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Chapter 1

Introduction

The markets for �nancial derivatives are growing at a blinding pace. In the last decen-
nium the exotics business has gone from being, well, exotic, to a crucial part of any
investment bank's growth strategy. The interest rates market is a front-runner in the
exotics business. The typical exotic products like constant maturity swaps, Bermudan
swaptions are in some form part of many deals. Also the hybrid markets are starting
to take off. Derivative deals with as many as twenty underlyings are not uncommon.
Correlation is being typically perceived as the Holy Grail of modern �nancial engi-
neering.

However, life insurers have been selling these products for more than half a century.

These exotic derivatives are sold by insurance companies in the form of embedded
options. The insurance contracts they sell have certain �nancial or behavioral asym-
metries. These asymmetries give the policyholder certain rights or certain positive
payoffs in situations which could otherwise be deemed unfortunate. These asymme-
tries are termed options in the �nancial markets industry and are not always explicit in
the insurance contract hence embedded options.
Traditional actuarial methods didn't spend much time on �nancial risks and deriv-

ative pricing theory even though this is the method put forward by the �nancial eco-
nomic literature for sound valuation of embedded options. The liabilities seemed to
exist in a separate universe. The traditional valuation and pricing methodology system-
atically neglects the effects of rate of return guarantees and other embedded options of
life insurance liabilities. The Embedded Value and pro�t-testing approach is a deter-
ministic one. The expected return on assets is an input variable and �xed. The same
holds true for the risk discount rate. Obviously in a deterministic framework there
is no possibility to take into account embedded options, e.g. rate of return guaran-
tees or guaranteed surrender values. Academic publications on the pricing of return
guarantees already show up in the 1970's though, see Brennan and Schwartz (1976).
However several insurance companies going into default in the nineties of the previ-
ous century because of implicit return guarantees moving �in-the-money� has drawn
attention of the industry to the pricing of embedded options. Notable cases are the



2 Chapter 1. Introduction

Equitable in the UK, giving rise to a number of publications, see Pelsser (2003b) and
Boyle and Hardy (2004). A second example is the case of Nissan Mutual. In 1997, ig-
noring a 5% rate of return guarantee on policies led to the bankruptcy of a Japanese
insurer for the �rst time in �fty years. Its losses amounted to USD 2.5 billion. More re-
cently, developments on the side of the different industry regulators have led to a more
holistic adoption of the ideas from �nance within the �nancial management of an in-
surer, albeit slowly. Consideration of the valuation of the insurance liabilities at �Fair
Value� for �nancial balance sheet reporting purposes by the International Accounting
Standards Board (IASB) has been going on since the end of the last century and will
probably lead to the inclusion of the Fair Value of insurance liabilities in end of year
statements as of 2007. But not only the reporting framework is undergoing changes
also solvency regulations are starting to realize the importance of �nancial economic
theory for the measurement and management of risk. The fundamentals of the theory
laying the groundwork to the research of this thesis are of the utmost importance in
studying and understanding the risks associated with the complex products that exist
in the insurance industry. The valuation approach based on replication and absence of
arbitrage is a natural framework for analyzing risk and determining investment poli-
cies within any �nancial company. New solvency regulations, e.g. in the European
Union the Solvency II project, in Switzerland the Swiss Solvency Test are moving to-
wards or are already using market consistent valuation techniques. These techniques
will replace the current static solvency rules and will hopefully lead to more active and
hence conscious risk management.
In the remainder of this chapter I will give a description of the Asset Liability Man-

agement (ALM) process and point out the challenges to the modelling of �nancial as-
sets, insurance liabilities in particular. Then I will discuss the research presented in
chapters 3-6 of this thesis.

1.1 Asset Liability Management

This thesis is concerned with Asset Liability Modelling, i.e. the modelling of the value
dynamics of assets and liabilities of an insurance company or pension fund. The focus
is on life insurance. Asset Liability Modelling (ALMo) is a necessary part of the Asset
Liability Management (ALM) process. The former sets up the quantitative models of
an insurer's balance sheet components while the latter uses these models to make an
optimal risk and return trade-off. ALM tries to answer the question of how the received
insurance premiums can be invested in a way that maximizes future expected pro�ts
while at the same time keeping the possibility of default at a minimum. This can be
associated to the classical �nancial economic problem of optimal portfolio choice which
goes back to Markowitz (1952).
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In mathematical notation, the original problem can be formulated as follows,

J(t; A0) = max
�t

EP [U (AT )] (1.1)

s.t. dAt = [rtAt + �t � (�t � rt1)] dt+ �t�tdWt (1.2)

where Mt = exp
�R t

0
rsds

�
, the money market account, At is the wealth of the eco-

nomic agent at time t and U (�) is the agent's utility of this wealth. The agent tries to
maximize uncertain future, hence expected, utility of terminal wealth by investing in �-
nancial assets yielding return �t according to a strategy �t. This problem (formulated
here in the setup of continuous time diffusions) can also be formulated in the form of
the dual problem (see Cvitanic and Karatzas, 1992),

inf
Y
EP

��
sup
AT

U (AT )�ATYT
�
+A0Y0

�
(1.3)

with the stochastic process Y a positive semi martingale. The advantage of this formu-
lation is that the answer is given in terms of the optimal wealth, A�T , instead of the value
function J . The primal problem is usually solved by the Hamilton-Jacobi-Bellman ap-
proach to dynamic programming. The dual problem in the context of complete markets
reduces to an easily solvable Langrangean, see Cox and Huang (1989) or Karatzas,
Lehoczky and Shreve (1987). The optimal strategy then follows from the replication of
the optimal level of wealth (which can be viewed as a derivative of the assets in the �-
nancial market). In the complete market setting the process Y can be interpreted as the
pricing kernel or stochastic discount factor.
The problem faced by a life insurer is slightly different. In formulating the problem

we have to take into account the insurance liabilities faced by the company. Let LT be
value of the liabilities at the terminal date, the optimization problem then becomes,

J(t; A0) = max
�t

EP
�
U (AT ; LT )

�
(1.4)

s.t. dAt = [rtAt + �t � (�t � rt1)] dt+ �t�tdWt (1.5)

where the utility function is now a function of both assets and liabilities. A natural
choice for an insurer would be U (AT ; LT ) � U (AT � LT ). The insurer cannot in�u-
ence the liabilities (i.e. they are determined by the force of demand in the market for
insurance products) and the problem becomes more dif�cult. This increased dif�culty
is not in the least because the investment strategy followed by the insurer can depend
on intermediate values of Lt between t = 0 and t = T . One of the problems facing the
insurer is then to come up with a reasonable model for the dynamics of the insurance li-
abilities. Note that the latter optimization problem is one of an incomplete market and
the solution is non trivial.

The ALM process within a well managed insurance company, at least from a �nan-
cial point of view, takes care of the risks associated with i.a. embedded options. To
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answer the dif�cult questions posed above for the particular case of a particular insur-
ance company selling certain insurance contracts (possibly with embedded options) to
their costumers it is advisable to divide the general problem into several subproblems.
Finding a satisfactory answer to each of these subproblems is taken up as a responsi-
bility by the academic (mathematical) �nance literature and is at the heart of the ALM
process. The tasks of this process, i.e. the subproblems, can be summarized as follows:

� Model and value the insurance contract liabilities, L, as �nancial contracts, pos-
sibly containing a derivative component in the form of an embedded option;

� Model and measure the �nancial and non-�nancial risks related to the assets and
liabilities of the company in an integrated manner;

� Manage the �nancial risks of these liabilities by investing in �nancial assets in
such a way that movements in value by liabilities (which are viewed as a �nancial
contracts and hence the value reacts to changing circumstances on the �nancial
markets) are offset by movements in value of the �nancial assets, or at least in a
way which conforms to the risk return pro�le of the insurance company;

� Transform the knowledge on the value and capital requirements to �pricing� of
insurance contracts such that these are consistent with �nancial market circum-
stances.

The �rst three subproblems are formulated in a sequential manner such that the
second can build on the results from the �rst, the third on the second. This is obvious
since risk in an insurance company should be de�ned as the economic value of the
liabilities in someway not being balanced by the economic value of the assets. It is
precisely this risk measurement that is required to make an optimal risk-return trade-
off. This should ideally lead to a solution to the problem in (1.4) and (1.5). Here
the risk concept for the particular insurer is contained within the choice of the utility
function U . The fourth problem is at the bottom mainly because this is where the
industry frontrunners are now in the implementation of the apparatus from �nancial
economics. Up till now the focus has been on valuation, risk and investment. The next
challenge will be in �exible product design so as to not only ful�ll better in clients needs
but also increase the �nancial health of the company as a whole by ensuring pro�tability
of (almost) each individual contract.

1.2 Outline

Although challenging and interesting in itself, risk measurement and optimal investment
decisions will not feature in this thesis. Instead the following chapters will each tackle a
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part of the problem of accurately modelling assets and liabilities. The papers contained
in this thesis are all in a some way or another related to this ALM process. While chap-
ter 3 on rate of return guarantees is obviously related to the valuation task of ALM, and
chapter 5 on mortality modeling is obviously related to the modeling of non �nancial
risks, the chapters 4 and 6 on some aspects of (af�ne) term structure models might seem
more like a general �nancial economists research on interest rate dynamics and ef�cient
pricing of interest rate derivatives. However, these problems are important to ALM as
well. Since most assets of an insurer are invested in �xed income instruments and most
liabilities can also be viewed as �xed income instruments, interest rate risk is the most
important �nancial risk faced by an insurer or pension fund. Accurate valuation of in-
terest rate sensitive embedded options through calibration of a realistic term structure
model to liquid derivatives markets (chapter 4) as well as having a reasonable model
to generate future term structure scenarios (chapter 6) are vital ingredients of ALM.
We will now brie�y for each chapter pose the main research question, survey related
problems and literature and explain the link to ALM. Given the magnitude of the num-
ber of contracts, like in the derivatives industry, emphasis on ef�ciency is a necessary
condition. As an example consider a simulation based study of the effectiveness of an
investment policy. Say the number of simulation is 1000 and the simulation horizon is
10 years. Then we have the value assets and liabilities at least 10,000 times. Insurance
liabilities typically consist of hundreds (for collective agreements) to hundreds of thou-
sands (for individual contracts) of policies. One can imagine calculations will be time
consuming and fast valuation techniques can lead to substantial ef�ciency gains. Hence
we also point out the possible ef�ciency gains of the proposed method when necessary.

1.2.1 Chapter 3: Rate of Return Guarantees

The essence in the valuation of embedded derivatives is in the interpretation of the con-
tract text and the translation of that text to payoff functions involving actual �nancial
variables. An excellent simple example of a possible modeling treatment of an embed-
ded derivative is given in Bouwknegt and Pelsser (2002). The authors discuss a pro�t
sharing contract with the following terms.

�The pro�t sharing is based on the development of the term structure of inter-
est rates over time. Every premium and technical interest earned on previous
premiums is invested in bonds at the than prevailing market rates. Pro�t shar-
ing consists of the coupon income above 3% and is distributed annually to the
policyholder�.

In the contract some things are not as clearly de�ned as in a typical termsheet of a
traded derivative. The translation from contract text to actual �nancial derivative is done
as follows. The authors interpret the coupon income to be determined by the prevailing
par swap rate with maturity equal to the duration of the bond portfolio. It is clear that
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distribution of the income above 3% (their is no distribution of loss below 3%) induces
an asymmetry and hence an option element into the contract. This option will thus be an
option on the future par swap rate, i.e. swaption. Furthermore the market value of the
accumulated premiums, i.e. �xed future bene�ts can be determined by compounding at
the technical interest rate and discounting at the market rates.
This is of course quite a simple contract and a whole literature has developed around

the valuation of pro�t sharing contracts especially focussing on agreements in place in
different countries and the relative value of individual terms of the contract. See e.g.
Miltersen and Persson (1999), Grosen and Jorgensen (2000) or Hansen and Miltersen
(2000).
Pro�t sharing can also be viewed, using classical put-call parity as a minimum return

guarantee given by the insurer to the policyholder on a certain portfolio of investments.
Besides pro�t sharing, which is probably the most important embedded derivative

in terms of value and risk1, other optionalities in insurance contracts include2:

� Guaranteed annuity option (GAO): at pension age the insurer guarantees a mini-
mum price for the annuity, see Pelsser (2003b) or Boyle and Hardy (2004);

� Possibility to increase the de�ned bene�ts at the original tariff of the policy: this
is useful if the original tariff is well above current market rates;

� Option to lapse the policy or stop paying premiums: opposite from the previous
example, market rates need to rise for the option to go in-the-money;

� Option to prepay a mortgage at nominal value before the �nal date3.

In chapter 3 we discuss valuation of a classic minimum return guarantee in a con-
tract in which the policyholder determines investments policy and bears the investment
risk. This is obviously related to the valuation task of ALM. Given market circum-
stances, using the results of this chapter we can value an important embedded option
accurately and ef�ciently taking into account all practical details. Because we analyze
a premium paying contract, valuation becomes a non trivial problem. We show the re-
lationship with Asian options. The �avour we add to the existing literature focusses
on implementation in practice and the effect of stochastic interest rates. First, we show
the effect of stochastic interest rates can be interpreted as, what is known in the �nan-
cial community as, a convexity correction. Second, we link the LIBOR Market Model,
see Miltersen et al. (1997), Brace et al. (1997) and Jamshidian (1998), to our model
of the economy. This allows us to �nd guarantee prices consistent with observed cap
and swaption prices. Numerical results show the effect of this more sophisticated in-
terest rate modelling is considerable. Calibration to the market for equity options as

1Recent research, see Grosen and Jorgensen (2000), has pointed out the value of the return guarantee is
substantially larger than the value of early exercise features of some insurance types.

2We do not try to provide an exhaustive list but rather give some examples besides pro�t sharing and a
direction of thought for the reader unfamiliar with insurance contracts.

3This is the well known prepayment option, which is limited in it's effect in most European countries but
very important in the US.
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well as the cap and swaption market is what makes the pricing really market consistent.
Formulas alone do not produce a Fair Value, calibration to the relevant instruments is
just as important. We also consider ways of approximating Asian option values through
tight bounds. These bounds are tight enough to avoid time consuming simulations in the
valuation procedure. We show that we can obtain accurate bounds in spite of the high
volatility induced by the long maturities of the guarantees. We are the �rst to produce
numerical results on the accuracy of these bounds for options with long maturities.

1.2.2 Chapter 4: Pricing Swaptions in Af�ne Term Structure
Models

The earliest models of the term structure of interest rates focus on the dynamics of the
instantaneous short rate, cf. Vasicek (1977). Building on arbitrage relations the shape
of the term structure is derived from those dynamics. A general class of short rate
models was introduced by Duf�e and Kan (1995), the so-called af�ne yield models or
af�ne term structure models, since the zero yield is an af�ne function of the stochastic
variables driving the term structure.
The latest trend in derivatives markets is to use the LIBOR Market Model. Building

on the ideas by Heath et al. (1992), this model focusses on discrete tenor forward
rates observed in the market, as opposed to short rate / HJM type models in which
instantaneous rates are the key modeling objects. This is mainly because of ef�cient
calibration to derivatives markets, see also Rebonato (2003). Andreasen (2006) argues
for return of short rate / HJM models which can add more intuition and insight in term
structure dynamics.
In this chapter we solve the calibration problem for af�ne term structure models

to the swaption market. We propose an approach to �nd an approximate price of a
swaption in af�ne term structure models. In recent years several researchers have ex-
plored ef�cient approximation to swaption prices in a LMM (see Brace et al., 2001, or
d'Aspremont, 2002). We build on their ideas to �nd an ef�cient approximation to swap-
tion prices in a large class of short rate models. Our approach is based on the derivation
of approximate swap rate dynamics in which the volatility of the forward swap rate is it-
self an af�ne function of the factors. Hence we remain in the af�ne framework and well
known results on transforms and transform inversion can be used to obtain swaption
prices in similar fashion to zero bond options (i.e. caplets). The method can easily be
generalized to price options on coupon bonds. Computational times compare favorably
with other approximation methods. Numerical results on the quality of the approxima-
tion are excellent. Our results show that in af�ne models, analogously to the LIBOR
Market Model, LIBOR and Swap rates are driven by approximately the same type of
(in this case af�ne) dynamics.

This chapter is useful in the ensuing chapters since the method can be easily gen-
eralized to approximate the value of other options involving sums of assets in af�ne
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models. In chapter 5 the method is used to value a GAO in a combined stochastic mor-
tality and stochastic interest rate setting. In chapter 6 the approximation is used as the
foundation for a more crude but analytic approximation for the implied volatility of an
at-the-money swaption in a 3 factor af�ne term structure model with stochastic volatil-
ity.

1.2.3 Chapter 5: Af�ne Stochastic Mortality

Mortality improvement is one of the most important issues for a life insurer nowadays.
Decreasing mortality rates, as observed over the past century, result in a longer life after
retirement. Besides interest rates the most important determinant for the value of life
insurance related cash �ows is the mortality rate. As most life insurance is related to
saving for later insurers have to pay more if people live longer and the risk is termed
longevity risk. For this reason it is necessary for any life insurance company to be able
to derive accurate forecasts of future mortality rates.
Longevity risk resembles investment risk, in that it is non-diversi�able: it can not be

controlled by the usual mechanism of selling a large number of policies. This follows
because they are not independent in respect to the source of uncertainty: The law of
large numbers does not apply. This is opposed to the diversi�cation effect which is the
basis of insurance, given the mortality trend the law of large numbers diversi�es the
mortality risk.
Unlike with interest rates there are no markets trading longevity risk, so its price can

not be directly observed and it can not be hedged. The price for this risk is determined
by those who buy it, the (re)insurance companies. The ongoing trend of introducing
ideas from �nancial economics and risk theory, as mentioned earlier in this chapter,
in �nancial reporting and solvency requirements doesn't only apply to �nancial risks.
Non-�nancial risks, like longevity risk, are also, and rightly so, subject to this analysis.
It is obvious that the �nancial health of any insurance company depends on its ability to
make accurate and reliable approximations of their liabilities values. For a life insurer
projections should be made of future cash �ows for long term insurance contracts and
annuities. Nowadays interest rates are historically low, which makes the effect of future
mortality improvements even stronger. It is necessary to build up reserves and to charge
premiums on insurance contracts to remain solvent in the future. Nevertheless, to be
competitive in the market the reserves and charged premiums should be determined as
low as possible subject to the solvency constraints.
To ful�ll these requirements a model for mortality rates is needed. Current ap-

proaches can be categorized as follows:

� Trend modelling / Extrapolative methods, a statistical approach based on histor-
ical data and possibly expert opinion;

� Biomedical Process based methods, focus on factors that determine death and
model it from biomedical perspective;
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� Explanatory based methods, try to uncover relations between mortality and other
variables, e.g. GDP growth.

Refer to Pitacco (2004) for a full overview on the literature on mortality. Because
the second and third approaches are hard to actually carry out, the literature on mor-
tality focusses on extrapolative methods. We can make a distinction between several
variations in the literature on modelling mortality trends. These are: Principal Com-
ponents Analysis, Curve Fitting (i.e. Mortality laws), Generalized Linear Models and
Lee-Carter (1992). Recently Milevsky and Promislow (2001), Dahl (2004) and Cairns
et al. (2006) have added to this by attempting using continuous time models because
of the easier combination with derivative pricing models. In this chapter we are the
�rst to present a model which describes evolution of force of mortality for population
as a whole. The model is an integrated approach between curve �tting and af�ne diffu-
sions, hence af�ne stochastic mortality. This leads to a mortality modeling framework
with desirable analytic properties. Estimation is easy and valuation and simulation are
very ef�cient. The model is based on the literature on af�ne term structure models. It
satis�es three important requirements for application in practice: analytical tractability,
clear interpretation of the factors and compatibility with �nancial option pricing mod-
els. We test the model �t using data on Dutch mortality rates. Furthermore, we discuss
the speci�cation of a market price of mortality risk and apply the model to the pricing
of a Guaranteed Annuity Option and the calculation of required Economic Capital for
mortality risk.
For these af�ne mortality models to be applicable in risk management we have to re-

alize and more importantly deal with the shortcomings as well. Structural trend breaks,
e.g. because of medical breakthroughs, are a risk not included in the model, however this
is part of the parameter risk as the slope of the trend is usually captured by a subset of
the parameter vector. Catastrophes are another important risk not taken into account by
most extrapolative models. From a risk management perspective this only clari�es the
picture. We can differentiate between longevity risk (including structural trend breaks)
and catastrophes, devise different modeling each tailored to the speci�c risk. For ex-
ample an af�ne mortality could be used to model mortality trend and analyze trend risk
(cures against cancer, heart diseases), whereas extreme value distributions and scenario
analysis (WTC, Spanish �u pandemic) could be used to analyze mortality catastrophes.

1.2.4 Chapter 6: Combining Yield and Option data in the
estimation of Term Structure Models

The literature on term structure modelling can be divided in structural and no-arbitrage
models. While a structural model is in itself arbitrage free it is not fully consistent with
available market prices. Examples of structural models are Vasicek (1977) and Cox et
al. (1985). A structural model adapted to exclude static arbitrage in the bond market is
the extended Vasicek model by Hull andWhite (1990). They sacri�ce time homogeneity
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of the short rate to have the model �t the current term structure. This consistency with
market prices is right at the hart of pricing exotic derivatives. In the market place this
leads to the practice of daily recalibration. Stable calibration results are usually a sign
of good hedging performance. However in an ALM context we need a model which is
not only statically consistent with markets but also dynamically consistent.
This dynamic consistency points directly to the modeling of time varying volatility.

Since the seminal work by Engle (1982) a large literature on the subject has developed.
Stochastic volatility was introduced in a model framework by Taylor (1986) and enters
the derivative pricing literature through Hull and White (1987). Where the early interest
was in equity markets the estimation and modeling of term structure volatility is devel-
oping lately. Notable papers on volatility modeling in a dynamic context are those by
Collin-Dufresne and Goldstein (2002b), Collin-Dufresne, Goldstein and Jones (2004)
and Bikbov and Chernov (2004). One of the best sources of information on volatility is
derivatives data, e.g. via implied volatility. Therefore we explore in this chapter the use
of both interest rate and option data in the estimation of a term structure model.
Because of the �uctuating nature of interest rate volatility a requirement for a term

structure model is time varying volatility. We estimate a term structure model with sto-
chastic volatility. We combine interest rate and option data in the estimation procedure.
This setup enables us to estimate the parameters of the volatility process and the mar-
ket price of volatility risk more accurately. We argue that the data used in estimation
is more important than the particular model speci�cation of volatility. With yield data
alone the �ltered volatility component of the model cannot be interpreted as such. If
we include option data however the �ltered short rate volatility closely follows implied
volatility which is the best measure of volatility available to us.
Not only derivative prices are being used as an additional source of information

in the estimation of ATSMs. A literature is developing which attempts to develop term
structure models which can simultaneously explain both macroeconomic and term struc-
ture data. This is a logical step as the short rate is a policy instrument and the long rates
are averaged expected future short rates. Several models have been developed, with
the focus mainly on modelling the development of the future expectations of macro-
economic variables like in�ation and the target rate. See, i.a. Ang and Piazzesi (2003),
Dewachter and Lyrio (2002), Hördahl et al. (2004) and Diebold et al. (2005). We do not
explore this direction in this research, although it would certainly be interesting to see
if a model can be developed which is in line with both macroeconomics and derivative
markets.
We are aware of the shortcomings of pure af�ne models in term structure modelling

e.g. compared to including quadratic relationships between factors and yield, see e.g.
Ahn et al. (2002), Gaspar (2004). However we regard this work as a �rst step in the
direction of including multiple sources of information in the estimation of term structure
models. For this reason we also do not include macroeconomic data in the estimation,
although, as mentioned, advances are being made in that direction as well. We do feel
however that the main conclusions of this work hold in a more general setting.
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Before we present the actual research results chapter 2 gives a short introduction to
two technical subjects featuring frequently in this thesis: change of numeraire and af�ne
diffusions.





Chapter 2

Change of Numeraire and
Af�ne Diffusions

2.1 Pricing of Contingent Claims and Change of
Numeraire Theorem

In a complete and arbitrage-free market the unique value of any �nancial claim equals
the expectation of the payoff normalized by the money market account under some
equivalent measure, Harrison and Kreps (1979) and Harrison and Pliska (1981). Since
under this probability measure the expected return on all assets equals the risk free
rate, the probability measure is termed the Risk Neutral measure, denoted here by
Q, and expectation with respect to this measure is called Risk Neutral expectation.
In this context, the normalizing asset (in these papers the money market account) is
called the Numeraire. Geman et al. (1995) show how not only the money market
account, but every strictly positive self-�nancing portfolio of traded assets, can be used
as a numeraire. Their Change of Numeraire theorem shows how an expectation under
a probability measure QY associated with numeraire Y is related to an expectation
under an equivalent probability measure QZ associated with numeraire Z. As a by-
product all normalized assets are martingales under the probability measure associated
with the numeraire. To be more speci�c their theorem states that in a complete and
arbitrage-free market, for any numeraires Y and Z with associated measures QY and
QZ respectively, the following holds for the price of an asset H at time t,

H (t) = Y (t)EQ
Y

t

�
H (T )

Y (T )

�
= Z (t)EQ

Z

t

�
H (T )

Z (T )

�
(2.6)

Where EQ
Y

t , EQ
Z

t denotes expectation conditional on the information available at
time t under QY and QZ respectively. The Radon-Nikodym derivative associated
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with a Change of Measure fromQY toQZ is given by,

dQZ

dQY
=
Z (T ) =Z (t)

Y (T ) = Y (t)
(2.7)

Hence if the price of an asset with payoff H (T ), known at time T , can be calculated
by taking a Risk-Neutral expectation, it can be equivalently and sometimes more con-
veniently calculated by changing numeraires.

2.1.1 Applications

Classical risk neutral valuation amounts to the choice of the money market account,
M (t) = exp

�R t
0
rsds

�
, as the numeraire. A �rst application of the change of nu-

meraire theorem, which is very convenient when dealing with interest rate derivatives
or equity / FX derivatives in a model with stochastic interest rates, is the change to the
T -forward measure, notation QT . This particular measure is associated with the zero
coupon bond with maturity T as the numeraire.
Let D (t; T ) denote the time t price of a zero coupon bond with maturity T . When

changing measure from the risk neutral to the T -forward the Radon-Nikodym (RN)
derivative is given by,

dQT

dQ
=
D (T; T ) = D (t; T )

M (T ) = M (t)
(2.8)

Now consider pricing an equity call option in a model with stochastic interest rates.
We price the call on a stock S at time t, with option maturity and strike, T and K
respectively. The natural starting point under the assumption of no arbitrage (and com-
plete markets) is that the unique price equals the risk neutral expectation of the payoff,

Call (t; T;K; S) =M (t)EQt

�
[S (T )�K]+ = M (T )

�
(2.9)

Note that the dif�culty with this expression is that in a model with stochastic rates
the money market account,MT , is stochastic. However we can rewrite this expression
as follows,

Call (t; T;K; S) = M (t)EQt

 
[S (T )�K]+

M (T )

!
= M (t) � (2.10)

EQt

 
[S (T )�K]+

M (T )

M (T ) =M (t)

D (T; T ) =D (t; T )

dQT

dQ

!

= D (t; T )EQ
T

t

 �
S (T )

D (T; T )
�K

�+!
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where the last line follows since D (T; T ) = 1.
Apart from moving from stochastic discounting usingM to deterministic discount-

ing using the zero bond another simpli�cation occurs. Since D (T; T ) = 1 the call
option on the stock is actually a call option on the forward contract F with maturity T ,
F (t; T ) = S (t) = D (t; T ). Since F is a traded asset over the numeraire this is a mar-
tingale under the T -forward measure. We deduce that the only quantity relevant to the
price of an equity call is the volatility of the forward contract! We also deduce that the
implied volatility found by inverting the traditional Black-Scholes formula is not stock
volatility but forward volatility.
Change of numeraire is also very convenient when pricing the right to obtain the

maximum of two assets. Consider the assets A and L, then the price to obtain the
maximum of the two is given by,

Max (t; T;A; L) = M (t)EQt

�
max (A (T ) ;L (T ))

M (T )

�
= L (t) +M (t)EQt

�
max (A (T )� L (T ) ; 0)

M (T )

�
(2.11)

= L (t) + L (t)EQ
L

t

�
max

�
A (T )

L (T )
� 1; 0

��
where the last line follows from the change to the martingale measureQL associated

with L as the numeraire. Note that A = L is a martingale under this measureQL and it
is the volatility of this quantity that drives the price.
In an actuarial context, when L are the insurance liabilities and A are the assets

supposedly matching those liabilities then (2.11) can be interpreted as an option on the
funding level. If assets are closely matched with liabilities the volatility of the funding
level is low and so is the value of the option. The second term on the RHS of (2.11) can
be interpreted as the insurance company's / pension fund's option to default, see Merton
(1974) and also Jarrow (2002).
The change of numeraire theorem can also be applied to simplify the pricing of op-

tions on swaps, i.e. swaptions. We will use this when we study the pricing of swaptions
in af�ne term structure models in chapter 4, pricing of a GAO in chapter 5 and we
will use the results again in chapter 6 when we derive an approximation to the implied
volatility of a swaption in a particular af�ne model.

2.2 Af�ne Diffusions and Transform Inversion

Af�ne processes were introduced into �nance in the context of modeling the term struc-
ture of interest rates by Duf�e and Kan (1996) and have henceforth found many appli-
cations in derivative pricing, also outside the interest rate area. The same holds true for
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transform analysis and inversion introduced into �nance by Heston (1993). In this thesis
we use af�ne processes both in the (traditional) context of interest rate models as well
as the modeling of the force of mortality for a population. The popularity of the af�ne
setup stems from the �exible and general model structure combined with rich analyti-
cal properties. In the remainder of the section we discuss af�ne diffusions, it's Fourier
transform and transform inversion. This section is based on results in Duf�e, Pan and
Singleton (2000) and Lee (2004).
Consider the following vector diffusion,

dXt = � (t;Xt) dt+ � (t;Xt) dWt (2.12)

when the diffusion coef�cients are of the following form:

� (t;Xt) = e+ EXt , for e 2 Rn and E 2 Rn�n (2.13)�
� (t;Xt)� (t;Xt)

0�
ij

= [s]ij + [S]ij �Xt (2.14)

for s 2 Rn�n and S 2 Rn�n�n

then we call (2.12) an af�ne diffusion. Note that X and � are n vectors, W is an m
vector, and � is an n bym matrix.
Let u 2 C and b 2 Rn. Then we have the following result for the Fourier transform

� (u; t; T ) of Xt conditional upon the information available at time t,

� (u; t; T ) = Et [exp (iu b �XT )] (2.15)
= exp (A (t) +B (t) �Xt)

where A(t) and B(t) solve the following system of ODEs, known as Riccati equa-
tions4,

dA (t)

dt
= �e0B (t)� 1

2
B (t)

0
sB (t)

dB (t)

dt
= �E0B (t)� 1

2
B (t)

0
SB (t)

with initial conditions A(T ) = 0 and B(T ) = iub. In the context of af�ne term
structure models this result is used to express the price of a zero coupon bond as an
exponential af�ne function of the state variables, i.e.

D (t; T ) = exp (a (T � t) + b (T � t) �Xt)

In chapter 5, following Filipovic (2005), we will extend this result in the context of
mortality intensity modelling to include time inhomogeneity in the coef�cients of the
af�ne diffusion (2.12).
Option pricing in the af�ne setup is based on the following results. Carr and Madan

(1999) and Lee (2004) consider in a general context the relationship between the Fourier

4Following Duf�e, Pan and Singleton (2000) we de�ne l0Sl to be the vector in Cn with k-th elementP
i;j li [S]ijk lj .
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transform of X and the Fourier transform of the dampened option price for options on
the payoffs G1 (x; k) = [exp (b �Xt)� exp (k)]+ and G2 (x; k) = [b �Xt � k]+. Let
the option price as a function of strike k be given by,

C (k) = D (t; T )ETt [G (X (T; k))] (2.16)

Where we evaluate expectation under the T -forward measure. Unfortunately the
Fourier transform of the option price doesn't exist. However we can de�ne the damp-
ened option price, with � > 0,

c (k) = exp (�k)C (k) (2.17)

and consider it's Fourier transform in relation to (2.15). Carr and Madan (1999) and
Lee (2004) derive the following relationship between

bc (u) = Z 1

�1
exp (iuk) c (k) dk (2.18)

i.e. the Fourier transform of the dampened option price and � (u; t; T ),

bc1 (u) =
� (u� (�+ 1) i; t; T )

�2 + �� u2 + i (2�+ 1)u

bc2 (u) =
� (u� �i; t; T )
(�+ iu)

2

Option prices can now be recovered by Fourier inversion, which requires only a
single numerical integration. From Lee (2004) we obtain the following result.
For a suitable choice of �, the price of the payoffs G1 and G2 is given by,

C(k) = exp(��k)
Z 1

0

Re [exp(�iuk)bc (u)] du (2.19)

Since we can express bc in terms of � quite easily and since we have a closed form
expression for � in terms of the Riccati equations we can calculate prices of options
on linear combinations of X in a straightforward manner. We will employ these ideas
when we calculate the prices of swaptions in af�ne term structure models in chapter 4.





Chapter 3

Pricing Rate of Return Guaran-
tees in Regular Premium Unit
Linked Insurance�

�This chapter has appeared as:

Schrager D.F. and Pelsser A.A.J. (2004). Pricing Rate of Return Guarantees in Regular
Premium Unit Linked Insurance, Insurance Mathematics and Economics, vol. 35, pp. 369-398

3.1 Introduction

Unit Linked (UL) insurance is a form of insurance where the policyholder bears the
investment risk. The premiums are invested in several investment funds which usually
invest a large percentage of their money in stocks. Sometimes the policyholder is
even allowed to invest directly in stocks. Rate of return guarantees in a UL context
can therefore be considered as some kind of stock option. Many insurance companies
have given guarantees on UL contracts in the beginning of the nineties, not realizing
the risk attached to this product characteristic. With the current bearish stock markets
and Fair Value calculations at the center of attention it should be realized that these
options are in or at least at the money. The results in this chapter can help quantify the
risk attached to the guarantees and provide in the need for market values of insurance
liabilities.
A single premium UL contract with maturity guarantee can be viewed as a stock

along with a put option on that stock (Brennan and Schwartz, 1976). Bacinello and
Ortu (1993) and Nielsen and Sandmann (1995, 1996, 2002b) analyze the periodic
premium contract with maturity guarantee from a fair premium principle perspective.
Our contribution to the existing literature is threefold. First we take a different

approach to the insurance contract as we let the cost and mortality deductions be ex-
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ogenously given. This is the case in practice and differs from the approach by Nielsen
and Sandmann (1995, 1996a, 2002b) as they derive the existence of Fair Premium
principles for the guarantee within the contract. The payment of multiple premiums
makes the option payoff dependent on the stock price at different time points, which
leads to an analogy with Asian Options. We show that for a generic structure of the
cost and mortality deductions the structure of the option payoff remains Asian like.
In our approach we take full account of all insurance aspects of the contract. We will
apply option pricing techniques to the context of UL products using Change of Nu-
meraire methods. We derive a general pricing formula for the guarantee. It turns out
the guarantee can be expressed as a put option on a stochastically weighted average of
the stock price at maturity.
Second, we make the analogy of the guarantee with Asian options explicit by prov-

ing equality between prices of both contracts in a constant interest rate environment.
This setup allows for stochastic (stationary) volatility however the analogy brakes down
when stochastic interest rates are introduced. We discuss the cause of the differences
that arise when interest rates become stochastic. This already gives some intuition on
how these contracts can best be hedged.
Third and most importantly, we argue for a more general setup of the randomness of

the term structure. This is done in the following steps. Choosing a convexity correction
approach we specify a quite general lognormal model of the economy. In this model we
derive results for the Levy (1992) approximation to the price of the guarantee, next to an
upper and lower bound to this price extending work by Rogers and Shi (1995), Nielsen
and Sandmann (2002a) and Thompson (1998). It turns out the effect of stochastic inter-
est rates can be interpreted as a convexity correction. Then we show how our setup can
be linked with the popular LIBOR Market Model (LMM). For long term options, typi-
cally encountered in life insurance, the convexity correction effect of stochastic interest
has a high impact on the price of the option. Realizing this, we conjecture that it is of
interest to use more sophisticated term structure models. We provide in the need to have
a stock option pricing model which has its term structure part in accordance with the
dominant term structure model in the option pricing literature, the LMM. Our results
provide the link between the standard Black Scholes stock model and the Black pricing
model for Caps (and Swaptions). We provide approximate expressions for the forward
bond volatility in a LMM. Building on arguments by Brace et al. (2001) we show that
forward bond prices are approximately lognormal in the LMM. It thus seems natural to
use the LMM not only for interest rate derivative purposes but also in pricing stock op-
tions. Numerical pricing results using real data suggest that more general term structure
models can produce non negligible price differences when compared with single (and
two) factor Hull-White models.
Finally we show, using an empirical example, the impact of our more general setup

for the price of the guarantee. Furthermore, we show that we can obtain a tight lower
bound using the method by Rogers and Shi (1995), recently generalized by Nielsen
and Sandmann (2002a). A tight upper bound is obtained by generalizing the method
by Thompson (1998) to the case of rate of return guarantees. This is of independent
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interest since these methods have not yet been tested for the maturities encountered
in life insurance. It turns out the generalized Thompson upper bound can be made
extremely tight and hence can be used for pricing.
Convexity correction or convexity adjustment is frequently used in the �nancial in-

dustry to value payments made �at the wrong time point� (e.g. an interest rate known
at time T is paid at a later time S) or in a different currency (e.g. a foreign interest
rate paid in domestic currency). It is shown in a review article by Pelsser (2003a) that
convexity correction has its basis in a change of measure associated with a change of
numeraire. The advantage of convexity correction is a product based pricing approach.
It results in an analytical pricing formula and the determinants of the price are apparent
from the respective formulas instead of hidden in the equations / simulations of some
general pricing framework.
To arrive at our results we extensively use the Change of Numeraire techniques

developed by Geman et al. (1995). They extend the original ideas of Harrison and
Kreps (1978) and Harrison and Pliska (1981). Speci�cally, they show that for any self-
�nancing portfolio of assets with strict positive value (called a numeraire), there exists
an equivalent measure under which asset prices normalized by this portfolio are martin-
gales. Hence this portfolio can be used as numeraire. They also show how to derive the
Radon-Nikodym derivative associated with any change of numeraire. An introduction
to changes of numeraire and convexity correction is given in chapter 2 and appendix
3.B respectively.
The remainder of the chapter is organized as follows. First, in section 3.2 we de-

scribe the �nancial and insurance aspects of the Regular Premium Unit Linked contract
and derive our general pricing formula. In section 3.3 we make the analogy of the UL
guarantee with an Asian option explicit and discuss some hedging issues. Section 3.4
derives the Levy approximation and shows the interpretation of the effect of stochas-
tic interest rates as a convexity correction. To obtain prices consistent with the popular
LMM we derive expressions for the forward bond volatility in terms of LIBOR rate
volatilities in section 3.5. In section 3.6, we discuss and generalize pricing bounds to
the case of rate of return guarantees. Results in a parameterized framework are given
in section 3.7. Numerical results showing the effect of stochastic interest rates and im-
plications of more general interest rate dynamics are given in section 3.8. Section 3.9
concludes.

3.2 Contract de�nition and general pricing formula

The Unit Linked concept refers to the way the policy holders' premiums are invested.
The net premiums are invested based on the choice of the policyholder. Common prac-
tice is to let the policyholder choose between selected investment funds. Some insurers
even give the possibility to invest in individual stocks. In this construction the policy-
holder bears the investment risk. This means he also has to account for the losses. This
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type of insurance has high potential pro�tability because pro�t is based on equity in-
vestments instead of �xed income. However, policy holders are in for a disappointment
in times of economic downfall. This is where the Rate of Return Guarantee comes in.
Typical for a Unit Linked contract is that the reserve is not administered in money

but in units of several investment funds or stocks. The reserve in money terms is the
number of units times the price of each unit. This reserve is termed the fundvalue. A
gross premium is paid at regular intervals until expiry of the insurance contract. After
cost deduction for investment and administration costs and mortality risk premiums, an
investment premium results. For each investment premium, units of each funds chosen
by the policy holder are purchased at the prevailing price at the payment date. In the
presence of a guarantee, the fundvalue at expiry is compared to a guaranteed amount.
This amount is likely to be determined by factors like the height of the premium, guar-
anteed return and cost and mortality deductions, but could as well be exogenous. In this
work we assume that the policyholder invests only in a single investment fund or stock.
In this way we can restrict ourselves to a single stock price process. This assumption is
not at all restrictive. Our results can be generalized in a straightforward manner to in-
clude investments in multiple investment funds or stocks5. After this introduction to UL
insurance, let us �x some notation.
Let St be the price of a unit at time t. This should be thought of as a stock price

or stock index. Let the start of the contract be at t0 = 0 and let ti, i = 0; :::; n � 1
be the time points at which a premium Pi is credited to the reserve6. When writing
premium, we mean investment premium, so costs and mortality charge are taken into
account. Since these cost deductions may depend on the fundvalue at each time ti (the
investment premium Pi may depend on the evolution of S prior to ti), this means Pi is
in general path dependent. We don't make this dependence explicit in our notation, as
we will show we can remove it, under weak assumptions, later. Furthermore, let T = tn
be the expiry date of the contract and K be the guaranteed amount at expiry. Then, at
time ti, i = 0; 1; :::; n � 1, the policyholder purchases Pi = Sti units and each unit has
value ST at expiry. The fundvalue at the expiry date is FVn =

Pn�1
i=0 Pi

ST
Sti
. At each

payment date, ti, prior to expiry the fundvalue is given by FVi =
Pi�1

j=0 Pj
Sti
Stj
. Since

the policyholder is entitled to a minimum payment of K, conditional upon survival of

5From our later results it can be seen that investing in multiple assets means the Guarantee turns into an
Asian Option on a basket of assets. The techniques used to value basket options are similar to those used in
Asian option pricing, hence the problem can be solved analogously. Since the weights of each asset in the
basket sum to one, it is interesting to note that considering multiple assets only changes the result in Corollary
3.4. Theorem 3.2 remains unchanged. Pricing bounds can be obtained by generalization of the results in
section 3.6.

6We assume there are no possibilities to surrender. This means, conditional upon survival of the insured
until T , there is no insecurity about premium payments.
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the insured until time T the payoff of the contract at maturity equals,

max (FVn;K) = max

 
n�1X
i=0

Pi
ST
Sti

;K

!
(3.1)

=
n�1X
i=0

Pi
ST
Sti

+

 
K �

n�1X
i=0

Pi
ST
Sti

!+
From this formula we can draw our �rst conclusion; the value of the guarantee is repre-
sented by a put option on

Pn�1
i=0 Pi

ST
Sti
, which can be interpreted as some stochastically

weighted average of the unit (i.e. stock) price at expiry. Making use of the put-call par-
ity the insurance contract can also be interpreted as a traditional endowment insurance
on the amount K, with an upside potential depending on the stochastically weighted
average of the stock price. The quantity ln

�
ST
Sti

�
represents the logreturn of the invest-

ment fund over the period [ti; T ]. With a minimum guaranteed rate of return of say, R,
we are likely to �nd insurers calculate the guaranteed amount at time T according to,
K =

Pn�1
i=0 Pi (R) e

R(T�ti). Here of course the Pi depend on the choice of R through
the cost deduction scheme, hence we write Pi (R).
Dependent on the insurer, the contract could also have a guarantee implicit if the

insured dies before the end of the contract. The convention is adopted that payments
to the policyholder are made at the end of the period. If the insured dies in the interval
[ti�1; ti) and the guaranteed amount in that case is Ki, then the payoff of the contract
equals,

max (FVi;Ki) = max

0@i�1X
j=0

Pj
Sti
Stj

;Ki

1A (3.2)

=
i�1X
j=0

Pj
Sti
Stj

+

0@Ki �
i�1X
j=0

Pj
Sti
Stj

1A+

which results in a payoff of the guarantee of,0@Ki �
i�1X
j=0

Pj
Sti
Stj

1A+

(3.3)

Again, a put option on a particular weighted average of the stock price at termination of
the contract. The payoff is similar to that of a guarantee at maturity in a contract with
maturity at time ti. Valuation of this payoff is analogous to that of (3.1). In case of a
speci�ed guaranteed rate of return, the value ofKi is also likely to be determined by an
algorithm similar to the one determiningK.
At this point we introduce our generic form of the investment premium. It is neces-

sary to make some assumption on the investment premiums since cost deductions could
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depend on the fundvalue and hence make the investment premium stochastic. This
would make the path dependency of the option even more complicated. Our assump-
tion makes the dependence on the fundvalue explicit and maintains the structure of the
payoff.
In practice these products have the following generic form of the investment pre-

mium7 as a function of gross premium, GPi, �xed costs, FCi and fundvalue related
cost deduction (including mortality charges), ci, here the GPi's, FCi's and ci's are de-
terministic8,

Pi = GPi � FCi � ciFVi (3.4)

= NPi � ci
i�1X
j=0

Pj
Sti
Stj

(3.5)

and hence the payoff of the guarantee is given by,0@K �
n�1X
i=0

0@NPi � ci i�1X
j=0

Pj
Sti
Stj

1A ST
Sti

1A+

(3.6)

Since FV0 = 0 we have that NP0 = GP0 � FC0 and hence P0 = NP0. In this form
the path dependency of the option seems to get out of control, however rewriting gives
back the original structure,  

K �
n�1X
i=0

eP (n)i

ST
Sti

!+
(3.7)

where eP (n)i = NPi �
Qn�i�1
j=1 (1� cn�j) which is deterministic. The proof of this

relation is given in appendix 3.A. If ci � c then, ePi = NPi (1� c)n�i�1. The effect
that we see is that because of the way the investment premiums are determined at each
time ti we already know how much of the gross premium minus �xed costs in terms
of value at time T is devoted to fundvalue related loadings. The interpretation of the
guarantee is still that of a put option on a particular stochastically weighted average of
the stock price.
Recently, attempts have been made to include stochastic mortality rates and a market

price of mortality risk in the pricing of options embedded in life insurance products, see
Milevsky and Promislow (2001) and Jiang, Milevsky and Promislow (2001). We adopt
this approach here and give results in terms of risk-neutral mortality probabilities9. In

7The function we pose can always be considered as a �rst order approximation of the true investment
premium (as a function of the fundvalue).

8They can be considered to parameterize the contract together with ti andKi, i = 0; 1; :::; n
9More formally, we give results in terms of expected mortality where expectation is taken under the risk

neutral measure. Since we also assume mortality is independent of the �nancial markets, for mortality, this
equals expectation under the T -forward measure. If one then adopts the view that mortality risk can be diver-
is�ed by increasing the number of policies hence assume investors are risk-neutral with respect to mortality,
risk neutral mortality probabilities equal real world mortality probabilities.
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chapter 5 of this thesis we develop a model for mortality and discuss risk-neutral mor-
tality probabilities and market price of mortality risk in more detail. Furthermore, we
apply common practice and assume independence between mortality and the �nancial
markets. This enables us to consecutively take expectations with respect to mortality
and �nancial risk. In case of a linear dependence on mortality this results in treatment
of mortality probabilities as known constants. We should of course distinguish between
risk-neutral mortality probabilities and those used to determine investment premiums
and possibly the guaranteed amount at any date. The latter probabilities are known and
are part of the product. For the former, only estimates can be used. They do not play a
role in the product, only in the pricing formula.
LetMx denote the time of mortality of the policy holder, where x is the age of the

policyholder at the issue of the contract and D (t; T ) be the price at time t of a zero
coupon bond with maturity date T . Furthermore let QT denote the T -Forward mea-
sure. Throughout the chapter we will use EX and EXt for expectation and conditional
expectation with respect to some probability measure X. Using the aforementioned
assumptions on mortality we can write for the, time t, price Gt of the guarantee at ma-
turity10,

Gt = D (t; T )EQ
T

t

24 K �
n�1X
i=0

eP (n)i

ST
Sti

!+
I[Mx>T ]

35 (3.8)

= D (t; T )EQt
�
I[Mx>T ]

�
EQ

T

t

24 K �
n�1X
i=0

eP (n)i

ST
Sti

!+35 (3.9)

= T�tpx+tD (t; T )E
QT

t

24 K �
n�1X
i=0

eP (n)i

ST
Sti

!+35 (3.10)

where I[�] is an indicator function. Furthermore T�tpx+t � EQt
�
I[Mz>T ]

�
is the T � t

year risk-neutral survival probability of an x + t year old. Formula (3.9) illustrates
the effect of the independence assumption between mortality and �nancial markets. In
the remainder of the chapter we assume only a guarantee at the maturity date of the
contract is given. Guarantees given upon termination of the contract at an earlier date,
for instance because of death of the insured, can be priced as follows. As before, let
an amount Ki be guaranteed when the insured dies in the interval (ti�1; ti] then, again

10Starting from the well known risk neutral valuation formula, in which the money market account is the
numeraire, we can use the Change of Numeraire Theorem to �nd the price of the guarantee if the zero bond
with maturity T is used as numeraire. These type of numeraire changes were �rst introduced by El Karoui
and Rochet (1989) and Jamshidian (1991).
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using the assumptions on mortality, the total price of the guarantee in the contract is,

G�t =
nX
i=1

ti�1�tpx+t (ti�ti�1)q(x+ti�1)E
Qti

t

240@Ki �
i�1X
j=0

eP (i)j Sti
Stj

1A+35(3.11)
+T�tpx+tE

QT

t

240@K �
n�1X
j=0

eP (n)j

ST
Stj

1A+35
Where (ti�ti�1)q(x+ti�1) = EQt [Mx 2 (ti�1; ti] jMx > ti�1], the risk-neutral proba-
bility of mortality in the time interval (ti�1; ti] given that the insured has survived until
time ti�111. The elements in the sum correspond to guarantees upon death and the lone
term to the guarantee at maturity. Now the guarantee can be interpreted as a portfolio of
put options (with different maturities) on a stochastically weighted average of the stock
price.
Formulas (3.10) and (3.11) give the general price of the guarantee in a Regular

Premium Unit Linked contract. The next section shows the similarity of this price with
that of an Asian option. Hence, using the general pricing formula (3.10) as a starting
point, guarantee prices can be obtained by extending pricing methods for Asian options
to include UL Guarantees.

3.3 Relationship with Asian Options

The dependency of the guarantee payoff on the stock price at different time points leads
to an analogy with Asian options. An average price Asian is an option on the average
of the stock price at different time points. The strong relationship between an Asian
Option and the guarantee can be summarized in the following proposition,

Proposition 3.1 Assume markets are arbitrage free and complete. Also assume that
the stock price follows a diffusion process. Furthermore return volatility, �S , and the
short rate, r, are constant. Consider the regular premium UL contract with NPi = S0

n

and ci = 0, 8i, hence eP (n)i = S0 = n , and assume for simplicity, ti � ti�1 = 1. Then,
ignoring mortality, we have equality between the prices of an average price Asian Put,

11This follows since EQt
h
I[Mx2(ti�1;ti]]

i
= EQt

h
IMx2(ti�1;ti] jMx > ti�1

i
EQt

h
I[Mx>ti�1]

i
.

In a general model of mortality these probabilities are time inhomogeneous functions. A simple case for
example in which one can already see this effect is a model in which mortality exhibits a decreasing trend.
This is a simple model for the longevity effect. The one-year mortality probability of a sixty year old at this
moment is not the same as it will be in 30 years. The latter will (most likely) be lower.
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with strikeK, and the Rate of Return Guarantee of the UL contract with the same strike.
More formally,

e�rTEQ

24 K � 1

n

nX
i=1

Sti

!+35 = e�rTEQ

24 K �
n�1X
i=0

eP (n)i

ST
Sti

!+35 (3.12)

Proof. If we can establish equality in distribution under Q between 1
n

Pn
i=1 Sti andPn�1

i=0
ePi STSti we are done. We know the stock price is given by,

St = S0 exp

��
r � 1

2
�2S

�
t+ �SWt

�
where Wt is a Brownian motion under Q. Consider the vectors of lognormal ran-
dom variables, A =

h
St1
n � � � Stn

n

i
and UL =

h eP (n)i
ST

Stn�1
� � � eP (n)i

ST
St0

i
.

Equality in distribution ofA and UL implies equality in distribution ofA �1 and UL �1,
where 1 is a (n� 1) vector of ones. Since these are lognormal r.v.'s we have equal-
ity in distribution if we can show the �rst two moments are equal under the risk neutral
measure. Using eP (n)i = S0 = n and ti = i, straightforward calculations give,

E (A)(i) = E (UL)(i) =
S0
n
eri

where E (A)(i) and E (UL)(i)denote the i
th element of the �rst moment of A and UL

resp. which is a vector. For the second moment we have,

E (A0A)(i;j) = E
�
[UL]

0
[UL]

�
(i;j)

=

�
S0
n

�2
er(i+j)+�

2
S min(i;j)

where E (A0A)(i;j) and E
�
[UL]

0
[UL]

�
(i;j)

denote the element in the ith row and jth

column of the second (non central) moment of A and UL resp. This completes the
proof.

Proposition 3.1 illustrates the strong similarities between Asian Options and the UL
Guarantee. It shows that in this perfect Black-Scholes world there is exactly the same
randomness in the ith �xing of the stock price as there is in the (n� i)th premium pay-
ment. We can generalize this result to allow for stationary stochastic volatility. It can
however not be generalized to allow for stochastic interest rates or for any non station-
ary time dependence in both volatility or interest rates. The randomness in forward
stock prices is complementary in the two contracts. The Asian is sensitive for forward
stock price movements over the intervals [0; ti] i = 1; 2; :::; n, whereas the guarantee is
sensitive over the intervals [ti; T ], i = 0; 1; :::; n � 1. We can say that, within the sim-
pli�ed setting of proposition 3.1, �time runs in opposite directions� for the two types of
options. The UL Guarantee is an Asian which �starts at time T and expires at zero�. In
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the Asian option, the risk of each individual term in the summation, Sti , runs from time
zero to ti. This is mainly stock price risk, represented through the choice of (sum of the
stochastic parts of the) forward stock return as conditioning variable. In our UL con-
tract we can split the risk of each individual term, ST = Sti , in interest rate risk, related
to some forward bond price, from time zero to ti and forward stock price risk from time
ti to T .
This latter observation should also provide direction on how to hedge these type

of options in a 'quick and dirty' way. At the start of the contract the risk is mainly
interest rate related. This risk could be hedged by using caps / �oors. However as
time progresses the risk becomes more and more stock related. The instruments that
come to mind are (forward starting) stock options. Especially forward starting options
have the characteristics to be a good hedge. It is shown in the next section that the
implied volatility of these options also arises in the volatility of the fundvalue. We
have established close similarity between the guarantee and an Asian Option. Next,
we analyze the effect of stochastic interest rates on the guarantee value using a well
known approximation method (Levy, 1992). More accurate approximation methods are
considered in section 3.6.

3.4 Effect of Stochastic Interest Rates

In this section we analyze the effect of stochastic interest rates on the guarantee value.
This is done within the context of the Levy (1992) approximation. This consists of ap-
proximating the distribution of

Pn�1
i=0

eP (n)i
ST
Sti
by a lognormal one with the same mean

and variance. We choose the Levy approximation because it is simple and allows for
a nice �nancial economic interpretation of the effect of stochastic interest rates. Un-
der the assumption of lognormality of the weighted sum of stock prices, the effect of
stochastic interest rates on the guarantee value can be inferred from the effect of sto-
chastic interest rates on the �rst two moments. For this purpose we derive the �rst
and second moment of

Pn�1
i=0

eP (n)i
ST
Sti

under the T -Forward measure. This also gives

us the variance of ln
�Pn�1

i=0
eP (n)i

ST
Sti

�
since for a lognormal variable Y we have that

Var(lnY ) = ln
�
EY 2

(EY )2

�
. Since the �rst moment doesn't show the effect of stochas-

tic interest rates explicitly, this implies it is isolated in the second moment. This, of
course, holds only under the assumption of lognormality. The Levy approximation is
not very accurate for the maturities typical for UL contracts. Therefore, we use our
results in this section mainly for expositional purposes. However, we have approxi-
mate lognormality and the effect is similar for the more accurate methods of section
3.6. Note that we don't restrict ourselves to formulas for the Levy approximation at the
time of writing of the contract. Approximate prices for the guarantee obtained through
the Levy approximation during the time of the contract are implicit in the expressions
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for �FV (t) � EQ
T

t

hPn�1
i=0

eP (n)i
ST
Sti

i
and �2FV �Var

QT

t

h
ln
Pn�1

i=0
eP (n)i

ST
Sti

i
. Results

on the �rst moment are presented in Theorem 3.2. Lemma 3.3 and Corollary 3.4 give
the (partial) expressions for the second moment. If we de�ne FTt , the T -forward stock
price process, as follows FTt � St = D (t; T ) then without any modelling assump-
tions on stock or bond price dynamics from the general Change of Numeraire Theorem
results:

Theorem 3.2 Let tj � t < tj+1, j 2 f0; 1; 2; :::; n� 1g. Let the assumptions of the
Change of Numeraire Theorem hold. Then the time t conditional �rst moment of the
fundvalue at maturity, �FV (t), is given by,

�FV (t) � EQ
T

t

"
n�1X
i=0

eP (n)i

ST
Sti

#
=

jX
i=0

eP (n)i

FTt
Sti

+
n�1X
i=j+1

eP (n)i

D (t; ti)

D (t; T )
(3.13)

Proof. From the martingale property of numeraire adjusted asset prices and the Tower
Law of conditional expectation we have, for t � ti

EQ
T

t

�
ST
Sti

�
= EQ

T

t

�
1

Sti
EQ

T
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�
ST

D (T; T )

��
= EQ
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1

Sti

Sti
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1

D (ti; T )

�
= EQ

T

t

�
D (ti; ti)

D (ti; T )

�
=
D (t; ti)

D (t; T )
(3.14)

and for t > ti,

EQ
T

t

�
ST
Sti

�
=

1

Sti
EQ

T

t

�
ST

D (T; T )

�
=

1

Sti
FTt

=
St

StiD (t; T )
(3.15)

The interpretation of (3.14) is clear. The expectation, conditional on the informa-
tion until time t, under the T -Forward measure, of the return on the asset in the period
[ti; T ], where t � ti, equals the continuously compounded forward rate for that pe-
riod. In a non stochastic interest rate environment we have EQ

T

t

h
ST
Sti

i
= EQt

h
ST
Sti

i
=

exp
�R T

ti
rsds

�
. The interpretation of (3.15) is the following: the quantity St

Sti
repre-

sents the return which is already locked in at time t, the quantity 1
D(t;T ) =

D(t;t)
D(t;T ) has

the same interpretation as (3.14).

For the second moment we need some assumptions on price dynamics. Because all
observable volatilities in the market are those of forward quantities, like forward stock
prices, forward LIBOR and Swap rates, we start modelling at this level. Furthermore,



30 Chapter 3. Rate of Return Guarantees

we assume the volatility of forward stock and bond prices to be a deterministic function
of time. In a parameterized model, this amounts to a lognormal stock price process and
a Gaussian interest rate model. We do not assume the volatilities to be constant to be
able to adapt to variation in implied volatilities. Especially since we make a connection
between our lognormal model of the economy and the popular LIBORMarket Model in
the next section. We assume the T -Forward stock price, FTt , and the T -Forward bond
price with maturity U , DT (t; U) � D (t; U) = D (t; T ), to follow the dynamics,

dFTt = �F (t)F
T
t dW

T
t (3.16)

dDT (t; U) = �U (t)D
T (t; U) dWUT

t (3.17)

where WT
t and WUT

t (for all relevant U ) are Brownian Motions under the T -Forward
measure12 and �F and �U are deterministic functions of time. Correlations between
those Brownian Motions are given by dWT

t dW
UT
t = �F;U (t) dt and dWUT

t dWV T
t =

�UV (t) dt. In our notation we implicitly assume we are working under the T -Forward
measure, using the bond with maturity T as numeraire. When using time points ti and
tj we will writeW iT , �i (t), �F;i (t) and �ij (t) forW tiT , �ti (t), �F;ti (t) and �ti tj (t)
respectively.
Start by writing the trivial result,

EQ
T

t

24 n�1X
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eP (n)i
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!235 =
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� eP (n)i
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n�2X
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S2T

StiStj

�
now we have the following lemma (the proof is given in appendix 3.A),

Lemma 3.3 Let again the conditions of the Change of Numeraire Theorem hold. Then
for t � ti � tj , we have

EQ
T

t

�
S2T

StiStj

�
= DT (t; ti)D

T (t; tj) � exp
�Z ti

t

�ij (s)�i (s)�j (s) ds

�
exp

 Z tj

ti

�F;j (s)�F (s)�j (s) ds+

Z T

tj

�2F (u) du

!
(3.19)

We can split the long expression in (3.19) in three parts corresponding to the three
integrals. The argument of each integral is the instantaneous covariance of ln (ST = Sti)
and ln

�
ST = Stj

�
in the relevant time intervals. The �rst integral, ranging from t to

12The martingale property of FTt andDT (t; S) follows from the Change of Numeraire Theorem in com-
bination with the no-arbitrage condition.
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ti, corresponds to the correlation between the normalized bonds with maturity ti and
tj . This can be explained by the fact that the uncertainty in the quantities ST = Sti and
ST = Stj is driven by the corresponding T -forward bond processes. Second,R tj
ti
�F;j (s)�F (s)�j (s) ds, represents the covariance between the forward asset price

and D(t;tj)
D(t;T ) . Since after ti, Sti is �xed and the risk in ST = Sti is now represented

by the T -forward asset price. The risk is now twofold and measured by the quadratic
covariation of the forward stock and forward bond price processes. Finally after tj ,
we are left with pure equity risk, i.e. both Sti and Stj are known, as

R T
tj
�2F (u) du

represents the implied volatility of a forward start option.
At this point the effect of stochastic interest rates is clear. When interest rates are

deterministic, there's no risk in ST = Sti in the interval [0 ; ti] so the �rst and second
integral in (3.19) should equal zero13. These two integrals, the quadratic covariation of
two forward bond prices and the quadratic covariation of the forward stock price and
a forward bond price respectively, are precisely the effect of stochastic interest rates
on the volatility of the fundvalue and hence (in the lognormal approximation) on the
guarantee value.
Lemma 3.3 gives us the expression for EQ

T

t

h
S2T

StiStj

i
assuming t � ti � tj . Modi-

�cations of this result for e.g. t > ti are easy to obtain. This gives us:

13This also follows from the fact that, when interest rates are deterministic, forward bond volatilities are
zero.
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Corollary 3.4 Let tk � t < tk+1. Then under the assumption of deterministic volatil-
ities for the T -forward asset price and T -forward bond prices we obtain for the second
moment of

Pn�1
i=0

eP (n)i
ST
Sti
,

�FV;2 (t) � EQ
T

t

24 n�1X
i=0

eP (n)i

ST
Sti

!235 (3.20)

=
kX
i=0

� eP (n)i

�2 �FTt
Sti

�2
e
R T
t
�2F (u) du + (3.21)

n�1X
i=k+1

� eP (n)i

�2 �
DT (t; ti)

�2
e
R ti
t �2i (s)ds+

R T
ti
�2F (u) du +

2
k�1X
i=0

kX
j=i+1

eP (n)i
eP (n)j

�
FTt
�2

StiStj
e
R T
t
�2F (u) du +

2
kX
i=0

n�1X
j=k+1

eP (n)i
eP (n)j

FTt D
T (t; tj)

Sti
�

e
R tj
t �F;j(s)�F (s)�j(s)ds+

R T
tj
�2F (u) du +

2

n�2X
i=k+1

n�1X
j=i+1

eP (n)i
eP (n)j DT (t; ti)D

T (t; tj) �

e
R ti
t �ij(s)�i(s)�j(s)ds+

R tj
ti
�F;j(s)�F (s)�j(s)ds+

R T
tj
�2F (u) du

The expression for the second moment consists of �ve summations. The �rst sum-
mation consists of those terms of the �rst summation in (3.18) for which t � ti, the
second summation consists of the terms with t < ti.The third to �fth terms corre-
spond to parts of the double summations in (3.18), with ti < tj � t, ti � t < tj and
t < ti < tj respectively.
Now, �2FV (t) = ln

�
�FV;2 (t) = [�FV (t)]

2
�
, �the implied guarantee volatility�.

Theorem 3.2 and corollary 3.4 together with the approximate lognormality of the fund-
value result in the following approximate pricing formula for the guarantee (cf. Levy,
1992),

Gt � D (t; T ) [K� (�dt + �FV (t))� �FV (t)� (�d)] (3.22)
where,

dt =
ln
�
�FV (t)
K

�
+ 1

2�
2
FV (t)

�FV (t)
(3.23)
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and � (�) is de�ned by the standard normal distribution.

3.4.1 Convexity Correction Interpretation of Stochastic Interest
Rates

We have isolated the effect of stochastic interest rates (in the Levy approximation it only
shows up in the implied guarantee volatility). Next we will show how it is related to
change of measure and convexity correction. We give an interpretation to the expec-
tations EQ

T

ti

h
FTtjD

T (tj ; tj)
i
and EQ

T
h
D(ti;ti)
D(ti;T )

D(ti;tj)
D(ti;T )

i
(assume again that i < j).

With regard to the �rst expectation, we have, de�ning eFTti = EQ
tj

ti

h
FTtj

i
and using the

Change of Numeraire Theorem,

EQ
T

ti

h
FTtjD

T (tj ; tj)
i
=

D (ti; tj)

D (ti; T )
EQ

tj

ti

h
FTtj

i
(3.24)

=
D (ti; tj)

D (ti; T )
eFTti

=
D (ti; tj)

D (ti; T )
FTti � Convexity Correction

Where eFTti is the convexity corrected forward asset price and the convexity correction is
given by eFTti = FTti . We see (comparing (3.24) and (3.A.9) from the proof in appendix
3.A) that the expression exp

�R tj
ti
�F;j (s)�F (s)�j (s) ds

�
is the convexity correction

arising from taking the expectation of the T -Forward Asset Price �under the wrong
measure� (i.e. not under the measure associated with the asset which is used to normal-
ize the stock price). It is comparable with a LIBOR-in-arrears payment. Instead of the
value of a forward LIBOR rate paid at an �earlier� time point, we have the value of a
forward stock price paid at an �earlier� time point.
To interpret the second expectation, note that, conditional upon the information at

time t, D(ti;T )D(ti;tj)
D(t;tj)
D(t;T ) is the Radon-Nikodym derivative for a change of measure from

the T -Forward measure to the tj-Forward measure. We can write,

EQ
T

t

�
DT (ti; ti)D

T (ti; tj)
�
= EQ

T

t

�
D (ti; ti)

D (ti; T )

D (ti; tj)

D (ti; T )

�
(3.25)

=
D (t; tj)

D (t; T )

�
1 + EQ

tj

t [LtiT (ti)]
�

=
D (t; tj)

D (t; T )

�
1 + eLtiT (ti)�

=
D (t; tj)

D (t; T )

D (t; ti)

D (t; T )
� Convexity Correction
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where LtiT (t) =
D(t;ti)�D(t;T )

D(t;T ) , the forward LIBOR rate for the time period (ti; T )
and eLtiT (ti) is the convexity corrected forward LIBOR rate. Because i < j and hence
LtiT (ti) is known at ti, D (t; tj)E

Qtj

t [LtiT (ti)] is the time t value of a payment of
LtiT (ti), at a later time tj . It can be seen from (3.25) and (3.A.10), from the proof
in appendix 3.A, that the expression exp

�R ti
t
�ij (s)�i (s)�j (s) ds

�
can then be ex-

plained as the convexity correction arising from taking the expectation of the LIBOR
payment �under the wrong measure�14. Note that with deterministic interest rates there
would not be �a wrong measure� since then QT = Qti = Qtj = Q and hence there
would not be any convexity correction. This is in accordance with our previous claim
that the effect of stochastic interest rates coincides with the �rst two integrals in (3.19).
Since �F (t) is the instantaneous volatility of the forward asset price at time t andqR T
s
�2F (u) du = (T � s) can be given the interpretation of the implied volatility of

a forward start option with maturity date T starting at s > t. This motivates the use
of forward starting options in hedging these contracts. We will illustrate the effect of
the convexity correction in section 3.8. Up till now we have not yet speci�ed how we
envision the implementation of the model in (3.16) and especially (3.17). This will be
the subject of the next section.

3.5 Calibration of Forward Bond Volatilities

Nowadays the LIBOR Market Model (LMM) is the dominant term structure model to
price interest rate derivatives. The ability to �t cap and swaption prices better than
e.g. short rate models, is one of its advantages. Therefore, it is of interest to obtain
stock option prices (like the UL guarantee under consideration in this work) which are
consistent with the LMM. We link the forward bond volatilities in (3.17) to LIBOR rate
volatilities. To rewrite forward bond volatility we use a method developed and tested
by both Hull and White (2000) and Brace et al. (2001). They conclude that, although
assuming both swap and LIBOR rates lognormal is mutually inconsistent, swap rates
are approximately lognormal in the LMM. Based upon their arguments we conclude
that forward bond prices are also approximately lognormal in the LMM. This gives
us accurate approximations to the forward bond volatilities. We can use these in our
lognormal model to obtain guarantee prices consistent with observed cap and swaption
prices.

The forward LIBOR rate at time t starting from T with maturity S is de�ned as,

LTS (t) =
1

�TS

�
D (t; T )�D (t; S)

D (t; S)

�
(3.26)

14This is mentioned only for interpretation, these kind of LIBOR payments are not traded in the market.
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Where �TS is the daycount fraction for the period (T; S). In the interest rate mar-
ket only LIBOR rates with a speci�c tenor S � T are traded. Let N be the num-
ber of LIBOR rates under consideration and let the tenor be �LT , then we de�ne
Lj (t) = LTLj TLj+1 (t) and �

L
j = �TLj TLj+1 , where T

L
j = j�LT , j = 0; 1; :::; N + 1

are the so called reset dates. Now an m-factor lognormal version of the LIBOR Mar-
ket Model (LMM) developed independently by Miltersen, Sandmann and Sonderman
(1997), Brace, Gatarek and Musiela (1997) poses the following dynamics for the for-
ward LIBOR rates Lj ,

dLj (t) =
mX
q=1

�qLj (t)Lj (t) dW
j+1;q
t (3.27)

Where theW j+1;q 's are Brownian Motions (which can be assumed uncorrelated, since
we can rotate factors) under QTLj+1 , the TLj+1-Forward measure. The �

q
Lj
(t)'s are de-

terministic functions of time. The popularity of the LMM stems from the fact that the
parameters of the model (the �qLj (t) 's) can be chosen such that the model exactly
matches observed cap prices in the market.
A full factor LMM assumesm, the number of Brownian Motions, equals N . Hence

we can construct the model such that each LIBOR rate is driven by its own Brown-
ian Motion. Furthermore, assuming a stationary volatility and correlation structure, we
have, �qLj (t) = �

�
TLj � t

�
and dW j+1

t dW i+1
t = �

�
TLj � t; TLi � t

�
dt. Summariz-

ing the model becomes,

dLj (t) = �
�
TLj � t

�
Lj (t) dW

j+1
t ; j = 1; :::; N (3.28)

dW j+1
t dW k+1

t = �
�
TLj � t; TLk � t

�
dt

This is the model we use to obtain numerical results later. We will now discuss
how to obtain approximate forward bond volatilities in this model. Results for other
parameterizations of the LMM can be obtained in a similar manner.
We assume the dates of the forward bond prices under consideration in the pricing

of the guarantee coincide at least partly with the reset dates of LIBOR rates15. De�neet := fftigni=1g and fTL := n�TLi 	N+1i=1

o
then our assumption boils down to assuminget � fTL. Next de�ne, Gj;i := �

j : TLj 2 [ti; T )
	
. Then the relationship with bond

prices is16,

DT (t; ti) =
D (t; ti)

D (t; T )
=

Y
j2Gj;i

�
1 + �Lj Lj (t)

�
(3.29)

Now we have,
1

DT (t; ti)

@DT (t; ti)

@Lj (t)
=

�Lj
1 + �Lj Lj (t)

15Implicit in this assumption is that we consider pricing at payment dates only.
16We could do the exact same thing in the context of the Swap Market Model (SMM). However the LMM

seems to be preferable over the SMM in terms of out of sample pricing performance (see De Jong et al., 2001).
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Applying Itô's Lemma to (3.29), bearing in mind (3.27) gives17,

dDT (t; ti) = :::dt+
X
j2Gj;i

[
1

DT (t; ti)

@DT (t; ti)

@Lj (t)
� (3.30)

�
�
TLj � t

�
Lj (t)D

T (t; ti) dW
j+1
t ]

= :::dt+
X
j2Gj;i

�Lj �
�
TLj � t

�
Lj (t)

1 + �Lj Lj (t)
DT (t; ti) dW

j+1
t

This leads to a variance rate �2
DT
i
of DT (t; ti) of,

�2DT
i
(t) =

X
j2Gj;i

 
�Lj �

�
TLj � t

�
Lj (t)

1 + �Lj Lj (t)

!2
+ (3.31)

2
X
j2Gj;i

X
k>j

[�
�
TLj � t; TLk � t

� �Lj � �TLj � t�Lj (t)
1 + �Lj Lj (t)

!
�

 
�Lk �

�
TLk � t

�
Lk (t)

1 + �LkLk (t)

!
]

Hull and White suggest to approximate (3.31), which is a stochastic quantity, by a con-
stant, effectively replacing the forward LIBOR rate by their time zero values. This leads
to an approximate variance rate of,

e�2DT
i
(t) =

X
j2Gj;i

 
�Lj �

�
TLj � t

�
Lj (0)

1 + �Lj Lj (0)

!2
+ (3.32)

2
X
j2Gj;i

X
k>j

[�
�
TLj � t; TLk � t

� �Lj � �TLj � t�Lj (0)
1 + �Lj Lj (0)

!
�

 
�Lk �

�
TLk � t

�
Lk (0)

1 + �LkLk (0)

!
]

This is in line with the approach of Brace et al. (2001) and Brace and Womersley
(2000), who observe that �Lj Lj(t)

1+�Lj Lj(t)
is a low varianceQTLj+1-martingale and use this to

approximate swaption volatilities in the LMM. We use it to approximate forward bond
volatilities in the LMM. Expression (3.32) gives the variance rate at time t. A frequent
assumption in applications is that correlation and volatility are constant between reset
dates. For example we can approximate the variance of DT (t; ti) over the interval

17We do not calculate the drift term, or equivalently specify the Brownian Motion, since it is irrelevant for
our purposes. We are interested in the quadratic variation terms.
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[0; Tl] by: Z Tl

0

�2i (s) ds �
l�1X
k=0

�Lk e�2i �TLk �
which is what we use in section 3.8.
The literature on the subject of LMM calibration is rapidly growing. Ideally one

would calibrate the model not only to caps but also to swaption prices. This, and for
example the inclusion of more factors, will give a better �t to the correlation structure
of the forward LIBOR rates. In general, to calibrate a LMM we must specify volatil-
ity functions for the LIBOR rates and a correlation matrix for the Brownian Motions
such that the option prices are �tted by the model. Important with non-vanilla products,
such as ours, is that the calibrated model �ts the correlation structure of the relevant
rates well. Therefore, in our numerical examples we use calibration results for a mul-
tifactor model. Also important in the calibration process are the users goals. Usually,
traders prefer exact calibration since they want their models to replicate observed prices
exactly, whereas for risk management (or reserving) purposes the user might want to
protect against over�tting and use a parsimonious model and non-exact calibration for
better out of sample performance. The current state of the art LMM calibration is based
on semide�nite programming techniques, see Brace and Womersley (2000) and d ´As-
premont (2002).

3.6 Bounds on the price of the guarantee

We have explored interpretation and more accurate modelling of the effect of stochas-
tic interest rates in the context of the Levy approximation. However, this method is not
accurate enough to be used for pricing of contracts with high maturity (such as guaran-
tees). In this section, we will provide bounds tight enough to be used for actual pricing.
In the literature several techniques exist to bound the price of an arithmetic Asian Op-
tion. A very accurate lower bound to the price of an Asian Option is the method of
Rogers and Shi (1995), recently generalized to allow for stochastic interest rates by
Nielsen and Sandmann (2002a) and applied to an Equity Linked contract in Nielsen and
Sandmann (2002b). Results on pricing bounds are also derived in Simon et al. (2000)
and Dhaene et al. (2002a&b). It is important to note the bounds derived in these papers
are valid in a general setting, whereas the previously mentioned authors only consider
the particular case of lognormal prices. We provide additional results to adapt exist-
ing methods to the case of guarantees in regular premium UL contracts in the model
(3.16) and (3.17). The method by Rogers and Shi only provides a tight lower bound.
Therefore, we generalize the upper bound by Thompson (1998) to the case of the reg-
ular premium UL Guarantee at the same time allowing interest rates to be stochastic.
Besides the upper bound by Thompson we also discuss and compare some other well
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known upper bounds. Results on the tightness of these bounds are presented and dis-
cussed.

3.6.1 Lower Bound

For ease of notation assume eP (n)i = 1. To obtain a price for the guarantee we are
interested in the following expectation and lower bound,

EQ
T

t

24 K �
n�1X
i=0

ST
Sti

!+35 � EQ
T

t

24 EQT

t

"
K �

n�1X
i=0

ST
Sti

j Z
#!+35 (3.33)

The method uses a conditioning variable to derive a lower bound to the price which
is extremely tight. The approach by Rogers and Shi develops according to the fol-
lowing steps. First choose Z to be a standard normal random variable. Then calcu-
late EQ

T

t

h
K �

Pn�1
i=0

ST
Sti

j Z
i
by summing individual expectations18. This expec-

tation will be a convex function in Z (since sum of convex functions is itself con-
vex and the individual expectations are convex functions). Second, using the ideas
of Jamshidian (1989) split the option on a sum into a portfolio of options by solving,
EQ

T

t

h
K �

Pn�1
i=0

ST
Sti

j Z
i
= 0 for Z. For details, see Nielsen and Sandmann (2002a),

de�nition 1 and theorem 1.
In our case, the second step of the approach by Nielsen and Sandmann will be ex-

actly the same. With the results from the �rst step we will be able to do a Jamshidian
decomposition on the conditioning variable Z. This simpli�es the pricing problem from
one of an option on a sum to that of a sum of options. The �rst step is however a bit
different in this case.
To apply a Jamshidian decomposition we must calculate EQ

T

t

hPn�1
i=0

ST
Sti

j Z
i
. At

this point we introduce the following shorthand notation,Z T

t

�i (s) dW
i

s �
Z max(t;ti)

t

�i (s) dW
iT
s +

Z T

max(t;ti)

�F (s) dW
T
s (3.34)

EQ
T

t

�
ST
Sti

�
� �i (t) =

D (t; ti)

D (t; T )
I[0;ti] (t) + (3.35)

St =D (t; T )

Sti
I[ti ;T ] (t)

This enables us to write the volatility terms we encounter in the remainder using a single
integral. This also implies,Z T

t

�2i (s) ds �
Z max(t;ti)

t

�2i (s) ds+

Z T

max(t;ti)

�2F (s) ds (3.36)

18Since we are in the lognormal framework in these calculations one can use standard relations for condi-
tional expectations of normally distributed random variables.
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Using the developed notation, with the advantage becoming clear straight away, we
can immediately write,

ST
Sti

= �i (t) exp

 
�1
2

Z T

t

�2i (s) ds+

Z T

t

�i (s) dW
i

s

!
(3.37)

This gives, using well known relations for the conditional expectation of normal random
variables19,
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(3.39)

where,

�i jZ (t) = EQ
T

t

"
Z

Z T

t

�i (s) dW
i

s

#
(3.40)

�2i j Z (t) =

Z T

t

�2i (s) ds� �i jZ (t)
2 (3.41)

Notice that the randomness in ST = Sti over the interval [t; ti] is given byRmax(t;ti)
t

�i (s) dW
iT
s . So until the premium is paid, the risk for the insurer is pure

interest rate risk.

3.6.2 Choice of conditioning variable

The approximate solution to the pricing problem, i.e. the lower bound in (3.33), depends
on the choice of Z. A sensible choice, and indeed the one Rogers and Shi make, is that
conditioning variable for which the variance of the conditional payoff is �small�. In
the Asian option the risk of each individual term in the summation, Sti , runs from time
zero to ti. This is mainly stock price risk, represented through the choice of (sum of the
stochastic parts of the) forward stock return as conditioning variable (see Nielsen and
Sandmann, 2002a). In our UL contract we can split the risk of each individual term,
ST = Sti , in interest rate risk, related to some forward bond price, from time zero to
ti and forward stock price risk from time ti to T . This is re�ected by the choice of
conditioning variable, which is (the sum of the stochastic parts of) the forward bond

19E (X jZ) = E (X) + Cov(X ;Z)
Var(Z) [Z � E (Z)] and Var(X jZ) =Var(X)� [Cov(X ;Z)]2

Var(Z) .
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return over the interval [0; ti] and the forward stock return over [ti; T ]. Summarizing we
have,

Z =
1

�t

n�1X
i=0

(Z T

t

�i (s) dW
i

s

)
(3.42)

where the relevant forward bond volatilities are taken zero if t > ti and �t is a normal-
izing constant. Observe that our choice of Z amounts to conditioning on the stochastic
parts of the �return� on the forward stock and bond prices. We have,

�t =
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t
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and, for i � j
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=

Z max(t ;ti)
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�ij (s)�i (s)�j (s) ds (3.44)

+

Z max(t ;tj)

max(t ;ti)

�F;j (s)�F (s)�j (s) ds

+

Z T

max(t ;tj)

�2F (s) ds

which is the (logarithm of the) convexity correction (�rst two terms) and the implied
volatility of a forward starting stock option (third term) present in the second moment
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of the fund value. Furthermore,
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(3.45)
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which are again the expressions for the convexity correction and the implied volatility
of a forward start option in the second moment of the fund value at maturity.
It is important to note, that for reasonable correlation values (mainly for the corre-

lation between forward stock and forward bond processes) the coef�cients ofZ are posi-
tive for all i. This results in a unique solution to the equation,

Pn�1
i=0 E

QT

t [ST = Sti jZ]�
K = 0. This simpli�es the calculations of the lower bound20. Let Z� be the unique so-
lution to

Pn�1
i=0 E

QT

t [ST = Sti jZ] �K = 0. The following lower bound to the price
of the guarantee results,

Gt � D (t; T )

(
K� (Z�)�

n�1X
i=0

h
�i (t) �

�
Z� � �i jZ (t)

�i)

see theorem 1 in Nielsen and Sandmann (2002a). We will refer to this lower bound as
the Rogers and Shi Lower Bound or RSLB.

20Thompson (1998) derives an analytical solution to the equation,
Pn�1
i=0 E

QT

t [Sti jZ]�K = 0 in the
case of an Asian Option based on interchanging exponentiation and summation. This doesn't work in our
case since the terms in the exponent are not small enough.
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3.6.3 Upper Bound

Throughout the literature several candidate upper bounds exist for the price of Asian op-
tions and analogous rate of return guarantees in premium paying contracts. Results in
Nielsen and Sandmann (2003) suggest no particular bound clearly dominates the other
although a re�nement of the upper bound by Rogers and Shi has the best overall perfor-
mance for the maturity and volatility considered by these authors. Not much is known
however about the performance of these bounds in the case of the guarantees considered
in this research and especially the maturities associated with these contracts. Besides
the re�nement of the Rogers and Shi upper bound, based on Nielsen and Sandmann
(2002b, 2003), we consider here a slight generalization of the upper bound by Thomp-
son (1998). Numerical results show that this latter bound outperforms most, if not all,
other bounds in the literature. Extensive results on the generalization and subsequent
optimization of Thompson's upper bound can be found in Lord (2005).

Re�nement of Rogers and Shi Upper Bound

For the re�ned Rogers and Shi upper bound (denoted by RSUB+) we have the fol-
lowing result which slightly generalizes the result in Nielsen and Sandmann (2002b) to
our model (3.16) and (3.17). De�ne,
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then the correction "t on the Rogers and Shi lower bound which gives the re�ned upper
bound is given by,
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The original upper bound by Rogers and Shi (denoted by RSUB) corresponds to the
situation where dt = +1. This will lead to a correction on the lower bound which is
independent of the strike.

Generalized Thompson Upper Bound

The upper bound Thompson proposed is based on the observation that,
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under the condition that
Pn�1

i=0 fi = 1 and f is some (stochastic) function of i. Slightly
generalizing the ideas in Thompson (1998), see Lord (2005) for a full discussion, we
propose to use,

fi = mi + �
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The �rst part, mi, is deterministic. The second part represents the total return mi-
nus the individual return on a premium paid at time ti. The original upper bound in
Thompson (1998) has � = 1 (denoted by THSTOCH). When � = 0, the function f be-
comes deterministic and the upper bound resulting from optimal choice of f (denoted
by THDET) coincides with that of proposition 1 in Nielsen and Sandmann (2003) and
the comonotonic upper bound by Simon et al. (2000). This upper bound has the in-
terpretation of a portfolio of forward starting options with optimally chosen strikes. A
naive approach would be to chose fi = ePi = �Pn�1

j=0
eP (n)j

�
(denoted by THNAIVE).

The optimal choice of f is given by,

fi =
eP (n)i

K
�i (t) exp

0@
sZ T

t

�2i (s) ds�
1

2

Z T

t

�2i (s) ds

1A (3.51)

where  is set to satisfy
Pn�1

i=0 fi = 1.
The upper bound resulting from a general choice of � is the following summation

of integrals (for a formal derivation refer to Thompson (1998) or Lord (2005)), where
� (�) denotes the standard normal density,
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where,

� (i;Xi) = a (i;Xi) �

�
a (i;Xi)

b (i;Xi)

�
+ b (i;Xi)�

�
a (i;Xi)

b (i;Xi)

�
a (i;Xi) = K

 
mi �

�

n

�i jZ (t)R T
t
�2i (s) ds

Xi + �Xi

!
�

eP (n)i �i (t) exp

 
�1
2

Z T

t

�2i (s) ds+Xi

!

b (i;Xi) =
K

n
��t

vuut1� �i jZ (t)R T
t
�2i (s) ds

mi =
1

K

 eP (n)i �i (t) exp

 
�1
2

Z T

t

�2i (s) ds

!
+ 

q
VarQ

T

t [Ni]

!

VarQ
T

t [Ni] = c2i

Z T

t

�2i (s) ds+ 2ci�
K

n
�i jZ (t) +

�
�
K

n

�2
�2t

ci = eP (n)i �i (t) exp

 
�1
2

Z T

t

�2i (s) ds

!
� �K

 =

n
K �

Pn�1
i=0

eP (n)i �i (t) exp
�
� 1
2

R T
t
�2i (s) ds

�o
Pn�1

i=0

q
VarQT

[Ni]

The integrals in (3.52) have to be solved numerically. For an indication of the com-
putational times of the different upper bounds refer to Lord (2005). The tightness of
the upper bound for a general choice of � is largely dependent on the variance of the
stochastic term. This variance must not be to large. Since variance increases with ma-
turity we naively set � = 1 = T and denote the resulting upper bound by (THSTOCH+).
Numerical results show that this approach already outperforms the other bounds we
considered.

3.6.4 Accuracy of Upper and Lower Bounds

Numerical results on the tightness of for rate of return guarantees in premium paying
UL contracts are given in table 3.2. Pricing results for the Levy approximation and sev-
eral pricing bounds are given for several contract maturities and guarantee levels. The
line headed MC price holds the price obtained by Monte Carlo simulation. The Levy
approximation for the guarantee prices behaves similar to that for Asian options. The
quality deteriorates with increasing volatility and the approximation is best for at the
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money options. Our results on pricing bounds con�rm the results in Nielsen and Sand-
mann (2003) for Asian options. RSUB+ outperforms all other bounds considered by
Nielsen and Sandmann (RSUB, THDET, THNAIVE). We can see that THSTOCH, cor-
responding to � = 1, is not tight at all. This is induced by the high volatility in the
stochastic term of f . The Thompson bound corresponding to � = 0 performs much
better. However we see that when we reduce the volatility in the stochastic term by set-
ting � = 1 = T we already obtain an extremely tight upper bound, even outperforming
RSUB+21. Further discussion on the optimal choice of � and other versions of Thomp-
son's upper bound can be found in Lord (2005).

3.7 Results in a Black-Scholes Hull-White model

In this section we derive the results of section 3.4 and 3.6 in the context of a combined
Black-Scholes Hull-White (BSHW) model. We assume the stock price has a constant
volatility and the short rate follows a Hull-White (1990) process under the risk neutral
measure. Furthermore we assume the (instantaneous) correlation between the stock
and the short rate equals �, i.e. CorrQ [d (lnSt) ; drt] = �dt. Explicitly, we have the
following SDEs for the stock price and the shortrate,

dSt = rtStdt+
p
1� �2�SStdW1;t + ��SStdW2;t (3.53)

drt = (�t � art) dt+ �rdW2;t

whereW1;t andW2;t are independent BrownianMotions under the risk neutral measure.
Essential to all of our preceding results is the covariance
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i
. From this quantity all results in section 3.4 and

3.6 are derived.
Our result in this section extends the results of Nielsen and Sandmann (1996b) for

Asian options to Guarantees in Regular Premium UL insurance. But more importantly,
using the results and ideas of section 3.4, their results can quite easily be restated in
terms of forward stock and forward bond volatilities. This enables us to interpret their
results in terms of convexity adjusted quantities and obtain additional insight in the
determinants of the price of Asian options. See also appendix 3.B.
In a Black-Scholes Hull-White model all volatilities of forward prices are a deter-

ministic function of time. We essentially parameterize our general lognormal model in
(3.16) and (3.17). The convexity correction can then be interpreted as parameterized
convexity correction. We now proceed with the derivation.

21We even obtain values below the MC price, this is due to simulation error. The upper bound values are
well within the con�dence band around the MC price.
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It is not dif�cult to derive that under the stated assumptions of constant stock volatil-
ity and a correlation between stock and short rate of �, the T -forward stock and T -
forward bond price follow the dynamics,
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p
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whereWT
1;t andWT

2;t are independent Brownian Motions under the T -Forward measure
and B (t; T ) = 1
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Where ZTt is a Brownian Motion under the T -Forward Measure. This makes the
forward asset price volatility direct. From
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taneous covariance between FTt and DT (t; S), can be shown to equal,
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Instead of inferring the volatilities of interest from market data we parameterize
them according to the results above. Then if we parameterize the forward stock price
volatility and forward bond price volatility in (3.16) and (3.17) according to (3.54) and
(3.55) respectively, we obtain (also assuming that i < j and t < ti),
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We can split this long expression in three parts corresponding to the three integrals in

(3.19), namely �rst �2r
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to
R ti
t
�ij (s)�i (s)�j (s) ds, the correlation between the bonds with maturity ti and tj

normalized by the bond with maturity T , since in a one factor model the correlation be-
tween bonds (and hence forward bond prices) equals one. This expression is direct from
(3.55), the forward bond volatility. Second, ���S�r
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�2F (u) du, the implied volatility of a forward start option. The same approach can

be followed for any other Gaussian interest rate model in combination with a Geometric
Brownian Motion for the stock.

3.8 Numerical results

This section provides numerical results for both the pricing approach discussed in sec-
tions 3.4 and 3.6 as well as the one based on the Black-Scholes Hull-White (HW) model.
To obtain numerical results on the price of a guarantee according to the approach in
section 3.5 which have empirical relevance, we use the estimation results of De Jong,
Driessen and Pelsser (2002) on a full-factor LMM. A motivation for the use of this
model can be found in their paper. We take the S&P100 as the investment funds. We
take the CBOE S&P100 implied volatility index as our forward stock volatility estimate.
We estimated, using sample estimates, the correlation between forward stock and bond
prices using weekly S&P100 and interest rate data for the same period over which the
LMM parameters were estimated, namely January 1995 to June 1999. We assumed that,
�F;i (t) � � (T � t; T � ti), only the remaining time to maturity of the relevant zeros is
taken into account. A time homogeneous correlation matrix results. To let the HW para-
meters, like the LMM parameters, be representative for the whole sample we calibrated
the HW parameters to a set of implied 'at-the-money-forward' swaption volatilities gen-
erated by the calibrated LMM using the term structure of the latest observation in our
sample. These swaption volatilities were calculated using the method described by Hull
and White (2000). We minimized the sum of squared errors of the swaption volatility
implied by HW model prices with respect to the LMM implied swaption volatility. The
following results for the parameters were obtained, a = 0:0349 and �r = 0:0116. To
estimate correlation between short rate and stock price we used time series data on 3
month interest rate and the S&P100. A correlation coef�cient of �0:0200 resulted. For
pricing we used an implied forward stock volatility equal to the CBOE implied volatil-
ity index of the S&P100 (equal to 21:01%) and the term structure corresponding to the
latest observation in our sample. We can consider the results as prices at end of June
1999.
The following parameterization of the insurance contract is taken, GPi � GP =
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100, FCi = 5 + 25 [i � 3], ci � c = 0:02 and yearly premium payments. Only a
guaranteed amount at maturity is considered. The prices we calculated do not take into
account survival rates of the insured. These can be very different over countries, age
and gender22. Furthermore in the light of our results in section 3.2, no clear-cut way is
known to us to determine risk neutral survival probabilities.
We proceed as follows, �rst we visualize the effect of stochastic interest rates us-

ing the volatility of the fundvalue. Since the mean of the fundvalue is independent of
model parameters there's a one-to-one correspondence between the price and volatility
in the lognormal approximation. Second, keeping in mind the importance of stochas-
tic interest rates, we look at differences between prices obtained using the LMM for the
calculation of forward bond volatility versus prices obtained using the BSHW model of
section 3.7. Our results show this effect is non-negligible.
Figure 3.5 shows the convexity correction effect on the volatility of the fundvalue

at maturity in the BSHW model. The effect of stochastic interest rates on the volatil-
ity (i.e. the convexity correction) increases with maturity. We see that the volatility �rst
decreases because of an averaging effect. The volatility is an average of the volatility
of each premium payment. This volatility is highest for the �rst payment and lowest
for the last payment (see the result in Lemma 3.3, stock volatility is greater than bond
volatility). Then the volatility increases again due to a time effect. For maturities typ-
ical in the context of pension funds this completely cancels out the averaging effect,
partly because of the effect of stochastic interest rates. This time effect is induced by
the increasing number of cross correlations (at a rate equal to T 2) between premium
payments at longer maturities. The sudden fall in volatility after three years can be ex-
plained by the structure of the �xed cost deductions. For the �rst three years �xed costs
are 30% of gross premium. After that �xed costs are only 5% of gross premium. This is
similar to reality where insurers let policy holders pay for their acquisition costs. As the
main part of the volatility is caused by forward stock volatility, the premium payments
in the �rst years are contributing most. Because of the acquisition costs the relative
effect of the earlier premium payments decreases and hence volatility decreases.
For a contract with a maturity of 10 years, in the BSHW model the convexity cor-

rection is 40 volatility basis points on a volatility of 14:4%. For a contract with maturity
30 (very common in the context of pension funds) this is even higher at 171 vol. bp.
(1:71%) on a volatility of 19:7%. When we use the LMM, the convexity correction is
29 vol. bp for a contract with a 10 year maturity. These numbers are not surprising since
convexity correction is a second order effect. It remains important however since insur-
ers are working with large portfolios and the effect increases with maturity. To illustrate
this let us consider an insurance portfolio of 250,000 policies with an average premium

22A typical 10 year survival rate of a 35 year old male is 98%, for a 50 year old male this is 93%. These
numbers are based on a Dutch Mortality table over the years 1990-1995. So, for reasonable maturities and
age below 50, mortality will not in�uence the prices shown here dramatically. However for products like
these in the context of pension funds the maturity of the contracts is a lot higher and the in�uence of mortality
increases. We can say though that in general the maturity of a contract like the one discussed here doesn't go
beyond age 65, which is usually when years are starting to count in terms of survival probabilities.
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of $1000 a year and a maturity guarantee of 3%. Let the maturities (of 6 to 10 years) be
equally distributed over the policies. The convexity correction amounts to a difference
in reserve / Fair Value of 3:2% or $2; 600; 000:�.
A comparison of implied volatilities for LMM and Hull-White results is given in

Figure 3.6. On the horizontal axis is the maturity of the contract. Although forward
bond volatility is higher in the LMM, the effect of stochastic interest rates is higher in
the HW model. Due to faster decorrelation23 between forward LIBOR rates (see corre-
lation parameterization of LMM model), and hence forward bond prices, both forward
bond covariance and the covariance between forward bond and forward stock price are
lower in the LMM based model for long maturities. This implies considerable overpric-
ing for long maturities by the HW model. This effect becomes more pronounced with
increasing maturity of the contract. However due to higher volatility of short term for-
ward bonds we have underpricing of the BSHW model for short maturities. Table 3.1
shows the percentage difference of the convexity correction of the BSHW model com-
pared with LMM based results for different contract maturities. It shows that the BSHW
model underprices contracts with short maturity, illustrated by the low convexity cor-
rection compared with LMM and overprices long maturity contracts, illustrated by the
high convexity correction compared with LMM24.
We stress that effects of using the LMM are similar for the pricing bounds both

qualitatively and quantitatively (see table 3.3). However the advantage of the Levy
approximation is that we can explain and interpret these differences. We can directly
see the effect of bond volatility and correlation in (3.19). Using the methods of section
3.6 the explanation is hidden behind an involved procedure.
In table 3.2 we present results for guarantee prices for the BSHW model in money

terms and as a percentage of discounted premiums for various contract lengths and
guarantee levels, we let K =

Pn�1
i=0

eP (n)i eR(T�ti). As we would expect, prices in-
crease with a higher guaranteed rate of return. The price of the guarantee increases with
maturity for guaranteed rate of 3% and 6%. For a guaranteed rate of 0% (essentially a
�no-loss� guarantee) the price decreases with maturity.
Results on the absolute and relative prices of the rate of return guarantee in the LMM

framework discussed in section 3.6 are presented in table 3.3. We see that prices are
lower than for the BSHW framework. This is due to reduced convexity correction effect
on the volatility. For contracts with a maturity of 10 years the percentage differences are,
�5:43%, �3:88% and �2:65%, for guarantee levels of 0%, 3% and 6% respectively.
In line with results in table 3.1 the overpricing is highest for the lowest guarantee levels
(which are of greater importance in practice).
To �nd out how these prices compare with those of other rate of return guarantees,

we compared with single premium contracts and regular premium contracts with a guar-

23This decorrelation is fast in comparison with the Hull-White setting in which all rates are perfectly cor-
related.
24We have experimented with a 2 factor Hull-White model but this leads to the same conclusions. The

resulting model underprices short maturity guarantees and overprices long maturity guarantees compared to
the LMM.
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anteed amount on every invested premium. In the latter case, the guarantee is a sum of
forward starting put options. The prices of these forward starting put options can be
calculated using the techniques of section 3.4. We calculated prices using the convex-
ity correction approach based on the LMM. Since all prices are relative to the amount
invested, we only present relative prices. The results are shown in table 3.4. We see
that for both single premium contracts and regular premium contracts with a guaranteed
amount on every invested premium, prices are higher than for the contract analyzed
here. This is because the possibility of averaging out losses over the lifetime of the con-
tract is eliminated for the former two contracts. For single premium contracts the price
is higher because the total amount is subject to forward stock volatility for the whole
maturity. For regular premium contracts the invested premium is only subject to stock
volatility for the remaining maturity after premium payment.
We conclude that the convexity correction on the volatility derived in section 3.4 is

important in the context of pricing insurance liabilities. This effect is especially impor-
tant for contracts with long maturities. Furthermore, it seems that a one factor model
interest rate model tends to overestimate prices. We recommend guarantee pricing based
on the LMM approach suggested in section 3.5 or some other multi-factor model.

3.9 Conclusion

In recent years Unit Linked insurance has become a more prominent part of life insur-
ance business. Hence it is of interest to be able to price guarantees in these products. Our
results can be used to price and hedge guarantees without making restrictive assump-
tions about the stochastic processes of the underlying instruments. We have derived,
using Change of Numeraire techniques, a general pricing formula for Rate of Return
Guarantees in a Regular Premium Unit Linked Insurance contract. We show the guar-
antee is equivalent to a put option on some stochastically weighted average of the stock
price at maturity. Furthermore, we derive some results on and discuss the analogy of the
guarantee with Asian options. The main contribution of this work focusses on the effect
of stochastic interest rates. In the context of the Levy approximation we derive general
expressions for this effect and show it has the interpretation of a convexity correction.
We show how we can obtain guarantee prices in accordance with the popular LIBOR
Market Model. This enables one to �nd prices of the guarantee which are consistent
with both observed stock option prices and observed cap and swaption prices. We ex-
tend earlier results on pricing bounds of Asian options to UL Guarantees and stochastic
interest rates. Numerical results show non-negligible prices of guarantees. This also
illustrates the importance of the convexity correction arising from stochastic interest
rates. We also �nd a one factor interest rate model overestimates prices in comparison
with LMM consistent pricing. Overpricing increases with the maturity of the contract
and is highest for guarantee levels most relevant to the industry.
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3.A Appendix: Proofs

First we show that:
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Now we show, given the relationship (3.A.1.) holds for n� 1, it holds for n. We have,
using Pi = GPi � FCi � ci
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since, by assumption, (3.A.1.) holds for n� 1,
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This proves (3.A.1.) by induction.
Second, we give the proof of lemma 3.3.

Proof. For t � ti � tj , using the Tower Law of conditional expectation as in theorem
3.2, we have
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now from (3.16) we obtain for the last part of this expression,
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Continuing we obtain,
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Now both FTt and DT (t; tj) are martingales under the T -forward measure, using the
solutions to (3.16) and (3.17) gives,
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h
FTtjD

T (tj ; tj)
i
= FTtiD

T (ti; tj) exp

�Z tj

ti

�F;j (s)�F (s)�j (s) ds

�
(3.A.9)

Plugging this expression in (3.A.8.) gives,
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Again using (3.17), we obtain,
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t

�
DT (ti; ti)D

T (ti; tj)
�
= DT (t; ti)D

T (t; tj) e
R ti
t �ij(s)�i(s)�j(s)ds (3.A.10)

This gives the desired result.
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3.B Appendix: Arithmetic Stock Price Average

Many (particular interest rate) derivatives can be characterized as exotic European op-
tions. This means that the price of the option is determined by the joint distribution
of a few relevant interest rates at one point in time. A possible approach in the case
of interest rates is to specify a full (multi-factor) model, estimate the parameters and
calculate the price, possibly analytic or otherwise by numerical techniques like Monte
Carlo simulation. The danger of this approach is that it can lead to very unrealistic
correlation structures between the relevant rates (see Rebonato, 1998 Chapter 3 and
1999). Contrary to this approach convexity correction focuses the modelling as closely
as possible on the problem at hand. Of the joint distribution of the relevant rates, the
marginal distributions are almost always taken lognormal, hence the joint distribution
is characterized by the marginals and some correlation parameter(s). We use the idea
of convexity correction to interpret our results on the pricing of Rate of Return Guar-
antees. The application of this idea to stock options is a novelty in the literature. This
leads (under weak assumptions) to a very interpretable expression of the implied volatil-
ity to use in the Levy approximation for which expressions are derived in section 3.4.
An introductory example applying the ideas of convexity correction to the pricing of a
displaced LIBOR payment, the so called LIBOR in arrears payment, can be found in
Pelsser (2003a).
In this appendix we are concerned with the expectation of the arithmetic average of

the stock price assuming stochastic interest rates under the T -Forward measure. This
already hints at the approach we take to determine the value of the guarantee. We
encounter this in the calculation of the price of an Asian option. The time zero price of
an arithmetic Asian option maturing at time T , strike K, with the average taken over
the time points ti, i = 1; :::; n, tn = T is given by,

V Asian (t) = D (t; T )EQ
T

t

24 nX
i=1

Sti �K
!+35 (3.B.1)

If one would use the Levy approximation to calculate this price one would �rst be in-
terested in EQ

T

t

Pn
i=1 Sti . This problem is not more dif�cult than the calculation of

EQ
T

t Sti for i < n. This is very similar to the problem of pricing LIBOR in arrears, but
in this case we are dealing with a 'displaced' stock price (a stock price at a time point
which doesn't correspond to the forward measure under which the expectation is taken).
Observe that both F tit � St

D(t;ti)
and Dti (t; T ) � D(t;T )

D(t;ti)
are martingales under the ti-

Forward measure. The convexity correction approach to this valuation problem is to
assume both ti-Forward stock and ti-Forward bond prices with maturity T have volatil-
ities, �F and �T respectively, which are deterministic functions of time. This implies
both forward stock and forward bond prices are lognormal. Also assume ti-forward
stock and ti-forward bond (maturity T ) prices are correlated with correlation �F;T . Use
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the Change of Numeraire theorem, the martingale property and the assumption of log-
normality, in the given order, to obtain,
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D(0; ti)

D(0; T )
EQ

ti

�
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D (ti; T )

D (ti; ti)

�
=
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D (0; T )

D (0; ti)
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�Z ti

0

�F;T (s)�F (s)�T (s) ds

�
= F ti0 exp

�Z ti

0

�F;T (s)�F (s)�T (s) ds

�
(3.B.2)

or assuming volatilities and correlation constant,

EQ
T

[Sti ] = F ti0 exp
�
�F;T�F�T ti

�
(3.B.3)

So the expected stock price is the forward stock price times some convexity correction.
The advantages of using convexity correction techniques are clear. The determinants
of the price can be seen from the formulas in an eyesight and the price can be written
in terms of readily observable implied volatilities. The volatilities can be taken from
implied stock option volatility and cap or swaption volatility (as we have shown in
section 3.5). The correlation can be obtained from timeseries data.
Now if we consider a Black-Scholes Hull-White model and observing that in a

model in which the short rate follows a Hull andWhite model the volatility ofDti (t; T )
equals ��r [B (t; T )�B (t; ti)] (see section 3.7) it follows that the expectation of the
'displaced' stock price equals,

EQ
T

[Sti ] =
S0

D (0; ti)
exp

�
��2r

Z ti

0

B (s; T )B (s; ti) ds

�
(3.B.4)

exp

�
�2r

Z ti

0

B2 (s; ti) ds+ ��S�r

Z ti

0

B (s; ti)�B (s; T ) ds
�

Comparing with (3.B.2) and (3.B.3) we can interpret these integrals in (3.B.4) as the
quadratic covariance of ln

�
F tit
�
and ln (Dti (t; T )). This is completely in line with the

results in Nielsen and Sandmann (1996). For more on convexity correction see Pelsser
(2003a) and the references therein.
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3.C Appendix: Tables and graphs to chapter 3

Maturity Perc. diff. Maturity Perc. diff.
3 -56% 7 11%
4 -39% 8 22%
5 -20% 9 32%
6 -3% 10 38%

Table 3.1. Percentage differences between convexity corrections based on the BSHW
model and the LMM. For short maturities the BSHW model underestimates the effect of
stochastic interest rates, for long maturities the effect is overestimated.



56 Chapter 3. Rate of Return Guarantees

Maturity 5Y Maturity 10Y
Guarantee 0% 3% 6% 0% 3% 6%
MC Price 13.10 21.33 32.87 19.42 40.31 76.27
MC s.e. 0.03 0.03 0.04 0.04 0.07 0.10

% Net Prem. 3.89% 6.34% 9.77% 3.17% 6.58% 12.45%
Levy 13.60 21.77 33.17 21.79 42.80 78.30
Error 3.86% 2.06% 0.90% 12.18% 6.17% 2.66%
RSLB 12.94 21.14 32.65 19.00 39.71 75.48
Error -1.22% -0.91% -0.68% -2.20% -1.50% -1.03%

THSTOCH 56.12 73.15 93.12 279.67 379.11 502.16
THSTOCH+ 13.12 21.30 32.81 19.68 40.34 76.21
Error 0.16% -0.13% -0.20% 1.34% 0.06% -0.08%
THDET 16.78 25.72 37.79 26.74 50.19 88.11
THNAIVE 17.18 28.15 39.74 27.35 51.30 90.69
RSUB 15.87 24.07 35.59 31.34 52.05 87.83
RSUB+ 13.78 22.21 33.96 20.23 41.53 78.08
Error 5.20% 4.14% 3.31% 4.13% 3.03% 2.38%

Table 3.2a. Monte Carlo Results, Levy Approximation and Price Bounds for Rate of
Return Guarantees in Regular Premium UL Insurance, BSHW model (1,000,000 paths,
�S = 21:01%; a = 0:0349; �r = 0:0116; r = �0:02). 5 and 10 year maturities.

Maturity 20Y Maturity 30Y
Guarantee 0% 3% 6% 0% 3% 6%
MC Price 20.00 60.19 156.50 15.98 64.09 216.09
MC s.e. 0.05 0.10 0.18 0.04 0.10 0.23

% Net Prem. 2.15% 6.46% 16.80% 1.48% 5.93% 19.99%
Levy 27.93 71.13 168.03 27.73 83.73 240.93
Error 39.65% 18.16% 7.37% 73.57% 30.65% 11.49%
RSLB 19.47 59.03 154.36 15.55 62.75 212.62
Error -2.65% -1.93% -1.36% -2.69% -2.09% -1.61%

THSTOCH 855.07 1,363.86 2,130.18 1,169.22 2,248.70 4,290.09
THSTOCH+ 21.49 60.74 157.44 18.71 65.37 219.25
Error 7.42% 0.90% 0.60% 17.13% 2.01% 1.46%
THDET 28.75 74.85 176.77 23.24 78.61 238.80
THNAIVE 29.82 80.27 194.61 24.06 87.53 270.34
RSUB 91.31 130.87 226.20 230.89 278.09 427.96
RSUB+ 20.89 62.30 162.38 16.99 67.64 229.81
Error 4.44% 3.50% 3.76% 6.34% 5.54% 6.35%

Table 3.2b. Monte Carlo Results, Levy Approximation and Price Bounds for Rate of
Return Guarantees in Regular Premium UL Insurance, BSHW model (1,000,000 paths,
�S = 21:01%; a = 0:0349; �r = 0:0116; r = �0:02). 20 and 30 year maturities.
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Maturity 5Y Maturity 10Y
Guarantee 0% 3% 6% 0% 3% 6%
Levy (LMM) 13.58 21.74 33.14 20.61 41.14 76.22
vs. BSHW -0.19% -0.14% -0.10% -5.43% -3.88% -2.65%

RSLB (LMM) 12.95 21.15 32.66 18.15 38.42 73.78
vs. BSHW 0.11% 0.05% 0.02% -4.45% -3.25% -2.26%

RSUB+ (LMM) 13.78 22.20 33.94 19.33 40.21 76.39
vs. BSHW -0.02% -0.04% -0.05% -4.44% -3.18% -2.16%

Table 3.3. Levy Approximation, Rogers and Shi Lower and Extended Upper Bound
for Rate of Return Guarantees in Regular Premium UL Insurance. LMM consistent
pricing.
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Guaranteed Rate
Maturity 0% 3% 6%

5 4.6% 8.4% 14.1%
10 2.8% 7.4% 16.8%
5 4.6% 7.0% 10.4%
10 5.2% 9.9% 18.1%

Table 3.4. Relative prices (as a percentage of discounted premiums) of rate of return
guarantees for Single Premium contracts (row 1 and 2) and regular premium contracts
with a guaranteed amount on every invested premium (row 3 and 4).
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Figure 3.5. Volatility for Rate of Return Guarantees calculated using the BSHW
model with and without the convexity correction effect. The normal line shows the
volatility whereas the boxed line shows the volatility without the convexity correction.
As can be seen from the graph, the convexity correction effect increases with maturity.

Figure 3.6. Volatility for guarantees, percentage points, in regular premium con-
tract for different maturities. The straight line represents the implied volatility with the
convexity correction based on the LMM. The boxed line represents the volatility without
the convexity correction. For completeness, the line with plusses is the volatility based
on the BSHW model.





Chapter 4

Pricing Swaptions and Coupon
Bond Options in Af�ne Term
Structure Models�

�This chapter has appeared as:

Schrager D.F. and Pelsser A.A.J. (2006). Pricing Swaptions and Coupon Bond
Options in Af�ne Term Structure Models, Mathematical Finance, vol. 16, pp. 673-
694

4.1 Introduction

Swaptions are among the most liquid derivatives being traded in the �nancial markets.
The theoretical price of these instruments depends on the term structure model being
used. From a different point of view it is critical for term structure models to be able
to �t swaption prices well. The Af�ne Term Structure Models (ATSMs) by Duf�e
and Kan (1996) are a popular framework for analyzing term structure movements and
pricing interest rate derivatives. However in these models swaption prices cannot be
obtained in closed form. In this chapter we introduce a fast and accurate approximation
to the price of a swaption in ATSMs. Using our method the price of a swaption can be
obtained by exactly the same techniques needed to price bond options or caplets (see
Duf�e, Pan and Singleton, 2000). Furthermore, the method can be easily generalized
to price options on coupon bonds. Hence throughout the chapter we write swaptions
when we could have written both swaptions and coupon bond options.
The price of a swaption can be written in terms of the distribution of the swap

rate under the relevant swap measure. Our method is based on approximating the
dynamics of the swap rate under this measure. We derive the dynamics of the swap rate
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and the underlying factors under the swap measure for a general af�ne term structure
model. Then we suggest to approximate the dynamics by replacing some low variance
martingales (LVM) by their time zero values. After this approximation we are again
in the af�ne setting but now under the swap measure (and with time dependent drift
for the factors and time dependent volatility for the swap rate). This approach allows
us to remain in the af�ne setup and use results on transforms and transform inversion
of ATSMs to price the swaption. The accuracy of this approximation is excellent. In
a Gaussian framework this simpli�es considerably and analytical pricing formulas can
be derived.
The technique of replacing LVM by their martingale values is also used in the con-

text of the LIBOR Market Model (LMM) to derive swap volatilities in this model, see
Brace et al. (2001) and Hull and White (2000). Our results contribute to the discussion
on the existence of a central interest rate model by showing that in the af�ne class of
term structure models, swap and LIBOR rates have (approximately) distributions of the
same type. It seems that this property is not exclusive for LMM but rather is common
for every term structure model.
Other papers considering swaption pricing in ATSMs are Munk (1999), Singleton

and Umantsev (2002) and Collin-Dufresne and Goldstein (2002a). The paper by Single-
ton and Umantsev introduces a method which is based on approximation of the exercise
region in the space of underlying factors by line segments. This reduces the exercise
probability of the swaption to the form of that of a caplet. They then use transform
inversion to calculate the required exercise probabilities. Similar to our method they re-
quire a simplifying assumption to return to the af�ne framework. Our approach differs
from theirs as it doesn't approximate the exercise region but �nds approximate af�ne
dynamics for the swap rate. In this way we decrease computational time and simplify
implementation in general af�ne models.
Collin-Dufresne and Goldstein (2002a) propose to approximate the price of a swap-

tion based on an Edgeworth expansion of the density of the coupon bond price (i.e.
swap rate). This requires the calculation of the moments of the coupon bond, through
the joint moments of the individual zero coupon bonds, which are available in closed
form. Instead, our results on approximate swap rate dynamics enable us to calculate the
approximate Conditional Characteristic Function (CCF) of the swap rate directly. This
allows us to use well known transform inversion techniques and avoid the computation
of joint moments of zero coupon bonds, which could become very time consuming.
Therefore, contrary to their approach, our implementation easily generalizes to more
general ATSMs without an increase in computational effort.
Munk (1999) shows that the price of a European option on a coupon bond (i.e. a

swaption) is approximately proportional to the price of a European option on a zero
coupon bond with maturity equal to the stochastic duration of the coupon bond. The
stochastic duration approximation is closely related to our method as it uses a simi-
lar approach to approximate the volatility of a coupon bond / swaption. However our
method is based on a formal derivation of the factor and swap rate dynamics under the
swap measure, whereas stochastic duration is more of an ad hoc approximation.
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We improve upon the existing literature in either speed, accuracy or both. Most
importantly, our methods are easier to apply to models with a higher number of factors
or correlated factors than the approximations by Munk (1999), Singleton and Umantsev
(2002) and Collin-Dufresne and Goldstein (2002a).
The outline of the chapter is the following. In section 4.2 we shortly review the me-

chanics of swaptions and ATSMs. In section 4.3 we review the alternative approaches
by Munk (1999), Collin-Dufresne and Goldstein (2002a) and Singleton and Umantsev
(2002). Section 4.4 introduces our approximation method in the context of the Vasicek
model. In section 4.5 we present our approximations for general ATSMs. The special
case of Gaussian TSMs is discussed in an appendix. Section 4.6 discusses the qual-
ity, speed and implementation of the approximation method in comparison with other
methods in the literature. Section 4.7 concludes.

4.2 Preliminaries: Swaps and Swaptions, Af�ne Term
Structure Models

Let D (t; T ) be the time t price of a zero coupon bond with maturity T . A forward
LIBOR rate LTS (t) is the interest rate one can contract for at time t to put money in a
money-market account for the time period [T; S]. We de�ne,

LTS (t) =
1

�LTS

D (t; T )�D (t; S)
D (t; S)

Where�LTS is the LIBORmarket convention for the calculation of the daycount fraction
for the period [T; S]. In the market, the tenor of the LIBOR rate, S � T is usually �xed
at three or six months. Note that the LIBOR rate is �xed at time T , but is not paid until
time S.
An interest rate swap is a contract in which two parties agree to exchange a set of

�xed cash �ows, consisting of a �xed rateK on the swap principalA, for a set of �oating
rate payments, consisting of the LIBOR rate on the principal A. In a payer swap you
pay the �xed side and receive �oating, in a receiver swap you receive the �xed side (and
pay �oating). Given a set of dates Ti, i = n+ 1; :::; N , at which swap payments are to
be made, the value at time t of a (payer) swap contract starting at time Tn (paying out
for the �rst time at Tn+1) and lasting until TN with a principal of 1 and �xed payments
at rateK, is given by,

V payn;N (t) = V flon;N (t)� V
fix
n;N (t) = fD (t; Tn)�D (t; TN )g �K

NX
i=n+1

�Yi�1D (t; Ti)

(4.1)
Where �Yi�1 is the market convention for the calculation of the daycount fraction for
the swap payment at Ti. Again given a set of payment dates Ti, a Forward Par Swap
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Rate yn;N (t) is de�ned by the �xed rate for which the value of the (forward starting)
swap equals zero, solving (4.1) gives,

yn;N (t) =
D (t; Tn)�D (t; TN )PN
i=n+1�

Y
i�1D (t; Ti)

=
D (t; Tn)�D (t; TN )

Pn+1;N (t)
(4.2)

The rate yn;N (t) is the (arbitrage free) rate at which at time t a person would like to
enter into a swap contract starting at time Tn (paying out for the �rst time at Tn+1) and
lasting until TN . If we look carefully we see that the 1 year forward LIBOR rate is equal
to the 1 year forward par swap rate. The denominator of the swap rate, Pn+1;N (t), is
called the Present Value of a Basis Point (PVBP) as it corresponds to the increase in
value of the �xed side of the swap if the swap rate increases.
A swaption gives the holder the right to enter into a particular swap contract. A

swaption with option maturity S1 and swap maturity S2 is termed a S1 � S2-swaption.
The total timespan associated with the swaption is then S1 + S2. When the strike
equals the forward par swap rate the option is At-The-Money-Forward (ATMF). A payer
swaption gives the holder the right to enter into a payer swap and can be seen as a call
option on a swap rate. The option has a payoff at time Tn, the option maturity, of,h
V payn;N (Tn)

i+
=

"
fD (Tn; Tn)�D (Tn; TN )g �K

NX
i=n+1

�Yi�1D (Tn; Ti)

#+
(4.3)

= [yn;N (Tn)Pn+1;N (Tn)�KPn+1;N (Tn)]+

= Pn+1;N (Tn) [yn;N (Tn)�K]+

where K denotes the strike rate of the swaption. It can be seen from the �rst line of
(4.3) the price of a payer swaption can be interpreted as a European put option with
strike 1 on a coupon bond with coupon K. The second line follows from the de�nition
of the forward swap rate. Equivalently a receiver swaption can be seen as a put option
on a swap rate. Let Mt = exp

�R t
0
rsds

�
be the money market account at time t.

Assuming absence of arbitrage, the value of a (payer) swaption with strike K at time
t < Tn, denoted byPSt (K), can be expressed by the following risk-neutral conditional
expectation,

PSt (K) =MtE
Q
t

�
Pn+1;N (Tn)

MTn

[yn;N (Tn)�K]+
�

(4.4)

which can be rewritten using familiar Change of Numeraire Techniques (see Geman et
al., 1995) as,

PSt (K) = Pn+1;N (t)E
Qn+1;N

t

n
[yn;N (Tn)�K]+

o
(4.5)

Where we letQn+1;N be the swapmeasure corresponding to a particular PVBP,Pn+1;N ,
as numeraire. The price of the corresponding receiver swaption,RSt (K), is then,

RSt (K) = Pn+1;N (t)E
Qn+1;N

t

n
[K � yn;N (Tn)]+

o
(4.6)
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Note that under this swap measure the corresponding swap rate, yn;N , is a martin-
gale. The Radon-Nikodym derivative for this change of numeraire equals the ratio of
numeraires, i.e. dQ

n+1;N

dQ =
Pn+1;N (Tn) = Pn+1;N (t)

MTn = Mt
.The change of numeraire shows ex-

plicitly why swaptions can be viewed as options on swap rates. This particular choice
of numeraire can be attributed to Jamshidian (1998).

Af�ne Term Structure Models were introduced by Duf�e and Kan (1996). Other
publications include, among others, Dai and Singleton (2000) and Duffee (2002). Re-
cently the Af�ne framework was extended to include jump diffusions by Duf�e, Pan and
Singleton (2000), from hereon DPS. In this thesis we follow Singleton and Umantsev
(2002) in our de�nition of the family of af�ne term structure models. In these models
the short rate is modeled as an af�ne function of some latent factors, Xt, that follow a
diffusion process.

rt = !0 + !
0
X Xt (4.7)

where !0 is a scalar and !X is anM vector. TheM -dimensional factor dynamics are
given by the following diffusion,

dXt = A (� �Xt) dt+�
p
VtdW

Q
t (4.8)

where WQ
t is an M -dimensional Brownian Motion under the risk-neutral measure, A

and � areM �M matrices and � is anM vector. The matrix Vt is a diagonal matrix
holding the diffusion coef�cients of the factors on the diagonal, i.e.

Vt;(ii) = �i + �
0
iXt i = 1; 2; :::;M (4.9)

where the �i are M vectors. Or directly in matrix notation, de�ning the matrix � =�
�1 � � � �M

�0 and the vector � = � �1 � � � �M
�0, we have25,

Vt = diag (�+�Xt)

The instantaneous drift and variance of the factors are again af�ne functions of the
factors. As a result bond prices are exponentially af�ne in the factors, with coef�cients
which can be obtained by solving a system of ODEs, known as Riccati equations. Thus
in ATSMs we have, D (t; T ) = exp (A (t; T )�B (t; T ) �Xt). Applying Itô's lemma
to D (t; T ) gives,

dD (t; T ) = rtD (t; T ) dt�B (t; T )D (t; T )�
p
VtdW

Q
t

Usually when setting up an af�ne model one also speci�es a vector of market prices
of risk for the factors. Since we are concerned with option pricing, we require only
knowledge of the Q dynamics of the factors and hence leave the market prices of risk
unspeci�ed. Discussion on speci�cation of these market prices is given in i.a. Duffee
(2002).

25If x is anM -vector then we de�ne diag (x) to be theM �M diagonal matrix with the elements of x
on the diagonal.
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Besides closed form solutions for bond prices, options on zero coupon bonds (i.e.
caplets) are easily priced in af�ne models using transform inversion techniques (DPS,
Carr and Madan, 1999). To see this, let QT denote the T -Forward measure, write for
the time t price, Ct (K;T0; T ) ; of a call option on a zero coupon bond with strike K,
maturity T and option maturity T0,

Ct (K;T0; T ) = EQt

h
e�

R T0
0 rsds (D (T0; T )�K)+

i
= D (t; T0) E

QT0

t

h
(D (T0; T )�K)+

i
Now de�ne the CCF of the log bond price,

� (v; t; T0) = EQ
T0

t [exp fiv ln (D (T0; T ))g] (4.10)

Because D (T0; T ) is exponentially af�ne in the factors � is known in closed form, see
DPS. Further de�ne the dampened call price ct (K) = exp (� ln (K))Ct (K;T0; T )
with dampening coef�cient � > 0 and the dampened call transform,

� (u; t; T0) =

Z 1

�1
exp (iu ln (K)) ct (K) dK (4.11)

Then (4.10) and (4.11) are related by

� (u; t; T0) =
D (t; T0) � (u� i (�+ 1) ; t; T0)
�2 + �� u2 + i (2�+ 1)u (4.12)

see Carr and Madan (1999). The price of the call option can now be calculated by a
single integration,

Ct (K;T0; T ) =
exp (�� ln (K))

�

Z 1

0

Re [exp (�iu ln (K)) � (u; t; T0)] du

It is important to note that if we know the CCF of yn;N we could also price swaptions
through transform inversion26. This would for instance be the case if the dynamics of
yn;N were itself to be af�ne in the factors. In sections 4.4 and 4.5 we propose an
approximation method which is partly based on this observation.

4.3 Literature Review

In this section we give a short technical review of currently known approximation
methods to the price of a swaption. Whereas we base our approximation method on

26In the bond option case we know the CCF of the logarithm of the underlying in closed form. When the
CCF of the underlying itself is known in closed form the procedure is similar and can be found in Lee (2004).
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(4.5), both Collin-Dufresne and Goldstein (2002a) and Singleton and Umantsev (2002)
rewrite (4.4) as,

PSt (K) = D (t; Tn) P
QTn

t (yn;N (Tn) > K) (4.13)

�
�
1 + �YN�1K

�
D (t; TN ) P

QTN

t (yn;N (Tn) > K)

�K
N�1X
i=n+1

�Yi�1D (t; Ti) P
QTi

t (yn;N (Tn) > K)

using a change of measure to several forward measures. The dif�culty is that yn;N is
not a martingale under any of the forward measures. Now both methods are based on
the approximation of the exercise probabilities under the different forward measures.
The method by Collin-Dufresne and Goldstein is based on an Edgeworth expansion of
the distribution of a coupon bond with coupon K. As the D (t; Ti) are exponential
af�ne functions of the factors, the moments of the coupon bond are exponential af�ne
as well and the coef�cients can be obtained by solving the familiar Riccati equations.
The use of an Edgeworth expansion is validated by the low volatility of �xed income
instruments and the resulting approximation is tight. However, note that to determine
the k-th moment of

Pl
i=1 ciD (t; Ti) one has to determine (and sum)

�
l+k�1
k

�
joint

moments of zero coupon bonds. This would equal 11,628 for the �fth moment of a
15 year swap rate. Since these individual moments have to be determined by solving
Riccati equations this could slow the procedure down considerably when no analytical
solutions are available.
Taking a different point of view Singleton and Umantsev try to approximate the ex-

ercise probability through an approximation of the exercise region itself. They propose
to linearize the exercise region, i.e. approximate it by a hyperplane, and use the approx-
imation PQ

TN (yn;N (Tn) > K) � PQ
TN (a �XTn > b), where the vector a and the

constant b are to be determined using some procedure involving least squares.
The stochastic duration approximation by Munk postulates the following approxi-

mate price for a payer swaption (i.e. a put option on a coupon bond with couponK and
strike 1),

PSt (K) = D (t; Tn)E
QTn

t [1� �D (Tn; t+ SD (t))]+

where � = K�PV BPn+1;N (t)+D(t;TN )
D(t;t+SD(t)) and SD (t) is the stochastic duration of the

coupon bond with payments of K�Yi�1 at time Ti, i = n + 1; :::; N . The approach
aims at approximating the coupon bond process by a more simple process with similar
volatility, hence we can interpret gCBt = �D (t; t+ SD (t)) as an approximation to
CBt = K � PV BPn+1;N (t) +D (t; TN ). We can now derive the price of a swaption
using a change of measure fromQT toQt+SD(t) = Q

gCB to obtain,
PSt (K) = D (t; Tn) P

QTn
�gCB (Tn) < 1�� CB (t)PQgCB �gCB (Tn) < 1�

(4.14)
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The previous equation implies two approximation errors. First, the volatility of the
coupon bond is approximated and second, comparing (4.14) with (4.13) the exercise
probabilities are taken under the wrong forward measure.

4.4 Swaption pricing within the Vasicek model:
Approximation and Error

Contrary to the methods of the previous section we approximate the true factor and swap
rate dynamics under the relevant swap measure by af�ne dynamics. Before we present
the method in full generality, we will illustrate the approximation method within the
context of the Vasicek model27. The simplicity and analytical structure of the model
allows us to focus more on the approximation and less on technical details. We present
numerical results on the accuracy of the approximation here, a theoretical analysis of the
approximation error is given in appendix A. For completeness, Vasicek (1977) assumes
the short rate, rt, follows an Ornstein-Uhlenbeck process,

drt = a (� � rt) dt+ �dWQ
t (4.15)

where WQ
t is one dimensional Brownian motion under the risk neutral measure. The

parameter � is the risk neutral mean of rt and a is the mean reversion rate. Note this
is is the ATSM with M = 1, !0 = 0, !X = 1, A = a, � = 0, � = 1 and � = �.
Bond prices are given by D (t; T ) = exp (A (t; T )�B (t; T ) rt), where B (t; T ) =
[1� exp (�a (T � t))] = a.

4.4.1 Approximate Swap Rate and Factor Dynamics

In section 4.2 we observed that if we know the characteristic function, or equivalently
the distribution, of the swap rate under the swap measure we can price a swaption using
(4.5). We will exploit this observation and derive an approximation of the distribution
of the swap rate using the underlying SDE. First, we derive the SDE of the swap rate
under the swap measure applying Itô's lemma to (4.2)28,

dyn;N (t) = �
@yn;N (t)

@rt
dWQn+1;N

t (4.16)

27An exact swaption price formula for this model can be found in Jamshidian (1989).
28Assuming the absence of arbitrage, the swaprate is a martingale under the swapmeasure. Hence we have

zero drift.
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whereWQn+1;N

t is Brownian motion under the swap measure and,

@yn;N (t)

@rt
= �B (t; Tn)DP (t; Tn) +B (t; TN )D

P (t; TN ) (4.17)

+yn;N (t)
NX

i=n+1

�Yi�1B (t; Ti)D
P (t; Ti)

where DP (t; Tn) = D (t; Tn) =Pn+1;N (t), the bond price normalized by the nu-
meraire, the PVBP.
For clarity, let us �x some notation. In the remainder of this chapter we let t denote

running time and let t = 0 denote the speci�c point in time at which we want to value
swaptions. The term structure at the time of valuation is thus given by D (0; T ).
Now we consider the actual approximation. Since bond prices in this model are

stochastic processes the volatility of the swap rate is stochastic as well. However the
volatility of the swap rate is a function of asset prices normalized by the PVBP. Hence
the volatility is a function of martingales. We conjecture these martingales have suf-
�ciently low variance to be approximated by their expectations, i.e. time zero values.
This is similar to the approach taken in the literature on market models.
It is argued in Brace et al. (1998), Brace and Womersley (2000) and d'Aspremont

(2003) that D(t;Ti)
Pn+1;N (t)

are low variance martingales, in the context of a LIBOR Mar-
ket Model (Miltersen, Sandmann and Sonderman, 1997, Jamshidian, 1998 or Brace,
Gatarek and Musiela, 1997). We conjecture this is also the case in the af�ne class of
term structure models29. We will approximate the random terms D(t;Ti)

Pn+1;N (t)
by their con-

ditional expected value under the swap measure, D(0;Ti)
Pn+1;N (0)

. We also approximate the
swap rate itself in the expression for the volatility of the swap rate by its martingale

value. To be speci�c, we approximate the swap rate volatility by � ^@yn;N (t)
@rt

, where,

^@yn;N (t)
@rt

= �B (t; Tn)DP (0; Tn) +B (t; TN )D
P (0; TN ) (4.18)

+yn;N (0)
NX

i=n+1

�Yi�1B (t; Ti)D
P (0; Ti)

With this approximation swap rate volatility is deterministic. Therefore the swap rate is
a Gaussian martingale. However, we can take it a step further. If we take a closer look
at the function B (t; T ) we can write,

B (t; T ) =
1

a
� e�aT

a
eat

we see that B (t; T ) can be split this into three separate functions of which only one is
really time dependent. Furthermore the constant 1a cancels in (4.18). Using this in the

29A theoretical discussion of the approximation error is available upon request.
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approximate swap rate volatility, we can rewrite (4.18) as,

^@yn;N (t)
@rt

=
1

a
eat [ e�aTnDP (0; Tn)� e�aTNDP (0; TN )

�yn;N (0)
NX

i=n+1

�Yi�1e
�aTiDP (0; Ti) ]

� eat eCn;N
Where the �rst line de�nes eCn;N . Now if we de�ne the integrated variance of yn;N
(associated with a Tn � TN swaption) over the interval [0; Tn] to be �n;N , we have,

�n;N =

sZ Tn

0

�
�eat eCn;N�2 dt

= � eCn;Nre2aTn � 1
2a

All this leads to simple analytical pricing formulas for a swaption in the Vasicek
model. Recall that,

PS0 (K) = Pn+1;N (0)E
Qn+1;N

0 (yn;N (Tn)�K)+

and,
RS0 (K) = Pn+1;N (0)E

Qn+1;N

0 (K � yn;N (Tn))+
Now for an ATMF swaption we have the following special result for the approximate
price,

PS0 (yn;N (0)) = RS0 (yn;N (0))

= Pn+1;N (0)

Z 1

yn;N (0)

(x� yn;N (0))
�n;N

p
2�

e
� 1
2

�
x�yn;N (0)

�n;N

�2
dx

= Pn+1;N (0)
�n;Np
2�

(4.19)

For the swaption price approximation when the strike is not ATMF we need to calculate
the following integral, where '�;� (�) is the density of a Gaussian r.v. with mean � and
s.d. �, ��;� is the corresponding distribution function and � = �0;1,

PS0 (K) = Pn+1;N (0)

Z 1

K

(x�K)'yn;N (0);�n;N (x) dx

= Pn+1;N (0) [ (yn;N (0)�K)�
�
yn;N (0)�K

�n;N

�
(4.20)

+�n;N '

�
K � yn;N (0)

�n;N

�
]
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and for a receiver swaption,

RS0 (K) = Pn+1;N (0) [ (K � yn;N (0))�
�
K � yn;N (0)

�n;N

�
(4.21)

+�n;N '

�
K � yn;N (0)

�n;N

�
]

For a general ATSM a square root term, containing the factors, shows up in the swap
rate volatility in (4.16). This complicates matters considerably. Approximations in this
case are the subject of section 4.5.

4.4.2 Numerical Results

We calculated approximate and exact prices at parameter values in table 4.1. Numer-
ical results on the quality of the approximation are given in table 4.2. As one can see
these results are excellent and compare very favorably with the stochastic duration ap-
proximation in Munk (1999) and all other results on swaption price approximations
in Gaussian Term Structure models, like for example Collin-Dufresne and Goldstein
(2002a). We show ATMF swaptions together with In-The-Money (ITM) and Out-of-
The-Money (OTM) swaptions. We also show how the approximation performs over
different option and swap maturities. These results essentially support our conjecture
that we can approximate the swap rate dynamics under the swap measure by freezing
some low variance martingales at their martingale value30. As one would expect, as
we approximate swap rate volatility, the quality of the approximation declines with to-
tal volatility and hence maturity. The approximation performs well for both ATMF and
ITM / OTM options. To compare with stochastic duration, we obtain a relative error
of 0.0236% for a 1 � 10 ATMF swaption whereas the stochastic duration has an error
of approximately 1% for an ATMF 6 month call on a 10 year coupon bond (Table 2 in
Munk, 1999). Collin-Dufresne and Goldstein report errors of 0.1% or less for a 2� 10
Swaption. This number should be compared with the element in the fourth row of the
second column in table 4.2.
In appendix 4.B we generalize the approach sketched above to multi-factor Gaussian

Term Structure Models. We also �nd an analytical formula for the approximate price
in this general case. This result will speed up calibration of a multi factor Gaussian
model to ATMF swaption prices considerably. Besides for derivative pricing purposes
obtaining parameters for these models could be of interest when a Gaussian TSM is
used in the pricing of stock options under stochastic interest rates, or for ALM purposes
where a multi-factor Gaussian TSM is used in the pricing of insurance liabilities.
It is clear that for Gaussian TSM our method is the fastest one available in the liter-

ature as it is the only one which gives analytical formulas for the approximate price of

30Results for a 3-factor Gaussian model are presented in section 6.
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a swaption. But not only CPU performance is good. The quality of the approximation
seems at least as good as the methods of Munk (1999), Singleton and Umantsev (2002)
and Collin-Dufresne and Goldstein (2002a).

4.5 Approximation Method for general Af�ne Models

In a general ATSMwe cannot infer the approximate distribution of the swap rate directly
from the approximate SDE. However, it turns out that if we, again, replace some LVM
by their martingale values, the swap rate and factor dynamics (under the swap measure)
can be cast in the af�ne framework. We can then view a swaption as an option on
one particular factor, namely the swap rate itself. This enables us to use the valuation
approach based on the CCF, see Carr and Madan (1999), DPS and Lee (2004). The
approximation method develops according to three steps. We �rst derive the Radon-
Nikodym (RN) derivative for the change from the risk neutral measure to the swap
measure,Qn+1;N . Second we derive the swap rate and factor dynamics underQn+1;N .
Third, we propose the approximate dynamics and the pricing formula.

4.5.1 Approximate Swap Rate and Factor Dynamics

Recall that Mt = exp
�R t

0
rsds

�
denotes the money market account. We will now

derive the swap rate and factor dynamics under the martingale measure associated with
the PVBP as a numeraire (�swap measure�). The RN-derivative for a change from the
risk-neutral to the swap measure is given by,

dQn+1;N

dQ
=
Pn+1;N (T ) = Pn+1;N (t)

MT = Mt
(4.22)

Applying Ito's lemma to this expression and combining with (4.8) gives31,

d
Pn+1;N (t)

Mt

=
1

Mt
dPn+1;N (t) + Pn+1;N (t) d

1

Mt
+ d

1

Mt
dPn+1;N (t)

= �
NX

i=n+1

�Yi�1B (t; Ti)
0 D (t; Ti)

Mt
�
p
VtdW

Qn+1;N

t

= �
NX

i=n+1

�
�Yi�1B (t; Ti)

0 D (t; Ti)

Pn+1;N (t)
�
p
Vt

�
Pn+1;N (t)

Mt
dWQn+1;N

t

31We leave the drift term unspeci�ed. Since the RN-derivative is a martingale it is irrelevant in our calcu-
lations.



4.5 Approximation Method for general Af�ne Models 73

where WQn+1;N

t is an M -dimensional Brownian Motion under the swap measure and
B (t; Ti) is an M -vector of loadings on the factor volatility to determine bond volatil-
ity32. So the RN-kernel for a change of measure from the risk neutral measure to the
swap measure,Qn+1;N , is given byp
Vt�

0 @ lnPn+1;N (t)
@Xt

= �
p
Vt�

0
hPN

i=n+1�
Y
i�1B (t; Ti)

D(t;Ti)
Pn+1;N (t)

i
. This implies for

theQn+1;N dynamics of the factors,

dXt =

�
A (� �Xt) + �Vt�

0 @ lnPn+1;N (t)

@Xt

�
dt+�

p
VtdW

Qn+1;N

t

=

"
A (� �Xt)� �Vt�0

(
NX

i=n+1

�Yi�1B (t; Ti)
D (t; Ti)

Pn+1;N (t)

)#
dt(4.23)

+�
p
VtdW

Qn+1;N

t

If @ lnPn+1;N (t)@Xt
would be deterministic (but time dependent) this implies an af�ne struc-

ture (with time varying coef�cients). Note that the randomness in the RN-kernel is
caused by D(t;Ti)

Pn+1;N (t)
, i = n+1; :::; N . However these terms are asset prices normalized

by the numeraire associated with the swap measure. Hence they are martingales under
this measure. The dynamics of the swap rate itself can be obtained by a simple applica-
tion of Itô's lemma. We use that the swap rate is a martingale under the swap measure,
to obtain,

dyn;N (t) =

(
NX
i=n

qYi (t)B (t; Ti)
0
)
�
p
VtdW

Qn+1;N

t (4.24)

where qYn (t) = �
D(t;Tn)
Pn+1;N (t)

, qYi (t) = �Yi�1 yn;N (t)
D(t;Ti)
Pn+1;N (t)

for i = n+1; :::; N � 1
and
qYN (t) =

�
1 + �YN�1 yn;N (t)

	 D(t;TN )
Pn+1;N (t)

. From (4.24) the swap rate volatility can be
interpreted as a weighted bond volatility.

Following the approach outlined in section 4.4 and motivated by the excellent results
we approximate the dynamics of the factors and the swap rate under the swap measure
by substituting D(0;Ti)

Pn+1;N (0)
for D(t;Ti)

Pn+1;N (t)
in (4.23) and qYi (0) for qYi (t) in (4.24)33. We

obtain the following approximate dynamics,

dyn;N (t) =
NX
i=n

qYi (0)B (t; Ti)
0
�
p
VtdW

Qn+1;N

t (4.25)

32Applying Itô's lemma toD (t; T ) = exp (A (t; T )�B (t; T ) �Xt) gives,

dD (t; T ) = :::dt�B (t; T )D (t; T )�
p
VtdW

Qn+1;N

t

33The approximation of the swap rate volatility is not the crucial assumption for ATSMs since this doesn't
effect the factor dynamics and seems to work extremely well in Gaussian models.



74 Chapter 4. Pricing Swaptions in Af�ne Models

dXt =

"
A (� �Xt)� �Vt�0

(
NX

i=n+1

�Yi�1B (t; Ti)
D (0; Ti)

Pn+1;N (0)

)#
dt(4.26)

+�
p
VtdW

Qn+1;N

t

These approximations under the swap measure result in an af�ne model with time
dependent coef�cients for the joint dynamics of the swap rate and the factors. Note that
the drift function of the approximate factor dynamics under the swap measure is af�ne,
however the drift change (which in our approximation we assume to be a deterministic
function of time) in�uences the joint restrictions on A, �, � and V , see Duf�e and Kan
(1996) and Dai and Singleton (2000). This drift change is small however. It will, most
likely, not cause any problems in practice.
We can regard yn;N as a pseudo factor. The swaption price in (4.5) can then be

written as the expectation of a trivial linear combination of the �factors� minus the
strike, if positive. This means that even after a change to the swap measure we can
calculate all quantities related to swaption pricing using the apparatus of the af�ne setup.
To be precise a swaption is just an option on the �rst �factor� of the af�ne model in
(4.25) and (4.26). Hence swaptions can be priced in a similar manner as bond options.
We will now elaborate on this.

4.5.2 Levy Inversion

From the approximate dynamics we can infer an approximation for the conditional
characteristic function of yn;N under the swap measure, see Duf�e, Pan and Single-
ton (2000). Then, as outlined at the end of section 4.2, via a single one-dimensional
Levy inversion, we can �nd the price of a payer swaption. Recall that contrary to other
approaches we interpret a swaption as an option on the swap rate. It is important to note
that this particular approach enables us to use the elegant inversion approach of Carr
and Madan (1999). Not only is this approach faster than an approach based on �exer-
cise� probabilities34 but it is also more accurate. No accumulation of errors takes place.
This latter point is especially relevant for options with strikes away from the forward.
See Carr and Madan (1998) and Lee (2004) for a full discussion.
Our approximation in (4.25) and (4.26) results in a degenerate af�ne diffusion for the

swap rate yn;N and the factors X . Stacking those variables in a vector, de�ning wt =hPN
i=n+1�

Y
i�1

D(0;Ti)
Pn+1;N (0)

B (t; Ti)
i
and kt =

hPN
i=n q

Y
i (0)B (t; Ti)

i
(both (M � 1)-

vectors), we get the following dynamics for eXt =
�
yn;N (t) X 0

t

�0,
34The classic use of transform inversion in option pricing, introduced by Heston (1993), uses two transform

inversions to �nd �N (d1)� and �N (d2)� in the price formula of a call with strike K on a stock S, C0 =
D (0; T ) [S0N (d1)�KN (d2)].
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d eXt =

��
0

A� � �diag (�) �0wt

�
+

�
0

�AXt � �diag (�Xt) �
0wt

��
dt

+

�
k0t
Im

�
�
p
VtdW

Qn+1;N

t

= eA (t)�e� (t)� eXt

�
dt+ e� (t)pVtdWQn+1;N

t

We let eA (t), e� (t) and e� (t) be de�ned implicitly. Furthermore we de�ne e�i =�
0 �0i

�0 and e�1 = 0, e�i = �i�1 for i = 2; :::;M . Now we let  denote the CCF of
the swap rate,

 (v; t; Tn) � EQ
n+1;N

t [exp (iv yn;N (Tn))]

Furthermore, let � be the transform of the dampened payer price,
pst (K) = exp (�K)PSt (K), de�ne

� (u; t; Tn) �
Z 1

�1
exp (iu K)pst (K) dK

Then from results in Carr and Madan (1999) and Lee (2004) it follows that,

� (u; t; Tn) = Pn+1;N
 (u� i�; t; Tn)
(�+ iu)

2 (4.27)

Furthermore the results in DPS state that,

 (v; t; Tn) = exp
�
t + �t � eXt

�
where �,  are solutions to the following system of complex valued Riccati equations,
with initial conditions, �Tn = �ive1, Tn = 0,

d�t
dt

= eA (t)0 �t � 1
2

M+1X
i=1

he� (t)0 �ti2
i

e�i
dt
dt

= e� (t)0 eA (t)0 �t � 1
2

M+1X
i=1

he� (t)0 �ti2
i
e�i

where e1 is the �rst basis vector of theM + 1 dimensional Euclidean space. Note
that � is an (M + 1)-vector and  a scalar.
We can summarize the approach in the following proposition. We label the resulting

approximation �TransformApprox�.

Proposition 4.1 Under the approximate dynamics for the swap rate and the factors
in (4.25) and (4.26), the price of a payer swaption in terms of the dampened payer
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transform, is given by,

PS0 (K) =
exp (��K)

�

Z 1

0

Re [exp (�iu K)� (u; 0; Tn)] du

where � (u; 0; Tn) is linked to the CCF of the swaprate by (4.27).

Proof. This follows from Duf�e, Pan and Singleton (2000) and Lee (2004) in combi-
nation with our approximate dynamics.

4.6 Approximation Quality and Computational Speed

Our approximation method is partly based on Brace et al. (2000) and Hull and White
(2000). These authors show that in the lognormal version of the LMM we can approxi-
mate swap rates by lognormal martingales by replacing quantities similar to
D (t; ti) =Pn+1;N (t) by their time zero values. Variations around this martingale value
should not be too important, when small, since we aim at �nding the average volatility
of the swap rate over the interval from the current time to the option maturity. This ap-
proximation yields swaption prices which are accurate up to a couple of basis points (in
absolute terms) or a couple of tenths of a percent (in relative terms).
Singleton and Umantsev (2002) simplify the problem of pricing a swaption to pric-

ing several caplets. However several drawbacks to their method exist which are mainly
related to their algorithm to approximate the exercise region. First, to �nd the approx-
imate exercise region one requires complete knowledge of the density of the factors.
This density can be computed analytically in the case they consider, that of a 2-factor
CIR model with uncorrelated factors. In the more general case, e.g. models which fea-
ture correlated factors and volatility components which are driven by multiple factors,
this density must be computed by Levy inversion. More precise, for each evaluation of
the density one needs to perform a full transform inversion procedure. Their algorithm
is based on �nding the region outside which the density of the factors is negligible. To
�nd this region one would need at least a couple of inversions for each factor. In com-
parison, our method requires only a single inversion to obtain the price. Second, for
each different strike they need to �nd a new approximation to the exercise region which
can be troublesome in high dimensions. Third, they need to perform as much trans-
form inversions as there are cash �ows in the swap or coupon bond, whereas we need
to perform only a single inversion. From a numerical point of view the end result of
these multiple inversions is less accurate than the inversion method used by our method
which is based on a single inversion. Summarizing, we can say that our approach is
more easily implemented for multi-factor models and is computationally less intensive.
Implementation for multi-dimensional models is certainly dif�cult for the method by

Collin-Dufresne and Goldstein. Their method based on Edgeworth expansions requires
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calculation of the moments of the swap rate under several forward measures. These mo-
ments are a summation of moments of products of zero bond prices. However when zero
bond prices are not available analytically (but only by solving a system of ODEs) this
method becomes computationally very intensive. To illustrate, for the calculation of the
5th moment of a 15 year swap rate (annual payments) this requires

�
15+5�1

5

�
= 11; 628

solutions to a system of Riccati equations. Again our approach extends much easier to
the general case and is computationally less intensive as we calculate the approximate
CCF of the swap rate directly.
Our procedure for calculating swaption prices nicely �ts in the af�ne framework

so should not give too many implementation problems. To deal with time dependence
in the coef�cients observe that this originates from the bond volatilities of the Af�ne
model, B (t; Ti). These bond volatilities (which can be calculated by solving the famil-
iar Riccati equations) need to be calculated only once and can then be stored for further
use. However for the use of the af�ne model the procedure to calculate bond volatilities
should be in place anyway.
Next, we present results on the quality of our approximation. The quality is excellent

for both the Gaussian and the CIR case. Tables 4.2, 4.3 and 4.4 show the performance
of our approximation method relative to exact prices for n�m ATMF, ITM and OTM
payer swaptions, where n = 1; 2; 5 is the option maturity and m = 1; 2; 5; 10 is the
swap maturity, in the single factor Vasicek model, the two factor CIR model and the
three factor Gaussian term structure model (see also Collin-Dufresne and Goldstein,
2002a). The performance is measured in absolute deviations of both price and implied
Black volatility. The ITM strike is set at 85% of the ATMF and the OTM strike is set
at 115% of the ATMF. For sake of completeness we give the model equations. The two
factor CIR model,

rt = ! +X1t +X2t

dXit = ai (�i �Xit) dt+ �i
p
XitdWit , Xi0 = xi , i = 1; 2

where W1t and W2t are independent Brownian motions under Q. The three factor
Gaussian model,

rt = ! +X1t +X2t +X3t

dXit = �aiXitdt+ �idWit , Xi0 = xi , i = 1; 2; 3
where theWit are correlated Brownian motions underQ with dWitdWjt = �ijdt.
For the CIR model and the three factor Gaussian model the true prices are calculated

by simulation. Monte Carlo results are obtained using 500,000 simulations with stan-
dard antithetic variables. The parameter values at which these results are obtained are
taken from Collin-Dufresne and Goldstein (2002a) and are given in Table 4.1. Parame-
ter values are close to realistic levels encountered in practice. Table 4.3 shows results
on the approximation in the 2 factor CIR model. Table 4.4 shows results on the ap-
proximation error in the 3 factor Gaussian model. The quality of the approximation in
these cases is also excellent and comparable to stochastic duration and the approxima-
tion methods by Collin-Dufresne and Goldstein (2002a) and Singleton and Umantsev
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(2002). This again con�rms our conjecture that we can freeze the LVM at their martin-
gale values.
We have compared computational times for our method with the methods by Munk

(1999), Collin-Dufresne and Goldstein (2002a) and Singleton and Umantsev (2002) in
table 4.5. As could be expected, our approximation is slightly slower than stochastic
duration but faster than the one by Singleton and Umantsev. The comparison with the
numbers in Singleton and Umantsev and Collin-Dufresne and Goldstein is made by
assuming the reported numbers are from 2001 (a year before publication) and further
assuming computing speed doubles every two years. Effectively we divide the reported
numbers by four. Although the computation of the method by Collin-Dufresne and
Goldstein is extremely fast, as we argued above, this is largely due to the analytical
structure of the 2 factor CIR model.

4.7 Conclusion

In this chapter we have introduced a method to obtain an accurate and fast approxima-
tion to the prices of swaptions in Af�ne Term Structure Models. An analytic pricing
formula is derived for Gaussian term structure models. In the general case the ap-
proximation is based on approximate dynamics of the swap rate and the latent interest
rate factors under the associated swap measure. Based on these approximate dynam-
ics, our approximation uses techniques familiar to the af�ne setup, such as transforms
and transform inversion, to calculate swaption prices. Contrary to other approaches we
write a swaption as an option on the swap rate. This enables us to use the faster and
more accurate transform inversion method of Carr and Madan (1998). The resulting ap-
proximation is comparable in speed and superior in accuracy to the stochastic duration
approximation of Munk (1999).
This shows that using our approximate swap rate dynamics results in swaption price

formulas which improve on the existing methods in either accuracy, speed or both. Fur-
thermore the implementation for general af�ne models is easily accomplished.
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4.A Appendix: Error Analysis

In this appendix we carry out a more formal analysis of the approximation error. Within
our approximation the swap rate in the Vasicek model is a Gaussian martingale under
the swap measure and hence its terminal distribution under this measure is completely
determined by its current value and integrated volatility. Now consider expressions
(4.16), (4.17) and (4.18). We see that in approximating swap rate volatility we make
two (as it turns out, partially offsetting) types of errors. First, we replace a stochastic
quantity by a constant, hence we underestimate swap rate volatility. Roughly speaking
we use a deterministic 'estimate' for the stochastic swap rate volatility. Second, the
expected value of @y@r is different from

f@y
@r . Thus we use a biased estimate of

@y
@r . Given

these observations and the analytical structure of the Vasicek model we can �nd an error
estimate for our approximation.
To ease the notational burden in the remainder of this section, we will sometimes

drop time subscripts completely and denote dependence on maturity with a subscript
(e.g. we will write DP

i and BN instead of DP (t; Ti) and B (t; TN ) respectively). We
also write eDP

i instead of DP (0; Ti).
To analyse the error we compute the mean squared error of the approximation in

(4.18),

MSEn+1;N = EQ
n+1;N
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#
where we've split the error into a part due to bias and to volatility of @y@r respectively.
By an application of Itô's lemma we can write,

@y

@r
=
@y

@r
(0) +

Z t

0

� (s) ds+ �

Z t

0

@2y

(@r)
2 (s) dWs (4.A.1)

where � is a drift term, which we leave unspeci�ed andW is Brownian motion under the
swap measure. Now we can simplify the volatility component of theMSE as follows,
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where we assume the conditions for the equality in the �rst line to hold and the second
line follows from Itô's isometry. Summarizing, the mean squared error of the approxi-
mation in (4.18) is given by,

MSEn+1;N = EQ
n+1;N

24Z Tn

0
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�
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�!2
dt
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(@r)
2

!2
dsdt

We will analyze bias and volatility seperately.
To analyze the bias �rst we calculate the expected value of @y@r ,

EQ
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�
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� Cov
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To calculate the covariance between DP
i and DP

j note that we can easily derive an
(approximate) SDE for a bond price normalised by the PVBP,

dDP
j = �

(
NX

i=n+1

�Yi�1BiD
P
i �Bj

)
DP
j dW

� �

(
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j dW � � eBjDP

j dW

where eBj = eat
�
e�aTj

a � 1
a
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�Yi�1e
�aTi eDP

i

�
. Thus, using the same arguments

as before, the volatility of a normalised bond is approximately deterministic, hence we
can accurately approximate the covariance between two normalised bonds by,
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Finally we can approximate the bias of f@y@r ,
f@y
@r
� E

�
@y

@r

�
=

NX
i=n+1

[ �Yi�1e
�aTi eDP

i (4.A.2)n eDP
n e
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Note that any errors in the covariance estimate are partially offset because the DP

n and
DP
N terms have opposite signs, precisely because of this reason the bias will be small in

general. More speci�cally, the bias caused by the terms in the summation with i close
toN will be offset against terms with i close to n. The sign of the bias is negative since
the exponents are of order �2 the main determinant of the sign is eDP

N � eDP
n which is

negative. To shed some more light on (4.A.2) �rst consider the expression for eBj , we
have,
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since e�a(Ti�Tn+1) is close to one for reasonable a and
NP

i=n+1

�Yi�1
eDP
i = 1. The sec-

ond to third line follows from a Taylor approximation. Intuitively, from the above for-
mulas we expect our approximation to deteriorate when the option maturity increases.
When we look at exp

�
�2
R t
0
eBi eBjds� using the previous approximation we expect this

to be close to zero since,
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Given the previous considerations on eBi and Cov�DP
i ;D

P
j

�
consider (4.A.2) once

more,
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Thus the bias is positive (we overestimate) and of the order y whereas @y@r itself is of the

order y = a (e.g. compare y
NP

i=n+1

�Yi�1e
�aTi eDP

i with (4.18)). We can conclude that

the bias is small relative to @y
@r .

Next we focus on the underestimation of swap rate volatility, i.e. the volatility in @y
@r

(see (4.A.1)). To this end we calculate the second derivative of the swap rate w.r.t. the
short rate,
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this determines the volatility of @y@r . If we de�ne,
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we can simplify (4.A.3) to,
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which can be approximated in now familiar fashion by]@2y
(@r)2

. Now we have the follow-
ing expression for the MSE in the volatility of the swap rate, with seperate bias and



4.A Appendix: Error Analysis 83

volatility terms,

MSEn+1;N =

Z Tn

0

�2 eB2n;Ndt+ �4D2
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#
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From (4.A.5) we can see that the volatility error is of order �4 while the swap rate
volatility itself is of order �2. It is important to note that although this is not directly
clear from theMSE, in practice the bias (overestimation) will offset the lower volatil-
ity (underestimation) of @y@r . Formulas (4.A.2) and (4.A.4) can be used to obtain an
improved estimate of the swap rate volatility. This can be plugged into the pricing for-
mulas (4.19), (4.20) and (4.21) to get an improved price approximation. Combining
this price with the original approximation gives us an estimate of the error. Formulas
(4.A.2) and (4.A.5) summarize the behavior of our approximation error in the Vasicek
model. This analysis is dif�cult to carry out for the general af�ne case. The properties
of the error, e.g. the offsetting effects of bias and volatility errors, however will remain
since the approximation technique is essentially the same.
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4.B Appendix: Results for Multi-Factor Gaussian Term
Structure Models

In this appendix we will generalize the results in section 4.4, on the single factor Va-
sicek model to Multivariate Gaussian Term Structure models. Closed form formulas
for the prices of swaptions in single (Jamshidian, 1989) and two factor models (through
numerical integration of the single factor result) are readily available. However using
the results in this section, calculations are speeded up considerably while preserving the
required accuracy. We can obtain the class of Gaussian Term Structure Models from
equations (4.7), (4.8) and (4.9) by setting � = 0. Without loss of generality we can as-
sume that !X = 1, � = 1 and that A is a diagonal matrix. To simplify the derivation
we �rst perform a double change of variables. That is, we will analyze the following
model of the short rate, rt,

rt = ��t + 1
0Yt

dYt = �AYtdt+ b�dZt
Where ��t = !0 + 1

0 �� � e�At (X0 � �)
	
is a deterministic function of time, b� =

diag (��0) and Zt = �
1
2Wt is correlated M -dimensional Brownian Motion under

the risk neutral measure, where � is the instantaneous correlation matrix of Xt (i.e.
� = b�� 1

2��0b�� 1
2 ). To address the �t to the initial term structure one could choose ��t

such that this �t is perfect. Then the model becomes in fact a multi-factor Hull-White
(1990) model. In the remainder of this section we will not differentiate between these
approaches and with D (t; T ) just refer to the model generated price at time t of a zero
coupon bond with maturity T . Bond prices in this model are given by,

D (t; T ) = exp

 
A (t; T )�

MX
i=1

B(i) (t; T )Y
(i)
t

!

where B(i) (t; T ) = 1 =A(ii)
�
1� e�A(ii)(T�t)

�
. We leave A (t; T ) unspeci�ed. This

is not important as long as the term structure generated by the model at the time of
valuation is known.
We again start by deriving the SDE of a swap rate under its own swap measure. From

the Change of Numeraire theorem we know that the swap rate is a martingale associated
with the PVBP as a numeraire. Since the interest rate volatility doesn't contain a square
root term, applying Itô's lemma to the swap rate gives,

dyn;N (t) =
@yn;N (t)

@Yt
b�dZn+1;Nt (4.B.1)

where Zn+1;Nt isM -dimensional correlated Brownian Motion under the swap measure
Qn+1;N corresponding to the numeraire Pn+1;N . Now for each element of the vector
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of derivatives we have,
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recall that DP (t; Tn) = D (t; Tn) =Pn+1;N (t), the bond price normalized by the nu-
meraire, the PVBP.
As in sections 4.4 and 4.5 our approximation consists of replacing the stochastic

terms D (t; Ti) =Pn+1;N (t) by their martingale values. We obtain for each partial
derivative of the swap rate,
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This makes the swap rate volatility deterministic. Like in section 4.4, we can write,
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Using this in the approximate swap rate volatility gives,
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Where the �rst line de�nes eC(i)n;N . Thus in the approximate model the swap rate at time
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Tn is given by,Z Tn
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Which leads to an analytic expression for the volatility of a Tn � TN swaption,
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(4.B.4)

We have established that, similar to the Vasicek case, in a Gaussian TSM, the swap
rate is an approximately GaussianMartingale with volatility as in (4.B.3) or equivalently
(4.B.4). Approximate pricing formulas in the case of Multi-Factor Gaussian TSMs are
equivalent to those in (4.19), (4.20) and (4.21) with (4.18) replaced by (4.B.3).
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4.C Appendix: Tables and graphs to chapter 4

Vasicek 2 Factor CIR 3 Factor Gaussian
a = 0:05 a1 = 0:2 a1 = 1:0
� = 0:01 a2 = 0:2 a2 = 0:2
� = 0:05 �1 = 0:03 a3 = 0:5
r0 = 0:05 �2 = 0:01 �1 = 0:01

�1 = 0:04 �2 = 0:005
�2 = 0:02 �3 = 0:002
! = 0:02 �12 = �0:2
X1 (0) = 0:04 �13 = �0:1
X2 (0) = 0:02 �23 = 0:3

! = 0:06
X1 (0) = 0:01
X2 (0) = 0:005
X3 (0) = �0:02

Table 4.1. Parameter values of the Vasicek model, the 2-Factor CIR model and the
3 Factor Gaussian model. The results on the quality of the approximation are produced
using parameter values given here.
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ATMF Option Maturity
Swap Maturity 1 2 5

1 36.11 (0.00) 47.41 (0.00) 60.11 (0.00)
19.5% (0.00%) 19.1% (0.00%) 17.9% (0.00%)

2 68.78 (0.00) 90.30 (0.00) 114.51 (0.01)
19.1% (0.00%) 18.6% (0.00%) 17.4% (0.00%)

5 149.30 (0.01) 196.01 (0.03) 248.56 (0.08)
17.8% (0.00%) 17.4% (0.00%) 16.3% (0.01%)

10 239.86 (0.06) 314.89 (0.14) 399.31 (0.40)
16.1% (0.00%) 15.7% (0.01%) 14.7% (0.01%)

ITM Option Maturity
Swap Maturity 1 2 5

1 81.08 (0.10) 87.67 (0.15) 92.85 (0.21)
21.2% (0.08%) 20.7% (0.08%) 19.4% (0.07%)

2 156.97 (0.19) 169.20 (0.29) 178.58 (0.40)
20.7% (0.08%) 20.2% (0.08%) 18.9% (0.07%)

5 357.27 (0.47) 381.62 (0.74) 398.84 (1.07)
19.3% (0.09%) 18.9% (0.09%) 17.6% (0.08%)

10 618.15 (1.05) 651.36 (1.76) 670.52 (2.71)
17.4% (0.12%) 17.0% (0.12%) 15.9% (0.12%)

OTM Option Maturity
Swap Maturity 1 2 5

1 11.49 (-0.10) 21.48 (-0.15) 35.87 (-0.20)
18.2% (-0.07%) 17.8% (-0.07%) 16.6% (-0.06%)

2 21.18 (-0.19) 40.04 (-0.29) 67.41 (-0.39)
17.8% (-0.07%) 17.4% (-0.06%) 16.2% (-0.07%)

5 41.65 (-0.45) 81.39 (-0.69) 140.43 (-0.93)
16.6% (-0.07%) 16.2% (-0.07%) 15.1% (-0.06%)

10 56.73 (-0.98) 117.32 (-1.53) 210.87 (-1.99)
15.0% (-0.09%) 14.6% (-0.09%) 13.7% (-0.08%)

Table 4.2. Prices, implied volatilities and errors of the approximation method of
section 4.4, in the Vasicek model for a set of ATMF swaptions at the parameters given in
Table 4.1. To compare with stochastic duration, we obtain a relative error of 0.02% for
a 1�10 ATMF swaption whereas the stochastic duration has an error of approximately
1% for an ATMF 6 month call on a 10 year coupon bond (Table 2 in Munk, 1999).
Collin-Dufresne and Goldstein report errors of 0.1% or less for a 2� 10 Swaption. The
ITM results are for a payer swaption with a strike equal to 85% of the ATMF strike. The
OTM results are for a payer swaption with a strike equal to 115% of the ATMF strike.
For each swaption, we report on the �rst line the approximate price in basis points next
to the error in basis points. On the second line we report both approximate implied
Black volatility in % and the error in implied Black volatility.
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ATMF Option Maturity
Swap Maturity 1 2 5

1 25.34 (-0.01) 29.88 (-0.01) 28.88 (-0.01)
9.5% (0.00%) 8.9% (0.00%) 7.3% (0.00%)

2 44.57 (-0.01) 52.60 (-0.02) 50.94 (-0.03)
8.9% (0.00%) 8.2% (0.00%) 6.7% (0.00%)

5 78.98 (-0.02) 93.32 (-0.03) 90.61 (-0.05)
7.2% (0.00%) 6.7% (0.00%) 5.3% (0.00%)

10 99.82 (-0.04) 117.95 (-0.07) 114.55 (-0.10)
5.6% (0.00%) 5.1% (0.00%) 4.0% (0.00%)

ITM Option Maturity
Swap Maturity 1 2 5

1 101.05 (0.03) 92.65 (0.08) 72.35 (0.08)
9.6% (0.06%) 8.9% (0.06%) 7.2% (0.04%)

2 190.75 (0.05) 174.51 (0.13) 136.24 (0.14)
8.8% (0.06%) 8.2% (0.06%) 6.5% (0.04%)

5 411.03 (0.06) 375.12 (0.22) 293.35 (0.26)
7.1% (0.08%) 6.5% (0.08%) 5.1% (0.05%)

10 675.49 (0.02) 618.51 (0.16) 487.83 (0.24)
5.1% (0.29%) 5.0% (0.16%) 3.6% (0.07%)

OTM Option Maturity
Swap Maturity 1 2 5

1 2.07 (-0.05) 5.28 (-0.08) 8.43 (-0.10)
9.4% (-0.05%) 8.8% (-0.04%) 7.3 (-0.04%)

2 2.86 (-0.08) 7.88 (-0.14) 13.17 (-0.19)
8.8% (-0.05%) 8.2% (-0.04%) 6.7% (-0.03%)

5 2.27 (-0.13) 8.14 (-0.26) 15.74 (-0.41)
7.3% (-0.07%) 6.8% (-0.05%) 5.5% (-0.04%)

10 0.65 (-0.10) 3.86 (-0.34) 9.73 (-0.71)
5.7% (-0.10%) 5.3% (-0.08%) 4.2% (-0.07%)

Table 4.3. Prices, implied volatilities and errors of the approximation method of
section 4.5.2 using transform inversion (TransformApprox), in a 2-factor CIR model for
a set of swaptions at the parameters given in Table 4.1. The ITM and OTM are set at
the same levels as before (85% and 115%) relative to the ATMF.
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ATMF Option Maturity
Swap Maturity 1 2 5

1 21.07 (0.00) 23.85 (0.00) 23.52 (0.00)
10.2% (0.00%) 8.4% (0.00%) 6.0% (0.00%)

2 33.54 (0.02) 38.94 (0.02) 39.26 (0.02)
8.2% (0.00%) 7.0% (0.00%) 5.2% (0.00%)

5 54.03 (0.03) 64.57 (0.04) 66.61 (0.04)
5.6% (0.00%) 5.0% (0.00%) 3.8% (0.00%)

10 66.49 (0.04) 80.18 (0.05) 83.33 (0.06)
3.9% (0.00%) 3.5% (0.00%) 2.8% (0.00%)

ITM Option Maturity
Swap Maturity 1 2 5

1 79.54 (0.03) 78.56 (0.05) 69.64 (0.06)
11.0% (0.05%) 9.1% (0.04%) 6.5% (0.03%)

2 154.66 (0.03) 151.11 (0.06) 132.23 (0.09)
8.9% (0.04%) 7.6% (0.04%) 5.6% (0.03%)

5 361.50 (0.00) 346.40 (0.04) 295.44 (0.10)
6.1% (0.02%) 5.4% (0.03%) 4.1% (0.03%)

10 636.98 (-0.01) 604.83 (-0.00) 508.96 (0.05)
4.3% (-0.44%) 4.0% (-0.01%) 3.0% (0.03%)

OTM Option Maturity
Swap Maturity 1 2 5

1 1.64 (-0.03) 2.93 (-0.05) 3.93 (-0.06
9.5% (-0.04%) 7.8% (-0.03%) 5.6% (-0.02%)

2 1.12 (-0.04) 2.73 (-0.06) 4.50 (-0.08)
7.7% (-0.04%) 6.5% (-0.03%) 4.8% (-0.2%)

5 0.16 (-0.01) 0.95 (-0.06) 2.68 (-0.12)
5.2% (-0.04%) 4.6% (-0.04%) 3.6% (-0.03%)

10 0.00 (-0.00) 0.07 (-0.01) 0.51 (-0.08)
3.7% (-0.05%) 3.3% (-0.05%) 2.6% (-0.04%)

Table 4.4. Prices, implied volatilities and errors of the approximation method of
section 4.4, generalized in appendix 4.B., in the 3 factor Gaussian model for a set of
swaptions at the parameters given in Table 4.1. The ITM and OTM are set at the same
levels as before (85% and 115%) relative to the ATMF.
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Option Char. StochDur SU CDG TransformApprox
5 � 30 0.06s 0.36s NA 0.14s
2 � 10 0.02s NA 0.01s 0.05s

Table 4.5. Computational times for options with different option maturity and swap
maturity for different approximation methods. The numbers in the �rst line are scaled
to represent the numbers reported in Singleton and Umantsev (2002). The numbers in
the second line are scaled to represent the numbers reported in Collin-Dufresne and
Goldstein (2002a).





Chapter 5

Af�ne Stochastic Mortality�

�This chapter has appeared as:

Schrager D.F. (2006). Af�ne Stochastic Mortality, Insurance Mathematics and
Economics, vol. 38, pp. 81-97

5.1 Introduction

In this chapter we propose a new model for mortality intensity. Our approach is based
on the observation that if the mortality intensity is an af�ne function of a number of
latent factors the survival and death probabilities are known in closed form. Most of the
subsequent results are based on the literature on af�ne term structure models (cf. Duf�e
and Kan, 1996 and Duf�e, Pan and Singleton, 2000) and the credit risk literature based
on the sub�ltration approach, see Lando (1998), Elliott, Jeanblanc and Yor (2000) and
Jamshidian (2004). Our contribution consists of the application of these ideas to the
modeling of the evolution of mortality rates over time. We provide in the need for a
model of mortality forces which can be combined consistently with continuous time
models known from the derivative pricing literature. We introduce a new setup for
some well known functional dependences between age and mortality intensity (i.e.
the Thiele and Makeham mortality laws). The three main advantages of the model
are a rich analytical structure (inherited from the af�ne setup), clear interpretation of
the latent factors and the aforementioned consistency with derivative pricing models.
In contrast to previous work, for example Dahl (2004) and Milevsky and Promislow
(2001), we consider the mortality intensity for all ages simultaneously. As opposed to
e.g. Lee and Carter (1992) and Lee (2000) we do not explicitly focus on the time series
properties of mortality (although the model is extremely well suited for estimation to
empirical data), rather we have a pricing and risk management application in mind.
Four types of mortality risk are usually distinguished: trend (i.e. longevity), level
(portfolio vs. population), volatility (discrepancies between trend / level and observed
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mortality) and catastrophe. Our model captures three of these types and the risks are
directly quanti�ed by parameters estimates. Furthermore, we show, using historical
Dutch mortality rates, that the proposed Thiele and Makeham functional forms �t the
data suf�ciently well.
Assuming independence of �nancial and mortality risk one can easily combine our

model with, for instance, a term structure model. One could then easily price sev-
eral well studied options embedded in insurance contracts under stochastic mortality.
Examples of such contracts are Guaranteed Annuity Options (GAOs) or Rate of Re-
turn Guarantees, see among others, Brennan and Schwartz (1976), Bacinello and Ortu
(1993), Aase and Persson (1998), Boyle and Hardy (2003), Pelsser (2003b) or Schrager
and Pelsser (2004a).
The remainder of the chapter is organized as follows. The general setup for stochas-

tic mortality is discussed in section 5.2, together with some speci�c examples which
will be empirically tested in section 5.3 on Dutch mortality data. Section 5.4 discusses
the formulation of a market price of mortality risk. Section 5.5 shows how the model
can be used in the pricing of embedded options, more speci�c in the pricing of GAOs.
Section 5.6 discusses further applications of the speci�c models in section 5.2. Section
5.7 concludes.

5.2 Af�ne Mortality Intensity

The modeling of mortality in life insurance is very similar to that of default in the credit
risk literature. We follow a special case of the sub�ltration approach to modeling default
events (see Jamshidian, 2004), namely the Cox-process approach developed by Lando
(1998). In the remainder of the chapter, the mortality intensity can be thought of as a
hazard rate in the context of the Cox-process approach. In this setup, the time of death
of a person is modeled as stopping time � with respect to some �ltration, Gt, containing
all information (both �nancial and actuarial). Restrict t 2

�
0; T

�
for simplicity. In a

scenario setting, time T can be thought of as the sum of the scenario horizon and the
maximum age a person can reach. In our setting Gt = G�t _Ht where G�t is the �ltration
generated by the stopping time and Ht is some sub�ltration containing all information
except whether the person is alive or not. As a consequence of the Cox-process setup
the sub�ltration Ht is conditionally independent (Jamshidian, 2004). In other words,
our mortality model makes the �doubly stochastic� assumption. Consider a probability
space (
;G;Gt;P) where the �ltration Gt satis�es the usual conditions and P denotes
the real world probability measure. Set Gt = G�t _Ht andHt =Mt_Ft whereMt and
Ft contain the information concerning mortality and �nancial markets respectively.
We propose the following general form for the mortality intensity, �x (t), of a person

of age x at time t,

�x (t) = g0 (x) +
MX
i=1

Yi (t) gi (x) (5.1)
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where gi : x �! R+, some function with the positive half line as its range and Y (t)
are factors driving the uncertainty in the mortality intensity. TheM -dimensional factor
dynamics are given by the following diffusion,

dY (t) = A (� � Y (t)) dt+�
p
VtdW

P
t (5.2)

Y (0) = Y

where WP
t is anM -dimensional Brownian Motion under the real world measure. Let

Mt be the �ltration generated byWP
t . Furthermore, A and � areM �M matrices and

� is anM vector. The matrix Vt is a diagonal matrix holding the diffusion coef�cients
of the factors on the diagonal, i.e.

Vt;(ii) = �i + �
0
iY (t) i = 1; 2; :::;M (5.3)

where the �i's are M vectors. Or directly in matrix notation, de�ning the matrix � =�
�1 � � � �M

�0 and the vector � = � �1 � � � �M
�0, we have35,

Vt = diag (�+�Y (t))
We call this anM -factor Af�ne Mortality Model since the mortality intensity is an

af�ne function of the factors. Furthermore the instantaneous drift and variance of the
factors are af�ne functions of the factors.
Notice that we explicitly mention the starting values of the factors, Y (0). Mostly

mortality is thought of as exhibiting a decreasing trend. Furthermore we would expect
to �nd the variance of the factors to be small compared to its actual value. By setting
the starting values of the factors, in our applications, above the (long run) mean we can
model this low volatility decreasing trend using an af�ne diffusion. This enables us to
capitalize on the analytical properties of these type of models.
It is well known that in af�ne term structure models bond prices are exponentially

af�ne in the factors (Duf�e and Kan, 1996). In our model for the mortality intensity
we have a similar result since survival probabilities are exponential af�ne in the factors.
Thus in ATSMs we have for the time t price of a bond maturing at time T , D (t; T ) =
exp (A (t; T )�B (t; T ) �Xt). The coef�cients A and B can be obtained by solving a
system of ODE's, known as Riccati equations.
Survival probabilities in our model are given by the following theorem36.

Theorem 5.1 Consider the model in (5.1) and (5.2) and de�ne theM -vector,

g (x+ s) =
�
g1 (x+ s) � � � gM (x+ s)

�0
Then the T -t-year survival probability of an x+ t year old is given by

T�tpx+t (t) = EP
�
1[�x>T ]jHt [ [�x > t]

�
= EP

"
exp

 
�
Z T

t

�x+s (s) ds

!
jMt

#
35If x is anM -vector then we de�ne diag (x) to be theM �M diagonal matrix with the elements of x

on the diagonal.
36For a thorough treatment of time-inhomogeneous af�ne processes see Filipovic (2005).
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this expectation reduces to,

T�tpx+t (t) = exp ( (x; t; T )� � (x; t; T )Yt)

where the coef�cients  (x; t; T ) and � (x; t; T ) are solutions of the following system of
ODE37,

�
�t � d� (x; t; T )

dt
= �g (x+ t) +A0� (x; t; T ) (5.4)

+
1

2

MX
i=1

[�0� (x; t; T )]
2
i �i

�
t � d (x; t; T )

dt
= �g0 (x+ t)� �0A0� (x; t; T ) (5.5)

+
1

2

MX
i=1

[�0� (x; t; T )]
2
i �i

with boundary conditions  (x; T; T ) = 0, � (x; T; T ) = 0.

Proof. From the Feynman Kac theorem it follows that T�tpx+t (t) � v (t; Yt) is a
solution to the PDE (we abbreviate Yi (t) to Yti and v (t; Yt) to v),

0 =
@v

@t
+
�
�0A0 � Y 0

t A
0� @v
@Yt

+
1

2

MX
k; j=1

(�St�
0)kj

@2v

@Ytk@Ytj

� [g0 (x+ t) + Y 0
t g (x+ t)] v

to which a solution exists which is unique. Use exp ( (x; t; T )� � (x; t; T )Yt) as a
trial solution to compute,

0 =
�
[ t � Y 0

t �t �
�
�0A0 � Y 0

t A
0� �t +

1

2

MX
k; j=1

MX
i=1

�
�ki

�
�i + �

0
iYt
�
�ji�tk�tj

	
� g0 (x+ t)� Y 0

t g (x+ t) ]v

37We let [�0� (x; t; T )]2i denote square of the i-th element of theM -vector which follows from computing
�0� (x; t; T ).
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which can be simpli�ed38 to,

0 =
�
t �

�
�t
0
Yt �

�
�0A0 � Y 0

t A
0� �t +

1

2

MX
i=1

n
[�0� (x; t; T )]

2
i (�i + Y

0
t �i)

o
� g0 (x+ t)� Y 0

t g (x+ t)

then by the �af�ne matching principle� (Duf�e and Kan, 1996),  (x; t; T ) and � (x; t; T )
are solutions to the above system of ODE.

In equations (5.1) and (5.2) the model is formulated under the real world measure
P. When we assume the existence of a unique pricing measure, equivalent toP, we can
formulate a model for the factors under this measure. This will be the subject of section
5.4.
Notice that (5.1) enables us to model the mortality intensity of all ages simulta-

neously! This contrasts the approaches of Dahl (2004) and Milevsky and Promislow
(2001) where only a single age at a time is considered.
The formulation of the model in (5.1) and (5.2) is very general. It already satis�es

our goals of tractability and consistency with derivative pricing models. However in this
form it is too general for our purposes. We next propose a parameterization of (5.1) and
(5.2) which adds the required interpretation.

5.2.1 Special Case: Gaussian Thiele Model

In the special case of Gaussian factors one can obtain nice analytical expressions for
the survival probabilities. In this section we combine Gaussian factors with the func-
tional form for the dependence of mortality intensity on age postulated by Thiele (1872).
Thiele proposed the following functional form for the mortality intensity,

�x = Y1 exp (��1x) + Y2 exp
�
��2 (x� �)2

�
+ Y3 exp (�3x) (5.6)

where all parameters are positive. This speci�cation allows for modeling the behavior
of separate age groups. The third term captures the general mortality behavior (increas-
ing with age). The �rst term which is decreasing with age corresponds to (additional)
mortality at young ages. The second term allows for (additional) hump shaped behav-
ior of mortality of middle aged people (typically young adults). The functional form of
Thiele nests the well known Makeham and Gompertz mortality laws.

38Note that
MX

k; j=1

MX
i=1

f�ki (�i + �0iYt)�ji�tk�tjg =
MX
i=1

8<:(�i + �0iYt)
 

MX
k=1

�ki�tk

!0@ MX
j=1

�ji�tj

1A9=;
and

 
MX
k=1

�ki�tk

!
= [�0� (x; t; T )]i
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We can add uncertainty to (5.6) if we let some or all of the parameters follow sto-
chastic processes. We can �t (5.6) into the framework of (5.1) by choosing g0 (x) = 0,
g1 (x) = exp (��1x), g2 (x) = exp

�
��2 (x� �)2

�
and g3 (x) = exp (�3x) and let

the parameters Yi, i = 1; 2; 3 follow an af�ne SDE as in (5.2),

�x (t) = Y1 (t) exp (��1x) + Y2 (t) exp
�
��2 (x� �)2

�
+ Y3 (t) exp (�3x) (5.7)

To obtain a Gaussian Stochastic Thiele model we restrict ourselves to Gaussian factor
dynamics, i.e. we let the factors follow a multivariate Ornstein-Uhlenbeck process.
Without loss of generality we have for the SDE of the factors,

dY (t) = A (� � Y (t)) dt+�dWP
t (5.8)

Y (0) = Y

where A = diag (a), and a = [a1; a2; a3]0 is a vector inR3
+. Now we have the follow-

ing,

Corollary 5.2 Consider the model in (5.7) and (5.8). Then the T -t-year survival prob-
ability of an x+ t year old is given by

T�tpx+t (t) = eC(x;t;T )�D1(x;t;T )Y1(t)�D2(x;t;T )Y2(t)�D3(x;t;T )Y3(t)

where we can solve explicitly for D1 and D3

D1 (x; t; T ) = exp (��1 [x+ t])
1� e�(�1+a1)(T�t)

�1 + a2
(5.9)

D3 (x; t; T ) = exp (�3 [x+ t])
1� e(�3�a2)(T�t)

a2 � �3
(5.10)

and D2 and C solve the following ODE,

dD2 (x; t; T )

dt
= � exp

�
��2 ([x+ t]� �)

2
�
+ a2D2 (x; t; T ) (5.11)

dC (x; t; T )

dt
= ��0A0D (x; t; T ) + 1

2

MX
i=1

[�0D (x; t; T )]
2
i (5.12)

with boundary conditions C (x; T; T ) = 0, D2 (x; T; T ) = 0.

Proof. This follows from directly Theorem 5.1 and the substitution of (5.7) and (5.8)
in (5.1) and (5.2).

The resulting model has some desirable properties. First, if Y > � the factors
display an exponentially decreasing trend, allowing for decreasing mortality rates over
time. Second, the model is able to capture different age groups in a single equation
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for the relation between the factors and the mortality intensity. Finally, the model is
analytically tractable which makes it very well suited for estimation and pricing.
As mentioned in the introduction our model captures three out of four types of mor-

tality risk. Recall that the four types of mortality risk usually distinguished in practice
are: trend, level, volatility and catastrophe. Our model is perfectly capable of tracking
the general characteristics of the three most important types of mortality risk separately
using the parameters of the SDE of the driving factors. We capture the mortality trend
using the matrix A, the mortality volatility by �. Furthermore the model can be esti-
mated for both the entire population as for the population of insured with or without
parameter equality restrictions linking the versions of the model. Within our speci�ca-
tion however we are not able nor aiming to capture the effect of (mortality) catastrophe.
Some jump component could be added to the speci�cation. This is left for future re-
search.

5.2.2 Special Case: Gaussian Makeham Model

A speci�cation nested in the one by Thiele is Makeham's. Makeham (1860) proposed
the following functional form for the mortality intensity,

�x = Y1 + Y2c
x (5.13)

Where Y1 and Y2 are positive and c > 1. As one can see, Makeham's speci�cation
doesn't take the �middle age hump� into account. It merely adds an age related growth
factor to a �base� mortality constant. Just like before we can add uncertainty to (5.13) if
we let some or all of the parameters follow stochastic processes. We can �t (5.13) into
the framework of (5.1) by choosing g0 (x) = 0, g1 (x) = 1 and g2 (x) = cx and let the
parameters Yi, i = 1; 2 follow an af�ne SDE as in (4.8),

�x (t) = Y1 (t) + Y2 (t) c
x (5.14)

We obtain a Gaussian Stochastic Makeham model by assuming Yt follows an OU
process like in (5.8). For completeness,

dYi (t) = ai (�i � Yi (t)) dt+ �idWP
it , Yi (0) = Y i , i = 1; 2 (5.15)

dWP
1tdW

P
2t = �dt

where for simplicity we assume �2 = 0. Because of the simple structure we can obtain
an analytic expression for the survival probability.

Corollary 5.3 In the Gaussian Stochastic Makeham model we have the following ex-
pression for the T -t-year survival probability at time t of an x+ t year old,

T�tpx+t (t) = exp (C (x; t; T )�D1 (x; t; T )Y1 (t)�D2 (x; t; T )Y2 (t))
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where,

D1 (x; t; T ) =
1� e�a1(T�t)

a1

D2 (x; t; T ) = cx+t
1� e(��a2)(T�t)

a2 � �
where � = ln (c)

furthermore we have that,

C (x; t; T )

= ��1 (T � t)�
1� e�a1(T�t)

a1
�1 +

+
�21
2a31

�
a1 (T � t)� 2

�
1� e�a1(T�t)

�
+
1

2

�
1� e�2a1(T�t)

��
+

�22c
2(x+t)

2 (a2 � �)3
��

(a2 � �) (T � t)� 2
�
1� e�(a2��)(T�t)

�
+
1

2

�
1� e�2(a2��)(T�t)

��
+

��1�2c
x+t

2 [a1 (a2 � �)]2
�

[ a1 (a2 � �) (T � t)� a1
�
1� e�(a2��)(T�t)

�
�

(a2 � �)
�
1� e�a1(T�t)

�
+

a1 (a2 � �)
a1 + (a2 � �)

�
1� e�(a1+(a2��))(T�t)

�
]

Proof. It is easily veri�ed these expressions satisfy (5.4) and (5.5).

Notice that we can remove the dependence of the coef�cients C and D on t using
a change of variables, n = T � t and z = x + t and hence write npz (t). We will use
these expressions when we estimate the model in section 5.3.

5.2.3 Gaussian Assumption

Mortality intensity is by de�nition non-negative. Unfortunately when the factors are
Gaussian one cannot exclude negative mortality rates. This has the same drawback as
negative interest rates. In our view, given the nice analytical structure of these models,
this doesn't disqualify them as good modeling tools to quantify mortality risk. We will
show in section 5.3 that these Gaussian models do a nice job in explaining the variation
of mortality rates over time. In any case, parameter values can always be chosen such
that the probability of negative values is small. This is supported by our estimates in the
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next section which all but exclude the possibility of negative mortality intensity. As an
alternative one could use a decreasing Cox-Ingersoll-Ross (CIR) processes,

dY (t) = �AY (t) dt+�
p
Y (t)dWi (t)

Y (0) = Y

The factors Y (t) will be absorbed at the boundary zero. In any case we have to take a
pragmatic approach to obtain workable results, which is our �rst priority. We either have
to deal with absorbing boundaries or with possible negative mortality intensities. The
latter generally do not show up either in estimation or in pricing at reasonable parameter
values. Absorbtion at zero will be unrealistic as well and will generally not occur very
often at estimated parameter values because of the low variance of the factors.
To use an example from the literature on credit risk, Duffee (1999) allows for nega-

tive hazard rates. He defends the possibility of negative rates by saying it is necessary
for the model to �t the observed term structures (both fairly steep and �at).
To make sure the hazard rate is strictly positive in the CIR model we can use, e.g.

for the Thiele speci�cation,

�x (t) = Y1 (t) exp (��1x) + Y2 (t) exp
�
��2 (x� �)

2
�
+ [Y3 (t) + �] exp (�3x)

Y (t) = �AY (t) dt+�
p
Y (t)dWi (t) with Y (0) = Y

for some constant Y .

5.3 Application to Dutch Mortality Rates

In this section we test the validity of the Gaussian Thiele model as a tool for mortality
risk modeling. We estimate several versions of the model using empirical data on mor-
tality rates. The data are mortality coef�cients of the Dutch male population from 1950
to 2002, age zero to 89, see �gure 5.1. The data are available from the Dutch Central
Bureau for Statistics. The mortality coef�cients can be interpreted as one year mortal-
ity probabilities, notation qx for age x, for the respective ages. If one has pricing or
risk management applications in mind for a population of insured, one should of course
use data on the speci�c population (at least in conjunction with population data) to esti-
mate the relevant development of mortality. For applications, for example longevity risk
in life annuities (see also the part in section 5.6 on Economic Capital), one can easily
choose to estimate the model for ages above / below a certain treshold relevant to that
application. This will improve model �t for the relevant age group. The model could
be extended to allow for risk classi�cation (e.g. smoking / non-smoking), we will come
back to that in section 5.3.3.
We estimated several models using the following approach. Using Non Linear Least

Squares we estimated several nested speci�cations of (5.6) with time varying parame-
ters. This will help us to determine wether the speci�cation in (5.7) is reasonable. This
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analysis is carried out in section 5.3.1. Next, in 5.3.2., we estimate (5.7) in combination
with (5.8) with Maximum Likelihood by the Kalman Filter.

5.3.1 Speci�cation Analysis

Before we actually estimate the model in (5.7) via the Kalman Filter we spend some
time on model speci�cation issues. We want to know whether �xing the parameters,
� i, i = 1; 2; 3 , over the estimation period is not too restrictive. To investigate this we
proceed as follows. First, we estimate,

qx:t = Y1:t exp (��1:tx)+Y2:t exp
�
��2:t (x� �t)

2
�
+Y3:t exp (�3:tx)+"x:t (5.16)

for t = 1950; :::; 2002 by non-linear least squares (NLLS). Furthermore we assume
Var("x:t) = �2q2x:t and E ("x:t"x�j:t�i) = 0, 8 x; i; j 6= 0. We let the standard de-
viation of the error increase proportional to the mortality probability so we effectively
minimize the squared relative error. Because of the time independence of the errors39,
this model is a non-linear seemingly unrelated regression (NL-SUR) model (the non-
linearity being obvious from the exponential terms) and hence we can consider the equa-
tion for each t separately. See also Greene (1997) pp. 674-676. Because of the cross
sectional independence of the errors we can estimate the parameters by applying NLLS.
It is the most �exible model which postulates a mortality intensity of the form (5.6).
This gives us a benchmark �t to test other speci�cations. In this form the model has
7� (2002� 1950) parameters. We also estimated the following versions of the model
(by NLLS),

qx:t = Y1:t exp (��1x) + Y2:t exp
�
��2 (x� �)2

�
(5.17)

+Y3:t exp (�3x) + "x:t

qx:t = At +Bt exp (Ct x) + "x:t (5.18)
qx:t = At +Bt exp (C x) + "x:t (5.19)

Model (5.17) is a restricted version of (5.16) and points in the direction of (5.7). Model
(5.18) is the Makeham version of (5.16), model (5.19) restricts the Makeham speci�ca-
tion to have constant curvature parameter C. The results of the estimation procedure are
in table 5.2. We present both the total sum of squared errors (TSS), the Akaike informa-
tion criterion (AIC), the Schwarz criterion (SC) and the Mean Absolute Relative Error
(MARE) for the four models. Based on these numbers we conclude that restricting sev-
eral of the parameters in (5.16) to be constant over time is not too costly. The loss of
MARE is only 2%, although the AIC is better for the unrestricted model, the SC is bet-
ter for the restricted than for the unrestricted model. The same holds for the restricted
Makeham version of the model. The total �t is not much worse than that of (5.16). The

39Recall that E ("x:t"x�j:t�i) = 0, 8 x; i; j.
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AIC is almost equal for the unrestricted and restricted model, whereas the SC is better
for the restricted model. If we compare the Thiele and Makeham speci�cation we see
that adding T + 3 parameters makes sense, the AIC and SC of (5.17) are much lower
than the AIC and SC of (5.19) respectively. The gain in MARE from (5.19) to (5.17) is
5%. We conclude that based on these results the af�ne speci�cation of the Thiele model
(i.e. constant �'s and �) is a good candidate for a dynamic stochastic mortality model.

5.3.2 Kalman Filter Estimation

Based on the results in section 5.3.1. we now proceed with estimation of (5.7) and
(5.14). This model can be formulated in state space form and estimated by the Kalman
�lter (cf. de Jong, 2000, Duffee and Stanton, 2004). The model equations are40,

qx (t) � � ln (1� qx (t)) = �A (x; t; t+ 1) + (5.20)
B (x; t; t+ 1) � Yt + �x;t

Yt+1 = e�AYt + "t , Y1 = Y (5.21)
Var (�x;t) = s2qx (t)

2 , Var ("t) = 
, (5.22)
E (�t"t) = 0, E ("t�i"0t) = 0 8 i 6= 0

Where Yt is either two or three dimensional for the Makeham and Thiele versions of the
model respectively. As one can see in (5.22), in this formulation the standard deviation
of the measurement error is proportional to the measurement. This is a simple way
to make sure the estimation procedure cares more about relative than absolute errors.
Although there are certainly other ways, our objective in this section is to show we can
easily obtain parameter estimates for both the Makeham and Thiele Af�ne model using
the Kalman Filter. Before we can estimate the model there are two remaining problems.
The �rst is that of starting values. We need to initialize the Kalman Filter and the
estimation procedure. This can be solved relatively easy. We can use the results from
the NLLS analysis to obtain starting values for the parameters and factors. Another,
more dif�cult, problem is that of the dimension of the vector with observations. For
each year we have a one year mortality probability for ages from 0 to 89. This means
that in our Kalman routine we have to invert a 90 by 90 matrix which makes it slow and
numerically unstable. To circumvent this problem we use an algorithm developed by
Koopman and Durbin (2000) which speeds up computations considerably and makes
the Kalman routine numerically robust.
For simplicity (and because theoretical motivation for correlated factors is lacking),

in our estimation, we have set all correlation coef�cients between factors to zero. Fur-
thermore we have set factor means to zero as well. Estimation results for both models
are in table 5.3. We make two important observations. First the mean reversion of all

40The parameter s denotes the standard error of the model misspeci�cation, or measurement error in the
Kalman Filter jargon.
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factors is generally low. This means all factors exhibit a slowly decreasing trend (to-
wards their zero mean). Second recall that in the Makeham model the second factor
(and in the Thiele model the third factor) impacts the general and old age mortality. Al-
though the variance of all factors is generally low, the variance of the third factor is
particularly so. This tells us the improvements in mortality for old ages have been more
or less �deterministic� over the last half a century.
In �gures 5.4 and 5.5 we plot the MARE per age for the two different models. It is

clear that the Makeham model has a bad �t for the ages below 25. We can still see the
�middle age hump� and the high child mortality. It is precisely these ages the additional
terms in (5.7) aim to model. As is clear from �gure 5.5, the Thiele model succeeds in
modeling these lower ages and does a much better job overall.
A likelihood ratio test on the joint restrictions, �1 = � = �2 = a2 = �2 = 0,

i.e. the Makeham two factor model against the Thiele three factor model is rejected
on a 99% con�dence basis (test statistic of 4673:45 against a critical value of 15:09).
The MARE of the Thiele model is 11%. All in all not a bad performance for a model
with such simple dynamics and only 10 parameters for 50 years of data on 90 ages.
Obviously the model �t improves if the estimation would focus on a subsample of the
ages.

5.3.3 Heterogeneity

Frailty or risk classi�cation can easily be taken into account. In this section we take the
point of view that heterogeneity at an individual level is of little use in practice. This
is the case simply because individual heterogeneity cannot be identi�ed in estimation.
Therefore we would like to classify heterogeneity into a limited number of known risks.
One could extend the model to,e�x (t) = �x (t) +

P
i �

i
x (t) (5.23)

where each �ix is a scalar of additional (mortality) intensity for risk factor i (e.g. smok-
ing, obese). This is similar to Willemse (2004) who argues that frailty can be modeled
as an individual age reduction, we model heterogeneity by adding a heterogeneous com-
ponent to mortality intensity. If �x is driven by af�ne dynamics equation (5.23) leads
to survival probabilities by a simple application of theorem 5.1. If the relevant data are
available for each risk group the model could be estimated using techniques similar to
those used in section 5.3.2.

5.4 Market Price of Mortality Risk

Up till now we have only been concerned with modeling the real world behavior of the
mortality intensity. However one of our main objectives was to have a model which
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could easily be used for the pricing of standard insurance products and embedded op-
tions. Therefore we now turn attention to the behavior of the process under the pricing
measure and hence the speci�cation of the market price of mortality risk. Before do-
ing so we should �rst formally give a description of an insurance contract (which can
be easily extended to a portfolio of insurance contracts). The following discussion is
partly based on Dahl (2004).
Note that the combined �nancial and insurance market is incomplete so there are

many (even in�nitely many) pricing measures, or equivalent martingale measures (EMM).
Calculations are done here for a �xed choice of EMM. Let the �nancial market be driven
by a vector Brownian motionWP

t and let Ft be the �ltration generated by this Brown-
ian motion, Ft = �

�
W

P

u ; u � t
�
. Furthermore letMt be the �ltration generated by

WP
t ,Mt = �

�
WP
u ; u � t

�
. De�ne the time of death of individual i aged xi at time

zero to be � i. Let � i be a G� it stopping time. Now let an insurance contract for this in-
dividual be described by the process N i

xi (t) which starts at 1 at t = 0 and takes a jump
to zero at time � i, N i

xi (t) = 1[� i�t]. Then the processM
i
xi (t) de�ned by,

M i
xi (t) = N i

xi (t)�
Z t

0

1[� i<s]�xi+s (s) ds (5.24)

is a martingale.
Now, considering individuals i = 1; :::; N we can change to an equivalent measure

Q by de�ning the Radon-Nikodym kernel for a change of P w.r.t. Q by,

d ln

�
dQ

dP

�
t

= ��tdWt � �tdW t +
NX
i=1

�itdM
i
xi (t) (5.25)

Contrary to the credit risk literature we have a speci�c idea about the behavior of
the force of mortality over time and age. In the credit risk literature the market price
of default risk is usually introduced in the form of �adjusting the default intensity�, i.e.
�it 6= 0 and �t = 0, when changing to the risk neutral measure. We feel, because we
have a clear-cut model for the force of mortality, it is more natural to let the change
of measure in�uence the driving process of the force of mortality, i.e. the process for
Yt instead of �x (t) directly. One could argue that in the mortality set up considered
here the �it correspond to the market prices of individual mortality risk, whereas �t
corresponds to the market price of systematic mortality risk. However individual mor-
tality risk can be diversi�ed away41 and hence �it = 0, 8 i This results in the following
Radon-Nikodym kernel,

d ln

�
dQ

dP

�
t

= ��tdWt � �tdW t (5.26)

41The case of an insurer having a particular good or bad niche of the population can be solved by inter-
preting the model as a model for systematic mortality risk within the portfolio of the insurer. See also the
discussion at the start of section 3 and the discussion about heterogeneity in section 3.3.
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This reasoning has as a main advantage in that we can change measure for all ages si-
multaneously without having to specify individual �it. Although we could work with
in�nitely many ages using (5.26) avoids the use of an in�nite dimensional Radon-
Nikodym kernel. In both the Makeham and especially the Thiele speci�cation the fac-
tors have a clear interpretation as modeling mortality risk for young / middle / old ages.
Hence there's no need for us to in�uence the probability law of the process N i

xi ex-
plicitly. Instead, we can in�uence it implicitly by in�uencing the process Yt driving
�x (t).
As we mentioned in section 5.2.1 each part of equation (5.6) models the force of

mortality for a speci�c age group. Furthermore in the stochastic formulation in (5.7)
each part is driven by a latent factor. This is very convenient since this allows us to
choose market prices of risk for the factors such that the force of mortality under the
pricing measure is prudent compared to the real world measure. For example in the
presence of longevity risk we expect aQ3 > a3 in the Thiele model. Then we have
npx (t) <n p

Q
x (t). The real world probability of survival is lower than the same proba-

bility used for valuation. For young ages the risk is usually of different sign (if we want
to be on the safe side, prudent, from the insurer's point of view) and we have aQ1 < a1.

5.5 Valuation of Endowments, Annuities and Guaranteed
Annuity Options

In this section we follow a credit risk approach to value insurance payments conditional
upon survival of the insured. We use the obvious analogy between default intensity and
force of mortality and model the �interest plus mean loss rate� to arrive at a mortality
adjusted discount rate. De�ne the actuarial discount rate Rx (t), which is both age and
time dependent, as,

Rx (t) = rt + �x (t) (5.27)
This mortality adjusted discount rate can then be used to discount payments conditional
upon survival. Assume rt is driven by a (vector) Brownian motionW

P

t . Like in section
5.4 let Ft be the �ltration generated by this Brownian motion, Ft = �

�
W

P

u ; u � t
�

andMt be the �ltration generated by WP
t ,Mt = �

�
WP
u ; u � t

�
. As a consequence

of our Cox process setup we can use a result in Lando (1998) which can be found in
a more general form in Jamshidian (2004, proposition 3.9) and reduce the valuation of
a claim conditional upon survival to that of a �non-defaultable claim�. This implies
we can regard the actuarial discount rate as a normal interest rate and use well known
change of numeraire techniques (see e.g. Karoui and Rochet, 1989, Jamshidian, 1991,
Geman et al, 1995. and Jamshidian, 1998).
The results in Lando (1998) state that the value of a pure endowment nEx (t) for an
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x-year old is given by,

nEx (t) = EQt

�
exp

�
�
Z n

0

Rx+s (t+ s) ds

��
(5.28)

where the expectation is taken under the risk neutral measure. If we assume indepen-
dence between �nancial markets and mortality, which is natural42, we obtain,

nEx (t) = D (t; t+ n) np
Q
x (t) (5.29)

Where D (t; T ) denotes the time t price of a zero bond with maturity T . This is analo-
gous to the deterministic mortality case. As a �rst consequence of the result in Lando
(1998) and Jamshidian (2004) we can regard nEx (t) as a regular bond price and use it
as a numeraire.
Now, an n-year annuity for an x-year old, notation ax:n (t), is just a sequence of

endowments and can be valued as such (this is similar to the relationship between zero
and coupon bonds). To be speci�c,

ax:n (t) =
nX
i=1

iEx (t) (5.30)

=
nX
i=1

D (t; t+ i) ip
Q
x (t) (5.31)

An m-year deferred annuity, amx:n (t), is an annuity with a deferred �rst payment
date,

amx:n (t) =
nX
i=1

m+iEx (t) (5.32)

We could even price a Rate of Return Guarantee under stochastic mortality. Consider
a contract paying out in n-years time the maximum of some investment St and the
guaranteed amount K conditional upon survival of the insured. The time t value of the
guarantee embedded in the contract for an x-year old, Gx (t), is given by,

Gx (t) = EQt

�
exp

�
�
Z n

0

Rx+s (t+ s) ds

�
(K � St+n)+

�
(5.33)

= np
Q
x (t)D (t; t+ n)E

Qt+n

t

h
(K � St+n)+

i
where Qt+n denotes the t + n-forward measure and (x)+ = max (x; 0). Since all
the payoffs in (5.28), (5.30), (5.32) and (5.33) depend linearly on mortality, because of
the independence between mortality and �nancial markets, we are able to account for
stochastic mortality in a straightforward manner.

42Positive effects of improvements in mortality on �nancial markets are not considered. This would require
e.g. a macro model including aggregate consumption with micro foundations. Such an approach is certainly
interesting but beyond the scope of this paper.



108 Chapter 5. Af�ne Stochastic Mortality

Now consider the more interesting problem of a guaranteed annuity option (GAO).
GAOs are treated in a number of papers in the literature, see Boyle and Hardy (2003)
and Pelsser (2003b) among others. A GAO gives the policyholder the right to con-
vert an assured sum into an annuity at the maximum of the prevailing market an-
nuity rate or a guaranteed annuity rate, say rGx . The market forward annuity rate
at time t for an x-year old entering an n-year annuity starting at T is de�ned by
rx;T;n (t) � D (t; T ) = aT�tx:n (t). Using the model of section 5.2 and the probabilistic
setup of section 5.4 we can explicitly take into account the stochastic nature of mortal-
ity when pricing this option. From Pelsser (2003b) we obtain for the value at time t of
a GAO put option with exercise date T on an n-year annuity, which before the exercise
date is a deferred annuity,

GAO (t; T; x; n)

= EQt

"
exp

 
�
Z T�t

0

Rx+s (t+ s) ds

!
aT�Tx+T�t:n (T )

�
rGx � rx+T�t;T;n (T )

�+#(5.34)

= aT�tx:n (t)E
QA

t

h�
rGx � rx+T�t;T;n (T )

�+i (5.35)

where the second line follows from a change to the actuarial annuity measure43, notation
QA. When we proceed along the lines of Pelsser (2003b) and assume bond volatility is
given by bT (t) for a bond with maturity T , where the bond price dynamics are driven
by a Brownian motion WP

t , furthermore we assume, that the volatility of a survival
probability is given by �(x; t; T )44, then we can show the SDE for an endowment is
given by,

dT�tEx+t (t) = :::dt+ b (t; T ) dW
P

t +�(x; t; T ) dW
P
t

and hence the SDE for the forward annuity rate rx;T;n (t) is given by,

drx;T;n (t) = �rx;T;n (t)
 

nX
i=1

wi (t) [b (t; T + i)� b (t; T )]
!
dW

QA

t (5.36)

�rx;T;n (t)
 

nX
i=1

wi (t) [� (x; t; T + i)��(x; t; T )]
!
dWQA

t

d
= �rx;T;n (t)�x;T;n (t) dZQ

A

t

where wi (t) =T+i px (t)D (t; T + i) = aT�tx:n (t), W
QA

t and WQA

t are uncorrelated
(vector) Brownian motions under QA, d= denotes equality in distribution and we de-
�ne �x;T;n (t) implicitly. Also de�ne the integrated annuity rate volatility by �2x;T;n =R T
0
�x;T;n (t)

2
dt. One can see that the volatility of the annuity rate consists of an inter-

est and a mortality component. If we assume we have a Gaussian term structure model

43De�ne the forward annuity measure as the measure induced by taking aT�tx:n (t) as a numeraire. This is a
valid approach given the strict positivity of T�tpx (t) implied by the Cox-process setting.
44Explicitly, we mean that, dT�tpx+t (t) = :::dt+�(x; t; T ) dWP

t .
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in combination with a Gaussian stochastic mortality model (e.g. one of the models in
section 5.2) we can freeze the �weights�, wi (t), and proceed along lines of chapter 4.
There we have showed the swap rate is approximately Gaussian in Gaussian term

structure models. We will now use their approach to show the annuity rate is approxi-
mately Gaussian in a combined Gaussian term structure and Makeham model to derive
an approximate price for a GAO. If we assume a Gaussian model for the term structure,
i.e. the short rate under the risk neutral measure is given by

rt = !0 + !XXt

dXt =  (��Xt) dt+ b�dWQ

t

where  is a diagonal matrix, � is a vector and b� is a lower diagonal matrix. If we
combine this with a Gaussian stochastic mortality model (more speci�cally we assume
the Makeham model of section 5.2.245) we have that,

b (t; T ) = B (t; T ) b�
�(x; t; T ) =

�
�1D1 (x; t; T ) �2D2 (x; t; T )

�0
where each element of the vector B (t; T ) is given by
B(i) (t; T ) = 1 = (ii)

�
1� e�(ii)(T�t)

�
. Under this combined Gaussian model en-

dowment volatility is deterministic.
Now observe that it is precisely the weights wi (t) which make the volatility of

rx;T;n (t) a complicated expression. In (5.36) these weights are calculated by taking
the value of an endowment over the value of a deferred annuity. However this annuity
is also chosen to be the numeraire. This means the weights are martingales under the
annuity measure, QA. In chapter 4 we have showed these type of expressions can be
well approximated by their value at the time of valuation (set at zero for simplicity). If
we set the value of the weights at wi (0) the approximate volatility of a forward annuity
rate, �x;T;n, becomes deterministic as well,

�x;T;n = (

 
nX
i=1

wi (0)

Z T

0

[b (s; T + i)� b (s; T )]2 ds
!

+

 
nX
i=1

wi (0)

Z T

0

[� (x; s; T + i)��(x; s; T )]2 ds
!
)
1
2

which implies the forward annuity rate is approximately a Gaussian Martingale which
makes (5.35) extremely easy to calculate. The approximate time zero price of a GAO is
now given by,

GAO (0; T; x; n) = aTx:n (0) [
�
rGx � rx;T;n (0)

�
�

�
rGx � rx;T;n (0)

�x;T;n

�
(5.37)

+�x;T;n '

�
rGx � rx;T;n (0)

�x;T;n

�
]

45This can be easily generalized to any Gaussian stochastic mortality model.
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where ' (�) is the density of a Gaussian r.v. with mean 0 and s.d. 1 and � is the
corresponding distribution function. This formula is extremely accurate and can be
calculated with means as simple as a spreadsheet.

5.6 Applications and Numerical Examples

To illustrate the effect of stochastic mortality on the pricing of a GAO we now calculate
the value of a 5 year option on a life long annuity for a 60 year old in a combined single
factor Hull-White Makeham model. We use the parameter estimates from section 3.
Assume the market price of mortality risk is zero so we can price cash �ows using real
world mortality intensities. Assume the value of the factors is given by Y1 = 9.31e-5,
Y2 = 2.19e-5. The Hull-White parameters are given by � = 0:05 and �r = 0:01.
The initial term structure is �at at 5%. Set the guaranteed rate rGx at 10%. The market
forward annuity rate implied by our assumption is 9.54%. Approximate volatility with
and without mortality risk is 10.82% and 10.59% respectively. The value of the GAO as
a percentage of annuity payoff is given by 5.50% and 5.43% respectively. This implies
a relative increase of the value of the GAO of 1.2% because of mortality risk. The
effect of mortality risk increases with the age of the policyholder and the maturity of the
option.
To further illustrate the kind of results one could easily generate using these models

(e.g. in a spreadsheet) we now calculate the Economic Capital required for a stylized
portfolio of pension policies. We use the following assumptions, the pension funds has
10,000 participants and a premium of 11%, the assumptions on the participants are in
table 5.6. It can be read by row as follows, 15% of the participants is of age 25, the
average wage of these participants is 20,000 (Euro or $), the percentage wage growth
per year for this class is 6%, which entitles them to a pension of 205,714 at age 65.
A pension is just a deferred annuity of which we can easily calculate the value

using (5.32). We can also calculate the value of each premium payment (assuming
the premium remains constant at 11%) as an endowment using (5.28). The (market)
value of the liabilities can be calculated as the value of the pensions net the value of the
premiums.
Let's assume the pension funds uses a Gaussian Stochastic Makeham model to

model mortality. Again, we assume the term structure (annual compounding) is �at
at 5%. We use the Makeham parameter estimates from section 3.2. Again assume the
value of the factors is given by Y1 = 9.31e-5, Y2 = 2.19e-5. This yields a market value
of the liabilities of 2.663 billion. Now we can de�ne the Economic Capital required for
mortality risk as the difference in market value of the liabilities after a 2 sigma shock
in each of the factors46. The �new� value of the factors is given by Y1 = 5.73e-5,

46This is a rough approximation to the 95% VaR.
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Y2 =2.11e-5. The new market value of the liabilities is 2.723 billion. This yields an
Economic Capital for mortality risk of 60 million47.

5.7 Conclusion

We apply techniques from the literature on term structures and credit risk to the model-
ing of mortality rates. We specify and estimate a model with a rich analytical structure
which is well suited for a combination with continuous time option pricing models.
The model can be extended to include heterogeneity in mortality. We estimate a Make-
ham and Thiele version of the model using data on Dutch mortality rates. Although the
model has some shortcomings, in general it �ts the data well and it is easily applicable
to the pricing of well known embedded options, like GAOs and the calculation of risk
measures adopted in the insurance industry, like Economic Capital.

47Note that if the �best estimate� liabilities are perfectly matched by the assets the required Economic
Capital for interest rate risk is zero.
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5.A Appendix: Tables and graphs to chapter 5

Figure 5.1. Mortality coef�cients of the Dutch Male population from 1950 to 2002,
age zero to 98. Source: Dutch Central Bureau for Statistics.
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Perf. Thiele Thiele Makeham Makeham
Meas. const �1�3 / � const C
TSS 105.15 149.97 297.04 306.06
AIC (3.77) (3.49) (2.81) (2.80)
SC (2.70) (3.02) (2.35) (2.49)
MARE 10% 12% 17% 17%

Table 5.2. Performance measures for the different nested speci�cations of the model
in (5.16). The Thiele speci�cation of the mortality intensity outperforms the Makeham
speci�cation. We see that setting some convenient parameters to be constant doesn't
harm model �t signi�cantly. Based on the Schwartz criterion the Thiele model with
constant �1�3 and constant � is the best among the four speci�cations.

Makeham Thiele
a1 0.028 a1 0.036
a2 0.0046 a2 0.018
�1 (�105) 1.79 a3 0.006
�2 (�107) 3.83 �1 (�105) 7.17
c 1.11 �2 (�105) 3.69
�" (�104) 23.90 �3 (�107) 5.70

�1 0.224
�2 0.023
�3 0.100
� 21.82
�" (�104) 14.35

LogL / (T �N) 6.2368 LogL / (T �N) 6.7361

Table 5.3. Kalman Filter parameter estimates and log likelihoods of the Makeham
and Thiele af�ne mortality models.
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Figure 5.4. Mean Absolute Relative Error (MARE) of the Stochastic Makehammodel
w.r.t. the data for the different ages used in estimation. The model performs well from
25 years and older. We expect the Thiele model to correct for some of the error in the
Makeham speci�cation for the lower ages.

Figure 5.5. Mean Absolute Relative Error (MARE) of the Stochastic Thiele model
w.r.t. the data for the different ages used in estimation. The model performs well for
all ages. The additional terms for mortality at young ages and the middle age �hump�
correct more than half of the error of the Makeham model for those ages.
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Age % Wage Wage growth Pension
25 15 20,000 6% 205,714
30 15 25,000 5% 137,900
35 15 30,000 5% 129,658
40 15 50,000 4% 133,292
45 15 60,000 2.5% 98,317
50 15 60,000 2.5% 86,898
55 15 60,000 2.5% 76,805
60 10 60,000 2.5% 67,884

Table 5.6. Data on pension fund participants.





Chapter 6

Combining interest rate and
option data in the estimation of
term structure models: an
empirical investigation�

�This chapter is based on:

Schrager D.F., Boswijk H.P. and de Jong F. (2006). Combining interest rate and
option data in the estimation of term structure models: an empirical investigation,
working paper

6.1 Introduction

The market for interest rate derivatives has grown tremendously over the last decade.
Caps and swaptions have become standard instruments with traded option maturities
extending over 15 years. Simultaneously, data on these markets and products has
become more readily available. Now researchers have two sources of information on
(future) interest rate dynamics, term structure data itself and option data. This chapter
aims at combining both sources of information in the estimation of an af�ne term
structure model. More precisely, we estimate an A1 (3) model (in the terminology of
Dai and Singleton, 2000) using only yield and combined yield and swaption data after
which we compare results. The A1 (3) model is a three factor model where in the
model setup the factors have the interpretation48 of the short rate, its short term mean
and the short rate volatility.

48Dai and Singleton (2000) introduce a canonical representation in which they classify models using the
notation Am (N). Strictly speaking we specify an A1 (3) model in its Ar representation.
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We use the swaption price approximations of Schrager and Pelsser (2006, Chapter
4 of this thesis) to derive a linear measurement equation for the implied swaption
volatility in the above mentionedA1 (3)model. This enables us to put the model in the
well known and convenient State Space Form which enables us to estimate the model
on yields and option data by the Kalman Filter. This is a �rst result of our research49.
Second, we �nd that in our traditional yield based estimation the supposed volatility
factor is mimicking the behavior of the long end of the yield curve. It mimics closely
the second principal component of the yield curve and is hardly correlated with any
measure of volatility. However when we include derivative prices in the estimation
the interpretation of the volatility changes completely. As evidence of the different
interpretation, the �ltered volatility factor is now much more correlated with volatility
measures. Furthermore, the dynamics of the �ltered volatility series correspond closely
to parameter estimates, something which is not the case in the yield based estimation.
Our �ndings suggest that it is not needed to impose uspanned stochastic volatility50
(USV) restrictions on the A1 (3) model to capture interest rate volatility in a correct
way but rather it is important which data is used in estimating the model.

The empirical literature on Af�ne Term Structure Models (ATSMs) has only re-
cently begun to pay attention to the information available in interest rate derivative
prices. Whereas the derivative pricing literature, headed currently by the so called Mar-
ket Models (see Miltersen et al. 1997 and Brace et al. 1997), is only concerned with the
information in a particular cross-section of option prices, ATSMs have the potential to
capture fully both the time-series and cross-section dimension in interest rates as well
as option prices. This is a big advantage over Market Models as it enables us to gain a
full understanding of the dynamics of the term structure of interest rates. Furthermore
Market Models are speci�ed under a pricing measure and imply a complex speci�cation
of the market price of interest rate risk. This is extremely inconvenient in e.g. optimal
portfolio choice51. It is for these reasons that we focus on ATSMs in this research.
A large literature is available on the speci�cation and estimation of ATSMs. Stan-

dard references regarding bond and option pricing in Af�ne Models are Duf�e and Kan
(1996) and Duf�e, Pan and Singleton (2000). Dai and Singleton (2001) show that dif-
ferent speci�cations of, in particular, the volatility of the factors leads to models with
different capacity in explaining term structure movements. This is extremely important
if we want to explain derivative prices since volatility is an important determinant of
these prices. However the market price of risk speci�cations needed to �t observed in-
terest rates well are quite rich and extend even beyond the af�ne framework under the
real world measure.
Whereas the earlier literature on the subject of ATSMs focusses on aligning ex-

pected bond returns (real world measure) and the shape of the term structure (pricing
measure) in recent years the attention has shifted more towards consistency of the term

49Swaption implied volatility approximations are derived and presented in section 6.4.5.
50We will explain and discuss USV (restrictions) extensively later.
51In particular, we have an ALM application in mind.



6.1 Introduction 119

structure model with sources of information that are not directly related with the bond
market (e.g. macroeconomic data). Papers which contribute to the former discussion,
essentially investigating different speci�cations of the interest rate risk premia, include
Duffee (2002), Dai and Singleton (2002) and Duarte (2003). Cheredito et al. (2003) re-
cently extended the class of admissible (in the sense of Dai and Singleton, 2000) models
with Duffee's (2002) essentially af�ne risk premia. It is found that Gaussian models,
which basically allow for the most �exible speci�cation of correlation between factors
�t yield dynamics best. These models however do not have the ability to capture time
varying volatility and hence derivative prices, which is what we focus on here. This
clearly points to a trade off one must make when estimating ATSMs. The point of view
we take is that although it is important to capture yield dynamics in the best possible
way, we are willing to sacri�ce some of this (ability to �t yields) to capture other fea-
tures of the data, possibly from additional sources of information (most notably time
varying volatility and derivative prices).

Collin-Dufresne and Goldstein (2002b) introduce the concept of unspanned stochas-
tic volatility. USV refers to the fact that not all of the state variables of the ATSM need
to in�uence the term structure directly. In a three factor ATSM this is equivalent to
market incompleteness. They argue that interest rate volatility is not identi�ed by bond
prices and investigate restrictions on a three factor ATSM such that only two factors
show up in the bond price. The third factor in this model which implies an incomplete
market is the short rate volatility. USV is introduced by Collin-Dufresne and Goldstein
(2002b) in the context of explaining returns on a derivative position (i.e. cap/�oor strad-
dle) by swap rates. They show that only 25% of the return on the straddle is explained by
the swap rates. More importantly the �rst principle component of the residuals explains
over 80% of residual variance. They argue this suggests the existence of an additional
state variable driving 'option risk' (i.e. stochastic volatility) which is unrelated to the
swap market. Furthermore they show that af�ne models with(out) USV do (not) exhibit
the same features as the data. Using simulated time series (at parameter values from Dai
and Singleton, 2000) they show that in a A1 (3) model, swap rates explain over 80% of
straddle returns. Then Collin-Dufresne and Goldstein characterize 3-dimensional af�ne
models that generate incomplete markets and show that the state variables in these mod-
els can be interpreted as the short rate, the drift of the short rate and short rate volatility.
They show that in these models USV is equivalent with incomplete markets and they
give parameter restrictions for the A1 (3) model to exhibit USV. It is important to note
that in models with USV not all parameters are identi�ed through bond prices.
Fan, Gupta and Ritchken (2003) provide a reaction to Collin-Dufresne and Goldstein

and investigate the existence of USV (i.e. incomplete bond markets) using a hedging
framework. They examine whether interest rate derivative can be effectively hedged
using a lognormal (deterministic volatility, hence no USV) Heath-Jarrow-Morton model
with almost unrestricted correlation structure (estimated from time series data). Fan et
al. �nd that derivatives can be effectively hedged using a three factor model and hence
there is no evidence for USV in the context of the HJM model. Analysis of the hedging
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errors doesn't yield evidence for the existence of an 'unspanned' factor.

In a related paper Collin-Dufresne, Goldstein and Jones (2004), CDGJ hereafter,
estimate both an A1 (3) model both with and without USV restrictions imposed using
yield data only. They �nd that the �ltered volatility factor of the unconstrained af�ne
model is negatively correlated with other measures of term structure volatility. This is
the �rst evidence of strange behavior of the volatility factor in a three factor af�ne model
with stochastic volatility. Because the estimation identi�es this factor from bond yields
it is driven towards picking up the third principal component of the yield curve. In the
USV model however the stochastic volatility factor is not identi�ed from bond yields
and has to be identi�ed from the time series of yields. Not surprisingly the volatility
factor is now correlated with measures of term structure volatility and a much better
predictor. CDGJ do not include interest rate derivatives in their estimation.

Recently some papers have emerged who start to combine interest rate and option
price data. Jagannathan, Kaplin and Sun (2001) estimate 1,2 and 3 factor CIR models
(with uncorrelated factors and a not so sophisticated market price of risk speci�cation)
using interest rate data and at the parameter estimates they calculate derivative prices.
They conclude that the models they consider are not capable of explaining the derivative
prices. In particular they overprice short maturity caps, underprice long maturity caps
and in the one or two factor models underprice swaptions as well. Note however that
these authors do not include option data in model estimation. Also their model is based
upon uncorrelated factors without stochastic volatility. It seems that there is room to
improve upon their approach.

Thompson (2004) uses LIBOR and swap data to test whether interest rate volatility is
identi�ed from a cross section of bond yields. He argues that, under weak identi�cation,
slight forms of misspeci�cation can lead to large errors in estimated volatility. A �ve
factor model of which two factors are identi�ed from time series of yields and not
from the cross section is proposed and estimated. This model is similar to the USV
model of CDGJ as it identi�es volatility from time series behavior. The resulting factors
capture the shape of the term structure. Not surprisingly, as volatility is estimated from
time series data, the new model leads to better volatility forecasts than traditional af�ne
models estimated in the usual way. This could be expected as volatility is measured from
time series data and in models estimated from yield data alone the volatility factor plays
the role of the third principal component (often the curvature) and not of the volatility.
This is reported in CDGJ, Bikbov and Chernov (2004) and we con�rm these �ndings in
section 6.5. Here we can see the close link between estimation and model performance.
Thompson �nds that at estimated parameter values the coef�cient of the volatility in
the equation for the yields is negligible. This supports his argument that interest rate
volatility is only weakly identi�ed from swap or bond yields.

Bikbov and Chernov (2004) use Eurodollar futures and options to estimate three
different three factor ATSMs. They estimate a (Gaussian) A0 (3) model and an A1 (3)
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model both with and without USV restrictions imposed. To our knowledge this is the
�rst study to use derivatives data in the estimation of an ATSM. They estimate these
models using the Extended Kalman Filter, linearizing the non-linear measurement equa-
tion for the option prices. The models are estimated both on yield data and on combined
yield and option data. They �nd that the Gaussian model and the regular A1 (3) model
estimated on yield data alone explain the futures prices best. Similar to our results the
short rate volatility estimated from the latter model is not highly correlated with an im-
plied volatility measure. However the USV model estimated on both yield and option
data shows a volatility factor which is highly correlated with implied volatility. This
model doesn't give the best �t to option prices however. Probably due to the parameter
restrictions involved in the USV model, it is outperformed by the regular A1 (3) model
estimated on both yield and option data.
Surprisingly, and contrary to our �ndings, the volatility factor in this latter, A1 (3),

model estimated on both yield and option data is not highly correlated with implied
volatility but does correlate signi�cantly with the slope of the term structure. Our work
adds to theirs in that we present results on combined yield and option based estimation
of ATSMs. However we use swap and swaption data. Furthermore we �nd, con�rming
intuition, that the volatility factor in yield and option based estimation is highly corre-
lated with implied volatility. We argue that this strange behavior of the volatility factor
is caused by letting all three factors in�uence derivative prices, instead of pricing the
derivatives given the yield curve (as is standard market practice)52.

The remainder of the chapter is organized as follows. First, we discuss some empir-
ical literature on interest rate volatility and present some preliminary yield and option
data analysis. This section adds to the discussion in the introduction in that it specif-
ically focusses on interest rate volatility. Second, we discuss af�ne models in general
and our model speci�cation in particular. In section 6.4 we discuss estimation method-
ology for ATSMs and introduce a way of including swaption volatilities in a Kalman
Filter measurement equation. Section 6.5 presents the estimation results and �nally, in
section 6.6, we conclude. Figures and tables are presented in an appendix.

6.2 Interest Rate Volatility: Actual vs. Implied

Besides the literature on af�ne term structure models there are other papers focussing
on term structure volatility, both realized and implied53. One of the stylized facts of
term structure volatility is the volatility hump, already documented in Moreleda and

52In the simpli�ed one factor Gaussian case we basically price using the Hull-White model, where Bikbov
and Chernov (2004) would price swaptions using the Vasicek model.
53Note that implied volatility refers to future integrated variations in the underlying. Whereas realised

volatility could also be termed �spot� volatility.
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Vorst (1995) and Ritchken and Subrasuramanyan (1996) in the discussion of single
factor short rate models. The volatility hump is a feature that the volatility of yields
(or equivalently forward LIBOR rates) �rst increases with (forward) maturity, with a
peak around 2-5 years54 and then decreases. Because of the mean reverting nature of
interest rates we expect to see a decrease in swaption volatility along both option and
swap maturity.
Several papers, discussed in the introduction, point out that the identi�cation of

interest rate volatility from the cross section of bond prices seems to be problematic.
Other ways of identifying volatility are needed and pursued by Thompson (2004) and
Collin-Dufresne and Goldstein (2002b). Therefore it is important to have an indication
on the information content of the different measures of volatility that can be extracted
from time series and option data. For example, since most ATSM studies use data with
weekly frequency, an important question to be answered is: how good is data on weekly
changes in the zero yields when extracting term structure volatility?
This latter point is precisely what is discussed in the literature on realized volatility

(RV) which is based on the availability of high-frequency data, see e.g. Andersen and
Bollerslev (1998) or Barndorff-Nielsen and Shephard (2002, 2004). Two main �ndings
of this research are relevant for the present research. First, for good volatility measure-
ment the sampling frequency must be very small (i.e. 5-30 minutes but not smaller)
compared to the weekly frequency used in most empirical ATSM studies. Second, RV
is still a noisy estimator of true volatility. We try to present some evidence on the lat-
ter in section 6.4.2 when we return to the problem of volatility measurement and data
availability.
A related problem is the consistency between different sources of information in

the interest rate market. Three main sources of information on volatility are available,
time series of interest rates, implied cap volatilities and implied swaption volatilities.
The question is not only if time series information is consistent (in both volatility and
correlation) with derivatives but also whether the two derivatives markets are not signif-
icantly and systematically deviating from their no-arbitrage relations. The �rst point is
investigated in De Jong, Driessen and Pelsser, 2004, from hereon DJDP, who estimate
(using the Generalized Method of Moments, GMM), in the context of the LIBOR Mar-
ket Model, the covariance matrix of the forward LIBOR rates using both interest rate
and option data. Contrary to what is common in the ATSM literature they do not im-
pose a factor structure and use a full-factor speci�cation. This full-factor speci�cation
is able to �t the data better than a three factor model with the same number of para-
meters. They show using statistical tests from the GMM theory that both sources of
information yield covariance matrices which are inconsistent with one another. In par-
ticular the interest rate data is not able to generate enough variance and overestimates
the correlation between rates of low maturities and underestimates the correlation be-
tween long maturities compared to the option price data. DJDP report that using the

54This depends on the type of measurement. Realised volatility on absolute or relative changes, implied
Bachelier or Black volatility, yield or forward LIBOR.
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interest rate generated covariance matrix to price derivatives signi�cantly underprices
all derivatives. A related study is that by Longstaff, Santa-Clara and Schwartz (2001)
who study the (in)consistency of caps and swaption prices. Also in the context of the
LIBOR market model, they �nd that long maturity swaptions are priced inconsistently
and that relative prices of caps and swaptions have periods in which they deviate from
no-arbitrage values.
Regarding the over- and underpricing of certain derivatives Rebonato (2003) in a

survey paper points out that banks, i.e. the price makers on the OTC derivative mar-
kets of which the cap and swaption markets are the biggest, are inherently short in caps
/ swaptions and long in the other. Furthermore, it seems that there are limitations to the
actions of (pseudo-)arbitrageurs, who would in principle would correct for the imbal-
ance in demand and supply. These two facts combined could induce some price bias
(in the long and short end of the maturity spectrum) for interest rate derivatives which
cannot be explained by term structure movements and volatility alone. However Han
(2001) shows that if volatility and correlation is modeled �exible enough than price in-
consistencies between both markets seem to disappear. Which points at the fact that
inconsistencies must be relatively large for them to be arbitraged. All these papers use
the setup of the LIBORMarket Model and hence are forced to discard the time-series di-
mension of the data in their estimation strategies. Furthermore their setup doesn`t allow
for the speci�cation of a market price of (volatility) risk, which is exactly the parameter
that should help to explain the differences between both sources of information.
The speci�cation of the market price of risk, especially for the factor driving the

`stochastic volatility ` of the factors is precisely the element which is important in ex-
plaining the differences in volatility and covariance implied by interest rates and deriv-
ative prices (see DJDP). Market price of volatility risk in an equity context the market
price of volatility risk is discussed extensively in van der Ploeg (2005), see also the ref-
erences therein. He concludes that the market price of volatility risk should be negative,
implying writing options should be a pro�table business.
The same author presents a theory on the market price of volatility risk. The rea-

soning is that risk averse investors are typically long in the equity market and willing
to pay for protection against sudden movements in this market. At-the-Money straddles
offer this protection while leaving the long position in the stock market intact (ATM
straddles are delta-neutral). Hence writing these straddles should be a pro�table busi-
ness. This leads to a negative market price of volatility risk. This argument is basically
a supply and demand type of reasoning (i.e. equilibrium pricing55). Although van der
Ploeg (2005) applies it to the equity market, the argument can be applied to the mar-
ket for interest rate derivatives as well. Given that there is supply-demand imbalance in
both major interest rate derivatives markets (i.e. caps and swaptions) and these imbal-
ances are in offsetting directions we might expect the market prices of volatility risk for
the separate caps and swaptions market to have opposite signs. Since real markets are
incomplete the theoretical market price of risk depends strongly on preferences of mar-

55However the use of this term raises the question whether markets are ever in equilibrium.
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ket participants. As Rebonato (2003) points out, the caps and swaptions market serve
different parts of the economy, thereby increasing the plausibility of the above reason-
ing. Theoretically, this would require an incomplete market model like the USV model
in combination with multiple market prices of volatility risk.
We will not try to shed light on this problem in our current work. However it would

be an interesting direction for future research and the possible inconsistency between
caps and swaptions is the reason we limit ourselves to swaption data only when estimat-
ing an ATSM using combined term structure and derivatives data. We have discussed
some of the features likely to be encountered in the data together with some potential
pitfalls. We now turn to model speci�cation.

6.3 Af�ne Term Structure Models with Stochastic
Volatility

For ease of reference we recall our de�nition of the family of ATSMs. As in chapter 4,
the short rate is modeled as an af�ne function of some latent factors, Xt, that follow a
diffusion process.

rt = !0 + !
0
X Xt (6.1)

where !0 is a scalar and !X is anM vector. TheM -dimensional factor dynamics are
given by the following diffusion,

dXt = A (� �Xt) dt+�
p
VtdW

Q
t (6.2)

where WQ
t is an M -dimensional Brownian Motion under the risk-neutral measure, A

and � areM �M matrices and � is anM vector. The matrix Vt is a diagonal matrix
holding the diffusion coef�cients of the factors on the diagonal, i.e.

Vt;(ii) = �i + �
0
iXt i = 1; 2; :::;M (6.3)

where the �i are M vectors. Or directly in matrix notation, de�ning the matrix � =�
�1 � � � �M

�0 and the vector � = � �1 � � � �M
�0, we have56,

Vt = diag (�+�Xt)

The instantaneous drift and variance of the factors are again af�ne functions of the
factors. As a result bond prices are exponentially af�ne in the factors, with coef�cients
which can be obtained by solving a system of ODEs, known as Riccati equations. Thus
in ATSMs we have,

D (t; T ) = exp (A (T � t)�B (T � t) �Xt) (6.4)

56If x is anM -vector then we de�ne diag (x) to be theM �M diagonal matrix with the elements of x
on the diagonal.
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Applying Itô's lemma to D (t; T ) gives57,

dD (t; T ) = rtD (t; T ) dt�B (t; T )D (t; T ) �
p
VtdW

Q
t (6.5)

Regarding model choice we argue as follows. We have to decide on the number
of factors, how many of those factors model volatility and, if the number of volatility
factors is one, whether to account for Unspanned Stochastic Volatility (USV) in the
manner of CDGJ. Repeating the basic argument on factor choice (cf. Litterman and
Scheinkman 1991) combined with the fact that a third factor seems to be needed to
satisfactory �t the term structure in ATSMs, we opt for a three factor ATSM. At least
one of the factors should model volatility. Dai and Singleton (2003) show that a single
volatility factor is in fact most effective in capturing stochastic volatility in interest rates.
Dai and Singleton (2000) then state that this should be the only �square-root� factor. The
other factors will be Gaussian. What is left is to decide on the way the volatility factor
should be included in the model speci�cation. Do we impose USV restrictions58?
The argument by Collin-Dufresne and Goldstein (2002b) in favour of USV is based

on swap returns not explaining (in linear regression) cap / �oor straddle returns. This
�nding is reproduced in a reaction by Fan et al. (2003). However it shown by the latter
authors that a model which captures interest rate dynamics (both yield and volatility)
by �tting to forward rate time series and swaption prices can be used to effectively
hedge straddle returns. This �nding combined with those by Thompson (2004) and
Bikbov and Chernov (2004) suggest that it is not so much how to model volatility but
which information is used in estimating it. From that point of view, an af�ne model
with stochastic volatility without USV restrictions on the parameters is as suitable a
candidate for an interest rate model as the USV model of CDGJ. In fact, since it has,
contrary to the USV model, no restrictions on the factors driving the yield, it has more
potential capturing the complete dynamics of the term structure. Hence we proceed
without USV.
Concluding we can say that model we want to estimate is basically a Vasicek model

with additional equations for the mean (central tendency) and the volatility (mean re-
verting stochastic volatility). In the terminology of Dai and Singleton (2000) it is a
A1 (3) model. The maximal model in this class is,

dVt = �V
�
V � Vt

�
dt+ �V

p
VtdZ

Q
1;t

d�t = ��
�
� � �t

�
dt+ ��V

p
VtdZ

Q
1;t +q

�2� + ��VtdZ
Q
2;t + ��r

p
�2r + VtdZ

Q
3;t (6.6)

drt = �r (�t � rt) dt+ �rV
�
V � Vt

�
dt+ �rV

p
VtdZ

Q
1;t

+�r�

q
�2� + ��VtdZ

Q
2;t +

p
�2r + VtdZ

Q
3;t

57Note that the drift term follows directly from the no-arbitrage restriction.
58A version of our eventual model with USV restrictions imposed is presented in the appendix.
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where ZQ1 , Z
Q
2 , Z

Q
3 are independent Brownian Motions under the risk neutral measure.

The model under the real world measure then allows for a full drift speci�cation (i.e.
every state variable has feedback effect from all three state variables). This amounts to
14 risk neutral parameters and 12 real world or market price of risk parameters. Both
Dai and Singleton, and Bikbov and Chernov, and Collin-Dufresne and Goldstein restrict
the model considerably.
In the spirit of Bikbov and Chernov (2004) we put some cross correlations between

r and � to zero. Furthermore following the literature on Market Models with stochastic
volatility, see e.g. Andersen and Brotherton-Rathcliffe (2001) we let the volatility be an
independent process (at least under the pricing measure). To be concrete we restrict59
the model as follows,

dVt = �V
�
V � Vt

�
dt+ �V

p
VtdZ

Q
1;t

d�t = ��
�
� � �t

�
dt+ �

p
VtdZ

Q
2;t (6.7)

drt = �r (�t � rt) dt+ �
p
VtdZ

Q
2;t + �

0
p
VtdZ

Q
3;t

where �0 =
p
1� �2. So only the short rate and its mean are instantaneously correlated

and both have stochastic volatility.
Furthermore we use the following speci�cation under the real world measure,

dVt = �PV

�
V
P � Vt

�
dt+ �V

p
VtdZ

P
1;t

d�t = �P�

�
�
P � �t

�
dt+ �P�V

�
V
P � Vt

�
dt+ �

p
VtdZ

P
2;t (6.8)

drt = �Pr (�t � rt) dt+ �Pr�
�
�
P � �t

�
dt+ �PrV

�
V
P � Vt

�
dt

+�
p
VtdZ

P
2;t + �

0
p
VtdZ

P
3;t

where �PV = �V+ �V �V and V
P
= V �V

�PV
and the other market prices of risk are

speci�ed implicitly. Note that the matrix of mean reversion coef�cients is lower diago-
nal, this facilitates estimation. The real world dynamics are typically hard to estimate,
hence structure is needed.
Bond prices in the model are given by,

D (t; T ) = exp (A (T � t)�Br (T � t) rt �B� (T � t) �t �BV (T � t)Vt) (6.9)

where,

59It should be clear that the restrictions we put on the model are completely different from the USV restric-
tions.
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Br (�) =
1� e��r�

�r

B� (�) =
1� e����

��
+
e��r� � e����

�r � ��
(6.10)

dBV (�)

d�
= ��VBV (�)�

1

2

�
�2VBV (�)

2
+ [�B� (�) + �Br (�)]

2
+
�
1� �2

�
Br (�)

2
�

dA (�)

d�
= ��V V BV (�)� ���B� (�)

The model is essentially a two factor Gaussian term structure model with an additional
stochastic volatility factor. The analytical expression for the bond price greatly reduces
the computational dif�culty of the estimation procedure and together with the partial
Gaussianity this opens the way to an analytical swaption price approximation for an
ATMF swaption.
Previewing the derivative pricing application it is useful to note that a three factor

ATSM in this form is unlikely to match the amount of decorrelation between rates ob-
served in practice, see De Jong, Driessen and Pelsser (2004) or Rebonato (2000). Like
the �t to the cap volatility hump this is not (yet) the focus of our research. Instead we
focus on the estimation and interpretation of the volatility state variable.

6.4 Estimation

In section we �rst discuss and analyze the data used in estimation, then we discuss the
available estimation methods of which we choose the Kalman Filter. We then derive
a state space formulation of the model including a measurement equation for cap or
swaption volatility. We plan to estimate the model using yields only and combined
yield and option data. Estimation results are discussed in the next section.

6.4.1 Data

Data on US forward par swap rates and US LIBOR rates is used to infer the time series
of zero coupon yields. These yields are taken directly from a database by JP Morgan.
For the measurement of the term structure itself we use a weekly frequency however for
the measurement of yield volatility (in the spirit of realized volatility) we use daily data
to infer weekly realized volatility. Furthermore we use weekly data on US swaption
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implied volatility in our estimation. Data on US caps is also included but because of the
possible inconsistency between caps and swaptions our primary focus is on swaptions60.
Furthermore, as caps consist of a portfolio of caplets61, it is not clear, without further
assumptions, how cap implied volatility should be attributed over the different caplets.
However we do use cap data for a principal components analysis of (different measures
of) term structure volatility. Our dataset covers the period from the 4th of November
1996 until the 15th of November 2004. This amounts to 420 observations.
The selected yields for estimation are 6M, 1Y, 2Y, 5Y, 7Y, 10Y, 15Y, 20Y, 30Y.

We use long maturities because of the possible insurance applications. The market
standard for quoting cap and swaption prices is implied Black volatility (i.e. inverting
the Black formula such that forward rate volatility corresponds to price). However
the implied volatility we use is implied Bachelier volatility (i.e. inverting the Bachelier
option pricing formula, also Basis Point volatility). By de�nition this corresponds to the
same swaption price. Whereas Black implied volatility is a relative volatility, since the
pricing formula is based on lognormally distributed forward rates, the Bachelier formula
is based on Gaussian rates hence the volatility is an absolute volatility. We use the latter
quantity because it corresponds closely to what we expect from our volatility factor.
Furthermore it is easier to derive an ATSM equivalent for Bachelier implied volatility.
Indeed we show later that this volatility is approximately linear in the volatility factor.
We then use this result in our state space formulation of the model.

6.4.2 Data analysis: PCA

The aim of this section is to explore the data and see which stylized facts of the term
structure and interest rate derivatives are present in our dataset. We present results of
a standard Principal Components Analysis on forward LIBOR rates and investigate the
in�uence, if any, of time varying volatility on the level-slope-curvature phenomenon
which is present in many data sets. Level-slope-curvature is present in our dataset as
well, the results are available in table 6.1. Next to the traditional results in table 6.1a,
we present in table 6.1b results on a PCA of the series after applying a AR(1)-SV �lter,
i.e. we do a PCA on the residuals, "t, of the following model,

Li (t) = Li (t� 1) + � (t) "t
ln�2 (t) = ! + � ln�2 (t� 1) + �t

E"t = E�t = 0 , E"2t = 1 , E�
2
t = s2

Where Li is the i-th forward LIBOR rate. We estimate such a model for each series
separately so the dependence will not show until the PCA. Even though SV is present
(and �ltered out) the level-slope-curvature interpretation doesn't change.
60Since swaps and swaptions are more frequently used in the risk management of insurance companies,

keeping our eye on the possible applications neglecting the cap data is warranted.
61Also, the caplet included in the one period cap is not the same as the one included in the ten period cap

because of the difference in strike.
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Second we present results of a PCA on a not so standard dataset, namely the �ltered
volatility series of the LIBOR rates and implied Cap volatilities. As could be expected,
and discussed in section 6.2, the implied Bachelier Cap volatilities show a hump around
the 5 year maturity. The results of the principal components analysis are presented in
table 6.2. In table 6.2a, results on the �ltered volatility series of the stochastic volatil-
ity models are presented. From these results it already becomes clear that interest rate
volatility might be driven by multiple factors as the �rst principal component only ex-
plains, 52.84% of the data. This is supported by the results in table 6.2b although here
the �rst component explains 78.45% of the overall variance. This is caused by the fact
that �ltered weekly volatility is very erratic compared to implied volatility and overre-
sponds to some of the movements in the generating process. This and the results of the
PCA on volatility can be interpreted as evidence of the claim that �ltered weekly volatil-
ity (or realized volatility measured over insuf�ciently small time steps for that matter)
is a poor measure of actual volatility.
This topic has been investigated recently in the context of an equity index and op-

tions on this index by both Koopman et al. (2005) and van der Ploeg et al. (2005). Their
results indicate that while valuable information in itself (if nothing else is available)
squared returns or �ltered volatility from these returns is outperformed as an indicator
or predictor of volatility by implied volatility.
Some more, indicative and certainly not conclusive evidence is given in table 6.10

which together with �gure 6.11a holds information on the correlation of different mea-
sures of volatility of the short term interest rate (i.e. the primary variable modelled
in the af�ne term structure model). In the table and �gure EWMA stands for Expo-
nentially Weighted Moving Average and the inclusion of this smoothing �lter, which
basically averages previous observations, as a measure of volatility is inspired by its use
in RiskMetrics. We apply it to the realised volatility series of the 1 year forward 1 year
swaprate to show that this series is far to erratic but once it is smoothed a bit it becomes
much more correlated with implied swaption volatility.

6.4.3 Estimation Methodology

Several different estimation techniques have been proposed and evaluated. These tech-
niques differ from the (augmented) Kalman Filter to the Ef�cient Method of Moments
(EMM) but also recently some promising approximateMaximumLikelihood techniques
have been developed (Ait-Sahalia, 2002). Basic estimation of af�ne models assumes
some zeroyields (the number equal to the number of factors) are observed without er-
ror. These yields can then be used to infer the value of the factors (no longer latent) for
all dates in the sample. The other yields have measurement error. The process of the
factors under the real world measure can then be used to obtain a likelihood function.
However this likelihood function is only exact in the case of Gaussian or independent
factors. In the case of e.g. the A1 (3) model outlined above the likelihood cannot be de-
rived exactly and one must turn to either QML (see i.a. Duf�e and Singleton, 1997, Dai
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and Singleton, 2000), the asymptotic expansions of Aït-Sahalia (2002,2003) applied
in Aït-Sahalia and Kimmel (2003) or the Monte Carlo Likelihood method of Durbin
and Koopman (2000), see Brandt and He (2002). CDGJ introduce a variation on this
method by assuming the �rst two or three principal components are observed without
error. They also use Monte Carlo Likelihood however in combination with a different
importance sampler which they claim is more ef�cient than the one proposed by Durbin
and Koopman.
The outlined approach can be sensitive to which yields are chosen to be observed

exactly. An extension of this approach would then be to let all yields be observed with
error. Given the linearity of the yield in the factors a Kalman Filter based estimation
approach then seems natural. Indeed, this is the route taken by many authors. Papers
using the Kalman Filter for estimation of ATSMs include, De Jong (2000) and Duffee
and Stanton (2004) who show that, although the estimates are not consistent, the bias is
minimal and the method is more ef�cient than competitors like GMM and EMM.
An alternative estimation approach would be the Ef�cient Method of Moments

(EMM) of Gallant and Tauchen (1996). Although the method is asymptotically ef�cient
Duffee and Stanton (2004) show the method has signi�cant drawbacks in �nite samples.
Another advantage of the Kalman Filter above potentially more ef�cient methods is that
the algorithm is suited for both estimation and �ltering. The estimation procedure yields
estimates of the state vectors as a by-product. This is extremely convenient and is op-
posed to e.g. EMM.
From these references we conclude that the Kalman Filter has desirable properties

for the estimation of ATSMs. The estimates of the states are by-products of estimation,
all prices can be observed with measurement error, it can deal with missing observa-
tions easily, and it is easy to use and implement. Furthermore for practical purposes it
can be considered a consistent estimator. Hence we choose the Kalman Filter as our
QML estimation method. We could build on a Kalman routine and use Monte Carlo
Likelihood however Brandt and He (2002) show that with only one CIR process MCL
doesn't add much for the transition equation. Since we have only one CIR process (for
the volatility) we take this as an indication that we can use QML with con�dence. Given
the low volatility of volatility, �V , we expect the deviations from Gaussianity over the
relatively small time interval of one week and hence the bias induced by neglecting this
to be moderate.
Even though Duffee and Stanton (2004) show that the Kalman Filter is somewhat

biased we do not perform bias correction (see e.g. McKinnon and Smith, 1998) be-
cause of the computationally intensive nature of the calculations. Standard errors of the
estimates are found by the Hessian method using numerical differentiation of the likeli-
hood. Again, we could have bootstrapped the standard errors but we leave this for future
research for the same reason.
What we do implement though, because of problems with local optima and �at like-

lihood functions, is a method to �nd a global optimum, following Bikbov and Chernov
(2004). We generate, using a Sobol sequence, within reasonable economic bounds of
the parameter space quasi random combinations of starting values for the parameters.
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We generate 4026 different starting values. From each vector of starting values we start
a search for a (local) optimum. From the local optima we take the one with the high-
est likelihood. The method becomes more robust and also time consuming with more
combinations of starting values.

6.4.4 Extracting Volatility Information from the Time Series of
Yields

Since we use the Kalman Filter for estimation it is natural to �rst present the A1 (3)
model in State Space Form (SSF). Assume we have measurements on K yields, with
time-to-maturity of � i, i = 1; :::;K. Further de�ne Xt =

�
Vt �t rt

�0 , BV (�) =�
BV (�1) ::: BV (�K)

�0 , B� (�), Br (�) and A (�) in similar spirit and B (�) =�
BV (�) B� (�) Br (�)

�
. The yield measurements are linear in the unobserved

factors, which itself follow approximately a Gaussian autoregression. Taking logs on
both sides of (6.4), multiplying by minus 1, dividing by time-to-maturity, � , and adding
measurement error, then for yield with maturity � , we obtain the yield measurement
equation,

� lnD (t; t+ �)
�

� Y (t; �) = �A (�)
�

+
B (�)

�
Xt + "t (6.11)

where, Y , A, and " are K-vectors and B is a K � 3 matrix. The measurement er-
rors are assumed to be contemporaneously and serially uncorrelated, with variance �2Y .
The state equation follows from discretization of (6.8). If we write � (�t; Xt) and
�2 (�t; Xt) for the conditional mean and variance of the state vector62 we have the
following state equation of the SSF,

Xt+�t = � (�t; Xt) + � (�t; Xt)ut (6.12)

where ut is a three dimensional white noise vector with variance equal to the three
dimensional unit matrix.
This is the traditional setup of the estimation of an ATSMwith the Kalman Filter (see

Duffee and Stanton, 2004 or De Jong, 2000). The quasi-likelihood can be calculated
through the prediction-error decomposition. Since volatility is one of the state variables
and BV doesn't equal zero in general, the yield measurement equation can be used to
extract volatility information from the yield time series. If the USV restrictions hold, or
if volatility is weakly identi�ed from the yield series, parameter estimates should lead
to BV close zero. There is no way to force the parameters of the volatility process in
the direction of their sample equivalents.

62Analytical expressions for these quantities are easily derived and can be found in De Jong (2000).
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Realised Yield Volatility Measurement

We must stress that in the setup of (6.11) there's no room for time series volatility
information. To incorporate this one would have to introduce additional measurement
equations containing precisely this information. Such a measurement equation contain-
ing information on squared differences (ignoring drifts, which we assume to be negligi-
ble over small time intervals) could be derived as follows. First, from (6.11) we obtain
for the squared �rst difference of yield,

�Y (t; �) = Y (t+�t; �)� Y (t; �) (6.13)
= B (�) (Xt+�t �Xt) + "t+�t � "t (6.14)
= B (�)�Xt +�"t (6.15)

using (6.12) it follows that63,

[�Y (t; �)]
2
= B (�)� (�t; Xt)

2
B (�) + ("t+�t � "t)2 (6.16)

Given the linearity of � (�t; Xt)
2 in Xt this equation would �t into the SSF if not

for the properties of the measurement error. The trouble is caused by the fact that the
measurement error is additive and i.i.d. on the yields. This is certainly not the case if
the measurement equation is transformed to include quadratic variation. Furthermore
we would expect the signal to noise ratio of the measurements to be low. We do not
pursue this any further.

6.4.5 Extracting Volatility Information from the Time Series of
Option Prices

Adding measurement equations for several option prices (in particular the swaption ma-
trix) will increase the dimension of the system considerably. However to solve the
problem of many measurement equations Koopman and Durbin (2000) have designed
a fast algorithm to deal with State Space models with a large number of measurement
equations. We employ their method in our estimation procedure with considerable im-
provements in speed even for as few as �ve measurement equations. Furthermore with
the fast swaption price approximation for ATSMs of by Schrager and Pelsser (2006,
chapter 4 of this thesis), from here on SP, this kind of estimation method will certainly
be feasible numerically. We will now use the swaption approximation techniques of SP
to derive a linear measurement equation for annualized ATM implied Bachelier volatil-
ity.

63Here we interpret the� as an in�nitisimal operator such that because of independence dXtd"t = 0.



6.4 Estimation 133

Swaprate and Swapmeasure

Given a set of payment dates Ti, a Forward Par Swap Rate yn;N (t) is de�ned by the
�xed rate for which the value of the (forward starting) swap equals zero, this yields,

yn;N (t) =
D (t; Tn)�D (t; TN )PN
i=n+1�

Y
i�1D (t; Ti)

=
D (t; Tn)�D (t; TN )

Pn+1;N (t)
(6.17)

The rate yn;N (t) is the (arbitrage free) rate at which at time t a person would like to
enter into a swap contract starting at time Tn (paying out for the �rst time at Tn+1) and
lasting until TN . A swaption is now an option on this forward swap rate. The option
maturity associated with yn;N is Tn. Following SP we can write for the approximate
dynamics of yn;N and V under the swap measure64,

dyn;N (t) =
nPN

i=n qi (t) �VBV (Ti � t)
op

VtdZ
Qn+1;N

1;t +nPN
i=n qi (t) [�B� (Ti � t) + �Br (Ti � t)]

op
VtdZ

Qn+1;N

2;t

+
nPN

i=n qi (t) �
0Br (Ti � t)

op
VtdZ

Qn+1;N

3;t

dVt =

 
�V V �

"
�V + �

2
V

(
NX

i=n+1

�i�1BV (Ti � t)
D (t; Ti)

Pn+1;N (t)

)#
Vt

!
dt

+�V
p
VtdZ

Qn+1;N

1;t

whereZQ
n+1;N

1;t , ZQ
n+1;N

2;t , ZQ
n+1;N

3;t are independent BrownianMotions under the swap
measure. Furthermore qn (t) = � D(t;Tn)

Pn+1;N (t)
, qi (t) = �i�1 yn;N (t)

D(t;Ti)
Pn+1;N (t)

for
i = n+ 1; :::; N � 1 and
qN (t) = f1 + �N�1 yn;N (t)g D(t;TN )

Pn+1;N (t)
. The swap rate volatility can be interpreted

as a weighted bond volatility. Following Hull and White (2000) in the context of the
LIBOR Market Model, among others, SP show that given the intuition on the low vari-
ability of D(t;Ti)

Pn+1;N (t)
the SDE for the swap rate can be approximated extremely well by

the following dynamics,

64For more on the swapmeasure and the pricing of swaptions under this measure see Jamshidian (1998).
An application to ATSMs is given in Schrager and Pelsser (2005).
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dyn;N (t) =
nPN

i=n qi �VBV (Ti � t)
op

VtdZ
Qn+1;N

1;t +nPN
i=n qi [�B� (Ti � t) + �Br (Ti � t)]

op
VtdZ

Qn+1;N

2;t (6.18)

+
nPN

i=n qi �
0Br (Ti � t)

op
VtdZ

Qn+1;N

3;t

dVt = �V V dt� (6.19)"
�V + �

2
V

(
NX

i=n+1

�i�1BV (Ti � t)
D (0; Ti)

Pn+1;N (0)

)#
Vtdt+

�V
p
VtdZ

Qn+1;N

1;t

We replace qi (t) by their time zero (martingale) values, i.e. qi � qi (0).
Note that the drift change in the volatility process is extremely small in practice as

�2V will be very small compared to �V 65. For the same reason the direct in�uence on the
swap rate volatility of the term involving ZQ

n+1;N

1;t will be very small as well. Therefore
in the remainder we will work with the following approximate volatility dynamics under
the swap measure,

dVt = �V
�
V � Vt

�
dt+ �V

p
VtdZ

Qn+1;N

1;t (6.20)

Note that, apart from the appearance of Vt in the above equations for yn;N , because
of the approximation method of SP, the swap rate volatility is completely deterministic!
We calculate the qi using the observed (as opposed to �ltered) zero bond prices. This
not only makes the derivation of a linear measurement equation for the implied volatility
feasible but will also guard against uncharacteristic behavior of the other state variables
(� and r)66. Furthermore it conforms to intuition to price derivatives given the exact
price of the underlying. This also corresponds to market practice.

Swaption pricing

With Vt constant, e.g. Vt = V , we have for the T0 price of an At-The-Money-
Forward (ATMF) swaption (see chapter 4),

ATMFn;N (T0) = Pn;N (T0)
�n;Np
2�

(6.21)

�2n;N = Var (yn;N (Tn))

It might be important to note that this is already a very reasonable approximation to the
ATMF price.
65We estimate �V = 0:55% and �V = 0:44. Hence �2V = 3:0e�5 and

�2V

nPN
i=n+1�i�1BV (Ti � t)

D(0;Ti)
Pn+1;N (0)

o
is very small compared to �V .

66Given the excellent performance of the approximation technique used this claim is reasonable.
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Now we move to a situation where Vt is stochastic, with dynamics in (6.20). We
have for the approximate swap rate variance, using Itô's isometry,

Var (yn;N (Tn))

= EQ
n+1;N

Z Tn

0

nPN
i=n qi�VBV (Ti � t)

o2
Vtdt+

EQ
n+1;N

Z Tn

0

nPN
i=n qi [�B� (Ti � t) + �Br (Ti � t)]

o2
Vtdt+ (6.22)

EQ
n+1;N

Z Tn

0

nPN
i=n qi�

0Br (Ti � t)
o2
Vtdt

=

Z Tn

0

nPN
i=n qi �VBV (Ti � t)

o2
EQ

n+1;N

[Vt] dt+Z Tn

0

nPN
i=n qi [�B� (Ti � t) + �Br (Ti � t)]

o2
EQ

n+1;N

[Vt] dt+(6.23)Z Tn

0

nPN
i=n qi �

0Br (Ti � t)
o2
EQ

n+1;N

[Vt] dt

where it follows from (6.20) that EQ
n+1;N

[Vt] = V0e
��V t + (1� e��V t)V . Note

that without ignoring the drift change of the volatility state variable due to change to the
swap measure we obtain,

EQ
n+1;N

[Vt] = V +
�
V0 � V

�
e
�
R t
0
�V +�

2
V

�PN
i=n+1�i�1BV (Ti�s)

D(0;Ti)
Pn+1;N (0)

�
ds

which is computationally much more cumbersome. Writing out even further,

Var (yn;N (Tn))

=
PN

i=n

PN
j=n qiqj

Z Tn

0

BV (Ti � t)BV (Tj � t)EQ
n+1;N

[Vt] dt+

PN
i=n

PN
j=n qiqj

Z Tn

0

[�B� (Ti � t) + �Br (Ti � t)] (6.24)

[�B� (Tj � t) + �Br (Tj � t)]EQ
n+1;N

[Vt] dt+PN
i=n

PN
j=n qiqj

Z Tn

0

�
1� �2

�
e2�rt

�
�e��rTi
�r

� �
�e��rTj

�r

�
EQ

n+1;N

[Vt] dt

=
�
�n;N + �n;NV0

�
Tn

Which is linear in the current volatility. We have de�ned �n;N and �n;N implicitly.
The integrals in the �rst and second line of (6.24) are calculated numerically (after BV
is evaluated numerically as well, using Runge-Kutta). We have derived an equation for
the swap rate variance which is linear in the volatility state variable.
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Now consider again the pricing of a swaption. With Vt stochastic, i.e. stochastic
volatility, we have the familiar mixing result, see Romano and Touzi (1997), for the
(approximate) price of an ATMF Swaption,

ATMFn;N (t) =
Pn;N (t)p

2�
EQ

n+1;N

t

�q
Var (yn;N (Tn) jVs; s > t)

�
(6.25)

Ignoring Jensen's inequality and just plugging in the swap rate variance we obtain,

ATMFn;N (t) =

q
EQ

n+1;N

t [Var (yn;N (Tn) jVs; s > t)] (6.26)

=
Pn;N (t)p

2�

q
�n;N + �n;NVt (6.27)

This is something we can use as a measurement equation,

e�2n;N (t) =
� p

2�
Pn;N (t)

ATMFn;N (t)
�2

Tn
= �n;N + �n;NVt + "

�
t (6.28)

where e�n;N (t) is the implied Bachelier volatility of the swaption. As mentioned ear-
lier this is the Gaussian equivalent of the implied Black volatility (which is based on
lognormality of the underlying).
Summarizing we use three approximations to arrive at a measurement equation for

the swaption price. First the approximation by SP for the swap rate dynamics under
the swap measure. As shown in chapter 4 this approximation is extremely accurate for
ATMF swaptions. Second, we approximate the drift change of the volatility process
under the swap measure by zero. This is justi�ed since it is of the order �2V which
is small compared to other determinants.. Third, to deal with stochastic volatility we
ignore Jensen's inequality and plug in the expected variance instead of calculating the
expected standard deviation. We need this to arrive at a measurement equation for the
squared implied Bachelier volatility which is linear in the volatility state variable. This
approximation is especially accurate for ATMF options, see the evidence in both Schöbl
and Zhu (1999) and van der Ploeg (2005). The correlation between the volatility and the
swap rate itself is not an issue for ATMF options, as again is shown in Schöbl and Zhu
(1999) and van der Ploeg (2005). This result enables us to use the Kalman Filter without
additional complications. The method is simple but effective with likelihood evaluation
being extremely fast and estimation not more dif�cult than using yields alone.

6.5 Empirical Results

We estimate an A0 (2) model for reference material on the �t of a two factor ATSM.
Speci�cation of the model is given in appendix 6.A. We present parameter estimates to-
gether with Mean Errors (ME) and Mean Absolute Errors (MAE) of realized yields and
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swaption implied volatilities compared with their model estimated equivalent. We es-
timate and compare the A0 (2), A1 (3) yield (i.e. the model introduced in section 6.3
estimated on yield data alone) and A1 (3) yield&vol (i.e. the model introduced in sec-
tion 6.3 estimated on both yield and volatility data). To give an interpretation to the
model factors we look at correlation of �ltered states with term structure observables
like, short (1Y) and long (10Y) rate, term structure slope (10Y-1Y), butter�y (10Y+1Y-
2*5Y). Furthermore we consider correlation between the volatility state variable of the
model and the following volatility measures: implied 1 x 1 swaption volatility, �ltered
volatility from an SV model of the 1Y yield and a smoothed version of the latter volatil-
ity.

6.5.1 Parameter estimates and speci�cation tests

We �rst present results on the yield based estimation, second we present results on
the combined yield and option estimation. As a model speci�cation test we present
pricing errors of the model on instruments used in the estimation as well as �rst order
autocorrelation in the residuals, see Harvey (1989). Besides presenting results on the
�t of the model on swaptions included in estimation we brie�y touch upon in-sample
pricing of derivatives not included in the estimation. This also includes the �t of the
A1 (3) yield model to the swaptions used to estimate A1 (3) yield&vol.

Yield Based Estimation

Parameter estimates, mean pricing errors (ME) and mean absolute pricing errors
(MAE) are presented in tables 6.3 and 6.4 for the A0 (2) and A1 (3) yield model to-
gether with �rst order autocorrelation of the standardized residuals. Parameter estimates
for the mean of the short rate, rP, and the mean of volatility factor, V P, agree closely
with sample equivalents. The mean reversion of the volatility factor is low, pointing at
very persistent volatility. This is needed for the volatility factor to play a role as the
third principal component of the yield curve. A low value of �V causes a high value
of BV (�) for even moderate values of � . We have more to say on the mean reversion
coef�cient of Vt in the next subsection.
It is obvious from tables 6.3 and 6.4 that the three factor model performs much

better in the pricing of bonds than the two factor model, also evidence of Vt playing
the role of a term structure factor. The three factor model produces in sample average
absolute pricing errors of around 4 basis points. For the two factor model this is more
in the region of 8 basis points. Adding an additional factor moves the accuracy of the
model from outside to close to the bid-ask spread. Our results for yield curve �t are
similar to other results reported in the literature. We might report higher MAE because
most studies use yields with a maturity of up to 10 years whereas we use yields with a
maturity of up to 30 years. The same probably holds true for the autocorrelation in the
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standardized residuals. We use three factors to explain 9 yields in the maturity spectrum
from 6 months to 30 years. Other studies typically focus more on the short end of the
maturity spectrum (up until 10 years). De Jong (2000) reports autocorrelation of around
25% compared to the 60-80% we report. However he uses a less restricted model with
three factors to explain four yields as opposed to our restricted A1 (3) with which we
explain 9 yields. Clearly the results indicate the imperfection of the model used. An
improvement of the A1 (3) over the A0 (2) is clearly visible however.
Besides the pricing errors displayed in the lower part of table 6.4, which show con-

siderable mispricing (the implied Bachelier volatility itself is around 100 basis points),
�gure 6.5 shows the time series of observed implied volatility and implied volatility
produced by the model using the �ltered Vt series from A1 (3) yield. We can con-
clude that although the 3 factor model improves upon the two factor model signi�cantly
this is caused by the uncharacteristic behavior of the volatility state variable, which in-
stead of picking up interest rate volatility (of which the large swaption pricing errors are
evidence) is actually a slope factor.

Combined Yield and Option Based Estimation

Parameter estimates, ME and MAE of both bond pricing and implied volatility are
presented in table 6.6. The observed swaption volatilities and their model counterparts
are given in �gure 6.7. The model underprices the �short option maturity - short swap
maturity� option and overprices the �short option maturity - longer term swap maturity�
option slightly. All in all the swaption �t is excellent. Because the model is now �tted to
more instruments the bond pricing errors are higher than in the yield based estimation,
this was to be expected.
When we look at the speed of mean reversion ofA1 (3) yield&vol it is much higher

than that of A1 (3) yield. This has its impact on the in�uence of volatility on bond
prices. Like Cotton et al. (2004) we �nd that volatility is a fast mean reverting process.
Because of the striking difference in estimated mean reversion coef�cients we carried
out the following diagnostic check. We estimate an AR(1) model for the �ltered volatil-
ity series using OLS. We �nd that the estimated AR coef�cient for the �ltered vol series
from the yield and vol based model corresponds reasonably well to the estimated value
for �V of 0.39. The AR coef�cient leads to an estimate of 0.59.(52 weeks in a year). The
Kalman Filter based estimate of �V is in the con�dence interval [0.28 ; 1.22] of the OLS
based estimate. However for the �ltered vol series from the yield based model there is
no correspondence. The estimated value of .04 for �V doesn't correspond with the es-
timated AR coef�cient of 0.39. The KF based estimate of �V is not in the con�dence
interval [0.33 ; 0.69] of the OLS based estimate. We take this as additional evidence
of misspeci�cation of A1 (3) yield whereas we �nd the results for A1 (3) yield&vol
encouraging.
In table 6.6 we also present in sample pricing errors of swaptions not included in

the estimation. Although the pricing errors are larger for these additional options, as
could be expected, they are (especially for the longer term options) of similar magni-
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tude. This is again encouraging, the model appears to perform well over a range of
swaptions. Finally our option pricing errors are similar to the results obtained by Bik-
bov and Chernov (2004). They use the same error measure, namely Mean Absolute
Error of Absolute Annual Implied Variance (i.e. annualized implied Bachelier volatil-
ity) and report errors between 3 and 4 basis points on two option prices with maturity
of 6 month and 1 year respectively. Our errors are in exactly the same range on three
swaption prices. This is encouraging as we use one more option and the three options
have maturities of 1 to 5 years. We ask more of the model but obtain similar �t.
To solve the problems of both bond and volatility mispricing we conjecture there's a

need for an ATSM with at least 3 Gaussian factors taking care of the bond pricing with
an additional one or two stochastic volatility factors to capture most of the dynamics in
the implied volatility surface. It would be interesting to see how the model estimated
here compares which such a model. Furthermore we have not investigated anything
in the direction of volatility skews, this should help shed more light on the empirical
distribution of interest rates.

6.5.2 Interpretation of model state variables

The correlation of the state variables with several measures of term structure shape and
volatility can be found in tables 6.8 and 6.10 respectively. These tables are accom-
panied by �gures 6.9 and 6.11 respectively, each showing a state variable from either
A1 (3) yield or A1 (3) yield&vol together with a correlating shape or volatility mea-
sure.
Let us �rst focus on the results from the yield based estimation. We already men-

tioned that the volatility factor from the yield based model is a term structure slope
factor rather than a true volatility factor. The �rst three rows of table 6.8 shows cor-
relation of the state variables from A1 (3) yield with several observable measures of
the shape of the term structure. In each case we've put the highest correlation in bold-
face. Not surprisingly the short rate is correlated highly with the short end of the term
structure. The long end is strongly negatively correlated with Vt and �t is strongly neg-
atively correlated with the term structure curvature. The graphs in �gure 6.9 show the
correlated pairs, the model factors are scaled to �t in the same picture as the observ-
able measures of term structure shape. Table 6.10 shows evidence of the claim that the
�ltered Vt series is uncorrelated with any time series or derivatives based measure of
volatility.
Now turn to the yield and option based estimation. It can be seen from table 6.8

that rt and �t meet expectations as they correlate highly with the observables they're
supposed to model, namely the short end and the slope of the curve. The volatility
component is correlated with several shape measures as well, but it is clearly picking up
the implied swaption variance. From table 6.10 the high correlation of the volatility state
variable of the yield and option based estimation with swaption volatility is striking.
This can be viewed as a proof of the validity of the arguments we used in the derivation



140 Chapter 6. Combining yield and option data

of the linearization of the swaption volatility measurement equation. Furthermore the
volatility component is �tting smoothed realised volatility as well. Realised volatility
and implied volatility are of approximately the same level, this corresponds with our
parameter estimate of the market price of volatility risk which is small but positive.
This can be seen from �gure 6.11. The time series of realised volatility will not yield
additional information beyond that provided by implied volatility because it is such a
noisy estimator of implied volatility, therefor we discard it in our estimation procedure.
Figure 6.11a shows different measures of term structure volatility, implied Bachelier

volatility of the 1 x 1 swaption, the realised volatility series of the 1 x 1 forward swaprate
and a smoothed version of this swaprate volatility. The realised volatility is clearly very
erratic, its smoothed version however captures the overall movements of the implied
volatility. Figure 6.11b shows these volatility measures against the �ltered volatility,p
Vt, of both types of estimation. Contrary to Bikbov and Chernov (2004) we do not get

a strange interpretation of factors in combined estimation. The reason is that we take
the observed term structure as input to swaption pricing following practice in pricing
derivatives taking the price of the underlying as given.
We conjecture that the yield and option based model will perform better in volatility

forecasting than the yield based estimated model. This is essentially comparing volatil-
ity forecasting based on term structure curvature with volatility forecasting based on
implied volatility dynamics. It is not dif�cult to see which one would perform best.
It remains to be checked whether A1 (3) yield&vol performs better in capturing

term structure shape in high volatility periods.

6.6 Conclusion

We've contributed to the literature on ATSM in two important ways. First we derived,
in a three factor Af�ne model with stochastic volatility, a measurement equation for
cap and swaption volatility which is linear in the state variable driving the stochastic
volatility component. Second we estimate this model using yield data and combined
yield and volatility data. We con�rm the �ndings by CDGJ and show that the volatility
state variable cannot be interpreted as such in the yield based estimation. This state
variable is hardly correlated with any measure of volatility and instead plays the role
of the long end of the term structure. The combined yield and option based estimation
shows a different picture. Here the volatility variable is more or less forced to �t implied
volatility movements. This coincides with a limited in�uence of the volatility on the
yields. We conclude that the information used is more important in the estimation of an
ATSM with stochastic volatility than the question whether to include USV or not.
Future research should focus on combining interest rate and option data in a con-

sistent manner. This is pioneered by Bikbov and Chernov (2004) and is precisely what
we do in this chapter. The model speci�cation should focus on SV elements to �t the
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volatility skews and smiles and perhaps a new market price of risk speci�cation for the
factor driving term structure volatility to explain the inconsistencies between the two
sources of information. Also it would be interesting to see how we can come up with a
model which takes into account or perhaps estimates the market (informational) inef�-
ciencies because of the structural long / short positions of banks in caps and swaptions
and the limitations in the actions of arbitrageurs. This latter point would be the biggest
challenge.
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6.A Appendix: Benchmark A0(2) model, USV restrictions

The risk neutral model equations of the 2 factor Gaussian ATSM we benchmark the
performance of our A1 (3) model against are as follows,

d�t = ��
�
� � �t

�
dt+ ��dZ

Q
1;t (6.A.1)

drt = �r (�t � rt) dt+ ��rdZQ1;t + �0�rdZ
Q
2;t (6.A.2)

where ZQ1 , Z
Q
2 are independent Brownian Motions under the risk neutral measure and

�0 =
p
1� �2. The model under the real world measure then allows for feedback effect

on the short rate from the other state variable. This amounts to 6 risk neutral parameters
and 5 real world or market price of risk parameters. The real world dynamics of the
model are then given by,

d�t = �P�

�
�
P � �t

�
dt+ ��dZ

P
1;t (6.A.3)

drt = �Pr
�
rP � rt

�
dt+ �Pr�

�
�
P � �t

�
dt+ ��rdZ

P
1;t + �

0�rdZ
P
2;t(6.A.4)

where ZP1 , ZP2 are independent Brownian Motions under the real world measure
In this simple model without USV we can still mimic the effect of the USV restric-

tions on the ability of the model to �t bond prices. In the context of the A0 (2) model
the USV restrictions amount to,

�� = 2�r
and we can get a reasonable idea of its impact on the �t of the bond prices without
actually estimating the USV model.

We now turn to the USV restrictions. From CDGJ we have the following equations
for the A1 (3) model with USV restrictions imposed,

dV �t = (V � �V V �t ) dt
+�V

p
V �t �  1dZ

Q
1;t

drt = �Qt dt+ �1
p
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Q
1;t (6.A.5)
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where ZQ1 , Z
Q
2 , Z

Q
3 are independent Brownian Motions under the risk neutral measure.

Using the transformation of variables:

Vt = V �t �  1 =) V �t = Vt +  1

�Qt = �r (�t � rt) =) �t =
�Qt
�r
+ rt

�r = �cV
we can rewrite the model as follows,

dVt = �V (�V � Vt) dt+ �V
p
VtdZ

Q
1;t

d�t = 2�r

�
� � �t +

1

2�2r
Vt

�
dt+  �1dZ

Q
2;t (6.A.6)
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p
VtdZ

Q
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�
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Q
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q
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�
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with �t having the interpretation as the short term mean of the short interest rate and
some new parameters are introduced and de�ned implicitly. Because we assume the
short rate and its volatility to be uncorrelated the model would reduce to,

dVt = �V (�V � Vt) dt+ �V
p
VtdW

Q
1;t
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�
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Q
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drt = �r (�t � rt) dt+  �2dW
Q
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q
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�
3dW

Q
3;t

The parameters of this model should satisfy the following restrictions,

�V > 0 for stationarity
�r > 0 for stationarity

�V �
�2V
2�V

> 0 for admissibility

 �2 > 0 for admissibility
1 > �21 for admissibility
 �3 > 0 for admissibility
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6.B Appendix: Tables and graphs to chapter 6

Table 6.1a Principal Components Analysis of term structure: Forward LIBOR

Fw LIBOR 1st 2nd 3rd
Eigenvalues 9.05 1.90 0.38
Explained Var. 75.45% 15.84% 3.17%
Cum. Ex. Var. 75.45% 91.29% 94.46%

Eigenvectors level slope curv.
3M -0.26 -0.33 0.64
6M -0.27 -0.29 0.37
9M -0.29 -0.29 -0.02
1Y -0.31 -0.22 -0.09
15M -0.32 -0.16 -0.17
18M -0.32 -0.08 -0.33
21M -0.32 -0.04 -0.38
2Y -0.32 0.00 -0.27
5Y -0.30 0.29 0.04
6.5Y -0.27 0.39 0.15
8Y -0.25 0.42 0.23
9.5Y -0.22 0.48 0.12

Table 6.1a. Principal Components Analysis of forward LIBOR rates. In the up-
per part of the table we report eigen values and explained (cumulative) variance. In
the lower part we report factor loadings which show signs of the well known level-
slope-curvature phenomenon. The left most columns indicates the forward time period
associated to the forward LIBOR rates.
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Table 6.1b Principal Components Analysis of term structure: SV residuals

SV residuals 1st 2nd 3rd
Eigenvalues 9.64 1.49 0.34
Explained Var. 80.36% 12.39% 2.82%
Cum. Ex. Var. 80.36% 92.75% 95.57%

Eigenvectors level slope curv.
3M -0.27 -0.30 0.59
6M -0.29 -0.27 0.31
9M -0.29 -0.28 0.15
1Y -0.30 -0.22 -0.01
15M -0.31 -0.16 -0.16
18M -0.31 -0.10 -0.40
21M -0.31 -0.06 -0.42
2Y -0.31 -0.02 -0.31
5Y -0.30 0.27 -0.01
6.5Y -0.28 0.38 0.10
8Y -0.25 0.44 0.18
9.5Y -0.23 0.50 0.17

Table 6.1b. Principal Components Analysis of residuals of AR(1)-SV model applied
to forward LIBOR rates. The structure of the table is the same as that of table 6.1a.
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Table 6.2a Principal Components Analysis of volatility: Filtered SV

SV 1st 2nd 3rd
Eigenvalues 6.31 2.18 1.62
Explained Var. 52.84% 18.13% 13.47%
Cum. Ex. Var. 52.84% 70.97% 84.43%

Eigenvectors level curv. slope
3M -0.22 -0.17 -0.51
6M -0.26 -0.12 -0.55
9M -0.30 -0.04 -0.44
1Y -0.26 0.42 0.00
15M -0.25 0.46 0.07
18M -0.35 0.24 0.10
21M -0.35 0.19 0.12
2Y -0.35 0.16 0.18
5Y -0.33 -0.25 0.20
6.5Y -0.30 -0.34 0.22
8Y -0.26 -0.38 0.22
9.5Y -0.17 -0.35 0.21

Table 6.2a. Principal Components Analysis of �ltered volatility of AR(1)-SV model
applied to forward LIBOR rates. In the upper part of the table we report eigen values
and explained (cumulative) variance. In the lower part we report factor loadings which
show signs of the well known level-slope-curvature phenomenon. The left most columns
indicates the forward time period associated to the forward LIBOR rates.
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Table 6.2b Principal Components Analysis of volatility: Implied Cap volatility

SV residuals 1st 2nd 3rd
Eigenvalues 9.41 2.00 0.48
Explained Var. 78.45% 16.67% 3.98%
Cum. Ex. Var. 78.45% 95.11% 99.10%

Eigenvectors level slope curvature
6M -0.22 -0.50 0.27
9M -0.24 -0.47 0.14
1Y -0.26 -0.41 -0.01
18M -0.30 -0.23 -0.26
2Y -0.31 -0.08 -0.34
3Y -0.31 0.10 -0.32
4Y -0.31 0.18 -0.24
5Y -0.31 0.22 -0.17
7Y -0.30 0.26 -0.03
10Y -0.30 0.27 0.16
15Y -0.29 0.23 0.41
20Y -0.29 0.16 0.58

Table 6.2b. Principal Components Analysis of Black implied cap volatility. The
structure of the table is the same as that of table 6.2a. The left most columns indicates
the maturity of the caps.
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Table 6.3. Estimation results of 2 Factor Gaussian Central Tendency Model

Parameter Estimates

Parameters St. Errors
� 0.13 0.01
�� 0.45 0.02
�� 0.15 0.02
�r 0.06 0.00
�r 0.96% 0.00
�r� 0.04 0.01
�
P 0.20 0.28
�P� 0.66 1.06
rP 3.95% 0.06
�Pr 0.09 0.46
�Pr� 0.03 0.13
�" (in bp) 10.22 0.39

Summary Statistics

Variance Matrix of Factors under real world measure, diagonal elements: volatility;
off-diagonal elements: correlation

Instantaneous Annual Unconditional
� 14.62%
r 0.54 1.14%

� 1.46%
r 0.42 0.93%

� 4.74%
r 0.83 2.83%

Yield Pricing Errors (in bp)

Maturity 0.5 1 2 5 7 10 15 20 30
ME -2.49 3.73 0.04 -1.93 0.38 2.66 -0.87 -2.89 1.58
MAE 9.58 5.81 10.70 7.02 4.59 3.78 5.16 6.82 10.35
AR(1) 0.97 0.90 0.86 0.82 0.82 0.78 0.81 0.81 0.90

Summary statistics of model �t on yields. We report per yield the mean error (of the
�tted yield with respect to the observed yield) in basis points, the mean absolute error
and the �rst order autocorrelation of the Kalman Filter residuals (with a theoretical
value of zero).
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Table 6.4. Estimation results of 3 Factor Gaussian Central Tendency Model
with Stochastic Volatility

Parameter Estimates using yields only

Parameters St. Errors
�V -0.25 0.03
�V 0.17% 0.02%
� 0.08 0.00
�� 0.47 0.01
� 9.97 0.42
�r 0.23 0.02
� 0.07 0.08
V
P 3.12e-5 6.07e-6

�PV 0.04 0.01
�
P 0.07 0.01
�P� 3.14 0.06
�P�V 0.39 0.03
rP 4.21% 0.02
�Pr 0.11 0.11
�Pr� -0.16 0.11
�PrV 0.27 0.17
�" (in bp) 7.06 0.15

Summary Statistics

Variance Matrix of Factors, diagonal elements: volatility; off-diagonal elements:
correlation

Instantaneous Annual
V 9.35E-6
� - 5.56%
r - 0.07 0.56%

V 9.14E-6
� -0.04 2.22%
r -0.21 0.23 0.59%

Unconditional
V 3.12E-5
� -0.17 2.25%
r -0.83 0.16 7.00%



150 Chapter 6. Combining yield and option data

Summary Statistics (cont.)

Yield Pricing Errors (in bp)

Maturity 0.5 1 2 5 7 10 15 20 30
ME -0.03 2.96 -3.58 -3.29 1.20 4.70 0.48 -2.47 0.97
MAE 6.56 5.20 8.36 3.96 2.80 5.02 3.67 4.49 5.83
AR(1) 0.44 0.79 0.66 0.83 0.81 0.63 0.64 0.61 0.75

Summary statistics of model �t on yields. We report per yield the mean error (of the
�tted yield with respect to the observed yield) in basis points, the mean absolute error
and the �rst order autocorrelation of the Kalman Filter residuals (with a theoretical
value of zero).

Swaption Pricing Errors (in bp)

Maturity 1 x 1 5 x 5 1 x 9
ME 13.41 39.15 21.22
MAE 25.96 42.90 28.83
AR(1) 0.98 0.99 0.98

Summary statistics of model �t on swaptions. We report per swaption the mean error
(of the �tted implied Bachelier volatility with respect to the observed Bachelier implied
volatility) in basis points, the mean absolute error and the �rst order autocorrelation of
the Kalman Filter residuals.
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Figure 6.5. Filtered Implied Bachelier Volatility from yield only estimation vs.
Actual Implied Swaption Volatility

Figure 6.5a.Model implied Bachelier volatility vs. Actual Implied Bachelier volatil-
ity, yield only estimation, 1 x 1 Swaption.

Figure 6.5b.Model implied Bachelier volatility vs. Actual Implied Bachelier volatil-
ity, yield only estimation, 5 x 5 Swaption.
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Figure 6.5c.Model implied Bachelier volatility vs. Actual Implied Bachelier volatil-
ity, yield only estimation, 1 x 9 Swaption.
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Table 6.6. Estimation results of 3 Factor Model with swaptions included

Parameter Estimates using both yields and swaptions

Parameters St. Errors
�V 0.09 0.04
�V 0.55% 0.04%
� 0.09 0.00
�� 0.37 0.01
� 8.15 0.33
�r 0.05 0.00
� -0.21 0.05
V
P 1.07e-4 8.70e-6

�PV 0.39 0.03
�
P 0.17 0.06
�P� 0.51 0.23
�P�V -1.27 0.08
rP 4.57% 1.62%
�Pr 0.24 0.27
�Pr� -0.06 0.09
�PrV 0.18 0.19
�" (in bp) 10.53 0.15
��" (in bp) 11.60 0.30

Summary Statistics

Variance Matrix of Factors, diagonal elements: volatility; off-diagonal elements:
correlation

Instantaneous Annual
V 5.65E-5
� - 8.44%
r - -0.21 1.04%

V 4.72E-5
� 0.34 7.33%
r -0.34 -0.18 0.99%

Unconditional
V 6.42E-5
� 0.62 14.72%
r -0.46 -0.32 2.11%
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Summary Statistics (cont.)

Yield Pricing Errors (in bp)

Maturity 0.5 1 2 5 7 10 15 20 30
ME -3.43 3.29 0.41 -0.65 1.36 2.62 -2.29 -4.33 3.31
MAE 10.48 5.26 10.21 7.76 5.45 3.72 5.02 7.46 10.11
AR(1) 0.57 0.83 0.86 0.59 0.53 0.76 0.90 0.92 0.91

Summary statistics of model �t on yields. We report per yield the mean error (of the
�tted yield with respect to the observed yield) in basis points, the mean absolute error
and the �rst order autocorrelation of the Kalman Filter residuals (with a theoretical
value of zero).

Swaption Pricing Errors (in bp)

Maturity 1 x 1 5 x 5 1 x 9 1 x 5 5 x 1 9 x 1
ME 0.25 0.88 -0.64 5.87 1.32 2.24
MAE 3.96 3.96 3.00 8.79 4.99 4.10
AR(1) 0.56 0.87 0.88 - - -

Summary statistics of model �t on swaptions. We report per swaption the mean error
(of the �tted implied Bachelier volatility with respect to the observed Bachelier implied
volatility) in basis points, the mean absolute error and the �rst order autocorrelation
of the Kalman Filter residuals. The �rst three swaptions are included in the estimation
(in-sample), the fourth to sixth swaptions are not included in the estimation and are
used for out of sample testing.
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Figure 6.7. Filtered Implied Bachelier Volatility from yield and swaption esti-
mation vs. Actual Implied Swaption Volatility

Figure 6.7a.Model implied Bachelier volatility vs. Actual Implied Bachelier volatil-
ity, yield and swaption estimation, 1 x 1 Swaption.

Figure 6.7b.Model implied Bachelier volatility vs. Actual Implied Bachelier volatil-
ity, yield and swaption estimation, 5 x 5 Swaption.
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Figure 6.7c.Model implied Bachelier volatility vs. Actual Implied Bachelier volatil-
ity, yield and swaption estimation, 1 x 9 Swaption.
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Table 6.8. Correlation Matrix of term structure shape measures

Correlation short rate long rate slope middle long butter�y
r_yield 0.99 0.77 -0.99 0.92 0.30
�_yield -0.25 0.28 0.46 0.04 -0.93p
V _yield -0.65 -0.90 0.48 -0.76 0.12

r_yield&vol 1.00 0.80 -0.98 0.94 0.24
�_yield&vol -0.86 -0.45 0.96 -0.69 -0.57p
V _yield&vol -0.79 -0.42 0.87 -0.65 -0.42

We compute the correlation between several model independent measures of term
structure shape and latent factors of the A1 (3) model. The �rst three rows refer to the
latent factors from the model estimated on yield data alone, the last three rows refer to
the latent factors from the model estimated on both yield and option data. The model
independent shape measures are the 1 year zero rate ("short rate"), the 10 year zero
rate ("long rate"), the slope (long minus short), 5 year zero rate ("middle long") and 10
year zero rate plus 1 year zero rate minus two times 5 year zero rate ("butter�y", a cur-
vature measure). In the yield based model the short rate is highly correlated with latent
instantaneous short rate, whereas the latent mean of the inst. short rate is mimicking
the curvature and the latent short rate volatility is mimicking the long end of the term
structure. In the model estimated on yield and option data alone the behavior of the la-
tent factors is more natural, with the latent short rate mean mimicking the slope and the
latent volatility mimicking swaption implied vol (see table 6.10).
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Figure 6.9. Graphs of term structure shape measures

Figure 6.9a. Short rate and latent instantaneous short rates from both versions of
the model. The high correlation is clear.

Figure 6.9b. Long rate and scaled latent instantaneous mean of short rates from
yield based model. There is a high negative correlation, �t clearly mimics the long end
of the curve.
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Figure 6.9c. Term structure slope and scaled latent instantaneous mean of short
rates from yield and swaption based model. There is a high positive correlation, �t
clearly mimics the slope of the curve.

Figure 6.9d. Butter�y and scaled latent instantaneous mean of short rates from yield
based model. There is clearly negative correlation.
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Table 6.10. Correlation Matrix of term structure volatility measures

Correlation
Realised Vol. 1.00 - - - - -
Implied Vol 0.45 1.00 - - - -
Filtered SV 0.22 0.07 1.00 - - -
EWMA 0.43 0.86 -0.03 1.00 - -p
V _yield 0.14 0.11 0.01 0.39 1.00 -p

V _yield&vol 0.42 0.95 0.05 0.92 0.19 1.00

The correlation matrix of several measures of volatility at the short end of the term
structure of interest rates. Realised Vol is the realized volatility of the 1 year forwar 1
year swap rate, Implied Vol is the implied Bachelier volatility of a 1 x 1 swaption, Fil-
tered SV is the estimated volatility series from a stochastic volatility model for the 1 year
swap rate, EWMA is an exponentially weighted moving average of the realised volatil-
ity series,

p
V _yield and

p
V _yield&vol are the �ltered short rate volatility series from

the A1 (3) model estimated on only yield data and both yield and option data respec-
tively. Note the high correlation between the Implied Vol, EWMA and

p
V _yield&vol

series.
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Figure 6.11. Graphs of term structure volatility measures

Figure 6.11a. Three measures of term structure volatility (Implied Vol, EVMA and
Realised Vol, see table 6.10 for a description). EWMA (bottom line) picks up most of
the trend in the implied vol (top line). The realised vol (rugged line) is just too erratic.
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Figure 6.11b. Implied Vol, EVMA,
p
V _yield and

p
V _yield&vol, see table 6.10.

The volatility measure from the yield based estimation doesn't mimic actual volatility,
the volatility from yield and swaption based estimation however closely resembles the
implied volatility and the realised volatility.
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Samenvatting (Summary in
Dutch)

In dit proefschrift ontwikkel ik enige kwantitatieve methoden die gebruikt kunnen wor-
den bij het �nanciële risicomanagement van in de eerste plaats een levensverzekeraar
of eventueel een pensioenfonds. In bredere zin gaat het hier om toepassingen van de
�nanciële wiskunde (die de prijsvorming van �nanciële derivaten beschrijft) binnen
de Actuariële wetenschap, i.e. verzekeringswiskunde. De vier methoden worden elk
beschreven in een afzonderlijk hoofdstuk. In het vervolg van deze samenvatting zal ik
eerst het maatschappelijk kader schetsen waarin de belangstelling voor toepassingen
van �nanciële wiskunde binnen de verzekeringswereld is ontstaan en gegroeid. Daarna
zal ik de vier afzonderlijke methoden beschrijven met hun achtergrond, toepassingen
en eventuele empirische bevindingen.

Kader

De �nanciële wiskunde kent zijn oorsprong in het werk van Black, Scholes en Mer-
ton in het begin van de jaren '70. De achterliggende gedachte is dat elk derivaat (een
�nancieel instrument waarvan de uitbetaling, en dus waarde, wordt bepaald door de ko-
ers van een �nanciële waarde, het onderliggende instrument) kan worden gewaardeerd
door het opstellen van een replicerende portefeuille bestaande uit een risicovrije beleg-
ging en het onderliggende instrument. De prijs van het derivaat is dan, bijna per de�n-
itie, gelijk aan de prijs van de replicerende portefeuille. Het prijzen van en handelen
in derivaten vindt voornamelijk plaats door banken welke daarvoor specialisten in di-
enst hebben. In de bankwereld worden derivaten op marktwaarde, mark-to-market, in
de boekhouding verwerkt. Deze werkwijze is al jaren gemeengoed en wordt gezien als
de meest natuurlijke manier van boekhouden door alle betrokken partijen. Een gevolg
hiervan is dat het managen van de balans een dynamisch gebeuren is. Balansposten
reageren namelijk op marktomstandigheden. Een stabiele winst wordt bereikt door
goed risicomanagement.
Voor sommige zeer complexe derivaten zijn echter geen marktprijzen voorhanden.

Deze derivaten worden dan geprijsd met behulp van complexe wiskundige modellen.
De parameters van deze modellen worden dan geschat met behulp van voorhanden zi-
jnde marktprijzen van relevante andere derivaten. De boekhouding wordt dan gedaan
op mark-to-model basis. Het model zelf zou men dan marked-to-market kunnen noe-
men, de parameters zijn immers geschat op basis van marktprijzen.
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Goed beschouwd zijn levensverzekeraars niet zo heel erg verschillend van banken.
De producten die worden verkocht hebben namelijk dezelfde karakteristieken als de in-
strumenten die door banken worden verhandeld op de �nanciële markten. Voorbeelden
hiervan zijn (zero coupon) obligaties, aandelen, futures op aandelen indices en zelfs
derivaten. Toegegeven, de uitbetalingen die zij beloven aan polishouders zijn veelal
afhankelijk van het al dan niet overlijden van bepaalde personen maar afgezien daar-
van is het vaak eenvoudig mogelijk om verzekeringsuitbetalingen te zien als �nanciële
instrumenten.
Deze bewustwording van overeenkomsten tussen verzekeringsproducten en �nan-

ciële instrumenten is binnen de verzekeringsindustrie eind 20e eeuw ontstaan als gevolg
van veranderende boekhoudingsregels. Verzekeraars moeten hun balansposten gaan
waarderen op �Fair Value�. Fair Value staat voor het bedrag dat twee goed geïn-
formeerde partijen die bereid zijn tot een transactie overeenkomen. Een werkbare
manier om dit te interpreteren is om uit te gaan van mark-to-market en eventueel mark-
to-model, oftewel markt consistent waarderen kortweg marktwaarde. Een eerste stap
op weg naar Fair Value boekhouden is inmiddels gezet. De bezittingen kant van de bal-
ans van een verzekeraar moet inmiddels op marktwaarde gewaardeerd worden. De ver-
plichtingen kant heeft voorlopig nog uitstel gekregen en wordt nog gewaardeerd op basis
van traditionele actuariële methoden. Deze methoden gaan uit van prudente assumpties
die los staan van marktomstandigheden. Hoewel verzekeringsverplichtingen dus voor
een groot gedeelte bestaan uit verhandelbare �nanciële instrumenten is de waarde in
de huidige en vorige situatie volkomen onafhankelijk van marktprijzen. Deze hinder-
lijke inconsistentie zal worden verholpen met de invoering van Fair Value Accounting.
Een probleem voor veel verzekeraars is echter om de mark-to-market of mark-to-model
waarde van hun verzekeringsverplichtingen te bepalen. Echt �nancieel risicomanage-
ment in de vorm van daadwerkelijk beleggen in een portefeuille die de verplichtingen
repliceert is voor deze verzekeraars helaas nog toekomstmuziek.
De methoden ontwikkeld in dit proefschrift vinden hun toepassing in verschillende

kwantitatieve onderdelen van het �nanciële beleid van een levensverzekeraar. Ten eerste
het marktconsistent waarderen van de verzekeringsverplichtingen, ten tweede het vast-
stellen van de benodigde solvabiliteit, hiervoor wordt theoretisch gezien gebruik gemaakt
van een combinatie van risicomaten en derivaten theorie (welke nodig is om de verzek-
eringsverplichtingen te waarderen) en ten derde het afstemmen van de beleggingen op
de verzekeringsverplichtingen, Asset Liability Management (ALM). Vooral deze laat-
ste twee toepassingen vereisen de nodige numerieke bewerkingen, de ef�cientie van de
implementatie speelt dan een grote rol. Al de methoden in dit proefschrift ondersteunen
een ef�ciente en dus snelle implementatie.
Na het beschrijven van de maatschappelijke achtergrond zal ik nu per hoofdstuk het

onderzoek beschrijven67.

67Hoofdstuk 2 is een inleidend hoofstuk dat enige �nancieel wiskundige technieken beschrijft in algemene
zin die in de latere hoofdstukken hun toepassing vinden.
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Hoofdstuk 3: Markconsistente waardering van premiebetalende beleggings-
verzekeringen

Dit hoofdstuk haakt direct aan bij de vraag hoe bepaalde verzekeringsverplichtingen
gewaardeerd moeten worden op Fair Value basis. Er wordt ingegaan op één bepaalde
verzekering, namelijk een premiebetalende beleggingsverzekering met rendements-
garantie. Deze garantie garandeerd de polishouder een minimum bedrag op de eind-
datum van de verzekering terwijl deze tegelijkertijd de mogelijkheid krijgt te pro�teren
van de naar verwachting hogere rendementen op aandelenkoersen. Er wordt aangetoond
dat de rendementsgarantie analoog is aan een Aziatische put optie. Voor deze garantie
wordt een waarderingsformule afgeleid waarin ook met de praktische kanten van het
product, zoals kosteninhoudingen en sterfterisicopremies, rekening wordt gehouden.
Vervolgens worden scherpe boven en ondergrenzen voor de waarde van de garantie
afgeleid in een economisch model voor aandelenkoersen en de rentetermijnstructuur.
De garantie wordt dan gewaardeerd op mark-to-model basis. De mark-to-market van het
model wordt gefaciliteerd door het a�eiden van een formule voor obligatievolatiliteit als
functie van cap en swaption volatiliteiten. Vanwege de vaak lange duur van de verzek-
ering en bijbehorende garantie is het effect van stochastische rente van belang, ondanks
dat de garantie in essentie een optie is op een aandelenfonds. Een numerieke studie naar
verschillende boven- en ondergrenzen (Thompson, 1999, Rogers en Shi, 1999, Nielsen
en Sandmann, 2002a&b) toont aan dat de aangepaste bovengrens van Thompson (zie
Lord, 2005) het meest nauwkeurig is. De veel gebruikte ondergrens van Rogers en Shi
is, evenals de verschillende moment matching technieken, niet nauwkeurig genoeg in
de context van de lange looptijden van deze verzekeringsproducten.

Hoofdstuk 4: Prijzen van swaptions in af�ne termijnstructuurmodellen

Bij het doen van een ALM studie wordt de rol van bepaalde rentederivaten in het
managen van het renterisico van een verzekeraar steeds meer onderkend. Eén aspect van
een ALM studie is genereren van toekomstige economische scenario's uit een model.
Een klasse van rentemodellen die hiervoor geschikt is, is de klasse van af�ne termi-
jnstructuurmodellen. Om binnen de ALM context swaption prijzen te genereren die
consistent zijn met het economische model is het noodzakelijk deze prijzen snel te kun-
nen berekenen voor de vele scenario's. Vanuit het perspectief van het marktconsistent
waarderen van verzekeringsverplichtingen is het zaak dat modellen snel geschat kunnen
worden aan marktprijzen van liquide derivaten. Swaptions zijn de meest liquide rented-
erivaten en bovendien vaak zeer gerelateerd aan de embedded derivaten in verzekering-
sproducten. Voor een ef�ciente schattingsprocedure is een ef�ciente prijsformule voor
deze derivaten van belang.
In dit hoofdstuk wordt een ef�ciente en nauwkeurige benadering afgeleid voor de

prijs van een swaption in de ruime klasse van af�ne termijnstructuur modellen. Voor
Gaussische modellen, waaronder het veel gebruikte Hull-White model (eventueel de
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versie met twee of drie factoren) wordt een analytische formule afgeleid. Voor de meer
algemene versie van het model wordt gebruik gemaakt van Fourier inversie. De pro-
cedure is ef�cient en nauwkeurig en faciliteert een ef�ciënte parameterschatting met
behulp van swaptions en bovendien het snel prijzen van swaptions in ALM scenario's.

Hoofdstuk 5: Af�ne stochastische modellering van sterfteontwikkelingen

Naast het managen en modelleren van �nanciële risico's en de daarbijbehorende
vraag hoeveel solvabiliteitskapitaal moet worden aangehouden is het voor een levens-
verzekeraar van belang om toekomstige sterfteontwikkelingen in te schatten. Niet alleen
de trend in de sterfte is hierbij van belang, ook de �uctuaties rond de trend. Voor het
eerste zou een deterministisch model volstaan. Fluctuaties zijn echter belangrijk bij het
inschatten van het risico en dus bij het bepalen van de benodigde solvabiliteit. In dit
hoofdstuk wordt op basis van de theorie van lineaire (af�ne) stochastische differentiaal
vergelijkingen een klasse van modellen gepresenteerd die voldoet aan drie belangrijke
eisen.
1. Het model heeft goede analytische eigenschappen, zo zijn gesloten formules af te
leiden voor generatietafels.

2. De stochastische variabelen die de �uctuaties modelleren zijn goed te interpreteren.
Zo bevat de klasse van af�ne sterftemodellen een stochastische versie van de bek-
ende Makeham en Thiele sterftemodellen. Binnen het Thiele model zijn er drie
stochastische variabelen die de ontwikkelingen voor de jonge, middelbare en hoge
leeftijden modelleren.

3. De sterftemodellen zijn te combineren met modellen die worden gebruikt bij het
prijzen van derivaten. Deze eigenschap is van belang wanneer we stochastische
sterfte willen meenemen bij het waarderen van sommige embedded opties, zoals
bijvoorbeeld een gegarandeerde lijfrente optie (Guaranteed Annuity Option, GAO)
waarbij zowel rente als sterfteontwikkelingen een rol spelen.
De modellen worden geschat met behulp van een ef�ciënte implementatie van het

Kalman Filter. Een generalisatie van de voorgestelde klasse van af�ne modellen wordt
niet signi�cant beter bevonden. Dit ondersteunt de bewering dat af�ne sterftemodellen
een ef�cient instrument zijn om sterfterisico in te schatten.

Hoofdstuk 6: Schatten van een termijnstructuurmodel met behulp van rente
en optie gegevens

Door de groei van de derivaten markten en de grotere beschikbaarheid van gegevens
is het mogelijk om rentemodellen niet alleen op basis van historische rente gegevens
te schatten maar tevens daarbij ook gegevens over rentederivaten mee te nemen. In
dit hoofdstuk wordt een schattingsmethode uitgewerkt op basis van de resultaten in
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hoofdstuk 3 die het mogelijk maakt het Kalman Filter als schattingsprocedure te ge-
bruiken voor een termijnstructuurmodel met als afhankelijke variabelen zowel obligatie
als swaption prijzen. Het meenemen van derivaten in de schattingsprocedure geeft een
veel betere inschatting van de huidige en ook toekomstige volatiliteit van de rente. De
schattingsfouten voor zowel obligaties als swaptions zijn binnen de gebruikelijke bied-
laat prijzen geobserveerd in de �nanciële markten. Het resulterende model zou dus
beter in staat moeten zijn om realistische economische scenario's voor een ALM studie
te genereren.
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