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4 A Coarse-grained model for DNA

coated colloids

4.1 Introduction

The highly specific nature of complementary-strand binding in double-stranded (ds)
DNA offers many possibilities for the use of this biomolecule in micro- and nano-
technology. For example, colloidal particles coated with distinct species of short
(around 100 bases) single-stranded (ss) DNA (called spacers) can bind specifically
with each other via suitable DNA ‘linkers’ [7, 8, 9, 10]. These “suitable” linkers
are themselves ssDNA strands added to the solution. Such DNA-coated colloids
may offer a route to novel colloidal crystals [8, 10]. To make colloidal particles
crystallize is an interesting problem in its general form, since it is one of the promis-
ing ways to control the structure and therefore properties of materials. This is not
a new phenomenon for experimentalist: Without using any coating spacers or link-
ers, many particles do make ordered structure (as an example when the surrounding
solution evaporates). However, these self-Assembly of particles is very sensitive to
their chemical property of particles. The polydispersity in shape of the particles,
charge, and chemical structure of particles together with short range van der Waals
interactions rule the properties of the assembly. Practically these “unspecific” and un-
controllable interactions is one of the main challenges in controlling the structure of
self-assemblies. For this reason, the very “specific” nature of binding interactions in
DNA linkers becomes as a key. The four basic building blocks of DNA, i.e. the bases
adenine (A), cytosine (C), guanine (G), and thymine (T), placed along the backbone
of ssDNA strand, have a very specific interaction among themselves. According to
Watson-Crick model [40] the A groups can only bind to T groups while the C groups
can only bind to G. These base-pairing interactions makes a ssDNA strand bind to
its “complementary” strand and form a double-stranded DNA. Therefore, careful de-
signing of the sequences along the DNA strands, (in which one can safely ignore
partial binding and mismatches) can introduce a one-to-one interaction between “a”
ssDNA strand and its “only” complementary strand.

In experiments it is possible to attach these ssDNA strands to colloidal particles
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4 A Coarse-grained model for DNA coated colloids

(See section 4.2) and make them “sticky”. These sticky parts will interact with each
other in the same way that isolated ssDNA strands interact. Therefore ideally one can
introduce the same level of specificity between colloidal particles that are coated with
complementary strands of ssDNA. Importantly, the specific DNA-mediated interac-
tions may be made stronger than the non-specific interactions that normally dominate
aggregation and self-assembly in colloidal systems. Recent experimental studies on
gold nano-particles [5, 6] have successfully used short DNA strands to “direct” the
self-assembly of particles into a non-close packed crystalline structure. Nevertheless,
experiments that aim to achieve DNA-controlled self-assembly are very challenging
and our understanding of the factors that control DNA-mediated interactions between
colloids is still far from complete. One factor that plays a crucial, but incompletely
understood, role is the length of the DNA polymers that have been grafted onto the
individual colloids. Recent experiments on colloids coated with relatively long DNA
strands [41, 42] show that, depending on the length of the DNA, the colloids may
either assemble into finite, disordered clusters or into system spanning aggregates,
Other factors that play a key role in DNA-mediated self-assembly are the tempera-
ture [5, 6], the grafting density, and the ionic strength of the solvent [43]. Of course,
for experiments, the size of the colloid itself is an important variable because direct
optical imaging of large (micron-sized) colloids is straightforward, whereas nano-
colloidal assemblies must be probed either by X-ray scattering or by electron mi-
croscopy. In what follows, we shall focus on the behavior of micron-sized colloids
coated with DNA. To date, most of the experiments on such systems of large, DNA-
coated colloids have considered colloids coated with relatively short DNA - usually
with a contour length that was less than the persistence length of the DNA. Under
those circumstances, DNA behaves like a rod, rather than a polymer coil. How-
ever, the experiments of refs. [41, 42] focused on systems of colloids coated with
DNA’s that contained many thousands of base pairs and that behaved as a polymer
coil with a radius of gyration that was comparable to the size of the colloid. One
should expect that the use of long and very extensible DNA linkers between col-
loids will qualitatively change the way in which the colloids self-assemble. From a
theoretical perspective, the phase behavior of colloids coated with DNA coils was
considered by Tkachenko [44] who found that the combination of screened Coulomb
repulsion between the colloids and reversible, DNA-mediated attraction between par-
ticles coated with complementary DNA strands could lead to the formation of various
non-close-packed crystalline phases, such as for instance a diamond structure. The
confocal-microscopy studies of Schmatko et al. [42] on colloids coated with DNA
that had a radius of gyration similar to the colloid radius, showed that these colloids
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4.2 Long DNA experiments

formed aggregates with considerable local compositional order (i.e. a given colloid
tended to be surrounded by colloids with complementary DNA coating) but no over-
all crystalline structure. was observed.

Here we present a simulation study of a model inspired by the system of colloids
coated with long complementary DNA’s studied in Ref. [42]. As the colloids studied
in the experiments are micron sized and contain of the order of 1010 atoms, whilst
every DNA strand contains many thousands of base pairs, it is obvious that a fully
atomistic simulation of the phase behavior is utterly unfeasible with existing (or even
foreseeable) computing resources. We therefore must construct a “coarse-grained”
model that can be studied by Monte Carlo simulation. In constructing this model, we
specifically use the fact that DNA molecules are very long. During the past decade,
Hansen, Louis, Bolhuis and Meijer have analyzed the problem of the description of
effective (coarse-grained) interactions between long polymer chains in a good sol-
vent (see e.g. Ref. [24]). A key result of this work is that such polymer chains
behave effectively as soft spheres. The strength of the effective interaction between
these soft spheres depends on concentration but in the low density regime that we
shall focus on, it is well described by a Gaussian repulsion with a strength of ap-
proximately 2kBT . Replacing the polymers in a molecular solvent by soft, repulsive
spheres in a uniform background constitutes a huge simplification of the model for
the polymers. Similarly, we will simplify the description of the colloids by assuming
that they behave as hard spheres. This approximation is justified for uncharged (or
strongly screened) colloids in a medium that matches the refractive index of the col-
loid. In the experiments, the second condition may not be perfectly satisfied and this
will result in certain differences between simulation and experiment to which we will
return later. In the remainder of the present chapter we first discuss the experiment of
Schmatko et al.[42]. Then we present our coarse-grained model and we discuss the
simulation techniques used in this study. Novel predictions about the phase behavior
of coated-colloids will be presented in the next chapter.

4.2 Long DNA experiments

Schmatko et al. [42] reported an experimental study of the aggregation of colloidal
particles that could be linked by hybridization of long strands of grafted dsDNA
that was functionalized by short, complementary ssDNA “sticky ends”. In this ex-
perimental work, the authors studied the aggregation of 1µm colloids bridged by
DNA with 32µm contour length, where the “contour length” is defined as the total
length of DNA strand along its backbone. In the experiments, two species of col-
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4 A Coarse-grained model for DNA coated colloids

Figure 4.1: Schematic representation of colloid particle coated with ds λ-DNA through
Biotin-neutravidin connection.

loids with grafted double-stranded λ-DNA displaying short, complementary single-
stranded ‘overhangs’ as free binding-ends, were mixed. The λ-DNA is a long ds-
DNA which is predominantly circular at room temperature and has a contour length
of 16 µm (roughly 48,500 base pairs (bps)). Upon heating to 65◦C, the ds-DNA
breaks open and linearizes. Each of these linear ds-DNA is now terminated by two
complementary 12-base single strands that we call “sticky ends”. A schematic sum-
mary of the particle-preparation protocol is given in Fig. 4.1. In the experiments, two
populations of linear DNA were prepared. In each population, one sticky end was hy-
bridized and ligated to biotin 1. These two populations of DNA were then separately
mixed with neutravidin-coated green-fluorescent (‘A’ hereafter) and red-fluorescent
(‘B’ hereafter) polystyrene colloids (diameter 1 µm). Using dynamic light scattering
the authors of Ref. [42] estimated the radius of the linear λ-DNA coil to be roughly
800 nm .They also estimated that some 10 λ-DNA chains were grafted onto each
colloidal particle. Given the relative sizes of the DNA and particles, one would then
expect each colloidal particle to be surrounded by a “cloud” of grafted DNA. Subse-
quently, equal amounts of the complementary colloids were mixed, reaching a final
particle volume fraction of φ ≈ 0.004. The suspension was then loaded and sealed
into a sample chamber. After several hours, during which the DNA strands could start
to hybridize, some clusters consisting of around 10 particles had formed, mixed with
a significant number of smaller clusters. Summarized, the experiments of Schmatko

1Biotin is a water-solvable vitamin that has a high affinity for proteins named avidins, such
as neutravidin.
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Figure 4.2: Schematic representation of the hybridization reaction of two types of
particles (labeled as A and B) coated with long dsDNA chains. The short dark-
colored terminal parts of the chains are ssDNA threads which are complementary for
A and B type of colloids. Upon decreasing temperature the terminal parts of DNA
strands hybridize and introduce a physical attraction between colloids of different
type. Clustering of A-B particles have been observed in experiments because of this
hybridization of complementary end groups[42].

et al. [42] report the formation of stable, size-limited clusters of DNA-coated colloid.
These clusters have two main characteristics: One is that they fail to grow further
in size: they remain size-limited even after many days. Second, inside each cluster
the two species are surprisingly close together - in fact, many particle pairs appear
to be touching. This means although the DNA strands are very large (their size is
comparable with colloids), the two connected colloids stay very close together. This
suggests that the DNA strands get excluded from the space between colloids. More
discussions on the results and supporting theory can be found in Refs. [42, 45].

In a more recent experiment, Geerts et al.[41] studied the effects of the length of
dsDNA tethers on clustering of colloids. They considered three different cases, i.e.
very long (48,500 base pairs (bps)), intermediate but still long (7500 bps), and no
dsDNA. In the last case, the complementary ssDNA parts are directly grafted on to
the colloidal particles. They found system-spanning clusters of coated colloids even
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4 A Coarse-grained model for DNA coated colloids

in the intermediate regime.

4.3 The model

The coarse-grained model that is used in our simulations is meant to capture the
main characteristics of the experimental system described in the previous section. In
general, the system can be categorized as a mixture of colloids and grafted polymers
with “sticky” ends. Here, we list some of the important characteristics of the system:

• - The system consists of two types of colloids. Labelled as A and B
(equivalent to the green and red fluorescent labels in the experiment). Colloids
of different species attract each other after hybridization occurs between their
complementary polymer tethers. Colloids of the same kind only experience
repulsion. It is an important characteristic of the system that differences in
interactions between the colloids are only due to the difference in DNA coating
and not due to differences in size or shape.

• - The DNA-strands are long. As we will discuss in detail in the following
section, we model this DNA strand as “soft” particle with an effective size
Rg, where Rg is the radius of gyration of the DNA molecule. We therefore,
characterize a DNA chain only by the position of its center of mass.

• - The hybridization reaction is specific and reversible, and its de-
gree of reversibility depends on temperature. This comes from the fact that the
sticky ends of polymers molecules can bind and unbind only to their comple-
mentary partners.

The model that we use takes the characteristics listed above into account. We
consider a binary mixture of Nc hard spheres (colloids) of type A or B, each covered
with n identical DNA strands. In this model polymers are permanently tethered to the
colloids and there are no free polymers in the system . Therefore, the total number
of DNA strands is Np = nNc. For the sake of simplicity, we assume at this stage,
that the number of DNA’s per colloid is always exactly n. In experiments, it is likely
that the number will fluctuate. Although it would be straightforward to generalize the
model to take fluctuations in n into account, we start here with the simplest case, viz.
fixed n.

For the Monte Carlo simulations we introduce two types of moves: first of all, we
perform normal Monte Carlo trial moves that attempt change the center-or-mass posi-
tion of either the colloids or the polymers. In addition, we implement reaction moves
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4.4 Pair-potentials for grafted, sticky polymers

that simulate the hybridization and dehybridization of the complementary DNA’s that
are grafted to different colloids. The schematic representation of a hybridization re-
action is described in Fig. 4.2, and a cartoon of soft sphere picture representation is
presented in Fig. 4.3.

Now that we have specified the components in our coarse-grained model, we still
have to specify their interactions. One part is straightforward: we model the inter-
actions between the bare colloids assuming that these behave as hard spheres. The
interaction between the polymers is more subtle: the soft-colloid picture for poly-
mers in a good solvent [24] was developed for polymers that are not tethered to a
colloid, nor for the situation where the polymers form a bridge between two colloids.
For the present, purely exploratory model we make the simplest possible assumption,
namely that the interaction between tethered polymers is the same as that between
free polymers. In addition, we assume that we can always use the low-density limit
for the effective polymer-polymer interaction potential. Finally, we assume that, al-
though the colloids repel the polymers (see below), they do not change the interaction
between the polymers. These assumptions are the simplest ones that one could make.
They are almost certainly an oversimplification. We speculate that a more quantitative
description of the polymer-polymer interactions will affect the quantitative, but not
the qualitative aspects of the behavior that we observe in our simulations. Whether
this speculation is justified remains to be seen.

Of course, the “soft-colloid” picture for polymers does not account for the hy-
bridization of sticky ends. In our model, we will assume that the sticky end of a
polymer is bound harmonically to the center of mass of the polymer, but does not
otherwise affect the properties of that polymer. Similarly, we will assume that the
end of the polymer that is grafted to the colloid is also harmonically bound to the
center of mass.

In the rest of this section we discuss in details the “effective” pair-potentials and
the Monte Carlo reaction moves for tethered polymers in their ”center of mass” rep-
resentation.

4.4 Pair-potentials for grafted, sticky polymers

The soft picture model for polymer chains has been already discussed in literature
[24, 46]. Bolhuis et al.[24] studied the effective interactions in dilute or semi-dilute
solutions of polymer chains. As a part of their work, they proposed effective pair-
potentials between centers of mass of two polymer chains, as well as an effective
form of the interaction between a polymer chain and a flat, hard wall. Pierleoni et
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4 A Coarse-grained model for DNA coated colloids

Figure 4.3: Soft picture representation for long polymer coil. Dark-color spheres
represent hard colloids and light-color ones are the soft penetrable spheres representing
polymer chains.

al. [46] studied pair-potentials for block copolymers in the blob picture. In the blob
picture [15] a strand of long polymer is represented as a string of blobs. Each blob
then represents part of the chain. Pierleoni et al. calculated the effective interactions
for tethered and untethered blobs in such a chain. Both studies are relevant to the
problem of DNA-coated colloids: One studies the pair-potential for free polymers,
while the other studies the effect of tethering. The approach that we take here is more
simplistic than the multi-blob picture proposed in Ref. [46]: we approximate a grafted
polymer as a single blob. Again, it is obvious that a more sophisticated description is
possible (at a cost) and would certainly be called for in situations where the grafting
density is high. However, as the present model is meant to be a minimal model, we
limit ourselves to the simplest possible description.

Consider the zero density limit of DNA-coated colloid system, in which we have
only two hard colloids each coated with a single DNA strand with complementary
ends. To stay close to the experimental model presented in the previous section let us
assume that the DNA strands are sufficiently long so that we can safely use the soft
picture representation. Now the following interactions have to be considered:

1. interaction between two hard colloids

2. interaction between two polymers
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4.4 Pair-potentials for grafted, sticky polymers

3. interaction between a polymer and a colloid

As mentioned above, we assume the bare colloid-colloid interaction Vc−c to be a hard
core interaction that suppresses any overlaps between colloids. This will be the same
between all colloids and does not depend on their species:

Vc−c(r) =

{

∞ if r ≤ 2rcol

0 otherwise
(4.1)

where r is center-center distance and rcol is the radius of colloids. A and B colloids
are assumed to be identical in size.

Within the soft-colloid picture [24], the pair-potential Vp−p between the centers
of mass of two free polymers in a good solvent can be described to a very good
approximation by a Gaussian model given by:

Vp−p(r) ≈ 2kBT exp

[

−0.7(
r

Rg
)2
]

. (4.2)

In their study, Bolhuis et al. show that Vp−p is transferable and, as long as the concen-
tration of the polymers is well below the overlap concentration, Vp−p can be assumed
to be constant. However, in our model DNA strands are permanently connected to
the colloidal spheres with one end and they may bind to another DNA strand with the
other end when hybridization occurs.

This tethering between particles modifies the pair-interactions. First, let us look at
the effect of hybridization: When two DNA strand hybridize they lose some degree
of freedom because of the constraint on their end points. This loss in entropy intro-
duces an attractive pair-interaction between two polymers. For two ideal chains this
interaction takes the form of an harmonic oscillator which is a quadratic function of
the end to end separation.

It is, of course, not a priori obvious that one can assume the additivity of the short-
ranged repulsion between two polymers and the entropic attraction due to bond for-
mation. However, support for this conjecture comes from the work of Ref. [46] that
shows that such additivity is reasonably well satisfied in a close related model.

In what follows, we therefore assume the following expression for the coarse-
grained interaction between the polymeric chains:

• The pair-interaction between two polymers that are not connected to each other
is assumed to be of the form Vp−p(r) (eqn. 4.2).
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4 A Coarse-grained model for DNA coated colloids

• The pair-interaction between two polymers that are connected end-to-end is as-
sumed to be of the form Vp−p(r)+Vho(r), where Vho has the form of harmonic
oscillator.

Let us now look at the third category of interactions: Hard spheres and polymers.
In general, in the studies of colloid-polymer mixture, two limits of size ratios are
mostly discussed. One is the so-called colloid limit which includes large colloids and
small polymers with a radius of gyration much smaller than radius of the colloid. In
this limit the pair-interaction between a polymer and a colloid can be related to the in-
teraction between a polymer and a wall using the Derjaguin approximation [47]. The
opposite limit, which is sometimes referred to as the protein limit, is obtained when
the colloids are much smaller than polymer chains. In an extreme limit of this case
the interaction between the colloid and the polymer should vanish as the radius of the
colloid goes to zero. The most interesting case for us, however, is the intermediate
regime in which the radius of polymer and the colloid are comparable. Bolhuis et
al. [24] present effective pair-potential interactions of a free polymer chain close to a
hard sphere for one size ratio in the intermediate regime. Pelissetto and Hansen [48]
carried out lattice Monte Carlo simulation for a wide range of size ratios. In part of
their studies they present the effective pair-potential in the infinite-dilution limit in an
athermal colloid polymer mixture. They determine the effective two component pair-
potential between centers of mass of an isolated polymer on lattice and a hard colloid
in different limits where RC/Rg = 0.02−10. However, unlike the polymer-polymer
interactions which has effectively a Gaussian form, polymer-colloid interactions have
not similarly been expressed in a closed form. Even for the case of ideal polymers,
the pair-potentials are not known analytically in the center of mass representation.
Moreover, “tethering” also plays a role here: In our model, DNA strands are perma-
nently connected to the surface of hard colloidal spheres with one of their end groups.
This will introduce an attractive harmonic spring interaction between the colloid and
the polymer and, as we indicated above, the additivity of the short range repulsive
interaction and the long range attractive part need not hold.

The aim of the present study is not to perform an exhaustive study of the inter-
actions between colloids and tethered polymers as a function of size ratio. For the
present work, a workable description of the polymer colloid interaction suffices. In
order to achieve such a description for the polymer-colloid systems that we study, we
have to collect numerical data that allow us to construct an effective pair potential.
To this end we have performed Monte Carlo simulations similar to those of Pelissetto
[48] of tethered polymer-colloid pairs at infinite dilution.
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4.4 Pair-potentials for grafted, sticky polymers

4.4.1 Colloid - polymer interaction at zero density

The first step towards the construction of transferable polymer-colloid potentials is
to compute the interaction between a hard colloid and a free polymer chain. From
these simulations we can calculate the zero-density limit of the potential of mean
force that acts between the polymer and the colloid. Next, we report results for single
polymers tethered to the surface of the sphere with one end. We compare these two
pair-potentials to check the additivity, and the effects of tethering.

In the zero density limit the potential of mean force that we derive from the polymer-
colloid radial distribution function g(r), is equal to the effective pair potential U(r).

U(r)

kBT
= − ln g(r). (4.3)

Let us first consider the end-to-end distribution of ideal chains. In the regime where
the end-to- end distance is much smaller than the full extension of the ideal chain
the Gaussian approximation is valid for the end-end distribution [49]. This will im-
mediately give the quadratic spring form for the free energy of the chain at fixed
elongation

U(r) = −3kBT

2N

(r

b

)2
, (4.4)

where N is the number of monomers in the chain and b is size of the monomer. For
an ideal chain the mean-square radius of gyration is given by:

〈R2
g〉 =

Nb2

6
, (4.5)

and, therefore we can rewrite U(r) as

U(r) = −kBT

4

(

r

Rg

)2

. (4.6)

If we express all distances in units Rg, the coefficient κ = 0.5kBT is the “entropic
spring constant” of an ideal chain.

As can be seen from Eqn. 4.6 the spring constant of an ideal linear spring is of the
order of kBT . For other situations than the end-to-end distance of an ideal chain (e.g.
in the case of the center-of-mass distribution of two end-connected polymers) we
expect that the interaction potential is still to a good approximation harmonic. How-
ever, the spring constant will in general be different from the one given in eqn. 4.4. In
other words, the value of the spring constant is one of the control parameters of the
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Figure 4.4: Effective Colloid-polymer pair-potential from lattice simulations for a free
polymer next to a sphere with radius rc5. Different curves correspond to different
length l of the polymer. Radius of Gyration of polymers are between Rg/rc = 0.49−
1.27 for l = 20 − 100. The dashed lines indicate the point where the polymer center
of mass penetrates the hard colloid. Fitting the curves to a single Gaussian we find
out that the value at full overlap decreases as the length of the polymer increases.

system. It affects the strength of the attractive interaction between bound polymers.
For linear polymers, the size of the polymer and the strength of the entropic spring
constant are directly coupled. However, polymers with a different topology (e.g. star
polymers) will have a different value of κ for the same value of Rg. In the remainder
of this chapter we chose to work with linear chains.

To compute the effective interaction between a linear polymer (bound and un-
bound) and a hard colloid, we carried out Monte Carlo simulations for linear chains
of length between l = 20 up to l = 100 lattice spacings, using Configurational Bias
scheme on lattice [11]. The length of the box was chosen to be Lbox = 100 and
periodic boundary conditions are applied to all the directions. In this lattice repre-
sentation, the sphere is defined as all the points that are closer to the center than the
radius of the colloid, rc = 5, lattice spacings. These points are inaccessible to the
monomers along the polymer chain. We sample a configuration every 1000 Monte
Carlo moves and calculate the distribution function of the polymer center of mass as
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4.4 Pair-potentials for grafted, sticky polymers

well as the radius of gyration. In the same way as Eqn. 4.3 the pair potential between
the sphere and the polymer is related to center-center distribution function of colloid
and polymer. We study two cases: a free polymer next to a sphere and a polymer that
is tethered with one end point to the surface of the sphere. In this case, we fix the
first monomeric unit of the polymer (i.e the end that is tethered) on one of the empty
lattice sites in the first layer around the hard sphere.

Fig. 4.4 shows the computed pair-potentials that act between a hard colloid and an
unbound polymer, as a function of the radius of gyration of the polymer (at constant
colloid size). The minimum size ratio is Rg/rc = 0.49 for a polymer of contour
length 20 and the maximum size ratio is Rg/rc = 1.27 for a polymer of length 100.
The distances in each profile are scaled with the radius of gyration of the polymer
in solution. The results of this simulation show that even for the smallest size ratio
Rg/rc = 0.49 the center of mass of the polymer can penetrate the colloid to some
extent (something that is clearly impossible for a polymer approach a hard wall). In
the figure, the position of the colloid surface is indicated for each l. As the length
of polymer increases the value of the potential at surface decreases. This is not sur-
prising because long polymers can wrap arround the colloid. Our results are qual-
itatively in agreement with Pelissetto’s [48], however, in our simulation polymer’s
length are much shorter than the extensive work of Pelissetto. Next, we consider a
polymer chain of length l = 100, which is tethered to a colloid with rc = 5 via
one end group. As Fig. 4.5 shows, the pair-potential Vp−c in this case is repulsive
at short distances and has a quadratic attractive spring-like form at longer separa-
tions. This figure allows us to test to what extent the polymer colloid potential can
be written as a sum of a harmonic attraction and a Gaussian repulsion (Eqn. 4.2).
For comparison, Fig. 4.5 also shows the repulsive colloid-polymer pair potential for
an unbound polymer. When we subtract the V free

p−c for free polymer from V bound
p−c for

bound polymer, we obtain a function that, if the interactions are additive, should be a
quadratic function of the distance between the polymer center and the colloid surface.
We have verified this for two of size ratios Rg/rc = 1.27 and Rg/rc = 0.838, fitting
V bound

p−c −V free
p−c to a quadratic function. The results of this comparisons indicates that,

at least for the cases that we studied, the pair-potentials are to a good approximation
additive. We do not wish to imply that additivity will hold for all polymer-colloid
size ratios (almost certainly, it does not). However, for the present study that focuses
on polymer-colloid systems with size ratios similar to those used in the experiments
of refs. [42, 41], additivity seems to be a reasonable assumption. We note that we
cannot easily extract the value of the polymer-colloid pair potential at r = 0 from the
data shown in Fig. 4.4. For the subsequent simulations, this point is of minor impor-
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Figure 4.5: An example of a typical colloid-polymer pair-potential obtained by lattice
simulations for a bound chain and a free chain. Distance r is the center-center distance;
size ratio is given by Rg/rc = 1.27 for a polymer of length l = 100.

tance, as the main point is that the interaction becomes strongly repulsive at small r.
Configurations with r close to zero will therefore be rarely sampled. For the coarse-
grained simulations reported in the next section, we fit the repulsive polymer-colloid
potential to a Gaussian form

Vcp(r) ≈ a exp(−r2/c).

4.5 Reaction moves

4.5.1 Hybridization equilibrium of DNA

Having discussed pair-potentials, we now need to develop a Monte-Carlo scheme that
combines reaction moves, during which polymers bind or unbind, with displacement
moves. Colloids of different types can be linked if their respective DNA strands
hybridize. This can be described by a two state model for a dimerization reaction in a
solution of short ssDNA segments A and B that can hybridize to form a short dsDNA
strand AB:

A + B  AB (4.7)
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Later on, we will identify the two reactant “molecules” A and B as the two com-
plementary single-stranded ends of a long DNA chain. The forward move represents
hybridization leading to the product AB which is a double-stranded DNA chain. The
backward move brings the system back to the random coil state of two single stranded
chains. This two-state model is often used to estimate the temperature-concentration
dependence of the dissociation of short, double-stranded DNA molecules into free
ssDNA chains. It has been suggested [50] that this dimerization model provides a
reasonable approximation of the melting temperature even when the duplex have a
non-two-state transition, when DNA molecules form alternative conformations be-
tween duplex to random coil transition.

In the two-state model the condition for chemical equilibrium, the chemical poten-
tials of the reacting species should satisfy

µA + µB = µAB (4.8)

If we assume that both the ssDNA and the dsNDA solutions are ideal we can relate
the equilibrium constant for the hybridization reaction to the partition functions of
reactants and products. For species x ( x = A, B, or AB) the partition function is
given by

Qx =
V N

N !

qN
int(x)

Λ3N
x

, (4.9)

where qint(x) is the contribution to the partition function of x due to all internal
degrees of freedom. Note that the thermal De Broglie wavelength Λx depends on the
mass of species x. The equilibrium condition can be rewritten as

(

ρAB

ρAρB

)

=
qint(AB)/Λ3

AB

(qint(A)qint(B)) /(Λ3
AΛ3

B)
, (4.10)

where ρx is the number density of species x. To compare with experiments, it is
conventional to express the equilibrium constants such that the concentrations can be
expressed in mol/liter:

[AB]

[A][B]
= K, (4.11)

where K is the equilibrium constant of the A-B dimerization reaction. If [x] is the
concentration in mol/liter, then [x] = ρx/ρ0, where ρ0 is the “standard” number
density corresponding to one mol/liter, i.e. 6.022 × 1026 molecules per cubic meter.
In this way we can relate the equilibrium constant to number densities via

(

ρAB

ρAρB

)

=
K

ρ0
. (4.12)
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4 A Coarse-grained model for DNA coated colloids

This step is necessary because, for a dimerization reaction, the equilibrium constant
is not dimensionless. Using equation 4.10 we then obtain,

qint(AB)/Λ3
AB

qint(A) qint(B)/(Λ3
A Λ3

B)
=

K

ρ0
(4.13)

Next, we will use the above relations to arrive at an expression for the probability of
dimerization of to long chain molecules terminated by reactive A (B) ends. For the
reaction algorithm of the Monte Carlo scheme we need the dimerization probability
of two ssDNA chains. Consider the situation where A and B are the endpoints of
DNA chains with centers of mass located at RA and RB respectively. We denote the
center-to-center distance RA −RB by RAB . We assume, as before, that the polymer
end points are harmonically bound to the center of mass of the polymer.

Initially, we consider an isolated A−B pair. This pair can either (i which case the
two centers of mass are linked) or they can be unbound, in which case both the A and
and the B and are distributed around their respective center of mass. The distribution
is Gaussian. Let us denote the probability that the A−B pair is hybridized by α (the
probability that the pair is not hybridized is then 1 − α). The ratio α/(1 − α) can be
expressed as a ratio of partition functions:

α(RAB)

1 − α(RAB)
=

Qbound

Qunbound
, (4.14)

where Qbound (Qunbound) denotes the intramolecular partition function of the bound
(unbound) state. If we use the explicit expressions for these partition functions, we
obtain:

α(RAB)

1 − α(RAB)
=

=

∫

dr exp(−1
2κ(r − RA)2) exp(−1

2κ(r − RB)2)qint(AB)/Λ3
AB

∫

dr exp(−1
2κ(r − RA)2)

∫

dr exp(−1
2κ(r − RB)2qint(A) qint(B)/(Λ3

A Λ3
B)

=
K/ρ0

∫

dr exp(−1
2κ(r − RA)2) exp(−1

2κ(r − RB)2)
∫

dr exp(−1
2κ(r − RA)2)

∫

dr exp(−1
2κ(r − RB)2)

=
K

ρ0
exp

(

−1

4
κR2

AB

)

(π/κ)3/2(κ/2π)3

=
K

ρ0
exp(−1

4
κR2

AB)(κ/4π)3/2 ≡ f(RAB) ,

(4.15)
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where, in the last two lines, we have used eqn. 4.13 that relates the intramolecular
partition functions of the reactants and products to the (known) equilibrium constant
K of the dimerization reaction of the free A and B segments. Eqn. 4.15 shows
that the dimerization probability depends not only on the equilibrium constant K,
but also on distance RAB between the centers of the two polymers chains. defines
an effective reaction constant which depends The last line of eqn. 4.15 defines the
function f(RAB). When R)AB , κ and K are given, we can compute f(RAB) and
thus α(RAB):

α(RAB) =
f(RAB)

1 + f(RAB)
. (4.16)

α(RAB) allows us to determine the probability of dimerizing two ssDNA of type
A and B at a certain distance RAB , assuming that we have only one single dsDNA
chain. However, in a solution of coated colloids many DNA strands compete with
each other to bind to their complementary strands. In general, there can be many
candidates ssDNA of type A that could bind to a given ssDNA of type B. Therefore,
we have to compute the partition functions for all possible hybridization states and,
from these, determine the relative binding probabilities of all the candidates. The
general expression for the probability that end group A will bind to the i-th end
group op type B is then of the form:

αi =
K/ρ0 exp(−1

4κR2
ABi

)(π/κ)3/2

∑

i K/ρ0 exp(−1
4κR2

ABi
)(π/κ)3/2 + (κ/2π)3

(4.17)

In the Monte Carlo reaction moves, we first identify all possible hybridization part-
ners of a particular A (or B) segment. The probability that A (resp. B) then binds
to the i-th potential partners is then given by αi. In the next sections we discuss this
algorithm in more detail.

4.5.2 Reaction algorithm

Consider a system of chain molecules with “sticky” ends of type A B. A and B can
dimerize to form AB. We use the notation:

QAi,Bj
≡ (

κ

4π
)

3

2

K

ρ0
exp(−κ

4
R2

Ai,Bj
), (4.18)

where RAi,Bj
is the distance between particle Ai and particle Bj . We use the follow-

ing algorithm to allow bonds to from or to break:

1. Choose a reactive end group i at random (bound or unbound).
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4 A Coarse-grained model for DNA coated colloids

2. . Calculate Qij for all possible complementary groups j that can bind to i, and
are within a cutoff Rcut. If i was initially bound to a specific group j ′, then j′

is included in this list.

3. Calculate Si as the sum of all the calculated Qij :

Sij =
∑

j

Qij .

4. either bind end group i to one of the complementary end groups j with proba-
bility Qij/(1 + Si) or leave i unbound with a probability 1/(1 + Si).

This algorithm satisfies detailed balance.
For DNA-coated colloid system, once we know the sequence of ssDNA comple-

mentary parts we can estimate the hybridization free energy ∆Ghyb (see appendix
4.6). K then relates to ∆Ghyb through Van’t Hoff relation:

K = exp

(

−∆Ghyb

kBT

)

. (4.19)

Eqn. 4.18 implies that two DNA strands have a higher probability to bind when they
are close to each other.

4.6 Appendix A : Thermodynamics of DNA

base-pairing interactions

Under experimental conditions, the hybridization free energy depends on the proper-
ties of the solution, temperature, and most importantly on the sequence and length of
the DNA strands. Having the sequence of a double stranded DNA, one can estimate
the energetic and entropic cost of melting of the whole strand. Early work of Santalu-
cia [50] provided a unified description of the thermodynamic parameters based on a
nearest neighbor (n-n) model. Markham and Zuker [51] developed a freely available
package called “Hybrid” based on more up-to-date thermodynamic parameters. The
package is available on the DINAMelt web server [52]. The method is commonly
used to predict the melting temperature of DNA and RNA strands. Here we briefly
discuss the principles of the method:

Consider a hybridized dsDNA, with one strand made of a sequence of the four
bases “A”, “C”, “G”, and “T” as monomers. Assume that the other strand has the
complementary sequence such that it can bind to the first one without any mismatch
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and that a bond has been formed between each pair of complementary bases. Both
the energetic cost and the entropic cost (or rather: benefit) of breaking each of these
bonds depends on the type of the monomers, their place along the strand, the direction
of the strand, and their neighboring monomers. The free energy difference between
bound and unbound state of two complementary strands is denoted as:

∆G

RT
=

∆H

RT
− ∆S

R
(4.20)

Table 4.1: Unified oligonucleotide ∆H◦ and ∆S◦ NN parameters in 1M NaCl.

∆H◦ ∆S◦

Sequence kcol/mol cal/k◦mol

AA/T −7.9 −22.2
AT/TA −7.2 −20.4
TA/AT −7.2 −21.3
CA/GT −8.5 −22.7
GT/CA −8.4 −22.4
CT/GA −7.8 −21.0
GA/CT −8.2 −22.2
CG/GC −10.6 −27.2
GC/CG −9.8 −24.4
GG/CC −8.0 −19.9

init. w/term. G.C 0.1 −2.8
init. w/term. AT 2.3 4.1

Symmetry correction 0 −1.4

where ∆G is the difference in free energy, ∆H is the difference in enthalpy, and
∆S is the difference in entropy between the hybridized and the random coil state and
R is the gas constant. Ref. [50] provides estimates for ∆H◦ and ∆S◦. These values
have been determined from melting studies of an appropriately chosen set of dsDNA
chains. Table 4.1 shows the value of each parameter at a fixed temperature and in
a standard solution. The first column in the table includes all the permutations of
two neighboring base-pairs. Note that among all the permutations there are only 10
unique combination of base-pairs next to each other. These are (5′ − 3′)2 AA = TT ,

2The polarities of two strands in dsDNA run antiparallel to each other. This polarity is
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4 A Coarse-grained model for DNA coated colloids

AG = CT , AC = GT , GA = TC, GG = CC, TG = CA, CG, GC, AT , and
TA.

For a given sequence of dsDNA one can get the hybridization free energy associ-
ated with the complete melting of the strand. Further corrections should be applied
regarding changes in temperature and solution. For more information see Ref. [50]
and [51]. On DINAMelt web server [52] the melting properties of a given DNA
strand can be computed from the sequence information .

The probability of forming a bond between two coated colloids depends not only
on ∆G but also on the geometry of the system and on the DNA concentration in
the solution. Parameters such as length and stiffness of the DNA strands as well as
the shape of the colloidal particles change the effective DNA concentration and the
average number of available DNA strands. All these parameters together define an
“effective” binding free energy, which might differ largely from the hybridization
energy. In simulation studies, this effective binding energy should be determined in
order to be able to perform a valid hybridization moves. Different strategies can be
taken into account depending on the way we model the coated colloids. For example
Licata and Tkachenko [53] presented a statistical- mechanical model for two-particle
binding energy for a model of coated-colloids with complementary “rigid” linkers
which is then different than our soft picture model for long felxible linkers that has
been discussed in section 4.5.1.

indicated by referring to one end as the 3′ end and the other as 5′ end [16]
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