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Chapte rr  1 

Introductio n n 

1.11 Overview 
Thee main theme of this thesis is the stability and instability of magnetic fields in 
stars.. During the period in which the science of magnctohydrodynamics was being 
developed,, around the middle of the twentieth century, magnetic fields were detected 
inn Ap stars, the first fields which had been found in stars other than the Sim. This 
ledd inevitably to particular attention being given to these stars - they represented an 
opportunityy to test the new science. The nature and origin of their magnetic fields 
hass therefore become one of the most important topics in stellar magnetism, and it is 
forr this reason that particular emphasis is given to them in this thesis. There are two 
competingg explanations for their magnetism: the dynamo model and the fossil-field 
model;; both were adapted to A-stars having been originally conceived to explain the 
solarr field. In the dynamo model, the field observed on the surface is a manifestation 
off  that created by dynamo action in the convective core, and in the fossil-field model, 
thee field is left over from the star's formation. The latter obviously requires the field 
too be stable, and the lack of a known stable field configuration has been the main 
difficultyy for this model. An arbitrary field configuration is generally unstable and 
wil ll  decay in a short time - the time taken by a magnetic (Alfvén) wave to cross the 
starr -- very short compared to the lifetime of a star. The stability of various fields 
hass been examined, but even the most cursory of glances at the literature reveals, 
unfortunately,, that it has been much easier to prove that a field is unstable than to 
showw that a field configuration is stable. 

Whilee the debate over the origin of Ap-star magnetism was in full swing, magnetic 
fieldss of similar geometry and total flux were found in a number of White Dwarfs. 
Thiss did a lot to strengthen the fossil-field model, as these stars do not contain 
anyy convective core. Cooler White Dwarfs do have a convective envelope, but a 
dynamoo operating in this zone is not expected to be able to produce a field of the 
requiredd strength and steadiness. Strictly speaking, of course, even if the field in a 
Whitee Dwarf is a fossil, it does not mean that the field in an Ap star is also a fossil. 
However,, the White Dwarf discovery did seem to give the fossil-field model the upper 
hand. . 

Moree recently, the fossil held hypothesis has been invoked to explain the properties 
off  the so-called soft Gamma repeaters and anomalous X-ray pulsars. These objects. 
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ChapterChapter 1 Introduction 

whichh were discovered from their X-ray emission, are believed to be a class of neutron 
starss with a very strong (10l 0 gauss, or 1011 tesla) magnetic field: the magnetar 
model.. A field of this strength would be strong enough to break the solid crust of 
thee star - in contrast to the weaker field (1012 gauss, or 108 tesla) of a classical pulsar 

andd could not be held in place by the crust against its will . There is evidence that 
thesee objects retain their magnetic field for at least 104 years, and since an unstable 
fieldfield of this strength would decay on a time-scale of seconds, it seems very likely that 
thee field resides hi some kind of stable configuration. 

InIn Sect. 1.2 I give a brief history of the observations of A-stars, as well as a 
summaryy of the theory of their magnetism. Sect. 1.3 is concerned with the instability 
off  a toroidal magnetic field, and with an interesting consequence of this instability: 
aa dynamo driven by differential rotation. In Sect. 1.4 an outline of the observational 
propertiess of the soft Gamma repeaters and anomalous X-ray pulsars is given, along 
withh a description of the magnetar model. I then list the main results of this thesis 
inn Sect. 1.5. 

1.22 The magneti c A star s 

AA small percentage of A stars (or more precisely, stars of spectral types B8 to FO) 
aree found to have a strong magnetic field at the surface. 

1.2.11 Observation s 

Thee history of the Ap stars (meaning 'peculiar A stars") begins over a century ago. 
Mauryy (1897) noted that the spectrum of tt'2CVn (one of the brightest of this class, 
att magnitude 2.9) was peculiar, showing unusual weakness of the K line and strength 
off  the Si II doublet at 4128A. Variability of some of the lines was subsequently dis-
coveredd and Bclopolsky (1913) measured the changes in intensity and radial velocity 
off  one of the lines (Eu at 4129A), finding a period of 5.5 days. The photometric 
lightt curve was measured (Guthnick &: Prager 1911) and similar behaviour was later 
foundd in other Ap stars (for instance Morgan 1933 and Deutsch 1947). 

Onlyy upon the discovery of variable magnetic fields (Babeoek 1947) did any expla-
nationn of this interesting spectral behaviour become possible. It was found that Ap 
starss have an unusually strong magnetic field, with surface strengths ranging from a 
feww hundred to a few tens of thousand gauss (0.03 to 3 tesla). The variability of the 
fieldfield can be most easily explained by imagining a static field not symmetrical about 
thee rotation axis (the so-called oblique rotator model, first mentioned by Babcock 
(1949).. although he immediately dismissed it); the spectral peculiarity is then taken 
too be a consequence of the effect the magnetic field has on the transport of chemical 
species. . 

Measurementt of the magnetic field on these stars is made difficult by rotational 
andd Doppler broadening of the spectral lines, and by the fact that the spectrum we 
seee is the sum of the spectra from each point on the visible part of the surface, with 
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1.21.2 The magnetic A stars 

noo way of separating them. However, it is possible, with the aid of polarimetry. 
too retrieve a small number of quantities from the spectrum, each of them some 
averagee over the visible disc of the star of some part of the magnetic field. The 
easiestt to measure is called the longitudinal field, the line-of-sight component. If 
thee star is rotating slowly {so that Doppler broadening is small) then it may be 
possiblee to see the lines separated into their Zeeman components, in which case one 
cann measure the field modulus, an average of |B|. By measuring such quantities 
ass the star rotates, it is possible to reconstruct the field on the surface (at least, 
thatt part of the surface which is visible from the Earth), given some assumptions 
aboutt the shape of the field. Having made, for instance, the assumption that the 
fieldd consists of a dipole and quadrupole only, one can reconstruct observations as a 
functionn of the free parameters in the model, {i.e. dipole and quadrupole strength and 
orientation),, looking through parameter space to find the point of least disagreement 
withh observations. 

Variouss models can be used and the typical result is that the held consists mainly 
off  a dipole, with smaller but significant contributions from higher orders. [See for 
instancee Landstreet k Mathys 2000, Bagnulo et al. 2002 and Gerth et al. 1997.] 

AA few properties of the Ap stars have yet to be explained: 

 The Ap stars rotate in general much more slowly than the normal A stars: 
theyy have periods ranging from 1 day to over 10 years, compared to the typical 
AA star with a period of between a few hours and 1 day (see Abt 1979, Wolff 
19811 and Abt k Morrell 1995). 

 A correlation has recently been discovered between the rotation period and the 
anglee between the rotation and magnetic axes. It is found that in stars with 
periodss of greater than 25 days, the two axes are close to each other; in stars 
withh P < 25 days the distribution of angles is apparently random (Landstreet 
kk Mathys 2000 and Bagnulo et al. 2002). 

 It has been suggested recently that there is a correlation amongst A stars 
betweenn magnetism and age (Hubrig et al. 2000a). It was found that no A-
starss are magnetic during the first 30% of their main-sequence lifetime, so it 
seemss that some small proportion of A stars must become observably magnetic 
onlyy after a certain time, the others not becoming observably magnetic at all. 

Thee last of these three observations connects nicely with the results obtained in 
Chapterr 3. Unfortunately less can be said about the other two, as the effects of 
rotationn have not yet been properly studied. 

1.2.22 The fossil-fiel d and core-dynam o model s 

Theree are two possible reasons why these stars have a strong magnetic field on the 
surface.. Either the field is being continually regenerated by some process, possibly 
feedingg off convection in the core (A-stars have a small convective core and a radiative 

3 3 
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envelope)) - the core-dynamo modal or the field was present when the star was born 
andd has managed to survive ever since, the fossil-field model. The two models have 
beenn competing against each other ever since their conception over five decades ago. 
Thee main difficulties faced by the dynamo model are the failure to explain the absence 
off  any strong correlation between rotation period and field strength, the lack of a 
modell  linking the field generated in the core to the field seen on the surface, and 
thee failure to explain why only a small proportion of A stars arc magnetic. The 
latterr is also a problem in the fossil-field model, although this model seems to be 
graduallyy gaining the upper hand. The major difficulty has always been the lack of 
anyy equilibrium field which can be proven to be stable. 

Moree strong evidence in favour of the fossil-field model comes in the form of mag-
neticc White Dwarfs (see Putney 1999 and Wickramasinghe & Ferrario 2000 for recent 
reviews).. Around 5% of isolated White Dwarfs are observed to be magnetic, with 
fieldd strengths ranging from 3 x 105 up to 10!) gauss (30 to 10;) tesla). It is thought 
thatt these stars have evolved from Ap and Bp stars, the evidence including, for in-
stance,, their abundance and range of field strengths. If a main-sequence Ap star with 
aa field of 3 x 10'3 G collapses to a White Dwarf, while conserving fiux, the field will 
groww to around 3 x 107 G, which is a typical value observed. The same question of 
dynamoo or fossil-field exists here, except that a White Dwarf contains no convective 
core;; no known method exists to regenerate magnetic fields of the kind observed. 
Thiss makes the fossil field model look enormously more likely. 

Manyy other types of star are observed to have magnetic field which are ordered on 
aa large scale. For instance, dipole-like fields have been measured on main-sequence 
BB and 0 stars, (e.g. Henrichs et al. 2003) and it is also known that neutron stars 
havee strong magnetic fields - any stable field could presumably also exist in these 
stars.. In neutron stars, though, we have the added complication of a solid crust. 
Moree on neutron stars below in Sect. 1.4. 

Att first glance, it may seem remarkable that a magnetic field can exist for a long 
timee in a star. To do this, it has to be stable, but it is sitting in a fluid which can move 
aboutt in any direction, in contrast to a magnetic field in the laboratory where the 
boundariess are solid. Stability in the radial direction is provided by the stratification, 
butt the Lorentz forces need also to be balanced in the horizontal directions. 

Theree is another reason why one expects a stable field to be possible. Magnetic 
helicity,helicity, a quantity calculated by integrating the dot product of the field and its 
vectorr potential, is conserved, as long as the field resides in an environment free 
off  diffusion. The principle of magnetic helicity conservation has been shown to be 
usefull  in many contexts, for instance in the solar corona (Zhang & Low 2003). We 
cann expect reconnection to be relatively unimportant in a stellar interior, so the 
principlee of magnetic helicity conservation should be applicable. An arbitrary initial 
fieldd present in the interior of a star will in general be unstable, and will begin 
too decay on a Alfvén time-scale, its total energy falling. However, its magnetic 
helicityy cannot change. This means that the field will eventually find its way into 
aa configuration from which it cannot to decay further without its magnetic helicity 
falling,, at which point it wil l have to stop decaying. The field will then be in stable 
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1.31.3 Mngnetohydrodynaniic instabilities 

equilibrium.. There may be several possible stable equilibria for a given value of 
magneticc helicity. and which one is reached will depend on the precise form of the 
initiall  field. Alternatively, there may only be one stable equilibrium, which wdll be 
thee lowest energy state at that magnetic helicity. 

Analyticc work has speculated that a linked poloidal-toroidal field may be stable 
(Prendergastt 1956). Indeed, it has been shown that fields of a purely toroidal (az-
imutt hal) nature are unstable (Tayler 1973), as well as fields of a purely poloidal 
(meridional)) nature (Markey & Tayler 1973, 1974). 

Theree are therefore some important questions to be answered: whether a stable 
fieldd can exist in a star, and if so, how it can be created, and how it evolves once it 
hass formed. These questions are addressed in this thesis. 

1.33 Magnetohydrodynami c instabilitie s 

Ass discussed above, the stability of a magnetic field in a star is an interesting and 
importantt topic. Whether a field is stable or not depends on its geometry, so a good 
startingg point is to look at the stability of fields of various geometries. The stability 
off  many possible field configurations has been looked at, and particularly interesting 
iss the stability of those fields which one might consider to be likely to exist. A simple 
fieldd configuration which could be produced by the 'winding-up' of field lines in a 
differentiallyy rotating star is the toroidal (azimuthal) field. 

Suchh a field, described in cylindrical coordinates (zu,4>,z), has only an azimuthal 
component,, so that B = De^. It has been shown (for instance Tayler 1973 and 
Achesonn 1978) that this toroidal field is unstable and will decay on a time-scale 
comparablee to the time taken by an Alfvén wave to travel around the star on a 
fieldd line. This is very short compared to the lifetime of a star, at only a few years, 
assumingg the field strength is 1000 G. The instability is local in the meridional plane, 
meaningg that the conditions for instability have only to be satisfied at one pointt in the 
(~.. z) plane and an unstable eigenfunction can be fitted into this point in space; the 
instabilityy can then grow. It is global in the azimuthal direction, typically only small 
wavenumberss m being unstable and, most importantly, the mode m — 1. Fig. 2.1 
showss the form of the instability - the gas is displaced mainly in the horizontal 
direction,, since this avoids doing work against buoyancy forces, and the divergence of 
thee displacement is zero, as this avoids doing work against pressure forces. Chapter 2 
lookss at the nature of this instability {called the 'Tayler instability') in some detail, 
thee purpose being to verify the results obtained through analytic methods, and 
too check that no other stronger instabilities were missed, which might render this 
instabilityy irrelevant. 

1.3.11 A dynam o drive n by differentia l rotatio n 

Thee notion that a magnetic field may be generated by movement in a conducting 
bodyy is not new; it was first applied, in the early part of the twentieth century, in 
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thee astrophysical context to explain the magnetic fields observed in sunspots. It was 
suggestedd that the Sun's magnetic field is generated in the convective envelope, and 
poweredd by the energy in the convection. The field is generated in the following way. 
AA weak initial field is wound up by differential rotation into a toroidal configuration 
(sincee the field lines are 'frozen' into the plasma). The movement of the convective 
cellss upwards and downwards bends the toroidal field lines, producing a new radial 
component.. This radial component is then wound up by the differential rotation, 
closingg the 'dynamo loop'. 

Thiss type of dynamo has been the subject of extensive research over the last few 
decades,, and perhaps because of this historical connection between magnetic field 
andd convective zones, relatively littl e research has been carried out into dynamos 
operatingg in a non-convective region. Some kind of small-scale instability is required 
forr a dynamo, which in the case of the dynamo described above comes from the 
convectionn itself, which imposes a small-scale velocity field on the plasma, in addi-
tionn to the large-scale velocity field of the differential rotation. It is also possible to 
producee a dynamo by imposing just the large-scale velocity field, if the small-scale 
perturbationss come from the magnetic field itself. This can happen if the magnetic 
fieldd produced by winding-up from the large-scale field is unstable itself -  there is 
noo need for another instability to be imposed on the magnetic field. This princi-
plee was first demonstrated in the context of accretion discs, where a dynamo was 
producedd when differential rotation wound up a field which was then subject to mag-
netohydrodynamicc instability (Hawley et al. 1996). The same principle was applied 
byy Spruit (2002) in the context of a differentially rotating star. In this scenario, a 
toroidall  field is wound up by differential rotation from a weak seed field. The field 
remainss predominantly toroidal, subject to decay by Tayler instability (described 
above),, but is continuously regenerated by the winding-up of irregularities produced 
byy the instability. 

AA dynamo powered by differential rotation could be important not just for the 
magneticc field of a star, but also for the rotation. Whilst a convection-powered 
dynamoo is running off the luminosity of the star, the energy source in this dynamo 
iss limited and can be used up entirely, killin g the differential rotation. Indeed, fluid 
viscosityy itself is far too small to have much effect on rotation within any time-scale of 
interest:: a magnetic field looks to be the only plausible explanation for, for instance, 
thee near-uniform rotation of the solar core (Schou et al. 1998 and Charbonneau 
ett al. 1999). 

Thee field strength resulting from such a dynamo process depends on the balance 
betweenn the decay of the toroidal field and the winding up of irregularities, and there 
iss some uncertainty as to its precise dependence on the parameters of the system. 
This,, and a desire to know more about the potentially important role that angular 
momentumm transfer resulting from this dynamo could have, are the motivation for 
Chapterr 5 of this thesis. 
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1.44 Magnetar s 

Thee magnetar model was invented in an attempt to explain the behaviour of a small 
numberr of objects in our galaxy which emit X rays at high luminosity. 

1.4.11 Observation s 

Fourr objects have been found which emit X rays at a luminosity of l()iZ — 10'if> e rgs- 1 

ass well as temporally non-regular X-ray outbursts lasting from a fraction of a second 
too several minutes, but in total accounting for a similar luminosity to the continuous 
emission.. This group has been given the name soft gamma repeaters (SGRs). A 
furtherr six objects have been found which appear virtually identical except for the 
absencee of these outbursts. They were first classified as a group by Mereghetti & 
Stellaa (1995). These have been called anomalous X-ray pulsars (AXPs), and are 
assumedd to be dormant or extinct SGRs (Thompson &: Duncan 1996, Mereghetti 
20000 and Frail 1998). 

Thee outbursts are extremely bright (10'l 2ergs-1) (Rothschild et al. 1994 and Hur-
leyy et al. 1999a) and therefore super-Eddington (104ZvEdd) ? and in two of these objects 
muchh brighter outbursts have been observed - in total 1 x 1044 erg and 4 x 10'M erg 
weree released respectively {Cline 1982 and Mazets et al. 1999). 

Regularr variability in the X-ray flux from these objects has been detected, which 
cann most easily be interpreted as the rotational period, P. The periods range from 5 
too 12 seconds (e.g. Hurley et al. 1999b). It is possible to measure the rate of change of 
thiss period P and hence calculate a characteristic age P/P. Typical values measured 
aree 103 to 105 years (Kouveliotou et al. 1998 and Woods et al. 2000), the SGRs 
tendingg to have lower characteristic ages. These ages are much smaller than the 
typicall  values for classical pulsars, the oldest specimens of which have characteristic 
agess of around 1010 years. 

Aroundd half of these objects are observed in or near young supernova remnants 
(e.g.. Kulkarni & Frail 1993 and Vasisht et al. 1994). This gives us a useful way 
too estimate their distance and age, since there are various ways to infer the age 
off  an SNR. This has been done by, for instance, Par mar et al. (1998) and Helfand 
ett al. (1994). This confirms that the characteristic ages do correspond at least vaguely 
too the real ages. 

1.4.22 The magneta r mode l 

Theirr association with supernova remnants immediately suggests that these objects 
aree young neutron stars. Their high spin-down rates imply the presence of strong 
magneticc fields, with a dipole component of the order of lO15 gauss (1011 tesla). [See. 
forr example, Shapiro & Teukolsky (1983) p.277 for an explanation of the relevant 
physics.]]  A field of this strength would contain enough energy, around 104' erg, 
too account for the observed X-ray luminosity for a period comparable to the char-
acteristicc age. The spin-down luminosity (the rate of change of rotational kinetic 
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energy),, on the other hand, is at least one or two orders of magnitude smaller than 
thee observed luminosity. This marks a fundamental difference from classical pulsars, 
inn which the field causing spin-down is inferred to be much weaker (typically around 
10uu gauss, or 108 tesla) and whose luminosity can be accounted for with spin-down 
alone. . 

Thee model according to which SGRs and AXPs are neutron stars powered by the 
decayy of a strong magnetic held is called the matjrietar model, and was first proposed 
byy Duncan & Thompson (1992). The energy in the magnetic field can be released 
slowly,, heating up the interior of the star as well as the atmosphere; this accounts 
forr the quiescent emission (Thompson &: Duncan 1996). It can also be released 
quickly,, if Lorentz forces are great enough to produce cracks in the solid crust of 
thee star. If parts of the crust rotate, the field lines in the atmosphere will become 
twisted;; this means that large currents will flow though the tenuous atmosphere. 
Thee resulting Ohmic heat will produce a fireball which we observe as an outburst of 
XX rays (Thompson & Duncan 1995). 

AA dynamically unstable field of this strength will be strong enough to break the 
crustt and will consequently decay on an Alfvéii time-scale, which is of the order of 
aa second or less. However, these fields are observed to persist in neutron stars for 
att least 10'1 years. A key ingredient of the magnetar model, therefore, is a stable 
fieldd configuration which can reside inside the star. The issue of what, if any. stable 
fieldd can exist inside a neutron star is the same as that studied in the context of 
AA stars and White Dwarfs, except for the presence of the solid crust, the cracking 
off  which causes the outbursts observed. In Chapter 4 the evolution is studied of a 
stablee magnetic field in a star with a solid crust, under the influence of diffusion. 

1.55 Summar y of main result s 

Inn this section I summarise the highlights of this thesis. 

 Using numerical MHD simulations to follow the evolution of the Tayler insta-
bilit yy (described above in Sect. 1.3), the predictions made from the analytic 
workk concerning the conditions for instability in a toroidal field are largely 
confirmed.. It is confirmed, for instance, that the instability conditions, which 
dependd amongst other things on the form of the field, correspond to those pre-
dicted,, and that the growth rate of the instability agrees with that predicted. 

 An arbitrary initial field in the core of a star evolves, on an Alfvén time-scale, 
intoo a stable field of linked poloidal-toroidal torus form, either left-handed or 
rightt handed. This appears to be the only stable field configuration which can 
existt in a stellar interior. 

 This stable linked poloidal-toroidal field diffuses slowly outwards. During this 
time,, the field strength on the surface of the star increases. In an A star, this 
iss found to take place over a time-scale of" the order of 2 x 10y years. This helps 

8 8 



1.51.5 Summ&rv of main results 

too account for the observations of Hubrig et al. (2000a), which suggest that 
App stars become observably magnetic only after 30% of their main-sequence 
lifetimee has passed. 

 At some point, after the stable field has been diffusing outwards for a time, it 
losess its dipolar shape and begins to decay quickly, dying away completely. 

 It is confirmed that a purely poloidal (meridional) field (a uniform field inside 
thee star and a potential field outside it) is unstable and decays to zero on an 
Alfvénn time-scale. 

 An important principle in the evolution of magnetic fields in the stellar inte-
riorr is that of magnetic helicity conservation - a field evolves, in a situation 
wheree reconnection can be ignored, into the lowest energy state with the same 
magneticc helicity. The resulting field is then stable. A field with zero magnetic 
helicityy or a field with strong connection to the atmosphere {where reconnection 
cannott be ignored) does not find this stable state. This helps to explain the 
resultss listed above: the formation of the stable field in the stellar interior, the 
decayy of that field when it becomes too strongly connected to the atmosphere, 
andd the decay of the purely poloidal field. 

 If a neutron star contains a stable linked poloidal-toroidal torus field at the time 
whenn the solid crust is formed, stress will build up in the crust, into which 
thee field lines are frozen, while the field in the interior continues to evolve 
underr the influence of diffusion. The stress patterns will produce rotational 
displacementss of parts of the crust; this is consistent with the model of SGR 
outburstss developed by Thompson &; Duncan (1995). 

 A dynamo is constructed in the differentially rotating non-convective part of a 
star.. Differential rotation winds up an existing magnetic field into a predomi-
nantlyy toroidal field, which is unstable and decays, creating as it does so a new 
poloidall  component, which can itself be wound up by the differential rotation. 
Unlikee a dynamo in a convective region, where liydrodynamic instability cre-
atess a small-scale velocity field, the instability comes from the magnetic field 
itself.. In this sense, it is similar to the dynamo found in accretion discs. 
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Chapte rr  2 

Thee stabilit y of toroida l field s in star s 

Abst ract:: We present numerical models of hydrom ague tic instabilities 
underr the conditions prevailing in a stably stratified, non-convective stel-
larr interior, and compare them with previous results of analytic work 
onn instabilities in purely toroidal fields. We confirm that an m  1 
modee ('kink1) is the dominant instability in a toroidal field in which the 
fieldd strength is proportional to distance from the axis, such as the field 
formedd by the winding up of a weak field by differential rotation. We 
measuree the growth rate of the instability as a function of field strength 
andd rotation rate fi, and investigate the effects of' a stabilising thermal 
stratificationn as well as magnetic and thermal diffusion on the stabil-
ity.. Where comparison is computationally feasible, the results agree with 
analyticc predictions. 

2.11 Introductio n 

Magneticc fields probably play a significant role in the internal rotation of stars. Even 
aa relatively weak magnetic field is sufficient to couple different parts of the star and 
maintainn a state of nearly uniform rotation. For the interior of the present Sun, for 
example,, a field of less than 1 gauss would be able to transmit the torque exerted 
byy the solar wind through the interior (Mestel 1953). The observed rotation in the 
coree of the Sun (Chaplin et al. 2001) is quite uniform, suggesting that a magnetic 
fieldd of this order or larger may actually be present. The progenitors of white dwarfs 
andd supernovae go through giant stages in which the envelope rotates very slowly. 
Thee degree of coupling between core and envelope by a magnetic held in this stage 
wil ll  determine whether the rotation rates of pulsars and white dwarfs are just a 
remnantt of the initial rotation of their progenitors, or if a secondary process must 
bee responsible (Spruit k, Phinney 1998 and Spruit 1998). 

Modelss of gamma-ray bursts in which the central engine derives from the rapidly 
spinningg core of a massive star (Woosley 1993 and Paczyhski 1998) also depend on 
thee ability of the core to keep its high angular momentum for a sufficient period 
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off  time, in the face of magnetic spindown torques exerted by the slowly rotating 
envelopee (Heger et al. 2000). 

Thee uniform rotation of the solar core may be due to a magnetic field, but this 
field'ss origin, configuration and strength are not known. By analogy with the mag-
neticc A-stars, one might speculate that a 'fossil' magnetic field could exist in the core 
off  the Sun. Since no net field is seen at the surface (averaged over the solar cycle), 
thee radial component of such a fossil would however have to be weak - of the order 
off  a gauss or less. A field weaker than about this 1 G will quickly wrap up into a 
predominantlyy toroidal field, under the action of the remaining (weak) differential 
rotationn in the core. 

Thee predominantly toroidal magnetic field resulting from this process will not 
increasee in strength arbitrarily. Eventually, the energy density in the field will become 
largee enough that a magnetic instability will set in. 

Analyticc work, (e.g. Tayler 1973), shows that any purely toroidal field should be 
unstablee to instabilities on the magnetic axis of the star (pinch-type instabilities, 
underr the influence of the strongly stabilising stratification in a radiative stellar 
interior,, or Tayler instabilities' hereafter). The growth rates of these instabilities 
aree expected to be of the order of the time taken for an Alfvén wave to travel around 
thee star on a toroidal field line. This is very short compared to the evolutionary 
timescalee of the star. In a star like the Sun, for example, with a field of 1000 gauss, 
thee growth timescale r^-i-Kp/D would be of the order of years, if r = RQ/2 is taken, 
andd p = 1.3g/cm . This form of instability is likely to be the first to set in as the 
fieldd strength of the toroidal field is increased (Spruit 1999). 

I tt is much less certain how the magnetic field evolves once instability has set in. 
Inn a scenario developed by Spruit (2002), it is argued that the instability will lead 
too self-sustained dynamo action. The field remains predominantly toroidal, subject 
too decay by Tayler instability, but is continuously regenerated by the winding-up of 
irregularitiess produced by the instability. This scenario has been applied in stellar 
evolutionn calculations of the internal rotation of massive stars by Heger et al. (2003) 
andd Macder k Meynet (2003). 

Inn this paper we aim to test numerically the instability mechanism, and to verify 
thatt the predictions of the analytic work are relevant: that they cover all instabilities 
actuallyy present in a system consisting of a predominantly toroidal field in a stable 
stratification.. Much of the analytical stability analyses have been done under a local 
approximation.. This can be shown to be exact for the case of adiabatic instabilities 
inn a non-rotating star, but not for the more interesting cases in which rotation and 
thee effects of magnetic and thermal diffusion are taken into account. Though it is 
nott expected that major instabilities have been missed, numerical simulations can 
providee an important check. 

Thee balance between wrapping-up by differential rotation on the one hand and the 
destructionn of the toroidal field by Tayler instabilities on the other determines the 
strengthh and configuration of the field, and the rate at which it transports angular 
momentumm through the star. 
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2.22.2 The nature of the instabilities 

AA second goal is thus to investigate the non-linear development of the instability. 
Wi t hh 3-D numerical simulations we determine how quickly an initial toroidal field 
decayss {by reeonnection across the magnetic axis). This is something that could not 
bee done in the nineteen-seventies and eighties when most of the analytic work was 
done. . 

Thee long-term goal is to determine the type of magnetic field that is maintained 
byy differential rotation in a stably stratified star, under the action of magnetic insta-
bilities,, and to develop from this a quant i tat ive theory for the angular momentum 
transportt by magnetic fields in stars. This wil l take more extensive simulations than 
thosee presented here, however. 

2.22 The nature of the instabilities 

Wee first consider adiabatic instabilities, that is, ignoring the effects of viscosity and 
off  thermal and magnetic diffusion. The instabilities of a magnetic held in a stable 
stratificationn then depend on three parameters: the field strength, some measure of 
thee stabil ity of the stratification, and the rotat ion rate of the star. For stars rotat ing 
welll  below their critical (maximal) rate, and for the expected relatively low field 
strengths,, the relative strength of the parameters is expressed by the ordering 

NN » tt and A r > Q j 4 l (2.1) 

wheree N is the buoyancy frequency, il  is the rotational velocity, and Q\ is the Alfvén 
frequencyy given by v\/R. — Bj{R.^fA.itp). R is the radius of the star and v\ is the 
Alfvénn speed. This is the same, in effect, as saying that the thermal energy density 
iss much greater than both the rotational and the magnetic energy densities. 

Wee consider an azimut hal field B = e^Dizu). We define 

pp = — as zo — 0. (2.2) 

Inn cylindrical coordinates (zu,4).z) where the z axis is parallel to the magnetic 
axis,, the displacements from equilibrium are of the form 

,-i(lzz+mtp+nz)+<jt ,-i(lzz+mtp+nz)+<jt (2.3) ) 

Thee shape of the unstable displacements is shown in Fig. 2.1, for modes with 
mm = 0 .1 .2. 

I tt is predicted that for an instability to occur, we must have (Tayler 1957) 

2 2 

pp > ^ - - 1 (rn^O) and p > l (m = 0). (2.4) 

Soo if we use p — 1 (which is what we should expect from a field wound up by 
differentiall  rotat ion), then the only unstable mode is m = 1: m = 0 and m = 2 are 
marginallyy stable. If p = 2, then we should expect the in — 0, m — 1 and m = 2 
modess all to be unstable. 
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Figuree 2.1: The physical 
formm of the instabil ity, for 
modess m = 0, m = 1 and 
mm = 2. Above, co-moving 
surfacess are drawn, with the 
magnet icc field represented by 
thee lines with arrows. Be-
low,, cross-sections of these 
co-movingg surfaces are plot-
ted,, wi t h the dot ted circles 
represent ingg equi l ibr ium. 

equilibriumm m = 0 m=l m = 2 

Onlyy high values of the vertical wavenumber n are unstable. This is due to the 
dominantt effect of the stable stratification. In order to minimise the energy lost 
againstt the stable buoyancy force, the vertical displacements have to be small com-
paredd to the horizontal displacement. Since the displacements also have to be nearly 
incompressivee (otherwise energy is lost in doing work against the pressure force) this 
impliess that the vertical length scale is small. 

Iff  we define a local Alfvén frequency 

wAA = vA/w = B/{wy/^Tp), (2.5) 

thenn we expect the growth rate for a non-rotating star to be (Tayler 1973 and 
Goossenss et al. 1981) 

< r ~ cAA ( n « wA ) . (2-6) 

Thee instability condition is local (in a meridional plane): if it is satisfied at some 
pointt (zc. z). an unstable eigenfunction can be fit into a small (for adiabatic instabil-
ity:: infinitesimal) region around this point (Tayler 1973). The instability is thus of 
ann •interchange" type. This property holds by virtue of the assumption of a purely 
toroidall field. It greatly simplifies the analytical stability analysis, and allows a 
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detailedd treatment of the effects of diffusion and viscosity (Acheson 1978). In the 
azimuthall  direction, the instability is global, since only low azimuthal orders rn are 
unstable.. Connected with this is the fact that the typical instability time scale (if 
conditionss for instability are satisfied) are always of the order of the time it takes an 
Alfvénn wave to travel around the star in the azimuthal direction. 

Iff  the star is rotating with the rotation axis parallel to the magnetic axis, a sta-
bilisingg effect is produced so that instead of (2.4) we have (Pitts & Tayler 1986) 

"7 7 
rn~ rn~ 

pp > — + 1 (m £ 0) and p > 1 (m = 0). (2.7) 

inn the limiting case where the rotational velocity is much greater than the magnetic. 
Inn the particular case of p — 1, we expect stability at all values of m. [We note that 
thiss is a peculiarity of the adiabatic case: when Magnetic and thermal diffusion arc 
included,, the conditions on p for instability reverts to (2.4) (cf. Appendix in Spruit 
19999 and below).] 

2.2.11 The effec t of magneti c diffusio n 

Ass mentioned, there is a lower limit on the vertical wavenumber of an unstable mode, 
causedd by the work which must be done against gravity to move gas in the verti-
call  direction. There is also an upper limit to /?,, caused by diffusion: the unstable 
perturbationss diffuse away at a rate of order r/n2, so an instability whose intrinsic 
(adiabatic)) growth rate is less than its decay rate by diffusion will be smothered. 
Thee range of unstable radial wavenumbers for the m = 1 mode is therefore, approx-
imately,, (Acheson 1978 and Spruit 1999): 

- > / r > ^ r - 7 ,, (2.8) 

wheree r is some measure of the size of the field in the horizontal direction. This is 
thee condition in the absence of thermal diffusion (K — 0). A complication arises here 
becausee it turns out that in the presence of both thermal and magnetic diffusion, 
thee limit K/IJ —> 0 is a singular one with respect to the instability condition: there 
existt double diffusive instabilities which are absent in the case K = 0. Since there 
iss always some thermal diffusion due to numerical effects, we should not expect the 
simulationss to reproduce (2.8) accurately. This is discussed further below. 

Forr a p - 1 field with B = (0. Z?o~/sro. 0) in the slowly-rotating case i}  <C ̂ \ we 
havee unstable wavenumbers n, and hence instability, if (using Eq. (2.6)) 

c44 > * £ • (2.0) 
r--

Instabilityy is thus suppressed at low held strengths. The instability condition is a 
functionn of the meridional coordinates (~. z). 
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2.2.22 The effect of thermal diffusion 

Thermall  diffusion has the effect of reducing the stabilising effect of the density strat-
ification,, allowing instability for a larger range of vertical wavenumbers. This is a 
generall  effect, not only for the magnetic instabilities discussed here. It was first 
notedd in the astrophysical context by Zahn (1974). It is important in stars since 
thee thermal diffusion {measured by the diffusivity, with units area per unit time) 
iss much faster than other damping effects (like magnetic and viscous diffusion). In 
thiss case there exist length scales large enough that these other damping effects are 
negligiblee on the time scale on which the instability operates, but at the same time 
smalll  enough that thermal diffusion can wipe out the temperature fluctuations due 
too vertical displacement against the stable thermal stratification. This led to Zahn's 
(1974,, 1983) formulation of shear instability in stellar interiors, widely used in stellar 
evolutionn calculations. 

Thee effect can be incorporated by replacing the buoyancy frequency frequency JV 
byy a value N given by 

NN2 2 

NN22 = ' , , (2-10) 
11 + Ti/TT 

wheree r/ is the timescale of the instability, i.e. 1/cr, and TT is the thermal timescale, 
equall  to l/nn2. [This is correct by order of magnitude for all instabilities, and can 
bee made more exact for any given one]. This should manifest itself in a decrease 
off  the minimum unstable wavenumber given in (2.8) above; it has exactly the same 
effectt as a reduction in the acceleration of gravity g. 

2.2.33 The model 

Too simulate conditions appropriate to a stratified stellar interior, without simulating 
thee star as a whole, we make use of the fact that the Tayler instability is always 
presentt in at least some region near the magnetic axis. It has a low threshold, being 
suppressedd only at very low field strengths where the combined effects of vertical 
stratificationn and magnetic diffusion suppress the instability (cf. Eq. (2.9)). We use 
aa local plane-parallel approximation of the star, with the direction of gravity parallel 
too the magnetic axis. This is a good approximation for a small region near the axis 
att the low field strengths of primary interest, since the (meridional components of 
the)) unstable wavenumbers are then high (cf. Eqs. (2.8) and (2.9)). 

Thee ideal gas equation of state, measuring temperature in units such that the 
molarr gas constant divided by the molecular mass is unity, is 

PP = pT and e =- -. (2.11) 
11 - 1 

Thee momentum equation: 

—— = -}-VP + - J x B + g + 2u x U. (2.12) 
DtDt p p 
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2.32.3 3D MHD simulations 

Conservationn of mass: 

DpDp 1 
~~ = — V.u. (2.13) 
utut  p 

Specific:: internal energy: (thermal conduction and Ohmic heating) 

- ^^ = - T V . u + 7«-V.(/)Vfi ) + n-J~- (2-14) 
DtDt p p 

Electricc current: 

J - V x B ,, (2.15) 

andd the induction equation: 

—-- = -Vx{ / ?J - u x B), (2.1G) 

wheree in the above equations, the velocity field is denoted by u, the differential 
operatorr D/Dt = 'dj'dt + u.V, r) and n are the magnetic and thermal diffusivities 
respectively,, e is specific internal energy and g is gravitational acceleration. We 
ignoree fluid viscosity. 

Inn the calculations, we have left out the ohmic heating term r}J2/p from the energy 
equationn (2.14). In a real star, there are other sources and sinks of energy (radiation) 
whichh together determine its thermal equilibrium structure. Since the magnetic 
energyy B~ is small, thermal changes due to Ohmic dissipation are slow compared 
withh the (Alfvénic) time scale of interest here, it is more consistent to leave out the 
graduall  heating by Ohmic diffusion together with these other sources of slow thermal 
change. . 

2.33 3D M H D simulations 

2.3.11 The numerical code 

Wee use a three-dimensional MHD code developed by Nordluud & Galsgaard (1995). 
Thee code uses a Cartesian coordinate system. This haw the advantage, over a code 
usingg cylindrical coordinates, not only that the code is significantly simpler, but that 
itt avoids the coordinate singularity on the axis, known to cause serious problems 
inn essentially all grid-based methods in cylindrical or spherical coordinates. The 
disadvantagee is that an intrinsically round peg (the toroidal field) has to be fatted 
intoo a square hole. The penalties are some waste of computing time (the grid points 
inn the corners being unused), and a small amount of startup noise because a good 
initiall  equilibrium state is harder to construct. 

Thee code uses a staggered mesh, so that variables are defined at different points 
inn the gridbox. For example, p is defined in the centre of each box. but uj: in the 
centree of the face perpendicular to the x-axis. so that the value of 2' is lower by 
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^dx.^dx. Interpolations and spatial derivatives are calculated to fifth and sixth order 
respectively.. The third order predictor-corrector time-stepping procedure of Hyman 
(1979)) is used. 

Forr stability, high-order diffusive terms are employed. This was switched off for 
mostt of this work - we were interested in the early (and therefore linear) stage 
off  instability growth, before displacements and velocities become large enough to 
necessitatee any stabilisation. 

2.3.22 Definition of the stratification 

Wee want to investigate, amongst other things, which vertical wavenumbers are un-
stable.. This is achieved most easily if the growth rates of the instabilities, and indeed 
alll  timescales, are independent of z. To this end T has to be made independent of z, 
soo that the sound crossing time over the width of the box is independent of height. 
Thee stratification is thus approximated by that of an isothermal atmosphere. This 
iss sufficient for the present purpose, since it allows the inclusion of the essence of the 
stabilisingg effect of buoyancy. 

Thee equilibrium magnetic field B is then made dependent on z in such a way that 
thee ratio of thermal and magnetic energy densities, j3 = rpSTr/B2. and therefore the 
AA Ifvén speed, is independent of z. 

2.3.33 Initial magnetic configuration and equilibrium 

Lett {w,(j>)  denote polar coordinates on a horizontal plane. We consider a purely 
azimutt hal held of the form 

BB = £ 0 ( — y e - ~ 2 / ^ e - 5 / 2 " e * , (2.17) 

wheree OTO is a length constant, set to a quarter of the horizontal size of the computa-
tionall  box, and £?o is a constant which determines the strength of the magnetic held. 
Thee exponential containing z keeps the value of ö independent of z (sec Sect. 2.3.4). 
Thee instability is in the centre, where zu/zuu <C 1. The exponential containing " 
iss present to make the axisymmetric field fit inside a square computational box. As 
thee field evolves during the instability, it will spread outwards so that some margin 
hass to be left empty around the region containing the held. The results show that 
thiss has been successfully avoided, at least during the linear phase of growth. 

Too ensure that the initial state is close enough to equilibrium to convincingly 
measuree the growth of the instability, the pressure, density and temperature fields 
havee to be adjusted to the magnetic force brought about the held given in (2.17). 

Let t 

p(~.-:)) = PuW(zv)e-*z/r» and T ( - ) = T0D(-). (2.18) 

18 8 
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Thee equilibrium conditions (Eqs. (2.11)—(2.16) with dt — v = -q = 0) are then 
satisfiedd for the axisymmetric field given by (2.17) provided that 

BB22 2 -

W{zu)W{zu) = 1 + ^ - e_ 2 a7 / r os and (2.19) 

D{w)D{w) = 1 - Ifr1^  ̂ •> (2-20) 

forr the case p = 1, or, if p = 2, 

VF(^)) - 1 + - % - f 1 + 2 ^ e " 2 - 2 / ^ a n d (2.21) 
8poïü ü 'o o 

Ö f ee = 1 , J  „ „ , , . 2.22 

Magneticc diffusion, whether numerically or explicitly included, will destroy the 
equilibriumm even in the absence of dynamic instability. This should not be prob
lematicc as long as the timescale over which the instability becomes visible is shorter 
thann the timescale over which the equilibrium is lost in this way. This condition is 
comfortablyy fulfilled in the simulations presented here, because the instability op
eratess on a small length scale. Magnetic diffusivity of a value which is relevant for 
thee instability has little effect on the much larger length scale of this initial held 
configuration. . 

2.3.44 Boundary conditions 

Underr the conditions prevailing in stellar interiors, the expected length scale of the 
instabilitiess is very small (at least in the radial direction). As in the case of hydro-
dynamicc instabilities, therefore, different parts of the star are in effect disconnected 
fromm each other as far as the instability is concerned. The computational box can 
thenn be taken to cover only a small part of the star, as is also done in studies of 
magneticc instability in thin accretion discs (e.g. Hawley et al. 1995). This raises a 
problemm with the boundary conditions, since the box boundaries are special locations 
inn the computational volume that have no counterpart in the real star. With rigid 
boundaries,, spurious phenomena such as boundary layers would affect the results. 
Suchh effects are minimised by using periodic boundary conditions: there are then no 
speciall locations in the computational box. 

Horizontal l 

Periodicc conditions in the x and y directions are implemented by copying unknown 
valuess of P. X. p and v outside the box boundaries from their values at x  L. y  L 
wheree L is the width of the box. For the magnetic field, the sign of B is reversed in 
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thee copying process, so that there are no current sheets at the boundaries. In any 
case,, with the field used, the values at the boundaries are very small compared to 
thee values at the centre of the box. 

Vertical l 

Inn the vertical direction periodic conditions are also possible by making use of an 
invariancee of the equations for the case of an isothermal stratification. By this sym-
metry,, a shift in height is equivalent to multiplication of the variables by constant 
factors.. In this way the variables can be scaled from the bottom to the top of the 
computationall  box. Thus, when interpolating or differentiating across the top and 
bottomm of the computational box, we multiply or divide the density by a factor 
cxp(L-/H)cxp(L-/H) (where L~ is the height of the box and H is the scale height). These 
'scaledd periodic' boundary conditions are the appropriate equivalent of periodic con-
ditionss for a stratified medium. 

Unfortunately,, it turns out that this procedure does not work in its simplest form. 
Smalll  perturbations launched by the initial disequilibrium propagate vertically, as 
aa mixture of sound waves and internal gravity waves. The upward propagating 
componentss of a sound wave will grow (in the limi t where the wavelength is much 
smallerr than the scale height) at a rate of the order of the buoyancy frequency 
(differingg from it by a factor 1.02 if 7 — 5/3). If the wave leaving the top of the box 
iss fed back in at the bottom, this amplification goes on indefinitely. 

Thoughh the initial perturbations can be made small, the exponential growth of 
thee upward-travelling waves causes a problem if this growth is faster than that of 
thee magnetic instability under study. Since we want to operate in the regime where 
NN » UJA, this wil l indeed be the case. Engineering fixes like artificial damping terms 
designedd to affect sound waves would not greatly help, since internal gravity waves 
wil ll  also grow in this way at a comparable rate. 

Manyy methods were tried to extinguish these waves. The most satisfactory solution 
foundd was to divide the volume vertically into two halves, with gravity pointing 
downwardss and upwards in the top and bottom halves of the box respectively A 
soundd wave is still amplified within one half, but will not see any net increase in 
amplitudee over the course of a journey through the whole box. The physics of the 
magneticc instability is replicated in the two halves, so that the penalty is a factor of 
twoo in computational cost. 

2.3.55 Initial perturbations 

Alll  of the runs were started with a small perturbation to the velocity field. This 
couldd either be given at all values of m and n, or just to one particular mode. There 
wass some uncertainty as to the precise form of the perturbation required: how it 
shouldd vary as a function of zz, whether it should include a vertical component 
andd in what sense the phases of the two horizontal components should vary with z 
weree all unanswered questions. Several different formulations were tried, producing. 
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2.-12.-1 Results 

reassuringly,, virtually identical results. For the runs appearing here, the initial 
perturbationn had its maximum at zu = 0 and died away at increasing zz so that at 
zuzu — zu0 it was almost zero, the vertical component of the velocity perturbation was 
zeroo and for the m ^ 0 modes, the phase in the 0 direction went from 0 to 2TT over 
thee course of one vertical wavelength so that the cross- sect ion remained the same at 
alll  z but was rotated about the axis once per wavelength. The initial perturbation 
iss therefore of the form: 

vv = / L ^o" — e xP ( ~ \ ^ ) cos(n.c)ê 

++ 22 ^me xP ( —3— —  ̂ ) [cos(nz - me>)e_ 

++ sin(/u — mc/))e0]. (2.23) 

2.3.66 Accessible parameter values 

Thee separation of time scales iot\ -C N and H <C N appropriate for stars is also 
convenientt for the analytical stability analysis. Such widely differing time scales 
aree problematic for numerical simulations, however, since the time step will be set 
byy the shortest time scale, the sound crossing time (which is of the order of 1/N), 
whilee the phenomena of interest happen on the slower magnetic time scale. In the 
firstt set of calculations reported below we have set S2 = 0, and the ratio tü\/N is 
off  order 0.01 — 0.1. For such values, the predicted growth rates are already close 
too their asymptotic (WA <C N) value, so not much would be gained from more 
expensivee calculations with lower field strengths. The effect of rotation is investigated 
inn Sect. 2.4,-1. 

2.44 Results 

Too test the analytic predictions and the behaviour of the code a series of test cases 
wass studied, starting with a simple unstratified medium with adiabatic conditions. 
Physicall  ingredients are then added concluding with the case of most interest for a 
stellarr interior, in which stratification, magnetic and thermal diffusion arc included. 

2.4.11 Dependence of stability on p 

Twoo initial field configurations, p — 1 and p = 2. were tried. A resolution of 
488 x 18 x 48 was used for these runs, and the computational box is a cube of side 2TT. 
AA zero value was used for g. and B{> — 1.28. As in all runs 7 = 5/3 and zz  ̂ — 7r/2. 
Thiss produces a maximum value of the magnetic energy density of one tenth of the 
thermall  energy density, (i.e. 3 — 10). This is still in the wreak-fiekl approximation 
(v(vAA <<t's). 
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Too follow the development of the instability in time, it was found useful to calculate 
thee Lagrangian displacement field. This was computed by adding a vectorial tracer 
fieldd x = (\x- Xy, Xz) t o the code. The initial values of this field were simply the 
coordinatess XQ, ;t/o and ZQ at t — 0, and it was evolved according to the equation 
Dx/D**  ~ 0, making use of the same advection routines as in the rest of the code. 
Thee displacement field {£) can be found by subtracting the tracer field from its initial 
value.. This Lagrangian displacement field was used for the representations shown in 
Fig.. 2.2. 

Inn Fig. 2.2 we can see the evolution of the displacement field near the magnetic 
axis:: it shows how a fluid volume that was initially a cylinder around the axis 
evolvess in time under the influence of the instability of the magnetic field, in the 
pp — 1 case. The surfaces shown are surfaces of constant ,\x + XjJ- Some magnetic 
diffusionn (77 = 3 x 10~3) has been added to remove the higher spatial frequencies and 
givee the picture a more pleasing look. Is it clear that we arc looking at an m — 1 
instabilityy since the plasma is displaced in the horizontal direction without losing its 
circularr cross-section. 

InIn Fig. 2.3 we see the p — 1 and p — 2 runs compared: three surfaces of constant 
Xrr + Xy have been plotted, two of which have been partly cut away. These confirm 
thatt in the p = 1 case, the instability grows most quickly on the axis, and that in 
thee p — 2 case, it grows most quickly away from the axis. This should be no surprise 
ass here the local Alfvén frequency WA (see Eq. (2.5)) is greatest. 

I tt is possible to perform a Fourier decomposition of the displacements in the <f> 
dimension,, enabling us to see the amplitudes of the different m modes separately. 
Wee can write the displacement £ as 

a~-è,zj)a~-è,zj) = ÏA„(G7.z.t)+ JT »(Am(G7,*,t)eim* ) (2.24) 
7/11 = 1 

andd calculating 

A m p , „„  w = (l^I^-y^^Aè
 (2.25) 

shouldd give us a suitable measure of the amplitudes of each m mode. A value of 
"maxx — 0.5ü7[j is used, since this is the region of interest, where the held strength 
iss roughly proportional to wp. In any case, choosing a different value doesn't have 
anyy significant affect on the results. This quantity Amp,,, (or rather, its logarithm) 
iss plotted in Fig. 2.4 for the aforementioned p — 1 run. We can see that the m = 1 
modee is the only unstable one when p — 1. 

I tt is possible to do this Fourier decomposition on not just the displacement field 
butt also on the velocity field, giving an analogous amplitude Amp^. This quantity is 
plottedd in Fig. 2.5. Whereas the amplitudes in the displacement field begin at zero, 
thee amplitudes in the velocity field begin with a finite value, since we are giving the 
plasmaa an initial perturbation to the velocity field. 
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Figuree 2.2: Following the evolution of instabilities - surfaces of constant initial w at 
roughlyy regular time intervals: t = 6.30.9.07,10.86, 12.52.14.56, 16.20. 
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Figur ee 2.3: Two runs, identical except for  the value of p, which is equal to 1 and 2 in 
ii  he upper and lower plates respectively. The upper  plate is the same as the fourth frame of 
thee sequence in Fig. 2.2, i.e. at t = 12.52. In the lower  plate, t = 15.29. Plotted are three 
surfacess of constant initia l tc (i.e. constant \2

X + Xy) inside one another. It is clearly visible 
thatt  the instabilit y is on the axis in the case of p = 1, but away from the axis when p = 2. 

21 1 



2.42.4 Results 

- 22 -

- 44 -

ff  - 6 -

- 1 00 -

- 1 2 2 

_ _ 
--
--

--

--

--
-- / 
~~ 1 / 

-A-- -"~ 

--

i i 

m - 1 1 
mm = 2 

—— m=3 
—— . . . _ m = 4 

^^  ~ -

-'' • -- ~~~' 

i i 

i i 

//-" " / / // s" 

JJ ;/ ;/ 
- ^^ ' / 

// / ,' 
-- - ' / / 
.. . — - - ' 

l l 

--

„,, ;="-
.. - """ 

; ; 

--

--
--
— — 

--

i i 

10 0 15 5 
time e 

Figur ee 2.4: Displacement amplitudes of different m modes, when p = 1. Adiabatic 
(«« = 77 = 0) unstratified case. 
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time e 

F igu ree 2.6: Maximum displacement, when p = i. The computational box is a cube of 
sidee 27T, and the shortest wavelengths of the instability may be just a twenty-fourth of this 
distance.. Adiabatic unstratified case. 

A tt some point the other modes begin to grow also, presumably when the m = 1 
modee enters the non-linear phase. To test this hypothesis, we can consider that the 
smallestt vertical wavelength present is two grid boxes, equal to a distance 0.26, so 
thee minimum value of 1/n wil l be Amjn/27r = 0.042. The non-linear phase begins 
oncee the displacements become comparable to this. Fig. 2.6 shows the maximum 
valuee in the displacement field, i.e. the maximum displacement from equilibrium 
reachedd anywhere in the computational box we can confirm that this value reaches 
-^min/2/TT at roughly the same time as the in ^ 1 modes begin to grow. 

I nn the case of p = 2, the instability grows more quickly away from the axis. We 
havee already seen this in Fig. 2.3. This complicates the analysis, as the instability 
iss strongest in the region where the initial field deviates from proportionality to zup. 
Thiss is to be expected, since the growth rate is of order v^/zu which is proport ional 
too zv if /; = 2. However, it should be possible to use data from the inner region only, 
beforee it is contaminated by non-linear development from the outer region. Fig. 2.7 
iss the equivalent of Fig. 2.4 for the /; = 2 case. We can see that the m = 0 and m = 2 
modess are growing, as well as the m = 1 as in the previous case. 

Al ll  subsequent discussion is limited to the physically more likely p = 1 case. 
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Figuree 2.7: Displacement-field amplitudes of different m modes, when p = 2. Adiabatic 
unstratifiedd case. 

2.4.22 Stratified and non-stratified runs and vertical wavenumber 

Forr the runs described above, we were after just a qualitative result, as opposed to 
thee quantitative result required from the following runs, which had consequently to 
bee set up in a slightly different way. 

I nn some cases we were interested in the behaviour at different vertical wavelengths. 
Wee therefore performed a second Fourier decomposition of the displacement (or 
velocity)) field, this time in the vertical direction. This yields the ampl i tude at each 
valuee of m and n (values of the latter correspond to wavelengths from the height of 
thee box down to two grid spacings): 

AAmm(-.z,t)(-.z,t) = i c m 0 ( t < 7 , t ) - r - ^ ^ ( Cm n ( t i 7 , i ) e ^ ) . (2.26) 

Ass before (see Eq. (2.25)). an integration of the coefficients C,„„ . over ~ can be 
donee out to a value zumax, and it is this amplitude Ampm n(£) which is used for the 
foo 1 lowing analysis. 

Inn finding the dependence of instability growth at different vertical wavelengths 
ass a function of some parameter, (e.g. magnetic diffusion), one has two options: 
too measure the growth at several wavelengths in a single run with some certain 
valuee of the parameter in question, or to measure the growth at a single wavelength 
inn several runs, each with a different value of the parameter. Two computat ional 
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restrictionss made the second method the most practical: firstly, it was discovered that 
att wavelengths comparable or greater than ZUQ grew more slowly than expected - an 
effectt purely of the dimensions of the computation box, this meant that the maximum 
wavelengthh which could be examined was TT/10, i.e. one fifth of zu^: secondly, the 
codee could not resolve very short wavelengths - the minimum wavelength we could 
lookk at reliably was eight grid spacings. 

Inn the cases where stratification wras not necessary, therefore, a vertical resolution 
off  8 was sufficient, with a box of dimensions 2TT X TT/10; a horizontal resolution of 72 
provedd more than enough. In cases where it was necessary to hold to the N > uj..\ 
condition,, we still looked at a wavelength of TT/10 (corresponding to a wavenumber of 
20),, but implemented the scheme described in Sect. 2.3.4, so that the gravity was in 
oppositee directions in the two halves of the box. A vertical resolution of 6-1 was then 
usedd in a box of size 27r X 4TT/5. All of the following runs were done with one of these 
twoo setups. Since'stratification has a w^avelength-dependent effect, i.e. greater on 
longerr wavelengths, phenomena which either do not depend on wavelength or only 
effectt the short wavelengths can be investigated using the non-stratified model with 
zeroo gravity. The first three of the following sections fall into this category: held 
strength,, rotation and magnetic diffusion. As a check, the runs with rotation were 
alsoo done with stratification. The stratified setup is however required to look, in the 
lastt two sections, at the effect of gravity (obviously) and of thermal diffusion. 

2.4.33 Dependence of growth rate on field strength 

Thee growth rate is expected to be proportional to the field strength. To see whether 
thiss is the case, five runs were done with B0 equal to 1.28, 0.104, 0.128, 0.0404 and 
0.01288 respectively. These correspond to minimum values (that is. where the field is 
strongest)) of (3 of 10 to 105. Magnetic and thermal diffusivity were set to zero, as 
wass gravity g - as described in Sect. 2.4.2 for this non-stratified case, a resolution of 
722 x 72 x 8 was used. 

Thee expected growth rate is given by (from Eqs. (2.5) and (2.6)): 

ffff ~u;~u;AA = — 5 = =- (2.27) 

Fig.. 2.8 shows the maximum growth rate reached in the velocity field of this m — 1, 
nn — 20 mode in the five runs, against the value of JJ\. The velocity held was more 
convenientt for this purpose than the displacement field, as the growth rate in the 
latterr begins at infinity (because the perturbation is to the velocity field) and falls to 
aa steady value, before falling again once the non-linear stage is reached: the growth 
ratee in the velocity field begins at zero and rises to a steady value before falling again 
•• its maximum value is therefore reached during the period of steady growth. It can 
bee seen from Fig. 2.8 that the growth rate a is proportional to the Alfvén frequency 
u;,\-- a n ( l is m fact almost equal to it. 

Thee growth rates have been predicted using the approximation that the magnetic 
energyy density is very much less than the thermal, and that the Alfvén speed is 
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Figuree 2.8: The growth rate of the m = 1 mode is roughly equal to WA, which is propor-
tionall  to Held strength. Adiabatic nnstratified case. 

veryy much less than the sound speed. In the run with the highest field strength 
thesee ratios are only 10 and 2.4, which may explain the slightly lower-than-expected 
growthh rate here. 

2.4.44 Rotation 

InIn the case of p = 1 we expect, looking at (2.7), to see the instability suppressed if 
ilil  2> LO\\. A number of non-stratified (g = 0) runs were executed, using, as before, 
aa resolution of 72 x 72 x 8, with n = K = 0. The values 0, 0.15, 0.3. 0.45, 0.6, 
0.65.. 0.7, 0.75. 0.9 and .1.2 of Q were used, at a value of D{) of 1.28. which gives 
aa growth rate in the absence of rotation of 0.64. In Fig. 2.9 the amplitude of the 
mm = 1 mode (as taken from the displacement field) is plotted for each of the runs, 
ass a function of time. It can be seen that the instability is indeed suppressed if 0. is 
abovee a certain value somewhere between 0.65 and 0.70. Above this value a distinct 
oscillatoryy behaviour sets in, indicating stability. 

Inn order to check that this result holds in the regime A' ;§> U-'A- the runs were 
repeatedd using the stratified setup (see Sect. 2.4.2) and g = 9.1. giving A" = 5.8 
soo that both N >̂ u!\ and A' ~^> Q were fulfilled. This was found to make no 
differencee at all to the suppression of the instability, there still existing a critical 
valuee of it roughly equal to the non-rotating growth rate above which the instability 
wass suppressed. 
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Figuree 2.9: Amplitudes of the in = 1, n = 20 mode at different values of Q. taken from 
thee displacement field. Adiabatic unstratified case. 

0.015 5 

Figuree 2.10: Growth rate of the m — 1, n = 20 mode in the velocity field ay function of 
thee magnetic diffusivity q. Unstratified case. 

30 0 



2.-12.-1 Results 

2.4.55 Magnetic diffusion and its effect on high wavenumbers 

Woo expect to to see an upper limit on n due to magnetic diffusion, which is the same 
ass saying that we expect to see a maximum value of' rj  at which the instability is 
seen,, at a given value of n. As explained in Sect. 2.4.2, we have to look either at the 
growthh of several n modes at a given value of diffusion q. or to look at the growth of 
aa particular n mode in runs with different values of //. It was found that the latter 
wass easier to perform, hence we expect to see, for a given value of n, a value of i) 
abovee which no instability is seen. For these runs, the non-stratified setup was used 
ass gravity has no effect on this high-wave number limit . 

Wee used Bo = 1.28 as in the previous section, and the following values of magnetic 
diffusivityy //: 0,2x 10_4,4 x HP4, 6 x 10"4,10":3.1.6 x 10":\2.4 x 10"; i .4 x 1 0 " \ 6x 
l ( r : i ,, 10"2 and 1.6 x 10~2. 

Measuringg the growth of the mode at wavenumber n — 20 as a function of 77, we 
expectedd to find a value of diffusion 7/cr;t ~ &o/n2 — 1.6 x 10~'J (from Eq. (2.8)) 
abovee which the instability does not grow, where CT(J is the growth rate in the absence 
off  diffusion. Fig. 2.10 shows the growth rate of the velocity field measured at the 
timee at which the growth rate in the zero diffusion (adiabatic) case is at its maximum 
(t(t — 10.4). It can be seen in the figure that the instability is not entirely suppressed 
att r]  = f/criti just slowed by a factor of two or so. Even when // is much higher than 
'knt'knt the growth rate is still above zero. 

2.4.66 Gravity and its effect on low wavenumbers 

Wee also expect to see a lower limit on the unstable vertical wavelength n determined 
byy the value of g: n„iin — JV/WA/' (Eq. (2.8)). 

Forr these runs we obviously have to use the stratified setup, the growth of the 
samee mode, a — 20, being measured as in the previous three sections. All of the 
runss had B{) = 0.102 and r) = K = 0, each run then having a different value of 
gravitationall  acceleration g\ the expected value of g above which the n = 20 mode 
doess not grow is #crj t — nBoy/bT/STrp = 10/V; the code was run with the following 
multipless of this value: 0, 0.6,0.8,1,1.2,1.4 and 2. Fig. 2.11 shows the amplitude of 
thee in — 1, n — 20 mode (calculated from the velocity field) for these values of g. As 
thee figure shows, the instability stops growing at the expected value g — ,r/Crit •. within 
thee measurement accuracy. 

2.4.77 Thermal diffusion 

Iff thermal diffusion is added, we expect to see a decrease in the minimum unstable 
verticall wavenumber, since the stable thermal buoyancy is reduced by diffusion on 
smalll length scales. To investigate this, thermal diffusion is added to the run in the 
previouss section where g — t/Crit = 10/TT, i.e. the borderline case where gravity is 
justt strong enough to suppress the instability. The values of K used were 3 x 10" \ 
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Figuree 2.11: Effect of the stabilisingg stratification, under adiabatic conditions (K = r/ = 0). 
Velocityy field amplitudes of the m = 1, n = 20 mode as a function of time for seven values 
off  the acceleration of gravity g. The first half of the run with g = 2</,ri,. is plotted at higher 
timee resolution. 

1CT4,, 3 x 10"4, 10"3, 3 x 10_:{  and 10~2. The results can be seen in Fig. 2.12. The 
figuree also shows, for comparison, the case where g — 0 and K = 0. 

Fromm (2.8) and (2.10), we have 

*» l nn = <4H(1 + T,/7Y) * l + nnlJv (2-28) 

Wee expect, therefore, that an increase in both g and K can cancel each other out. 
I tt would be reasonable to expect that if we increase g from 0.8<7crjt to gCT\t, we need to 
increasee K from zero to ((1.0/0.8)2 - l)cr/n2 to cancel out the effect on the instability. 
Thiss works out as K = 9 x 10- 5. Likewise, from g = 0.6gcri t we need K = 2.7 x 10" '. 
Thiss means that in runs with g = gcrit, using K = 9 x 10- 5 and 2.7 x 10_ i should 
producee the same instability growth rate in the m — 1, n = 20 mode as if we had 
reducedd g to 0.8pcrit and 0.6yCrit respectively, keeping K = 0. As Fig. 2.12 shows, 
thesee numbers are roughly in agreement with the numerical results. 

2.55 Discussion 

Wee set out in this study to verify, with numerical methods, the results of the existing 
analyticall  work on the instabilities of toroidal fields in stars, and to check that 
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Figur ee 2.12: Velocity field amplitudes of the m = 1, n = 20 mode as a function of time, at 
differentt values of thermal diffusion K. when g = 10/ir. For large values of K, the stabilising 
effectt of gravity is absent and growth occurs at the same rate as in the adiabatic unstratified 
casee (uppermost line). 

thesee results were relevant, e.g. that a predicted instability is not drowned out by 
strongerr unstable modes that might have been missed, for example due to simplifying 
assumptions.. The results have been largely positive. 

Previouss analytic work makes predictions of the dependence of instability condi-
t ionss and growth rates on the parameters of an azirauthal magnetic field. These 
aree the dependence of the field strength on distance zu from the axis (the index 
pp '= d I nB / dI n w ) , the stability of the stratification (measured by the buoyancy 
frequencyy N, or equivalently the acceleration of gravity' g), the rotation rate iï, the 
effectss of magnetic diffusion (diffusivity !]),  and the reduction of buoyancy by thermal 
diffusionn on small scales (diffusivity K). 

Firstt we checked the analytic prediction of which azimuthal orders m should be 
unstable,, depending on the value of p (Eq. (2.4)). We have confirmed this prediction 
(seee Sect. 2.4.1) for the cases p = 1 and p — 2. the former being considered the 
mostt important as it is this magnetic field which could plausibly be produced by the 
winding-upp of a seed field by differential rotat ion. The dominant mode has in — 1. 
aa "kink" instability. 

Thee theory predicts that in the adiabatic. unstratified case (K — rj — N = 0) there 
iss no threshold for instability, and that the growth rate a is of the order of the angular 
frequencyy U;A = ' 'A 'A of an Alfvén wave travelling" around the star on an azimuthal 

33 3 



ChapterChapter 2 The stability of toroidal fields in stars 

fieldd line. The field strength and hence U/A varies through the computational volume, 
hutt since the instability is a local one, the growth should be dominated by the largest 
valuee of WA in the volume, after an initial transient. The numerical results reproduce 
thiss well. In the best studied case, for example, a value a/u\ = 0.92 was measured. 

Inn the adiabatic case the prediction (Pitts & Tayler 1986) is that the instability is 
suppressedd when the rotation rate exceeds the Alfvén frequency u\. This was also 
verified,, give or take a few percent at the most. The adiabatic case is somewhat 
singularr with respect to the effect of rotation, however. Theory predicts that in 
thee presence of strong thermal diffusion (K/IJ —» oo) the threshold for instability 
disappearss again, and that the growth rate is then of the order <r — uA / n. We have 
nott tested this dependence, since the calculations required for this limiting case are 
computationallyy rather demanding. 

Thee effect of gravity and both magnetic and thermal diffusion were investigated. 
Thee effect of gravity was as expected - above a certain value of g the initial equi-
libriumm is stable at a given vertical wavenumber n. This translates into a minimum 
unstablee wavenmnber which increases with increasing g. 

Thee effect of magnetic diffusion on the shorter wavelengths was not exactly the 
samee as that expected. It was found that at a given wavenumber n, a value of // of 
thee order suggested by Acheson (1978) and Spruit (1999) did not kil l the instability 
entirely,, rather it reduced its growth rate by about half. An increase in q beyond 
thiss reduced the growth rate still further, but not to zero. Therefore it seems that 
magneticc diffusion alone cannot suppress the instability. It is possible that the dis-
crepancyy arises because the case r) —• oo may have a singular limit. The theoretical 
predictionn was made for the case K — 0, but the relevant parameter is actually n/rj. 
Byy analogy with other double-diffusive systems, instabilities must exist also in the 
casee K < J} which do not appeal' when K = 0 is set from the beginning. Since this 
casee K < i]  is not of much astrophysical relevance, we have not pursued this further. 

Finally,, the effect of thermal diffusion was tested. In the runs executed, it was 
expectedd that values of K of the order of 9 x 10~5 and 2.7 x 10~4 would be needed to 
makee a run with g — gcylt behave like the runs with g = 0.8#Cnt a n f l 9 — 0-6#crit re
spectively.. This appears to be correct, given that these were only order-of-magnitude 
approximations. . 

Thee non-linear effect of the instability in all the above cases was found to be 
ratherr simple. The net effect is similar to that of an enhanced magnetic diffusivity: 
thee field configuration spreads horizontally, while the mean azimuthal magnetic flux 
decreasess due to effective reconnection across the magnetic axis. Toroidal fields in 
starss are therefore predicted to decay quickly by Tayler instability, once conditions 
forr instability are satisfied, unless regenerated by differential rotation. 
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Stablee magnetic fields in stellar interiors 

Abstract:: We investigate the 50-year old hypothesis that the magnetic 
fieldss of the Ap stars are stable equilibria that have survived in these 
starss since their formation. With numerical simulations we find that 
stablee magnetic field configurations indeed appeal' to exist under the 
conditionss in the radiative interior of a star. Confirming a hypothesis by 
Prendergastt (1956), the configurations have roughly equal poloidal and 
toroidall  field strengths. We find that tori of such twisted fields can form 
ass remnants of the decay of an unstable random initial field. In agreement 
withh observations, the appearance at the surface is an approximate dipole 
withh smaller contributions from higher multipoles, and the surface field 
strengthh can increase with the age of the star. 

3.11 Introduction 

Thee peculiar A and B stars (Ap-Bp) are main-sequence stars with a strong surface 
magneticc field. The nature of these fields has been the subject of a debate that 
hass accompanied the development of astrophysical magnetohydrodynamics since the 
I9501s.. The two leading possibilities were the 'fossil field' theory {Cowling 1915) and 
thee core dynamo theory. For a review of the two theories, see Moss {1991) or Borra 
ett al. (1992). 

Accordingg to the core dynamo theory, the field is generated in the convective core 
byy some dynamo process feeding off the combination of convection and rotation, 
andd then rises through the radiative envelope to be seen at the surface (for recent 
discussionss see Charbonneau &c MacGregor 2001, MacGregor & Cassinelli 2003 and 
Maheswarann He Cassinelli 1992). In the fossil field theory, on the other hand, the 
fieldd is simply left over from the star's formation. 

Thee fossil field theory appears to be supported by some observations, such as the 
veryy high strength of the field in some stars, the apparent stationary state of the field 
andd the wide range of field strengths observed. The main problem of the theory has 
alwayss been the difficulty of finding realistic equilibrium configurations for star-like 
objectss with the analytic methods available, and of demonstrating the stability of 
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suchh configurations. With increasing computing power, important aspects of this 
problemm are now accessible by purely numerical means. While numerical results 
forr the present problem cannot match the precision of analytic methods, they are 
excellentt at providing clues about the kinds of magnetic configurations that might 
exist,, or to estimate the likelihood that the hypothesised stable fields can exist at 
all. . 

Inn this paper we present numerical results that make the fossil field theory very 
plausible,, by showing that field configurations of a well-defined type appear to de-
velopp naturally by the decay of stronger unstable fields. We begin with a brief 
summaryy of the relevant observational properties of the magnetic stars. 

3.1.11 History and properties of the Ap-Bp stars 

Mauryy (1897) rioted that the spectrum of arCVn (one of the brightest of this class, 
att magnitude 2.9) was peculiar, showing unusual weakness of the K line and strength 
off  the Si II doublet at 4128A. Variability of some of the lines was subsequently dis-
coveredd and Belopolsky (1913) measured the changes in intensity and radial velocity 
off  one of the lines (Eu at 4129A), finding a period of 5.5 days. The photometric 
lightt curve was measured (Gutlmick & Pragcr 1914) and similar behaviour was later 
foundd in other Ap stars (for instance Morgan 1933 and Deutsch 1947). 

Onlyy upon the discovery of variable magnetic fields (Babcock 1947}  did any expla-
nationn of this interesting spectral behaviour become possible. It was found that Ap 
starss have an unusually strong magnetic field, with surface strengths ranging from a 
feww hundred to a few tens of thousand gauss. The variability of the field can be most 
easilyy explained by imagining a static field not symmetrical about the rotation axis: 
thee sp>cctral peculiarity is then taken to be a consequence of the effect the magnetic 
fieldd has on the transport of chemical species. 

Variouss techniques have been developed to observe the magnetic field on the sur-
facee of stars. Measurement of the circular polarisation of the spectral lines is used to 
givee an average (weighted towards the centre of the disc) of the line-of-sight compo-
nentt of the surface field, called the longitudinal field in the literature. In some stars 
withh slow rotation (and hence small Doppler broadening) spectral lines are split into 
separatee Zeeman components, in which case an average over the disc of the modulus 
off  the field can be obtained: this is called the field modulus. If one were to do this on 
thee Sun. one would find that the longitudinal field were extremely small in compar-
isonn to the modulus. This is because the field has a small scale structure, and the 
positivee and negative regions of the line-of-sight component cancel each other out. If 
onee makes this observation of a magnetic Ap star, this is not the case - implying a 
largee scale structure. It is our task to find an explanation for the strong, large-scale 
fieldss of Ap stars. 

Inn addition to the longitudinal field and the field modulus, two more quantities 
cann readily be measured: the quadratic field and the crossover field. The former 
quantityy is approximately proportional to ((B2) + (Bz))l/1. where Bz is the line-of-
sightt component, and the latter is given by ;;sin i(x.Bz), where x is the normalised 
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distancee from the stellar rotation axis in the plane of the sky. (Mathys 1995a, 1995b). 
Thiss set of "observables" can be used to model the field on the stellar surface - one 
constructss a model whose free parameters are made to converge on a solution by 
findingg the point of minimum disagreement with observations. 

Variouss models for the field configuration have been tried. The simplest assume 
ann axisyinmetric field, inclined with respect to the rotation axis (e.g. Landstreet 
&&  Mathys 2000). More elaborate models are those of Bagnulo et al. (2002), which 
assumess a held with dipole and quadrupole components at arbitrary orientations, 
andd the point-fie Id-source model of Gerth et al. (1997). One thing that all these 
modelss have in common is that they fail, in many stars, to describe the observations 
accurately.. This implies a more complex field structure than can be written as the 
summ of low-order spherical harmonics. On the other hand it is often found that 
parameterr space contains several x~ minima so it is not clear which one of these 
configurations,, if any, represents reality. Despite this, many of the results obtained do 
seemm to be reasonably model-independent. A more sophisticated approach which can 
yieldd better results is that of Zeeman-Doppler Imaging (see Piskunov & Kochuckov 
2002),, which has as of yet only been applied to a very small number of stars, owing 
too the high quality of the spectra required. 

I tt has been suggested that Ap stars are all above a certain age - Hubrig et al. (2000a) 
placedd Ap stars on the H-R diagram and found none in the first 30% of their main 
sequencee lifetimes. It is possible that some dynamo process only begins at a certain 
time,, perhaps as the size of the radiative core changes (an A star has a radiative 
envelopee and a convective core); it is also possible that the Ap progenitor contains 
aa strong held in its interior which only appears at the surface at some evolutionary 
stage.. However, this result does contradict some earlier results (North 1993 and 
Wadee 1997) which claim that Ap stars are distributed uniformly across the width of 
thee main sequence band. 

Thee rotation period of Ap stars tends to be longer than in normal A stars (Bon-
sackk & Wolff 1980). Whether the young Ap progenitors betray their destiny though 
aa similarly long period is unclear; authors on the subject have yet to reach a defi-
nitee conclusion (see, for instance, Hubrig et al. 2000b) and await observations more 
numerouss than have so far been undertaken. 

Landstreett & Mathys (2000) find that the magnetic axis of slowly-rotating (P > 25 
days)) Ap stars is overwhelmingly more likely to be close to the rotation axis than 
onee would expect from a random distribution - of their sample of 16 stars, 14 have 
thee two axes within 30° of each other, the other two between 30° and 45°. This 
result,, which was obtained using the best-fit method with an axisymmetric field 
model,, is reassuringly confirmed by Bagnulo et al. (2002) who use a field consisting 
off  dipole and quadrupole at arbitrary orientation. The rapidly-rotating (P < 25 
days)) stars, however, show no such alignment - the statistics are consistent with a 
randomm orientation of the magnetic axis in relation to the rotation axis. 
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3.22 Nature of the magnetic field in Ap stars 

Thee question of how the structure of a star can accommodate a magnetic field, and if 
itt can survive on a time-scale as long as the the main sequence lifetime has accompa-
niedd the early development of astrophysical MHD (e.g. Cowling 1958, Chandrasckhar 
19611 and Roberts 1967). The question has two parts: equilibrium and stability. 

3.2.11 Equilibrium 

Findingg equilibrium configurations of stars with magnetic fields turns out to be a 
mostlyy technical problem. Though early efforts, concentrating on 'analytical solu-
tions',, had limited success, this does not imply a conceptual problem affecting the 
existencee of magnetic equilibria. Construction of equilibria by numerical methods 
hass become an accepted approach (e.g. Bonazzola et al. 1993). 

Forr a dynamical equilibrium, there has to be a balance between the pressure gradi-
ent,, gravity and the Lorentz force. The Lorentz force is generally not a conservative 
force,, hence cannot be balanced by the pressure gradient alone. Gravity, or more ac-
curatelyy buoyancy forces, must be involved in maintaining equilibrium. For a given 
magneticc field configuration, it is in general possible to find a (slightly distorted) 
stellarr model that will balance the magnetic forces throughout the star. To see this 
(withoutt actual proof), note that the three components of a magnetic field can in 
generall  be described in terms of two scalar fields (since divB = 0 takes care of one 
degreee of freedom). Hence the magnetic force can also be described in terms of two 
degreess of freedom only. Ignoring thermal diffusion, the thermodynamic state of the 
gass has two degrees of freedom (pressure and entropy, for example). Where the mag-
neticc field is sufficiently weak (in the sense B2/(8TCP) <C 1), equilibrium therefore 
cann be obtained, for a given magnetic configuration, by suitable small adjustments of 
thee pressure and entropy distributions. An exception occurs in convectively unstable 
layers,, which do not support significant differences in entropy. 

Wheree the field strength is not small in this sense, for example in the atmosphere 
off  the star, not all field configurations are possible, and the magnetic field must 
insteadd be close to a force-free configuration. Conceptually, we can thus divide a 
radiativelyy stratified star into an interior where any field configuration is allowed (if 
adiabaticc equilibrium is the only concern, and up to some maximum strength), and 
ann atmosphere containing a nearly force-free field. The two join somewhere around 
thee surface where B2/(87rP) = 1. 

Deviationss from magnetic equilibrium travel through the star at the Alfvéii speed. 
Evenn if the magnetic field in the interior is weak (B2/(8TTP) <§; 1), the corresponding 
adjustmentt time can still be very short compared to the age of the star, since this is 
soo many orders of magnitude longer than the dynamical time-scale of a star (of the 
orderr 10n times longer, for a main sequence A-star). For a field of 1000 G in an Ap 
star,, for example, the Alfvén crossing time is of the order 10 years, a fraction 10~8 

off  the star's main sequence life. 
Inn our calculations, the laborious process of producing magnetic equilibria by 
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explicitt construction from the equilibrium equations is replaced by the 'brute force' 
methodd of following the evolution of the configuration in a time dependent manner. 
Thoughh less elegant, it is simpler to implement and has the additional advantage of 
addressingg at the same time the stability of the field. 

3.2.22 Stability 
Thee (dynamic) stability of an equilibrium is equally important, since instability will 
resultt in changes on the same (Alfvén) time-scale. Gravity (buoyancy) is a strongly 
stabilisingg force on the field in a radiative stellar interior, preventing displacements 
inn the radial direction. But in the two horizontal directions (along an equipotential 
surface),, there is essentially no stabilising force. Is stabilisation in one direction 
sufficientt for overall stability of magnetic equilibria in stars? What do such equilibria 
lookk like if they exist? This question has been the subject of a significant amount of 
analyticc work done throughout the last fifty  years. 

Taylerr (1973) looked at toroidal fields in stars, that is, fields that have only an 
azimuthall  component B  ̂ in some spfierical coordinate frame (r, 0, <p) with the origin 
att the centre of the star. With the energy method, he derived necessary and suffi-
cientt stability conditions for adiabatic conditions (no viscosity, thermal diffusion or 
magneticc diffusion). The main conclusion was that such purely toroidal fields are 
alwayss unstable at some place in the star, in particular to perturbations of the m = 1 
form,, and that stability at any particular place does not depend on field strength 
butt only on the form of the field. An important corollary of the results in this paper 
(esp.. the Appendix) was the proof that instability is local in meridional planes. If 
thee necessary and sufficient condition for instability is satisfied at any point (r, 0), 
theree is an unstable eigenfunction that will fit inside an infinitesimal environment 
off  this point. The instability is always global in the azimuthal direction, however. 
Thee instability takes place in the form of a low-azimuthal order displacement in a 
ringg around the star. Connected with this is the fact that the growth time of the 
instabilityy is of the order of the time it takes an Alfvén wave to travel around the 
starr on a field line. 

Thee opposite case is a field in which all field lines are in meridional planes (D$ = 0, 
seee Fig. 3.1). In subsequent papers Markey &: Tayler (1973, 1974) and independently 
Wrightt (1973) studied the stability of axisymmetric poloidal fields in which (at least 
some)) field lines are closed within the star (right-hand side of Fig. 3.1). These fields 
weree again found to be unstable. 

AA case not covered by these analyses was that of a poloidal field in which none of 
thee field lines close within the star. An example of such a field is that of a uniform 
fieldd inside, matched by a dipole field in the vacuum outside the star (left-hand side of 
Fig.. 3.1). This case has been considered earlier by Flowers & Ruderman (1977) who 
foundd it to be unstable, by the following argument. Consider what would happen to 
suchh a dipolar field if one were to cut the star in half (along a plane parallel to the 
magneticc axis), rotate one half by 180°, and put the two halves back together again. 
Thee magnetic energy inside the star would be unchanged, but in the atmosphere. 
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Figuree 3.1: Poloidal field configurations. Left: all field lines close outside the star, this 
fieldfield is unstable by an argument due to Flowers &; Ruderman. For the case where some 
fieldfield lines are closed inside the star, instability was proven by Wright and Markey & Taylcr. 

wheree the field can be approximated by a potential field, i.e. with no current, the 
magneticc energy will be lower than before. This process can be repeated ad infinitum 
-- the magnetic energy outside the star approaches zero and the sign of the field in 
thee interior changes between thinner and thinner slices. 

Thee reduction of the external held energy is responsible for driving the instability. 
Sincee the initial external field energy is of the same order as the field energy inside 
thee star, the initial growth time of the instability is of the order of the Alfvén trawl 
timee through the star, as in the cases studied by Markey k Tayler and Wright. 

Prendergastt (1956) showed that an equilibrium can be constructed from a linked 
poloidal-toroidall  field, but stopped short of demonstrating that this field could be 
stable.. Since both purely toroidal fields and purely poloidal field are unstable, a 
stablee field configuration, if one exists, must apparently be such a linked poloidal-
toroidall  shape. Wright (1973) showed that a poloidal field could be stabilised by 
addingg to it a toroidal field of comparable strength. However, the result was again 
somewhatt short of a proof. 

Kamchatnovv (1982) constructed an equilibrium field, which he claimed was stable. 
I tt has the following form: 
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wheree x, y and z are unitless Cartesian coordinates, and r2 — x2 4- y2 + z2. To be 
inn equilibrium, this field has to be accompanied by a velocity field of similar form. 
Thee field is a twisted torus; if one started with a hoop of field lines (i.e. a toroidal 
field),, cut the hoop at one point, and twisted one end 360° and reconnected the two 
endss again (so that each field line connects back to itself), one would get something 
likee the field described by the equations above. 

Thesee results were all valid only in the absence of dissipative effects. The damping 
duee to such effects might be expected to result in a somewhat increased stability. 
Thee only case in which dissipative effects have been investigated in detail is that 
off  a purely toroidal field. Acheson's (1978) analysis exploits the local nature of 
thee instability process in this case to include the effects of viscosity, magnetic and 
thermall  diffusion. Because of the low values of these coefficients in a stellar interior, 
stabilisationn is found to occur only at very low field strengths, well below those 
observedd in Ap/Bp stars. 

Thee effect of rotation was investigated by Pitts & Tayler (1986) for the adiabatic 
case.. These authors arrived at the conclusion that although some instabilities could 
bee inhibited by sufficiently rapid rotation, other instabilities were likely to remain, 
whosee growth could only be slowed by rotation - the growth timescale would still 
bee very short compared to a star's lifetime. It seems that a toroidal field could be 
stabilisedd by rotation above a certain speed if the rotation and magnetic axes were 
parallel.. However, there are generally likely to be other instabilities which survive 
evenn rapid rotation, albeit at a rate reduced by a factor CQ/Q where <7Q is the growth 
ratee in the absence of rotation. They did not however exclude the possibility that 
rotationn at a large angle to the magnetic axis of symmetry could stabilise a mainly 
poloidall  field. 

Thiss was one of the last papers on the subject to use purely analytic methods 
-- the problem had become so complicated that no more definite conclusions could 
bee made. In Chapter 2 numerical simulations were used to look at the stability 
off  toroidal fields; it was demonstrated that such a field is subject to an instability 
growingg on an Alfvén-crossing time-scale, which could be suppressed by rotation of 
ann axis parallel to the magnetic axis. These simulations were done in a localised 
basiss - a small section of the radiative envelope on the magnetic axis was modelled. 
Too look at the stability of more general field configurations, it is necessary to model 
ann entire star. 

Inn the calculations reported below the stability problem is not studied separately; 
anyy configuration that survives the dynamical evolution of a given initial state will 
bee a stable field, on the time-scales that can be followed numerically. The evolution 
cann typically be followed for a few hundred Alfvén crossing times; surviving fields 
aree therefore of the dynamically stable type sought. 

I tt is possible that the outcome depends on the initial conditions, which could of 
coursee explain why some A stars are magnetic and others are not. A second goal 
iss thus to find clues as to the initial conditions set at the time of formation of a 
magneticc A star. 
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3.33 The numerical model 

Thee star is modelled on a Cartesian grid. For a spherical object like a star this 
mightt sound unnatural. Alternatives like cylindrical or spherical coordinates are 
moree natural for analytical methods, but are known to produce serious artefacts in 
numericall  simulations because of the coordinate singularities. Cartesian coordinates 
aree the simplest to implement and have a low computing cost per grid point. A 
disadvantagee is that the computational box must be taken somewhat larger than the 
starr studied, which increases computing effort again. 

Thee boundary conditions used are periodic in all directions. Such conditions are 
easyy to implement and minimise boundary artefacts. 

Thee equation of state is that of an ideal gas with a fixed ratio of specific heats 7 = 
5/3.. The gravitational potential is determined consistently with the non-magnetic 
statee of the star, but thereafter kept fixed at this value during the evolution of the 
magneticc field (the Cowling approximation). 

3.3.11 Treatment of the atmosphere 

Ass the F lowers- Ruderman argument shows, instability of the field can be driven by 
thee magnetic energy in the volume outside the star. The calculations therefore must 
includee a mechanism to allow magnetic energy release in the atmosphere. The at-
mospheree is magnetically dominated {(3 <S! 1) and has something close to a potential 
field,, as no large currents can exist there. In principle, the code will reproduce this 
automatically,, since magnetic diffusion (whether numerical or explicitly included) 
wil ll  allow reconnection of held lines in the atmosphere in response to changes at the 
surfacee driven by the dynamics of the magnetic field in the interior. 

Whenn numerically modelling this, however, problems arise because the Alfvcn 
speedd becomes very large in an atmosphere that is modelled sufficiently realistically 
too allow reconnection to take place rapidly enough. This causes the time step to 
dropp below acceptable values. 

Byy including a large electrical resistivity in the atmosphere, the field can be kept 
closee to a potential field irrespective of the Alfvén speed. Thus in the induction 
equationn a magnetic diffusivity, •/;„., is included, whose value is zero in the stellar 
interiorr and constant in the atmosphere (with a transition zone located between the 
samee radii as the temperature transition zone visible in Fig. 3.3). The corresponding 
heatingg term in the energy equation is left out since the diffusivity is artificial, and 
atmosphericc heating can not be treated realistically anyway without also including 
thee compensating radiative loss terms. 

3.3.22 Time-scales and computational practicalities 

Threee different time-scales play a role in the numerics of the problem: the sound 
travell time t*  — 7?*/rs. the Alfvén crossing time *A ~ R*/v.\ and the Ohmic diffusion 
timee td — #*/'/. In a real star (assuming a field strength ~ 1000 G), these differ 
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byy ratios of the order ÉAAS ^ 104, iti/^s ~ 10l(). Such ratios are well outside the 
dynamicc range accessible numerically. 

InIn the main problem addressed in this study, namely the approach of a field config-
urationn to an equilibrium state and the stability of this state, the governing time-scale 
iss the Alfvén travel time. The hydrostatic adjustment of the star to a changing held 
configurationn happens on the much shorter sound crossing time, hence the evolu-
tionn of the held does not depend explicitly on the sound crossing time, but only on 
thee Alfvén speed. An overall change in the field strength is thus almost equivalent 
too a change in time scale. We exploit this by using high field strengths, such that 
t-A/ht-A/h ~ 10, the maximum for which the dynamics can plausibly be expected to be 
nearlyy independent of the sound travel time. 

Inn some calculations, the evolution of a dynamically stable field configuration in 
thee presence of an explicit magnetic diffusion is studied (see Sect. 3.7.3). In these 
cases,, both the dynamic and the diffusive time-scales must be followed. The two can 
bee separated only if the diffusive time-scale is sufficiently long compared with the 
Alfvénn time. For these cases, the diffusivity is adjusted such that the diffusive time 
scalee was longer by a factor of order 10; hence these calculations are also of the order 
100 times as demanding as the calculations that only follow the Alfvén time scale. 

3.3.33 Acceleration of the code by rescaling 

Duringg the evolution of the field from an arbitrary or unstable configuration, its 
amplitudee decreases by large factors. Following the intrinsic development as the 
Alfvénn time-scale increases becomes increasingly expensive, limiting the degree of 
evolutionn that can be followed. To circumvent this problem, a routine was added to 
thee code which increases the strength of the magnetic held {uniformly throughout 
thee entire computational box) to keep the total magnetic energy constant. The code 
thenn keeps a record of how fast the magnetic field would have decayed in the absence 
off  this routine. This information is then used to reconstruct the time axis and 
thee field amplitude as a function of time. We call this numerical device amplitude 
•rescaling.•rescaling. It can be shown to give exact results in the case when the Alfvén speed is 
thee only relevant signal speed. In practice, this means we expect it to give a good 
approximationn for the evolution of the held configuration when the Alfvén crossing 
timee is much longer than the sound crossing time but much shorter than the diffusive 
time,, i.e. in the limiting case rj/R* <C VA <Si cs. Tests were done to make sure that 
thee evolution of the field is indeed largely unaffected by this procedure (Sect. 3.7.1.) 
Thee procedure is useful even in cases where the separation of Alfvén, sound and 
diffusivee time scales is not as clean. If we are interested mainly in the stable final 
equilibriumequilibrium configuration, it is sufficient to have a numerical procedure that finds 
thiss equilibrium efficiently and the accuracy of the evolution to this equilibrium is 
off  less concern. This applies in essence to most of the results reported here. 
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3.44 The numerical code 

Wee use a three-dimensional MHD code developed by Nordlund k, Galsgaard (1995), 
writtenn in Cartesian coordinates. The code uses a staggered mesh, so that variables 
aree denned at different points in the gridbox. For example, p is defined in the centre 
off  each box, but ux in the centre of the face perpendicular to the x-axis, so that the 
valuee of x is lower by \dx. Interpolations and spatial derivatives are calculated to 
fift hh and sixth order respectively. The third order predictor-correct or time-stepping 
proceduree of Hyman (1979) is used. 

Thee high order of the discretisation is a bit more expensive per grid point and 
timee step, but the code can be run with fewer grid points than lower order schemes, 
forr the same accuracy. Because of the steep dependence of computing cost on grid 
spacingg (4th power for explicit 3D) this results in greater computing economy. 

Forr stability, high-order diffusive terms are employed. Explicit use is made of 
highlyy localised diffusivitics, while retaining the original form of the partial differen-
tiall  equations. 

Thee code conserves V.B only up to machine accuracy. For previous applications 
thiss was no problem as the code was run for shorter lengths of time. For this 
application,, however, we are modelling a star over many Alfvcn timescalcs, and ac-
cumulationn of machine errors became a problem. An additional routine was required 
too remove the component of the field with non-zero divergence. This was done by 
periodicallyy {every few hundred timesteps) expressing the field as the gradient of a 
scalarr and the curl of a vector, the former then being deleted. 

Itt was also found that the total flux through the computational box was not 
conservedd exactly, which meant that after a very long time the field became uniform 
inn strength and direction over the whole of the volume. A routine was therefore added 
whichh every so often calculated this net flux and then made it zero by subtracting a 
uniformm field from every grid point. 

3.55 Initial conditions 

Wee begin all of the simulations with the spherically symmetrical density and tem-
peraturee profiles of polytropic star where P x pl + l,/n. A value of n — 3 was chosen, 
ass it is fairly typical of the non-convective stellar envelope of A stars - half-way 
betweenn the isothermal (// — oc) and convective (n = 3/2) cases. This polytrope is 
truncatedd at a distance i?*, the radius of the simulated star, and the region outside 
thiss replaced by a hot atmosphere, with a temperature about half that at the centre 
off  the star. The surface density of the polytrope is of the order 0.002 of the central 
density:: a smaller value of the surface density is numerically impractical because of 
thee very high Alfvcn speeds that would result in the atmosphere. 

Iff  we choose to specify the mass M», radius R* and mean molar mass p of the star 
ass 2M-. . l.SRrs. and O.ögmol-1 (typical A-star values), then the central temperature 
iss 9 x 10fi K with a polytrope of this index. The computational box is a cube of side 
4.5i?*. . 
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Figur ee 3.2: Pressure vs. ra-
-33 dius of the model star at ( = 0. 

F iguree 3-3: Temperature vs. 
radiuss of the model star at t = 
0. . 

radiuss / R. 

Figs.. 3.2 and 3.3 show the pressure and temperature profiles. 
Nothingg is known about the magnetic configuration produced during star forma-

tion.. As a way of expressing this ignorance, have we started the series of calculations 
withh a set of cases with random initial fields. A magnetic vector potential was set 
upp as a random field containing spatial frequencies up to a certain value (so that the 
lengthh scales were at least a few grid spacings). The result was then multiplied by 

exp(-r-/r,-- (3.2) ) 

soo that the field strength in the atmosphere was negligible. The magnetic field was 
thenn calculated from this vector potential. The strength of the field was normalised to 
bee strong enough to allow things to happen on computationally convenient timescales 
whilstt holding to the condition that the magnetic energy be much less than the ther-
mal.. The value of j3 (thermal over magnetic energy density) in the stellar interior was 
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F igu ree 3.4: Thermal (solid 
line)) and magnetic (dotted line) 
energyy densities at t = 0. aver-
agedd over horizontal surfaces, as 
aa function of radius. The vari-
ationss of magnetic energy den-
sityy with radius reflect the par-
ticularr realisation of the random 
initiall  field. 

F igu ree 3.5: Sound (solid line) 
andd Alfvén (clotted line) speeds 
att /, = 0. 

thereforee set to around 100 at the beginning of the simulation. The total magnetic 
energyy is equal to 1.2 x 10'16 erg - this corresponds to a mean field of around 5 x 106 

gauss,, a factor of between 200 and 20,000 greater than the fields observed on the 
surfacesurface of Ap stars. The Alfvén timescale, 0.6 days, wil l therefore also be shorter by 
thiss factor than one might expect in reality. 

Fig.. 3.4 shows the thermal and magnetic energy densities as a function of radius for 
onee particular realisation of the random initial conditions. The difference between 
thesee two lines gives a measure of 0, which is typically 100 in the interior, tending 
too infinit y in the atmosphere. Perhaps more relevant though than the rat io of the 
energyy densities is the ratio of sound and Alfvén speeds: these two speeds are shown 
inn Fig. 3.5. 
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3.66 Visualising the results 
Onee of the greatest difficulties in any numerical study of magnetic fields is the visu-
alisationn of the results. A number of techniques have been used in this study. One of 
thee most useful pieces of software was found to be IRIS Explorer (see bibliography), 
whichh can produce projections of three-dimensional field lines and surfaces. A field 
linee projection routine has been used which picks starting points, either at random 
throughoutt the whole computational box {biased in favour of regions of high field 
strength)) or around a certain point, then traces the field from these points until the 
fieldd strength drops below a certain value. 

Plottingg field lines alone can produce a rather chaotic picture, as it is not obvious 
att what depth each line lies. To complement the lines, it is useful to plot an opaque 
surfacee of constant radius to provide a background. This surface can then be shaded 
accordingg to the sign of the normal field component. A plot of this form can be seen 
inn Fig. 3.17 (the four large frames in this figure). 

I tt is also helpful to be able to see the axis of symmetry of the magnetic field. We 
definee the magnetic axis M in the following way: 

M=M= I (B.f)rdS, (3.3) 
r=R. r=R. 

Thee arrow representing this axis has been added to the snapshots in Fig. 3.17. 
Thee stable magnetic field configurations found here generally have the form of 

tori.. To visualise their shape, something is needed to show them as surfaces or 
nestedd surfaces. Field lines are needed too, but bundles of field lines alone much too 
confusing,, while iso-surfaces of field strength are too insensitive to the topological 
propertiess of the configuration. 

AA useful visual aid which helps to highlight the position of the torus field is created 
ass follows. A scalar field is calculated: 

BB3 3 

cc = "PS rr w h e re A = (B.V)B (3.4) 
|BB x A| 

whichh is equal to the radius of curvature. This alone is not the ideal field to highlight 
thee torus, as it fails to distinguish the core of a torus from the field lines which go 
throughh the middle of the star and emerge at either end. It is therefore necessary 
too look at the direction of this radius of curvature - we are interested principally in 
placess where it is parallel to the radius vector r. Hence the dot product of the unit 
positionn vector and the radius-of-curvature vector C is calculated, giving a scalar 
fieldd F: 

Wee now wish to highlight regions where this scalar field F is high along a thin filament 
parallell  to the magnetic field. We do by looking at the second spatial derivatives 
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perpendicularr to the magnetic field: 

GG = - r 2 r . C (V x B)4( (m.V)2F + (n.V)2F) (3.6) 

wheree m and n are unit vectors perpendicular to both B and each other. Adding 
thee current density and r2 both help to make the path of the torus stand out better. 
Itt is this scalar field G which is plotted in the smaller frames of Fig. 3.17. 

Inn addition to these plots, it is possible to project the surface of the star into two 
dimensions.. Enjoying the luxury of being subject to neither navigational nor polit-
icall  considerations, we picked the simplest projection imaginable, that is, longitude 
becomess the x coordinate and latitude becomes the y coordinate. This is useful in 
particularr when the field has a dominant component by which an axis can be defined. 
Inn many of the configurations evolving found here, a dipole component dominates 
att the surface, and its axis (the axis M defined in Eq. (3.3)) is then taken for the 
(x,(x, £/)-projection. 

Thee shape and evolution of the magnetic field can be quantified in the following 
ways.. Firstly, as the length of the intersection between the BT — 0 and /• = ƒ?* 
surfacess - plotted in the following section is W, the length of this intersection divided 
byy 2TTR*. A value of 1 is expected for a dipolar field; a value of five or more implies 
aa field with structure on the scale of a few grid points. 

Secondly,, the surface value of Dr can be decomposed into spherical harmonics. 
Thiss gives an indication of how well ordered the field is - if we plot the energy of 
thee dipole, quadrupole, octupole and higher orders as a fraction of the total field 
energy,, it is easy to see how ordered or chaotic the field is. The coefficients can also 
bee compared directly to the results of observational studies which have assumed a 
dipolee or dipole and quadrupolar field. The axis M defined above is parallel to the 
dipolee moment. 

Thirdly,, we can break up the magnetic field into its three components in spherical 
coordinatess (again using the axis M), and then calculate the total energy in the 
toroidall component and in the poloidal component. 

Finally,, we calculate a radius am to quantify the volume occupied by the magnetic 
field: : 

a'-Jf1^.. (3.7) 
jB'hiVjB'hiV V ' 

Thiss is especially useful for calculations of the longer-term diffusive evolution of the 
field,field, giving a measure how far outwards the field has spread from its initial form. 
Thee initial value of am is roughly equal to the length scale /*n, of the initial field 
configurationn (Sect. 3.5). It will also depend to some small extent on the exact form 
off the initial random field, in general am(t = 0) ss 0.9rm. 

3.77 Results 
Ass described in Sect. 3.3.1, relaxation of the magnetic field in the atmosphere is an 
integrall part of the stability problem. As a first test, however, a field was evolved in 
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aa star without atmosphere, at a resolution of 963. This evolution would be typical 
off  the evolution of a field at high 0. buried inside the star. 

Afterr around 3 Alfvén crossing times (based on the initial field strength), the 
fieldd energy has decayed by a factor of around 50 and has assumed a configuration 
whichh then appears to be stable. The poloidal component is very similar to that 
whichh would be produced by an azimuthal current loop near the equator of the star. 
Thee toroidal component then threads along this loop. The loop is generally a littl e 
off-centredd both in radius and in latitude, and almost circular. 

Thiss field then gradually diffuses outwards into the atmosphere, maintaining its 
overalll  form as it does so, until of course it reaches the edges of the computational 
boxx and the periodic boundary conditions have an effect. 

Severall  cases like this were run, (also at resolution 963), with different realisations 
off  the random initial field. The outcome was always similar - in all cases a twisted 
toruss field was produced, either right or left-handed. In a small proportion of cases, 
bothh right and left-handed tori were formed above one another, in which case one 
eventuallyy dies away. 

Thiss suggests an important first conclusion: there is perhaps only one possible 
typee of stable field configuration in a star. If others exist, are they are apparently 
nott easily reached from random initial conditions. 

Next,, wre consider cases where the magnetic field is allowed to relax to a potential 
fieldd in the atmosphere, by means of the atmospheric diffusion term described in 
Sect.. 3.3.1. The initial evolution of the field is unaffected by the addition of the 
atmosphericc diffusion term, provided that the length scale rm of the initial field 
configurationn (cf. Eq. (3.2)) is small enough. This comes of course as no surprise, 
sincee the properties of the atmosphere should have no effect on a field confined to the 
stellarr interior. Fig. 3.6 shows, in a sequence of snapshots, the early evolution of the 
field,field, from the initial random state into the torus shape. For this run, a resolution 
off  144 cubed was used - higher than for the other runs, since a duration of just 
aa few Alfvén-crossing-times was required. The torus field forms on a timescale of 
thee order of a few Alfvén crossing times, which is equal to around 0.6 days at this 
fieldd strength. The snapshots in the figure are taken at times t = 0.0.18,0.54 and 
5.44 days, i.e. after 0,0.3,0.9 and 9 Alfvén crossing times. Once the torus is clearly 
defined,, it makes sense to talk about toroidal (azimuthal) and poloidal (meridional) 
componentss of the field, by defining them relative to the axis of the torus. The 
axiss definition M (cf. Eq. (3.3)) was used for division into toroidal and poloidal 
components. . 

Byy the time the torus field has formed, the field energy has decayed by a factor of 
500 or so. As the field then diffuses gradually outwards, the effect of the atmospheric 
diffusionn term begins to show itself. This is because at first, the field is confined to 
thee interior and consequently unaffected by the properties of the atmosphere. Once 
thee field has diffused outwards somewhat it will clearly begin to be affected by the 
factt that the star has a surface beyond which the properties of the material are 
different. . 
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Figuree 3.6: The initial evolution of the field, plotted with IRIS Explorer. Plotted top left 
att t = 0 is the computational box, with field lines, the axis M and a surface of constant 
radiuss (r = 0.3/?,). which helps to make it easier to see the field lines in the foreground. 
Alsoo plotted in this frame is a transparent surface at r = R, to show where the surface of 
thee -tar is. Top right is the same thin», viewed from a different angle, zoomed-in somewhat 
andd with the surface at r = R, removed. Middle left, middle right and bottom left are 
snapshotss taken at times t - 0.18. 0.54 and 5.4 days. Bottom right is the last of these, 
lookingg down the magnetic axis. 
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Figuree 3.7: The fraction of the magnetic energy contained in the poloiclal hold for the two 
runss (at resolution 96' ) with the atmospheric diffusion term switched on (solid line) and 
offf  (dotted line). 

Too illustrate this Fig. 3.7 shows the energy in the poloiclal field component, as 
aa fraction of the total magnetic energy (described in Sect. 3.6). It is seen that the 
atmosphericc diffusion term causes the poloidal component of the field to become 
strongerr than the toroidal. When it is first formed, the torus field has something 
likee 90% of its energy in the toroidal component, but a non-conducting atmosphere 
cannott of course support a twisted field outside of the star. Only the poloidal compo-
nentt survives the move from inside to outside. The energy of the toroidal component 
thereforee falls compared to that of the poloidal component. 

I tt is useful to check that this diffusion term is doing its job properly, i.e. to suppress 
thee electric current in the atmosphere. To this end, we can look at the current density 
inn the stellar interior compared to that in the atmosphere. In Fig. 3.8 we have plotted 
thee radial averages of the field strength and of the current density (multiplied by the 
stellarr radius i?« to give the same units as field strength), at times t = 5.4 and 
tt — 27.2 days. i.e. during the slow outwards diffusive phase of the field's evolution. 
Itt is the difference between these two quantities that we are interested in. and we 
cann see that when the diffusion term is switched on, the field in the atmosphere is 
strongerr than when it is switched off this is because a potential field, which is 
whatt we have when the term is switched on. responds immediately to the field on 
thee stellar surface, while a field takes much longer to penetrate a current-carrying 
atmosphere.. Also, the diffusion term has the effect of reducing by a factor of ten or 
soo the value of R*\I\ in relation to the field strength. All subsequent discussion is 
limitedd to runs performed with the atmospheric diffusion term switched on. 
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Figuree 3.8: Root-mean-
squaree as a function of 
radiuss of field amplitude 
|B|| (thick lines) and cur-
rentt density R*\l\ (multi-
pliedd by R, out of consider-
ationn for units) (thin lines). 
forr the two runs with the 
atmosphericc diffusion term 
switchedd on (solid line) and 
offf  (dotted line), at times 
// = 5.4 (upper plate) and 
tt = 38.1 days (lower plate). 

Inn Fig. 3.9, we can see how the torus changes as i t diffuses outwards. At two times 
(t(t = 22.6 and 31.9 days) field lines are plotted it is clear that at the time of the 
firstt snapshot, the field is mainly toroidal, but then the poloidal component grows 
inn relation to the toroidal. 

Ass the field diffuses further outwards, the shape of the field changes. The torus 
star tss distorting as if i t were a loaded spring trapped inside a hollow ball it changes 
firstfirst from a circular shape to the shape of the line on the surface of a tennis ball, 
andd then to an more contorted shape, as shown in Fig. 3.17. 
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Figur ee 3.9: Snapshots of the fiducial run at resolution 963. Upper left, at t = 22.6 days, 
fieldd lines are plotted, in addition to the magnetic axis M (the arrow) and a transparent 
spheree of radius R,. Lower left, the same viewed from a different angle. Upper right and 
lowerr right, the same at a later time t = 31.9 days. It is clear that the field in the atmosphere 
hass relaxed to a poloidal field, while the interior is both toroidal and poloidal. 
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3.7.11 Tests 

Thee validity and accuracy of the code can be judged from the set of results in Chapter 
2.. In these calculations, a series of stability calculations for toroidal field configu-
rationss in stably stratified stars are reported and compared with known analytical 
results.. The good agreement found there demonstrates the applicability for problems 
likee the present stellar MHD problem. 

Ass described in Sect. 3.3.3, a resettling procedure is used to increase the speed 
off  the calculation. Since this procedure can be formally justified only in the limi t 
T]/RT]/R -C t'A «̂  cs: tests were done comparing the evolution of a given initial field with 
andd without this procedure. The result of such a test is shown in Figs. 3.10 and 
3.11.. Plotted, for both runs, are the total magnetic energy as a function of time and 
itss decay rate. The figures show that the rescaling scheme reproduces field decay 
properly,, at least when the field's evolution is primarily on the dynamic time scale 
andd not Ohmic. Once the stable field has appeared and diffusive processes become 
important,, the scheme ceases to speed up the evolution. This manifests itself in the 
twoo figures in a divergence of the two runs at later times: the process becomes less 
accuratee when diffusive processes take over from dynamic evolution. 

Fig.. 3.12 compares the end result of the evolution of the field in the two cases 
att time of t = 4.5 days. This shows the level of difference introduced in the field 
configurationn by the rescaling process. 
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Figuree 3.10: lest of the field amplitude rescaling scheme: The magnetic energy E(t) is 
plottedd against the time /. with rescaling (solid line) and without (dotted line). 
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Figur ee 3.11: As Fig. 3.10, but showing the field decay rate È/E. 

Figur ee 3.12: Projections of the field lines without (left) and with (right) the field ampli-
tudee rescaling scheme (see Sect. 3.3.3), at a common time t = 4.5 days. Also plotted is a 
surfacee of constant radius r = OAR,, which helps to provide a background against which 
II  o view i ho field lines. 
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3.7.22 The size of the initial field configuration 

Thee evolution is found to depend on the initial state of the magnetic field, or at 
least,, on the initial length scale rm (cf. Eq. (3.2)) of the field. For small rm, the field 
configurationn is concentrated more towards the centre of the star. Runs were done 
withh different values of rm but with the same total magnetic energy. The field finds 
thee torus configuration only if rm is below a certain value, so that if rm is smaller 
thann this value, the torus produced diffuses gradually outwards until at some point 
i tt starts the 'tennis ball' distortion described above. The smaller rm is. the smaller 
thee torus produced is. and the longer this diffusive phase lasts. If rm is above the 
criticall  value, the field goes straight into the distorted state without ever reaching 
thee regular torus shape. So its value has no effect on the final state of the field, i.e. 
onee of fast decay caused by dynamic instability. In the runs described above, we 
usedused r,„  = 0.25/?*. To look at the effect of rm. we did otherwise identical runs at 
resolutionn 723 with rm = 0.14/?*. 0.25/?*. 0.39/?*  and 0.57/?*. These runs can be 
comparedd by looking at the poloidal field energy as a proportion of the total energy 
-- see Fig. 3.13. It can be seen that the value of rm affects the route taken to reach 
thee final state, but has no effect on the final state itself. The run with rm = 0.57/?* 
neverr reaches any stable state at all: the other three runs with smaller r„ , do reach 
it ,, and stay in it longer the smaller rm is. 

Thiss can be confirmed by looking at the rate of decay of the field, as plotted in 
Fig.. 3.14. It can be seen that the greater rm, the sooner the point is reached at 
whichh the field begins to decay quickly. 

-- o.o i i . i . . 
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Figuree 3.13: The effect of the length scale of the initial field configuration on the evolution 
off  the field. The poloidal fraction of the magnetic energy is plotted for rm = 0.14/?, (solid 
line).. 0.25/?, (dotted). 0.39/?, (dashed) and 0.57/?*  (dot-dashed). It can be seen that the 
initiall  conditions merely determine the route taken to the final state, not the final state 
itself. . 
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Figuree 3.14: The rate of decay of the field, for the four runs with different values of r t n. 

3.7.33 A quantitative look at the diffusive phase of evolution 

Oncee the stable torus field has formed, it gradually diffuses outwards. If the con-
figurationn was initiall y concentrated towards the centre, i t is then possible that the 
strengthh of the field on the surface increases, despite the fact that the total magnetic 
energyy goes down. 

Too look at this in a quantitative manner, we have introduced a diffusivity with the 
functionall  form of the Spitzer's (1962) conductivity for ionised plasmas, applicable 
inn stellar interiors: 

nono = A T - 3 / ' 2 . (3.8) 

Heree A' ss 7 x 1011 In A where the Coulomb logarithm In A is of order 10 in a stellar 
interior. . 

Addingg this diffusivity to the code would result in the field evolving much too 
slowlyy to be computationally practical. We can make use of the fact that, in the stage 
wee are interested in here, the field is evolving on the diffusive time-scale. In this case, 
ann increase of the diffusivity by a constant factor, while maintaining the functional 
dependencee (3.8). is equivalent to a decrease in the time-scale of evolution. Thus, we 
usee a diffusivity of the form (3.8), with A' adjusted to yield a speed of evolution that 
iss sufficiently long compared with the Alfvén time-scale, but still short enough to be 
computat ional lyy feasible. The evolution can then be scaled afterwards to a realistic 
t imee axis. 

Ass the initial conditions, we used the output from the fiducial run at resolution 
9Ü'55 at a t ime t = 4.4 days once the stable torus field has formed. The numerical 
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diffusionn scheme, which is required to hold the code stable when the field is evolving 
onn a dynamic time-scale, was switched off for these runs. The field rescaling routine 
(Sect.. 3.3.3) was also switched off. We ran the code with T}/I]Q equal to 10n . 1.7x 10n . 
33 x 1011, 5.5 x 1011. 1012, 1.7 x 1012 and 3 x 1012. 

Wee are interested in what happens to the field strength on the surface of the star 
duringg this phase of evolution, since only the surface field is observed. Fig. 3.15 is 
aa plot of this surface field (to be precise, the root-mean-square of its modulus) as 
aa function of time, for the runs with different values of i]/i]Q. The field strength is 
indeedd found to increase; the higher the diffusivity. the faster the surface field grows. 

Lookingg at the result of Hnbrig et al. 2000a, which suggests that Ap stars typically 
becomee visibly magnetic after 30% of their main-sequence lifetime (which works out 
att around 3 x 10s years), it would be interesting to see how quickly the surface field 
inn these runs is rising. We can obtain a time-scale if we divide the field strength by 
itss time derivative. If we do this for the r]/i)o — 1012 case, we obtain the time-scale 
0.88 days; we can therefore infer that if we set ;/ = r/o- we would measure a timescale 
22 x 109 years. This is somewhat larger than the main sequence lifespan, but still 
withinn an order of magnitude. 

Wee conclude that Ohmic diffusion of an internal magnetic field is a plausible model 
forr the increase of the surface magnetic field with time implied by the observations 
off  Hubrig et al. Quantitative improvements in the physics used (stellar structure 
model,, precise value of TJ) and numerical resolution will be needed, however, to test 
thiss idea more securely. 

I tt is useful to check that the time-scale really is dependent on the diffusivity in 
thee way we have assumed, i.e. that the two are inversely proportional. To this end, 
wee have plotted the reciprocal of the timescale measured as a function of n/r)o in 
Fig.. 3.16. The two are found to be proportional to each other, except at the two 
endss of the range where other numerical effects come into play. 

3.7.44 The final, unstable phase of evolution 

Ass mentioned above, when the stable torus field diffuses outwards to a certain radius, 
itt eventually becomes unstable and decays. The shape of the field changes from an 
ordered,, large-scale shape to a disordered, small-scale shape which then constantly 
changess and moves around. This fall of length scale brings about an increase in the 
ratee at which energy is lost via Ohmic diffusion, since the time-scale over which the 
latterr occurs is proportional to the square of the length scale. 

Fig.. 3.17 shows the evolution of this final instability, from the moment, when it 
beginss to a time when the length scale has fallen significantly. Fig. 3.18 is a projection 
ontoo two dimensions of the field's radial component B, on the stellar surface. The 
axiss M at the time of the third picture (t — 31.9 days) is used for the projection, 
althoughh this axis moves by less than five degrees between then and the time of the 
lastt picture in the sequence. The third, fourth, fifth and sixth frames in Fig. 3.18 
correspondd to the four frames in Fig. 3.17. 
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Figuree 3.15: Root-mean-square Br at the surface of the star, as a function of time. Seven 
valuess of diffusion: 10ll?7o (solid), 1.7 x 10n/?0 (dotted), 3 x l O 1 1^ (dashed), 5.5 x lOnr)o 
(dot-dashed),, 1012T?0 (dot-dot-dot-dashed), 1.7xl012ij o (long-dashed) and3xl01 27/0 (solid). 
Thee higher the diffusion, the faster the field on the stellar surface increases. 
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Figuree 3.16: The reciprocal of the time-scale on which the surface field is increasing. 
BBTTjdtBjdtBrr.. as a function of 77//?o-
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F i g u ree 3 .17: Large plates: the magnetic field in the atmosphere of the star. The light and dark 
shadingg on the surface represent positive and negative B,. the radial component of the field. The 
arroww denotes the magnetic axis M calculated in Kq. (3.3). The four snapshots are taken at times 
tt = 31.9. 33.7, 35.6 and 38.5 days; top-left, top-right, bottom-left, bottom-right respectively. In the 
first.. the field has settled from the initial state into a fairly regular circular torus. In the next three 
wee can see the instability grow (see Sect. 3.7.4). Small plates: at the same times, on the same scale, 
fieldfield lines in the stellar interior To make it easier to trace their path, a surface of constant G (see 
Seell  3.6 and Eq. (3.6)) has been added, as well as a sphere of radius 0.3/?,. 
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Figuree 3.18: Projections onto 2-D of the radial component Br on the stellar surface, 
forr the fiducial run at resolution 963, at times /, = 0,22.6,31.9,33.7,35.6,38.5,43.2,46.0 
days,, using the axis M . The plots are arranged in the following order: top-left, top-right, 
upper-middle-left,, upper-middle-right, etc. 
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Figuree 3.19: W, plotted above, is defined as the length of the line separating positive 
fromm negative Br on the surface of the star, divided by 2nR,. During the diffusive phase;, 
thiss has its dipole value of unity; when the field becomes unstable it, grows. 

I tt would be interesting to see the length scale falling in some quantitative way. 
Too this end, we need to find a way to define a length scale we use the quantity 
\V\V defined in Sect. 3.6. as the total length of the line(s) on the surface of the star 
whichh separate(s) regions of positive and negative Dr, divided by 2TTR*. We may 
thenn expect that the typical length scale C is given by the area of the surface of the 
starr divided by the length of this Dr = 0 line, so that C ~ ~ 2R*/W. The quantity W 
inn the fiducial run at resolution 96 is plotted in Fig. 3.19. The length scale begins 
small,, grows to its maximum value as the torus field forms, and then suddenly falls 
ass this unstable regime is reached. 

I tt is also interesting to look at the decomposition into spherical harmonics of Dr 

onn the stellar surface. While the stable torus field is gradually diffusing outwards, 
almostt all of the energy is in the dipole component. When the field becomes unstable, 
thee energy goes into the higher components, as can be seen in Fig. 3.20. 

Thee beginning of this unstable phase marks the end of the gradual outwards dif-
fusionn of the field. This can be seen by looking at the value of the magnetic radius 
a,,,, (defined in Eq. (3.7)). as plotted in Fig. 3.21. 
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Figur ee 3.20: The energy of the Br component on the surface of the star, broken down 
intoo its dipolar, quadrupolar, octupolar and higher components, as proportions of the total 
energy.. The dipolar energy is represented by the space between the x axis and the thick 
line,, the quadrupolar energy is represented by the space between the thick line and the one 
abovee it, etc. The transition from stable to unstable at L £= 35 days can be seen, as the 
dipolee component suddenly loses its energy and the surface field becomes dominated by 
higherr components, first by quadrupole and octupole, then by even higher orders. 
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Figur ee 3.21: The magnetic radius am against time. It can be seen that, during the diffusive 
phase,, the field moves slowly outwards, and that the field enters the unstable phase only 
oncee this outwards diffusion has ended. This transition to instability, as can be seen for 
instancee in Fig. 3.20, occurs at t ~ 35 days. 
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3.88 Comparison with observations 

Thee main result of this study is the existence of a stable field which can survive for 
aa long time, at least as long as an A-star main sequence lifetime. At the surface 
off  the star, this field is found to be mainly dipolar, with smaller contributions from 
quadrupolee and higher components. This is largely in agreement with the observa-
tionss described in Sect. 3.1.1; it is observed that the field on the surface of Ap stars 
iss ordered on a large scale and mainly dipole in form. 

Wee should like to make this comparison between the result of this study and the 
observationss in a slightly more quantitative manner. To this end wc can calculate 
fromm the results found here some quantities which can be directly observed. This 
bypassess the processes involved in reconstructing the surface field from observations. 

Thee most common method for looking at the magnetic field of a star is the analysis 
off  the Stokes ƒ and V profiles and of frequency-integrated Stokes Q and U profiles. 
Thiss can yield various quantities depending on factors such as the rotation velocity 
off  the star (which broadens the spectral lines and therefore makes the analysis more 
difficult) .. The most easily obtained of these quantities are the longitudinal field 
DiDi and the field modulus Bs, which are obtained from weighted averages over the 
visiblee hemisphere of the line-of-sight component (Bz) and of the modulus {B} of 
thee field respectively. They are weighted with the function Q(ö), where B is the 
anglee between the normal to the stellar surface and line of sight, which is given by 
(Landstreett k Mathys 2000) 

Q(9)) = [1 - ec(l - cos0)][l - e,(l - cos 0)], (3.9) 

wheree ec and a are limb darkening and line weighting coefficients, given the values 
0.44 and 0.5. As the star rotates, these quantities B[ and Bs change; we can calculate 
themm as a function of rotational phase. We just need to choose a rotational axis, and 
ann angle i between this rotational axis and the line of sight. Since it seems that the 
magneticc and rotational axes are close to each other (Landstreet & Mathys 2000), 
wee put the two 30° away from each other. For i, we choose the median value {the 
distributionn is of course random) of 60°. 

Wee calculate the longitudinal field and field modulus from the fiducial run de-
scribedd in Sect. 3.7. We have done this at two points in time while the stable torus 
fieldfield is present, t = 22.6 and 31.9 days (corresponding to the second and third frames 
off  Fig. 3.18), the surface field being significantly stronger at the later time. These 
quantitiess are plotted, as a function of rotational phase, in Figs. 3.22, 3.23, 3.24 and 
3.25. . 

Att the later of these two times, both the longitudinal field and the field modulus 
aree variable in a sinusoidal fashion, which is what is observed in most Ap stars. At 
thee earlier time t — 22.6 days, the variation is not purely sinusoidal. This behaviour 
hass been observed for instance in the slowly rotating Ap star HD 187474 (Khalack 
ett al. 2003). 
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Figur ee 3.22: Longitudinal field Bi as a 
functionn of rotation phase, at /, = 22.6 days. 

0.00 0 2 0.4 0.6 0 8 1.0 
phose e 

Figur ee 3.24: Longitudinal field Bi as a 
functionn of rotation phase, at t = 31.9 days. 
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Figur ee 3.23: Field modulus B„ as a func-
tionn of rotation phase, at t = 22.6 days. 
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Figur ee 3.25: Field modulus Bs as a func-
tionn of rotation phase, at t = 31.9 days. 
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3.99 Discussion and conclusions 

Wee have modelled an Ap star and evolved its magnetic field in time using numerical 
MHD,, starting with a random field configuration in the interior of the star. Any 
randomm field configuration is in general unstable and wil l decay on a timescale com-
parablee to the time taken by an Alfvén wave to cross the star; this is indeed exactly 
whatt happens in these simulations. The field evolves into a stable 'twisted torus' 
configuration,, which is then stable on an Alfvén time-scale (dynamic stability). 

Thee configurations found were always of the same kind: a nearly axisymmetric 
toruss inside the star, with toroidal (azimuthal) and poloidal (meridional) components 
off  comparable strength. Depending on the particular random field present at the 
beginning,, the torus which emerges is either right or left handed, and is in general 
aa littl e displaced from the centre of the star. This torus forms the stable core of the 
configuration.. Wrapped around it are poloidal field lines that extend through the 
atmosphere.. These field lines cause the surface field to form an approximate dipole, 
withh smaller contributions from higher multipoles. 

Thee first conclusion to be drawn from this study is therefore the probable existence 
off  stable field configurations in stably stratified stars. Our results provide the first 
plausiblee field configurations that explain both the stability and the surface appear-
ancee of A-star fields. We consider the results to be strong evidence in favour of the 
'fossill  field' model for Ap stars. 

Thee second main result concerns the secular evolution of the stable field configu-
rations.. By Ohmic dissipation the field diffuses slowly outwards, while maintaining 
itss overall shape. In the process, the strength of the field on the surface increases 
andd the topology of the field in the interior undergoes a gradual change, from mainly 
toroidall  to mainly poloidal. To understand why this happens, one first needs to 
understandd that the toroidal field can only thread through those poloidal field loops 
whichh are closed inside the star. If toroidal field were present in regions where the 
poloidall  field lines go all the way through the star and close outside, the field lines 
wouldd be in effect entering the star at the north pole, twisting around inside the star, 
andd exiting at the south pole. Due to the rapid relaxation of the atmospheric field, 
thiss twist is removed almost instantaneously, such that the toroidal field component 
iss always small outside the star. As a result, the field line does not support a torque 
anyy more, and the interior part of the field line unwinds on an Alfvén time-scale 
(byy azimuthal displacements) until only its poloidal component remains. This is 
sketchedd in Kig. 3.26. As seen in a projection on a meridional plane, the toroidal 
fieldfield component is restricted to those field lines that are closed within the star. As 
thesee closed field lines diffuse to the surface, their toroidal component is released, 
increasingg the ratio of poloidal to toroidal field energy. 

Att some point, when the torus of closed field lines is close to the surface of the 
star,, the (relative) increase of the poloidal field causes the torus to loose its circular 
shape.. Its core, now located just below the surface, twists out of the plane. At 
first,first, this twist is like the seams on a tennis ball and thereafter becomes increasingly 
complicated.. This continues until the diffusive time-scale C2/q falls to the Alfvén 
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Figur ee 3.26: Left: The toroidal field lines (represented by the shaded area) thread through 
thosee poloidal field lines which are closed within the star. Right: at a later time the field has 
diffusedd outwards and the toroidal component has been reduced compared to the poloidal. 

time-scale.. The field then decays on an extremely short time-scale compared to the 
lifetimee of the star. 

Thee diffusive evolution of the field thus agrees with the observational result in 
Sect.. 3.1.1 of Hubrig et al. (2000a), that Ap stars arc typically more than 30% of the 
wayy through their main-sequence life. The time-scale for this increase is found to be 
aroundd 2 x 109 years, somewhat longer than 30% of the main-sequence lifetime of an 
AA star (30% of 109 years), but it should be stressed that any accurate determination 
off  this diffusive time-scale would have to use a more accurate modelling of the stellar 
structuree and the magnetic diffusivity than that employed here. 

Forr our results to hold as an explanation of A-star magnetic fields, the stars must, 
att the time of their formation, have contained a strong field. This initial field can 
bee of arbitrary configuration, except that it must have a finit e magnetic helicity and 
mustt be confined mainly to the core. Why only some A stars show a strong field is 
anotherr question. There is of course the obvious possibility that the c.90% of A stars 
nott observed to be magnetic simply contained, for whatever reason, no strong field 
att birth. There are however two other possible reasons, albeit also with no obvious 
explanationn for the birth state required. Firstly, it is possible that most A stars are 
bornn with a strong field which is not sufficiently concentrated into the core, so that 
i tt quickly or immediately becomes unstable and decays, analogous to the run with 
rmm = 0.57R* described in Sect. 3.7.2 and Figs. 3.13 and 3.14. Secondly, the field in 
mostt A stars could be more concentrated towards the centre than in A p stars, so 
thatt it does not have time to manifest itself at the surface during the main sequence. 

I tt may seem unnatural that a newly born star should have its magnetic field 
concentratedd into the core. However, this may be a logical consequence of flux 
conservationn during formation. Assuming that the field in the progenitor cloud is 
off  uniform strength, and that the topology of the field does not change, the field 
strengthh in the newly formed star wil l be proportional to p2'*. In a poly trope of 
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indexx 3, as we have used for this model, the ratio of thermal to magnetic energy 
densitiess p — 8irep/D'2 wil l be constant, independent of radius. This is roughly the 
situationn we have in the fiducial run in this study with rm = 0.25/?*  (see Fig. 3.4), and 
thatt is indeed sufficiently concentrated to produce a stable torus field. To complicate 
matterss however, the star is expected to go through a phase, during formation, during 
whichh convection occurs in part or all of the star. This is thought to destroy some 
off  the flux contained in the original gas cloud, but, at least in stars above about 2 
solarr masses, the effect should not be very great (Moss 2003). 

Theree axe examples of binary systems containing both a magnetic A star and a 
non-magneticc A star. This rules out chemical composition as the reason for the 
difference.. It also rules out the field strength in the cloud from which the star 
condenses.. It does not rule out the initial angular momentum distribution, and the 
effectt this may have on any kind of dynamo driven by differential rotation. Nor does 
itt rule out differences in the precise shape of the field in the accretion discs that feed 
thee growing protostar. Some fields of random shape will find their way to the stable 
configurationn faster than others, losing less magnetic fiux in the process. This may 
alsoo have an effect on the size of the torus produced, which may then, as described 
inn the previous paragraph, determine whether any field is observed on the surface. 

Thee results of this study address one of the main difficulties which the fossil held 
modell  of Ap star magnetism has experienced so far, namely that it requires the 
existencee of a stable field able to survive in a star for the whole of its lifetime. 
Althoughh we have demonstrated the existence of such a field, there remain some other 
difficultiess for this model, for instance, that only some A stars display a magnetic 
field,, in constrast to late-type stars which essentially all display magnetism. A 
possiblee explanation for this is that a fossil field, unlike a dynamo-generated field, 
dependss on initial conditions, in particular the helicity of the initial state, which may 
bee sensitive to details of the history of mass accretion. 

Thatt only some A stars are magnetic is also of course a problem for the core-
dynamoo model, especially because of the lack of a nice correlation between magnetic 
heldd strength and rotation speed. Another issue for the core dynamo model is the 
factt that the field has to rise through the stable radiative envelope to be seen on the 
surface.. Simple estimates would suggest that this is a very slow process. A scenario 
forr how this can happen has been explored recently by MacGregor & Cassinelli (2003 
andd references therein, see also Maheswaran & Cassinelli 1992). 

Thee main strength of the fossil field model as compared with the core dynamo 
modell  is its generic nature: any initial field except very special ones will yield a 
stablee configuration of a type compatible with the observations. In contrast to the 
dynamoo model, it applies also to magnetic White Dwarfs and Magnetars. Finally, 
withh the numerical results presented here, it has a solid quantitative basis. 
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Chapterr 4 

Evolutionn of the magnetic field in magnetars 

Abst ract:: We use numerical MHD to look at the stability of a possible 
poloidall  field in neutron stars (Flowers &; Ruderman 11)77), and follow 
itss unstable evolution, which leads to the complete decay of the field. 
Wee then model a neutron star after the formation of a solid crust of high 
conductivity.. As the initial magnetic field we use the stable 'twisted torus' 
fieldd which was the result of our earlier work (Chapter 3), since this field 
iss likely to exist in the interior of the star at the time of crust formation. 
Wee follow the evolution of the field under the influence of diffusion, and 
findd that large stresses build up in the crust, which will presumably lead 
too cracking. We put this forward as a model for outbursts in soft gamma 
repeaters. . 

4.11 Introduction 

Thee soft gamma repeaters (SGRs) are characterised by continuous emission of X rays 
off  luminosity 1035 - lO^ergs"1 (Rothschild et al. 1994 and Hurley et al. 1999a)) 
andd X-ray outbursts, each lasting less than a second, but in total accounting for a 
similarr luminosity to the continuous emission. These outbursts are extremely bright 
(10422 ergs- 1) and therefore super-Eddington (104£fc<id)> a nd in two of these objects 
(thee whole class contains only four known specimens) a much brighter outburst has 
beenn observed. In SGR 0526-66 an outburst on 5th March 1979 released X rays to 
thee tune of an estimated 4 x 1044 erg, and SGR 1900+14 released 1 x 1044 erg in 
itss 27th August 1998 outburst (Cline 1982 and Mazets et al. 1999). These giant 
outburstss consisted of a short intense burst of a fraction of a second, followed by an 
aftergloww lasting about five minutes. Regular variability in the X-ray flux from these 
objectss has been detected, which can most easily be interpreted as the rotational 
period,, P. The periods range from 5 to 8 seconds. If one measures the period over 
aa long period of time, one can measure the rate of change of period P and hence 
calculatee a characteristic age. P/P. For two SGRs, values of around 3000 years have 
beenn measured (Kouveliotou et al. 1998 and Woods ct al. 2000). 

Sixx further objects have been classified as anomalous X-ray pulsars (AXPs) - their 

69 9 



ChapterChapter 4 Evolution of the magnetic Held in nmgnetnrs 

observationall  characteristics are essentially those of SGRs without, outbursts. They 
emitt X rays at the same luminosity, rotate at the same speed (6 to 12 seconds) and 
havee the same characteristic ages. This similarity suggests that AXPs are nothing 
butt SGRs in some kind of dormant state (Thompson & Duncan 1996 and Mereghetti 
2000). . 

Thatt most of these objects have been associated with young supernova remnants 
leadss naturally to the hypothesis that they are neutron stars. The question of the 
naturee of the energy source for their X-ray emission has been answered in several 
ways,, although most authors now agree on a strong decaying magnetic field, the 
magnetarmagnetar model, first proposed by Duncan & Thompson (1992). According to this 
model,, the observed X-ray luminosity (in quiescence and in outburst) is powered by 
thee release of magnetic energy in a very strong (D > 10UG) field. In contrast, the 
accretionn and fossil-ring models have run into significant difficulties in recent years. 

Thee evidence for such a strong field is the rapid rotational spindown of these 
objectss {see, for example, Shapiro &: Teukolsky (1983) p.277 for an explanation of 
thee relevant physics). A magnetic held of the inferred strength will contain about 
10'177 erg - enough to account for the observed luminosity for around 104 years. This 
iss significantly more energy than these stars contain in the form of rotational kinetic 
energyy - a neutron star rotating with a period of 6 seconds will contain just 5 x 10'u 

erg.. The spindown luminosity (the rate of change of this rotational kinetic energy) 
off  SGRs is measured at lO^e rgs- 1 , between one and two orders of magnitude 
tooo small to account for the X-ray luminosity. These objects can therefore, unlike 
classicall  pulsars, not be powered by spindown alone. This is the main motivation for 
thee magnetic decay model for SGR/AXP emission. 

Inn this paper, we develop the magnetic decay model a littl e further by presenting 
stablee field configurations obtained from 3D numerical simulations, and by comput-
ingg the pattern of crustal stress that develops when such a field evolves by diffusion. 

4.1.11 Powering by magnetic field decay 

Inn the magnetic decay model the primary cause of the decay is energy release by-
somee form of rearrangement of the magnetic field configuration in the star. Most of 
thee magnetic energy is contained in the interior, and a smaller (but possibly com-
parable)) amount in the atmosphere. Rearrangements therefore release energy both 
inn the atmosphere and in the interior. To the extent that this is a slow continuous 
processs (;crecp'), it powers quiescent emission, both in thermal form (heating of the 
interior)) and non-thermal (the energy released in the atmosphere). Apparently, some 
rearrangementt takes place suddenly ('fracture'). The atmospheric energy release in 
suchh an event powers the observed outbursts while the internally dissipated energy 
leakss out more slowly, adding to the quiescent emission (Thompson &c Duncan 1996). 
AA straightforward extension of this interpretation is the possibility that the outburst 
episodess actually involve cracking of the neutron star crust and consequent release 
off  magnetic energy in the atmosphere (Thompson k, Duncan 1995). A slow steady 
changee in the interior field, with the surface field kept in place by the solid crust, 
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wouldd slowly build up magnetic stress at the crust/core boundary, which is released 
inn crustal quakes. 

4.1.22 Origin of the field 

Thee magnetic fields of neutron stars were probably already present at birth (the 
possibilityy of a later origin by thermomagnetic effects seems less likely, cf. Blandford 
ett al. 1983). One possibility could be convection in the proto-neutron star, when 
unstablee density gradients are produced by neutrino cooling. Possible field strengths 
upp to 1015 G may be generated by a convective dynamo (e.g. Thompson &: Duncan 
1993).. Another possibility is that the magnetic field is formed by compression during 
coree collapse, from a held already existing in the progenitor star. 

Inn either case, the magnetic field formed is likely to be out of equilibrium and 
unstablee directly after the collapse, raising the question how much of the magnetic 
fieldd can survive in the subsequent evolution when the star is still fluid. Once a solid 
crustt has formed we may assume that at least the surface held is frozen, with further 
evolutionn taking place only on a much longer diffusive time-scale. It is thought 
thatt the crust will not begin to form until around 100 s after the collapse. If the 
heldd in the interior is of order 1015 gauss, the Alfvén crossing time will be of order 
*AA = \f'hïpR*fB PS 0.1 s. Thus any unstable field has had ample time to either 
evolve,, either into a stable configuration of lower energy (if this exists) or decay to 
nothing,, before it can be 'frozen in' by the crust. 

Thiss estimate is modified a littl e when we take into account that the star is likely to 
bee rapidly rotating, with a period P which may be shorter than the Alfvén crossing 
timee f A- hi this case, the magnetic instability time-scale is lengthened by a factor 
t>\/P.t>\/P. For a plausible rotation period of 10 ms, the instability time-scale is then 
increasedd to « 1 s, still short compared with the time til l crust formation. 

Ann important question is thus what happens to an initially unstable field config-
uration,, and if/how it can evolve into a stable form. 

4.22 Stable and unstable field configurations 

Wee are interested in finding a field configuration which could account for the be-
haviourr of these neutron stars. It is unclear what kind of field a neutron star may 
bee born with, or rather, what kind of held it will have when the crust has formed. 
InIn a differentially rotating star, purely toroidal held configurations (azimuthal fields) 
formm naturally from a weak initial field by winding up of field lines (Spruit 2002 
andd references therein). The proto-neutron star may well be a strongly differentially 
rotatingg object that would nicely wind up held lines. It is known, however, that pre-
dominantlyy toroidal fields are all unstable on an Alfvén crossing time (Tayler 1973. 
Achesonn 1978, Pitts & Tayler 1986. and Chapter 2). 

Att the other extreme, one can think of a purely poloidal field (field lines confined 
too meridional planes, BQ = 0). Such a field is again known to be unstable on an 
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Figuree 4.1: The Flowers-
Ftudermann field. 

Alfvénn crossing time (Wright, 1973 and Markey & Tayler 1973. 1974) if' it. has field 
liness that are closed inside the star. If the field lines close only outside the star, the 
stabil i tyy analysis is slightly different but the result, the same. A well-known simple 
examplee of this case is a configuration consisting of a uniform field inside the star, 
wit hh a matching dipole outside the star (Fig. 4.1). An argument by Flowers and 
Rudermann shows why this field is unstable in the absence of a crust. Since this 
examplee has played some role in the discussion of neutron star magnetic fields, we 
studyy it in some detail below, with a numerical simulation in Sect. 4.3. 

4.2.11 An unstable field configuration 

Flowerss and Ruderman (1977) consider a uniform field in the neutron star interior 
wit hh a potential field outside it. They find this to be unstable on a dynamic time-
scalee (Alfvén crossing time-scale). A simple way to understand this (see Fig. 4.2) is 
too imagine the uniform field as a collection of parallel bar magnets. Two bar magnets 
sidee by side, pointing in the same direction wil l repel each other, since the north pole 
off  one wil l be next to the north pole of the other. They wil l tend to rotate so that the 
northh pole of one is next to the south pole of the other, reducing the magnetic energy 
outsidee but not inside the magnets. In a fluid star, without stabilising solid-state 
forces,, the equivalent process would be to cut the star in half along a plane along 
thee field lines, and rotate one of the halves by 180°. This reduces the energy in the 
potentiall  field outside the star in the same way as in the case of the bar magnets, 
whilstt all energy forms inside the star (magnetic, thermal and gravitational) remain 
unchanged,, also as in the case of the bar magnets. 

Flowerss and Ruderman then consider ways in which a field may be stabilised. 
Firstly,, the solid crust of the neutron star, if it forms quickly enough, could prevent 
thee decay of a field. Secondly, the addit ion of a toroidal component could stabilise 
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Figuree 4.2: Two bar magnets are free to rotate about a common axis. If pointing in the 
samee direction, they are unstable and will rotate until point ing in opposite directions. 

thee held, because its energy would necessarily increase during the motion depicted in 
Fig.. 4.2. To understand this, imagine wrapping an elastic band around the two bar 
magnets.. Rotat ing the magnets now wil l stretch the elastic band, requiring energy. 
Fieldd lines behave in a similar way, because to stretch them also requires energy. 

4.2.22 Stable field configurations and the role of helicity 

I tt was predicted by Prendergast (1956) that a stable field inside a star may consist of 
aa polar dipole component stabilised by a toroidal component of comparable strength. 
Thiss principle is applied with success in the design of fusion reactors. Recently it 
hass become possible to follow the evolution of an arbitrary field with numerical 
magnetohydrodynamics.. This was done in Chapter 3, where the related problem of 
thee origin and evolution of the fields of magnetic A stars was studied. The main 
resultt from this work is the emergence of a stable field configuration, independent of 
thee initial field configuration. 

Thee stable field is approximately axisymmetric. and does indeed have both poloidal 
andd toroidal components of comparable strength. The form of the resulting field 
iss always similar: a torus-shaped configuration embedded inside the star, with an 
approximatelyy dipolar field connected to it outside the star. Most of the field lines, 
projectedd onto a meridional plane, are closed inside the star, but with some extending 
outsidee it (see Fig. 4.3). Since the atmospheric field is potential, it cannot be 
twistedd and does not support internal torques. For an axisymmetric configuration, 
thiss means that the azimuthal field component vanishes everywhere along a field line 
thatt extends outside the star. The azimuthal field component is thus confined to a 
toruss defined by the lines that are closed inside the star. The field lines extending 
outsidee the star define an approximate dipole. possibly somewhat offset from the 
centre.. This is in fact just what is observed in the magnetic A stars. This apparent 
dipolee is not representative of the configuration as a whole: in the interior, it looks 
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Figuree 4.3: The stable linked 
poloidal-toroidall  torus field. 
Poloidall  Held lines are drawn; 
thee shaded areas represent the 
azimuthall  field component.. 

veryy different. This solves one of the theoretical puzzles of' the fields observed in A 
stars:: they would be violently unstable if the nearly dipolar fields seen at the surface 
iff  were representative also of the interior. 

Thee strength of the field found in the simulations depends on initial conditions 
and,, as should be expected, the orientation of the final configuration is random (at 
leastt in the absence of rotat ion). 

Thee conclusion from these results is that an arbi t rary unstable initial field does 
nott in general decay completely, but gets stuck in a stable equilibrium at some 
ampl i tude.. That this should be so becomes understandable (Moffat 1990) in terms 
off  the approximate conservation of magnetic helicity. If A is a vector potential of 
thee field B , the quanti ty 

HH = / A • BdV'. (4.1] ] 

wheree the integral is taken over the volume inside a magnetic surface, is called 
thee magnetic helicity (Woltjer 1958). [Issues relating to the gauge used for A arc 
involved,, but of no consequence in the present context.] The helicity is conserved 
underr arbitrary displacements, as long as magnetic diffusion and reconnection may 
bee neglected. 

Iff an initial field configuration has a finite helicity. it can not decay further than 
thee lowest energy state with the same helicity (again as long as reconnection may 
bee ignored). In practice, reconnection cannot be ignored since diffusion will be 
impor tantt on small length scales, and rapid reconnection can happen through regions 
withh dynamically-generated small length scales. Nevertheless, it is found that in 
practicee helicity conservation is often a good approximation on a large scale, even 
whenn reconnection takes place on smaller scales inside the configuration. 
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AA good example is the field configuration in the solar corona, where magnetic 
helicityy is observed to accumulate in large scale structures like polar crown promi-
nencess and the pre-eruption configurations of twro-ribbon flares (Zhang &: Low 2003 
andd references therein). 

Inn this interpretation, the orientation and strength of the final configuration of an 
unstablee magnetic field in a fluid star is determined by the helicity that happens to 
bee present in the initial configuration. 

Thee stable field produced in this way then evolves on a longer time-scale, under 
thee influence of diffusion, as a sequence of quasi-static, stable equilibria. In the 
simulations,, this is observed as a slow outward expansion of the configuration. In 
thee process, the field lines that are closed inside the star lose their azimuthal field 
componentt as soon as they cross the surface of the star. As the azimuthal field de-
creasess in this way, and the poloidal component starts dominating, the configuration 
eventuallyy becomes dynamically unstable and decays to a low value (see Chapter 3 
forr further discussion). 

4.33 Instability of a dipolar field 

Ass described in Sect. 4.2.1, a dipolar field in a ball of conducting fluid is expected 
too be dynamically unstable, but the argument given does not say anything about 
howw the magnetic field will evolve in the non-linear regime. We use a 3D numerical 
simulationn to see how the field evolves under this instability, and what it evolves into. 
Thee code used is that of Nordlund (see Nordlund &: Galsgaard 1995 for a detailed 
description).. The setup employed for the present problem is described in detail in 
Chapterr 3. In short, we model a self-gravitating ball of perfectly conducting (up 
too numerical diffusion) plasma (a polytrope of index n — 3) embedded in a poorly 
conductingg atmosphere. The field in the atmosphere stays near a potential (current-
free)) field, which adjusts quickly to the changing magnetic field distribution at the 
surfacee of the star. We start with a field of uniform strength and direction within 
thee star, and a potential field in the atmosphere. This field is illustrated in Fig. 4.1. 
AA spatial resolution of 14 1 cubed is used here. 

Inn principle, we could have modelled a neutron star more accurately by using a 
moree realistic equation of state. However, this would have involved a fair amount of 
workk and it was felt that the result could not be affected significantly by using the 
equationn of state of an ideal gas. 

Sincee the evolution of the field advances on an Alfvén timescale. the evolution 
slowss down an the field decays. This is impractical for numerical reasons, since 
thee minimal time step is governed by the sound speed, which stays the same. The 
entiree evolution of an unstable magnetic configuration, however, takes place on an 
Alfvénn time scale. Field configurations which are the same except for an amplitude 
factorr a will therefore evolve in the same way. with only the speed of evolution 
differingg by a factor a. Except at very high field strength, when the Alfvén speed 
becomess comparable to the sound speed, and on small length scales, where diffusion 
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becomess important, the amplitude of the field thus comes in only through the time-
scalee on which the field evolves. We make use of this by rescaling the field strength 
periodicallyy by an overall factor, so as to keep the total field energy approximately 
constant.. By keeping track of the rescaling factors applied, the correct field strengths 
andd time axis can be reconstructed. 

Since,, for numerical reasons, the magnetic energy density in the calculations is 
onlyy a factor 30 or so smaller than the thermal energy density, and diffusion does 
havee an effect on small scales, some error is introduced by this rescaling process. 
Testt results given in Chapter 3 show that the process is accurate enough for the 
presentt purpose, in which the final state reached by the field configuration is of more 
interestt than the exact dynamical evolution to this state. 

4.3.11 Result 

Ass expected, the held is unstable and decays over a timeseale of a few Alfvcn crossing 
times.. One of the best ways to visualise the results is to look at the radial component 
off  the field on the surface of the star. This is plotted in Fig. 4.4. projected in a simple 
mannerr onto two dimensions by mapping longitude to the x coordinate and latitude 
too the y coordinate. It can also be looked at with the aid of IRIS Explorer (Fig. 
4.5). . 

Thee initial held was of such a strength that the Alfvcn crossing time (given by 
^/4TTpR*/B.. where p and R* are the density and radius of the star) is roughly the 
samee as the temporal separation of the last three frames in Figs. 4.4 and 4.5. This 
confirmss that the field decays on an Alfvén time-scale. 

Iff  the code is kept running, it is found that the held continues to decay in the same 
wayy indefinitely, never finding any stable state. This can be understood in terms of 
thee magnetic helicity introduced in Sect. 1.2.2. The initial state used in this example 
hass zero magnetic helicity. hence helicity conservation does not impose a lower limit 
onn the final-state field. In principle, it is of course possible that stable field config-
urationss exist with zero total helicity. An example could consist of two concentric 
torii  with fields twisted in opposite directions. Apparently, such configurations are 
nott easily reached in the present case. 

4.44 Evolution of a stable twisted torus field in a 
neutronn star with a solid crust 

InIn earlier study of stellar magnetic fields (Chapter 3) we found stable magnetic fields 
thatt can exist in the interior of a star. This field is a nearly axisymmetric, twisted 
toruss shape. We found that such a field in an A star will slowly diffuse outwards 
untill  becoming unstable at some point. It is not known what kind of field may exist 
inn a neutron star after it is formed, but it seems possible that before the crust of 
thee star forms, the field evolves into just such a twisted torus form. After the solid 
crustt has formed, the magnetic field in the fluid interior will continue to evolve under 
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Figuree 4.4: Evolution of the 
magnet icc field at the stellar sur-
face.. The initial s tate is a uni-
formm magnet ic held in the in-
teriorr and a potent ial field in 
thee a tmosphere (ef. Fig. 4.1). 
Thee frames are taken at t imes: 
tt 0. 4.4. 5.0. 5.7. the t ime unit 
usedd being the Alfvén crossing 
t ime.. The radial component 
13,13, is represented by light (pos-
itive)) and dark (negative) shad-
ing.. Also plotted, in black, is 
tt he line where B, = 0. 

77 7 

00  3 0 6 0 9 0 12 0 15 0 2100 24 0 27 0 30 0 33 0 36 0 

00  3 0 6 0 9 0 12 0 15 0 2100 24 0 27 0 30 0 33 0 36 0 



ChapterChapter 4 Evolution of the magnetic field in magnetars 

Figuree 4.5: Projections created with [RIS Explorer, showing the field lines in the stellar 
atmosphere.. Also shown is the sign of Br on the surface areas where Br is positive are 
shadedd light and areas where Br is negative are shaded dark. The four shots are taken at 
thee same times as those in Fig. 4.4, in order top-left, top-right, bottom-left, bottom-right. 
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thee influence of diffusion, and stress will build up in the crust owing to the Lorentz 
forces,, possibly leading eventually to cracks, rather like the processes in the Earth's 
crust.. This buildup of stress can be modelled with our numerical simulations. 

Thee mechanical properties of the crust are not well understood and no attempt is 
madee here to model its behaviour. We simply look at the Lorentz forces acting on 
itt before it cracks, not at the cracking process itself. 

Thee setup of the MHD code is described in Sect. 4.3 and in detail in Chapter 3. 
Forr this calculation we use the twisted torus as the initial field, precisely that field 
whichh is produced by the evolution with the same code of a random initial field. 
Sincee we are only interested in what happens inside the star and the crust, and not 
inn what happens in the atmosphere, we model a smaller volume than was modelled 
inn our previous study the computational box is a cube of side 2.2Rif. as opposed 
too the 4.5/?*  used in the previous study and in the runs described in Sect. 4.3.1. 

Too the code which we have used previously we just need to add the solid crust. 
Wee model this as a zone between two radii in which the velocity field is held at zero 
(betweenn r = 0.86/i+ and r = 1.07/?*  where ƒ?*  is the radius of the star) and in 
whichh the magnetic field is held constant. 

4.4.11 Visualising and understanding the results 

Wee are wanting to look at the stresses that build up in the solid crust, as these will 
eventuallyy cause the crust to crack. In a real star with an infinitely conducting crust 
andd a diffusive fluid interior, we would expect to see a discontinuity in the field at 
thee lower boundary of the crust, and a current sheet. In a more realistic crust of 
highh but finite conductivity, the field lines would bend within a thin layer at the 
bottomm of the crust, without any discontinuity in the magnetic field. The Lorentz 
forcee created by the change in the field will act on the crust in this thin layer. This 
iss illustrated in Fig. 4.6. 

Att the upper boundary we would not expect to see any significant discontinuity 
sincee the field outside is essentially a potential field and will consequently remain 
constantt after the crust has formed. 

Ann MHD code of the type used here cannot model surface currents, yet we are 
tryingg to model a crust of infinite conductivity, in which the magnetic field is held 
constant.. In order to look at the stress acting on the crust, therefore, we need to 
integratee the Lorentz force over a layer of at least a few grid spacings either side of 
thee lower boundary of the crust. But what kind of Lorentz force are we interested 
in? ? 

Att the moment when the crust freezes, there will already be a non-zero Lorentz 
force.. If we express this force as the divergence of a scalar plus the curl of a vector, 
thee former will already be balanced by pressure (buoyancy) forces. The latter will 
givee rise to fluid currents which will then have the effect of reducing the driving 
forcee itself - we can therefore expect this component of the force to be small at the 
momentt when the crust freezes. To look at the stresses on the crust, therefore, we 
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Figuree 4.6: Diagram showing the movement of field lines. On the left, the held lines at the 
momentt that the crust freezes. In the middle, after the field in the interior of the star has 
changed,, the perfectly conducting crust carries a surface current where the Lorentz forces 
act.. On the right, the crust is not perfectly conducting, having magnetic diffusivity r] and 
contains,, after time t. a thin conducting layer (of thickness of order \f~tï)). 

needd to subtract from the Lorentz force that which was present at the moment of 
freezing. . 

Iff  the field is of order 1015 gauss, a typical length scale C is 1 km and the crust 
hass a density of 101 4gcm- 3 then the Lorentz force per unit mass will be around 
BB22/4ivCp/4ivCp ~ 108cms- 2. The force of gravity per unit mass will be GM/R2 « 
2xx 10 cms , which is balanced by pressure. The vertical component of the Lorentz 
forcee can therefore be balanced by the change in gravitational force brought about 
byy a vertical displacement of just 0.3 cm. 

Wee feel it is safe to assume that the crust is flexible enough to accommodate 
verticall  movements of this size without cracking. The vertical component of the 
Lorentzz force, therefore, is not of any great interest to us. Of the remaining Lorentz 
force,, that is. the horizontal component minus that at the moment of crust formation, 
itt is only the part which can be expressed as the curl of a vector normal to the surface 
whichh interests us. as the other part can be supported by pressure forces. This is 
thee part of the Lorentz force given by 

11 d{DzDx) FFrr = and 
4TTT OZ 

FFVV = LmM. ,4.2, 
4TTT OZ 

Thiss is then integrated over a zone from r = 0.797?, to r = 0.93/?» (the inner 
boundaryy of the crust is at r = 0.86/?*). and can be plotted as arrows on a 2-D 
projectionn of the star. The projection used is that where longitude forms the x-axis 
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4.44.4 Evolution of a stable twisted torus field in a neutron star with a solid crust 

Figuree 4.7: The radial compo-
nentt B, of the magnetic field on 
thee surface of the star, projected 
ontoo two dimensions. Light rep-
resentss positive B,. dark repre-
sentss negative B,, and the black 
linee shows the location of Br = 
Ü. . 

00  3 0 6 0 9 0 12 0 15 0 '8 C 21 0 21 0 27 0 30 0 33 0 36 0 

Figuree 4.8: The modulus of 
thee magnetic field. |Bj. on the 
surfacee of the star, projected 
ontoo two dimensions. Light 
representss the regions of strong 
fieldfield and dark represents regions 
off  weak field. 

00  3 0 6 0 9 0 12 0 15 0 18 0 21 0 24 0 27 0 30 0 33 C 36 0 

andd lat i tude forms the y-axis; to do this an axis is of course required we use the 
dipolee axis of the radial component Dr of the field on the surface. 

I tt is also useful to calculate an average Lorentz stress over the whole of the crust. 
too see how it changes with t ime. This is done by simply taking a root-mean-square 
off  the component described above. 

4.4.22 Result 

Thee evolution of the field inside a star with a solid crust was modelled at a resolution 
off  96J. producing a crust 9 grid spacings thick. The code runs for a t ime (around 10 
Alfvénn crossing times) before crashing, as the stresses become too large. This does 
nott matter to us. since we are only interested in looking at the buildup of stresses 
andd not in the cracking process itself. 

Thee initial conditions for the run are taken from the output from an earlier run in 
whichh an initial random field configuration evolved into a twisted torus (see Chapter 
3).. The radial component of the field on the surface is shown in Fig. 4.7. It can 
bee seen that the field is chiefly dipole in nature. Fig. 4.8 shows the modulus of the 
field,field, which is strongest just above the magnetic equator the dipole field is slightlv 
offsett from the centre of the star. 

Wee can also plot the initial magnetic field using IRIS Explorer, which allows us 
too trace the field lines see Figs. 4.9 and 4.10. The twisted torus shape is clearly 
visible. . 
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Figuree 4.9: Projection of the field lines at the beginning of the run, i.e. as the crust forms. 
AA transparent sphere representing the surface of the star is also plotted. 

F iguree 4.10: As Fig. 4.9. but viewed from above. 
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4.44.4 Evolution of a stable twisted torus field in a neutron star with a solid crust 
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Figur ee 4.11: Root-mean-square stress as a function of time. The unit used is the mean 
magneticc pressure B~/STT in the stellar interior at t = 0. 

Inn Fig. 4.11 is plotted the rms stress per unit area as a function of t ime. I t can 
clearlyy be seen that the stress increases before reaching a point at which the code is 
unablee to continue. 

Fig.. 4.12 is a 2-D projection of the stress (as described in the previous section) at 
fourr times after the freezing of the crust at t = 0, at roughly equal intervals. I t can 
bee seen that there are lines separating areas with their Lorentz stress in opposite 
directionss (these show up as black lines between the bright areas on the right-hand-
sidee of Fig. 4.12; they are mainly present in the equatorial zone). It is presumably 
alongg these lines that the fault lines wil l appear. There are also patterns where the 
Lorentzz force is exerting a torque on a part of the the crust: this is visible mainly in 
thee polar regions. 
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Figur ee 4.12: Maps 
off  stress in the 
solidd crust, at four 
roughlyy equal tem-
porall  intervals: 
tt = 5.3,10.4,15.6,20.7 
Alfv'énn crossing-times 
respectivelyy from top 
too bottom. On the 
leftt hand side, maps 
showingg the direction 
andd strength of the 
Lorentzz stress and 
onn the right hand 
sidee (on the opposite 
page),, maps showing 
thee magnitude of the 
Lorentzz stress. 
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4.55 Application: scenario for magnetar evolution 

Thee results of this study lead logically to a model for magnetar evolution. First, 
wee require the crust to have a much higher electrical conductivity than the interior, 
soo the field is 'frozen' into the crust while the field continues to evolve in the fluid 
interior.. The magnetic diffusivity n of' the interior has to be such that the timescale 
off  the field's evolution, C2/q (where £ is a typical length scale), is of the order of 104 

years,, the observed lifetime of these objects. The second requirement of the model 
iss that the star contains a stable field at the moment when the crust starts to form, 
off  the order of 1015 gauss. 

Thee hypothesis then is that this stable field in the fluid interior evolves under 
thee influence of diffusion, while the field in the crust is held relatively constant by 
higherr conductivity. This causes stress to build up in the lower part of the crust, 
whichh at some point becomes strong enough to cause fractures to appear, and energy 
iss released by two mechanisms. In the movement of the crust, magnetic energy is 
convertedd to kinetic energy and then to heat. In the atmosphere, the movement of 
differentt parts of the crust causes the field lines to become twisted, giving rise to 
largee currents in the tenuous medium. This results in Ohmic heating and eventual 
relaxationn back to a potential field. 

4.66 Summary 

Wee have studied the release of magnetic energy in a strongly magnetised neutron 
star,, with a view to finding an explanation for the high luminosity of the soft gamma 
repeaterss and anomalous X-ray pulsars. These objects are observed to release energy 
overr a timescale of around 104 years, much greater than the Alfvén timescale (the 
timee taken for an Alfvén wave to travel across the star, 0.1 s) on which an unstable 
fieldfield evolves. This leads us to the conclusion that the magnetic field must go through 
aa sequence of quasi-static, stable equilibria, possibly occasionally punctuated by 
instability.. A central question is thus what this stable magnetic equilibrium looks 
likee and how it can form. 

Byy following the decay of arbitrary initial field configurations with 3D magneto-
hydrodynamicc simulations we have shown in Chapter 3 that a stable configuration 
existss in the form of a torus of linked poloidal-toroidal field. [That stable field config-
urationss of linked poloidal-toroidal type could exist was first proposed by Prendergast 
(1956)) but had never been proven.] In all cases, the field either reaches this torus 
field,field, or it decays to nothing; no other end-states were found. Whether the field 
evolvess into the stable torus shape was found to depend on how concentrated the 
fieldd is in the centre of the star. A field concentrated in the stellar core can reach 
thee torus configuration, whilst a field whose energy distribution extends to greater 
radiii  and into the atmosphere usually decays to nothing. 

Thiss result can be understood in terms of helicity conservation. In the absence of 
reconnection,, helicity is a conserved quantity, so that an arbitrary field will evolve 
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4.64.6 Summary 

too the lowest energy state with the same helicity. This appears to be the linked 
poloidal-toroidall  torus. If the initial field is buried less deeply in the star and has 
tooo strong a contact with the atmosphere, an environment where reconnection cannot 
bee ignored, helicity conservation is no longer valid and both the helicity and field 
energyy can decay to zero. 

AA configuration considered before in connection with the stability of magnetic fields 
inn neutron stars is the Flowers-Ruderman field: a uniform held inside matching to 
aa pure dipole outside the star. This field has zero helicity, hence we should expect 
itt to decay indefinitely, on an Alfvéii time-scale, since the initial state cannot evolve 
intoo a torus field with non-zero helicity. It can also be explained by a symmetry 
consideration:: any torus must have an axis, which can only be parallel to the original 
axis;; the toroidal component must then go around this axis in one direction or the 
other,, but there is no way to decide which direction, so the held has no option but to 
decayy to nothing. However, this argument does not entirely rule out the existence of 
stablee fields with zero helicity as end states of unstable evolution. For instance two 
torii  on top of each other, with opposite 'handedness'. It appears from our results 
thatt if such a state exists, it is difficult to reach. 

Wee have studied the slow evolution of this stable configuration in the diffusive 
interiorr of a neutron star, underneath a solid and perfectly-conducting crust. As 
thee field changes under the influence of diffusion, stress develops in the crust. We 
findfind that this stress is dominated by patterns that would cause strong rotational 
displacementss on the neutron star surface when released, consistent with the model 
off  SGR outbursts developed by Thompson k Duncan (1995, 2001). 
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Chapterr 5 

AA magnetic dynamo in a differentially rotating 

star r 

Abstract:: We present numerical simulations of a self-sustaining mag-
neticc field in a differentially-rotating uon-convective stellar interior. A 
weakk initial field is wound up by the differential rotation; the unstable 
decayy of' the resulting azimut hal field produces a new meridional field 
component,, which is then wound up anew, thus completing the •dynamo 
loop'.. This effect is produced both with and without stratification. 

5.11 Introduction 

Itt has long been known that magnetic fields can be generated by a dynamo operating 
inn the convective zone of a differentially rotating star (e.g. Parker 1979). A toroidal 
fieldd is produced by winding-up of the poloidal (meridional) component, and the 
bubbless of gas moving upwards and downwards move perpendicular to these toroidal 
fieldd lines, bending them and creating a new poloidal component, closing the 'dynamo 
loop'.. This type of dynamo has been the subject of extensive research over the last 
feww decades. 

Inn the convective dynamo, a small-scale velocity held is created by a liydrodynamic 
instability,, (i.e. convection) and imposed on the magnetic field. It is also possible 
too produce a dynamo in a different way. A magnetic field can produce its own 
small-scalee perturbations from its own instability, without recourse to an externally 
imposedd perturbation. This principle was first demonstrated in the context of accre
tionn discs, where a dynamo was produced when differential rotation wound up a field 
whichh was then subject to magnetohydrodynamic instability (Hawiey et al. 1996). 
Thee same principle was applied by Spruit (2002) to differentially rotating stars. In 
thiss scenario, a toroidal field is wound up by differential rotation from a weak seed 
field.. The field remains predominantly toroidal, subject to decay by instability of the 
field,, but is continuously regenerated by the winding-up of irregularities produced 
byy the instability. This scenario has been applied in stellar evolution calculations of 
thee internal rotation of massive stars by Heger et al. (2003) and Maeder k Meynct 
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(2003).. The process is conceptually similar to the small-scale self-sustained fields 
foundd in MHD simulations of accretion discs, but operates on a different form of 
MHDD instability (pinch-type or Tayler instability as opposed to magnetorotational. 
cf.. Spruit 1999). 

AA self-sustained field of this type could have important implications for not only 
thee magnetism of a star, but also for the transfer of angular momentum. Differen-
tiall  rotation is created, when the star is formed, as a consequence of conservation 
off  angular momentum when parts of it contract or expand, and through angular 
momentumm loss through a stellar wind {"magnetic braking'). In the absence of a 
magneticc field, kinetic viscosity would eventually damp differential rotation, but 
onlyy on a time-scale much longer than the lifetime of the star. If a weak magnetic 
fieldd were present in a star with infinite conductivity, the field would be wound up, 
itss Lorentz force exerting a force back on the gas, tending to slow the differential 
rotation.. If we assume that no magnetohydrodynamic instabilities were present, the 
energyy of the field would become eventually comparable to the kinetic energy of the 
differentiall  rotation, and the field would exert a force on the gas strong enough to 
reversee the differential rotation. Oscillations would follow, with energy continuously 
beingg transferred from kinetic to magnetic and back again (Mestel 1953). Finite 
conductivityy would have the effect of damping these oscillations. However, if the 
magneticc field became unstable, as we expect it to, the energy of the field need 
neverr reach a level comparable to the kinetic energy and the direction of differential 
rotationn would never be reversed. Instead, differential rotation would gradually be 
slowed,, and the magnetic field held at a low steady-state level. This could be what 
hass happened in the radiative core of the Sun, explaining the near-uniform rotation 
theree (Schou et al. 1998 and Charbonneau et al. 1999). 

Whilee such a dynamo process is plausible, it has so far been described only in terms 
off  an elementary scaling model (Spruit 2002). With the calculations presented here 
wee verify, first of all, the existence of a self-sustained field generation process. At 
thee next level, the goal is to compare the properties of the numerical results with 
thee predictions of the model, in particular concerning the central role of Tayler-
instability.. The field strength resulting from the dynamo process depends on the 
balancee between the decay of the toroidal field and the winding up of irregularities. 
Thee model only presents the basic scaling of this balance with parameters like the 
strengthh of the differential rotation. With the results presented here, a first estimate 
off  the numerical coefficient in this scaling can be made. The value of this coefficient 
translatess directly to the efficiency of angular momentum transport by the process 
(thee 'effective viscosity1). 

InIn Sect. 5.1.1, the nature of the magnetic instability by which this dynamo process 
workss is reviewed. In Sect. 5.1.2. an overview is given of the properties we expect 
thiss dynamo to have. 
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5.15.1 Introduction 

5.1.11 Instability of a toroidal field 

Taylerr (1973) and Acheson (1978) looked at toroidal fields in stars, that is, fields 
thatt have only an azimuthal component B^ in some cylindrical coordinate frame 
(•cj,(j>,z)(•cj,(j>,z) with the origin at the centre of the star. Wi t h the energy method, Tayler 
derivedd necessary and sufficient stability condit ions in adiabatic conditions {no vis-
cosity,, thermal diffusion or magnetic diffusion). The main conclusion was that such 
purelyy toroidal fields are always unstable at some place in the star, in particular to 
perturbat ionss of the m — 1 form, and that stabil ity at any particular place does not 
dependd on field strength but only on the form of the field. An important corollary 
off  the results of Tayler (1973, esp. the Appendix) was the proof that instability 
iss local in meridional planes. If the necessary and sufficient condition for instabil-
ityy is satisfied at any point {w,z), there is an unstable eigenfunction that wil l fi t 
insidee an infinitesimal environment of this point. The instability is always global 
inn the azimuthal direction, however. The instability takes place in the form of a 
low-azimuthall  order displacement in a ring around the star. Connected with this is 
thee fact that the growth time of the instability is of the order of the time it takes 
ann Alfvén wave to travel around the star on a field line. This and other instabilities 
weree reviewed by Spruit (1999). 

Inn Chapter 2 we investigated this instability, the results confirming the conclusions 
fromm the previous analytical work. We showed that a toroidal field of strength 
BB — Botu/wa (where B0 and VUQ are constants) in a stably stratified atmosphere 
iss unstable on the axis to perturbat ions of the m = 1 type. We confirmed that the 
growthh ra te a of the instability is approximately equal to the local Alfvén frequency 
WA,, given by: 

(5-1) ) 

wheree v\ is the Alfvén speed and p is the density. We also confirmed that rotat ion 
aboutt an axis parallel to the magnetic axis can suppress the instability if Q > UJA-
However,, this is only for the case with neither thermal nor magnetic diffusion (K = 
i)i) = 0). I t is not entirely certain what effect rotat ion may have when these two are 
present,, although it seems very likely that in the limi t fï » CJA. the growth rate is 
merelyy reduced by a factor <jj\j?l, SO that: 

aa sa u,*A (n«wA ) ,, (5-2) 

a ^ ^^ ( f i » w A ) . (5.3) 

Inn the unstratified case where the magnetic diffusivity is zero (q = 0), all vertical 
wavelengthss are unstable. However, stratification stabilises the longest wavelengths. 
Thiss is because it discourages any vertical motion, which is greatest in the long-
wavelengthh modes. Magnetic diffusion stifles the shortest wavelengths, since fluc-
tuat ionss in the magnetic field produced by the instability are smoothed out by the 
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diffusionn at a rate which depends on the length scale of the fluctuations. If n is the 
verticall  wavenumber of the unstable mode, then 

->n->n22>-¥^,>-¥^, (5.4) 

wheree ZÜQ is some measure of the size of the field in the horizontal direction. 
Thee two effects can conspire to kil l the instability completely if the upper and 

lowerr limit s on wavelength meet each other. This puts a lower limi t on the field 
strengthh for instability, expressed by the inequalities: 

„.V 2 2 

wj>-^-- {U«UJA). (5.5) 

^ > ^^ ( £ > » - - A ) . (5.6) 

Forr the core of the present Sun, this yields a minimum field strength of the order 

33 x 10:i G. 

5.1.22 Properties of the dynamo 

AA weak initial field is wound up by differential rotation. After only a few dif-
ferentiall  turns the field is predominantly toroidal (B^ > Bw and BQ ^> Bz). 
Eventuallyy the field strength at which instability sets in wil l be reached (given by 
Eqs.. (5.5) and (5.6)). There are various time-scales of relevance here, the short-
estt being the reciprocal of the Brunt-Vaisala (buoyancy) frequency N, given by 
JV'22 — (y/T)(dT/dz + g/cp). Provided the star is rotating at less than the break-
upp rate, the rotational frequency fï wdll be smaller than N. In most stars, Q wil l 
howeverr be greater than the magnetic frequency L^A (see Eq. (5.1)). The differential 
rotat ionn time-scale is given by 

T d r ^ f ^ f i ) - 1 .. (5-7) 

I tt is this time-scale r,ir which wil l determine how quickly the initial field is wound 
upp into a predominantly toroidal held. 

Spruitt (2002) derives properties of the dynamo in the case where: 

NN » il :§> u}\. (5.8) 

Thiss is the most realistic regime. In addition, we expect in a real star to have  of 
thee same order as, but in most regions probably greater than. S i- 1 . 

A tt the time when the instability sets in, the growth time of the instability is so 
longg (from Eqs. (5.2) and (5.3)) that the field is still being wound up faster than it 
iss able to decay. However, as the field grows, and the instability growth rate a rises, 
aa point wil l be reached where the held is decaying and being wound up at the same 
ratee - we call this 'saturat ion'. The time-scale r{1 on which the field component Bz 
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iss wound up into an azimuthal component of comparable strength to the existing 
azimuthall  field is given by 

raa = r d r | > . (5.9) 

Thus,, the greater Bz, the shorter the amplification time-scale. At this point, we 
needd to know the value of Bz. This is provided by the instability which produces a 
verticall  component from the azimuthal field by the unstable fluid displacements. If 
thesee have a vertical length scale / and horizontal scale ZUQ, we have 

D^B^I/WQ,D^B^I/WQ, (5.10) 

So,, Bz is greatest for the unstable modes with greatest wavelength, i.e. with lowest 
wavenumberr n = \/l. If we equate this minimum amplification time-scale to the 
instabilityy time-scale a- 1 , we get, using Eqs. (5.4) and (5.10), 

uuAA*-^-,*-^-, (5.11) 

inn the case where il 3> U>A- In the slowly rotating {f2 <g; L^A) case, we find that w^ 
dropss out of the equation leaving N — r ^1 . In this case, therefore, the field will 
eitherr grow until it is strong enough to kil l the differential rotation itself, or it wil l 
decayy until the Q ^> a;A regime is reached. If r„  < tr - 1, the field will grow, i.e. if 

N<T-\N<T-\ (5.12) 

Inn real star, of course, this will not be the case except in or near a convective zone. 
Therefore,, the field will decay until the regime Q » U/A is reached. 

5.22 The model 

Wee take advantage of the fact that the Tayler instability is localised on the meridional 
plane,, and model just a small section of the star on the rotation axis. This is similar 
too the arrangement used in Chapter 2, where we looked at the Tayler instability in 
thee absence of differential rotation, modelling only a small volume on the magnetic 
axiss of symmetry. 

Insidee the computational box, the plasma is rotating in the horizontal plane about 
ann axis passing through the centre. The rotation speed Q is independent of distance 
fromm the axis zo and a function of just height z. The bottom face of the box lies in 
thee plane z — 0. The computational box has a height L and width 2£. 

Wee use a system of Cartesian coordinates. At first glance one might instead 
considerr using cylindrical coordinates, as these appear to be more suited to the task. 
Thiss is indeed the case if one is wanting to handle the problem analytically. However, 
cylindricall  coordinates not only make numerical modelling more time-consuming per 
gridd box, but also introduce special points (the z-axis). This coordinate singularity 
iss a known problem in all grid-based codes in cylindrical and spherical coordinates. 
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F igu ree 5.1: The compu-
tationall  box. The cylin-
derr represents the volume 
wheree the gas is being acted 
onn by the rotational force in 
Eq.. (5.13). 

Sincee the phenomenon we wish to investigate lies on the z-axis, it is better to use 
Cartesianss so that we can be sure that our results are not merely an artefact of the 
code.. The disadvantage is that some space in the corners of the computational box 
iss wasted. When the output of the code is analysed, a conversion into cylindrical 
coordinatess is first performed. 

Thee computational setup is illustrated in Fig. 5.1. 

5.2.11 Driving the gas 

Wee want the gas to rotate at a rate Q — Qo + zdfl/dz. We apply a force F per unit 
masss of the form: 

F(zu,z)F(zu,z) = (v„  - v)/r f where v0 = -—zzue^ (5.13) 

wheree v is the velocity field. T{ is a time-scale, which can be chosen, and e,/, is the 
azimuthall  unit vector. No force was applied in the vertical direction. The gas at 
22 = 0 is therefore not rotating. We could in principle add a constant QQ t o the 
rotationn speed, but this would result in the gas moving more quickly, and the time 
stepp of the code would go down. It is better to include QQ indirectly: we transform 
too the rotating frame and add the Coriolis force 2v x J70 to the momentum equation. 
Thee centrifugal force can be ignored since its only effect would be a change in the 
equilibriumm state. 

Thiss force F is applied to the gas out to a radius L. i.e. to the sides of the 
computationall  box. This means that the corners escape this force. This was found 
too be the best way to reduce the effect of the geometry of the box on the physical 
phenomenonn of interest - the gas in the corners is roughly stationary and its effect 
onn the rotating gas in the middle is minimal. 
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5.25.2 The model 

Inn a star, differential rotation is driven by two mechanisms: magnetic braking, 
whichh acts on the surface of the star, and evolution, when radial shells are contracting 
andd expanding. The former would be difficult to model, as exerting a force at the 
boundariess could be expected to cause problems at those boundaries. Exerting a 
torquee by means of a distributed force, as is done here, is a good way to model 
differentiall  rotation caused by evolution. 

5.2.22 Boundary conditions 

Inn all three directions, we employ mirror-like boundary conditions. This means that 
unknownn quantities just outside the boundaries are copied from the same quantities 
justt inside the same boundary. This is somewhat more difficult to implement than 
thee periodic conditions used in Chapter 2, but is necessary for the following rea-
son.. The gas in this case is rotating in a horizontal plane; with periodic boundary 
conditionss the gas at the boundary would be moving in the opposite direction to 
thee gas immediately adjacent on the other side of the boundary. This would cause 
turbulencee - we are only interested in one kind of instability and introducing another 
wouldd surely confuse the issue. In fact, periodic boundary conditions were tried at 
first,, and it was found that a dynamo process was produced even in the case of uni-
formm rotation (dil/dz = 0), as a result of the hydrodynamic turbulence created at 
thee boundaries. This argument does not of course hold at the vertical boundaries, 
butt there is a good reason for having the same conditions there. Sound and internal 
gravityy waves can propagate upwards, their amplitude growing as they do so. With 
periodicc conditions at the vertical boundaries, a wave can go through the top of the 
computationall  box and come back at the bottom, to continue its upwards travel. Its 
amplitudee rises exponentially on a timescale roughly equal to N~l and wil l even-
tuallyy get out of control. In Chapter 2 we prevented this by having gravity point 
inn opposite directions in the top and bottom halves of the volume modelled, the 
drawbackk being the computational expense of having to model the same thing twice. 
Thee method used in this study is, as far as the end result is concerned, the same as 
thatt previous method, but computational cost has been exchanged for programming 
complexity. . 

5.2.33 Initial conditions 

Wee begin with uniform temperature; pressure decreases exponentially with increas-
ingg z, in hydrostatic equilibrium. The initial velocity field we create by running the 
codee with no magnetic field until a steady state has been reached. The initial mag-
neticc field should in principle be unimportant, except that it must have a vertical 
componentt and must be weak. We choose therefore the simplest field imaginable: 
aa uniform vertical field B — £?oe3. where e~ is the vertical unit vector. The field 
energyy must be weak compared to both the thermal energy and the kinetic energy, 
orr in other wrords, the Alfvén speed must be much less than both the sound speed 
andd the rotation speed. By is chosen so that the ratio of thermal to magnetic energy 
densitiess 3 = 10°, or so that the ratio of sound to Alfvén speeds is 240. The ratio of 
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rotationn speed to Alfvén speed depends of course on the values we choose for QQ and 
dU/dz.dU/dz. We want the gas to be rotating as fast as possible (to maximise the chances 
off  creating a dynamo) but still comfortably below the sound speed. With a magnetic 
fieldd this weak, there is still plenty of space to fit the rotation speed between the 
soundd and Alfvén speeds. 

5.2.44 Free parameters 

Thee goal is to produce a self-sustaining magnetic field, but there are few clues as to 
preciselyy what conditions may be necessary. We have a fair number of parameters 
too play with. 

Thee values of f£o and dQ/dz will have an effect. It is expected that a value of 
f"200 above WA will slow the growth rate of the Tayler instability. This would then 
increasee the saturation field strength. Whether this makes a dynamo any more or 
lesss likely to appear in our model is not clear. What is certain, however, is that a 
largee value of dil/dz wil l be conducive to the appearance of a self-sustaining field. 
Wee set this therefore in all runs to the highest possible value with which the gas is 
stilll  moving at much less than the sound speed - to be precise, the gas is moving at 
aa maximum of one fifth of the sound speed, dCl/dz — cs/5L". 

Wee are also free to set the driving force time-scale Tf. We would expect that setting 
itt too low would inhibit the instability, as it would hold the plasma to too stiff a 
velocityy field. Too high a value, on the other hand, may mean that the driving force 
iss insufficient to make the plasma rotate in the required manner. Various values will 
havee to be tried. 

Thee code contains an artificial diffusion scheme designed to maintain stability. 
Inn the simulations presented in Chapter 2, it was possible to turn off this scheme 
completely,, since we were dealing with a body of plasma which was stationary at 
tt — 0 and whose movement we only wished to follow while the velocities were small. 
Thiss is unfortunately not the case here, as the plasma is necessarily moving fairly 
quickly.. It includes all three types (kinetic, thermal and magnetic), which means it is 
difficul tt to look explicitly at the effect of magnetic and thermal diffusion separately. 
Wee shall simply set this artificial diffusivity to the minimum level, since it is natural 
too assume that a low diffusivity will be conducive to the production of a dynamo. 
Ann increase in resolution is, in effect, the same as a decrease in diffusivity. 

Usingg the perfect simulation, all possible wavenumbers between zero and infinity 
wouldd be modelled, including all of the unstable wavenumbers between the two limits 
inn Eq. (5.4). In practice, however, we can only model wavenumbers between two 
limits:: the lower limi t is set by the vertical size of the computational box, and the 
upperr limit is set by the spatial resolution (the Nyquist spatial frequency): 

Too see an instability at all. we need these physical and numerical ranges given by 
(5.4)) and (-5.14) to overlap each other. Although this is a restriction, it could have 
somee interesting consequences. 
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5.35.3 The numerical code 

5.33 The numerical code 

Wee use a three-dimensional MHD code developed by Nordlund k, Galsgaard (11)95), 
withh extensive modifications, chiefly the mirror-like boundary conditions described 
inn Sect. 5.2.2. The code uses a staggered mesh, so that variables are defined at 
differentt points in the grid-box. For example, p is defined in the centre of each box, 
butt u-j. in the centre of the face perpendicular to the x-axis, so that the value of x is 
lowerr by ^dx. Interpolations and spatial derivatives are calculated to fifth and sixth 
orderr respectively. The third order predictor-corrector time-stepping procedure of 
Hyuiann (1979) is used. 

Thee high order of the discretisation is a bit more expensive per grid point and 
timee step, but the code can be run with fewer grid points than lower order schemes, 
forr the same accuracy. Because of the steep dependence of computing cost on grid 
spacingg (4th power for explicit 3D) this results in greater computing economy. 

Forr stability, high-order diffusive terms are employed. Explicit use is made of 
highlyy localised diffusivities, while retaining the original form of the partial differen-
tiall  equations. 

5.44 Results 

Wee present results for a number of different setups. First, we look at the non-
stratifiedd case, both with and without rotation (UQ — 0 and Q0 ^ 0). Then, the 
stratifiedd case, again both with and without rotation. 

Wee ran the code at a resolution of 64 in the horizontal direction and 32 in the 
vertical,, given the available computational resources. The reason for this seemingly 
loww resolution is that these runs need to last for a very long time. The time step is 
sett by the sound crossing time, but the time-scales of interest to us are necessarily 
muchh higher. 

5.4.11 The unstratified case 

Wee shall first run the code in the absence of gravity. In this case, there is no 
maximumm unstable wavelength (see Eq. (5.4)). Since it is the maximum unstable 
wavelengthh which determines how quickly the field is wound up, the dynamo never 
becomess saturated; the field simply continues to grow until it is strong enough to 
kil ll  the differential rotation. 

However,, the fact that we are conducting this simulation inside a box of finite di-
mensionss changes things somewhat, by imposing an artificial maximum wavelength. 
Thiss enables the field to find a saturation level. At this level, though, only the longest 
wavelengthss are unstable. 

Thee main result of this unstratified test is the production of a statistically steady, 
self-sustainedd magnetic field. 

Too try to understand what kind of field is generated, it is useful to see the evolution 
off  the mean magnetic energy density, split up into its poloidal and toroidal compo-
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nents.. To this end, Bl/8ir and Bj/Srr = {Bz + Bl)/8ir are plotted in Fig. 5.2. The 
timee on the horizontal axis of this graph is expressed in units of the sound-crossing 
timee rs = L/cs. The field, initially poloidal. becomes mainly toroidal as it is wound 
upp by the differential rotation. This happens very quickly, over the time-scale T,I,-. 

Bothh components then grow, more slowly, until the saturation level is reached, when 
thee field is being destroyed by the instability at the same rate at which it is being 
amplifiedd by the differential rotation. 
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Figuree 5.2: The means of B'^/Sn (solid line) and B'p/8-K (dotted line), in units of the 
thermall  energy density. The field is predominantly toroidal. Time units of rs. the sound 
crossingg time, are used. 

Fig.. 5.3 is contour plots of the vertical component of the magnetic field Bz and of 
thee azimuthal component B<j>, averaged in the azimuthal direction, as a function of 
ww and z. The nine plates are taken at nine different times: t — 513, 661, 694, 721, 
754,, 785, 815, 845 and 875rs. At the time of the first frame, the azimuthal mean of 
BBzz is positive everywhere, as it is at the beginning of the run. B<t> has been produced 
fromm the winding-up of this positive Bz by differential rotation of positive dfl/dz, 
soo is also positive almost everywhere. Then the instability produces a new vertical 
componentt which points predominantly downwards: Bz switches from positive to 
negative.. The azimuthal component does likewise. 

Lookingg at Fig. 5.2, it can be seen that the mean field strength is lower than 
usuall  during this reversal period. This reversal in the prevailing" direction of the field 
happenss three times during this run (also at t — 2200 and 3000rs), and there is no 
reasonn not to presume that it should continue to happen were the run continued. 

AA change of the field direction throughout the entire cylindrical volume may seem, 
primaprima facie, unusual, but it is not surprising when one takes into account the fact that 
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5.45.4 Results 

3.00 0 2 0 4 0 6 0 

Figuree 5.3: Contour plots of B~ (positive shaded light, negative shaded dark) and B0 

(blackk lines, with ticks pointing towards negative values), averaged in the azimuthal direc-
tion,, as a function of zu (horizontal axis) and z (vertical axis). The thick lines show where 
DDzz and B^ are equal to zero. The nine plates are taken at nine different times: t = 513, 664, 
694,, 724. 754, 785, 815, 845 and 875rs, arranged top-left, top-middle, top-right, middle-left, 
etc. . 
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onlyy the longest wavelengths are unstable. Most of the unstable range of wavelengths 
liess outside of the range which can be seen in this simulation - we cannot see unstable 
wavelengthss longer than the size of the computational box. In reality, we would see 
instabilityy over a range of length scales; in this unstratified case, up to infinity. It 
mayy still be, however, that one length scale would dominate and that we would still 
seee this revcrsal-of-polarity phenomenon. 

Torques s 

Wee can calculate the torques produced by the dynamo process. These vary through 
thee box. As an average measure of the magnetic torque, we integrate the azimuthal 
componentt of the Lorentz shear stress, multiplied by the lever arm w, over a horizon-
tall  plane. We want to check that the torque acting on the plasma really is magnetic 
inn origin, and not kinetic, since the velocity field also produces a shear stress. We 
calculatee the two respective torques in the following way: 

TTmm(z,t)(z,t) = / wd<f> dvaw^-^. (5.15) 

TTvv(z,t)(z,t) = / zud(j> / dwuj(m<t>vz. (5.16) 

Thee averages over z of these two torques are plotted in Fig. 5.4. This confirms that 
thee torque is chiefly magnetic. The torque from the velocity field is sometimes even 
negative,, i.e. it has the effect of increasing the differential rotation. 
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F i g u ree 5 .4: Mean torque from the magnet ic field Tm (solid line) and the velocity field Tv 

(dot tedd line), in units of (2/3)7rPL: i . The magnet ic torque is clearly much greater than the 

kinet ic. . 
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5.45.4 Results 

Thee units in which Tm and Tv are plotted are equal to (2/Z)TTPL3, the torque which 
wouldd exist if the shear- stress were equal to the gas pressure P. which is the case in 
ann accretion disc of a = 1. In fact, it is of some interest to compare the shear stress 
inn this model to that found in an accretion disc, since they are caused by similar 
processes.. That the stress in an accretion disc is of the order of the gas pressure 
shouldd not be surprising, since the kinetic energy of the orbital motion, which drives 
thee dynamo, is of the same order as the thermal energy. In a differentially rotat ing 
star,, however, the energy available to power the dynamo, i.e. the kinetic energy of 
thee differential rotation, is much less than the thermal energy of the star. We should 
thereforee also expect the magnetic energy to be much less than the thermal energy, 
ass i t cannot be greater than the kinetic energy. However, precisely how the kinetic 
andd magnetic energies relate to one another is rather complicated, and they should 
nott necessarily be comparable to each other. 

Wee have seen that the torque exerted by the magnetic field is much less than the 
torquee which would exist if the shear stress were equal to the gas pressure, as we 
expected.. A more interesting quant i ty to compare it to, in this context, is the torque 
whichh would exist if the shear stress were equal to the magnetic pressure D2/S~. To 
doo this, we calculate a dimensionless efficiency coefficient €, defined such that: 

TTmm{z,t){z,t) = €{z,t) d<t> d<t> 
»L »L 

dzudzu zu-
IP IP 
8TT T 

(5.17) ) 

Thiss efficiency e, or rather, the average of i t over all z, is plotted is Fig. 5.5. 
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Figuree 5.5: Efficiency coefficient c. as defined in Eq. (5.17). Non-stratified, non-rotatin< 
case. . 
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Afterr the initial winding-up phase, its value tends to stay at around 0.08. except 
forr the field-reversal phases when the field is weaker. If the vertical and azimuthal 
componentt of the field were everywhere equal, and if the component in the zu di-
rectionn were zero, we should expect that e — I. That this is not the case could be 
accountedd for by the fact that the field is mainly azimuthal. Comparing Eqs. (5.15) 
andd (5.17), and assuming that the ratio B0/Ds is the same everywhere and that 

ff~~ B*/Sir ~ l + (Bi/Bz)z'
 W"  ) 

Lookingg at Fig. 5.2, we can estimate that B^jBz ~ 1.8, and the above equation 
givess us f RS 0.8. The main reason for the low torque efficiency may then be that the 
ratioo B<plBz is not constant, rather, it is low at small zu and high at large zu. This 
iss confirmed by looking at the last frame of Fig. 5.3, for instance: Bz is strongest 
veryy close to the axis, as the Taylor instability is strongest there, and 3$ is strongest 
somewhatt further from the axis, because the winding-up effect is stronger at larger 
w. w. 

Parameterr dependence 

Forr the run discussed above we had set fi0 = 0, and T{ — rs. If other values of T( 
aree used, this self-sustaining field is not produced. If too low a value is used, the 
velocityy field is too 'stiff' and the instability is unable to take hold, although the field 
docss reach the required strength. If T{ is too high, on the other hand, the differential 
rotationn is slowed down by the Lorentz forces from the magnetic held before the 
necessaryy held strength for instability has been reached. 

Thee code was run with a range of values of Tf, the following multiples of the sound 
crossingg time rs: 0.1, 1.0, 10 and 100. To follow the evolution of the magnetic field, we 
plott the mean magnetic energy density B2/8ir and the mean local Alfvén frequency 
L̂ AA — \B(p\/zu\/4:Kp, in Figs. 5.6 and 5.7 respectively. It can be seen from these two 
figuress that only in the case where Tf/rs = 1 is a self-sustaining field produced. It was 
alsoo found that the dynamo is not produced if a lower spatial resolution is used. It 
thereforee seems that where the dynamo was produced, the conditions were only just 
sufficient.. So it should not be surprising that it also only works in a narrow range 
off  the parameter Tf. A higher spatial resolution will be needed to obtain dynamo 
actionn in a less restricted range of parameter values. 

Rotation n 

Havingg managed to produce a working dynamo, we now investigate the effect on it 
off  net rotation, i.e. the parameter f2o, which appears through a Coriolis force added 
too the momentum equation. We find that rotation above a certain speed is able to 
stopp the dynamo from working. 
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Figur ee 5.6: Mean magnetic energy density against time, for runs with the following values 
off  r f / r s: 0.1 (solid line), 1.0 (dotted), 10 (dashed) and 100 (dot-dashed). The units of 
energyy density used are equal to the thermal energy density, and time is expressed in sound 
crossingg times rs. Only in a narrow range of Tf/-rs is the magnetic field maintained in a 
steady-state. . 
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Figur ee 5.7: Mean local Alfvén frequency CJA against time, for the same runs as in Fig. 5.6. 
U-'AA is expressed in units of the reciprocal of the sound crossing time. 

103 3 



ChapterChapter 5 A magnetic dynamo in a differentially rotating star 

- 11 L ' ' ' I 

- 66 ! _  I  I I  I  I I  I  I I  . I I I I  i . I  . I I  I I  I I I I  1 L _ J 

00 200 400 600 800 1000 1200 1400 
timee / T3 

F igu ree 5.8: Mean magnetic energy density against time, for runs with the following values 
off  AO/TB"1: 0 (solid line), 0.1 (dotted), 0.3 (dashed) and 1.0 (dot-dashed). The units of 
energyy density used are equal to the mean thermal energy density. Result: rotation kill s 
thee dynamo. 

Wee run the code as above, but with values of Q,Q which will put us into the il >̂ U>A 
regime:: {}Q/T~1 = 0.1, 0.3 and 1.0. Fig. 5.8 .shows the magnetic energy density as 
aa function of time, for these runs, as well as for the QQ = 0 run. It can be seen 
thatt when the rotation speed is above some certain threshold, the field, although 
stilll  wound up at first, decays again without reaching a steady state. This behaviour 
iss not fully understood. It is expected that rotation will slow the growth of the 
instability,, and will therefore increase the minimum unstable wavelength (Eq. (5.4)), 
whichh depends on diffusivity. This could mean that the field never becomes unstable. 

5.4.22 The stratified case 

Wee shall now look at the effect of stratification. The main result will turn out, to be 
thatt a self-sustaining magnetic field is much easier to create in the stratified case. 
Whereass in the non-stratified case, a self-sustained field was only produced within 
aa narrow range of parameters, with stratification the range of parameters is much 
wider.. Rotation does not destroy the dynamo, even when Q = A'. 

Theree are one or two other differences. The field builds up to saturation much more 
slowlyy - in the non-stratified case, saturation was reached over one or two Alfvén 
crossingg times (Alfvén crossing times at the initial field strength). In the stratified 
case,, it takes at least five times longer. Also, the field energy is much steadier: the 
fluctuationss do not seem to be as large. 
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Figuree 5.9: The means of Ö^/8TT (solid line) and B^/8TV (dotted line), in units of the 
thermall  energy density. The field, like in the non-stratified ca.se, is predominantly toroidal, 
althoughh here even more so (Fig. 5.2 is the equivalent graph for the N = 0 case). 

Fig.. 5.9 shows the toroidal and poloidal components of the magnetic energy, for 
aa run with N — T~ and 77 = 10rs. This shows that the energy in the toroidal 
componentt is around 30 times larger than that in the poloidal component, a larger 
differencee than in the absence of stratification (cf. Fig. 5.2). 

Ass in Sect. 5.4.1, we calculate an efficiency coefficient c (see Eq. (5.17)). This is 
plottedd in Fig. 5.10 for this stratified run. The value settles at around a value a littl e 
lowerr than that in the non-stratified case, at around 0.05. In this case, however, 
thee ratio D,p/D: is much greater (comparing Figs. 5.2 and 5.9), so we expect a lower 
efficiencyy e. The reason that the same value of e is measured despite a higher average 
off  the ratio D<p/Dz must have something" to do with the respective distributions as 
aa function of VJ of the vertical and azimuthal components of the field. 

Wee can try using other values of the driving-force time-scale Tf, to see how robust 
thee dynamo is. For these runs, we used a somewhat stronger initial magnetic field, 
wheree (3 = 103, as opposed to 105 as used in the previous runs. This helps to speed 
upp the initial evolution a little, but has no effect on the final steady state. 

Wee use values of Tf/rs of 1. 10 and 100. In this last case, the time-scale Tf is 
muchh greater than other relevant time-scales, which will also be the case in a real 
star.. The magnetic energy in these runs is plotted in Fig. 5.11. The self-sustaining 
fieldfield appears in all three cases, although the saturation field strength docs depend 
too some extent on the value of Tf. This in fact does reflect reality - the faster the 
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Figur ee 5.10: Efficiency coefficient e, as defined in Eq. (5.17). Stratified, non-rotating case. 
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Figuree 5.11: Mean magnetic energy density against time, for the stratified case. The three 
liness represent three values of the driving-force time-scale T(/TS: 1 (solid line), 10 (dotted) 
andd 100 (dashed). A self-exciting field is produced in all three cases. 
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Figuree 5.12: Mean magnetic energy density against time, for the rotating, stratified case. 
Thee three lines represent three values of the driving-force time-scale Tf/rs: 1 (solid line), 
100 (dotted) and 100 (dashed). A self-exciting Held is produced in all three cases, and an 
intriguingg oscillatory behaviour can be seen. 

differentiall  rotation is being driven, the stronger we expect the excited field to be. 

Wee have now looked at three cases: non-rotating non-stratified; rotat ing non-
stratified:: and non-rotating stratified. The fourth combination - rotat ing stratified 
(Q.(Q. ^> u)f\ and N ĝ> UJ,\) - wil l exist in almost the entire non-convective zone of 
almostt all stars, and is therefore the most interesting to us. To be sure that we are 
inn this regime, we shall set both N and f2rj to the reciprocal of the sound-crossing 
t ime,, i.e. to r~l. 

I tt is found that the self-sustaining field is still produced, unlike when rotation was 
addedd to the non-stratified case. The field produced is of comparable strength to 
thatt produced when rotation is absent, but oscillates in a seemingly regular fashion. 
Thee mean values of B<j> and Bz go from positive to negative, and back again. We 
saww something like this in Sect. 5.4.1, but there, the reversal of the field was a more 
chaoticc process with, one presumes, no regular period. Fig. 5.12 is the rotat ing 
equivalentt of Fig. 5.11. Except at the highest value of TJ-, the field energy can be 
seenn to jump up and down in a regular way. 

Thesee oscillations appear similar to oscillations observed in nature: the regular 
oscillationn in this stratified case resembles the 22-year solar cycle, whilst the chaotic 
fieldfield reversal in the non-stratified case has something in common with the Earth 's 
magneticc field, whose polarity is reversed periodically, but irregularly. 
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5.55 Discussion and Conclusions 

Wee have constructed a dynamo which feeds off differential rotation only, and not 
fromm any imposed small-scale velocity field. The toroidal (azimuthal) component 
off  the field is produced from the winding-up of the existing poloidal (meridional) 
component.. This toroidal field is unstable, and produces, as a result of its decay, 
aa new poloidal component, which can then be wound up itself - in this way, the 
'dynamoo loop' is closed. A weak seed field is amplified in this way until a certain 
saturationn level is reached, at which the field is being wound up by differential 
rotationn at the same rate as it is decaying through its inherent magnetohydrodynamic 
instability. . 

Thiss dynamo is therefore fundamentally different from the traditional convection-
poweredd dynamo, in which a non-magnetic instability creates a small-scale velocity 
fieldd which bends the toroidal held, creating a poloidal component, which is wound 
upp into toroidal again by the differential rotation. 

Thee dynamo found here is, in this sense, similar to the dynamo found in accretion 
discss {Hawley et al. 1996) which is powered by the gradient in il in the radial direc-
tion,, not requiring any hydrodynamic turbulence but producing its own 'turbulence' 
fromm the instability in the magnetic field itself. 

Theree is an important difference, however, between this dynamo and both the 
conveetivee dynamo and the accretion-disc dynamo. In the convective zone of a star, 
thee energy which drives the dynamo comes, indirectly, from the nuclear energy being 
released.. In an accretion disc, the energy comes from the orbital motion, which comes 
fromm the accretion of matter itself. In a differentially rotating star, on the other hand, 
thee energy available to power a dynamo is limited. If differential rotation is destroyed 
byy a magnetic field, the energy source is gone, and we have to wait until some change 
iss brought about by the evolution of the star to see the dynamo in action again. How 
quicklyy the differential rotation is likely to be destroyed depends on various factors, 
butt it is likely to happen on a time-scale much shorter than the stellar lifetime, and 
itt and this time-scale over which differential rotation is driven. This would explain 
thee uniform rotation of the solar core, for example. 
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Hoofdstukk 6 

Samenvatting g 

Hett hoofdthema van dit proefschrift is de stabiliteit en instabiliteit van magnetische 
veldenn in sterren. Dit zijn in feite twee verschillende onderwerpen. In de eerste plaats 
gaatt het om zgn. 'magnetische sterren*: sterren van verschillende typen die gemeen 
hebbenn dat ze een sterk magneetveld bezitten, dat niet of maar zeer langzaam ve-
randert.. De belangrijkste theoretische vraag bij deze sterren is welke magnetische 
konn figuratie in zo'n ster deze hoge mate van stabiliteit mogelijk maakt. Daarnaast 
hebbenn ook de overige 'normale' sterren misschien magneetvelden in hun inwendige; 
ditt zou bijvoorbeeld de eigenaardig uniforme rotatie van het zonsinwendigc verk-
laren.. Een tweede deel van dit proefschrift behandelt een mechanisme waardoor 
zulkee velden opgewekt kunnen worden door de differentiële rotatie van een ster. In 
tegenstellingg tot de eerste klasse zijn dit sterk variabele en zwakkere velden, die in 
hett algemeen niet aan het oppervlak zichtbaar zijn, maar wel van groot belang voor 
dee ontwikkeling van een ster. 

Magnetischee sterren 
Inn het tijdperk waarin de niagiietohydrodynamiea ontwikkeld werd, rond het mid-

denn van de twintigste eeuw, werden ook magnetische velden in Ap-sterren ontdekt. 
Naa de zon waren dit de eerste sterren waarin magnetische velden gevonden werden. 
Vanzelfsprekendd trokken deze sterren de aandacht als een bijzondere gelegenheid de 
nieuwee theorie te testen. De aard en oorsprong van hun magnetische velden is daar-
doorr een van de belangrijkste onderwerpen in de studie van kosmische magnetische 
velden.. Om deze reden ligt de nadruk in dit proefschrift dan ook op Ap sterren. 

Err zijn twee concurrerende verklaringen voor de Ap-velden: het dynamo model en 
hett 'fossiele vekT-model. Beide werden oorspronkelijk ontworpen ter verklaring van 
hett magneetveld van de zon, en daarna voor Ap-sterren aangepast. In het dynamo 
modell  is het aan het oppervlak waargenomen veld een manifestatie van een in de 
convectievee kern opgewekt veld; in het fossiele-veld model is het een overblijfsel van 
eenn magneetveld dat bij het ontstaan van de ster aanwezig was. Voor deze laatste 
theoriee is het natuurlijk noodzakelijk dat het magneetveld stabiel is. Het gebrek aan 
eenn voorbeeld van zo'n stabiel veld is het voornaamste struikelblok voor deze theorie 
geweest.. Een willekeurige veldconfiguratie is in het algemeen instabiel en vervalt in 
eenn korte tijd, van de orde van de looptijd van een Alfvén-golf door de ster, zeer 
kortt in vergelijking met de leeftijd van een ster. De stabiliteit van verschillende 
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veldconfiguratiess is onderzocht, maar reeds de vluchtigste blik op de literatuur laat 
zienn dat het, helaas, veel makkelijker is instabiele velden te vinden dan de stabiliteit 
vann een bepaalde aannemelijk ogende configuratie te bewijzen. 

Terwijll  het debat over de oorsprong van de magneetvelden van Ap-sterren in volle 
gangg was. werden magneetvelden van soortgelijke geometrie en totale flux in een 
aantall  witte dwergen gevonden. Dit was een sterke steun voor de fossiele-veld hy-
pothese,, aangezien deze sterren geen convectieve kern hebben. Strikt genomen hoeft, 
zelfss als het veld in een witte dwerg een fossiel veld is, dit nog niet te betekenen dat 
hett veld van een Ap-ster ook fossiel is. Maar door de ontdekking van magnetische 
wittee dwergen kreeg de fossiele hypothese een sterke steun. 

Meerr recent zijn fossiele velden ter sprake gebracht in de context van het zgn. mag-
netarr model, als een mogelijkheid om de intense Röngenstraling van bepaalde neutro-
nensterrenn ter verklaren. Net als in witte dwergen is er geen bekend dynamo-process 
inn neutronensterren, en de waarnemingen wijzen op een zeer sterk magneetveld dat 
opp een tijdschaal van 10;ï - 104 jaar vervalt. Dit veld moet dus ook dynamisch sta-
biell  zijn, aangezien een instabiel veld in een neutronenster binnen enkele seconden 
zouu vervallen. Dynamische stabiliteit is noodzakelijk tenzij de vaste korst van de 
neutronensterr in staat is een overigens instabiel veld te stabiliseren. 

Dee magnetische A-sterren 
Eenn klein percentage van de A-sterren {nauwkeuriger: sterren van speetraaltype B8 
tott FO) wordt als Ap geklassificieerd. De geschiedenis van deze sterren begon meer 
dann een eeuw geleden, toen Maury (1897) opmerkte dat het spectrum van a2CVn 
(eenn van de helderste sterren van de klasse, met magnitude 2.9) zeer ongewoon en 
variabell  was. Pas met de ontdekking van een magnetisch veld door Babcock (1947) 
begonn de oorzaak van dit bijzondere spectrum duidelijk te worden. All e Ap-sterren 
blekenn een sterk magneetveld te hebben, van enkele honderden tot tienduizenden 
Gausss (meerdere Tesla). De variabiliteit van het spectrum en de veldsterkte blijken 
hett gevolg van de rotatie van de ster: het oblique rotator model, voor het eerst 
vernieldd door Babcock (in 1949, hij verwierp deze verklaring overigens meteen). De 
spectralee bijzonderheden werden verklaard door de invloed van het magneetveld op 
dee diffusie van ionen van verschillende elementen. 

Complicatiess bij de bepaling van de magnetische veldsterkte in Ap-sterren zijn de 
Doppler-verbredingg van de spectraallijnen en het feit dat het waargenomen spectrum 
eenn gemiddelde is over het zichtbare deel van het oppervlak. Met polarimetrie kan 
menn echter een aantal karakteristieke grootheden bepalen die een goede diagnostiek 
mogelijkk maken. Het makkelijkst te meten is het zogenaamde longitudinale veld, 
hett gemiddelde van de veldcomponent langs de gezichtslijn. Als de ster langzaam 
roteertt (zodat de Dopplerverbreding klein is), is soms de splitsing van de spectraal-
lijnenn in hun Zeeman-componenten zichtbaar. In dit geval kan ook de Lveldrnodulus\ 
eenn gemiddelde van jB|, bepaald worden. Door deze twee grootheden te meten als 
functiee van de draaiingshoek van de ster kan de veldverdeling over het oppervlak 
gereconstrueerdd worden (althans van het deel dat van de aarde zichtbaar is), on-
derr bepaalde "regulariserende' aannamen over deze veldverdeling. Als bijvoorbeeld 
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aangenomenn wordt dat het veld alleen dipool- en qnadrupool-componenten bevat, 
kunnenn de waarnemingen gereconstrueerd worden in termen van de parameters van 
hett model (namelijk de dipool- en quadrupoolsterkten en -oriëntaties). 

Diversee modellen zijn op deze manier getest; in het algemeen is het resultaat dat 
hett veld door een dipoolkomponent wordt gedomineerd, met kleinere bijdragen van 
hogeree orden. 

Eenn paar eigenschappen van Ap-sterren die ook nog niet verklaard zijn: 

•• Ap-sterren roteren in het algemeen langzamer dan normale A-sterren: ze hebben 
periodenn van ca. 1 dag tot meer dan 10 jaar, in vergelijking met typische ro
tatieperiodenn van een paar uur tot een dag voor normale A-sterren. 

•• Een iets minder zekere waarneming is dat Ap-sterren gemiddeld iets verder 
geëvolueerdd lijken dan de gemiddelde A-ster, ca. 30% van hun leeftijd op de 
hoofdreekss verder. 

Ditt proefschrift levert o.a. een verklaring voor deze laatste waarneming. 

Fossiell  veld of convectieve dynamo? 
Err zijn twee mogelijke redenen voor het magneetveld van deze sterren. Het kan 
continuu opgewekt worden door een dynamo-process in de kern van de ster (A-sterren 
hebbenn een kleine convectieve kern): dit is het convectieve-kern. model, naar analogie 
vann het magneetveld van de aarde. De andere mogelijkheid is dat de ster bij z'n 
geboortee reeds magnetisch was en het veld op een of andere manier kans heeft gezien 
sindsdienn te overleven; dit is het fossiele veld model. Een beslissing tussen deze twee 
modellenn is sinds hun formulering een halve eeuw geleden uitgebleven. De grootste 
problemenn voor het dynamo-model vormen de afwezigheid in de waarnemingen van 
eenn duidelijke correlatie tussen de veldsterkte en de rotatieperiode, het ontbreken van 
eenn model voor het verband tussen het veld in de kern en het aan de oppervlakte 
waargenomenn veld, en de vraag waarom maar een klein deel van overigens identieke 
sterrenn een magneetveld heeft. Het laatste is overigens ook een vraag voor de fossiele 
hypothese.. De belangrijkste vraag voor de fossiele theorie is echter de onzekerheid of 
err wel een magnetische evenwichtsconfiguratie bestaat die zo lang stabiel kan blijven. 

Eenn sterkere aanwijzing dat het antwoord op deze vraag positief is zijn de magne
tischee witte dwergen. In rond de 5% van de enkele witte dwergen is een magneetveld 
gedetecteerd,, met sterkten van ca. 105 Gauss tot bijna 10° G. Men denkt om ver
schillendee redenen dat deze door evolutie van Ap/Bp-sterren kunnen zijn ontstaan, 
o.a.. op grond van hun aantal, en de waargenomen veldsterkten. Als de kern van een 
Ap-sterr op de hoofdreeks, met een veld van 3000 G, tot een witte dwerg contraheert 
mett behoud van magnetische flux, neemt de veldsterkte toe tot ongeveer 3 107 G, 
eenn typische waarde voor magnetische WDs. Dezelfde vraag: fossiel of dynamo-veld 
kann hier gesteld worden, behalve dat witte dwergen geen convectieve kernen hebben. 
Eenn goed alternatief voor de fossiele hypothese is er voor witte dwergen dus niet. 

Magneetveldenn zijn nu ook bekend in andere stertypen dan de Ap sterren. Zo zijn 
err bijvoorbeeld recentelijk dipool-achtige velden gedetecteerd in hoofdreeks B- en O-
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sterren,, en het is bekend dat neutronensterren sterke magneetvelden hebben. Maar 
hett veld van een neutronenster kan, tot een zekere maximale veldsterkte, in de vaste 
korstt verankerd zijn. Neutronensterren zijn dus niet zonder meer een argument voor 
off  tegen het bestaan van stabiele veldconfiguraties in sterren in het algemeen. 

Opp het eerste gezicht lijk t het opmerkelijk dat een fossiel magneetveld lang in een 
sterr kan bestaan. Hiervoor is het noodzakelijk dat het stabiel is. Het is echter ingebed 
inn een vloeistof die in alle richtingen kan bewegen, in tegenstelling tot laboratorium-
veldenn die door vaste wanden op hun plaats gehouden worden. Stabiliteit in de 
radiëlee richting van een ster is wel aannemelijk, vanwege de stabiele gelaagdheid van 
dee ster (onder invloed van de zwaartekracht), maar in de twee horizontale richtingen 
levertt de stratificatie geen enkele stabiliteit. 

Err is nog een ander interessant argument voor de mogelijkheid van stabiele velden 
inn sterren. Magnetische heliciteit, een globale grootheid gevormd door de integraal 
vann de het inprodukt van veldsterkte en vektorpotentiaal, is een behouden grootheid 
zolangg het veld ingebed is in een perfect geleidend medium. Gezien het zeer hoge 
geleidingsvermogenn van het plasma in een sterinwendige kan een daar aanwezig veld 
niett zonder meer zijn heliciteit verliezen, ongeacht hoe stabiel of instabiel. Als het 
zijnn heliciteit niet kan verliezen, kan het niet verder vervallen dan de laagste en-
ergietoestandd met dezelfde heliciteit. Hoewel magnetische heliciteit in de praktijk 
geenn absoluut behouden grootheid is, blijk t dit argument toch een belangrijke rol te 
spelenn bij de interpretatie van de resultaten van de berekeningen in dit proefschrift. 

Analytischh werk heeft onafhankelijk van dit argument geleid tot het vermoeden 
datt er stabiele configuraties zijn met ongeveer even sterke poloidale en toroidale veld-
componenten,, en deze hebben een hoge heliciteit. Soortgelijke configuraties worden 
toegepastt in f visiereactors. Van eenvoudiger velden zonder heliciteit, zoals zuiver 
poloidalee en zuiver toroidale velden, is sinds ca. 30 jaar bekend dat ze in sterren 
altijdd instabiel zijn. 

Err zijn dus twee belangrijke vragen te beantwoorden: of stabiele veldconfigu-
ratiess bestaan, en zo ja of er een plausibele ontwikkelingsweg naar zulke configuraties 
bestaat.. Beide problemen worden in dit proefschrift aangesproken. 

Instabilitei tt  van toroidal e velden 
Dee magneetvelden van Ap-sterren zijn zo sterk dat de magnetische krachten de 

sterr in een toestand van uniforme rotatie kunnen houden. Als het magneetveld van 
eenn ster bij zijn ontstaan echter zwak genoeg is, kan het omgekeerde het geval zijn: 
eenn toestand van differentiële rotatie kan blijven bestaan zolang het magneetveld 
zwakk is. Mogelijke oorzaken voor differentiële rotatie zijn impulsmomentverlies door 
eenn sterwind, en verandering van de traagheidsmomentsverdeling in de ster door 
evolutie. . 

Hoofdstukk 5 houdt zich bezig met de ontwikkeling van zwakke magneetvelden in 
zo'nn differentieel roterende ster. De eerste stap in dit process is het 'opwikkeleif 
vann magnetische vcldlijnen. De veldlijnen zijn door het hoge elektrische geleid-
ingsvermogenn van de ster 'ingevroren'. Een veldlijn die twee punten verbindt die 
opp verschillende afstand van het centrum van de star liggen, wordt uitgerekt doordat 
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dee differentiële rotatie de twee punten van elkaar weg beweegt. Dit produceert een 
veldcomponentt in de richting van de rotatie, dus in azimuthale richting. Aangezien 
dee rotatieperiode van een ster zo kort is in vergelijking met zijn leeftijd, kan zo 
heell  snel een sterk azimut haal veld in de ster ontstaan. Ook als het beginveld heel 
zwakk is, kunnen daardoor de magnetische krachten toch snel van belang worden. Er 
iss om te beginnen dus reden magnetische instabiliteiten te onderzoeken die in een 
hoofdzakelijkk azimuthaal gericht veld kunnen optreden. 

Hett is mogelijk een magnetische evenwichtsconfiguratie in een ster te ontwerpen 
bestaandee uit een zuiver toroidaal veld, B = Be<p waar ê  een eenheidvektor in de 
azimuthalee richting is ten opzichte van een as door het centrum van de ster. Het is 
bekendd door het werk van o.a. Tayler en van Acheson dat zo'n veld instabiel is op een 
tijdschaall  van de orde van de van de tijd die een Alfvéngolf nodig heeft rond de ster 
tee lopen. Dit is zeer kort in vergelijking met de leeftijd van een ster (in de orde van 
eenn jaar voor een veldsterkte van 1000 G). De instabiliteit is globaal in de azimuthale 
richting;; meestal zijn alleen lage azimuthale golfgetallen instabiel, in de eerste plaats 
mm — 1. In Fig. 2.1 is de vorm van deze instabiliteit geschetst: het gas verplaatst 
zichh hoofdzakelijk in horizontale richting, aangezien daardoor de energieverliezen 
doorr arbeid tegen de zwaartekracht geminimaliseerd worden, en de divergentie van 
hett verplaatsingsveld is minimaal zodat arbeid tegen de drukkrachten gering is. In 
Hoofdstukk 2 wordt de aard van deze instabiliteit {die we hier 'Tayler instabiliteit' 
noemen)) met numerieke middelen in enig detail onderzocht. Doel daarbij was de 
resultatenn van analytische methoden te verifiëren, en vast te stellen of er eventueel 
nogg andere instabiliteiten zijn die door deze methoden over het hoofd gezien worden. 
Tevenss dienen deze berekeningen ook als test voor de toepasbaarheid van de gebruikte 
numeriekee methode voor de overige berekeningen in dit proefschrift. 

Eenn door  differentiële rotati e aangedreven dynamo 
Hett idee dat een magnetisch veld opgewekt kan worden door bewegingen in een 
elektrischh geleidend voorwerp is niet nieuw; het werd in astrofysische context voor 
hett eerst toegepast, in de eerste helft van de vorige eeuw, om het magneetveld van 
zonnevlekkenn te verklaren. De suggestie was dat het veld van de zon opgewekt 
wordtt door samenwerking van twee snelheidsvelden: de differentiële rotatie en de 
convectievee bewegingen in de convectiezone. 

Ditt type dynamo is reeds een halve eeuw lang het onderwerp van een zeer uit-
gebreidee literatuur, en misschien vanwege de aldus historisch bepaalde associatie 
vann dynamos met convectie in sterren is er weinig onderzoek uitgevoerd naar dy-
namoss in niet-convectieve zones van een ster. Naast het grootschalige snelheidsveld 
vann de differentiële rotatie is voor een dynamo-proces nog een tweede (kleinschalig) 
snelheidsveldd nodig; in het bovengenoemde geval wordt dit geleverd door convectie. 
Eenn dynamoproces is echter ook mogelijk met alleen het grootschalig snelheidsveld 
vann de differentiële rotatie, wanneer kleinschalige verstoringen door het magneetveld 
zelff  geleverd worden. Dit is het geval als het magneetveld, geproduceerd door op-
wikkelingg van veldlijnen door het grootschalige snelheidsveld, instabiel is. Er hoeft 
dann geen beroep gedaan worden op een andere, externe, instabiliteit zoals convec-
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tie.. Dit principe is voor het eerst door Hawley en anderen gedemonstreerd in de 
contextt van akkretieschijveu, en is de basis voor een model van Spruit voor een 
dynamoprocess in een differentieel roterend ster inwendige. Het veld blijf t in dit pro-
cess voornamelijk toroidaal, is daarbij onderhevig aan verval door Taylerinstabiliteit 
(hierbovenn beschreven), maar wordt voortdurend geregenereerd door opwikkelen van 
dee onregelmatigheden in het veld die door de instabiliteit ontstaan. 

Eenn door differentiële rotatie aangedreven dynamo kan van belang zijn, niet alleen 
alss bron van een magnetisch veld, maar vooral ook voor de interne rotatie van de 
ster.. De magnetische krachten transporteren impulsmoment, en een dynamoproces 
datt door differentiële rotatie aangedreven wordt kan verschillen in rotatiesnelheid veel 
snellerr uitwissen dan door de viscositeit van het plasma mogelijk is. Een magneetveld 
lijk tt bijvoorbeeld verreweg de meest plausibele verklaring voor de waargenomen, 
bijnaa uniforme, rotatie in de kern van de zon. 

Dee veldsterkte die door zo n dynamo proces geleverd wordt hangt af van de balans 
tussenn het verval van het toroidale veld en het opwikkelen van onregelmatigheden in 
hett veld. Dit evenwicht kan met seen ar io-acht ige modellen slechts heel onbetrouw-
baarr beschreven worden. Op z'n minst is een demonstratie nodig dat een dynamocy-
cluss zoals in dit scenario voorgesteld inderdaad mogelijk is. Dit is de motivatie voor 
dee numerieke simulaties die in hoofdstuk 5 van dit proefschrift worden beschreven. 

Magne ta rs s 
Hett magnetarmodel is uitgevonden om het gedrag van een kleine klasse van Rönt-

gensterrenn in ons melkwegstelsel te verklaren. Er zijn vier objecten met een continue 
Röntgenhelderheidd van 1035 - 1036 erg/s, die tevens uitbarstingen vertonen die in de 
ordee van een minuut duren. Dit zijn de soft gamma repeaters (SGRs). Een tweede 
groepp van zes objecten, de anomalous X-ray pulsars (AXPs) lijk t vrijwel identiek 
aann de SGRs, behalve dat ze geen uitbarstingen hebben. Men neemt aan dat het 
rustendee of uitgebluste SGRs zijn. 

Dee uitbarstingen zijn bijna altijd zeer helder (ca. 1042 erg/s), in twee objecten zijn 
buitengewonee uitbarstingen waargenomen tot 4 1044 erg/s. Een vrijwel strikte peri-
odiciteitt van helderheidsvariaties in AXPs en SGRs wordt als rotatieperiode geïnter-
preteerd,, variërend van 2 tot 12 s. Een langzame toename van deze rotatie periode 
kann gemeten worden; de verhouding hiervan tot de periode zelf levert, net als in 
gewonee radio-pulsars, een maat voor de ouderdom van de ster, de karakteristieke 
'afremtijd'.. De waarden variëren van 10'*  tot 10;j jaar. 

Dee associatie van de objecten met jonge supernova-res ten suggereert dat het jonge 
neutronensterrenn zijn. De betrekkelijk snelle verandering van hun rotatieperioden 
wijstt er op dat ze een zeer sterk magnetisch veld hebben, met aan hun oppervlak een 
dipoolkomponentt van de orde van 1015 G. Een veld van die sterkte, in een volume 
alss dat van de neutronenster, bevat genoeg energie, in de orde van 104' erg, om 
dee waargenomen Röntgenhelderheid te leveren voor een tijd van de orde van de 
waargenomenn ouderdom van de ster. Het verlies aan rotatieenergie door afremming 
is.. ter vergelijking, hiervoor een factor 100 te klein (dit in tegenstelling tot klassieke 
radiopulsars,, zoals bijvoorbeeld de Cral>pulsar). 

114 4 



Hett model dat AXPs en SGRs als neutronensterren interpreteert waarvan de stra-
lingsenergiee geleverd wordt door verval van een zeer sterk magneetveld is 10 jaar 
geledenn door Thompson en Duncan voorgesteld. De energie die ontstaat door een 
(aangenomen)) langzaam verval van het magnetische veld, verhit het inwendige (en 
deelss ook de atmosfeer); dit levert in dit model de continue Röntgenstraling. Mag-
netischee energie kan ook plotseling vrijkomen als de Lorentzkrachten sterk genoeg 
zijnn om de vaste korst te breken. Als delen van de korst door deze krachten ten 
opzichtee van elkaar verdraaien worden de veldlijnen in de atmosfeer ook verdraaid. 
Ditt betekent dat er sterke elektrische stromen door de ijl e atmosfeer lopen. De resul-
terendee verhitting produceert een 'vuurbol' die we als Röntgenuitbarstiiig waarne-
men. . 

InIn hoofdstuk 4 worden numerieke simulaties beschreven waarmee veldconfiguraties 
zoalss in hoofdstuk 2 gevonden, toegepast worden op het magnetar model. Anders 
dann in het geval van de Ap-sterren wordt daarbij het magneetveld aan het oppervlak 
vastgehouden,, als in de vaste korst van een neutronenster, en wordt onderzocht 
welkee spanningen in de korst ontstaan als het magneetveld langzaam naar buiten 
diffundeert. . 

Samenvattingg van de belangrijkst e resultaten van dit proefschrift 

•• Uit een magneetveld in een willekeurige begintoestand blijft in het algemeen 
eenn eindige, stabiele configuratie van lagere energie over, in de vorm van een 
toruss met poloidale en toroidale componenten van vergelijkbare sterkte. Dit 
lijktt de enig voor een ster toegankelijke stabiele configuratie te zijn. 

•• Deze ontwikkeling kan begrepen worden in termen van de magnetviche htliciteit 
vann de configuratie, een globale grootheid die bij benadering behouden blijft. 
Dee (toevallig aanwezige) heliciteit van de begintoestand bepaalt de sterkte van 
dee stabiele eindtoestand. Als de aanvankelijke heliciteit nul is, vervalt het veld 
volledig. . 

•• Dit stabiele veld diffundeert langzaam naar buiten. Daarbij neemt de veld
sterktee aan het oppervlak toe. Dit past goed bij de waarneming van Hubrig et 
al.. (2000a) dat Ap-sterren gemiddeld iets boven de hoofdreeks liggen. 

Doorr deze resultaten is de fossiele-veldhypothese voor het magneetveld van Ap-
sterrenn en magnetische witte dwergen zeer aannemelijk geworden. De berekeningen 
doenn een voorspelling voor het gedrag van het magneetveld op langere tijdschalen: 

•• Het naar buiten diffunderende veld begint zich na enige tijd te vervormen. Het 
ontwikkeltt daarbij aan het oppervlak hogere multipoolkoniponenten. wordt 
instabiell en vervalt daarna snel. In deze fase gaat de magnetische heliciteit 
verlorenn door reconnectie in de atmosfeer van de ster. 

Eenn toepassing van deze berekeningen op een nauw verwant probleem: 
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•• Als een neutronenster een stabiele torus bevat op het moment dat de vaste 
korstt zich vormt, bouwen zich door diffusie van dit veld schuifspanningen in de 
korstt op. Als deze de breeksterkte van de korst bereiken veroorzaken ze ver
schuivendee verplaatsingen zoals door Thompson en Duncan voorgesteld werden 
alss model voor de uitbarstingen van SGRs. 

Tenslottee werd nog een heel andere klasse van magneetvelden in sterren onderzocht: 

•• Met numerieke MHD-simulaties werd de instabiliteit van toroidale magneetvelden 
inn sterren (Tayler instabiliteit) onderzocht; daarbij werden analytische resul
tatenn betreffende instabiliteitscondities en groeisnelheden geverifieerd. 

•• Met driedimensionale MHD simulaties van een differentieel roterend sterin-
wendigee werd het bestaan aangetoond van een dynamo-proces in stabiel gelaagde 
zoness van sterren. In tegenstelling tot dynamo's in convectieve gebieden is voor 
ditt zelf-opgewektc magneetveld geen ander snelheidsveld nodig dan de differ
entiëlee rotatie. 
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