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COHOMOLOGY OF MODULI SPACES OF CURVES OF GENUS

THREE VIA POINT COUNTS

JONAS BERGSTRÖM

Abstract. In this article we consider the moduli space of smooth n-pointed
non-hyperelliptic curves of genus 3. In the pursuit of cohomological informa-
tion about this space, we make Sn-equivariant counts of its numbers of points
defined over finite fields for n ≤ 7. Combining this with results on the moduli
spaces of smooth pointed curves of genus 0, 1 and 2, and the moduli space of
smooth hyperelliptic curves of genus 3, we can determine the Sn-equivariant
Galois and Hodge structure of the (ℓ-adic respectively Betti) cohomology of
the moduli space of stable curves of genus 3 for n ≤ 5 (to obtain n ≤ 7 we

would need counts of “8-pointed curves of genus 2”).

1. Introduction

Inside the moduli space Mg,n of n-pointed smooth curves of genus g there is a
closed subset Hg,n consisting of the hyperelliptic curves. In the case of genus 3 we
denote the complement of this closed subset by Qn. In this article we will compute
the number of points over finite fields of this space for all n ≤ 7. On Mg,n we
have an action of the symmetric group Sn by permuting the n marked points on
the curves. To take this action into account we will be counting Sn-equivariantly.

There is cohomological information to be found from counting points over finite
fields. For instance, if the number of points over any finite field Fq of a smooth and
proper DM-stack is a polynomial in q, then the Galois and Hodge structures of the
(ℓ-adic respectively Betti) cohomology groups of the stack are determined by this
polynomial, see Theorem 2.1 in [5] by van den Bogaart-Edixhoven.

The moduli space Mg,n of n-pointed stable curves of genus g is a proper and
smooth DM-stack which contains Mg,n as an open part. For all n ≤ 5, the Sn-
equivariant count of points of Qn is found in Section 2 to be the only missing result
to make an Sn-equivariant count of points of M3,n. These counts are all found to
be polynomial (this is also true for Q6 and Q7) and hence we can apply a version of
the theorem above to M3,n for n ≤ 5. This theorem also gives the Sn-equivariant
Galois and Hodge Euler characteristic of M3,n for n ≤ 5. In Section 3 we present
our results for n = 6 and 7, formulated in terms of Galois Euler characteristics
of some natural local systems on M3. The results for n = 0 and 1 are the only
previously known ones, by the work of Looijenga in [14], and Getzler-Looijenga in
[11]. In the thesis [16] by Tommasi, the result for M3,2 is proved by a different
method.

The elements of Qn can be embedded into the projective plane as non-singular
quartic curves using their canonical linear system. An Sn-equivariant count of points
over a finite field k of Qn can then be achieved by finding, for each n-tuple of points
(p1, . . . , pn) in the plane that as a set is defined over k, the number of non-singular
plane quartics over k that pass through these points, see Section 5. The method
we will use to compute these numbers is presented in Section 6. We begin with the
linear subspace, of the P14(k) of all plane quartic curves defined over k, consisting
of the curves that pass through the points (p1, . . . , pn). We then add and subtract
subspaces of singular quartic curves that contain (p1, . . . , pn) using the sieve method.
That is, in such a way that in each step, more and more singular curves will have
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been removed precisely once. This procedure must be stopped at some point, due
to the quartics with infinitely many singularities. We will choose to do this already
after one step, see Section 6.1. All quartics with precisely one singularity will then
have been removed once. In Section 14 we compute the dimensions of the linear
subspaces that appear in this procedure. We then have to amend for the curves
with two or more singularities so that they also will have been removed precisely
once. The information necessary to do this is found in Sections 7 to 13, together
with Section 15. In the latter section we apply the same method as for the quartics
to the cubics, giving Sn-equivariant counts of points of M1,n for n ≤ 10. These
results are all in agreement with the work of Getzler [10], where the Sn-equivariant
Hodge Euler characteristic of M1,n is determined for any n.
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2. Cohomology of the moduli space of stable curves of genus 3

There is a stratification of Mg,n into pieces that are related to Mg̃,ñ for g̃ ≤ g
and ñ ≤ n + 2(g − g̃). Beginning with Sñ-equivariant counts of points defined
over a finite field (see Section 5) of all these moduli spaces Mg̃,ñ, we can get an

Sn-equivariant count of points of Mg,n using this stratification. If these counts,
when considered as functions of the number of elements of the finite field, are
polynomials, we obtain the Sn-equivariant Gal(Q̄/Q) and Hodge structure of the
(ℓ-adic resp. Betti) cohomology of Mg,n by Theorem 3.4 in [3]. Hence, using the
following Sn-equivariant counts of points:

⋆ M0,n for n ≤ 11, which is found in [13];
⋆ M1,n for n ≤ 9, which is found in Section 15;
⋆ M2,n for n ≤ 7, which is found in [2];
⋆ H3,n for n ≤ 5, which is found in [2];
⋆ Qn for n ≤ 5, which is found in this article,

which are all polynomial in the sense above, we get these results for M3,n for n ≤ 5.
By Theorem 3.4 in [3] we also get the corresponding results for M3,n for n ≤ 5, but
in terms of Euler characteristics.

The piece missing to go one step further is the S8-equivariant count of points
of M2,8. The Sn-equivariant computer counts of points over small finite fields, of
M2,n for all n, of Faber-van der Geer in [7] and [8], show that polynomiality fails
for n = 10, and their conjectural interpretation suggests that it holds for 8 and 9.

In the theorems below we give Sn-equivariant Hodge Euler characteristics (which
by purity are sufficient to conclude the Hodge structure) in terms of the Schur
polynomials and L, the class of the Tate Hodge structure of weight 2 in the Grothen-
dieck group of rational Hodge structures. The results for n = 0 and 1 can be found
in [11].

Theorem 2.1. The equivariant Hodge Euler characteristic of M3,2 is equal to

(L8 + 7L7 + 31L6 + 74L5 + 100L4 + 74L3 + 31L2 + 7L + 1)s2

+L(2L6 + 11L5 + 30L4 + 42L3 + 30L2 + 11L + 2)s12

Theorem 2.2. The equivariant Hodge Euler characteristic of M3,3 is equal to

(L9 + 9L8 + 50L7 + 157L6 + 277L5 + 277L4 + 157L3 + 50L2 + 9L + 1)s3

+L(4L7 + 33L6 + 120L5 + 228L4 + 228L3 + 120L2 + 33L + 4)s21

+L2(2L5 + 13L4 + 27L3 + 27L2 + 13L + 2)s13
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Theorem 2.3. The equivariant Hodge Euler characteristic of M3,4 is equal to

(L10 + 11L9 + 76L8 + 296L7 + 676L6 + 887L5 + 676L4 + 296L3 + 76L2 + . . .)s4

+L(6L8 + 63L7 + 305L6 + 762L5 + 1032L4 + 762L3 + 305L2 + 63L + 6)s31

+L(2L8 + 27L7 + 136L6 + 351L5 + 478L4 + 351L3 + 136L2 + 27L + 2)s22

+L2(9L6 + 69L5 + 202L4 + 288L3 + 202L2 + 69L + 9)s212

+ 2L3(L4 + 4L3 + 6L2 + 4L + 1)s14

Theorem 2.4. The equivariant Hodge Euler characteristic of M3,5 is equal to

(L11 + 13L10 + 105L9 + 500L8 + 1419L7 + 2397L6 + 2397L5 + 1419L4 + . . .)s5

+L(8L9 + 106L8 + 637L7 + 2043L6 + 3633L5 + 3633L4 + 2043L3 + . . .)s41

+L(4L9 + 66L8 + 444L7 + 1501L6 + 2734L5 + 2734L4 + 1501L3 + . . .)s32

+L2(20L7 + 202L6 + 793L5 + 1528L4 + 1528L3 + 793L2 + 202L + 20)s312

+ 2L2(6L7 + 61L6 + 244L5 + 474L4 + 474L3 + 244L2 + 61L + 6)s221

+L3(13L5 + 77L4 + 172L3 + 172L2 + 77L + 13)s213

+L4(L3 + 2L2 + 2L + 1)s15

3. Cohomology of local systems on M3 and Q

In this section the results for n = 6 and 7 will be given in terms of some natural
local systems. Define the local system V := R1π∗(Qℓ), where π : M3,1 → M3

is the universal curve. For every λ = (λ1 ≥ λ2 ≥ λ3 ≥ 0) we get an induced
local system Vλ from the irreducible representation of GSp(6) with highest weight
(λ1−λ2)γ1 +(λ2−λ3)γ2 +λ3γ3−|λ|η, where γi are suitable fundamental roots and
η the multiplier representation. Making Sñ-equivariant counts of points of M3,ñ

over a finite field k, for all ñ ≤ n, is equivalent to computing the trace of Frobenius
on the compactly supported ℓ-adic Euler characteristic ec(M3 ⊗ k̄,Vλ), for every λ
with |λ| ≤ n, and where ℓ ∤ |k| (for more details see [10]). This works equally well
for V′

λ, the restriction of Vλ to Q, and in the following theorem we apply this to
weight 6 local systems, where we find a dependence upon the characteristic.

Theorem 3.1. Let k be a finite field with |k| = q, Q′ := Q⊗ k̄ and F the geometric
Frobenius. If we define ǫ to be −1 if char(k) = 2 and 0 if char(k) 6= 2, then:

λ Tr
(

F, ec(Q′,V′
λ)
)

λ Tr
(

F, ec(Q′,V′
λ)
)

λ Tr
(

F, ec(Q′,V′
λ)
)

(6, 0, 0) −q3 + q + 4 + ǫ (4, 1, 1) q4 − q3 − q2 (2, 2, 2) q2 + q + 2 + ǫ

(5, 1, 0) −2q2 + 2q + 1 (3, 3, 0) q5 + q

(4, 2, 0) −2q3 + 2q + 3 + ǫ (3, 2, 1) −q3 + q

Denote by K0(GalQ) the Grothendieck group of Gal(Q̄/Q)-modules.

Theorem 3.2. Let X
ρ
−→ Spec(Z) be a separated scheme of finite type and F an

ℓ-adic constructible sheaf on X. The trace of Frobenius on ec(X⊗F̄p,F), for almost
all (i.e., for all but a finite number of) primes p, determines ec(X ⊗ Q̄,F) as an
element in K0(GalQ).

Proof: The sheaf ρ!F is constructible and commutes with base change (cf. [15,
Thm. VI.3.2]), and thus the specialization morphism Hi

c(X ⊗ F̄p,F) → Hi
c(X ⊗

Q̄p,F) is an isomorphism for almost all primes p. Hence, for these primes, Hi
c(X ⊗

Q̄,F) is an unramified (ℓ-adic) Gal(Q̄/Q)-module and thus Frobenius elements are
defined up to conjugacy. By continuity and the Chebotarev density theorem (cf. [6,
Prop. 2.6]) we know that the trace of Frobenius for almost all primes determines
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the character of a Gal(Q̄/Q)-module. The character, in turn, determines the semi-
simplification of the module, i.e., as an element in K0(GalQ). Now apply the above
to ec(X ⊗ Q̄,F). �

Let us apply Theorem 3.2 to the push-down of Vλ to the coarse moduli space of
M3 for weight 6 and 7, where we add to Q the contribution of H3 in weight 6 (in
weight 7 it is 0) found in [2]. Note that the dependence upon characteristic does
not survive on M3, which is indeed proved in [4, Cor. 3.2].

Theorem 3.3. If q denotes the class in K0(GalQ) of the cyclotomic character
Qℓ(−1) then:

λ ec(M3 ⊗ Q̄,Vλ) λ ec(M3 ⊗ Q̄,Vλ)

(6, 0, 0) −q3 (7, 0, 0) −q3 − q2

(5, 1, 0) q2 − 2 (6, 1, 0) −3q3 + 5q + 2

(4, 2, 0) −q4 + q2 − q− 1 (5, 2, 0) 2q5 − q4 − 4q3 + 2q2 + 4q + 1

(4, 1, 1) −q4 + q2 − q (5, 1, 1) q5 − q4 − 2q3 + 4q2 + 6q + 2

(3, 3, 0) q3 + q2 (4, 3, 0) q5 − 2q4 − 3q3 + 2q2 + 3q + 1

(3, 2, 1) q6 − q4 + q3 + q2 − q − 1 (4, 2, 1) −q7 + 2q5 − 2q4 − 3q3 + 3q2 + 3q

(2, 2, 2) 1 (3, 3, 1) q8 + q5 − 2q4 − 2q3 + 2q2 + 3q + 1

(3, 2, 2) −q7 + q6 + 2q5 − q4 − q3

4. Preliminaries

Notation 4.1. We will use the notation λ = [1λ1 , . . . , νλν ] for the partition where
i appears λi times, of the positive integer |λ| =

∑ν
i=1 i · λi. The number |λ| will be

called the weight of the partition λ and we will consider the empty set to be the
only partition of weight 0.

Definition 4.2. For a partition λ = [1λ1 , . . . , νλν ] put z(λ) :=
∏ν

i=1 λi! · iλi .

Notation 4.3. Let us fix a finite field k with q = pr elements. We denote by km a
degree m extension of k and by k̄ an algebraic closure of k.

Notation 4.4. Let X be a scheme defined over k. The absolute Frobenius, denoted
by F ′, is the morphism from X to itself which is the identity on the underlying
topological space and the q:th power morphism on the sheafs of rings. The morphism
F ′ × id, from Xk̄ := X ⊗k k̄ to itself, is called the k̄-linear Frobenius morphism.
It is indeed k̄-linear, and if Xk̄ is a non-singular irreducible projective curve it is a
morphism of degree p. Let φ be the automorphism of k̄ that sends a ∈ k̄ to aq ∈ k̄.
The geometric Frobenius will be denoted by F and it is the morphism from Xk̄ to
itself that is defined by id× φ−1.

Convention 4.5. The word “Frobenius” will refer to the geometric Frobenius.

Remark 4.6. Observe that even though schemes often will be defined over finite
fields, we always consider them over an algebraic closure of the finite field. By
remembering the Frobenius morphism we can still talk about its structure over the
finite field.

Since F is an automorphism, it induces an action on the subschemes of Xk̄.

Definition 4.7. Let X be a scheme defined over k. An n-tuple (p1, . . . , pn) of
distinct subschemes ofXk̄ is called a conjugate n-tuple if Fpi = pi+1 for 1 ≤ i ≤ n−1
and Fpn = p1. A |λ|-tuple (p1, . . . , p|λ|) of distinct subschemes of X is called a λ-
tuple if it consists of λ1 conjugate 1-tuples, followed by λ2 conjugate 2-tuples etc.
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Definition 4.8. For a partition µ, a set S of |µ| distinct subschemes of Xk̄ is called
a µ-set if there is a µ-tuple (p1, . . . , p|µ|) such that S = {p1, . . . , p|µ|}. If n is a

natural number, we will often write n-set instead of [n1]-set. Note that an n-set is
the same as a rational point of degree n.

Notation 4.9. If not stated otherwise, Greek letters will denote partitions and
Roman letters will denote natural numbers.

Remark 4.10. Let S be a set of subschemes, of a scheme Xk̄ defined over k, and
say that S is fixed by Frobenius, i.e. S = {Fs : s ∈ S}. Then S is a µ-set for a
unique partition µ of the number of elements of S.

Definition 4.11. For any scheme X defined over k, let X(λ) denote the set of
λ-tuples of points of X whenever |λ| > 0. For λ = ∅ we put X(λ) := {∅}.

Lemma 4.12. Let µ denote the Möbius function. For any scheme X defined over
k, the number of λ-tuples of points of X is equal to

(1) |X(λ)| =

ν
∏

i=1

λi−1
∏

j=0

(

(

∑

d|i

µ

(

i

d

)

· |X(kd)|

)

− i · j

)

.

5. Equivariant counts of quartic curves

Let us denote by Q̃n the coarse moduli space of Qn extended to k̄. By an Sn-
equivariant count of the number of points defined over k of Q̃n we will mean a
count, for each σ ∈ Sn, of the number of fixed points of F · σ acting on Q̃n. The
numbers |Q̃F ·σ

n | only depend upon the cycle type c(σ) of the permutation σ, which
is a partition we will often denote by λ. An Sn-equivariant count of points is called
polynomial if, for each σ ∈ Sn, there exists a polynomial fσ such that |Q̃F ·σ

n | = fσ(q)
for all but a finite number of characteristics of k.

Define Sσ to be the category of non-hyperelliptic genus 3 curves defined over k
together with marked points (p1, . . . , pn) on C defined over k̄, such that (F ·σ)(pi) =
pi for all i. The morphisms of Sσ are isomorphisms of the curves that respect the
marked tuples of points.

The points of Q̃n are isomorphism classes of n-pointed non-hyperelliptic genus 3
curves defined over k̄. If the pointed curve C is a representative of a point in Q̃F ·σ

n

there is an isomorphism from C to the pointed curve (F · σ)C. This isomorphism
gives a way of descending to an object of Sσ (see Lemma 10.7.5 in [12]). The number

of k̄-isomorphism classes of the category Sσ is therefore equal to |Q̃F ·σ
n |.

Fix an object (C, p1, . . . , pn) in Sσ. The sum, over all k-isomorphism classes
of n-pointed curves (D, q1, . . . , qn) that are k̄-isomorphic to (C, p1, . . . , pn), of the
reciprocal of the number of k-automorphisms of (D, q1, . . . , qn), is equal to 1 (see
[9] or Lemma 10.7.5 in [12]). This enables us to go from k̄-isomorphism classes to
k-isomorphism classes:

|Q̃F ·σ
n | =

∑

[Y ]∈Sσ/∼=k̄

1 =
∑

[Y ]∈Sσ/∼=k̄

∑

[X]∈Sσ/∼=k

X∼=k̄Y

1

|Autk(X)|
=

∑

[X]∈Sσ/∼=k

1

|Autk(X)|
.

Fix a curve C in Q(k) and let X1, . . . , Xm be representatives of the distinct k-
isomorphism classes of the subcategory of Sσ of elements (D, q1, . . . , qn) such that
D ∼=k C. For each Xi we can act with Autk(C). This gives an orbit lying in Sσ and
the stabilizer of Xi is equal to Autk(Xi). Together the orbits of X1, . . . , Xm will
contain |C

(

c(σ)
)

| elements (recall Definitions 4.7 and 4.11) and hence we obtain

|Q̃F ·σ
n | =

∑

[X]∈Sσ/∼=k

1

|Autk(X)|
=

∑

[C]∈Q(k)/∼=k

|C
(

c(σ)
)

|

|Autk(C)|
.
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Using the canonical divisor we can embed the curves of Q(k) as degree 4 curves
in the projective plane. After a choice of coordinates over k, each plane curve of
degree 4 over k can be represented by a point in the P14(k) of its coefficients. Let
Q(k) denote the subset of P14(k) consisting of non-singular curves.

The k-automorphisms of the curves in Q(k) are precisely given by the elements
of PGL3(k). This gives an action of PGL3(k) on Q(k) and the stabilizer of C in

Q(k) is thus equal to Autk(C). We can then conclude that |Q̃F ·σ
n | is equal to

∑

[C]∈Q(k)/∼=k

|C
(

c(σ)
)

|

|Autk(C)|
=

∑

[C]∈Q(k)/PGL3(k)

|C
(

c(σ)
)

|

|Stab(C)|
=

1

|PGL3(k)|

∑

C∈Q(k)

|C(c(σ))|.

This reduces the question of computing |Q̃F ·σ
n | to computing the number of λ-tuples

on each curve of Q(k). Or equivalently, to computing, for each choice of a λ-tuple
of points in the plane, the number of curves in Q(k) that pass through it.

6. The sieve principle

Definition 6.1. Let us from now on identify the space of plane degree 4 curves
defined over k with P14(k). For every λ-tuple P of points in the projective plane,
we define LP to be the linear subspace of P14(k) of curves that contain P .

Fix a λ-tuple P of points in the plane. We would like to find how many non-
singular quartic curves over k there are that contain P . We will begin this com-
putation with the use of the sieve principle, starting with the space LP and then
successively adding and removing loci of singular curves in such a way that in each
step, more and more singular curves will have been removed precisely once.

Definition 6.2. For any µ-set S of points in the plane, we denote by LP,S the
linear subspace of LP of curves that have singularities at the points of S.

The locus of singular curves in LP is the union of all linear spaces LP,S for every
m ≥ 1 and m-set S. We want to use the sieve principle to compute the number
of elements of this union. That is, sum the numbers (−1)i+1|LP,S1 ∩ . . . ∩ LP,Si

|,
for each i ≥ 1 and for each unordered choice of distinct sets S1, . . . , Si where Sj

is an mj-set. If this procedure terminates, every singular curve in LP will have
been counted exactly once. Hence, taking |LP | minus the resulting number gives
the number of non-singular curves in LP .

Note that, if S = S1 ∪ S2 for a λ-set S1 and a µ-set S2, then LP,S1 ∩ LP,S2 =
LP,S. Thus, to be able to use the sieve principle in this way we need only find the
dimensions of all linear spaces of the form LP,S .

Unfortunately, determining the dimension of all linear subspaces of the form LP,S

is not always easy. Moreover, in order to apply the sieve principle we need to know
that there is a number M such that LP,S is empty as soon as S consists of more
than M points. Since there are curves with infinitely many singularities, namely the
nonreduced ones, such a number M does not exist. Instead, we choose a number
M and define a modified sieve principle as follows.

Definition 6.3. Let P be a λ-tuple of points in the plane, and M a positive
integer. We define the modified sieve principle as the computation of the sum of
(−1)i+1|LP,S1 ∩ . . .∩LP,Si

| for each i ≥ 1 and for each unordered choice of distinct

sets S1, . . . , Si where Sj is an mj-set such that
∑i

j=1mj ≤M . Denote the resulting
number by sM,P .

We see that if we subtract sM,P from |LP |, then all curves with at most M
singularities will have been removed from LP exactly once.

Definition 6.4. Define UM,λ :=
∑

P (|LP | − sM,P ) where the sum runs over all
λ-tuples P of points in the plane.
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Thus, if we have computed UM,λ we need to amend for the curves with more
than M singularities in order to obtain the sum over all λ-tuples P of the number
of non-singular curves in LP .

Definition 6.5. For any partition µ of weight m > M and any partition λ, define
tλ,µ to be the sum over all choices of λ-tuples P and µ-sets S of the number of
curves that contain P and that have singularities at the points of S and nowhere
else.

In this definition we also allow µ to be an infinite partition, that is, of the kind
µ = [1µ1 , . . . , νµν , . . .].

Remark 6.6. If λ is fixed, the tλ,µ’s are nonzero only for a finite number of choices
of µ.

For every curve with more than M singularities we can easily find how many
times it would be removed or added when applying the modified sieve principle to
compute sM,P . We see that the multiplicity with which a curve with more than M
singularities is counted in the computation of sM,P is the same for all curves which
are singular exactly at a µ-set. Therefore, after adding a suitable multiple of tλ,µ to
UM,λ for each µ with |µ| > M , every singular curve will have been removed exactly

once from each space LP and hence we will have computed |Q̃F ·σ
n |.

6.1. The choice of M . There are two parts to the method to make Sn-equivariant
counts of Qn that was introduced above. For a partition λ, we should on the one
hand compute UM,λ and on the other tλ,µ for all µ with |µ| > M . The choice of M
is done by weighing the difficulty of these two parts.

We will choose M = 1 and make Sn-equivariant counts of the number of points
of Qn for n ≤ 7. Thus, we need to find the dimensions of LP,S for all λ-tuples P
and µ-sets S, where |λ| ≤ 7 and |µ| ≤ 1. This is carried out in Section 14. We also
need to compute tλ,µ when |λ| ≤ 7 and |µ| ≥ 2, which is done in Sections 7 to 13.
After having computed U1,λ we find that the singular curves have been removed
once for each singularity over k. This shows that

|Q̃F ·σ
n | =

1

|PGL3(k)|
(U1,λ +

∑

|µ|>1

(µ1 − 1) · tλ,µ) =

=
1

|PGL3(k)|

(

∑

P∈P2(λ)

(

|LP | −
∑

S∈P2([11])

|LP,S |
)

+
∑

|µ|>1

(µ1 − 1) · tλ,µ

)

.

7. The library of singular degree 4 curves

Convention 7.1. An irreducible curve in P2
k̄

of degree d = 1 (resp. d = 2, 3, 4)
will be called a line (resp. conic, cubic, quartic).

Definition 7.2. We define the type of a degree 4 curve over k to be given by the
following information:

⋆ degrees and multiplicities of the irreducible components;
⋆ over which fields the components are defined;
⋆ the number of singularities of each irreducible component;
⋆ the delta invariants δ of the singularities of each irreducible component;
⋆ over which fields the singularities of each irreducible component are defined;
⋆ the number of points in the inverse image, under the normalization mor-

phism, of each singularity of an irreducible component;
⋆ over which fields the points of the inverse images are defined;
⋆ in how many points every set of irreducible components intersect;
⋆ over which fields the intersection points are defined.
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In Sections 8 to 13 we will go through the different types of quartic curves with
a µ-set of singularities, when |µ| ≥ 2, and find sufficient information to compute
their contribution to tλ,µ when |λ| ≤ 7.

It follows from Definition 7.2 that knowing the type of a curve together with the
number of points over kn, for all n, of the normalization of each of its components,
is sufficient to compute its contribution to tλ,µ for any λ. A non-singular curve over
k of genus 0 is isomorphic to P1

k and |P1
k(kn)| = qn +1 for all n. Moreover, knowing

the intersection points of a conjugate m-tuple of non-singular genus 0 curves is
sufficient to conclude its number of points over any extension of k. We conclude
from this that for all types consisting of curves with irreducible components whose
normalization have genus 0, we only need to find how many curves there are of the
type considered.

There are also types of curves with a component whose normalization has genus 1.
First we have the non-singular cubic curves together with a line. We will find their
contribution by formulating these counts in terms of Sn-equivariant counts of points
of M1,n for n ≥ 1. In turn, the Sn-equivariant counts of points of M1,n will be found
by computing the number of pointed non-singular cubics with the same method as
we are using to count the pointed non-singular quartics. This is done in Section 15
for n ≤ 10. Alternatively, the information on M1,n, for any n, can be found using
the results of [10].

Then we have the types consisting of quartics with two singularities with δ = 1.
We will find a set of morphisms that contains the normalization morphisms of these
curves, and the number of elements of this set can be computed in terms of Sn-
equivariant counts of M1,n. But to count the morphisms of this set that have an
image of the wrong kind, which will be the morphisms of degree 2, we will need
somewhat more detailed information on M1,n. To find this information we will
employ methods and results found in [2].

7.1. Conventions for tables. There will be tables below, presenting the results
on the number of degree 4 curves of each type where the irreducible components
are of degree 1 or 2. In these tables we will use the following conventions:

⋆ components are defined over the ground field k, if nothing else is stated;
⋆ if we have n intersection (abreviated: int.) points we will write out the

partition they induce on n.

The column marked “#” contains the number of curves, of each type, divided by
|PGL3(k)|. Actually all results on numbers of curves presented below will be after
dividing by |PGL3(k)|.

8. Infinitely many singularities

The curves with infinitely many singularities are precisely the non-reduced ones,
and all such will have irreducible components of degree at most 2.

Example 8.1. Let us count the number of curves of the type, double conics. There
are |P5(k)| degree 2 curves over k and the reducible ones are of the following types:
pairs of distinct lines over k, conjugate pairs of lines, or double lines over k. Hence
we get,

(q6 − 1

q − 1
−

(

q2 + q + 1

2

)

−
1

2
(q4 − q) − (q2 + q + 1)

) 1

|PGL3(k)|
=

1

q(q + 1)(q − 1)
.

Example 8.2. Consider the curves of the type, a conic and a double line, both
defined over k, that intersect in a conjugate pair. Choose a conjugate pair of points
(p1, p2) in the plane and let them define the double line, which necessarily will be
over k. Then we should pick a conic over k in the |P3(k)| degree 2 curves over k
that contain (p1, p2). The reducible curves are pairs of lines of two kinds. Either
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take any line over k together with the line through p1, p2. Or take any point q over
k outside the line through p1, p2 and let the lines be the ones through p1, q and p2,
q. Putting the pieces together we get

1

2
(q4 − q)(

q4 − 1

q − 1
− (q2 + q + 1) − q2)

1

|PGL3(k)|
=

1

2(q + 1)
.

Table 1. Infinitely many singularities

Description #

Quadruple line 1
q3(q+1)(q−1)2

Line + triple line, int. in [11] 1
q2(q−1)2

λ-set of double lines, int. in [11]

⋆ λ=[12],[21] 1
2q2(q−1)2

, 1
2q2(q−1)(q+1)

Double conic 1
q(q+1)(q−1)

λ-set of lines + double line, int. in µ-set

⋆ (λ,µ)=([12],[11]),([21],[11]),([12],[13]),([21],[11,21]) 1
2q2(q−1)

, 1
2q2(q−1)

, 1
2(q−1)2

, 1
2(q+1)(q−1)

Conic + double line, int. in [11],[12],[21] 1
q(q−1) , 1

2(q−1) , 1
2(q+1)

9. Six singularities

The only possibility to get six singularities is to have four lines in general position,
that is, where no three of them intersect in one point. The type is determined by
choosing the fields over which the lines are defined, because this, in turn, determines
over which fields the intersection points are defined.

Table 2. Six singularities

Description #

λ-set of lines, int. in µ-set

⋆ (λ,µ)=([14],[16]),([12,21],[12,22]),([22],[12,22]),([11,31],[32]),([41],[21,41]) 1
24 , 1

4 , 1
8 , 1

3 , 1
4

10. Five singularities

The degree 4 curves with five singularities all consist of a conic and two lines
that are in general position. The type of such a curve follows from the choice of the
fields over which the lines and the intersection points are defined.

Example 10.1. Let us compute how many choices there are of a conic and two
lines intersecting in five points over k. Due to the duality of lines and points in the
plane, we can read off from Table 2 that there are 1/24 · |PGL3(k)| possibilities for
four general points over k. Let us choose such a four-tuple P , and then one of the
three different pairs of lines over k that contain P . The two chosen lines will then
intersect in a point defined over k, disjoint from P . Finally, we will choose a conic
in the P1 of degree 2 curves that contain P . We already know that there are three
reducible curves over k in this P1 and hence we get

1

24
|PGL3(k)| · 3(q + 1 − 3)

1

|PGL3(k)|
=

1

8
(q − 2).
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Table 3. Five singularities

Description #

Conic + λ-set of lines, int. in µ-set

⋆ (λ,µ)=([12],[15]),([12],[13,21]),([12],[11,22]) 1
8 (q−2), 1

4 q, 1
8 (q−2)

⋆ (λ,µ)=([21],[11,22]),([21],[11,41]) 1
4 (q−2), 1

4 q

11. Four singularities

First we have types of curves with the same kinds of components as in the types
with five and six singularities, but where the components no longer are in general
position. Then there is the new case of two conics intersecting transversally.

Example 11.1. Let us compute the number of curves of type, a conjugate pair
of conics intersecting in a conjugate quadruple. We begin by choosing a conjugate
quadruple of points (p1, p2, p3, p4), no three of which lie on a line. Due to the
duality of lines and points in the plane, we can read off from Table 2 that there are
1/4 · |PGL3(k)| such. There is a P1 of degree 2 curves that contain p1, p2, p3, p4,
and we want to count the conjugate pairs of such that are conics. There is only
one conjugate pair of reducible degree 2 curves in this P1. Namely the pair of lines
through p1, p2 and p3, p4, together with the pair of lines through p1, p4 and p2, p3.
We conclude that the number we seek is

1

4
|PGL3(k)|(

1

2
(q2 − q) − 1)

1

|PGL3(k)|
=

1

8
(q2 − q − 2).

Table 4. Four singularities

Description #

λ-set of lines, int. in µ-set

⋆ (λ,µ)=([14],[14]),([12,21],[12,21]),([11,31],[11,31]) 1
6(q−1)

, 1
2(q−1)

, 1
3(q−1)

Conic + tgt line + transv. line, int. in λ-set

⋆ λ=[14],[12,21]
1
2 , 12

λ-set of conics, int. in µ-set

⋆ (λ,µ)=([12],[14]),([12],[12,21]),([12],[22]) 1
48 (q−2)(q−3), 1

8 q(q−1), 1
16 (q−2)(q−3)

⋆ (λ,µ)=([12],[11,31]),([12],[41]) 1
6 q(q+1), 1

8 q(q−1)

⋆ (λ,µ)=([21],[14]),([21],[12,21]),([21],[22]) 1
48 (q2−q), 1

8 (q2−q−2), 1
16 (q2−q)

⋆ (λ,µ)=([21],[11,31]),([21],[41]) 1
6 (q2−q), 1

8 (q2−q−2)

11.1. Singular cubic with transversal line. A cubic curve can have at most
one singularity, it must have δ = 1, and if we resolve the singularity we get a non-
singular curve of genus 0. Let us define the necessary distinctions of singularities
with δ = 1 and δ = 2 that we will use throughout the article.

Definition 11.2. Say that we have an i-set of singularities with δ = 1 on a curve
over k. The inverse image under the normalization morphism of the singularities
will be a λ-set where λ is either [i1], [i2] or [2i]. The singularities will be called cusps,
split nodes, non-split nodes and be denoted ci, ni

1 and ni
2 respectively. If δ = 2 then

we make the same distinction, but the singularities will be called taccusps, split
tacnodes or non-split tacnodes and be denoted tci, tni

1, tn
i
2 respectively. Moreover,

we shall suppress i in the notation when i = 1.
10



From this characterisation we see that a cuspidal cubic curve has the same num-
ber of points over every extension of k as P1

k, the split nodal as many as P1
k minus

one point over k, and finally the non-split nodal as many as P1
k plus one point over

k and minus a conjugate pair of points.
What we are left to find is the number of curves of each type that consist of a

singular cubic with a transversal line.

Lemma 11.3. A singular cubic with fixed normalization has |PGL2(k)| distinct
normalization morphisms over k.

Proof: The normalization morphism is unique up to unique isomorphism. �

As we have seen, the inverse image of the singularity under the normalization
morphism of the cubic, is a λ-set P where |λ| = 1 or 2.

Remark 11.4. With slight abuse of notation, we will write P = {p1, p2} also in
the cuspidal case, even though in this case p1 and p2 are equal.

The inverse image of the intersection points of the transversal line with the
singular cubic gives a µ-set Q where |µ| = 3. Note that the type of the curve is
determined by the partitions λ and µ.

We will now construct the normalization morphisms using such choices of points
on P1

k. Fix a partition λ of weight 1 or 2, and a partition µ of weight 3. Then
choose a λ-set P = {p1, p2} and a µ-set Q = {q1, q2, q3} of points on P1

k such that
P and Q are disjoint. Let d be the linear system inside the complete linear system
|q1+q2+q3| spanned by the divisor q1+q2+q3 and all divisors of the form p1+p2+r,
where r may be any point on P1

k. The divisor q1+q2+q3 lies outside the line defined
by p1 + p2 + r and therefore d has dimension 2. Since there clearly are divisors in
d that have no point in common, d is base point free.

Lemma 11.5. From a base point free linear system d′ of dimension 2 on a curve
X defined over k, we get |PGL3(k)| distinct morphisms to P2

k.

Lemma 11.6. The image of any morphism induced by d is a singular cubic with
q1, q2 and q3 lying on a line.

Proof: Fix any morphism ϕ induced by d. Since the divisors of d have degree 3, the
degree of ϕ is either 1 or 3. In the latter case, the image would be a line, which is not
possible since d has dimension 2. The image of the morphism is therefore a cubic
and since the λ-set P lies on all the lines corresponding to the divisors p1 + p2 + r
where r is any point on P1

k, it will be a singularity. Hence, ϕ is a normalization
morphism and the image of the µ-set Q consists of three distinct points that lie on
the line corresponding to the divisor q1 + q2 + q3. �

This gives us two ways of counting the same set:

⋆ for each choice of a λ-set P and µ-set Q on P1
k such that P and Q are

disjoint, there are |PGL3(k)| normalization morphisms over k;
⋆ for each choice of a singular cubic with a transversal line, of a type de-

termined by the partitions λ and µ, there are |PGL2(k)| normalization
morphisms.

This proves the following lemma.

Lemma 11.7. With notation as above, the number of singular cubics with a trans-
versal line of a type determined by the partitions λ and µ, is equal to

1

z(λ)z(µ)
· |P1

k(λ)| · |X(µ)| ·
1

|PGL2(k)|
where X = P1

k \ {a λ− set}.
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12. Three singularities

There are types of curves with three singularities consisting of two conics, or
consisting of a conic with two lines, where in both these cases the components will
not be in general position.

Table 5. Three singularities

Description #

Conic + λ-set of tgt lines, int. in µ-set

⋆ (λ,µ)=([12],[13]),([21],[11,21]) 1
2(q−1)

, 1
2(q+1)

Conic + λ-set of lines, int. in µ-set on the conic

⋆ (λ,µ)=([12],[13]),([21],[11,21]) 1
2 , 12

λ-set of conics, int. in µ-set

⋆ (λ,µ)=([12],[13]),([12],[11,21]),([21],[13]),([21],[11,21]) 1
4 (q−2), 1

4 (q−2), 1
4 q, 1

4 q

12.1. Singular cubic with a line intersecting in two smooth points on the
cubic. This case follows in the same way as in Section 11.1, with the difference
that Q = (q1, q3) is a [12]-tuple and q1 = q2.

Lemma 12.1. The number of singular cubics with a line intersecting in two smooth
points on the cubic, of a type determined by the partition λ, is equal to

1

z(λ)
|P1

k(λ)| · |X([12])| ·
1

|PGL2(k)|
where X = P1

k \ {a λ− set}.

12.2. Non-singular cubic with a transversal line. These are curves that have
a component of both arithmetic and geometric genus equal to 1, which has the
consequence that the number of points of the curves is not determined by the type.
We are therefore forced to use a different approach than previously and it will be
similar to the one used by Belorousski in [1].

Fix a partition µ of weight 3. Let C be a genus 1 curve and let P = {p1, p2, p3}
be a µ-set of points on C.

Lemma 12.2. The image of any morphism induced by the complete linear system
|p1 + p2 + p3| is a non-singular cubic with p1, p2 and p3 lying on a line.

Thus we have a way of realizing the elements of the moduli space M1,3 as non-
singular cubics with three points lying on a line. Let us spell out this connection in
terms of Sn-equivariant counts of points, as in Section 5 for Q and quartics. For all
n ≥ 1, let M̃1,n be the coarse moduli space of M1,n extended to k̄. Then let Cµ(k)
be the set of non-singular cubics over k together with a µ-set of points lying on a
line.

Notation 12.3. For each partition λ, fix a permutation σλ with the property
c(σλ) = λ.

Definition 12.4. For any partitions λ and µ we denote by λ + µ the partition
[1λ1+µ1 , . . . , νλν+µν ]. We write µ ≤ λ if µi ≤ λi for all i. If µ ≤ λ we denote by
λ− µ the partition [1λ1−µ1 , . . . , νλν−µν ].

Let λ be a partition of weight n. Following the arguments of Section 5 and using
Lemma 12.2 we can prove that

(2)
1

z(µ)
· |M̃

F ·σµ+λ

1,3+n | =
1

|PGL3(k)|
·
∑

C∈Cµ(k)

|X(λ)| where X = C \ {the µ− set}.
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Lemma 12.5. The number of non-singular cubics with a transversal line, of a type
determined by the partition µ, and with a λ-tuple of points is equal to

(3)
1

z(µ)
·

|λ|
∑

i=0

∑

κ⊢i
κ≤λ

z(λ)

z(κ)z(λ− κ)
|M̃

F ·σµ+κ

1,3+i | · |P1
k(λ− κ)|.

Proof: For each κ ≤ λ we can distribute a λ − κ-tuple of points on the line, and
a κ-tuple of points on the cubic but outside the µ-set of intersection points. From
equation (2) we can find the choices of points on the cubic in terms of the moduli
space of genus 1 curves. Equation (3) follows when taking into account the number
of ways of reordering the |λ| points. �

In Section 15 we will make Sn-equivariant counts of M1,n for n ≤ 10 and hence
we can compute (3) for all partitions λ such that |λ| ≤ 7.

Example 12.6. If we choose µ = [13] and λ = [11, 22] and compute formula (3),
using the results of Section 15, we get

1

6

(

|M̃
F ·σ[13]

1,3 | · |P1
k([11, 22])|+ |M̃

F ·σ[14]

1,4 | · |P1
k([22])| + 2|M̃

F ·σ[13,21]

1,5 | · |P1
k([11, 21])|

+ 2|M̃
F ·σ[14,21]

1,6 | · |P1
k([21])| + |M̃

F ·σ[13,22]

1,7 | · |P1
k([11])| + |M̃

F ·σ[14,22]

1,7 | · |P1
k(∅)|

)

=

=
1

6
(8q8 − 4q7 − 48q6 + 52q5 + 65q4 − 72q3 − 43q2 + 6q).

12.3. Quartic with three singularities. Since the quartic has arithmetic genus 3,
all of the three singularities will have δ = 1. Fix a type, which we will denote by
ǫ, a quartic of this type and a normalization morphism of the quartic among the
|PGL2(k)| possible ones. The inverse image of the singularities will give a λ-set
S = {P,Q,R} of disjoint sets P = {p1, p2}, Q = {q1, q2} and R = {r1, r2}, of one

or two points on P1
k, where λ =

∑3
i=1[i

#ci+#ni
1+#ni

2 ]. More precisely, S contains,
for 1 ≤ i ≤ 3,

• #ci i-sets, of sets consisting of one point;
• #ni

1 i-sets, of unordered pairs of points, that together form an [i2]-set of
points;

• #ni
2 i-sets, of unordered pairs of points, that together form a 2i-set of

points.

The set {p1, p2, q1, q2, r1, r2} will be a µ-set where µ :=
∑3

i=1[i
#ci+2#ni

1 , (2i)#ni
2 ].

Let us find in how many ways we can choose P = {p1, p2}, Q = {q1, q2} and
R = {r1, r2} on P1

k fulfilling the criteria just described. One can construct i distinct
i-sets of pairs of points out of two i-sets of points, and also that one can only
construct one i-set of pairs of points out of a 2i-set of points. From this it follows
that there are |P1

k(µ)|/(v3(ǫ)w3(ǫ)) choices of P , Q and R, where

(4) vj(ǫ) :=

j
∏

i=1

i#ci

#ci! · i#ni
1#ni

1! · i
#ni

2#ni
2! and wj(ǫ) :=

j
∏

i=1

2#ni
1+#ni

2 .

Fix P , Q and R as above. Bézout’s Theorem shows that on a quartic, three
singularities cannot lie on a line, and hence the following construction will give
all possible normalization morphisms. Define the linear system d, spanned by the
divisors p1 + p2 + q1 + q2, p1 + p2 + r1 + r2 and q1 + q2 + r1 + r2. Even though the
individual divisors need not be defined over k they are as a triple, and hence so is
d. Since each pair of the divisors defining d has two points in common and all three
have none in common, d has dimension 2 and is base point free.

Lemma 12.7. If the morphisms induced by d have degree 1, the image will be a
quartic curve with three singularities.
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Proof: The line in d passing through the divisors p1 + p2 + q1 + q2 and p1 + p2 +
r1 + r2 has the point(s) of P as base point(s). There is therefore a P1 of lines
passing through the image of P , which shows that the image of P is a point. (This
argumentation also holds when the degree of the morphisms is 2.) Since each line
intersects the rest of the image quartic in at most two more points the image of P
must be a singularity, and the same holds for Q and R. Since there cannot be more
than three singularities on a quartic we are done. �

Define h to be the linear system spanned by the divisors p1 + p2, q1 + q2 and
r1 + r2. This is a base point free linear system defined over k.

Lemma 12.8. The morphisms induced by d will have degree 2 precisely if h has
dimension 1.

Proof: If the morphisms induced by d have degree 2 then, as noted in the proof of
Lemma 12.7, the image of P is a point. The tangent line through the image of P does
not intersect the image conic in any other point and hence the corresponding divisor
is 2p1 +2p2. The line of divisors in d through p1 + p2 + r1 + r2 and p1 + p2 + q1 + q2
therefore contains 2p1 + 2p2 which is equivalent to the fact that h has dimension 1.

For the other direction, say that h has dimension 1. It follows, as was just
mentioned, that d contains the divisors 2p1 + 2p2, 2q1 + 2q2 and 2r1 + 2r2. Assume
that the image is a quartic. The line corresponding to the divisor 2p1 + 2p2 would
then intersect the image of P , which is a singularity, with multiplicity 4 and hence
it would have δ ≥ 2. Since this is also true for Q and R we get a contradiction. �

Lemma 12.9. If the characteristic is even and P , Q and R all consist of one
point (that is, in the case of three cusps) the morphisms induced by h are purely
inseparable. In all other cases the morphisms induced by h are separable.

Proof: Any morphism between curves can be factored into a composition of sep-
arable and purely inseparable ones. The purely inseparable morphisms are (up
to automorphism) compositions of the k̄-linear Frobenius morphism. The k̄-linear
Frobenius morphism has degree equal to the characteristic and it is the identity on
the topological spaces. Since the divisors of h have degree 2, we conclude that the
morphisms of h are separable if the characteristic is odd.

If the characteristic is even, we see that the linear system f corresponding to the
k̄-linear Frobenius consists of the divisors of the form 2s for all s on P1

k. If any of P ,
Q and R consists of more than one point we then directly see that h is distinct from
f. On the other hand, if P , Q and R all consist of one point we see that h is spanned
by three distinct points of f. Since f has dimension 1 they must be equal. �

Lemma 12.10. In even (positive) characteristic there are no irreducible quartics
with three cusps.

Proof: In the proof of Lemma 12.9 we saw that in this case h is equal to f which
has dimension 1. We can then conclude from Lemma 12.8. �

Assume now that we are not in the case of even characteristic with three cusps.
The question that remains is then for how many of the choices of P , Q and R we
have that h has dimension 1. When h has dimension 1 we saw in Lemma 12.9 that
it defines |PGL2(k)| separable degree 2 morphisms from P1

k to P1
k with the property

that there are three points on the image curve whose preimages are P , Q and R
respectively.

Definition 12.11 ([2, Def. 12.1]). Let Cϕ be an integral non-singular projective
curve over k together with a separable degree 2 morphism ϕ to P1

k. We then define

bi(Cϕ) := |{P ∈ P1
k([i1]) : |ϕ−1(P )| = 2i, ϕ−1(P ) ⊆ C(ki)}|,
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ci(Cϕ) := |{P ∈ P1
k([i1]) : |ϕ−1(P )| = 2i, ϕ−1(P ) * C(ki)}|

and ri(Cϕ) := bi(Cϕ) + ci(Cϕ).

In this terminology, what we wish to compute is the sum of

φǫ(Cϕ) :=
1

v3(ǫ)
·

3
∏

i=1

#ni
1−1
∏

j1=0

(bi(Cϕ) − i · j1)

#ni
2−1
∏

j2=0

(ci(Cϕ) − i · j2)·

·

#ci−1
∏

j3=0

(|P1
k([i1])| − bi(Cϕ) − ci(Cϕ) − i · j3)

over representatives ϕ of the linear systems of separable degree 2 morphisms from
P1

k to P1
k.

Remark 12.12. There are q2 linear systems of separable degree 2 morphisms from
P1

k to P1
k when the characteristic is odd, and q2−1 when the characteristic is even.

This is also the number of nontrivial involutions of P1
k because each such gives rise

to a linear system as above, and vice versa.

To do the computation we will use the definitions and results of [2], see especially
the first appendix. The linear systems of separable degree 2 morphisms from P1

k

to P1
k are induced by elements of the set P0, see Definition 3.1 in [2] for odd

characteristic and Definition 8.1 in [2] for even characteristic. For an element f
in P0 in odd characteristic (resp. (h, f) in even characteristic), we write Cf (resp.
C(h,f)) for the corresponding curve together with its degree 2 morphism to P1.
After summing φǫ, over the curves induced by elements of P0, we will not divide
by |PGL2(k)| but by the number of elements of the group G in odd characteristic
and G0 in even characteristic, to take into account that every linear system appears
several times in P0.

We have shown the following lemma.

Lemma 12.13. The number of irreducible quartics with three singularities, of a
type ǫ (except for the case of three cusps in even characteristic), is equal to

(5)
|P1

k(µ)|

v3(ǫ)w3(ǫ)
·

1

|PGL2(k)|
−

{

1
|G| ·

∑

f∈P0
φǫ(Cf ) if char(k) 6= 2;

1
|G0|

·
∑

(h,f)∈P0
φǫ(C(h,f)) if char(k) = 2.

Equation (5) is computable for every choice of ǫ following the arguments of
Section 6 in [2]. Since the application of this lemma is not immediate we present
the results in Table 6.

Example 12.14. Consider the quartic curves with one cusp over k and two non-
split nodes over k, which corresponds to the partitions λ = [13] and µ = [11, 22].
These curves have the same number of points as P1

k plus two points over k minus
two conjugate pairs of points. Using the terminology of [2] we can express the part
of equation (5) coming from the degree 2 morphisms as

1

8

(

−u
(12,12,12)
0 + qu

(12,12)
0 − qu

(12)
0

)

which also can be computed using the techniques of [2]. The result of equation (5)
is then found to be

1

8
(q + 1)(q2 − q)(q2 − q − 2) ·

1

|PGL2(k)|
−

1

8

{

q − 3 if char(k) 6= 2;

q − 2 if char(k) = 2.

13. Two singularities

The types of degree 4 curves with two singularities and irreducible components
of degree at most 2, are ones consisting of two conics or one conic with two lines.
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Table 6. Quartics with three singularities

Description # (odd char.) # (even char.)

Quartic Q, sing. in [13]

⋆ Q=3c,2c+n1,2c+n2,c+2n1
1
6 , 1

4 (q−3), 1
4 (q−1), 1

8 (q−3)2 0, 1
4 (q−2), 1

4 q, 1
8 (q−2)(q−4)

⋆ Q=c+n1+n2,c+2n2
1
4 (q−1)2, 1

8 (q−1)2 1
4 q(q−2), 1

8 q(q−2)

⋆ Q=3n1
1
48 (q−3)(q2−7q+11) 1

48 (q−2)(q−4)2

⋆ Q=2n1+n2
1
16 (q−1)(q2−3q+1) 1

16 q(q−2)2

⋆ Q=n1+2n2,3n2
1
16 (q3−2q2−1), 1

48 (q−1)(q2−3q+1) 1
16 q2(q−2), 1

48 q(q−2)2

Quartic Q, sing. in [11
,21]

⋆ Q=c+c2,n1+c2,n2+c2 1
2 , 1

4 (q−1), 1
4 (q−3) 0, 14 q, 1

4 (q−2)

⋆ Q=c+n2
1,c+n2

2
1
4 (q2−2q−1), 1

4 (q+1)(q−1) 1
4 q(q−2), 1

4 q2

⋆ Q=n1+n2
1,n2+n2

1
1
8 (q−1)(q2−q−1), 1

8 (q−3)(q2−q−3) 1
8 q2(q−2), 1

8 (q−2)(q2−2q−4)

⋆ Q=n1+n2
2,n2+n2

2
1
8 (q+1)(q2−q+1), 1

8 (q−1)(q2−q−1) 1
8 q3, 1

8 q2(q−2)

Quartic Q, sing. in [31]

⋆ Q=c3,n3
1

1
3 , 16 (q3−q2−q−3) 0, 16 (q−2)(q2+q+1)

⋆ Q=n3
2

1
6 (q−1)(q2+1) 1

6 q(q2−q+1)

Table 7. Two singularities

Description #

Conic + tgt line + trans. line, int. in [12] 1
q−1

λ-set of conics, int. in µ-set

⋆ (λ,µ)=([12],[12]),([12],[21]),([21],[12]),([21],[21]) 3q−4
4(q−1)

, q−2
4(q+1)

, 3q−2
4(q−1)

, q

4(q+1)

13.1. Singular cubic with a line intersecting in one smooth point on the
cubic. In the same way as in Sections 11.1 and 12.1, but where Q = (q1) is a
[11]-tuple and q1 = q2 = q3, we show the following lemma.

Lemma 13.1. The number of singular cubics with a line intersecting in one smooth
point on the cubic, of a type determined by the partition λ, is equal to

1

z(λ)
|P1

k(λ)| · |X([11])| ·
1

|PGL2(k)|
where X = P1

k \ {a λ− set}.

13.2. Singular cubic with a line through the singularity intersecting in one
more point. The inverse image of the singularity under a normalization morphism
of the singular cubic gives a λ-set P where |λ| = 1 or 2.

Lemma 13.2. The number of singular cubics with a line through the singularity
intersecting in one more point, of a type determined by the partition λ, is equal to

1

z(λ)
|P1

k(λ)| · (|X([12])| + |X([11])|) ·
1

|PGL2(k)|
where X = P1

k \ {a λ− set}.

Proof: Let q be the smooth point of intersection with the line. The tangent line
through q intersects the singular cubic in either one more smooth point or no other
point. The singular cubic together with this tangent line is therefore a curve of a
type found in either Section 12.1 or 13.1, and this construction gives a bijection.
The result now follows from Lemmas 12.1 and 13.1. �

13.3. Non-singular cubic with a line intersecting in two points. In this case
we can mimic Section 12.2 with the difference that P = (p1, p3) is a [12]-tuple and
p1 = p2.
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Lemma 13.3. The number of non-singular cubics with a line intersecting in two
smooth points on the cubic, of a type determined by the partition µ, and with a
λ-tuple of points is equal to

(6)

|λ|
∑

i=0

∑

κ⊢i
κ≤λ

z(λ)

z(κ)z(λ− κ)
|M̃

F ·σµ+κ

1,2+i | · |P1
k(λ− κ)|.

The results of Section 15 will enable us to compute equation (6) for all partitions
λ where |λ| ≤ 8.

13.4. Quartic with one δ = 2 singularity and one δ = 1 singularity. Let
us recall Definition 11.2. The inverse image of the singularity with δ = 2 (resp.
δ = 1), under any normalization morphism, will be a λ-set P (resp. µ-set Q) on the
normalization P1

k, where |λ| (resp. |µ|) is 1 or 2 . The sets P and Q are disjoint.
Fix P = {p1, p2} and Q = {q1, q2} fulfilling the conditions above and consider

the 4-dimensional space of divisors |2p1 + 2p2|. It contains the point 2p1 + 2p2 that
lies outside the plane of divisors of the form q1 + q2 + r1 + r2 for any points r1 and
r2 on P1

k. To get a linear system of dimension 2, we wish to choose a line in this
plane that passes through the divisor q1 + q2 + p1 + p2. We should avoid the two
(possibly equal) lines consisting of divisors of the form q1 + q2 + p1 + s1 for any s1
on P1

k and q1 + q2 + p2 + s2 for any s2 on P1
k. This makes the linear system base

point free, because the divisors on the chosen line do not all contain either p1 or
p2. Moreover, we should also avoid the line through the divisor 2q1 + 2q2, which is
distinct from the previous lines. Thus, we have q − λ1 possibilities to choose d.

Lemma 13.4. The image of any morphism induced by d is a quartic with one δ = 2
singularity and one δ = 1 singularity.

Proof: By construction, there is a P1 of lines through the image of Q and hence it
must consist of one point. If the image curve is a conic, the divisor corresponding
to the tangent line through the image of Q is equal to 2q1 + 2q2. But this divisor is
not in d and hence the image must be a quartic and Q a singularity. The two lines
corresponding to the divisors 2p1 + 2p2 and q1 + q2 + p1 + p2 both pass through
the image of P and hence it must also be a singularity. Furthermore, the line
corresponding to 2p1 + 2p2 intersects the singularity with multiplicity 4 and hence
the image of P must have δ = 2 and the image of Q must have δ = 1. �

Lemma 13.5. The number of quartics with one δ = 2 singularity and one δ = 1
singularity, of a type determined by the partitions λ and µ, is equal to

1

z(λ)z(µ)
|P1

k(λ)| · |X(µ)| · (q − λ1) ·
1

|PGL2(k)|
where X = P1

k \ {a λ− set}.

13.5. Quartic with two δ = 1 singularities. Fix a type of quartic with two
δ = 1 singularities, which we denote by ǫ, and a curve over k of this type. The
normalization C of this curve has genus 1. The inverse images under a normal-
ization morphism of each of the singularities give a λ-set S = {P,Q} of dis-
joint sets P = {p1, p2} and Q = {q1, q2} of one or two points on C, where

λ :=
∑2

i=1[i
#ci+#ni

1+#ni
2 ]. The set {p1, p2, q1, q2} will be a µ-set where µ :=

∑2
i=1[i

#ci+2#ni
1 , (2i)#ni

2]. Moreover, if λ = [12], the partition µ will be a mem-
ber of the set ∆1 := {[12], [13], [11, 21], [14], [12, 21], [22]} and if λ = [21] it will be a
member of ∆2 := {[21], [22], [41]}. In the same way as in Section 12.3 we then find
that there are |C(µ)|/(v2(ǫ)w2(ǫ)) choices of P and Q.

Lemma 13.6. The type ǫ is determined by λ and µ.
17



Proof: If λ = [12] we have #c+#n1 +#n2 = λ1, #c+2 ·#n1 = µ1 and #n2 = µ2,
and if λ = [21] we have #c2+#n2

1+#n2
2 = λ2, #c2+2·#n2

1 = µ2 and #n2
2 = µ4. �

Fix a non-singular curve C of genus 1 over k and choose points P = {p1, p2}
and Q = {q1, q2} on C as above. It follows from Riemann-Roch that the complete
linear system |p1 + p2 + q1 + q2| has dimension 3. This theorem also shows that the
divisors in |p1 + p2 + q1 + q2| of the form p1 + p2 + s1 + s2, for any s1 and s2 on C,
form a line. Similarly, the divisors in the linear system of the form q1 + q2 + s1 + s2,
for any s1 and s2 on C, form a line which is distinct from the previous one. Define
the linear system d to be the the plane inside |p1 + p2 + q1 + q2| that contains these
two lines. It is base point free.

Lemma 13.7. The morphisms induced by d will have degree 2 precisely when the
divisors p1 + p2 and q1 + q2 are linearly equivalent.

Proof: Assume first that the morphisms induced by d have degree 2. Since there is
a P1 of divisors which have the point(s) of P as base point(s), the image of P is a
point. The tangent line through the image of P corresponds to the divisor 2p1 +2p2

which then lies in |p1 + p2 + q1 + q2|. This implies that the divisors p1 + p2 and
q1 + q2 are linearly equivalent.

Suppose that p1 + p2 and q1 + q2 are linearly equivalent. The divisors 2p1 + 2p2

and 2q1+2q2 are then found in d. The lines corresponding to these divisors intersect
the images of P and Q respectively in no other points. If the image curve would be
a quartic then P and Q would be singularities with δ ≥ 2, which is not possible. �

Lemma 13.8. If the morphisms induced by d have degree 1, the image will be a
quartic curve with two δ = 1 singularities.

Proof: The existence of a P1 of divisors with the point(s) of P (resp. Q) as base
point(s) implies that the image of P (resp. Q) will be a singularity. If P would have
δ = 2, then the line in the tangent cone would correspond to the divisor 2p1 + 2p2

which would lie in d. But this is not possible by Lemma 13.7. �

If p1+p2 and q1+q2 are linearly equivalent the complete linear system |p1+p2| =
|q1 + q2|, which we denote by h, has dimension 1 and is, by Riemann-Roch, base
point free.

Lemma 13.9. Suppose that p1 + p2 and q1 + q2 are linearly equivalent. Then the
morphisms induced by h are separable.

Proof: Since the morphisms of h have degree 2 they must be either separable or
purely inseparable. But the genera of the source and image of a purely inseparable
morphism are the same. �

Lemmas 13.7 and 13.9 tell us that p1 + p2 and q1 + q2 are linearly equivalent
precisely if there is a separable morphism of degree 2 from C to P1

k and a λ-set of
points on the image P1

k whose preimages are equal to P and Q respectively. The
number of choices of P and Q, for which p1 + p2 and q1 + q2 are linearly equivalent,
is therefore equal to the sum of

φλ,µ(Cϕ) :=
1

v2(ǫ)
·

2
∏

i=1

(

#ni
1−1
∏

j1=0

(bi(Cϕ) − i · j1)

#ni
2−1
∏

j2=0

(ci(Cϕ) − i · j2)·

·

#ci−1
∏

j3=0

(|P1
k([i1])| − bi(Cϕ) − ci(Cϕ) − i · j3)

)

over representatives ϕ of the linear systems of separable degree 2 morphisms from
C to P1

k.
18



Fix a partition κ = [1κ1 , . . . , νκν ]. We are ready to find a formula for the number
of quartics with two singularities, of a type ǫ determined by λ and µ, together with
a κ-tuple of points. We should take into account that the κ-tuple may contain
one or both of the singularities. There are two parts to this computation. By
Lemma 13.8 and by the arguments of Section 5, we should first count the number
of k-isomorphism classes of non-singular curves C of genus 1 over k together with
a µ-set of points on C, and a κ-tuple of points on the union of C \ {a µ− set} and
a λ-set. As usual, the pointed curves should be counted with weight the reciprocal
of their number of k-automorphisms. This count can be formulated in terms of
Sn-equivariant counts of M1,n where n ≤ |µ| + |κ|. We should then subtract the
number of cases when the linear system d induces morphisms of degree 2. By the
arguments directly above, this number is equal to the sum of

ψκ
λ,µ(Cϕ) := φλ,µ(Cϕ) · |Xϕ

λ,µ(κ)| where Xϕ
λ,µ = {a λ− set} ∐ Cϕ \ {a µ− set},

over representatives ϕ of the k-isomorphism classes of linear systems of separable
degree 2 morphisms from a genus 1 curve C to P1

k. This should also be counted
with weight the reciprocal of their number of k-automorphisms. As in Section 12.3
we will use the results of [2], and realize the linear systems of separable degree 2
morphisms from C to P1

k as elements of the set P1.
Actually, we are not able to perform the second part of this computation for

partitions κ with |κ| > 3 using the results of [2]. Nor have we made S11-equivariant
counts of M1,11 which are necessary for the first part of the computation when
|µ| = 4 and |κ| = 7. But we will see that these problems dissolve when for each λ
we sum the contributions over µ.

Lemma 13.10. The number of irreducible quartics with two δ = 1 singularities
defined over k, of any type ǫ, together with a κ-tuple of points is equal to

(7)

2
∑

i=0

2!

(2 − i)!

(

κ1

i

)

∑

µ∈∆1

1

v2(ǫ)w2(ǫ)
· |M̃

F ·σ
µ+κ−[1i]

1,|µ|+|κ|−i |

−

{

1
|G|

∑

f∈P1

∑

µ∈∆1
ψκ

[12],µ(Cf ) if char(k) 6= 2;
1

|G1|

∑

(h,f)∈P1

∑

µ∈∆1
ψκ

[12],µ(C(h,f)) if char(k) = 2.

Lemma 13.11. The number of irreducible quartics with a conjugate pair of δ = 1
singularities, of any type ǫ, together with a κ-tuple of points is equal to

(8)

1
∑

i=0

2iκi
2

∑

µ∈∆2

1

v2(ǫ)w2(ǫ)
· |M̃

F ·σ
µ+κ−[2i]

1,|µ|+|κ|−2i|

−

{

1
|G|

∑

f∈P1

∑

µ∈∆2
ψκ

[21],µ(Cf ) if char(k) 6= 2;
1

|G1|

∑

(h,f)∈P1

∑

µ∈∆2
ψκ

[21],µ(C(h,f)) if char(k) = 2.

Example 13.12. Let us count the irreducible quartics with a conjugate pair of
δ = 1 singularities of any type, and a conjugate pair of points. With the information
from Section 15 we can compute the first part of equation (8):

1

2
(|M̃

F ·σ[22]

1,4 | + 2|M̃
F ·σ[21]

1,2 |) +
1

4
(|M̃

F ·σ[23]

1,6 | + 2|M̃
F ·σ[22]

1,4 |)+

+
1

4
(|M̃

F ·σ[21,41]

1,6 | + 2|M̃
F ·σ[41]

1,4 |) =
1

2
(q6 + q4 − 2q2 − q + 1).

Using the terminology and techniques of [2] we can express and compute the second
part of the equation:

1

2
(q(q2 − q)2 + (q2 − q − 2)u

(21)
1 + (q2 − q)u

(12)
1 ) =

1

2
(q5 − q4 + q2 − q − 2),

which is independent of the characteristic.
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We will now show that equations (7) and (8) are computable for all κ with |κ| ≤ 7.

13.5.1. The first part of equations (7) and (8). By the arguments of Section 5 we
can show that, for any n ≥ 1 and σ ∈ Sn,

(9) |M̃F ·σ
1,n | =

∑

[(C,p)]∈M1,1(k)/∼=k

|C(c(σ))|

|Autk

(

(C, p)
)

| · |C(k)|
.

Using the relation |C(ki)| = qi+1−ai(C) and equation (1) we can consider |C(c(σ))|
as a polynomial in the variables q, of degree 0, and ai(C), of degree i, for 1 ≤ i ≤ n.
We then find that if we have made Si-equivariant counts of M1,i for every 1 ≤ i ≤ n
we can compute

∑

[(C,p)]∈M1,1(k)/∼=k

p(C)

|Autk

(

(C, p)
)

|

for any polynomial p(C) in the variables q and ai(C) of degree at most n− 1.
In our case c(σ) = µ+ κ, and we will consider

ξ1(C) :=
∑

µ∈∆1

|C(µ+ κ)|

v2(ǫ)w2(ǫ)
and ξ2(C) :=

∑

µ∈∆2

|C(µ+ κ)|

v2(ǫ)w2(ǫ)

as polynomials in q and ai(C). The degree |µ+κ| part of ξ1(C) is equal to
(

1
8a1(C)4−

1
4a2(C)a1(C)2 + 1

8a2(C)2
)

·
∏ν

i=1 a
κi

i (C) and that of ξ2(C) is equal to
(

1
4a2(C)2 −

1
4a4(C)

)

·
∏ν

i=1 a
κi

i (C). In Section 15 we will see that for genus 1 curves, ai(C) is

expressible in terms of q and a1(C). In particular, we have a2(C) = a1(C)2 − 2q
and a4(C) = a1(C)4 −4qa1(C)2 +2q2. This shows that, formulated in q and a1(C),
the degree |µ+ κ| part of ξ1(C) and ξ2(C) is equal to 0.

Furthermore, for any nonempty partition χ, the polynomial |C(χ)| formulated
in q and a1(C) is divisible by |C(k)|. It follows that ξ1(C)/|C(k)| and ξ2(C)/|C(k)|
are polynomials of degree at most 2 + |κ|. Hence, if |κ| ≤ 7, the Sn-equivariant
counts of M1,n for n ≤ 10 found in Section 15, suffice to compute the first part of
equations (7) and (8).

13.5.2. The second part of equations (7) and (8). Consider ψκ
λ,µ(Cf ) as a polyno-

mial in the variables q, of degree 0, and ai(Cf ), bi(Cf ) and ci(Cf ) of degree i.
It is equal to the degree 2 polynomial φλ,µ(Cf ) in q, bi(Cf ) and ci(Cf ), times a
polynomial in q and ai(Cf ) of degree equal to the weight of κ.

We saw in the first appendix of [2] that, after summing over all f in P1, we can
compute all polynomials of degree at most 5 in all the four types of variables. The
results of Section 15 together with Section 3.1 in [2] show that, after summing over
all f in P1, we can compute all polynomials of degree at most 9 in the variables
q and ai(Cf ). Finally, Remark 12.9 in [2] tells us that the sum over all f in P1

of r1(Cf ) times a polynomial in q and ai(Cf ) of odd degree is equal to 0. The
following lemma is therefore sufficient to conclude that we can compute the second
part of equations (7) and (8).

Lemma 13.13. Fix a partition κ of weight ≤ 7 and put

ψ1 :=
∑

µ∈∆1

ψκ
[12],µ(Cf ) and ψ2 :=

∑

µ∈∆2

ψκ
[21],µ(Cf ).

The part of ψ1 and ψ2 that has degree at least 6 and that has nonzero degree in bi(Cf )
or ci(Cf ) is of the form r1(Cf ) times a polynomial in q and ai(Cf ) of degree 5.
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Proof: Let us write λ − µ = [1αλ,µ , 2βλ,µ, 4δλ,µ ], where we in this case also allow
negative exponents. We then have

ψ1 =
∑

µ∈∆1

φ[12],µ(Cf ) ·
κ1
∏

i=1

(q + 1 + α[12],µ − a1(Cf ))·

·
κ2
∏

i=1

(q2 − q + 2β[12],µ − a2(Cf ) + a1(Cf )) · |Xf
λ,µ([3κ3 , 4κ4 , . . .])|

and a similar expression for ψ2. The equalities
∑

µ∈∆1
φ[12],µ(Cf ) = 1

2 (q2 + q)

and
∑

µ∈∆2
φ[21],µ(Cf ) = 1

2 (q2 − q) show that we need only care about the parts
of ψ1 and ψ2 containing αλ,µ or βλ,µ or δλ,µ. Note that α[21],µ = 0 for all µ
in ∆2. The first expression to check is therefore a polynomial in q and ai(Cf )
of degree 4, 5 or 6, times

∑

µ∈∆1
α[12],µ · φ[12],µ(Cf ), which is equal to harmless

qa1(Cf ). Next in line are polynomials in q and ai(Cf ) of degree 4 or 5, times
∑

µ∈∆1
α2

[12],µ ·φ[12],µ(Cf ) = a1(Cf )2 +(q−1)r1(Cf ) or
∑

µ∈∆1
β[12],µ ·φ[12],µ(Cf ) =

− 1
2q
(

a1(Cf ) + r1(Cf )
)

or
∑

µ∈∆2
β[21],µ · φ[21],µ(Cf ) = 1

2

(

a2(Cf ) + r1(Cf )
)

. Finally

there are the ones coming from a polynomial in q and ai(Cf ) of degree 4, times
∑

µ∈∆1
α3

[12],µ · φ[12],µ(Cf ) = a1(Cf )(3r1(Cf ) + q − 3) or
∑

µ∈∆1
α[12],µ · β[12],µ ·

φ[12],µ(Cf ) = − 1
2

(

a1(Cf )2 + a1(Cf )r1(Cf ) + (q − 1)(a1(Cf ) + r1(Cf )
)

.
Since this covers all the possibilities of getting a monomial of degree at least 6

that contains bi(Cf ) or ci(Cf ) we are done. �

14. Linear subspaces

In this section we will find the dimensions of all linear spaces LP,S for P a λ-tuple
where |λ| ≤ 7 and S a µ-set, where |µ| ≤ 1. That S should consist of at most one
point is the consequence of the choice M = 1 in Section 6.1.

Definition 14.1. For any sets (or tuples) Q and T of points in P2(k̄), let L′
Q,T be

the subspace of the P14(k̄) of plane quartic curves over k̄ that contain Q and have
singularities at the points of T .

Lemma 14.2. Let Q and T be sets of points over k̄ such that there is a line l that
contains q points of Q and t points of T , which are all distinct. Suppose that q+2t >
4. Then, if p is any point lying on the line l, we have dimL′

Q∪p,T = dimL′
Q,T .

Lemma 14.3. If Q and T are sets fixed by Frobenius (in the sense of Remark 4.10)
then dimk LQ,T = dimk̄ L

′
Q,T .

The dimension of LQ,T will be called the expected dimension if dimLQ,T =
14 − |Q| − 3|T |. All cases of Q and T for which the dimension of LQ,T is not the
expected will be called special.

Definition 14.4. Let the set Aλ,µ consist of all λ-tuples of points P such that a
λ − µ-subtuple of points of P lies on a line and the remaining µ-tuple lies outside
this line. If µ ≤ λ let us also put

aλ,µ := (q2 + q + 1)
z(λ)

z(µ)z(λ− µ)
|P1

k(λ− µ)||X(µ)| where X := P2
k \P1

k,

and if µ � λ put aλ,µ := 0.

Lemma 14.5. If |λ− µ| > |µ| + 1 then |Aλ,µ| = aλ,µ.

Proof: The number aλ,µ counts the choices of a line, a λ − µ-set of points on
the line, a µ-set of points outside the line, and an ordering of the chosen λ-set of
points. For a fixed λ-tuple P there can, by the assumption on λ and µ, only be one
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λ − µ-subtuple of P that lies on a line, which will be called the distinguished line.
Hence aλ,µ counts the members of Aλ,µ. �

Assumption 14.6. From now on S will consist of one point over k.

For simplicity we put Pi := |Pi(k)|.

14.1. Weight up to 3. If P is a λ-tuple and |λ| ≤ 3, the dimension of LP,S is the
expected as long as P and S are disjoint. Since the singularity is defined over k it
can only be equal to one of the λ1 points of P that are defined over k, and hence

U1,λ = |P2
k(λ)|

(

P14−|λ| − λ1P12−|λ| − (q2 + q + 1 − λ1)P11−|λ|

)

.

14.2. Weight 4. For each of the aλ,∅ choices of a λ-tuple P in Aλ,∅ it follows from
Lemma 14.2 that dimLP,S = 8 if S lies on the distinguished line of P . The only
other special case is when P and S are not disjoint, and therefore

U1,λ = aλ,∅

(

P10−(q+1)P8−q
2P7

)

+
(

|P2
k(λ)|−aλ,∅

)(

P10−λ1P8−(q2+q+1−λ1)P7

)

.

14.3. Weight 5. The only new special case is when P is in Aλ,[11] and S lies on
the distinguished line in P , and hence

U1,λ = aλ,∅(P9 − (q + 1)P8 − q2P6) + aλ,[11](P9 − (q + 1)P7 − P7 − (q2 − 1)P6)

+ (|P2
k(λ)| − aλ,∅ − aλ,[11])(P9 − λ1P7 − (q2 + q + 1 − λ1)P6).

14.4. Weight 6. If P lies in Aλ,∅ then dimLP = 9. The other new special cases
are when P lies in either Aλ,[12] or Aλ,[21] and S lies on the distinguished line of P .
We then conclude that

U1,λ = aλ,∅(P9 − (q + 1)P8 − q2P6) + aλ,[11](P8 − (q + 1)P7 − P6 − (q2 − 1)P5)

+ aλ,[12](P8 − (q + 1)P6 − 2P6 − (q2 − 2)P5) + aλ,[21](P8 − (q + 1)P6 − q2P5)

+ (|P2
k(λ)| − aλ,∅ − aλ,[11] − aλ,[12] − aλ,[21])(P8 − λ1P6 − (q2 + q + 1 − λ1)P5).

14.5. Weight 7. If P lies in Aλ,∅ or Aλ,[11] then the dimension of LP will not be
the expected one. We will need another definition for the singular cases.

Definition 14.7. Let Bλ,µ be the set of λ-tuples P for which there are two distinct
lines, both defined over k, whose intersection point p lies in P , and such that one
of the lines contains a µ-tuple of points of P \ p and the other a λ − [11] − µ-tuple
of points of P \ p. Define also

bλ,µ :=

(

q2 + q + 1

2

)

z(λ)

z(µ)z(λ− [11] − µ)
|X(µ)||X(λ− [11] − µ)|

where X := P1
k \ P0

k.

Lemma 14.8. If |µ| > 1 and |λ− [11] − µ| > 1 then |Bλ,µ| = bλ,µ.

Proof: Similar to Lemma 14.5. �

The new special cases are when P is in either Bλ,[13], Bλ,[11,21] or Bλ,[31] and S
lies on any of the two distinguished lines of P . Apart from this there is the case
when P lies in Aλ,[13] \Bλ,[13], Aλ,[11,21] \Bλ,[11,21] or Aλ,[31] \Bλ,[31] and then there
is one distinguished line of P on which S should lie.

As an example, let us in detail show that if P = (p, p1, . . . , p6) and S are not in
any of the special cases described above, then dimL′

P,S = dimL′
P−p,S − 1. For any

distinct points p and q, let l(p, q) denote the line through p and q. There are at
most two points, say p1 and p2, that lie on the line through p and S. There must
also be two distinct points, say p3 and p4, such that the lines l(p1, p3) and l(p2, p4)
do not contain p. Then the curve given by l(p1, p3), l(p2, p4), l(S, p5) and l(S, p6)
is in dimL′

P−p,S but not in L′
P,S.
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We thus find:

U1,λ = aλ,∅(P9 − (q + 1)P8 − q2P6) + aλ,[11](P8 − (q + 1)P7 − P6 − (q2 − 1)P5)

+ aλ,[12](P7 − (q + 1)P6 − 2P5 − (q2 − 2)P4) + aλ,[21](P7 − (q + 1)P6 − q2P4)

(bλ,[13] + bλ,[11,21] + bλ,[31])(P7 − (2q + 1)P5 − (q2 − q)P4)

+ (aλ,[13] − 2bλ,[13])(P7 − (q + 1)P5 − 3P5 − (q2 − 3)P4)

+ (aλ,[11,21] − 2bλ,[11,21])(P7 − (q + 1)P5 − P5 − (q2 − 1)P4)

+ (aλ,[31] − 2bλ,[31])(P7 − (q + 1)P5 − q2P4)

+ (|P2
k(λ)| − aλ,∅ − aλ,[11] − aλ,[12] − aλ,[21] − aλ,[13] − aλ,[11,21] − aλ,[31]

+ bλ,[13] + bλ,[11,21] + bλ,[31]) · (P7 − λ1P5 − (q2 + q + 1 − λ1)P4).

15. Cubic curves and elliptic curves

In this section we will apply the method we have used for counting pointed non-
singular quartics (described in Section 6), to count pointed non-singular cubics.
That is, we will choose M = 0, apply the modified sieve method to the degree 3
curves and then amend for the singular cubics.

Let us reinterpret Definitions 6.1 and 6.4 where we let LP be the linear subspace
of the P9(k) of degree 3 curves over k that pass through P , and similarly Defini-
tion 6.5 where we also let the singular curves be of degree 3. Define C(k) to be the
set of non-singular cubic curves over k. What we will compute is

(10)
1

|PGL3(k)|

∑

C∈C(k)

|C(λ)| =
1

|PGL3(k)|

(

∑

P∈P
2
k
(λ)

|LP | −
∑

|µ|>0

tλ,µ

)

,

for all partitions λ with |λ| ≤ 8.
In the first two subsections we will compute tλ,µ for all partitions µ with |µ| ≥ 1.

Since the singular degree 3 curves all have irreducible components whose normal-
izations have genus 0, we will be able to do this for partitions λ of any weight. In
the next subsection |LP | will be computed for all [1n]-tuples P , where n ≤ 8. In the
final subsection this information is shown to be sufficient to compute equation (10)
for any λ with |λ| ≤ 8. We will then translate the counts of pointed non-singular
cubics into Sn-equivariant counts of points of the moduli space M1,n for n ≤ 10.

15.1. The reducible degree 3 curves. All the reducible degree 3 curves have
components of degree 1 or 2 and they can be dealt with in the same way as the
degree 4 curves with such components.

Table 8. Singular degree 3 curves

Description #

Triple line 1
q3(q+1)(q−1)2

Line + double line 1
q2(q−1)2

λ-set of lines, int. in µ-set

⋆ λ,µ=([13],[13]),([11,21],[11,21]),([31],[31]) 1
6(q−1)2

, 1
2(q+1)(q−1)

, 1
3(q2+q+1)

⋆ λ,µ=([13],[11]),([11,21],[11]),([31],[11]) 1
6q2(q−1)

, 1
2q2(q−1)

, 1
3q2(q−1)

Conic + line, int. in λ-set

⋆ λ=[11],[12],[21] 1
q(q−1)

, 1
2(q−1)

, 1
2(q+1)
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15.2. The singular cubics. The inverse image, under a normalization morphism,
of the singularity of a singular cubic is a λ-set P on the normalization P1

k, where
|λ| = 1 or 2. Fix such a λ-set P = {p1, p2} and consider the line l of divisors of the
form p1 + p2 + r for any r on P1

k. Inside the 3-dimensional space of all divisors of
degree 3 we let d be any plane over k that contains l, except for the two (possibly
equal) planes (not necessarily defined over k) that are given by divisors of the form
p1 + r1 + r2 for any r1, r2 on P1

k and p2 + s1 + s2 for any s1, s2 on P1
k. This gives

q + 1 − λ1 possibilities to choose the linear system d. The two exceptional planes
are the only ones that contain a base point.

Lemma 15.1. The image of any morphism induced by d is a singular cubic.

Lemma 15.2. The number of singular cubics, of a type determined by the partition
λ, is equal to

1

z(λ)
· |P1

k(λ)| · (q + 1 − λ1) ·
1

|PGL2(k)|
.

15.3. Linear subspaces of degree 3 curves. We will restrict ourselves to the
case λ = [1|λ|]. In the next subsection we will see that this is the only case we need.
Arguing as in Section 14 we get the following results.

⋆ If n ≤ 4 then U0,λ = |P2
k([1n])|P9−n.

⋆ If n = 5 then U0,λ = a[15],∅P5 + (|P2
k([15])| − a[15],∅)P4.

⋆ If n = 6 then U0,λ = a[16],∅P5+a[16],[11]P4+(|P2
k([16])|−a[16],∅−a[16],[11])P3.

⋆ If n = 7 then U0,λ = a[17],∅P5+a[17],[11]P4+a[17],[12]P3+(|P2
k([17])|−a[17],∅−

a[17],[11] − a[17],[12])P2.

When the weight is 8 some new phenomena occur. If we have a pair of lines
with four non-singular points over k lying on each, then there is a P2 of degree 3
curves passing through these points. The number of choices of such points is equal

to c := 8!
(

q2+q+1
2

)(

q
4

)2
. By Bézout’s Theorem, all degree 3 curves that contain seven

points lying on a conic must contain that conic. Hence, if a set P of eight points
lie on a conic then dimLP = 2. The number of choices of eight such points over k
is by Example 8.1, equal to d := 8! · q2(q3 − 1)

(

q+1
8

)

. The dimension of LP is the
expected one in all other cases and we conclude that if n = 8 then

U0,λ = a[18],∅P5 + a[18],[11]P4 + a[18],[12]P3 + a[18],[13]P2 + cP2 + dP2

+ (|P2
k([18])| − a[18],∅ − a[18],[11] − a[18],[12] − a[18],[13] − c− d)P1.

15.4. From cubics to elliptic curves. For a non-singular irreducible projective
curve C over k, the Lefschetz trace formula tells us that am(C) (defined in Section
13.5.1) is equal to Tr(Fm, H1

c (Ck̄,Ql)) where H1
c (Ck̄,Ql) denotes the compactly

supported ℓ-adic étale cohomology. There are g pairs of eigenvalues αi, ᾱi of the
Frobenius F acting on H1

c (Ck̄,Ql) and thus am(C) =
∑g

i=1 α
m
i + ᾱm

i . These eigen-
values are also known to fulfill αiᾱi = q.

If g = 1, we can conclude that am(C) is expressible in terms of a1(C) and q.
In other words, if we can compute the number of points over k of a non-singular
genus 1 curve over k, we can compute the number of points over any finite extension
of k. From equation (9) it then follows that to make an Sn-equivariant count of

M1,n it suffices to compute |M̃F ·idn

1,n | = |M̃F
1,n|.

Lemma 15.3. For any n ≥ 1 we have

|M̃F
1,n+1| + n · |M̃F

1,n| =
1

|PGL3(k)|

∑

C∈C(k)

|C(idn)|.

Proof: Take a non-singular cubic over k together with points q1, . . . , qn over k.
The tangent line through q1 either intersects in no other point or it intersects in a
point q over k, which is either distinct from or equal to one of the points q1, . . . , qn.
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On the other hand, we can embed an element (C, p1, . . . , pn+1) of M̃F
1,n+1 with

the complete linear system |2p1 + pn+1|, and an element (C, p1, . . . , pn) of M̃F
1,n in

n different ways using the complete linear systems |2p1 + pi| for 1 ≤ i ≤ n. The
image curves will be precisely the ones described above. �

In the previous subsections we have counted non-singular cubics with up to eight
points over k and in Example 7.1 of [2] the well-known fact that |M̃F

1,1| = q is

shown. We can therefore use Lemma 15.3 to compute |M̃F
1,n| for n ≤ 9.

In [2] it is shown that if i is odd then

∑

[(C,p)]∈M1,1(k)/∼=k

a1(C)i

|Autk

(

(C, p)
)

|
= 0.

Equation (9) for σ = id then shows that if n is even we need only compute |M̃F
1,j |

for all j ≤ n − 1 to be able to conclude |M̃F
1,n|. In turn this shows that we can

compute |M̃F
1,n| for n ≤ 10 and then by the opening arguments of this subsection

also |M̃F ·σ
1,n | for any n ≤ 10 and permutation σ ∈ Sn.

References

[1] Pavel Belorousski. Chow rings of the moduli spaces of pointed elliptic curves. PhD thesis,
University of Chicago, June 1998.

[2] Jonas Bergström. Equivariant counts of points of the moduli spaces of pointed hyperelliptic
curves. Preprint available at arXiv:math.AG/0611813.

[3] Jonas Bergström and Orsola Tommasi. The rational cohomology of M4. Math. Ann.,
338(1):207–239, 2007.

[4] Jonas Bergström and Gerard van der Geer. The Euler characteristic of local systems on the
moduli of curves and abelian varieties of genus three. Preprint available at arXiv:0705.0293.

[5] Theo van den Bogaart and Bas Edixhoven. Algebraic stacks whose number of points over
finite fields is a polynomial. In Number fields and function fields—two parallel worlds, volume
239 of Progr. Math., pages 39–49. Birkhäuser Boston, Boston, MA, 2005.
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de modules des courbes de genre 2 et des surfaces abéliennes. II. C. R. Math. Acad. Sci.
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