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Dziękuję Ci Agnieszko,
że wspierałaś mnie
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1
Introduction

For centuries people have been looking at the sky and watching a slow and
graceful play of the stars and the planets. These mysterious dots have been at-
tracting attention of scientists and philosophers. They tried to understand the
structure of the Universe and our place in it. Thanks to their efforts, during the
past several hundred years, we have gained a great understanding of our world
and the Universe as a whole. Now we know that the Solar System is not special
(we have observed over 200 other planetary systems) and that the Earth is orbit-
ing the Sun, unlike what was believed before Copernicus (1543) published his
famous “De revolutionibus orbium coelestium”. Yet still so much remains unclear.
We still do not know, how the Earth or any other known planet (out of over
3001) was formed. Below we present the current state of our understanding of
planet formation mechanism. We also introduce terminology that is commonly
used in the literature and further in this thesis.

1.1 Star formation

A commonly accepted scenario of planet formation starts with a collapse of a
molecular cloud core2. Due to the conservation of angular momentum, the ro-
tation velocity of the contracting nebula increases. The gravitational force is
partially opposed by the centrifugal force and the material falling in forms an
active accretion disk. During this stage the protostar is completely obscured by
the nebula and can be observed only in the far infrared and mm wavelengths.

1The source - http://exoplanet.eu - gives 307 planets outside the Solar System as for July
25th 2008.

2For a detailed description of this stage of star formation we refer the reader to studies of Ebert
(1955); Bonnor (1956); Shu (1977), and Shu et al. (1987).
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2 Introduction

Such objects are categorized as class 0 and schematically look as in Fig. 1.1a.

Figure 1.1 — Four stages of star and planet formation. The associated timescales are
indicated below each panel.

Already during the initial collapse of the molecular cloud dust grains collide
and form larger complexes. Suttner and Yorke (2001) studied this growth in the
collapse of the molecular cloud cores and found that dust particles can grow to
several tens of micrometers. This limit depends on the assumed composition of
dust grains and in particular their adhesion properties (for further discussion
see Sect. 1.5.1 and Sect. 6).

As the mass accretion onto the central star proceeds, a bipolar stellar wind
may initiate and start clearing out the falling in cloud. Such objects are still
embedded in the parental cloud and are characterized by the disk dominated
spectra. They are classified as class I sources (see Fig. 1.1b). The material in the
surrounding nebula is eventually exhausted and the remaining nebula is cleared
by the stellar wind. This results in a dramatic decrease of the mass accretion rate.
The disk enters a passive phase and the star becomes visible for the first time in
visible and UV wavelengths. This characterizes class II objects (see Fig. 1.1c).
At this stage, dust particles grow many orders of magnitude in mass forming
planets. After approximately 10 million years the gas is dispersed from the disk
or is accreted onto giant gaseous planets. As the dust is mostly incorporated
into the largest bodies, the signature of the remaining material (debris disk) can
be observed at long wavelengths (class III sources).
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1.2 The geometry of disks

Dust particles suspended in the cloud fall onto a newly formed disk, where they
can continue to coagulate to larger structures - aggregates (also referred to later
as agglomerates or particles). This growth is driven by relative velocities that orig-
inate due to several processes. A schematic picture of a disk is given in Fig. 1.2.

Figure 1.2 — Sketch of a protoplanetary disk with indicated different processes.

Grains can settle to the midplane collecting other particles. Moreover turbu-
lence stirs the gas and dust is dragged along. Therefore particles that respond
to the gas friction fast will collide with smaller, well coupled aggregates. Finally
the particles can move radially towards the star, as the friction of the gas takes
the angular momentum from dust particles. The growth of dust to larger sizes
is the first and very important step towards the formation of planets. The col-
lisional accumulation must proceed to at least centimeter to meter sizes, before
any other process can take over. Therefore understanding of this first step is
crucial to obtain a complete picture of the formation of the Solar System.

The growth of dust also plays an important role in shaping the disk structure.
The central star irradiates the surface of the disk. The absorption is mainly due
to small dust particles that forward the energy to the gas. Higher temperature
of the gas results in puffing up. The disk height increases with radius resulting
in a flaring shape. These flaring disks are called group 1 and are characterized
by a relatively strong IR excess in the spectrum. The dust grows in the disk and
can significantly change this picture. Agglomerates settle to the midplane when
pulled in by gravity. This removes the opacity source and the disk becomes
transparent to the radiation. As a result the gas stops being heated and falls
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down. The inner regions, however, are still heated and remain puffed-up. They
provide a shadow that blocks the radiation from reaching the outer disk. These
sources we call group 2 and they are characterized by a weaker IR excess in their
spectra.

The growth of dust can be observed indirectly. It is indicated by the slope in
the mm range of the observed spectral energy distribution or in the shape of a
10 µm silicate feature. Many disks show evidence of the process of dust growth
taking place (van Boekel et al. 2003; Acke et al. 2004; Bouwman et al. 2008). This
growth in longer perspective leads to the formation of planets.

1.3 Models of planet formation

The formation of planets is still not fully understood and two main routes of
research are followed in parallel exploring different possible scenarios. The first
one is the gravitational instability of the disk (e.g., Boss 1997) that fragments into
self-gravitating clumps of gas and dust that upon further contraction form giant
gaseous planets on short timescales (∼ 103 years). The second competing sce-
nario is the core accretion model (Pollack 1984), where the gas is accreted onto
a rocky core that forms first. This scenario involves much longer time scales
(∼ 107 years), as the accretion of gas must be preceded by the collisional accu-
mulation of dust particles in large bodies ( of about ∼ 10 M⊕). Therefore dust
grains have to grow many orders of magnitude in mass, before the gas can even
start to accrete onto the protoplanetary core. Here we present the two scenarios
with their strong and weak points.

1.3.1 Gravitational instability of the disk

The gaseous disk intermixed with solids can develop an instability and form
gravitationally bound clumps. In this scenario, giant, gaseous planets form in
one quick step. The disk, however, must be massive enough and cool on short,
orbital, time scales, for the clumps to form (Boss 2000). If such clumps can form
and survive, the dust grains sediment to their centers and form the rocky core
of a giant planet.

A number of models have been employed to study gravitational instability
of the disk with different results that strongly depend on assumed conditions
(Durisen et al. 2007). Therefore this model of giant planet formation is still hotly
debated (Pickett et al. 2000; Boley et al. 2006, 2007; Mayer et al. 2002, 2004, 2007).

1.3.2 Gravitational collapse of the dust midplane

Cores of giant planets can also form in two steps scenario, initially proposed
by Goldreich and Ward (1973). They assumed that in a laminar disk dust can
settle to a thin midplane that can reach a critical thickness and become grav-
itationally unstable. This leads to the fast formation of large, about km-sized
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bodies – planetesimals. Then gravity speeds up the growth to massive cores (it
increases the collisional cross-section of planetesimals). However, for this mech-
anism to work, the disk must be extremely laminar. In reality shear between
dust and gas layers will induce a Kelvin-Helmholtz instability that prevents the
dust midplane from reaching the critical thickness (Weidenschilling 1984; Cuzzi
et al. 1993; Johansen et al. 2006a).

1.3.3 Core accretion model

The core accretion scenario of planet formation (Pollack 1984; Pollack et al.
1996) consists of two stages. In the first one dust particles collide and stick to
each other forming larger agglomerates. This collisional accumulation of solids
speeds up, once km-sized bodies are formed. Gravity then becomes important
and enhances the collision cross-section of massive boulders leading to runaway
growth (Lissauer 1987). This results in the formation of large solid cores with
masses of about 10 M⊕. During this growth, they collect a gaseous envelope that
eventually accretes onto the core of this protoplanet. The timescale of the forma-
tion of a giant planet in the core accretion model is limited by the gas dissipation
from the protoplanetary disk (∼ 107 years).

The collisional accumulation of material (the first stage of the core accretion
model) is also the necessary mechanism in forming rocky, Earth-like planets.
Before any other mechanism can take over, particles must grow to at least cm or
meter sizes. In the following sections we focus our attention on the first steps
that lead to the formation of planetesimals – about km-sized bodies that are not
affected anymore by the interaction with gas.

1.4 The formation of planetesimals

The formation of planetesimals requires the dust particles to grow about 27 or-
ders of magnitude in mass (from ∼ µm size grains to km size planetesimals)
before their gravity becomes important. Here we outline the growth phases
starting with the initial coagulation of the smallest building blocks - monomers.

1.4.1 The Brownian growth phase

Microscopic dust grains, respond to gas motion very fast. They are continuously
hit by gas molecules from different directions, which influences their trajecto-
ries. These random impacts are reflected in the motion of the particles3. As each
grain moves in a random direction, dust particles can collide with each other
and stick due to the attractive van der Waals force (see Sect. 1.5.1 for discussion
on the microphysics of contact between dust grains). The growth in these condi-
tions is quasi monodisperse, meaning that at each given time the size distribu-

3This random motion of particles was first observed by Brown (1828).
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tion is very narrow. Therefore, collisions occur preferentially between particles
of similar mass. As a consequence aggregates obtain fractal structure (Krause
and Blum 2004, chapter 2), meaning that the packing density profile is given by
the power law:

N(R) = kf
( R

r0

)Df . (1.1)

Here N(R) is the number of particles of radius r0 inside a sphere with radius
R around the center of mass of the aggregate, Df is the fractal dimension, and
kf is the fractal prefactor. Depending on the mean free path of a dust particle,
aggregates of different fractal dimension can form. Low gas densities present
far away from the central star, result in Brownian motion that is characterized
by a mean free path of dust particles longer than their size (ballistic collisions)
and cause the formation of particles with fractal dimension of about Df ≈ 1.5.
Higher gas densities result in a decrease of the mean free path and also a de-
crease of the fractal dimension (Paszun and Dominik 2006). In the inner part
of the protoplanetary disk, at high gas density, extremely elongated aggregates
(Df ≈ 1) can form.

As particles grow to larger sizes, they begin to decouple from the gas, which
terminates the Brownian growth phase, as the relative velocities start to be de-
termined by other mechanisms.

1.4.2 The compaction phase

When particles start to decouple from the gas, their relative velocities increase
(see Sect. 1.4.4). Larger particles that respond to the gas on a longer time scale,
move with respect to the gas that is followed by still tightly coupled, small ag-
gregates. Therefore aggregates of very different size will collide preferentially,
leading to the formation of particles with homogeneous, non fractal structure
(Df = 3.0) (Ball and Witten 1984). This, however, still results in very porous
aggregates. Thus when dust grains acquire high enough relative velocities re-
structuring can occur. This process can dissipate part of the collision energy
and permit further growth even for velocities that normally result in breakup
of aggregates. The compression phase, however, cannot last indefinitely. Blum
et al. (2006) have shown that aggregates can be compressed to limited densities,
where the volume fraction of the solids is about 33%. The compression of aggre-
gates increases their density, until further restructuring becomes very difficult.
Upon further compression aggregates expand but conserve the final density of
about 33%.

1.4.3 The erosion and fragmentation phase

The compression of aggregates terminates eventually. The relative velocities
increase as an effect of decoupling of dust particles due to both an increase of
their mass and an increase of compactness. Therefore the ratio of the mass over
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the projected surface increases resulting in an increase of the response time of
dust on the gas drag (see Sect. 1.4.4).

As grains are held together by van der Waals forces, there is a threshold of
energy which will break these bonds. An increase of the relative velocities in-
evitably leads to high energy, destructive collisions. These have been studied
theoretically (Dominik and Tielens 1997) and in laboratory experiments (e.g.,
Blum and Muench 1993; Blum and Wurm 2000; Wurm et al. 2005b; Langkowski
et al. 2008a). Dominik and Tielens (1997) have shown that the sticking ability
depends very much on the properties of monomers. Small monomers are char-
acterized by higher threshold for sticking than larger particles. Also chemistry
has a great influence. Ice particles can survive much higher collision energy than
silicate aggregates. Thus, depending on conditions, the onset of the fragmenta-
tion can be shifted to lower or higher velocities. However, once it is reached,
particles can be shattered and further growth is in jeopardy.

1.4.4 Sources of the relative velocity

The relative velocities between dust aggregates can be generated by different
mechanisms. For small particles, well coupled to the gas, the Brownian motion
dominates. For larger particles that start to decouple from the gas other sources
of the relative velocity are important. The quantity that actually determines
these velocities is the stopping (or friction) time. For grains in the Epstein regime
(when the grain size is smaller than the mean free path of a gas molecule) this
response time to the gas drag is given by

τf =
3

4 ρ cs

m

σd
, (1.2)

where ρ is the gas density, m is the mass of the dust particle, and σd is its pro-
jected surface area. The isothermal sound speed in the gas cs is given by

cs =

√

kB T

µ mp
, (1.3)

where µ is the mean molecular weight, kB is the Boltzmann’s constant, T is the
gas temperature, and mp is the proton mass. Particles with a different ratio of
their mass over the projected surface m/σd respond to the gas drag on differ-
ent timescales τf and develop relative motion, the magnitude of which depends
obviously on the difference of the stopping times of the particles. The relative
speed of dust aggregates can originate from different mechanisms. Below we
present a few that are the most important during the formation of planetesi-
mals.

• The Brownian motion

Particles tightly coupled to the gas move collectively and only very small
relative velocities are present. This relative velocity between two particles
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due to the Brownian motion is given by

∆v =

√

8kBT

πmµ

, (1.4)

where mµ = m1m2/(m1 + m2) is the reduced mass of the two particles with
masses mi. For small, micron-sized grains in a protoplanetary disk, this
velocity is of the order of a few mm/s and leads to perfect sticking.

• Vertical settling

The vertical component of the gravitational force pulls aggregates in the
direction of the midplane. If particles are very well coupled to the gas, the
turbulence can keep them high above the midplane, because the settling
timescale is much longer than the turbulent mixing. The settling velocity
for particles is given by

vsett = Ω
2 z τf , (1.5)

where Ω is the Kepler orbital frequency and z is the height above the
midplane. A dust particle that settles with this velocity will collide with
smaller grains that are descending slower (due to a lower value of τf).

• Turbulence

Beside the normal orbital motion, the gas undergoes turbulence. Since
dust particles respond to the gas drag with some delay τf , they can cross
trajectories of other aggregates that already coupled to the gas or the ones
that have even longer friction time and move independently of the gas.
Therefore particles can acquire very high relative velocities of up to several
times 10 m/s, depending on the strength of turbulence (Voelk et al. 1980;
Weidenschilling and Cuzzi 1993; Ormel and Cuzzi 2007).

The turbulent motion is commonly described in terms of different scale
fluctuations that transfer the energy from the largest eddies down to the
smallest scales, where this energy is dissipated. The smallest scale relates
to the largest scale through the Reynolds number Re as τs = Re−1/2 τL,
where τs and τL denote the overturn times of the smallest and the largest
eddies, respectively. Similarly the velocity and the length scale as vs =

Re−1/4vL and ls = Re−4/3lL, respectively. The Reynolds number is defined
by the turbulent viscosity νT that was introduced to explain the angular
momentum transfer in the disk, as the molecular viscosity νm was too low.
This turbulent viscosity is given by

νT = αcs/Hg, (1.6)

where Hg = cs/Ω is the pressure scale height and α is a dimensionless
constant, commonly used to parameterize the strength of the turbulence
(Shakura and Sunyaev 1973).
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• Radial drift

Dust particles in a protoplanetary disk orbit the central star with the Ke-
pler velocity

vK = Ω r =

√

G M⋆

r
, (1.7)

where G is the gravitational constant and r is the distance from the star
with mass M⋆. The gas in the disk on the other hand feels an additional
force due to the radial pressure gradient (1/ρg dP/dr) and thus moves on a
sub-Keplerian velocity

vg = Ωg r, (1.8)

where Ωg is given by

Ω
2
gr =

G M⋆

r2
+

1
ρg

dP

dr
. (1.9)

This results in a relative velocity between the gas and dust particles, that
in the case of negative pressure gradient (a decreasing pressure with ra-
dial distance) causes a head wind for the dust grains slowing them down.
They transfer their angular momentum to the gas and spiral inwards at
substantial radial velocities. In the case of meter sized bodies this inward
velocity is of the order of 104 cm/s (Weidenschilling 1977). Note that if for
some reason the pressure gradient is locally positive (pressure increases
with radial distance), dust particles feel back wind that will move them
away from the star. Such local, high pressure regions will accumulate dust
particles and can stimulate growth.

1.4.5 Limitations

As presented in Sect. 1.4.3 and Sect. 1.4.4, the formation of planetesimals has to
face several obstacles. Here these problems are presented along with comments
on possible solutions and work that has been done in relation to these issues.

• Collisional fragmentation

Very small dust particles are well coupled to the gas and their relative ve-
locities are small, as they all move together. Thus collisions lead to stick-
ing and growth to larger sizes. However, as coagulation progresses, par-
ticles respond to the gas motion on longer timescales. This results in an
increase of the relative velocities. Therefore the progressing dust coagula-
tion causes an increase of the collision energy and leads ultimately to the
disruption of particles at high relative velocities.

Dominik and Tielens (1997) have shown that dust aggregates can restruc-
ture during a collision causing a dissipation of a fraction of the kinetic en-
ergy. Depending on the composition of dust particles, this mechanism can
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be more efficient, leading to an increase of the destruction energy thresh-
old or less efficient resulting in fragmentation at slower impacts. There-
fore, it is expected that very porous particles that can undergo substantial
restructuring, can grow to larger masses, as the collision energy can be
more efficiently dissipated.

Recently, Brauer et al. (2008b) have studied the growth of dust particles
in a local density maximum due to the evaporation front at the snow line.
This high pressure region of the disk can accumulate dust particles. In the
midplane of the disk, weaker turbulence (Ciesla 2007) results in a lower
relative velocities. Brauer et al. (2008b) have shown that for the fragmen-
tation threshold velocity of at least 5 m/s, the growth can proceed to large
boulders of up to several 100 meters in size. However, a more realis-
tic value of the threshold velocity, for aggregates made of micron-sized
grains, is ∼ 1 m/s (Blum and Muench 1993; Poppe et al. 2000; Langkowski
et al. 2008a). Therefore, it is crucial, to investigate further the structure of
growing particles and the effect it has on the collisional outcome.

From the experimental side Wurm et al. (2005b) have shown that colli-
sions of large, mm to cm-sized, precompacted aggregates can lead to a net
growth at velocities far beyond the fragmentation threshold.

• Meter size barrier

Weidenschilling (1977) has shown that the head-wind, due to sub-
Keplerian orbital velocity of gas component, has the strongest effect for
approximately meter-sized particles. The resulting radial drift velocity is
of the order of 104 cm/s, meaning that at one astronomical unit4 they can
move all the way to the star in just about 100 years. In fact, the dust is
not falling into the star but rather is destroyed in the innermost region of
the disk, where high temperatures (∼ 1500 K) evaporate solids. This can
efficiently prevent the growth beyond meter-sized boulders.

Recently, Johansen et al. (2007) have shown that large meter-sized boul-
ders can accumulate in high pressure turbulent eddies forming dense
clumps. These undergo further, order of magnitude, increase in density
due to streaming instability driven by a relative motion of dust and gas,
resulting in gravitationally bound clusters. Thus the meter size barrier can
be crossed, as the collapse of these over-dense clumps occurs on timescales
shorter than in the case of the radial drift. Even in this case, however, it
is absolutely necessary to grow to larger centimeter or meter-sizes first,
before this mechanism can take over.

Structure and composition of dust particles determines under what collision
conditions growth or destruction takes place. The outcome of a collision, there-
fore, not only depends on energy but also on aggregate structure. Dust growth

4One astronomical unit (1 AU) is the mean distance between the Sun and the Earth and is equal
to 1.496 · 1013 cm.
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Figure 1.3 — Scheme of a contact deformation. Two grains of radii R1 and R2 in contact
form the contact area of radius a. The displacement δ is indicated.

models must take this into account. Aim of this thesis is to provide the physical
description of collisional growth including effects of grain morphology.

1.5 General concepts

1.5.1 Microphysics of dust particles

Dust coagulation is possible because small grains feel an attractive force that
can hold them bound together. The nature of this force can be diverse. A few
examples are: dipole-dipole interaction for ices and electrostatic and magnetic
forces for charged and magnetized particles. The lower limit for the attractive
force is the very short-range van der Waals force.

Spherical grains in contact pushed towards each other with some force Fex

deform at their surfaces. This forms a flat, circular contact area that stores an
elastic energy Eel =

∫

Fexdδ. This energy depends on the material properties
and deformation of the surface. The displacement δ is presented in Fig. 1.3, a
schematic picture of two spherical grains in contact. Realistically, the real force
acting on the two grains is the sum of the external applied force and the attrac-
tive surface force F = Fex + Fs. This leads to the formation of a contact area with
a radius a given by (Johnson et al. 1971)

a =

( 3R

4E∗

(

Fex + 6πγR ±
√

(6πγR)2 + 12πγRFex

)

)1/3

, (1.10)

where R = (1/R1 + 1/R2)−1 is the reduced radius, γ is the surface energy and E∗
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Figure 1.4 — Degrees of freedom of a contact between two grains (after Dominik and
Tielens 1997): a - stretching, b - rolling, c - sliding, d - twisting.

is the reduced elasticity modulus given by

E∗ =
(1 − ν2

1

E1
+

1 − ν2
2

E2

)−1

. (1.11)

Symbols Ei and νi denote the Young’s moduli of two grains and their Poisson
ratios, respectively. The centers of two grains are separated by the distance R1 +

R2 − δ (see Fig. 1.3), where δ is the displacement due to the exerted force and is
given by

δ =
a2

0

2R

(

2
( a

a0

)2
− 4

3

( a

a0

)1/2
)

, (1.12)

with a0 given in Eq. (1.13a).
In the absence of the external force Fex, the contact radius and the displace-

ment δ are in equilibrium (the elastic repulsion is balanced by the attractive
force)

a0 =

(9πγR2

E∗

)1/3

, (1.13a)

δ0 =
a2

0

3R
. (1.13b)

A system of two grains in contact has 6 degrees of freedom5 as presented in
Fig. 1.4. They are:

Stretching

The vertical degree of freedom is presented in Fig. 1.4a. When grains are pulled
away from each other, the contact area decreases and, when the displacement δ

5Note that rolling and sliding have 2 degrees of freedom each. For a complete discussion of this
subject we refer to an excellent paper by Dominik and Tielens (1997).
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approaches zero, a neck of material (as greatly exaggerated in Fig. 1.4a) is pulled
of the grains (Chokshi et al. 1993; Dominik and Tielens 1997) resulting in the
negative displacement δ. To separate the two grains one needs to overcome the
attractive potential Eel, which leads to the definition of the pull-off force

Fc = 3πγR (1.14)

and the critical displacement

δc =
1
2

a2
0

61/3R
. (1.15)

Chokshi et al. (1993) have shown that grain collisions lead to excitation of elastic
waves and partial dissipation of the energy. Moreover when a contact is broken,
additional waves are excited, meaning that the energy necessary for the two
particles to bounce is higher than the elastic energy stored in the contact Eel.
The required energy is actually given by (Dominik and Tielens 1997)

Ebr = 1.8Fcδc = 43
γ5/3R4/3

E∗2/3
. (1.16)

This translates directly to the breaking velocity

vbr = 1.07
γ5/6

E∗1/3R5/6ρ
1/2
d

, (1.17)

where ρd is the bulk density of the dust grain. This relation shows that an
increasing grain size results in a decrease of the breaking velocity. Therefore,
larger grains bounce easier and small monomers stick at larger velocities. The
breaking velocity for micron-sized silica grains (r0 = 0.6 µm, γ = 25 erg/s,
E = 5.4 · 1011 dyn/cm2, ν = 0.17, ρd = 2.65 g/cm3) is about 30 cm/s.

Experiments by Poppe et al. (2000) showed, however, that this velocity is un-
derestimated, as monomers were sticking to a flat surface at velocities of about
120 cm/s. Therefore Eq. (1.16) has to be scaled to correspond to experimental
results. This has been done by Paszun and Dominik (2008b), who used a plas-
tic deformation of small surface asperities as an additional energy dissipation
mechanism.

Rolling

The rolling degree of freedom is presented in Fig. 1.4b. As the grains roll over
each other, the contact area must follow. Therefore, in the direction of motion
a new contact area forms, while behind, the contact breaks. This is caused by
asymmetric distribution of pressure that is positive (compressed contact) in the
front and negative (stretched contact) behind. This pressure distribution leads
to a torque that opposes the rolling motion (Dominik and Tielens 1995)

M = 4Fc

(

a

a0

)3/2

ξ, (1.18)
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where ξ is a linear distance that the contact area is lagging behind. The con-
tact actually shifts and irreversible motion occurs, when the grains roll a critical
distance ξcrit. The energy needed to roll a contact over this distance is given by

eroll = 6πγξ2
crit. (1.19)

This, however, corresponds to, typically, inter-atomic distances of about 2Å (Do-
minik and Tielens 1995). Therefore it is good to define a rolling energy that cor-
responds to a visible rearrangement, e.g., angular distance of 90◦ ( correspond-
ing to a linear distance of πR for two equal size spherical monomers). Thus, the
rolling energy required for a visible restructuring is given by

Eroll = 6π2γRξcrit. (1.20)

Also in this case experiments have been performed to verify the theory.
Heim et al. (1999) have shown that the rolling energy is actually larger. The
reason is that the critical distance ξcrit is in fact about 10 times larger - of the
order of 20Å.

Sliding

The sliding degree of freedom is presented in Fig. 1.4c. Contrary to the rolling
degree of freedom, irreversible sliding can occur only if almost the entire con-
tact is broken (Dominik and Tielens 1996), as the contact area has to shift en-
tirely. Therefore, the energy needed to begin sliding motion is comparable to
the breaking energy and is given by

eslide =
1

16aG∗
F2

fric, (1.21)

where G∗ = ((2− ν1)/G1 + (2− ν2)/G2)−1 and Gi is the shear modulus of i-th grain.
The friction force Ffric is given by

Ffric =
G

2π
πa2
+ Fatomic, (1.22)

where G = (1/G1+1/G2)−1 is the reduced shear modulus and Fatomic is the friction
force due to dissipation of the energy on atomic scales (Dominik and Tielens
1997). By analogy to rolling the sliding motion is irreversible when the contact
shifts by a critical distance δc

x. The visible restructuring occurs then at energies
associated with sliding over the distance πR. Thus the energy is simply

Eslide = eslide
πR

δc
x
=

1
2
πRFfric. (1.23)
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Twisting

In twisting (see Fig. 1.4d) the friction force is determined by the same physical
mechanism as the sliding motion. Grains rotate around the axis normal to the
contact area. Therefore the surfaces slide over each other. In this case the energy
associated with irreversible motion is

etwist =
3

32Ga3
(Mcrit

twist)
2, (1.24)

where the torqueMcrit
twist is given by

Mcrit
twist =

Ga3

3π
+Matomic, (1.25)

withMatomic being the torque due to dissipation of energy on atomic scales (Do-
minik and Tielens 1997). Here the energy associated with the visible restructur-
ing is the energy needed to twist over an angle of π/2. Therefore the energy is
simply

Etwist =
π

2
Mcrit

twist. (1.26)

1.5.2 Structure of aggregates

The growth of dust aggregates results in structural changes, that can signifi-
cantly affect the coagulation, i.e., the stopping time τf of the particles can change.
The structure of dust aggregates can be described using various quantities. Here
we present a few of the most important structural parameters, that are widely
used in the literature.

The fractal dimension

The fractal dimension Df (see Eq. (1.1)) describes the scaling of the mass of an
object with size. Therefore the possible range of Df is narrow and is limited from
the bottom by Df ≥ 1 for the most fluffy particles - linear strings. The upper limit
of the fractal dimension is Df ≤ 3, and corresponds to homogeneous particles
with a constant density structure throughout nearly the entire aggregate.

Although linear strings are uniquely defined by the fractal dimension alone,
more complex particles with higher values of Df can have many possible forms.
The reason is that the fractal dimension does not define the density, but the
density structure. Therefore the central density must be provided for a complete
description. In Eq. (1.1) the index kf fulfills this requirement.

The volume filling factor

Although the fractal dimension provides a complete description of the struc-
ture, more intuitive quantities are widely used. A classic example is the volume
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filling factor φ. It is defined as the ratio of the volume occupied by the solids to
the total volume, i.e.,

φ =
Vcompact

Vtot
. (1.27)

For aggregates of size Rout, made of finite number N of spherical monomers of
single size r0, this quantity is given by

φ = N

(

r0

Rout

)3

, (1.28)

and is limited by the densest packing of spheres - close cubic packing (CCP)6.
This gives the upper limit of φCCP =

π

3
√

2
≈ 0.74048. This high filling factor

requires a high level of organization and is very unlikely to occur through a
random process7. The densest random packing on the other hand is about φ ≈
0.635 (Onoda and Liniger 1990).

The lower limit of the filling factor depends on the size of an aggregate and
approaches zero for infinitely large particles. The lowest filling factor is obtained
for a linear string of N monomers and equals φ = N−2. This limit for aggregates
of the arbitrary fractal dimension Df is given as

φ = k
3/Df

f N1−3/Df . (1.29)

The geometrical filling factor

The geometrical filling factor φσ is conceptually similar to the volume filling
factor. However, it has one significant advantage: it provides information about
the projected surface area σd and is given by

φσ =
Vcompact

4
3π(σd/π)3/2

. (1.30)

For aggregates made of a finite number of monomers N of a fixed size r0, this is
given by

φσ = N

(

r0

Rσ

)3

, (1.31)

with the projected surface equivalent radius Rσ =
√
σd/π. Therefore, the friction

time is related to the geometrical filling factor as

τf ∝ φ2/3
σ N1/3. (1.32)

6The same density can be obtained via two different arrangements of monomer layers - face
centered cubic packing and hexagonal close packing.

7Structures with spheres packed so densely can form in natural environments. An example is the
precious opal - a rock made of densely packed silica spheres that cause interference and diffraction
of transmitted light resulting in different colors (Klein and Hurlbut 1985).
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Both filling factors (φσand φ) are basically equal for compact, non-fractal ag-
gregates. The projected surface equivalent radius Rσ is in this case nearly equal
to the physical radius Rout. Fluffy, fractal particles, however, differ significantly,
as the physical size can be much larger than the equivalent of the projected sur-
face.

1.5.3 Coagulation from numerical perspective

The growth of dust is conventionally followed in terms of the mass distribu-
tion f (m)dm. The distribution function f (m)dm provides the number of particles
with masses in the mass interval between m and m + dm. As particles grow,
the shape and position of the mass distribution can evolve depending on the
type of growth (e.g., the Brownian growth phase is characterized by an almost
monodisperse distribution, meaning that the initial distribution will only shift
towards larger sizes while its shape remains the same).

For a very large dynamical range (distribution spans many orders of mag-
nitude in mass), however, it is useful to present the distribution for logarithmic
mass intervals dlog m as

f (m) dm = ln10 f (m) m dlog m. (1.33)

The evolution of the mass distribution is commonly performed using the
Smoluchowski coagulation equation (Smoluchowski 1916)

d f (m)
dm

= − f (m)
∫

K(m,m′) f (m′)dm′+
1
2

∫

K(m′,m−m′) f (m−m′) f (m′)dm′. (1.34)

The first term in Eq. (1.34) indicates the particles of mass m that are removed,
as they coagulate with other particles. The second term is the source of parti-
cles of mass m that form due to coagulation of smaller particles, the masses of
which add up to m. Note the factor of 1

2 that prevents counting particles twice.
The function K(m,m′) in Eq. (1.34) is the coagulation kernel and provides the
probability of collision between particles of mass m and m′.

Another method to describe evolving particle systems, is the stochastic
Monte Carlo method. Instead of integrating Eq. (1.34), it “collides” individual
particles. This approach, however, is limited by the resolution of dynamical
scales. Processes that last over the shortest timescales must be resolved, mean-
ing that the longest timescales may not be well represented. This issue, however,
was addressed by Ormel and Spaans (2008) and successfully solved by group-
ing of small particles, which significantly speeds up simulation at the smallest
scales.

1.6 This thesis

In this thesis we provide a quantitative description of some of the most impor-
tant processes that are directly involved in the coagulation of dust aggregates. In
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chapters 2 and 3 we present the development of porous structures in the Brown-
ian and hierarchical growth phases in the framework of the hit-and-stick energy
regime. This gives rise to initially fractal aggregates, that later in the hierar-
chical growth contribute to the formation of very porous, non-fractal particles.
Chapter 2 shows that previously neglected rotation of particles can significantly
affect the structure of aggregates formed in the Brownian growth phase. Chap-
ter 3 shows a significance of hierarchical growth that was believed not to play
an important role.

In chapter 4 we present a state of the art model of three-dimensional mi-
croscopic aggregates. It takes into account surface forces that hold monomers
together and are responsible for aggregates dynamics. This new tool allows us
to understand microphysics of dust growth and simulate compaction and frag-
mentation of porous aggregates. We test this model extensively against results
of laboratory experiments. Our model is further used to determine material
properties of a porous medium, showing a new area for future applications.
The sound speed in a porous medium is determined along with the compres-
sion curve.

Chapter 5 presents results of an extensive parameter study of collisions of
small dust aggregates. The influence of the porosity, the impact parameter, and
energy is described in detail that has not been known before. These results are
used to provide a quantitative recipe of the collision outcome that now truly
opens the possibility to study both the growth of dust aggregates and their struc-
tural evolution during the coagulation.

The final chapter 6 provides results of dust coagulation in molecular cloud
cores. The collision recipe is formulated to fit the needs of the Monte Carlo
model. This provides a very powerful, new method that accounts for not only
the mass but also the structure of aggregates. We also test how sensitive our
method is to modifications in the recipe. We compare the default model that
includes the full recipe with several cases: the coagulation of only compact par-
ticles (structural parameter is kept constant throughout the growth), and coagu-
lation assuming central collisions only. This shows the importance of structural
effects on the growth of dust particles.
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The influence of grain rotation on the

structure of dust aggregates

D. Paszun and C. Dominik
Icarus, 182, 274, 2006

Abstract
We study the effect of rotation during the collision between dust aggregates, in order to address
a mismatch between previous model calculations of Brownian motion driven aggregation and
experiments. We show that rotation during the collision does influence the shape and internal
structure of the aggregates formed. The effect is limited in the ballistic regime when aggregates
can be considered to move on straight lines during a collision. However, if the stopping length
of an aggregate becomes smaller than its physical size, extremely elongated aggregates can be
produced. We show that this effect may have played a role in the inner regions of the solar
nebula where densities were high.

2.1 Introduction

Dust aggregation plays a central role in most theories of planet formation. While
for the formation of giant planets, disk instability scenarios continue to be dis-
cussed (Boss 1997), dust aggregation certainly stands at the beginning of the for-
mation of planetesimals and therefore of the terrestrial planets. Independent of
the detailed process that finally forms planetesimals (e.g. Weidenschilling 1980;
Youdin and Shu 2002; Cuzzi et al. 2001), dust grains first need to grow and settle
towards the midplane of the disk. Planet formation therefore starts with the first
steps of dust aggregation, when dust grains inherited by the disk from the inter-
stellar medium start to collide and grow. This first step of growth is governed by
Brownian motion aggregation. In the high density regions of the disk, dust/gas
coupling is so tight that the main source of relative velocities between grains
are the random motions produced by individual collisions between gas atoms
and the grains. Understanding the Brownian motion phase of dust aggregation
therefore means understanding the first step towards planets in disks.

At the very low collision velocities produced by Brownian motion (∼cm/s),
grains always stick and no restructuring is occurring in the collision (Dominik
and Tielens 1997; Blum and Wurm 2000). The structure of aggregates formed in
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this regime is therefore indeed a pure probe of the physical processes driving
growth with Brownian motion of the particles. Theoretically, growth by Brown-
ian motion was studied for example by Kempf et al. (1999). They calculated the
motion of micron sized dust grains enclosed in a box of approximately constant
dust number density. Diffusion, caused by the presence of a gaseous medium,
produces relative motion of grains and leads to the growth of dust. The orien-
tation of the (spherically not symmetric) aggregates was not followed during
the computations. Instead, in order to randomize the relative orientation dur-
ing collisions, the orientations of collision partners just before a collision was
selected randomly. With these initial conditions, the aggregates were left to col-
lide, without considering rotation during the collision. The calculations show a
slow growth of the dust aggregates with time. At any time, the box contains
a distribution of aggregate shapes which is characterized by a distribution of
fractal dimensions. The mean fractal dimension found in the numerical study is
around D f = 1.8.

On the experimental side, a series of low-gravity experiments has been con-
ducted (Blum et al. 2000; Krause and Blum 2004) in order to study the growth
of fractal aggregates under Brownian motion conditions. The results confirm
many expected aspects of this growth regime, but also showed unexpectedly
elongated aggregates, in contrast with the predictions by Kempf et al. (1999).

The authors qualitatively argue that rotation of the aggregates during the
collision might lead to more elongated aggregates, because the probability of
achieving contact between two aggregates at larger separations increases if the
aggregates rotate.

To compare experimental and theoretical results, it is necessary to quantify
the visual impression of elongation. In this study we will be using two different
ways to do so:

1. One can define an elongation factor as the ratio of maximum to minimum
diameter of aggregate

fel =
dmax

dmin
(2.1)

where dmin is measured in perpendicular direction to dmax. Experimentally,
this quantity has to be derived from a few, or even a single picture. When
measuring this value for model aggregates, we therefore choose three dif-
ferent projections of the aggregate and determine dmax and dmin from these
images.

2. We can also derive the fractal dimension of the aggregates. This quantity
can be computed by measuring the mass–radius relation of aggregates of
different mass m and size R. If that relation follows a power law

m ∝ RDf (2.2)

then Df is called the fractal dimension of the aggregate. The fractal dimen-
sion measured in the experiments is 1.4, and typical values predicted by
the numerical calculations are around 1.8, indicating a mismatch.
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While the idea of particle rotation is appealing as a mechanism to increase
the elongation of dust aggregates, this has never been shown quantitatively. In
this paper we investigate the influence of rotation on the structure of aggregates
formed under Brownian motion conditions.

2.2 The model

In order to test the influence of rotation on the growth of aggregates we devel-
oped a model for collisions of rotating aggregates. Since we are interested in
the low velocity regime, collisions are not energetic enough to cause restructur-
ing. These processes are therefore neglected, and aggregates are treated as rigid
entities. Our code calculates the equation of motion of two aggregates set on
collision course with each other. When both aggregates get into the first contact
between any two constituent grains, a new aggregate is formed. The structure
of this aggregate is determined by the position and orientation of the two aggre-
gates at the moment of contact – no further changes occur after this moment.

In all our calculations we used the same monomers sizes and masses as in
the CODAG experiment (Krause and Blum 2004). Each monomer was 1µm in
diameter and its mass was 1.0 × 10−15 kg. The temperature assumed in our
calculations was 300K , again like in the experiment.

In a fully general calculation, one would have to consider an ensemble of
particles and follow the growth of this ensemble. However, it has been shown
experimentally that the mass distribution function during Brownian motion
growth is very narrow, so that a mono-disperse approximation works very well
(Krause and Blum 2004). We therefore proceeded in the following way: Start-
ing with dimers, we first compute a large number of collisions between dimers,
with random initial position, rotational orientation, and impact parameter. The
translational and rotational velocities are taken from a Maxwellian distribution
for a given temperature T . The resulting quadrumer structures are stored in a
database. In the next step, we collide two quadrumers selected randomly from
the database. A database of quadrumer structures is built in this way. In a simi-
lar way, we produce aggregates with larger sizes, always containing 2n grains.

In order to solve the problem we have studied the influence of rotation in
two separate cases. The first one assumes ballistic collisions where the mean free
path of an aggregate is longer than its size. The second assumes aggregation in
a non–ballistic regime. The stopping length in this case is shorter than the size of
the aggregate.

2.2.1 Ballistic collisions

In the ballistic regime, the mean free path of all involved particles is larger than
the size of the largest particle. In this case, the center of mass of each particle
moves on a straight line during the collision. In physical terms, the ballistic
limit is reached in the limit of low (but non–zero, because the gas still needs to
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Figure 2.1 — Schematic sketch of collisions between two aggregates in two cases. a -
non–ballistic collision with mean free path of an aggregate shorter than the aggregate
size. Velocities change every τf . b - ballistic collisions with mean free path longer than
size of an aggregate.

cause Brownian motion of the grains) gas densities. This is generally assumed
to be the case both in protoplanetary disks, and in microgravity experiments
described above.

When aggregates are colliding without rotation and on linear trajectories,
elongated aggregates are formed when the first contact is made between grains
on the outside of the aggregate, while the two aggregates are more or less
aligned. Depending on the initial orientation, this situation is realized for dif-
ferent impact parameters: If the aggregates are aligned along the direction of
relative motion between the colliding aggregates, a small impact parameter is
needed. If the alignment is perpendicular to the collision direction, a large im-
pact parameter produces the most elongated result, while a small impact pa-
rameter would lead to a more compact structure. If the aggregates are rotating
during approach, the chances that the contact will be made early with an elon-
gated geometry increase. For this process to be efficient, the linear speed of
grains far away from the center of mass should be comparable or larger than
the translational motion. Therefore, the larger the ratio of rotational and trans-
lational speeds are, the greater the average elongation of the aggregate becomes.

This can be achieved in two ways. Superthermal grain rotation does occur
in interstellar space, where it is responsible for the alignment of non–spherical
grains with the galactic magnetic field and in this way produces the interstellar
polarization (Purcell 1979). With superthermal rotation, a fast circular motion
is induced while the linear velocity remains thermal. However, superthermal
rotation relies on small forces like non–isotropic absorption and scattering of
light (Draine and Weingartner 1996), or H2 formation on specific sites (Purcell
1979), to accelerate the grains. The non–thermal rotation speeds can only be
sustained at extremely low gas densities. In fact, the densities prevailing in
protoplanetary disks are prohibitive, and superthermal rotation can be ruled
out there (Ossenkopf 1993).

On the other hand, the effective linear translational speed can be slowed
down by embedding the grains into gas of high density, leading into the regime
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of non–ballistic collisions.

2.2.2 Non–ballistic collisions

The mean free path lb = vthτf of a dust grain is the distance an aggregate with
mean thermal velocity vth can move during one friction time. The friction time
of a dust grain is

τf = ε
m

σa

1
ρgvm

(2.3)

where m, σa, ρg and vm are mass, aerodynamical cross section, gas density and
mean thermal velocity of the gas molecule respectively and ε is a proportionality
coefficient which is around 0.6 (Blum et al. 1996).

If ρg increases, the mean free path decreases accordingly. When the mean
free path becomes similar to the largest aggregate involved in the collision, the
assumption of a ballistic collision is no longer valid. Instead, the particle execute
a random walk both in linear motion and in rotation. On average, the aggregates
will spent a longer time at large distances before moving closer together. This
effect increases the chance of creating a contact already at large distances, i.e.
a strongly elongated aggregate. Fig. 2.1a presents the schematic picture of a
non–ballistic collision.

2.3 Results

In order to investigate the influence of rotation on the production of elongated
aggregates, we calculated growth of rotating aggregates in the range from bal-
listic to highly non—ballistic collisions.

2.3.1 Ballistic collisions with and without thermal rotation

Distributions of fel for ballistic collisions are plotted in fig. 2.2. In order to be
able to compare with the results of Kempf et al. (1999), we also computed a case
with rotation turned of. The two top diagrams show the non–rotating case and
thermal rotation case in the ballistic regime. For the non–rotating case, a very
narrow distribution results. This distribution peaks at a value fel ≈ 1.6. For
thermal rotation, the peak value shifts to fel ≈ 2 and the distribution becomes
wider. For both cases, a very small fraction of particles with elongation factors 4
and larger are produced, due to fortuitous initial conditions in the computation.
Fig. 2.3 shows the mean elongation factors as a function of aggregates size. Each
point is plotted together with its ±1σ errorbars. The no rotation case clearly has
the lowest elongations and, as in the thermal rotation case, the line is almost flat
for bigger sizes, meaning the growth affects the elongation very weakly. The
elongation factors for rotating aggregates are shifted upwards from values of
about fel = 1.8 to about fel = 2.3. The effect of rotation is also clearly seen in
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Figure 2.2 — Distribution of elongation factors, with peak value normalized to unity.
From top to bottom: non–rotation case, ballistic thermal rotation, thermal rotation for
different gas densities ρg in g cm−3. The distributions are shifted vertically for better visi-
bility.

the fractal dimensions (fig. 2.4) which reach level of Df ≈ 1.7 for non–rotating
collisions. Thermal rotation causes the fractal dimension to drop to a value of
1.46.

2.3.2 Rotating aggregates outside of the ballistic limit

Further calculations were done for higher gas densities. In this case, the fric-
tion length lb becomes comparable to or shorter than the size of the colliding
aggregates. While the thermal velocity decreases with increasing size (mass) of
an aggregate, τf ≈ const for small, non–compact aggregates. Consequently, the
mean free path lb = τfvth decreases with increasing particle size. We performed
calculations for several different gas densities. By tuning the gas density, we can
study the transition from the ballistic to the non–ballistic regime. Fig.2.2 shows
the resulting distribution of elongation factors for different gas densities. Fig. 2.3
presents the relation between the mean elongation factor and the aggregate size
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for different gas densities.

Figure 2.3 — Mean elongation factor for different gas densities. ρg = 0 indicates the limit-
ing case for low densities (mean free path much larger than aggregate sizes). The bottom
line shows the elongation factor for non–rotation case. Three boxes are measured elonga-
tion factors of agglomerates formed in the CODAG experiment with ±1σ errorbars (Blum
& Krause personal communication).

The mean elongation factor fel depends strongly on the gas density ρg in the
transition regime. Increasing the gas density from 10−6 to a few times 10−5g cm−3

strongly broadens the elongation factor distribution and shifts the peak value to
fel ≈ 4. Extreme values of up to fel = 10 are reached in the tail of the distribu-
tion function. The elongation factor also depends on size of aggregates: Larger
aggregates reach the largest elongations. This is the result of the decrease of the
mean free path with increasing aggregate size. The elongation - size relation
becomes steeper for higher gas densities. The mean elongation factor in our cal-
culations follows a power law dependence on the gas density. The power index
is size dependent. Aggregates consisting of 32 monomers follow a power law
with index of 0.18, while the index for those made of 16 monomers is 0.13. This
means that the latter aggregates can reach a mean elongation factor value about
3.4 for gas density ρg = 3.88 × 10−5 g cm−3. For this gas density and aggregates
bigger than 32 monomers the mean elongation factor reaches values above 4.5.

Fig. 2.3 presents also results of the CODAG experiment (Blum & Krause,
personal communication). Three points together with their ±1σ errorbars



26 The influence of rotation on the aggregate’s structure

show the ratio of maximum to minimum diameter of aggregates formed dur-
ing the experiment. An excellent fit with our calculations seems to be ρg =

1.94 × 10−6 g cm−3 or slightly higher. The density used in the experiment was
ρg = 2.25 × 10−6 g cm−3 (Krause and Blum 2004).

Figure 2.4 — Fractal dimension as a function of gas density. The upper x-axis shows
the mean free path of a monomer in units of the monomer radius. The horizontal lines
show the CODAG measurements (Df = 1.4), the limiting result for limρ→0 Df = 1.46, and
the result for non–rotating aggregates Df = 1.72. The inset plot shows an example of
fractal dimension determination by slope fitting in an rg versus m plot, at a density of
ρg = 3.24 × 10−6.

We also calculated the fractal dimension Df by fitting a power law function
to the plot of mean aggregate mass versus mean radius of gyration rg. The av-
erage was taken over the entire distribution of particles created for the given
mass. The fractal dimension as a function of the gas density is shown in Fig.2.4.
For large densities, Df appears to follow a power law with index α = −0.062.
Thus for a gas density ρg = 3.88 × 10−5 the fractal dimension reaches the value
1.11. At low gas densities, the fractal dimension asymptotically approaches a
value of 1.46, slightly larger than Df = 1.3..1.4 as observed in the CODAG ex-
periment. Indeed, it turns out that the CODAG experiment is operating close
to, but not safely within the ballistic limit. A gas density of 2.25 × 10−6 g cm−3 is
in fact entirely consistent with Df = 1.4. At this density, the mean free path of
a particle is only about 1.5 grain diameters. The experiments therefore are not
in the ballistic limit, but start to feel the influence of random walk during the
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collision. Further increasing the gas density should strongly enhance this effect,
and fractal dimensions very close to unity should show up when ρg exceeds a
few times 10−5 g cm−3.

2.4 Discussion

2.4.1 The ballistic regime

In the ballistic limit, rotation increases the collisional cross-section by producing
more opportunities for a contact while two aggregates are passing each other.
In the non–rotation case only specific ’lucky’ parameters (appropriate orienta-
tion and impact parameter) lead to an elongation, while rotation allows a much
larger set of possible collision parameters to be effective. This effect leads to
more elongated structures, because it produces significantly more opportunities
for collisions with larger impact parameters.

2.4.2 The non-ballistic regime

In the non–ballistic regime, the random walk executed by the collision partners
during a collision effectively reduces the mean (or effective) relative transla-
tional velocity. The typical distance traveled from the original position in a ran-
dom walk scales with the square root of the number of steps N, we can define
an effective translational speed by

< v >=

√
Nlb

Nτf
. (2.4)

If we take
√

Nlb = L where L is size of the aggregate, then the mean effective
translational velocity during random walk is inversely proportional to the gas
density ρg (see eq. 2.5, 2.3).

< v >=
l2b

Lτf
. (2.5)

As the gas density increases, the effective velocity decreases and indeed leads to
very long and slow collisions between aggregates. During that time, the aggre-
gates also execute a random walk in rotation and in this way expose different
parts toward each other. In the limit of large gas densities, this leads to con-
tact being made always at maximum distance, and consequently to fully linear
structures.

It is important to remember that we are only computing collisions of equal
size aggregates, i.e. pure cluster-cluster aggregation (CCA). This simplification
will tend to exaggerate the elongation at a given size. If monomers and small
aggregates contribute significantly to the growth, slightly more compact aggre-
gates are produced. In fact, if a size distribution of impactors is involved in
the growth of a target, the growth physics is an intermediate case between pure
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CCA and particle-cluster aggregation (PCA). As an indication, we can compare
the fractal dimension of 1.7 we found for non–rotating aggregates in pure CCA
with the fractal dimension of ∼ 1.8 found by Kempf et al. (1999) for a realistic
size distribution.

2.4.3 Influence on aggregation timescale

Elongated aggregates, influenced by rotation and aggregation in non–ballistic
regime, expose a larger surface to the gas and are easier targets for possible col-
lisions with other dust grains. Just like for the particle mass, one can introduce a
fractal dimension for the cross-section Dσ and write the relation between aggre-
gate shape and cross-section as

σ ∝ rDσ

g . (2.6)

Thus for limiting case of compact agglomerates Dσ = 2 while for linear grains it
is 1. To see how the crosssection changes with aggregate size, one can combine
both fractal dimensions Dσ and Df :

σ ∝ m/m
Dσ
Df

0 . (2.7)

The cross-section of aggregates is related to aggregation timescale by

t ∝ 1
σnv

(2.8)

where t is aggregation time, n is number density of dust grains and v is velocity.
We calculated cross-sections of aggregates with different fractal dimensions in
order to investigate the timescale of aggregation. Fig. 2.5 shows the timescale di-
vided by the timescale for the most compact aggregates. Each line corresponds
to different fractal dimension Df . The most interesting are Df = 1.8 which corre-
sponds to the aggregates formed in the numerical calculations by Kempf et al.
(1999) and fractal dimension Df = 1.4 which was obtained in the CODAG ex-
periment (Krause and Blum 2004). The timescale is shorter for elongated and
open aggregates because of the larger cross-sections. The difference increases
with increasing size of aggregates.

2.4.4 Application to protoplanetary disks

To assess the relevance of the effects discussed in the current paper in a pro-
toplanetary disk, we need to compute the stopping length of dust grains as a
function of aggregate size and location in the disk. The boundary condition for
ballistic and non–ballistic collisions is reached when the mean free path equals
the physical size of the dust aggregate approximately given by the radius of gy-
ration: lb(ρg,T ) = rg(m). This condition leads to a relation between cluster size
and gas density, indicating how large the cluster should be at a given density
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Figure 2.5 — Aggregation timescale t ∝ 1
σnv

divided by aggregation timescale for com-
pact agglomerates as a function of mass. Different lines correspond to different fractal
dimensions. From top to bottom Df = 3.0, 2.8, 2.5, 1.8, 1.4, 1.1.

in order to start feeling the effect of elongation enhancement by non–ballistic
collisions.

We will make the simplifying assumption that the stopping time of an ag-
gregates is (at a given density) independent of size. This assumption is valid
for very small aggregates, and for aggregates with very open structure, i.e. low
fractal dimension.

We use the definition of the radius of gyration given by eq. 2.2 and transform
it into

rg(m) = Bm
1

Df (2.9)

where B = 1
A1/Df

and A is a proportionality coefficient from eq. 2.2. Then the
relation between cluster mass and gas density relation can be derived as

m
1

Df
−0.5
=
ε

B

√

3mm

8π
1

n0r2ρg
, (2.10)

where mm is a mean mass of a gas molecule and n0 is number of monomers in
the aggregate. In order to find n0 we substitute the cluster mass by m = n0m0

where m0 is the mass of a monomer.

n0 =

(

ε

B

√

3mm

8π

m
0.5− 1

Df
0

r2ρg

)

2Df
2+Df

. (2.11)

Eq. 2.11 shows how the critical size of a cluster is dependent on the gas den-
sity. It also reveals a dependence on monomer size. We applied eq. (2.11) to
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Figure 2.6 — Aggregate mass for which in the midplane of the solar nebula the mean free
path lfree equals the radius of gyration rg. Different lines correspond to different monomer
radii r0. The dotted line represents a monomer size of r0 = 0.005 µm, the dashed line
r0 = 0.05 µm, and the solid line r0 = 0.5 µm. The shaded area below each line shows the
ballistic regime for corresponding monomer size. The area above each line represents
the non–ballistic regime. At the top of the diagram, we indicate the midplane density
corresponding to the distance from the Sun, according to the Hayashi model (Hayashi
et al. 1985).

the Hayashi model of the solar nebula (Hayashi et al. 1985). Fig. 2.6 shows, for
the midplane density of the model, the critical size of a cluster as a function of
distance from the star. Each line represents this relation for a different monomer
size. Thus aggregates with a fractal dimension of Df = 1.46, are formed below
the line, while above that line more elongated grains are produced. Each line is a
border between the ballistic and non–ballistic regimes for a given monomer size.
For example, at a distance below 1 AU from the star, the gas density strongly in-
fluences the shape of aggregates formed through Brownian motion, if the aggre-
gates consist of more than a few tens of 1µm grains. Consequently, the CODAG
experiment reproduced conditions present in the inner part of the protoplane-
tary disk while its applicability to the low density regions in the outer disk is
limited. At the CODAG density of ρg = 2.25 × 10−6 g cm−3, the critical size is
about 1.5 micron sized monomers.
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2.5 Conclusions

We have studied the effect of aggregate rotation during collisions. The results
show that rotation must definitely be treated correctly when modeling growth
due to aggregation, or the geometrical structure of the resulting aggregates will
be incorrect.

Rotation plays a role because it enhances the probability that two approach-
ing aggregates make contact early on during the collision, between outer con-
stituent grains. For the most simple case of ballistic collisions, during which
the colliding aggregates move on a linear path, ignoring aggregate rotation in-
creases the fractal dimension from 1.46 to 1.7 in the limit of pure cluster-cluster
aggregation.

This effect becomes strongly enhanced if the density of the surrounding
medium becomes so large that the stopping length of an aggregate becomes
shorter than the aggregate size, i.e. in the non–ballistic limit. We find that re-
ducing the stopping length to the monomer radius results in a fractal dimension
of 1.25. When the stopping length is reduced to one tenth of the monomer ra-
dius, the fractal dimension drops to 1.1.

For the solar nebula, we find that non–ballistic collisions play a role in the
innermost regions of the disk for even very small aggregates made of a few
µm-sized grains. For smaller monomers and/or further away from the Sun, en-
hanced elongation can be expected for larger aggregates, made of a few 100 or
1000 grains. In the outer disk, all collisions may be considered ballistic.
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Abstract
Dust coagulation in interstellar space and protoplanetary disks is usually treated in one of 2 ex-
tremes: Particle-Cluster Aggregation and Cluster-Cluster Aggregation. In this paper we study the
process of hierarchical growth, where aggregates are built from significantly smaller aggregates
(not monomers). We show that this process can be understood as a modified, PCA-like process
that produces porous, but non-fractal particles whose filling factor is chiefly determined by the
porosity of the building blocks.
We also show that in a coagulation environment where relative velocities are driven by turbu-
lence, a logarithmically flat mass distribution (equal mass per mass decade) immediately leads
to a situation where small particles and aggregates dominate the growth of large ones. There-
fore, in such environments, hierarchical growth should be seen as the norm. Consequently, we
predict that the aggregates in such environments are not fractals with extremely low densities
as they would result from extrapolation fractal laws to large sizes. The compactification of
aggregates does not only result from collisions with enough energy to restructure aggregates
- it starts already earlier by filling voids in particles with smaller grains that contribute to the
growth.

3.1 Introduction

The formation of planets proceeds in disks surrounding young stars. Initially
small dust grains collide and stick to each other growing to larger and larger
sizes. This growth initially involves energies that are insufficient to break or
even deform aggregates (also referred to as particles or agglomerates) made of
smaller constituents - monomers (also referred to as grains). In the commonly
accepted scenario dust grows to relatively large, at least cm to meter-sized par-
ticles. At these sizes aggregates suffer from a very strong head wind (due to
sub-keplerian motion of the gas) and can be swallowed by the inner regions of
the disk, where dust evaporates due to very high temperatures (∼ 1000 K) in
the close vicinity of the star. Weidenschilling (1977) showed that this radial drift
may be very fast and take about 100 orbits for meter-sized bodies. To continue
the growth some mechanism must prevent dust from spiraling into the evap-
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oration zone. Johansen et al. (2006b) found that dust particles can concentrate
in high pressure turbulent eddies, which significantly reduces the inward mo-
tion. Moreover these clumps of dust may become gravitationally bound form-
ing large planetesimals. However, if this mechanism can really work, dust ag-
gregates must still grow many orders of magnitude in mass. Therefore it is
crucial to understand dust coagulation at these early stages of planet formation,
where aggregates grow from sub-micron grains up to cm or even meter-sized
particles.

The growth of aggregates from small monomers has two important limit-
ing cases: Particle-Cluster Aggregation (PCA) and Cluster-Cluster Aggregation
(CCA). These terms are sometimes used loosely. PCA means the formation of
an aggregate by a succession of collisions with individual monomers. Each col-
lision can be seen as an independent collision, the impactors always come in as
individual particles and do not collide with other impactors on the way in. CCA
means the build-up of a large aggregate in a sequence of collisions of aggregates
of similar sizes. In its purest form, the two colliding aggregates will always have
exactly the same size, in reality they will be similar in size.

It has been shown that the structure of the aggregates formed by PCA and
by CCA, respectively, is very different.

PCA aggregates get a homogeneous structure. The core of the aggregate
has a constant density and is therefore not fractal in nature. In full generality
this has been shown by Ball and Witten (1984) who demonstrated that the PCA
buildup is subject to a causality condition that requires a lower limit for the
fractal dimension Df of the forming aggregate given by Df ≥ Dspace − Dapproach + 1
where Dspace is the dimension of space and Dapproach is the fractal dimension of the
trajectory of the approaching particle. For ballistically approaching particles we
have Dapproaching = 1, and in normal 3D space, this means that Df ≥ 3. Therefore,
pure PCA aggregates are non-fractal.

The case of CCA aggregates has been studied in the laboratory and theoret-
ically as well, and it has been shown that such growth leads to much smaller
fractal dimensions. The details depend again on the structure of the collision
trajectory of the particles and on the rotational state of the colliding aggregates.

Physically, PCA and CCA aggregation represent very different growth con-
ditions. PCA corresponds to a runaway growth situation, where one or a small
number of particles consume all the other particles before they have time to ag-
gregate themselves. This means that the typical timescale for a particle to collide
with the runaway aggregate must be shorter than the time to collide with any
monomer in the environment. At least in a situation where the aggregation pro-
cess starts with only small particles present, this is a very unrealistic situation.
Therefore, in practice, at least initially CCA is the much more likely situation.
A good example is the growth of aggregates under conditions where relative
motions are governed by thermal motions, e.g Brownian motion of particles
in a rarefied gas. Such growth has recently been studied under microgravity
conditions and indeed it was shown that this process leads to a narrow size dis-
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tribution (Krause and Blum 2004), implying that the typical collision takes place
between two aggregates of similar size. Consequently and as expected, such
experiments show the buildup of fractal aggregates, with fractal dimensions
around 1.5. As long as the collision velocities are largest between the smallest
grains, the growth process will deplete the smallest particles by collisions with
other small particles and in this way keep the size distribution narrow. CCA-
like growth is the result and will continue until the basic physics of the growth
process change. The fractal structure of the aggregates is not even a require-
ment for growth to proceed in a CCA-like way. As long as small particles are
removed efficiently, the size distribution will remain compact and collisions of
similar-sized particles will be dominant in determining the growth process.

There are two basic conditions under which the growth process will leave the
CCA path and we will call these conditions the runaway and the fragmentation
case.

In the runaway case, the conditions change to those also needed for PCA
growth: the relative motions of particles become such that indeed the most
likely collision for a small particle or aggregate is the collision with a large
particle. In protoplanetary disks, such conditions may arise when systematic
motions start to govern the relative motions rather than thermal motions. For
example, under the conditions of turbulent motions in the gas, we can have two
kinds of particles. Small particles that are very well coupled to the gas follow a
similar motion and thus their relative velocities remain small (Voelk et al. 1980;
Weidenschilling and Cuzzi 1993; Ormel and Cuzzi 2007). The dust-gas interac-
tion is quantified by the Stokes number S t = τf/τL, where τf is the stopping or
friction time of a particle and τL is the overturn time of the largest eddies (usu-
ally assumed to be of the order of the Kepler time ∼ Ω−1). The stopping time of
a particle is given by

τf =
3

4csρg

m

σ
, (3.1)

where cs is the sound speed in the gas, ρg is density of gas, m is the mass of a
dust particle, and σ is the projected surface of the particle. Larger particles with
Stokes numbers close to unity will start to decouple from the gas and find them-
selves in a sand-blasting stream of gas containing small, well-coupled particles.

The second case is that of fragmentation. It was shown by Dullemond and
Dominik (2005) that the observed abundance of small grains in protoplanetary
disks is actually best explained by ongoing fragmentation that destroys aggre-
gates of a certain size and puts the mass of these back into small grains. In
such a case, small grains will always contribute to the growth and in this way
introduce a hierarchical growth component.

In order to understand the evolution of porosity during the coagulation of
dust particles, it is therefore important to understand the effects of hierarchical
growth. In this paper, we will therefore study hierarchical growth and describe
the structure of aggregates formed in this way.
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3.2 Methods

To study the structure of aggregates resulting from hierarchical growth, we use
the model developed by Paszun and Dominik (2006). In this approach, aggre-
gates are treated as rigid bodies that freely move and rotate in 3-dimensional
space. Aggregates can move simply ballistically on trajectories that lead to colli-
sions, or they may be embedded in a medium causing both motion and rotation
to change frequently (after one stopping length) in order to model Brownian
motion. In this study we will concentrate on the low density limit in which the
mean Brownian path length of an aggregate is larger that the size of the aggre-
gate, so that the motion can be seen as ballistic during the collision. Paszun and
Dominik (2006) had shown that under high density conditions in the innermost
parts of the solar nebula this condition may not hold (e.g., aggregates made of
103 micron-sized monomers at densities above ρg > 10−9 g/cm3 have a mean free
path shorter than their own size), but it is valid throughout a large part of the
solar nebula including the formation region of the Earth. A basic assumption
of this model is that aggregates do not restructure, i.e. that any contact made
between grains stays forever and cannot be moved. Physically, this is equiva-
lent to the assumption that collision energies are much lower than the energy
required to initiate restructuring. This energy is given by the rolling energy

Eroll = 6π2γRξcrit. (3.2)

In Eq. (3.2), γ is the surface energy, R is the reduced radius of two monomers
in contact, and ξcrit is the critical displacement needed to initiate irreversible
rolling. We refer the reader to Dominik and Tielens (1997); Chokshi et al. (1993)
for detailed description of the contact physics.

In Paszun and Dominik (2006) this model has been used to collide aggregates
of equal size and is capable to simulate small aggregates, which was sufficient
for the comparison with zero-gravity laboratory experiments (Krause and Blum
2004). To study the effects of hierarchical growth, aggregates must be built that
consist of millions of monomers. To speed up the search for new contacts be-
tween colliding aggregates, we have implemented an efficient nearest neighbor
search (NNS) algorithm to improve the performance of the model (Hockney
and Eastwood 1988). The algorithm we are using is optimized for the special
setup of the model: there is no need to search for nearest neighbors within each
aggregate, but only between grains of different aggregates. Therefore we keep
the particle lists for each aggregate separate. With the nearest neighbor search,
the dependence of the computation time on the number of monomers is now
reduced from O(N1 × N2) to O(N2 × log(N1)).

The computations are very efficient now and allows the construction of ag-
gregates with up to 107 monomers. The computational bottleneck is now no
longer the collision search, but the rotation of the large target aggregate which
requires N matrix operations to compute positions of the monomers for each
time step. However, it turns out that we can safely ignore rotation for the present



3.2 Methods 37

study, because the rotation of the large aggregate will quickly become negligi-
ble. In order to demonstrate this, lets assume that that the kinetic energy E

governing the random motions of the aggregates (for example through Brown-
ian motion) remains constant during the growth. As the mass of the projectiles
remains constant during the hierarchical growth process, we keep the approach
velocity of a small projectile vp constant as well. As the target becomes larger, its
own random motions can be ignored and the approach velocity is dominated
by the velocity of the small projectile. In order to see if the rotation of the target
is important, we need to compare the linear approach velocity with the velocity
of the outer regions of the target caused by its rotation. The angular velocity of
a target particle is given as

ωt =

√

2E

I
=

√

2E

Cm0NR2
, (3.3)

where I is the moment of inertia, m0 is a monomer mass, and the constant C de-
pends on a geometry of an aggregate (e.g. for a sphere C = 2/5). The equivalent
circumferential speed is then

vcir,t ∝
√

1
N

(3.4)

and decreases with an increasing mass. Even if the approach velocity is compa-
rable to the velocity caused by rotation initially, when target and projectile are of
similar size, the ratio of the two velocities quickly approaches zero as the target
is growing. Therefore, we will conduct most of this study ignoring rotation dur-
ing approach. We will, however, confirm the validity of this assumption with a
test calculation (see Sect. 3.4.3). Therefore within a few collision timescales the
rotation of the target aggregate effectively stops and only rotation of projectiles
can be considered. This effect we discuss separately in Sect. 3.4.

A schematic picture of a collision configuration is shown in Fig. 3.1. A tar-
get aggregate initially is of the same size as the incoming projectile. As the
growth progresses, the size of the target increases. Therefore, the process starts
as a perfect case of the CCA aggregation and smoothly turns into the PCA-
like hierarchical case. In the cases where we do treat rotation, both particles
spin around random axes with rotation velocities ωi. All velocities are drawn
from the Maxwell distribution. The temperature is assumed to be 300 K and
monomers are 1 micron (in diameter) sized silica spheres.

To quantify the structure of aggregates produced by hierarchical growth, we
use the filling factor

φ = N
( r0

rout

)3
, (3.5)

where N is number of particles in an aggregate, r0 is a monomer radius, and rout

is the outer radius of an aggregate.
PCA particles generally have a uniform density structure, meaning that the

filling factor is constant throughout the core of an aggregate. The density will
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Figure 3.1 — A sketch of a collision. Aggregates rotate around a random axis and ap-
proach at random impact parameter b. The relative velocity ∆v is assumed to be in the
hit-and-stick regime.

not be constant throughout the entire aggregate because of an inevitable tran-
sition region in the outer parts of the aggregate - we will discuss this region
in more detail in Sect. 3.4.1. CCA aggregates, on the other hand, are known to
have a fractal structure resulting in a density decreasing from the core to the
outer regions with a power law dependence

ρ(r) ∝ rDf−3, (3.6)

where Df is the fractal dimension and is about 1.5 for the ideal CCA process
(Krause and Blum 2004; Paszun and Dominik 2006).

To study the effects of projectile size, we grow aggregates by sequential ad-
dition of particles of constant mass. We sample over two orders of magnitude
of the projectile mass. Our smallest projectiles are monomers and the largest are
built of 256 grains. The intermediate masses are successive powers of two in
monomer mass (20m0, 22m0, . . . , 28m0).

It is to be expected that the internal structure of the projectiles will also have
influence on the resulting aggregates. We cover this parameter by considering
two extreme cases for growing the projectiles. In the first case, projectiles are
made by PCA aggregation, leading to projectiles with an upper limit (reached
only in the case of large aggregates) for the filling factor of φ = 0.15 (Kozasa et al.
1992). The real aggregates used for this simulations have lower filling factors,
typically φ ≈ 0.05.
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3.3 Results

We present the internal structure of 16 aggregates produced in the hierarchical
growth using projectiles of different structure and mass. Table 3.1 shows the
final size of the grown aggregates in units of the projectile mass. Note that in
terms of number of monomers, the largest aggregates are the ones made of of
large projectiles, reaching about 6.5 × 106 monomers for the aggregates grown
from 256-mers. However, we give the mass in units of the projectile mass be-
cause the degree to which the structural limit of hierarchical growth can be
reached is determined by this number rather than the number of monomers.
The growth of largest particles is limited to 25000 projectiles.

Table 3.1 — Mass of aggregates presented in this paper normalized to projectile mass. a -
Simulation of hierarchical growth with rotation taken into account.

Np final N/Np

aggregates made of bullet type
PCA CCA CCAa

20 497 500 497 500 40 300
21 328 500 328 500 11 400
22 296 250 198 900 6 080
23 210 000 125 000 3 840
24 140 625 112 150 1 880
25 87 500 60 290 1 090
26 81 500 42 000 750
27 45 625 – 460
28 25 900 26 500 245

3.3.1 Non-fractal (PCA) projectiles

The simplest case of the hierarchical growth is the sequential addition of
monomers onto a larger target (the pure PCA case). This process has been stud-
ied before and we present it as a reference case in this study. Aggregates pro-
duced from PCA projectiles of different mass are presented in Fig. 3.2. The ref-
erence particle is shown in Fig. 3.2a. Its physical size is indicated by a scale bar
that represents the length of 100 µm, i.e. 100 monomer diameters. This particle
consists of approximately N ≈ 5 ·105 monomers (cf. Tab. 3.1). The remaining ag-
gregates shown in the figure are grown from projectiles of increasing mass. They
contain more monomers, but the number of impactors forming these aggregates
decreases with increasing projectile mass. The largest aggregate consists of over
N = 6 · 106 monomers (Fig. 3.2f), but merely ∼ 26000 projectiles (each consisting
of 256 grains).

The mass difference between the largest (Fig. 3.2f) and the smallest (Fig. 3.2a)
aggregates is about an order of magnitude. The physical size also differs about
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Figure 3.2 — Aggregates produced by a sequential coagulation of small PCA projectiles
of a constant size. Each panel presents a horizontal bar indicating length of 100 µm.
Projectile mass is: A-Np = 20, B-Np = 22, C-Np = 24, D-Np = 25, E-Np = 26, F-Np = 28.

an order of magnitude, which already indicates that the internal structure of ag-
glomerates produced by the hierarchical growth depends on projectile size. This
can directly be seen by inspecting the outer layers of all particles, where the size
of voids increases with increasing projectile size (cf. Fig. 3.2a – Fig. 3.2f). Also
the overall filling factor decreases as the projectile size increases. This behavior
is shown quantitatively in Fig. 3.3, along with the filling factors of the projec-
tiles themselves. The filling factor of the PCA projectiles decreases from one
(for monomers) to about 0.04 (for 256-mers) and clearly stabilizes at about this
value. The filling factor of the aggregates formed by hierarchical growth (solid
black line) decreases by over an order of magnitude as the PCA projectile mass
increases from 1 to 256 monomers. Moreover, the decrease of the overall filling
factor does not slow down as in the case of projectiles. This decrease for large,
hierarchically grown aggregates is caused by two effects. The main effect is due
to the decreasing filling factor of the projectiles. Since they can be considered
as porous grains, their coagulation directly leads to a lower filling factor than in
the pure monomer PCA case. However, as the filling factor of the projectiles is
stabilizing near 0.04, one might expect that also the filling factor of the aggre-
gates grown from these particles should stabilize, a result that is not evident in
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Figure 3.3 — The filling factor of aggregates formed by the hierarchical growth as a func-
tion of projectile size. The solid lines represent filling factor of final aggregates, while
the dashed lines show the filling factor of projectiles.Black lines correspond to PCA case,
while the grey lines to the CCA case.

Fig. 3.3. As we will see below, this is caused by the comparatively large transi-
tion region close to the surface of the aggregate. For the largest projectiles, the
computation has not advanced far enough to make the aggregate core dominate
the overall filling factor. For a better view on the internal structure, we show
in Fig. 3.4 the packing density φ(r) as a function of distance from the center of
mass of an aggregate. The filling factor is roughly constant throughout the
inner region of aggregates. Small fluctuations indicate local inhomogeneities
due to the finite size of monomers. These local density variations increase with
increasing projectile mass, an effect of the larger building units and their own
internal structure. The core density structure of two aggregates made of the
largest projectiles (Np = 128 and Np = 256) is very similar. In combination with
the result that the projectile filling factors were very similar, this indicates that
the resulting density of an aggregate formed by hierarchical growth is mainly
a function of the filling factor of the building components. In fact, filling fac-
tor in the inner region has the value of about φ ≈ 0.02, not far from the value
φ = 0.0225 = 0.152. This latter value would be expected from an idealized
two-step aggregation process. The formation of the projectiles from monomers
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Figure 3.4 — Density structure of aggregates formed by a sequential incorporation of
small PCA bullets. Different lines correspond to aggregates formed out of projectiles of
different masses. From top to bottom, projectile masses are: Np = 20, 21, 22, . . . , 28. The
inset shows the fractal dimension Df determined for these aggregates as a function of the
mass of a projectile.

through PCA growth causes a filling factor of 0.15. If we assume that these ag-
gregates are spherical as well, the following build-up of the target from these
projectile aggregates lowers the filling factor by the same factor again. What is
interesting here is that the filling factors of our projectiles were actually lower
(0.04), due to the fluffy transition area at the projectile surface. From the simple
argument above, we would expect a filling factor of φ = 0.04 ∗ 0.15 = 0.006. The
fact that the true value is much closer to 0.152 shows that, apparently, the sec-
ond growth step does compensate the low projectile filling factor by a certain
degree of geometrical penetration. Since projectiles have fluffy surface regions,
the first contact occurs after the projectile has penetrated a bit into the surface
region of the target, filling some of the voids created by the projectile formation.
This result is further discussed in Sect. 3.4.2.

The uniform density throughout the core of aggregates indicates that their
structure is non-fractal. To verify this, we determine the fractal dimension Df of
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our aggregates by fitting the data with a power-law function

N(rg) = K

( rg

r0

)Df

, (3.7)

where K is the fractal pre-factor and rg is the radius of gyration defined as

rg =

√

∑N
i r2

i

N
, (3.8)

with ri being a distance of i-th grain from the center of mass. This gyration ra-
dius is calculated for an aggregate at different stages of its growth sequence.
Since the structure of the projectiles influences the fit at small N(rg), the power-
law exponent Df is fitted to the outer half of the mass of an aggregate. The re-
sulting fractal dimensions of different particles are shown in an inset of Fig. 3.4.
The fractal dimension oscillates between Df = 2.9 and Df = 3.0, which shows the
non-fractal structure of particles, as expected for the PCA case (Ball and Witten
1984).

3.3.2 Fractal (CCA) projectiles

CCA growth produces porous, fractal aggregates (Krause and Blum 2004;
Paszun and Dominik 2006). The filling factor of these particles depends on mass
(due to fractal structure) and is lower than that of PCA clusters of equal mass.
This is a direct result of the CCA process, in which the void volume is increased
with every growth step. The hierarchical growth with these fluffy projectiles is
expected to produce more porous particles than in the case of PCA bullets.

The Results of hierarchical growth by a sequential agglomeration of CCA
particles are presented in Fig. 3.5. At first sight, in comparison with the PCA
bullet case, these aggregates show no spectacular differences. All particles have
an approximately spherical shape and indicate an increase of porosity with in-
creasing bullet mass. In Fig. 3.5a we present the reference aggregate made by a
sequential accumulation of monomers. Note that this is just a copy of the ag-
gregate in Fig. 3.2a. Even though the total mass of aggregates made of fractal
(CCA) bullets is lower (cf. Tab. 3.1), the size (as indicated by the bar in each
panel of Fig. 3.5) is very similar to or even larger than in the case of PCA pro-
jectiles. Obviously, the global filling factor of the new aggregates is much lower
now. Quantitatively this is shown in Figure 3.3. The solid, grey line indicates the
filling factor of aggregates produced by the hierarchical growth with CCA pro-
jectiles. For monomer and dimer bullets, the agglomerates are obviously iden-
tical since the bullets are identical as well. However, even for quadrumer and
octomer bullets, the filling factors of the final aggregates are identical both for
CCA and PCA bullets. However, this is a direct consequence of the fact that
the filling factors of bullets themselves hardly differ from each other at these
small sizes. Starting at Np ≥ 24, the differences between the targets do become
significant and again simply reflect the changes in the bullet properties.
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Figure 3.5 — Aggregates produced by a sequential coagulation of small CCA projectiles
of a constant size. Each panel presents a horizontal bar indicating a length of 100 µm.
Projectile mass is: A-Np = 20, B-Np = 22, C-Np = 24, D-Np = 25, E-Np = 26, F-Np = 28.

Again, the filling factors plotted in Figure 3.3 are influenced by the fluffy
transition region close to the aggregate surface. A better view at the limiting
filling factors that are reached by this process and realized in the cores of the ag-
gregates is given in Figure 3.6 which shows the density structure of aggregates
made of different CCA projectiles. An increasing projectile size results in a de-
crease of the central filling factor. For large CCA projectiles (Np = 25 . . . 28) the
filling factor decreases below the values obtained in the case of PCA projectiles
(cf. Fig. 3.4). The aggregate made of the largest bullets has a central filling factor
φ = 10−2, about a factor 2 lower than the value obtained for the corresponding
PCA projectiles, due to the lower filling factor of the CCA bullets. The more ir-
regular structure of the CCA projectiles also causes the stronger “noise” in the
filling factor in the inner regions of aggregates at r < 0.2rout. Even though the
CCA projectiles are fractals, this property is lost in larger aggregates during the
hierarchical growth. The filling factor in a final agglomerate is approximately
constant throughout the inner half of the aggregate’s radius and declines only
in the outer, porous layers. Therefore the internal structure of hierarchical aggre-
gates made of fractal projectiles is homogeneous and non-fractal. The inset in Fig. 3.6
shows the fractal dimension of these aggregates. Clearly the initial fractal nature
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Figure 3.6 — Density structure of CCA aggregates formed without rotation. Different
lines correspond to aggregates formed out of projectiles of different masses. From top to
bottom, projectile masses are: Np = 20, 21, 22, . . . , 28. The inset shows the fractal dimension
Df determined for these aggregates as a function of the mass of a projectile.

of projectiles diminishes, as the fractal dimension determined for these hierar-
chical aggregates is very close to Df = 3.0.

3.4 Discussion

We have shown that hierarchical growth in the pure form which we have stud-
ied here produces aggregates whose structure depends mostly on the filling fac-
tor of the projectiles. However several other effects may also play a role. Here
we address the influence of these additional aspects. The influence of the fractal
surface region is addressed in Sect. 3.4.1. The importance of aggregate penetra-
tion (toothing) on the filling factor of the produced aggregates is discussed in
Sect. 3.4.2. The effect of rotation is presented in Sect. 3.4.3 and illustrated with
additional simulations. Finally the relevance of the hierarchical growth for co-
agulation of dust in protoplanetary disks is discussed in Sect. 3.4.4.
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3.4.1 Surface porosity

PCA aggregates show a dependence of the global filling factor on the aggre-
gate mass. The reason for this is that the filling factor is affected by the fluffy,
outer layers. This transition region initially covers the entire particle. As growth
proceeds, projectiles are filling voids and build the constant-density core of an
aggregate with the filling factor φ = 0.15φp. Eventually, the density in the cen-
ter of an aggregate is high enough to prevent projectiles from entering. In the
mean time, however, the aggregate has grown and a new transition region has
appeared near the surface.

We determine the influence of these outer layers on the global filling factor
as a function of aggregate mass. To approach the limit of φ = 0.15 for the pure
PCA growth, the effect of the transition region must decrease with an increasing
aggregate size. Figure 3.7 shows the density structure of a single PCA aggregate
obtained at different growth stages. To determine the thickness of the transition

Figure 3.7 — The filling factor as a function of aggregate size. The growth sequence is
shown at 5 different stages: N = 25600, N = 51200, N = 102400, N = 204800, N = 409600
monomers. The dashed line shows a fit to the data of the inner part of the aggregate at
the most advanced growth stage. The transition layer is defined here as the region, where
the filling factor is lower than the fit by more than 10%. The inset shows the relative size
of the transition layer as a function of aggregate size. Again 5 different growth stages are
indicated.
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layer rtr, we fitted an arbitrary function f (r) = 1/r+φ0, with the fitting parameter
φ0, to the inner (core) region of an aggregate at different stages. As the beginning
of the transition layer we assume a radius of an aggregate, where the filling
factor drops below the fitted function by ∆φ = 0.01 (∼ 10%).

Accumulation of monomers causes an increase of the outer radius rout but
also causes an increase of the thickness of the outer porous layer rtr. However,
the increase of the transition layer is slower than the increase of the aggregate
size. This behavior is shown in the inset of Fig. 3.7. Indicated error-bars are
estimated by changing the criterion for the onset of the transition regime by 10%.
The thickness of the transition region relative to the outer radius of an aggregate
decreases as the growth proceeds. Moreover we can show that the volume of the
transition region is decreasing. This transition region corresponds to a volume
of

Vtr =
4
3
π(r3

out − r3
tr), (3.9)

and when we divide Eq. (3.9) by the total volume V = 4/3πr3
out, the elementary

mathematics leads us to

Vtr

V
= 3

rtr

rout
− 3

(

rtr

rout

)2

+

(

rtr

rout

)3

. (3.10)

Thus the volume ratio decreases with a decreasing ratio of rtr/rout. Therefore the
influence of the outer, fluffy layers weakens with increasing size. In the limiting
case, this outer, fluffy region is relatively very thin leading to a filling factor of
about φ = 0.15.

3.4.2 The core porosity and the toothing radius

The core density of hierarchical aggregates shows that their filling factor re-
sults from PCA-like growth of porous particles. Therefore the packing den-
sity is chiefly the product of the PCA filling factor (φ = 0.15) and the filling
factor of a projectile. In the case of PCA bullets the filling factor reaches the
value of φ ≈ 0.02 (cf. Fig. 3.4), indicating penetration of projectiles into the tar-
get (see Sect. 3.3.1). The lower the filling factor of the projectile, the larger the
surface voids in the particles are, and the larger the overlap is expected to be.
Figure 3.8a shows the ratio of aggregate over projectile filling factor for aggre-
gates formed of different projectiles. The deviation from the φ/φp = 0.15 line is
evidently increasing with decreasing filling factor. The exception of PCA parti-
cles results from the non-fractal structure of these projectiles. Their low filling
factor φis caused by the extended, outer transition region. Therefore, a further
increase in size of projectiles results in an increase of the filling factor of PCA
projectiles (because the relative thickness of the transition region decreases, as
shown in Sect. 3.4.1) and eventually reaches the limit of φ/φp = 0.15 at φp = 0.15.
CCA projectiles on the other hand have a fractal nature and thus their filling
factor decreases with increasing size. This results in a continuous increase of the
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Figure 3.8 — A - The core filling factor of hierarchically grown aggregates normalized to
the filling factor of projectiles. The core filling factor is determined by taking the filling
factor of the inner part of an aggregate only. In this case we determined the packing
density within a sphere with a radius of half of the outer radius. The dotted line indicate
a relation fitted to the data. B- a toothing radius rtooth of projectiles. See text for further
explanation.

ratio of the aggregate to the projectile filling factor, as the intersection is increas-
ingly larger. Therefore the filling factor of a final aggregate can be presented as
the PCA growth, where the final filling factor is given by φ = 0.15φp and a correc-
tion due to the penetration and the resulting increase of the actual density. The
correction must be a function of the projectile porosity, as more fluffy aggregates
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can be penetrate deeper. Following this path we fitted a simple function to our
data

φ = 0.15 φp − ζ φp log φp, (3.11)

where ζ = 0.368 ± 0.012 is a constant obtained from the least square fit.
The penetration depth can be expressed in terms of a toothing radius rtooth.

This quantity has been introduced by Ossenkopf (1993) as “half of the distance
of the centers of two equal size clusters that are on average sticking to each
other”. Thus in our case the toothing radius rtooth is given by

φ

φp(rtooth)
= 0.15, (3.12)

where

φp(rtooth) = Np(rtooth)
(

r0

rtooth

)3

(3.13)

is the filling factor of a projectile determined at r = rtooth. Therefore a low tooth-
ing radius means that the penetration is deep and aggregates overlap signifi-
cantly. Figure 3.8b shows the toothing radii obtained for projectiles with differ-
ent filling factors. PCA particles are characterized by rather large toothing radii,
meaning that the penetration must be relatively shallow. Intuitively, the tooth-
ing radius of non-fractal aggregates should approach the outer radius in the
limit of large agglomerates (i.e. for PCA projectiles limn→∞

rtooth
rout
= 1). Here PCA

particles still suffer from the extended, porous, outer transition region. Thus
the average penetration depth is relatively deep (rtooth/rout < 0.65 for Np ≥ 27).
Figure 3.8b shows, however, that the toothing radius increases very steeply for
PCA particles. Therefore it may be expected that for larger sizes (and filling
factor φ=0.15) the toothing radius will approach the outer radius.

Fractal projectiles on the other hand show very different behavior. In this
case the penetration depth increases with the increasing size up to 70% of their
outer radius for largest aggregates (Np = 28). Aggregates of different fractal
dimension (CCA particles formed in the presence of rotation are characterized
by Df ≈ 1.5, while these formed without rotation have Df ≈ 2.0) seem to behave
in a similar way indicating that the main parameter is the filling factor of the
projectile, not the precise structure. We note that the final increase of the relative
toothing radius for CCA aggregates in Fig. 3.8b and flattening in Fig. 3.8a are
probably caused by chance effects due to the random aggregate shape and the
limited size of the final aggregates (see section 3.4.3).

3.4.3 The influence of rotation

We have shown in Sect. 3.2 that, as long as rotation and linear motion are asso-
ciated with similar energies, the effect of rotation on hierarchical growth should
be small. However, the formation of small CCA projectiles is in fact influenced
significantly by rotation, and we expect that hierarchical growth will reflect the
increased projectile porosity.



50 Hierarchical growth

Even though the size of aggregates produced in simulations treating aggre-
gate rotation is limited, we show the effect of including rotation with an exam-
ple calculation. The overall filling factor of aggregates formed with rotation is
shown, along with the filling factors discussed earlier, in Fig. 3.3. Even for the
smallest projectiles (monomers and dimers are structurally identical to the non-
rotation case), there is a weak decrease in filling factor. This is the direct, limited
influence of projectile rotation during the collision. The shift in filling factor
seems to be approximately constant for the small projectiles. However, starting
with 8-mers, the effect is clearly visible, both in the filling factor of the projectile,
and consequentially in the filling factor of the produced large aggregate. The
difference of the filling factor between growth using monomers and using 256-
mers reaches two orders of magnitude. Going back to figure 3.8, it is interesting
to see that the ratio of final to projectile filling factor follows the same trend al-
ready established for the non-rotation simulations. This re-enforces our notion
that for hierarchical growth, rotation can be neglected when building up the
large aggregate from smaller ones, but it cannot be ignored when constructing
the projectiles.

Figure 3.9 shows the density structure of several aggregates made of differ-
ent masses of CCA projectiles formed in the presence of rotation. Particles made
of largest projectiles contain only a few hundred bullets and thus have not yet
fully converged to the final structure. Even close to the core the density will still
increase somewhat. Although the density of some aggregates is not homoge-
neous throughout the inner regions, the fractal dimension determined for all ag-
gregates indicates non-fractal structure, as presented in the inset of Fig. 3.9. The
fractal dimension is scattered around Df = 3.0 and does not fall below Df = 2.7.

3.4.4 Relevance of the hierarchical growth.

Hierarchical growth produces aggregates of very porous and non-fractal struc-
ture. This affects both the collision cross-section and the strength of particles
as the packing density determines the ability to restructure or erode an aggre-
gate (Paszun and Dominik 2008a). Since the influence of the outer fluffy layers
of agglomerates on the average filling factor depends on mass (cf. Sect. 3.4.1),
it is important to understand conditions where the hierarchical growth takes
place. For this purpose we employ a simple model of the minimum-mass solar
nebula (Hayashi 1981) to obtain quantities that characterize the gas component
(Table 3.2; after Takeuchi and Lin (2002) and Ormel et al. (2008a)). We assume a
turbulent state of the gas with the strength parameter α = 10−2. The turbulent
viscosity is given by (Shakura and Sunyaev 1973)

νT = αcsHg = αc2
sΩ
−1, (3.14)

with Hg being the scale height of the gas disk and Ω being the local Kepler fre-
quency. The overturn time of the smallest eddy is

τs = Re−1/2τL, (3.15)
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Figure 3.9 — Density structure of CCA aggregates formed with rotation. Different lines
corresponds to aggregates formed out of projectiles of different masses. From top to
bottom projectile masses are: Np = 20, 21, 22, . . . , 28. The inset shows the fractal dimension
Df determined for these aggregates as a function of the mass of a projectile.

Table 3.2 — Gas parameters corresponding to a minimum-mass solar nebula model with
total mass of 2.5 ·10−2 M⊙ within 100AU. The radial distribution of the surface density and
the temperature have a power-law form with slope of −1 and −0.5, respectively.

parameter symbol adopted value units
Gas density ρg 28./0.16 10−11 g cm−3

Sound speed cs 10./5.6 104 cm s−1

Mean free path (gas) λ 6.9/1230. cm
Temperature T 280./89. K
Large eddy overturn time τL = Ω

−1 0.16/5.0 yr
Turbulence strength parameter α 10−2

Smallest eddy turnover time τs 1.3/131 103 s

with the Reynolds number Re = νT/νm, where νm = csλ/2 is the molecular vis-
cosity (Cuzzi et al. 1993). Here we consider only two main sources of relative
velocities between dust particles:
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1. Thermal (Brownian) motions. Dust particles collide with gas molecules re-
sulting in transfer of the momentum. These collisions give a push from
random directions causing Brownian motion of dust particles. Relative
velocities between two aggregates of mass m1 and m2 are then given by

∆vBM =

√

8πkBT (m1 + m2)
πm1m2

, (3.16)

where kB is Boltzmann’s constant. These relative velocities are very low
(∼mm/s for micron-sized particles) and decrease further for larger sizes.

2. Turbulence. Dust aggregates respond to the gas on a timescale given by the
stopping time τf (see Eq. (3.1)). The mean turbulent gas velocity fluctua-
tions vg = (3/2)1/2 α1/2 cs (Cuzzi and Hogan 2003; Ormel et al. 2008a) are
not immediately mirrored by dust particles, resulting in relative motions
between dust particles as particles of different stopping time have differ-
ent velocities. These relative velocities are given in a simple form (Voelk
et al. 1980) as ∆v2

12 = ∆v2
II + ∆v2

I where subscripts II and I denote contri-
butions due to fast (class II) and slow (class I) eddies. The two terms are
given as a function of the Stokes number of the particles by (for a complete
derivation see Ormel and Cuzzi 2007)

∆v2
I = v2

g
St1 − St2
St1 + St2

(

St21
St∗12 + St1

−
St21

1 + St1
− (1↔ 2)

)

(3.17a)

∆v2
II = v2

g

(

(St∗12 − Re−1/2) +
St21

St1 + St∗12
−

St21
St1 + Re−1/2

+ (1↔ 2)
)

. (3.17b)

Here the term St∗12 is obtained by solving eq.21d from Ormel and Cuzzi
(2007) and is given by St∗12 ≈ 1.6 max(τ1,τ2)

τL
for small particles (τL ≫ τf), and

St∗12 ≈
max(τ1,τ2)

τL
for τf ≈ τL.

We use these velocities to determine under what circumstances hierarchical
growth is relevant. First we discuss which particles of a given size distribution
contribute most to the growth of a larger aggregate. Then we also consider
typical impact energies to infer if and for what particles our idealized hit-and-
stick assumptions are applicable.

Small particle contributions to growth

In Sect. 3.1 we have already motivated that hierarchical growth needs to be con-
sidered in a situation where on-going fragmentation leads to a replenishment
of small particles. To investigate the mass contribution of different size aggre-
gates to the growth, we will assume a flat mass spectrum of dust particles, i.e. a
distribution that is given by f (m)m2d log m = const. In this case, the mass in a log-
arithmic interval between log m and log m + d log m is constant. This assumption
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is a reasonable approximation to the results of numerical simulations including
fragmentation (e.g., Brauer et al. 2008a; Ormel et al. 2008b). The mass accumu-
lation rate of a target aggregate is then given by

dmt

dt
=

∫ m2

m1

fp(m) m2
p σcoll ∆v dm, (3.18)

where fp(m) is density of projectiles of mass Np and σcoll = π(rp + rt)2 is the
cross-section for collision between target aggregate and a projectile. Figure 3.10
shows the cumulative mass accumulation rate ṁt for every target aggregate. For

Figure 3.10 — Cumulative mass accumulation rate for PCA aggregates. The mass gain is
normalized such that the total accumulation is unity for all projectiles smaller or equal
to the target mass. The dashed line indicates the projectile size that has two orders of
magnitude smaller mass than the target (Np = 10−2Nt). The change in the mass accumu-
lation rate at about Nt ≈ 105 indicates a change in relative velocities due to decoupling of
aggregates from the smallest eddies.

each target (Nt) and projectile (Np) we show the mass contribution from all pro-
jectiles smaller or equal to Np.

Given these assumptions, Figure 3.10 clearly shows that for all but the small-
est aggregates, the growth is dominated by projectiles much smaller that the tar-
get. The dashed line indicates a projectile mass two orders of magnitude smaller
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than the corresponding target particle. Therefore aggregates made of more than
∼ 105 monomers collect over 60% of the total coagulated material from particles
of masses smaller than 0.01 of their own. This indicates a great importance of
hierarchical growth, as the coagulation is dominated by collisions with signifi-
cantly smaller particles.

Prediction of the aggregate structure that results from the hierarchical
growth, requires a coagulation model that follows the evolution of both the mass
and the filling factor of dust aggregates. This issue is going to be the subject of
a follow-up study.

Impact energy and the hit-and-stick approximation

As the hierarchical growth has a great importance in the coagulation of dust
aggregates, we now need to focus on the energy available during a collision
and verify under what conditions this energy is consistent with the assump-
tions made in this paper. We have shown in Sect. 3.3.1 and Sect. 3.3.2 that the
structure of aggregates in the hit-and-stick regime is determined almost entirely
by the filling factor of projectiles. This opens up a very simple way to compute
filling factors of aggregates in this regime. Higher collision energies will result
in restructuring and thus affect the final porosity of aggregates (making them
more compact). The restructuring threshold depends on both material proper-
ties and monomer size (cf. Eq. (3.2)). We keep these quantities as free parame-
ters in the following derivation. The surface energy γ for two species we adopt
is γsil = 25 erg cm−2 for silicate monomers and γice = 370 erg cm−2 for ice coated
silicate grains. In the latter case the mass of aggregates is set by the bulk density
of silicates (ρ0 = 2.65 g cm−3), while the restructuring is determined by the ice
mantle. We also consider three different monomer sizes: r0 = 300 Å, r0 = 0.1 µm,
and r0 = 0.5 µm.

Numerical simulations by Dominik and Tielens (1997) have shown that
the first visible restructuring occurs above about five times the rolling energy
(Eq. (3.2)). Later Blum and Wurm (2000) confirmed this finding in laboratory ex-
periments. Therefore we take this energy threshold as the upper limit of the hit-
and-stick regime. As for the relative velocities we continue with the minimum-
mass solar nebula model adopted in Sect. 3.4.4.

We calculate the collision energies between different particles relative to
the restructuring energy threshold: E/(5 Eroll). Note that the rolling energy
Eroll scales for different materials (ice and silicates) with the surface energy γ

only, as the critical displacement ξcrit is assumed to be independent of mate-
rial. Figure 3.11 shows the projectile mass for which the impact energy equals
the threshold energy for restructuring. The different line styles indicate aggre-
gates made of ice-coated monomers (dashed lines) and silicates grains (solid
lines). Lines corresponding to different monomer sizes are labeled. Collisions
occur between target aggregates (of mass Nt) and projectiles (Np). For simplicity
we assume a PCA structure of all aggregates, i.e. φ = 0.15, which is really the
worst case scenario. If more fluffy particles form due to hierarchical growth,
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Figure 3.11 — The restructuring energy threshold (E = 5Eroll) for small monomers of
r0 = 300 Å, r0 = 0.1, and r0 = 0.5 µm. The solid line correspond to silicate grains, while
the dashed line corresponds to ice coated silicate grains. Short perpendicular ticks indi-
cate a decrease direction of the collision energy. The two panels correspond to different
distances from the central star in the minimum-mass solar nebula: A - 1AU and B - 10AU.

the porosity will increase, changing the projected surface area of agglomerates.
This affects both their collision cross-section and their stopping time. As a re-
sult, relative velocities will decrease, allowing hit-and-stick growth to proceed
to even larger masses. Figure 3.11a shows the results at the distance of 1 AU
from the central star. Aggregates made of about micron-sized silicate monomers
(r0 = 0.5 µm) can grow to about Nt = 104 grains, before any restructuring can
occur. Smaller aggregates, of the order of Np ∼ 10 monomers, have impact ener-
gies above the threshold value when they collide with very large targets made
of over Nt ∼ 106 grains. A significantly higher threshold velocity for smaller
monomers allows for the hit-and-stick growth up to greatly larger aggregate
sizes (in terms of the number of monomers). No restructuring occurs, regard-
less of the projectile mass, for target aggregates made of, respectively, up to over
106 and up to over 107 monomers for grain size of 0.1 µm and 300 Å. This effect
is caused by both higher adhesion force per unit mass (increasing the rigidity
of aggregates), and much shorter stopping times of aggregates made of smaller
monomers (leading to smaller relative velocities). The effect of the difference
in the rolling energy can be directly observed by comparing results for silicate
grains with and without ice mantle. The higher surface energy of ice results in
a threshold energy higher by about an order of magnitude (this is caused by the
ratio of the surface energy of ice over that of silicates of γice/γsil = 14.8) for the
hit-and-stick growth.
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Figure 3.11b shows the threshold energy for aggregates at 10 AU. In this case,
lower densities (due to the negative radial density profile) result in longer stop-
ping times of aggregates and thus higher relative velocities. The onset of restruc-
turing at 10 AU, however, is only slightly different. The maximum number of
monomers that can be reached without the onset of restructuring is only slightly
smaller.

These results show that dust aggregates can grow several orders of magni-
tude in mass before any restructuring can occur. In the case of a weaker tur-
bulence the relative velocities decrease. This results in the growth unaffected
by restructuring to even larger sizes. For the parameter α = 10−4 particles will
grow to masses about two orders of magnitude larger. The coagulation process
in these conditions produces particles of very low filling factor, depending on
the mechanism responsible for the growth of small projectiles.

Note that small aggregates can also collide with much larger particles (due
to a flat mass spectrum) and cause restructuring. In such a case, however, these
small aggregates are incorporated into bigger bodies (they are removed) and re-
structuring occurs only in this large particle. Moreover, very big particles (about
100µm in size and larger) can bounce (Langkowski et al. 2008b), which affects
the structure of both impactors if the impact energy is sufficiently high. This,
however, requires growth to very big sizes, where restructuring is already in-
volved in shaping the particle structure. Therefore, the hierarchical growth in
this size regime must be considered together with a structural evolution due to
collisional compaction (see chapter 5).

3.5 Conclusions

We have studied the process of hierarchical growth of dust aggregates, in which
a large target aggregate is built up slowly by adding much smaller projectiles of
constant size. We have shown that this process leads to aggregates that consist
of a core and a surface transition region.

The core is non-fractal in nature, so it has a constant density. The density
of this core results from the fact that it is built up in a PCA-like process from
the projectiles. If the projectiles are particles that are relatively compact and
spherical (i.e. PCA aggregates themselves), a good approximation for the final
core density is the product of the volume filling factor of the projectiles φp times
the PCA filling factor 0.15. For projectile aggregates that result from a CCA-
like growth mechanism, the typical distance between projectile aggregates in
the growing target is smaller than the circumscribing radius of the projectile,
because the porous outer layers interpenetrate before the first physical contact.
However, also in this case, we find that the final filling factor of the core is largely
given by the filling factor of the projectiles and can be approximated very well
by a simple relation (see Eq. (3.11)).

We also show that in a coagulation environment where relative velocities are
driven by turbulence, a logarithmically flat mass distribution (equal mass per
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mass decade) immediately leads to a situation where small particles and ag-
gregates dominate the growth of large ones. Therefore, in such environments,
hierarchical growth should be seen as the norm. Consequently, we predict that
the aggregates in such environments are not fractals with extremely low densi-
ties as they would result from extrapolation of fractal laws to large sizes. The
compactification of aggregates does not only result from collisions with enough
energy to restructure aggregates - it starts already earlier by filling voids in par-
ticles with smaller projectiles that contribute to the growth.
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Numerical determination of the material

properties of porous dust cakes.
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Abstract
The formation of planetesimals requires the growth of dust particles through collisions.
Micron-sized particles must grow by many orders of magnitude in mass. To understand and
model the processes during this growth, both the mechanical properties and the interaction
cross sections of aggregates with surrounding gas must be well understood. Recent advances
in experimental (laboratory) studies now provide the background for pushing numerical ag-
gregate models to a new level. We present the calibration of a previously tested model of
aggregate dynamics. We use plastic deformation of surface asperities as the physical model to
matchthe velocities needed for sticking with experimental results. The modified code is then
used to compute both the compression strength and the velocity of sound in the aggregate at
different densities. We compare these predictions with experimental results and conclude that
the new code is capable of studying the properties of small aggregates.

4.1 Introduction

It is commonly accepted that planets form in protoplanetary disks. Giant planets
are believed to be produced via one of two competing scenarios. The first one
is a gravitational instability (Boss 2007). Clumps of gas (intermixed with dust)
may become gravitationally bound and contract forming giant planets. This
model is still being hotly debated (i.e. Pickett et al. 2000; Boley et al. 2006, 2007;
Mayer et al. 2002, 2004, 2007). The second, more commonly accepted scenario is
known as the core accretion model (Pollack et al. 1996). In this mechanism the
solid core of a planet forms first and gas is accreted onto that core later. The core
itself is believed to form by collisional accumulation of planetesimals. Because
of their similarity to the giant planets’ cores, terrestial planets must form out of
planetesimals with the help of gravitational interactions.

The formation of planetesimals is also a subject of debate. The scenario ini-
tially proposed by Goldreich and Ward (1973) assumed a laminar structure of
the disk. When the dust sublayer reaches a critical thickness, a gravitational
instability may form planetesimals from the dense and gravitationally bound
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concentrations of dust. However, this mechanism requires an extremely lami-
nar nebula. The shearing motion of the dust layer causes a Kelvin-Helmholtz
instability and therefore limits the thickness of the sublayer. The gravitational
instability of the dust layer is then prevented. This was proved by Weiden-
schilling (1984), Cuzzi et al. (1993), and Johansen et al. (2006a).

The core accretion model requires micron-sized dust grains to grow into km-
sized planetesimals. These are over 27 orders of magnitude in mass. Radial drift
alone may move dust particles inwards onto the central star before they reach
a bigger size. The drift can move meter-sized particles all the way in within
only 100 orbits (Weidenschilling 1977). Relative velocities of large bodies set an-
other barrier against the accumulation of large particles (Weidenschilling and
Cuzzi 1993; Wurm et al. 2005a; Ormel and Cuzzi 2007). A recent study by Jo-
hansen et al. (2006b) shows, however, that planetesimals might be produced by
a gravitational collapse in the presence of turbulence. Meter-sized boulders con-
centrated in high-pressure turbulent eddies in the disk may form gravitationally
bound clumps. Even if this process can really be made to work, dust particles
must first grow over 18 orders of magnitude in mass to be able to form such
dense accumulations. This growth must happen through the collisional sticking
of dust particles.

The initially small, micron-sized, dust grains (also referred to later as
monomers) collide and stick to each other thanks to attractive surface forces
(Johnson et al. 1971). The fine dust is very well-coupled to the gas, meaning
that the particles move collectively. The relative velocities are very small be-
cause of the Brownian motion (Brown 1828). These conditions lead to a quasi-
monodisperse growth that tends to collide particles of similar sizes. The aggre-
gates (further referred to as agglomerates or particles) formed in this case are
fractal (Kempf et al. 1999; Blum et al. 2000; Krause and Blum 2004; Paszun and
Dominik 2006).

The Brownian growth produces aggregates with a very open structure and
the fractal dimension Df = 1.5 (Blum et al. 2000; Krause and Blum 2004; Paszun
and Dominik 2006). However, the gas density influences the growth. When the
collisions are no longer ballistic due to high gas density and thus short stopping
length, the fractal dimension decreases and, in the case of a very high gas den-
sity, it may even approach unity (Paszun and Dominik 2006). This process may
play a role in the innermost regions of protoplanetary disks.

The subsequent growth of the dust aggregates eventually leads to decou-
pling of the dust component from the gas. The particles start to be affected by
turbulence, sedimentation, and radial drift (Weidenschilling 1977, 1980, 1984).
The relative velocities thus increase, and collisions tend to occur between ag-
glomerates of different sizes (Weidenschilling and Cuzzi 1993). When the colli-
sion energy becomes higher than some threshold-restructuring energy, aggre-
gates are compacted and their fractal dimension approaches Df = 3 (Dominik
and Tielens 1997; Blum and Wurm 2000). Further growth and compaction
causes the particles to decouple from the gas more effectively and the relative
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velocities increase even more. Dominik and Tielens (1997) and Blum and Wurm
(2000) have shown that the outcome of collisions can be categorized in terms of
collision energy. Perfect sticking without restructuring occurs when the collision
energy is lower than the threshold rolling energy, which is the energy needed to
roll a single particle over an angle of π/2. When the collision energy reaches this
limit, the aggregates start to compress upon impact. The maximum compaction
occurs when the collision energy equals the rolling energy times the number of
contacts in the aggregates. The particles start to lose monomers, when the im-
pact energy reaches the number of contacts in the aggregate times the energy
needed to break one contact. Catastrophic disruption occurs when the energy
reaches several times the number of contacts times the breaking energy. There-
fore, as particles grow and decouple from the gas, eventually relative velocities
are reached that will lead to shattering of the colliding aggregates (Ormel and
Cuzzi 2007).

This general picture has several missing elements. Although numerous ex-
periments have been performed in different size and velocity regimes (Krause
and Blum 2004; Blum and Wurm 2000; Wurm et al. 2005a,b, for a review see
Blum & Wurm, ARAA,2008 in press), our understanding of the processes in-
volved in the growth of aggregates is still incomplete. The restructuring mecha-
nism for instance is understood only qualitatively. The degree of the collisional
compaction still remains a mystery. This, however, is crucial for the growth of
the meter sized aggregates. The sticking efficiency as a function of the particle
density along with the density evolution must be determined in order to under-
stand quantitatively the growth of meter sized boulders.

The low strength of the aggregates due to the fractal structure leads to frag-
mentation in the case of fast impacts. The distribution of fragment sizes must
be also determined as a function of the collision energy. This makes it possi-
ble to keep track of the realistic size distribution in the disk. Small particles, if
not replenished in the disk, are very quickly swept up by larger grains (Dulle-
mond and Dominik 2005). Thus the small particles should be supplied to the
disk by some processes. Dominik and Dullemond (2008) show that the infall
of grains from the parent cloud is rather unrealistic and requires fine tuning of
parameters to reproduce observational data. Thus collisional fragmentation is
the most likely mechanism that can explain the population of small grains in
protoplanetary disks. However, long before fractal aggregates approach veloci-
ties high enough to cause fragmentation, they undergo collisional compression
(Blum and Wurm 2000; Weidenschilling and Cuzzi 1993). Thus the only scenario
leading to fragmentation of fractals is collision with much larger non–fractal
particle.

The current understanding of processes like sticking, bouncing and fragmen-
tation of aggregates is poor. The understanding of this processes on micro scales
may fill these gaps and allow extrapolations to the larger sizes. This may be re-
solved by two approaches. Experiments may be performed in a laboratory to
provide useful data. However, this way is available only for aggregates below
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centimeter in size. Larger particles are currently inaccessible for experiments.
The second, theoretical approach, provides understanding of the material prop-
erties of porous matter and reach aggregates of meter size and beyond. Thus it
would be ideal to provide theoretical predictions for centimeter sized and larger
aggregates.

Sirono (2004) has developed a model capable of simulating meter-sized and
larger aggregates, using smoothed particles hydrodynamics (SPH). In this case
one particle in the model is an aggregate characterized by material properties,
such as compressive strength, tensile strength, density, and sound speed. To
obtain some of these properties, he fitted power-law functions to experimental
data of compression and tensile strength. This method was then also used by
Schäfer et al. (2007). Further studies require, however, a more precise determi-
nation of the material properties of porous bodies. These may be obtained in
laboratory experiments or in computer simulations as presented in this work.

More realistic Solar nebula dust analogs were used in experiments by Blum
et al. (2006). They investigated aggregates made of micron-sized dust particles.
Moreover, different aggregates used in these experiments consisted of spherical
or irregularly shaped monomers. The compression and tensile strength curves
for these dust cakes were determined.

Although experiments quantitatively describe processes in cm-sized aggre-
gates, it is difficult to access for small aggregates of a few microns. Aggregate
dynamics models (Dominik and Tielens 1997; Dominik and Nübold 2002) are
ideal for simulations of these small-scale structures. This method spatially re-
solves single monomers, which is certainly needed to understand physics of the
large meter-sized bodies. Until now the main drawback of this aggregate dy-
namics model has been missing quantitative agreement with experiments, even
though the qualitative agreement has already been established (Blum and Wurm
2000). Thus a calibration of this model is required.

Another aggregate dynamics model has recently been presented by Wada
et al. (2007). They made use of potential energies to derive forces acting be-
tween grains at different degrees of freedom. In this case they only present a 2D
case, but their results agree with findings of N–body model presented earlier by
Dominik and Tielens (1997). Wada et al. (ApJ,2007; submitted) show the first
results of compression and disruption of 3D aggregates in head – on collisions.
Although the model qualitatively agrees with experiments, as is studied by Do-
minik and Tielens (1997), the quantitative mismatch is still present. Wada et al.
(2007) do not show any solution to the quantitative disagreement between the-
ory and laboratory experiments. Thhis paper addresses this issue and provides
mechanisms that fit our model to the empirical data.

In this paper we present the calibration of the aggregates dynamics model
developed by Dominik and Tielens (1997) and Dominik and Nübold (2002). We
fit the code using experimental data and test it further. Modifications that are
implemented in the code are presented, together with a few possible application
of the model.
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4.2 The model

To study the agglomeration mechanisms involved in the growth of planetesi-
mals, we used the SAND code (soft aggregate numerical dynamics) developed
by Dominik and Nübold (2002). It is an N–body model of a system of spherical
particles interacting via surface forces.

Two monomers only feel the attractive force when they are in contact. The
surfaces of the particles are deformed and form a contact area. When the par-
ticles are pulled outwards, increasing the relative distance, the contact area de-
creases and the monomers are pulled back to the equilibrium position by the
surface forces. The compression of the system, on the other hand, leads to in-
creasing the contact area and repulsive force pushing the particles apart. A de-
tailed description of the surface forces was provided by Johnson et al. (1971)
(referred to as JKR). The influence of adhesion forces on the contact between
particles was also studied by Derjaguin et al. (1975). The model is able to treat
long-range magnetic forces (Dominik and Nübold 2002); however, these are not
the subject of our current study.

There are two main processes that govern the events during a collision. The
first one breaks a contact between two monomers. This dissipates part of the
energy and weakens or destroys aggregates participating in the collision. The
second process is a rolling motion of a monomer over another grain. This also
dissipates energy and causes a restructuring of an aggregate. This restructur-
ing may be attributed to either compression, which results in strengthening the
aggregate, or decompression, i.e. weakening the aggregate’s structure.

The JKR theory predicts a critical force that is needed to separate two par-
ticles. This prediction was tested for the case of micron-size Silica spheres by
Heim et al. (1999). Two monomers were pulled off each other using an Atomic
Force Microscope. The measured pull-off force agreed with the force predicted
by the JKR theory. The pull-off force is

Fc = 3πγR, (4.1)

where γ is a surface energy and R =
( 1

R1
+

1
R2

)−1 is a reduced radius of the spheres
in contact. Thus the results of the experiments confirm the theoretical predic-
tions.

A similar experiment was performed to determine the horizontal forces act-
ing on the particles in contact (first studied theoretically by Dominik and Tielens
1997). The horizontal displacement of the contact zone causes a torque acting
against the displacement. The resulting rolling friction was measured in labora-
tory experiments, again using an AFM (Heim et al. 1999).

4.2.1 Rolling friction

Rolling friction is one of the most important energy dissipation channels in the
restructuring of aggregates (Dominik and Tielens 1997). It is thus very impor-
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tance to treat it in a correct way. The theoretical derivation by Dominik and Tie-
lens (1997) shows that the energy associated with initiating rolling is expressed
as

eroll = 6πγξ2
crit, (4.2)

where ξcrit is a critical displacement at which the inelastic behavior occurs and
energy is dissipated. Initially, ξcrit was assumed to be close to inter – atomic
distances (Dominik and Tielens 1997). The rolling motion causes a shift of the
contact area, implying that the contact at one end has to be broken to form it
at the other side of the contact area. The experimentally determined friction
showed that the critical displacement must be larger. The determined value
was ξcrit = 3.2 nm, meaning that the displacement is close to ten inter atomic
distances. Dominik and Nübold (2002) has already taken that into account and
used the value of ξcrit = 10 Å in their model. This was applied, however, to
different material than the one investigated in the lab. We followed Heim et al.
(1999) and applied a higher value for ξcrit = 20 Å, which is approximately 10
inter atomic distances.

4.2.2 The pull-off force and the critical velocity for sticking

The dominating mechanism that dissipates energy at low velocities is rolling. At
higher impact speeds, however, other channels become more important. Chok-
shi et al. (1993) and Dominik and Tielens (1997) calculated how much of the
initial energy is dissipated in the collision between two particles. This gives the
maximum energy at which the particles can stick in a head–on collision. The
critical velocity is given by

vcrit = 1.07
γ5/6

E∗1/3R5/6ρ1/2
, (4.3)

where γ, R and ρ are surface energy, reduced radius and mass density, respec-

tively. The equation E∗−1
=

1−ν2
1

E1
+

1−ν2
2

E2
is a reduced elasticity modulus with νi and

Ei being Poisson’s ratio and Young’s modulus, respectively, of grain i. When
Eq. 4.3 is applied to a R1 = 0.6 µm silica grain, impacting flat silica surface, it
gives the critical velocity vcrit = 0.18 ms−1. This was tested again in experiments.
Poppe et al. (2000) show that such a particle can stick to the surface at signif-
icantly higher velocities on the order of 1 ms−1. The measured velocities were
1.2 ± 0.1 ms−1 for 0.6 µm grains and 1.9 ± 0.4 ms−1 for 0.25 µm grains. They used
a slightly different definition of the critical velocity. The critical velocity was
defined as the velocity at which the probabilities of sticking and bouncing are
equal to 50%. They measured the sticking velocity for different materials, shapes
and sizes of particles. The resulting critical velocity was shown to depend on the
size of the monomer as a power law with an index of about 0.53. Although the
theoretically derived slope R−5/6 of the power law is different from the empirical
data, they are still consistent within error bars. Moreover the power law was
fitted to only two data points.
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We assume that the theoretical dependence on the radius is correct and con-
sistent with the experiment. The discrepancy between the absolute values of the
critical velocity, however, has to be revised, and doing so is absolutely essential
for meaningful results.

To better understand the mechanisms involved in the sticking of the
monomers, we refer to experiments by Dahneke (1975) and Poppe et al. (2000).
They investigated the bouncing of micron-sized spheres off a flat silica surface.
In the earlier experiment, the impacting particle was made of soft polystyrene,
while the later one used silica grains.

Dahneke (1975) experimentally determined the critical velocity to be about
1 ms−1. The ratio of the rebound velocity to the incident speed (coefficient of
restitution) decreases in this case with decreasing impact velocity. At very high
velocities of about 20 ms−1, Dahneke (1975) noticed a decrease in the restitution
coefficient with increasing impact speed. He related that behavior to plastic
deformation. In the experiment by Poppe et al. (2000) the first positive value of
the coefficient of restitution indicates a critical velocity on the order of ∼ 1 ms−1.

To scale the model to the experimental data, we introduce a mechanism that
dissipates part of the initial energy at the moment of first contact. The plastic
deformation of small asperities on the surface of the grain is an easy way to
dissipate the energy and increase the critical velocity. Below we estimate the
central pressure in order to compare it to the yield strength of 104 MPa (Callister
2000) for silica1. Chokshi et al. (1993), on the other hand, argue that the yield
strength for very small bodies is nearly 0.2 times the Young’s modulus of the
material. This corresponds to 11 GPa for silica.

The maximum pressure in the contact area occurs in the center of the contact.
The radial distribution of pressure in the contact zone is (Dominik and Tielens
1996)

p(r, a) = 6
Fc

πa2
0

a

a0
(1 −

( r

a

)2
)1/2 − 2

Fc

πa2
0

(

a

a0

)−1/2

(1 −
( r

a

)2
)−1/2, (4.4)

where a0 in this equation is the equilibrium contact radius given as

a0 =

(9πγR2

E∗

)1/3

. (4.5)

Now we need to estimate the maximum contact radius that is reached during
the collision. The radius of the contact area increases with increasing normal
load. The force applied to the sphere during the collision is F = d(mv)/dt, where
d(mv) is the momentum of the impacting particle and dt ≈ 10−9 s is the collision
time. With this force applied, the contact radius is

a =

( 3R

4E∗
(F + 6πγR +

√

(6πγR)2 + 12πγRF)
)1/3

, (4.6)

as derived by Johnson et al. (1971). Thus in the case of the velocity v = 1 m/s, the
central pressure is close to 1 GPa. This pressure is, however, exactly in between

1Since the yield strength of brittle material like silica is not defined, flexular strength is given.
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the two values of the yield strength specified above, making plastic deformation
possible. The lower limit of the yield strength (104 MPa) is reached at radii r/a <

0.914, which exposes 83% of the contact area to potential plastic deformation.
This idea was investigated before by Tsai et al. (1990). The energy consump-

tion in such a deformation can be expressed as

Easp = YVasp, (4.7)

where Y is the yield strength of the deforming material and Vasp the volume of
the asperities that are flattened during the collision. To calculate the dissipated
energy we need to get the volume of asperities. We follow Tsai et al. (1990) again
and calculate the maximum contact area given by

amax =

(

( 3R

4E∗

)

[Feq + 6πγR +

√

(6πγR)2 + 12πγRFeq]
)1/3

(4.8)

(Chokshi et al. 1993) and the equivalent impact force given by Tsai et al. (1990)
as

Feq = 2.53/5E
3/5
kin R1/5E∗ 2/5. (4.9)

Now we can get the volume of the deformed material by multiplying the contact
area by the volume of a single asperity and the number of asperities per surface
area

Vasp =
2
3
πr3

aspNasp ∗ πa2
max, (4.10)

where rasp is the radius of a single asperity. Here we assume the bumps to be
hemispheres distributed homogeneously over the surface of a particle or a tar-
get. In our case we use a parameter that describes the total volume plastically
deformed per unit of the surface area. This way we have only one parameter
that defines how efficiently the energy is dissipated. In reality the pressure in
the contact area is compressive in the center and tensile on the edge. Thus our
parameter may be slightly higher than what we present. Figure 4.1 shows the
critical velocities determined experimentally (Poppe et al. 2000) for two differ-
ent grain sizes. The critical velocity obtained using our model is also plotted
showing that we have successfully fitted our model and that we can reproduce
the experimental results.

The volume of the asperities deformed upon collision is very small in our
model. When we assume surface roughness to be hemispheres with radii rasp =

1 nm, the fraction of the area occupied by the asperities is only about 2%. We can
thus still say that the molecular size asperities may be responsible for increasing
the critical velocity. Moreover, we see in Fig. 4.1 that the dependence of the
sticking velocity on the grain size is not affected, and the only difference is that
the energy regime has been shifted to the level measured in experiments.

To avoid confusion, we must again stress that we do not claim that the plastic
dissipation takes place during the collisions of silica spheres. We simply imple-
ment additional scaling parameter in order to fit our model to the experimental
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Figure 4.1 — Critical velocity as a function of a grain size. Squares indicate the model
without additional dissipation process, diamonds show the present model with the en-
ergy dissipation by plastic deformation of surface roughness and triangles show experi-
mentally determined values by Poppe et al. (2000) with error bars.

data. The discrepancy between the empirical data and theory should be further
investigated. We also think that plastic deformation might need some more at-
tention, because of the very high pressure that is present in the center of the
contact area and the relatively low strength of the material considered in this
work.

4.2.3 Excitation and cooling

In parallel to the energy dissipation due to contact breaking, energy can be dis-
sipated via other channels in the vertical degree of freedom (along the line con-
necting centers of two grains in contact). Two grains held together by the sur-
face force vibrate relative to each other (Dominik and Tielens 1995). Ideally the
oscillation is frictionless so no dissipation occurs. In reality, however, the vibra-
tion causes an oscillation in the size of the contact area. When decreasing the
contact size, part of the energy is dissipated by breaking the connections at the
edges of the contact area. This ultimately leads to a cooling of the aggregate and
damps the vibrations. If this mechanism is not taken into account, successive
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slow collisions may heat up the aggregate and ultimately lead to “evaporation”
of monomers from the aggregate surface.

In fact we observed this phenomenon in our simulations of linear chains.
Successive collisions of grains with an aggregate caused an increase in the am-
plitude of the oscillation and eventually led to several contacts being broken.
All individual collision velocities were far below the sticking velocity, proving
that this mechanism may produce artificial results.

To resolve this problem, we introduced a weak damping force, which was
intended to slowly dissipate the vibrational energy. The force acts in the vertical
direction with respect to the contact area. The damping force is expressed as

Fdamp = const vz, (4.11)

where vz is the vertical component of the relative velocity, and const is arbitrarily
chosen to damp exponentially 95 percent of the vibration energy within ∼ 100
oscillation periods. By tuning the constant to this value, we made certain that
the influence of the damping force is not significant within short timescales of a
few first vibration periods, where the sticking or bouncing event is determined.
The dissipation takes place in the first period and, if the particle does not lose
enough energy, it will bounce. If the damping force is too strong, it may remove
enough energy to allow sticking. We made sure that the main energy dissipation
process that sets the critical velocity is the plastic deformation mechanism so
that the sticking velocity is not affected by the presence of the damping force.

To show the energy leakage due to the damping force, we calculated the total
energy in a vibrating pair of monomers. The particles were displaced from the
equilibrium position and the kinetic and potential energies calculated. In the
case of a frictionless oscillation, the potential energy is

Ep =

∫ δ

0
F(δ′)dδ′, (4.12)

where δ is a displacement such that the distance between centers of the two
grains is r1 + r2 − δ. The vertical force

F(a) = 4Fc

((

a

a0

)3

−
(

a

a0

)3/2)

(4.13)

depends on the contact size a and equilibrium contact radius a0. The inte-
gral (4.12) may then be changed into

Ep =

∫ a

0
F(a′)da′. (4.14)

To get the energy, we solve Eq. 4.14 by changing the variable from δ to a using
the relation

δ =
1
2

a2
0

R

(

2
(

a

a0

)2

− 4
3

(

a

a0

)1/2)

. (4.15)
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Figure 4.2 — The total energy is redistributed between the kinetic energy (dashed line)
and the potential energy (dotted line). At the maximum and minimum separations the
potential energy is maximum, while the kinetic energy is at its highest in the equilib-
rium position. The kinetic energy was shifted down for a better overview (see text). No
damping case – a, and the energy leak form the system due to the damping force – b.

The potential energy is then given as

Ep = 4Fc
a2

0

R

[2
5

(

a

a0

)5

− 2
3

(

a

a0

)7/2

+
1
6

(

a

a0

)2]

. (4.16)

The kinetic energy is simpler. We just add kinetic energies of all monomers
together,

Ek =

∑

i

miv
2
i

2
, (4.17)

where mi and vi are the mass and absolute velocity of the i-th grain.
The total energy Etot in the case of a frictionless oscillation is plotted in Fig.4.2

a. To better see variations in the kinetic energy, we shifted it to the level of the
potential energy. The shift is equal to the potential energy of the system in the
equilibrium Ep =

∫ δ0

0
F(δ′)dδ′. The total energy in this case is conserved and

the amplitude constant. When we enable the damping force, the energy starts
to leak. The potential and kinetic energies may be calculated using the same
formulas. The energy dissipation is presented in Fig. 4.2 b.

The energy loss due to the damping force is very weak and removes about
95% of the total energy within approximately 100 vibration periods. Thus other
processes , such as rolling and breaking, dominate the energy dissipation. In
particular the critical velocity for sticking is not influenced at all by this damping
force, because the assumed plastic deformation of asperities dissipates nearly
the entire collision energy within the first vibration period.
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4.3 Applications

The presented model is a very good tool that can be used to study the aggre-
gation of dust particles. However, the modifications that we introduced in the
previous section need further verification. Although the critical velocity is well-
fitted to the experiments, it is very useful to test the model more against labo-
ratory experiments. When the model has been successfully verified, it can be
applied confidently to the study of aggregates dynamics. Compaction and frag-
mentation of dust aggregates are processes that require detailed investigation
(Dullemond and Dominik 2005). Our model is perfectly suited to this task. We
can provide in depth understanding of micro-physics that governs compaction
and fragmentation on this scale. Phenomena involving aggregates of mm and
larger sizes require an entirely different approach. They must be treated with
different methods i.e. smoothed particles hydrodynamics (SPH). However, to
do this, material properties, such as compressive strength and sound speed, are
needed. Below we present simulations that can be directly compared to exper-
iments and provide good tests of our model. We simulate compression of a
dust cake and determine its compressive strength. We also determine the sound
speed in these porous aggregates.

4.3.1 Compression

Blum and Schräpler (2004) measured the compressive strength of dust cakes in
the laboratory. The sample was prepared by random ballistic deposition (RBD).
Single monomers were shot from one direction at low velocity (hit–and–stick)
and then grew the dust agglomerate. The resulting “cake” was about 2 cm in
diameter and similar in height. The finished cake was later placed between two
flat surfaces. The load was applied to the upper surface causing it to move to-
wards the lower surface compressing the dust sample. To simulate compression
of a dust cake, we need to prepare the proper setup.

Setup

In the experiment by Blum and Schräpler (2004), the applied pressure resulted
in compression of the dust cake. Measurement of the cake volume resulted in
determination of a filling factor φ.

Our setup was organized in a similar manner to the experimental one. Our
code, however, can only handle spherical particles. Thus instead of two planes,
we used two very big “wall” grains, each with a diameter of 2 · 10−2 cm. The
sample was shaped as a cylinder, and the distance between two compressing
“wall” grains was adjusted to fit the micro dust cake exactly.

Our dust cake was grown via the particle cluster aggregation method (PCA).
The target aggregate (initially a monomer) was randomly oriented before each
collision with a grain approaching at a random impact parameter. Any success-
ful hit resulted in perfect sticking without any restructuring. The new target
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was then randomly oriented, and a new grain was shot at it again. The resulting
aggregate was then shaped into a cylinder by removing all grains outside of the
desired contour.

The size of the cake was 13.2 µm in diameter and it was 13.2 µm high. When
filled by 291 monomers with a radius of 0.6 µm, the filling factor of the cake was
φ = 0.146. For comparison the dust cake used in the real experiment had the
filling factor φ = 0.15 ± 0.01. The monomer size in that experiment was similar,
r0 = 0.75 µm.

The compression was done by moving one of the large grain surfaces at con-
stant velocity. While it was approaching, the second grain was fixed in its posi-
tion and was unable to move even with extreme pressures. The sample was thus
compressed by one surface against the other one. The initial setup is presented
in Fig. 4.3a. Two large grains on both sides of the aggregate are the back wall,
fixed plane on the right and the approaching, compressing plane on the left. The
aggregate is placed in between and the particles can escape sideways, this way
increasing the diameter of the cake.

To simulate quasi static compression, we fixed the velocity of the compress-
ing “wall” grain to 0.05 m/s. This is over an order of magnitude lower than a
critical velocity and much lower than the sound speed in this medium (see sect.
3.2). Thus the assumption that we are in a quasi static regime is reasonable. The
dominant acceleration of a single monomer, in this case, is caused by surface
forces.

For the purpose of this compression simulation, we disabled the net force
acting onto the compressing “wall” particle, but we saved the record of this
force for each time step. Thus the approaching surface cannot be stopped and
moves with constant speed. For each time step the net force was stored and later
used to determine a pressure.

At each successive step, the dust cake becomes slightly more compressed.
The degree of compression can be related to the force that was needed to get the
cake into this state.

Results

The small size of the dust cake used in this numerical experiment causes a low
number of contacts of the compressed aggregate with the approaching surface.
Consequently, the net force applied to the compressing surface is strongly vari-
able. Each new contact formed between the dust cake and the incoming sur-
face results in a sudden decrease in the force. The new connection is initially
stretched and thus the surface is attracted. Similarly, oscillations of monomers
at the surface cause additional variation. This makes it more difficult to uniquely
determine the compression force. To overcome this problem, for ten each suc-
cessive time steps we choose the one with the highest force, because ultimately
this is the force required to compress the cake. The pressure is calculated as
P = F

S
, where F is the normal load and S the cross-section area.
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Figure 4.3 — The setup of the experiment. The dust cake in the center is compressed with
different pressure. Initial arrangement (a), results of compression at 2 ·102 Pa (b),2 ·103 Pa
(c), 5 · 103 Pa (d), 1 · 104 Pa (e).

Figure 4.3 shows the initial setup and the results of compression with in-
creasing pressure. The lowest pressure cannot restructure the aggregate. The
height of the dust cake is almost unchanged. A higher pressure of 2 kPa com-
presses the cake. The monomers on the cake’s surface are pushed down into the
cake. At a pressure of 1 · 104 Pa, the cake is compressed significantly, causing a
horizontal flow of the particles and thus an increase of the cake diameter. The
evolution of the dust cake cross-section is shown in Fig. 4.4. The relative increase
is affected by the size of the dust cake. What may be a negligible boundary ef-
fect in a large macroscopic aggregate, here it has a strong impact on the entire
dust cake. When the diameter of the cake increases just by a diameter of a single
monomer, the area increases by 40 %. In the experiment by Blum and Schräpler
(2004), a cake of about 2 cm diameter was compressed and the final increase in
the cross-section was measured to be larger by a factor of 1.6 relative to the ini-
tial cross-section. In our simulation the area increased almost 4 times, subject to
significant uncertainties in determining the dust cake cross-section. The initially
cylindrical shape changed upon compression into an irregular profile.

To determine the volume filling factor, we only used the inner part of the
cake. A cylindrical volume initially enclosing the dust aggregate, and used to
determine the filling factor, only decreased in height. In this way we reduced
the uncertainty that arose from the boundary effects. The initially porous ag-
gregate is deformed and can expand. Particles are pushed into the cake, filling
voids. Thus the filling factor must increase as an effect of compression. Fig-
ure 4.5 shows our results, together with the data obtained in the laboratory ex-
periments (Blum and Schräpler 2004). Low pressures are unable to affect the
aggregate. However, the boundary effects also cause problems. Initially the
“wall” particle connects to the cake by only one monomer. This causes very
strong variations in pressure. We show the compression curve starting at the
point where the “wall” particle has made 5 contacts with the cake. At this point,
however, a few grains are already pressed into the dust cake, causing an in-
crease in the volume-filling factor. Thus our compression curve in Fig. 4.5 is
shifted upwards. The filling factor is also overestimated by using big spheri-
cal grains as the compressing surfaces. The height of the dust cake we used is
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Figure 4.4 — The ratio of the cross-section of the dust cake to the initial cross-section
as a function of the applied compressive pressure. The data presented here is from a
single experiment. Each point is plotted with a 40% uncertainty in determination of the
crosssection (see text).

calculated as D − 2Rcompress, where D is distance between centers of the two big
grains, and Rcompress is their radius. Thus the volume occupied by the dust cake
is actually slightly larger. This effect is initially less important, as it contributes
only about a 2 % error. However, it gets more relevant at greater pressure, where
the cross-section of the dust cake is larger and the volume smaller.

Error estimation was done using the central parts of the dust cake, where
boundary effects are smaller. The filling factor was determined by calculating
the volume of monomers enclosed in a cylindrical volume. The error was then
estimated to be the difference between the filling factors determined for two
different cylinders. The first one had a radius of 6 µm, while the second one was
one monomer radius smaller.

The volume filing factor is initially constant, until the pressure reaches a
value of about 5·102 Pa. The filling factor increases until it reaches the maximum
compression of about φ = 0.35 and remains constant. The most interesting result
is the resemblance of our findings to the laboratory experiments. The onset of
compression fits the experimental data of Blum and Schräpler (2004). Our com-
pression curve follows the laboratory data tightly ending up at a similar value
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Figure 4.5 — The volume-filling factor vs normal pressure. The solid line indicates the
results of the laboratory experiment by Blum and Schräpler (2004). The dashed area is
the error to that data. Squares show the results of our single simulation. Error bars are
due to difficulty determining of the volume of the final aggregate.

of the filling factor. The small differences between two curves are most likely
due to the small size of our simulated dust cake.

4.3.2 Sound speed

One of the very important properties in the porous material is the sound speed.
It must be lower than the bulk sound speed because the mass is being moved
by a force acting on a very small contact area. The collision of two grains with
supersonic velocities can result in complete disruption of those bodies. We first
derive an analytical formula for the sound speed. For this we apply the JKR the-
ory and assume that the signal transported is a very small perturbation. The
main assumption is that the two monomers in contact behave like a perfect
spring, which is the case for small amplitudes. However, the contact forces are
asymmetric with respect to the equilibrium position. Thus compression of two
particles results in different forces than stretching it to the same displacement.
We can therefore expect that large amplitudes lead to modified sound speeds.
In the following sections, we present an analytical approach and later show our
simulations for both the simplified case of a linear chain of monomers and the
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general case of a non fractal aggregate.

Analytical solution

Each two monomers that are in contact are held together by surface forces acting
in the contact area (Johnson et al. 1971). Mutual attraction inevitably leads to a
vibrational spring-like motion, which in linear approximation can be written as

F = −k(δ0 − δ), (4.18)

where δ, δ0, k, and F are displacements, equilibrium displacement, spring con-
stant, and restoring force, respectively. Note that the displacement δ is defined
in a way that it increases, when the distance between two monomers is decreas-
ing. In our case we want to determine the spring constant, which is needed to
find the sound speed. Johnson et al. (1971) showed that the surface force in the
contact area is related to the contact area radius a by

F = 4Fc

((

a

a0

)3

−
(

a

a0

)3/2)

. (4.19)

We also know the relation between the displacement and contact radius

δ = 61/3δc(2a−2
0 a2 − 4/3a

−1/2
0 a1/2), (4.20)

where δc = 1/2
a2

0

61/3R
is a critical displacement for breaking the contact. With these

equations we can determine the spring constant and later the sound speed. First
we differentiate Eq. 4.19 and 4.20 at a = a0 to get

dF

da

∣

∣

∣

∣

∣

∣

a=a0

=
6Fc

a0
(4.21)

and
dδ
da

∣

∣

∣

∣

∣

∣

a=a0

=
5δ0

a0
, (4.22)

where δ0 =
a2

0
3R

is an equilibrium displacement. Now we can write

dF

dδ
=

dF

da

da

dδ
=

dF

da

(dδ
da

)−1
(4.23)

and substituting Eqs. 4.21 and 4.22, we get

dF =
6
5

(9πγR2E⋆2)1/3dδ. (4.24)

Since the restoring force is exactly opposite, we may add the minus sign here
and see that the spring constant k is

k =
6
5

(9πγR2E⋆2)1/3. (4.25)
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Table 4.1 — Material properties used in this work for silica.

E∗[dyn/cm2] γ [erg/cm2] ρ0 [g/cm3]
2.78 · 1011 25.0 2.65

With the spring constant of the oscillating system of two spheres in contact,
we can proceed to the calculation of the sound velocity. For a spring the velocity
of sound is given by

cs =

√

kL

ρl
, (4.26)

where L is the total length of the spring (or set of the springs) and ρl a mass of
the spring per unit length. We can then determine the velocity in a linear chain
of n grains in contact, each r0 in radius. The length of such a string of grains is

L = n(2r0 − δ0) + δ0 − 2r0. (4.27)

Since the spring constant for a set of springs is simply kL = k/n, the sound veloc-
ity can be written as

cs =

√

kLL

ρl
=

√

kL2/n

nm0
=

L

n

√

k

4/3πr3
0ρ0

. (4.28)

Substituting Eqs. 4.25 and 4.27, we get

cs =

(

1 − 1
n

)

(2r0 − δ0)

√

(9πγR2E⋆2)1/36/5

4πr3
0ρ0/3

. (4.29)

Now we can try to see how the sound velocity in such system depends on
the size of a single monomer:

cs ∝ r0

√

√

r
2/3
0

r3
0

= r
−1/6
0 . (4.30)

This means that to double the speed of sound we need to use grains that are 64
times smaller. Therefore, the sound speed in this case is a very weak function of
monomer size.

The sound speed of an infinitely long chain of 0.6 µm silica grains is cs =

513 m/s. If we apply our findings to a chain of 50, 0.6 micron sized, silica grains,
the sound velocity turns out to be cs = 503 m/s. We can compare it now to
the previous results obtained in research of granular medium composed of mm
sized and bigger grains. In all our simulations and analytical calculations, we
used material properties as specified in Table 4.1.
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Hascoët et al. (1999) has developed a model of macroscopic grains to study
the propagation of sound in a granular chain. The centimeter-sized grains they
use do not interact in this case via attractive surface forces. The signal is trans-
ported due to the Hertzian stress that arises as an effect of overlap of grains in
contact. They also apply the spring theory but with an arbitrarily chosen spring
constant k. For values of k in the range between k = 106 N/m and k = 108 N/m
and mass density of 1.9 × 103 kg/m3, the sound velocity they derive is in the
range 300 m/s to 3000 m/s. Similar results were obtained by Mouraille et al.
(2006). A sound speed cs ≈ 200 m/s was found for closely packed grains. In this
case monomer radius was 1 mm, density 2×103 kg/m3, and the spring constant
k = 105 N/m.

Numerical experiment

We performed a numerical experiment to verify our findings. We prepared a
linear chain of 50 monomers. The first one in line was slightly displaced from
its equilibrium position. When the simulation started, the grain started to move
to reach its equilibrium and the second grain was disturbed. This motion prop-
agated until it finally reached the last grain. The total distance traveled by the
density wave was 99(r0 − δ0). For 50 silica monomers with radii r0 = 0.6 µm, the
travel time took t = 1.16 10−7 s, which results in the sound speed of cs = 512 m/s.
We can now compare the value with the theoretically derived sound speed
cs = 503 m/s. The difference between the theoretical velocity and the one that
was obtained numerically is only about 3%. Moreover in the simulation, the
first grain is displaced by a finite distance meaning that the assumption of low
displacements may not be entirely correct. The displacement of about 0.5 δ0

is relatively large. We performed a series of simulations with stronger pertur-
bations and the data obtained shows that the sound velocity increases as the
perturbation strength increases.

Porous aggregates

Since a linear chain of monomers is a special case, we now discuss the more
general agglomerates of irregular shape. The sound speed in such a system is
affected by several things. First, the path length that a signal has to travel is not
a straight line, so with a given speed, longer distances result in lower effective
sound speed. For a small RBD aggregate (approximately 300 monomers), the
effective distance was greater by only a factor of 1.5, thus the structure of an ag-
gregate has a limited impact on the sound velocity by increasing the path length.
The second factor that may have an effect is the tangential force. In a linear ag-
gregate, the signal is passed forward by the presence of the vertical force, and
the tangential force has no effect. However, grains interact also via rolling and
sliding in irregular aggregates. This might lower the contribution of the verti-
cal force and in this way change the sound speed. Figure 4.6 shows a sketch of
how a sound wave propagates in different aggregates. Indeed linear aggregates
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Figure 4.6 — Sketch of a sound wave propagation in a linear aggregate (a) and in a porous
aggregate (b).

involve only stronger, vertical forces and thus the signal travels faster. Irregular
particles also make use of the tangential, rolling force.

To estimate the sound speed due to the rolling friction, we again used the
spring theory. Dominik and Tielens (1995) gives the recipe for the rolling friction
as

Froll = 6πγξ, (4.31)

where the ξ is a displacement from the equilibrium position. This force can be
then expressed as

Froll = kξ, (4.32)

with k = 6πγ as a spring constant. We then apply this in Eq. 4.28 to get

cs =

(

1 − 1
n

)

(2r0 − δ0)

√

6πγ

4/3πr3
0ρ0

. (4.33)

The dependence of the sound speed on a grain size, cs ∝ r
−1/2
0 , is in this case

much stronger than in the case of the vertical force (cs ∝ r
−1/6
0 ).

When we apply Eq. 4.33 to the 1.2 µm silica grains, we get a sound speed
of cs = 16.5 m/s. This is a factor of 30 lower than the velocity derived for the
linear chain. This suggests that the sound velocity in a porous aggregate might
be significantly different from the speed derived for a linear chain of grains.

Sirono (2004) derived compressive and tensile strengths dependent on den-
sity and based on experimental data. Those relations were later used to de-
velop an SPH model of large, mm-sized, and larger aggregates collisions. The
sound speed in an aggregate made of 0.1 µm ice monomers was calculated to
be cs =

√

E/ρ. He used values for the Young’s modulus and the density to be
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E = 6 × 105 Pa and ρ = 0.1 g/cm3, respectively. The resulting sound speed is
then cs = 77.5 m/s.

When we apply our formula for the sound speed to 100 aligned 0.1 µm ice
grains, we get a sound speed of cs = 885 m/s. This is almost an order of mag-
nitude higher. We have to keep in mind, however, that the speed in a linear
chain may be considerably different to the one in a real porous aggregate. In the
rolling case, the theoretical sound speed is also high with cs = 250 m/s.

Teiser (2007) performed a laboratory experiment, where he measured the
sound speed in an RBD aggregate with filling factor φ = 0.15 and 1.5 µm silica
monomers. He hit the dust cake from below and measured the response at the
surface with a force sensor. The measured velocity was cs = 30 ± 4 m/s, very
consistent with our results when the signal is assumed to be transferred through
the rolling degree of freedom.

To numerically derive the sound speed and further test our model, we per-
formed a simulation of an RBD dust cake. The cake was being pushed from
one side, and we determined the response time of different particles in the ag-
gregate. We combined the positions of the particles with their response time,
which results in an average sound speed in the dust cake. Figure 4.7a shows the
result of our simulations. For each monomer in the dust cake, we plotted a cor-
responding sound speed. The initially wide spread in the data shows that very
linear structures are present inside the cake. This leads to a few particles with
very fast sound speed. At greater distances, however, the range of sound speeds
is much narrower showing that a signal is transported mainly via a rolling de-
gree of freedom. The average sound speed that is determined at the far end of
the dust cake is only a factor of about 1.5 higher than the sound velocity in the
rolling degree of freedom.

We applied two different forces to the cake and later determined mean sound
speeds in the cake for both cases. When a stronger force of 5×10−6 N was applied
to the cake, the sound speed reached cs ≈ 60 m/s, while the sound velocity was
cs ≈ 20 m/s with the lower force of 5 × 10−8 N. For one monomer, the limiting
sound velocity was overcome, as calculated for linear chain of monomers. This,
however, happened in the case of stronger force, and thus the low displacement
approximation was most likely violated, leading to higher sound speeds.

The simulations show that the sound propagation is dominated by the
rolling friction. To verify this, we ran another simulation meant to determine
the sound speed in the aggregate with monomers arranged according to the cu-
bic close packing (CCP) because this arrangement disables any rolling motion.
The inset in Fig. 4.7b shows the aggregate. We applied a force on one side of
the agglomerate and determined the response time of different particles. Data
in Fig. 4.7b shows that indeed closely-packed aggregates are characterized by
much higher velocities than the porous ones. The monomers in each layer re-
ceived the signal at a different time because the compressing planes were sim-
ulated by big grains, and thus central particles were hit first and forwarded the
signal. Thus particles at the edges of the aggregate responded later than the ones
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Figure 4.7 — Sound velocity in m/s versus distance from the plane that hits the aggre-
gate. Squares indicate an applied force of 5 10−8 N and triangles 5 10−6 N. The left panel
(a) shows the results of sound speed determination in a RBD aggregate, while the right
one (b) in a CCP aggregate. The inset image shows the CCP aggregate placed in between
two planes. The lines indicate sound velocities determined theoretically using vertical
force in a linear chain of monomers (dashed line) and using rolling friction (solid line).
The dashed area limited by dotted lines indicates the sound-speed range determined
experimentally by Teiser (2007)

in the center of each layer. The velocity cs ≈ 600 m/s shows that indeed sound
speed in a porous medium depends strongly on porosity because of the forces
involved in the transport of the signal and the longer path for the signal to travel
in more porous aggregates. Using a constant sound speed in SPH simulations is
bound to lead to spectacularly wrong results.

4.4 Conclusions

We have modified the original code by Dominik and Tielens (1997) and Dominik
and Nübold (2002) and shown that a numerical N-particle method for studying
the properties of aggregates can be calibrated to experimental results by includ-
ing the flattening of small asperities on the surface of the grains and by using
critical displacements for rolling grains consistent with measured values. The
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new code reproduces the measured critical velocities for sticking very well. We
would like to emphasize that there is currently no proof of plastic deformation
actually happening on the grain surfaces, but it works very well as a model.

We went on to measure the compressive strength of the aggregates and com-
pared the results with experiments. We get very similar results with a small
offset in porosity, which is most likely caused by the relatively small aggre-
gates used in our simulations. Finally, we computed the sound velocity in an
adhesion-dominated porous material and showed that this leads to very inter-
esting results. Three very different velocities play a role in such a medium, and
the different velocities are separated by factors of about 10. The fastest speed is
the bulk material sound speed that only plays a role after a body has melted and
re-hardened. The second speed, a factor of ∼10 lower, is the speed at which a
signal is transported in a longitudinal wave in a linear chain. This speed applies
either in a perfectly linear chain or in an aggregate that has been compacted
enough that rolling of grains is no longer possible. Finally, the slowest speed is
the one transmitted by rolling forces in a crooked chain of grains. A small de-
crease stems from the longer path the sound has to take in a porous aggregate.
By far the largest fraction stems from the weak forces in the rolling degree of
freedom. Experiments show that this is indeed the dominant speed in porous
aggregates. However, our results show that the sound speed should be a very
steep function of density once a significant number of monomers have 3 or more
contacts with their neighbors. It is to be expected that the SPH approaches to
modeling the properties of dust aggregates (Sirono 2004; Schäfer et al. 2007) will
fail if these effects are properly not taken into account.

In summary, we conclude that we do now have a working model of dust
aggregates that can be applied in parameter studies.
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Abstract
The coagulation of dust aggregates occurs in various astrophysical environments. Each one
is characterized by different conditions that influence the growth (e.g.,relative velocities, com-
position and size of smallest constituents - monomers). Here we study the microphysics of
collisions of dust aggregates in a four dimensional parameter space (parameters are: the colli-
sion energy, the initial compactness of agglomerates, the mass ratio of collision partners, and
the impact parameter). For this purpose we employ a state of the art molecular dynamics type
of model that has been extensively and successfully tested against laboratory experiments. It
simulates the motion of individual monomers interacting dynamically via surface, van der
Waals forces. The structure of aggregates is quantified by the filling factor that provides both
the information about the internal structure (packing density of monomers) and the projected
surface of aggregates.
Our results show a significant importance of the impact parameter that causes formation of
elongated particles, due to tensile forces acting in offset collisions. In head-on impacts aggre-
gates are compacted at lower energies. A sufficient energy causes the restructuring to reach the
maximum compaction. If more energy is provided, pancake-like structures are formed. We find
that the outcome of collisions can be represented in a simple way. A highly pronounced large
fragment component coexists with a power-law distribution of small fragments. Moreover the
structural parameter of these small fragments is very well described by a simple relation, re-
gardless of the initial compactness, impact energy or impact parameter. The simulations show
that erosion by collisions with large mass ratio can be significant (the ejected mass can be a
few orders of magnitude larger than the mass of smaller impactor) at relatively small energies,
compared to collisions of equal mass aggregates, where the same energies can lead to perfect
sticking.
These findings are summarized in a form of a simple collision recipe. This recipe provides the
outcome of a collision averaged over the impact parameter and is provided in tabulated form
for a range of physical quantities (energy, filling factor). The mass ratio effect is taken into
account by providing the local and the global recipes that describe collisions of very different
and similar masses, respectively.
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5.1 Introduction

It is commonly accepted that planets form in disks around young stars by col-
lisional accumulation of dust particles. Initially very small grains, well coupled
to the gas in a disk, collide at very low velocities and stick due to the Van der
Waals forces (Johnson et al. 1971; Derjaguin et al. 1975). At this very first steps of
planet formation the main source of relative velocities is the Brownian motion.
In the absence of fragmentation, this so called Brownian growth preferentially
collides particles of similar size, leading to the formation of fractal aggregates
(Kempf et al. 1999; Blum et al. 2000; Krause and Blum 2004; Paszun and Do-
minik 2006). Fractals produced by Brownian growth have the fractal dimension
Df = 1.5 (Krause and Blum 2004; Paszun and Dominik 2006), higher gas densi-
ties shorten the mean free path of particles and results in even more fluffy struc-
tures. In the limiting case, aggregates formed this way may be very elongated
with the fractal dimension approaching unity (Paszun and Dominik 2006).

The growth of dust to bigger sizes results eventually in decoupling of aggre-
gates from the gas. Since the gas component moves at sub–Keplerian velocity,
dust particles are exposed to a head wind, which results in a drag force. This
leads to a radial drift of dust, which eventually ends up in an evaporation region
close to the star. The drift velocity depends on the size of an aggregate. Weiden-
schilling (1977) showed that meter sized particles may fall into the central star
within only 100 orbits.

Aggregates that decouple from the gas are also more difficult to be mixed
upward. Thus small particles that grew to larger sizes in the upper parts of
the disk, once decoupled they start to settle to the midplane sweeping other
aggregates on their way down.

Particles may also be trapped in turbulent eddies resulting in collisions be-
tween aggregates of different size. An aggregate of a given size (in Epstein
regime) respond to the gas drag within a friction time (sometimes also referred
to as stopping time) given by

τf =
3

4cgρg

m

σ
, (5.1)

where cg and ρg are,respectively, the sound speed and the volume mass density
of the gas, and m and σ are the mass and the projected surface of the parti-
cle. Thus aggregates with different τf have different velocities. The bigger the
friction time difference between two particles, the higher the relative velocity is
(Voelk et al. 1980; Weidenschilling and Cuzzi 1993; Ormel and Cuzzi 2007).

Initially low impact velocities result in sticking of aggregates. However, the
growth of dust and the resulting decoupling of particles cause an increase of
collision velocities. When the collision energy becomes higher than the energy
needed to roll monomers over each other (later referred to as rolling energy
Eroll), restructuring begins. Very fluffy and fractal aggregates are compacted
upon collision (Dominik and Tielens 1997; Blum and Wurm 2000). An increase
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of the impact velocity leads to stronger compaction. However, eventually the
kinetic energy is high enough to break contacts between individual monomers.
Erosion starts to remove parts of colliding aggregates. As the relative velocity
increases, erosion also becomes stronger, leading ultimately to a destruction of
the aggregates.

The fragmentation of aggregates is a major problem in planet formation the-
ory. Dust cannot grow all the way to form planetesimals because it gets de-
stroyed once relative velocities become violent enough to disrupt aggregates.
Similarly the radial drift may prevent growth by removing particles from the
disk once they grow to a certain size and spiral towards the central star dramat-
ically fast.

Johansen et al. (2006b) showed that in the presence of turbulence planetes-
imals might be produced by a gravitational collapse of clumps of meter sized
boulders. These clumps are generated by high pressure turbulent eddies that
trap and concentrate the particles, which then become gravitationally bound.
Before this process can take place, particles must already have grown by 18 or-
ders of magnitude in mass. The only feasible way to do that is by collisional
sticking. Because collisional fragmentation of aggregates may prevent growth
of large, meter sized aggregates, it is crucial to fully understand mechanisms
involved in collisions of porous aggregates.

Blum and Wurm (2000) performed laboratory experiments of collisions of
dust aggregates. They studied impacts at a wide range of energies, from low
energy (perfect sticking), through restructuring to fragmentation of microscopic
aggregates. Their results as to restructuring threshold are in agreement with
theoretical findings of Dominik and Tielens (1997). The fragmentation energy,
however, differs, which is a result of discrepancy in sticking velocity. Poppe
et al. (2000) determined the sticking velocity of a micron sized silica grain, ex-
perimentally, to be 1.2 m/s. Chokshi et al. (1993) and Dominik and Tielens (1997)
on the other hand derived theoretically a much lower velocity, inconsistent with
experiments.

Blum and Muench (1993) studied collisions of macroscopic, mm–sized, ag-
gregates at velocities between 1 and a few m/s. In this case, however, a different
behavior was observed. Although particles were very porous (up to 4% filling
factor) they did not observe restructuring. Instead aggregates were bouncing off
each other or, for faster impacts, fragmenting.

Very energetic collisions between large mm–sized and cm-sized aggregates
were studied by Wurm et al. (2005b). They showed that the fragmentation ob-
served at high velocity impacts turns into a net growth of 50% at velocities above
13 m/s. The distribution of fragments at velocities of about 20 m/s followed a
power-law with a slope of −5.6 ± 0.2 for larger fragments and was flat for the
smallest ejecta.

Fujiwara et al. (1977) experimented with solid basalt rocks. High velocity
impacts of the order of a few km/s result in a power-law distribution of small
fragments n(m) ∼ mk. The slope of the distribution was found to be k = −1.83.
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They distinguished several collisional outputs, depending on the target size:

1. complete destruction;

2. remaining core;

3. transition from core to cratering;

4. crater formation.

Sirono (2004) has developed a smoothed particles hydrodynamics (SPH)
model to simulate meter sized and larger aggregates. A single particle in this
model corresponds to a porous material described by compressive strength, ten-
sile strength, density, and sound speed. This method was also used by Schäfer
et al. (2007).

Although collisions of dust particles have been studied experimentally and
theoretically, no one has formulated a quantitative, two dimensional (because
it provides both size distribution and structure of particles) recipe describing
the collisional output and based on empirical results. Both the distribution of
masses and the compactness of fragments is required to fully understand the
growth of dust. Here we present an extensive parameter study of many colli-
sions of small dust aggregates. We provide the recipe for mass distribution and
compactness of fragments.

In Sect. 5.2 we briefly present the model we adopt to simulate collisions of
dust aggregates. Then in Sect. 5.3 we describe the parameter space and colli-
sion setup. Section 5.4 provides quantities we use to describe an outcome of
collisions and expected energy scaling. Our results presented in Sect. 5.5 are fol-
lowed by the collision recipe (Sect. 5.6). The discussion of our results and of the
recipe is given in Sect. 5.7. We end this paper with interesting conclusions in
Sect. 5.8.

5.2 The Model

The simulations presented in this work are done using the N-body dynamics
code SAND. Our model treats all monomers (also referred to as grains or par-
ticles) in the agglomerates (also referred to as aggregates, clusters, or particles)
individually. Since we are currently not interested in long range interactions,
electrostatic, magnetic and gravitational forces are not included even though
the code can handle them (Dominik and Nübold 2002). We calculate motion of
individual monomers that interact with each other via attractive Van der Waals
surface force (Johnson et al. 1971).

The presence of the attractive surface inevitably leads to several energy dis-
sipation mechanisms. The particles, when in contact, may roll over each other.
This rolling motion is opposed by a rolling friction force (Dominik and Tielens
1995) causing the energy loss. The same happens in the case of a sliding motion.
The contacts may shift which again is work done against the sliding friction
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force (Dominik and Tielens 1996). Beside that, every time a contact between two
monomers is broken, the elastic energy stored in it is partially lost (Johnson et al.
1971; Chokshi et al. 1993; Dominik and Tielens 1997). Some energy may also be
lost due to a twisting motion of particles in contact (Dominik and Tielens 1997).

We also include an additional energy dissipation channel in order to fit the
experimental results by Poppe et al. (2000). This process increases the sticking
velocity from about 10 cm s−1 (Chokshi et al. 1993; Dominik and Tielens 1997) to
about 1 m s−1 (Poppe et al. 2000). Since the measured attractive force agrees well
with the theory provided by Johnson et al. (1971) and Derjaguin et al. (1975), the
difference in sticking velocity points to additional energy losses in collisions.
While our model does not specify what this mechanism is, a candidate would
be plastic deformation of surface asperities on nm scales. In order to achieve
agreement with the experimental results, a mechanism dissipating the energy
upon the first contact of two particles was introduced (Paszun and Dominik
2008b).

Paszun and Dominik (2008b) tested the model extensively against the lab-
oratory experiments and found a good agreement. For details regarding the
implementation, we refer the reader to Dominik and Nübold (2002) and Paszun
and Dominik (2008b).

5.3 The Setup

To provide a qualitative and quantitative description of aggregates collisions,
we explore an extensive parameter space. This provides an insight into the ef-
fects of different parameters on the outcome of a collision. As the final purpose
is to provide a recipe for a collision between two aggregates, we limit the range
of our parameters to realistic values.

We believe the main parameters influencing the outcome of a collision are:

• collision energy,

• pre-collision compactness of the aggregate,

• mass ratio of colliding particles,

• impact parameter,

• material properties.

The influence of each parameter is discussed in detail in Sect. 5.4.
The range of our parameter space is presented in Tab. 5.1. However, not

all combinations of these parameters are sampled. We cover the energy range
from the hit-and-stick (no restructuring) regime up to catastrophic destruction
(all mass turns into small fragments) for several particle masses. Due to limit
of the computational power and the large number of long-lasting simulations,
we limit the size of our aggregates to maximum of 1000 monomers. This allows
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Table 5.1 — Parameters explored in this study. Although not all combinations are simu-
lated, each one that is, is done for 6 different orientations in order to obtain an average
collision output. Columns correspond to (1)-relative collision velocity v, (2)-mass of an
aggregate m, (3)-pre-collision filling factor of an aggregate φσ(see text), (4)-impact param-
eter b/bmax, (5)-mass ratio of colliding aggregates m1/m2.

v [m/s] m/m0 φσ b/bmax m1/m2

(1) (2) (3) (4) (5)
0.01 1 0.07 0.0 10−3

0.05 50 0.09 0.25 5 · 10−2

0.1 100 0.122 0.5 1 · 10−1

0.2 200 0.13 0.75 2 · 10−1

0.3 400 0.155 0.875 4 · 10−1

0.5 600 0.16 0.95 6 · 10−1

0.75 800 0.189 8 · 10−1

1.0 1000 0.251 1
2.0
4.0
6.0
8.0

10.0

us to sample the mass ratio within the range from m1/m2 = 1 down to m1/m2 =

10−3. Moreover, we perform a large number of simulations of collisions between
aggregates of equal mass, made of 200, 400, and 1000 monomers. Each collision
for each set of parameters is computed for 6 different relative orientations, to
average over effects caused by the non-spherical, inhomogeneous structure of
the individual aggregates. This provides a spread in possible outcomes of a
collision.

The sampling of the impact parameter b covers the entire possible range
from a central impact, up to a grazing collision, where the impact parameter b

equals 95% of the sum of the outer radii of two colliding aggregates Rout,1+Rout,2.
For the compactness parameter we use the filling factor φσ defined as

φσ = N

(

r0

Rσ

)3

, (5.2)

where N is the number of monomers in the aggregate, r0 is a monomer radius,
and Rσ is the projected surface equivalent radius (cf. Fig. 5.1) and is defined as

Rσ =

√

σ

π
, (5.3)

with σ being the projected surface averaged over many orientations. The in-
verse of the filling factor was introduced by Ormel et al. (2007) as the enlarge-
ment factor ψ. Although our work samples a limited range in φσ, this is phys-
ically justified. The most compact aggregate made of equal size monomers is
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represented by the close cubic packing (CCP). In this case the filling factor is
about1 φσ ≈ 0.74. Such aggregates, however, cannot result from a collision
process. Random close packing (RCP) of spheres is produces aggregates with
the filling factor of about φσ ≈ 0.635 (Onoda and Liniger 1990) that is some-
what lower. However, Blum et al. (2006) and later Paszun and Dominik (2008b)
show that aggregates being compressed reach maximum filling factor of about
φσ = 0.33. Higher compaction cannot be reached in a static experiment of uni-
axial compression, as monomers move sideways increasing the tangential size
with further compression. Therefore as the upper limit for the filling factor of
aggregates we use a slightly lower value of φσ = 0.25. The lower limit, on the
other hand, we set for fractal aggregates. The Brownian growth in the presence
of rotation forms aggregates of very open structure with the fractal dimension of
about Df = 1.5 (Krause and Blum 2004; Paszun and Dominik 2006). Our largest
aggregate of the fractal dimension 1.5 has the filling factor φσ = 0.07.

A few examples of our aggregates, made of 1000 monomers, are presented in
Fig. 5.1. These particles are made of equal size monomers. They are constructed

Figure 5.1 — Sample aggregates as used in our parameter study. Each of particles is made
of 1000 monomers. Annotations show φσfor each particle. Black circle defines the outer
radius Rout, while the grey circles indicate the projected surface equivalent radius Rσ (see
text).

using two different techniques. The first method developed by Filippov et al.
(2000), allows to create fractal aggregates of any specified fractal dimension Df .
This sequential tunable particle-cluster aggregation method forms agglomerates
by successive addition of identical spherical particles. The fractal aggregates
made according to this algorithm exactly obey the scaling law (Filippov et al.

1Although the value of 0.74 correspond to filling factor defined in respect to the outer radius Rout
and not Rσ, both radii are equal for these compact aggregates.
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2000)

N = kf

(

Rg

r0

)Df

, (5.4)

where Rg is the radius of gyration and kf is the fractal pre-factor that is related
to the central packing density. For the aggregates used in our study, we choose
a pre-factor kf = 1.6 and fractal dimensions of Df = 1.5, Df = 2.0, and Df = 2.5.
In the case of N = 1000 this results in the filling factor φσ = 0.07, φσ = 0.09, and
φσ = 0.16, respectively.

The second method we use to produce aggregates is particle cluster aggre-
gation (PCA). We successively add monomers from random directions. This
produces aggregates that, in the limit of very large sizes, have a filling factor of
φσ = 0.15. An aggregate made of 1000 monomers has, however, a smaller filling
factor of φσ = 0.13. This is an effect of high porosity of the surface layer. In very
large aggregates, this region will be negligibly thin compared to the size of an
aggregate (Paszun et al. 2008).

It is important to note the discrepancy between the radii used in the defini-
tion of the impact parameter space and the filling factor φσ. The impact param-
eter is defined in terms of the outer radius Rout, that is the radius of a sphere
enclosing an entire aggregate and centered in its center of mass. The filling
factor, however, uses the projected surface equivalent radius Rσ. For compact
aggregates these two radii are very similar, while the outer radius Rout becomes
higher as the filling factor of an aggregate decreases. For completeness, we em-
pirically determine the relation between the two radii. Figure 5.2 shows how
this ratio (Rout/Rσ) influences the filling factor φσ. To obtain this relation we
constructed (using Eq. (5.4)) many aggregates of different structure (Df , kf) and
mass (N). Interestingly all data is very well confined along a simple curve. As
the filling factor seems to depend on the mass of aggregate as φσ ∝ N−0.33, we
plot φσN0.33 in Fig. 5.2 to collapse all data on a single curve. This mass depen-
dence is further discussed in Sect. 5.5.2 and Sect. 5.5.3. Compact particles in
Fig. 5.2 (Rout/Rσ < 1.2) have similar outer radius Rout and the projected surface
equivalent radius Rσ and they show little dependence of the Rout/Rσ ratio on
the filling factor. Fluffy aggregates (Rout/Rσ > 1.2) on the other hand show a
power-law relation of the filling factor on the ratio of the two radii with a slope
of −0.3. The fitted power-law is presented in Fig. 5.2 as dashed-dotted line. The
complete relation that holds for ratio Rout/Rσ > 1.2 is given as

φσ = 1.21
(

Rout

Rσ

)−0.3

N−0.33. (5.5)

Although material properties play a major role in collisions of dust aggre-
gates, we focus in this study on a single species. The physical parameters of
Silica used in our model are presented in Tab. 5.2. Other materials will be sub-
ject of future study. Our monomers are silica spheres with a diameter of 1.2
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Figure 5.2 — The filling factor as a function of the ratio Rout/Rσ of the outer radius of
an aggregate over its projected surface equivalent radius. Each point corresponds to an
aggregate (see text) of different structure and mass and thus different ratio of the two
radii. The dashed-dotted line shows the least square fit of the power-law to this data.
A sharp transition between compact and fluffy particles occurs at about Rout/Rσ ≈ 1.2
(dashed line). Compact aggregates have smaller ratio of the two radii. Their filling factor
is approximated by a power-law (dotted line).

micron. The elasticity modulus E∗ is defined as

E∗ =
(1 − ν2

1

E1
+

1 − ν2
2

E2

)−1

, (5.6)

where Ei and νi are the Young’s modulus and the Poisson ratio of i-th monomer,
respectively.

5.4 Measuring the structure of aggregates and

the effect of collisions

Here we present quantities that are further used to quantify the structure of
aggregates and outcome of a collision.
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Table 5.2 — Properties of monomers used in this study. Material properties correspond
to Quartz monomers or radius r0 = 6 · 10−5 cm.

γ [erg/cm2] E∗ [dyn/cm2] ξcrit [cm] ρ [g/cm3]
25 2.78 · 1011 2 · 10−7 2.65

5.4.1 Structure of an aggregate

The structure of an aggregate can be described by several quantities. However,
it is difficult to fully characterize the structure by a single parameter. Here we
present several quantities and briefly discuss their relevance.

Number of contacts

The strength of an aggregate can very well be expressed in terms of contacts be-
tween monomers. The more contacts there are in the aggregate, the more stable
and resistant against restructuring it is. In a typical CCA aggregate the number
of contacts is equal to the number of grains, meaning that most monomers (ex-
cept those at the end of chains) have two contacts with neighboring monomers.
Thus such a structure can be easily restructured. The aggregate can be stretched
or compacted. Monomers in the cores of the densest aggregates can have a max-
imum of 12 contacts (the case of the close cubic packing). However, aggregates
in which the number of contacts divided by the number of monomer is 2 or more
are already very strong and can resist restructuring very well. In this case ev-
ery monomer in the center of the particle is attached to three others, effectively
preventing rolling motion of monomers. Although it is a very appropriate way
to describe the strength of an aggregate, it has few useful applications. The
structure of an aggregate is needed to be known in order to properly describe
interaction of the aggregate with the surrounding matter. The gas drag force
exerted onto particles depends on the cross section of the particles. Since num-
ber of contacts Ncont in an aggregate can not be directly translated into a unique
cross section, it is better to make use of different quantity that is related to the
cross section more closely.

Fractal dimension

The fractal dimension defined in Eq. (5.4) describes the density profile of an
aggregate. It cannot fully describe the structure of an aggregate alone. For a
complete description the knowledge of the prefactor (kf) is required, which de-
termines packing density in the particle.

Geometrical filling factor

A very intuitive way of describing an aggregate in terms of the structure is to
provide the packing density. Low values are immediately associated with ineffi-
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cient packing, low density and a weak structure. A larger filling factor indicates
close packing, many contacts and higher strength. A proper definition of the
filling factor provides a number of advantages. In this work we adopt the geo-
metrical filling factor defined in eq. 5.2. It describes the structure of an aggregate
in an intuitive way and carries additional information about the projected sur-
face. Therefore, the friction time may be easily determined for such aggregates.

5.4.2 Effect of collisions

Quantities defined in the previous sections can now be used to describe pos-
sible structural changes of aggregates that may occur during a collision. We
also present the expected scaling that is useful to comprehend the results of the
extensive parameter study.

Basic scaling

Aggregates made of a large number of monomers may dissipate energy through
several mechanisms like rolling of breaking. Therefore, larger clusters may dis-
sipate more energy, as the amount of monomer-monomer interactions is larger.
Thus, intuitively if provided energy is sufficient to break all connections in col-
liding aggregates, shattering should occur. It is then useful to scale the energy
with the number of contacts Nc.

More applicable scaling, however, is a number of particles N, as it is compa-
rable to the number of contact and does not change during a collision. This is
not affected during an impact, contrary to the number of contacts. Therefore we
adopt scaling with the number of monomers N.

Influence of the impact energy

Dominik and Tielens (1997) and later Wada et al. (2007) provide a simple recipe
of collisional output as a function of energy. Both these studies were limited to
two dimensional aggregates. Their recipe predicts energy thresholds for pro-
cesses like erosion, compression and fragmentation. To understand them, one
needs to define the rolling energy and the breaking energy of a contact. The first
one is the energy needed to roll two monomers over each other by 90 degrees,
and represents the energy related to restructuring of an aggregate. It is defined
as (Dominik and Tielens 1997)

Eroll = 6π2γRξcrit, (5.7)

where γ is a surface energy, R is reduced radius of the two monomers in con-
sideration, and ξcrit is a critical displacement, at which the rolling becomes irre-
versible and energy is dissipated. This quantity is of the order of 20Å as shown
by Heim et al. (1999). The second energy is the energy needed to separate two
connected monomers and is defined as

Ebr = 1.8Fcδc. (5.8)
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Table 5.3 — The collision recipe from Dominik and Tielens (1997) for a 2D case.

Energy Outcome of Collision
Eimpact < 5Eroll Sticking without restructuring
Eimpact ≈ 5Eroll Onset of restructuring local

to the impact area
Eimpact ≈ ncEroll Maximum compression
Eimpact ≈ 3ncEbr Onset of erosion (start to

lose monomers)
Eimpact > 10ncEbr Catastrophic disruption

Here Fc is a pull-off force, minimum force needed to disconnect two monomers
and it is

Fc = 3πγR. (5.9)

δc is the critical displacement from the equilibrium position (Dominik and Tie-
lens 1997). Thus two monomers in contact at this position will disconnect if
pulled. δc is defined as

δc =
1
2

a2
0

61/3R
, (5.10)

with the equilibrium contact radius

a0 =

(9πγR2

E∗

)1/3

. (5.11)

Putting these equations together we see that the critical energy is given by

Ebr = A
γ5/3R4/3

E∗2/3
, (5.12)

with the dimensionless constant A = 43.
The recipe of Dominik and Tielens (1997) is confirmed experimentally with

one important modification (Blum and Wurm 2000). The energy scaling should
be applied according to values determined empirically (i.e. ξcrit ≈ 20Å and
Ebr corresponding to the experimental results). In order to satisfy this require-
ment we introduce a scaled version of Ebr. In this case the constant A is higher,
such that the sticking threshold in our model is in agreement with experiments
(Poppe et al. 2000). This energy is given by

Ebr = 2.8 · 103 γ
5/3R4/3

E∗2/3
. (5.13)

The recipe by Dominik and Tielens (1997) is summarized in Tab. 5.3. Low
energies are insufficient to cause any visible restructuring. Before any restruc-
turing occurs, contact between monomers are displaced elastically and only the
critical displacement causes an irreversible motion (i.e.,rolling or sliding). When
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the energy suffices to roll several contacts by a significant angle (∼90 degrees),
monomers in the impact region begin to roll and visible restructuring occurs.
As the energy increases more restructuring occurs. The maximum compression
is reached, when all monomers have enough energy to roll by 90 degrees.

Monomers begin to break out of an aggregate when the energy per contact
reaches 3 times the breaking energy. A large fraction of the energy is then dis-
sipated by rolling but the excess is used to remove a few grains. As the impact
energy increases the erosion increases and becomes catastrophic when each con-
tact can access over 10 times the breaking energy.

Although this recipe is reasonable, it may differ when particles collide at an
impact parameter other than b = 0 or when the mass ratio of the two collision
partners is not 1. The latter case was also considered by Dominik and Tielens
(1997). They provided a recipe for collisions of a small grain with a cluster.

Influence of fluffiness

The structure of colliding aggregates can strongly affect the distribution of
the collision energy within aggregates. In fluffy particles with loosely packed
monomers breaking a single contact can reduce the size of an aggregate by a
factor of 2. Therefore, in collisions that involve open particles a smaller num-
ber of monomers actively participate in the distribution and dissipation of the
energy. For example a collision of two linear chains involves only a few grains,
as the energy is used to break several contacts, local to the impact site. Larger
fragments are detached and become unavailable for any further interaction con-
cerning this particular collision event.

Compact aggregates are characterized by a higher packing density of
monomers, which results in the energy distribution over a larger number of
grains. Even if a few contacts are broken, monomers cannot easily escape the
aggregates. Moreover, the energy is transported faster within the particles, as
the sound speed in porous aggregate is an increasing function of the packing
density (Paszun and Dominik 2008b).

Influence of the mass ratio

Impact of particles of different mass may lead to a different collision output than
in the case of equal masses. Smaller projectiles have limited area over which the
impact energy is transferred into the target. The interaction is local and thus
fewer contacts and particles will be involved in such a collision. Thus a colli-
sion between similar mass clusters should result in more efficient distribution
of energy between monomers of both particles.

The mass ratio influence may strongly depend on the fluffiness of aggregates
under consideration. In the case of fluffy aggregates, however, small projectiles
may penetrate deep into the target, causing internal damage. This might break
central contacts leading to fragmentation of an aggregate.
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Figure 5.3 — Schematic representation of the impact parameter influence on the compres-
sion. Upper graph shows compressive, central collision, while the bottom graph presents
the stretching, offset collision.

Restructuring, in the case of an impact of a small projectile, might be ex-
pected to be limited to the area of the collision. The energy sufficient to roll
many monomers is also enough to break several contacts. Therefore, faster im-
pacts are expected to result in erosion of aggregates and a limited compression
(if any).

Influence of the impact parameter

Above considerations apply fully to the case of a central collision. Depending
on the impact energy one may expect sticking, compression or different degrees
of fragmentation. One must be, however, very careful when offset collisions are
taken into account. The output of an offset impact can be dramatically different.
Large offset collisions are more likely than central impacts. Thus average output
of many collisions will be dominated by grazing collisions.

The difference of this type impacts is caused by a limited interaction re-
gion. Central collisions often lead to a distribution of the energy over many
monomers. The grazing incident, however, involves only surface grains. Thus
the kinetic energy may only affect a smaller number of monomers and contacts.
Also the type of interaction plays a role. In the case of the central impact, aggre-
gates are pushed towards each other and thus are compressed. This behavior is
presented schematically in Fig. 5.3. Collisions with large impact parameter on
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the other hand cause stretching of aggregates. The two colliding clusters con-
nect, undergo some restructuring in the contact area and once the centers have
passed each other, they start to pull the material out (cf. Fig. 5.3).

5.4.3 Average over the impact parameter

To allow portability of our recipe, presented in Sect. 5.6, a collision outcome
is averaged over the impact parameter. This way the recipe can be easily ap-
plied to continuous models where dust growth can be studied including both
the structure and the mass of fragments produced in collisions.

Since we know the products of the collisions at different offsets, we apply
proper weights to that results. The weight for each impact parameter b is related
to the fractional surface area of the ring with the radius b and width ∆b. Thus
grazing collisions get the highest weight, while the central impact has the lowest
weight. The quantity Q averaged over the impact parameter is then given as

< Q >b=

∫ bmax

0
Q(b)2πb db

πb2
max

. (5.14)

5.5 Results

In this section we present results of our parameter study. We discuss the in-
fluence of the initial compactness and the impact parameter in different energy
regimes.

To describe results of the parameter study we choose two cases. Collisions
of compact aggregates (filling factor of φσ = 0.251 for smaller aggregates and
φσ = 0.16 for larger particles) are presented and compared with fluffy, fractal
aggregates (filling factor of φσ = 0.155 for small aggregates and φσ = 0.09 for
bigger ones). We use these two cases to illustrate the influence of compactness
on the collision outcome.

The quantitative recipe in Sect. 5.6 is built using all our simulations and in-
cludes intermediate compactness aggregates as well as even more fluffy, elon-
gated fractals.

5.5.1 Slow collisions - sticking and restructuring

Low energy collisions are highly unlikely to cause the fragmentation of aggre-
gates. This regime includes impacts at energies from E = 1.3 · 10−2Eroll up to
E = 3.37 · 101Eroll

2. Therefore, at the lower limit no restructuring may occur,
as the energy is insufficient to roll even a single contact. In the upper limit the
restructuring occurs with the onset of erosion. The energy that suffice to roll
many contacts is also enough to break many contacts, as the rolling energy Eroll

is similar to the breaking energy Ebr for our monomer size (Ebr = 0.71Eroll).
2Note that this is the total collision energy and not the energy per contact.
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Results of these simulations at different impact parameters are presented
in Fig. 5.4. Indeed, even very porous aggregates that are expected to have a

Figure 5.4 — Results of low energy impacts of fluffy aggregates of φσ = 0.155. The left
column shows the initial setup of the system with different impact parameters b. The
following columns show results at velocities of 0.01 m/s, 0.1 m/s, and 0.5 m/s. These
velocities correspond to impact energies of 1.3·10−2Eroll = 9.2·10−3Ebr, 1.3Eroll = 9.2·10−1Ebr,
and 3.37 · 101Eroll = 2.29 · 101Ebr, respectively.

weak structure are not restructured in the lowest energy collisions. The impact
parameter does not play a role in these hit-and-stick events.

An increase of the impact energy leads to compression for central impacts.
The third column in Fig. 5.4 shows collisions at energy E = 1.3Eroll. In this case
the energy is sufficient to roll only one contact, which results in the onset of re-
structuring. Even though, just one contact is affected, the motion occurs some-
where inside the aggregate causing an arm to move. As expected, off-center
collision result in tensile forces. The outcome of an impact at b = 0.75 bmax is
indeed more porous than in the case of impact parameter b = 0.

The effect of the impact parameter becomes stronger at higher energies. The
last column in Fig. 5.4 shows strong compaction for a head-on collision and a
very much elongated particle is produced in an offset impact at b = 0.5 bmax.
For the larger impact parameter, the weakly distributed energy is used to break
the newly established connection resulting in two large particles as before the
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collision.

Figure 5.5 — Results of low energy impacts of compact aggregates of φσ = 0.251. The
left column shows the initial setup of the system with different impact parameters b. The
following columns show results at velocities of 0.01 m/s, 0.1 m/s, and 0.5 m/s. These
velocities correspond to impact energies of 1.3·10−2Eroll = 9.2·10−3Ebr, 1.3Eroll = 9.2·10−1Ebr,
and 3.37 · 101Eroll = 2.29 · 101Ebr, respectively.

The same energies, when applied to compact aggregates, show slightly dif-
ferent results. Figure 5.5 presents results of collisions of compact aggregates at
low energies. In the slowest impacts both head-on and offset collisions lead to
sticking without restructuring. However, the increased impact energy causes
rather weak, compared to fluffy aggregates, compaction. The initial aggregates
are easy to recognize in the formed particle that has a dimer-like and elongated
shape. The effect is even stronger in the case of grazing collisions. At higher
velocities the central impacts lead to more compact aggregates, in which the
identity of the involved grains is beginning to wash out, while the offset colli-
sion products still remain elongated with clear distinction of the two colliding
grains.

To quantitatively describe this structural evolution, we describe it in terms
of the geometrical filling factor φσ (cf. Eq. (5.2)). Figure 5.6 shows the filling fac-
tor of aggregates produced in central and offset collisions. The hit-and-stick im-
pacts in Fig. 5.6A produce dimer-like particles. The projected surface area of these
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Figure 5.6 — The geometrical filling factor φσ of the largest fragment produced during a
collision of fluffy (black symbols) and compact (grey symbols) aggregates. Diamonds
indicate a head-on collision, while squares denote impact with an offset of 0.75 bmax.
Dashed lines show the initial filling factor as it was before the collision. Two panels
present results of collision at different energies: impact at the energy of E = 3.37 ·10−1Eroll

(a) and at the energy of E = 3.37 · 101Eroll (b).

particles and their mass increase by approximately a factor of 2. This causes a
decrease of the filling factor by a factor of about 0.7, as can be observed for both
fluffy and compact aggregates in the hit-and-stick energy regime for both cen-
tral and grazing impacts. The particle in Fig. 5.6A that exactly keeps the initial
filling factor, is actually a missed collision.

Figure 5.6B shows results at higher impact energy. In this case restructuring
takes place, which is indicated by a significant difference between head-on and
offset collisions. As discussed before, this difference is small for compact ag-
gregates. Porous particles, on the other hand, suffer a true compression when
they collide head-on. The filling factor of these aggregates increases above the
initial value of φσ = 0.155. The products of collision at large impact parameter,
however, move to even lower filling factors.

The effect of the mass ratio on the structural change of aggregates at low
energies is presented in Fig. 5.7a. Single monomers at 0.5 m/s have an energy
below Ebr and thus are in the hit-and-stick regime. Larger aggregates at this ve-
locity have sufficient energy to cause some restructuring. Compact aggregates
are very weakly affected and their filling factor remains unchanged. Fluffy parti-
cles are only slightly compressed, and their filling factor increases only by about
1%. Collisions with mass ratio of 0.1 lead to a similar result. A higher impact
energy causes both stronger compaction and the onset of erosion (see Fig. 5.7b).
Compact aggregates are slightly compressed by collisions with mass ratio above
0.1. In the case of the smallest mass ratio (m1/m2 = 10−3), the impact energy is
insufficient to roll even a single contact (E = 0.76 Eroll).
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Figure 5.7 — The geometrical filling factor φσof the largest fragment produced during a
collision of fluffy (black symbols) and compact (grey symbols) aggregates made of 1000
monomers with different size particles. Diamonds indicate single monomer impactors,
triangles denote projectiles made of 100 monomers, and squares represent particles made
of also 1000 monomers. Left panel (a) corresponds to slow impacts at velocity of 0.5 m/s,
while the right panel (b) at velocities of 0.75 m/s. All collisions are head-on.

5.5.2 Intermediate speed collisions - erosion

Here we present intermediate energy collisions that result in a strong com-
paction of aggregates. We chose this energy regime to extend from the onset of
erosion at energy of about E ≈ 0.1NEbr up to the onset of shattering (E ≈ NEbr).

In the case of silicates, these limits correspond, to E ≈ 0.15NEroll and E ≈
1.5NEroll, respectively. Therefore, we expect the maximum compression to occur
somewhere in this regime.

Figure 5.8 shows results of collisions of fluffy particles at different energies
and impact parameters. Central collisions cause erosion, which becomes
stronger at higher velocities. The compaction is also noticeable, but only at
lower velocities. Interestingly, larger energies are not only sufficient to strongly
compress particles, but the excess of the energy continues to restructure the ag-
gregate, which results in flattening and decompression of particles. This decom-
pression is “formal” in the sense that φσ decreases due to the pancake-like shape
of the resulting aggregate, not due to changes to true internal density. The offset
collision on the other hand, causes very strong elongation of aggregates until the
energy suffice to break most of the contacts (E = 0.92 N Ebr). At that point the
strong erosion sets in, removing part of the mass. The grazing collision however
produces two collision remnants. In this case a weak erosion is observed only
in collision with the highest energy.

Collisions of the compact aggregates are presented in Fig. 5.9. The erosion
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Figure 5.8 — Results of the intermediate energy impacts of fluffy aggregates of φσ =
0.155. The left column shows the initial setup of the system with different impact param-
eters b. The following columns show results at velocities of 0.75 m/s, 1.0 m/s, and 2.0
m/s. These velocities correspond to impact energies of 1.9 · 10−1NEroll = 1.3 · 10−1NEbr,
3.4 · 10−1NEroll = 2.3 · 10−1NEbr, and 1.35NEroll = 9.2 · 10−1NEbr, respectively.

process is much weaker than in the case of the fluffy aggregates. The impacting
particles are compacted more strongly, such that at 1 m s−1 the dimer-like shape
of the produced aggregate changes to approximately spherical shape. At 2 m s−1

(this correspond to energy of E = 0.91NEbr), however, the collision product is
flattened into a pancake-like structure, similarly to fluffy particles.

Offset collisions of the compact particles still produce dimer-like aggregates,
and show stronger resistance to stretching compared to fluffy particles. At the
highest energy in this regime, off-center impacts result in two aggregates of ap-
proximately equal mass. The impact parameter b = 0.5 bmax causes stronger
restructuring that can, in the presence of tensile forces, result in the formation of
elongated arms on the surface of aggregates (see last column in Fig. 5.9).

Quantitatively, these results are presented in Fig. 5.10. The filling factor of
the produced particles increases in head-on collisions. Fluffy aggregates are
compressed significantly reaching packing densities well above the initial value.
offset collisions result in a few cases in a strong decompression. Some aggre-
gates, however, detach producing two particles with the filling factor similar to
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Figure 5.9 — Results of the intermediate energy impacts of compact aggregates of φσ =
0.251. The left column shows the initial setup of the system with different impact param-
eters b. The following columns show results at velocities of 0.75 m/s, 1.0 m/s, and 2.0
m/s. These velocities correspond to impact energies of 1.9 · 10−1NEroll = 1.3 · 10−1NEbr,
3.4 · 10−1NEroll = 2.3 · 10−1NEbr, and 1.35NEroll = 9.2 · 10−1NEbr, respectively.

the initial value. An increase of the impact energy results in strong erosion for
fluffy particles (see Fig. 5.10B). However, small fragments are produced mostly
by central collision. In the case of grazing impact the erosion is limited and two
big fragments of initial compactness are the outcome.

Compact aggregates are more difficult to compress. Their filling factor φσ
reaches at most the initial value. Higher energies lead to a lower filling factor
reaching values below 20%.

The mas ratio effect in this energy regime is not much different from the low
energies. Aggregates are weakly affected by small projectiles in terms of the
filling factor (see Fig. 5.7). The surface added or removed may be noticeable
only in the case of multiple, successive impacts. However, these are not subject
of this parameter study.

The intermediate energy regime leads to the loss of small fragments. Since
only a small fraction of the mass is lost (less that a half of the total mass of both
impacting aggregates), we classify this outcome as erosion. The collision can
be quantified in terms of the largest collision remnant. Figure 5.11 shows this



104 Collisional evolution of dust aggregates

Figure 5.10 — The geometrical filling factor φσ of the largest fragment produced during a
collision of fluffy (black symbols) and compact (grey symbols) aggregates. Diamonds in-
dicate a head-on collision, while squares denote impact with an offset of 0.75bmax. Dashed
lines show the initial filling factor as it was before the collision. Two panels present re-
sults of collision at different energies: impact at the energy of E = 1.9 · 10−1NEroll (a) and
at the energy of E = 1.35NEroll (b).

quantity as a function of impact energy for both fluffy and compact aggregates.
At low impact energies (the hit-and-stick regime), fluffy aggregates show that
the largest fragments has only about 90% of the total mass. This is the effect
of collisions that miss or feature very limited interaction leaving the original
aggregates mostly intact.

The lowest velocities indeed lead to perfect sticking and locking of the to-
tal mass in one big aggregate. The decrease of the mass of the largest fragment
marks the onset of the erosion regime. This process begins at very similar ener-
gies for both compact and fluffy aggregates. However, it is much stronger for
porous particles. At energy of E = 0.5NEbr fluffy aggregates loss about half of
the total mass, while compact particles loss only about 10% to 30% depending
on impact parameter. The picture changes only at very high energies, when
fragmentation takes over. This, however, we discuss in the next section.

A more complete picture is presented by a distribution of fragment masses.
This is illustrated for central impacts in Fig. 5.12. Collisions at intermediate
speeds erode aggregates and produce a number of the small fragments. Two
components can be separated in these distributions. The small fragments com-
ponent and the large particle component.

The distribution of small particles is a power-law

f (m/m0)(m/m0)2 ∝ mq, (5.15)

with the slope q depending on several parameters, including the internal struc-
ture of aggregates and the impact energy. Initially too few small particles are
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Figure 5.11 — The mass of the largest collision remnant for central and offset collisions
as a function of the impact energy. Diamonds correspond to compact aggregates, while
triangles correspond to fluffy particles. Error bars indicate standard deviation and each
point represents a mean value for 6 individual simulations (see Sect. 5.3).

Figure 5.12 — Mass distribution as resulted from head-on collisions of (a) fluffy (φσ =
0.155) and (b) compact (φσ = 0.251) aggregates at two intermediate impact energies.
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produced and the power-law cannot be determined. In such a case we assume
that the distribution is flat with the slope q = 0, meaning equal mass per loga-
rithmic mass interval. As the erosion progresses with increasing impact energy,
the fitted slope remains relatively low. Small particles slightly dominate the
mass within this power-law distribution, since the fitted slope is about q ≈ −0.3
in the case of fluffy aggregates (Fig. 5.12a) and about q ≈ −1.2 for compact ag-
gregates (Fig. 5.12b).

This behavior is similar for offset collisions (see Fig. 5.13). Although, erosion
is much weaker, the two components are clearly visible. The slope of small

Figure 5.13 — Mass distribution as resulted from off-center (b = 0.75 bmax) collisions of (a)
fluffy (φσ = 0.155) and (b) compact (φσ = 0.251) aggregates at two intermediate impact
energies.

fragments component, however, cannot be fitted due to a limited data. Fluffy
aggregates when colliding at the energy of E = 0.23NEbr and higher produce
two large fragments that contribute to the big particles component and a few
small particles. Compact aggregates still grow at the energy of E = 0.23NEbr

producing only one large fragment and a cloud of small particles.
Although intermediate energies are required to erode particles in collisions

of equal mass aggregates, this is not the case for impacts with large mass ra-
tios. Energy is localized in a small region leading to erosion. Figure 5.14 shows
the effect of the mass ratio on the mass distribution of fragments. The top
panels (Fig. 5.14a & Fig. 5.14b) illustrate the mass distribution for impacts of a
monomer onto an aggregate composed of 1000 grains. In these cases, the energy
is sufficient to break only a small number of contacts3 and results in erosion.
However, in some collisions a monomer penetrates deeper into a fluffy target,
breaking only a few contacts holding large parts of an aggregate together. Large

3Note that in Fig. 5.14a & Fig. 5.14b the energy is normalized to the reduced number of
monomers Nµ =

N1N2
N1+N2

. Therefore the energy per contact is a factor of 103 lower.



5.5 Results 107

Figure 5.14 — Mass distribution as resulted from central collisions between aggregates
of different mass ratios and at different energies. Left panels show collisions of fluffy
aggregates with the filling factor of φσ = 0.09, while the right panels show impacts of
compact particles with φσ = 0.16. Different mass ratios are presented in an increasing
order from top to bottom: a&b – mass ratio m1/m2 = 10−3; c&d – mass ratio m1/m2 = 0.1;
e&f – mass ratio m1/m2 = 1. The energy in top panels is normalized to the reduced
number of monomers Nµ = N1N2/(N1 + N2) and not to a total number of particles (or
contacts) N like in other panels.

fragments result, filling the gap between the distribution of small fragments and
the large fragment peak. Compact particles, on the other hand are more difficult
to penetrate, which results clearly separate components. The slope of the mass
distributions is again in the range of q ≈ −0.3 to q ≈ −1.

In the case of larger mass ratio of m1/m2 = 0.1 (Fig. 5.14c & Fig. 5.14d), the in-
creasing energy causes the erosion to increase. Fluffy aggregates start to be shat-
tered at energies sufficient to break all contacts in both aggregates (E = N Ebr).
The power-law component steepens (q ≈ −0.7) indicating onset of the fragmen-
tation. In the case of compact particles, the slope of the distribution of small
fragment masses still remains relatively shallow (q ∼ −0.3). At high energies
more than half of the mass is removed meaning that shattering occurs.

Collision of equal mass aggregates (Fig. 5.14e & Fig. 5.14f) also result in a
strong erosion if the impact energy remains below E = N Ebr. Higher energies
lead to fragmentation and even shattering. This takes us to the fragmentation
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regime.

5.5.3 Fast collisions - fragmentation

Fast impacts provide a sufficient amount energy to break all contacts in an ag-
gregate. Therefore, the fragmentation is severe and may completely shatter col-
liding particles. Although, this is true in the case of the central collision, the
effect is significantly decreased for the offset impacts. The higher the impact pa-
rameter, the less destruction is caused. The grazing collisions even at the highest
velocities cause only erosion of the aggregates. The sample images for the fluffy
aggregates are shown in Fig. 5.15. Indeed the fragmentation gains in strength

Figure 5.15 — Results of the high energy impacts of fluffy aggregates of φσ = 0.155. The
left column shows the initial setup of the system with different impact parameters b.
The following columns show results at velocities of 4 m/s, 6 m/s, and 8 m/s. These
velocities correspond to impact energies of 5.4NEroll = 3.66NEbr, 1.21 · 101NEroll = 8.2NEbr,
and 2.16 · 101NEroll = 1.46 · 101NEbr, respectively.

to become catastrophic as the velocity increases. Note, however, that in grazing
collisions even the highest energies cause only erosion.

The central collisions of the compact aggregates lead to a similar result (see
Fig. 5.16). The fragmentation becomes stronger with increasing impact energy
for the central collisions. The impact parameter, however, has weaker influence
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Figure 5.16 — Results of the high energy impacts of compact aggregates of φσ = 0.251.
The left column shows the initial setup of the system with different impact parameters
b. The following columns show results at velocities of 4 m/s, 6 m/s, and 8 m/s. These
velocities correspond to impact energies of 5.4NEroll = 3.66NEbr, 1.21 · 101NEroll = 8.2NEbr,
and 2.16 · 101NEroll = 1.46 · 101NEbr, respectively.

on the outcome in this case than for fluffy particles. Even grazing collisions lead
to nearly complete disruption.

The effect of offset impacts and energies is even clearer in Fig. 5.17 and
Fig. 5.18, where we show the fragment mass distribution. The head-on collision
at energy of E = 3.66NEbr completely shatters fluffy aggregates with the largest
fragment having only about 15% of the total mass. The large fragment com-
ponent disappears altogether, shifting the entire mass into the steep power-law
with the slope q ≈ −1. Further increase of the energy results in heavier damage
and steeper slope. At the energy of E = 14.6NEbr the slope reaches q ≈ −2.5.

Although a similar trend is observed for compact particles, equal degree of
destruction occurs at higher energies (see Fig. 5.17b). A head-on impact of com-
pact particles at the energy of E = 3.66NEbr still resembles the erosion case. The
large fragments component is still present and contains a significant fraction of
the mass. The slope of the power-law remains shallow at q ≈ −0.3. An increase
of the energy to E = 14.6NEbr shatters the aggregates, leaving only the power-
law component with a steeper slope of about q ≈ −2.
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Figure 5.17 — Mass distribution as resulted from head-on collisions of a – fluffy (φσ =
0.155) and b – compact (φσ = 0.251) aggregates at two high impact energies.

Off-center collisions (see Fig. 5.18) are characterized by distributions that

Figure 5.18 — Mass distribution as resulted from off-center collisions of a – fluffy (φσ =
0.155) and b – compact (φσ = 0.251) aggregates at two high impact energies.

resemble the erosion case. A highly pronounced large fragment component co-
exists with a power-law distribution of small fragments. The similarity with the
erosion case is also visible in the energy independent slope. It remains constant
at q ≈ −1 for fluffy aggregates and q ≈ −0.6 for compact particles.

The effect of the energy on the slope of the power-law distribution is pre-
sented in Fig. 5.19. The left panel (A) shows the results for fluffy aggregates.
Initially shallow and constant slopes begin to steepen once the impact energy
increases above E = NEbr. This behavior is similar for aggregates of different
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Figure 5.19 — Slopes of the power-law size distribution of small fragments as a function
of impact energy. Different symbols correspond to different mass of colliding aggregates.
Left panel (a) corresponds to fluffy aggregates (φσ = 0.09 . . . 0.155), while the right panel
(b) shows result of collisions between compact aggregates (φσ = 0.16 . . . 0.251).

mass or mass ratio. Note that for very weak erosion the slope of the power-law
cannot be determined and a value of q = 0 is assumed. The shattering becomes
catastrophic when the energy increases by an order of magnitude. The slope
steepens beyond q = −1, meaning that small particles significantly dominate
the mass spectrum. For small aggregates the distribution may be as steep as
q = −2.5.

Compact particles behave in a similar manner (see Fig. 5.19B). In this case,
however, the steepening occurs at slightly higher energies of about E = 5NEbr.
Moreover the steepening is limited in the explored energy range, and reaches
values of q = −1.7. In this case low energies also result in shallow slopes of the
distribution and are assumed to be q = 0, when the data was too scarce to make
a fit.

The structural evolution of aggregates in this high energy regime is mostly
determined by the filling factor of small fragments. Interestingly, it tightly
follows a power-law function of particle mass with a slope of −0.33. This is
clearly illustrated in Fig. 5.10B, and Fig. 5.20. Regardless of the initial com-
pactness, impact energy or impact parameter, small fragments are very well
described by a simple relation. Large particles can survive only grazing colli-
sions, which lead to very short and localized interaction. Therefore, in grazing
collisions of fluffy aggregates, the structure remains unchanged. In the case of
compact particles, however, the interaction involves more grains at a given im-
pact parameter, leading to erosion and restructuring.
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Figure 5.20 — The geometrical filling factor φσ of the largest fragment produced during a
collision of fluffy (black symbols) and compact (grey symbols) aggregates. Diamonds in-
dicate a head-on collision, while squares denote impact with an offset of 0.75bmax. Dashed
lines show the initial filling factor as it was before the collision. Two panels present re-
sults of collision at different energies: impact at the energy of E = 5.4NEroll (a) and at the
energy of E = 2.16 · 101NEroll (b).

5.6 The Recipe

In this section we put together the information regarding the collisional output
in a form of a quantitative recipe. We provide the recipe in a form of tables
that contain parameters needed to reconstruct appropriate distributions. Since
the recipe is provided as discrete parameters, the intermediate cases should be
interpolated. Our recipe describes two limiting cases separately. Equal mass
collisions affect aggregates globally. Therefore we refer to this sub-recipe as the
global recipe. On the other hand we have large mass ratio impacts that result
in a localized changes. This sub-recipe is referred to as the local recipe. In this
case of large mass ratio collisions, we use impacts of monomers onto aggregates
composed of 1000 grains. In this case central collisions are used also for the non
missed offset impacts because the effects are extremely similar. This assumes
that the geometry of the impact of small projectile onto a larger target depends
on a local surface. Thus central and offset collisions should be indistinguishable.
The only necessary correction is to exclude missed collisions that are more likely
at larger impact parameters. The distinction between the two sub-recipes is
described later in Sect. 5.6.4.

5.6.1 Hit and stick recipe

Although, our simulations include the hit-and-stick energy regime, this growth
mechanism strongly depends on the mass ratio and should be treated separately.
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Table 5.4 — Quantities provided by the recipe to reproduce the mass distribution.

symbol description
q The slope of the power-law component.

Mr ratio of the mass in the power-law component
to the mass in the Gaussian component.

σG Width of the Gaussian component.
MG Mean mass of the Gaussian component.

The hit-and-stick growth is of little importance, when only an insignificant mass
is added before any restructuring occurs. Otherwise, an analytical prescription
may be applied as in Ossenkopf (1993); Ormel et al. (2007, 2008b); Paszun et al.
(2008).

5.6.2 Distribution of fragment mass

The simulation results have shown that collisions produce two components. The
first component - the power-law of small fragments - is produced in high energy,
head-on impacts resulting in erosion and fragmentation. The second compo-
nent - the distribution of the largest fragments - is formed during low energy
impact, and by grazing collisions at all energies. We model this component us-
ing a Gaussian. It is thus expected that the power-law steepens as the impact
energy increases and that the peak of the Gaussian moves to smaller masses.
This is caused by the erosion and the fragmentation, that result in a decrease of
the mass of the largest fragment and an increase of the mass in the power-law
component.

The total set of parameters needed to reproduce such a distribution is pre-
sented in Tab. 5.4. The power-law component is determined by fitting a power-
law to the first part of the distribution, which contains small fragments. That
fitted power-law is then subtracted from the distribution. The power-law slope
and mass ratio of the two components is known at this point. The remaining
part of the distribution is used to determine the last 2 quantities, namely the
mean and the width of the Gaussian component. The mean mass MG is simply
the mass weighted mean mass of fragments in the Gaussian component

MG =

∫ log(m1+m2)

log m0
m f (m/m0)(m/m0)2d log m

∫ log(m1+m2)

log m0
f (m/m0)(m/m0)2d log m

. (5.16)

The width of the Gaussian is chosen to obey two constraints:

1. the Gaussian should have a sharp cut-off at masses larger than the total
mass of colliding aggregates.

2. the power-law component must dominate the low mass part of the distri-
bution.
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To present the representative fragment distribution we average the mass
spectrum over the impact parameter (see Sect. 5.4.3). Some impact parameter
averaged distributions are shown in Fig. 5.21. The panels show the evolution of

Figure 5.21 — Distributions averaged over the impact parameter. Results for fluffy and
compact aggregates at energies E = 5.7 · 10−4NEbr (a), E = 5.7 · 10−2NEbr (b), E = 0.13NEbr

(c), E = 0.92NEbr (d), E = 8.2NEbr (e), and E = 14.6NEbr (f).

mass spectrum for both compact and fluffy aggregates. At low energies growth
dominates. Grazing collisions, however, contribute to a lower mass bin causing
a slight decrease of the mean mass. An increase of the energy leads to the onset
of erosion. Small fragments appear with a very flat slope of the power-law dis-
tribution. Further increase of the energy enhances the erosion. The component
of small fragments grows and begins to slightly steepen the slope. Eventually
growth changes into fragmentation. The large fragments component, however,
remains in the distribution caused by the grazing collisions. The impact param-
eter average reduces both the effect of fragmentation and differences between
fluffy and compact particles.

5.6.3 Compactness evolution

The filling factor φσ, similarly to mass spectrum, shows different behavior be-
tween central and offset collisions. The effect of impact parameter averaging
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is presented in Fig. 5.22. Compact aggregates are decompressed. At higher

Figure 5.22 — The filling factor φσ averaged over the impact parameter vs the collision
energy scaled with the number of monomers N and in units of the rolling energy Eroll.
The dashed areas correspond to the spread around the mean value. The dotted lines
indicate the initial value of the filling factor for the colliding particles.

energies of about E = NEroll aggregates undergo compression that mostly com-
pensates the offset collisions and the dimer-like structure discussed in Sect. 5.5.

Fluffy aggregates also increase porosity in low energy collisions. The in-
creasing energy, however, causes both a decrease of the mass of the largest frag-
ment and compaction of the aggregates. The grazing collisions at a high energy
produce aggregates with weakly changed structure. Therefore the structural
change is dominated by compressing head-on impacts. A further increase of the
collision energy results in a stronger compression. The maximum filling factor
of about φσ ≈ 0.19 is reached at E = NEroll. A further increase of the energy does
not affect the porosity. Particles are completely disrupted and the filling factor
is dominated by small, fluffy fragments (see Fig. 5.20).

Small fragments produced by erosion or fragmentation are easily described
by a single power-law. Regardless of initial porosity of the impact energy, small
particles have the filling factor given by

φσ = (m/m0)−0.33. (5.17)
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5.6.4 Format

Our recipe provides parameters required to reconstruct mass distribution aver-
aged over impact parameter. The distribution of the fragment masses is given
by F(m) dlog m = f (m) m2 dlog m, where f (m) dm provides the number of particles
of mass m in mass interval between m and m + dm. Thus the functional form of
our recipe consists of the two components and is given by

F(m) = ξ1mq
+

ξ2√
2πσG

exp
−(m − MG)

2σ2
G

, (5.18)

where ξ1 and ξ2 are the normalization constants of the power-law component
and the Gaussian, respectively. Please note that they are not provided since the
distribution should be re-normalized in order to conserve the mass. Instead
we give ratio of the power-law component to the Gaussian component, which
should be used to determine the mass and normalization constant in each com-
ponent. The power-law component extends from a monomer mass to a quarter
of the total mass.

Our recipe is provided in tabulated form. The parameters required to repro-
duce the collisional outcome may be interpolated linearly. Our parameter space
is covered very well and spans from very fluffy aggregates of fractal dimension
Df = 1.5 through fluffy fractal (Df = 2.0) and non fractal PCA aggregates to very
compact particles of φσ = 0.251. The energy space is also well sampled. Our
recipe is based on simulations from hit-and-stick regime up to a catastrophic
destruction.

The difference between the local and the global sub-recipes is due to
mass ratio effect. However, small projectiles, when carrying sufficient energy
(i.e.,impacting with very high speeds), may also shatter an entire target aggre-
gate. Therefore the global recipe is applicable not only at mass ratio close to
unity, but also when the energy is sufficient to globally affect an aggregate.
Figure 5.23 presents a scheme of the algorithm used to distinguish between
the local and the global recipes. When a collision of aggregates characterized
by their masses mi, filling factors φi, and some material properties, occurs at
a given impact energy, one must check whether the collision is in the recipe
domain (restructuring or fragmentation) or in a hit-and-stick regime. The test
checks whether the energy is sufficient to cause any restructuring. If the con-
dition Ecoll < 5Eroll is satisfied, the hit-and-stick mechanism is applied (for de-
tails see Ormel et al. (2007), Ormel et al. (2008b)). Otherwise, a second check is
performed. If any of the two following conditions is true, the global recipe is
applied:

m1

m2
> 0.1, (5.19)

or
E > 5NEbr. (5.20)

If none of the above is true, the local recipe must be used.
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E    5E roll> NO
HIT & STICK

YES

NO LOCAL
RECIPE

YES

GLOBAL
RECIPE

1m > 0.1m2

E    5N Ebr>
OR

φ     φσ,1 σ,2, , a0m ,2m ,1 E,b,
COLLISION

material properties (Ice/Silicates)

Figure 5.23 — Scheme of an algorithm that should be used to distinguish between the
global and the local recipes.

The recipe provides a description of the outcome of a collision between ag-
gregates of the same filling factor. To describe collision of aggregates with dif-
ferent compactness, a mass weighted average filling factor must be determined

< φσ >m=

∑

i φσ,imi
∑

i mi

. (5.21)
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Therefore the filling factor that should be used is dominated by that of the more
massive aggregate. In particular the outcome of a collision between particles
of different mass depends very much on the porosity of the target aggregates
and how deep it can be penetrated. Collisions of equal mass particles on the
other hand are not dominated by one species. Therefore the contribution from
both aggregates should be about equal. The compression or decompression is
expected to be weaker than for fluffy particles, as compact aggregates are more
resistant to restructuring (see Sect. 5.5). The validity of this approximation is
further addressed in Sect. 5.7.

5.6.5 A complete quantitative description

The mass distribution of the collisional outcome for equal mass colliding projec-
tiles can be constructed using parameters read from Tab. 5.7-Tab. 5.6. Figure 5.24
shows contour plots of the required 4 parameters. Intuitively, the mean mass of

Figure 5.24 — Parameters as a function of the filling factor and impact energy. Mean
mass of the Gaussian component (a), width of the Gaussian component (b), slope of the
power-law (c), mass ratio of the power-law to the Gaussian component (d).

the large component (upper left panel) decreases with increasing energy. Simi-
larly the width of this component (upper right panel) decreases with increasing
energy as a result of fragmentation and grazing collisions. Therefore, an increas-
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ing impact energy causes a decrease of the mass of the largest fragment, and the
tail of the Gaussian component decreases. This shattered mass shifts then to the
small fragments power-law component. This power-law component does not
exist at low energies and only large aggregates are produced in this stage due
to growth and grazing collisions. Thus the slope of this component (lower left
panel) starts to decrease only at larger energies. Note that for a weak erosion,
where the slope of the power-law cannot be determined we assume it is q = 0.

Figure 5.25 shows compression of aggregates in the global recipe. This con-
tour plot illustrates Tab. 5.9. The low energy collisions cause a decrease of the

Figure 5.25 — The change of the filling factor φσ relative to the initial filling factor φini
σ .

Values below unity (φσ/φini
σ < 1) indicate decompaction and values above unity (φσ/φini

σ >

1) mean compaction.

filling factor φσ for all aggregates. The effect of decompaction is similar for all
particles, although the largest decrease of φσ is observed for the most compact
aggregates. Faster impacts result in compression and an increase of the filling
factor. Aggregates with the lowest filling factor φσ show the lowest structural
change. The density increases only by a factor of about φσ/φini

σ = 1.11 at the
highest energies. For very compact aggregates, at the same energy, this change
is somewhat higher (φσ/φini

σ = 1.22). This value is strongly affected by fragmen-
tation. The average largest collision remnant in this case consists of only 0.16
of the total mass. The Maximum compression observed for head-on collisions
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at the energy of about E = N Eroll reaches only about 0.89 of the initial filling
factor. This means that the average largest fragment is decompressed. Fluffy
aggregates, both fractal and non fractal, show similar behavior. For these fluffy
particles the boundary between decompaction and compression is at the ener-
gies of about E = N Eroll. The filling factor increases further at higher energies.
The maximum compression is reached at highest energies. The largest fragment
at this energy is about a quarter of the total mass, except of the most fluffy ag-
gregates, that are very difficult to disrupt completely.

Global recipe

In this section we present tables containing the global recipe. They describe
both the distribution of fragments (Tab. 5.5, Tab. 5.6, Tab. 5.7, and Tab. 5.8) and
the change in the filling factor of the largest fragment, relative to the initial φσ
(Tab. 5.9).

The shape of the distribution of fragment masses depends on the number of
contacts that can be broken. The higher the energy is, the stronger and steeper
the power-law component is. Therefore the collision energy is normalized to the
breaking energy Ebr. Moreover the energy is distributed globally in the aggre-
gates (hence the name global recipe). Therefore the energy is also scaled to the
total number of particles N (this is approximately equal to the number of con-
tacts). The first column in each of tables 5.5 – 5.8 shows the normalized energy
E/(N Ebr). The following four columns indicate the recipe output quantity (see
Tab. 5.4) for aggregates with different initial filling factor φini

σ . Table 5.5 presents
the slope q of the power-law component of small fragments. The mass normal-
ization can be done with the total mass of colliding aggregates m1 + m2 and the
ratio Mr of the mass in this power-law component over the Gaussian component
given in Tab. 5.6.

Table 5.5 — The slope of the power-law component.

E/(NEbr) φini
σ

0.122 0.155 0.189 0.251
5.72 · 10−4 0.00 0.00 0.00 0.00
2.06 · 10−2 0.00 0.00 0.00 0.00
5.72 · 10−2 0.00 0.00 0.00 0.00
1.29 · 10−1 0.00 0.11 0.00 0.00
2.29 · 10−1 0.10 0.12 0.00 0.00
9.15 · 10−1 −0.20 −0.28 −0.31 −0.52
3.66 · 100 −0.69 −0.49 −0.42 −0.53
8.24 · 100 −0.73 −0.81 −0.77 −0.65
1.46 · 101 −0.85 −0.89 −1.03 −0.93

The Gaussian component can be reconstructed using three quantities, the
ratio of the mass in the two components Mr, the mean mass MG, and the width
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σG. Table 5.7 provides the mean mass, and the width is given in Tab. 5.8.
The change in porosity of aggregates depends on the number of contacts

that can roll, as the rolling is the main mechanism responsible for the restruc-
turing. Therefore the energy in the first column of Tab. 5.9 is normalized to the
rolling energy Eroll. The restructuring also affects the structure of aggregates
globally. Thus the collision energy is also normalized to the total number of
monomers, which approximates the initial number of contacts. Table 5.9 shows
the change in the geometrical filling factor φσ relative to the initial density φσini.
This new filling factor represents large fragments from the Gaussian component.
The power-law component is simply described by Eq. (5.17).

The difference in energy scaling applied to the part of the recipe describ-
ing the fragment distribution and to the part of the recipe providing the com-
paction accounts for cases of different material properties, where the ratio of
the rolling energy Eroll to the breaking energy Ebr may be different than for
Quartz. Therefore different physical processes (compaction/decompaction and

Table 5.6 — Mass ratio of the small fragments component (power-law) to the largest frag-
ment component (Gaussian).

E/(NEbr) φini
σ

0.122 0.155 0.189 0.251
5.72 · 10−4 0.00 · 10−0 0.00 · 10−0 0.00 · 10−0 0.00 · 10−0

2.06 · 10−2 0.00 · 10−0 5.43 · 10−5 0.00 · 10−0 0.00 · 10−0

5.72 · 10−2 1.17 · 10−3 3.26 · 10−4 8.14 · 10−5 1.70 · 10−4

1.29 · 10−1 4.61 · 10−3 1.47 · 10−2 4.53 · 10−3 2.86 · 10−3

2.29 · 10−1 3.67 · 10−2 5.66 · 10−2 1.14 · 10−2 1.04 · 10−2

9.15 · 10−1 1.73 · 10−1 2.67 · 10−1 1.49 · 10−1 1.39 · 10−1

3.66 · 100 1.91 · 10−1 6.83 · 10−1 6.63 · 10−1 7.87 · 10−1

8.24 · 100 2.03 · 10−1 7.53 · 10−1 7.57 · 10−1 1.72 · 10−0

1.46 · 101 2.02 · 10−1 7.45 · 10−1 8.79 · 10−1 2.39 · 10−0

Table 5.7 — Mean mass of the Gaussian component normalized to the total mass.

E/(NEbr) φini
σ

0.122 0.155 0.189 0.251
5.72 · 10−4 0.671 0.756 0.749 0.883
2.06 · 10−2 0.671 0.756 0.711 0.883
5.72 · 10−2 0.671 0.736 0.711 0.883
1.29 · 10−1 0.610 0.697 0.691 0.883
2.29 · 10−1 0.575 0.620 0.671 0.829
9.15 · 10−1 0.430 0.436 0.485 0.536
3.66 · 100 0.427 0.426 0.423 0.415
8.24 · 100 0.419 0.418 0.421 0.401
1.46 · 101 0.422 0.428 0.436 0.359
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erosion/fragmentation) are isolated by different scaling, i.e.,restructuring scales
with the rolling energy, while the fragmentation scales with the breaking energy.

Local recipe

The local recipe describe the outcome of a collision between small aggregates
and a large target. In the case of the high energy impacts erosion occurs, re-
sulting in the large target aggregate accompanied by the distribution of small
fragments. The energy is locally distributed over monomers of the small im-
pactor and surface grains of the target. Thus in this case we scale the energy
with the reduced number of monomers Nµ = N1N2/(N1 + N2), which basically is
the number of grains in the small aggregate. As the erosion is determined by
the number of contacts that can be broken, we scale the collision energy to the
breaking energy Ebr.

Table 5.8 — Width of the large fragments component (Gaussian) normalized to the total
mass.

E/(NEbr) φini
σ

0.122 0.155 0.189 0.251
5.72 · 10−4 0.124 0.170 0.118 0.098
2.06 · 10−2 0.124 0.170 0.123 0.098
5.72 · 10−2 0.158 0.175 0.123 0.117
1.29 · 10−1 0.120 0.169 0.147 0.137
2.29 · 10−1 0.141 0.164 0.170 0.169
9.15 · 10−1 0.077 0.107 0.135 0.164
3.66 · 100 0.061 0.065 0.061 0.067
8.24 · 100 0.070 0.066 0.063 0.071
1.46 · 101 0.068 0.062 0.061 0.089

Table 5.9 — A fractional change of the geometrical filling factor φσ/φini
σ averaged over the

impact parameter.

E/(NEroll) φini
σ

0.122 0.155 0.189 0.251
8.44 · 10−4 0.867 0.818 0.837 0.796
3.04 · 10−2 0.874 0.843 0.860 0.816
8.44 · 10−2 0.877 0.867 0.878 0.822
1.90 · 10−1 0.923 0.901 0.902 0.826
3.37 · 10−1 0.942 0.944 0.943 0.838
1.35 · 100 1.067 1.053 1.005 0.888
5.40 · 100 1.082 1.206 1.144 0.937
1.21 · 101 1.088 1.322 1.274 1.032
2.16 · 101 1.109 1.368 1.395 1.223
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Table 5.10 shows the mean mass that is ejected during a collision relative to
the mass of a smaller aggregate. The first column indicates the scaled energy,
and the following four columns show the mean ejected mass for collisions of
aggregates of different initial filling factor φσini. The mass of the cratered target
aggregate can then be immediately calculated. Interestingly the third column
(φini

σ = 0.09) shows the effect of the mass ratio on the collision outcome that has
been presented in Fig. 5.14a (see Sect. 5.5.2 for a detailed discussion).

In the case of the structure modification the local recipe describes the large
target aggregate only, as the filling factor of small fragments can be easily de-
scribed (see Eq. (5.17)). Bombarding large aggregates with small projectiles re-
sults in very small relative change of the filling factor (that of the target particle),
as the filling factor quantifies the global structure of the large target aggregate.
Therefore in this case the energy scaling should be done in respect to the total
number of monomers N, which basically is the number of particles in the larger
aggregate. Moreover the restructuring mechanisms is determined by the num-
ber of monomers that can roll. Thus the energy is scaled by the rolling energy
Eroll.

Table 5.11 presents the relative change of the geometrical filling factor for the
target particle. The energy listed in the first column is normalized to the rolling
energy Eroll and to the total number of monomers N.

Table 5.10 — Mean ejected mass relative to the projectile mass. The mass ratio of the
colliding particles is 0.001.

E/(NµEbr) φini
σ

0.07 0.09 0.13 0.16
0.23 0.97 0.44 0.52 0.11
0.92 0.98 0.58 0.52 0.11
3.66 1.15 97.6 3.42 0.74
14.6 2.70 109.3 21.3 7.83
33.0 1.21 125.1 30.9 14.7
58.6 2.76 148.0 34.8 26.9

Table 5.11 — Relative change of the filling factor φσ/φini
σ . Mass ratio of the two colliding

particle is 10−3.

E/(N Eroll) φini
σ

0.07 0.09 0.13 0.16
0.00034 1.00004 1.00001 1.00005 1.00031
0.00135 1.00002 1.00011 1.00964 1.00072
0.00539 1.00010 1.04656 1.00983 1.00051
0.02155 1.00077 1.05293 1.01031 0.99677
0.04849 1.00012 1.06677 1.01024 0.99314
0.08620 1.00082 1.06368 1.00689 0.98781
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5.7 Discussion

The presented recipe provides the quantified outcome of a collision that de-
pends on four parameters

1. The initial filling factor of colliding aggregates φσini;

2. The impact parameter;

3. The collision energy;

4. The mass ratio of the colliding aggregates.

Here we present the role that each of these four parameters plays in shaping the
outcome of a collision.

5.7.1 Effect of the initial compactness

The structure of aggregates strongly affects the collision outcome. This influence
is twofold.

First, the packing density of monomers (i.e.,the filing factor) determines the
strength of an aggregate and thus its ability to sustain damage. If a particle is
compact, a relatively weak restructuring causes the formation of many new con-
tacts resulting in an increase of a rigidity of an aggregate. Moreover, the packing
density can be presented as the penetration depth. In the case of compact aggre-
gates voids between monomers are small, and particles are well shielded from
projectiles. A monomer trying to reach the center of an aggregate will most
likely be scattered in surface layers. The fluffy aggregates on the other hand
have larger voids between grains and can be penetrated more easily. Thus if a
porous particle is hit by a small aggregate, the chances are that it will break, as a
result of fragmentation of the inner region. The reason is that the deep penetra-
tion allows the impactor to reach the center of an aggregate and break contacts
that hold the arms of the aggregate together. In Fig. 5.1 the fluffy particles are
made of relatively large and fluffy parts connected together in the central region.
Thus the core of a fluffy aggregate is very important to keep the pieces together.
If it is shattered, the entire aggregate breaks into several large fragments. Com-
pact particles on the other hand are hard to penetrate and cannot be broken into
large fragments. Their surface is eroded instead.

The compactness of an aggregate is also affecting the collision outcome by
its ability to redistribute and dissipate the impact energy over a large number
of monomers. This “energy coupling” can be expressed in terms of a number of
grains that actively participate in a collision. As the processes like rolling and
breaking contacts are responsible for energy dissipation, the more particles are
involved, the more interactions occur and thus the energy is more efficiently dis-
sipated. Fluffy aggregates with low strength may break easily. Thus the energy
sufficient to break a large number of contacts may not be equally distributed
over all monomers, as one broken contact might detach a large fragment of the
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aggregate. In this case the energy would be distributed over a smaller number
of monomers causing severe fragmentation, but only of that detached part.

Therefore it is useful to define an effective number of monomers taking ac-
tive part in the collision. Konstandopoulas (2000) parameterized it using a rigid-
ity parameter that defines the fraction of the target mass that dissipates the im-
pact energy. Here we determine the effective number of monomers Neff in a
following way.

If we take a monomer inside the fractal aggregate and calculate the column
density of particles from the center, we get

Ncol ∝ N
1−2/Df
tot , (5.22)

which in principle is the number of particle - particle interactions required for
the monomer to reach the surface and escape. Assuming that this holds for
all particles in the aggregate the total effective number of grains that would be
involved in the collision is

Neff = CN
2−2/Df
tot , (5.23)

where
C = k

2/Df

f

Df

4π(Df − 2)r2
0

. (5.24)

Figure 5.26 shows the largest collision remnant as a function of the impact
energy. The two panels show the result with: Fig. 5.26a - energy scaled to the
total number of monomers and Fig. 5.26b - the effective number of monomers.
The new scaling shifts the data such that curves for collisions of aggregates of
the different mass and the different porosity overlap. The fragmentation occurs
then at the impact energy of E = Neff Ebr. Note that this approach is applicable to
head-on collisions only, as the impact parameter introduce an additional effect
to the energy distribution within the colliding aggregates.

5.7.2 Effect of the impact parameter

Offset collisions influence both the compaction and fragmentation/erosion of
the colliding aggregates. The main reason is that the energy is not transported
very efficiently into aggregates. In the case of a central collision the kinetic en-
ergy is naturally transported into both aggregates, as the interaction spreads
from the center (i.e.,region right in between the aggregates) outwards. The
monomers are pushed closer together actively taking part in the energy dissi-
pation. An increase of the impact parameter results in a decrease of the number
of grains per unit volume. This means that fewer grains actually collide result-
ing in a weaker fragmentation.

This behavior is observed both in the restructuring of aggregates and in
the fragmentation. Fluffy aggregates are strongly compressed in central im-
pacts, and form very elongated structures in grazing collisions (see Fig. 5.4).
More compact aggregates are hard to compress, since the high packing den-
sity leads to an increase of contacts preventing any further restructuring. In
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Figure 5.26 — The mass of the largest collision remnant as a function of the collision
energy. The impact energy is normalized to the breaking energy times the total number
of monomers (a) and to the breaking energy times the effective number of grains Neff

(b). Presented are only results of head-on collisions of aggregates of different mass and
different porosities.

offset collisions compact aggregates indicate the hit-and-stick behavior as a re-
sult of very efficient energy dissipation mechanism. Therefore the outcome of
a collision in the sticking energy regime (E . 0.1NEroll) for compact particles
is very similar regardless of the impact parameter (see Fig. 5.5). When the col-
lision energy cannot be efficiently dissipated anymore the erosion sets in and
restructuring strengthens. In offset collisions aggregates are exposed to tensile
forces. Particles produced in central impacts become very compact, while ag-
gregates formed in grazing collisions are elongated (see Fig. 5.9). Monomers are
pulled away from each other increasing porosity. A simple example is shown
in Fig. 5.27. In this grazing collision at energy of about E ≈ 0.75NEroll a string
of monomers is pulled out of two compact aggregates. Such aggregates are
frequently produced in collisions at large impact parameter. Therefore decom-
paction is an important mechanisms that strongly influences the structure of
aggregates in collisions with large impact parameter.

5.7.3 Effect of the impact energy

The influence of the energy is the most intuitive. Higher energies are directly
related to stronger restructuring, erosion or fragmentation. The first restructur-
ing occurs for very fluffy aggregates at energies sufficient to roll one contact.
However, this change in the structure is too small to be observed. For it to be
visible, a few contacts should be restructured. Therefore the description pro-
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Figure 5.27 — Particle formed in an offset collision of two compact particles at energy of
E ≈ 0.75NEroll.

vided by Dominik and Tielens (1997) is confirmed in our simulations. Although
the degree of compression depends on the initial filling factor φσ, the maximum
compression is reached at energies of about 0.5NEroll, which is close to thresh-
old predicted by Dominik and Tielens (1997) and confirmed experimentally by
Blum and Wurm (2000). The maximum compression obtained in our study is
lower than obtained in a quasi-static compression (Blum et al. 2006; Paszun and
Dominik 2008b). This, however, can be an effect of small aggregate sizes, where
the filling factor is strongly affected by the porous outer layers (Paszun et al.
2008).

A further increase of the collision energy causes flattening and effectively
decompaction of aggregates. Therefore the collisional compaction must not be
assumed to be the only process that influences the structure of aggregates, as
both grazing collisions and higher energy impacts lead to flattening or stretch-
ing of particles.

5.7.4 Effect of the mass ratio

The division of the recipe into the local and the global recipe introduces the mass
ratio effects. It is, however, noticeable that mass ratio has an effect in different
energy regimes.

The hit-and-stick collisions lead to a different density structure for different
mass ratios. In the Brownian growth phase fractal and elongated aggregates
are produced. As the mass ratio changes, particles become non fractal ( e.g.,the
PCA or the hierarchical growth phase). Therefore the structure of an aggre-
gate formed in this regime depends on the mass ratio. The recipe, however, is
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focused on collisions at higher energies, where restructuring or fragmentation
dominates.

In the restructuring energy regime, the outcome of a collision depends
purely on energy, unlike in the hit-and-stick regime. Therefore the mass ratio
does not play a major role. The filling factor evolution for collisions of aggre-
gates with different mas ratio is presented in Fig. 5.28. Impacts of small particles

Figure 5.28 — The geometrical filling factor of aggregates produced by head-on impacts
of aggregates of different mass on a large target, made of 1000 monomers. Different
symbols indicate mass ratio, while colors correspond to fluffy aggregates – black and
compact aggregates – grey.

on a larger target influence the filling factor of the large target aggregate. How-
ever, regardless of the mass ratio, the filling factor φσ falls onto a single curve
that is common for different cases of the mass ratio. Therefore the filling factor
resulting from collisions at energy above the restructuring threshold depends
purely on the collision energy. Dashed areas in this plot indicate the onset of ero-
sion (loss of ∼ 0.05N monomers) and fragmentation (loss of ∼ 0.5N monomers).
The dashed area indicates the range in the energy, as the erosion and the frag-
mentation thresholds are different for aggregates with different filling factor φσ.
Above the erosion threshold compression still occurs, although some monomers
are ejected from the aggregates. Above the fragmentation threshold, however,
the aggregate size drops very fast (cf. Fig. 5.11 & Fig. 5.26) and the filling factor
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is strongly influenced by the size of particles (at the highest energy the largest
fragment is made of several monomers only).

The fragmentation threshold sets the limit, where the collision outcome is
independent of the mass ratio (cf. Fig. 5.23). However, impacts at lower energies
may result in very different outcome for large mass ratio and for equal mass
collision partners. In the first case (large mass ratio) the energy is distributed
locally in a big target aggregate and the dissipation occurs “on site” leading to
erosion. Two large aggregates can redistribute the energy over a large number
of monomers causing sticking without erosion.

5.7.5 Limitations of our method

Our parameter study covers an extensive parameter space and provides the
collision outcome for a wide range of different cases. We provide scaling
that allow the presented recipe to be applied for different material properties
(i.e.,monomer composition and size), aggregate masses N, and a wide range of
energy and structural parameters. To provide a complete picture we present
here a list of limitations that will be addressed in the future.

• The size of aggregates and bouncing. Although we simulate aggregates
of different sizes, the explored mass range covers only rather small parti-
cles, made of a few thousands of monomers. This limitations is currently
hard to overcome as the simulations of a large number of monomers are
computationally very demanding. Although we provide scaling that can
be used to extrapolate the recipe to larger sizes, one must apply the recipe
with caution. Very large aggregates (> 100 µm) studied in experiments can
bounce (Langkowski et al. 2008a). This behavior has never been observed
in our simulations. Although this is an important effect that significantly
affects the growth of dust aggregates, it is still poorly understood.

• The structure of aggregates. To provide a simple, quantitative recipe for
the collision outcome, we use only one structural parameter: φσ. It de-
scribes the average packing density of monomers in an aggregate. How-
ever, the filling factor φσ can be identical for aggregates of different struc-
ture, e.g.,PCA and fractal particles with the fractal dimension Df ∼ 2.
Therefore the output of the recipe always assumes a spherical symmetry,
even though stretched, elongated aggregates are observed in our simula-
tions, especially at large impact parameters.

The presented bounds of the recipe are expected not to affect the growth of
aggregates if the size of aggregates is limited to about ∼ 100 µm.

5.8 Conclusions and future work

In this work we present results of the extensive parameter study of collisions of
three-dimensional aggregates. The outcome of a collision is provided in terms of
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the mass distribution of fragments as well as the structure of the produced par-
ticles. These simulations agree with the experimental results in this size regime
and provide scaling that allows for extrapolation to slightly larger sizes as well
as different material properties of monomers (i.e.,composition and size of indi-
vidual grains).

Our simulations indicate new important mechanisms that influence both the
structure and the mass distribution of aggregates:

• The restructuring of aggregates depends mainly on the collision energy.
The compaction is reserved for head-on impacts, while offset collisions
produce elongated and decompacted particles.

• In the case of erosion and shattering the structure of small fragments is
provided in a very simple form (see Eq. (5.17)) regardless of the initial
compactness of colliding aggregates or the impact energy.

• The mass distribution of particles produced in a collision consists of two
individual components. The power-law distribution of small fragments is
accompanied by a strongly pronounced component of large fragments.

• The shape of the mass distribution for the collision outcome averaged over
the impact parameter is generally independent of the impact energy for
slow collisions. At high energies, however, the shape of the distribution is
almost independent of the structure of the colliding particles.

These points are combined together in a form of the recipe that provides the
quantitative outcome of a collision. This recipe is formulated in a simple way
that can be easily applied to models of dust coagulation in various environments
(e.g.,molecular clouds or protoplanetary disks).
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Abstract
The cores in molecular clouds are the densest and coldest regions of the interstellar medium
(ISM). These are the places, therefore, where the ISM-dust grains can coagulate. Here, we study
the coagulation and fragmentation process from first principles; through direct quantification
of the outcomes of detailed numerical simulations that cover a wide parameter space charac-
terized by four dimensions: energy, porosity, angle of impact, and size ratio. Collisions can
result in sticking or fragmentation (shattering, breakage, and erosion) and affect the internal
structure of the particles. In combination with a Monte Carlo coagulation code the dust ag-
gregate collision model is applied to a homogeneous and static cloud of temperature 10 K and
gas densities that range from n = 103 cm−3 to 107 cm−3. The coagulation is followed locally
for timescales of ∼107 yr. We find that the growth can be divided into two stages: a growth-
dominated phase and a fragmentation-dominated phase, in which the evolution evolves to-
wards steady state. In the first stage the mass distribution is relatively narrow, peaking at a
particular size that shifts to larger size with time. At some point, however, collision veloci-
ties are energetic enough to fragment particles, which decrease the growth rate and start to
replenish the particles of lower mass. Eventually, a steady state is reached, where the mass
distribution is characterized by a relatively flat m2 f (m) mass-spectrum (equal amount of mass
per logarithmic size bin). The amount of growth depends on the density of the gas (setting
the coagulation timescale) compared to the lifetime of the cloud, as well as on the material
properties of the dust grains. Coagulation between silicates are always in the fragmentation
regime, whereas ice-coated particles show a large potential for growth due to their better stick-
ing properties. If clouds evolve on free-fall timescales, however, little coagulation is expected
to take place in either case. However, if clouds have long-term support mechanism and live in
isolation, the impact of coagulation is important, leading to a significant decrease of the opacity
if the fragmentation-dominated phase has not yet been reached.

6.1 Introduction

Dust plays a key role in molecular clouds. Extinction of penetrating FUV pho-
tons by small dust grains allows molecules to survive. At the same time, gas
will accrete on dust grains forming ice mantles consisting of simple molecules
(Tielens and Hagen 1982; Hasegawa et al. 1992; Bergin and Langer 1997). More-
over, surface chemistry provides a driving force towards molecular complex-
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ity (Charnley et al. 1992; Aikawa et al. 2008). Dust also plays an active role in
the star formation process. The smallest grains set the degree of ionization in
the cloud, which controls the ambipolar diffusion rate and therefore regulates
the magnetic support of prestellar cores (Ciolek and Mouschovias 1994). Ra-
diation pressure on grains limits the mass accretion onto luminous protostars
and hence grains may play a role in the upper mass cut off of stellar masses
(Kahn 1974; Wolfire and Cassinelli 1987). Furthermore, after entering a proto-
planetary disk, interstellar dust grains also provide building blocks from which
ever larger bodies such as chondrules, planetesimals and cometesimals can be
built. Finally, dust is often used as a proxy for the total gas (H2) column den-
sity, either through near-IR extinction measurements or through sub-millimeter
emission studies (Johnstone and Bally 2006; Alves et al. 2007; Jorgensen et al.
2008). Dust is often preferred as a tracer in these types of studies because it is
now well established that – except for pure hydrides – all species condense out
in the form of ice mantles at the high densities of prestellar cores (Flower et al.
2006; Bergin and Tafalla 2007; Akyilmaz et al. 2007). Thus, it is clear that our as-
sessment of the molecular contents of clouds, as well as the overall state of the
star and planet formation process, are tied to the properties of the dust grains –
in particular, its size distribution.

The properties of interstellar dust are, however, expected to change during
its sojourn in the molecular cloud phase. In particular, dust grains are expected
to grow in size and this has profound influence on many of the processes in-
volving dust. Grain sizes will increase due to the growth of ice mantles but this
has only a limited effect because the total ice volume will be dominated by the
smallest grains – which dominate the total grain surface area – and, if all the
condensible gas freezes out, the thickness of the ice mantles is still only 175 Å,
independent of core size (Draine 1985). In dense clouds, coagulation is poten-
tially a much more important promoter of dust growth. Observationally, the
decreased visual extinction per H-nucleus in the ρ-Oph cloud is evidence for
dust growth by coagulation (Jura 1980). Indirect evidence for grain coagulation
is also provided by a comparison of visual absorption studies (e.g., star counts)
and sub-millimeter emission studies which imply that the smallest grains have
been removed efficiently from the interstellar grain size distribution (Stepnik
et al. 2003). On a long time scale (>108 yr), the interstellar grain size distribution
is thought to reflect a balance between coagulation in dense clouds and shatter-
ing in interstellar shocks as material constantly cycles between dense and dif-
fuse ISM phases (Jones et al. 1996; O’Donnell and Mathis 1997). Thus, because
coagulation controls the total surface area of dust in molecular cloud cores, it
in turn affects many of the direct and indirect observational manifestations in
these environments.

Because it is the site of planet formation, coagulation studies have largely
focused on grain growth in protoplanetary disks (Weidenschilling and Cuzzi
1993). In molecular clouds, dust coagulation has been theoretically modeled by
Ossenkopf (1993) and Weidenschilling and Ruzmaikina (1994). In these studies,



6.1 Introduction 133

coagulation is driven by processes that provide grains with a relative motion.
For larger grains (&100 Å) turbulence in particularly is important in providing
relative velocities. These motions – and the outcomes of the collisions – are very
sensitive to the coupling of the particles to the turbulent eddies, which is deter-
mined by the surface area-to-mass ratio of the dust particles. At low velocities,
grain collisions will lead to the growth of very open and fluffy structures, while
at intermediate velocities compaction of aggregates will occur. At very high
velocities, cratering and even catastrophic destruction will provide a powerful
counterforce to the coagulation process (Dominik and Tielens 1997; Paszun and
Dominik 2008a; Blum and Wurm 2008). It is clear then that understanding grain
growth requires us to know the relationships between the macroscopic velocity
field of the molecular cloud, the internal structure of aggregates (which follows
from its collision history), and the microphysics of dust aggregates collisions. In
view of the complexity of the coagulation process and the then existing, limited
understanding of the coagulation process itself, previous studies of coagulation
in molecular cloud settings have been forced to make a number of simplifying
assumptions concerning the characteristics of growing aggregates.

Theoretically, our understanding of the coagulation process has been much
helped by the development of the atomic force microscope, which has provided
much insight in the binding of individual monomers. This has been translated
into simple relationships between velocities and material parameters, which
prescribe under which conditions sticking, compaction, and fragmentation oc-
cur (Chokshi et al. 1993; Dominik and Tielens 1997). Over the last decade, a
number of elegant experimental studies by Blum and coworkers (e.g., Blum and
Wurm 2008) have provided direct support for these concepts and in many ways
expanded our understanding of the coagulation process. Numerical simulations
have translated these concepts into simple recipes, which link the collisional pa-
rameters and the aggregate properties to the structures of the evolving aggre-
gates (Paszun and Dominik 2008a). Together with the development of Monte
Carlo methods, in which particles are individually followed (Ormel et al. 2007;
Zsom and Dullemond 2008), these studies provide a much better framework for
modeling the coagulation process than hitherto possible.

In this paper, we reexamine the coagulation of dust grains in molecular cloud
cores in the light of this improved understanding of the basic physics of coag-
ulation with a two-fold goal. First, we will investigate the interrelationship be-
tween the detailed prescriptions of the coagulation recipe and the structure, size,
and mass of the resulting aggregates. While these collisional recipes are very
general, we have elected here to apply them to the relatively simple setting of a
molecular cloud core. This will serve as an efficient way to investigate the im-
plication of the detailed collision experiments. In a future study, we may apply
these recipes to more convoluted models for the structure of molecular clouds,
as well as studying grain growth and planet formation in protoplanetary disks.
Second, we will give a simple prescriptions for the temporal evolution of the
total grain surface area, thereby capturing its observational characteristics, in
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terms of the physical conditions in the core. Because the surface area holds the
key to many of the physical effects involving grains in dense cores – including
opacity and surface chemistry – we expect that a simple, but reliable, description
of the coagulation process will be of great benefit to the larger field of molecular
cloud physics.

This paper is organized as follows. In Sect. 6.2 the static cloud model that is
adopted for the gas properties is presented and linked to the turbulent velocity
structure. Section 6.3 describes the results from the collisional experiments, and
quantifies their outcome in the collision recipe. A significant effort is invested to
make the outcomes of the numerical collision experiments applicable to a size
regime much larger than the collision experiments can handle. Also, the out-
come is quantified in such a way to treat a Monte Carlo approach, discussed in
Sect. 6.4. In Sect. 6.5 the results are presented: we discuss the imprints of the col-
lision recipe on the coagulation and also present a parameter study, varying the
cloud gas densities and the dust material properties. The merits of our approach
are discussed in Sect. 6.6, together with some caveats. In Sect. 6.7 we review the
implications of our result to molecular clouds. Section 6.8 summarizes the main
conclusions of this study.
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Table 6.1: List of symbols.

Symbol Description
E∗ reduced modulus of elasticity
Rgd gas-to-dust ratio by mass
∆v relative velocity
γ surface energy density
δc critical displacement length
δe equilibrium displacement length
η number of particles or groups (Sect. 6.4.1)
µ molecular mass
νm, νt molecular, turbulent viscosity
ξcrit critical displacement for irreversible rolling
ρ0 material density, ρ0 = 2.65 g cm−3 (silicates), ρ0 = 1.0 g cm−3 (ice)
ρg gas density, ρg = µnmH
σ average projected surface area
σC

12 collisional cross section
τf friction time
Cφ change in geometrical filling factor, Cφ = φσ/φ

ini
σ

Df fractal dimension
E collision energy, E = 1

2 mµ(∆v)2

Eroll rolling energy, Eroll = 3π2γξcrit(a0/2)
Ebr breaking energy
Fc pull-off force
N number of grains in aggregate (dimensionless measure of mass)
Nµ reduced number of monomers in collision Nµ = N1N2/(N1 + N2)
Nf number of big fragments
Ntot total number of monomers in aggregates
Mf mass in big fragment component
Mpwl mass in power-law component
Re Reynolds number
S f spread in number of fragments of big component
St particle Stokes number
T temperature
a0 monomer radius
aout aggregate outer radius
aσ aggregate geometrical radius (projected surface equivalent radius)
aµ reduced radius
ae equilibrium contact radius
b impact parameter
cg sound speed (gas)
fmiss fraction of collision misses
fpwl fraction of mass in power-law component
n particle density (gas)
m particle mass
mµ reduced mass of collision
mH hydrogen mass
q power-law exponent (size distribution)
ts inner (Kolmogorov) eddy turn-over time
vL large eddy turn-over velocity
vbr critical breaking velocity.
vs inner (Kolmogorov) eddy turn-over velocity
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6.2 Density and velocity structure of molecular

clouds

The physical structure – the gas density and temperature profiles – of molecular
clouds is determined by its support mechanisms. Various support mechanisms
can be envisioned: thermal, rotation, magnetic fields, or turbulence. If there is
only thermal support to balance the cloud’s self-gravity and the temperature is
constant, its structure is that of an isothermal sphere where the gas density (ρg)
falls-off with radius (r) as ρg ∝ r−2. However, the isothermal sphere is unstable
as it heralds the collapse phase (Shu 1977). The cloud will then collapse on a
free-fall timescale

tff =

√

3π
32Gρg

= 1.1 × 105 yr
(

n

105 cm−3

)−1/2
, (6.1)

where G is Newton’s gravitational constant, n = ρg/mHµ the number density of
the molecular gas with mH the hydrogen mass and µ the molecular mass µ =
2.34. Thermally supported cores are only stable if the thermal pressure wins
over gravity, a situation described by the Bonnor-Ebert sphere (still assuming
a constant temperature), where an external pressure confines the cloud. The
critical Bonnor-Ebert mass is (Ebert 1955; Bonnor 1956)

MBE = cBE

c4
g

P
1/2
out G

3/2
, (6.2)

where cg is the isothermal sound speed, Pout the external pressure, and cBE ≃
1.18. Inserting Pout = ρgc2

g, c2
g = kT/µ and ρg = nµmH we obtain

MBE = cBE

c3
g

G3/2 √nµmH
= 0.31 M⊙

(

T

10 K

)3/2 (

n

105 cm−3

)−1/2
, (6.3)

where, n is the density at the outer radius of the cloud. Because Bonnor-Ebert
spheres have a modest density gradient, the density in the center of the core
is a factor of ∼10 larger. Thermally-supported subcritical Bonnor-Ebert spheres
(M . MBE) are stable and can in principle exist on long timescale – as long as
they are not disturbed by dynamical interactions.

Magnetic fields in particular are important to support the cloud against the
opposing influence of gravity, because the ions, which are tied to the field, will
prevent the cloud from collapsing. Ion-molecule collisions will move the mag-
netic field out of the cloud, which can be a prolonged process. The ambipo-
lar diffusion timescale can be estimated from the ion-molecular collision rate,
Kin ∼ 2 × 10−9 cm3 s−1. The force on a neutral particle through momentum trans-
fer due to collisions with ions is Fad = mnvdrKinni, where mn is the neutral mass,
vdr the ion-molecule drift velocity, and ni the number density in ions. This force



6.2 Density and velocity structure of molecular clouds 137

balances the gravitational force, from which the drift velocity can be obtained.
The ambipolar diffusion timescale, tad = r/vdr, then becomes,

tad =
3Kin

4πµmHG

(

ni

n

)

≃ 3.7 × 106 yr
(

n

105 cm−3

)−1/2
, (6.4)

where we have assumed a degree of ionization due to cosmic rays of ni/n =

2 × 10−5/
√

n (Tielens 2005).
Turbulence is another possible support mechanism of molecular cores, but

its nature is dynamic – rather than (quasi)static. At large scales it provides
global support to molecular clouds, whereas at small scales it locally compresses
the gas. If these overdensities exist on timescales of Eq. (6.1), collapse will fol-
low. This is the gravo-turbulent fragmentation picture of turbulence-dominated
molecular clouds, where the (supersonic) turbulence is driven at large scales,
but also reaches the scales of quiescent (σturb < cg) cores (Mac Low and Klessen
2004; Klessen et al. 2005). In this dynamical, turbulent-driven picture both
molecular clouds and cores are transient objects.

Thus, cloud cores will dynamically evolve due to either ambipolar diffusion
and loss of supporting magnetic fields or due to turbulent dissipation, or simply
because the core is only a transient phase in a turbulent velocity field. In this
work, for reasons of simplicity, we constrain ourselves to a static cloud model,
where turbulence is unimportant for the support of the core, but we do include
(subsonic) turbulence in the formalism for the calculation of relative motions
between the dust particles. In the following we present the working model for
the structure of the cloud.

6.2.1 Working model

In this exploratory study we will for simplicity adopt an homogeneous core of
mass given by the critical Jeans mass. Moreover, we assume the cloud is turbu-
lent, but neglect the effects the turbulence has for the support of the cloud. Thus,
our approximation is probably applicable for high density, low mass cores as
velocity dispersions increase towards high mass cores (Kawamura et al. 1998).
The homogeneous structure causes collision timescales to be the same through-
out the cloud, i.e., the coagulation and fragmentation is treated locally and not
affected by diffusion. In our calculations, we will study the sensitivity of the
coagulation process on the gas density n and compare the calculated coagula-
tion/fragmentation timescales to the other relevant timescales in the problem.

Starting from the isodense sphere, we derive the turbulent velocity structure.
First, the cloud outer radius is given by the Jeans length (Binney and Tremaine
1987)

LJ =
1
2

√

πv2
g

Gρg
= 0.033 pc

(

n

105 cm−3

)−1/2 (

T

10 K

)1/2

, (6.5)
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From which the Jeans mass is obtained as

MJ =
4π
3
ρgL3

J = 0.90 M⊙

(

n

105 cm−3

)−1/2 (

T

10 K

)3/2

. (6.6)

and the sound crossing time of the core is

tcross =
LJ

cg
= 1.7 × 105 yr

(

n

105 cm−3

)−1/2
, (6.7)

independent of temperature. At the Jeans mass, the crossing time is of course
equal to the free-fall time of the cloud.

We now assume (i) that the largest eddies decay on the sound crossing time
of Eq. (6.7) (i.e., tL = tcross), and (ii) that the fluctuating velocity at the largest
scale is given by the sound speed i.e., vL = cg. Thus, the turbulent viscosity is
νt = LvL = v2

LtL = cgLJ with L = LJ the size of the largest eddies. Although our
parameterization of the large eddy quantities seems rather ad-hoc, we can build
some trust in this relation by considering the energy dissipation rate v3

L/L per
unit mass. Balancing the energy dissipation with the heating, requires a heating
rate nΓ of

nΓ =
v3

L

L
ρg = 2.5 × 10−23 erg cm−3 s−1

(

T

10 K

) (

n

105 cm−3

)3/2
. (6.8)

Based upon observational studies of turbulence in cores, Tielens (2005) give a
heating rate of nΓ = 3 × 10−28n erg s−1, with which Equation (6.8) reasonably
agrees for the range of densities we will consider. Additionally, the adoption of
the crossing time and sound speed for the large eddy properties are natural up-
per limits. A higher value for the sound speed means that turbulence becomes
supersonic, which may be difficult to sustain. A much reduced value, on the
other hand, would give an energy dissipation that may be too low. Note again
that turbulence does not act as a support mechanism in our working model.

The turbulent properties further follow from the Reynolds number, which is
the ratio of the turbulent viscosity νt over the molecular viscosity νm,

Re =
νt

νm
=

vLL

cgℓmfp/3
= 6.2 × 107

(

n

105 cm−3

)1/2 (

T

10 K

)1/2

, (6.9)

where νm is the molecular viscosity and ℓmfp the mean free path of a gas particle.
Assuming a Kolmogorov cascade, the turn-over time and velocity at the inner
scale follow from the Reynolds number as,

ts = Re−1/2tL = 2.2 × 102 yr
(

n

105 cm s−1

)−3/4 (

T

10 K

)−1/4

(6.10)

vs = Re−1/4vL = 2.1 × 102 cm s−1
(

n

105 cm s−1

)−1/8 (

T

10 K

)3/8

. (6.11)

We note that the fluctuating velocity of the smallest eddies is a few m/s.
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6.2.2 Relative velocities between dust particles

The quantity that determines the amount of interaction a particle experiences
with the gas is the friction time τf ,

τf =
3

4πcgρg

m

σ
, (6.12)

where m is the mass of the particle and σ the average projected surface area. For
compact grains of size a0 and density ρ0, Eq. (6.12) scales linearly with radius,
τf = a0ρ0/cgρg. However, for porous particles σ can have a much steeper de-
pendence on mass (in the case of flat structures, σ ∝ m) and τf a much weaker
dependence.

Ossenkopf (1993) considers a variety of sources for inducing relative veloc-
ities between dust particles in molecular clouds: asymmetric drift velocities,
Brownian motion, gravitational settling, and turbulence. Except for combina-
tions of high densities and small particles, turbulence dominates the velocity
field between the particles. This becomes clear from considering the friction
time of particles of radius a0

τ0 = τf(a0) =
ρ0a0

cgρg
= 1.1 × 102 yr

(

n

105 cm−3

)−1 (

T

10 K

)−1/2 (

a0

0.1 µm

)

, (6.13)

where we take the bulk density ρ0 = 2.65 g cm−3 applicable to silicates. Specifi-
cally, the ‘0’ subscript denotes the smallest constituent dust particle (monomer).
Because τ0 > ts the particle motion will not align with the eddies of shorter turn-
over time. These ‘class II’ eddies (Voelk et al. 1980) are responsible for giving
random kicks to the particle motion|an important source for sustaining relative
velocities of at least ∆v ∼ vs. These velocities are rather insensitive to density
as (i) vs has a very shallow dependence on n; and (ii) the ratio τf/ts, which we
define as the Stokes number Sts1 is also weakly dependent on density

Sts ≡
τf

ts
= 5.2

(

a0

0.1 µm

)

(

n

105 cm−3

)−1/4 (

T

10 K

)−1/4

. (6.14)

It is only for densities above ∼107 cm−3 that 10−5 cm size dust grains have Sts < 1.
Specifically, for identical particles of Sts > 1, ∆v ≈

√
3vsSt1/2s (Ormel and Cuzzi

2007). The relative velocity between two dust monomers is then

∆v0 ≈
√

3vsSt1/2s = 8.3 × 102 cm s−1

(

a0

0.1 µm

)1/2 (

n

105 cm−3

)−1/4 (

T

10 K

)1/4

. (6.15)

Thus, velocities between silicate dust particles are ∼10 m/s, and decrease only
very slowly with density. The same expression holds when the silicates are
coated by an ice mantle that is not too thick, as we will assume throughout this

1The more usual definition is St = τf/tL.
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Table 6.2 — Collision outcome predicted by Dominik and Tielens (1997) for 2d aggre-
gates. The breaking energy, Ebr, corresponds to the energy to break a single contact,
whereas the rolling energy, Eroll, corresponds to the energy required for visible restructur-
ing of the contact area through rolling. The number of contacts in an aggregate, denoted
by Nc, is typically similar to the number of monomers the aggregate contains, N.

Energy Outcome of Collision
E < 5Eroll Sticking without restructuring
E ≈ 5Eroll Onset of restructuring local to the impact area
E ≈ NcEroll Maximum compression
E ≈ 3NcEbr Onset of erosion (start to lose monomers)
E > 10NcEbr Catastrophic disruption

paper (i.e., ρ0 is then still the silicate bulk density). Dust monomers then collide
on a collision timescale of

tcoll,0 =
(

nd∆v04πa2
0

)−1
=
ρ0a0Rgd

3ρg∆v0
= 8.5×104 yr

(

a0

0.1 µm

)1/2 (

n

105 cm−3

)−3/4 (

T

10 K

)−1/4

,

(6.16)
whereRgd = 100 is the standard gas-to-dust density ratio by mass. Thus, if dense
cores exist on timescales less then Eq. (6.16) coagulation is of little importance.
This happens, e.g., when the cores exist on free-fall timescales (Eq. (6.1)) at den-
sities less than n = 104 cm−3. On the other hand, if the lifetime of molecular
clouds is longer than Eq. (6.16) we do expect that coagulation is significant. At
very high densities (n ≫ 105 cm−3) tcoll,0 can become much less than the lifetime
of the core – especially if long term support mechanisms are available – and we
do therefore expect significant potential for coagulation.

6.2.3 Particle sticking, restructuring and fragmentation

Although a detailed model for the outcome of collisional encounters between
dust aggregates will be discussed in Sect. 6.3, it is instructive to present order-
of-magnitude expressions for the sticking behavior of dust aggregates. This re-
quires us to compare the critical threshold for sticking with the expected relative
velocity between two dust particles derived above.

Dominik and Tielens (1997) provide a simple recipe for the outcome of ag-
gregate collisions, see Table 6.2. According to Dominik and Tielens (1997) the
outcome of a collision depends on the impact energy,

E =
1
2

mµ(∆v)2, (6.17)

where mµ is the reduced mass, relative to two critical energy thresholds: the
energy required to break a contact, Ebr, and the energy required to roll a contact,
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Eroll. From the Dominik and Tielens (1997) study,

Ebr = Abr
γ5/3a

4/3
µ

E⋆2/3
; (6.18a)

Eroll = 6π2ξcritγaµ, (6.18b)

where aµ = a1a2/(a1 + a2) is the reduced radius of the aggregates colliding (in
our case we shall always consider two equal-size monomers such that aµ = a0/2),
and γ and E⋆ are, respectively, the surface energy density and the reduced elastic
modulus of the material. The model parameters ξcrit and Abr result from the Do-
minik and Tielens (1997) study: ξcrit = 10−8 cm and Abr = 43. The critical energies
of Eq. (6.18) were obtained by Dominik and Tielens (1997) from theoretical con-
siderations; however, laboratory experiments performed by Poppe et al. (2000)
showed that monomers stick at a much higher velocity than predicted from the
derived theoretical limit. Although the nature of this discrepancy remains un-
clear, the constant Abr in Eq. (6.18a) had to be increased by about two orders of
magnitude. Moreover, Heim et al. (1999) find that the energy Eroll is also an or-
der of magnitude higher than the threshold given by the theory. This indicates
that the critical displacement ξcrit must be about 10 times larger than assumed
by Dominik and Tielens (1997). Blum and Wurm (2000), however, confirmed
the quantitative picture proposed by the theory, provided that the experimental
threshold energies are used (ξcrit = 2 × 10−7 cm and Abr = 2.8 × 103). In this study
we will adopt these experimentally-measured values.

Using the critical energies, we briefly review contact breaking and restruc-
turing. Contact breaking occurs when E > Ebr, where E is the collision energy.
The critical velocity is therefore,

vbr =

√

2Ebr

mµ

=

√

2Abr
γ5/6a

4/6
µ

E⋆1/3m
1/2
µ

=

√

6Abr

4π
ρ
−1/2
0 γ5/6a2/3

µ a
−3/2
0 E⋆−1/3 (6.19)

= 7.4 m s−1 N−1/2
µ

(

aµ

a0

)2/3 (

a0

0.1 µm

)−5/6 (

ρ0

2.65 g cm−3

)−1/2

×
(

γ

25 erg cm−2

)5/6 (

E⋆
2.8 × 1011 dyn cm−2

)−1/3

.

In this expression we have introduced the reduced number of monomers in the
collision, Nµ = N1N2/(N1 + N2) = mµ/m0 and inserted the material properties
measured for small silicate grains. Given the expected velocities in molecular
cores we see that breaking of contacts is important for silicate grains of 0.1 µm.
However, ice formation on the surface of dust particles will change this pic-
ture. Adhesion forces are governed in this case by the material properties of ice,
where the surface energy density is γ = 370 erg cm−2 and the reduced elasticity
modulus is E⋆ = 3.7 × 1010 dyn cm−2. This results in a higher velocity threshold
of vbr = 1.2 × 104 cm s−1 between two monomers. However, in aggregates the
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collisional energy is distributed over multiple monomers so that a more realistic
threshold for shattering is E ∼ NcEbr, even increasing the threshold for fragmen-
tation. Besides, the collisional energy can also be dissipated by restructuring.
From these considerations it is clear that for ices (or ice-coated silicates) high
velocities, >102 m s−1, are required to fully fragment aggregates. There are two
exceptions, however. In very fluffy fractal aggregates that have an open struc-
ture (e.g., string-like), removal of a central contact may result in its breakup.
Secondly, if the impact energy is localized in a small region of the aggregate
we may expect that collisions of velocity v & vbr produce some local damage in
the form of cratering. This local aspect will feature prominently in the collision
recipe of Sect. 6.3.

At collision energies less than the restructuring limit, E < 5Eroll, aggregates
collide without affecting their internal structure. Then, the collision is in the
‘hit-and-stick’ regime (Blum and Wurm 2000). Translating the collision energy
to a velocity thresholds gives

vhs =

√

10Eroll

mµ

=

√
45π a1/2

µ a
−3/2
0 ρ

−1/2
0 ξ

1/2
critγ

1/2N−1/2
µ

= 16.3 m s−1 N−1/2
µ

(

aµ

a0

)1/2 (

a0

0.1 µm

)−1 (

ρ0

2.65 g cm−3

)−1/2 (

γ

25 erg g−1

)1/2

. (6.20)

It should be noted that Eq. (6.20) is applicable to aggregates, whereas Eq. (6.19)
gives the breaking velocity between two monomers. Because we consider ag-
gregates, we give preference to the vhs threshold (even though it is in the case
of silicates higher than vbr), which has been experimentally verified as the onset
for restructuring (Blum and Wurm 2000).

Comparing the critical sticking velocities (Eqs. (6.19), (6.20)) with the veloc-
ities in the molecular cloud (Eq. (6.15)), we may expect that collisions between
silicate aggregates are prone to fragmenting behavior from the outset, whereas
for ices the onset of fragmentation is delayed – if enough time is available – to
a stage where particles are much larger, compact, and have much larger relative
velocities. Concerning the structure of aggregates, we expect that restructuring
will be important from the outset as ∆v & vhs, except perhaps at the highest den-
sities. For ices Eq. (6.20) is a factor of 4 higher, but note that the discrepancy
between ice and silicates is less for the rolling energy than for the breaking en-
ergy (Eq. (6.18)). Finally, if fragmentation is present, a significant injection of
porous material can be expected (see below).

These considerations present, however, only a qualitative picture, which ne-
glects important parameters that may be key to the outcome of the collision, i.e.,
the particle porosity and the impact parameter. It may therefore be dangerous
to provide a full collision model from these energy considerations alone. For
a quantitative model, therefore, we will use the results of detailed numerical
simulations for collisions between two colliding aggregates, which have been
recently performed (Paszun and Dominik 2008a). We will review these numeri-
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cal experiments in the next chapter and provide a collision recipe that quantifies
their outcome and can be applied to a Monte Carlo coagulation model.

6.3 Collision model

Collisions between aggregates are modeled using the soft aggregates numeri-
cal dynamics (SAND) code (Dominik and Nübold 2002; Paszun and Dominik
2008b). This code treats interactions between individual monomers held to-
gether by the surface forces in a contact area (Johnson et al. 1971; Derjaguin et al.
1975). The SAND code calculates the equation of motion for each grain individ-
ually and simulates vibration, rolling, twisting and sliding of the monomers
that are in contact. These interactions lead to energy dissipation via different
channels. When two monomers in contact are pulled away, the connection may
break causing loss of the energy. Monomers may also roll or slide over each
other, which also involves energy dissipation. These mechanisms are discussed
in details by Dominik and Tielens (1995, 1996) and Dominik and Tielens (1997).
For further details regarding this model and testing it against laboratory exper-
iments we refer the reader to the paper by Paszun and Dominik (2008b).

6.3.1 Collision setup

To understand mechanisms that determine a collision outcome, we performed
a large number of simulations covering a wide parameter space. Although all
simulations are described in detail by Paszun and Dominik (2008a) we present
here a setup of these numerical experiments and provide a qualitative picture of
the mechanisms that influence the outcome of a collision.

The outcome of a collision is shaped by five key parameters: (i) the collision
energy E, (ii) the impact parameter b, (iii) the initial compactness of aggregates,
(iv) the mass ratio N1/N2, and (v) the material properties of the monomers. Using
an appropriate normalization, we can describe the collisional outcome indepen-
dently of the latter parameter (the material properties) so that only four param-
eters are left. The applied scaling is discussed in Sect. 6.3.5. An example of the
setup of a simulation is shown in Fig. 6.1. It illustrates three parameters that de-
termine the outcome of a collision: the initial compactness as represented by the
geometrical filling factor φσ (see below), the collision energy E, and the impact
parameter b.

A collision for each parameter set is repeated 6 times at different orientations.
This provides an overview of the possible range of outcomes. However, some
orientations do not result in a collision hit. This is caused by the high porosity
of aggregates, where a small particle can fly through voids in a larger aggregate
without colliding with it, or, more simply, if the path of the protuberances that
characterize fractal, fluffy aggregates do not cross. The fraction of these missing
collisions depends on two parameters: the structure of the particle characterized
by the geometrical filling factor and the impact parameter.
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Figure 6.1 — Sketch of the initial setup of our simulations. Different parameters are
shown in the plot. We varied collision energy, impact parameter, and compactness.

The range of the parameters we use in our study is summarized in Table 6.3.
We sample the collisional energy parameter space from the pure hit-and-stick
collisions, where particles grow without changing the internal structure of the
colliding aggregates, up to catastrophic destruction, where the aggregate is shat-
tered into small fragments. In the intermediate energy regime, we observe re-
structuring, where the growth process leads also to a change of the internal
structure of an aggregate.

The dimensionless impact parameter space is also well sampled. We probe
central collision (b = 0), where aggregates can be compressed, grazing impacts
(b ∼ 1), where particles can be stretched due to inertia, and several intermediate
cases. The impact parameter is taken relative to the outer radius of the particles,
bmax = aout,1 + aout,2. Here the outer radius aout is the radius of the smallest sphere
centered at the center-of-mass of the particle that fully encloses it.

The third parameter that determines the collision outcome is the mass ratio.
To verify its influence on a collision outcome, we simulate impacts of different
mass aggregates onto a target made of 1000 monomers. In this way we explore
the mass ratio in the range from 1 to 10−3. Additional experiments are per-
formed at a mass ratio of unity containing aggregates made of 200 monomers
each. The two extreme cases (mass ratio of 1 and 10−3) will affect the outcome of
the collision in two qualitatively distinct ways. In collisions between equal-size
aggregates the properties of the particle change globally, whereas if the colliding
particles have very different masses the impact of the collision can be described
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Table 6.3 — Parameters used in the numerical simulations. Note that not all combinations
are sampled.

v [m/s] b/bmax mass ratio φσ
0.05 0.0 1.0 0.070
0.30 0.25 0.8 0.090
0.50 0.5 0.6 0.122
0.75 0.75 0.4 0.127
1.0 0.875 0.2 0.155
2.0 0.95 0.1 0.161
4.0 0.05 0.189
6.0 0.01 0.251
8.0 0.001

10.0

locally (except if the collision energy is very high, see below) The intermediate
cases may be classified into one of the two categories of collisions (see below).

The last, fourth, parameter is the initial compactness. To express the com-
pactness of an aggregate we use the geometrical filling factor, defined as

φσ = N

(

a0

aσ

)3

, (6.21)

where aσ =
√

A/π is the projected surface equivalent radius. The projected sur-
face area, πa2, is averaged over a large number of different orientations of the
particle. The compactness parameter φσ is the inverse of the enlargement factor
ψ adopted as the structural parameter in the study by Ormel et al. (2007). Al-
though the friction time τf follows easily from the geometrical filling factor, it
is not straightforward to determine the outer radius aout of an aggregate based
on this quantity. The outer radius is of importance because it determines the
collisional cross section (uncorrected for missing collisions) between the aggre-
gates. Therefore, a relation between the radii (aout and aσ) has to be provided,
see Sect. 6.3.4.

The parameter space of the filling factor φσ is chosen such that we sam-
ple both very porous, fractal aggregates that grow due to the Brownian mo-
tion (Krause and Blum 2004; Paszun and Dominik 2006), through intermediate
compactness aggregates that form by particle-cluster aggregation (PCA), up to
compact aggregates that may result from collisional compaction events. It is not
trivial to assign an upper limit for collisional compaction of an aggregate, as
unilateral compression is countered by sideways spreading of monomers. Al-
though the upper limit for collisional compression is that of random packing
(66%) here, following Ormel et al. (2008a), we use φσ = 33% for the upper limit
of (rolling) compression, which is in turn based on laboratory findings of Blum
and Schräpler (2004). The compactness influences the collisional output in a few
different ways. These are described in Sect. 6.3.2, where we discuss the prescrip-
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tion for a collision outcome.

6.3.2 Collision recipe: an overview

To provide both a qualitative and a quantitative description of a collision,
Paszun and Dominik (2008a) perform a large number of simulations explor-
ing an extensive parameter space. They formulate a simple, quantitative, colli-
sion recipe that determines the influence of the kinetic energy, compactness, and
mass ratio on the outcome of aggregate-aggregate collisions. The outcomes of a
collision are averaged over the impact parameter b. In this case the contribution
from off-center impacts is dominant. The fragment size distribution consists in
such a case of two main components: large fragments are produced at large im-
pact parameter collisions and small fragments form mostly in central impacts.
An offset hit leads to a very limited interaction that may result in an outcome
very similar to the initial setup (two large fragments of weakly changed struc-
ture). Moreover, collisions at large b have a higer probability to miss than porous
aggregates. Central impacts, on the other hand, are less likely to miss and lead
to a better distribution of energy in aggregates. Therefore, collisions at energies
above the fragmentation threshold produce many small particles.

For an impact energy above the restructuring energy threshold, a different
impact parameter results in a different outcome. In head-on impacts monomers
are pushed into the center of an aggregate, filling the pores and compressing
the aggregate. On the other hand, in offset collisions, the overlap of interacting
aggregates is smaller, and the amount of compression is limited. In this case
monomers are pushed further from the center of an aggregate and an elongated
particle may be produced. Therefore, tensile forces present in off-center impacts
lead to stretching, decompressing the agglomerates.

In this paper we reformulate the recipe to probe directly the effect of the
impact parameter on the collision evolution of dust aggregates. In this way
we explicitly resolve the effects of off-center impacts and compare this to the
simplified case of head-on collisions only. Therefore, the recipe becomes four-
dimensional and depends on the impact energy, initial compactness, the impact
parameter, as well as mass-ratio. The complete presentation of the redesigned
recipe is discussed in Sect. 6.3.3.

Given the level of complexity, it is not feasible to provide simple analytical
expressions for the outcome parameters of Table 6.4 as function of the collision
parameters (E, φσ, b,N1/N2). Therefore, like in Paszun and Dominik (2008a), the
results are expressed in a tabular form, where each table provides one of the
output quantities as a function of a normalized collision energy ε and initial
filling factor φini

σ . The exception is the fraction of missed collisions, fmiss, which
is given as function of aout/aσ, instead of φσ. Since the recipe contains a large
number of tables we provide them in a digital form only.2 See Appendix 6.8 for

2These tables will be presented as online material once this manuscript is submitted to the journal.
In Appendix 6.8 we provide an example of the structure of these tables.
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further discussion on the format of the collision recipe.
In this study the reshaped recipe is applied to the Monte Carlo model devel-

oped by Ormel et al. (2007). This method resolves individual collisions and in-
cludes structural parameters. Therefore, our recipe may be easily implemented
to study both coagulation and compression of aggregates. In addition, our
recipe broadens the range of models, where it can be applied to. The original
formulation by Paszun and Dominik (2008a) was designed for applications to
continuous methods. Here, the method is extended to become applicable to the
particle-oriented approach of the MC method.

6.3.3 Porting the recipe to a Monte Carlo model

An outcome of a collision consists of two essential parts: the mass distribu-
tion and the compactness of aggregates in this mass spectrum. The new im-
plementation of our recipe provides these two elements of a collision product
in a different form than the original recipe formulated by Paszun and Dominik
(2008a). In this study we use the impact parameter as one of the input quantities.
Therefore, as discussed above, collision outcomes are not averaged over impact
parameter. Additionally, the nature of the Monte Carlo approach requires us
to treat discrete quantities. Two components characterize the mass distribu-
tion of a collision experiments: (i) a power-law component that describes the
small fragments and, (ii) a large fragment component (one or two fragments).
The border line between the two components is at a quarter of the total mass
Ntot. The power-law distribution spans the range from monomer mass up to
the N = 0.25Ntot, while the second component consists of aggregates larger than
0.25Ntot. In this work, the large fragment component is described by different
parameters than in Paszun and Dominik (2008a), where a Gaussian distribution
was used. In the new recipe we provide a number of large fragments Nf with a
standard deviation S f . The spread in the number of large fragments is found by
averaging several simulations performed at different orientations for the same
set of parameters.

Table 6.4 presents all quantities describing a collision outcome. The first one

Table 6.4 — Quantities provided by the Monte Carlo suited recipe.

Symbol Description
fmiss Fraction of collisions that resulted in a miss
Nf Mean number of large fragments
S f Standard deviation of the Nf

fpwl The fraction of the total mass (N1 + N2) in the small frag-
ments component

q Exponent of the power-law distribution of small frag-
ments

Cφ = φσ/φ
ini
σ Relative change of the geometrical filling factor.
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Figure 6.2 — The geometrical
filing factor as a function of
fragment mass. Many simu-
lations with different sets of
parameters are overplotted.
The dashed line indicates the
least square method fit of the
power-law to the small mass
fragments.

is the fraction of missing collisions, fmiss. This number is a correction factor that
needs to be applied when the collision cross-section is determined using the
outer radius of an aggregate aout. The small fragments are described by two
quantities: the exponent of the power-law distribution q and the normalized
mass of this component fpwl. The normalization of this and other quantities are
discussed in Sect. 6.3.5.

To fully describe a collision outcome, the recipe also provides the relative
change in filling factor, Cφ. It describes the compaction or decompaction of ag-
gregates in the large fragment component. Concerning the small fragments that
are produced by erosive or fragmenting collisions and constitute the power-
law component, a common filling factor can be assigned. The compactness of
these particles depends only on mass and is presented in Fig. 6.2, where frag-
ments produced in many simulations are plotted. Almost all particles are lo-
cated along the power-law with the slope of −0.33. This provides a very easy
prescription for the filling factor of small fragments. This dependence indicates
a fractal structure (with the fractal dimension of about Df ≈ 2.0) of aggregates
formed in a fragmentation event, since the non-fractal aggregates have filing
factor independent of mass.

As shown by Paszun and Dominik (2008a) after reaching the maximum com-
paction, further increase of the impact energy causes more restructuring and re-
sults in a flattening of the produced aggregate. Therefore, very fluffy particles
can be produced in collisions of massive aggregates, where the power-law com-
ponent extends to larger N. This behavior is also observed in Fig. 6.2, where
fluffy, small fragments follow the power-law relation, while some large, still
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Figure 6.3 — The geometrical
filling factor dependence on
the ratio of outer to geomet-
rical radii. In this figure
we plot φσN0.33 to scale the
data for aggregates of differ-
ent mass.

compact particles are above the dashed line.

6.3.4 Relation between aout and aσ

In this study we distinguish two different radii of an aggregate: the outer radius
aout and the projected surface equivalent radius aσ. The first one is used as a
reference of our impact parameter b. The collision offset is limited by the largest
impact parameter bmax = aout,1 + aout,2. The cross-section equivalent radius aσ
defines our structural parameter φσ (see Eq. (6.21)). We determine the relation
between the two radii (aout and aσ) empirically. Both aout and aσ are determined
for many aggregates of various shape and mass. We sample particles with the
fractal dimension in the range of Df = 1 . . . 3 and masses from several to a
few thousands monomer masses. These aggregates were produced using an
algorithm developed by Filippov et al. (2000).

Figure 6.3 shows the filling factor determined for different aggregates ver-
sus the ratio of the outer radius over the cross-section equivalent radius. The
mass dependence, as determined in Sect. 6.3.3, is shown by plotting φσ N0.33.
Diamonds correspond to aggregates of different fractal dimension and mass.
Interestingly, the data for all aggregates are very well confined along a single
curve. At small ratio of aout/aσ the curve decreases very steeply with increasing
aout/aσ. This corresponds to compact particles for which aout/aσ does not de-
pend much on filling factor. The line, however, breaks at about aout/aσ ≈ 1.2 and
turns in to a power-law with a slope of −0.3. This shallow relation represents
fluffy aggregates that show a large discrepancy between the projected surface
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equivalent radius and the outer radius.
In order to provide a simple relation between the two radii, two power-law

functions are fitted to the two regimes: compact particles below aout/aσ = 1.2
and fluffy aggregates above that limit. These two functions are given by

φ
compact
σ =

(aout

aσ

)(0.75−4.21 log N)
(6.22a)

φ
fluffy
σ = 1.21

(aout

aσ

)−0.3
N−0.33. (6.22b)

To further verify these relations we use particles produced in several simula-
tions performed by Paszun and Dominik (2008a). These aggregates are indi-
cated in Fig. 6.3 by black squares. They show a very similar relation to the one
obtained in Eq. (6.22). Points that are slightly shifted above the fitted lines cor-
respond to aggregates that are partly compressed (they did not reach the maxi-
mum compaction). Their compact cores are still surrounded by a fluffy exterior
that causes a small increase of the ratio of the outer radius over the projected
surface equivalent radius aout/aσ. This behavior, however, occurs at a relatively
small value of aout/aσ < 2. At a larger size ratio the filling factor falls back onto
the power-law given in Eq. (6.22b).

6.3.5 Parameter space and normalizations

We list the five key parameters that shape the outcome of aggregate collisions:

1. the collision energy, E;

2. the impact parameter, b;

3. the structure of aggregates, φσ;

4. the mass ratio, N1/N2 (local or global influence);

5. monomer properties, γ,E.

The influence of the material properties and monomer size can be eliminated by
a proper scaling of the energy to the rolling and breaking energies correspond-
ing to the material properties. Thus, we normalize to Eroll where it concerns the
change in the filling factor, i.e., the Cφ parameter reflecting restructuring, and to
Ebr for the other parameters of Table 6.4 that describe the fragmentation behav-
ior.

Another parameter that affects collisions is the mass ratio. This influences
mostly the collision outcome in terms of compactness. Impacts of similar size
aggregates show compression for small impact parameters (b ≈ 0) and decom-
paction for large offsets (b ∼ 1). On the other hand, impact of a smaller particle
onto a larger target results in a similar outcome regardless of the impact pa-
rameter. This discrepancy is dealt with by providing two separate sub-recipes:
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the local and the global recipe. Collisions of similar mass aggregates result in
changes throughout both particles. We refer to this behavior as the global recipe.
When a mass ratio is smaller than 0.1 the changes become more localized. In this
case the energy is concentrated in the region local to the impact area, which may,
e.g., result in cratering. This confined behavior is provided in the local recipe. The
energy in the global recipe is normalized to the total number of monomers, Ntot,
which represents the extended influence of the collision. However, in the lo-
cal recipe the energy scales by the reduced number of monomers Nµ, which is
basically the number of monomers of the smaller collision partner. The dimen-
sionless energy parameter is then defined as

ε =
E

NeffEcrit
, (6.23)

where Ecrit and Neff depend on the context: The energy Ecrit can be either one of
Ebr or Eroll, whereas Neff is one of Ntot or Nµ. The distinction of the two sub-recipes
is presented in Sect. 6.3.9.

The remaining three quantities (the normalized energy ε, the impact param-
eter b, and the filling factor φσ) form the 3D space of input parameters of the
recipe. Their influence on the collision outcome is described in § 6.3.7 and 6.3.8,
where we first discuss quantities defining the result of an impact. However, be-
fore we present the effect of different parameters on a collision outcome in both
the local and the global recipes, we discuss impacts in the hit-and-stick energy
regime.

6.3.6 Hit and stick

At very low energies (E ≤ 5Eroll) two aggregates will stick where they meet,
without affecting the internal structure of the particles. This is the ‘hit-and-stick’
regime in which the collisional growth can often be described by fractal laws.
Two important limits are cluster-cluster coagulation (CCA) and particle-cluster
coagulation (PCA). In the former, two particles of equal size meet, which often
leads to very fluffy structures, whereas PCA describes the process in which the
projectile particles are small with respect to the target. The filling factor then
saturates to a constant value. For example, in the case of monomers, the filling
factor will reach the PCA limit of 15% (Kozasa et al. 1992).

In general particles do not merely collide with either similar-size particles
or monomers. Every size-ratio is possible and leads to a different change in
filling factor. Ormel et al. (2007) provide an analytical expression, based upon
fits to collision experiments of Ossenkopf (1993), that give the increase in void
space as function of the geometrical volume of the collision partners. Here,
the geometrical volume V is the volume that corresponds to the geometrical
radius, aσ. Although the expressions of Ormel et al. (2007) are easily convertible
into filling factor, we have used additional numerical collision experiments to
further constrain these analytical fits. These experiments involved several ‘PCA-
bombardments’ (repeated collisions by monomers) of several aggregates. Using
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these data, the adopted expressions in the ‘hit-and-stick’ regimes are now, in
terms of the geometrical volumes (V1 > V2) of the particles
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The first term converges to CCA in the limit of V2 = V1, and is the same as in
Ormel et al. (2007). Here, δ is an exponent that reflects the fractal growth in
this limit, which, following Ossenkopf (1993), we put at δ = 0.95. The second
expression converges to PCA in the limit of V2 ≪ V1. The rationale of providing
a second expression is that in the case of V2 ≪ V1 (PCA) the first expression
goes to zero very quickly (no voids are added), which is clearly inappropriate as
PCA must result in a filling factor of 15%. From the results of our new collision
experiments we have altered the dependence of the PCA-part on the volume
ratio (V2/V1) by inclusion of the exponent of 0.25, which, compared to Ormel
et al. (2007), smooths out the fall-off with increasing mass ratio.

In fitting the numerical values in the PCA-part we note, however, that not
all numerical experiments could be fitted equally well. In fact, we had to com-
promise: some experiments were better fit by a more ‘smoothed’ PCA expres-
sion, while others were not. It is probable that for a complete description more
parameters are required, e.g., the elongation of the aggregates or their fractal
dimension. Here, we have adopted approximate fits that follow the qualitative
picture in both the CCA (V1 = V2) and the PCA (V2 ≪ V1) limit. We note, fi-
nally, that ‘hit-and-stick’ collisions are more prevalent in dense environments
like protoplanetary disks, rather than in molecular clouds. In our case, there-
fore, the hit-and-stick regime is only relevant in the initial stages of coagulation
at densities of n ≥ 105 cm−3.

6.3.7 Local recipe

In the local recipe the scaling of the energy parameter ε depends on the quantity
it is applied to. When it concerns erosion, it scales with Nµ, the reduced number
of monomers of the aggregates, which renders the collision outcome insensitive
to the size of the larger aggregate. In the case of restructuring, however, the
outcome of a collision depends very much on the size of the large particle. The
compaction may be local and moderate, but the affected quantity – the filling
factor – describes the particle globally. Thus, Cφ is normalized to the total num-
ber of aggregates, whereas the other quantities that describe the fragmentation
process are normalized to Nµ.

In the local recipe the number of large fragments rarely increases above unity
(the exception are ‘lucky projectiles’ that destroy the central contacts of fluffy ag-
gregates, causing the two sides of the aggregate to become disconnected). This
deep penetration of a particle may also result in more severe damage. Frag-
ments produced in a cratering event and on their way out of the eroded aggre-
gate may result in secondary impacts causing stronger erosion. This process is
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Figure 6.4 — Quantities provided by the local recipe. The left panel shows the mass of
small fragments, power-law component, normalized to the reduced mass of the colliding
aggregates. The right panel shows the relative change in the geometrical filling factor Cφ.

the main cause of fragmentation of large targets, since the energy transfer into
the target is not efficient and a large fraction of the kinetic energy is carried away
by the ejecta.

Figure 6.4a shows how much of the mass is ejected during collisions at dif-
ferent energies. This mass may exceed the mass of the small projectile by even
two orders of magnitude. The collision energy is not transported deep into the
target but rather used at the surface to break contacts between monomers. Thus,
collisions between particles of different mass result in erosion if sufficient energy
is available (a few times NµEbr).

The local recipe describes cratering that does not fully shatter the target. Ero-
sion events generate a similar distribution, where the slope oscillates between
q = −1.3 and q = −2.0. This is comparable to the slopes obtained for erosive
collisions of equal mass projectiles in the global recipe (see Sect. 6.3.8).

Since the influence of the impact is local, the degree of compression is rela-
tively small. However, increasing collision energy results in an increasing de-
gree of compression. The very fluffy and elongated aggregates may break in
half causing an artificial increase of the filling factor. This can be observed in
Fig. 6.4b for aggregates with φini

σ = 0.07, where the change in filling factor shows
a strong variation for energies above E = 10−2 N Eroll.

6.3.8 Global recipe

The two key quantities that follow from the recipe are the mass distribution
(small and large fragment component) and the change in filling factor of the
large fragment component. Figures 6.5a and 6.5b show the number of the largest
particles that remain after a collision. The left panel (Fig. 6.5a) shows the result
for central impacts of particles of different initial filling factor and at different
collision energies. The right panel (Fig. 6.5b) shows the result for collisions at an
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Figure 6.5 — Quantities provided by the global recipe. Left panels correspond to central
collisions, while the right panels correspond to off-center collision at impact parameter
b = 0.75. From top to bottom: Number of large fragments Nf (A, B); mass of the small
fragments component, Mp, normalized to the total mass of the two aggregates Mtot (C, D);
relative change in the geometrical filling factor Cφ = φσ/φ

ini
σ (E, F).

impact parameter of b = 0.75.
Central impacts at low energy produce one large fragment. An increase of

the impact energy results in erosion, where a few small fragments are removed
from the surface. In the limit of very high energies (E > 5NEbr), the interaction
leads to catastrophic disruption. Offset collisions, on the other hand, produce
two large fragments at high energy collisions. At large impact parameter aggre-
gates interact with their outer parts. This can lead to the formation of only a few
contacts that can be easily broken at high impact energies.

The mass distribution of the collision products depends on both energy and
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impact parameter. The higher the energy, the smaller the two fragments are.
An increase of the impact parameter, however, results in a weaker interaction
and an increase of the mass of the fragments. In the limiting case of a grazing
collision, two particles are almost unaffected regardless of the impact energy.
Collisions between compact aggregates colliding at a very high energy and at
a very large impact parameter result in two large fragments, containing in total
over 80% of the initial mass.

The number of large fragments Nf is very well defined for central and graz-
ing collisions. In the first case one large fragment remains, while in an off-center
impact both collision partners survive. Intermediate impact parameters intro-
duce some ambiguity. Some orientations cause sticking, which leads to one large
aggregate, and others produce two large particles. This is reflected in the stan-
dard deviation S f . If all orientations lead to the same outcome, the situation is
unambiguous and S f = 0. However, when the spread in Nf is larger, it defines
the probability of a collision to produce one or two fragments.

Figures 6.5c,d show the mass of the power-law component (small frag-
ments). Central collisions result in an equal distribution of energy among the
monomers. A collision energy of 3NEbr is sufficient to shatter an aggregate catas-
trophically. In the case of a fluffy aggregate, the entire particle is destroyed and
all fragments belong to the power-law distribution. The most compact aggre-
gate is, however, able to survive these energy inputs. In this case over 70% of
the mass is in the power-law component, whereas the rest is in a large fragment.
However, the average number of large fragments is below unity and in some
cases only the power-law component remains.

An increase of the impact parameter makes the distribution of energy over
the aggregate less efficient. This results in a higher threshold for catastrophic
destruction: more energy must be provided to completely shatter aggregates.
Figure 6.5c,d show that at the energy sufficient to fully shatter compact aggre-
gates at central impact, only 25% of the mass is shattered in an offset collision
at impact parameter b = 0.75. Fluffy aggregates ‘feel’ the effect of an increased
impact parameter even more, because in this case, the redistribution of the ki-
netic energy is even weaker. For example, very fluffy aggregates of filling factor
φσ = 0.122 colliding at an impact parameter of b = 0.75 produce small fragments
which add up to only about 6% of the total mass. The rest of the mass is locked
into 2 large fragments.

The degree of damage can also be assessed through the slope of the power-
law distribution of small fragments. The steeper the slope, the stronger the
damage. Heavy fragmentation produces many small fragments and results in a
steepening of the power-law. Although destruction is very strong in the case of
a central impact (the slope reaches values of q = −3.7 at energy of > 20NEbr), it
weakens considerably for offset collisions (q > −2.0).

At low energies, the amount of aggregate restructuring, as quantified in the
Cφ parameter Fig. 6.5e,f, is independent of impact parameter. This is simply
because the collision energy is insufficient to cause visible restructuring. Then,
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the aggregate volume increases in a hit-and-stick fashion, resulting in a decrease
of the filling factor as compared to the initial state of the colliding aggregates.

With increasing collision energy the degree of restructuring is enhanced, and
therefore compression occurs. Central impacts strongly affect the filling factor
φσ. Figure 6.5e shows that the compression is maximal at an impact energy of
about E = NEroll. Those aggregates that are initially compact are difficult to
further compress. For static compression, the critical filling factor is φσ = 0.33
(Blum et al. 2006; Paszun and Dominik 2008b). Any further restructuring can
only move monomers sideways, which causes a decrease of the packing density
and flattening. Offset collisions, however, lead to much weaker compression
as shown in Figure 6.5f. In this case the main reason is that forces acting on
monomers in the impacting particles are more tensile, contrary to the compres-
sive forces present in the central collisions. Large offset impacts at velocities
above the sticking velocity of about 1 m s−1 (Poppe et al. 2000) result in two
large fragments with the unaffected filling factor (Cφ = 1).

6.3.9 The recipe’s manual

The local and global recipes are generally distinguished by the mass ratio of the
colliding aggregates. However, at very high collision energies the results are
always well described by the global recipe, even if the mass ratios involved are
large. In this case the aggregate is catastrophically disrupted, which, of course,
affects the aggregate globally. For example, at a mass ratio of N2/N1 = 0.01 the
velocity required to shatter the target is a 10 times higher than for equal mass
aggregates (cf. Eq. (6.19)). At low energies the hit-and-stick recipe will always
apply. Figure 5.23 presents the adopted algorithm that provides the distinction
between the recipes.

When two aggregates collide at a given impact parameter b and energy E, we
first check whether the impact is in the hit-and-stick regime or that energies are
above the restructuring limit: E = 5Eroll. If E < 5Eroll no restructuring takes place
and the hit-and-stick analytical description discussed above follows. Otherwise,
we perform another test. The global influence of the collision occurs if one of
two conditions is satisfied:

1. the masses of colliding particles must not differ by more than a factor of
10;

2. the energy must be sufficient to cause global changes to both interacting
aggregates.

This latter criterion means that if particles are very different by mass, they will
still result in a global change to the properties of the aggregates if the energy
is sufficient to break the entire target aggregate. Otherwise, the effect is local
and cratering occurs. Equal mass projectiles, however, always affect aggregates
globally.
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6.4 The Monte Carlo program

In the previous section we have seen that four parameters – the collisional en-
ergy E, the filling factor φσ, the impact parameter b, and the mass ratio in terms
of the local and global recipe – determine the outcome of a collision between
two aggregates. As the collisional energy depends on mass and the impact pa-
rameter is random, we discern two (independent) particle properties: mass and
filling factor. From these two quantities all other particle properties are derived.
For example, the collisional energy E between two particles depends on the par-
ticle masses and the particle’s friction times through the relative velocities (see
Sect. 6.2), which, in turn, depend on the particle filling factors and masses.

Characterizing particles by only two properties does not fully define their
internal structure. For example, we assume that aggregates are spherically sym-
metric, even though numerical experiments show a distinct elongation (Paszun
and Dominik 2006). Still, the collision model contains a significant level of so-
phistication. The modeling of collisions can be divided in three steps. First,
the particle properties (m, φσ) and the collision properties (∆v) are turned into a
collision ‘grid point’ given by ε, φσ and b. Then, the outcome of the collision is
specified by 6 collision quantities (Table 6.4). Finally, these quantities specify the
change to the initial particle properties (m, φσ) and also describe the properties
of the collision fragments.

An important goal of our collision recipe is to make it applicable to a wide
range in mass: e.g., it is intended to be applicable to the scales at which the col-
lisional experiments were performed (∼103 monomers) but also to particles of
much larger size. This is the rationale behind the scaling of the collision energy
to the rolling or the breaking energy, and the distinction between the global
and local recipes. We are, therefore, fully equipped to compute the full colli-
sional evolution, even if it takes us well beyond the domain of the numerical
experiments, i.e., N ≫ 103. However, we acknowledge that as a consequence of
this extrapolation we may not account for physical processes that show up at
a different scale; e.g., it may well be the case that particles that have reached a
macroscopic proportion will bounce, rather than stick (Langkowski et al. 2008a).
We will return to these issues in Sect. 6.6.

The formulation of the collision recipe in terms of the 6 output quantities en-
ables a Monte Carlo (MC) oriented approach to the calculation of the collisional
evolution. The advantage of a MC approach is that collisions are modeled in-
dividually and therefore have a direct correspondence to the collision model.
Furthermore, structural parameters (like φσ) can be easily included and the col-
lisional outcome can be quantified in detail. Indeed, the outcomes of the colli-
sion experiments are quantified by (a change in) 6 critical parameters (see pre-
vious section), with the MC program merely sampling the appropriate values
(or an interpolation between the appropriate values; see below). We emphasize
that our MC model does not represent individual aggregates as in Kempf et al.
(1999) but that the particle’s structure is merely characterized by two values: the
mass of the aggregate or the number of grains, N, and the filling factor φσ.
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In setting up the MC model we have followed previous work of Ormel et al.
(2007, 2008a). Furthermore, we implement the new grouping method outlined
by Ormel and Spaans (2008). In this method the 1-1 correspondence between
a simulation particle and a physical particle is dropped; instead, the simulated
particles are represented by groups of identical physical particles. Ormel and
Spaans (2008) have shown that the method is very well suited to simulate a large
dynamic range, which, in the light of the anticipated fragmentation, is exactly
what is required. The group’s mass is determined by the peak of the m2 f (m)
mass distribution – denoted mp – and particles of smaller mass ‘travel’ together
in groups of total mass mp. Grouping entails that a large particle can collide with
many small particles simultaneously – a major but necessary approximation of
the collision process. This happens when the mass-ratio is less than 1% ( fǫ =

10−2).
We now continue with an overview of one cycle in the Monte Carlo program,

emphasizing in particular the role of the collision recipe and its implementation
within the context of the grouping method. Other details concerning the archi-
tecture of the MC setup have been discussed in Ormel and Spaans (2008).

6.4.1 One collision cycle

Collision rates

The cycle starts with the calculation (or update) of the collision rates between
the groups of the simulation. The individual collision rate between two parti-
cles i and j is Ci j = Ki j/V (units: s−1), where V is the simulation volume and K

the collision kernel. For grouped collisions Ci j is larger because many particles
are involved in the collision. The collision kernel K is defined as Ki j = σC

i j
∆vi j

with σC
i j
= πa2

out the collisional cross section (uncorrected for missing collisions)
and ∆vi j the average root-mean-square relative velocity. Thus, to calculate the
collision rates we need the relative velocities and the relation between the geo-
metrical and the outer radius (Fig. 6.3).

Determination of collision partners

Random numbers determine which two groups collide and the number of par-
ticles that are involved from the i and j groups, ηi and η j. Then, each i-particle
collides with η j/ηi j-particles. The grouping method implicitly assumes that
collision rates do not change significantly during the collision process. For ero-
sion or sticking the procedure is appropriate as we only apply grouping when
the mass ratio between the i (the large particles) and the j particles (the smaller
projectiles) is large. However, in collisions that result in breakage the grouping
assumption is potentially problematic, since the particle properties – and hence
the collision rates – then clearly change during the collisions. Fortunately, break-
age is not a frequent occurrence as grouped collisions are only applicable in the
local recipe due to the large mass-ratio’s. Catastrophic disruptions (shattering)
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Figure 6.6 — Illustration of
the picking of the grid points.
The collision takes place at
(ε, φσ, b): a point that is gen-
erally surrounded by eight
grid points (here correspond-
ing to the nodes of the cube).
Each node is then assigned a
probability inversely propor-
tional to the distance to the
grid point. Thus, the proba-
bility that the energy param-
eter ε = ε1 is picked (corre-
sponding to four of the eight
grid nodes) is P1 = (ε −
ε1)/(ε2 − ε1). The procedure
is identical for the other pa-
rameter grid points.

(ε, φ, b)

b
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is problematic for the same reasons, because when it occurs, there is no ‘large’
aggregate left. However, for energetic reasons we expect that shattering occurs
mainly when two equal-size particles are involved, for which the global recipe
would apply (and no grouping). In the following we continue with a collision
of ηt = η j/ηi j-particles colliding with a single i-particle.

Interpolation of data cubes

When the collision is in the ‘hit-and-stick’ regime the properties of the new par-
ticles are easily found by adding the masses of the j-particles to the i-particle
and calculating their filling factor using Eq. (6.24). In the following we will out-
line only the changes in either the local or global recipe. The collision is then
characterized by three parameters: normalized collision energy ε, filling factor
φσ and impact parameters b. The energy parameter ε is different for the local
and the global recipe and is normalized with respect to the breaking energy
except in the case of the Cφ quantities where it is normalized to the rolling en-
ergy (Sect. 6.3.5). These three parameters constitute an arbitrary point in the 3D
(ε, φσ, b)-space, and will in general be ‘surrounded’ by 8 grid points (k) which
correspond to the parameters at which results from the collision experiments
are available. We next distribute the ηt collisions over the grid point in which
the weight of a grid point is inversely proportional to the ‘distance’ to (ε, φσ, b)
as explained in Fig. 6.6. Taking account of the collisions that result in a miss, we
have

ηt = ηmiss +

∑

k

ηk., ηmiss =

∑

k

ηmiss,k, (6.25)
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where ηmiss,k = [ηtPk fmiss,k] denotes the number of collisions at the grid point re-
sulting in a miss. Here, Pk denotes the weight of the grid point, fmiss the fraction
of missed collisions at the grid point and the brackets indicates this number is
rounded to integer values. Similarly, the number of ‘hits’ at a grid point is given
by ηk ≃ ηtPk(1 − fmiss,k). Not all of these grid points have to be occupied (i.e., ηk

can be zero). In the special case without grouping ηt = 1 and only one grid point
at most is occupied.

We continue here to outline the general case of multiple occupied grid points.
First, we consider the mass that is eroded, given by the fpwl,k quantities. The
mass eroded at one grid point per collision is given by Mpwl,k = fpwl,k(mi + m j).
Then, the total mass eroded by the group collision is

Mpwl =

∑

k

Mpwl,kηk. (6.26)

If this is more than mi, then clearly there is no large fragment component.3 Oth-
erwise, the mass of the large fragment component is Mlarge = mi + (ηt − ηmiss)m j −
Mpwl. Each Mpwl,k quantity is distributed as a power-law with the exponent
provided by the slope qk of the grid point (see below). Concerning the large-
fragment component, there is a probability that it will break, given by the Nf,k

and S f,k quantities. As argued before, breakage within the context of the group-
ing algorithm cannot be consistently modeled. Notwithstanding these concerns,
we choose to implement it in the grouping method. Because its probability is
small, we assume it happens at most only once during the group collision. The
probability that it occurs is then

P2 = 1 −
∏

k

(1 − P2,k)ηk , (6.27)

where P2,k is the probability that breakage occurs at a grid point and follows
from the S f and Nf quantities. If breakage occurs, the masses Mpwl are removed
first and we divide the remaining mass Mlarge in two.

The last quantity to determine is the change in the filling factor of the large
aggregate, denoted previously by the Cφ parameter. Like Eq. (6.27) we multiply
the changes in Cφ at the individual grid nodes,

Cφ =

∏

k

C
ηk

φ,k
, (6.28)

and φσ,large = Cφ〈φσ〉m. This completes the implementation of the collisional out-
come within the framework of the grouping mechanism. That is, we have the
masses and the new φσ-values of the large fragment component(s), and have
computed the distribution of the power-law component in terms of mass. Note
again that all these results are per i-particle, and that the multiplicity of the re-
sults is ηi.

3Recall that in grouped collisions (ηt > 1) this implies that the grouping method is not fully
accurate as the change in mass is of the order of the mass itself; but the procedure is always fine if
ηt = 1.
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Picking of the power-law component masses

The final part of the MC cycle is to pick particles according to the power-law
distribution, under the constraints of a total mass Mpow and slope q. (If Mpow = 0
there is of course no mass to distribute.) This must be done at each grid point k,
because the slope qk in general is different at each grid point. The mass Mpow is
the mass that goes into fragmentation at the grid point k, Mpwl,k, multiplied by
ηk and ηi (the collision multiplicity). The general formula for picking the mass
of the fragments is

mi =

[

1 + r(m1+q
rem − 1)

]
1

1+q
, (6.29)

where mrem is the maximum mass of the distribution (this decreases at every step
and should from the definitions above be no more than 25% of the total mass)
and r a random number between 0 and 1. Equation (6.29) is obtained from

r =

∫ m

1
dx xq

/∫ mrem

1
dx xq . (6.30)

In the MC program the number of distinct fragments that can be produced is
limited to a few per grid point. This is to prevent an influx of a very large num-
ber of species (non-identical particles; in this case, particles of different mass),
which would lead to severe computational problems, filling-up the state vector
array (see below). Therefore, if the same mass mi is picked again it is consid-
ered to be the same species, and the multiplicity of this species is increased by
one. After we have obtained a maximum of ηdis distinct species, we redistribute
the mass Mpow over the species. In this way the fragment distribution is only
sampled at a few discrete points.

Merging/Duplication

The final part of the MC program consist of an inventory, and possible adjust-
ment, of the amount of groups and species (Ns) present in the program. To
combine a sufficiently high resolution with an efficient computation in terms of
speed is one of the virtues of the grouping method. One key parameter, deter-
mining the resolution of the simulation, is the N∗s parameter (the target number
of species in a simulation). In order to obtain a sufficient resolution we require
that a total mass of ∼mpN∗s is present in the simulation. Particles are duplicated to
fulfill this criterion, adding mass to the system. To prevent a pileup of species
we have adopted the ‘equal mass method’ as described in Ormel and Spaans
(2008). However, we found that due to the fragmentation many species were
created at any rate|too many, in fact (Ns > N∗s ) which would severely affect the
efficiency of the program. Therefore, if Ns = 2N∗s we used the ‘merging algo-
rithm,’ in which neighboring species are combined into one species, averaging
over their (structural) parameters. This significantly improved the efficiency
(i.e., speed) of the simulation, although the many fragments created by the colli-
sions (all contributing to a higher Ns) can be regarded as a redundancy, because
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Table 6.5 — Overview of the model runs. (1) Model number. (2) Number density of
the gas. (3) Collision type, describing material parameters and collision setup. Here
‘ice’ refers to ice-coated silicates of bulk density that is the same to that of silicates, ρ0 =

2.65 g cm−3, and material parameters γ = 370 erg cm−2 and E⋆ = 3.7 × 1010 dyn cm−2.
For bare silicates, γ = 25 erg cm−2 and E⋆ = 2.8 × 1011. (4) Monomer radius. (5) Figure
reference. Notes: athe standard model; bfilling factor of particles restricted to a minimum
of 33%. ccentral impact collisions only (b = 0).

id Density Type Grain size Figure reference
n [cm−3] a0 [µm]

(1) (2) (3) (4) (5)
1 103 ice 0.1
2 104 silicates 0.1 Fig. 6.12
3 104 ice 0.1 Fig. 6.12
4 105 silicates 0.1 Fig. 6.12
5 105 silicates 1
6a 105 ice 0.1 Figs. 6.7, 6.9, 6.8
7 105 ice 1 Fig. 6.13
8 105 ice 0.03 Fig. 6.13
9 105 ice, compact b 0.1 Fig. 6.10
10 105 ice, head-on c 0.1 Figs. 6.9, 6.10
11 106 silicates 0.1 Fig. 6.12
12 106 ice 0.1 Fig. 6.12
13 107 ice 0.1

it requires a lot of subsequent regrouping. The alternative would be to produce
only 1 new species per collision event (Zsom and Dullemond 2008); here, we
prefer to stick with a more detailed representation of each collision event by cre-
ating many particles, but we acknowledge that this amount of detail is to some
extent lost by the subsequent merging.

6.5 Results

All requirements to calculate the collisional evolution of dust grains are now
in place. In Sect. 6.4 we have discussed how the collision model of Sect. 6.3 is
treated in the context of a MC model. We have calculated a large set of models
varying the relevant parameters: the density, grain size and material proper-
ties. We investigated grains consisting of silicates, and silicates with ice man-
tles. These properties of the simulation runs are summarized in Table 6.5. Only
static models are considered, characterized by a constant density. To obtain a
measure of the influence of the density on the coagulation process – timescales
and amount of growth – a large range in density is considered. The coagulation
is followed for 107 yr in most of the models, unless a steady state has clearly
appeared before this time. Other parameters that affect the coagulation process
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Figure 6.7 — Mass distribu-
tion of the standard model
(n = 105 cm−3, a0 = 10−5 cm,
ice-coated silicates) at sev-
eral times during its colli-
sional evolution, until t =

5 × 107 yr. The distribution
is plotted at times of 10i yr
(solid lines, except for the
106 yr curve, which is plot-
ted with a dashed line) and
3 × 10i yr (all dotted lines),
starting at t = 3 × 104 yr.
The grey shading denotes the
spread in 10 runs. Mass is
given in units of monomers.
The final curve (thick dashed
line) corresponds to 5×107 yr
and overlaps the 3 × 107 yr
curve almost everywhere, in-
dicating that steady-state has
been reached.
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but which are fixed here – i.e., T = 10 K, µ = 2.34, etc. – are discussed in Sect. 6.2.
We continue in Sect. 6.5.1 with the analysis of the standard model (n =

105 cm−3, a0 = 0.1 µm, ice-coated silicates). In Sect. 6.5.2, the results of our pa-
rameter study are presented.

6.5.1 The standard model

Figure 6.7 shows the progression of the collisional evolution of ice-coated sili-
cates at a density of n = 105 cm−3 (the standard model). Each curve shows the
average of 10 simulations, where the grey shading denotes the 1 σ spread in the
simulations. At t = 0 the distribution starts out monodisperse at size N = 1.
Here, N denotes the number of monomers in an aggregate and is a dimension-
less measure of the mass. The distribution function f (N) gives the number of
aggregates per unit volume such that f (N)dN is the number density of particles
in a mass interval [N,N +dN]. Thus, at t = 0 the initial distribution has a number
density of f (0, t = 0) = nµmH/Rgdm0 = 3.5 × 10−7 cm−3 in the case of n = 105 cm−3

and a0 = 0.1 µm. On the y-axis N2 f (N) is plotted at several distinct times during
the collisional evolution, which shows the mass of the distribution in a logarith-
mic interval. The mass where N2 f (N) peaks in Fig. 6.7 is denoted the mass peak:
it corresponds to the particles in which most of the mass is contained. The peak
of the distribution curves stays on roughly the same level during its evolution,
reflecting conservation of mass density.

After t = 105 yr (first solid line) a second mass peak has appeared at N = 10
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Figure 6.8 — The distribu-
tion of the filling factor, φσ, in
the standard model, plotted
at various times. In the frac-
tal regime, the porosity de-
creases as a power-law, φ ≃
N−0.3. Compaction is most
severe for the more mas-
sive particles, where the fill-
ing factor reaches the max-
imum of 33%. Only mean
quantities are shown, not the
spread in φσ.

that separates itself from the initial distribution. The peak at N = 1 is a remnant
of the compact (φσ = 1) size and smaller collisional cross-section of monomers
compared with dimers, trimers, etc. – not by fragmentation. Furthermore, the
high collisional cross section of, e.g., dimers is somewhat overestimated, being
the consequence of the adopted power-law fit between the geometrical and col-
lisional cross section (Fig. 6.3). These effects are modest and do not affect the
result of the simulation. Meanwhile, the porosity of the aggregates steadily in-
creases, initially by hit-and-stick collisions but after ∼105 yr mostly through low-
energy collisions between equal-size particles (global recipe) that do not visible
compress the aggregate. In Fig. 6.8 the porosity distribution is shown at several
times during the collisional evolution. Initially, due to low-energy collisions the
filling factor decreases as a power-law with exponent ≃0.3, φσ ≃ N−0.3. This
trend ends after N ∼ 104, at which collisions have become sufficiently energetic
for compaction to halt the fractal growth. The filling factor then flattens out and
increases only slowly. At t = 3×106 yr the N ∼ 107 particles are still quite porous.

After t = 3 × 106 yr collisions have become sufficiently energetic for particles
to start fragmenting, significantly changing the appearance of the distribution.
Slowly, particles at low mass are replenished and growth decelerates. When
inquiring the statistics underlying the fragmenting collisions, we find that col-
lisions that result in fragmentation are mostly of a (very) modest erosive na-
ture, in which only a few percent of the mass of the large aggregate is removed.
Therefore, when erosion first appears, growth is not immediately halted, but it is
effective in replenishing the particles at low-N. With time, however, the station-
ary point is unquestionably reached as collisions will eventually enter a regime
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in which there is no net growth. The collisional evolution does never proceed to
a stage in which shattering collisions dominate the fragmentation.

The collision experiment is continued beyond 107 yr, until the point where a
steady-state has been reached. At 107 yr the largest particles have reached the
upper limit of 33% for the filling factor. The compaction increases the collision
velocities between the particles and therefore enhances the fragmentation. At
3 × 107 yr the distribution curve has flattened-out significantly. The final curve
(t = 5 × 107 yr) mostly overlaps the 3 × 107 curve (both in Figs. 6.7 and 6.8)
and therefore indicates that steady-state has been reached. At this stage most
of the mass resides in ∼100 µm grains. However, small particles, due to the
fragmentation, are again dominant by number.

The transition towards a flat mass spectrum is consistent with a scenario
in which mass is injected at N = 1, and then ‘flows’ to large-N at which it is
fragmented, or, in this case, eroded. Indeed, the erosive nature of fragmenting
collisions produces mostly low-N particles. The change in the shape of the mass
function with time also provides a clue why the curves in Fig. 6.8 do not overlap
in the intermediate-N region. At times before 107 yr, the point where the curves
terminate correspond to the most massive particles in the distribution. These
are quite rare and therefore preferentially collide with particles of lower mass,
which suppresses the collisional energies due to the mass-ratios. When the dis-
tribution has flattened out, however, equal-mass collisions are more important
and the higher energies involved cause compaction to occur at lower N.

Compact and head-on coagulation

To further understand the influence of the porosity on the collisional evolution
we plot in Fig. 6.9 the progression of a few key quantities as function of time:
the mean size 〈a〉, the mass-average size 〈a〉m, and the mass-average filling factor
〈φσ〉m of the distribution. Here, mass-average quantities are obtained by weigh-
ing the particles of the MC program by mass; e.g., the mass-weighted size is
defined as

〈a〉m =
∑

i miai
∑

i mi

. (6.31)

The weighing by mass has the effect that only the massive particles contribute
– provided these particles dominate the mass peak, which is mostly the case
when the distribution is evolved. On the other hand, in a regular average all
particles contribute equally, meaning that this quantity is particularly affected
by the particles that dominate the number distribution. Thus, as particles start
out monodisperse, 〈a〉m = 〈a〉. However, over time 〈a〉m starts to move away
from the mean size of the distribution, meaning that most of the mass becomes
locked up in large particles but that the small particles still dominate the number
distribution. This picture is consistent with the distribution plots in Fig. 6.7.

How important is the adopted collision recipe in shaping the distribution?
To assess this question we additionally ran simulations in which the collision
recipe is varied with respect to the standard model. The distribution functions
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of these runs are presented in Fig. 6.10, whereas Fig. 6.9 also shows the com-
puted statistical quantities (until t = 107 yr). In the case of compact coagulation
the filling factor of the particles was restricted to a minimum of 33% (small par-
ticles like monomers can still have higher filling factors). Clearly, the results
show that the initial stages of the growth is much faster for porous aggregates
(cf. Fig. 6.10a and Fig. 6.10b). This can be understood by considering the depen-
dence on filling factor of the friction time and the cross-section

τf ∝ N1/3φ2/3
σ ; (6.32a)

σ ∝ N2/3φ−2/3
σ , (6.32b)

where we substituted for simplicity the geometrical cross section σφ for the col-
lisional cross-section σC

φ . Because velocities depend on the square-root of the
friction time, the collision rate, K = σ∆v, has a −1/3 dependence on filling factor,
K ∝ N5/6φ

−1/3
σ . Therefore, the collision rate is increased if filling factors decrease.

Porous aggregation, then, shortens the growth timescale.
Figure 6.10c presents the results of the standard model in which collisions

are restricted to take place head-on, an assumption that is frequently employed
in collision studies. That is, except for the missing collision probability ( fmiss),
the collision parameters are obtained exclusively from the b = 0 entry. In this
way we can assess the importance of offset collisions. The temporal evolution of
the head-on only model is also given in Fig. 6.9 by the light-grey curves. It can be
seen that the particles are generally less porous than in the standard model. This
follows also from the recipe, see Fig. 6.5: at intermediate energies (E/NtotEroll ∼ 1)
central collisions are much more effective in compacting than offset collisions.
For these reasons, also, growth in the standard model is somewhat faster during
the early stages. However, at later times the differences between Fig. 6.10b and
Fig. 6.10c become relatively minor, indicating that head-on or offset collisions
do not result in a very different fragmentation behavior.

A simple analytical model

Despite the complexity of the recipe, it is instructive to approximate the ini-
tial collisional evolution with a simple analytical model. From the preceding
discussion it is clear that the evolution of the filling factor drives the growth,
as this quantity implicitly determines the velocity structure and the collision
timescales. Continuing from Eq. (6.32) we can write

∆v ∝ τ1/2
f ∝ N1/6φ1/3

σ ; (6.33a)

tcoll = (nd∆vσ)−1 ∝ N1/6φ1/3
σ , (6.33b)

where the monodisperse assumption nd ∝ N−1 has been applied. As explained
in Sect. 6.2.2 the expression ∆v ∝ τ1/2

f holds only for the square-root part of the
turbulence, but this is fully appropriate for the molecular cloud environment.
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Then, relative velocities and collision timescales have the same dependence on
N and φσ. Concerning φσ Fig. 6.8 suggest that the initial evolution of φσ can be
divided in two regimes, where the transition point occurs at a mass N1. Initially
(N < N1), the filling factor is in the fractal regime, which can be well approxi-
mated by a power-law, φσ ≃ N−3/10. We refer to this regime as the fractal regime,
because it includes hit-and-stick collisions (no restructuring) as well as colli-
sions for which E > 5Eroll but which do not lead to visible restructuring, i.e.,
only a small fraction of the grains take part in the restructuring. For N > N1

the filling factor starts to flatten-out. It is difficult to assign a trend for φσ in the
subsequent evolution. Following Fig. 6.8 we may assume that initially φ stays
approximately constant for several orders of magnitude in N, but at some point
it will quickly assume its compact value of 33%. Here, we assume that the col-
lapse of the porous structure takes place after the point where the first erosive
collisions occurs, at N = N2. A sketch of the adopted porosity structure and the
resulting scaling of velocities and timescales is presented in Fig. 6.11.

From the collision recipe (Sect. 6.3.2) we can identify the critical energies
where visible compaction and fragmentation occur. In the first case, the global
recipe applies and Fig. 6.5 shows that the transition to compaction (Cφ > 1) cor-
responds to a normalized energy of εroll = E/NEroll ≃ 0.2. On the other hand the
simulations clearly show that small particles are replenished by fragmentation
in the form of erosive collisions. From Fig. 6.4 we can assign an energy thresh-
old of εbr = E/NµEbr ≃ 1.0. Working out these expressions and using a typical
mass ratio of 3 for the global recipe (Nµ = N/6), we find that these energy criteria
corresponds to relative velocities of (∆v1)2 ≃ 1.0Eroll/m0 and (∆v2)2 ≃ 2.0Ebr/m0,
respectively. These energy thresholds are also indicated in Fig. 6.11.
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From these expressions and the initial expressions for the relative velocity
and the collision timescale (Eqs. (6.15) and (6.16)), the turn-over points N1 and
N2 can be calculated. We assume that ∆v0 < ∆v1 such that a fractal growth regime
exist. Then, the first transition point is reached at a mass

N1 ∼
(

∆v1

∆v0

)15

=

(

1.0Eroll

m0(∆v0)2

)7.5

= 2×103
(

n

105 cm−3

)3.75
(

γ

370 erg cm−2

)7.5 (

a0

0.1 µm

)−22.5

.

(6.34)
Unfortunately, the high powers make the numeric evaluation rather unstable.
In our simulations we find that N1 ∼ 104. Subsequently, we can write for the
second transition point, the onset of fragmentation, N2,

N2

N1
∼

(

∆v2

∆v1

)6

=

(

2.0
Ebr

Eroll

)3

= 5×104

(

γ

370 erg cm−2

) (

a0

0.1 µm

) (

E⋆
3.7 × 1010 dyn cm−2

)−2

,

(6.35)
which corresponds also well to the results from the simulation for which N2 ∼
108. In our simulations the first fragmentation involves particles that are still
relatively porous, such that the assumption in Fig. 6.11 about the porosity of the
N2-particles is justified. However, once steady-state has been reached, particles
of N2 ∼ 108 will have a 33% filling factor (see Fig. 6.8).

Equations (6.34) and (6.35) also provide a clue how the collisional evolu-
tion will behave under different conditions. First, Eq. (6.35) shows that the ratio
N2/N1 depends on the critical energies only, and therefore that this ratio should
stay the same for the same material properties. The n3.75 dependence on gas
density in Equation (6.34) indicates that the transition points shift ≃1 magni-
tude in size when the gas density increases by a factor of 10. Even more critical
is the dependence on grain size, a0. This follows directly from the requirement
that for visible restructuring all grains have to participate. A smaller grain size
makes this requirement harder to obtain. Together with the lower initial veloc-
ity (lower ∆v0) and the extremely shallow way relative velocities evolve in the
fractal regime, aggregates are expected to become very large when a0 < 0.1 µm.

Using a monodisperse model we can also obtain the timescales t1, t2 at which
these transition points are reached. Starting from the expression

dN

dt
=

N

tcoll
, (6.36)

the collision time tcoll is approximated by a power-law assumption, tcoll =

tcoll,i(N/Ni)λ. Here, tcoll,i is the collision timescale at the point Ni. Specifically, tcoll,0

is the initial collision timescale (Eq. (6.16)). Straightforward integration then
leads to

t − ti

tcoll,i
=

1
λ













(

N

Ni

)λ

− 1













; (N > Ni). (6.37)

For i = 0, λ = 1/15 and N1/N0 ∼ 104 it results that the fractal growth stages takes
∼12 initial collision timescales, or ∼ 106 yr (cf. ∼6×105 yr in the simulation). In the
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second regime λ = 1/6, tcoll,1 ≃ 2tcoll,0 and taking N2/N1 = 104 it follows that t2 −
t1 ∼ 40tcoll,0. Altogether, we may expect that the first fragmentation event takes
place after ∼50 collision timescales. The simulation shows that in the standard
model ∼65 initial collision times are required. Because the collision timescale
only slowly changes, we may expect the calculated timescales present a general
picture, i.e., both compaction and fragmentation take place in a ∼10 − 100tcoll,0

interval.

6.5.2 Parameter study

In Fig. 6.12 the collisional evolution of silicates and ice-coated particles are
contrasted at densities of n = 104, 105 and 106 cm−3. Simulations run until
a time of 107 yr, except for Fig. 6.12c where a steady state has been reached
before. The reason to stop the calculation, then, is that in steady-state the
average inter-collision timesteps will be constant, whereas in the preceding
‘pure-growth’ scenario, the inter-collision time increases. The linear behavior
makes it computationally intensive to further evolve the distribution for similar
timescales. Again, distributions are plotted at fixed logarithmic timesteps be-
tween t = 3 × 104 yr and t = 107 yr, where the curves correspond to the same
times as in Fig. 6.7.

Figure 6.12a-c show the collisional evolution of silicates at various densities.
In most of the models fragmentation is important from the earliest timescales
on. This is of course a consequence of the much lower breaking energy Ebr that
silicate monomers have compared with ice-coated silicates. As a result, in terms
of size the growth is very modest: only a factor of 10 in the n = 106 cm−3 model,
whereas at even lower densities most of the mass stays in monomers. For the
same reason, silicates reach steady state much quicker than ice-coated particles,
on a timescale of 106 yr.

This situation becomes very different, however, if the silicates are coated
with ice (Fig. 6.12d-f). Much more energetic collisions are then required to break
aggregates and aggregates grow large indeed. In all cases the qualitative picture
reflects that of our standard model, discussed in Sect. 6.5.1: porous growth in the
initial stages, followed by compaction and fragmentation in the form of erosion.
The evolution towards steady-state is a rather prolonged process, and is only
complete within t = 107 yr in Fig. 6.12f. Again, steady state is characterized by a
rather flat mass spectrum. In the low density model of Fig. 6.12d fragmentation
does not occur within 107 yr.

In Fig. 6.13 the collisional evolution is contrasted at three different values
for the monomer size: a0 = 300 Å (Fig. 6.13a), 0.1 µm (the standard model,
Fig. 6.13b), and a0 = 1 µm (Fig. 6.13c). To obtain a good comparison, Fig. 6.13
uses physical units (grams) for the mass of the aggregates, rather than the di-
mensionless number of monomers, N. The effects of varying a0 are twofold.
First, as we have seen above, the length of the fractal growth phase (no com-
paction or fragmentation) is very sensitive to a0. Second, the monomer size a0

directly reflects the amount of energy dissipation of the material. In the litera-
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Figure 6.12 — Distribution plots corresponding to the collisional evolution of silicates
(left panels) and ice-coated silicates (right panels) at densities of n = 104, 105 and 106 cm−3

until t = 107 yr. For the silicates a steady-state between coagulation and fragmentation
is quickly established on timescales of ∼106 yr, whereas ice-coated silicates grow much
larger before fragmentation kicks in. The initial distribution is monodisperse at a0 =

10−5 cm. Note the different x-scaling.
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Figure 6.13 — Effects of a varying monomer size a0 on the evolution of the size distribu-
tion for the ice-coated silicates of the standard model: (a) a0 = 300 µm, (b) a0 = 0.1 µm (the
default, shown for reasons of comparison), and (c) a0 = 1 µm. To facilitate the comparison,
physical units are used (grams) for the mass of aggregates, rather than the dimensionless
number of monomers (N).

ture this is often characterized by an impact strength Q, which is the ratio of the
excavated mass over the collision energy. Changing the monomer size will af-
fect the strength of the monomers, because it determines the amount of surface
area that must be broken. Taking the breaking energy as a typical threshold for
fragmentation, we obtain Q ∼ Ebr/m0 ∼ 107 erg g−1 for a0 = 0.1 µm size aggre-
gates and a scaling with size of Q ∝ a

−5/3
0 . Therefore, aggregates that consist of

smaller grains are much more resistant against energetic collisions than aggre-
gates consisting of larger monomers. Likewise, silicate grains due to their much
lower γ have a correspondingly lower strength. We do point out that in reality Q

must be determined by experiment; however, our definition (Q ∼ Ebr/m0) serves
explanatory purposes.

These effects are best seen in Fig. 6.13c where a tenfold increase in monomer
size compared to the standard model (Fig. 6.13b) results in completely differ-
ent distribution curves. Due to the much reduced strength of the aggregates,
fragmenting collisions occur already from the outset. The curves, therefore, re-
semble the silicate models of Fig. 6.12b, which are also dominated by fragmen-
tation. Figure 6.13a, on the other hand, shows the effects of reducing the size
of the monomers by about a factor three (a0 = 0.03 µm). Despite starting out
at a lower mass, the 300 Å model quickly catches up with the standard model
and overtakes it at t ∼ 106 yr. This results because significant compaction fails
to occur, in line with the results of the simple analytic model of Sect. 6.5.1; until
4 × 106 yr no significant compaction takes place, and aggregates become really
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Table 6.6 — The mass-weighted size of the distribution, 〈a〉m, at several distinct events
during the simulation run. Col. (1) list the models in terms of the density (n) and material
properties. The monomer size (a0) is 0.1 µm, unless otherwise indicated. Cols. (2)–(5) give
the mass-weighted size of the distribution at fixed coagulation times. Likewise, cols. (6)–
(7) give value of 〈a〉m at the free-fall and the ambipolar diffusion timescale of the cloud
that corresponds to the gas density n. These are a function of density and are given in
Eq. (6.1) and Eq. (6.4), respectively. Values a × 10b are denoted a(b).

〈a〉m [cm]
model 104 yr 105 yr 106 yr 107 yr tff(n) tad(n)
(1) (2) (3) (4) (5) (6) (7)
n = 103, ice 1.0(−5) 1.0(−5) 1.2(−5) 8.3(−5) 1.2(−5) 8.3(−5)
n = 104, silicates 1.0(−5) 1.1(−5) 1.4(−5) 1.4(−5) 1.2(−5) 1.4(−5)
n = 104, ice 1.0(−5) 1.1(−5) 4.6(−5) 8.5(−4) 1.5(−5) 8.5(−4)
n = 105, silicates 1.0(−5) 1.9(−5) 4.0(−5) 4.0(−5) 2.0(−5) 4.0(−5)
n = 105, silicates, a0 = 10−4 1.0(−4) 1.0(−4) 1.0(−4) 1.0(−4) 1.0(−4) 1.0(−4)
n = 105, ice 1.0(−5) 2.2(−5) 6.4(−4) 7.4(−3) 2.3(−5) 3.2(−3)
n = 105, ice, a0 = 10−4 1.0(−4) 1.1(−4) 2.2(−4) 2.3(−4) 1.1(−4) 2.3(−4)
n = 105, ice, a0 = 3 × 10−6 3.2(−6) 1.1(−5) 1.3(−3) 4.3 1.2(−5) 2.4(−1)
n = 105, ice, compact 1.0(−5) 1.5(−5) 1.4(−4) 5.8(−3) 1.6(−5) 1.3(−3)
n = 105, ice, head-on 1.0(−5) 2.2(−5) 3.6(−4) 7.5(−3) 2.4(−5) 3.1(−3)
n = 106, silicates 1.4(−5) 1.2(−4) 1.3(−4) 1.3(−4) 4.4(−5) 1.3(−4)
n = 106, ice 1.4(−5) 2.7(−4) 3.7(−2) 2.0(−2) 4.6(−5) 2.9(−2)
n = 107, ice 7.9(−5) 3.7(−2) 5.2(−2) 6.1(−2) 8.6(−5) 7.8(−1)

porous indeed (φ ≃ 4 × 10−4). The consequence is that fragmentation is also
delayed, and has only tentatively started at the close of the simulations.

Tables 6.6 and 6.7 present the results of the coagulation/fragmentation pro-
cess in tabular format. In Table 6.6 the mass-weighted size of the distribution
(reflecting the largest particles) are given, and in Table 6.7 the opacity of the dis-
tribution is provided, which reflects the behavior of the small particles. Here,
opacity means geometrical opacity – the amount of surface area per unit mass –
which would be applicable for visible or UV radiation, not to the IR. Its defini-
tion is, accordingly,

〈κ〉 =
∑

πa2
i

∑

mi

, (6.38)

where the summation is over all particles in the simulation. These tables show,
for example, that in order to grow chondrule-size particles (∼10−3 g), dust grains
need to be ice-coated and, except for the n = 106 cm−3 model, coagulation times
of ∼107 yr are required. Furthermore, concerning the observational properties,
Table 6.7 shows that a decrease of the opacity by a factor of 10 at most can be
expected, for ice models at long timescales.
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Table 6.7 — Like Table 6.6 but for the geometrical opacity of the particles. The opacity κ

gives the total surface area per unit (dust) mass.

〈κ〉 [cm2 g−1]
model 104 yr 105 yr 106 yr 107 yr tff(n) tad(n)
(1) (2) (3) (4) (5) (6) (7)
n = 103, ice 2.8(4) 2.8(4) 2.7(4) 1.5(4) 2.7(4) 1.5(4)
n = 104, silicates 2.8(4) 2.8(4) 2.7(4) 2.6(4) 2.7(4) 2.6(4)
n = 104, ice 2.8(4) 2.8(4) 2.0(4) 2.5(3) 2.6(4) 2.5(3)
n = 105, silicates 2.8(4) 2.5(4) 2.0(4) 2.0(4) 2.5(4) 2.0(4)
n = 105, silicates, a0 = 10−4 2.8(3) 2.8(3) 2.8(3) 2.8(3) 2.8(3) 2.8(3)
n = 105, ice 2.8(4) 2.4(4) 5.1(3) 2.3(3) 2.4(4) 8.4(2)
n = 105, ice, a0 = 10−4 2.8(3) 2.8(3) 2.4(3) 2.4(3) 2.8(3) 2.4(3)
n = 105, ice, a0 = 3 × 10−6 9.3(4) 7.1(4) 1.4(4) 4.4(2) 6.9(4) 1.7(3)
n = 105, ice, compact 2.8(4) 2.6(4) 8.0(3) 1.9(3) 2.6(4) 1.0(3)
n = 105, ice, head-on 2.8(4) 2.4(4) 4.9(3) 3.1(3) 2.4(4) 9.3(2)
n = 106, silicates 2.7(4) 1.4(4) 1.4(4) 1.4(4) 2.0(4) 1.4(4)
n = 106, ice 2.7(4) 1.2(4) 6.7(2) 2.2(3) 2.0(4) 1.5(3)
n = 107, ice 1.7(4) 1.8(3) 1.4(3) 1.7(3) 1.6(4) 6.4(2)

6.6 Assessment of the collision recipe

Our study of coagulation in Molecular Clouds is the first study that applies the
results of detailed numerical simulations – simulations, that have previously
succeeded in explaining laboratory experiments (Paszun and Dominik 2008b) –
to the global evolution of molecular clouds. This includes modeling the impact
parameter and porosity of aggregates as independent variables. Much effort has
been invested in the collision model. Fragmentation, especially, is modeled in
detail, being characterized by three parameters and distinguished through the
local and global recipe. In summary, we have presented the first model that
couples the collisional growth of aggregates to the evolution of their internal
structure while simultaneously accounting for the diverse collision outcomes
that follow from the changing velocities between the particles as they grow. The
collision model, certainly, is state-of-the-art.

The drawback of relying on a sophisticated numerical model is, however,
that their results are in the strictest sense only applicable to the same size regime,
i.e., for N . 103 particles. For silicates, this limited dynamic range of the nu-
merical models is appropriate, because coagulation does not proceed beyond
N ∼ 103 − 104 (Fig. 6.12). Ice grains, on the other hand, are capable to grow to
much larger sizes. For the recipe to become applicable for these large aggre-
gates extrapolation of the results of the collision experiments is required. This is
a critical point of the recipe in which we have invested considerable effort. The
outcome was that we divided collisions in two groups – local and global – scaled
their results to the critical energies involved (Ebr and Eroll), and the number of
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particles (either the total number, Ntot, or the reduced number, Nµ). The idea
behind these normalizations is to make the collision recipe scale-independent:
applicable to the low-N regime as well as the large-N regime.

Extrapolating the collision recipe nonetheless risky. Because of the large dy-
namic range involved and the embedding of the results in a MC approach, col-
lisions of many small particles with a large particle are considered simultane-
ously through the grouping method. Tiny deviations of the recipe then have
the potential to blow up. Furthermore, the extrapolation assumes that the col-
lision physics at large scale is the same to the size of the collision experiments.
This, too, is a crucial assumption in which collisional outcomes like bouncing
are a priori not possible because these do not take place at the low-N part of the
simulations.

Below, we present some of the limitations of the collision recipe, and offer
suggestions for future improvement. These points concern the physics repre-
sented in the collision recipe (bouncing, irregular grains, and a size distribu-
tion of grains) or its implementation into a coagulation model. Although we
acknowledge that by including a more sophisticated treatment, it is probable
that the quantitative outcome of the collision experiments will change to some
extent, we do not expect that the main results of our model – the initial coagu-
lation phase, followed by the transition to a flat steady-state distribution – and
their dependence on gas density and material properties will be much affected.

6.6.1 Bouncing

Bouncing of aggregates is observed in laboratory experiments (Blum and
Muench 1993; Blum 2006), whereas it does not occur in our simulations. For sil-
icates, the bouncing phenomenon occurs at sizes above approximately 100 µm
(i.e., N > 109 particles) and is not fully understood. It is a challenge to investigate
in the laboratory the microphysics of these large particles.

In the case of ice-coated silicate grains, which provide stronger adhesion
forces, our simulations show that growth proceeds to ∼100 µm sizes where
bouncing becomes potentially important. In this case, therefore, the growth
might slow down earlier than observed in our experiments, especially when
the internal structure has already re-adjusted to a compact state, where energy
dissipation is no longer available. It is presently unclear how these laboratory
experiments apply to ice aggregates and hence whether and to what extent the
Monte Carlo results would be affected by bouncing. We recognize that this may,
potentially, present a limitation to growth of aggregates in molecular clouds, but
also emphasize it will not affect the main conclusions from this study as in only
few models aggregates grow to sizes≫100 µm.

6.6.2 Size distribution of grains

Our recipe is based on simulations of aggregates that are built of monomers of
a single size. Therefore, we treat a monodisperse distribution. However, ISM-
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dust typically consist of a size distributions of small grains and larger grains.
The most frequently used size distribution is the MRN-distribution where the
grain distribution scales as a −7/2 power-law of size, between a lower (ai) and an
upper (af size) (Mathis et al. 1977). Thus, in the MRN-distribution the smallest
grains are dominant by number, whereas the larger grains dominate the mass.
For an MRN distribution we take, ai = 50 Å and af = 0.25 µm. Therefore, the
collision outcome may differ when the colliding particles are made of grains of
several sizes.

To illustrate this point, we quantitatively compare the aggregates’ strength
for a monodisperse and an MRN size distribution using the Q prescription. As
described in Sect. 6.5.2 the strength of aggregates is determined by the breaking
energy, which scales proportional to the contact radius as Ebr ∝ a

4/3
µ . We will

assume that in the MRN distribution a typical contact area always involves a
small grain, so that we can substitute aµ = ai in the Ebr expression. Next, we
assume that the number of contacts is of the order of the number of grains.
Then, in order to determine their strength, we calculate the number of grains
per unit of mass,

N

m
∝

∫ a f

ai
n(a)da

∫ a f

ai
n(a)a3da

≃ a
−1/2
f a

−5/2
i /5, (6.39)

where we have used that af ≫ ai. In the monodisperse case, the equivalent
quantity is (N/m)0 ∝ a−3

0 .
The strength of the MRN-grains can then be estimated by considering the

energy dissipation per unit of mass. Thus, we multiply their typical breaking
energy, which from the reasons given above is determined by the smallest grains
ai, by N/m. Comparing this to the monodisperse case we obtain
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. (6.40)

(Note again that this calculation assumes that af ≫ ai; otherwise the numerical
prefactor would be different.) In our study, where the monomer size was mostly
fixed at a0 = 0.1 µm, this ratio is about 10. Equation (6.40) therefore shows that
the size distribution can increase the strength of an aggregate. In this picture,
small grains act as the ‘glue’ that holds the bigger grains together and efficiently
absorbs the incoming energy, because there is more contact surface. This occurs
only if small monomers dominate by number. Otherwise, the mass dominated
by big grains is held by much weaker contacts provided by small grains.

The results above show that in our standard case of a0 = 0.1 µm the strength
of aggregates is underestimated by a factor of ∼10, compared to the MRN-
distribution. In the case of a0 = 0.03 µm, the aggregate strength would be ap-
proximately the same as an MRN-distribution of grains. Remark, finally, that
the above analysis only concerns the intrinsic strength of aggregates, not the
relative velocities. These are determined by the friction times of the particles
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and the question therefore is how a distribution of grains affect the filling factor
of aggregates, or, rather, the mass-to-surface area of aggregates. These will be
active areas of future research.

6.6.3 Irregular particles

In this study we approximate grains with spheres, because irregular monomers
are virtually impossible to simulate. Numerical modeling of these randomly
shaped particles is very difficult and computationally expensive. Here, we try
to assess the effect of irregular grains on the strength of aggregates and on the
collision outcome.

The strength of an aggregate can be defined as the amount of the contact
area per mass that is held by these inter-grain connections. The contact size in
the case of irregular monomers depends on the radius of curvature local to the
place where the grains touch each other. Therefore, highly irregular grains are
held by contacts of much smaller size, because they are connected by surface
asperities. This must result in a much weaker strength of aggregates. On the
other hand, irregular monomers may form more than one contact with each
other. This results in a higher restructuring threshold, as the energy required to
initiate rolling is comparable to the energy needed to break a contact.

Poppe et al. (2000) determined the critical sticking velocity for monomers of
different size, shape, and material properties. They showed that irregular en-
statite grains can stick at much higher velocities than silica spheres, 5 − 25 m s−1

for enstatite and 1.5 − 2.3 m s−1 for silica. This discrepancy suggests that ad-
ditional energy dissipation may occur during a collision. The mechanism that
allow sticking at this high velocity remains unknown.

Since the physical processes that determine the behavior of irregular
monomers are not fully understood, we leave this issue to further study. We re-
mark, however, that the geometry of the grains does not pose a bottleneck to the
validity of the collision model; instead the consequences of irregular monomers
will merely be reflected in a different energy scaling.

6.6.4 Structure of particles

In the recipe the internal structure of particles is described by only one param-
eter: the geometrical filling factor, φσ. Thus, in our model the full structure of
an aggregate follows from φσ. Therefore, the collision model always assumes a
spherically symmetric structure, despite the fact that elongation appears in the
output results of the numerical model, especially in grazing collisions. More-
over, the filling factor is an averaged quantity and does not determine whether
the aggregate structure is homogeneous or fractal; e.g., the structure of a PCA
particle is very different from a Df = 2 fractal but they can have the same filling
factor if N is small. However, these are mostly second order effects and to use
more variables that describe the internal structure requires a significant increase
in the load of the recipe model.
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6.6.5 The tabular format

In Appendix 6.8 the tabular format of the recipe is discussed at length. The tabu-
lar format was first presented in the Paszun and Dominik (2008a) study, but here
additional tables were required in order for the recipe to become applicable to
the MC program. The alternative would have been to provide analytic fits that
would depend on three parameters (energy, impact parameter, and porosity).
Fits have the advantage that the behavior of the low and high energy regimes
are immediately evident; indeed, it would become easier to include boundary
constraints from an analytical prescription. However, providing 3D-analytical
fits turned out to be impractical, particularly because phenomena as restructur-
ing are somewhat erratic in nature. On the other hand, the advantage of the
tabular format is that the results are implemented in the recipe in a straightfor-
ward and unbiased way.

6.7 Discussion

As can be seen from Tables 6.6 and 6.7 coagulation of bare silicates only
marginally affects the collisional evolution. Therefore, we do not expect that
coagulation of bare silicates in molecular cloud cores will leave significant im-
prints on either the large particles or the observational diagnostics. At T ∼ 10 K
we do consider ice-coating of grains the more relevant scenario, however.
Freeze-out of H2O-ice on grains proceeds at thermal motions and is therefore
faster than coagulation, provided the dust particles are well-shielded from UV-
photons (Bergin et al. 1995). Then, our results suggest that grains have the po-
tential to grow significantly, if densities are high and long coagulation timescales
are available (&106 yr). But do these conditions materialize in molecular clouds?
We will address these questions and compare our results to previous studies on
dust coagulation in molecular clouds.

Ossenkopf (1993) and Weidenschilling and Ruzmaikina (1994) have pio-
neered studies of dust coagulation in molecular clouds. As is the case with
this study, these models contain significant detail. Ossenkopf (1993) includes a
structural parameter (essentially the geometrical filling factor, φσ), an MRN size
distribution for the initial distribution of dust particles (covering the range of
50 − 2500 Å), and presents a model for the change in collisional properties upon
collisions for the hit-and-stick regime. The model of Ossenkopf (1993), how-
ever, does not include aggregate restructuring and fragmentation and is there-
fore only applicable to the first stages of coagulation. Ossenkopf (1993) evolves
his models for ∼105 yr, usually at rather high densities (n & 106 cm−3) for which
fragmenting collisions between ice(-coated) particles are indeed of no concern.
The coagulation then proceeds to produce particles of compact size, ∼ 0.5 µm.
It can be seen from Table 6.6 that the growth in the corresponding model of our
study (ice, n = 106) is higher: 1.9 µm. This may be caused by the somewhat lower
turbulent velocities Ossenkopf (1993) adopts and, the fewer big ∼0.1 µm grains
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the MRN distribution contains compared to our monodisperse models. At any
rate, the study of Ossenkopf (1993) is mainly focused on understanding the IR
dust-opacities during this relatively short timescale (Ossenkopf and Henning
1994).

On the other hand, Weidenschilling and Ruzmaikina (1994) evolve their
models for much longer timescales, until t = 107 yr. Like our study, Weiden-
schilling and Ruzmaikina (1994) include fragmentation in the form of erosion
and, at high energies, shattering. Their particles are characterized by a strength
of Q ∼ 106 erg g−1, which are, therefore, somewhat weaker than the particles of
our standard model. Although their work lacks a dynamic model for the poros-
ity evolution, it is assumed that the initial growth follows a fractal law until
30 µm. At these sizes the minimum filling factor then becomes less than 1%,
lower than in our models.

Weidenschilling and Ruzmaikina (1994) model a Bonnor-Ebert sphere where
the density at the inner region is ten times higher than at the surface. They find
that the coagulation proceeds initially faster at the lower density outer regions
than inside the cloud. This is caused by the assumption that the turbulent pres-
sure stays the same throughout the cloud, providing higher turbulent motions
in the outer regions. Still, coagulation is significant. Particles grow to &100 µm
in their nominal model at timescales of ∼106 yr, which is comparable to our stan-
dard model. More striking is that the nature of the growth is different: while in
our model the mass-peak always occurs at the high-mass end of the spectrum,
in the Weidenschilling and Ruzmaikina (1994) calculations most of the mass
stays in the smallest particles. In this respect, our findings qualitatively agree
with the coagulation-fragmentation model of Brauer et al. (2008a) for protoplan-
etary disks. In contrast, the lack of massive particles in the Weidenschilling and
Ruzmaikina (1994) models may be a result of the diffusion processes Weiden-
schilling and Ruzmaikina (1994) include; massive particles produced at high n

mix with less massive particles from the outer regions.
Thus, although the models agree on the amount of growth that is obtained,

there is some difference in detail, which result from the different collisional be-
havior of aggregates as well as the adopted cloud model.

In our models we observe that the shape of the initially monodisperse dust
size distribution evolves rapidly, first to a Gaussian-like distribution and even-
tually to a flat steady-state distribution. For timescales longer than the coagula-
tion timescale (Eq. (6.16)) we can expect that this result is independent of the ini-
tial conditions, even if the coagulation starts from a power-law distribution. Es-
sentially, these distributions are a direct result of the physics of the coagulation:
the Gaussian-like distribution reflects the hit-and-stick nature of the agglomer-
ation process at low velocities while the flat f (N)N2 distribution at later times
results from a balance between fragmentation – erosion but not catastrophic de-
struction – and growth. In contrast, in interstellar shocks grains acquire much
larger relative velocities and grain-grain collisions will then quickly shatter ag-
gregates into their constituent monomers (Jones et al. 1996). Hence, the inter-
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stellar grain size distribution will be very different in the dense phases of the
interstellar medium than in the diffuse ISM and studies of the effects of grains
on the opacity, ionization state and chemical inventory of molecular clouds will
have to take this into account.

To further assess the impact of grain coagulation we must compare the co-
agulation timescales with the lifetimes of molecular clouds.

In a study of molecular clouds in the solar neighborhood Hartmann et al.
(2001) hint the lifetime of molecular cloud is short, because of two key observa-
tions: (i) most cores do contain young stars, rather than being starless; and (ii)
the age of the young stars that are still embedded in a cloud is 1−2 Myr at most.
From these two arguments it follows that the duration of the preceding starless
phase is also 1−2 Myr. Therefore, the grain population will not leave significant
imprints on either (i) the large particles produced, or (ii) the removal of small
particles, if core lifetimes are limited to the free fall time (Eq. (6.1)). This can be
seen from Tables 6.6 and 6.7 where the growth in terms of the mass-weighted
size (〈a〉m, Table 6.6) and the reduction of the geometrical surface (κ, Table 6.7) is
given at the free-fall time of the simulation (col. 6). From Table 6.6 it is seen that
the sizes of the largest particles all stay below 1 µm, except for the models that
started off at monomer sizes of a0 = 1 µm. Similarly, Table 6.7 shows that the
opacities from the tff entry (col. 6) are similar to those of the 104 yr column.

This information is also displayed in Fig. 6.14. In Fig. 6.14a the decrease of
the opacity with respect to the initial opacity is, κ/κ0, is plotted against time,
normalized by the initial coagulation timescale, for all a0 = 10−5 cm ice-coated
silicate models. The similarity of the curves for the first ∼10 tcoll,0 is in good
agreement with the simple analytic model presented in Sect. 6.5.1. In the mod-
els where small particles are replenished by fragmentation, κ first obtains a min-
imum and later levels-off at κ/κ0 ∼ 0.05. In Fig. 6.14b the coagulation timescale
is plotted as function of gas density (dashed lines), where the solid black line
shows the free-fall time (Eq. (6.1)). Open circles denote the time required to re-
duce the opacity by a factor e; filled circles by a factor e2 ∼ 7, and black cubes
refer to a third e-fold reduction (∼20). At n = 103 cm−3 the opacity is not reduced
by even a single e-folding factor within 107 yr, and no symbols are shown at this
density. At the free-fall timescale, no significant reduction occurs and the dust
coagulation will not affect the chemistry in the dense core.

However, there is still lively debate whether the fast SF picture – or, rather, a
fast timescale for molecular clouds – is generally attainable, as cores may have
additional support mechanisms. If clouds are magnetically supported, the fast
collapse phase is retarded by ambipolar diffusion. Then, star formation takes
place on a much longer timescale, perhaps 107 yr (see Eq. (6.4)), much longer
than the free-fall timescale. Thus, if ions couple to the magnetic field and re-
tard the collapse, growth can be significant. Table 6.6 shows grains are then able
to reached chondrule size proportions, ∼100 µm, in the densest models. Also,
the observational appearance of such a core will change significantly, as is clear
from Fig. 6.14. If clouds exist on AD-timescales, Table 6.7 and Fig. 6.14 suggest
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Figure 6.14 — (dashed lines) Coagulation timescales of the a0 = 0.1 µm ice-coated silicates
models at five different gas densities. (a) The opacity κ normalized to its initial value vs.
time in units of the initial collision time tcoll,0. The decrease in opacity occurs on timescales
of ∼10 tcoll,0. In the simulations that last long enough, however, κ starts to increase again,
reflecting the re-emergence of small grains due to fragmentation. (b, dashed curves) Co-
agulation timescales in units of years as function of density. The timescales correspond
to the point where the geometrical opacity, κ, has been reduced by a factor of exp[i] with
i = 1 (open circles), i = 2 (filled circles) and i = 3 (squares), respectively. The free-fall
timescale (Eq. (6.1)) and ambipolar diffusion timescale (Eq. (6.4)) are plotted for com-
parison by solid lines. If no symbol is plotted, the corresponding ith e-folding reduction
timescale has not been reached.

the UV-opacity, which is directly proportional to κ, will be reduced by a fac-
tor of ∼10. In this case, studies that relate the AV extinction measurements to
column densities through the standard dust-to-gas ratio possibly underestimate
the amount of gas that is actually present.

6.8 Conclusions and outlook

We have studied the collisional aggregation of dust in the environments of the
molecular cloud (cores). In this study we have particularly focused on the col-
lision model and the analysis of the collisional growth stages. Much effort was
invested to apply the outcomes of the detailed numerical experiments to a col-
lisional evolution model. We have treated a general approach, and outcomes
of future experiments – either numerical or laboratory – can be easily included.
One important feature of the collision model is its scaling to the relevant masses
and critical energies, which allows the coagulation model to proceed to much
larger sizes than covered by the original collision experiment. Our method is
therefore also applicable to the dust coagulation and fragmentation stages in
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protoplanetary disks.
In this study we discussed the observational implications of our model in a

very coarse way, by considering the total amount of geometrical surface, cap-
tured in the κ parameter. We find that its behavior can be largely expressed as
function of the initial collision timescale, tcoll,0. It would be worthwhile to further
investigate the extinction properties of the cloud as function of wavelength, and
to quantify the importance of porous grains in it. Recently, Min et al. (2008) have
presented a method to calculate the optical properties of porous aggregates, in
which the filling factor is a key ingredient. In a follow-up study we will use
this method in order to e.g., study the consequences of this study to the 10 µm
silicate absorption feature.

We list below the key results that can be concluded from this study:

1. Coagulation can be roughly divided into two phases: a growth stage,
where the N2 f (N) mass spectrum peaks at a well-defined size, and a frag-
mentation stage, where the N2 f (N) mass spectrum is relatively flat due to
the replenishment of small particles by fragmentation. Fragmentation is
primarily caused by erosive collisions.

2. A large porosity speeds up the coagulation of aggregates in the early
phases. This effect is self-enhancing, because very porous particles couple
very well to the gas, preventing energetic collisions capable of compaction.
Grazing collisions are largely responsible for obtaining fluffy aggregates.

3. Silicates dust grains (without ice-coating) are always in the fragmentation
regime. This is caused by their relatively low breaking energy.

4. The enhanced sticking capabilities of ices are conducive for growth. Like-
wise, a smaller grain size (or a distribution of grain sizes where small
grains dominate the surface contacts) also enhance the growth phase.

5. If cloud lifetimes are restricted to free-fall times, little coagulation can be
expected. However, if additional support mechanism are present and
freeze-out of ice has commenced, dust aggregates of ∼100 µm are pro-
duced, also significantly changing the UV-opacity of the cloud.
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The collision recipe format

Our collision recipe is provided as a set of 72 tables. They describe six output
quantities (see Table 6.4) for six impact parameters b and for both the local and
the global recipes. Since listing all these tables here is impractical, we will pro-
vide them in the digital form as online material once this manuscript is submitted
to the journal. In this appendix we present two examples to illustrate the format.

Each table lists one quantity as function of the dimensionless energy param-
eter ε and the initial filling factor of aggregates φσ. The only exception concerns
the fraction of missed collisions, fmiss. This quantity provides a correction to the
collision cross-section of particles, in our case calculated from the outer radius
of an aggregate aout (cf. Sect. 6.4.1). The filling factor φσ is not an appropriate
quantity to use here, because it is ambiguous where it concerns the structure of
particles. For example, low φσ could mean either a very fractal structure (and
correspondingly high number of missing collisions) or a porous but homoge-
neous structure (and low number of missing collisions). Therefore, it is more
appropriate to relate the probability of a collision miss directly to the radii with
which the particle is characterized. Thus, fmiss is provided as a function of the
ratio of the outer radius over the projected surface equivalent radius, aout/aσ.

Each table is preceded by a header that specifies: the corresponding recipe
(keyword: GLOBAL or LOCAL), the corresponding impact parameter b, and the
quantity listed in the table (keywords are: fmiss, Nf, Sf, fpwl, q, Csig). In the case
of Table 6.8 the header is

# GLOBAL, b=0.0, Q=fpwl

Therefore, Table 6.8 presents the fraction of mass in the power-law component,
fpwl, for the global recipe and for head-on collision.

In each table the first column and the first row specify the normalized en-
ergy parameter ε and the initial filling factor φini

σ (or the ratio of the outer over
the geometrical radii aout/aσ in the case of fmiss), respectively. In this case ε is
scaled by the total number of monomers (the global recipe scaling) and by the
breaking energy Ebr (erosion/fragmentation scaling). The normalizations for all
quantities are listed in Table 6.9 to avoid any confusion with other tables. The
intersection of a row corresponding to εi with a column corresponding to φσ,i
provides the output quantity for this set of parameters (εi, φσ,i, b).

Table 6.10 is the second example. It is taken from the local recipe and it
presents the fpwl quantity for the head-on collision. The dimensionless energy
parameter ε has fewer entries in the local recipe tables than in the global recipe.
It is also normalized to different quantities. In Table 6.10 the energy is scaled
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Table 6.8 — Fraction of mass in the power-law component fpwl at b = 0 in the global
recipe.

ε φini
σ

0.121938 0.155263 0.189273 0.250536
0.000572118 0.00000 0.00000 0.00000 0.00000
0.0205945 0.00000 0.002500 0.00000 0.00000
0.0572069 0.000833 0.00000 0.00000 0.00000
0.128715 0.092500 0.030417 0.008750 0.0029167
0.228827 0.388750 0.094167 0.030417 0.01500
0.915310 0.957500 0.603333 0.243750 0.115833
3.66124 1.00000 1.00000 1.00000 0.727083
8.23779 1.00000 1.00000 1.00000 1.00000
14.6450 1.00000 1.00000 1.00000 1.00000

Table 6.9 — Normalization factor of the dimensionless energy parameter ε for all output
quantities in both local and global recipes.

quantity Local Global
fmiss Nµ Ebr Ntot Ebr

Nf

...
...

S f

fpwl

q

Cφ Ntot Eroll Ntot Eroll

by reduced number of monomers Nµ (local recipe scaling) and by the breaking
energy Ebr (erosion scaling) as indicated in Table 6.9. The header in this case is

# LOCAL, b=0.0, Q=fpwl

Table 6.10 — Normalized mass in the power-law component fpwl at b = 0 in the local
recipe.

ε φini
σ

0.0700907 0.0904748 0.126801 0.160992
0.228847 0.00000 0.00000 0.00000 0.00000
0.915388 1.00100 0.333667 0.00000 0.00000
3.66124 4.00400 46.5465 6.33967 0.667333
14.6450 7.00700 67.0670 35.2018 9.00900
32.9511 7.50750 148.315 58.2248 16.0160
58.5798 9.50950 129.129 62.3957 30.0300

Note that in the local recipe the filling factors are lower. In this case larger ag-
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gregates are used to model collisions of large mass ratio. The fractal structure of
these aggregates result in lower filing factor. Also, the size of these aggregates
causes strong variation of the filling factor. Small difference in arrangement of
monomers may change the filling factor by several percent when a few more
monomers are exposed.
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Samenvatting

Introductie

De sterrenhemel heeft ons altijd gefascineerd. Hij bestaat uit miljarden sterren
waarvan we er slechts een klein aantal kunnen zien. De sterren worden vaak
vergezeld door veel kleinere lichamen – planeten. Helaas zijn planeten buiten
het zonnestelsel erg moeilijk rechtstreeks waar te nemen. Hoewel we nu veel
meer weten over sterren en planeten, zitten ze nog steeds vol verrassingen en
raadsels. Door achter hun ontstaansgeschiedenis te komen, zoeken we eigenlijk
ook antwoorden over onszelf: waar komen we vandaan en wat is ons doel in
het Heelal. Stap voor stap schrijden we voorwaarts en ontdekken we nieuwe
feiten. In dit proefschrift presenteren we de resultaten van een nieuw onderzoek
naar de eerste stadia van planeetvorming – de groei van microscopisch kleine
stofdeeltjes. Hierna volgt een overzicht van planeetvorming.

Vorming van planeten

Tegenwoordig wordt algemeen aangenomen dat planeten zich vormen in een
gasschijf rond jonge sterren. Microscopisch kleine stofdeeltjes die in deze
schijf rondzweven, botsen en plakken aan elkaar. Hierdoor worden aggre-
gaten gevormd – verzamelingen van minuscule stofkorrels die bij elkaar wor-
den gehouden door de vanderwaalskracht. Deze aggregaten zijn erg poreus,
waardoor slechts een paar procent van het totale volume wordt ingenomen door
stof. Door de groei van aggregaten worden de relatieve snelheden echter hoger.
Kleine deeltjes volgen de gasbewegingen haast onmiddellijk, maar voor grotere
deeltjes geldt dat deze reactie iets is vertraagd. Grote stofaggregaten vegen de
kleinere deeltjes op, wat uitmondt in een compactere structuur. Door dit proces
(het opvegen van individuele stofkorrels) kan de volumefractie van stof oplopen
tot wel 15%.

Deze nog steeds poreuze aggregaten zijn fragiel en worden samengepakt
door botsingen. Met het toenemen van hun dichtheid nemen ook de onderlinge
snelheidsverschillen toe (vanwege een toename van de massa en een afname
van hun doorsnede). Dit proces versterkt op zijn beurt het samenpakkingspro-
ces, dat verantwoordelijk is voor energiedissipatie en verdere groei van aggre-
gaten.

De groei tot kilometer grote lichamen (planetesimalen) kan versneld worden
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door de zwaartekracht. Door turbulentie kunnen verdichtingen van stofklom-
pen ontstaan. Als de dichtheid hoog genoeg is, worden deze gebieden gravita-
tioneel instabiel en vormen zich, in één klap, planetesimalen. De voorwaarde
hiervoor is, echter, dat de stofaggregaten moeten uitgroeien tot ongeveer meter
grote stenen.

Wanneer km-grote lichamen gevormd zijn, worden de planetesimalen
aangetrokken door hun onderlinge zwaartekracht. Dit leidt tot een snelle groei
die uitmondt in de vorming van de rotsplaneten. Wanneer deze rotsplaneten
nog omgeven zijn met gas, kunnen ze het gas aan zich binden. Hierdoor vor-
men zich de massieve gasplaneten zoals Jupiter.

Hoewel dit overzicht van de vorming van planeten in grote lijnen is geac-
cepteerd, zijn enkele aspecten nog onduidelijk en is nader onderzoek vereist.
We moeten bijvoorbeeld het samenpakkingsproces van stofaggregaten beter be-
grijpen, omdat deze fase bepaalt hoe groot deeltjes kunnen worden. Bovendien
kunnen aggregaten vernietigd worden in hogesnelheidsbotsingen, waardoor de
groei tot grotere lichamen wordt belemmerd. Deze onderwerpen moeten behan-
deld worden om tot een volwaardig begrip te komen van de mechanismen die
verantwoordelijk zijn voor de vorming van planeten.

Het invullen van de ontbrekende stukjes

In dit proefschrift zullen we onderzoek doen naar de eerste stap van pla-
neetvorming – de groei van minuscule, micron grote stofdeeltjes tot sub-
mm grote aggregaten. Tijdens deze groei kunnen verscheidene ontwikke-
lingen het uiteindelijke resultaat beïnvloeden. Aggregaten kunnen worden
samengepakt of vernietigd in botsingen. Om deze eerste stappen van pla-
neetvorming goed te begrijpen moeten we de structuur van de gevormde aggre-
gaten bepalen. Bovendien moeten we de invloed van verschillende parameters
op het samenpakkings- en fragmentatieproces begrijpen. Om deze groei van
stof te kunnen onderzoeken, gebruiken we numerieke modellen die het gedrag
van de stofaggregaten en de fysische processen die hieraan ten grondslag liggen,
nabootsen. In onze modellen worden stofkorrels voorgesteld als bolletjes die bij
elkaar worden gehouden door de vanderwaalskracht (dit is eerder onderzocht
en mathematisch beschreven). Dit model maakt het mogelijk om het gedrag van
verschillende parameters op de uitkomst van de botsing te onderzoeken en om
de stofgroei tijdens de verschillende stadia nauwkeurig te bestuderen.

De Brownse groei

In het begin volgen erg kleine (ongeveer micron grote) stofkorrels de bewegin-
gen van het gas erg precies. Wanneer ze met het gas worden meegevoerd, bot-
sen ze met moleculen die uit een willekeurige richting komen. Dit gedrag wordt
Brownse beweging genoemd en leidt tot kleine onderlinge snelheidsverschillen
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tussen de stofdeeltjes. In dit stadium zijn de aggregaten erg pluizig. Hun struc-
tuur is fractaal. Dit betekent dat de mate van samenpakking in het centrum
hoger is dan in de buitendelen van het aggregaat. Dit gedrag wordt veroorza-
akt doordat aggregaten van gelijke grootte botsen, waardoor zich grote leemten
vormen. Deze leemten zijn groter naarmate de aggregaten groter zijn. Wanneer
rekening wordt gehouden met rotatie is de structuur nog poreuzer, omdat de
rotatie ervoor zorgt dat de aggregaten vooral met hun uiteinden botsen, waar-
door de leemten nog groter zijn. Het gevolg is de vorming van uitgerekte ag-
gregaten met een steile verdeling in dichtheid. Dus, het verloop in de mate van
samengepaktheid is veel steiler in aggregaten die gevormd zijn met rotatie, dan
in het geval zonder rotatie. Deze resultaten zijn in zeer goede overeenstemming
met laboratoriumexperimenten en geven een eenvoudige beschrijving voor de
structuur van aggregaten in het Brownse groei stadium

Compactie van aggregaten

Erg kleine stofaggregaten reageren erg snel op de bewegingen van het gas.
Echter, de groei van deeltjes zorgt ervoor dat ze onafhankelijker van het gas
gaan bewegen. Het gevolg is dat de onderlinge snelheden tussen deeltjes van
verschillende grootte hoger zijn. Hierdoor verandert de structuur van de aggre-
gaten. In tegenstelling tot de Brownse groei, hebben aggregaten die gevormd
zijn door het opeen vegen van kleine deeltjes een uniforme dichtheidsverdeling.
In de limiet van groei door het opeen vegen van bolvormige korrels is de mate
van samenpakking 0,15, wat betekent dat 15% van het volume uit stofbollen
bestaat, en dat 85% leeg is. Afhankelijk van de interne structuur zal de volume-
fractie van stof lager zijn wanneer kleine stofaggregaten worden opgeveegd in
plaats van bolvormige korrels

Deze groeifase leidt tot iets compactere aggregaten dan de Brownse
groeifase. Echter, wanneer de onderlinge snelheidsverschillen groter zijn, zullen
de aggregaten nog compacter worden. Stofaggregaten zijn opgebouwd uit
kleine korrels die bijeen worden gehouden door oppervlaktekrachten. Omdat
ze erg pluizig zijn, kan een externe kracht hun structuur veranderen. Verbindin-
gen tussen de korrels kunnen verplaatst of verbroken worden. Dus, tijdens een
botsing kan de structuur van aggregaten veranderen. Dit kan op twee manieren
gebeuren: aggregaten kunnen samengeperst worden (dan neemt de dichtheid
toe) of uiteen getrokken worden (dan neemt de dichtheid af). Het resultaat van
een botsing hangt af van een aantal grootheden:

• de (botsings)energie;

• de botsingsafstand;

• de mate van samenpersing van de stofaggregaten voor de botsing;

• de stofeigenschappen (d.w.z. materiaaltype of korrelgrootte).
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Afhankelijk van de botsingsenergie kunnen aggregaten samengepakt wor-
den (voor lage energieën) dan wel worden uitgerekt en dus uitzetten (voor hoge
energieën). Bovendien speelt de botsingsafstand een rol. Wanneer de botsing
frontaal is, leidt dit meestal tot samenpakking, terwijl er meestal uitrekking en
dus uitzetting optreedt wanneer de aggregaten rakelings botsen. De begincom-
pactie bepaalt in welke mate aggregaten worden beïnvloed door de botsing.
Wanneer de deeltjes reeds compact zijn, zijn ze moeilijk of onmogelijk verder
samen te pakken. Ze kunnen dan alleen maar uitzetten, onafhankelijk van de
botsingsafstand of botsingsenergie. Materiaaleigenschappen bepalen verder de
grootte van de krachten die de korrels bijeenhouden en daarmee de sterkte van
de aggregaten.

Fragmentatie van aggregaten

Het onderlinge snelheidsverschil tussen de aggregaten kan oplopen tot het
punt waarop fragmentatie mogelijk is. Grote clusters van korrels kunnen dan
eroderen of breken zelfs uiteen in kleine stukken. De uitkomst van zo’n botsing
hangt van dezelfde parameters af als in het geval van fragmentatie.

Het is intuïtief duidelijk dat lage energieën leiden tot lichte erosie, terwijl er
complete destructie optreedt voor grote botsingsenergieën. De botsingsafstand
bepaalt de manier waarop de energie wordt overgedragen op de aggregaten.
Frontale botsingen kunnen de botsingsenergie in zijn geheel opvangen en over-
brengen op alle korrels. Echter, voor aggregaten die rakelings botsen, wordt
slechts een klein deel van de energie overgebracht. Hetzelfde geldt ook voor
de begincompactie van aggregaten. In een compacte structuur verloopt de en-
ergieverdeling veel gelijkmatiger dan in een poreuze structuur.

Het resultaat van al deze botsingsexperimenten is een botsingsrecept dat ge-
bruikt kan worden om de stofgroei te bestuderen in verschillende omgevingen.
In moleculaire wolken kunnen minuscule korrels (1/10 van een micron in straal)
uitgroeien tot aggregaten van ongeveer 100 micron. Dit betekent dat zo’n aggre-
gaat ongeveer uit 1 miljard korrels bestaat. In andere situaties zijn de condities
nog veel gunstiger voor groei; nader onderzoek is hiervoor vereist.
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Wprowadzenie

Nocne niebo od zarania dziejów jest obiektem zainteresowania ludzkości.
Tysiące mrugających punktów – gwiazd widocznych gołym okiem stanowi
niesłychanie mały ułamek spośród miliardów, które wypełniają naszą galak-
tykę – Drogę Mleczną. Wielu z nich towarzyszą planety stanowiące wielką za-
gadkę dla uczonych. Mimo dużej wiedzy na temat wszechświata, wiele jego el-
ementów jest wciąż niewyjaśnionych. Codziennie naukowcy na całym świecie
próbują zrozumieć niezliczone zjawiska i odtworzyć historię wszechświata. Os-
tatecznym celem tej naukowej krucjaty jest odpowiedź na kilka fundamental-
nych pytań: skąd pochodzimy, jakie jest nasze przeznaczenie i czy nasz świat
jest wyjątkowy – unikalny w skali wszechświata. Odpowiedzi na te pytania
zdobywane są przez uczonych krok po kroku.

W tej pracy prezentujemy wyniki badań nad formowaniem się planet.
Pokazujemy pierwsze etapy powstawania nowych światów – wzrost
mikroskopijnych cząstek pyłu, które zlepiając się ze sobą tworzą większe
skupiska zwane agregatami.

Ogólnie akceptowalny scenariusz powstawania planet jest następujący.

Formowanie się planet

Młode gwiazdy otaczane są przez rozległe dyski protoplanetarne, w których
drobinki pyłu zlepiają się tworząc planety w przeciągu około 10 milionów
lat. Ziarna pyłu otoczone gazem zderzają się ze sobą i zlepiają tworząc więk-
sze struktury – agregaty. Cząsteczki uformowane w ten sposób maja bardzo
porowatą strukturę, i tylko niecałe kilka procent objętości jest faktycznie zaj-
mowane przez pył.

Gąbczasta i delikatna struktura agregatów formujących się w dysku może
łatwo zostać zagęszczona pod wpływem zderzeń. To z kolei prowadzi do
wzrostu masy i jednoczesnego spadku powierzchni, która oddziałuje z gazem.
Zagęszczenie agregatów powoduje więc, że cząstki pyłu potrzebują więcej
czasu aby zostać porwane przez strumień gazu, co prowadzi do wzrostu pręd-
kości między agregatami. Większe prędkości powodują dalsze zagęszczanie
struktury (agregaty deformują się jak plastelina), a w rezultacie energia zderzeń
jest wydajnie spożytkowana na plastyczne odkształcenie. To pozwala przetr-
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wać bardzo silne zderzenia i kontynuować formowanie się większych bryłek
pyłu.

Wzrost cząstek pyłu do większych rozmiarów rzędu kilometra może
postępować na kilka sposobów. Agregaty mogą dalej zderzać się ze sobą
powoli zwiększając swoje rozmiary i masę, albo z pomocą siły grawitacji ut-
worzyć duże obiekty rzędu kilometra w jednym szybkim etapie. Zawirowania
gazu w dysku mogą doprowadzić do miejscowych koncentracji pyłu. Takie za-
gęszczenia mogą związać się grawitacyjnie i uformować duże ciała w bardzo
krótkim czasie.

Kiedy pojawią się obiekty o średnicy około kilometra – planetezymale, siła
grawitacji zaczyna odgrywać ważniejszą rolę. Duże ciała przyciągają materiał w
swoją stronę, co zdecydowanie przyspiesza wzrost i prowadzi do uformowania
planet skalistych, podobnych do Ziemi. Jeśli na tym etapie dysk wypełniony
jest jeszcze gazem, skaliste planety zbierają go, co prowadzi do powstania ol-
brzymich planet gazowych podobnych do Jowisza.

Chociaż powyższy scenariusz jest ogólnie akceptowany, zawiera on wiele
niejasnych lub brakujących elementów. Część z nich jest przedmiotem obecnej
pracy.

Uzupełniamy brakujące elementy

W tej pracy doktorskiej przedstawiamy badania na temat pierwszych etapów
formowania się planet – wzrostu mikroskopijnych drobinek pyłu do agregatów
wielkości rzędu części milimetra. Formują się one poprzez zderzenia i zlepi-
anie się ze sobą małych grudek pyłu. Temu wzrostowi towarzyszą różne pro-
cesy, które mogą znacząco wpłynąć na ostateczny wynik. Agregaty mogą pod-
czas kolizji ulec zgnieceniu (zwiększając swoją gęstość), lub rozbiciu na drobne
kawałki. Aby w pełni zrozumieć te pierwsze etapy formowania planet, należy
wyznaczyć strukturę agregatów, która silnie wpływa na ich wytrzymałość. Pon-
adto trzeba zrozumieć wpływ różnych czynników na procesy deformacji i rozbi-
cia agregatów.

Do badania wspomnianych zagadnień używa się modeli fizycznych, które
odpowiednio opisują drobinki pyłu oraz oddziaływania między nimi. W tej
pracy zastosowaliśmy modele, które przedstawiają drobinki pyłu w formie kul
trzymanych poprzez siły van der Waalsa. Oddziaływania te były wcześniej
badane i mogą być dobrze opisane w formie matematycznej. Modele te
pozwalają na dogłębne zbadanie wpływu różnych parametrów na wynik
zderzenia dwóch agregatów. Dzięki temu możemy studiować wzrost cząstek
pyłu i formowanie się planet w różnych środowiskach oraz w różnych stadiach
zaawansowania.
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Wzrost w fazie ruchów Browna

Początkowo bardzo małe (wielkości około jednego mikrona) grudki pyłu
poruszają się razem z gazem. Zawieszone w nim, odczuwają uderzenia molekuł
z różnych kierunków. To prowadzi do tzw. ruchów Browna i małych prędkości
między drobinkami pyłu. W tej fazie zderzają się głównie agregaty podob-
nej wielkości, co prowadzi do bardzo gąbczastej struktury bryłek. Agregaty
mają strukturę fraktalną, co znaczy, że gęstość upakowania grudek nie jest jed-
norodna, ale spada wraz ze wzrostem odległości od środka agregatu. Zlepi-
ający się pył więzi duże, puste przestrzenie. Są one tym większe im więk-
sze są zderzające agregaty. Dlatego wraz ze wzrostem cząstek pyłu, pusta
część agregatów zajmuje coraz to większą objętość. Ponadto jeśli dodatkowo
weźmie się pod uwagę ruch obrotowy, to agregaty uformowane w ten sposób
charakteryzują się jeszcze mniejszą gęstością, gdyż kontakt następuje między
ich zewnętrznymi częściami. To prowadzi do powstania wydłużonych bryłek
pyłu, gdzie gęstość spada szybciej wraz z odległością od środka bryłki, niż w
przypadku bez uwzględnienia ruchu obrotowego. Te wyniki potwierdzone są
przez eksperymenty laboratoryjne.

Zwiększanie gęstości agregatów

Bardzo mały pył jest natychmiast porywany przez gaz i dalej porusza się razem
z nim. Prędkości między takimi bryłkami są wtedy bardzo małe. Wzrost agre-
gatów powoduje, że większe z nich potrzebują więcej czasu aby uzyskać taką
samą prędkość jak gaz. To powoduje zwiększenie prędkości między bryłkami
pyłu różnej wielkości. W takiej sytuacji wzrost agregatów następuje poprzez
akumulacje mniejszych cząstek na dużych agregatach. Ten proces prowadzi do
powstania bryłek o jednorodnej gęstości i bardziej zagęszczonych niż w przy-
padku fazy ruchów Browna. Dla kulistych grudek pyłu gęstość upakowania
sięga 15%, co znaczy, że 85% objętości agregatu jest pusta. Ta gęstość zależy od
rodzaju zebranych bryłek pyłu. Jeśli są to agregaty, to końcowa gęstość będzie
mniejsza i zależna od ich gęstości.

Struktura agregatów może ulec większym zmianom z powodu deformacji
pod wpływem zderzeń. Zwiększenie prędkości między cząstkami pyłu wynika
z dalszego wzrostu pyłu. Agregaty składają się z drobnych grudek pyłu trzy-
manych przez siły van der Waalsa. Gąbczasta struktura powoduje, że bryłki
są delikatne i mogą być łatwo odkształcone, jeśli zostaną wystawiona na dzi-
ałanie zewnętrznej siły. Wiązania między grudkami mogą się przesuwać lub
zerwać. To umożliwia zmianę kształtu i struktury podczas zderzeń o dużej en-
ergii. Struktura agregatów może zostać zagęszczona, lub rozrzedzona w za-
leżności od kilku czynników:

• energii;

• parametru zderzenia;
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• początkowej gęstości;

• właściwości pyłu (np. materiału, wielkości grudek).

W zależności od energii agregaty mogą być zagęszczone (w przypadku małych
energii), lub spłaszczone, więc rozrzedzone (dla dużych energii). Dodatkowo
silny wpływ ma parametr zderzenia. Centralny impakt najczęściej prowadzi
do wzrostu gęstości, podczas gdy zderzenie bokiem (muśnięcie) niemal za-
wsze powoduje rozciągnięcie agregatów, a zatem spadek gęstości. Bardzo
duże znaczenie ma także struktura początkowa. Gęste, zbite grudki są bardzo
trudne do dalszego zagęszczenia, a stosunkowo łatwo prowadzą do powstania
rzadszych agregatów bez względu na energię czy parametr zderzenia. Istotne
znaczenie ma również materiał, z którego zbudowany jest pył. To on wyznacza
siłę, z jaką ziarna pyłu trzymają się razem i w związku z tym wytrzymałość
agregatów.

Erozja i rozbijanie agregatów

Wzrost względnych prędkości między cząsteczkami pyłu prowadzi w końcu
do momentu, kiedy energia jest wystarczająca, aby rozbić zderzające się agre-
gaty. Początkowo bryłki ulegają erozji, a dalszy wzrost prędkości prowadzi do
całkowitego rozbicia na drobne fragmenty. Rezultat zderzenia nie zależy jednak
tylko od energii, ale od tych samych czynników jak w przypadku deformacji.

Oczywiście mniejsza energia powoduje tylko erozję, która się nasila i w
końcu przekształca w całkowite rozbicie dla coraz bardziej energetycznych
kolizji. Parametr zderzenia wpływa na efektywność rozprowadzenia energii
pomiędzy grudkami agregatów. Centralny impakt może wydajnie przekazać
całą energię dla całego agregatu. W przypadku muskających zderzeń (duży
parametr zderzenia) ta energia jest tylko częściowo przekazana z powodu małej
ilości oddziaływań między grudkami zderzających się agregatów. Podobny
wpływ ma początkowa gęstość. Ściśle upakowane grudki łatwo transportują
energię wgłąb, podczas gdy w rozległych i rzadkich agregatach mogą odłamać
się fragmenty, co przeszkodzi przekazaniu energii do reszty grudek pyłu.

Ilościowy opis powyższych efektów pozwala sformułować “receptę” na
wynik zderzenia, która ma zastosowanie w różnych środowiskach (np. dyski
protoplanetarne i chmury gazowo pyłowe). Pierwsze zastosowanie takiej
recepty pokazało, że drobny pył (wielkości 0.1 mikrona) może w chmurze
molekularnej wzrastać do rozmiarów 100 mikronów. To oznacza, że w jednym
agregacie znajduje się ponad 100 miliardów grudek. Powyżej tego rozmiaru
ujawniają się nowe zjawiska, które nie mogą być odtworzone obecnymi mode-
lami.
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