
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

On a unified description of non-abelian charges, monopoles and dyons

Kampmeijer, L.

Publication date
2009

Link to publication

Citation for published version (APA):
Kampmeijer, L. (2009). On a unified description of non-abelian charges, monopoles and
dyons. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/on-a-unified-description-of-nonabelian-charges-monopoles-and-dyons(36161658-b6a9-4796-906e-1bed11e64001).html


Appendix A

The algebra underlying the
Murray cone

As announced in section 3.1.4 we shall construct an algebraic object whose set of irre-
ducible representations corresponds to the fundamental Murray cone. We do this in such
a way that the fusion rules respect the fusion rules of the residual dual group H∗. We
shall start out from what is roughly speaking the group algebra of H∗. Next we intro-
duce its dual F (H∗). By dualising again we find an object F ∗(H∗) which again should
be thought of as the group algebra of H∗. The difference, however, is that in this new
form the group algebra can explicitly be truncated to F ∗+(H∗) in such a way that the
irreducible representations are automatically restricted to the fundamental Murray cone.
The nice feature of our construction is that it is very general. Starting out from any Lie
group and any subset of irreducible representations closed under fusion we can construct
a bi-algebra which has a full set of irreducible representations corresponding to the subset
one started out with and whose fusion rules match those of the group one started out with.
At the end we briefly discuss the group-like object H∗

+ which has the same irreducible
representations and the same fusion rules as F ∗+(H∗). For most common consistent trun-
cations of the weight lattice of H∗ one knows that H∗

+ is obtained fromH∗ by modding
out a finite group. If one restricts the weight lattice to the Murray cone, however, H∗

+ is
not a group any more.
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Appendix A. The algebra underlying the Murray cone

A.1 Truncated group algebra

As a groupH∗ has a natural product and coproduct:

h1 × h2 = h1h2 (A.1)
Δ(h) = h ⊗ h. (A.2)

In addition there is a natural unit 1, co-unit ε and antipode S by

1 = e ∈ H∗ (A.3)
ε : h �→ 1 ∈ C (A.4)
S : h �→ h−1. (A.5)

For a finite group one can immediately define the linear extensions of these maps on the
group algebra of H∗. For a continuous groups there are several ways to define a vector
space with this Hopf algebra structure. We shall circumvent this discussion by considering
another algebra which is manifestly seen to be a vector space. This is the Hopf algebra
corresponding to the matrix entries of the irreducible representations of H∗. Let πλ be
such a representation. For the matrix entries we have:

πλ
mm′ : h ∈ H∗ → (πλ(h))mm′ ∈ C. (A.6)

The set of finite linear combinations of such maps is obviously a vector space. The result-
ing set turns out to be a Hopf algebra and inherits a natural product, coproduct, co-unit
and antipode fromH∗.
The product in F (H∗) is directly related to the product of representations and can thus be
expressed in terms of Clebsch-Gordan coefficients, see for example chapter 3 of [99] for
the SU(2) case. The coproduct is much simpler because it merely reflects the fact that the
product ofH∗ is respected by the representations. To see this note that
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(A.8)

The product and coproduct on F (H∗) are thus completely defined by:
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(A.9)

Δ(πλ
mm′ ) =

∑
s

πλ
ms ⊗ πλ

sm′ . (A.10)
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A.1. Truncated group algebra

To find the unit 1 ∈ F (H∗) and the co-unit of F (H∗) we note that these are defined in
terms of their dual counterparts by:

1(h) = ε(h) = 1 ∈ C (A.11)
ε(πλ

mm′) = πλ
mm′(e) = δmm′ ∈ C. (A.12)

From the first equation it follows that the unit in F (H∗) is given by the matrix entry of
the trivial irreducible representation of H∗ while the co-unit of F (H∗) is related to the
entries of the unit matrix in the λ-representation ofH∗.
The antipode of F (H∗) is defined by S(πλ

mm′)(h) = πλ
mm′(h−1). In the end, however,

we will only be interested in the bi-algebra structure. To avoid unnecessary complication
we will ignore the antipode.

To retrieve the group algebra of H∗ we shall again take the dual F ∗(H∗) of F (H∗).
This space of linear functionals is generated by the basis elements f ll′

μ . These are defined
in the standard way by:

f ll′
μ : πλ

mm′ ∈ F (H∗) �→ f ll′
μ (πλ

mm′) = δμλδlmδl′m′ ∈ C. (A.13)

The product and coproduct of F ∗(H∗) can be defined in terms of their counterparts in
F (H∗).

f
l1l′1
μ1 × f

l2l′2
μ2 (πλ

mm′) = f
l1l′1
μ1 ⊗ f

l2l′2
μ2 (Δ(πλ

mm′ ))

= f
l1l′1
μ1 ⊗ f

l2l′2
μ2

(∑
s

πλ
ms ⊗ πλ

sm′

)
=
∑

s

f
l1l′1
μ1 (πλ

ms)f
l2l′2
μ2 (πλ

sm′)

=
∑

s

δμ1λδl1mδl′1sδμ2λδl2sδl′2m′ = δμ1μ2δl′1l2δμ2λδl1mδl′2m′

= δμ1μ2δl′1l2f
l1l′2
μ2 (πλ

mm′)

(A.14)
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Appendix A. The algebra underlying the Murray cone

The product and coproduct on F ∗(H∗) are thus completely defined by:

f
l1l′1
μ1 × f

l2l′2
μ2 = δμ1μ2δl′1l2f

l1l′2
μ2 (A.16)

Δ(f ll′
μ ) =

∑
Cμ1μ2μ

l1,l2,l Cμ1μ2μ
l′1,l′2,l′δl,l1+l2δl′,l′1+l′2f

l1l′1
μ1 ⊗ f

l2l′2
μ2 , (A.17)

where the sum in the last line is over l1, l2, l
′
1, l
′
2, μ1 and μ2. Note that this sum has an

infinite number of non-vanishing terms corresponding to the pairs of irreducible repre-
sentations (μ1, μ2) whose tensor product contains the irreducible representation of H∗

labelled by μ.
One can easily check that the unit and co-unit of F ∗(H∗) are given by:

1 =
∑
μ,l

f ll
μ (A.18)

ε(f ll′
μ ) = δμ0δl0δl′0. (A.19)

Just as the coproduct, the unit is not properly defined because it is a sums over an infinite
number of basis elements with non-vanishing coefficients. This is just a formal problem
because the finite dimensional representations of F ∗(H∗) will only pick out a finite num-
ber of elements as we shall see below.

We can now truncate F ∗(H∗) to F ∗+(H∗) by projecting out all functionals fmm′
μ that

do not satisfy the Murray condition for G → H . This means that we will project out
all functionals with μ not in the Murray cone Λ+. The Murray condition can thus be
implemented by using the following linear projection operator:

P : fmm′
μ �→ P (fmm′

μ ) =
{

0 if μ /∈ Λ+

fmm′
μ if μ ∈ Λ+

(A.20)

The product and coproduct of this truncated bi-algebra are given by:

f
l1l′1
μ1 × f

l2l′2
μ2 = δμ1μ2δl′1l2f

l1l′2
μ2 (A.21)

Δ(f ll′
μ ) =

∑
Cμ1μ2μ

l1,l2,l Cμ1μ2μ
l′1,l′2,l′δl,l1+l2δl′,l′1+l′2P (f l1l′1

μ1 ) ⊗ P (f l2l′2
μ2 ). (A.22)

Similarly, we have for the unit and co-unit:

1 =
∑
μ,l

P (f ll
μ ) (A.23)

ε(f ll′
μ ) = δμ0δl0δl′0. (A.24)
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A.2. Representation theory

A.2 Representation theory

We shall now turn to the representations of F ∗(H∗) and F ∗+(H). First we will introduce
the set {πλ} of representations of F ∗(H∗), where {λ} is the set of irreducible represen-
tations ofH∗. We define these representations of F ∗(H∗) by:

πλ : f ll′
μ �→ πλ(f ll′

μ ), (A.25)

where the matrix entries are given by(
πλ(f ll′

μ )
)

mm′
= f ll′

μ (πλ
mm′). (A.26)

This definition ensures that the representations {πλ} respect the product of F ∗(H∗). The
representations πλ defined here can thus be identified with the irreducible representations
of H∗. Below we shall prove that πλ itself is actually an irreducible representation of
F ∗(H∗) and moreover we will find that these representations constitute the full set of
irreducible representation of F ∗(H∗).

Next we want to consider if the representations πλ of F ∗(H∗) are also representations
of the truncated algebra F ∗+(H∗). For F ∗(H∗) the representations above all satisfy

πλ(1) = πλ
(∑

f ll
μ

)
= I. (A.27)

However, in F ∗+(H∗) we find for the representations labelled by λ not satisfying the
Murray condition:

πλ(1) = πλ
(∑

P (f ll
μ )
)

= 0. (A.28)

Since such πλ does not respect the identity this is not a representation of F ∗+(H∗). Hence
for F ∗+(H∗) we must restrict to the truncated set of representations {πλ} satisfying the
Murray condition. This last set of representations is obviously in one-to-one relation with
the magnetic charges in the fundamental Murray cone forG → H . Below we shall prove
that this is the complete set of irreducible representations of F ∗+(H∗).

We will construct the irreducible representations of F ∗(H∗) and F ∗+(H∗) out of the rep-
resentations of a set of subalgebras. Let F ∗ denote either F ∗(H∗) or F ∗+(H∗). The
subalgebras denoted by F ∗λ ⊂ F ∗ are generated by {f ll′

λ } with fixed dominant integral
weight λ. In the case of F ∗+(H∗) we of course restrict λ to be a dominant integral weight
in Λ+. Note that ∪λF ∗λ = F ∗. It follows from the product rule (A.16) or (A.21) that F ∗λ
is indeed closed under multiplication. The identity 1λ in F ∗λ is expressed as:

1λ =
∑

l

f ll
λ . (A.29)
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Appendix A. The algebra underlying the Murray cone

These elements 1λ ∈ F ∗ satisfy:

f × 1λ = 1λ × f ∀f ∈ F ∗ (A.30)∑
λ

1λ = 1F∗ (A.31)

1λ × 1λ′ = δλλ′1λ. (A.32)

We can use these properties to characterise the irreducible representations of F ∗. Let V
be any irreducible representation of F ∗. It is easy to see that for any λ the image Vλ

of V under the action of 1λ is itself a representation of F ∗. This follows from the fact
that any f ∈ F ∗ commutes with 1λ as expressed by equation (A.30). V thus contains
invariant subspaces {Vλ}. For irreducible representations all invariant subspaces must be
trivial, i.e. equal either {0} or V . Since any representation of F ∗ respects the identity
1F∗ we find from (A.31) that for at least one λ we must have Vλ 	= {0}, hence Vλ = V .
Note that λ is unique since Vλ′ = {0} for λ′ 	= λ as follows from (A.32). Consequently
any irreducible representation of F ∗ is labelled by a dominant integral weight λ. It now
follows from the product rule of F ∗ that any f ll′

λ′ ∈ F ∗λ′ with λ′ 	= λ acts trivially on Vλ.
An irreducible representation of F ∗ thus corresponds to an irreducible representation of
F ∗λ . Fortunately the irreducible representations of F ∗λ are easily found.

Note that the labels l and l′ of F ∗λ take integer values in {1, . . . , n} where n is the di-
mension of the irreducible representation πλ ofH∗. As it turns out F ∗λ is an n×nmatrix
algebra and it is a well known fact that such an algebra has a unique irreducible represen-
tation of dimension n. For completeness we shall prove this now.
F ∗λ has a commutative subalgebra F ∗λ

diag generated by the elements f ll
λ . Let us con-

struct the irreducible representations of F ∗λ
diag. Since the algebra is commutative its

irreducible representations are 1-dimensional. Let π be such a representation. From
π(f ll

λ )2 = π(f ll
λ × f ll

λ ) = π(f ll
λ ) we find that π(f ll

λ ) equals either 0 or 1. If we assume
the latter for a fixed value k of l then we have for l 	= k:

π(f ll
λ ) = π(fkk

λ )π(f ll
λ ) = π(fkk

λ × f ll
λ ) = δklπ(f ll

λ ) = 0. (A.33)

Note that since the unit of F ∗λ
diag must be respected π(f ll

λ ) cannot vanish for all l. The
irreducible representations of F ∗λ

diag are thus given by:

πl : f l′l′
λ �→ δll′ . (A.34)

Any non-trivial irreducible representation (π, V ) of F ∗λ can be decomposed into a sum of
irreducible representations ofF ∗λ

diag. Hence there is a vk ∈ V such that π(f ll
λ )vk = δlkvk.

Let us define a set of n vectors in V by vm = π(fmk
λ )vk . The span of {vm} defines an

invariant subspace of V . This follows again from the product rule:

π(f ll′
λ )vm = π(f ll′

λ )π(fmk
λ )vk = π(f ll′

λ × fmk
λ )vk

= δl′mπ(f lk
λ )vk = δl′mvl.

(A.35)
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A.3. Reconstructing a semi-group

Since π is irreducible the span of {vm} is V .

The claim is that V is n-dimensional. In order to prove this we have to show that the
vectors vm are linearly independent. If∑

m

amvm = 0 (A.36)

one finds from (A.35):

f ll
λ

(∑
m

amvm

)
= alv

l = 0. (A.37)

So either al = 0 or vl = 0. However, vl = 0 together with the product rule and the
definition of vm implies that vm = π(fml

λ )vl = 0. This would mean that V = {0}
contradicting the fact that V is non-trivial i.e. at least one dimensional. We thus find that
an irreducible representation of F ∗λ is n-dimensional and moreover it follows from the ex-
plicit action on a basis of V as in equation (A.35) that such an irreducible representation
is unique up to isomorphy.

We have found that an irreducible representation of F ∗ is completely fixed by a domi-
nant integral weight λ in the appropriate weight lattice. The dimension of such an irre-
ducible representation is given by the dimension of the irreducible representation of H ∗

with highest weight λ. To find the fusion rules for these representations we go back to
the representations {πλ} introduced in formula (A.25) and (A.26) via the matrix entries
of the originalH∗ representations. The dimensions of these representations are given by
the dimensions of the corresponding highest weight representations of H∗. Moreover,
they satisfy πλ(f ll′

μ ) = 0 for μ 	= λ, i.e. πλ defines a representation of F ∗λ . By compar-
ing (A.26) and (A.35) one finds that πλ corresponds precisely to the unique non-trivial
irreducible representation of F ∗λ . We conclude that the representations {πλ} are the irre-
ducible representations of F ∗. Since the labels, the matrix elements and hence also the
dimensions of these irreducible representations match those of the irreducible representa-
tions of H∗ is seems very likely that the fusion rules for these representations of F ∗ are
also identical to the fusion rules of the correspondingH∗ representations.

A.3 Reconstructing a semi-group

We have seen that the representation of F ∗(H∗) are identical to the representations of
H∗. One might thus wonder to what extent H∗ and F ∗(H) are equivalent. If H∗ is a
finite group one would find that F ∗(H∗) being a double dual of CH∗ is isomorphic to the

113



Appendix A. The algebra underlying the Murray cone

group algebra CH∗. Since in our cases H∗ is a continuous group one has to take care in
taking the dual. Nonetheless, one can define F (H∗) as the dual ofH∗ via the irreducible
representations of H∗. Similarly, one can retrieve H∗ from the co-representations of
F ∗(H). These co-representations are nothing but the representations of F (H) which is
the dual of F ∗(H). Let us illustrate this forH∗ = U(1).
An irreducible representation of U(1) is uniquely labelled by an integer number. It is not
very hard to check from equation (A.7) that the product of F (U(1)) can be expressed as:

πn × πn′
= πn+n′

. (A.38)

Since F (U(1)) is commutative its irreducible representations are 1-dimensional. An ir-
reducible representation thus sends π1 to some z ∈ C. It follows from (A.38) that the
representation is completely defined by z:

z : πn �→ zn ∈ C. (A.39)

Not all values of z give a representation of F (U(1)) though. To give an example we note
that π−1 is mapped to z−1. This goes wrong for z = 0. For each z ∈ C\{0} one does find
a proper representation. It is easy to check thatC\{0} is a group. Obviously this is not the
groupU(1). As matter of fact we have reconstructed the complexificationU(1)C ofU(1).
To understand this we note that U(1) has an involution which takes h �→ h∗ = h−1. The
representations of U(1) respect this involution in the sense that (πn(h))∗ = πn(h∗). We
therefore have a natural involution on F ∗(U(1)) defined by (πn)∗ = π−n. Again one can
define the representations of F (U(1)) to respect the involution, i.e. (z(πn))∗ = z((πn)∗).
This results in the condition z∗ = z−1 which restricts z to the unit circle inC, i.e. toU(1).

For SU(2) broken to U(1) the Murray cone is the set of all non-negative integers. This
implies that the dual F+(U(1)) of F ∗+(U(1)) is generated by {πn : n ≥ 0}. The product
is still given by (A.38) and hence F+(U(1)) is a commutative algebra. Again we define
an irreducible representation by π1 �→ z ∈ C. Since the representation should respect the
product we find that the choice of z completely fixes the representation, i.e. z : πn �→ zn.
One might again wonder if all values of z give a representation. Note that F+(U(1))
is not closed under inversion just as the Murray cone is not closed under inversion. For
example π−1 /∈ F+(U(1)). The representation labelled by z = 0 is thus not immediately
ruled out. Note that for z = 0 we have πn �→ 0 for all n > 0. The image of π0 seems
undetermined, nonetheless we can set z(π0) = z0 ∈ C for z = 0. The representation we
now obtain does respect the product if and only if z0 equals either 0 or 1. But since π0 is
the unit of the algebra it should be mapped to the unit of C. Hence we find that z(π0) = 1
for all z ∈ C and in particular for z = 0.
We have found that we should identify U(1)+ with C. The complex numbers are indeed
closed under multiplication and moreover this multiplication is associative. On the other
hand there is no inverse. We thus see that U(1)+ is a semi-group and not a group as
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A.3. Reconstructing a semi-group

U(1). Let us finally connect both ends of the circle and see if the commutative alge-
bra U(1)+ = C has the appropriate irreducible representations. Obviously U(1)+ has
representations πn for n > 0 defined by:

πn : z �→ zn. (A.40)

Representations with n < 0 do not exist because the image of z = 0would not be defined.
Finally the representation π0 is a bit tricky. One can, however, simply define π0(0) = z0.
It follows from the product on C that z0 equals either 0 or 1. If, however, we restrict all
representations to be continuous we find z0 = 1. It is now almost trivial to check that
the fusion rules of U(1)+ correspond precisely to the fusion rules of U(1). It would be
interesting to study if a smooth semi-groupH∗

+ can be defined for every possible residual
dual gauge groupH∗.
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