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Chapter 1
Motivation & Outline
1.1 Motivation
Every day we make decisions involving risk and uncertainty. Some of these decisions
are straightforward and are made without much deliberation, whereas other decisions
are complex, such as the decision how much one is willing to pay for additional dental
insurance under the new ‘Zorgverzekeringswet’ in the Netherlands. For convenience, let
(p1:x1,…, pn:xn) denote a prospect (i.e. a finite probability distribution over monetary
outcomes) yielding €x1 with probability p1, €x2 with probability p2, etcetera. Until the
eighteenth century, it was conventional wisdom that the value of a prospect was equal to
the probability-weighted average of the outcomes, i.e. its expected value.1 For example,
according to expected value, if the probability that a person needs additional dental
surgery costing €5000 next year is known to be equal to 0.001 (i.e. the person faces the
prospect (0.001:−5000, 0.999:0)), a rational decision maker should at most be willing to
pay €5 for additional dental insurance.
However, by the well-known St. Petersburg paradox, the Dutch-born Swiss
mathematician Daniel Bernoulli (1738) showed that the value of a prospect is in general
not equal to its expected value. Imagine yourself deciding how much you are willing to
1

Formally, the expected value (EV) of a prospect P = (p1:x1,…, pn:xn) is:
n
EV(P) = p1x1 + p2x2 + … + pnxn = ∑ i =1 pi xi
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pay to participate in the following game: a fair coin is tossed repeatedly until it comes
up heads, in which case you will be paid €2j, where j is the number of the flip of the
coin yielding the first head. Thus, you have to decide how much you are willing to pay
for the prospect (½:2, ¼:4,…, 2−n:2n), with n → ∞. Although the expected value of this
game is equal to 1 + 1 + 1 + …, which is infinite, preferring €100 to this prospect is
plausible, thus showing that the value of a prospect is generally not equal to its expected
value.
According to Bernoulli (1738), this paradox arises because people subjectively
transform the outcomes of the prospects involved into utilities when making decisions.
Therefore, as an alternative to expected value, Bernoulli (1738) proposed that the value
of a prospect is equal to its expected utility, i.e. the probability-weighted utility of each
possible outcome.2 Consequently, risk attitudes are solely explained by the shape of the
utility function under expected utility. For example, risk aversion (preferring the
expected value of a prospect to the prospect itself) holds if and only if the utility
function is concave, which implies diminishing marginal utility and reflects the natural
intuition that each new euro adds less utility than the euro before. Bernoulli’s (1738)
expected utility model became more popular when von Neumann & Morgenstern
(1947) proved that expected utility could be derived from a set of mathematical axioms
of preferences. Most scholars have argued that these mathematical axioms are so
appealing that they are normatively compelling: the axioms provide a benchmark of
how a rational person ought to choose when making decisions involving risk. Hence,
expected utility was considered to be both a normative theory (how people ought to
choose) as well as a descriptive theory (how people actually choose) of decision under
risk.
However, laboratory experiments first done in the early 1950s showed that
individual choice behavior often violates one of the fundamental axioms of expected
utility provided by von Neumann & Morgenstern (1947). This axiom is the so-called
independence axiom, which basically requires that if a person prefers a prospect A to a
prospect B, then he should also prefer any probability mixture of A to the same
2

Formally, the expected utility (EU) of a prospect P = (p1:x1,…, pn:xn) is:
EU(P) = p1U(x1) + p2U(x2) + … + pnU(xn) = ∑ i =1 pi U( xi ) ,
n

where U: Ñ→ Ñ is a continuous and strictly increasing utility function satisfying U(0) = 0.
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probability mixture of B. The most famous example of a systematic (i.e. predictable)
violation of the independence axiom of expected utility is the Allais paradox (Allais
1953). Preferring the prospect A = (1:3000) to B = (0.8:4000, 0.2:0) while
simultaneously not preferring the prospect C = (0.25:3000, 0.75:0) to prospect D =
(0.2:4000, 0.8:0) is plausible. This choice pattern would imply, under expected utility
with U(0) = 0, the contradictory inequalities U(3000) > 0.8 × U(4000) and 0.25U(3000)
< 0.2 × U(4000) (implying U(3000) < 0.8 × U(4000)). Thus, expected utility is falsified.
Note that prospect C = (0.25:3000, 0.75:0) = (0.2:A, 0.8:0) and prospect D = (0.2:4000,
0.8:0) = (0.2:B, 0.8:0), so that the prevalent observed choice pattern can be seen to
violate the independence axiom of expected utility.
Although expected utility still is the reigning normative theory of decision under
risk, many new descriptive theories of individual decision making under risk have been
developed, mainly because of the descriptive inadequacy of expected utility such as the
aforementioned Allais paradox (for a survey, see Starmer 2000). The most prominent of
these nonexpected utility models is prospect theory (Kahneman & Tversky 1979;
Tversky & Kahneman 1992), which is central in this thesis.
Prospect theory entails that besides the transformation of outcomes by a utility
function, probabilities are transformed by a subjective probability weighting function,
reflecting diminishing sensitivity. More specifically, the probability weighting function
is assumed to be inverse S-shaped (see Figure 1.1), which reflects the tendency for
people to be overly sensitive to probabilities close to zero (the possibility effect) and to
FIGURE 1.1 – A Typical Utility- (left) and Probability Weighting Function (right)
U(x)

0

w(p)
1

x

0

3

1

p
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probabilities close to one (the certainty effect). It can be seen that the existence of an
inverse S-shaped probability weighting function can explain the Allais paradox and
several other behavioral phenomena such as the coexistence of gambling and insurance.
In addition, prospect theory entails that outcomes are evaluated relative to a
reference point, reflecting sensitivity towards whether outcomes are better or worse than
the status quo. More specifically, prospect theory assumes that people are more
sensitive to losses than to gains, resulting in an overweighting of losses relative to gains,
as the typical utility function plotted in Figure 1.1 indicates. Consequently, in the
prospect theory framework, the one-to-one relationship between utility curvature and
risk attitudes (which held under expected utility) no longer holds: risk attitudes are
determined by a combination of utility curvature, nonlinear probability weighting, and
the steepness of the utility function for negative outcomes relative to the steepness of
the utility function for positive outcomes, i.e. loss aversion.3
Despite the descriptive inadequacy of expected utility theory, many economists
are hesitant to use nonexpected utility models such as prospect theory. There are several
methodological reasons for this, each of which will be dealt with separately in this
thesis using the methods of experimental economics. Hence, the main goal of this thesis
is to stimulate the use of prospect theory to analyze risk attitudes since the classical
expected utility model still permeates the economics literature today.

1.2 Outline
Although prospect theory has become increasingly popular, a fist reason why some
economists are hesitant to use prospect theory is that the experiments showing that the
expected utility paradigm is descriptively inadequate such as those performed by Allais
3

Formally, the value of a prospect P = (p1:x1, …, pn:xn) with outcomes x1 ≤ … ≤ xk ≤ 0 ≤ xk+1 ≤ … ≤ xn
under prospect theory is given by:
k
n
PT(P) = ∑ i =1π i− U( xi ) + ∑ j = k +1π +j U( x j ) ,
where U: Ñ→ Ñ is a continuous and strictly increasing utility function satisfying U(0) = 0, and π+ and πare the decision weights, for gains and losses respectively, defined by:
for i ≤ k, and
π i− = w− ( p1 + ... + pi ) − w− ( p1 + ... + pi −1 )
for j > k,
π +j = w+ ( p j + ... + pn ) − w+ ( p j +1 + ... + pn )
where w+ is the probability weighting function for gains and w− is the probability weighting function for
losses, satisfying w+(0) = w−(0) = 0 and w+(1) = w−(1) = 1, and both strictly increasing and continuous.
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(1953) typically use students as subjects, and, hence, some economists question the
external validity of these experiments. Chapter 2 of this thesis presents the results of a
large-scale experiment that completely measures the utility function for different
positive and negative monetary outcomes, using a representative sample of N = 1932
Dutch, in a parameter-free way. This measurement is of crucial importance for policy
decisions on economic problems such as equitable taxation and the cost benefit analysis
of education, health care, and retirement. The results of Chapter 2 show that utility
curvature is less pronounced than suggested by classical utility measurements, which all
ignored the important role of probability weighting. Hence, the results suggest that
experimental results falsifying expected utility are also valid outside the laboratory. In
addition, the results of Chapter 2 suggest that utility is concave for gains and convex for
losses, reflecting diminishing sensitivity as predicted by prospect theory. Finally, we
confirm the common finding that females are more risk averse than males. However,
contrary to classical studies that ascribed this gender difference solely to differences in
the degree of utility curvature, our results show that this finding is primarily driven by
the utility of gains and loss aversion, and not by the utility of losses.
A second reason why economists do not use prospect theory more often is that
they question the reliability of the results of experiments falsifying expected utility
because most of these experiments use hypothetical incentives. According to this
argument, participants in hypothetical choice experiments are not well motivated to
think about the decision they face and their acts may thus reflect the use of simple
heuristics rather than genuine preferences. Real monetary incentives will be used in all
the experiments reported in this thesis, with the exception of the large-scale experiment
reported in Chapter 2 where real incentives could not be implemented for both practical
and ethical reasons. Major violations of expected utility are found in all chapters of this
thesis where it is tested.
A third, more practical, reason why some economists are hesitant to use prospect
theory more often is that risk attitudes are more difficult to measure if the expected
utility framework is abandoned. For example, asking an agent to state the amount of
money he is willing to pay for a particular prospect does not suffice under prospect
theory because it makes the plausible assumption that risk attitudes are driven as much
by the way people feel about probabilities (probability weighting) as about outcomes
(utility). Chapter 3 of this thesis mitigates this practical drawback by introducing a new
method for measuring probability weighting that is simpler and about twice as efficient
5
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as the methods used before. The new elicitation method is implemented in an
experiment. The results show that most participants exhibit a convex weighting
function, implying pessimism and enhancing risk aversion. This finding supports recent
claims that utility is less concave than was traditionally thought in studies that ascribed
all risk aversion observed to concave utility.
Some economists have argued that since most of the original evidence against
expected utility comes from one-shot decision making experiments, it is likely that
subjects never faced the considered decisions before, and their acts may thus be based
on simple misunderstandings rather than on irrationalities in genuine preference.
According to this argument, behavior observed in single-choice experiments, i.e.
experiments where subjects make just one choice for real, has little in common with
individual choice behavior in environments where learning opportunities do exist.
Chapter 4 presents the results of a simple experiment testing whether individual choice
behavior in the Allais paradox converges to rationality when participants make repeated
choices and experience the resolution of risk after each choice. Such convergence to
rationality is found when subjects are given the opportunity to learn by both thought and
experience, but convergence is absent when participants learn by thought only. Hence,
Chapter 4 gives the first pure demonstration that choice irrationalities such as in the
Allais paradox are indeed less pronounced than suggested by earlier experimental
studies of individual decisions under risk, but only in choice environments where agents
make repeated choices and directly experience the resolution of risk after each choice.
Chapter 5 elaborates on the results obtained in Chapter 4 and presents the results
of an experiment testing the hypothesis that the observed convergence of individual
behaviour to rationality occurs because respondents learn to weight probabilities more
linearly when they experience the consequence of each act directly after each choice.
The results of the experiment support this hypothesis. The probability weighting
function converges significantly to linearity when subjects are given the opportunity to
learn and experience the resolution of risk after each choice, but such convergence is
absent in an experimental treatment where respondents make repeated choices but do
not experience the resolution of risk directly after each choice.
Finally, Chapter 6 of this thesis concerns a more general and complex class of
decisions. These are decisions made under uncertainty, i.e. decisions made in situations
where the probabilities of the events that are relevant to the decision are unknown. In
such decision situations, proper scoring rules have often been used to measure subjective
6
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beliefs about likelihoods, but these scoring rules are only valid under the assumption of
expected value maximization. Chapter 6 shows how scoring rules can be generalized to
modern decision theories, and can become valid under risk aversion and other deviations
from expected value by the use of a new correction technique. An experiment
demonstrates the feasibility of this correction technique, yielding plausible empirical
results. Violations of additivity of subjective probabilities are reduced, although they do
not disappear entirely, which suggests genuine nonaddivity in subjective beliefs. In
addition, the quality of reported probabilities is better under repeated small incentives
than under single large incentives.
Overall, the experimental results presented in this thesis show that violations of
expected utility are externally valid, are present in choice environments with real
incentives, and become only less pronounced, but do not disappear, in choice
environments where economic agents make repeated choices and experience the
resolution of risk directly after each choice. Hence, at the very least, this thesis will
hopefully convince the skeptical classical economist that risk attitudes are driven as
much by the way people feel about probabilities as about outcomes. I thereby hope to
encourage the use of nonexpected utility models such as prospect theory to analyze
risky decisions in economics.

7

Chapter 2
A Parameter-Free Analysis of the Utility of
Money for the General Population under
Prospect Theory
Extensive data have convincingly shown that expected utility, the reigning economic
theory of rational decision making, fails descriptively. The descriptive inadequacy of
expected utility questions the validity of classical utility measurements. This chapter
presents the results of an experiment that completely measures the utility function for
different positive and negative monetary outcomes, using a representative sample of N
= 1932 from the general public, in a completely parameter-free way. Hence, this chapter
provides a parameter-free measurement of the rational component of risk attitudes from
the general population. This information is crucial for policy decisions on important
economic problems such as equitable taxation and the cost benefit analysis of education,
health care, and retirement. In addition, we obtain individual parameter-free
measurements of loss aversion. The results give empirical support to a recent conjecture
by Rabin, being that utility curvature is less pronounced than suggested by classical
utility measurements, using a large representative sample. Also, females are more risk
averse than males, which confirms frequent findings, but our results give more
background and show that these findings are primarily driven by utility for gains and
loss aversion, and not by utility for losses.1

1

The results in this chapter were first formulated in Booij & van de Kuilen (2006).

Chapter 2

2.1 Introduction
Expected utility is the reigning economic theory of rational decision making under risk.
In the classical expected utility framework, outcomes are transformed by a strictly
increasing utility function and prospects are evaluated by the probability-weighted
average utility. Therefore, risk attitudes are solely explained by utility curvature under
expected utility. For example, risk aversion (preferring the expected value of a prospect
to the prospect itself) holds if and only if the utility function is concave, implying
diminishing marginal utility. However, a decade of extensive experimentation has
convincingly shown that “risk aversion is more than the psychophysics of money”
(Lopes 1987): numerous studies have systematically falsified expected utility as a
descriptive theory of decision making (Allais 1953; Kahneman & Tversky 1979). This
descriptive inadequacy has been the main inspiration for the development of many new
descriptive theories of individual decision making under risk (for a survey, see Starmer
2000). The most prominent of these nonexpected utility models is prospect theory
(Kahneman & Tversky 1979; Tversky & Kahneman 1992).
Prospect theory entails that besides the transformation of outcomes, probabilities
are transformed by a subjective probability weighting function, reflecting sensitivity
towards probabilities. In addition, prospect theory entails that outcomes are evaluated
relative to a reference point, reflecting sensitivity towards whether outcomes are better
or worse than the status quo. Consequently, in the prospect theory framework, the oneto-one relationship between utility curvature and risk attitudes no longer holds: risk
attitudes are determined by a combination of utility curvature, subjective probability
weighting, and the steepness of the utility function for negative outcomes (losses)
relative to the steepness of the utility function for positive outcomes (gains), i.e. loss
aversion. Therefore, the validity of classical measurements of risk attitudes can be
questioned, which explains why these measurements have often led to preference
inconsistencies (Hershey & Schoemaker 1985) or theoretical implausibilities (Rabin
2000a).
From a policy perspective, it is important to decompose risk attitudes into a
utility curvature part, a subjective probability weighting part, and a loss aversion part at
the individual level. Choice behavior based on diminishing marginal utility is
considered to be rational by most economists in the sense that these choices satisfy the
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fundamental axioms of expected utility. Choice behavior based on subjective
probability weighting for example does not agree with these normatively compelling
axioms.
This chapter presents the results of an experiment that completely measures the
utility function for different positive and negative monetary outcomes, using a
representative sample of N = 1932 respondents from the Dutch population, in a
completely parameter-free way. The measurement technique we use is the (gamble-)
tradeoff method introduced by Wakker & Deneffe (1996), which is robust against
subjective probability distortion and is parameter-free in the sense that a priori
assumptions about the true underlying functional form of the utility function are not
necessary. Hence, this chapter provides the first parameter-free measurement of the
rational component of risk attitudes of the general population, which is important for
policy decisions on economic problems such as equitable taxation and the cost benefit
analysis of education, health care, and retirement. In addition, we have obtained
individual parameter-free measurements of loss aversion under expected utility. The
obtained dataset also allows us to test whether utility curvature is more or less
pronounced for losses than for gains, whether scaling up monetary outcomes leads to a
higher or a lower degree of utility curvature or loss aversion, and to relate the obtained
measurements of utility curvature and loss aversion to socio-demographic
characteristics.
First of all, our results support Rabin’s (2000b, p. 202) claim that diminishing
marginal utility is an “implausible explanation for appreciable risk aversion, except
when the stakes are very large”: we confirm that utility curvature is less pronounced
than suggested by classical utility measurements. Second, the results show that utility is
concave for gains and convex for losses, reflecting diminishing sensitivity as predicted
by prospect theory but contrary to the classical prediction of universal concavity. In
addition, the results confirm the common finding that females are more risk averse than
males. Contrary to classical studies that ascribed this gender difference solely to
differences in the degree of utility curvature, our results show that this finding is
primarily driven by utility for gains and loss aversion, and not by utility for losses.
Fourth and finally, we did not find significant evidence for the hypothesis that both the
degree of utility curvature and the degree of loss aversion increases with the size of the
outcomes involved.

11

Chapter 2
The remainder of this chapter is organized as follows. Section 2.2 briefly provides
background information about the ongoing debate in the literature about the proper
shape of the utility function. Section 2.3 discusses prospect theory, and Section 2.4
provides an explanation of the measurement techniques we used to obtain parameterfree measurements of utility curvature and loss aversion at the individual level. Section
2.5 presents the experimental method, followed by the presentation of the results of the
experiment in Section 2.6. Section 2.7 contains a discussion of the experimental method
and the experimental results and Section 2.8 concludes. Finally, Appendix 2A presents
details of the experimental instructions.

2.2 Background
As mentioned in the introduction, measuring risk attitudes and decomposing risk
attitudes into a rational and irrational component is crucial from a policy perspective.
Consider for example the equal sacrifice principle first put forth by Mill (1848).
According to this principle, tax rates should be set in such a way that all people paying
tax lose the same amount of utility. Hence, information about the utility that people
derive from money obtained in isolation, that is, obtained in an environment where
confounding effects such as probability weighting did not play a role, is necessary.
Young (1990) used historical tax data from the US to derive the utility function of
taxpayers under the assumption that the equal sacrifice principle holds. Because the
resulting estimates of the utility function are consistent with estimates from the finance
literature, Young (1990) justified US tax policy. However, Young (1990) assumed
expected utility and, hence, his results may have been distorted by probability
weighting.
Parametric studies that provide measurements and decompositions of risk
attitudes into a rational and irrational part are numerous and, consequently, there is an
ongoing debate about the shape of the utility function. For gains, most studies have
corroborated that the utility function is concave-shaped reflecting the natural intuition
that each new euro brings less utility than the euro before and implying diminishing
marginal utility (Wakker & Deneffe 1996). However, the debate regarding the shape of
the utility function for losses has not been settled.
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First of all, there is no consensus at present about the fundamental question
whether the utility function for losses is convex or concave. Some studies found
concave utility for losses (Davidson, Suppes & Siegel 1957; Laury & Holt 2000 (for
real incentives only)), while other studies found convex utility for losses (Currim &
Sarin 1989; Tversky & Kahneman 1992; Abdellaoui 2000; Etchart-Vincent 2004).
Second, some studies did not only find convex utility for losses but also found more
pronounced convexity for losses than concavity for gains (Fishburn & Kochenberger
1979; Abdellaoui, Bleichrodt & Paraschiv 2004), and this constitutes another point of
debate since other studies found that convexity for losses is less pronounced than
concavity for gains (Fennema & van Assen 1999; Köbberling, Schwieren & Wakker
2004; Abdellaoui, Vosmann & Weber 2005). Finally, there is no consensus on whether
utility curvature is more (or less) pronounced for larger outcomes. Increasing relative
risk aversion has been found, for example, by Kachelmeier & Shehata (1992), Holt &
Laury (2002, 2005), and Harrison, Johnson, McInnes & Rustrom (2003), whereas the
opposite result, i.e. a decreasing relative risk aversion coefficient, has been found, for
example, by Friend & Blume (1979), and Blake (1996).
There are four possible confounding factors in the aforementioned studies that
are not present in the current study, and that may explain the seemingly contradictory
findings. First, some studies assume expected utility and, thus, ignore the important role
of probability weighting in risk attitudes. Second, the functional form of the utility (and
probability weighting-) function are sometimes assumed beforehand and, therefore, the
estimations depend critically on the appropriateness of the assumed functional form:
conclusions drawn on the basis of the parameter estimates need no longer be valid if the
true functional form differs from the assumed functional form. Third, most of these
studies use aggregate data to estimate the different assumed functional forms, ruling out
heterogeneity of individual preferences. Fourth and finally, student populations are
commonly used as subjects, making the external validity of the results questionable.

2.3 Prospect Theory
Let Ñ be the set of possible monetary outcomes. We consider decision under risk. A
prospect is a finite probability distribution over the outcomes. Thus, a prospect yielding
13
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outcome xi with probability pi (i = 1,…, n) is denoted as (p1:x1,…, pn:xn). A twooutcome prospect (p:x, 1-p:y) is denoted by (p:x, y) and the unit of payment for
outcomes is one euro. In this chapter, prospect theory refers to the modern (cumulative)
version of prospect theory that corrected a theoretical mistake in the original ’79
version, introduced by Tversky & Kahneman (1992). Prospect theory entails that the
value of a prospect with outcomes x1 ≤ … ≤ xk ≤ 0 ≤ xk+1 ≤ … ≤ xn is given by:
k

∑ π i− U( xi ) +
i =1

n

∑π

j = k +1

+
j

U( x j )

(2.3.1)

Here U: Ñ→ Ñ is a continuous and strictly increasing utility function satisfying U(0) =
0, and π+ and π- are the decision weights, for gains and losses respectively, defined by:

π i− = w− ( p1 + ... + pi ) − w− ( p1 + ... + pi −1 ) for i ≤ k, and
π +j = w+ ( p j + ... + pn ) − w+ ( p j +1 + ... + pn ) for j > k

(2.3.2)

Here w+ is the probability weighting function for gains and w− is the probability
weighting function for losses, satisfying w+(0) = w−(0) = 0 and w+(1) = w−(1) = 1, and
both strictly increasing and continuous. Thus, the decision weight of a positive outcome
xi is the marginal w+ contribution of pi to the probability of receiving better outcomes
and the decision weight of a negative outcome xi is the marginal w− contribution of pi to
the probability of receiving worse outcomes. Finally note that the decision weights do
not necessary sum to 1 and that prospect theory coincides with expected utility if people
do not distort probabilities, i.e. prospect theory coincides with expected utility if w+ and
w− are the identity.

2.4 Measuring the Utility Function
This section provides an explanation of the measurement techniques we used to obtain
parameter-free measurements of utility curvature and loss aversion at the individual
level.
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2.4.1 Measuring Utility Curvature: The Tradeoff Method
The (gamble-) tradeoff method, first introduced by Wakker & Deneffe (1996), draws
inferences from a series of indifferences between two-outcome prospects in order to
obtain a so-called standard sequence of outcomes, i.e. a series of outcomes that is
equally spaced in utility units. Contrary to other elicitation techniques often used to
measure individual utility functions such as the certainty equivalent method, the
probability equivalent method, and the lottery equivalent method (McCord & de
Neufville 1986), utilities obtained through the tradeoff method are robust to subjective
probability distortion. Hence, besides being valid under expected utility, the tradeoff
method retains validity under prospect theory, rank-dependent utility and cumulative
prospect theory (Wakker & Deneffe 1996).
Consider an individual who is indifferent between the prospects (p:x1, g) and
(p:x0, G) with 0 ≤ g ≤ G ≤ x0 ≤ x1. In most existing laboratory experiments employing
the tradeoff method (as well as in our field experiment) individual indifference is
obtained by eliciting the value of outcome x1 that makes a person indifferent between
these two prospects while fixing outcomes x0, G, g, and probability p. Under prospect
theory, indifference between these prospects implies that:

w+ ( p ) ( U( x1 ) − U( x0 ) ) = (1 − w+ ( p ) ) ( U(G ) − U( g ) )

(2.4.1)

Thus, under prospect theory, the weighted improvement in utility by obtaining outcome
G instead of outcome g is equivalent to the weighted improvement in utility by
obtaining outcome x1 instead of outcome x0. Now suppose that the same person is also
indifferent between the prospects (p:x2, g) and (p:x1, G). If we apply the prospect theory
formula to this indifference we find that:
w+ ( p) ( U( x2 ) − U( x1 ) ) = (1 − w+ ( p) ) ( U(G ) − U( g ) )

(2.4.2)

Combining Equations 2.4.1 and 2.4.2 yields:
U( x2 ) − U( x1 ) = U( x1 ) − U( x0 )

(2.4.3)

Thus, the tradeoff in utilities between receiving outcome x2 instead of outcome x1 is
equivalent to the tradeoff in utilities between receiving outcome x1 instead of outcome
15
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x0 under prospect theory. Or, put differently, x1 is the utility-midpoint between outcome
x0 and outcome x2 and the sequence of outcomes x0, x1, x2 is equally spaced in terms of
utility units. We can continue eliciting individual indifference between prospects (p:xi,
g) and (p:xi−1, G) in order to obtain an increasing sequence x0,…, xn of gains that are
equally spaced in utility units. A similar process can be used to construct a decreasing
sequence of equally spaced losses. More specifically, individual indifference between
the prospects (p:yi, l) and (p:yi-1, L) with 0 ≥ l ≥ L ≥ y0 ≥ y1 ≥… ≥ yn implies that the
resulting decreasing sequence of losses y0,…, yn is equally spaced in utility units under
prospect theory. In what follows, we will use the term utility increment to denote the
(equal) utility difference between the elements of the particular standard sequence
considered.
2.4.2 Measuring Loss Aversion

The tradeoff method allows measuring utilities for either gains or losses. Without any
further information these measurements cannot be combined, because they are not on
the same scale. This requires the elicitation of additional indifferences that also involve
mixed prospects, i.e. prospects that yield both gains and losses. This will then amount to
measuring loss aversion and, with the proper use of the obtained standard sequences this
can be done in a parameter-free way.
To measure loss aversion, we first determine the utility-distance of x0,…, xn to
outcome 0. Indeed, although we know that the sequence is equally spaced in utility
units, we do not know how far their utility is above U(0) = 0. This we determine by
obtaining the value of outcome b that makes a person indifferent between the prospects
(r:b, 0) and (r:x1, x0), where r is some fixed probability. Under prospect theory,
indifference between these prospects implies:
U( x0 ) − U(0) =

w+ ( r )
( U(b) − U( x1 ) )
1 − w+ ( r )

(2.4.4)

If the quantities on the right hand side of this equation are known then, for the purpose
of utility measurement, this equation can be seen as eliciting the location of the utilities
of the standard sequence for gains with respect to the utility 0 that is attached to
outcome 0. Put differently, Equation 2.4.4 identifies the utility distance between
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outcome 0 and the outcomes of the standard sequence for gains. This is illustrated by
brace 1 in Figure 2.4.1 below.
FIGURE 2.4.1 – Linking the Utilities for Gains and Losses
U
1

1
y6

c

y1 y0
0

3 x0

x1 d

b

x6

2

Assuming that w+(r) is known, the right-hand side of Equation 2.4.4 can be quantified
directly in terms of the number of utility increments of the standard sequence if b ∈
{x0,…, xn}. The indifference outcome b usually is not an element of the obtained
standard sequence of gains. If the obtained indifference outcome b falls within the range
of the standard sequence, i.e. b ∈ [x1, xn], an estimate of U(b) can be obtained by using
linear interpolation. For example, if b ∈ [xj-1, xj], then U(b) can be approximated by:

b − x j −1
x j − x j −1

( U( x ) − U( x ) ) + U( x
j −1

j

j −1

)

(2.4.5)

This approximation can be justified on the grounds that utility is often found to be linear
over small monetary intervals (Wakker & Deneffe 1996).
As a second step in our measurement of loss aversion, we measure the utility
distance between outcome zero and the standard sequence y0,…, yn of losses. This can
be done by obtaining the outcome c that makes an agent indifferent between the
17
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prospects (r:0, c) and (r:y0, y1). Under prospect theory, indifference between these
prospects implies:
U( y0 ) − U(0) =

w− (1 − r )
( U(c) − U( y1 ) )
1 − w− (1 − r )

(2.4.6)

This second step is illustrated by brace 2 in Figure 2.4.1. Assuming that w−(1−r) is
known, again only U(c) has to be determined in order to quantify the right-hand side of
Equation 2.4.6 in terms of the number of utility increments of the standard sequence of
losses. Because indifference outcome c need not be an element of the obtained standard
sequence of losses, the utility of outcome c has to be interpolated from this sequence
again.
The first two indifferences measure the utility distances between outcome 0 and
the standard sequences of gains and losses respectively. In the third and final step, the
utility function for gains is linked to the utility function for losses by eliciting the
outcome d > x0 that makes the agent indifferent between the mixed prospects (r:d, y1)
and (r:x0, y0). This is illustrated by brace 3 in Figure 2.4.1. Under prospect theory,
indifference between these prospects implies:

U( y0 ) − U( y1 ) =

w+ ( r )
( U(d ) − U( x0 ) )
w− (1 − r )

(2.4.7)

From a measurement perspective this equation amounts to relating the utility increment
of the standard sequence of losses to that of the standard sequence of gains. The utility
of outcome d has to be interpolated from the standard sequence of gains again.
Equations 2.4.5 to 2.4.7, the fact that standard sequences are equally spaced in
utility units, and linear interpolation of the utility of indifference outcomes b, c, d, fully
determines the utilities of the outcomes {yn,…, y0, 0, x0,…, xn}.
In the above steps, the probability weights corresponding to the probabilities
used in the elicitation procedure were assumed to be known, while in fact they are
unknown a priori. Several parameter-free techniques to obtain these probability weights
have been proposed in the literature (Abdellaoui 2000, Bleichrodt & Pinto 2000).
Hence, if combined with these measurement methods, the three indifferences stated
above can in principle be used to measure the utilities of the standard sequences of gains
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and losses on the same scale. In the present study, we did not pose additional questions
to obtain the probability weights, and assume either linear probability weighting as in
classical economic analyses or use the empirical estimates of the probability weights
found by Kahneman & Tversky (1992) in the analysis. A different parameter-free
method to measure loss aversion is in Abdellaoui, Bleichrodt & Paraschiv (2005).

2.5 The Experiment: Method
Participants. N = 1932 Dutch participated in the experiment which was held in
February 2006. We used the DNB Household survey which is a household panel that
completes a questionnaire every week on the Internet or, if Internet is not available in
the household, by a special box connected to the television. The household panel is a
representative sample of the Dutch population.
Procedure. Respondents first read experimental instructions (see Appendix A) and were
then asked to answer a practice question to familiarize them with the experimental
setting. In the instructions it was emphasized that there were no right or wrong answers.
In order to obtain indifference between prospects we used direct matching, that is,
respondents were asked to report an outcome of a prospect for which they would be
indifferent between two particular prospects, which were framed as depicted in Figure
2.5.1 below.
FIGURE 2.5.1 – The Framing of the Prospect Pairs

Respondents were thus simply asked to report the upper prize of the left prospect that
would make them indifferent between both prospects. The wheel in the middle served to
explain probabilities to respondents. Both the probabilities reported in the wheel and the
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colors of the wheel corresponded to the probabilities of the prospects. The prizes of the
prospects used were hypothetical (for a discussion see Section 2.7).
Stimuli. For each respondent we obtained a total of 16 indifferences; see Table 2.5.1.
TABLE 2.5.1 – The Obtained Indifferences
Matching
Question

Prospect L

1

(0.5: a, 10)

~

(0.5: 50, 20)

2

(0.5: x1, g)

~

(0.5: x0, G)

.
.

.
.

7

(0.5: x6, g)

~

(0.5: x5, G)

8

(0.5: y1, l)

~

(0.5: y0, L)

.
.

.
.

13

(0.5: y6, l)

~

(0.5: y5, L)

14*

(0.5: b, 0)

~

(0.5: x1, x0)

15*

(0.5: 0, c)

~

(0.5: y0, y1)

16*

(0.5: d, y1)

~

(0.5: x0, y0)

Prospect R

.
.

.
.

Notes: underlined outcomes are the matching outcomes and
questions marked with an asterisk were presented in
randomized order.

Following the first practice question, matching questions 2 to 7 served to obtain an
increasing sequence of gains x0,…, x6 that are equally spaced in utility units, followed
by six matching questions to obtain a decreasing sequence of losses y0,…, y6 that are
equally spaced in terms of utility (see Section 2.4.1). Matching questions 14 to 16
served to obtain a parameter-free measurement of the degree of loss aversion at the
individual level, under expected utility (see Section 2.4.2). As can be seen in Table
2.5.1, the parameter values of p and r used throughout Section 2.4 were set at 0.5, as in
Bleichrodt & Pinto’s (2000) experiment.
Treatments. In order to be able to test whether utility curvature is more pronounced for
larger monetary outcomes, respondents were randomly assigned to two different
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treatments. These treatments only differed in the parameters values used for G, g, x0, L,
l, and y0. In the low-stimuli treatment, these parameters values were set at G = 64, g =
12, x0 = 100, L = -32, l = -6, and y0 = -50. In the high-stimuli treatment, all parameter
values were scaled up by a factor 10, i.e. the parameters values were set at G = 640, g =
120, x0 = 1000, L = -320, l = -60, and y0 = -500.

2.6 The Experiment: Results
In the following analyses, the number of observations used varies considerably. The
precise number of observations used in each analysis will be reported separately. The
(sometimes high) rate of dropped observations is mainly determined by an imposed
monotonicity condition (the obtained standard sequence of gains (losses) had to be
strictly increasing (decreasing)), and an imposed completeness condition (each
respondent had to complete all matching questions). Violation of such conditions
suggests that respondents did not understand the questions or were not well motivated.
We also dropped some extreme observations that similarly suggested lack of
understanding.
Although dropping observations is unfavorable, it has some advantages
especially when using a large representative sample. Then the performed analysis is
based on data of respondents who had a good understanding of the questions, making
them of better quality. In the same way, some other studies of large representative
samples dropped even more subjects: for determining the relative risk aversion
coefficient (see 2.6.1.2), Guiso & Paiella (2003) and Dohmen, Falk, Huffman, Sunde,
Schupp & Wagner (2005) were forced to drop 57% and 61% of their observations,
respectively.
2.6.1 Utility Curvature: Non-Parametric Analysis

Table 2.6.1 summarizes the results regarding the obtained utility function for monetary
gains and losses under the different treatments. As can be seen in the table, the
difference between the successive elements of the average standard sequences is mostly
increasing over all treatments for both gains and losses. This implies concave utility for
gains and convex utility for losses, reflecting diminishing sensitivity: people are more
sensitive to changes near the status quo than to changes remote from the status quo, as
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predicted by prospect theory but contrary to the classical prediction of universal
concavity. Also, at face value utility curvature seems to be more pronounced for larger
monetary outcomes.
TABLE 2.6.1 – Mean Results Utility Curvature
GAINS
High (N = 383)

LOSSES

Low (N = 431)

High (N = 330)

Low (N = 360)

i

xi

xi - xi-1

xi

xi - xi-1

yi

yi - yi-1

yi

yi - yi-1

1

1993
(602)

993

205
(94)

105

-851
(231)

350

-86
(36)

36

2

3000
(1131)

1007

319
(184)

114*

-1243
(431)

392*

-126
(59)

40*

3

4060
(1692)

1060*

441
(313)

122*

-1664
(634)

421*

-168
(83)

42*

4

5161
(2311)

1101**

576
(561)

135

-2075
(856)

411

-211
(106)

43**

5

6283
(2980)

1122**

727
(865)

151*

-2494
(1069)

419

-254
(130)

43

6

7447
(3713)

1164**

893
(1244)

166

-2920
(1297)

-298
(156)

44

ms

426

ms

Notes: standard deviations in parenthesis. * significantly higher than its predecessor at the 1% level. **
significantly higher than its predecessor at the 5% level. ms significantly higher than its predecessor at the
10% level.

We performed Wilcoxon signed-rank tests to test whether the differences between the
successive elements of the standard sequence for gains and losses are indeed
significantly increasing. As can be seen in Table 2.6.1, a total of 8 differences between
the obtained successive elements of the standard sequence were significantly increasing
for gains. In the loss domain, 3 differences between the obtained elements of the
standard sequences were significantly increasing in both the low and the high-stimulus
treatment. Only one difference was significantly decreasing. Overall, our results thus
suggest the presence of significant diminishing sensitivity, which is consistent with the
findings of other parameter-free studies employing the tradeoff method to obtain
utilities for gains (Wakker & Deneffe 1996; Abdellaoui 2000; Abdellaoui, Barrios &
Wakker 2005) and losses (Fennema & van Assen 1999; Etchard-Vincent 2004) as well
as with results from studies using parametric fittings (Currim & Sarin 1989; Tversky &
Kahneman 1992; Heath, Huddart & Lang 1999; Davies & Satchell 2003).
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TABLE 2.6.2 – Classification of Respondents
LOSSES

GAINS

Concave

Linear

Convex

Missing

Total

Convex

50

31

77

58

216

Linear

25

108

43

59

235

Concave

49

44

143

121

363

Missing

35

30

49

−

114

Total

159

213

318

238

928

Finally, for each respondent we calculated the area under the normalized utility function
for both gains and losses and we classified a respondent’s utility function as concave
(convex; linear) when this area was larger than (smaller than; equal to) 0.5 for gains.
For losses, a utility function was classified as concave (convex; linear) when the area
was smaller than (larger than; equal to) 0.5. As Table 2.6.2 shows, a vast majority of
utility functions exhibited a concave shape for gains combined with a convex shape for
losses, again implying diminishing sensitivity as predicted by prospect theory.
2.6.2 Utility Curvature: Parametric Analysis

Although we obtained utilities in a parameter-free way using the trade-off method,
we also used parametric methods to analyze the data. For each respondent, we estimated
the power utility function with parameter ρ for both treatments. Thus, for each
respondent and for each separate domain (gains and losses) we estimated:
U(x) = xρ

for ρ > 0

(2.6.1)

U(x) = ln(x) for ρ = 0

(2.6.2)

U(x) = − xρ

(2.6.3)

for ρ < 0

by minimizing the sum of squared residuals. The power utility function with parameter
ρ is currently the most popular parametric family for fitting utility (Wakker 2006) and is
also known as the family of constant relative risk aversion (CRRA) because the ratio
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–U''(x)/U'(x), i.e. the index of relative risk aversion, is constant and equal to 1 − ρ. We
also estimated the exponential utility function for both gains and losses which is defined
by:
U(x) = e−γz − 1

for γ < 0

(2.6.4)

U(x) = z

for γ = 0

(2.6.5)

U(x) = 1 − e−γz

for γ > 0

(2.6.6)

where z = (x − x0)/(x6 − x0). This family is also known as the family of constant absolute
risk aversion (CARA) because the ratio −U''(x)/U'(x), i.e. the Pratt-Arrow measure of
risk aversion, is constant and equal to γ.
Finally, we estimated the expo-power utility function, introduced by Abdellaoui,
Barrios & Wakker (2005), which is a variation of the two-parameter family proposed by
Saha (1993) and which is defined by:
U(x) = − exp(− zδ /δ) for δ ≠ 0

(2.6.7)

U(x) = − 1/z

(2.6.8)

for δ = 0

where z = x / x6. This particular specification allows for both concave and convex utility
functions and a subset of this specification allows for the combination of concave
utility, a decreasing Pratt-Arrow measure of risk aversion ((1 − δ)/x + xδ−1) and an
increasing index of relative risk aversion (1 − δ + xδ), which is a desirable feature
because these phenomena are often found empirically (Abdellaoui, Barrios & Wakker
2005). As mentioned in the introduction, the one-to-one relationship between utility
curvature and risk attitudes is not valid under nonexpected utility models such as
prospect theory and, thus, we avoid the terms index of relative risk aversion and PrattArrow measure of risk aversion in what follows.
Table 2.6.3 below summarizes the average optimal parameter estimates for the
different parametric specifications for each specific treatment, found by minimizing the
sum of squared residuals. As can be seen in the table, the average individual parametric
estimate of the power coefficient ρ for gains is 0.94 in both the high- and the lowstimulus treatment. This result seems to be consistent with a mean estimate for gains
based on parameter-free data of 0.91 found by Abdellaoui, Barrios & Wakker (2005). A
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two-sided Mann-Whitney test does not reject the null hypothesis that the ranks of the
estimated ρ-parameters for gains are equal across the high- and the low-stimulus
treatment (z = 0.253, p-value = 0.8005).
TABLE 2.6.3 – Estimation Results
Treatment

ρ

γ

δ

Gains, high
N = 378

0.94
(0.40)

0.14
(0.64)

1.36
(0.36)

Gains, low
N = 428

0.94
(0.41)

0.19
(0.86)

1.36
(0.38)

Losses, high
N = 326

0.90
(0.55)

0.17
(0.66)

1.36
(0.49)

Losses, low
N = 356

0.93
(0.55)

0.19
(0.76)

1.39
(0.51)

Note: standard deviations in parenthesis.

Analysis of the individual ρ-parameters on the basis of one-sided Wilcoxon signed rank
sum tests does indicate that the ρ-coefficients for gains are significantly lower than 1 in
both the high- and the low-stimulus treatment (low: z = −5.009, p-value = 0.000; high: z
= −4.944, p-value = 0.000), which implies a significant overall degree of diminishing
marginal utility for gains.
For losses, the obtained parameter estimates were 0.90 for the high-stimulus
treatment and 0.93 for the low stimulus treatment respectively, which is in line with a
trimmed mean estimate of 0.901 based on parameter-free data found by Fennema & van
Assen (1999). Again, a two-sided Mann-Whitney test does not reject the null hypothesis
that the ranks of the estimated ρ-parameters for losses are equal across the treatments (z
= 0.141, p-value = 0.888). In addition, the obtained ρ-coefficients for losses proved to
be significantly lower than 1 in both the high and the low-stimulus treatment based on
one-sided Wilcoxon signed rank sum tests (low: z = −5.662, p-value = 0.000; high: z =

−5.466, p-value = 0.000) which suggests diminishing sensitivity, as predicted by
prospect theory.
Interestingly, an overall two-sided Wilcoxon rank sum test rejects the nullhypothesis that the ranks of the obtained ρ-coefficients are equal between the gain and
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the loss domain in favor of the hypothesis that the ρ-coefficients are higher in the gain
domain compared to the loss domain (z = 2.159, p-value = 0.0308). Thus, we have
obtained evidence suggesting that utility is concave for gains but is even more convex
for losses. This finding supports the results obtained by Abdellaoui, Bleichrodt &
Paraschiv (2004) and Fishburn & Kochenberger (1979, p. 511). The parameter
estimates of the other functional forms are all highly correlated and, hence, statistical
tests based on the other functional families gives very similar results and will not be
reported here.
The large representative dataset allows us to relate the degree of utility curvature
with socio-demographic variables. Therefore, we performed a simple regression
analysis with the individual estimators as dependent variables and a treatment dummy
and several socio-demographic variables as independent variables. The results of this
simple regression are reported in the first three columns of Table 2.6.4.
TABLE 2.6.4 – Regression Results
Variable

ρ+

ρ−

λ

TrLow

−0.002
(0.029)

0.022
0.043

−0.121
(0.158)

−0.065*
(0.030)

0.030
(0.042)

0.340*
(0.170)

−0.002

−0.004

−0.02

(0.013)

0.018

(0.07)

0.001
(0.001)

0.002
(0.002)

0.002
(0.005)

Education

−0.0004

0.010
(0.008)

−0.062*

(0.006)

N

803

678

437

Female
Income
/1000
Age

(0.031)

Notes: standard errors in parentheses. * significant at the 5% level.

As can be seen in Table 2.6.4, the estimated coefficient for gains (ρ+) is significantly
lower for females than for males, but a significant negative relation between gender and
the estimated coefficient for losses (ρ−) is not found. This finding is indirectly consistent
with the common finding that females are generally more risk averse for gains than
males (Barsky 1997; Donkers, Melenberg & van Soest 2000; Hartog, Ferrer-i-Carbonell
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& Jonker 2002), but contradicts the results of a recent study by Fehr-Duda, de Gennaro
& Schubert (2006), who did not find gender differences in the utility functions for both
gains and losses based on parametric fittings and using students as subjects.
Because our method to obtain utilities is robust to subjective probability
weighting, our results suggest that part of the difference in risk attitudes between males
and females is rational: the utility that females obtain from positive monetary outcomes
diminishes quicker compared to males, leading to more risk-averse behavior.
Interestingly, our results suggest that this the difference in the degree of utility curvature
between genders pertains to gains only. Other socio-demographic variables such as
income, age, and education all proved to have no significant effect on the degree of
utility curvature for both gains and losses.
2.6.3 Loss Aversion

Unfortunately, a commonly accepted definition of loss aversion does not exist in the
literature (Abdellaoui, Bleichrodt & Paraschiv 2005). We define the loss aversion
parameter λ as follows:
λ=

U( y0 ) x0
U( x0 ) y0

(2.6.9)

This definition best approximates the definitions proposed by Tversky & Kahneman
(1992), Wakker & Tversky (1993) and Köbberling & Wakker (2005).2 Table 2.6.5
below presents the summary statistics for the different indifference values of outcomes
b, c, and d, and the resulting loss aversion parameter under expected utility, i.e. w(½) =
½, and prospect theory using the probabilities corresponding to the subjective
probability weighting function found by Tversky & Kahneman (1992), being w−(½) =
0.4540 and w+(½) = 0.4206. The mean value of λ under expected utility, denoted by λEU,
is 1.69 for the high-stimuli treatment and 1.64 for the low stimuli treatment. Under
prospect theory with the parameter estimates found by Tversky & Kahneman (1992),

2

Tversky & Kahneman (1992) implicitly used λ = U(-$1)/U($1) as an index of loss aversion. Wakker &
Tversky (1993) defined loss aversion as U'(-x) ≥ U'(x) for all relevant x > 0, which could be translated to
a loss aversion coefficient of λ = U'(-x)/U'(x) for some proper x (Abdellaoui, Bleichrodt & Parashiv
2005). Finally, Köbberling & Wakker (2005) proposed defining loss aversion as the ratio between the left
and the right derivative of the utility function at the reference point, i.e. λ = U'↑(0)/U'↓(0).
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the mean value of λ, denoted by λPT, is equal to 1.79 for the high-stimuli treatment and
1.74 for the low stimuli treatment.
TABLE 2.6.5 – Mean Results Loss Aversion
High
N = 210

Low
N = 229

b

4016
(1604)

386
(150)

c

-1569
(612)

-157
(59.0)

d

1842
(833)

180
(87.6)

λEU

1.69
(1.10)

1.64
(1.43)

λPT

1.79
(1.17)

1.74
(1.51)

Note: standard deviations in parenthesis.

This overall decrease in the degree of loss aversion with the size of outcomes is
consistent with the findings of Abdellaoui, Bleichrodt & Paraschiv (2004, p. 27) and
Bleichrodt & Pinto (2002), who found a decreasing degree of loss aversion with the size
of the outcomes in the health domain. This difference in estimates between the highstimulus and the low-stimulus treatment is however not statistically significant based on
a two-sided Mann-Whitney test (z = −0.054, p-value = 0.9569). Thus, generally, our
result suggests that on average people weight a particular loss about 1.7 times as heavy
as a corresponding gain when making decisions. The obtained λ is lower than the
parametric estimate of λ = 2.25 obtained by Tversky & Kahneman (1992), and the nonparametric estimate of λ = 2.15, based on the definition of loss aversion proposed by
Kahneman & Tversky (1979) and found by Abdellaoui, Bleichrodt & Paraschiv (2005).
Our mean estimate of λ is however more consistent with a recent study by Johnson,
Gaechter & Herrman (2006) who found an average overall mean λ of 1.85 using a large
sample of car buyers.
Interestingly, if we regress the obtained measurement of loss aversion on sociodemographic characteristics, we find that females are significantly more loss averse than
males as the final column of Table 2.6.4 shows. Thus, on average, females weight losses
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about .34 more heavily than males.3 In addition, education has a significant negative
effect on the degree of loss aversion. These results are consistent with the results
obtained by Johnson, Gaechter & Herrman (2006).

2.7 Discussion
2.7.1 Discussion of Method

We used direct matching to obtain indifferences between prospects. There is evidence
that using direct choice between prospects by using a bisection method (Abdellaoui
2000) or by using a multiple price list (Tversky & Kahneman 1992; Holt & Laury 2002)
to obtain indifference between prospects yields more consistent results (Bostic,
Herrnstein & Luce 1990; Luce 2000). However, using such methods to obtain
indifferences is fairly time consuming which was not tractable in this large-scale
experiment with the general public.
We used hypothetical incentives in our experiment. There is an extensive debate
in experimental methodology about whether real or hypothetical incentives yield better
or more reliable data. Camerer & Hogarth (1999) and Hertwig & Ortmann (2001)
provide excellent summaries of the ongoing debate. In general, real incentives do seem
to reduce data variability (Camerer & Hogarth 1999) and increase risk aversion in
choice (Holt & Laury 2002, 2005) and direct matching tasks (Kachelmeier & Shehata
1992). We did not use the incentive compatible Becker-DeGroot-Marschak (BDM)
rewarding scheme to implement real incentives for the following reasons. First of all, a
large part of the experiment concerned substantial losses and, hence, real incentives
could not be used for ethical reasons. Second, the BDM scheme is fairly complex
(Braga & Starmer 2005) and the BDM scheme is prone to irrational auction strategies
(Plott & Zeiler 2005, p. 537). For example, respondents might report a higher matching
outcome thinking it is a clever bargaining strategy or respondents might fail to
understand that it is a dominant strategy to report their true matching outcome. Because
3

It could be argued that this holds because females and males weight probabilities differently as a recent
study by Fehr-Duda, de Gennaro and Schubert (2006) suggests. However, if we use the median obtained
parameter estimates from the aforementioned study, being w+(½) = 0.468 and w−(½) = 0.5 for males and
w+(½) = 0.425 and w−(½) = 0.524 for females, the average obtained λ becomes 1.60 for males and 2.21
for females. Hence, the gender difference in loss aversion becomes even stronger if we correct for gender
differences in subjective probability weighting.
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it is important to minimize the burden on respondents in a large-scale experiment, this
was another reason for not implementing real incentives. Third, there is evidence that
real incentives do not affect results in relatively simple tasks (Camerer & Hogarth
1999). Fourth and finally, due to practical limitations it is virtually impossible to
implement real incentives in a large-scale experiment (Donkers, Melenberg & van Soest
2001; Guiso & Paiella 2003; Dohmen et al. 2005), although Harrison, Johnson,
McInnes & Rutström (2006) did use real incentives in their impressive study.
2.7.2 Discussion of Results

If we compare our findings with other measurements of risk attitudes using large
representative datasets, we find that our estimated relative risk coefficient for gains of
0.06 (= 1 - 0.94) is relatively small. For example, Harrison et al. (2006) found a mean
risk aversion coefficient of 0.67, and Barksy, Juster, Kimball & Shapiro (1997) found a
mean risk tolerance (the reciprocal of the constant relative risk coefficient) of 0.24
which translates into a mean relative risk coefficient of 4.16. The smallest degree of
relative risk aversion coefficient found by Hartog et al. (2002) was 20. Clearly, the
difference between these studies and the present study is that all these studies assumed
expected utility and hence ignored the important role of probability weighting in the
analysis. Hence, our results give empirical support to the conjecture of Rabin (2000b,
p.202) being that diminishing marginal utility is an “implausible explanation for
appreciable risk aversion, except when the stakes are very large”: utility curvature is
less pronounced than suggested by classical utility measurements. Hence, this suggests
that the phenomenon probability weighting is valid outside the laboratory, that is, the
results support the external validity of subjective probability weighting.
In addition, the results confirm the common finding that females are more risk
averse than males. Contrary to classical studies that ascribed this gender difference
solely to differences in the degree of utility curvature, we are able to test whether this
finding is caused by gender differences in the degree of utility curvature, loss aversion,
or subjective probability weighting. The results show that females are more risk averse
than males because the utility that females obtain from monetary gains diminishes
quicker compared to males, but, more importantly, because females are more loss
averse than males.
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2.8 Conclusion
We have obtained parameter-free measurements of the rational (utility) component of
risk attitudes using a representative sample from the Dutch population. Such
measurements are of crucial importance for policy decisions on important economic
problems such equitable taxation and the cost benefit analysis of education, health care,
and retirement. The results suggest that utility is concave for gains and convex for
losses, implying diminishing sensitivity, as predicted by prospect theory. In addition,
our results suggest that classical utility measurements are overly concave, which is
possibly caused by the ignorance of probability weighting in these studies. We have
also found evidence that utility for gains diminishes quicker for females than for males,
which explains the common finding in the literature that females are generally more risk
averse than males. Further, we found that the degree of utility curvature is not altered by
scaling up monetary outcomes. Finally, we have obtained measurements of loss
aversion. The results show that on average the general public weights losses 1.7 times
as much as a commensurable gain and that males and higher educated persons are less
loss averse.

Appendix 2A. Experimental Instructions
[Instructions have been translated from Dutch to English]
Welcome at this experiment on individual decision making. The experiment is about
your risk attitude. Some people like to take risks while other people like to avoid risks.
The goal of this experiment is gain additional insight into the risk attitude of people
living in the Netherlands. This is very important for both scientists and policymakers. If
we get a better understanding of how people react to situations involving risk, policy
can be adjusted to take this into account (for example with information provision on
insurance and pensions, and advice for saving and investment decisions). Your
cooperation at this experiment is thus very important and is highly appreciated.
The questions that will be posed to you during this experiment will not be easy.
We therefore ask you to read the following explanation attentively. In this experiment,
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there are no right or wrong answers. It is exclusively about your own preferences. In
those we are interested.
Probabilities (expressed in percentages) play an important role in this
experiment. Probabilities indicate the likelihood of certain events. For example, you
probably have once heard Erwin Krol say that the probability that it will rain tomorrow
is equal to 20 percent (20%). He then means, that rain will fall on 20 out of 100 similar
days. During this experiment, probabilities will be illustrated using a wheel, as depicted
below.

25%
75%

Suppose that the wheel depicted in the picture above is a wheel consisting of 100 equal
parts. Possibly you have seen such a wheel before in television shows such as The
Wheel of Fortune. Now imagine that 25 out of 100 parts of the wheel are orange and
that 75 out of 100 parts are blue. The probability that the black indicator on the top of
the wheel points at an orange part after spinning the wheel is equal to 25% in that case.
Similarly, the probability that the black indicator points at an blue part after spinning the
wheel is equal to 75%, because 75 out of 100 parts of the wheel are blue. The size of the
area of a color on the wheel thus determines the probability that the black indicator will
end on a part with that color.
Besides probabilities, lotteries play an important role in this experiment. Perhaps
you have participated in a lottery such as the National Postal Code Lottery yourself
before. In this experiment, lotteries yield monetary prizes with certain probabilities,
similar to the National Postal Code Lottery. However, the prizes of the lotteries in this
experiment can also be negative. If a lottery yields a negative prize, you should imagine
yourself that you will have to pay the about amount of money. In the following
explanation we will call a negative prize a loss and a positive prize a profit. During this
experiment, lotteries will be presented like the example presented below:
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50%

50%

E1000

E − 200

In this case, the lottery yields a profit of 1000 Euro with probability 50%. However,
with probability 50%, this lottery yields a loss of 200 Euro. You should image that if
you participated in this lottery, you would get 1000 Euro with probability 50%, and
with probability 50% you would have to pay 200 Euro.
During this experiment you will see two lotteries, named Lottery L (Left) and
Lottery R (right), on the top of each page. Between these lotteries you will see a wheel
that serves as an aid to illustrate the probabilities used. You will see an example of the
layout of the screen on the next page.
Lottery L

Wheel

Lottery R

50%

50%
50%

50%

E 500

50%
50%

E − 300

E − 200

In this example, Lottery R yields a profit of 500 Euro with probability 50% and with
probability 50% it yields a loss of 200 Euro. You should imagine that, if we would spin
the wheel once and the black indicator would point at the orange part of the wheel,
Lottery R would yield a profit of 500 Euro. However, if the black marker would point at
the blue part of the wheel, Lottery R would yield a loss of 200 Euro.
Similarly, Lottery L yields a loss of 300 Euro with probability 50%. However,
as you can see, the upper prize of Lottery L is missing. During this experiment, we will
repeatedly ask you for the upper prize of Lottery L (in Euro) that makes Lottery L and
Lottery R equally good or bad for you. Thus, we will ask you for the upper prize of
Lottery L for which you value both lotteries equally.

33

Chapter 2
You could imagine that most people prefer Lottery L if the upper prize of
Lottery L is very high, say 3000 Euro. However, if this prize is not so high, say 500
Euro, most people would prefer Lottery R. Somewhere between these two prizes there
is a “turnover point” for which you value both lotteries equally. For high prizes you will
prefer Lottery L and for low prizes you will prefer Lottery R. The turnover point is
different for everybody and is determined by your own feeling. To help you a little bit
in the choice process, we will report the range of prizes in which the answer of most
people lies approximately at each question. How this works precisely will become clear
in the practice question that will start if you click on the CONTINUE button below. If
something it not clear to you, you can read the explanation of this experiment again by
pressing the BACK button below.
[Practice question]
The practice question is now over. The questions you will encounter during this
experiment are very familiar to the practice question. If you click on the BEGIN button
below, the experiment will start. If you want to go through the explanation of this
experiment again, click on the EXPLANATION button. Good luck.
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A Midpoint Technique for Easily Measuring
Prospect Theory’s Probability Weighting
Prospect theory can better describe risky choices than classical expected utility because
it makes the plausible assumption that risk aversion is driven as much by the way
people feel about probabilities (probability weighting) as about outcomes (utility). This
leads to better predictions but, as a price to pay, probability weighting is more difficult
to measure than utility, which may explain why many economists today continue to use
expected utility. This chapter mitigates the drawback mentioned by introducing a new
method for measuring probability weighting that is simpler and more efficient than
methods used before. The new method is implemented in an experiment. Most
participants exhibited a convex weighting function, implying pessimism and enhancing
risk aversion. This finding supports recent claims that utility is less concave than was
traditionally thought in studies that ascribed all risk aversion to concave utility.1

3.1 Introduction
Many empirical studies have demonstrated that prospect theory of Kahneman and
Tversky yields better predictions about the way in which people take risks than classical
expected utility. Nevertheless the majority of papers in economics today still use the
classical expected utility model to analyze risky decisions. One reason for the slow
1

The results in this chapter were first formulated in van de Kuilen, Wakker & Zou (2006).
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acceptance of prospect theory may be that this theory, in being more general than
expected utility, is also more difficult to apply. It takes more work to derive predictions
from theoretical analyses and from empirical measurements of the new components of
risk attitude. This chapter will contribute to reducing the second problem, by making
empirical measurements easier than they were before.
Prospect theory introduces two new concepts that are not present in expected
utility. The first is loss aversion, which entails that people take reference points and
weigh outcomes below the reference point (losses) more heavily than gains. In this
chapter we will confine our attention to positive outcomes (gains), so that loss aversion
plays no role. The second new concept of prospect theory concerns probability
weighting and this is the topic of our investigation. Whereas classical economics
ascribes risk aversion solely to utility, being a nonlinear scale for the evaluation of
outcomes, it is highly plausible that risk aversion be driven as much by a nonlinear scale
for the evaluation of probabilities. This is what probability weighting captures. To
illustrate the plausibility of probability weighting as a factor to explain risky behavior,
the coexistence of gambling and insurance, known as a paradox for classical theories
that explain risk attitude solely in terms of utility, can readily be explained through
probability weighting (Tversky & Kahneman 1992). This chapter will make probability
weighting easy to measure. Thus, it becomes easier to use this important component of
risk attitude to improve predictions about the risky behavior of people.
Our method is based on a technique for measuring midpoints of decision
weights. For simplicity of presentation, we will present our new technique in an
experiment for decision under risk (known probabilities). As we will demonstrate in the
theoretical analysis, our measurement method can equally well be used to measure
nonadditive weighting functions for uncertainty with unknown probabilities (Gilboa
1987; Schmeidler 1989; Tversky & Kahneman 1992). Hence, it can also be used to
examine ambiguity attitudes.
Besides of interest on its own, the measurement of probability weighting is also
important for the measurement of utility. Classical utility measurements in economics
and other domains (Keeney & Raiffa 1976; Dybvig & Polemarchakis 1981; Gold et al.
1996) invariably assumed expected utility, and ascribed all risk aversion to concavity of
utility. The index of (relative) risk aversion, which only captures concavity of utility, is
generally used as index of risk aversion indeed, as even expressed by its name. If,
however, risk aversion is partly generated by probability weighting, then utility is less
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concave than suggested by the classical measurements, and all predictions and
prescriptions based on the utility component are affected (Young 1990; Rabin 2000).
This constitutes one of the major challenges to the foundations of economics today.
We use our method in an experiment with N = 78 participants. In the literature,
the most common finding is a combination of inverse S-shaped and convex-shaped
curves, where the inverse-S shape has been found to be prevailing in most studies
(Tversky & Kahneman 1992; Tversky & Fox 1995; Gonzalez & Wu 1999; Abdellaoui
2000; Bleichrodt & Pinto 2000). Convexity was assumed for instance in Starmer (1992,
p. 818 and pp. 819-820, expressed as concavity of the dual of w), and convex shapes
were found to be prevailing in Jullien & Salanié (2000). In the present study we find
both shapes too, with convex shapes prevailing.
The remainder of this chapter is organized as follows. Section 3.2 briefly
presents Tversky & Kahneman’s (1992) prospect theory, and presents details of
techniques for measuring probability weighting used before in the literature. Section 3.3
introduces our new measurement technique, first for risk, and then, at the end, for
uncertainty. The experiment is in Section 3.4, with results in Section 3.5, and a
discussion in Section 3.6. Section 3.7 concludes.

3.2 Prospect Theory and Earlier Measurement Techniques
Outcomes are monetary, with Ñ+ the outcome set. We do not consider negative
outcomes (losses). A prospect is a probability distribution over outcomes taking only
finitely many outcomes; (p1:x1,…, pn:xn) denotes a prospect yielding outcome xi with
probability pi, i = 1,…, n, where probabilities are nonnegative and sum to one. For two
outcomes we often suppress the second probability, and write (p:x, y) for (p:x, 1−p:y).
U: Ñ+→ Ñ denotes the utility function. It is continuous and strictly increasing.
Probabilities are transformed into probability weights through a strictly increasing and
continuous probability weighting function w :[0,1] → [0,1] , with w(0) = 0 and w(1) = 1.

In this chapter, prospect theory refers to the modern version of prospect theory,
introduced by Tversky & Kahneman (1992). It corrects some theoretical problems of
the original 1979 version, and can also deal with uncertainty, i.e. the case of unknown
probabilities. Under prospect theory, each outcome xi is weighted by a subjective
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decision weight denoted πi. The decision weight is obtained by subtracting the weighted
probability of receiving only an outcome rank-ordered strictly better than xi from the
weighted probability of receiving xi or an outcome rank-ordered strictly better. That is:
πi = w(pi + ... + p1) - w(pi-1 + ... + p1)

(3.2.1)

for a prospect (p1:x1,…, pn:xn) with x1 ≥ ... ≥ xn. The decision weight of xi is the marginal
w contribution of pi to the probability of receiving better outcomes. The evaluation of
the prospect is:
n

∑ π U( x )
i =1

i

i

(3.2.2)

Expected utility results if w(p) = p for all p, so that πi = (pi + ... + p1) − (pi−1 + ... + p1) =
pi for all i.
Most measurements in the literature have used parametric fittings. Then a series
of direct choices is elicited and the utility function and the subjective probability
weighting function are estimated jointly from the data. A drawback of parametric
fittings is that if the assumed families differ from the true underlying functional form,
then conclusions based on these fittings need not be valid. For example, several
parametric fittings considered weighting functions that are only globally convex or
globally concave (Hey & Orme 1994), or only inverse S-shaped (Donkers, Meelenberg
& van Soest 2001), so that no insight resulted about the prevalence of such shapes
relative to other shapes. Our experiment will illustrate this difficulty of parametric
fitting.
A second drawback of parametric fitting concerns the joint fitting of utility and
probability weighting. The parameter estimates of these functions are interdependent: an
overestimation of risk aversion in one component leads to an underestimation in the
other, and vice versa. Therefore, Tversky & Kahneman (1981, p. 454) suggested that
“the simultaneous measurement of values and decision weights involves serious
experimental and statistical difficulties.”
Gonzalez & Wu (1999) did not commit to a parametric family but still used
fitting techniques that minimize squared distances, based on a complex numerical
system that requires much data per subject. In return, their results are very reliable.
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Abdellaoui (2000) and Bleichrodt & Pinto (2000) provided two more tractable methods
for estimating probability weighting functions non-parametrically. Details are given
below. As with all other measurements used so far, these methods need a detailed
measurement of utility before probability weighting can be measured. The present
chapter introduces a new and simpler technique that, for each pair of probabilities, can
easily infer the midpoint probability in terms of probability weights. It then becomes
easy to measure the probability weighting function to any degree of precision. Starting
from w(0) = 0 and w(1) = 1, we can measure the p with w(p) = 1/2, i.e. w-1(1/2). Then,
with w(0) = 0 and w-1(1/2) available, we can measure w-1(1/4), and, similarly, w-1(3/4),
w-1(1/8); etc. We can continue measuring midpoints until we have estimated the curve
of w as accurately as we want.
Our method can be used both for parametric and for nonparametric
measurements. It provides the first measurement of probability weighting in the
literature that does not need a detailed measurement of utility and, hence, provides the
most efficient way to measure probability weighting that is presently available. From n
observed indifferences we obtain n−2 data points of the probability function (plus 1 data
point of utility), whereas Abdellaoui (2000) for instance would obtain only (n−1)/2 data
points of probability weighting (plus (n−1)/2 data points of utility). Details of the
methods just discussed, preparing for our method, are as follows.
Wakker & Deneffe (1996) proposed to measure utility through indifferences:
(p:xi+1, y) ~ (p:xi, Y), for xi+1 > xi > Y > y, i = 0,…., n

(3.2.3)

With π = w(p), these indifferences imply that π(U(xi+1) − U(xi)) = (1−π)(U(Y) − U(y))
for all i, so that U(xi+1) - U(xi) is the same for all i. These equalities hold true
irrespective of what w(p) is, so that we need not measure a person’s subjective w
function to make this inference about the person’s subjective utility function.
Abdellaoui (2000) proposed to measure probability weighting by first measuring
x0,…, x6 as above, with utility normalized at U(x0) = 0 and U(x6) = 1 so that U(xj) = j/6
for all j. He then elicited p1,…, p5 such that xi ~ (pi: x6, x0) for all i. We get U(xi) =
w(pi)U(x6) + (1−w(pi))U(x0), or i/6 = w(pi)1 + (1−w(pi))0, so that w(pi) = i/6 for all i.
Bleichrodt & Pinto (2000) independently introduced a very similar method, and Etchart
(2004) used Abdellaoui’s method to measure the weighting function for losses.
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These methods make extensive use of the outcome domain and need to carry out
a utility measurement at least as detailed as the probability weighting measurement that
is desired. For example, to measure the probability with weight 1/32, we need to elicit
32 values xi, or rely on parametric interpolations. Our method will avoid these
complications. Like the methods described, it uses information obtained from utility
measurements to elicit decision weights, but it does so in a different and more efficient
manner. Blavatskyy (2006) described the general procedure to start with measurements
in one dimension, then use this to obtain measurements in the other dimension, possibly
using these again to obtain measurements in the first dimension, and so forth. He
examined general efficiency principles of such general procedures.

3.3 A New Midpoint Technique
Our method of measuring midpoints of a weighting function starts with measuring a
midpoint of utility. To this end, we measure x0, x1, x2 as in Equation 3.2.3, after which
x1 results as the midpoint between x0 and x2 in utility units. These x-values will be used
throughout what follows. Alternative methods for endogenously deriving utility
midpoints from preferences by Ghirardato et al. (2003) and Vind (2003) will be
discussed in Section 3.6. To elicit weighting functions, we elicit indifferences between
the prospects (p:x2, d:x1, r:x0) and (p+g:x2, r+b:x0) depicted in Figure 3.1, with r the
residual probability 1−p−d. Here d is the probability mass of x1 to be divided over the
other outcomes. g is the probability mass taken from d and moved to the good outcome
x2, and the remainder b = d − g is moved to the bad outcome x0.
FIGURE 3.1 – Distributing d’s Weight Evenly over the Upper and Lower Branch
Prospect R

Prospect L
p
x2
d
r

x1

p+g

x2

~

x0

r+b
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The intuition behind our technique is, stated informally, as follows. Figure 3.2 will
illustrate the decision weights derived hereafter. Prospect R in Figure 3.1 results from
prospect L by moving some of the d-probability mass from outcome x1 up to x2 and the
remaining probability mass down to x0. The improvement U(x2) − U(x1) and the
worsening U(x1) − U(x0) are equally big. Hence, to preserve indifference, as much
decision weight must have been moved up (w(p+g) − w(p)) as down ((1 − w(1−r−b) −

(1 − w(1−r)) = w(p+d) − w(p+g)). From w(p+d) − w(p+g) = w(p+g) − w(p) it follows
that w(p+g) must be the midpoint between w(p+d) and w(p). We next state the result
formally. Because its proof may be instructive, we give it in the main text.
THEOREM 3.1. Under prospect theory, the indifference depicted in Figure 3.1
implies:
w( g + p ) =

w( p) + w(d + p)
,
2

(3.3.1)

whenever U(x2) − U(x1) = U(x1) − U(x0) > 0. á
PROOF

OF

THEOREM 3.1. We compare the prospect-theory values of the two

prospects with U(x0) subtracted: w(p)(U(x2)−U(x0)) + (w(d + p) − w(p))(U(x1) − U(x0))
= w(g + p)(U(x2) − U(x0)). Dividing by U(x1) − U(x0) = (U(x2) − U(x0))/2 yields 2w(p) +

(w(d + p)−w(p)) = 2w(g + p), and (w(p) + w(d + p))/2 = w(g + p) follows as required. á
FIGURE 3.2 – Decision Weights under Prospect Theory for Prospects Depicted in Figure 3.1
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Our measurement technique is general in the sense that the weight-midpoint between
any two probabilities can be measured directly. The only richness of outcomes needed
is that there are three outcomes as above, i.e. equally spaced in utility units.
FIGURE 3.3 – Distributing D’s Weight Evenly over the Upper and Lower Branch
P

x2

D

x1

R

P∪G x
2

~

x0

R∪B

x0

Our technique can readily be extended to Schmeidler’s (1989) Choquet expected utility,
and prospect theory, for the case of events with unknown probabilities. Figure 3.3
results from Figure 3.1 by replacing the probabilities p, d, and r by exhaustive and
mutually exclusive events P, D, and R, replacing probability g by a subevent G of R,
and replacing probability b by event B = D−G. The indifference in Figure 3.3 implies
that the decision weight of event G captures half the decision weight of event D, so that
event P∪G is the weight-midpoint between events P and P∪D, similarly as above. Such
a midpoint event G exists for all events P and P∪D if the event space is a continuum or
at least is sufficiently rich, as for instance in Gilboa’s (1987) preference foundation.
This chapter only considers rank-dependent utility and prospect theory for risk
and uncertainty. Other deviations from expected utility include the betweenness models
by Chew (1983), Dekel (1986), Gul (1991), and Chew & Tan (2005) for risk, and regret
theory (Bell 1982; Loomes & Sugden 1982) and multiple priors (Wald 1950; Gilboa &
Schmeidler 1989; Chateauneuf 1991; Mukerji & Tallon 2001) for uncertainty. For these
theories simple techniques to measure their primitives empirically have not yet been
discovered.

3.4 The Experiment: Method
Participants. N=78 undergraduate students participated from a wide range of disciplines
at the University of Amsterdam.
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Procedure. Participants were seated in front of personal computers in seven different
sessions with approximately 11 participants per session. Participants first received
experimental instructions (see Appendix 3A), after which the experimental questions
followed.
Stimuli general. Participants were asked two practice choice questions to familiarize
them with the experimental procedures. The choice questions involved simple choices
between two prospects named prospect L (left) and prospect R (right). Both prospects
yielded prizes depending on the outcome of a roll with two ten-sided dice, generating
probabilities j/100.2 Prospects were framed as in Figure 3.4. Participants were asked to
indicate their choice by simply clicking on the button representing their preferred
prospect and were encouraged to answer the choice questions at their own pace. In order
to avoid potential confounding effects resulting from connotations with words such as
lottery or gamble, we used the more neutral term prospect in the instructions. The
position of each of the two prospects was counterbalanced between participants in order
to avoid a potential confounding effect that might result from individual preference for a
particular position of a prospect.
FIGURE 3.4 – The Framing of the Prospect Pairs
PROSPECT R

PROSPECT L
roll

probability

prize

roll

probability

prize

1 to p

p%

xi-1 euro

1 to p

p%

xi euro

p+1 to 100

(100 − p)%

Y euro

p+1 to 100

(100 − p)%

y euro

Stimuli of the part measuring utility. In the “outcome part” of the experiment, we set x0
= 60 and obtained values x1 and x2 to generate indifferences (0.25:x1, 30) ~ (0.25:60, 40)
and (0.25:x2, 30) ~ (0.25:x1, 40). Then x1 is the utility midpoint between x0 and x2
(Section 3.2). Because all further measurements in the experiment depended on the
values x1 and x2, these values were elicited twice and the average of the two values

2

One ten-sided die was numbered from 0 till 9 while the other ten-sided die was numbered from 00 till
90. Because we informed participants that the roll 0-00 would be coded as 100, the sum of a roll with
both ten-sided dice resulted in a random number ranging from 1 till 100.

43

Chapter 3
obtained was used as input in the rest of the experiment, so as to reduce noise. To obtain
indifferences we used a bisection choice method. This method, while time-consuming,
has been found to give more consistent results than direct matching (Bostic, Herrnstein
& Luce 1990).
Our bisection method is similar to the method used by Abdellaoui (2000), and
was as follows. To obtain x1 to generate the indifference (0.25:x1, 30) ~ (0.25:x0, 40), we
iteratively narrowed down so-called indifference intervals (containing x1), as follows.
Based on extensive pilots, we hypothesized that x1 would not exceed x0 + 96 and took
[x0, x0 + 96] as the first indifference interval, denoted [l1, u1]. To construct the j+1th
indifference interval from the jth indifference interval [lj, uj], we elicited whether the
midpoint (lj + uj)/2 of [lj, uj] is larger or smaller than x1. To do so, we observed the
choice between (0.25:(lj + uj)/2, 30) and (0.25:x0, 40). A left choice means that the
midpoint is larger than x1, so that x1 is contained in [lj, (lj + uj)/2], which was then
defined as the j+1th indifference interval [lj+1, uj+1]. A right choice means that the
midpoint is smaller than x1, so that x1 is contained in [(lj + uj)/2, uj], which was then
defined as the j+1th indifference interval [lj+1, uj+1]. We did five iteration steps like this,
ending up with [l6, u6] (of length 96 × 2−5 = 3), and took its midpoint as the elicited
indifference value x1. We similarly elicited x2 (substitute x2 for x1 and x1 for x0 above).
Stimuli of the part measuring probability weighting. In the “probability part” of the
experiment, we employed our measurement technique to obtain five probabilities that
are equally spaced in terms of subjective probability weights. We will denote these five
probabilities by w−1(.125), w−1(.25), w−1(.5), w−1(.75) and w−1(.875), where w−1(s) is the
probability corresponding to a subjective probability weight of s. Again, we derived
indifferences from binary choices and framed the prospects as in Figure 3.4. All left
prospects used are special cases of Prospect L in Figure 3.1 with one probability 0, so
that only two branches remain. As shown in Section 3.3, our elicitation technique
concerns indifference between prospect L = (p:x2, d:x1, r:x0) and prospect R = (p + g:x2,
r + b:x0), implying that probability p + g is the weight midpoint between probability p
and probability p + d. For example, to obtain w−1(.5), the weight midpoint between 0
and 1, we take p = 0 and d = 1, so that L is the degenerate prospect yielding x1 with
certainty. Figure 3.5 lists the elicited indifferences used to obtain the probabilities
w−1(.125), w−1(.25), w−1(.5), w−1(.75), and w−1(.875).
44

A Midpoint Technique for Easily Measuring Prospect Theory’s Probability Weighting
FIGURE 3.5 – The Elicited Indifferences
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In general, to find g to generate an indifference (p:x2, d:x1, r:x0) ~ (p + g:x2, x0) as in
Figure 3.1, we used a bisection method as in the outcome part of the experiment. We
iteratively narrowed down so-called indifference intervals containing p + g, as follows.
The first indifference interval [l1, u1] was [p, p + d], i.e. the interval of which the
weighting-midpoint was to be found.3 By stochastic dominance, it contains p + g
indeed. Each participant was first asked to make two practice choices between a
particular prospect L and the prospect R = (p + g+:x2, x0) (R = (p + g-:x2, x0)) where
probability p + g+ (p + g-) was set equal to the upper (lower) limit of the range of the
first indifference interval of probability p + g minus (plus) 1/100. Then the iterative
process started.
To construct the j+1th indifference interval [lj+1, uj+1] from the jth indifference
interval [lj, uj], we elicited whether the midpoint of [lj, uj] is larger or smaller than p +
g. To do so, we observed the choice between (p:x2, d:x1, r:x0) and ((lj + uj)/2:x2, x0). A
right choice means that the midpoint is larger than p + g, so that p + g is contained in
[lj, (lj + uj)/2], which was then defined as the j+1th indifference interval [lj+1, uj+1]. A
left choice means that the midpoint is smaller than p + g, so that p + g is contained in
[(lj + uj)/2, uj], which was then defined as the j+1th indifference interval [lj+1, uj+1]. We
did five iteration steps like this, ending up with [l6, u6], and took its midpoint as the
elicited indifference probability p + g.
The first indifference interval is, thus, [0,1] for w−1(0.5), [0, w−1(0.5)] for w−1(0.25), [w−1(0.5), 1] for
w (0.75), [0, w−1(0.25)] for w−1(0.125), and [w−1(0.75), 1] for w−1(0.875).
3

−1
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Because prospects yielded prizes depending on the result of a roll with two tensided dice, we only allowed values j/100 for probabilities. When a particular midpoint
probability was not a value j/100, the computer took the closest value j/100 on the left
of this value if the value was lower than half and on the right of this value if the value
was higher than half. The order of elicitation was varied between participants to prevent
potential order effects. For some participants the order of elicitation was w−1(.5),
w−1(.25), w−1(.75), w−1(.125), w−1(.875), whereas for other participants the order of
elicitation was w−1(.5), w−1(.75), w−1(.25), w−1(.875), w−1(.125).
As an illustration, Table 3.1 replicates the bisection procedure followed to obtain
the probability corresponding to the weight of 0.5. The particular pattern of answers
depicted there, preferring the right prospect twice and the left prospect three times, was
exhibited by six of our participants. After the fifth iteration step, the midpoint of the last
indifference interval was taken as the final indifference probability. Thus, individual
indifference between the certain prospect (x1) and the prospect (.615:x2, x0) was inferred
from the choices made by the six participants whose choices are replicated in Table 3.1.
TABLE 3.1 – The Bisection Method for Measuring w−1(0.5)
Choice
Question
1

Indifference Interval

1

Prospect L

Prospect R
0.50 x2

x1

1

[l , u ] = [0, 1]

0.50
2

2

[l , u ] = [0.5, 1]

0.25
3

0.37
4

5

[l4, u4] = [0.5, 0.63]

x0

0.43
0.60 x2

x1

0.40
Conclusion: [l6, u6] = [0.60, 0.63]; x1 ~

0.615 x2
0.385
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x0

0.57 x2

x1

[l5, u5] = [0.57, 0.63]

x0

0.63 x2

x1

[l3, u3] = [0.5, 0.75]

x0

L

x0

0.75 x2

x1

2

Choice

x0

R

R

L

L

; w−1(0.5) = 0.615
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Motivating participants. We used performance-based real incentives to motivate the
participants, based on the random-lottery incentive system, the nowadays almost
exclusively used real-incentive system for individual choice experiments (Harrison, Lau
& Williams 2002; Holt & Laury 2002), as follows. For each session there were as many
envelopes as participants, with one envelop containing a blue card and all others a white
card. Each participant could choose an envelope, after which the participant who got the
blue card could play for real. For this participant, one choice question was again
selected randomly and the chosen prospect in that choice question was played out for
real, with the participant paid according to the prospect chosen and the outcome that
resulted from playing out this prospect. All other participants in a particular session,
who had chosen a white card, received a fixed payment of €5. The possible monetary
outcomes of the prospects used during the experiment ranged from €30 to
approximately €250. All payments were done privately and immediately at the end of
the experiment. The average payment under real play was €77.57, so that the total
reward per participant was approximately 10/11 × 5 + 1/11 × 77.57 = €11.60, while it
took participants about 20 minutes to complete the experiment.
Further Stimuli. Our questions were chained, and it is well-known that chaining can
give incentives for not truthfully answering questions (Harrison 1986). To check
whether participants had been aware of this possibility, we asked two strategy-check
questions: “Was there any special reason for you to specially choose left more often, or
specially choose right more often?” and “Can you state briefly which method you used
to determine you choice?”. These questions were asked in a questionnaire at the end of
the experiment, with further questions asked about age, study, and gender.

3.5 The Experiment: Results
Fourteen participants were excluded from the analysis because they gave erratic or
heuristic answers. The practice choices of this experiment also served to detect such
erratic and heuristic answers. These participants apparently did not understand the
choices or did not seriously think about them. Including these participants in the
analysis would not alter the results presented hereafter. In the strategy-check questions,
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no participant revealed awareness of the chained nature of the questions, or an attempt
to strategically exploit this chaining. Twenty-five subjects indicated a combination of
(expected or maximal) value and safety, five went merely by expected value, four
subjects merely by highest value, and various other reasons were given.
3.5.1 The Utility Function

The first measurement of outcome x1 (x2) did not differ significantly from the second
measurement (Wilcoxon signed-rank tests, z = 1.23, p-value = 0.2 and z = 1.48, p-value
= 0.14). We, therefore, take averages of the two measurements in the following analyses
(as we did for the stimuli during the experiment).
The median values of x1 and x2 are 92.25 and 123, respectively, which, together
with x0 = 60, suggests linear utility. The deviation from linearity is not statistically
significant (Wilcoxon signed-rank test, z = 0.887, p-value = 0.3751), in agreement with
the common hypothesis that utility is approximately linear for moderate amounts of
money (Wakker & Deneffe 1996).
3.5.2. The Probability Weighting Function
3.5.2.1. Non-Parametric Analysis

There was no significant effect of the order of elicitation of decision weights and we,
hence, pooled the data. Figure 3.6 displays both the weighting function based on median
FIGURE 3.6 – The Median Probability Weighting Function
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values and the corresponding summary statistics. Overall we find a convex (pessimistic)
pattern; the median values of w−1(.125) w−1(.25), w−1(.5), w−1(.75), and w−1(.875) were
.285, .430, .608, .793, and .910, respectively. Table 3.2 shows that participants did not
process probabilities linearly, but mostly underweighted probabilities. The differences
between the obtained probabilities for the different probability weights and the
probabilities corresponding to a linear probability weighting function are all highly
significant, except for w−1(.875).
TABLE 3.2 – Counts of w−1(p) – p > 0 and w−1(p) – p < 0
w-1 (p) – p

>0

<0

p = 0.125

49*

15

p = 0.250

48*

16

p = 0.500

44*

20

p = 0.750

44*

18

p = 0.875

41

23

Note: * denotes significance at the 1% level using a twosided Wilcoxon signed-rank test.

We classified participants on the basis of the shape of their probability weighting
function by calculating slope differences, i.e. the change in the average slope of the
probability weighting function between adjacent probability intervals. There are five
slope differences for each participant. We used a categorization similar to Bleichrodt &
Pinto (2000), adapted to our context: the probability weighting function of a participant
TABLE 3.3 – Classification of Participants
Shape

% of Participants

Concave

25 %

Convex

62.5 %

Linear

0%

Unclassified

12.5%
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was classified as convex (concave; linear) if at least three slope differences were
positive (negative; zero). As can be seen in Table 3.2, this classification again suggests
that the weighting function was predominantly convex.
3.5.2.2. Parametric Analysis

Several functional forms of the probability weighting function have been proposed in
the literature. The most popular one-parameter specifications are the functionals
proposed by Tversky & Kahneman (1992) and Prelec (1998). The most popular twoparameter functional forms are the ones proposed by Goldstein & Einhorn (1987) and
Prelec (1998). The power family has lost popularity. The second column of Table 3.4
lists the parametric specifications proposed by the aforementioned authors. The
following results will illustrate clearly that patterns found can be driven more by the
parametric family chosen than by the actual data.
TABLE 3.4 – Parameter Estimates
Study

w(p)

Median
estimate

Individual
distance

Distance
from median

Hey & Orme (1994)

pγ

γ = 1.5041
(0.28)

0.0515

0.0019

Tversky & Kahneman
(1992)

pγ

γ = 2.1626
(1.24)

0.0556

0.0037

γ = 1.2379
(0.10)
δ = 0.4120
(0.12)

0.0153

0.0031

α = 0.5206
(0.26)

0.1174

0.0752

α = 1.0540
(0.06)
β = 1.7630
(1.64)

0.0161

0.0022

(p

γ

+ (1 − p) γ )

1γ

Goldstein & Einhorn
(1987)

δp γ
γ
δp + (1 − p ) γ

Prelec(1) (1998)

e−(−ln p)

Prelec(2) (1998)

α

−β(−ln p)α

e

Note: standard errors in parentheses.

For each participant and each parametric specification, we estimated the optimal
parameter values by minimizing sums of squared distances:
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5

∑ (w − wˆ )
i

i =1

2

(3.5.1)

i

Here wi is the ith element of the sequence of the probability weights for which the
probabilities were elicited and ŵi is the ith element of the estimated sequence of
probability weights under the various parametric specifications. To avoid convergence
to local minima we used a wide variety of starting points. The medians of the individual
estimators as well as the standard errors are reported in the third column of Table 3.4
and the corresponding weighting functions are plotted in Figure 3.7. Table 3.4 also
gives the average squared distances if for each individual the optimal parameters are
determined, as well as the squared distances of the optimal fits to the median data.

FIGURE 3.7 – Parametric Fittings on Median Data
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Figure 3.7 displays a remarkable variety of patterns, which should caution against the
unqualified use of parametric fitting. The one-parameter family advocated by Prelec
(1998) displays the most commonly found shape, the inverse S-shape. It is, however,
clear that the function is completely off, and its distances from the data in Figure 3.6 are
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extreme. This family necessarily imposes the inverse S-shape and intersects the
diagonal at (1/e, 1/e), which explains part of its bad performance. The one-parameter
family by Tversky & Kahneman (1992) and the two-parameter families by Prelec
(1998) and Goldstein & Einhorn (1987) show a similar pattern: mostly convex but,
being oriented to inverse-S like phenomena, they go the other way and to some extent
display the opposite pattern, being a slight S-shape. Finally, the power family yields a
convex function.
The individual sum squared residuals suggest that of the one-parameter families,
the one of Tversky & Kahneman (1992) performs considerably better than Prelec’s
(1998), but the power family is best. The two two-parameter families perform very
similarly, and have a smaller distance than the one-parameter families which is no
surprise given their larger number of free parameters. The optimal fits for the median
data give similar results with one exception: the power-family now yields the best fit,
even better than the families with an extra parameter do.

3.6 Discussion
We used the tradeoff measurement technique of Wakker & Deneffe (1996) to obtain
utility midpoints derived endogenously from preference, as suggested by Köbberling &
Wakker (2003, p. 408). Abdellaoui, Bleichrodt & Paraschiv (2005) similarly used this
suggestion. They next obtained a probability q with w(q) = 0.5 through what amounts to
a degenerate version of Figure 3.1 with r = 1 and p = 0. Finally, they used this
probability to efficiently measure utility midpoints in general. Their approach, like ours,
can be interpreted as a special case of Blavatskyy’s (2006) general procedure.
Vind (1991, p. 134; 2003, Section IV.2, above Theorem IV.2.1) proposed an
alternative method for obtaining endogenous utility midpoints under expected utility
and, more generally, under state-dependent expected utility (from which he derived a
so-called mean group operation). He showed that y is the utility midpoint between x and
z if the following indifferences hold:
x ~ (p:x1, x2), z ~ (p:z1, z2), and (p:x1, z2) ~ (p:z1, x2) ~ y
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His method holds under prospect theory if we add the requirement that x1 > x2, x1 > z2,
z1 > z2, and z1 > x2.
Ghirardato et al. (Definition 4) proposed another method to derive utility
midpoints endogenously from preferences. They showed that β is the utility midpoint
between α and γ under prospect theory if the following indifferences hold:
(p:α, γ) ~ (p:x, y), x ~ (p:α, β), and y ~ (p:β, γ)

(3.6.2)

with α > β > γ. We chose the tradeoff method because it requires the measurement of
fewer indifferences and is easier to implement than the two methods just discussed.
It is well known that chaining, as used in our experiment, can distort the
motivating effects of real incentives: a participant who understands the chained nature
of the experiment could exploit it by not answering truthfully to a preference question
so as to improve future stimuli (Harrison 1986). Such a distortion is unlikely to have
arisen in our experiment. It is difficult for participants to understand that their answer to
one question will influence future stimuli. For example, we did not directly ask for the
indifference values used in future questions, but derived indifference values indirectly
from the choices made, so that participants had not seen these values before and in this
way could not recognize them. In addition, to exploit chaining, not only the presence of
chaining must be understood, but also the way in which future questions depend on
current answers. Our strategy-check question was designed to detect strategic
exploitation of chaining if present, with the wording of the question chosen so as not to
influence participants, but none of the participant revealed such exploitation. In our
instructions for the random-lottery incentive system we chose our wording very
carefully so as not to write anything untrue (see end of instructions in Appendix 3A).
Empirical studies have found that weighting functions are mostly convex or
inverse S-shaped, with the latter shape prevailing. In this chapter, the former shape was
prevailing. This finding suggests once more that probability weighting is a volatile
phenomenon, with results depending on framing and ways of measurement, and no
phenomena holding in great generality.
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3.7 Conclusion
We have introduced a new way to measure probability weighting functions of rankdependent utility (Quiggin 1981; Gilboa 1987; Schmeidler 1989) and prospect theory
(Tversky & Kahneman 1992), both for risk and for uncertainty, and implemented it in
an experiment for risk. Our results suggest that the weighting function may be more
volatile and dependent on framing and measurement techniques than thought before. In
particular, the result of parametric fitting can depend much on the parametric family
chosen. The experiment demonstrated that our method is feasible and more efficient
than methods used before.

Appendix 3A. Experimental Instructions
[Instructions have been translated from Dutch to English]
Welcome at this experiment. If you have any question while reading these instructions,
please raise your hand. The experimenter will then come to your table to answer your
question. This experiment takes about half an hour. We ask you to make a number of
decisions during this experiment. Each time, you choose between two so-called
“prospects.” Both prospects yield certain prizes depending on the roll of the two tensided dice similar to the ones that are lying on your table right now.
As you can see, one ten-sided die has the values 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 and
the other ten-sided die has the values 00, 10, 20, 30, 40, 50, 60, 70, 80 and 90. If we
code the sum of the roll “a 0 and a 00” as 100, the sum of a roll with both ten-sided dice
thus yields a random number from 1 up until 100.
The prospects from which you have to choose named Prospect L (left) and
Prospect R (right) will be presented in the following way:
PROSPECT R

PROSPECT L
roll

probability

prize

roll

probability

prize

1 to 40

40 %

100 euro

1 to 20

20 %

150 euro

41 to 100

60 %

50 euro

21 to 100

80 %

20 euro
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In this case, Prospect L yields a prize of 100 Euro if the sum of the roll with both tensided dice is 1 up until 40 and if the sum of a roll is 41 up until 100, Prospect L yields a
prize of 50 Euro, as you can see. Similarly, Prospect R yields a prize of 150 Euro if the
sum of a roll with both ten-sided dice is 1 up until 20 and otherwise Prospect R yields a
prize of 20 Euro, in this case.
Both the prizes as well as the probabilities of yielding certain prizes can vary
across decisions. We ask you to choose between Prospect L and Prospect R each time,
by clicking the corresponding button with the mouse.
For your participation in this experiment, you receive 5 Euro anyhow. Thereby,
one participant of this experiment will be selected at random at the end of this
experiment. For this purpose, each participant randomly picks a sealed envelope
containing either a white or a blue card at the end of the experiment. Participants
selecting an envelope containing a white card receive 5 Euro for their participation.
From the participant with an envelope containing a blue card one decision will be
selected at random by rolling both ten-sided dice. Thereafter, the prize of the chosen
prospect in that decision will be determined by rolling the two ten-sided dice again. This
prize, always larger than 5 Euro, will be paid out to the particular participant.
There are no right or wrong answers during this experiment. It exclusively
concerns your own preferences. In those we are interested. At every decision it is best
for you to choose the prospect that you want most. Surely, if you select the envelope
containing the blue card at the end of the experiment, that decision can be selected at the
end of the experiment. Then, the chosen prospect will be played out. Off course, you
would like that prospect to be the prospect you want most. If you have no further
questions you can now start with the experiment by clicking on the “Continue” button
below.
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Learning in the Allais Paradox
Whereas both the Allais paradox, the first empirical challenge of the classical rationality
assumptions, and learning have been the focus of many experimental investigations, no
experimental study exists today into learning in the pure context of the Allais paradox.
This chapter presents such a study. We find that choices converge to expected utility
maximization if subjects are given the opportunity to learn by both thought and
experience, but less so when they learn by thought only. To the extent that genuine
preferences should be measured with proper learning and incentives, this chapter gives
the first pure demonstration that irrationalities such as in the Allais paradox are less
pronounced than often thought.1

4.1 Introduction
The first empirical challenge of the classical rationality assumption in economics was
made by Allais (1953), through his famous choice paradox for decision under risk. It
showed that the majority of people systematically violate expected utility, the model
commonly accepted as the hallmark of rationality for choice under risk in those days.
Allais’ paradox initiated a flurry of empirical demonstrations that more and more basic
rationality assumptions are violated empirically (Camerer 1995). To model these
findings, theories were developed that explicitly depart from rational choice and only

1

The results in this chapter were first formulated in van de Kuilen & Wakker (2006).
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pretend to be descriptive, such as prospect theory (Kahneman & Tversky 1979). The
surprising achievement of these theories about irrational behavior was that, contrary to
earlier beliefs, they could maintain enough regularity to be analytically tractable and to
yield empirical predictions.
A reaction to this literature, and a defense of the classical economic assumption
of rationality, came from experimental economics. The original empirical evidence
against expected utility can be challenged on several grounds. Most of the original
evidence came from one-shot decision making experiments. It is likely that subjects
never faced the considered decisions before, and their acts may have been based on
simple misunderstandings rather than on irrationalities in genuine preference. The Allais
paradox may arise, for example, because of misperception and unfamiliarity with
probability, an effect that will be reduced or will even disappear after learning. In
addition, the early experiments often used hypothetical choice, so that subjects may not
have been well motivated to reveal their true preferences.
The standards of experiments have been greatly improved by the modern
principles of experimental economics, with an emphasis on well-controlled experiments
(Smith 1982). Thus, Plott’s discovered preference hypothesis asserts that “individuals
have a consistent set of preferences over states, but such preferences only become
known to the individual with thought and experience” (Myagkov & Plott 1997, p. 821).
Binmore (1999) took an extreme position and compared testing an economic theory in a
laboratory environment without sufficient learning opportunities, without adequate
incentives, and without feedback, with performing a chemistry experiment using dirty
test tubes. The importance of proper learning and incentives, such as occurring in
markets, to avoid irrationalities due to basic misunderstandings and lack of motivation,
has been demonstrated by many studies in many domains (Brookshire & Coursey 1987;
Cox & Grether 1996; Evans 1997; Myagkov & Plott 1997; Erev & Roth 1998; Camerer
& Ho 1999; Loomes, Starmer & Sugden 2003; List 2004).
Whereas both the Allais paradox and learning have, thus, been the focus of
numerous experimental investigations (see also Conlisk 1989; Starmer 2000; Hertwig &
Ortmann 2001, Section 3; Offerman, Potters & Sonnemans 2002; Camerer 2003; Einav
2005), there exists no experimental study into learning in the context of purely the
Allais paradox today. Given the historical importance of the Allais paradox, and its
continued importance as a benchmark for risk models today, this absence is remarkable.
There have been some studies of the Allais paradox with repeated choice and learning,
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described in Section 4.3, but these always involved other more complex phenomena.
Hence, a pure test of the individual rationality tested by the Allais paradox has not yet
been obtained under learning. This chapter presents such a pure test.
Myagkov & Plott (1997) distinguished between learning through mere thought
and learning through thought and experience. To separate the effects of learning and of
experience, we gave feedback to our subjects in one treatment, so that learning is
generated by both thought and experience, and no feedback in another treatment, so that
learning results merely from thought and not from experience. Other than that, our setup
was chosen to be as simple and transparent as possible, so as to avoid all strategic
interactions, framing effects, income effects, or other effects beyond (violations of)
independence. Cubitt, Starmer & Sugden (2001, p. 391) recommended the use of setups
as simple as possible to test individual rationality. We will find that thought and
experience together generate a drift towards expected utility, but thought alone does not.
Myagkov & Plott (1997, p. 821) predicted a drift to rationality:
"Thus, when individuals are first given questions, they are characterized
by a type of confusion. As they begin to formulate decisions in this state
they are influenced by “frames” in much the way that prospect theory
asserts. As an understanding of the context evolves, the manifestation of
the underlying preferences becomes more clearly observable in the data
and decisions approach those predicted by the classical theory of choice
and preference."
In general, to what extent the initial preferences with biases are important and to what
extent those that result after learning, will depend on context and application and is a
topic for future investigations. The importance of this topic is agreed upon by
experimental economists and behavioral economists alike. For example, Tversky &
Kahneman (1986, p. S273) wrote:
"Indeed, incentives sometimes improve the quality of decisions,
experienced decision makers often do better than novices, and the forces
of arbitrage and competition can nullify some effects of error and
illusion. Whether these factors ensure rational choices in any particular
situation is an empirical issue, to be settled by observation, not by
supposition."
The remainder of this chapter is organized as follows. The common ratio effect is
introduced in Section 4.2. Section 4.3 briefly summarizes the existing evidence on the
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Allais paradox with repeated choice. Methodological details of the experimental are in
Section 4.4, with the results of the experiment in Section 4.5. Discussions and
conclusions are in Section 4.6 and the experimental instructions are in Appendix 4A.

4.2 The Common Ratio Effect
We will focus on the common ratio version of the Allais paradox. Consider a pair of
prospects S = (p:s, 0) and R = (0.8p:r, 0) with 0 ≤ p ≤ 1. Prospect S (safe) yields a prize
of €s with probability p and nothing otherwise and prospect R (risky) yields a prize of
€r with probability 0.8p and nothing otherwise. If a decision maker faces a choice
between S and R, expected utility entails that the decision maker applies the following
decision rule:
S ’ R ⇔ pU(s) ≥ 0.8 pU(r) ⇔ U(s) ≥ 0.8 U(r) ,

where U(Í) is the utility function (with U(0) = 0) and ’ denotes a weak preference for
prospect S over prospect R. Thus, expected utility theory predicts that preferences
between prospect pairs of this type are independent of p. However, numerous laboratory
experiments have shown that individual preferences are affected by the value of p
(Camerer 1995). In particular, preferences often switch from S to R if p changes from 1
to an intermediate value. This phenomenon contradicts expected utility and is known as
the common ratio effect.
The common ratio effect is accommodated, for instance, by prospect theory
(Kahneman & Tversky 1979; Tversky & Kahneman 1992). If decision makers are asked
to choose between prospects S and R, prospect theory assumes the following decision
rule:
S ’ R ⇔ w( p )U(s) ≥ w(0.8 p)U(r) ,
where w(Í) is a probability transformation function that transforms the objective
probabilities into subjective decision weights. This probability transformation function
is usually assumed to be inverse S-shaped, which implies that individuals overweight
extreme outcomes relative to moderate outcomes (Tversky & Kahneman 1992). Thus,
for p = 1 prospect S is more attractive relative to prospect R than for intermediate p,
explaining the common ratio effect. Other popular theories of decision under risk that
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can explain the common ratio effect include rank-dependent utility (Quiggin 1981) and
regret theory (Loomes & Sugden 1982).

4.3 Existing Evidence on the Allais Paradox with Repeated Choice
The findings presently available in the literature do not give clear suggestions about
what will happen in a pure individual learning experiment for the Allais paradox, the
topic of this chapter. In MacCrimmon (1968) and Slovic & Tversky (1974), subjects
were first asked to choose between Allais paradox-type prospects. Then the subjects
were given prepared normative arguments for and against the independence axiom and
were asked to reconsider their choices. This did not lead individual preferences to
adhere to the independence axiom of expected utility. In these experiments, subjects
made decisions without real incentives though, and opportunities to learn from
experience did not exist.
Bone, Hey & Suckling (1999) also provided evidence against expected utility. In
their experiment, subjects were asked to register three common-ratio type choices
without feedback and were found to violate expected utility more often in the third
round than in the first round. However, in the second round, subjects were allowed to
communicate and were asked to make joint decisions with another participant, so that
effects of social interaction came into play.
Results from an individual choice experiment by Keren & Wagenaar (1987)
showed, on the other hand, that individual choice behavior tends to converge to
expected value maximization (i.e., expected utility with a linear utility function) if
decision makers are asked which prospect from a common ratio pair they prefer to play
10 times in a row. Here subjects made hypothetical choices and individual learning
opportunities were absent. Under repeated decisions with repeated (hypothetical)
payments, income effects play a role and expected value is dictated merely by stochastic
dominance and the law of large numbers, which confounds the test of the Allais paradox
or independence. To avoid these confounds, the random lottery incentive system is
commonly used in experiments on individual choice under risk today, and we will use it
too.
Barron & Erev (2003) asked some participants to choose between prospects S =
(1:$0.0075, 0) and R = (0.8:$0.01, 0), while others were asked to choose between
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prospects S = (0.25:$0.0075, 0) and R = (0.2:$0.01, 0), for 400 rounds. After each
decision, participants received the prize of the chosen prospect. Results indicated a
tendency for preferences to converge towards expected value maximization over time.
Subjects were not informed about the true probabilities, so that attitudes towards
unknown probabilities came in. In addition, there were repeated payments, so that
income effects and the law of large numbers distorted the test of independence as they
did in Keren & Wagenaar (1987). Remarkable in this study is how much expected
value, the obvious model for a sumtotal of 400 independent choices, was violated.
Humphrey (2006) investigated the effect of learning on violations of coalescing,
monotonicity, and a common-consequence effect that was more complex than the Allais
paradox (with no certain option available). Choices were not elicited directly, but were
derived indirectly from certainty-equivalent matching questions. In the learning
treatment, subjects were shown 10 drawings from the relevant prospects before
deciding. These drawings were manipulated so as to be representative. As in our withfeedback treatment below, subjects could infer about the probability distribution this
way, but in Humphrey’s experiment no outcomes were associated with the learning
events so that they did not provide experience in this sense. Mixed results were found,
with some violations reduced but others enlarged.
Among others, Harless & Camerer (1994), Carbone & Hey (2000), Loomes,
Moffat & Sugden (2002), and Schmidt & Neugebauer (2006) experimentally analyzed
the role of errors in decision making. Typically, subjects were first asked to register
their preferences between a large number of different prospect pairs two or three times.
A random mechanism then determined the prize of the randomly selected prospect to be
played out for real at the end of the experiment. Thus, subjects did not receive feedback
from their earlier decisions and only made a particular pairwise choice two or three
times, limiting the opportunity to learn. These studies mostly seemed to support
expected utility theory plus a particular error term.

4.4 The Experiment: Method
Participants. Our experiment was conducted at the Hogeschool of Amsterdam.
Participants consisted of undergraduate and postgraduate students from a wide range of
disciplines. We approached the students ourselves in a cantina, and asked if they wanted
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to participate in an individual decision making experiment. In total, N = 52 subjects
took part, divided equally over two treatments as well as over both sexes. The
experiment was purely individual and subjects made choices under the direct
supervision of the experimenter.
Stimuli. Each subject was asked to choose between two pairs of prospects S = (p:s, 0)
and R = (0.8p:r, 0) for fifteen rounds. In one prospect pair, which we will call nonreduced, p was 1. In the other, reduced, prospect pair, p was 0.25. Thus, the subject
registered one choice between reduced prospects S and R and one choice between nonreduced prospects S and R in each round. The prospect pairs were presented in a matrix
display, as shown in Figure 4.1.
Figure 4.1 – The Presentation of the Prospect Pairs
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All prospects yielded a possible prize, depending on a roll with a twenty-sided die. For
example, prospect C in Figure 4.1 yielded a prize of €s if the roll of a twenty-sided die
was 1, 2, 3, 4, or 5 and nothing otherwise. We decided to use the above juxtaposition of
prizes with the r-payment in D disjoint from the s-payment in C. There is evidence that,
primarily due to regret effects, this juxtaposition yields more violations of expected
utility than other juxtapositions (Loomes 1988, Starmer & Sugden 1989, Harless 1992).
The probabilities of winning in each prospect were the same over all rounds. The prizes
of prospects S and R varied across the rounds. Table 4.1 displays the fifteen
combinations of s and r that were used.
Table 4.1 – The (s, r) Combinations Used
s

6.00

6.25

6.50

7.00

7.50

r

7.75

8.50

9.00

9.25

9.50 11.00 11.25 11.50 13.00 13.50 14.00 15.00 15.50 15.75 16.00

8.00

8.50
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The reduced and non-reduced prospect pairs as well as the prospects themselves were
presented in random order between subjects to avoid order effects.
Procedure. At the beginning of the experiment, each subject received instructions (see
Appendix 4A) and was first asked to register preferences between four non-common
ratio prospect pairs that served to familiarize them with the procedure. Then they were
asked to register their preferences between the fifteen common-ratio prospect pairs. To
determine the final payoff of participants, a random lottery incentive system was used.
That is, at the end of the experiment, one choice pair was selected at random and the
prize of the selected prospect was paid out in cash. On average, subjects earned about
€6.50 while the total experiment lasted approximately fifteen minutes.
The amount of feedback that participants received differed between the two
treatments. Under the treatment with feedback, subjects were asked to roll a twentysided die to determine the prize of the chosen prospect after each choice. Even if
subjects indicated preference for a prospect that yielded a particular prize for certain we
asked them to roll the twenty-sided die, although some did not seem to pay much
attention to the result. They were then asked to write this prize down on their decision
sheet, before continuing to the next choice. Thus, after each decision, subjects
immediately received feedback and, therefore, directly experienced what the resolution
of risk was. Under the treatment without feedback, participants only received feedback
at the end of the experiment when the real payoff, resulting from the randomly chosen
choice situation, of the particular participant had to be determined. They, therefore, did
not experience what the consequences of other decisions were.

4.5 The Experiment: Results
Figure 4.2 depicts individual choice behavior under the two treatments over time. The
difference in violations of expected utility between the two treatments in the first round
reflects between-subjects randomness (t50 = 1.70, p-value = 0.10). The following
analyses will concern within-subject differences.
We first consider the individual choice behavior under the treatment with
feedback. Here, 46.15% of the participants violated expected utility theory in the first
round of the experiment. These subjects either preferred prospect S over R in the non64
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reduced prospect pair combined with a preference for prospect R over S in the reduced
prospect pair, or vice versa. In the final round of the experiment only 23.08% of the
individual choices violated the independence axiom. This increase in expected utility
consistency is significant, t25 = 1.81, p-value = 0.04. Moreover, in the first round 26.9%
of the participants maximized expected value, which is significantly lower than 58.0%
in the final round of the experiment, t25 = −3.33, p-value = 0.001. Finally, there was a
significant negative linear trend in the percentage of expected utility violations over
rounds, t25 = 3.15, p-value = 0.005. Thus, individual choice behavior converged to the
descriptive predictions of expected utility under the treatment with feedback.
We next consider the treatment without feedback. Here, 69.2% of the individual
choices violated the predictions of expected utility theory in the first round of the
experiment. In the fifteenth round, the amount of expected utility violations dropped
insignificantly to 61.5%, t25 = 0.46, p-value = 0.3232. The expected value violation rate
in the first round also did not differ significantly from that in the final round, t25 =
−0.30, p-value = 0.38. We neither found significant evidence for the existence of a

negative linear trend in the amount of expected utility violations over rounds, t25 = 0.98,
p-value = 0.34. Thus, convergence of individual behavior to expected utility predictions
was not found under the treatment without feedback.
Figure 4.2 – Percentage of Expected Utility Violations over Rounds
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Without feedback, the average violation rate over all subjects and over all rounds (M =
0.64, SD = 0.04) was higher than that of subjects with feedback (M = 0.36, SD = 0.05).
Analysis of variance indicates that this difference is significant, F(1, 50) = 19.65, MSE
= 0.05. We also estimated the following simple regression model using OLS:
π = β0 + β1D + βF D Round + βNF (1 – D) Round + ε,

(4.1)

where π is the percentage of expected utility violations, D is a treatment dummy which
equals 1 for the with-feedback treatment and 0 for the without-feedback treatment, and
Round is the number of the round. Table 4.2 gives the results.
TABLE 4.2 – Estimation Results
β0

β1

βF

βNF

0.597
(0.053)

–0.087
(0.074)

–0.018*

0.006
(0.006)

(0.006)

Notes: standard errors in parentheses. * significant at the
5% level.

Only βF is statistically significant, which is consistent with our finding that convergence
to rationality over rounds is only present in the with-feedback treatment.
Here, the percentage of expected utility violations is estimated to drop by 1.8% per
round in the treatment with feedback

4.6 Discussion & Conclusion
Holt (1986) formulated a potential theoretical problem for the random-lottery incentive
system, if subjects interpret this system as one grand overall lottery. Subsequent studies
showed that this problem does not occur empirically (Cubitt, Starmer & Sugden 1998;
Starmer & Sugden 1991). This real-incentive system has become the almost exclusively
used one in individual choice experiments today. Its main features are that it avoids
income and house money effects.
The violations of expected utility found in the first round agree with the
common findings in the field (Camerer 1995; Starmer 2000). If subjects were given the
opportunity to learn by both thought and experience, the number of expected utility
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violations dropped significantly over time. Subjects seemed to learn to maximize
expected value, which is in line with the findings of Keren & Wagenaar (1987) and
Barron & Erev (2003). A possible explanation is that probability transformation is
reduced because of learning. With repetition and feedback, decision makers learn not
only about the prize of the chosen prospects, but also about the prize that the nonchosen prospects would have yielded. When a decision maker prefers prospect S in the
non-reduced prospect pair because of subjective probability distortion, he experiences
that the possible prize of prospect R was higher 80% of the time. This could induce the
decision maker to assess probabilities better, decreasing the amount of expected utility
violations over rounds.
Results from the treatment without feedback support the above explanation.
Under this treatment, convergence of individual preferences to the descriptive
predictions of expected utility was not found. Clearly, subjects are unlikely to learn to
assess probabilities better if they are not able to learn about the prize of the chosen
prospects or the prize of the non-chosen prospects. This was predicted by Cubitt,
Starmer, & Sugden (2001, pp. 393-394):
"… what is repeated must include not only the act of decision, but also
the resolution of any uncertainty and the experience of the resulting
outcome."
This chapter has given a pure experimental demonstration that learning can reduce
violations of expected utility. Our experiment avoided distortions due to other factors
beyond individual risk attitude. Thus, to the extent that genuine preferences can be
revealed only after proper learning and with proper real incentives, this chapter gives
support for a better descriptive validity of expected utility than suggested by earlier
experimental studies of pure individual decisions under risk.

Appendix 4A. Experimental Instructions
[The following instructions have been translated from Dutch to English]
Welcome at this experiment. If you have any questions while reading these instructions,
feel free to ask the assistant of this experiment. The experiment consists of 2 practice
rounds followed by 15 real rounds. Every round consists of 2 parts. In each part of each
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round you can earn a prize (in euro’s). At the end of the experiment you will randomly
select 1 of the 15 real rounds by rolling a twenty-sided die (in case you then roll a 16,
17, 18, 19 or 20, we will ask you to re-roll the die). Thereafter you will randomly select
the first (the roll is even) or the second (the roll is odd) part of this real round by again
rolling a die. Only the prize of the selected part of the selected real round will be paid to
you. The prizes of the lotteries in this experiment range from €0 to €16. It is thus
possible that by rolling the die at the end of the experiment, you select a lottery with a
prize of €0, and thus no euros will be paid to you. It is also possible that by rolling the
die at the end of the experiment, you will select a lottery with a prize of €16, which will
then be paid out to you. On average, the prize per participant is about €6. At the
beginning of each round you receive a sheet on which you can write down your
decisions. We will now explain the filling in of such a sheet on the basis of the
example-sheet that has already been handed out to you.
First, you see the number of the current round at the top of each decision sheet.
In Part 1 of each round, we ask you to make a choice between two lotteries, named
Lottery A and Lottery B. Both lotteries yield a particular prize that depends on the result
of your roll with a die. The rolling of this die using a cup takes place after you have
made a choice between both lotteries. If you choose Lottery A on the example-sheet and
the result of the roll of the twenty-sided die is between 1 and 4, the prize of Lottery A is
equal to €4. However, if the result of the roll of the die is between 5 and 20, the prize of
Lottery A is equal to €0. If you choose Lottery B on the example sheet and the result of
the roll of the twenty-sided die is between 1 and 12, the prize of Lottery B is equal to
€0. However, if the result of the roll of the die is between 13 and 20, the prize of Lottery
B is equal to €3. After you have made a choice between Lottery A and Lottery B by
encircling either A or B on the decision sheet, we ask you to roll the twenty-sided die
using the cup once and encircle the result of the roll on the decision sheet. As mentioned
before, the result of the roll determines the prize of the lottery that you have chosen.
After you have written down this prize on the decision sheet, Part 1 has ended and Part
2 begins.
The second part of each round is almost identical to the first part. We again first
ask you to choose between two lotteries, this time named Lottery C and D, by encircling
either C or D on your decision sheet. Then we ask you to roll the twenty-sided die using
the cup once and encircle the result of the roll on the decision sheet. The result of the
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roll again determines the price of the lottery that you have chosen, which you will write
down on your decision sheet. After filling in this price, the next round begins.
There are no right or wrong answers during this experiment. It exclusively
concerns your own preferences. In those we are interested. At each part of each round it
is best to encircle the lottery that you prefer. Surely, that part of that round can be
selected at the end of the experiment, and then you will get the prize of the lottery you
have encircled. It is therefore best for you to encircle your preferred lottery in each part.
If you have no questions at this point, the first of the 2 practice rounds will start now.
Good luck!
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Chapter 5
Does Choice Behavior Converge to Rationality
with Thought and Feedback?
This chapter elaborates on the findings of Chapter 4 and presents the results of a
laboratory experiment aimed at testing the hypothesis that individual choice behavior
convergences to rationality over time because respondents learn to weight probabilities
more linearly when they experience the consequence of each decision directly after each
choice. The results of the laboratory experiment support this hypothesis. The elicited
subjective probability weighting function converges significantly to linearity when
respondents are asked to make repeated choices and are given direct feedback after each
choice. Such convergence to linearity is absent in a treatment where respondents make
repeated choices but do not experience the resolution of risk directly after each choice.

5.1 Introduction
The results of the experiment reported in Chapter 4 show that Allais-type deviations
from rationality are largely eroded in an experimental treatment where respondents are
given the opportunity to make repeated choices and directly experience the resolution of
any risk after each choice, but that deviations from rationality persist in a treatment
where subjects are given the opportunity to learn by thought only (see Chapter 4).
Hence, the results support objections made by Binmore (1994) and Plott (1996) against
testing economic theories in environments where learning opportunities with feedback
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are absent. An intuitive explanation for the reduction in the amount of paradoxical
choices over time is that respondents learn to weight probabilities more linearly in
choice environments with repetition and feedback. This occurs, because respondents do
not only experience the prize of the chosen prospect directly after each choice, but also
learn about the prize of the non-chosen prospect when they receive feedback. Therefore,
when experiencing the resolution of risk after each choice, respondents become more
sensitive to probabilities. For example, consider a person that prefers the prospect (1:30)
to the prospect (0.8:40, 0) in the first choice of the standard common ratio choice pair
due to the underweighting of probability 0.8 relative to probability 1. After the
resolution of the risk, this person then learns that the non-chosen prospect would have
yielded a higher prize in 80% of the cases. This in turn might induce the person to
adjust his probability weight attached to probability 0.8 upwards, changing the
preference of the person from the prospect (1:30) to the prospect (0.8:40, 0), explaining
the convergence of individual choice behaviour to rationality found in the experiment
reported in Chapter 4.
This chapter presents the results of a laboratory experiment aimed at testing
whether convergence of individual choice behavior to rationality is indeed caused by a
reduction in the degree of subjective probability transformation. For this purpose, we
repeatedly use the measurement technique to obtain probability weighting functions
presented in Chapter 3. Significant convergence of the probability weighting function
towards linearity will only be found in an experimental treatment where respondents
make repeated choices and directly experience the resolution of risk after each choice,
suggesting that choice irrationalities in decision environments with repetition and
feedback are less pronounced than often thought.
The organization of this chapter is as follows. Section 5.2 presents details of
the experimental design. The results of the experiment are reported in Section 5.3. A
discussion of these results and the conclusion are in Section 5.4.

5.2 The Experiment: Method
The experimental design used in this experiment was very similar to the experimental
design of Chapter 3.
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Participants. N = 64 undergraduate students participated in the experiment. Participants
were undergraduate students from a wide range of disciplines randomly recruited at the
University of Amsterdam through the email list of CREED. 41% of the subjects were
female, 59% were economics students, and the average age of the subjects was 21.7
years.
Procedure. The experiment was both individual and computerized. Participants were
seated in front of a personal computer and first received experimental instructions (see
Appendix 3A). Then they were asked to answer two practice choice questions to
familiarize them with the experimental procedures. The choice questions were part of a
larger experiment that all involved outright choices between two prospects named
prospect L (left) and prospect R (right). Contrary to the experiment reported in Chapter
3, the experiment was purely individual and subjects made choices under the direct
supervision of the experimenter in order to obtain high quality data. Both prospects
yielded prizes depending on the outcome of a roll of two ten-sided dice, generating
probabilities j/100.1 Prospects were framed as in Figure 3.4. Participants were asked to
indicate their choice by clicking on the button of their preferred prospect with the
mouse. We used the neutral term prospect in the instructions to avoid potential
confounding effects resulting from connotations with words such as lottery or gamble,
and the position of each of the two prospects was counterbalanced between participants
to avoid a potential representation effect.
Motivating participants. A random lottery incentive system, the nowadays almost
exclusively used real-incentive system for individual choice experiments (Harrison, Lau
& Williams 2002; Holt & Laury 2002), was used to motivate participants in the
experiment. Therefore, at the end of the experiment, respondents were asked to roll two
ten-sided dice in order to select one of their choices. The chosen prospect in that
particular decision was played out for real and the subject was paid out accordingly and
in private. The prizes of the prospects faced by the respondents varied from €3 to

1

One ten-sided die was numbered from 0 till 9 while the other ten-sided die was numbered from 00 till
90. Because we informed subjects that the roll 0-00 would be coded as 100, the sum of a roll with both
ten-sided dice resulted in a random number ranging from 1 till 100.
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approximately €25. The average payment was €8.65 and the experiment lasted
approximately 30 minutes.
Stimuli of the first part. In the first part of the experiment, indifferences (0.25:x1, 3) ~
(0.25:6, 4) and (0.25:x2, 3) ~ (0.25:x1, 4) were elicited to obtain three outcomes x0, x1, x2
with x1 the utility midpoint between x0 and x2 (see Section 2.4.1 & Section 3.2). Because
all further measurements in the experiment depended on the obtained indifference
values x1 and x2, these values were elicited twice and the average of the two values
obtained was used as input in the rest of the experiment. To obtain indifference we used
a bisection choice method very similar to the bisection method used in the experiment
reported in Chapter 3. Based on a pilot experiment, we hypothesized that indifference
value x1 would not exceed x0 + 10 and hence took the interval [x0, x0 + 10] as the first
indifference interval. After each choice, the indifference interval was iteratively
narrowed down in a total of five iterations steps ending up with the sixth indifference
interval of length 10 × 2−5. We took the midpoint of the sixth indifference interval as the
elicited indifference value x1 and elicited the indifference value x2 in a similar way (see
Section 3.4 for a more thorough explanation of the bisection method used).
Stimuli of the second part. In the second part of the experiment, we used the measuring
technique introduced in Chapter 3 to obtain probabilities w−1(0.5), w−1(0.75), and
w−1(0.875), where w−1(s) is the probability corresponding to a subjective probability
weight of s. As shown in Section 3.3, the elicitation technique draws inferences from
indifference between the prospects A = (p:x2, d:x1, r:x0) and B = (p+g:x2, r+b:x0) with r
the residual probability 1− p−d (see Figure 3.1). By Theorem 3.1, indifference between
these prospects implies that probability p + g is the weight midpoint between probability
p and probability p + d.
FIGURE 5.1 – The Obtained Indifferences
p+g
x1 ~
1−p−g

x2
x0

w−1(0.5) = p+g

w−1(0.5) x
2
~
x1
−1
1−w (0.5)

p+g
1−p−g

w−1(0.75) = p+g
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The elicitation method thus prescribes the use of different prospects A in the elicitation
procedure. For clarification, Figure 5.1 presents the three indifferences that were elicited
to obtain probabilities w−1(0.5), w−1(0.75), and w−1(0.875).
To obtain probability g that makes a subject indifferent between the prospects
(p:x2, d:x1, r:x0) and (p + g:x2, x0), we used virtually the same bisection method as in the
probability part of the experiment reported in Section 3.4. The only difference was that
we did not ask two practice choices before the start of the elicitation process of each
indifference probability, as we did in the experiment reported in Chapter 3. In all other
aspects, the bisection method was similar to the bisection method used in Section 3.4
and hence we refer to this section for further details.
Stimuli of the third part & treatments. In the third part of the experiment, participants
were randomly subdivided over two treatments. In both treatments, probabilities w−1(.5),
w−1(.75), and w−1(.875), were elicited twice again for each respondent. The treatments
solely differed in the amount of feedback that respondents received.
In the without-feedback treatment, probabilities w−1(0.5), w−1(0.75), and
w−1(0.875) were obtained twice without respondents experiencing the resolution of any
risk and thus without experiencing the possible outcomes of each prospect after each
choice, similar as during the second part of the experiment.
In the with-feedback treatment, respondents were asked to roll the ten-sided
dice after each choice to directly determine the prize of the chosen prospect.
Respondents were then asked to type in the result of their roll under the supervision of
the experimenter and the computer would display the resulting prize of the chosen
prospect on the computer screen. Respondents were told that if that particular choice
question would then be randomly selected to be played out for real at the end of the
experiment, the prize of the chosen prospect would thus have been determined. Hence,
after each choice, participants immediately received feedback from their choice, and,
therefore, directly experienced the resolution of the risk involved, similar to the withfeedback treatment of the experiment reported in Chapter 4.
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5.3 The Experiment: Results
We excluded seven participants form the analysis because they clearly gave systematic
heuristic answers, such as always choosing the left prospect or always choosing the
right prospect.
5.3.1 The Utility Function
Consistent with the results of the experiment reported in Chapter 3, the first and second
measurement of indifference values x1 and x2 do not differ significantly from each other
using two-sided non-parametric Wilcoxon signed-rank tests (for x1: z = 1.54, p-value =
0.1249, for x2: z = 1.62, p-value = 0.1046). The obtained median indifference values of
x1 and x2 are 8.98 and 11.49, respectively, which implies the existence of a convex
utility function. Surprisingly, a two-sided Wilcoxon signed-rank test indicates that the
utility function deviates significantly from linearity (z = 2.088, p-value = 0.0368).
However, this deviation from linearity is not statistically significant if we use a twosided Sign-test (p-value = 0.1263).
5.3.2 The Probability Weighting Function
The obtained median values of w−1(.5), w−1(.75), and w−1(.875) over all respondents and
treatments are 0.74, 0.88, and 0.92, respectively. This suggests that subjects generally
underweight probabilities, which is consistent with the results from the experiment
reported in Chapter 3.
Figure 5.2 below displays the obtained probability weighting functions based
on median values. For clarification, the first obtained probability weighting function is
the probability weighting function obtained in the second part of the experiment. Hence,
respondents in both treatments did not receive any feedback during the elicitation
process of this probability weighting function. The second and third obtained
probability weighting functions are the probability weighting functions elicited in the
third part of the experiment. Thus, during the elicitation procedure, respondents did not
receive any feedback after each choice in the without-feedback treatment, while they
did in the with-feedback treatment, as explained in Section 5.2. As can be seen in Figure
5.2, the probability weighting function seems to converge to linearity under the withfeedback treatment, but such convergence seems to be absent in the without-feedback
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treatment. Also, convergence to linearity seems to be most pronounced for probabilities
w−1(.75) and w−1(.875). Table 5.1 below presents the results from several one-sided
Wilcoxon signed-rank tests performed to test whether the obtained probabilities w−1(s)
are significantly larger than probabilities s under the different treatments, for each of the
three obtained probability weighting functions.
FIGURE 5.2 – The Obtained Probability Weighting Functions
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The results of the non-parametric tests show that deviations from linearity are indeed
present and persistent in the without-feedback treatment. The only obtained probability
that does not differ significantly from linearity is the first obtained probability
w−1(0.875). All other probabilities deviate significantly from linearity, which shows that
deviations from linearity are present and persisting over time under the withoutfeedback treatment.
If we consider the first obtained probability weighting function under the withfeedback treatment, we see that all obtained probabilities differ (marginally) significant
from linearity. However, as Table 5.1 shows, obtained probabilities w−1(0.75) and
w−1(0.875) do not differ significantly from linearity when they are measured the second
and third time under the with-feedback treatment. In addition, a series of two-sided
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Wilcoxon signed-rank tests show that there is a significant difference between the first
and the third obtained probability weighting function in the with-feedback treatment
(for w−1(0.5): z = 3.232, p-value = 0.001, for w−1(0.75): z = 2.993, p-value = 0.003, and
for w−1(0.875): z = 2.418, p-value = 0.016), whereas this significant difference is absent
TABLE 5.1 – Counts of w−1(p) – p > 0 over Time and Treatments
Without Feedback (N = 30)
w(p)

−1

–p

1

st

2

nd

3

rd

With Feedback (N = 27)
1

st

2

nd

3

rd

p = 0.5

22*

19*

22*

20*

19*

20*

p = 0.75

21*

23*

21*

19*

15

13

p = 0.875

18

22*

21ms

21ms

14

17

Note: *(ms) denotes significance at the 5% (10%) level using a one-sided Wilcoxon signed
rank test.

in the without-feedback treatment (for w−1(0.5): z = −0.238, p-value = 0.812, for
w−1(0.75): z = 0.185, p-value = 0.853, and for w−1(0.875): z = 0.185, p-value = 0.853).
Hence, these results suggests that convergence of probability weighting to linearity
occurs only in the with-feedback treatment, that is, individual choice behavior only
converges to rationality if participants experience the resolution of any risk directly after
each choice.

5.4 Discussion & Conclusion
Some economists have argued that testing economic theories in experimental
environments where learning opportunities with feedback are absent is comparable with
performing chemistry experiments using dirty test tubes (Binmore 1994). According to
this argument, violations of the independence axiom may arise because respondents use
simple heuristics since they never faced the decisions they are asked to make before.
For example, the Allais paradox may arise because of misperception and unfamiliarity
with probabilities, leading respondents to underweight probability 0.8 relative to
probability 1. The experimental results presented in this chapter show that individual
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choice behavior converges to rationality in an experimental environment where
respondents make repeated choices and directly experience the resolution of risk after
each choice. However, such convergence to linearity is absent in a treatment where
respondents make repeated choices but do not experience the resolution of risk directly
after each choice. Hence, our results suggest that choice irrationalities in decision
environments with repetition and feedback are less pronounced than often thought.
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Chapter 6
Correcting Proper Scoring Rules for Risk
Attitudes
Proper scoring rules, introduced in the 1950s, efficiently elicit subjective beliefs about
likelihoods, but do so only under the assumption of expected value maximization. The
latter assumption can be violated because of nonlinear utility (Bernoulli), nonexpected
utility (Allais), and ambiguity attitudes for unknown probabilities (Keynes, Knight,
Ellsberg). These violations of expected value have been incorporated in modern decision
theories. This chapter shows how proper scoring rules can be generalized to those modern
theories, and can become valid under risk aversion and other deviations from expected
value. An experiment demonstrates the feasibility of our extension, yielding plausible
empirical results. Violations of additivity of subjective probabilities are reduced by our
extension, although they do not disappear entirely, which suggests genuine nonaddivity in
subjective beliefs. The quality of reported probabilities is better under repeated small
incentives than under single large incentives.1

6.1 Introduction
In many situations, no probabilities are known of uncertain events that are relevant to our
decisions, and subjective assessments of the likelihoods of such events have to be made.

1

The results in this chapter were first formulated in Offerman, Sonnemans, van de Kuilen & Wakker
(2006).
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Proper scoring rules provide an efficient tool for eliciting such subjective assessments
from choices. They use cleverly constructed optimization problems where the observation
of one single choice suffices to determine the exact quantitative degree of belief of an
agent. This procedure is more efficient than the observation of binary choices, as is most
common in decision theory, because binary choices only give inequalities and
approximations of beliefs.
The measurement of subjective beliefs is important in many domains (Gilboa &
Schmeidler 1999; Manski 2004), and proper scoring rules have been widely used
accordingly, in accounting (Wright 1988), Bayesian statistics (Savage 1971), business
(Staël von Holstein 1972), education (Echternacht 1972), medicine (Spiegelhalter 1986),
psychology (Liberman & Tversky 1993; McClelland & Bolger 1994), and other fields
(Hanson 2002; Prelec 2004). Proper scoring rules are especially useful for giving experts
incentives to exactly specify their degrees of belief. They are commonly used, for
instance, to improve the calibration of weather forecasters (Palmer & Hagedorn 2006).
They have recently become popular in experimental economics and game theory.
Advocates of the frequentist interpretation of probability can become more interested in
subjective probabilities when exposed to proper scoring rules. The quadratic scoring rule
is the most popular proper scoring rule today (McKelvey & Page 1990; Nyarko &
Schotter 2002), and is the topic of this chapter.
Proper scoring rules were introduced independently by Brier (1950), Good (1952,
p. 112), and de Finetti (1962), and are based on the assumption of expected value
maximization, i.e. risk neutrality. All applications up to today that we are aware of have
maintained this assumption. Empirically, however, deviations from expected value
maximization are common. First, Bernoulli (1738) pointed out that risk aversion prevails
over expected value, so that, under expected utility, utility has to be concave rather than
linear. Second, Allais (1953) demonstrated, for events with known probabilities, that
people can be risk averse in ways that expected utility cannot accommodate, so that more
general decision theories are called for with other factors in addition to utility curvature
(Kahneman & Tversky 1979; Machina 1982; Quiggin 1982; Tversky & Kahneman 1992).
Third, Keynes (1921), Knight (1921), and Ellsberg (1961) demonstrated the importance
of ambiguity for events with unknown probabilities (“Knightian uncertainty”), where
phenomena occur that are fundamentally different than those for known probabilities,
adding to the descriptive failure of expected value and showing that there are further
factors generating deviations from expected value. Gilboa (1987), Gilboa & Schmeidler
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(1989), Schmeidler (1989), and Tversky & Kahneman (1992) developed decision theories
that incorporate ambiguity.
This chapter updates proper scoring rules from the expected-value model as
assumed in the 1950s, when proper scoring rules were introduced, to the current state of
the art in decision theory. Thus, on the one hand, we extend the applicability and validity
of proper scoring rules to the empirical phenomena put forward by modern decision
theorists. On the other hand, we extend the applicability of those modern decision theories
by introducing the efficient measurement technique of proper scoring rules into those
theories. We give quantitative assessments of the distortions of classical proper scoring
rules caused by the empirical deviations from expected value, and show how such
distortions can be corrected for by means of our generalized method.
Our correction technique can be interpreted as a new method of calibration (Yates
1990; Keren 1991) that does not need many repeated observations, unlike traditional
calibration techniques (Leher 2001; Clemen & Lichtendahl 2002). An efficient aspect of
our method is that we need not elicit entire risk attitudes of agents so as to correct for
them. For instance, for nonexpected utility we need not go through an entire
measurement of the utility and probability weighting functions to apply our correction.
Instead, we can immediately infer the correction from a limited set of readily observable
data. We demonstrate the feasibility of our method in an experiment where we measure
the subjective beliefs of participants about the future performance of stocks after
provision of information about past performance. The empirical findings will confirm the
usefulness of our method.
The first part of this chapter (Sections 6.2 to 6.5) is theoretical and the second
part (Sections 6.6 and further) is experimental. Section 6.2 provides the definition of
proper scoring rules, and Section 6.3 provides the classical analysis of proper scoring
rules, which assumes expected value maximization. A decision-theoretic analysis of the
three main deviations from expected value maximization, and their effects on proper
scoring rules, is in Section 6.4. Section 6.5 presents risk-corrections, serving to correct
for the biases described in Section 6.4. Section 6.6 contains a simple example to
illustrate how the theory developed in the first five sections can be applied empirically.
It shows in particular that many decision-theoretic details, presented in the first part to
justify our correction procedures, need not be studied when applying our method
empirically. Readers interested in applying our method empirically can skip most of
Sections 6.3 to 6.5, reading only Section 6.3 up to Theorem 6.3.1 and Corollary 6.5.1.
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Methodological details of our experiment are described in Section 6.7. Section 6.8
presents results regarding the biases that we correct for, and Section 6.9 some
implications of the corrections of such biases. Discussions and conclusions are in
Sections 6.10 and 6.11. Appendix 6A presents proofs and technical results, Appendix
6B surveys the implications of modern decision theories for our measurements, and
Appendix 6C presents details of the experimental instructions.

6.2 Proper Scoring Rules; Definitions
Let E denote an event of which an agent is uncertain about whether or not it obtains,
such as snow in Amsterdam in March 1932, whether a stock’s value will decrease
during the next half year, whether a ball randomly drawn from 20 numbered balls will
have a number below 5, whether the 100th digit of π is 3, etc. The degree of uncertainty
of an agent about E will obviously depend on the information that the agent has about E.
Some agents may even know with certainty about some of the events. Most events will,
however, be uncertain. For most uncertain events, no objective probabilities of
occurrence are known, and our decisions have to be based on subjective assessments,
consciously or not, of their likelihood.
Prospects designate event-contingent payments. We use the general notation
(E:x, y) for a prospect that yields outcome x if event E obtains and outcome y if Ec
obtains, with Ec the complementary event not-E. The unit of payment for outcomes is
one dollar. Risk concerns the case of known probabilities. Here, for a prospect (E:x, y),
the probability p of event E is known, and we can identify this prospect with a
probability distribution (p:x, y) over money, yielding x with probability p and y with
probability 1 − p.
Several methods have been used in the literature to measure the subjective
degree of belief of an agent in event E.
•

In decision theory, binary choices have been used for this purpose. If the agent
prefers the prospect (E:1, 0) to receiving 0.10 for sure and also to receiving 0.20
for sure, but rather receives 0.30 for sure than the prospect, then under some
assumptions (expected value; see later) we may conclude that the subjective
probability of E is between 0.20 and 0.30. In this way, many choices must be
observed to infer levels of belief, and only approximations are obtained.
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•

We may seek to observe an indifference between (E:1, 0) and a sure gain r, in
which case we can conclude (again assuming expected value) that the degree of
belief in E is exactly r. It is, however, hard to obtain measurements of
indifferences. A Becker-DeGroot-Marschak mechanism can be used. Some
drawbacks of this method are that it is fairly complex (Albers, Pope, Selten &
Vogt 2000, p. 116; Braga & Starmer 2005), needs further assumptions (Becker,
de Groot & Marschak 1964, p. 226; Karni & Safra 1987; Guala 2000), and is
prone to irrational auction strategies (Plott & Zeiler 2005, p. 537).

•

De Finetti (1931, 1937) devised a clever book-making technique with agents
having to announce subjective probabilities, others taking them up on the
corresponding betting odds, and the agents vulnerable to money pumps as soon
as they violate the Bayesian laws of probability. This technique, however,
concerns hypothetical decision situations and cannot be implemented in practice.

•

Introspective questions can be used, simply asking what the degree of belief r is.
It is, however, not clear why an agent would answer these questions truthfully
and, without incentives, it may even be unclear to the agent (e.g. when the agent
is a frequentist) what this number r is supposed to signify.

Proper scoring rules provide an efficient and operational manner for measuring
subjective beliefs that deliver what the above methods seek to do, while avoiding the
problems mentioned. They do not consider binary choice as in most decision theories
but instead a multiple-choice optimization problem. They ask for the value r above
without need to observe indifferences and with proper incentives added, and have been
widely implemented unlike the book-making devise.
Under the quadratic scoring rule (QSR), the most commonly used proper
scoring rule and the rule considered in this chapter, a QSR-prospect:
(E:1 − (1 − r)2, 1 − r2)

(6.2.1)

is offered to the agent, where 0 ≤ r ≤ 1 is a number that the agent can choose freely. The
number chosen is a function of E, sometimes denoted rE, and is called the (uncorrected)
reported probability of E. The reasons for this term will be explained later. More
general prospects (E: a − b(1 − r)2, a − br2) for any b > 0 and a ∈ Ñ can be considered,
but for simplicity we restrict our attention to a = b = 1. No negative payments can occur,
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so that the agent never loses money. It is obvious that if the agent is certain that E will
obtain, then he will maximize 1 − (1 − r)2, irrespective of 1 − r2, and will choose r = 1.
Similarly, r = 0 is chosen if E will certainly not obtain. The choice of r = 0.5 gives a
riskless prospect, yielding 0.75 with certainty. Increasing r increases the payment under
E but decreases it under Ec. Under the event that happens, the QSR pays 1 minus the
squared distance between the reported probability of a clairvoyant (who assigns
probability 1 to the event that happens) and the reported probability of the agent (r
under E, 1 − r under Ec).
We, finally, discuss a symmetry between E and Ec, leading to a restriction on the
data that can be obtained through QSRs and that will be further discussed in Subsection
6.4.3. For any prospect, the agent can have the payments under E and Ec interchanged
by interchanging r and 1 - r. We display this point for future reference.
OBSERVATION 6.2.1. The quadratic scoring rule for event E presents the same
choice of prospects as the quadratic scoring rule for event Ec, with each prospect
resulting from r as reported probability of E identical to the prospect resulting from
1− r as reported probability of Ec. á
Because of Observation 6.2.1, we have:
rEc = 1 − rE

(6.2.2)

This symmetry will hold throughout this chapter, and will be crucial for the
nonexpected utility analysis presented later.

6.3 Proper Scoring Rules and Subjective Expected Value
When proper scoring rules were introduced in the 1950s, they were based on the
assumption of subjective expected value maximization. This assumption is still made in
applications of proper scoring rules today, and will also be made in this section. It
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means, first, that the agent assigns a subjective probability p to each event E.2 Under
common richness assumptions, the subjective probabilities must agree with objective
probabilities whenever the latter are given to the agent3, and such agreement is assumed
throughout this chapter. Second, the agent maximizes expected value with respect to
probabilities, irrespective of whether these are objective or subjective. These
assumptions together constitute the subjective expected value model.
For QSRs and an event E with probability p, subjective expected value implies
that the agent maximizes:
p × (1 − (1 − r)2) + (1 - p) × (1 − r2) = 1 − p(1 − r)2 − (1 − p)r2

(6.3.1)

If event E has probability p, then we also write R(p) for rE throughout this chapter.
According to Equation 6.3.1, and all other models considered in this chapter, all events
E with the same probability p have the same value rE, so that R(p) is well-defined. We
have the following corollary of Equation 6.2.2:
R(1 - p) = 1 - R(p)

(6.3.2)

The following theorem demonstrates that the QSR is incentive compatible. The theorem
immediately follows from the first-order optimality condition 2p(1 − r) − 2r(1 − p) = 0
in Equation 6.3.1. Second-order optimality conditions are verified throughout this
chapter and will not be mentioned in what follows.
THEOREM 6.3.1. Under subjective expected value maximization, the optimal
choice rE is equal to the (subjective or objective) probability p of event E, i.e. R(p) = p.
á
2

In this chapter, the term subjective probability is used only for probability judgments that are Bayesian
in the sense of satisfying the laws of probability. In the literature, the term subjective probability has
sometimes been used for judgments that deviate from the laws of probability, including cases where these
judgments are nonlinear transformations of objective probabilities when the latter are given. Such
concepts, different than probabilities, will be analyzed in later sections, and we will use the term
(probability) weights or beliefs, depending on the way of generalization, to designate them.
3
This follows first for equally-probable n-fold partitions of the universal event, where because of
symmetry all events must have both objective and subjective probabilities equal to 1/n. Then it follows
for all events with rational probabilities because they are unions of the former events. Finally, it follows
for all remaining events by proper continuity or monotonicity conditions. There have been several
misunderstandings about this point, especially in the psychological literature (Edwards 1954, p. 396;
Schoemaker 1982, Table 1).
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It is in the agent’s best interest to truly report his subjective probability of E. This
explains the term “reported probability.” Reported probabilities satisfy the Bayesian
additivity condition for probabilities. We call the number rE the (uncorrected) reported
probability.
Figure 6.3.1 depicts R(p) as a function of the probability p which, under
expected value as considered here, is simply the diagonal r = p, indicated through the
letters EV. The other curves and points in the figure will be explained later. Throughout
the first part of this chapter, we use variations of the following theoretical example.
FIGURE 6.3.1 – Reported Probability R(p) as a Function of Probability
1
R(p)
rEV
rEU
0.75
0.69
0.61

rnonEU

0.52
0.50

rnonEUa
nonEU

EU

0.25

EV

0

0

0.25

0.43 0.50 0.57

0.75

EV: expected value
EU: expected utility with U(x) = x0.5
nonEU: nonexpected utility for known probabilities, with U(x) = x0.5
and with w(p) as in Example 6.4.2.4.
rnonEUa: nonexpected utility for unknown probabilities ("Ambiguity")
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EXAMPLE 6.3.2. An urn K (“known” distribution) contains 25 Crimson, 25
Green, 25 Silver, and 25 Yellow balls. One ball will be drawn at random. C designates
the event of a crimson ball drawn, and G, S, and Y are similar. E is the event that the
color is not crimson, i.e. it is the event Cc = {G, S, Y}. Under expected value
maximization, rE = R(0.75) = 0.75 is optimal in Equation 6.2.1, yielding prospect
(E:0.9375, 0.4375) with expected value 0.8125. The point rE is depicted as rEV in Figure
3.1. Theorem 6.3.1 implies that rG = rS = rY = 0.25. We have rG + rS + rY = rE, and the
reported probabilities satisfy additivity. á

6.4 Three Commonly Found Deviations from Subjective
Expected Value and Their Implications for Quadratic
Scoring Rules
This section describes three factors that generate deviations from expected value
maximization and, hence, can distort the classical analyses of proper scoring rules. The
effects of each factor in this section are illustrated in Figure 6.3.1, explained later, and
their quantitative size will be illustrated through extensions of Example 6.3.2.
Subsection 6.4.1 considers the first factor generating deviations, being nonlinear utility
under expected utility. This section extends an earlier study of this factor by Winkler &
Murphy (1970). Bliss & Panigirtzoglou (2004) also corrected estimations of probability
distributions for utility curvature, but did not do it in the context of proper scoring rules.
Subsection 6.4.2 considers the second factor, i.e. violations of expected utility for
known probabilities. Subsection 6.4.3 considers the third factor, i.e. ambiguity because
of unknown probabilities.
6.4.1 The First Deviation: Utility Curvature
Bernoulli (1738) put forward the first deviation from expected value. Because of the socalled St. Petersburg paradox, Bernoulli proposed that people maximize expected utility
with respect to a utility function U, which we assume continuously differentiable with
positive derivative everywhere, implying strict increasingness. We assume throughout
that U(0) = 0. Equation 6.3.1 is now generalized to:
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pU(1 − (1 − r)2) + (1 − p)U(1 − r2)

(6.4.1.1)

The first-order optimality condition for r, and a rearrangement of terms (as in the proof
of Theorem 6.4.3.2), implies the following result. For r ≠ 0.5, the theorem also follows
as a corollary of Theorem 6.4.3.2 and Equation 6.3.2.
THEOREM 6.4.1.1. Under expected utility with p the (subjective or objective)
probability of event E, the optimal choice r = R(p) satisfies:
r=

p
U '(1 − r 2 )
p + (1 − p )
U ' (1 − (1 − r 2 ) )

(6.4.1.2)

á
A utility correction is imposed, based on the marginal-utility ratio at the two prizes of
the QSR-prospect. It implies that r deviates from the objective probability p if the
marginal utilities at the two prizes are different. For concave utility and r > 0.5, so that
E is judged more probable than Ec and receives the highest payment, the marginalutility ratio will exceed 1 and r will be lower, and closer to 0.5, than p. For r < 0.5, r
will also be closer to 0.5 than p, because 1 - r, the reported probability of Ec, is so too.
It follows that risk aversion moves people in the direction of the riskless prospect of r =
0.5 (Kadane & Winkler 1988, p. 359), a phenomenon confirmed empirically by Winkler
(1967) and Huck & Weiszäcker (2002).
Figure 6.3.1 depicts an example of the function r under expected utility,
indicated by the letters EU, and is similar to Figure 3 of Winkler & Murphy (1970). The
decision-based distortion in the direction of 0.5 is opposite to the overconfidence
(probability judgments too far from 0.5) found mostly in direct judgments of probability
without real incentives (Fischhoff, Slovic & Lichtenstein 1977; Fischer 1982), and
found among experts seeking to distinguish themselves (Keren 1991, p. 224 and p. 252;
the “expert bias”, Clemen & Rolle 2001).
EXAMPLE 6.4.1.2. Consider Example 6.3.2, but assume expected utility with
U(x) = x0.5. Substitution of Equation 6.4.1.2 (or Theorem 6.4.3.2 below) shows that rE =
R(0.75) = 0.69 is optimal, depicted as rEU in Figure 6.3.1, and yielding prospect (E:0.91,
0.52) with expected value 0.8094. The extra risk aversion generated by concave U has
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led to a decrease of rE by 0.06 relative to Example 6.3.2, distorting the probability
elicited, and generating an expected-value loss of 0.8125 − 0.8094 = 0.0031. This
amount can be interpreted as an uncertainty premium, designating the profit margin for
an insurance company. The uncertainty premium will be larger for deviations from
expected value considered later. By Equation 6.2.2, rC = 0.31, and by symmetry rG = rS
= rY = 0.31 too. The reported probabilities violate additivity, because rG + rS + rY = 0.93
> 0.69 = rE. This violation in the data reveals that expected value does not hold. á
The above example illustrates how observations of reported probabilities can be used to
directly reveal violations of additivity empirically. We are not aware of such tests in the
literature. Under such violations, reported probabilities may not truly reveal beliefs but
may be distorted by other factors. We will report empirical tests of additivity in Section
6.6 and in Section 6.9.
OBSERVATION 6.4.1.3. Under expected utility with probability measure P, rE =
0.5 implies P(E) = 0.5. Conversely, P(E) = 0.5 implies rE = 0.5 if risk aversion holds.
Under risk seeking, rE ≠ 0.5 is possible if P(E) = 0.5. á
Theorem 6.4.1.1 clarifies the distortions generated by nonlinear utility, but it does not
provide an explicit expression of R(p), i.e. r as a function of p, or vice versa. It seems to
be impossible, in general, to obtain an explicit expression of R(p). We can, however,
obtain an explicit expression of the inverse of R(p), i.e. p in terms of r. For numerical
purposes, R(p) can then be obtained as the inverse of that function—this is what we did
in our numerical analyses, and how we drew Figure 6.3.1. The following result follows
from algebraic manipulations or, for r ≠ 0.5, as a corollary of Corollary 6.4.2.5
hereafter.
COROLLARY 6.4.1.4. Under Equation 6.4.1.2, the optimal choice r = R(p)
satisfies:
r

p=
r + (1 − r )

U ' (1 − (1 − r ) 2 )
U '(1 − r 2 )

á
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The result shows that the relation between p and r is nonlinear, so that r will violate
additivity, as soon as marginal utility U' is nonsymmetric about 0.5, which holds for all
regular nonlinear utility functions. Hence, additivity of reported probability provides a
critical test for linearity of utility under expected utility.
6.4.2 The Second Deviation: Nonexpected Utility for Known Probabilities
In the nonexpected utility analyses that follow, we will often restrict our attention to r ≥
0.5. Results for r < 0.5 then follow by interchanging E and Ec, and the symmetry of
Observation 6.2.1 and Equation 6.2.2.
We say that event A is (revealed) more likely than event B if, for some positive
outcome x, say x = 100, the agent prefers (A:x, 0) to (B:x, 0). In all models considered
hereafter, this observation is independent of the outcome x > 0. In view of the symmetry
of QSRs in Observation 6.2.1, for r ≠ 0.5 the agent will always allocate the highest
payment to the most likely of E and Ec. It leads to the following restriction of QSRs.
OBSERVATION 6.4.2.1. Under the QSR in Equation 6.2.1, the highest outcome is
always associated with the most likely event of E and Ec. á
Hence, QSRs do not give observations about most likely events when endowed with the
worst outcome. Similar restrictions apply to logarithmic proper scoring rules, as well as
all other proper scoring rules as they have been applied in the literature so far.
Some details on weak inequalities and corner solutions are as follows. A choice
of r = 0.5 may be driven by risk aversion, so that no likelihood ordering between E and
Ec can be concluded then. A choice of r ≠ 0.5 (if close to 0.5), may be driven by risk
seeking with equal likelihood of E and Ec. Only interior solutions with a strict inequality
r > 0.5 combined with E being strictly less likely than Ec are excluded for QSRs.
We now turn to the second deviation from de Finetti’s assumption of expected
value, put forward by Allais (1953), which deviates from Bernoulli’s expected utility,
and still pertains to events E with known probability p. With M denoting 106, the
preferences M  (0.8:5M, 0) and (0.25:M, 0)  (0.20:5M, 0) are plausible. They would
imply, under expected utility with U(0) = 0, the contradictory inequalities U(M) > 0.8 ×
U(5M) and 0.25U(M) < 0.20 × U(5M) (implying U(M) < 0.8 × U(5M)), so that they
falsify expected utility. It has since been shown that this paradox does not concern an
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exceptional phenomenon pertaining only to hypothetical laboratory choices with
extreme amounts of money, but that the phenomenon is relevant to real decisions for
realistic stakes (Kahneman & Tversky 1979). The Allais paradox and other violations of
expected utility have led to several alternative models for decision under risk, the socalled nonexpected utility models. For the prospects relevant to this chapter, QSRs with
only two outcomes and no losses, all currently popular nonexpected utility evaluations
of QSR-prospects (Equation 6.2.1) are of the following form (see Appendix 6B). We
first present such evaluations for the case of highest payment under event E, i.e. r ≥ 0.5,
which can be combined with p ≥ 0.5:
for r ≥ 0.5: w(p)U(1 − (1 − r)2) + (1 - w(p))U(1 − r2)

(6.4.2.1)

Here w is a continuous strictly increasing function with w(0) = 0 and w(1) = 1, and is
called a probability weighting function. Expected utility is the special case of w(p) = p.
By symmetry, the case r < 0.5 corresponds with a reported probability 1 - r > 0.5 for
Ec, giving the following representation:
for r < 0.5: w(1 - p)U(1 − r2) + (1 - w(1 - p))U(1−(1 − r)2)

(6.4.2.2)

The different weighting of an event when it has the highest or lowest outcome is called
rank-dependence. It suffices, by Equations 6.2.2 and 6.3.2, to analyze the case of r ≥ 0.5
for all events.
Both in Equation 6.4.2.1 and in Equation 6.4.2.2, w is applied only to
probabilities p ≥ 0.5, and needs to be assessed only on this domain in what follows. This
restriction is caused by Observation 6.4.2.1. We display the implication.
OBSERVATION 6.4.2.2. For the QSR, only the restriction of w to [0.5,1] plays a
role, and w's behavior on [0,0.5) is irrelevant. á
Hence, for the risk-correction introduced later, we need to estimate w only on [0.5, 1].
An advantage of this point is that the empirical findings about w are uncontroversial on
this domain, the general finding being that w underweights probabilities there.4 Under
4

On [0,0.5) the patterns is less clear, with both underweighting and overweighting (Gonzalez & Wu
1999; Abdellaoui 2000; Bleichrodt & Pinto 2000).
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nonexpected utility, not only a utility correction must be imposed, but also a probability
weighting correction w must be applied to p, leading to the following result.
THEOREM 6.4.2.3. Under nonexpected utility with p the probability of event E,
the optimal choice r = R(p) satisfies:
for r > 0.5: r =
á

w( p)
U '(1 − r 2 )
w( p) + (1 − w( p) )
U ' (1 − (1 − r ) 2 )

(6.4.2.3)

The above result, again, follows from the first-order optimality condition, and also
follows as a corollary of Theorem 6.4.3.2 below. As an aside, the theorem shows that
QSRs provide an efficient manner for measuring probability weighting on (0.5, 1] if
utility is linear, because then simply r = R(p) = w(p). An extension to [0, 0.5] can be
obtained by a modification of QSRs, discussed further in the next subsection (Equations
6.4.3.3 and 6.4.3.4).
EXAMPLE 6.4.2.4. Consider Example 6.4.1.2, but assume nonexpected utility
with U(x) = x0.5 and:
w(p) = e

− ( − ln p )α

(6.4.2.4)

with parameter α = 0.65 (Prelec 1998). This function agrees with common empirical
findings (Tversky & Kahneman 1992; Gonzalez & Wu 1999; Abdellaoui 2000;
Bleichrodt & Pinto 2000). From Theorem 6.4.2.3 it follows that rE = R(0.75) = 0.61 is
now optimal, depicted as rnonEU in Figure 6.3.1. It yields prospect (E:0.85, 0.63) with
expected value 0.7920. The extra risk aversion relative to Example 6.4.1.2 generated by
w for this event E has led to an extra distortion of rE by 0.08. The extra expected-value
loss (uncertainty premium) relative to Example 6.4.1.2 is 0.8094 − 0.7920 = 0.0174. By
Equation 6.4.2.1, rC = 0.39, and by symmetry rG = rS = rY = 0.39 too. The reported
probabilities strongly violate additivity, because rG + rS + rY = 1.17 > 0.61 = rE. á
The effects of probability weighting are strongest near p = 0.75 and, indeed, relative to
Example 6.4.1.2, nonexpected utility has generated a large extra distortion in the above
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example. Figure 6.3.1 illustrates the effects through the curve indicated by nonEU. Note
that the curve is flat around p = 0.5, more precisely, on the probability interval
[0.43, 0.57]. For probabilities from this interval the risk aversion generated by
nonexpected utility is so strong that the agent goes for maximal safety and chooses r =
0.5, corresponding with the sure outcome 0.75 (cf. Manski 2004, footnote 10). Such a
degree of risk aversion is not possible under expected utility, where r = 0.5 can happen
only for p = 0.5 (Observation 6.4.1.3). This observation cautions against assigning
specific levels of belief to observations r = 0.5, because proper scoring rules may be
insensitive to small changes in the neighborhood of p = 0.5. An explicit expression of p
in terms of r, i.e. of R-1(p), follows next for r > 0.5, assuming that we can invert w.
COROLLARY 6.4.2.5. Under Equation 6.4.2.1, the optimal choice r = R(p)
satisfies:
r

-1

−1

if r > 0.5, then p = R (p) = w

r + (1 − r )

U ' (1 − (1 − r ) 2 )

(6.4.2.5)

U '(1 − r )
2

á
In general, it may not be possible to derive both w and U from R(p) without further
assumptions, i.e. U and w may be nonidentifiable. Under regular assumptions about U
and w, however, they have some different implications. The main difference is that, if
we assume that U is differentiable (as done throughout this chapter) and concave, then a
flat part of R(p) around 0.5 must be caused by w (Observation 6.4.1.3).
Up to this point, we considered deviations from expected value and Bayesianism
at the level of decision attitude, and beliefs themselves were not yet affected. This will
be different in the next subsection.
6.4.3 The Third Deviation: Nonadditive Beliefs and Ambiguity for Unknown
Probabilities
This section considers events for which no probabilities are known. It is commonly
assumed in applications of proper scoring rules that the agent then chooses (Bayesian)
subjective probabilities p = P(E) for such events E, satisfying the laws of probability,
and evaluates prospects the same way for subjective probabilities as if these
probabilities were objective. Such an approach to unknown probabilities, staying as
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close as possible to risk, is called probabilistic sophistication (Machina & Schmeidler
1992). In traditional applications of proper scoring rules it is further assumed that the
agent satisfies expected utility for known probabilities, but probabilistic sophistication
is more general and allows deviations like those in the preceding subsection for known
probabilities. Probabilistic sophistication can be interpreted as a last attempt to at least
maintain Bayesianism at the level of beliefs. As we will see next, however, it fails
descriptively. Empirical findings, initiated by Ellsberg (1961), have demonstrated that
probabilistic sophistication is commonly violated empirically. The following example
gives details. For another kind of violation see Marinacci (2002).
EXAMPLE 6.4.3.1 [violation of probabilistic sophistication]. Consider Example
6.4.2.4, but now there is an additional urn A (“ambiguous”). Like urn K, A contains 100
balls colored Crimson, Green, Silver, or Yellow, but now the proportions of balls with
these colors are unknown. Ca designates the event of a crimson ball drawn from A, and
Ga, Sa, and Ya are similar. Ea is the event Cac = {Ga, Sa, Ya}. If probabilities are assigned
to drawings from the urn A (as assumed by probabilistic sophistication) then, in view of
symmetry, we must have P(Ca) = P(Ga) = P(Sa) = P(Ya), so that these probabilities must
be 0.25. Then P(Ea) must be 0.75, as was P(E) in Example 6.4.2.4. Under probabilistic
sophistication combined with nonexpected utility as in Example 6.4.2.4, rEa must be the
same as rE in Example 4.2.4 for the known urn, i.e. rEa = 0.61. It implies that people
must be indifferent between (E:x, y) and (Ea:x, y) for all x and y. The latter condition is
typically violated empirically. People usually have a strict preference for known
probabilities, i.e. (E:x, y)  (Ea:x, y).5 Consequently, it is impossible to model beliefs
about uncertain events Ea through probabilities, and probabilistic sophistication must
fail. This observation also suggests that rEa may differ from rE. á
The deviations from expected value illustrated by the above example cannot be
explained by utility curvature or probability weighting, and must be generated by other
factors. Those other, new, factors refer to properties of beliefs and decision attitudes that
are typical of unknown probabilities, and force us to give up on the additive measure

5

This holds also if people can choose the three colors to gamble on in the ambiguous urn, so that there is
no reason to suspect unfavorable compositions.
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P(E) in our model. Besides decisions, also beliefs may deviate from the Bayesian
principles.
The important difference between known and unknown probabilities was first
emphasized by Keynes (1921) and Knight (1921). Keynes discussed the example of
urns with unknown compositions. Demonstrations as in the above example, proving that
it is impossible to account for observed behavior in terms of probabilities, were first
given by Ellsberg (1961).
Studies of direct judgments have supported the thesis that subjective beliefs may
deviate from Bayesian probabilities (Dempster 1968; Shafer 1976; McClelland &
Bolger 1994; Tversky & Koehler 1994). Instead of a probability p of E, we have to
substitute a general subjective function B(E) in Equation 6.4.2.1, with Equation 6.4.2.2
adapted similarly, and with nonadditivity of B adding to the deviations from
Bayesianism. B may be interpreted as a belief index, as it was in Schmeidler (1989)
who initiated the use of nonadditive measures for unknown probabilities. There is no
consensus in decision theory today about whether B can also comprise other
components of decision attitude beyond beliefs.
In Example 6.4.3.1 we may have B(Ca) = B(Ga) = B(Sa) = B(Ya) < 0.25, B(Ea) <
0.75, and B(Ea) ≠ B(Ga) + B(Sa) + B(Ya). Such phenomena lead to the following general
evaluation of the QSR-prospects of Equation 6.2.1, for general events E:
for r ≥ 0.5: w(B(E))U(1 − (1 − r)2) + (1 − w(B(E)))U(1 − r2)

(6.4.3.1)

The evaluation for r < 0.5 can again be obtained from Equation 6.2.2. We give it for
completeness:
for r < 0.5: (1 - w(B(Ec)))U(1 − (1 − r)2) + w(B(Ec))U(1 − r2)

(6.4.3.2)

In general, B assigns value 0 to the vacuous event ∅, value 1 to the universal event, and
B is increasing in the sense that C ⊃ D implies B(C) ≥ B(D). These properties obviously
also hold for the composition w(B(.)). This composition is called the weighting function,
and is denoted W. In the literature, the weighting function W is usually taken as point of
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departure.6 Given W and strict increasingness of w, we can define B = w−1(W) so as to
obtain consistency of notation.
The equality B(E) + B(Ec) = 1 (binary additivity) may very well be violated.
Then it can be debated whether B(E) or 1 − B(Ec), or some other index, is to be taken as
index of belief, and whether other decision components beyond beliefs are comprised in
some or all of these indexes. Such interpretations have not yet been settled, and further
studies are called for. Whereas the interpretation of B as index of belief is open to
debate, depending on further developments in decision theory, it is not open to debate
that the behavioral component of risk attitude should be filtered out before an
interpretation of belief can be considered. Filtering out this behavioral component, as a
necessary preparation for further investigations of beliefs, is the contribution of this
chapter.
As with the weighting function w under risk, B is also applied only to the most
likely one of E and Ec in the above equations, reflecting again the restriction of the QSR
of Observation 6.4.2.1. Hence, under traditional QSR measurements we cannot test
binary additivity directly because we measure B(E) only when E is more likely than Ec.
These problems can easily be amended by modifications of the QSR. For instance, we
can consider prospects:
(E: 2 − (1 − r)2, 1 − r2)

(6.4.3.3)

i.e. QSR-prospects as in Equation 6.2.1 but with a unit payment added under event E.
The classical proper-scoring-rule properties of Section 6.2 are not affected by this
modification, and the results of Section 6.3 are easily adapted. With this modification,
we have the liberty to combine event E with the highest outcome both if E is more
likely than Ec and if E is less likely, and we avoid the restriction of Observation 6.4.2.1.
We then can observe w of the preceding subsection, and W(E) and B(E) over their entire
domain. Similarly, with prospects:
(E: 1 − (1 − r)2, 2 − r2)

6

(6.4.3.4)

Schmeidler (1989) and most other current studies of uncertainty assume, for simplicity, that w is the
identity. Then B and W coincide.
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we can measure the duals 1 − W(Ec), 1 − w(1 − p), and 1 − B(Ec) over their entire
domain. In this study we confine our attention to the QSRs of Equation 6.2.1 as they are
classically applied throughout the literature, so as to reveal their biases according to the
current state of the art of decision theory, suggesting remedies whenever possible, and
signaling the problems that remain. We leave further investigations of the, we think
promising, modifications of QSRs in the above equations to future studies.
The restrictions of the classical QSRs will also hold for the experiment reported
later in this chapter. There an application of the QSR to a small interval I is to be
interpreted formally as the measurement of 1 − B(Ic). The restrictions also explain why
the theorems below concern only the case of r > 0.5 (with r = 0.5 as a boundary
solution).
The following theorem, our main theorem, specifies the first-order optimality
condition for interior solutions of r for general decision making, incorporating all
deviations described above.
THEOREM 6.4.3.2. Under Equation 6.4.3.1, the optimal choice r satisfies:
if r > 0.5, then r = rE =

w(B(E))
U '(1 − r 2 )
w(B(E)) + (1 − w(B(E)) )
U ' (1 − (1 − r ) 2 )

(6.4.3.5)

á
We cannot draw graphs as in Figure 6.3.1 for unknown probabilities, because the
horizontal axis now concerns events and not numbers. The W values of ambiguous
events will be relatively low for an agent with a general aversion to ambiguity, so that
the reported probabilities r in Equation 6.4.3.5 will be relatively small, i.e. close to 0.5.
We give a numerical example.
EXAMPLE 6.4.3.3. Consider Example 6.4.3.1. Commonly found preferences
(E:100, 0)  (Ea:100, 0) imply that w(B(Ea)) < w(B(E)) = w(0.75). Hence, by Theorem
6.4.3.2, rEa will be smaller than rE. Given the strong aversion to unknown probabilities
that is often found empirically (Becker & Brownson 1964; Camerer & Weber 1992), we
will assume that rEa = 0.52. It is depicted as rnonEUa in Figure 6.3.1, and yields prospect
(Ea:0.77, 0.73) with expected value 0.7596. The extra preference for certainty relative to
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Example 6.4.2.4 generated by unknown probabilities for this event Ea has led to an extra
distortion of rEa by 0.61−0.52 = 0.09. The extra expected-value loss relative to Example
6.4.2.4 is 0.7920−0.7596 = 0.0324. This amount can be interpreted as the ambiguitypremium component of the total uncertainty premium. By Equation 6.4.2.1, rC = 0.48,
and by symmetry rG = rS = rY = 0.48 too. The reported probabilities violate additivity to
an extreme degree, because rG + rS + rY = 1.44 > 0.52 = rEa. The behavior of the agent is
close to a categorical fifty-fifty evaluation, where all nontrivial uncertainties are
weighted the same without discrimination.
The belief component B(Ea) is estimated to be w−1(W(Ea)) = w−1(0.52) = 0.62.
This value implies that B must violate additivity. Under additivity, we would have
B(Ca) = 1 − B(Ea) = 0.38 and then, by symmetry, B(Ga) = B(Sa) = B(Ya) = 0.38, so that
B(Ga) + B(Sa) + B(Ya) = 3 × 0.38 = 1.14. This value should, however, equal B{Ga, Sa,
Ya} = B(Ea) under additivity which is 0.62, leading to a contradiction. Hence, additivity
must be violated.
Of the total deviation of rEa = 0.52 from 0.75, being 0.23, a part of 0.06 + 0.08 =
0.14 is the result of deviations from risk neutrality that distorted the measurement of
B(Ea), and 0.09 is the result of nonadditivity (ambiguity) of belief B. á
Theorem 6.4.3.2 is valid for virtually all models of decision under uncertainty and
ambiguity currently known in the literature, because Equations 6.4.3.1 and 6.4.3.2
capture all these models (see Appendix 6B). Some qualitative observations are as
follows. If U is linear, then r = w(B(E)) follows for all w(B(E)) > 0.5, providing a very
tractable manner of measuring the nonadditive decision-theory measure W = wëB. A
corner solution r = 0.5 results for all w(B(E)) ≤ 0.5 with also w(B(Ec)) ≤ 0.5, so that the
classical QSR has no discriminatory power for such events. For events with known
probabilities, such corner solutions correspond with the flat part of the nonEU curve in
Figure 6.3.1. For ambiguous events, ambiguity aversion will enhance the existence of
such corner solutions.
Expected utility is the special case where W(B(E)) = P(E) for a probability
measure P, so that Equations 6.4.3.1 and 6.4.3.2 are the same and each applies to all r.
Theorem 6.4.1.1 demonstrated that Equation 6.4.3.5 then also holds for r ≤ 0.5.
In applications of proper scoring rules, we usually first observe r = rE and then
want to derive B(E) from r. The following corollary gives an explicit expression. It
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illustrates once more how deviations from expected utility (w) and nonlinear utility (the
marginal-utility ratio) distort the classical proper-scoring-rule assumption of B(E) = r.
COROLLARY 6.4.3.4. Under Equation 6.4.3.1, the optimal choice r = rE satisfies:
if r > 0.5, then B(E) = w−1

r

r + (1 − r )

U ' (1 − (1 − r ) 2 )

(6.4.3.6)

U '(1 − r 2 )

á

6.5 Measuring Beliefs through Risk Corrections
One way to measure B(E) is by eliciting W(E) and the function w from choices under
uncertainty and risk, after which we can set:
B(E) = w-1(W(E))

(6.5.1)

In general, such revelations of w and W are laborious. The observed choices depend not
only on w and W but also on the utility function U, so that complex multi-parameter
estimations must be carried out (Tversky & Kahneman 1992, p. 311).
A second way to elicit B(E) is by measuring the canonical probability p of event
E, defined through the equivalence:
(p:x, y) ~ (E:x, y)

(6.5.2)

for some preset x > y, say x = 100 and y = 0. Then w(B(E))(U(x) - U(y)) = w(p)(U(x) U(y)), and B(E) = p follows. Wakker (2004) discussed the interpretation of Equations
6.5.1 and 6.5.2 as belief.
Canonical probabilities were commonly used in early decision analysis (Raiffa
1968, Section 5.3; Yates 1990, pp. 25-27) under the assumption of expected utility. A
recent experimental measurement is in Holt (2005, Chapter 30), who also assumed
expected utility. A practical difficulty is that the measurement of canonical probabilities
requires the measurement of indifferences, and these are not easily inferred from choice.
For example, Holt (2005) used the Becker-DeGroot-Marschak mechanism, discussed
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before. Huck & Weiszäcker (2002) compared the QSR to the measurement of canonical
probabilities and found that the former is more accurate.
A third way to correct reported probabilities is to collect, for each rE, many
events to which the agent assigned the same rE value in the past and of which we now
know whether or not they obtained. We then determine the relative frequency of these
events, assuming that this can be taken as the true, objective, probability. We, thus, turn
these events into unambiguous events. The distance between rE and this relative
frequency is an index of the (mis)calibration of the agent. This calibration technique has
been studied in theoretical game theory (Sandroni, Smorodinsky & Vohra 2003), and
has been applied to weather forecasters (Murphy & Winkler 1974). It needs extensive
data, which is especially difficult to obtain for rare events such as earthquakes. It needs
further assumptions about the stability of distortions over time, and is hard to apply in
experiments of limited durations. These drawbacks were pointed out by Clemen &
Lichtendahl (2002), who proposed correction techniques for probability estimates in the
spirit of our chapter, but still based these on traditional calibration techniques. Our
correction (“calibration”) technique is considerably more efficient than traditional ones.
We now introduce risk corrections that combine the advantages of measuring
B(E) = w-1(W(E)), of measuring canonical probabilities, and of calibrating reported
probabilities relative to objective probabilities, while avoiding the problems described
above, by benefiting from the efficiency of proper scoring rules. The QSR does entail a
restriction of the observations regarding B(E) to cases of E being more likely than Ec
(Observation 6.4.2.1).
Note that the right-hand sides of Equations 6.4.2.5 and 6.4.3.6 are identical.
Hence, if we find a p with the same r value as E, then we can, because of Equation
6.4.2.5, immediately substitute p for the right-hand side of Equation 6.4.3.6, getting
B(E) = p without need to know the ingredients w and U of Equation 6.4.3.6. This
observation (to be combined with Equation 6.2.2 for r < 0.5) implies the following
corollary, which we display for its empirical importance.
COROLLARY 6.5.1. Under Equation 6.4.3.1, for the optimal choice r = rE,
assume that r > 0.5. Then:
B(E) = R−1(r)
á
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This corollary is useful for empirical purposes. It is the only implication of our
theoretical analysis that is needed for applications. We first infer the (for the participant)
optimal R(p) for a set of exogenously given probabilities p that is so dense (all values p
= j/20 for j ≥ 10 in our experiment) that we obtain a sufficiently accurate estimation of
R and R−1. Then, for all uncertain events E more likely than their complement, we
immediately derive B(E) from the observed rE through Equation 6.5.3. Summarizing:
If for event E the participant reports probability rE = r,
and for objective probability p the participant also reports probability R(p) = r,
then B(E) = p.
We, therefore, directly measure the curve R(p) in Figure 6.3.1 empirically, and apply its
inverse to rE. For rE = 0.5, B(E) and the inverse p may not be uniquely determined
because of the flat part of RnonEU in Figure 6.3.1.
We call the function R−1 the risk-correction (for proper scoring rules), and
R−1(rE) the risk-corrected probability. This value is the canonical probability, obtained
without having measured indifferences such as through the Becker-DeGroot-Marschak
mechanism, without having measured U and w as in decision theory, and without
having measured relative frequencies in many repeated observations of past events with
the same reported probabilities as in calibrations. Obviously, if R(p) does not deviate
much from p, then no risk correction is needed. Then reported probabilities r directly
reflect beliefs, and we have ensured that traditional analyses of QSRs give proper
results.
The curves in Figure 6.3.1 can be reinterpreted as inverses of risk corrections.
The examples illustrated there were based on risk averse decision attitudes, leading to
conservative estimations moved in the direction of 0.5. Risk seeking will lead to the
opposite effect, and will generate overly extreme reported probabilities, suggesting
overconfidence. Obviously, if factors in the probability elicitation of the calibration part
induce overconfidence and risk seeking, then our risk correction will detect those biases
and correct for them. If, after the risk correction, overconfidence is (still) present, then it
cannot be due to risk seeking. It then is convincing that overconfidence is a genuine
property of belief, irrespective of risk seeking.
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6.6 An Illustration of Our Measurement of Belief
This section describes risk corrections for a participant in the experiment so as to
illustrate how our method can be applied empirically. It will illustrate that the
conclusion in Corollary 6.5.1 is all of the theoretical analysis that is needed for applying
our method. Results and curves for r < 0.5 are derived from r > 0.5 using Equation
6.2.2; we will not mention this point explicitly in what follows.
FIGURE 6.6.1 – Layout of the Screens

S
T

I

The left side of Figure 6.6.1 displays the performance of stock 20 in our experiment
from January 1 until June 1, 1991 as given to the participants. It concerned CSM
certificates dealing in sugar and bakery-ingredients. Further details (such as the absence
of a unit on the vertical axis) will be explained in Section 6.7. The right side of the
figure displays two disjoint intervals S and T, and their union I = S∪T. For each of the
intervals S, T, and I, participants reported the probability of the stock ending up in that
interval on January 1, 1992 (with some other questions in between these three
questions). For participant 25, the results are as follows.
rS = 0.10; rT = 0.55; rI = 0.75

(6.6.1)

Under additivity of reported probability, rS + rT − rI (the additivity bias, defined in
general in Equation 6.7.5), should be 0, but here it is not and additivity is violated.
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the additivity bias is 0.10 + 0.55 − 0.75 = -0.10

(6.6.2)

Table 6.6.1 and Figure 6.6.2 (in inverted form) display the reported probabilities R(p)
that we measured from this participant, with the points in the figure indicating raw data,
and the curves explained later.
TABLE 6.6.1 – Reported Probabilities R(p) for Given Probabilities p of Participant 25
p

.05 .10 .15 .20 .25 .30 .35 .40 .45 .50 .55 .60 .65 .70 .75 .80 .85 .90

.95

R(p) .02 .04 .10 .15 .23 .25 .32 .37 .47 .51 .53 .63 .68 .75 .77 .85 .90 .96

.98

For simplicity of presentation, we analyze the data here using linear interpolation. Then
R(0.56) is obtained from 0.56 = 0.8 × 0.55 + 0.2 × 0.60, R(0.55) = 0.53, and R(0.60) =
0.63 through R(0.56) = R(0.8 × 0.55 + 0.2 × 0.60) = 0.8 × R(0.55) + 0.2 × R(0.60) =
0.8 × 0.53 + 0.2 × 0.63 = 0.55. Using this value for R(0.56), further the values R(0.15) =
0.10 and R(0.70) = 0.75, and, finally, Equation 6.5.3, we obtain the following riskcorrected beliefs: B(S) = R−1(0.10) = 0.15; B(T) = R−1(0.55) = 0.56; B(I) = R−1(0.75) =
0.70; the additivity bias is 0.15 + 0.56 − 0.70 = 0.01. The risk-correction has reduced
the violation of additivity, which according to Bayesian principles can be interpreted as
a desirable move towards rationality. In the experiment described in the following
sections we will see that this effect is statistically significant for single evaluations
(treatment “t = ONE”), but is not so for repeated payments and decisions (treatment “t =
ALL”).
It is statistically preferable to fit data with smoother curves than resulting from
linear interpolation. We derived “decision-theoretic” parametric curves for R(p) from
Corollary 6.4.2.5, with further assumptions explained at the end of Subsection 6.8.1.7
The resulting curve for participant 25 is given in the figure. B = R−1(r) and this curve
lead to: B(S) = R−1(0.10) = 0.15; B(T) = R−1(0.55) = 0.54; B(I) = R−1(0.75) = 0.71; the
additivity bias is 0.15 + 0.54 - 0.71 = -0.02, again reducing the uncorrected additivity
7

The decision-theoretic curve in the figure is the function:

(

(

p = B(E) = r r + (1 − r ) 1.27 (1 − (1 − r ) 2 )

0.27

/1.27(1 − r 2 )0.27

))

−1

,

in agreement with Corollaries 6.5.1 and 6.4.2.5, where we estimated w(p) = p and found ρ = 1.27 as
optimal value for U(x) in Equation 6.7.1.
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bias. The quadratic curve gave virtually the same results, and will be discussed in
Section 6.10.1.

corrected/objective probability p

FIGURE 6.6.2 – R−1(r) of Participant 25
1
0.8
0.6
0.4
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• : raw data
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: quadratic regression
: decision-theoretic
regression

6.7 An Experimental Application of Risk Corrections: Method
Participants. N = 93 students from a wide range of disciplines (45 economics; 13
psychology, 35 other disciplines) participated in the experiment. They were selfselected from a mailing list of approximately 1100 people.
Procedure. Participants were seated in front of personal computers in 6 groups of
approximately 16 participants each. They first received an explanation of the QSR,
given in Appendix 6C. Then, for each uncertain event, participants could first report a
probability (in percentages) by typing in an integer from 0 to 100. Subsequently, the
confirmation screen displayed a list box with probabilities and the corresponding score
when the event was (not) true, illustrated in Figure 6.7.1.
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FIGURE 6.7.1 – (part of) The Confirmation Screen

All figures (including Figure 6.6.1) are reproduced here in black and white; in the
experiment we used colors to further clarify the figures. The entered probability and the
corresponding score were preselected in this list box. The participant could confirm the
decision or change to another probability by using the up or down arrow or by scrolling
to another probability using the mouse. The event itself was also visible on the
confirmation screen. Thus, the reported probability r finally resulted for the uncertain
event.
Stimuli. The participants provided 100 reported probabilities r for events with unknown
probabilities in the stock-price part of the experiment. For these events, we fixed June
1, 1991 as an “evaluation date.” The uncertain events always concerned the question
whether or not the price of a stock would lie in a target-interval seven months after the
evaluation date. For each stock, the participants received a graph depicting the price of
the stock on 0, 1, 2, 3, 4, and 5 months prior to the evaluation date, as well as an upper
and lower bound. Figure 6.6.1, without the braces and letters, gives an example of the
layout. We used 32 different stocks, all real-world stock market data from the 1991
Amsterdam Stock Exchange. After 4 practice questions, the graph of each stock-price
was displayed once in the questions 5-36, once in the questions 37-68, and once in the
questions 69-100. We, thus, obtained three probabilistic judgments of the performance
of each stock, once for a large target-interval and twice for small target-intervals that
partitioned the large target-interval (see Figure 6.6.1). We partially randomized the
order of presentation of the elicitations. Each stock was presented at the same place in
the first, second, and third 32-tuple of elicitations, so as to ensure that questions
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pertaining to the same stock were always far apart. The order of presentation of the two
small and one big interval within one stock were not randomized stochastically, but
were varied systematically, so that all orders of big and small intervals occurred equally
often. We also maximized the variation of whether small intervals were both very small,
both moderately small, or one very small and one moderately small.
In the calibration part of the experiment, participants made essentially the same
decisions as in the stock-price part, but now for 20 events with objective probabilities.
Thus, participants simply made choices between risky prospects with objective
probabilities. We used two ten-sided dice to determine the outcome of the different
prospects and obtained measurements of the reported probabilities corresponding to the
objective probabilities 0.05, 0.10, 0.15, …, 0.85, 0.90, and 0.95 (we measured the
objective probability 0.95 twice). The event with probability 0.25 was, for instance,
described as “The outcome of the roll with two ten-sided dice is in the range 01-25.”
The decision screen was very similar to Figure 6.7.1, except for the fact that we wrote
“row-percentage” instead of “probability” and “your score if the roll of the die is 01-25”
instead of “your score if statement is true” etc.
Motivating participants. Depending on whether the uncertain event obtained or not and
on the reported probability for the uncertain event, a number of points was determined
for each question through the QSR (Equation 6.2.1), using 10000 points as unit of
payment so as to have integer scores with four digits of precision. Thus, the maximum
score for one question was 10000, the minimum score was 0, and the certain score
resulting from reported probability 0.5 was 7500 points.
In treatment t = ALL, the sum of all points for all questions was calculated for
each participant and converted to money through an exchange rate of 60000 points = €1,
yielding an average payment of €15.05 per participant. For the calibration part we then
used a box with twenty separate compartments containing pairs of ten-sided dice to
determine the outcome of each of the twenty prospects at the same time for the
treatment t = ALL.
In treatment t = ONE, the random-lottery incentive system was used. That is, at
the end of the experiment, one out of the 120 questions that they answered was selected
at random for each participant and the points obtained for this question were converted
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to money through an exchange rate of 500 points = €1, yielding an average payment of
€15.30 per participant. All payments were done privately at the end of the experiment.
Analysis. For the calibration part we only need to analyze probabilities of 0.5 or higher,
by Observation 6.4.2.2. Indeed, by Equation 6.3.2, every observation for p < 0.5
amounts to an observation for p' = 1 − p > 0.5. It implies that we have two observations
for all p > 0.5 (and three for p = 0.95).
We first analyze the data at the group level, assuming homogeneous participants.
We start from the general model of Equation 6.4.2.1. We used parametric fittings, where
for U we used the power utility with parameter ρ, also known as the family of constant
relative risk aversion (CRRA)8, and the most popular parametric family for fitting
utility, which is defined as follows:
U(x) = xρ

for ρ > 0

(6.7.1)

U(x) = ln(x)

for ρ = 0

(6.7.2)

U(x) = −xρ

for ρ < 0

(6.7.3)

It is well-known that the unit of payment is immaterial for this family. The most general
family considered for w(p) is Prelec’s (1998) popular two-parameter family:
w( p ) = e −β( − ln p )

α

(6.7.4)

We will mostly use the one-parameter subfamily with β = 1, as in Equation 6.4.2.4, for
reasons explained later. Substituting the above functions yields:


r (2r − r )
− ln 
2 1− ρ
2 1− ρ 
 (1 − r )(1 − r ) + r (2r − r ) 
β
2 1− ρ

−a

B(E) = e , where a =

1
α

(6.7.5)

for Equation 6.4.3.6.
The model we estimate is as follows.
Rs,t,k(j/20) = h(j/20, αt, ρt) + εs,t,k(j/20, σt2)

8

(6.7.6)

We avoid the latter term because in nonexpected utility models as relevant for this paper, risk aversion
depends not only on utility (see Chapter 2).
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Here Rs,t,k(j/20) is the reported probability of participant s for known probability p = j/20
(10 ≤ j ≤ 19) in treatment t (t = ALL or t = ONE) for the kth measurement for this
probability, with only k = 1 for j = 10, k = 1, 2 for 11 ≤ k ≤ 18, and k = 1, 2, 3 for j = 19.
With β set equal to 1, αt is the remaining probability-weighting parameter (Equation
6.7.2), and ρt is the power of utility (Equation 6.7.1). The function h is the inverse of
Equation 6.4.2.5. Although we have no analytic expression for this inverse, we could
calculate it numerically in the analyses. The error terms εs,t,k(j/20) are drawn from a
truncated normal distribution with mean 0 and treatment dependent variance σt2. The
distribution of the error terms is truncated because reported probabilities below 0 and
above 1 are excluded by design. Error terms are identically and independently
distributed across participants and choices. We employ maximum likelihood to estimate
the parameters of Equation 6.7.3. We also carried out an analysis at the individual level
of the calibration part, with αs,t and ρs,t instead of αt and ρt, i.e. with these parameters
depending on the participant.
In the stock-price part, we tested for violations of additivity. With I the large
interval of a stock, being the union S∪T of the two small intervals S and T, additivity of
the uncorrected reported probabilities implies:
rS + rT = rI

(6.7.7)

Hence, rS + rT − rI is an index of deviation from additivity, which we call the additivity
bias of r. For the special case of S the universal event with r a decision-weighting
function, Dow & Werlang (1992) interpreted this quantitative index of nonadditivity as
an index of uncertainty aversion.
Under the null hypothesis of additivity for risk-corrected reported probabilities
B, binary additivity holds, and we can obtain B(S) = 1 − B(Sc) for small intervals S in
the experiment (cf. Equation 6.2.2). Thus, under additivity of B, we have:
B(S) + B(T) = B(I)

(6.7.8)

Hence, B(S) + B(T) − B(I) is an index of deviation from additivity of B, and is B’s
additivity bias.
We next discuss tests of the additivity bias. For each individual stock, and also
for the average over all stocks, we tested for both treatments t = ONE and t = ALL, (a)
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whether the additivity bias was zero or not, both with and without risk correction; (b)
whether the additivity bias was enlarged or reduced by correction; (c) whether the
absolute value of the additivity bias was enlarged or reduced by correction. We report
only the tests for averages over all stocks.

6.8 Results of the Calibration Part
Risk-corrections and, in general, QSR measurements, do not make sense for participants
who are hardly responsive to probabilities, so that R(p) is almost flat on its entire
domain. Hence we kept only those participants for whom the correlation between
reported probability and objective probability is larger than 0.2 and, hence, dropped 4
participants. The following analyses are based on the remaining 89 participants.
6.8.1 Group Averages
We did several tests using Equation 6.7.2 with β as a free (treatment-dependent or
treatment-independent) variable, but β’s estimates added little extra explanatory power
to the other parameters and usually were close to 1. Hence, we chose to focus on a more
parsimonious model in which the restriction βONE = βALL = 1 is employed. Table 6.8.1
lists the estimates for the model of Equation 6.7.3 for β = 1 (Equation 6.4.2.4 instead of
Equation 6.7.2) together with the estimates of some models with additional restrictions.
We first give results for group averages, assuming homogeneous participants.
Overall need for risk-correction. The 1st row of Table 6.8.1 shows the results for the
most general model. The 2nd row presents the results without any correction. The
likelihood reduces significantly (Likelihood Ratio test; p-value = 0.01) and
substantially, so that risk-correction is called for. Risk-correction is also called for in
both treatments in isolation, as the 3rd and 4th rows show, which significantly improve
the likelihood relative to the 2nd row (Likelihood Ratio test; p-value = 0.01 for t = ALL,
comparing 3rd to 2nd row; p-value = 0.01 for t = ONE, comparing 4th to 2nd row).
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Comparing the two treatments. The likelihood for correcting only t = ALL (3rd row) is
worse than for correcting only t = ONE (4th row), suggesting that there is more need for
risk-correction for treatment t = ONE than for t = ALL. This difference does not seem to
Table 6.8.1 – Estimation Results at the Aggregate Level

Row

Restrictions

σONE

αONE

ρONE

σALL

αALL

ρALL

-LogL

1

NA

11.16*
(0.30)

0.91*
(0.06)

0.89*
(0.14)

10.63*
(0.30)

0.85*
(0.04)

1.41*
(0.07)

6513.84

2

αONE = αALL
= ρONE = ρALL= 1

12.14*
(0.31)

–

–

10.30*
(0.26)

–

–

6554.55

3

αONE = ρONE = 1

12.14*
(0.31)

–

–

10.63*
(0.30)

0.85*
(0.04)

1.41*
(0.07)

6539.04

4

αALL = ρALL= 1

11.16*
(0.30)

0.91*
(0.06)

0.89*
(0.14)

10.30*
(0.27)

–

–

6529.36

5

αONE = αALL

11.21*
(0.30)

0.87*
(0.03)

0.99*
(0.08)

10.60*
(0.29)

–

1.37*
(0.06)

6514.31

6

ρONE = ρALL

11.40*
(0.31)

0.79*
(0.03)

1.19*
(0.07)

10.47*
(0.28)

0.96*
(0.04)

–

6520.51

7

αONE = αALL= 1

11.12*
(0.29)

–

0.70*
(0.04)

10.52*
(0.29)

–

1.14*
(0.03)

6519.68

8

ρONE = ρALL= 1

11.23*
(0.29)

0.87*
(0.02)

–

10.43*
(0.28)

1.07*
(0.02)

–

6522.46

9

αONE = αALL=
ρONE = 1

12.14*
(0.31)

–

–

10.52*
(0.29)

–

1.14*
(0.03)

6544.09

10

αONE = αALL=
ρALL = 1

11.12*
(0.29)

–

0.70*
(0.04)

10.30*
(0.27)

–

–

6530.14

11

αONE = αALL= 1,
ρONE = ρALL

12.05*
(0.34)

–

0.98*
(0.03)

10.30*
(0.27)

–

–

6554.33

Notes: standard errors in parentheses. * denotes significance at the 1% level.

be caused by different probability weighting. The coefficients for probability weighting
(αONE, αALL) in the 1st row are close to each other and are both smaller than 1.
Apparently, probability weighting does not differ between t = ONE and t = ALL.
Indeed, adding the restriction αONE = αALL (5th row) does not decrease the likelihood of
the data significantly (Likelihood ratio test; p-value > 0.05).
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The difference between the two treatments is apparently caused by curvature of
utility, captured by ρONE and ρALL. We obtain ρONE < ρALL: when only one decision is
paid out then participants exhibit more concave curvature of utility than when all
decisions are paid out. Given same probability weighting, it implies more risk aversion
for t = ONE than for t = ALL (and R closer to 0.5). The finding is supported by
comparing the 6th row of Table 6.8.1, with the restriction ρONE = ρALL, to the 1st row.
This restriction significantly reduces the likelihood of observing the data (Likelihood
Ratio test; p-value = 0.01).
Comparing utility and probability weighting. Correcting only for utility curvature (7th
row, αONE = αALL = 1) has a somewhat better likelihood than correcting only for
probability weighting (8th row, ρONE = ρALL = 1).
Discussion of comparison of utility curvature and probability weighting for groupaverages. In deterministic choice, α could be determined through the flat part of R
around 0.5, after which ρ could serve to improve the fit elsewhere. Statistically,
however, α and ρ have much overlap, with risk aversion enhanced and R(p) moved
towards 0.5 by increasing α and decreasing ρ, and one does not add much explanatory
power to the other. It is, therefore, better to use only one of these parameters. Another
reason to use only one concerns the individual analysis reported in the following
subsection. Because we only have 20 choices per participant it is important to
economize on the number of free parameters there.
We found above that ρ has a slightly better explanatory power than α. For this
reason, and for reasons of convenience (see Section 6.10), we will only use the
parameter ρ, and assume α = 1 henceforth. Figure 6.8.1 displays the resulting average
risk-correction for the two treatments separately.
Comparing the two treatments when there is no probability weighting. The average
effect of correction for utility curvature is not strong, especially for t = ALL. Yet this
correction has a significant effect, as can be seen from comparing the 7th row (general
ρ) in Table 6.8.1 to its 9th row (ρALL = 1) (Likelihood Ratio test; p-value = 0.01).
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FIGURE 6.8.1 – Corrected versus Reported Probability
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6.8.2 Individual Analyses
Need for risk-correction at the individual level. There is considerable heterogeneity in
each treatment. Whereas the corrections required were significant but small at the level
of group averages, they are big at the individual level. This appears from Figure 6.8.2,
which displays the cumulative distribution of the (per-subject) estimated ρ-coefficients
for each treatment, assuming α = β = 1. There are wide deviations from the value ρ = 1
(i.e. no correction) on both sides. As seen from the group-average analysis, there are
more deviations at the risk-averse side of ρ < 1.
Comparing the two treatments. The ρ-coefficient distribution of treatment t = ONE
dominates the ρ-coefficient distribution of treatment t = ALL. A two-sided MannWhitney test rejects the null-hypothesis that the ranks of ρ-coefficients are equal across
the treatments in favor of the hypothesis that the ρ-coefficients for t = ONE are lower
than for t = ALL (p-value = 0.001). It confirms that for group averages there is more
risk aversion, moving R in the direction of 0.5, for t = ONE than for t = ALL. The figure
also shows that in an absolute sense there is more deviation from ρ = 1 for t = ONE than
for t = ALL, implying that there are more deviations from expected value and more risk
corrections for t = ONE than for t = ALL.
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FIGURE 6.8.2 – Cumulative Density ρ
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Unlike the median ρ-coefficients that are fairly close to each other for the two
treatments (0.92 for t = ONE versus 1.04 for t = ALL), the mean ρ-coefficients are
substantially different (0.24 for t = ONE versus 0.91 for t = ALL), which is caused by
skewedness to the left for t = ONE. That is, there is a relatively high number of strongly
risk-averse participants for t = ONE. Analyses of the individual ρ parameters (two-sided
Wilcoxon signed rank sum tests) confirm findings of group-average analyses in the
sense that the ρ-coefficients are significantly smaller than 1 for t = ONE (z = −3.50, pvalue = 0.0005), but not for t = ALL (z = 1.42, p-value = 0.16).

6.9 Results of the Stock-Price Part: Risk-Correction and
Additivity
All comparisons hereafter are based on two-sided Wilcoxon signed rank sum tests.
Figure 6.9.1 displays data, aggregated over both stocks and individuals, of the additivity
biases for t = ONE and for t = ALL. The figures show that the additivity bias is more
often positive than negative. Indeed, for virtually all stocks the additivity bias is
significantly positive for both treatments, showing in particular that additivity does not
hold. This also holds when taking the average additivity bias over all stocks as one data
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point per participant (z = 5.27, p-value < 0.001 for t = ONE, z = 4.35, p-value < 0.001
for t = ALL). We next consider whether risk corrections reduce the violations of
additivity.
FIGURE 6.9.1 – Empirical Density of Additivity Bias over Treatments
FIG.b. Treatment t = ALL

FIG.a. Treatment t = ONE
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biases in the interval, aggregated over 32 stocks and 89 individuals, for both treatments. With riskcorrection, there were 65 additivity biases between 0.375 and 0.425 in the treatment t = ONE, and
without risk-correction there were 95 such; etc.

We first consider t = ONE. Here the risk corrections reduce the average additivity bias
significantly for 27 of the 32 stocks, and enlarge it for none. We only report the
statistics for the average additivity bias over all stocks per individual, which has overall
averages 0.163 (uncorrected) and 0.120 (corrected), with the latter significantly smaller
(z = 3.21, p-value = 0.001). For assessing the degree of irrationality (additivityviolation) at the individual level, the absolute values of the additivity bias are
interesting. For t = ONE, Figure 6.9.1 suggests that these are smaller after correction,
because on average the corrected curve is closer to 0 on the horizontal axis. These
absolute values were significantly reduced for 9 stocks and enlarged for none. Again,
we only report the statistics for the average absolute value of the additivity bias over all
stocks per individual, which has overall averages 0.239 (uncorrected) and 0.228
(corrected), with the latter significantly smaller (z = 2.26, p-value = 0.02).
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For t = ALL, risk corrections did not significantly alter the average additivity
bias. More precisely, it gave a significant increase for 3 stocks and a significant
decrease for 1 stock, which, for 32 stocks, suggests no systematic effect. The latter was
confirmed when we took for each individual the average additivity bias over all stocks,
with no significant differences generated by correction (average 0.128 uncorrected and
average 0.136 corrected; z = −1.64, p-value = 0.1). Similar results hold for absolute
values of additivity biases, which gave a significant increase for 1 stock and a
significant decrease for no stock, where taking for each individual the average additivity
bias over all stocks (average 0.237 uncorrected and average 0.239 corrected; z = −0.36,
p-value = 0.7) also gave no significant difference.
Classifications of individuals according to whether they exhibited more positive
or more negative additivity biases, and to whether risk corrections improved or
worsened the additivity bias more often, confirmed the patterns obtained above through
stockwise analyses, and will not be reported.
Risk correction reduces the additivity bias for treatment t = ONE to a level
similar to that observed for t = ALL (averages 0.120 and 0.136). The overall pattern is
that beliefs for t = ONE after correction, and for t = ALL both before and after
correction, exhibit a similar degree of violation of additivity, which is clearly different
from zero. The additivity bias is not completely caused by nonlinear risk attitudes when
participants report probabilities, but has a genuine basis in beliefs.

6.10 Discussion
6.10.1 Discussion of Methods
We chose the evaluation date (June 1, 1991) sufficiently long ago to ensure that
participants would be unlikely to recognize the stocks or have private information about
them. In addition, no numbers were displayed on the vertical axis, making it extra hard
for participants to recognize specific stocks. We, thus, ensured that participants based
their probability judgments entirely on the prior information about past performance of
the stocks given by us. Given the large number of questions it is unlikely that
participants noticed that the graphs were presented more than once (three times) for
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each stock. Indeed, in informal discussions after the experiment no participant showed
awareness of this point.
In some studies in the literature, the properness of scoring rules is explained to
participants by stating that it is in their best interest to state their true beliefs, either
without further explanation, or with the claim added that they will thus maximize their
“expected” money. A drawback of this explanation is that expected value maximization
is empirically violated, which is the central topic of this chapter (Section 6.3). We,
therefore, used an alternative explanation that relates properness for unique events to
observed frequencies of repeated events (Appendix 6C).
Besides the family of Prelec (1998), other parametric families for weighting
functions have been used in the literature, such as the family of Tversky & Kahneman
(1992), and the one of Goldstein & Einhorn (1987, Equations 22 to 24). We used
Prelec’s family because it performs equally well empirically as the other families but is
analytically more tractable, for example because its inverse can be defined easily (cf.
Corollary 6.4.3.4). In addition, it is the only one having an axiomatic foundation.
In pragmatic applications of our method, more tractable families can be used to
fit the reported probabilities than the decision-theory-based curves that we used. For
example, in Figure 6.2 we also used quadratic regression to find the curve p =
a + br + cr2 that best fits the data. The curve is virtually indistinguishable from the
decision-theoretic curve. This observation, together with Corollary 6.5.1 demonstrating
that we only need the readily observable reported probabilities and not the actual utility
function or probability weighting function to apply our method, shows that applications
of our method are easy. The theoretical part of this chapter, and the decision-theory
based curve-fitting that we adopted, served to prove that our method is in agreement
with modern decision theories. If this thesis is accepted, and the only goal is to obtain
risk-corrected reported probabilities, then one may choose the pragmatic shortcuts just
described.
6.10.2 Discussion of Main Results
The significantly positive additivity bias that we found in all analyses shows that the
separate intervals together receive more weight than their union. This finding agrees
with other empirical findings in the literature, and it underlies the subadditivity of
support theory (Tversky & Koehler 1994).

118

Correcting Proper Scoring Rules for Risk Attitudes
After some theoretical debates about the random-lottery incentive system (Holt
1986), as in our treatment t = ONE, the system was tested empirically and found to be
incentive-compatible (Starmer & Sugden 1991). It is today the almost exclusively used
incentive system for measurements of individual preferences (Harrison, Lau & Williams
2002, Holt & Laury 2002). Unlike repeated payments it avoids income effects such as
Thaler & Johnson’s (1990) house money effect, and the drift towards expected value
and linear utility. For the purpose of measuring individual preference, the treatment t =
ONE is, therefore, preferable. When the purpose is, however, to derive subjective
probabilities from proper scoring rules, and no risk-correction is possible, then a drift
towards expected value is actually an advantage, because uncorrected proper scoring
rules assume expected value. This point agrees with our findings, where less riskcorrection was required for the t = ALL treatment.
For some applications group averages of probability estimates are most relevant,
such as when aggregating expert judgments or predicting group behavior. Then our
statistical results regarding “non-absolute” values of reported probabilities are most
relevant. For the assessment of rationality at the individual level, absolute values of the
additivity biases are most relevant.
6.10.3 Discussion of Further Results
The lack of extra explanatory power of parameter β in Equation 6.7.2 should come as
no surprise because β and α behave similarly on [0.5,1], increasing risk aversion there.
They mainly deviate from one another on [0,0.5], where β continues to enhance risk
aversion but α enhances the inverse-S shape that is mostly found empirically. The
domain [0,0.5] is, however, not relevant to our study (Observation 6.4.2.2).
We found that the risk correction through the utility curvature parameter ρ fitted
the data somewhat better than the correction through the probability-weighting
parameter α. This finding may be interpreted as some descriptive support for expected
utility. Another reason that we used ρ and not α in our main analysis is that ρ, and
utility curvature, are more well known in the economic literature than probability
weighting, and are more analytically tractable with R-1 defined everywhere. Although ρ
indeed reflects the power of utility if expected utility is assumed, we caution against
unqualified interpretations here, as in any study of risk aversion. The parameter ρ may
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also capture risk aversion generated by probability weighting, and possibly by other
factors.
6.10.4 General Discussion
Under proper scoring rules, beliefs are derived solely from decisions, and Equation
6.2.1 is taken purely as a decision problem, where the only goal of the agent is to
optimize the prospect received. Thus, this chapter has analyzed proper scoring rules
purely from the decision-theoretic perspective supported with real incentives, and has
corrected only for biases resulting therefrom. Many studies have investigated direct
judgments of belief without real incentives, and then many other aspects play a role,
leading for instance to the often found overconfidence. Such introspective effects are
beyond the scope of this chapter.
A drawback of our risk-correction procedure is that it requires individual
measurements of QSRs for given probabilities. If it is not possible to obtain individual
measurements, then it will be useful to use best-guess corrections, for instance through
averages obtained from individuals as similar as possible. Thus, at least, the systematic
error for the group average to risk attitude has been corrected for as good as is possible
without requiring extra measurements. In this respect the average curves in our Figure
6.8.1 are reassuring for existing studies, because these curves suggest that only small
corrections were called for regarding the group averages in our context.
Allen (1988) proposed to avoid biases of the QSR due to nonlinear utility by
paying in the probability of winning a prize instead of paying in money, and this
procedure was implemented by McKelvey & Page (1990). The procedure, however,
only works if expected utility holds, and there is much evidence against this assumption.
Indeed, Selten, Sadrieh & Abbink (1999) showed empirically that payment in
probability does not generate the desired risk neutral behavior.

6.11 Conclusion
Applications of proper scoring rules to measure subjective beliefs have so far been
based on the assumption of expected value maximization. However, many empirical
deviations of this assumption have been found. We have provided a method to correct
for such deviations, and have proved theoretically that our method provides such
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corrections under the modern theories of nonexpected utility. These theories are
empirically more realistic than expected value maximization.
We have demonstrated the feasibility and empirical tractability of our method in
an experiment, where we used it to investigate some properties of quadratic proper
scoring rules and beliefs. In a treatment with one big incentive for one randomly
selected decision, we found systematic distortions of (uncorrected) reported
probabilities. No systematic distortions were found in a treatment with many repeated
decisions and repeated small payments. When applying our correction procedure, both
treatments give similar deviations from additivity for the (corrected) beliefs. This
finding suggests that subjective beliefs are genuinely nonadditive. It means that
expected value and expected utility are violated at the level of beliefs, and that beliefs
and ambiguity attitudes cannot be expressed in terms of traditional probabilities, in
agreement with Ellsberg’s demonstrations. More general nonadditive measures, such as
used in nonexpected utility theories, are called for. For belief elicitations where no risk
correction can be implemented, repeated decisions with repeated small payments are
preferable to single large payments.

Appendix 6A. Proofs & Technical Remarks
In Equations 6.4.2.1 and 6.4.2.2, probability p has a different decision weight when it
yields the best outcome of the prospect (r > 0.5) than when it yields the worst (r < 0.5).
Similarly, in Equations 6.4.3.1 and 6.4.3.2, E has a different decision weight when it
yields the highest outcome (r > 0.5) than when it yields the lowest outcome (r < 0.5).
Such a dependency of decision weights on the ranking position of the outcome is called
rank-dependence in the literature.
Under rank-dependence, the sum of the decision weights in the evaluation of a
prospect are 1 even though w(B(E)) is not additive in E. This property is necessary for
the functional that evaluates prospects to satisfy natural conditions such as stochastic
dominance, which explains why theoretically sound nonexpected utility models could
only be developed after the discovery of rank dependence, a discovery that was made
independently by Quiggin (1982) for the special case of risk and by Schmeidler (1989,
first version 1982) for the general context of uncertainty.
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For QSR-prospects in Equation 6.2.1, every choice r < 0 is inferior to r = 0, and
r > 1 is inferior to r = 1. The optimization problem does not change if we allow all real
r, instead of 0 ≤ r ≤ 1. Hence, solutions r = 0 or r = 1 hereafter can be treated as interior
solutions, and they satisfy the first-order optimality conditions.
PROOF

OF

OBSERVATION 6.4.1.3. If r = 0.5 then the marginal utility ratio in

Equation 6.4.1.2 is 1, and p = 0.5 follows. For the reversed implication, assume risk
aversion. Then r > 0.5 is not possible for p = 0.5 because then the marginal utility ratio
in Equation 6.4.1.2 would be at least 1 so that the right-hand side of Equation 6.4.1.2
would at most be 0.5, contradiction r > 0.5. Applying this finding to Ec and using
Equation 6.2.2, r < 0.5 is not possible either, and r = 0.5 follows.
Under strong risk seeking, r may differ from 0.5 for p = 0.5. For example, if
U(x) = e2.5x, then r = 0.14 and r = 0.86 are optimal, and r = 0.5 is a local infimum, as
calculations can show. The same optimal values of r result under nonexpected utility
with linear U, and with w(0.5) = 0.86. Such large w-values also generate risk seeking.
PROOF

OF

THEOREM 6.4.3.2. We write π for the decision weight W(E). For

optimality of interior solutions r, the first-order optimality condition for Equation
6.4.3.1 is that:
πU'(a – b(1 – r)2)2b(1 − r) − (1 − π)U'(a – br2)2br = 0,
implying:
π(1 − r)U'(a – b(1 – r)2) = (1 − π)rU'(a – br2)

(6.A.1)

or:
πU'(a – b(1 – r)2) = r × (πU'(a – b(1 – r)2) + (1 − π)U'(a – br2),
and Equation 6.4.3.5 follows. á
PROOF OF COROLLARY 6.4.3.4. Let r > 0.5 be optimal, and write π = W(E). Then
Equation 6.A.1 implies:
π × ((1 − r)U'(a – b(1 – r)2) + rU'(a – br2)) = rU'(a – br2),
which implies:
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r

π=
r + (1 − r )

U ' ( a − b(1 − r )2 )

(6.A.2)

U ' ( a − br 2 )

Applying w−1 to both sides yields the theorem. á
In measurements of belief one first observes r, and then derives B(E) from it. Corollary
6.4.3.4 gave an explicit expression. In general, it does not seem to be possible to write r
as an explicit expression of B(E) or, in the case of objective probabilities with B(E) = p,
of the probability p.
PROOF OF COROLLARY 6.5.1. Theorem 6.4.3.2 implies that the right-hand side of
Equation 6.4.3.5 is r both as is, and with p substituted for B(E). Because Equation
6.4.3.5 is strictly increasing in w(B(E)), and w is strictly increasing too, p = B(E)
follows. á

Appendix 6B. Models for Decision under Risk and Uncertainty
For binary (two-outcome) prospects with both outcomes nonnegative, as considered in
QSRs, Equations 6.4.3.1 and 6.4.3.2 have appeared many times in the literature. Early
references include Allais (1953, Equation 19.1), Edwards (1954, Figure 3), and
Mosteller & Nogee (1951, p. 398). The convenient feature that binary prospects suffice
to identify utility U and the nonadditive wëB = W was pointed out by Ghirardato &
Marinacci (2001), Gonzalez & Wu (2003), Luce (1991, 2000), Miyamoto (1988),
Pfanzagl (1959, p. 287 top and middle), and Wakker & Deneffe (1996, p. 1143 and
pp.1144-1145). Luce & Narens (1985, Theorems 7.1 & 7.2.2) and Ghirardato,
Maccheroni & Marinacci (2005) showed that the form in Equations 6.4.3.1 and 6.4.3.2
is essentially the only one for binary prospects that allows for interval-scale utility of
outcomes.
The convenient feature that virtually all existing decision theories agree on the
evaluation of binary prospects was pointed out by Miyamoto (1988), calling Equations
6.4.3.1 and 6.4.3.2 generic utility, and Luce (1991), calling these equations binary rank-
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dependent utility. It was most clearly analyzed by Ghirardato & Marinacci (2001), who
called the equations the biseparable model. These three works also axiomatized the
model. The agreement for binary prospects was also central in many works by Luce
(e.g. Luce 2000, Chapter 3) and in Gonzalez & Wu (2003). Only for more than two
outcomes, the theories diverge (Mosteller & Nogee 1951, p. 398; Luce 2000,
introductions to Chapters 3 and 5). We next describe some of the mentioned decision
theories. Because we consider only nonnegative outcomes, losses play no role, and we
describe prospect theory only for gains hereafter.
We begin with decision under risk, with known objective probabilities P(E).
Expected utility (von Neumann & Morgenstern, 1944) is the special case where w is the
identity and B(E) = P(E). Kahneman & Tversky’s (1979) original prospect theory,
Quiggin’s (1982) rank-dependent utility, and Tversky & Kahneman’s (1992) new
prospect theory concern the special case of B(E) = P(E), where w now can be nonlinear.
The case B(E) = P(E) also includes Gul’s (1991) disappointment aversion theory.
We next consider the more general case where no objective probabilities need to
be given for all events E. Expected utility (Savage 1954) is the special case where B is
an additive, now “subjective,” probability and w is the identity. Choquet expected utility
(Schmeidler 1989) and cumulative prospect theory (Tversky & Kahneman 1992) start
from the general weighting function W, from which B obviously results as w-1(W), with
w the probability weighting function for risk. The multiple priors model (Gilboa &
Schmeidler 1989, Wald 1950) results with W(E) the infimum value P(E) over all priors
P. Under Machina & Schmeidler’s (1992) probabilistic sophistication, B is an additive
probability measure.

Appendix 6C. Experimental Instructions
[Instructions are translated from Dutch to English and concern the instructions of
treatment t = ONE only]
This experiment is about statements of which you do not know whether they are true or
not. An example is the statement that snow did fall in Amsterdam in March 1861. You
do not know for sure whether this statement is true or not. We will ask you to indicate
how likely it is for you that such a statement is true, using probability judgments
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expressed in percentages. Perhaps you will, for example, attach a probability of 30% to
the statement that it snowed in March 1861 in Amsterdam. We will then determine a
score for you with the help of the added table on paper.
According to the table, for a probability judgment of 30% you get score 5100 if
the statement is true (snow did fall in Amsterdam in March 1861). You get score 9100 if
the statement is not true (snow did not fall in Amsterdam in March 1861). If you give a
different probability judgment, you get different scores, as shown in the table. For
example, if you give a probability judgment of 100%, your score is 10000 if the
statement is true (snow did fall), and 0 if the statement is not true (snow did not fall).
We now like to check whether the table with the scores is clear.
[Practice questions using the table]
Your answers were right. We will now explain some further features of the
table. If you are certain that the statement is true, then it is best for you to give the
maximum probability judgment of 100% because that gives the maximum score 10000
for a true statement. Every other answer than surely yields a lower score. If you are
certain that the statement is not true, then it is similarly best to give the minimum
probability judgment of 0%, because that gives the maximum score 10000 for a false
statement. In many cases you do not know for certain whether a statement is true or not.
We will now explain an important feature of the table on the basis of a thought
experiment.
Thought experiment about repeated statements
The properties of the table can be well illustrated with the help of repeated statements.
Imagine, as a thought experiment, that you first have to give your probability judgment
about a particular statement (for example, snow in Amsterdam in a particular year, say
1861). Imagine that you give judgment 30%, which means that you earn 5100 points in
case of snow and 9100 points in case of no snow. Next however, various repetitions of
that statement are being considered (snow in Amsterdam in March 1862, snow in
Amsterdam in March 1863, …., snow in Amsterdam in March 1960), leading to a total
of 100 of such statements. For all 100 statements (thus every year between 1861 and
1960) your score will be determined according to the table and your probability
judgment (that is the same for every 100 statements). Your total score is then equal the
sum of those 100 scores. For example, if it did snow in Amsterdam in March 35 times
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in those 100 years, and it did not snow 65 times, a probability judgment of 30% yields
the following total score:
35 × 5100 + 65 × 9100 = 770000
We can also calculate this for other probability judgments, suppose that your probability
judgment was 35%, then your total score was:
35 × 5775 + 65 × 8775 = 772500
On the next page we show that your total-score is optimal if your probability judgment
is exactly equal to that percentage. Put differently, if for example 35 of the 100 (35%)
statements are true, then it is best for you to choose probability judgment 35% because
it will give you the highest total-score.
Now suppose that 35 of the 100 statements are true
We will determine what your total-score would have been at different judgments.
[Table showing the total score for all possible probability judgments]
It looks like judgment 35 is best. We conclude that if 35% of the statements are true,
probability judgment 35 is optimal. Something similar holds for every percentage.
CONCLUSION.

For every percentage of true statements your total-score is optimal if you

choose your probability judgment to be equal to that percentage. Check this for another
number by clicking on continue.
Now suppose that [entered number] of the 100 statements are true
We will determine what your total-score would have been at different judgments.
[Table showing the total score for all possible probability judgments]
It looks like judgment [entered number] is best. Thus we conclude that for [entered
number] % true statements, probability judgment [entered number] is optimal.
Something similar holds for every percentage.
CONFIRMATION OF THE CONCLUSION.

For every percentage of true statements your

total-score is optimal if you choose your probability judgment to be equal to that
percentage. If you want, you can check the conclusion again for another number than
[entered number] by clicking on the link below.
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The experiment for non-repeated statements
The experiment we will perform concerns unique, and not repeated, statements. The
various unique statements we consider are all different. For every single one of them
you can give a different probability judgment.
There is a big difference between the real experiment and the thoughtexperiment with repetition. In the thought experiment there was an objective-optimal
probability judgment, based on the percentage of true statements. In the real experiment,
there are no repetitions and for every probability judgment you get only one score.
The thought experiment does give a guide for your probability judgment in the
real experiment, with the percentage true statements as reference point. It is now based
on your own subjective judgment however, and not on objective calculations. In the real
experiment, there is no right or wrong answer. You purely choose what you like best.
In the experiment, you will encounter all different sorts of statements, more or
less probable ones, and you can choose all probability judgments ranging from 0% till
100%. You can only choose whole percentages.
Payoff
This experiment consists of two parts. In both parts you will be asked to give
probability judgments, 100 in part 1 and 20 in part 2. At the end of the experiment, one
out of 120 statements considered during the experiment will be randomly (with equal
probability) selected and on the basis of your score at this statement you will be paid out
in euros, where 500 points is equal to 1 euro. Click on continue to read the instructions
of the first part of the experiment.
Instructions part 1
In the graph below you see the price of a stock from January till June in a year in the
past. We used real stock prices of the Amsterdam Exchange when we made the graphs.
The graph is scaled in such a way that the price of the stock always stays between the
upper and lower axis. The same holds for the other graphs you will see later in this
experiment. We consider the following statement: on the 31st of December in that
particular year, the price of the stock in the graph was in the purple area. We ask you to
give a probability judgment about the truth of this statement without any further
information about the stock or the year. You can only base this on the course of the
graph in the first half of the year.
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[Figure showing an example of graph of stock price]
Your score at this question depends on your probability judgment and whether the
statement is true or not, according to the table.
[Figure showing the same graph but with three different end prices at 31st of December]
The input of your probability judgment takes place in two phases: first you type in an
integer number between 0 and 100, next you will be shown a menu in which your
choice is reproduced with the corresponding scores from the table. At that moment you
can still alter your choice and choose any other integer between 0 and 100. You can do
this by selecting the up or down arrow, or by clicking the mouse in the menu and scroll
to another probability judgment. Next, when you click on OK your choice is final and
you continue with the next statement. If you have any questions at this moment, raise
your hand. The experimenter will come to you.
Instructions part 2
Part 1 of the experiment is now over. The second part of the experiment consists of 20
statements. Also in this part of the experiment you will be asked to give probability
judgments. The difference is that it does not concern the prediction of stock prices now,
but rolls with two ten-sided dice. On one of the dice are the values 00, 10, 20, 30, 40,
50, 60, 70, 80, 90 and on the other die are the values 1, 2, 3, 4, 5, 6, 7, 8, 9. Both dice
will be rolled. The sum of the outcomes has the values 1-100 (we consider the roll 00-0
as if it is 100), where all values have the same probability.
[Picture showing the two ten sided dice]
An example of a statement is “the outcome is in the range 01-25.” This statement is true
when the outcome of the dice is indeed between 1 and 25 (including 25), and not true
when the outcome is higher than 25. The input of your probability judgment again takes
place in two phases: first you type in an integer number between 0 and 100, next you
will be shown a menu in which your choice is replicated with the corresponding scores
from the table. At that moment you can still alter your choice and choose any other
integer number between 0 and 100. You can do this by selecting the up or down arrow,
or by clicking the mouse in the menu and scroll to another probability judgment. Next,
when you click on OK your choice is final and you continue with the next statement.
Also in this part there is no right or wrong answer; you again choose what you want
best. At the end of the experiment one statement will be selected and paid out. In case
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that this is a statement from part 2 of the experiment, you will be asked to roll the two
ten sided dice once.
This is the end of part 2. Please raise your hand. The experimenter will come by
so that it can be determined which round will be paid out.
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Summary in Dutch
Iedere dag maken we beslissingen waarbij de uitkomsten van de beslissingen die we
nemen onzeker zijn. Sommige van deze beslissingen zijn relatief eenvoudig, terwijl
andere beslissingen complexer van aard zijn. Zo beslissen medici dagelijks over het al
dan niet opereren van patiënten, een complexe beslissing met onzekere uitkomsten die
verstrekkende gevolgen kan hebben voor de patiënt in kwestie.
De in Groningen geboren Zwitserse wiskundige Daniël Bernoulli stelde in 1738
dat agenten tijdens het maken van een beslissing de mogelijke uitkomsten van de
beslissing transformeren aan de hand van een nutsfunctie. Wanneer een agent een keuze
maakt tussen twee alternatieven met onzekere uitkomsten kiest de agent in kwestie
volgens Bernoulli bewust het alternatief met het hoogste kansgewogen gemiddelde nut.
Dit verwachte nutsmodel is tot op heden het meest toegepaste beslissingsmodel in de
economische wetenschap, met name omdat von Neumann en Morgenstern in 1944
aantoonden dat het verwachte nutsmodel kan worden afgeleid uit een stelsel wiskundige
axioma’s en de meeste economen van mening zijn dat rationeel keuzegedrag ten alle
tijden moet voldoen aan deze axioma’s.
In het verwachte nutsmodel wordt risicohouding geheel en al bepaald door de
vorm van de nutsfunctie. Risicoafkeer wordt in het verwachte nutsmodel bijvoorbeeld
verklaard door een concave nutsfunctie, wat afnemend marginaal nut impliceert en in
het monetaire domein de natuurlijke intuïtie reflecteert dat iedere nieuw verdiende euro
minder nut oplevert dan de euro ervoor. In de praktijk blijkt echter dat individueel
keuzegedrag vaak niet voldoet aan de voorspellingen van het verwachte nutsmodel en
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de daaraan ten grondslag liggende normatieve axioma’s. Er zijn legio voorbeelden van
dergelijke empirische schendingen van rationaliteit, zoals bijvoorbeeld het feit dat
agenten dagelijks risicozoekend keuzegedrag vertonen in het casino, terwijl zij
tegelijkertijd risicoafkerig keuzegedrag vertonen bij het afsluiten van verzekeringen.
In antwoord op de systematische descriptieve falsificatie van het verwachte
nutsmodel in geobserveerd keuzegedrag zijn er de afgelopen decennia vele zogenaamde
niet-verwachte nutsmodellen ontwikkeld. De meest prominente van deze alternatieve
keuzetheorieën is prospect theorie (Kahneman & Tversky 1979; Tversky & Kahneman
1992). Net als het verwachte nutsmodel veronderstelt prospect theorie ten eerste dat de
mogelijke uitkomsten van beslissingen worden getransformeerd door een subjectieve
nutsfunctie. Daarnaast maakt prospect theorie de aanname dat economische agenten
tijdens het nemen van beslissingen onvoldoende kunnen discrimineren tussen
verschillende niveaus van waarschijnlijkheid en daardoor overmatig gevoelig zijn voor
kansen dichtbij onmogelijkheid en dichtbij zekerheid, wat in prospect theorie
geoperationaliseerd wordt door een subjectieve kanswegingsfunctie die objectieve
kansen transformeert in subjectieve kansgewichten. Tenslotte veronderstelt prospect
theorie in tegenstelling tot het verwachte nutsmodel dat agenten overmatig gevoelig zijn
voor verliezen. In het prospect-theorie raamwerk worden uitkomsten geëvalueerd ten
opzicht van een referentiepunt en worden uitkomsten onder het referentiepunt relatief
overwogen ten opzichte van uitkomsten boven het referentiepunt, een fenomeen dat
verliesaversie wordt genoemd. In tegenstelling tot het verwachte nutsmodel wordt de
risicohouding in prospect theorie derhalve bepaald door een combinatie van
nutskromming, subjectieve kansweging en verliesaversie.
Ondanks de systematische descriptieve falsificatie van het verwachte nutsmodel
wordt dit model nog steeds veelvuldig toegepast door economen om keuzegedrag van
economische agenten te modelleren. Er zijn een aantal methodologische argumenten
waarom klassieke economen vaak aarzelen om het verwachte nutsparadigma te verlaten.
In dit proefschrift worden een aantal van deze methodologische argumenten ontkracht
door gebruik te maken van de experimentele methode die de onderzoeker in staat stelt
economische modellen te toetsen in gecontroleerde en repliceerbare omstandigheden.
De eerste reden waarom economen niet-verwachte nutstheorieën als prospect theorie
niet vaker toepassen om keuzegedrag te modelleren is dat verreweg het meeste bewijs
tegen het verwachte nutsparadigma afkomstig is uit laboratorium experimenten met
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studenten als participanten, waardoor de externe validiteit van deze resultaten in twijfel
kan worden getrokken. In hoofdstuk 2 van dit proefschrift presenteren we de resultaten
van een experiment waarbij we de complete nutsfunctie voor winsten en verliezen voor
verschillende positieve en negatieve monetaire uitkomsten hebben gemeten voor een
representatieve steekproef van de Nederlandse bevolking. We leveren hiermee de eerste
parameter-vrije meting van de rationele component van risicohouding van het algemene
publiek, hetgeen cruciaal is voor economische beleidsbeslissingen op het gebied van
belastingheffing, educatie, gezondheidszorg en pensionering. De resultaten van
hoofdstuk 2 tonen aan dat nutskromming minder geprononceerd is dan wordt
gesuggereerd door klassieke studies. Daarnaast bevestigen onze resultaten het vaak
gevonden fenomeen dat vrouwen risicoafkeriger zijn dan mannen maar tonen onze
resultaten aan dat dit resultaat wordt veroorzaakt door het nut dat vrouwen ontlenen aan
monetaire winsten en verliesaversie en niet door het nut van verliezen. Hiermee tonen
we aan dat schendingen van het verwachte nutsmodel extern valide zijn en ontkrachten
we het eerste argument dat klassieke economen vaak gebruiken om de systematische
falsificatie van de verwachte nutstheorie in twijfel te trekken.
Een tweede reden waarom veel economen twijfelen aan de validiteit van de
experimentele resultaten die het verwachte nutsmodel falsificeren is dat veel van deze
experimenten gebruik maken van hypothetische gedachten-experimenten, zoals
gebruikelijk is in de psychologische wetenschap. Economen brengen als bezwaar tegen
deze experimenten vaak naar voren dat deelnemers in deze experimenten onvoldoende
monetair gemotiveerd worden om hun werkelijke voorkeuren tijdens het experiment
kenbaar te maken. Aangezien de geëliciteerde voorkeuren volgens dit argument
derhalve niet de ware voorkeuren van de deelnemers aan het experiment zijn, is het
publiceren van een experimenteel onderzoek zonder monetaire prikkels in een
invloedrijk internationaal economisch tijdschrift zoals de American Economic Review
nagenoeg onmogelijk (Camerer & Hogarth 1999). In vrijwel alle experimenten
gerapporteerd in dit proefschrift worden deelnemers gemotiveerd met reële monetaire
prikkels, met uitzondering van hoofdstuk 2, waar implementatie van reële monetaire
prikkels uit zowel praktisch als ethisch oogpunt niet haalbaar bleek te zijn. Schendingen
van het verwachte nutsmodel zijn legio in dit proefschrift en hiermee ontkrachten we
het tweede methodologische argument tegen het gebruik van niet-verwachte
nutsmodellen om risicohouding te modelleren.
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Een derde praktische reden waarom economen prospect theorie niet vaker
toepassen is dat dit het meten van risicohouding problematischer maakt aangezien
risicohouding wordt verklaard door een combinatie van nutskromming, subjectieve
kansweging en verliesaversie. In hoofdstuk 3 van dit proefschrift nemen we dit
praktische bezwaar deels weg door het introduceren van een simpelere en efficiëntere
manier om subjectieve kansweging empirisch te meten. De geïntroduceerde
meetmethode wordt toegepast in een laboratorium experiment met 67 deelnemers. De
experimentele resultaten tonen aan dat de mediane subjectieve kanswegingsfunctie een
convexe vorm heeft, hetgeen impliceert dat deelnemers pessimistisch zijn en hetgeen
risicoafkeer verstrekt. Daarnaast tonen de resultaten wederom aan dat geobserveerde
risicoafkeer in laboratorium experimenten met name probabilistische risicoafkeer is en
niet zozeer risicoafkeer is dat wordt veroorzaakt door concaviteit van de nutsfunctie.
Vele klassieke economen beargumenteren daarnaast dat het empirische bewijs
tegen het verwachte nutsmodel methodologisch gezien weinig waarde bevat, omdat dit
bewijs is vergaard in experimentele omstandigheden waarin deelnemers slechts een
enkele keuze maken. De geëliciteerde voorkeuren zijn volgens dit argument niet de
ware voorkeuren van deelnemers maar reflecteren slechts het gebruik van een simpele
heuristiek of een misverstand omtrent de aard van het experiment. Volgens dit argument
kan het op deze wijze testen van het verwachte nutsmodel worden vergeleken met het
doen van een chemie experiment met vervuilde testbuizen en dienen deelnemers in een
degelijk experiment de kans te krijgen om te leren van eerder genomen beslissingen
(Binmore 1994).
In hoofdstuk 4 van dit proefschrift presenteren we de resultaten van een
eenvoudige experimentele toets of individueel keuzegedrag in de Allais paradox (Allais
1953) naar rationaliteit convergeert als deelnemers herhaalde beslissingen nemen en
feedback ontvangen na iedere keuze. Een dergelijke convergentie naar rationaliteit is
aanwezig in een experimentele setting waarin deelnemers feedback ontvangen na iedere
keuze, maar een convergentie is afwezig in een experimentele setting waarbij
deelnemers herhaalde beslissingen nemen en geen feedback ontvangen. In hoofdstuk 5
bouwen we voort op de resultaten van hoofdstuk 4 en presenteren we de resultaten van
een experimentele toets van de hypothese dat de geobserveerde convergentie naar
rationaliteit wordt veroorzaakt door het feit dat deelnemers aan het experiment door het
ontvangen van feedback beter leren te discrimineren tussen verschillende niveaus van
waarschijnlijkheid en derhalve minder gevoelig worden voor zekerheid. De resultaten
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van het experiment ondersteunen deze hypothese: de subjectieve kanswegingsfuntie
convergeert significant naar lineariteit wanneer deelnemers feedback krijgen na ieder
beslissing terwijl dit niet het geval is in een experimentele setting waarbij deelnemers
deze feedback niet krijgen. Derhalve tonen de experimentele resultaten van hoofdstuk 4
en hoofdstuk 5 aan dat schendingen van rationaliteit weliswaar minder geprononceerd
worden wanneer deelnemers gevraagd wordt herhaalde beslissingen te nemen, maar dat
deze schendingen van rationaliteit niet geheel verdwijnen en slechts alleen minder
geprononceerd worden wanneer deelnemers feedback ontvangen na iedere keuze.
Tenslotte komt in hoofdstuk 6 een algemenere en complexere set van
beslissingen aan de orde, namelijk beslissingen gemaakt onder onzekerheid. We spreken
van beslissingen onder onzekerheid als de kansen op de uitkomsten die relevant zijn
voor de beslissing onbekend zijn. In dergelijke beslissingssituaties worden zogenaamde
scoring rules vaak gebruikt om subjectieve kansinschattingen van economische agenten
te meten. Sommige van deze scoring rules hebben de wiskundige eigenschap dat het in
het eigenbelang van de economische agent is om zijn ware kansinschatting kenbaar te
maken als de agent in kwestie wordt beloond volgens een dergelijke scoring rule. We
spreken dan van een proper scoring rule. Echter, bij het bepalen of een scoring rule deze
wiskundige eigenschap heeft gaat men uit van de veronderstelling dat economische
agenten risiconeutraal zijn. In hoofdstuk 6 tonen we theoretisch aan hoe proper scoring
rules validiteit kunnen behouden als agenten risicoafkerend of risicozoekend zijn door
het toepassen van een nieuw geïntroduceerde methode om te corrigeren voor
risicohouding. Een laboratorium experiment toont de praktische toepasbaarheid van
deze nieuwe correctiemethode aan en levert tevens plausibele experimentele resultaten
op. De resultaten tonen namelijk aan dat schendingen van additiviteit in subjectieve
kansinschattingen minder worden maar niet geheel verdwijnen door het toepassen van
onze

correctiemethode.

Daarnaast

blijkt

de

kwaliteit

van

gerapporteerde

kansinschattingen van deelnemers aan het experiment groter te zijn als deelnemers
herhaalde beslissingen nemen met lage monetaire prikkels, dan wanneer ze worden
beloond met een eenmalige hoge monetaire prikkel.
Samenvattend worden in dit proefschrift resultaten beschreven van diverse
experimenten die aantonen dat schendingen van het verwachte nutsparadigma extern
valide zijn, aanwezig zijn in keuzeomstandigheden met reële monetaire prikkels, en
slechts alleen minder geprononceerd worden in keuzeomstandigheden waarin
economische agenten herhaalde beslissingen nemen en directe feedback ontvangen na
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iedere keuze. Daarnaast introduceren we in dit proefschrift zowel een nieuwe methode
om subjectieve kansweging te meten als een nieuwe methode om proper scoring rules te
corrigeren voor niet-lineaire risicohouding. Hopelijk zal dit proefschrift derhalve de
sceptische klassieke econoom ervan overtuigen dat risicohouding niet alleen wordt
bepaald door nutskromming, maar dat subjectieve kansweging en verliesaversie een
minstens even grote rol spelen. Hiermee hoop ik dat dit proefschrift het gebruik van
niet-verwachte nutsmodellen zoals prospect theorie in de economische wetenschap
bevordert.
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The Tinbergen Institute is the Institute for Economic Research, which was founded in
1987 by the Faculties of Economics and Econometrics of the Erasmus Universiteit
Rotterdam, Universiteit van Amsterdam and Vrije Universiteit Amsterdam. The
Institute is named after the late Professor Jan Tinbergen, Dutch Nobel Prize laureate in
economics in 1969. The Tinbergen Institute is located in Amsterdam and Rotterdam.
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