
agess are embedded nearby. Therefore, we used a three dimensional latent space for the 
CFAA models, and to obtain comparable results we also do this for the MFA models. In 
Fig.. 5.16 the two dimensional and three dimensional latent representation recovered by 
thee LLE based initialization method when using all 2500 images of each set and 125 cor
respondencess is illustrated. The recovered coordinates indeed trace-out a cylinder-like 
shapee in the three dimensional embedding. The two dimensional embedding corre-
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Figuree 5.15: The viewing hemisphere; the object was fixed in the center of the sphere and 
imagess were recorded when the camera was placed a different locations on the hemisphere 

(crossingss of the lines on the surface) and directed toward the object. 

spondss roughly to a projection of the cylinder along is axis. 

Inn order to speed-up experimentation, the images were first projected to the 100 dimen
sionall linear PCA subspace of the 64 x 64 = 4096 dimensional space spanned by the 
pixell values. Over 90% of the original variance in the data was contained in this sub-
spacee with approximately 40 times fewer dimensions. Since the discarded dimensions 
containn only a small fraction of the data variance, projecting the original data to the 
PCAA subspace is expected to have little effect on the obtained results. Below we also 
showw results obtained when using 1000 dimensional PCA projection. We trained CFA 
andd MFA models with different numbers of mixture components k = 10. 2 0 . . . . . 100 
andd with different percentages of the data for which correspondences were given c = 
17c.. 27,57c. 10%, 20%, 50%. Of each object 2000 images were used for training and 500 
too asses the reconstruction error Erec from (5.83). 

Thee obtained errors, averaged over six random selections of training and test data, are 
tabulatedd in Fig. 5.17. In Fig. 5.18 we plotted averages of the error of CFA models and of 
MFAA models using k = 40 components against the percentage of correspondences that 
wass used. It can be observed that already with relatively few correspondences, CFA 
modelss make accurate predictions. Many more correspondences are needed to obtain 
similarr errors with MFA models. 

Too compare MFA and CFA qualitatively, we plotted the predicted correspondence for 
somee of the test examples in Fig. 5.19. For reference, we also included reconstructions 
off the images obtained from a three dimensional linear PCA projection, which is the op-
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Figuree 5.16: Two dimensional (left panel) and three dimensional (right panel) embedding of 625 
off the 2500 images. Images recorded from equal latitude and longitude are connected by lines. 

timall linear reconstruction of the images from a three dimensional representation. The 
depictedd results were obtained by training models with A- = 65 mixture components on 
20000 images of each object with 100 images in correspondence (c = 5/100). Before fitting 
thee models, the images in each set were projected on the first 1000 principal components 
derivedd from the images in that set, preserving over 99.6% of the variance in each set. 
Thee average errors (per image and per dimension) were 0.127 for CFA and 0.732 for 
MFA.. Clearly, the CFA model —which exploited the manifold structure of the data— 
yieldss superior predictions as compared to those obtained with the MFA model. 

5.44 Conclusions 

Inn this chapter we considered the CFA approach that combines several linear models 
too form a non-linear models. The amount of computation required to perform the EM-
stepss is 0{NDkd + Nd3)). Compared to GTM and SOMM, the advantage of this method 
iss that the low dimensional representation is not restricted to a discrete set of points (the 
nodess in SOMM and GTM) but offers a continuous low dimensional representation. 
Furthermore,, the conditional density /'(g|x) on latent coordinates given a data vector 
(andd vice versa />(x|g)) is Gaussian mixture density whose parameters and expectation 
aree readily computed. 

Inn Section 5.2.3 we presented an improvement in the parameter estimation scheme pro
posedd in (Roweis and Saul, 2000) that replaces an iterative procedure in the M-step of 
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Figuree 5.17: CFA and MFA errors for the image data set divided over the number of test points 
(500)) and the number of dimensions (100). 
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Figuree 5.18: The reconstruction errors obtained with CFA and MFA models using k = 40 
components,, averaged six random train and test sets. 
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Figuree 5.19: Top panel shows (predicted) corresponding view of the cat given a view of the 
dwarff and bottom panel shows (predicted) corresponding view of the dwarf given a view of 

thee cat. Within each panel, from top top bottom: true correspondence, reconstruction with CFA, 
reconstructionn with MFA and 3D PCA projection. 
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thee EM-like algorithm with a closed-form solution. The closed-form update leads to 
aa considerable speed-up in the algorithm and improved parameter estimates. The ex
perimentall results presented in Section 5.2.5 indicated that the CFA approach compares 
favorablyy to SOMM and GTM in the sense that fewer mixture components are needed 
too obtain similar reconstruction errors (errors in predicting the high dimensional points 
fromm their low dimensional representation). 

Inn Section 5.3 we applied the CFA approach to a setting where the goal is to find a model 
thatt enables us to predict between two high-dimensional variables. In this setting, the 
trainingg data consists of two sets of high dimensional observations each in a different 
space.. Only for some of the observations the corresponding point in the other space is 
given.. We compared the CFA approach with a mixture of factor analyzers approach, 
andd experimentally found that when only a few correspondences are given the CFA ap
proachh leads to significantly better prediction accuracy, both for synthetic and natural 
data.. The difference in performance is explained by the fact that CFA successfully uses 
thee manifold structure of the data to determine the dependencies between the high di
mensionall variables, even if very few correspondences are given. It is straightforward 
too generalize this approach to settings where more than two sets of points are given. 




