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Appendix C

Proto skeleton groups for
classical Lie groups

Below the representation theory is considered for the proto skeleton groups associated to
the groups SU(2), SU(3) and Sp(4).

C.1 Proto skeleton group for SU(2)

In this section we compute the irreducible representations and the characters of the proto
skeleton groupW � (T × T ∗) starting out from a Yang-Mills theory with G = SU(2).
The Weyl group of SU(2) is of course Z2. The maximal torus T of SU(2) is simply
the subgroup U(1) ⊂ SU(2) generated by Hα = σ3. The dual group of SU(2) is
SO(3) = SU(2)/Z2. We thus find that T ∗ can be identified with U(1)/Z2 where U(1)
is generated by σ3 and Z2 is generated by −I. We thus see that if we identify the electric
weight lattice with the integer numbers the magnetic weight lattice is given by the even
integers.
An irreducible representation of T × T ∗ is labelled by a pair (2λ, 2g) ≡ (n, n∗) ∈ Z×Z

with n∗ even. The Weyl group Z2 acts on these pairs via the reflection (n, n∗) �→
(−n,−n∗). Hence only (n, n∗) = (0, 0) has a non-trivial centraliser in Z2. In this case
the centraliser actually equals Z2, and therefore the trivial charges together with the ir-
reducible centraliser representation gives us a one-dimensional irreducible representation
of Z2 � (T × T ∗):

Π(i,[0,0]) : (w, g, g̃) �→ Πi(w). (C.1)
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Appendix C. Proto skeleton groups for classical Lie groups

If either the electric or the magnetic charge is non-trivial we will obtain an irreducible rep-
resentation of the proto skeleton group which is induced from the Π(n,n∗) representation
of T × T ∗. As described in section 4.4.1 such an induced representation is constructed
by using the action of the group on a coset space. In this case the coset space is the proto
skeleton group modded out by T × T ∗, which is isomorphic to the Weyl group Z2. Since
there are two cosets the induced representation is two dimensional. We shall denote these
representations by Π[n,n∗].
Before we continue to discuss the tensor products of these irreducible representations one
last remark should be made: irreducible representations with charges related by the action
of the Weyl group are equivalent, i.e. Π[n,n∗] � Π[−n,−n∗]. For the pure electric repre-
sentations with n∗ = 0 this means that the representation is defined unambiguously by
the absolute value |n|.

The fusion rules for the proto skeleton group can be computed by evaluating equation
(4.43). This gives the following results. If the charges are zero one simply retrieves the
Z2 fusion rules. For nonzero charges one finds

(i, [0, 0])⊗ [n, n∗]) = [n, n∗] (C.2)

[n1, n
∗
1]⊗ [n2, n

∗
2] = [n1 + n2, n

∗
1 + n∗2]⊕ [n1 − n2, n

∗
1 − n∗2]. (C.3)

If the charges are equal (up to a Weyl transformation) this fusion rule is slightly different

[n, n∗]⊗ [n, n∗] = (0, [0, 0])⊕ (1, [0, 0])⊕ [2n, 2n∗]. (C.4)

These fusion rules can be understood from two perspectives. First, if we take either the
magnetic or the electric charges zero we obtain the fusion rules of O(2). This should not
be surprising at all since Z2�U(1) ∼= O(2). Second, if the centraliser charges are ignored
the fusion rules above give the product in Z[Λ× Λ∗]W as discussed in section 4.4.4.

C.2 Proto skeleton group for SU(3)

The next example we are going to work out corresponds to an SU(3) theory. All that
we shall do here is repeating the recipe from the previous section. Nonetheless, the Weyl
group of SU(3) is truly non abelian and therefore the representation theory of the related
proto skeleton group is potentially much more interesting. By the same token it is also
much more complicated. We shall still be able to work out all irreducible representations.
We shall deal with the fusion rules on the other hand on a case by case basis.

To avoid too much cluttering we shall use a compact notation and use T to denote T×T ∗.
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C.2. Proto skeleton group for SU(3)

Thus for the proto skeleton group we write S3 � T . As before we should start by choos-
ing the charges corresponding to the U(1) factors in T , and determine the centraliser
subgroup. The T charge which we denote by μ has 2 components, one related to the elec-
tric charge and one to the magnetic charge. Each of these components correspond to a
point in the weight lattice of SU(3), the magnetic charge however is restricted to the root
lattice. The Weyl group acts on the charge μ. To visualise this action one take 2 copies
of the SU(3) weight lattice. The Weyl group acts on these charges simultaneously. It
follows that the centraliser of μ is simply the intersection of the electric and the magnetic
centralisers.

We distinguish 3 different classes of Weyl orbits, with either 1, 3 or 6 elements, cor-
responding to 3 different classes of representations of the proto skeleton group. The sim-
plest case is when the Weyl orbit is trivial, that is when the charges are zero. All elements
in the Weyl group leave this weight fixed which means that the centraliser subgroup is
S3 itself. Thus by choosing an S3 representation Πi we define a representation of the
complete proto skeleton group:

Π(i,[0]) : (w, t) �→ Πi(w). (C.5)

If the charge is a multiple of either (λ1, λ1) or (λ2, λ2) the centraliser subgroup is iso-
morphic to Z2 ⊂ S3. Choosing a charge corresponding to an irreducible representation
of the Z2 centraliser group gives us a one dimensional representation of Z2 � T . From
the fact that in these cases the Weyl orbits of the charges have 3 elements we conclude
that the induced representationsΠ(i,[μk]) are 3 dimensional.
The set of charges with trivial centralisers lead to six dimensional representations of the
proto skeleton group which we denote by Π[μ].

We shall finally compute some fusion rules for the proto skeleton group of SU(3). If
we restrict to either pure electric case charges we have μ = nλ1 + mλ2 for some positive
integers n andm. Here we use the fundamental weights with 2λi ·αj/α2

j = δij . We shall
first compute the fusion rule related to 3⊗ 3 in SU(3).

(i, [λ1])⊗ (i, [λ1]) = (0, [λ2])⊕ (1, [λ2])⊕ (0, [2λ1) (C.6)

(i, [λ1])⊗ (j, [λ1]) = (0, [λ2])⊕ (1, [λ2])⊕ (1, [2λ1]) i �= j. (C.7)

As for as it concern the electric charges it is clear that this agrees with 3⊗ 3 = 6⊗ 3 for
SU(3).

Some more fusion rules related to 3⊗ 3 are given by:

(i, [λ1])⊗ (i, [λ2]) = [λ1 + λ2]⊕ (0, [0])⊕ (2, [0]) (C.8)

(i, [λ1])⊗ (j, [λ2]) = [λ1 + λ2]⊕ (1, [0])⊕ (2, [0]) i �= j. (C.9)

If we ignore the centraliser charges this corresponds to 3⊗ 3 = 8⊕ 1.
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C.3 Proto skeleton group for Sp(4)

In the last case we work out we take the residual gauge symmetry to contain a factor
Sp(4). This example is not much different from the SU(3) case, except for the fact that
Sp(4) is not selfdual. Consequently the magnetic lattice is not directly embedded in the
electric weight lattice but corresponds to the weight lattice of the dual group. Once we
have taken this into account we can follow exactly the same procedure as before to com-
pute the irreducible representations and the fusion rules.

As in the previous sections we shall denote the proto skeleton group byW�T . Where T
contains the maximal tori of both the electric group Sp(4) and its magnetic dual SO(5).
TheWeyl group in this particular case isD4 = S2�(Z2×Z2) as discussed in appendix B.
To construct the irreducible representations we first choose the T charge μ = (λ, g). The
centraliser of μ is eitherD4 × T , Z2 � T or T . We shall discuss these cases separately.
Only if μ is zero it is invariant under the whole Weyl group. This will lead to irreducible
representations Π(i,[0]) which correspond to representations Πi of D4 reviewed in ap-
pendix B.2.
There are several possibilities to realise a Z2 centraliser. In each case the subgroup
Z2 ⊂ W is generated by the refection wα that leaves the T charge fixed. Taking α to
be a simple root is sufficient to capture all the isomorphism classes of irreducible repre-
sentations. This leaves us with two possibilities corresponding to α1 and α2 as depicted
in figure B.2. In the first case the centraliser corresponds to a sign flip in the second case
the Z2 subgroup comes from the permutation of the coordinates of the weight space. Ei-
ther way the resulting Weyl orbits have four elements and since there are two irreducible
Z2 representations one obtains two inequivalent 4-dimensional proto skeletongroup rep-
resentations for each such Weyl orbit.
Finally one can have an orbits represented by μ ∈ Λ × Λ∗ such that μ has only a trivial
centraliser. Such orbits thus have 8 elements and corresponding irreducible representation
Π[μ] which are 8 dimensional.

Fusion rules for the proto skeleton group of Sp(4) can be computed from formula (4.43)
using the characters ofD4 listed in table B.2.
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