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3 A Step detection method for

molecular motors

3.1 Introduction

As mentioned in the section 1.2, molecular motors are biological machines that drive
active motion in living cells. They perform mechanical work using ATP (or a similar
energy-rich molecule) as a fuel. The energy that is needed for the power-stroke of the
molecular motor is released upon hydrolysis of the ATP. There exists a wide range
of molecular motors. Some of these transport a cargo from one point in the cell
to the other, others drive the relative motion of cytoskeletal filaments, a task that is
important for processes such as cell motility or muscle action. Different molecular
motors “walk” on different filaments: for example, the myosins that are responsible
for muscle action can move along actin filaments whilst kinesins are the motors that
transport cargo along microtubules.

An important characteristic of many of these motor proteins is that they move
effectively unidirectionally. The direction of motion is determined by the type of
motor and by the polarity of the filament on which they move. The hydrolysis of
ATP drives a sequence of configurational changes in the motor with the net effect
that the motor proteins make one step of fixed length for every ATP molecule that
they burn. The size of these steps is typically of the order of several nanometers and
the net speed of the motors is of the order of µm/sec. In most cases, the speed of the
motor depends on the force exerted by the load, but the step-size is constant.1

Experiments that provide information about the step-size and stepping rate of
molecular motors under different conditions provide crucial information about the
mechanism of the motor action and, indirectly, about the function of the motor. Ex-
periments that can track the position of individual molecules have made it possible to
track a single motor protein as it moves through the cell. However, such experiments
are notoriously difficult because molecular motors operate in an environment where
fluctuations due to thermal noise are significant. Therefore, optical-microscopy ex-

1Dynein, for example, is an exception since its step-size depends on the external load.
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3 A Step detection method for molecular motors

periments that follow the motion of a molecular motor along a track do not only
detect the underlying motion of the motor but also the thermal fluctuation of the op-
tical probe around this trajectory. As an illustration, Fig. 3.1 shows a sample trace
of the motion of kinesin as observed in the experiments of Ref. [28]. It should be
stressed that kinesin represents a favorable case as it typically travels for hundreds of
cycles along a microtubule without detaching. In contrast, other motor proteins, such
as myosin II, tend not to act alone but as part of a large number of similar motors:
every individual motor does detaches from the (actin) fiber after every single power
stroke. Such behavior makes it even harder to get the desired information from the
noisy trace of the motor. Yet, as can be seen in Fig. 3.1, even for the case of ki-
nesin, the level of noise is significant compared to the step-size of the motor. For this
reason, much attention has been paid to the development of analysis techniques to
extract information about the motion of molecular motors from the noisy traces that
are obtained in experiment. Below we briefly review the existing approaches and then
we present a different approach that makes it possible to extract information about
step-size and stepping frequency under conditions where the existing techniques are
either inaccurate or fail completely.

To extract the step-size and step frequency from noisy traces, such as the one
shown in Fig. 3.1, several step detection methods have been proposed in the litera-
ture [29, 30, 31, 32]. We briefly describe some of these methods in the last section of
this chapter. Here we simply refer to the method by their key characteristic: “t-test”
in Ref. [29], χ2-minimization for Ref. [30], velocity thresholding in Ref. [31] and
a Markovian-based approach in Ref. [32]. A common feature of all these schemes
is that their objective is to fit a specific “optimal” step pattern to the experimental
data. The methods of Refs. [29, 30, 31] use different techniques to decompose the
experimental data into pure noise and a noise-free stepping trace. Then, they extract
information about the underlying trace from the reduced noise-free trace. The per-
formance of all these fitting schemes strongly depends on the elimination of noise
from noise-free trace and their performance rapidly deteriorates as the level of noise
increases.

The key observation that underlies the approach that we propose here is the fol-
lowing: what we aim to extract is not the precise trajectory of the molecular motor,
but the parameters (step-size(s) and step frequency) that are intrinsic properties of the
molecular motor under the experimental conditions. There may be many step histo-
ries that fit the experimental data to within the experimental error and we argue that it
is then pointless to select one trajectory as the “true” motion of the motor and to dis-
card all others. Rather, we argue that is often better to extract the desired information
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Figure 3.1: Trace of kinesin along microtubules that is observed with a quadrant
detector under condition of very low ATP concentration. The step-size is reported to
be 8nm [28]. The fixed directionality of kinesin is toward the plus end of microtubule.
A detail of the experimental trace is shown on the right: it shows both the stepping
behavior and the noisiness of data.

from the set of possible trajectories.
To illustrate why it may be advantageous to consider sets of trajectories, we con-

sider a hypothetical situation where we have two sets of parameter values (e.g. two
values for step-size) that yield an equally good “optimal” fit to the experimental data,
yet differ in the number of good fits that are found. In this case a conventional
method will consider both sets of parameter values equally acceptable. However, the
number of good fits or, more precisely, the path integral of possible trajectories, is
a better indicator of the quality of the fit. Naively, one might think that it is simply
the number of acceptable trajectories that determines the goodness of fit. However,
as we shall argue below, a slightly more sophisticated criterion must be used. The
method based on the analysis of the properties of an “ensemble” of paths becomes
more relevant at the high level of noise where the single fit result becomes inaccurate.

In essence, our approach is Bayesian in nature, as it considers the probability that
a given set of parameters (e.g. step-size and jump frequency) are compatible with the
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3 A Step detection method for molecular motors

experimental data. In what follows we will exploit the analogy between stepping-
motor trajectories and realizations of a directed random walk. The quality of a fit is
related to the ‘free energy’ of the directed random walks in the landscape determined
by the experimental data. We can define the Hamiltonian of a specific random walk
y(t; p) in the presence of experimental data x(t) as:

H(y(t), {p}) ≡
∑

t

(x(t) − y(t; {p}))2,

where {p} denotes the set of parameters characterizing the random walk. If the sta-
tistical noise in the experimental data is denoted as σ2, we can define an inverse
‘temperature’ β ≡ 1/σ2. The “partition function” associated with the parameter set
{p} is then

Q({p}) ≡
∑

y(t;{p})

e−βH(y(t),{p})

As the number of trajectories that contribute to Q increases exponentially with the
length of the trace, special techniques are needed to evaluate Q. In what follows, we
will make use of “moment propagation”, a technique that makes it possible to perform
an exact, recursive enumeration of the weighted number of non-self-avoiding random
walks [33, 34, 35]. In the context of the present example, we limit the discussion
of moment propagation to the case of directed random walks. Moreover, we limit
ourselves to motors that never step backwards. This restriction is not essential but it
simplifies the subsequent discussion. However, we will show that the extension of
the method to other cases is relatively straightforward.

3.2 Analyzing artificial data

In order to develop a reliable test for the approach that we propose, it is useful to
work with artificial data, i.e. data that are generated by 1) assuming a particular step-
size and jump frequency for the molecular motor 2) generating a specific trajectory
for this motor with a probability that is determined by these parameters and then 3)
add artificial Gaussian noise to the trajectory to generate a trace that can be compared
to the experimental data. The reason why we perform tests on artificial data is that,
in that case, we know the properties of the underlying random walk and the added
noise and we can then unambiguously test how well our analysis method recovers the
underlying information about the step-size from the noisy data. Fig. 3.2 shows such
an artificially produced data set, which resembles molecular motor trace in position-
time (x, t) space ( similar to Fig. 3.1). Every point x(t) represents the measured
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3.2 Analyzing artificial data

displacement of the motor along one dimensional substrate at a certain time. We as-
sume that the experimental data set originates from a homogeneous Markov process.
By definition, a Markov process is a random memoryless process, i.e. the events that
take place at any time depend only on the state of the system at that point in time and
not explicitly on its earlier history.

The directional motion of a motor in time axis can be viewed as a “directed random
walk” in 1 + 1 dimensions. In the present case, these directions correspond to time
t and position x. The random walker in this 1 + 1D space always goes forward in
time. Such a random walk is called directed random walk (DRW). For simplicity,
we consider the case where the process underlying the directed random walk only
performs jumps in the +x-direction of a single, fixed size (e.g. kinesin [28]). In the
language of DRW this situation corresponds to a random-walker that can move only
forward in both the x and the t directions: a “unidirectional random walk” (URW).

Fig. 3.2 shows an example of an artificially generated set of N points ~x = (x0, x1,
. . . , xN−1). The data points correspond to the sum of a specific realization of a URW
of step-size ∆r (dashed curve) and the added noise. In the case of real experimental
data, the observer has no a priori knowledge of the underlying step-size ∆r and the
aim of the analysis is to obtain an estimate of this quantity. The simplest case to
consider is one where the stepping process is Markovian: At each time t the motor
may either stay at the same position or may make a step of fixed size ∆r where the
probability to make a step does not depend on its previous history. For simplicity,
we also assume that the hidden URW was sufficiently over-sampled upon acquisition
of the experimental data; this means that at most one step can occur between two
consecutive data points. This is not a crucial assumption and we will show later
that the method can be extended to the case of under-sampled data. Without loss
of generality, we measure time t in units of interval between the subsequent time
frames, i.e. t = {0, 1, 2, . . . N − 1} with N the maximum measurement time, and
we fix location of the first measured point at origin (x0 = 0)2.

For the set of artificial data in Fig. 3.2 the added noise to the underlying trace is
a white Gaussian noise with distribution G(0; σ), which means the distribution has
zero mean and constant standard deviation σ. As we mentioned earlier, the presence
of noise obscures the underlying URW. We assume that the magnitude of the noise
can be determined independently in the experiments (for instance, by measuring the
random, apparent displacements of a motor that is not stepping - for instance, for lack
of fuel.)

2To keep the notation simple, we drop the explicit dependence on the origin x0. However,
it should be borne in mind that, in practice, x0 should also be varied.
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Figure 3.2: (a) Position-time trace ~x = (x0, . . . , xt, . . . xN−1), t ∈ [0, N − 1], of an
artificially generated set of N = 40 points, which is a sum of a unidirectional random
walk (dashed curve) of step-size ∆r (see right-hand vertical axis) and white Gaussian
noise G(0, σ), σ/∆r = 0.5. A priori, the observer does not know the true step-size
∆r. In the text we consider calculations that compute the partition function of trial
URW’s for various step-sizes ∆. The left vertical axis indicates an example of the
step-size of the uni-directional random walk (URW). Only when ∆r equals a multiple
of ∆ will the horizontal stretches of the dashed curve fall in the horizontal (dotted)
lines of the “probe grid”.

The distance in time between subsequent data points defines the discretization ∆t
of the URW in the t direction. A random walk with step-size ∆, starting at the
origin, should then only visit the grid points of a lattice with spacings ∆t and ∆ in
respectively the time and the space directions. A random walk with added noise or
with a step-size ∆r 6= ∆ will, in general, not visit the grid points of the ∆t − ∆
lattice. The total number of URW’s with length t and step-size ∆ is denoted by Ω∆.
Note that most of these walks will, in general, be far removed from the data points.
In order to obtain a measure of the number of URW’s with step-size ∆ that are close
to the experimental data, we have to give a weight to every URW that is determined
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3.2 Analyzing artificial data

by its distance to the data points.
Now consider a particular trajectory ~y∆, ~y∆ = [y0∆, y1∆, . . . , yN−1∆].
How well this trajectory fits to the (synthetic) data depends on the positions and

the size of the steps and, of course, to the magnitude of the statistical noise in the
data. The deviation of a specific trajectory ~y∆ from the data points (denoted by ~x)
can be expressed as a ’Hamiltonian’

H(~x − ~y∆) ≡
∑

t

Ht,∆ =
∑

t

(xt − yt∆)2. (3.1)

The probability p(~x|~y∆) that the data points ~x are the result of an underlying URW
~y∆ plus Gaussian noise with variance σ is then proportional to a “Boltzmann weight”
p defined as:

p(~x|~y∆) ∝ exp(−βH(~x − ~y∆)) , (3.2)

where the ‘inverse temperature’ β is defined as β = 1/(2σ2). In general, the un-
derlying random walk will not start exactly at the position of the first data point.
We therefore define ∆0 as the displacement between the first data point and the trial
random walk. The likelihood that the observed experimental data ~x originates from
random walks on a lattice with parameters {∆, ∆0} is determined by the “free en-
ergy”

f(∆, ∆0) = − 1

N
ln Z(∆, ∆0), (3.3)

Z(∆, ∆0) =
∑

{y}

exp(−βH(~x − ~y∆)), (3.4)

where Z(∆, ∆0) is the partition function of trajectories in ensemble Ω∆, and summa-
tion is carried over all possible {~y∆} and the standard factor 1/N makes f(∆, ∆0)
intensive.

The following argument may clarify the relation between the “likelihood” of one
class of trajectories and the free energy: H(~x − ~y∆) is smallest for trajectories that
fit the data best. Therefore, an ensemble of URW’s with a large number of good fits
has a large “partition function” and hence a lower free energy. It would, however, be
incorrect to assume that the quality of a fit is determined only by the free energy. To
see this, consider a trial random walk with a very small step-size ∆ ¿ ∆r. Most of
these trial walks do not resemble the data set at all yet, because ∆ is so small, there
will be a very large number of trial walks that happen to be very close to the data. In
Sec. 3.4 we will discuss how to resolve this ambiguity. However, for the time being,
we concentrate on the calculation of the partition function Z by exact enumeration.
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3 A Step detection method for molecular motors

For all grids with different step-size ∆ we need to calculate the sum in Eqn. 3.4
considering all possible URW’s on the lattice that start from x0 = 0. For each trajec-
tory we calculate H(~x − ~y∆) using Eqn. 3.1. Note, that σ as it is defined in Eqn. 3.2
determines fluctuations of xt. Once we know the noise of the experimental data, we
can calculate β and hence exp(−β(xt − yt∆)2) for each point yt on the grid and
store it. Then for each trajectory y∆ we calculate H(~x − ~y∆). As the number of
possible walks (Ω) grows exponentially with the number of data points (N ), it is of
course impossible to perform the summation over paths ~y explicitly except for very
small N . Hence, it would seem that the computation of the sum in Eqn. 3.4 might be
a numerically intractable problem. Fortunately, explicit summation is not needed. In
the next section we show how a recursive algorithm, (moment propagation), allows
us to perform the required summation exactly as an O(N) operation.

3.3 Moment propagation in matrix representation

In the previous chapter, we introduced the moment-propagation technique as a con-
venient tool to calculate partition sums of non-self-avoiding random walks on lattice
without the need to store all the walks separately. We now apply the same technique
(suitably generalized) to the enumeration of the “partition function” of directed ran-
dom walks with a Hamiltonian that is determined by their distance from a given data
set.

Let us define a vector of weights ~w(t) = [w1(t), w2(t), . . . , wN (t)] for every time
t such that

~w(t + 1) = B̂(t)Ŝ ~w(t), (3.5)

where N × N matrices B̂ and Ŝ will shortly be introduced. As we assume that
a motor can make at most one jump in one time step, the (hypothetical) maximum
distance that a motor could move in N time steps of length ∆t is N × ∆. We need
therefore only consider URW’s on an N × N grid (strictly speaking, only the lower
triangular part). At a given time t, the data point that results from the experiment
(or, in the present case, from the synthetic data) is denoted by xt. Most likely, the
underlying random walk will lie close to this data point. However, we consider all
possible values of yt = ∆0 + j∆. The further point yt is removed from xt, the lower
is its Boltzmann weight. We introduce an N ×N dimensional, diagonal matrix B̂(t)
that contains the Boltzmann weights of deviations of all lattice nodes from xt at time
t:
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3.3 Moment propagation in matrix representation

Bij(t) = δij exp
(

−β(xt − (∆0 + j∆))2
)

, (3.6)

where δij denotes the Kronecker delta, {i, j} ∈ [1, N ] and ∆0 + j∆ is the position
of lattice node (t, j) on the grid of vertical step-size ∆ and offset ∆0 from the origin.
Note that typically only a few elements of B will differ significantly from zero. B̂ can
be computed explicitly as we know the experimental data ~x = (x0, x1, . . . , xN−1)
and σ, the variance of the noise. The propagation matrix Ŝ is a N ×N Jordan matrix
with eigenvalue 1, i.e.,

Ŝ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 . . .
1 1 0 0 . . .
0 1 1 0 . . .
...

...
...

...
...

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (3.7)

The explicit representation of Eqn. 3.5 is:

wi(t + 1) = Bij(t)Sjkwk(t) (3.8)

where the Einstein convention of summation over repeated indices is implied. Writ-
ing the Jordan matrix explicitly, and using the fact that B̂ is diagonal, we obtain:

wi(t + 1) = Bij(t)(wj(t) + wj−1(t)) (3.9)

= Bii(wi(t) + wi−1(t)), (3.10)

where Bii = exp
(

−β(xt − (∆0 + i∆))2
)

is the Boltzmann weight of node (t, i).
We can now interpret weights wi(t) as the partition function of directed walks that
end at node (t, i). The above equation implies that the total number of walks that end
at node (t + 1, i) is the sum of two parts: 1) those walks that end in (t, i) and then
continue to (t + 1, i) without a step in x direction, and 2) those walks that converge
on node (t, i−1) and then step to the node (t+1, i). The partition function Z(∆, ∆0)
is then expressed as

Z(∆, ∆0) = ~w(N + 1)B̂(N)Ŝ . . . B̂(2)ŜB̂(1)Ŝ ~w(0). (3.11)

Eqns. (3.5)-(3.11), together with the definition of ~w(t), initial condition ~w(0) =
(exp(−β∆0), . . . , 0, 0) and ~w(N +1) = (1, . . . , 1) completely specify the moment-
propagation algorithm.

As the Boltzmann weights Bij decay quickly when the distance of the lattice point
to the data point is significantly larger than σ, it is in practice sufficient to evaluate the
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3 A Step detection method for molecular motors

elements of B̂ only in a band around xt, for instance xt ± 10β∆2. Another practical
point to note is that Z is obtained by successive multiplications and additions. Due
to the repeated multiplications, the propagated numbers can grow or shrink exponen-
tially (in the present implementation, numbers tend to shrink). In order to prevent
numerical underflows we keep track of the largest element at every propagation step,
wmax(t), where wmax(t) is the maximum of the set [w1(t), w2(t), . . . , wN (t)]. This
element is then rescaled to one and all other elements of [w1(t), w2(t), . . . , wN (t)]
are multiplied with the same scaling factor. The value of scaling factor (or, more
precisely, its logarithm) is then used to compute the overall rescaling factor that must
be taken into account when computing the end result of the moment-propagation al-
gorithm. In this way, the algorithm can compute partition functions over a very wide
“dynamic range”.

Generalizations of the current method to the more complex symmetries of the un-
derlying random walks can be easily constructed via modification of ’propagation’
matrix Ŝ of Eqn. 3.7. For example, random walks with forward and backward steps
correspond to Ŝ with 1’s on its super- and sub-diagonal:

Ŝ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 0 0 . . .
1 1 1 0 . . .
0 1 1 1 . . .
...

...
...

...
...

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (3.12)

This class of random walks for example can represent stepping behavior of micro-
tubules, where both growth and shrinkage can occur. Another example is URW’s that
may contain double steps in a single time interval. In that case, Ŝ has two bands of
1’s below the diagonal. Such a formulation would be useful in cases where stepping
is under-sampled:

Ŝ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0 . . .
1 1 0 0 0 . . .
1 1 1 0 0 . . .
0 1 1 1 0 . . .
...

...
...

...
...

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (3.13)

Another situation that occasionally has to be considered in practice is that the data
set is incomplete, i.e. that at certain times data points are missing, or more generally,
when the data are not equally spaced in time. In the case of missing data points, the
matrix B̂(t) is replaced by the identity matrix Î .
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Figure 3.3: Free energy f as a function of the dimensionless step-size ∆/∆r for three
independent artificially generated data sets with ∆0 = 0 and different noise levels
σ/∆r =

√
10/8 (I),

√
20/8 (II) and

√
50/8 (III). For clarity, the curves (II) and

(III) were shifted by 0.25 in vertical direction. Arrows indicate peaks at the correct
step-size ∆r and ∆r/2 The grey line corresponds to the least-square polynomial fit
fav.

3.4 Reference curves

Fig. 3.3 shows the free energy f(∆, ∆0) as a function of the dimensionless step-size
∆/∆r for a (synthetic) data set of N = 4000 points for three different values of σ
the amplitude of statistical noise. For simplicity, we have assumed that we know the
initial motor position in the underlying URW (in this case, ∆0 = 0). A pronounced
and sharp local minimum in the free energy can be seen (at least, in the low-noise
case) at ∆ = ∆r, i.e. at the correct step-size. As is to be expected, the minima
become less pronounced as the noise level increases. For the highest noise level, the
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3 A Step detection method for molecular motors

minimum is no longer distinguishable by eye. Interestingly, a secondary minimum
can be seen at ∆r/2, i.e. at half the real step-size. The presence of such a minimum
is not surprising: we have not made any a priori assumption of the average time
interval between successive steps. Hence, a trajectory with step-size ∆ can be fairly
well retraced by a trajectory with steps of ∆/2, provided that steps always bunch in
pairs around the position of the true steps in the original data. The fact that such
subsidiary minima can exist makes it important to have a procedure that will allow
us to distinguish between a physically meaningful fit and an “artificial” free-energy
minimum. The more so as Fig. 3.3 clearly shows that the absolute minimum in the
free energy is not related to the best choice of the step-size.

In order to extract information about the step-size from curves such as the ones
shown in Fig. 3.3, we need the tools to assess whether or not a given feature in the
free-energy curve is compatible with a particular step-size in the underlying random
walk. A way to do this is to define a proper “reference curve”. As we will shortly
see even for the perfect matching between hidden underlying URW and the probing
grids, i.e., ∆r = ∆ and ∆0 = 0, our method generates some non-zero free energy.
The value of this free energy is not constant and depends on ∆. Also it cannot be
obtained by simple scaling.

We therefore define a “reference curve” fref (∆, ∆0) as the free energy of a trace
where the step-size of the hidden underlying URW is equal to the spacing of the
probing grid. We argue ( and we will shortly show) that information we get from the
excess free energy fex = f − fref is more likely to be generated by the stepping
properties of the underlying walk, as fref has all the characteristics that comes from
the noise in the data or the roughness of the grid. When the free energy of the experi-
mental trace f is calculated on the “right” grid, the value of f should be close to fref

and, therefore, fex will be close to zero.
For every step-size ∆, we then would like to calculate the value of the reference

free energy fref (∆, 0) on the “right” grid, i.e. a grid that perfectly matches the un-
derlying data. We simply do this with the moment propagation method of Eqs. (3.5)-
(3.11), using a ’reference’ trace ~R(∆), which is a sum of the noise-free URWs of
step-size ∆ and Gaussian noise σ. This ~R(∆) should not be arbitrary, but should
resemble the experimental data ~x, e.g. in the least-square sense. For simplicity, in
the present analysis we pick up an arbitrary ~R(∆) which starts at origin and ends up
within ±∆ of xN−1, i.e., xN−1 − ∆ ≤ RN (∆) ≤ xN−1 + ∆. Fig. 3.4 shows the
reference free energy fref (∆, 0) for σ/∆r =

√
10/8. Note, that the level of noise in

this curve is almost constant, in contrast to the free energy profiles of Fig 3.3.
In order to use fref as a reference curve we need to calculate the average properties
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Figure 3.4: Reference free energy fref (∆, 0) for a σ =
√

10 (see text). Note that the
level of noise is almost constant in contrast to Fig. 3.3. Also see Fig. 3.5.
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Figure 3.5: The average reference free energy f̄ref (∆, 0) (data points) as a function of
step-size ∆ for σ =

√
10. The fitted dashed line is the least-square fit a + b exp(−cx),

a = 0.496 ± 0.001, b = −0.628 ± 0.001, c = −0.493 ± 0.001. The error-bars show the
value of σref calculated for each data point. The inset shows that σref increases for
the smaller step-sizes.
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of it, namely the mean value f̄ref and the standard deviation σref . We obtain the
average smooth curve f̄ref (∆, 0) via averaging over ensemble of { ~R(∆)} each starts
at origin and ends up within ±∆ of xN−1. All these traces have the same level of
noise, while the position of steps in the underlying URW may differ from each other.
Fig. 3.5 shows f̄ref as a function of the step-size. f̄ref increases at large step-sizes.
For large step-sizes (x À 1) the only significant contribution to fref (∆, 0) comes
from thermal wandering around perfect matching trajectory and f̄ref converges to
0.5. The error bars show the σref , the noisiness of the free energy curve. It seems
that the roughness of fref slightly decreases at larger step-sizes (See inset of Fig. 3.5).

In order to calculate fex, we approximate f̄ref by a simple functional form:

f̄ref (x, 0) = a + b exp (−cx) . (3.14)

that provides a good fit to the data. We use this fit to evaluate the excess free energy
fex(∆, 0) = f(∆, 0) − f̄ref (∆, 0) which is shown in Figs. 3.6 and 3.7 for two cases
where σ =

√
10 and σ =

√
70. The primary peak at ∆/∆r = 1 corresponds to the

correct step-size ∆ = ∆r = 8. As mentioned, the value of fex at the “true” peak
should be close to zero. We define a “confidence interval” equal to σref around the
line fex = 0. A step size ∆ is considered as a possible candidate when the value
of fex(∆) is closer than ±σref to the line fex = 0. In Figs. 3.6 and 3.7 the area
within the confidence interval is indicated by the shaded area. Fig. 3.6 shows that
the primary peak ∆/∆r = 1 locates in the confidence interval while the secondary
peak at the half step-size is characterized by the significantly larger value of fex.

Joint probabilities

When the signal-to-noise ratio is poor, the free energy curves may contain several
peaks that approach the reference free-energy curve to within the statistical error.
Even then it may still be possible to decide which peak is most likely to correspond
to the underlying step size. The reason is that we consider a situation where there
is a single underlying step-size. Hence, if one peak is “real” then the others are
necessarily “over tones” or they are due to statistical fluctuations. Let us consider
a specific case where we observe that the “measured” free energy is less than, say,
two standard deviations removed from the reference free energy for step-sizes ∆a

and ∆b. If the true step-size is equal to ∆a, then we know the reference free energy
at ∆a (denoted by fa(∆a)) and its variance. But we can also compute a different
reference free energy, namely the average free energy at step-size ∆b given that the
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Figure 3.6: Excess free energy fex = f(∆, 0) − f̄ref (∆, 0) as a function of the dimen-
sionless step-size ∆/∆r for σ/∆r =

√
10/8. The shaded area is the area of confidence

interval defined as ±σref around line fex = 0.
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Figure 3.7: Excess free energy fex = f(∆, 0) − f̄ref (∆, 0) as a function of the dimen-
sionless step-size ∆/∆r for σ/∆r =

√
70/8. The shaded area is the area of confidence

interval defined as ±σref around line fex = 0. 39
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true step-size is ∆a (denoted by fa(∆b)) and, as before, we can compute the variance
of this quantity. Conversely, we can compute fb(∆a), the average free energy at
step-size ∆a given that the true step-size is ∆b, and its variance. In general, the
statistical fluctuation in fi(∆j) and fi(∆k) will be correlated and we should also
compute the cross correlations to construct an error ellipse. However, for the sake
of simplicity we assume that fluctuations in the reference free energy are Gaussian
and uncorrelated. It is then easy to compute the combine probability of observing
the measured free energies at ∆a and ∆b, both for the case where ∆a is the true
step-size (we denote this joint probability by Pa(∆a) × Pa(∆b)) and for the case
where the real step-size is ∆b (corresponding joint probability Pb(∆a) × Pb(∆b)).
The ratio R = {Pa(∆a) × Pa(∆b)}/{Pb(∆a) × Pb(∆b)} then determines which of
the two scenarios is more likely. Obviously, this procedure can be generalized to a
larger number of peaks, but it is unlikely that this will be very useful. The most likely
two-peak scenario is the one where we have a peak at ∆ and at ∆/2. The method
described above should be able to deal with that situation. The generalization to
correlated noise is straightforward. Later in this chapter we test the sensitivity of our
method using the joint probability ratio R.

3.5 Sensitivity

Overview of existing methods

Let us first briefly mention some of the existing step detection methods. These are
the “t-test” that has been described by Carter et al. [29], “velocity thresholding” as
described by Hua et al. [31], Wavelet transform multi-scale products [36, 37], and
χ2 minimization [30]. A recent study by Kalafut and Visscher [38] also based on χ2

minimization showed further improvement in the performance, and there are other
works by Milescu et al. [32] that assumes a Markovian model for the stepping.

In a recent review Carter et al. [39] have compared the performance of the first
four methods [29, 31, 36, 30]. Below, we briefly sketch the approach used in these
most widely-used methods:

The T-Test method compares N points after and N points before each data point,
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by introducing a t parameter:

t =
mafter − mbefore
√

σ2

before

N +
σ2

after

N

(3.15)

Where M is the mean and σ is the variance of each set. It is clear from the above
equation that t will be the maximum when an upward step occurs and is minimum
for a backward step. Steps are defined when the absolute value of t passes a threshold
value.

Velocity Thresholding transforms the motor trace to the velocity profile by look-
ing at different time frames. Steps are then defined when a velocity passes a certain
threshold.

The χ2 minimization algorithm gives the trace that has the lowest residual χ2

by fitting the traces with increasing number of steps.

Some of these methods need one or more parameters from the experimental results to
be able to correctly reproduce the trace. Different filters can be used to increase the
performance of these methods, where a filter replaces the value of each point with the
median or mean value of a certain window around that point. In their study Carter
et al. [39] have concluded that the χ2 minimization [30] method has a better perfor-
mance than others at high level of noise. For this reason we compare the technique
that we propose with χ2 minimization. Here we describe the χ2 minimization method
in more details and in the next subsection we compare our free energy method to this
method.

The χ2 minimization algorithm starts by fitting a trace with only one step to the
experimental data. The best fit is the one with the lowest χ2 and gives the position and
size of a step which most likely locates at one of the true steps of the underlying data.
Next the algorithm does exactly the same on each resulting plateau on the left side
and right side of the first step and finds the locations of new steps. This is continued
until only few data points are left for each steps. Fig. 3.8 (a)[30] shows the fitting
procedure. While in the beginning the traces under-fit the data, they start to over-fit
the data as the number of steps increases in the last iterations.

In order to refine the algorithm and evaluate the quality of each of the fitted traces
Ref. [30] introduces a so called S value. This value measures the difference between
the quality of a fit and its “counter-fit”. In order to get a counter-fit the same best
fit algorithm is performed with a difference that at each iteration after finding the
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3 A Step detection method for molecular motors

Figure 3.8: Step fitting procedure from Ref. [30]. a) Iterations of the step fitting
algorithm. The arrowheads show every new step that is added in each iteration. b)
A best-fit together with a counter-fit for a stepping data [30]. The lower curve shows
linear non-stepping data c) S parameter versus the relative number of fitted steps
from simulation results of Ref. [30]
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position of the new step, the original step locations on the plateau will be rejected.
The outcome is a trace in which all the step locations are misplaced. The quality of
this counter-fit and the best-fit thus differ strongly. The method uses this to measure
the quality of fits. The S parameter is then defined as the ratio of χ2 of the counter-fit
to the best-fit.

S =
χ2

counter−fit

χ2
best−fit

(3.16)

If there is severe over-fitting or under-fitting, or if the original data consists of non-
stepped trace, then S will be closer to 1. S will be maximum when the quality of fit is
the best. In their study, Kerssemaker et al. show that the value of the peak is roughly
given by 1+∆2/(4σ2) when the fit is optimum. Carter et al. [39] show that compared
to other algorithms the χ2 minimization has the best performance especially when the
signal-to-noise level (∆r/σ) approaches 1.6, the lowest level tested.

Sensitivity of free energy method

We have tested the sensitivity of our method on several sets of artificial data of
N = 4000 data points with different levels of noise. The underlying URWs were
generated from a Poisson distribution with the average time τ = 100 between each
two successive steps, and a fixed step-size ∆r = 8. We expect that at a sufficiently
high level of noise, the peak of the excess free energy will submerge in the noise of
the free energy profile.

For comparison, we applied the χ2 minimization algorithm to two of our artificial
data with level of noise ∆/σ = 2.52 and ∆/σ = 0.96. Figs. 3.9 and 3.10 show
S − 1 as a function of step-size for these two data sets. The arrow in the figures
show the position of the correct step-size. As is clear from the figures irrelevant
peaks already start to compete with the correct peak in the case of ∆/σ = 2.52.
These peaks become totally dominant at the larger level of noise ∆/σ = 0.96 as
is shown in Fig. 3.10. To compare to our algorithm we refer to Figs. 3.6 and 3.7
where we applied our free energy method to the very same artificial data sets that had
been used in Figs. 3.9 and 3.10. These results suggest that the free energy method
is more efficient than the method of Kerssemakers et al. which works well for the
signal-to-noise ratio down to ∆/σ ≈ 1.6.

In order to test the sensitivity of the algorithm we calculate the ratio R of the
joint probabilities for the most likely two-peak scenario where we have two peaks
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Figure 3.9: s-1 versus step-size for σ =
√

10 and ∆r = 8 ( ∆/σ = 2.52) from χ2

minimization method, the peak shows the best fit and the arrow shows the correct
value for the step-size. The correct peak already competes with other peaks.
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Figure 3.10: s-1 versus step-size for σ =
√

70 and ∆r = 8 ( ∆/σ = 0.96) from χ2

minimization method, the peak shows the best fit and the arrow shows the correct
value for the step-size. The peak at the correct step-size is not dominant.
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Table 3.1: R(∆r, 0.5∆r), the ratio between the likelihood of step-size ∆r to likelihood
of step-size ∆r/2 for several levels of noise.

∆/σ R(∆r, 0.5∆r)

2.52 1081

1.78 2.82 × 107

1.14 5.09
0.96 1.99
0.68 1.10

at ∆r and at ∆r/2. Table 3.1 shows the R(∆r, 0.5∆r) which is the ratio between
the likelihood of step-size ∆r to the likelihood of step-size ∆r/2 for several levels
of noise. Since we “know” the true step-size is ∆r we expect R to be larger than 1
when the noise level is sufficiently low. The results shown in table 3.1 suggest that
the joint probability argument correctly predicts the true step-size even at a very high
level of noise ∆/σ ≈ 1.0.

To Summarize, in this chapter we proposed an algorithm to estimate the most likely
step-size compatible with noisy experimental data on the motion of molecular motors
along linear “tracks”. Our method is based on the numerical estimate of the “free
energy” of an ensemble of directed random walks of different step sizes. We show
that the method is capable of detecting a single step size at a signal-to-noise ratio
that is significantly lower than the ones that can be studied using the χ2 minimization
[30] method. In the simple version presented in this thesis, the method that we use
is limited to processes with a single underlying step size and sign. In contrast, the
χ2 minimization [30] method can be used to analyze multiple step-sizes traces or
traces with forward or backward steps. This limitation of the present method is not
inherent in the approach. As we briefly discussed in section 3.3, our approach can be
generalized to more complex situations. The performance of all methods to analyze
stepping motor traces depends on the size of the experimental data set. All the results
that are reported in this chapter are based on data sets that contain N = 4000 data
points with, on average one hundred data points between successive steps. It should
be stressed that the comparison between the present approach and other methods may,
in principle, depend on the size of the data set and on the number of points per step.
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