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Chapter 3

Accuracy and Belief Propagation

In this chapter, we investigate properties of Bayesian networks in the context of
accurate state estimation.1 The relation between the accuracy of state estimation
and the correctness of model parameters is difficult to quantify. Several studies
have shown that in certain situations state estimation can be robust against noise
and small errors in the value of parameters. The question remains how much
difference between the perfect and the actual parameter values is allowed for an
accurate state estimation.

We show that under certain conditions, we can use a coarse voting perspective
on the inference process. It allows us to show that state estimation with Bayesian
networks can be very robust, even if we use very uncertain models and evidence.
Based on this perspective, a voting propagation algorithm is presented, which
achieves a good accuracy at a low computational cost.

3.1 Introduction

State estimation is based on the estimated probability distribution over states of
a hidden variable of interest. This distribution can be estimated using a Bayesian
network, which facilitates the systematic combination of observations with prior
knowledge about the stochastic processes. Bayesian networks define a mapping
between observations and variables of interest. Consequently, the model has a
significant impact on the state estimation accuracy. On the other hand, one of
the most challenging problems associated with Bayesian networks is determination
of adequate modeling parameters [DvdG00].

We emphasize a fundamental difference between the model accuracy and esti-
mation accuracy. A Bayesian network is a generalization over many possible situ-

1Parts of the material in this chapter have appeared in [NP06, NP07].
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ations. This generalization captures the probability distribution over the possible
events in the problem domain. If a model exactly captures the true distribution,
we can call it an accurate model. However, an accurate model does not necessarily
support an accurate state estimation in a particular situation.

Given that it is very difficult to find the perfect generalization, it seems im-
portant to know what characterizes a model that is robust against sub-optimal
parameters. If we would be interested in the precise distribution over a variable
of interest, almost no deviation from the perfect generalization would be allowed.
Therefore, it is more relevant to focus on the state estimation accuracy. A state
estimation can be the basis for decision making processes, and a wrong decision
can be disastrous. State estimation allows more room for sub-optimal parameter
values [DP96]. The question is how much the parameter values are allowed to
change without changing the state estimation.

To help answer this question, we present a voting perspective on the inference
process. We derive the condition under which this perspective gives the same
state estimation as exact inference. This perspective allows us to identify certain
inequality relations between the true and estimated parameter values. When
these relations are satisfied, the estimation accuracy of a Bayesian network will
be close to that of a perfect generalization. As these inequalities can be satisfied
by a large interval of values, a Bayesian network is inherently robust against small
parameter changes, as long as the changes stay within the interval.

Based on this perspective, we derive a coarse propagation algorithm based
on voting. The coarseness is based on retaining the aspects that the perspective
identifies as significant for the state estimation accuracy, while ignoring other
details. This allows the algorithm to be faster than existing algorithms, while
still maintaining a good estimation accuracy for certain types of networks. It is
implemented as a variant of the sum-product algorithm in factor graphs.

3.2 Topology and Factors

We first investigate the influence of different network topologies on the robustness
to parameter value changes. Given the diversity of possible topologies, this seems
very challenging. Therefore, we will compare two basic structural elements that
often appear as elements of larger networks, namely predictive and diagnostic
elements [Pea88].

Predictive Elements

A simple predictive element consists of a single hypothesis node H, with n parent
nodes Ei. See Figure 3.1 for an illustration. In a causal context, the parent nodes
can represent causes and the hypothesis node the effect. The effect depends on the
combination of the states of the cause nodes. In this simple setting, we assume
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Figure 3.1: Simple predictive Bayesian network.
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Figure 3.2: Simple diagnostic Bayesian network.

that we have observed the states of the parent nodes. The parent nodes are
instantiated with evidence and we infer the posterior distribution over the states
of H. Thus, we reason in the causal direction about the possible outcome of a
stochastic causal process.

Node H is associated with a conditional probability table p(H|E1, . . . , En).
Assume that all variables have two states. The evidence set contains the observed
state of each parent node. Let the observed state of node Ei be ei. If the evi-
dence is E = {e1, . . . , en}, the distribution over the states of node H is given by
p(H|e1, . . . , en). This directly corresponds to a column in p(H|E1, . . . , En) (see
also Figure 2.2).

Diagnostic Elements

A simple diagnostic element consists of a hypothesis node H, with n child nodes
Ei (see Figure 3.2). In a causal context, H represents a cause and the child nodes
its effects. In this simple setting, we assume that H is hidden, and the effects
are observed. We are trying to infer the state of H from evidence about variables
E1, . . . , En. Inference is based on reversal of the causal relations.

Each child node Ei is associated with a conditional probability table p(Ei|H).
Again, assume that all variables are binary, and the evidence is denoted by E =
{e1, . . . , en}. The posterior distribution over the states of H is given by

p(H|E) = αp(H)
∏

ej∈E
p(ej |H), (3.1)

where α is a normalizing constant.
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Structural Comparison

A perfect model will guarantee, with high probability, a small divergence be-
tween the true and estimated distribution over a variable. Changing the value of
conditional probabilities (parameters) in the model will increase this divergence.
Therefore, the robustness to parameter changes can be measured as the size of
the parameter value domain that guarantees a small divergence.

In other words, a model can be considered robust, if it gives a greater domain
of values from which the designer or learning algorithm can choose adequate
parameters. This is important in the context of model grounding. After all, if
a model allows more room for error, it is more likely that the model will work
in practice. With the following small experiment we will illustrate the difference
between predictive and diagnostic elements, with respect to this robustness.

The Kullback-Leibler (KL) divergence is a common measure for the difference
between two distributions p1 and p2:

KL(p1(X)‖p2(X)) =
∑
x∈X

p1(x) log
p1(x)
p2(x)

. (3.2)

We will use it to measure the divergence between the true distribution over the
hypothesis node and the inferred distribution. The true distribution is denoted
by p̃(H|E), and the inferred distribution by p(H|E), given an evidence set E .

We first consider the predictive network. We can assume a particular instan-
tiation {e1, . . . , en} of the n parent nodes. The combination of these states cor-
responds to a single column in the conditional probability table. We want to see
how much the divergence increases when we change the value of the parameters
in that column.

Suppose that the true distribution is given by p̃(h|E) = 0.7. We compute
the KL divergence KL(p̃(H|E) ‖ p(H|E)) as a function of the relevant modeling
parameter. We choose a threshold of 0.005 to indicate a ‘small’ divergence. The
result is shown in Figure 3.3. The figure shows that a sufficiently small divergence
can be achieved if the relevant parameter p(h|e1, . . . , en) ∈ [0.65, 0.75], which is a
narrow interval.

Next, consider the diagnostic network based on Figure 3.2. Let all n children
be associated with identical conditional probabilities. With binary variables, each
CPT can be specified by two parameters p(e|h) and p(e|h). Suppose that the true
values are p̃(e|h) = 0.7 and p̃(e|h) = 0.3. We investigate the effect of changing
p(e|h) for all the evidence variables.

We assume that the true state of H is h. The evidence set is sampled from
the true distribution. This means that on average 70% of the evidence nodes are
observed in state e. The true distribution is compared to the posterior distribution
over H after changing p(e|h) in all conditional probability tables.

Figure 3.4 depicts the divergence between these two distributions for different
values of p(e|h). Each curve represents a different number of evidence nodes (10,
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Figure 3.3: Divergence between the true and the posterior distribution given
different values of a parameter. The horizontal dotted line is a threshold on
KL(p̃(H|E)‖p(H|E)).

20, and 30). On the horizontal axis we can identify intervals for values of p(e|h),
for which the divergence KL(p̃(H) ‖ p(H|E)) < 0.005. From this diagram it is
apparent that the interval, from which we can choose an adequate value for p(e|h),
grows with the number of evidence nodes. In other words, a simple diagnostic
network becomes inherently robust if we increase the number of children. In such
cases we can pass the threshold under a wide choice of parameter values. This
implies that the likelihood of choosing inadequate modeling parameters in a given
situation is reduced.

Contrary to the predictive inference example, we see that increasing the num-
ber of evidence nodes improves the robustness to small parameter changes. A
simple predictive network is sufficiently accurate only if we can obtain parame-
ters that are very close to the true conditional probabilities. For simple diagnostic
networks, parameter precision does not appear to be crucial. The explanation for
this phenomenon lies in the conditional (in)dependencies between the evidence
nodes. The ideas in the next sections are inspired by this observation.

3.2.1 State Estimation

State estimation tries to find the (hidden) state of a variable of interest. We
adopt the view that a variable is estimated to be in the state with the highest
posterior probability. Instead of the posterior probability we can also use the



30 Accuracy and Belief Propagation

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7 x 10−3

p(e|h)

K
L 

di
ve

rg
en

ce

Figure 3.4: Divergence between the true and the posterior distribution for different
parameters p(e|h) of a naive BN that guarantee a correct decision; i.e. KL(p̃(H)‖
p(H|E)) < 0.005. Different curves correspond to the following numbers of children
nodes: 10 (dashed), 20 (solid) and 30 (dash-dotted).

joint probability with the evidence, since they are proportional. Formally, the
state estimation of a variable H, given evidence E , is then hi iff

hi = arg max
hj

p(H = hj , E). (3.3)

The joint probability for a variable and the evidence can be factorized based
on the conditionally independent network fragments that connect to it (as ex-
plained in Section 2.1.1). Let the fragments of H be denoted by FH

1 , . . . ,FH
k ,

and their corresponding factors by φ1, . . . , φk. If we plug this factorization into
state estimation equation (3.3), we get that H is estimated to be in state hi iff

hi = arg max
hj

φ1(hj) · · ·φk(hj), (3.4)

Each factor φi is a vector, giving a weight to each state of H:

φi(H) =

⎛
⎜⎝

φi(h1)
...

φi(hn)

⎞
⎟⎠ (3.5)

In (3.4), the maximum is taken after an element-wise multiplication of the vectors.
Hence, a factor can be said to ‘support’ a state if it gives that state the highest
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weight. Namely, it will contribute towards that state being the most probable
one. This leads to the following definition:

Definition 2 If φi is a factor of H, the supported state of H by φi is denoted
as hφi

, and defined as
hφi = arg max

hj

φi(hj). (3.6)

hφi
is also called the factor support.

3.2.2 Combining Factor Supports

There is a relation between which state has the highest posterior probability and
which states are supported by factors. Obviously, if a certain state is supported
by all factors, it will also be the most probable state. In case the factors do not
support the same state, we can perform voting on the factor supports.

Let us first consider binary variables. Suppose that the magnitudes of the
normalized weights (summing to 1) in the factors are equal for all factors. For
example, the factors could be

(
0.15
0.85

) (
0.85
0.15

) (
0.15
0.85

) (
0.15
0.85

)
. (3.7)

The bold numbers correspond to the supported states. It is easy to see that
the state that gets supported by most factors is also the state with the highest
posterior probability.

In practice, weights will not have exactly the same magnitudes. Consider the
following example of a binary variable H with 6 fragments:

(
0.15
0.85

) (
0.65
0.35

) (
0.35
0.65

) (
0.4
0.6

) (
0.4
0.6

) (
0.85
0.15

)
, (3.8)

The posterior probability distribution is now (0.31, 0.69). The state with the
highest posterior (h2) also turns out to be the state with the most factor supports.
We can see here that in the case that the normalized weights are sufficiently close,
or ‘balanced’, the most supported state is also the most probable state.

This can be formalized as follows: Let ai be the value of the first state in the
i-th factor, and let bi be the second state. The first state is the most probable iff

a1

b1
· a2

b2
· · · an

bn
> 1, (3.9)

and taking the logarithm

(log a1 − log b1) + . . . + (log an − log bn) > 0. (3.10)
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Let m be the set of factors i for which (log ai − log bi) > 0, and n its complement.
Take the term with the greatest absolute value, and let this absolute value be
denoted by q. Now we can rewrite the inequality as

∑
i∈m

(q + ri) +
∑
i∈n

(−q + ri) > 0. (3.11)

The ri are residues, which indicate how much each term differs from q. Note that
for all elements of m, ri is negative, and positive for elements of n. After dividing
by q: ∑

i∈m

1 −
∑
i∈n

1 +
∑

i

ri

q
> 0. (3.12)

If the sum of the residues (the third term) is 0, we can see that the process is
equal to majority voting on the supported states.

If we fill in the example factors from above, we get that q = | log 0.15 −
log 0.85| = 1.73, the residues are {0,−1.12, 1.12, 1.33, 1.33, 0}, their sum is 2.66,
and divided by q, the residue term equals 1.53. The final inequality becomes

−1 + 1 − 1 − 1 − 1 + 1 + 1.53 > 0. (3.13)

This inequality is not true, and state h1 was indeed not the most probable state.
Removing the 1.53 term would not change this.

We can now say that the factors are sufficiently balanced, if ignoring the
residue term will satisfy the same inequality.

Definition 3 A set of factors containing weights for two states a and b are bal-
anced, if the following is true:

if |m| − |n| > 0 then −
∑

i

ri

q
< |m| − |n| (3.14)

if |m| − |n| < 0 then −
∑

i

ri

q
> |m| − |n| (3.15)

where |·| denotes the size of a set, and the terms are defined as in Equation (3.12).

In the case that the residue term can be ignored, majority voting on the factor
supports gives the state with the greatest probability. From the above equation,
we can see that the imbalance offsets the voting. If one of the states wins the
votes with a large margin, much imbalance is allowed. Note that imbalance is
only a problem if it supports the losing state.

In the case of multi-state variables, the state a with the highest probability
satisfies inequality (3.9) with respect to each other state b. This inequality for
each pair of states can be rewritten as in (3.12). In order for majority voting to
work, a has to win the vote against every state b. Hence, each pair of states a
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and b needs to satisfy the balance condition. The more states a variable has, the
more conditions are put on the overall balance of the factor weights.

Summarizing, we see that under certain conditions, finding the most probable
state of a variable can be viewed as majority voting on its factor supports. While
this is a very coarse view of the inference process, it does allow us to talk about
accuracy of parameters in a more explicit way, as we show in he next section.

3.3 Accuracy

3.3.1 Estimation Accuracy

Let h∗ denote the true state of variable H in a particular case. We estimate the
state of H according to (3.3). We say that a state estimation is accurate if a
variable is estimated as its true state, i.e. iff

h∗ = arg max
hi

p(H = hi, E). (3.16)

If we plug Definition 2 into (3.16) and use the view from the previous section,
we can extend state estimation accuracy to fragment accuracy. Here we start
making a distinction between the correctness of a factor in a particular case, and
the correctness of its associated fragment in general. We use the terms factor
and fragment differently on purpose. A fragment is a static element of a model,
whereas the value of a factor depends on the particular evidence about variables
in the fragment.

The correctness of a factor will be called its adequacy. A factor is adequate if
it supports the true state of a variable.

Definition 4 A factor is called adequate in a particular case, iff

h∗ = hφi
= arg max

hj

φi(hj). (3.17)

We will use accuracy to indicate the correctness of a fragment. A fragment can
be considered accurate if the conditional probabilities associated with its nodes
are close to the true conditional probabilities. The problem facing this statement
is obvious; assuming that we can never exactly get the parameters correct, how
close to the true distribution is considered sufficiently close?

We want factors to be adequate. Therefore, under the voting perspective, the
parameters of a fragment also can be considered accurate if they are most likely to
cause an adequate factor support. It is known that the optimal parameter values
are those that exactly correspond to the true distributions. Hence, adequate
factor supports will be most likely to occur, if we could set the parameters equal
to the true distributions. However, we are only interested in getting the correct
supports, which are based on coarse inequalities. Therefore, we only need to set
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the parameters such that they produce the same supports as the true distributions
would. This will be made more explicit in the next section.

3.3.2 Fragment Accuracy

The next step is to show how parameters cause certain factor supports. The
smallest possible fragment consists of only one node, and its associated CPT.
However, note that any fragment can be represented by a single CPT, through
multiplication of its CPTs and marginalization. Consider a small network of two
nodes: A and its child B. For a given instantiation of B, say b, the factor weights
are given by the vector p(b|A), a row in the CPT. The supported state is the
index of the maximum value in the row. As long as that entry is the maximum,
it stays the supported state. As explained above, we want to set the parameters
such that they are equivalent to the true parameters, with respect to the factor
supports.

Let p̃ denote the true parameter values. amax(bi) denotes the supported state
of A, if B = bi is evidence, under the true parameters:

amax(bi) = arg max
aj

p̃(bi|aj). (3.18)

We want the supports of the model to be equal to the supports given the true
distribution. Therefore, for any possible evidence bi about B, the actual CPT
parameters in the Bayesian network should be such that this amax(bi) is also the
supported state:

∀bi ∈ B, ∀aj �= amax(bi) : p(bi|amax(bi)) > p(bi|aj). (3.19)

This equation can be extended to fragments of any size. If H is the fragment
root node and E is evidence about nodes in the fragment, then we get that

∀E ,∀hj �= hmax(E) : p(E|hmax(E)) > p(E|hj). (3.20)

Summarizing, we can define the following relation between two CPTs:

Definition 5 Two CPTs p1(B|A) and p2(B|A) are called support-equivalent if,
for all possible evidence, the supported states are the same:

∀bi ∈ B : arg max
am

p1(bi|am) = arg max
an

p2(bi|an). (3.21)

Hence, we get the following definition about the accuracy of a fragment:

Definition 6 A fragment is called accurate if the value of its corresponding CPT
is support-equivalent to the true CPT, i.e. the true distribution over the associated
variables.
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a1 a2 a3

b1 0.7 0.4 0.2
b2 0.2 0.3 0.6
b3 0.1 0.3 0.2

a1 a2 a3

b1 0.4 0.2 0.1
b2 0.5 0.3 0.8
b3 0.1 0.5 0.1

(a) (b)

Figure 3.5: Example conditional probability tables. The two CPTs are support-
equivalent.

For the small two-node network, the inequality relation leaves a large interval of
possible values for all parameters in the CPT. This also explains the robustness
of the diagnostic element in Section 3.2; any value of p(e|h) between 0.3 and 1
maintains the CPT’s support-equivalence to the true distribution.

To illustrate this, consider the CPT in Figure 3.5(a). Suppose that these
values correspond to the true distribution. The maximum element in each row
is shown in bold. One can see that for example the entry p(b2|a3) will be the
maximum in its row as long as its value lies in the interval between 0.3 and 1.
For example, the CPT in Figure 3.5(b) is support-equivalent.

In the explanation above, we considered diagnostic fragments, whose factors
are given by p(E|H). However, the definitions also hold for the predictive frag-
ment, whose factor is given by p(H|E). The derivation is similar, but with the
rows and columns of the CPT switched.

These simple inequality relations imply a relatively large interval of values.
Therefore, we assume that it is fairly easy for model builders or learning algo-
rithms to recognize the support-equivalence relations. For example, consider a
gas detection network, containing fragments that map human observations to the
presence of a toxic gas. It should be easy for domain experts to indicate whether
a certain observation (such as a foul smell) increases or decreases the likelihood
of the presence of a gas. Or, in the case of multiple possible gasses, which type
of gas is most likely.

Summarizing, if a model contains many conditionally independent fragments
and is ‘balanced’, then we can use a coarse view of the inference process, namely
voting on factor supports. An important consequence of this perspective is that,
to achieve optimal factor supports, we are allowed to choose suboptimal CPT
parameters as long as simple inequalities (3.20) are satisfied.

This observation is significant in the context of model grounding. It tells us
that getting the CPTs support-equivalent to the true distribution is crucial to the
accuracy of Bayesian networks in a state estimation context. This leaves a lot of
room for parameter changes. Or, to put it differently, precise parameter values
are not needed as long as the support-equivalence is maintained. This implies
that in certain situations, we can ignore the precision. This is the basis for most
of the algorithms presented in this thesis. The remainder of this chapter presents
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a coarse belief propagation algorithm that propagates only the factor supports.

3.4 Belief Propagation

In this section, an algorithm is presented that performs a variant of belief prop-
agation that is based on voting. It is based on the sum-product algorithm on
factor graphs, as described in Section 2.2.3. This voting variant is exact if certain
conditions are satisfied.

3.4.1 Belief Propagation through Voting

For state estimation, we are interested in finding the state of a variable with the
highest posterior probability. Using the standard equation (2.17), this state is
given by

X̂ = arg max
X

p(X) = arg max
X

∏
s∈ne(X)

μfs→X(X), (3.22)

where ne(X) = {f1, . . . , fS} are the neighbors of X in the factor graph. Evalu-
ating this equation requires the element-wise multiplication of vector messages.
Here we can plug in the coarse inference perspective from Section 3.2.2. Namely,
the messages μfs→X(X) are equivalent to the fragment factors, as in (3.8). Under
the condition of balance as in Definition 3, we can perform majority voting on
the maximum elements of each message.

We will therefore replace (3.22) with majority voting on the indices of the
largest element in each message:

X̂ = vote(arg max
X

μf1→X(X), . . . , arg max
X

μfS→X(X)) (3.23)

Each arg maxX μfi→X(X) is a vote. The maximization can be performed locally
at the neighboring nodes, before the messages are sent. These voting messages
are denoted by μ̂(X) ≡ arg maxX μ(X). Hence, we get

X̂ = vote(μ̂f1→X(X), . . . , μ̂fS→X(X)). (3.24)

Factor to Variable Node Message

Using the standard equation (2.16), the factor to variable messages in the voting
algorithm are given by

μ̂fs→X(X) = arg max
X

∑
X1

· · ·
∑
XM

fs(X, X1, . . . , XM )
∏

m∈ne(fs)\X

μXm→fs
(Xm),

(3.25)
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where ne(fs) = {X, X1, . . . , XM} are the neighbors of fs (as shown in Fig-
ure 2.6(b)). We can rewrite the right-hand side of this equation, by defining
a factor g(X,X1) as follows:

g(X,X1) =
∑
X2

· · ·
∑
XM

fs(X, X1, X2, . . . , XM )
∏

m∈ne(fs)\{X,X1}
μXm→fs

(Xm).

(3.26)
Plugging this into (3.25), we get

μ̂fs→X(X) = arg max
X

∑
X1

g(X, X1)μX1→fs
(X1). (3.27)

Let the maximum element of the message from X1 be denoted by xmax =
arg maxX1

μX1→fs(X1). We can now rewrite the last equation, by taking this
state xmax out of the sum and dividing by its value in the message:

μ̂fs→X(X) = arg max
X

⎡
⎢⎢⎢⎣g(X, xmax) +

∑
xi∈X1\xmax

g(X, xi)
μX1→fs

(xi)
μX1→fs

(xmax)︸ ︷︷ ︸
si

⎤
⎥⎥⎥⎦ .

(3.28)
The idea is to simplify this computation by ignoring the sum term. This is

allowed if it does not change the outcome of the maximization. Let a be the state
of X given by a = arg maxX g(X, xmax). We can safely ignore the sum term in
(3.28), if for every state b of X not equal to a, it holds that

g(a, xmax) − g(b, xmax) >
∑

xi∈X1\xmax

[g(b, xi) − g(a, xi)] si (3.29)

These conditions help to satisfy this inequality:

• The ratio between the maximum element of a message μX1→fs
(xmax) and

the other elements μX1→fs
(xi) should be large. This will cause si to be low,

decreasing the right-hand side of (3.29).

• The difference among the values in the factor g should be large. This will
cause g(a, xmax) of to be much greater than any g(b, xmax). The left-hand
side of (3.29) will then be high.

After ignoring the sum term in (3.28), the maximization over X of g(X,xmax)
remains. This can be done in exactly the same way as above. Namely, we can
define a new factor h(X, xmax, X2):

h(X,xmax, X2) = (3.30)∑
X3

· · ·
∑
XM

fs(X, xmax, X2, X3 . . . , XM )
∏

m∈ne(fs)\{X,X1,X2}
μXm→fs

(Xm),
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such that

μ̂fs→X(X) = arg max
X

g(X, xmax) = arg max
X

∑
X2

h(X, xmax, X2)μX2→fs
(X2).

(3.31)
Again, we split up the sum similar to (3.28), and continue as above, by ignoring
a term. In this way we recursively treat each variable X1, . . . , XM in turn, each
time instantiating the variable to its maximum entry in its message (an example
is given below).

Thus we can rewrite Equation (3.25) for the voting message from factor fs to
variable X as:

μ̂fs→X(X) = arg max
X

fs(X, arg max
X1

μX1→fs(X1), . . . , arg max
XM

μXM→fs(XM )).

(3.32)
Again, the maximization over a message can be performed at the node that sent
the message. Using the same μ̂ notation as above,

μ̂fs→X(X) = arg max
X

fs(X, μ̂X1→fs
(X1), . . . , μ̂XM→fs

(XM )). (3.33)

Note that the more neighbors a factor node in a factor graph has, the more
conditions have to be satisfied. The number of neighbor nodes of a factor node
in a factor graph is given by the number of parents of a node in the Bayesian
network.

Factor to Variable Node Message: Examples

As an example of the above derivation, consider a factor fs over variables A, B,
C, and D, given by the table in Figure 3.6(b). We want to compute the voting
message to A, given the incoming messages

μB→fs

(
b
b̄

)
=

(
0.8
0.2

)
μC→fs

(
c
c̄

)
=

(
0.3
0.7

)
μD→fs

(
d
d̄

)
=

(
0.1
0.9

)
.

(3.34)
The voting message to A is given by (3.25):

μ̂fs→A(A) = arg max
A

∑
B

· · ·
∑
D

fs(A,B, C,D)
∏

X∈{B,C,D}
μX→fs

(X). (3.35)

Factor g(A,B) is computed with Equation (3.26):

g(A,B) =
(

0.55 0.57
0.39 0.53

)
, (3.36)

where each row corresponds to a state of A.
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bmax = b, the maximum element of the message from B. If we fill in Equa-
tion (3.28), we get

μ̂fs→A(A) = arg max
A

[(
0.55
0.39

)
+

(
0.57
0.53

)
0.2
0.8

]
. (3.37)

In this case, it is clear that ignoring the second term of the sum does not change
the result of the maximization. One can see that this second term could be
ignored for many different values of the second vector (0.57, 0.53), because it gets
multiplied by 0.25.

We now compute a factor h(A, bmax, C) given by (3.30):

h(A, bmax, C) =
(

0.59 0.53
0.44 0.37

)
. (3.38)

Now, cmax = c̄. Filling in (3.31),

arg max
A

g(A, bmax) = arg max
A

[(
0.53
0.37

)
+

(
0.59
0.44

)
0.3
0.7

]
. (3.39)

Again, we can ignore the second term of the sum. The last factor we need is
fs(A, bmax, cmax, D):

fs(A, bmax, cmax, D) =
(

0.72 0.51
0.26 0.38

)
. (3.40)

dmax = d̄, so we can write

arg max
A

h(A, bmax, cmax) = arg max
A

[(
0.51
0.38

)
+

(
0.72
0.26

)
0.1
0.9

]
. (3.41)

We can again ignore the term, and thus we get that

μ̂fs→A(A) = arg max
A

g(A, bmax) = arg max
A

h(A, bmax, cmax) (3.42)

= arg max
A

fs(A, bmax, cmax, dmax) = arg max
A

fs(A, b, c̄, d̄).

We see that in this case, the voting message to A is given by maximizing over the
entries of the factor table after instantiating the other variables to the maximum
entry in their message.

An alternative way of illustrating how this works in practice goes as fol-
lows: Consider that the factor can be represented by a multi-dimensional ma-
trix. Through multiplication with each incoming message, parts of the matrix get
multiplied with high message values, while other parts get multiplied with low
values. Thus, the parts of the matrix that got multiplied with the maximum of
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each message, get relatively high values compared to the rest of the matrix. After
all multiplications, we sum over all dimensions, except for the one corresponding
to X. The entries in the matrix that got multiplied with the largest numbers
are likely to have a larger impact on this summation. These entries correspond
to the combination of the message votes. Therefore, we could approximate the
evaluation of (3.25) by ignoring the states of each variable that did not correspond
to the supported state of a message. Then the summation becomes unnecessary.

A numerical example of this process is shown in Figure 3.6. The local graph is
shown in (a). The table in (b) shows factor fs, and the messages are: μB→fs

(b, b̄) =
(0.8, 0.2), μC→fs(c, c̄) = (0.3, 0.7) and μD→fs(d, d̄) = (0.1, 0.9). The values of the
factor function after multiplication with the messages from B, C, and D are
shown in (c), (d) and (e) respectively. Next, the factor in (e) is summed over
all variables, except A. In this case, that means that all values in the left half
(which correspond to A = a) are summed, and all values in the right half (which
correspond to A = ā). After this summation, the values are: fs(a) = 0.55 and
fs(ā) = 0.42. The maximum of these two is a. As one can see, the bold entries in
(e) dominate the summation. These are the entries of the table that, with each
multiplication, got multiplied with the maximum value in the message. Since
they dominate the summation, we can approximate (3.25), by taking the maxi-
mum over only these two entries. This would indeed in this case also give us the
solution μ̂fs→A(A) = a.

Variable to Factor Node Message

The voting messages from a variable node X to a factor node fs is given by

μ̂X→fs
(X) = arg max

X

∏
t∈ne(X)\fs

μft→X(X), (3.43)

where ne(X) = {fs, f1, . . . , fS} (as shown in Figure 2.6(a)). We can rewrite this
equation in the same way as we did for (3.24), replacing the maximum over a
product of messages by voting on the message supports. This leads to the last
update equation:

μ̂X→fs
(X) = vote(arg max

X
μf1→X(X), . . . , arg max

X
μfS→X(X)) (3.44)

Again, the maximization can be performed before sending the messages, and thus
the message to a neighboring factor node contains the state of X that got the
most votes:

μ̂X→fs
(X) = vote(μ̂f1→X(X), . . . , μ̂fS→X(X)). (3.45)

How to compute the voting messages μ̂fi→X(X) is shown in (3.33).
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�������	C �������	D

(b)

a a ā ā
b b̄ b b̄

c d 0.18 0.64 0.82 0.24
c d̄ 0.63 0.41 0.40 0.73
c̄ d 0.72 0.69 0.26 0.81
c̄ d̄ 0.51 0.62 0.38 0.43

(c)

a a ā ā
b b̄ b b̄

c d 0.14 0.13 0.66 0.05
c d̄ 0.50 0.08 0.32 0.15
c̄ d 0.58 0.14 0.21 0.16
c̄ d̄ 0.41 0.12 0.30 0.09

(d)

a a ā ā
b b̄ b b̄

c d 0.04 0.04 0.20 0.01
c d̄ 0.15 0.02 0.10 0.04
c̄ d 0.40 0.10 0.15 0.11
c̄ d̄ 0.29 0.09 0.21 0.06

(e)

a a ā ā
b b̄ b b̄

c d 0.00 0.00 0.02 0.00
c d̄ 0.14 0.02 0.09 0.04
c̄ d 0.04 0.01 0.01 0.01
c̄ d̄ 0.26 0.08 0.19 0.05

Figure 3.6: Example process of evaluating (3.25) for variable A, given messages
from B, C and D.
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Further Details

Ties can occur when multiple states get an equal number of votes. One solution to
breaking these ties, is to simply send multiple messages, one for each winner. This
can be incorporated seamlessly into the variable to factor node update equations;
it would simply amount to more votes. For the factor to variable node equation,
extra matrix entries will have to be considered corresponding to the extra mes-
sages. One can choose to still take the maximum, but over more entries, or first
sum over the dimensions for which multiple messages arrived.

In the same manner the initial messages from non-evidence variable nodes can
be handled by sending multiple messages, each voting for a different state of the
variable. Initial messages from factor nodes are given by the approach described
above, assuming that the variable nodes have sent their initial messages first.

Summarizing, the voting variant of sum-product amounts to replacing (2.17),
(2.16) and (2.15) by their approximations (3.24), (3.33) and (3.45), respectively.

The message passing scheme of the voting algorithm is similar to that of the
sum-product algorithm. This implies that if a factor graph contains loops, a
parallel message sending scheme can be used (Section 2.2.3). In this case, all
nodes are processed in parallel, until a certain stopping criterion is met. In our
implementation we used message convergence (the votes do not change), or, if the
messages do not convergence, a maximum number of iterations.

Sometimes, one is interested in the joint probability distribution over all vari-
ables from a node family in a Bayesian network. The family of a node is the
set consisting of a node and all its parents. In a factor graph, a node family
corresponds to all variable node neighbors of the factor node.

With the regular sum-product algorithm we can obtain this joint distribution
by multiplying a factor with the messages from all its variable node neighbors. In
the voting case, we would be interested in the combined state of variables with
the greatest joint probability. This combined state is given by the combination of
all incoming voting messages to a factor node.

Algorithm Properties

As mentioned above, the equations for computing the messages in the factor graph
are exact (computing the same state as exact inference) under certain conditions.
In the case of the variable to factor node messages, the voting result is indeed
the most probable state (the one chosen by exact inference), if the messages
are balanced conform Definition 3. The more states a variable has, the more
conditions of balance need to be satisfied. Therefore, it can be expected that
the probability that the algorithm is exact decreases with the number of variable
states.

Factor to variable node messages are exact if inequality (3.29) is satisfied. It
needs to be satisfied for each state b of X, and for each factor (g, h, . . .) that is
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defined (one for each neighbor of the factor node). Therefore, it can be expected
that the probability that the algorithm is exact decreases with the number of
variable states and the number of neighbors of factor nodes. The number of
factor node neighbors in a factor graph depends on the number of parents of a
node in a Bayesian network.

However, the voting scheme used in the variable to factor node messages has
another important property. If the probability that a vote supports the true state
is greater than 0.5, then increasing the number of votes increases the probability
that the true state wins the voting. This probability converges to 1 [LS97]. In
Chapter 5 we explain under which conditions we can assume that the probability of
receiving a vote for the true state is greater than 0.5. The number of votes depends
on the number of neighbors of a variable node in a factor graph. The number of
neighbors depends on the number of children of a node in a Bayesian network.
Hence, the algorithm is more likely to find the true state of a variable, if the
network contains many independent network fragments. This might compensate
for having many variable states or many node parents, which can have a negative
influence.

3.4.2 Experiments

In these experiments we investigate the quality of the inference algorithm, with
respect to the properties that we outlined above. First, we investigate each of the
properties separately on artificial networks in which we can control the charac-
teristics. Then, we apply the algorithm on several real networks, and observe the
algorithm’s quality.

The quality of the voting algorithm can be defined in two different ways. One
is similarity, which counts the percentage of cases in which the voting algorithm
outputs the same state estimation as exact inference does. The other is accuracy,
which counts the percentage of cases in which the voting algorithm outputs the
true state. Let D be a set of data cases, H the variable of interest, Ĥ the output
of the voting algorithm, and h∗ the true state of H. Then the quality measures
are defined as

similarity =
1
|D|

∑
x∈D

{
1 if Ĥ = arg maxH p(H|x)
0 otherwise

(3.46)

and

accuracy =
1
|D|

∑
x∈D

{
1 if Ĥ = h∗

0 otherwise
(3.47)

where |D| is the size of the data set.
First, we investigate the influence of the number of variable states. It can be

expected from the algorithm properties that an increase of the number of states
lowers the similarity measure. We test this on three artificial Bayesian networks.
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number of variable states
network 2 3 4 5 6
alarm 0.84 0.74 0.69 0.64 0.60
insurance 0.84 0.71 0.62 0.56 0.51
tree 0.88 0.80 0.72 0.65 0.62

Table 3.1: Similarity between state estimation based on the voting algorithm and
exact inference. The number variable states is varied. The CPTs are initialized
randomly, so they represent a worst case scenario.

One is a tree, with 3 layers and a branching factor of 5. The other two use the
network structure from a real network, namely Alarm and Insurance. The num-
ber of variable states is varied from 2 till 6, and the conditional probabilities are
chosen randomly. We let each network generate a data set. From the data set, we
instantiate a number of variables in the network. Then we perform state estima-
tion on different variables, using both exact inference and the voting algorithm.
We record the similarity, and average this over 20 random initializations of the
conditional probabilities.

The result is shown in Table 3.1. As expected, the similarity decreases as the
number of states increases. The differences in similarity score between the three
networks can be attributed to the difference in graph structure. The general ten-
dency is the same, however. This experiment indicates that the voting algorithm
can be similar to exact inference for Bayesian networks with a low number of
variable states. Note that the CPTs were randomized, so they represent a worst
case scenario with respect to the balance condition.

Next, we investigate the influence of the number of child nodes. As explained
in the previous section, an increase of the number of child nodes increases the
accuracy score, if the probability that a vote supports the true state is at least
0.5. We use a tree network with 3 layers, of which we vary the branching factor
from 2 to 5. The number of states is fixed to three. We set the CPTs to random
values, however such that the probability of getting a vote for the true state is
greater than 0.5. Section 5.2 describes conditions for CPTs that guarantee this.
A data set is generated from this network. The leaf nodes are instantiated to
their value in the data case, and state estimation is performed on the root node.
For this experiment, we record both the similarity and accuracy measure.

The result is shown in Table 3.2. The accuracy increases with the number
of children. However, the number of children has almost no influence on the
similarity measure.

Thirdly, we investigate the influence of the number of parents of nodes in the
Bayesian network. From the properties outlined in the previous section, it can be
expected that an increase of the number of parent nodes decreases the similarity
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children accuracy similarity
2 0.78 0.99
3 0.82 0.99
4 0.86 0.98
5 0.90 0.98

Table 3.2: Similarity and accuracy of state estimation based on the voting algo-
rithm and exact inference.

parents accuracy similarity
2 0.58 0.85
3 0.57 0.78
4 0.54 0.74
5 0.53 0.68

Table 3.3: Similarity and accuracy of state estimation based on the voting algo-
rithm and exact inference.

measure. To test this, we can use a ‘converging’ tree network, which is a tree
network with the direction of all arcs reversed. We use 3 layers, and vary the
number of parent nodes from 2 to 5. The number of states is fixed to two. The
experiment is performed similarly to the previous experiment, except that we
instantiate the root nodes, and perform state estimation on the leaf node. For
this experiment, we record both the similarity and accuracy measure.

The result is shown in Table 3.3. We can see that an increase of the number
of parents decreases the similarity to exact inference, as expected. The influence
on the accuracy is low. Accurate state estimation on this type of network seems
difficult in general.

Lastly, we test the voting algorithm on several real networks. The experiment
was conducted similar to the ones above, by randomly inserting evidence into
the network and doing state estimation on several randomly chosen variables.
This was repeated 1000 times, and the similarity and accuracy were recorded.
Furthermore, we computed some of the characteristics of the networks, such as
the average number of variables states, and the average number of parents (in-
degree) and children (out-degree). Since the average in-degree and out-degree of
a graph are always equal, this would not be very informative. Therefore, we only
consider non-root nodes for the average in-degree, and only non-leaf nodes for the
average out-degree.

Table 3.4 shows the results. We can see that in general, the number of variable
states has the most significant influence on the similarity and accuracy. The only
value in the table that does not follow this tendency, is the similarity score of the
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network in-degree out-degree states accuracy similarity
alarm 1.84 1.77 2.8 0.89 0.95
barley 2.21 2.10 8.8 0.57 0.68
hailfinder 1.69 1.53 4.0 0.60 0.79
insurance 2.08 2.48 3.3 0.73 0.80
car-starts 2.13 1.21 2.1 0.97 0.99
water 2.75 2.75 3.6 0.64 0.68

Table 3.4: Similarity and accuracy of state estimation based on the voting algo-
rithm and exact inference.

water-network. However, its low similarity can be explained by its high average
in-degree.

These experiments show that the voting algorithm can give output that is
very similar to exact inference with respect to state estimation, under certain
conditions. Namely, if the average number of variable states is low (around 2 or
3). A higher number of states can be compensated by a high out-degree. In trees,
with a high out-degree, the voting algorithm can be very accurate.

The experimental results of the voting algorithm also indirectly show the ro-
bustness properties of Bayesian networks. We see that for certain types of net-
works (e.g. trees), the voting algorithm has similar output to exact inference.
Suppose that in such type of network we change one of the parameters’ value. If
the votes do not change, the voting algorithm output does not change. Since the
voting output (for these types of networks) was similar to exact inference, this
implies that the state estimation of exact inference also does not change. In other
words, these types of Bayesian networks are robust against parameter changes,
as long as these changes do not alter the votes (i.e. the supports). This observa-
tion supports the validity of our perspective on model accuracy, as described in
Definition 6.

3.4.3 Computational Complexity

The computational complexity of the voting algorithm is significantly lower than
that of the original sum-product algorithm. Let n be the number of neighbors of
a node, and k be the number of variable states. The computational complexity
of the original equation for variable to factor node (2.15) is O(nk), as it requires
multiplying n messages with k elements. The corresponding equation of the voting
algorithm (3.45) has complexity O(n), as it requires voting over n messages.

The voting approach makes the computation of factor to variable messages
significantly faster. The original equation (2.16) has complexity O(nkn), as the
number equations are linear with the size of the factor. The voting algorithm’s
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(a)

states k sum-product voting speed-up
2 3.97 0.98 4.04
3 4.06 0.99 4.10
4 4.24 0.99 4.27

(b)

neighbors n sum-product voting speed-up
2 2.25 0.84 2.66
3 3.03 0.93 3.27
4 4.06 0.99 4.10
5 5.29 1.06 5.01
6 7.80 1.11 7.03

Table 3.5: Running times of the sum-product and voting algorithm for computing
the factor to variable node messages, and the obtained speed-up. Times are in
10−4 seconds.

variant (3.33) has complexity O(k), from the maximization over k factor entries.
We performed a small experiment to illustrate this complexity difference for

the factor to variable node messages. We record the time required to compute
one outgoing message from a factor node, given all incoming messages. We varied
the number of neighbors, with the number of variables states fixed at 3. Next,
we varied the number of variable states, with the number of neighbors fixed at
4. The results are shown in Table 3.5(a) and 3.5(b) respectively. The recorded
run-times are in 10−4 seconds, and are obtained from a Matlab implementation.
The results show that the speed-ups are significant, even for a low number of
variable states and factor node neighbors.

3.5 Discussion

3.5.1 Related Work

The robustness of Bayesian networks to parameter changes has been studied for
some time. The earliest analyses were of an empirical nature. Essentially, they
added noise to parameter values and observed the accuracy of the outcome of
certain queries [PHP+96]. The results showed a strong robustness against small
parameter changes, as long as the added noise was symmetrical, and the expected
accuracy was used as the measure. [KW01] later argued that this measure was
not the most informative, and that it might give different results when looking
for changes in the state estimation outcome.

Later, this was supported by theoretical work, looking from the perspective
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of sensitivity of the query outcome to the parameter changes [CD02]. Robustness
was measured by whether the query probability stayed in a small interval. They
observed the same robustness, as long as the parameter were not near their ex-
treme values, 0 or 1. Several other authors looked at the problem in the context
of naive Bayesian networks, which are much less complex models, and thus easier
to analyse [DP96, CD03].

Another approach comes from the direction of sensitivity analyses [CvdG02].
A sensitivity function describes a probability of interest in terms of a parameter
under investigation. The derivative of this function can be used to detect param-
eters that have a large influence on the probability of interest. In [vdGR01a], the
concept of admissible deviation was introduced. Using the sensitivity functions,
it showed how to compute the interval of values for a specific parameter under
which the state estimation outcome does not change (the admissible deviation).
This interval depended on the specific evidence inserted into the network. How-
ever, in [RvdG04] this dependency is dropped, by using bounds on the sensitivity
function and thus on the admissible deviation.

This work comes closest to our view. The difference is that each interval is valid
for only a single parameter, and for a given probability of interest. Combinations
of parameter changes, for example within a single CPT, are not computed. In our
view, the relations between CPT entries, and between different network fragments,
are crucial to the state estimation outcome.

Several researchers have addressed the parameter imprecision problem by using
convex sets to capture uncertainties of the CPT parameters [FZ98, Coz97, Tes92].
However, representations based on convex sets require complex approaches to
belief propagation, such as linear programming. Furthermore, they can result in
not very informative distributions, as the convex set can diverge through belief
propagation.

Moreover, the voting algorithm introduced seems to have some similarity to
inference in qualitative probabilistic networks (QPN) [Wel90, DH93]. Namely,
both approaches use a more abstract view on the conditional probability distri-
butions. Similarly to the QPN approach, we assume that designers or machine
learning processes can identify a few coarse grained relations between the true
distributions.

However, due to a very coarse representation of distributions, the QPN ap-
proach becomes inconclusive in cases where different network fragments introduce
conflicting updates of the distribution over a variable [RvdGP02]. In stochastic
domains, this is quite common and the chance of having conflicting influences
grows with the number of network fragments. In order to be able to cope with
such problems the basic QPN principles were extended by sophisticated repre-
sentation and updating algorithms [Par95, RPvdG01]. However, it seems that
implementation of such approaches is relatively complex and results might be
difficult to interpret. For example, the algorithm described in [RvdGP02] con-
siders the evidence entering order and ignores inter-causal influences, while the
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approach in [Par95] considers relative and absolute magnitudes of influence and
introduces complex operations. On the other hand, the propagation algorithm
introduced in this chapter can cope with conflicting evidence in a very robust way
since it is based on different assumptions. Contrary to QPNs, we do not assume
any preprocessing of the BNs in order to obtain a coarser grained representation
of the distributions between the different events of interest. In QPNs relations
between the true distributions are encoded through different types of influence
and combined through special operators.

Furthermore, the presented robustness perspective is complementary to the
common approaches to fine grained sensitivity analysis [CD04, CPOH99, CGH97].
Sensitivity analysis computes the gradient on a posterior distribution with respect
to model parameters. It can tell a model builder which parameters require ex-
tra attention. Contrary to these approaches, we take into account the relations
between true distributions and the modeling parameters and do not consider the
entire network topology along with the instantiations. Furthermore, we quantify
the extent to which parameter values are allowed to change.

3.5.2 Conclusion

The first contribution of this chapter is the introduction of a coarse perspective on
the inference process, in the context of state estimation. We considered network
fragments as independent ‘experts’ that each support a certain state of the variable
of interest. Under certain conditions of balance, the most probable state can be
found through majority voting on the supported states.

The consequence of this perspective is that it allows us to quantify the ro-
bustness to changes in parameter values. Namely, an accurate model is one that
produces correct votes. These votes depend on inequality relations between con-
ditional probabilities. We can identify intervals of parameter values which satisfy
these inequalities, and thus result in adequate votes. These intervals show that
Bayesian networks can be very robust to certain changes in parameter values, and
they relax the problem of obtaining appropriate parameters [DvdG00].

The second contribution is a voting-based belief propagation algorithm in-
spired on the voting perspective. Large intervals of parameter values can be
adequate in a state estimation setting, under the voting perspective. Therefore
the voting algorithm ignores the precise values. It is presented as a variant of the
sum-product algorithm in factor graphs. The algorithm finds the most probable
state of each variable, and is exact under certain conditions.

From these conditions, we can predict for which type of Bayesian networks the
algorithm works well. Namely, in networks where variables have a around 2 to 4
states, and a high number (at least 4 or 5) of child nodes. The experiments confirm
these properties. The advantages of the algorithm are its very low computational
complexity and the ability to work with very coarse and uncertain networks.
Since the precise details are ignored, the parameters do not need to be set to
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precise values. Furthermore, the algorithm has certain advantages over related
approaches to belief propagation with uncertain and imprecise Bayesian networks,
as explained in the previous section.

Possible applications of the algorithm are situations where speed is important.
For example, most learning methods require many repeated belief propagations,
which can make them slow when learning from large data sets. The algorithm can
also be applied in situations where we are very uncertain about the correctness
of the parameters, for example from lack of adequate training data. This is likely
to occur if we attempt to model very rare events in a problem domain.


