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Appendix B

Turing Completeness I/O
Automata

To show the Turing completeness of I/O automata we will show that any
computation which can be performed by a Turing-Machine can be performed
by an I/O automata. It is important to note that I/O automata are not
Turing equivalent in the general case as they have no restrictions on com-
putability for the individual steps of the I/O automaton.

Definition B.0.1 A non-deterministic Turing Machine (TM) is defined in
the usual way by a 7-tuple:

Ti = (Qturing,Σ,Γ, δ, q0turing, B, F )

Here i is the index of the machine, Qturing is a set of finite states, Σ a set
of finite input symbols, Γ the complete set of tape symbols (Σ ⊆ Γ), δ the
transition function, q0 the start state, B the blank symbol and F ⊆ Q the
set of accepting states. Furthermore we refer to the set of all possible tapes
with all possible head positions as Tapes.

Definition B.0.2 An input/output automaton is denoted by a tuple A =
(S,Q,Q0, T,∼) where

• S is an action signature consisting of input- internal- and output-
actions

• Q is a set of states

• Q0 ⊆ Q is a nonempty set of start states

• T ⊆ Q×S ×Q is a set of transitions, with the property that for every
state q′ ∈ Q and all input action π there is a transition (q′, π, q) in T

• ∼ is an equivalence relation, partitioning the set (Aout ∪ Aint) into at
most a countable number of equivalence classes
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144 APPENDIX B. TURING COMPLETENESS I/O AUTOMATA

We will use Q(A), Q0(A), T (A) and ∼ (A) as shorthand for the action sig-
nature set of states, start states, transitions and equivalence relation of au-
tomaton A. An equivalence class of internal actions (Aout∪Aint) consists of
actions under the control of one primitive component within the system be-
ing modeled. This means that in composition of automata the functionality
of each specific automaton can still be identified in the automaton repre-
senting the composition. The equivalence relation is used in the upcoming
definition of fairexecution.

An execution of an I/O Automaton is a finite or infinite sequence of
alternating states and actions which starts in a start state.

A state q is reachable if it is the final state of a finite execution. The no-
tion of execution can be reduced to the more interesting one of fairexecution
by demanding that in a final state no more actions are enabled.
A fairexecution of automaton A is defined as an execution α of A such
that the following conditions hold for each equivalence class C of ∼ (A):

• if α is finite, no action of C is enabled in the final state of α

• if α is infinite, either α contains infinitely many events from C, or α

contains infinitely many occurrences of states in which no action of C
is enabled.

A fairexecution ensures all internal and output actions of an automaton
can potentially be performed at some point during an (infinite)execution.
The use of the equivalence relation makes sure all primitive system compo-
nents get treated fairly regardless of the abstraction level of the automaton.
A finite execution of automaton A is considered a fair execution when its
final state A cannot perform anymore of its locally controlled actions.

The behavior beh(α) of execution α is the sequence of external actions in
α. This means only actions which are contained in input and output actions
of automata involved in the execution or schedule. A fairbehavior is the
sequence of external actions contained in a fairexecution.

Problems to be solved by I/O Automata are formally represented by a
behavior, an arbitrary set of (finite or infinite) sequences of external actions.
An I/O Automaton A is said to solve a problem P when fairbehaviors(A) ⊆
P . When this is achieved solely through finite fair behaviors A implements
P . An I/O Automaton has to have a non-empty set of fair behaviors, thus
preventing an I/O Automaton with no fair behaviors from solving all prob-
lems. Not only can a Problem P be implemented or solved by one automa-
ton, this can also be done by a set of automata. Even more general, the
set of automata A can implement or solve set of automata B if the fair
behaviors of A are a subset of B.

Theorem B.0.3 I/O Automata are Turing complete
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Proof: To show an I/O Automaton is Turing complete we will define an I/O
automaton At = (S,Q,Q0, T,∼) which emulates a Turing machine.

• the tape of the Turing machine is indexed as follows, the cell being read
in q0turing is given index zero moving the head to the left decreases
the index by one, moving it right increases by one.

• a state of At is an instantaneous description of Turing machine Ti, the
name of the current state the, index of the tape and the symbol at
that index, all index symbol pairs read sofar during execution.

• The set of all states Q corresponds to the set of all possible instanta-
neous descriptions of Ti

• the set of starting states Q0 correspond to the set of all possible instan-
taneous descriptions of Ti which contain a state in that is in q0turing.

• an action consists of writing a symbol and moving the tape head.

• The action Signature S = (Sin, Sint, Sout) where Sin one action a0 for
each state q0 ∈ Q0, where the action corresponds to what is defined
for q0turing. For each instantaneous description for which the starting
state q0turing of the Turing machine defines a symbol to be written and
a tape movement, a separate action exists in Sin.

• Sout contains all actions afinal which correspond to the writing of
a symbol and tape movement of accepting states F of the Turing
machine.

• Sint contains all actions ainternal which result in a state qresult ∈ (Q \
Qfinal) and are enabled by a state qenabled ∈ (Q \Q0).

• The transition relation T ⊆ Q × S × Q is such that for each possible
transition that is defined by δ of Ti there is a transition in T .

• the properties of the ∼ equivalence relation remain unchanged.

Due to the fact that each state is an instantaneous description of a Turing
machine and all transitions correspond to the δ of the Turing machine all
fair executions of At correspond to an of the Turing machine. All executions
of At end in a reachable state which contains an accepting state from F .
Thus proving an I/O automata can always be constructed which is equal to
any Turing Machine




