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5 Liquid - vapor transition for DNA

coated colloids

5.1 Introduction

In 1957 Alder and Wood demonstrated in numerical simulations that hard spheres
could freeze [3, 4]. This work created quite a stir [54] because it showed a crystal
phase could have a higher entropy than the liquid phase at the same density. This ran
against the conventional wisdom that attraction was needed to cause crystallization
of simple liquids. However, Onsager [2] had already shown in the 1940’s that a sys-
tem of slender, hard rods could increase its entropy by undergoing an orientational
ordering transition. Since then, many other “entropy-driven” phase transitions have
been identified (see, e.g. [55]). For instance, a mixture of hard colloids and non-
adsorbing polymers can undergo a liquid-vapor transition because, upon condensa-
tion, the loss in entropy of the colloids is compensated by the gain in entropy of the
polymers [56, 57]. Yet, this transition is not as surprising as it may seem because, to
a first approximation, the polymers induce an attractive pair interaction between the
colloids. This makes the mixture of purely repulsive polymers and colloids equiva-
lent to an effective one-component system of colloids with mutual attraction. It is this
effective attraction that drives the vapor-liquid condensation. More surprising was a
theoretical study by Zilman et al. [58] that showed that a purely entropic condensa-
tion transition is possible in a system of inert droplets coated with strongly bound
telechelic polymers [59]. In the system studied in Ref. [58], the telechelic polymers
could redistribute over the droplets in such a way that they maximized their entropy.
In the present chapter, we report numerical simulations that support the mean-field
scenario of Ref. [58]. However, there are some differences in the underlying model.
Most importantly, as we already discussed in the previous chapter, we consider a
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5 Liquid - vapor transition for DNA coated colloids

suspension of colloids grafted with long polymers that have “sticky” ends. These
polymers can reversibly form bridges between the colloids. In this model, every col-
loid has a fixed number of linkers. A possible realization of the system that we study
is a mixture of colloids, chemically coated with very long strands of double-stranded
DNA (dsDNA), functionalized with a single-stranded (ssDNA) linker. These link-
ers can bind via complementary ssDNA linkers to other DNA-coated colloids [42].
More details on the experiment have been discussed in previous chapter. These sys-
tems have the interesting property that individual bonds may be weak but, because of
the large number of bonds between two particles, the materials tend to be mechani-
cally strong. Moreover, they should be “self-healing” [60]: if two blobs of a dense
network of colloids coated with long DNA are brought into contact, they should be
able to reconnect in such a way that the interface disappears. The time scale over
which this happens depends on the binding strength between the complementary ss-
DNA fragments. In this chapter we report our study in two different regime: first in
high binding-strength regime where all the DNA sticky ends are hybridized. As we
will discuss, a study of this regime allows us to show unambiguously that the phase
transition that we observe is entropic in nature. We then extend the model in two
ways that make it more realistic. First of all, we consider the situation where the
binding free energy for DNA hybridization is finite. This allows us to ascertain to
what extent the observed phase behavior is robust. Secondly, we consider the situa-
tion where the polymers bind to fixed positions on the surface of the colloids. This
is different from the simpler model with infinite binding strengths that we study first,
where we have allowed the polymers to be bound to any position on the surface of a
colloid. The model with polymer end groups that are mobile on the colloid is easier
to study numerically. However, the model with fixed grafting positions is presumably
closer to the experimental situation.

5.2 Very high binding energy regime

In what follows, we refer to the particles with complementary functionalization as A
and B. Colloids type A and B are identical except that they are coated with comple-
mentary strands of ssDNA. We consider the situation where the radius of gyration
of the polymer is comparable to the size of the colloids. In Grand Canonical Monte
Carlo simulations, the volume, temperature and chemical potential of the system are
fixed. As we consider a system where all n polymers per particle are bound to a com-
plementary polymer on another particle, particles are inserted and removed form the
system as dimers. The dimers that we attempt to insert are taken from an equilibrated
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5.2 Very high binding energy regime

Figure 5.1: Snapshot of a low-density and high density system of a 1:1 mixture of hard
colloids (shown as big dark grey and light grey spheres) coated with complementary
sticky polymers (shown as small gray spheres in left snapshot)

population of dimers that have intra, but no inter-molecular interactions. When we
remove particles, we first check for free dimers (i.e. dimers that are not bound to
any other particles). The acceptance rules are constructed such that detailed balance
is satisfied. Full details on the method has been discussed in the previous chapter.
In our simulations, we considered 1:1 mixtures of hard colloids coated with n sticky
polymer arms. We consider the cases n = 2−10 — the ratio of the radius of gyration
of the polymer to the radius of the colloid was fixed at 0.3, which is a number that
can easily be achieved in experiments on DNA-coated colloids [42]. We describe
the individual polymer arms as soft colloids, using the approach of Ref. [61, 46]. In
particular, the work of Ref. [46] strongly suggests that the soft-colloid picture is to
a good approximation transferable to the interaction between polymer moieties that
are bound together. In the present work we simply postulate that all polymer-polymer
interaction are transferable and are of the form:

Vp−p(r)

kBT
= 2 exp(−0.7(

r

Rg
)2) (5.1)

69



5 Liquid - vapor transition for DNA coated colloids

V     + V’p−p         ho

Vp−p

V    + Vp−c        ho

Vp−p

V    + Vp−c        ho

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������

BA PP

A P P B

P P

Figure 5.2: Pair-potentials: The transferable repulsive potential between two poly-
mers, Vp−p, has the form given by Eqn. 5.1. The transferable potential between poly-
mer and colloid is repulsive and has the form Vp−c(r) 580kBT exp(−(r/rcol)

2/0.23).
A harmonic spring (Vho(x) = kBTx2/(2R2

g)) is assumed to tether the center of mass
of each polymer to “its” colloid. When two complementary DNA’s are bound, they
are assumed to be connected by a harmonic spring (V ′

ho) that is half as stiff as Vho.

The effective interaction between a free polymer and a hard colloid is not known in
closed form [61]. We therefore performed lattice simulation to compute the potential
of mean force acting between a self-avoiding polymer and a hard colloid with a size
ratio 1:3 (see caption of Fig. 5.2). We found that the repulsive interaction between
polymer and colloid is again transferable (i.e. it is the same for bound and unbound
polymers). As in Ref. [46], the attractive interaction between a polymer and hard col-
loid is well described by a simple harmonic spring. The end points of the polymers
are considered to be harmonically bound to the center of mass of the soft colloid [46].
One end of the polymer is bound to the surface of a colloid, the other end can bind
reversibly to a complementary polymer. The degree of association between the col-
loids depends on the binding constants between the A and B polymers. To bring out
the entropic nature of the phase transitions, we consider the case where the binding
constant is very large, implying that there are no free A or B ends. However, we
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5.2 Very high binding energy regime

do assume that bonds can switch, such that the topology of a resulting network can
change.

We performed Grand-Canonical Monte Carlo simulations [11] on such a system
of functionalized colloids. In our simulations, we chose the thermal energy kBT
as the unit of energy and σ, the diameter of the colloid, as the unit of length. We
considered a system with a volume V = 1000σ3. In order to speed up the simulation
we used cluster moves and cell lists. Cluster moves has been described in details in
the appendix 5.5.

Reaction switches The binding-unbinding moves in high hybridization energy
regime are slightly different and actually are much easier than the one we described
in chapter 4 for a general case. Here in every switch move two pairs of connected
polymers, A1−B1 and A2−B2 will switch partners to lets say A1−B2 and A2−B1.
The value of hybridization energy ∆Ghyb ( which assumed to be very large) does not
appear in the acceptance argument. This is because all the polymers will be always in
the form of dimers and therefore through switching move old and new configurations
both will have the same number of bonds. The details of the algorithm is presented
in appendix 5.4

At very low densities, this system will form a gas of AB dimers. The reason is
that, because the polymers are very long, all polymers on an A colloid can bind
to a complementary polymer on a B colloid. In contrast to the model considered in
Ref. [58], loop formation and, more importantly, polymer fractionation, cannot occur.
The resulting dimers are “inert” as they have no unsatisfied bonds. Upon increasing
the chemical potential of the system, we find that the colloids undergo a very sudden
transition from a low-density “dimer” phase to a uniform, high-density phase where
almost all colloids belong to a single, system-spanning cluster (see Fig. 5.1). We
stress that, as the degree of association of the polymers is 100%, independent of
density, there is no change in the energy of the system upon condensation. The
condensation transition is completely driven by the gain in entropy associated with an
increase of the number of allowed network topologies. In Fig. 5.3 we plot the density
of the system against fugacity of dimers fD ≡ exp(βµ). fD can be interpreted as
the density of a gas of non-interacting dimers that is in osmotic equilibrium with the
interacting system, and µ is the chemical potential of dimers. Fig. 5.3 shows that
at very low densities the dimer concentrations in the system is equal to the fugacity
fD, as it should. The location and magnitude of the density jump depend on the
number of polymers per colloid. For the case where we have only two arms per
colloids, the magnitude of the density jump is very small (possibly zero): it could not
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5 Liquid - vapor transition for DNA coated colloids
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Figure 5.3: Off-lattice grand-canonical simulation; Number density ρ versus the dimer
fugacity fD. The straight line indicates the ideal gas behavior
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Figure 5.4: Off-lattice grand-canonical simulation; The average number of distinct
connected neighbors versus fD

be resolved in our simulations. It is not surprising that particles with two arms should
exhibit qualitatively different behavior because particles with at most two neighbors
can only belong to finite linear clusters that are not system-spanning. Nevertheless,
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5.2 Very high binding energy regime

there still is an entropic advantage associated with the formation of a dense phase, as
a single configuration can be decorated in many distinct ways by polymer bridges.

The discontinuous transition from vapor to the dense phase is also reflected in
the behavior of Nc, the average number of distinct connected neighbors per particle,
shown in Fig. 5.4. At low densities, where all colloids form dimers, Nc = 1. With
increasing chemical potential, Nc undergoes a discontinuous jump, except, possibly,
for the case n = 2 where there is no system spanning cluster in the dense phase.
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Figure 5.5: Bond switches in lattice simulation.

In order to bring out the essential features of the entropy-driven condensation re-
action, we constructed a lattice-gas model of our continuous system. We performed
Grand Canonical MC simulations on a simple 3D lattice model that has the following
features:

1. A lattice site is either empty, or occupied by an A or a B particle

2. There are equal numbers of A and B particles

3. Every A(B) particle is connected with exactly n bonds to nearest neighbor
B(A) particles.

In addition to dimer insertion/removal moves, we perform bond switches that con-
serve the total number of bonds per particle (see Fig. 5.5). In this way, we ensure that
there are no unsatisfied bonds. Fig. 5.6 shows the relation between the occupation of
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5 Liquid - vapor transition for DNA coated colloids

the lattice and the fugacity of dimers. The behavior shown in Fig. 5.6 is qualitatively
very similar to that of the colloid-polymer system. Fig. 5.7 shows Nc as a function
of chemical potential for lattice simulations. Similar to the off-lattice simulation, a
discontinuous density jump can be seen with increasing chemical potential.

One of the characteristic features of the first order transition is existence of a hys-
teresis loop. As the lattice simulations are much faster than their off-lattice counter-
parts, it is easier to probe the hysteretic behavior in lattice simulations. We studied
hysteresis by initializing the system in the cluster phase and lowering the chemical
potential. We do not observe hysteresis for systems with three bonds per colloid.
However, systems with larger number of bonds per colloid, show clear hysteresis
loops. This is hardly surprising as networks of multiply-bonded particles are rela-
tively “immune” to the fluctuations that are needed for cluster break-up [62].

We cannot compare our results directly with the mean-field predictions of Ref. [58]
because that work considers colloids coated by telechelic polymers where the number
of polymers bound to any given colloid is not fixed: due to fractionation, it will be
higher in the dense phase than in the dilute phase. In contrast, the linkers in the
system studied here cannot fractionate, nor can they loop back onto the same particle.
If we consider the limit of the mean-field predictions of Ref. [58] for the case where
telechelics can only form bridges and no loops, the phase diagram that is predicted
by Ref. [58] shows some similarity to the one that we observe. However, the finite-
density dimer phase that we observe before condensation is not found in Ref. [58],
presumably because it is preempted by polymer fractionation.

Thus far, our discussion of models for polymer-coated colloid system focused on
the case where the polymer endpoint are always bound to complementary polymers.
This allowed us to show unambiguously that the condensation transition is of en-
tropic nature. However, in real systems of DNA-coated colloids, the binding strength
is finite. Using Grand-Canonical Monte Carlo simulations, we have verified that low-
ering of the polymer-polymer association constant does not qualitatively change the
scenario that we have observed, as long as the binding strength is above a critical
value below which the first-order transition disappears. We therefore expect that the
entropic condensation should be observable in real DNA-coated colloid systems, pro-
vided that the polymers are long enough to allow n of them to bridge the same pair
of colloids. Clearly, this condition is not fulfilled for polymers that have a radius of
gyration that is much smaller than the radius of the colloids [27]. Coating colloids by
long polymers is feasible: Schmatko et al. [42] reported confocal microscopy studies
of colloids coated with λ-DNA with a radius of gyration equal to 1.6 times the col-
loid radius. These experiments observed strong clustering of the colloids, followed by
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5.2 Very high binding energy regime
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Figure 5.6: Lattice grand-canonical simulation; ρ versus fD. The straight line indi-
cates the ideal gas behavior.

0.001 0.01 0.1 1
fD

1

2

3

4

5

Nc

n=2

n=3

n=4

n=5

n=6
n=7

n=8
n=9n=10

Figure 5.7: Lattice grand-canonical simulation; The average number of distinct con-
nected neighbors versus fD.

structural arrest. This is due to the strong DNA hybridization under the experimental
conditions studied in Ref. [42]. In order to observe the underlying phase transition
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5 Liquid - vapor transition for DNA coated colloids

predicted here, the experiments would have to be carried out under conditions where
the DNA network is able to rearrange on experimental time scales.

5.3 Finite binding strength and fixed grafting points

In the previous section we showed that if the binding strength between complemen-
tary ssDNA strands becomes infinite, the system can undergo a first-order gas-liquid
transition that is purely entropic in origin. We considered this limit of very high
hybridization free energies in order to focus on a situation where the energetic con-
tribution to the binding free energy is the same at all densities. However, in prac-
tical situations, the binding free energy for ssDNA hybridization will, of course, be
finite and we therefore must determine to what extent the phase behavior that we de-
scribed in the previous section is changed when we allow bonds to dissociate. In our
simulations, the hybridization free energy enters the problem via the expression for
the equilibrium constant for the dimerization of two complementary ssDNA strands
(eqn. 4.19).

K = exp

(

∆Ghyb

kBT

)

.

Inspection of this equation shows that the quantity that determines the equilibrium
constant K is the ratio ∆Ghyb/(kBT ). In other words, a variation of the hybridization
free energy may be viewed as an equivalent to a variation of the temperature. It
should be stressed that this picture, although convenient, is not quite correct as ∆Ghyb

contains both an energetic and an entropic part: varying T only changes the ratio
∆Ehyb/kBT . It remains true, however, that variations in T lead to changes in K.
Therefore, when we speak about “low” or “high” temperatures, what we mean is
large or small values of K. In fact, as mentioned in chapter 4, temperature is one of
the important control parameters in experiments on self-assembly of coated particles.

Let us now consider what happens if we start with a situation of infinite binding
strength (“T = 0”) and then lower the equilibrium constant K. Clearly, if K is very
small, the DNA-coated colloids will not bind at all and hence the gas-liquid transi-
tion will have disappeared. It is therefore logical to assume that, as K decreases,
the liquid-vapor transition will shift to higher colloid densities and will eventually
move to densities that are unphysical. Alternatively, one might consider the situa-
tion where a system with a large equilibrium constant has formed a dense aggregate.
Upon heating, this system will reach a point where the dilute phase is more stable
and the aggregate will melt spontaneously. How exactly the liquid-vapor transition
disappears will depend on the number of DNA chains per colloid. In the present

76



5.3 Finite binding strength and fixed grafting points

section we report simulations at finite temperature that allow us to ascertain how sen-
sitive the vapor-liquid phase behavior of DNA-coated colloid is to variations in the
binding constant for hybridization. On the basis of these simulations, we can roughly
estimate at what value of K the liquid-vapor transition disappears for a given number
of DNA chains per colloid. However, as we could not compute the free energy of the
dense and dilute phases, we cannot present a real phase diagram.

Our simulation method is similar to the one described in the previous section,
except that the way we deal with finite binding constants forces us to use the approach
described in chapter 4. As explained above, we consider the case where the DNA
chains are grafted at fixed positions on the surface of the colloids.

As before, we model each polymer as a “soft” sphere connected to a hard colloidal
sphere, but now the connection point is fixed. This model is expected to be closer to
the experimental situation where the biotinilated DNA binds irreversibly to a given
streptavidin unit that is grafted to the colloidal surface. In what follows, we refer
to the points where DNA chains are attached to the colloidal surface as “patches’.
The harmonic free energy of the stretched DNA chain will then be calculated by
considering the distance between the center of the soft sphere that represents the
polymer to its fixed patch. There are several ways to decorate the colloidal particles
with patches: one could either generate a regular patch distribution or one that is
random. Here we consider the first case that is a colloid with regular patches on the
surface. We chose this situation for the sake of simplicity. However, we stress that
it would certainly be interesting to study the (more realistic) case of random patch
distributions - in particular when coupled to the case where the number of DNAs per
colloid itself is a fluctuating quantity. Such studies are the subject of future work.

As before we refer to the particles with complementary functionalization as A and
B. Colloids type A and B are identical except that they are coated with complemen-
tary strands of ssDNA. We consider the situation where the radius of gyration of the
polymer is comparable to the size of the colloids. In our simulations, we consider
1:1 mixtures of hard colloids coated with n sticky polymer arms. We consider the
cases n = 2, 4, 6, and 8. The ratio of the radius of gyration of the polymer to the ra-
dius of the colloid was fixed at 0.3, which is a number that can easily be achieved in
experiments on DNA-coated colloids [42]. The polymer-polymer interactions were
modeled using the soft-sphere pair potentials described in the previous chapter.

The degree of association between the colloids depends on K, the equilibrium
constant for hybridization of the stretched complementary ssDNA connected to the
A and B colloids. As explained in chapter 4, we can use the available information
about binding of isolated ssDNA strands in solution to design a Monte Carlo scheme
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5 Liquid - vapor transition for DNA coated colloids
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Figure 5.8: Density ρ versus fugacity f for colloids coated with four DNA strands fixed
on the surface patches with a tetrahedral arrangement. K denotes the equilibrium
constant for hybridization of the ssDNA segments. The transition to the liquid phase
gets sharper as K increases.The straight dashed line indicates the ideal gas behavior.
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Figure 5.9: Density ρ versus fugacity f for colloids coated with six DNA strands
fixed on the surface patches arranged on the vertices of an octahedron. The straight
dashed line indicates the ideal gas behavior. K denotes the equilibrium constant for
hybridization of the ssDNA segments. The transition to the liquid phase gets sharper
as K increases.
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5.3 Finite binding strength and fixed grafting points
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Figure 5.10: Density ρ versus fugacity f for colloids coated with two DNA strands
fixed on the surface patches opposite to each other. The straight dashed line indicates
the ideal gas behavior.K denotes the equilibrium constant for hybridization of the
ssDNA segments. The transition to the liquid state remains smooth even for the
highest values of K that we consider. The changeover in slope that we observe is
mainly caused by increased dimerization as the density of the gas is increased.

that will allow long, ssDNA-terminated dsDNA chains to bind to, or unbind from, a
chain with complementary “sticky” end. A large value of K corresponds to a large
hybridization free energy and thus approaches the conditions of 100% hybridization
that we studied in the previous section.

As the DNAs are grafted to fixed patches on the colloidal surface, our MC algo-
rithm should not only handle the translational motion of the colloids, but also their
rotation. A well-known and convenient way to implement arbitrary rotations of a 3D
object is to use a quaternion-based description (see appendix 5.6). Rotational moves
are essential as the distance between two patches on neighboring colloids depends
both on the center-of-mass separation and the orientation of the colloids. Clearly,
two polymers that are grafted to facing sides of the colloids will bind more easily
(i.e. will have to stretch less in order to bind) than polymers that are on the far side.
Apart from the rotational moves, we use the same methods as before: cell lists (see,
e.g. Ref. [11]) and cluster moves (see appendix 5.5).

The aim of the present section to show qualitatively how a finite binding constant
affects the phase behavior reported in the previous section. To this end we performed
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5 Liquid - vapor transition for DNA coated colloids

grand-canonical simulations where we determined the density of the system as a func-
tion of the fugacity of the colloids, for a range of values of the equilibrium constant
K. Fig. 5.8 shows a plot of density versus fugacity for colloids with four polymeric
arms. Note that the fugacity f that we use here is the fugacity of colloidal particles.
In the previous section, where we considered the limit K → ∞, the low-density
limit of the system was an ideal gas of dimers. However, for finite K, dimers will
dissociate at low densities and the limiting state is an ideal gas of isolated A and B
colloids. For the case n = 4 the DNA polymers were attached to patches that were
arranged on the corners of a tetrahedron. Note that for low values of K (e.g. K=10),
the density in the system varies continuously with fugacity. As K increases, the vari-
ation in density becomes sharper and for K ≥ 100 the behavior is very similar to that
observed in the limit K → ∞.

Fig. 5.9 shows a similar plot as shown in Fig. 5.8, but now for six polymers per
colloid. Compared to the case n = 4, the transition already becomes sharp at lower
hybridization free energies. Fig. 5.10 shows the same behavior for the case where we
have two DNA strands per colloid. Here we can see that the density profile develops
a shoulder and the slope of the profile increases as we increase K . However even
for the highest K values the profile remains smooth and shows no indication of a
first-order phase transition - again in agreement with the behavior of the K → ∞
limit discussed in the previous section.

As we cannot directly determine the point where the phase transition becomes
first order, we use an indirect method to estimate the values of n and K where this
happens. To this end, we compute for various values of n the inverse of the maximum
slope of (d ln ρ/d ln f). In other words, we compute the minimum of

D ≡ d ln f

d ln ρ
=

dP

dρ
.

For an ideal gas, D = 1 (we use units where kBT = 1). At a critical point, (dP/dρ)
vanishes, and hence we can estimate the location of the critical point by plotting
(dP/dρ) vs ln K. The reason for plotting D versus ln K is that the latter quantity is
proportional to 1/T . As most of our points are not very close to the critical point, we
can safely ignore possible non-classical behavior in the vicinity of the critical point
and simply assume that D vanishes linearly as we approach ln Kc. Unfortunately,
our present data only allow a very rough estimate of the location of the critical point.
This is because our discrete data and rather large fugacity spacing lead to large error
bars in the slopes.

At high K, the slopes of the curves for large n converge to a value that is slightly
larger than zero. In contrast, in the limit of small K the slopes converge to one.
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5.3 Finite binding strength and fixed grafting points
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Figure 5.11: D, defined as the inverse of maximum slope of ln ρ versus ln f , as a func-
tion of ln K. High K corresponds to a large hybridization free energy. As explained
in the text, the values corresponding to the open symbols are not reliable. These
points have therefore been ignored in the rough fit. The dashed lines show the linear
extrapolation to the part of the curves shown in closed symbols. Kc is the value of
K when the dashed lines meet line D = 0. The curves converge to a value which is
slightly larger than zero. This is because of our discrete data and our rather large
value for fugacity intervals.

Ideally, a linear extrapolation of D vs ln K would reach a value of zero at a finite
value of K. However, it is hard to extract the linear regions in Fig. 5.11, since we
have only few points between the “low” and the “high” K regions. To obtain a rough
estimate of the critical value of Kc, we fitted a line to the D points in Fig. 5.11, in
the intermediate regime. As n increases, the estimate of Kc moves to lower values
of Kc ( see Fig. 5.12 ), or, using our loose analogy between ln Kc and 1/T , to higher
temperatures. This observation indicates that the phase transition that we observe in
the limit K → ∞ is robust, in the sense that it survives also for finite K. However,
below a certain (n-dependent) value of K, the gas-liquid transition disappears. In
particular, as Kc must be positive and finite, 1/Kc ≥ 0. Fig. 5.12 suggests that
for n ≤ 2, the estimated value of 1/Kc becomes negative. This suggests that no
first-order phase transitions are possible for n ≤ 2.
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Figure 5.12: The estimate of 1/ ln Kc versus number of arms n. As n increses 1/ ln Kc

goes to higher values.

5.4 Appendix A: Reaction switches

For large values of the hybridization equilibrium constant and, a fortiori, in the limit
K → ∞, special Monte Carlo moves are required to change the topology of the
network of DNA “bonds” linking different colloids. To achieve this, we employ the
following algorithm.

1. Randomly choose a position r in the simulation box.

2. Make a list of all the pairs of connected polymers with centers-of-mass within
a range rcut from r. If not at least two A-B pairs are located within the cutoff
volume, the trial move is rejected.

3. Randomly choose two of the pairs from the list of pairs within the cutoff vol-
ume. Let us denote these pairs as A1 − B1 and A2 − B2

4. Calculate the sum of Uolds for these two pairs, where U is given by Eqn. 5.2
below:

UAi,Bj
=

κ

4
R2

Ai,Bj
. (5.2)
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5. Attempt to switch the bonds between these particles: the trial configuration in
our example will be A1 − B2 and A2 − B1; calculate the sum of Unew .

6. Accept the move with probability exp(−β∆U) where ∆U = Unew − Uold.

note: The cutoff distance rcut is fixed at the beginning of the simulation and it does
not change. Introducing rcut is not necessary however it speeds up the simulation.
Ideally, one cutoff volume contains on average two bound pairs.

note: During a bond-switch move, the hybridization free energy does not play a
role because the number of bonds before and after the move is the same. Therefore,
all the constant coefficients K/[ρ0(κ/(4π))3/2] drop out of the acceptance probabil-
ity.

5.5 Appendix B: Cluster moves

If one performs a simulation of a system consisting of composite objects, it may
be quite inefficient to use only conventional MC moves that attempt to move the
entire object by displacing one of the constituent units at a time. For such systems,
it is often advisable to combine individual particle moves with cluster moves that
attempt to displace the composite object as a whole. If the composite object is a
cluster of particles, some care should be taken to define the cluster in a way that will
not violate detailed balance (see e.g. [11]). However, for the case discussed in the
present chapter, the definition of clustering is straightforward as we have DNA bonds
between the particles that constitute a cluster. Normally a cluster of bonded colloids
is a fairly compact object. In a cluster move, we first label all particles according
to the cluster that they belong to. We then choose one of the colloids with equal
probability and attempt to displace the cluster to which the selected particle belongs
in an otherwise normal MC move. To compute the acceptance probability of such a
cluster move we must calculate the sum of all the pair-interactions between particles
inside the cluster and all other particles except the particles that belong to the same
cluster as, during a cluster move, all relative distances within a cluster are conserved.

5.6 Appendix C: Quaternions

Here we briefly explain what are quaternions and how they can be used to rotate a
vector in space. In general a quaternion q can be represented with a complex number
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with three different imaginary parts:

q = q0 + iq1 + jq2 + kq3, (5.3)

and the only main rules between imaginary units i, j, and k are:.

i2 = j2 = k2 = ijk = −1. (5.4)

A quaternion can also be represented as vector in imaginary space plus a scalar. In
other words a vector is a quaternion with zero “real” part. Now consider a vector ~v
which is represented by ~v = (0,v) and consider the transformation

~v′ = q~vq∗ (5.5)

where q is a unit quaternion and therefore

q2
0 + q2

1 + q2
2 + q2

3 = 1. (5.6)

and q∗ = (q0,−q) is the conjugate of q = (q0,q). It is straightforward to prove
that such a transformation preserves lengths and angles and the triple product, and
therefore represents a rotation. The rotation will be around the unit axis of vector ω
that is defined by the vector part of the quaternion

ω = (q1, q2, q3) (5.7)

and the angle of rotation will be specified by the following equation

cos(θ) = 2q2
0 − 1 (5.8)

Therefore any quaternion q = (q0,q) will uniquely define a rotation through an
angle θ around axis ω which is given in the above equations. Refs. [63, 64] provide
more information on proof of the above arguments, quaternions in general, and their
applications.

To rotate a colloid, we employ the following algorithm:

1. Randomly choose a colloid and generate a random quaternion q that satisfies
Eqn. 5.6.

2. Calculate the sum of Uold where U includes the spring interactions between
the chosen colloid and its bond polymers.

3. Rotate all the patches of the chosen colloid around colloid’s CM, using Eqn. 5.5.
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4. Calculate the sum of Unew.

5. Accept the move with probability exp(−β∆U) where ∆U = Unew − Uold.
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