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Appendix B

Weyl groups

In this appendix we first review the Weyl groups of the classical groups. For some simple
examples we consider their irreducible representations. For a more detailed discussion we
refer to e.g. [86]. These Weyl group representations are used in appendix C to work out
some examples of proto skeleton group representations. The characters of theWeyl group
representations can be used to determine the fusion rules for the related proto skeleton
groups.

B.1 Weyl groups of classical Lie algebras

The Weyl group is generated by reflections in the hyperplanes orthogonal to the roots and
thus consist only of orthogonal transformations. This is why the structure of the Weyl
group becomes particularly evident when an orthonormal basis of the weight space is
used. To streamline matters even more one can put an additional requirement on such
a basis, namely that the coordinates of any root are integers between -2 and 2. Such a
basis exists for every classical Lie algebra except su(r + 1). However, in this case it is
still possible to accommodate this requirement by choosing an embedding of the weight
space in R

r+1. This will of course not give the familiar roots of su(r + 1) in R
r, but

this more unusual embedding is particular convenient for deriving the Weyl group. In
table B.1 below we have listed these roots in terms of these bases for the classical groups,
while in figure B.1 we have drawn the root diagrams for the simplest cases. For these
examples it is quite simple to find the Weyl groups, and using the roots as expressed in
table B.1 it does not require much more effort to generalise to any rank. First for su(r+1)
we see that the fundamental reflection wi in the hyperplane orthogonal to the simple root
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Appendix B. Weyl groups

g Dynkin diagram simple roots positive roots
su(r+1) ei − ei+1 1 ≤ i ≤ r ei − ej 1 ≤ i < j ≤ r+1

so(2r+1)
ei − ei+1 1 ≤ i ≤ r−1 ei ± ej 1 ≤ i < j ≤ r

er ei 1 ≤ i ≤ r

sp(2r)
ei − ei+1 1 ≤ i ≤ r−1 ei ± ej 1 ≤ i < j ≤ r

2er 2ei 1 ≤ i ≤ r

so(2r)
ei − ei+1 1 ≤ i ≤ r−1 ei ± ej 1 ≤ i < j ≤ r

er−1 + er

Table B.1: Roots in the orthonormal basis.

su(2) so(4)

so(5) sp(4)

Figure B.1: Root diagrams in the orthonormal basis.
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αi = ei − ei+1 acts on the orthonormal basis as

w(i) :
{

ei ↔ ei+1

ej �→ ej for j �= i, i+1.
(B.1)

In other words the fundamental reflections wi interchange the coordinates of a weight

wi : λ = (λ1, . . . , λi, λi+1, . . . , λr+1) �→ (λ1, . . . , λi+1, λi, . . . , λr+1) (B.2)

and thereby generate all possible permutations of the r + 1 coordinates. We thus see that
the orthonormal basis is convenient to derive the commonly know fact thatW(su(n)) =
Sn. For the other classical Lie groups, the first r− 1 fundamental reflections again gener-
ate all permutations of the r coordinates of the weights. The reflection in the hyperplane
orthogonal to the rth root however also involves a sign change. For both sp(2r) and
so(2r + 1) we have

wr : λ = (λ1, . . . , λr) �→ (λ1, . . . ,−λr), (B.3)

While the rth fundamental reflection inW(so(2r)) we actually have two sign flips since

wr : λ = (λ1, . . . , λr−1, λr) �→ (λ1, . . . , ,−λr−1,−λr). (B.4)

We conclude that the Weyl groups of these three Lie algebras act by permuting the coor-
dinates in the orthonormal basis and multiplying them by signs. ForW(so(2r)) we have
the additional condition that only an even number of sign flips is allowed.
It is very important to note that the permutations and the sign flips are not independent.
Pick any element w in the Weyl group that only changes signs: w = (s1, . . . , sr) with
si ∈ Z2. Conjugation of this group element by a pure permutation π returns again a pure
sign flip element. But the positions where the sign flips occur have been permuted:

π(s1, . . . , sr)π−1 = (sπ(1), . . . , sπ(r)). (B.5)

From these considerations it follows that theWeyl groups of sp(2r), so(2r+1) and so(2r)
have the structure of a semi-direct product as given in table B.2.

g W
su(n) Sn

so(2r+1) Sr � Zr
2.

sp(2r) Sr � Z
r
2

so(2r) Sr � Z
r−1
2

Table B.2: Weyl groups of classical Lie algebras.
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B.2 Representations of the Weyl group

The Weyl group of SU(n) is the symmetric group Sn. The irreducible representations
of the symmetric group are well known. The simplest non trivial case is S2 ≈ Z2. This
group has two 1-dimensional irreducible representations. We shall denote the trivial rep-
resentation byΠ0. For the non trivial representation we shall writeΠ1. Computing tensor
products of Z2 representations is very easy: Π1⊗Π1 = Π0. Besides S2 we shall be using
S3 in some of the examples in the upcoming sections. Therefore we have summarised
some facts basic facts in the character tables B.3 and B.4 of these groups.

S2
Π0 Π1

e 1 1
w1 1 -1

Table B.3: Character table of S2.

S3
Π0 Π1 Π2

{e} 1 1 2
{w1, w2, w3} 1 -1 0
{w1w2, w2w3} 1 1 -1

Table B.4: Character table of S3.

Except in the case of SU(n) the Weyl groups of classical groups are semi-direct products
of the symmetric group and a normal subgroup that equals some power r of Z2. Hence to
find their irreducible representations one can use the method of induced representations
as reviewed in section 4.4.1. In practice this means that one can choose an irreducible
representation of Z

r
2 defined by (i1, . . . , ir) where each entry ij denotes a trivial or non-

trivial charge of the corresponding Z2 factor. These entries are permuted by the action
of the symmetric group Sr. An irreducible representation of the Weyl group is now fixed
by choosing the centraliser charge. This charge corresponds to an irreducible represen-
tation of the subgroup of permutations that do not interchange trivial and non-trivial Z2

charges.1

We finish this section with an example which we will be using later on. We shall com-
pute the character table of W(Sp(4)) = S2 � (Z2 × Z2). This Weyl group is actually

1Since the Weyl group of SO(2r) has has one Z2 factor less, its irreducible representations will have quan-
tum numbers corresponding to some subgroup of Sr−1.
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α1

α2

sp(4)

Figure B.2: The fundamental representation of Sp(4).

the dihedral group D4, the symmetry group of the square spanned by the fundamen-
tal representation of Sp(4), see figure B.2.2 D4 has 8 elements which we denote by
(π, s1, s2) ∈ S2 × Z2 × Z2. The semi-direct product structure shows op in the multipli-
cation of 2 elements: (π, s1, s2)(π′, s′1, s

′
2) = (ππ′, s1s

′
π(1), s2s

′
π(2)).

The 8 group elements fall into 5 different conjugacy classes which can be represented by
the following group elements: e = (1, 1, 1), w1 = (1,−1, 1), w2 = (−1, 1, 1), w1w2 =
(−1,−1, 1) and finally w1w2w1w2 = (1,−1,−1), where w1 and w2 are the reflections
in the axes perpendicular to α1 and α2. w1w2 is a rotation over π/2. Consequently D4

has 5 irreducible representations.
Four of these irreducible representations are quite easy to find. They correspond to
Z2 × Z2 charges that are left invariant by the S2 action, i.e. these representations have
a quantum number corresponding to the full S2 group. Thereby we find the following
one-dimensional representations:

Π(i1,[i2,i2]) : (π, s1, s2) �→ Πi1(π)Πi2 (s1)Πi2(s2). (B.6)

The characters for these representations can be computed simply by counting signs, see
table B.5.

To find the last irreducible representation of D4 one starts with Z2 charges (i1, i2) =
(1, 0). First note this pair is only invariant under the action of the trivial element in S2.
This implies that we have an irreducible representation without an additional S2 charge,
which we shall denote by Π[1,0].
To compute the characters of this last irreducible representation one can use equation

2Notice the change in ordering of the simple roots with respect to table B.1.
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(4.36) with σπ ∈ D4/(Z2 × Z2) = S2. Since (π, s1, s2)σπ′ = σππ′ , we find

χ((π, s1, s2)) =
{

0 for π �= e∑
π′ χ(π′−1(s1, s2)π′) = s1 + s2 for π = e.

(B.7)

S2 � (Z2 × Z2) Π(0,[0,0]) Π(1,[0,0]) Π(0,[1,1]) Π(1,[1,1]) Π[1,0]

(+1, +1, +1) 1 1 1 1 2
(+1,±1,∓1) 1 1 -1 -1 0
(−1,±1,±1) 1 -1 1 -1 0
(−1,±1,∓1) 1 -1 -1 1 0
(+1,−1,−1) 1 1 1 1 -2

Table B.5: Character table of the Weyl group of sp(4) and so(5).
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