
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Proteins in action : simulations of conformational changes in small proteins

Juraszek, J.

Publication date
2008

Link to publication

Citation for published version (APA):
Juraszek, J. (2008). Proteins in action : simulations of conformational changes in small
proteins. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/proteins-in-action--simulations-of-conformational-changes-in-small-proteins(11212791-aa42-422a-b2f9-c5ceaf22278a).html


Chapter 2

Simulation Methods

We present several methods that can be used to sample the free-energy landscape in equilibrium
protein systems. We give an overview of Molecular Dynamics, Replica Exchange and Metadynamics
Methods that are commonly used to sample the free-energy landscapes. We explain how we can
understand the mechanism of protein folding by direct sampling of the Transition Path Ensemble
using the Transition Path Sampling method. We give a short overview of the rate constant calculation
using Transition Interface Sampling. All of the methods were successfully applied both for small
protein fragments and for relatively large proteins. Together with the sampling methods, we present
the analysis tools, required for the extraction of relevant reaction coordinates.

Several simulation methods allow the exploration of the protein folding process in atomic

detail. The most detailed simulations, which treat both the protein under consideration

and its solvating environment - usually water - explicitly, have now become within reach

of the computational approach. This exciting task of looking at the protein folding process,

considered to be the “holy grail” of biophysics, can be tackled by brute force molecular dy-

namics techniques only when massive computational power is available (as in the case of

distributed computing [52]) or for very small proteins only. For this reason a number of

techniques that aim to improve the sampling of the configuration space of the proteins (or

other systems with a multitude of local energy minima) have been developed. In this thesis

we focus on using methods, that allow for the sampling of the free-energy landscape of pro-

teins (extended ensemble methods [40]), exploring the transition path ensemble (transition

path sampling) [15] and finally calculating the rate of the (un)folding transitions (transi-

tion interface sampling) [57]. In addition, we use Metadynamics [32, 49] for computing

free-energy barriers. While many other techniques are available [18, 19] to sample confor-

mational changes, we believe these methods are most efficient.

This chapter is organized as follows. First, we introduce Molecular Dynamics, the basic sim-

ulation tool of this thesis. In the following sections we present Replica Exchange Molecular

Dynamics and Metadynamics, the methods for computing free-energy landscapes. In the

subsequent parts we acquaint the reader with path methods: Transition Path Sampling,

Transition Interface Sampling and Forward Flux Sampling. We then discuss order param-

eters commonly used in the domain of protein simulations and we introduce the notion of

committor function. Next, we present the Likelihood Maximization, an approach to extrac-
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18 CHAPTER 2. METHODOLOGY

tion of the reaction coordinate from path ensembles. Eventually we shortly summarize the

clustering algorithm that we use throughout this thesis and give a summary of the entire

methodology in the context of protein simulations.

2.1 Molecular Dynamics

Molecular Dynamics (MD) is a method, that allows for the evaluation of a trajectory of

a molecular system by solving Newton’s deterministic equations of motion. Knowing the

potential energy function V (r) as a function of the positions r of all atoms in the system
(in case of protein simulations, this potential is often called a force-field), one can calculate

forces f(r(t)) = −∇V (r(t)) acting on each atom at any given time t and use an integration
algorithm to get the positions and velocities of all atoms at the next timestep t+Δt. We can
then iterate this procedure any desired number of times.

Many integration algorithms exist, allowing for varying accuracy at the cost of speed. One

of the commonly used algorithms is the so-called Verlet algorithm. Summing up the Taylor

expansions of r(t + Δt) and r(t − Δt) gives:

r(t + Δt) = r(t) + ṙΔt +
1

2
r̈Δt2 +

1

3

...
r Δt3 + O(Δt4) (2.1)

r(t − Δt) = r(t) − ṙΔt +
1

2
r̈Δt2 −

1

3

...
r Δt3 + O(Δt4) (2.2)

where the dots denote time derivatives. We can express the positions of atoms at time t+Δt
as a function of the positions at time t and t − Δt and the forces at time t (Equation 2.3), as
r̈ = f(t)/m from Newton’s law.

r(t + Δt) = 2r(t) − r(t − Δt) +
f(t)

m
Δt2 + O(Δt4) (2.3)

The velocities can be calculated by summing Equations 2.1 and 2.2:

v(t) =
1

2Δt
{r(t + Δt) − r(t − Δt)} + O(Δt2) (2.4)

Another equivalent to the Verlet algorithm is the so-called Leap Frog algorithm [25]. In this

scheme, the velocities are evaluated at half timesteps (Equation 2.5),

v(t +
1

2
Δt) =

r(t + Δt) − r(t)

Δt
(2.5)

v(t −
1

2
Δt) =

r(t) − r(t − Δt)

Δt
(2.6)

leading to the following expressions:

r(t + Δt) = r(t) + v(t +
1

2
Δt)Δt (2.7)
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2
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1

2
Δt) +

f(t)

m
Δt (2.8)
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In order to have velocities and positions at the same time, one can employ the velocity Verlet

algorithm [56]:

r(t + Δt) = r(t) + v(t)Δt +
f(t)

2m
Δt2 (2.9)

v(t + Δt) = v(t) +
f(t + Δt) + f(t)

2m
Δt (2.10)

Even though these algorithms seem very simple, they preserve the phase-space (i.e. they
are symplectic) and can be employed in the majority of the Molecular Dynamics applica-

tions. One could think of more sophisticated integration schemes, but none of them would

eventually be able to reproduce exactly a real trajectory because of the Lyapunov instabil-
ity of molecular many body systems [21]. This statement seems rather strong at first, but

one has to realize that reproducing exact trajectories is not the goal of MD simulations.

Molecular Dynamics is aiming at reproducing the correct statistical behavior and generat-

ing trajectories that are in this statistical sense possible, true trajectories [21, 1].

Molecular Dynamics allows the study of protein folding kinetics. The timescales and system

sizes, accessible with Molecular Dynamics are still relatively small, reaching only up to

microseconds for a several tens of thousands of atoms

corresponding to box sizes of the order of a couple of nanometers. These finite system sizes

can have a large effect on the simulation results [21, 1]. In order to diminish the effect of

the system size we use periodic boundary conditions (PBC) The application of PBC consists

of multiplying the box in all possible directions, filling in the whole space and thus imitating

an infinitely large system. Naturally not all box topologies can be used in MD simulations -

only the ones that can effectively tile the whole space. Commonly used are cubic boxes, but

the more efficient, truncated octahedron or dodecahedron boxes, use about 30% less solvent

molecules [21, 42].

In the limit of long times, the ergodicity theorem states that MD samples the microcanoni-

cal, constant energy NVE ensemble. It is possible to sample the canonical, constant temper-

ature NVT ensemble by using thermostats: Nosé-Hoover [43, 26] or Andersen thermostat [3]

for example. In order to tune the pressure to the desired values, one can use a barostat such

as the Parrinello-Rahman barostat [45, 44].

2.1.1 Atomistic Models

All molecular simulations rely on the potential energy function of the examined systems.

In case of proteins, these (semi)empirical potential energy functions, also-called force-fields

(FF) [59], have been developed over the years. The most famous and common force-fields

are AMBER [12], CHARMM [38], GROMOS [53], ENCAD [35, 36] and OPLSAA [30]. The

energy function and the parametrization are derived from experiment and quantum me-



20 CHAPTER 2. METHODOLOGY

chanical simulations. The basic form of a force-field is presented in Equation 2.11

V (r) = Ecov + Enoncov = {Ebond + Eangle + Edih} + {Eel + Evdw} (2.11)

Ebond =
1

2
kij

b (rij − r0
ij)

2 (2.12)

Eangle =
1

2
kijk

a (θijk − θ0
ijk)

2 (2.13)

Edih =
1

2
kijkl

d (1 + cos(nφijkl − φ0
ijkl)) (2.14)

Eel =
qiqj

4πε0rij
(2.15)

Evdw =

[
CA

ij

rij

]12

+

[
CB

ij

rij

]6

(2.16)

The interactions included in the potential can be divided into two parts: bonded (or co-

valent) and nonbonded (or noncovalent). The first group includes the bond, angle and

dihedral interactions. The second group consists of electrostatic and van der Waals in-

teractions. The bond and angle contributions are approximated by harmonic oscillators

(Equation 2.12 and 2.13) and the dihedral by a cosine function (Equation 2.14) [37]. The

corresponding force constants are demarked as kij
b , k

ijk
a and kijkl

d for the bond length rij be-

tween atoms i and j, the bond angle θijk between atoms i, j and k and the dihedral angle
φijkl between the atoms i, j, k and l, respectively. Van der Waals interactions are modelled
by a 6-12 Lenard Jones potential (see Equation 2.16), with two parameters CA

ij and CB
ij cor-

responding for the repulsion and attraction between two given atoms i and j, respectively.
Electrostatic interactions are modelled with Coulomb potential (Equation 2.15), where q i

and qj are the partial charges on the atoms i and j, and ε0 is the dielectric constant. Most

force-fields use a model in which each atom has been assigned a given value of charge, that

cannot be influenced by the environment. The next generation of forcefields, now under

development [37], aims to incorporate models for polarizability, in which the charge of an

atom can be affected by electrostatic interactions with its neighbors [37]. The force-fields

are parametrized using ab initio QM calculations, as well as experimental data. Most of
the terms in Equation 2.11 decay within the box-size. The exception is the Coulombic term,

which has to be treated in a special way. The electrostatic interactions, not only have to be

calculated within atoms in the box, but also in between their periodic images. The calcula-

tion scales badly with the box size and some important improvements must be applied, such

as Ewald summation. In the Ewald summation algorithm, the Coulomb interactions are di-

vided in short and long range. The first part is directly summed in real space, while the

latter, infinite sum over all periodic images, converges quickly in Fourier space. Techniques

such as Particle Mesh Ewald (PME) [14, 17] or Particle-Particle Particle-Mesh (PPPM or

P3M) [25] improve the efficient even further by applying Fast Fourier Transform (using a

discretization on the lattice, hence the “Mesh”).

Special attention has to be paid to modelling of water molecules because of their distinc-

tive characteristics. Different models of water have been developed among which SPC [7],

TIP3P [28] and TIP4P [29] are the most commonly used nowadays. SPC and TIP3P are 3

site models: TIP3P uses the experimental angle of 104.5◦ while SPC the tetrahedral angle

of 109.47◦. As a consequence, the charges slightly differ in two models. TIP4P is a 4 site
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water model that employs an extra negative charge placed on a dummy atom. This is done

in order to improve the electrostatic distribution around the water molecule. Further im-

provements of the water models are possible, including 5 and 6 site models which start to

become computationally feasible, nonetheless still are very expensive.

In order to reach high efficiency in Molecular Dynamics simulations, several algorithms are

commonly used. The fast vibrational degrees of freedom can be constrained, allowing for

longer timesteps. In most MD simulations, constraints are enforced using the method of

the Lagrange multipliers. All constraining methods differ only in how they solve the cor-

responding system of equations. The most popular methods are SHAKE [1], RATTLE [4],

LINCS [24] and SETTLE [41]. The SETTLE algorithm solves the system of non-linear

equations analytically for n = 3 constraints only. This is the reason why it is mainly used to
constrain water molecules in the 3-site water models such as SPC or TIP3P. SHAKEwas the

first algorithm to be developed in order to satisfy bond constraints in molecular dynamics.

There are different variants of the algorithm, all of them using Lagrange multipliers. Orig-

inally SHAKE was limited to tree-like structures without closed loops of constraints. New

versions of SHAKE, as for instance QSHAKE [39], work for rigid loops such as aromatic

rings, but fail in case of flexible ring-like structures, appearing in proteins as a consequence

of disulfide bonds [39]. RATTLE is a version of SHAKE for the MD Velocity Verlet algo-

rithm [21]. An alternative to SHAKE is the Linear Constraint Solver (LINCS), that uses

Lagrange multipliers to constraint forces and solves them by approximating the inverse of

Jacobian in a series expansion [24].

While many MD packages exist, in this thesis we make mostly use of Gromacs, because of

its efficiency. With the available computer power we can reach up to 3 ns per day for systems
of about 10, 000 atoms.

2.2 Order Parameters

Order parameters (OP) are projections of the very high-dimensional configuration space into

a one-dimensional representation. They are necessary to capture and qualify the behavior of

proteins, as it would be impossible and rather ad hoc to visually inspect the amount of data
that we are dealing with. A number of general order parameters, that can be applied to all

proteins, can monitor the (un)folding transitions and characterize the native and unfolded

states.

One of the commonly used order parameters is the Root Mean Square Deviation (RMSD)

from a given reference structure. Usually the experimentally determined X-ray or NMR

structure is used as a reference. RMSD is defined as:

RMSD =

[
1

M

N∑
i=1

mi‖ri − r
ref
i ‖2

] 1
2

(2.17)

where ri and r
ref
i denote the positions of atom i of the given structure and the reference

structure, mi the mass of atom i and M the sum of the masses of all atoms used for the

calculation. RMSD should be independent of translations and rotations, and thus it needs to

be minimized with respect to both. RMSD values below 2 Å are considered “low”. RMSD is a
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good order parameter for defining the native state, but its suitability as a tool to distinguish

between different intermediate structures quickly deteriorates above 5 Å.
A measure of the size of a protein is the Radius of Gyration Rg.

Rg =

[
1

M

N∑
i=1

mi‖ri − rcm‖2

] 1
2

(2.18)

where rcm denotes the position of the center of mass of the protein. This order parameter

can for instance be used to monitor the molten globule collapse transition, during which

the size of the protein decreases significantly. One could easily imagine a number of other

order parameters based on the radius of gyration, for instance the radius of gyration of the

hydrophobic core. The Rg can be used along with other parameters to describe the native

state, as it has been estimated that already the molten globule is about 10 to 30% bigger
than the native state [5].

Another measure of the nativeness of the structure is the ratio of native contacts ρ between
the Cα atoms, defined as the ratio of contacts that are present in a given structure and all

contacts in the native state. In this definition, a contact is a discrete quantity acquiring

value of 1 if the Cα atoms are within the cutoff distance of 6.5 Å, otherwise being 0. Native
contacts can also be considered in a more detailed manner by looking at the binary contact

matrices. In such a matrix the indexes i and j enumerate the residues of interest and the
values mij acquire 1 if a contact between residues i and j is formed and 0 otherwise. By
looking at a binary contact matrix, one can quickly identify helical and anti-parallel β-sheet
regions, which appear as diagonal and anti-diagonal groups in the matrix respectively.

Multiple order parameters are connected with hydrogen bond formation or breakage.

Hydrogen-bonds are defined according to certain cut-offs for distance and angle between

the donor and acceptor. In this thesis we use the standard distance cut-off of 3.5 Å and we
allow for 30◦ deviation from the ideal 180◦ N-H-O angle. An order parameter commonly used
throughout this thesis is the number of native hydrogen bonds (nhb) or the number of native
backbone-backbone hydrogen bonds nhbbb. This quantity also gives a good approximation

of how native a protein configuration is. The hydrogen bonds are subject to fluctuations,

and thus it is often important to define a donor-acceptor distance threshold, above which

we consider the hydrogen bond fully broken (we use a threshold of 7 Å, allowing for two
bridging water molecules, following Ref. [9]). A number of broken native hydrogen bonds

(nhbb) is also a suitable order parameter in many cases.
Several order parameters measuring the solvation of protein are available too. For instance,

the solvent accessible surface (SAS), which is a measure of the protein surface area that is
reachable for water molecules. SAS is sometimes called Lee-Richards molecular surface,

after the inventors of this order parameter [33], which is calculated using a “rolling ball”

algorithm [54]. In the “rolling ball” algorithm, one uses a sphere of a particular size, for

instance comparable with the size of a water molecule, to “probe” the surface of the pro-

tein. Another solvation parameter is the number of solvated native hydrogen bonds (nhbps),
captured by Δ = 2 ∗ nhbpp − nhbps [9], which measures how many of the native hydrogen
bonds have been replaced by the hydrogen bonds with water molecules. In order to measure

solvent exposure of residue X one can count the number of waters nwX within a certain

distance from that residue. Different distance thresholds can be used. One possible choice
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is 3.5 Å, including all waters within the first solvation shell.
Finally, helicity and β-sheet content measure the number of amino acids that take part in
the formation of the respective secondary structure element. Particular boolean variables

can be designed for specific systems, including formation of salt bridges, stacking of aromatic

rings or a set of dihedral angles.

2.3 Replica Exchange Molecular Dynamics

Replica Exchange Molecular Dynamics (REMD) (also referred to as Parallel Tempering) is

a hybrid Molecular Dynamics/Monte Carlo method that aims at improving the sampling of

the configuration space of systems with a rugged energy landscape. REMD belongs to the

wider set of the extended-ensemble methods [40]. In REMD a number of copies of the sys-

tem is considered. For each copy (or replica) an independent NVT simulation is performed,

each of them in different thermodynamic conditions - e.g. by varying the temperature. In
other extended-ensemble methods one may vary for instance pressure, the degree of hy-

drophobicity [22] or scale particular energy terms such as hydrogen-bond interactions. If

temperatures are sufficiently high,it is possible to cross the free-energy barriers that pre-

vent observing rare events in room temperature simulations. By heating, the system can

also leave any of the encountered metastable traps and also in the higher temperatures the

the landscape is less rugged. The idea of REMD is to allow these NVT ensembles to “mix”

by introducing a Monte-Carlo scheme that every timestep tries to exchange temperatures

between replicas. The exchange event of any pair of two replicas i and j must obey detailed
balance [21]:

W (o)pacc(o → n) = W (n)pacc(n → o) (2.19)

W (o) andW (n) are given by the Boltzmann distribution:

W (o) = e−(βiUi+βjUj) (2.20)

W (n) = e−(βiUj+βjUi) (2.21)

where Ui is the total potential energy of the replica i and βi = 1
kBTi

denotes the inverse tem-

perature. From Equations 2.19, 2.20 and 2.21 it follows that the detailed balance criterion

can be fulfilled in a simulation by applying the Metropolis rule of the form:

pacc(i ↔ j) = min(1, eΔβijΔUij), (2.22)

where pacc(i ↔ j) denotes a probability of accepting a swapping move between replicas
i and j, ΔUij = Ui − Uj - the potential energy difference between replicas i and j, and
Δβij = βi − βj - the difference of inverse temperatures between the replicas. Rule 2.22

assures the canonical distribution for each temperature.

In order to obtain good sampling, one should guarantee a relatively high exchange ratio, so

that all structures are subjected to both high and low temperatures, and all replicas have

a chance to undergo an (un)folding transition. The exchange acceptance depends on the

overlap of the energy distributions of the adjacent replicas [50, 55], Obtaining a more or

less constant acceptance ratio for all temperatures is considered a good rule of thumb [55].

In principle, one should only assure the exchange between the replicas is probable enough
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Figure 2.1: In the high temperature replicas, the native state becomes meta- or un-stable causing the protein
to unfold spontaneously. This rule is not reversible: at low temperatures the barrier for folding still exists, thus
biasing the REMD method towards the unfolded state. Nonetheless, in the limit of infinite time, the method

should be sampling the canonical distribution.

(let us say 10-20%) to make the configurations diffuse efficiently through different tem-

peratures. Nonetheless, each choice of temperatures should lead to the same, canonical

distribution, differing only in the speed of reaching that distribution. In order to fulfill the

constant acceptance ratio condition, we estimate the dependence of the acceptance ratio on

the temperature gap between neighboring replicas, for instance by running a trial 2-replica

REMD simulation, and slowly increasing the temperature gap until the desired acceptance

ratio is reached. This is done for room temperature and for a high temperature in which we

observe the system to undergo quick unfolding transitions. The temperature of replica i (Ti)

is then assumed to depend quadratically or exponentially on the replica index i, allowing
the interpolation of all intermediate temperatures. REMD improves the sampling dramati-

cally compared to straightforward Molecular Dynamics. Nonetheless, the question remains

whether it is an efficient method to sample protein folding. The use of high temperatures

is dictated by the fact that the unfolding happens spontaneously in the high temperature

regime. At these temperatures the native state is destabilized and the free-energy barrier

between the folded and unfolded state is gone, leading to a downhill unfolding process (Fig-

ure 2.1). For the reverse process of folding this is not the case. At low temperatures the

free-energy barrier for folding still exists, so the folding transition does not occur sponta-

neously. In order to sample the folding transition, the system must cross the barrier when

the temperature is still high enough to allow for it. At the same time the native state

should already be metastable, to prevent immediate unfolding. The entropic stabilization of

the unfolded state biases the REMD simulations at high temperatures towards unfolding.

Another drawback of REMD is that the number of replicas needed, increases with the sys-

tem size. The more atoms in the system, the higher the potential energy, the more replicas

one needs to ensure the same acceptance ratio or energy overlap in the given temperature

range. Nonetheless, REMD is a very popular method and has been successfully used in a

number of biophysical applications [58, 31, 51, 46, 9, 34, 6].

Assuming the canonical distribution has been reached, the free-energy as a function of an

order parameters Q and temperature T can be calculated by

F (Q) = −kBT lnP (Q,T ) (2.23)

where P (Q,T ) is the probability of finding the system at certain value of the order parame-
ters Q at temperature T . As the temperature of interest is room temperature, Equation 2.23
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uses only a small fraction of the data generated by the replica exchange simulation. Another

problem is that in the low temperature replicas, the system equilibrates in local minima,

and thus any barrier is sampled poorly. A way to improve this is by using a scheme of includ-

ing rejected states in the calculation of P (Q), as introduced by Frenkel [20]. This approach
was used in the context of Replica Exchange simulations [11] under the name Virtual Move

Parallel Tempering (VMPT). In this scheme one looks at all possible swaps and increments

the histogram P (Q,T ) by their corresponding Boltzmann factor. For the Metropolis scheme
the method yields the histogram presented in the Equation 2.24

Pi(Q) =
N∑

j=1

prej,ijδ(Qi − Q) +
N∑

j=1

pacc,ijδ(Qj − Q) (2.24)

pacc,ij = min(1, eΔβijΔUij) (2.25)

prej,ij = 1 − pacc,ij (2.26)

where i and j are replica indices. By using VMPT, states from the high temperature replicas
contribute to the low temperature histograms. In this way one can sample the transitions,

not only stable basins, thus making the estimates of the free-energy barriers more accurate.

REMD was used in Chapter 3, 5 and 6 of this thesis.

2.3.1 Clustering of Conformations

Clustering of configurations yields additional insight in the MD and REMD results and is

particularly useful because it does not require the specification of any order parameter other

than a distance metric. We use the Jarvis-Patric clustering scheme supplied in the Gromacs

package [37]. In this algorithm the distance between configurations is defined by their rel-

ative Root Mean Square Deviation (RMSD) of the Cα positions. The algorithm searches for

the M closest neighbors of a certain configuration i. Two configurations are neighbors if the
distance between them is lower than a cut-off distance. The configuration i is then added
to a cluster c, if it is a neighbor of a configuration already belonging to c and they have at
least P neighbors in common. The procedure is repeated for all unclustered configurations i.
If at the end there are still configurations not assigned to any cluster, a configuration for

initiation of a new cluster is chosen at random. This procedure is repeated until all con-

figurations belong to a cluster. We use M= 15, P= 3 and cut-offs ranging from 2 to 3 Å.
After application of the clustering algorithm we examine the cluster size distribution and

choose the clusters containing most configurations. Clusters smaller than 5% of the largest
one are neglected and added to a “structural noise cluster”, containing mostly unfolded or

molten-globular configurations without much structure.

2.4 Metadynamics and Replica Exchange Metadynamics

Another method to explore the multidimensional free-energy surface of complex many-body

systems is Metadynamics, introduced by Laio and Parrinello [32]1. On top of the original

1Similar algorithms were developed earlier, such as for instance flooding [23], local elevation [27] or taboo

search [13]
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dynamics, metadynamics introduces a biasing potential VG(s(x), t) in a collective variable2

(CV) space s(x), that influences the “real” dynamics. The exploration of the configuration
space is accelerated by discouraging the system to revisit previous configurations. We as-

sume a number of collective variables is known that describe the different states and tran-

sition states of the system, thus allowing for dimensional reduction of the folding problem.

The goal of Metadynamics is then the effective exploration of the configuration space of

the system in order to reconstruct its multidimensional free-energy landscape. The his-

tory dependent potential energy function VG(s(x), t), is constructed as a sum of Gaussians
deposited along the trajectory of the collective variables s(x):

VG(s(x), t) =

∫ t

0
dτ

h

τg
exp

[
−

(s(x) − s(x(τ)))2

2w2

]
(2.27)

where h is the height, w the width of the Gaussians and τ−1
g the frequency of deposition. It

has been shown that [32]

limt→∞VG(s(x), t) ≈ −F (s) (2.28)

within the accuracy determined by the parameters h, w and τg, while the free-energy pro-

jection F (s) is given by:

F (s) = −
1

β
ln

∫
exp(−βV (x))δ(s − s(x)))dx (2.29)

Equation 2.28 has been proved rigorously for Langevin dynamics [18] and verified to work

in practice in many systems and for many different collective variables [32, 18].

Metadynamics scales badly with the number of collective variables. Using the method in

more than 3 collective variables simultaneously is unpractical. A way to overcome this prob-

lem is to use an idea similar to the Replica Exchange Method . Instead of using a bias in

temperature, one could use replicas performing metadynamics simulation in various col-

lective variables, allowing for the exchange of the biasing potential between the structures

every few timesteps. This method is know as Bias Exchange Metadynamics (BE-Meta) [49].

Together with the number of biased replicas, we introduce a neutral replica, in which the

system equilibrates without bias. The acceptance probability of the swap-move of the bias-

ing potentials between structures i and j is given by the following Metropolis rule:

pij = min(1, exp{β[V i
G(xi, t) + V j

G(xj , t) − V i
G(xj , t) − V j

G(xi, t)]}) (2.30)

The biasing potential of the neutral replica is V 0
G ≡ 0. The free-energy in the neutral replica

is given by Equation 2.23.

Sample application of Metadynamics and BE-Meta can be found in Chapter 6.

2.5 Transition Path Sampling

REMD is a useful method to explore the configuration space of proteins, but does not yield

details about kinetics or the mechanism of the transition. Replicas diffuse through different

2Note that the term collective variable is completely equivalent to order parameter. In the context of Metady-
namics we often refer to CV to stay in line with literature. In all other cases we use the term order parameter.
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Figure 2.2: A discretized transition pathway connecting stable states A and B.

temperatures and the transitions occur in the high temperature regime. Based on the fold-

ing and unfolding “replica trajectories” we cannot draw trustworthy conclusions about the

mechanism of protein folding. Different barriers in the folding process may have different

temperature dependence, thus making some transitions more favorable at high tempera-

ture than they really are at room temperature. Metadynamics biases the sampling and

cannot give kinetic information. A number of so-called “path methods” is available, that

allow to sample room temperature transition pathways directly. One of these methods is

Transition Path Sampling (TPS) [15]. It is a Monte Carlo sampling scheme in the path

space of transition pathways. The method requires an initial pathway, which does not need

to be the lowest free-energy path. Starting from this path, TPS generates an ensemble of

transition pathways, not depending on any order parameter. The order parameters are only

used to define the endpoints of the trajectories - the stable states, that are separated by

a barrier. New pathways are created using the so-called “shooting algorithm”. The initial

pathway is usually quite difficult to obtain. If so, another method needs to be used, for in-

stance REMD, high temperature MD, Metadynamics or steered MD. Each of these methods

can supply an initial pathway for TPS, that will gradually equilibrate to the same path en-

semble. Based on our experience, equilibrating the high temperature unfolding pathways

turns out to be more difficult than pathways coming from Metadynamics (Section 2.4). In

the following discussion of the TPS algorithm we will assume that the initial pathway is

already supplied.

Let x(T ) be a pathway of length T . We can discretize the pathway by introducing a timestep
Δt and consider it an ordered sequence of states or timeslices x(T ) ≡ {x0, xΔt, ..., xiΔt, ...xT },
where xiΔt ≡ {r(iΔt), p(iΔt)}, the index i = 0, 1, ...N , r(t) are the positions and p(t) the
momenta of all atoms at time t. and N = T /Δt + 1. Let P [x(T )] be a statistical weight
of a trajectory x(T ). P[x(T )] depends on the both the distribution of the initial conditions
and the rules describing the dynamics of the specific system. The ensemble of reactive

trajectories can be written in the form:

PAB [x(T )] ≡ hA(x0)P[x(T )]hB(xT )/ZAB(T ) (2.31)

hA(x) and hB(x) are the characteristic functions of the initial and final states. The function
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hA(x) equals 1 if the system described by the positions and momenta x resides in state A,
otherwise equals 0 (analogous for final state B). The normalizing factor ZAB(T ) in Equa-
tion 2.31 is a path integral over all possible paths x(T ):

ZAB(T ) ≡

∫
Dx(T )hA(x0)P[x(T )]hB(xT ) (2.32)

2.5.1 Parametrization of Stable States

In all the applications in this work, the characteristic functions are defined only based on

the configuration part r of timeslice x, meaning that our set of order parameters Q depends
only on the coordinates, not the momenta of the system: Q = {qj(r) : R

n → R}, where the
index j enumerates order parameter functions for the system. The characteristic function
of state A can then be written as:

hA(xt) =

⎧⎨
⎩

1; if r(t) ∈
⋂
j

{r ∈ R
n : qj(r) ∈ [qj

min,A, qj
max,A]}

0; otherwise
(2.33)

qj
min,A and qj

max,A denote the lower and the upper values acquired by the order parameter

function qj, when the system resides in state A. It is important to remark that the initial
and final states can have different sets of order parameter functionsQA andQB. Identifying

the sets of order parameters that can successfully distinguish between the stable states A
and B may be a difficult task, especially for complex systems like proteins. A set of good
order parameters should fulfill a number of criteria. First, the regions defined by hA(x) and
hB(x) should take the fluctuations in the stable states into account. A regular fluctuation
should not drive the system out of the defined region. If this criterion is not satisfied, it will

result in missing transition pathways. Secondly and more importantly, the regions spanned

by hA(x) and hB(x) should be subsets of the basins of attraction of the stable states. If this is
not the case, non-reactive pathways may be mistaken for reactive trajectories. In practice,

we use REMD along with a basic clustering algorithm to discover and qualify possible stable

states. We also test the resulting definitions by firing a number of canonical trajectories to

test whether they leave the defined regions [15].

2.5.2 Sampling the TPS Ensemble

Transition path sampling is a Monte Carlo random walk in the space of trajectories. By

construction, trajectories have to be generated with the probabilities proportional to their

weights in the transition path ensemble. Non-reactive trajectories have zero weights and

are never visited in the TPS scheme. The MC random walk is realized by performing a trial

move, consisting of the generation of a new trajectory x(n)(T ) from the old one x(o)(T ), fol-
lowed by accepting the move with a certain probability. The acceptance probability results

from the assumption that detailed balance should be fulfilled during the walk in the space

of trajectories. The detailed balance criterion states that the probability of a move should

be exactly the same as the probability for the reverse move: p(o → n) = p(n → o). In the
context of transition path ensemble this condition can be written as:

PAB [x(o)(T )]π[x(o)(T ) → x(n)(T )] = PAB[x(n)(T )]π[x(n)(T ) → x(o)(T )] (2.34)
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where π[x(T ) → x′(T )] is a probability of making a move from x(T ) to x′(T ), which consists
of two parts: acceptance and generation probabilities. Next, we define the generation prob-

ability Pgen[x(T ) → x′(T )] as the probability to obtain the new path x′(T ) from the initial
pathway x(T ). Pacc[x(T ) → x′(T )] - the acceptance probability - is the probability to accept
the trial move x(T ) → x′(T ).

π[x(T ) → x′(T )] = Pgen[x(T ) → x′(T )]Pacc[x(T ) → x′(T )] (2.35)

The condition for the detailed balance (Equation 2.34) together with the path acceptance

probability (Equation 2.35) allows for writing the acceptance probabilities in terms of path-

way weights and pathway generation probabilities. This condition can then be fulfilled in a

TPS simulation using the Metropolis rule, taking into account that the trajectory has to be

reactive:

Pacc[x
(o)(T ) → x(n)(T )] =

hA[xn
0 ]hB [xn

T ]min

[
1,

PAB[x(n)(T )]Pgen[x(n)(T ) → x(o)(T )]

PAB [x(o)(T )]Pgen[x(o)(T ) → x(n)(T )]

]
(2.36)

2.5.3 Shooting Move

The efficiency of TPS depends greatly on the way the trial paths are generated, and how

quickly they decorrelate from the initial pathway. The shooting algorithm generating the

new path is the central move of transition path sampling [15, 10]. The shooting move

consists of a few steps. First, we select a time slice x
(o)
t′ on the reactive pathway x(o)(T ). In

the most straightforward version of the algorithm, this is done at random, such that each

timeslice can be chosen with the same probability. The selected timeslice - the so-called

shooting point - can be slightly altered, for instance by changing the momenta by a small

random amount. This small random change will grow exponentially, due to molecular chaos,

and will cause the new trajectory to diverge quickly from the initial path. This procedure

should be used along with deterministic dynamics. In all the applications in this work we

use TPS with stochastic dynamics [8]. By coupling the solvent molecules to the Andersen

thermostat, we ensure that the trajectories diverge from each other even though their initial

conditions were the same. Accepted and rejected shooting moves in the case of stochastic

dynamics are presented in Figure 2.3

The generation probabilities in Equation 2.36 can be written explicitly for the general case,

when both momenta and positions are modified [15]. More importantly, it can be shown [15]

that if 1) the dynamics conserves the stationary distribution ρst(x), p(x → y)/p(y → x) =
ρst(y)/ρst(x), 2) the initial conditions obey an equilibrium distribution ρ(x) = ρst(x) and
3) the generation probabilities of the shooting points are symmetric, the path acceptance

probability simplifies dramatically:

Pacc[x
(o)(T ) → x(n)(T )] = hA[xn

0 ]hB [xn
T ]min

[
1,

ρ(x
(n)
t′ )

ρ(x
(o)
t′ )

]
(2.37)

If the system propagates according to stochastic dynamics, the acceptance probability sim-

plifies even further because the shooting point does not change:

Pacc[x
(o)(T ) → x(n)(T )] = hA[xn

0 ]hB [xn
T ] (2.38)
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Figure 2.3: Accepted (top) and rejected (middle and bottom) shooting trial moves for stochastic dynamics.
The shooting points were left unchanged.

The shooting move in which we do not modify the shooting point allows for easy modification

of the two-way shooting into a one-way shooting trial move, in which we accept a forward

or a backward shot independent of each other [15]. For one way shooting, only one trajec-

tory is grown backward or forward, and then glued with the appropriate part of the initial

trajectory after reaching one of the stable states. The decision whether to shoot backward

or forward is taken randomly with equal probability for both directions. In this scheme,

one could easily guess, the acceptance ratio increases dramatically with respect to two-way

shooting. This is because in the two-way shooting algorithm, we would be able to connect

the stable states only in case the shooting point was on, or nearby the transition state. In

case of one way shooting, we accept about 50% of the moves, but the new pathways are par-

tially identical to the old ones. The decorrelation from the initial pathway is more or less

the same for both one way and two-ways shooting algorithms, but in the one way shooting

we gain better statistics of the transition pathways [8].

2.5.4 The Optimal TPS Algorithm for Proteins

It is convenient to allow the path length to fluctuate [57]. We could then stop the propa-

gation of the system right after having entered one of the stable states. The path length

changes the corresponding shooting point generation probabilities, as the probability of

picking the timeslice as a shooting point will not be the same for the old and new path-

way. The resulting acceptance probability follows [57]:

Pacc[x
(o)(T ) → x(n)(T )] = hA[xn

0 ]hB [xn
T ]min

[
1,

N (o)

N (n)

]
(2.39)
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where N (o) is the number of the slices of old path and N (n) the new trajectory length. The

ratio N (o)/N (n) is of course not a priori known at the shooting point. This problem can be

easily overcome by introducing a maximum allowed path length Nmax = N (o)/α, where α is
a uniform random number drawn in the interval (0, 1]. This procedure, that we refer to as
“flexible path length” is used for all the systems under study in this thesis.

This TPS algorithm is the most effective implementation, where diffusive barriers have to

be crossed. The overall procedure consists of the following steps:

1. Choose a random timeslice x′
iδt on the current pathway

2. Draw a uniform number α1 from the uniform distribution in the interval (0, 1] and
calculate the maximum path length from the formula Nmax = N (o)/α1.

3. Draw a uniform number α2 from the uniform distribution in the interval (0, 1] If α2 >
0.5 we will integrate the equations forward in time. If α2 � 0.5 then we will integrate
backward in time, and the momenta of the timeslice x′

iδt have to be reversed.

4. Propagate the system in the direction chosen in point 3 using the available MD engine

with the Andersen thermostat until either the maximum total path length (after glu-

ing with the respective part of the initial trajectory) is surpassed or one of the stable

states is reached.

5. Concatenate the new trajectory with the appropriate part of the initial trajectory. In

case we were shooting backward in time, the momenta of the path have to be reversed.

6. If the resulting pathway connects stable states A and B - accept and increase the step
by one, otherwise reject.

7. Compute the averages

8. Repeat starting from point 1.

As we use Gromacs as our MD engine, only the Leap Frog algorithm is available to us. In

this integration algorithm velocities are stored at a half time-step before positions. In order

to perform the reversal in step 3 of the TPS algorithm, we need to integrate the chosen

timeslice one timestep forward, reverse the momenta and then join them with the positions

of the initial time slice. The correctness of this reversal procedure was tested on a trial

system and is shown in Figure 2.4. The reversed trajectory follows the forward trajectory

for 0.5 ps before diverging. This divergence is due to numerical integration errors and the
intrinsic molecular chaos in the system. As we employ stochastic trajectories this divergence

will not effect the correctness, nor the efficiency of the path sampling. In fact, one might say

that the method relies on the divergence of trajectories [15].

Transition Path Sampling is the central algorithm of this thesis and its applications can be

found in Chapter 3, 5, 6 and 7.
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Figure 2.4: Reversal of a timeslice: forward (black) and backward (thick dark grey) in time evolution of
the potential, kinetic and total energy of alanine di-peptide in water. A trial sample was integrated forward

in time for 1ps. The resulting last frame was then reversed and integrated backward in time. Note that
the reversed trajectory only diverges after about 500 fs = 250 timesteps, due to numerical integration errors.
Alanine dipeptide was simulated in 167 SPC water molecules and OPLSAA force-field, using the same settings

as for the systems examined in this thesis. The potential and kinetic energy fluctuate, while the total energy
remains constant, with an accuracy of about 1kJ/mol.

2.6 Calculating Rates with Transition Interface Sampling

From the Transition Path Sampling (2.5) we can draw many conclusions, including the

folding mechanism, corresponding free-energy barriers, metastable states and reaction co-

ordinates, but we do not get any direct information about the timescales involved. In order

to calculate the rates of the transitions along with the heights of the corresponding barriers

we have to employ a method related to TPS, Transition Interface Sampling (TIS) [57].

Let us consider an order parameter λ(x), such that it can distinguish between the stable
states A and B. The best way to obtain such order parameter is to analyze the TPS en-
semble. In TIS we introduce a number of interfaces i = 0, ...nI , which are hypersurfaces,

spanned by the order parameter λ: x : λ(x) = λi;λi ∈ R. The interfaces do not intersect

(λi−1 < λi) and the extreme interfaces are identical with the boundaries of states A and B
(λ0 ≡ λA and λnI

≡ λB), as presented in the Figure 2.5

Let PA(i + 1|i) be a probability that a trajectory coming from A and crossing λi reaches λi+1

before returning to A. It can be shown that the rate of the A → B transition kAB can be

written as [57]:

kAB = f1,0
i=1∏

nI−1

PA(i + 1|i) (2.40)

f1,0 =
1

Δt

N+
c

NMD
(2.41)

where f 1,0 is called the effective positive flux factor. It is calculated by running an MD

trajectory of NMD steps
3, with a timestep Δt, and counting the number of re-crossings N +

c

3In practice we run a few parallel MD simulations in order to increase the accuracy of the calculated flux.
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Figure 2.5: (Left) The setting of TIS simulation: the boundaries of states A and B are the initial and final
interface. The intermediate interfaces are hypersurfaces, defined in terms of order parameter λ. (Right) Calcu-
lation of the effective positive flux through the interface λ1. Only the positive re-crossings, coming directly from
the stable state are counted.

Figure 2.6: Transition Interface Sampling trial moves (dotted lines): accepted (left) and rejected (right). The
trial move trajectory can only be accepted if it recrosses the interface λ1 and if it ends either in the initial state
or recrosses the next interface.

of the first interface λ1. Short time scale fluctuations are not taken into account, and thus

the re-crossings before returning back to the stable region A are not counted (Figure 2.5).
It is important to notice, that even though the rate expression in Equation 2.40 looks like a

Markov chain at first glimpse, there is no Markovian assumption behind it. The probabili-

ties preserve the memory of the history, as all trajectories used for the calculation have to

start in the initial state A.
The probabilities PA(i + 1|i) in Equation 2.40 are the most computationally expensive part
of the rate calculation. They are obtained by gathering specific path ensembles consisting of

two types of pathways. Let us consider the first interface λ1. The TIS ensemble for this in-

terface, contains pathways both ending up by crossing the next interface λ2 and reaching B
or relaxing to the state A. All of these pathways cross the interface λ1. The calculation of

crossing probabilities from such an ensemble consists of making a histogram of the visited

In the applications presented in this thesis NMD is of the order of 20 − 30 ns, and we perform about 5-15 MD
simulations of such length.
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values of λ. To do so, we calculate the maximum value of λ for a given pathway and mark
all λ < λmax as visited by incrementing the P (λ) histogram by the total path weight. This
protocol can be repeated for following interfaces, by constructing the TIS ensemble for an

interface λi, consisting of A → λi → B and A → λi → A pathways. The crossing probability
distributions PA(i+1|i), can be re-weighted into a single crossing probability curve, that ex-
hibits a plateau for λ > λ∗, where λ∗ denotes the value of the OP at the transition state. The

existence of the plateau is a straightforward consequence of having crossed the transition

state. The bigger the difference between λ and λ∗ the more trajectories relax into state B.

Eventually all trajectories will end up in B, thus P (λ|λA) = 1 and as a result ∂P (λ|λA)
∂λ

= 0.
We used Transition Interface Sampling in Chapter 4 in order to calculate the folding and

unfolding rate of Trp-cage mini-protein.

2.7 Forward Flux Sampling

Forward Flux Sampling (FFS) [2] is a method that allows the sampling of stochastic dy-

namical pathways connecting two stable states, separated by a free-energy barrier and

calculate the rate constant for the transition. While initially derived for non-equilibrium

dynamics, FFS can also be used for equilibrium transitions. Similar to TIS, FFS divides

the phase space with non overlapping interfaces defined by a parameter λ. As in Transition
Interface Sampling, λ does not have to be the reaction coordinate, nonetheless it should be
able to distinguish between the initial and final states A and B. The interfaces are such
that λ0 < λ1 < ... < λn < λn+1 and if λ < λ0 = λA means the system is in state A, if
λ > λn+1 = λB the system is in state B. The rate constant kAB for the transition from A to
B is given by equation 2.40. The flux factor calculation has already been explained in the
TIS section and consists of counting the positive effective crossings of the interface λA per

time in a MD simulation under ambient conditions. The difference between the TIS and

FFS framework lies in the calculation of the crossing probabilities. First, one collects the

set of timeslices associated with the positive recrossings of interface λ1. Timeslices are ran-

domly picked and used as shooting points for MD simulations without modifying the initial

conditions. The trajectories resulting from a single point are different because of the use

of stochastic dynamics. The MD integration can be stopped after having reached either the

initial state A or the next interface λ2. The estimator of the crossing probability P (λ2|λ1)
is N2/N , where N2 equals the number of trajectories reaching the next interface and N is
the total number of trajectories shot from the interface λ1. This procedure is iteratively

executed for the subsequent interfaces, until λB (state B) is reached. The total crossing
probability P (λB |λ1) is calculated by multiplying all the intermediate crossing probabilities
according to Equation (2.40). The transition path ensemble can be obtained by “gluing”

all the pathways starting from those that reached the last interface. The resulting joint

trajectories are true dynamical trajectories, as we did not modify the shooting points.

We used Forward Flux Sampling in Chapter 4 in order to calculate the unfolding rate of

Trp-cage mini-protein.
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Figure 2.7: The transition state does not always have to correspond to the free-energy maximum in lower di-
mensional projections. The two-dimensional free energies (up) are projected onto the order parameter q (down).
As a result we obtain bi-stable behavior in both cases, but the transition state in the second case does not coin-

cide with the reduced free energy maximum, as the basins of attraction of the stable states overlap in the order
parameter q. We can only draw conclusions about the transition states based on the free-energy projections, if
we know the reaction coordinate.

2.8 Extracting Reaction Coordinates from Transition Path

Ensembles

2.8.1 Commitor Calculation

The definition of a transition state as a saddle point on the free-energy landscape cannot

be applied to complicated systems with a rugged energy surface and a multitude of local

minima, such as proteins. The problem with identification of the transition state comes also

from the fact that the reaction coordinate is not known for these systems. Because of this

fact, drawing conclusions by looking at the low dimensional free-energy projections may be

dangerous, as pointed out in Figure 2.7.

A more suitable definition of the transition state has been given by Du et al [16]. Transition
states can be defined as structures that have the same probability to relax to the initial as to

the final state. If we only have two stable states, this probability is one half. The probability

of relaxing to any of the stable states can be generalized by introducing a function called

the committor:

pB(r) ≡

∫
Dx(t′)P[x(t′)]δ(r(0) − r)hB(xt′)∫

Dx(t′)P[x(t′)]δ(r(0) − r)
(2.42)

where t′ is the path length and r(0) the configurational part of the initial conditions of the
path x(t). If there are no other basins of attraction, the same quantity can be constructed
for state A, as pA + pB = 1.
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Figure 2.8: The figure depicts the procedure of calculating the commitor function pB. A number of trajectories

with random initial conditions are shot along the transition pathway connecting stable states A and B. The
closer are kinetically the points to a stable states, the more trajectories ends up in this state. The timeslices,
that end up in both states, are close to the top of the barrier. The transition states timeslice will have both

probabilities pB and pA equal to 0.5, and belong to the separatrix depicted as the dashed grey curve.

To estimate the commitor function in practice we shoot N trajectories with initial momenta
drawn from the Maxwell-Boltzmann distribution and calculate the ratio of trajectories end-

ing in the state of interest:

p
(N)
B (r) ≈

1

N

N∑
i=1

hB(x
(i)
t′ ), (2.43)

where x(i)(t) is the i-th trajectory for the trial timeslice, with configuration r. If the number
of shootings N is large enough and the trajectories are independent, the error σ can be

estimated by approximating that p
(N)
B (r) is normally distributed [15]. From this assumption

we get:

σ =

√
pB(1 − pB)

N
(2.44)

The error σ is highest for the transition states, as then the function pB(1 − pB) reaches its
maximum. This means that close to the stable states it is enough to shoot off only about

10 trajectories, for the transition state area, we need more - 100 trajectories would give us

σ = 5%.
The procedure of calculating the commitor function pB presented above, is known in the field

of protein simulations as the p-fold calculation. This algorithm, symbolically presented in
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Figure 2.8, can be repeated on the TPS path ensemble. For each decorrelated trajectory we

will then obtain a different transition state structure. The ensemble of these structures is

called Transition State Ensemble (TSE) (Figure 2.8). This calculation is computationally

very expensive, but yields insight in the mechanism of the reaction. Committor analysis

also enables testing of the prospect reaction coordinates [15]. This is, however, exceedingly

expensive. The TPS shooting points along with their corresponding endpoints can be used

as an input for the reaction coordinate analysis, described in the next section.

2.8.2 Maximum Likelihood Estimation

The committor is undoubtedly the best reaction coordinate. However, an important draw-

back of using the committor itself as a reaction parameter is that it is extremely costly to

calculate. More importantly, the committor does not bring any physical information or char-

acteristics, that could say something about the initial, final and transition states. This is yet

another reason why it is so important to look for good reaction coordinates, that would be

physically relevant. By using the Maximum Likelihood Estimation (MLE) approach [48, 47]

one can search for the reaction coordinate that would most “resemble” the true reaction co-

ordinate, which is the committor. If for a constraint ensemble with a given value of an order

parameter, the histogram of the commitor values is sharply peaked, this is a signature of a

good reaction coordinate, having a good correlation with the commitor [15]. However, ver-

ifying this is exceedingly computationally expensive as it requires a constraint ensemble

and a complete committor calculation for each prospect RC that one would like to test. The

MLE method of Peters and Trout relies only on the TPS path ensemble [47].

For theMLEwe need a set of forward shooting points together with the information whether

they relaxed to state A or state B. This information is available from a Transition Path
Sampling simulation, without any additional computational cost. We denote {xsp → B} the
set of forward shooting points, that resulted in trajectories ending up in B, and {xsp → A}
the ones that end up in A4. In their approach, Peters and Trout assume a sigmoidal shape
of the commitor as a function of the trial collective variable r:

pB(r) =
1

2
{1 + tanh(r)}. (2.45)

Next, one tests all possible combinations of the available collective variables q as prospect
RC

r = α0 +
N∑

i=1

αiqi (2.46)

forN = 1, 2, 3. The commitor probability can then be estimated bymaximizing the likelihood

L =
∏

xsp→B

pB(r(xsp))
∏

xsp→A

(1 − pB(r(xsp))). (2.47)

We analyze the Transition Path Sampling shooting points according to the following pro-

cedure. We first calculate all available order parameters for the system, that might be

4Note that if x ∈ {xsp → B}, it does not imply that pB(x) = 1, as we may only have one trajectory originating
in x, going to B. To calculate pB(x) one would have to shoot a number of trajectories initiated in x with random
initial velocities, and divide the number of trajectories finishing in B by the total number of fired trajectories.
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important for the mechanism. We then construct linear combinations of these order pa-

rameters, and maximize the likelihood from Equation 2.47 using the Broyden-Fletcher-

Goldfarb-Shanno (BFGS) method. The coefficients of the linear combinations result from

the maximization procedure, along with the likelihood, which indicates the best combina-

tion of collective variables as a model of the reaction coordinate. We use this algorithm for

all of our TPS data.

2.9 Summary

All of the methods presented in this chapter have to be used in conjunction. Transition path

sampling is difficult to perform efficiently if the free-energy landscape has not been deter-

mined previously, revealing possible metastable traps and intermediates. Other methods

are also indispensable to obtain the input for TPS - the initial pathway, which depending

on the system, can be a difficult task. One of the possibilities is to use high temperature

unfolding trajectories. Based on our experience, the higher temperatures needed to unfold

the system, the more problems can be anticipated later with the equilibration. One of the

methods we use for the generation of initial pathways for transition path sampling is Meta-

dynamics, presented in Section 2.4, which yields room temperature unfolding pathways.

These pathways have a high advantage over the high energy pathways, as they equilibrate

much quicker.

Based on this thesis, a possible methodology for sampling protein systems emerges. It

is important to discover, at least locally, the free-energy landscape of the system. One

of the methods, useful for this purpose, is Replica Exchange Molecular Dynamics. The

resulting ensembles should then be analyzed, preferably using the Virtual Move Parallel

Tempering Method, in all possible order parameters, in order to propose possible barriers

and intermediates. The room temperature ensemble of configurations should be clustered

in order to compare the outcome of the free-energy calculations with the OP-unbiased

analysis. Replica Exchange trajectories can then be used as an input for sampling the

barriers of interest. A similar procedure can be performed with Metadynamics. Having the

TPS ensemble, we can look for the mechanism, for instance by searching for the reaction

coordinates with the Likelihood Maximization approach, or by projecting the ensemble in

different possible representations. Naturally, visual inspection also helps in understanding

the underlying mechanism. We can use the MLE method to estimate the transition state,

and use the committor calculation to check the resulting trial TSE. Committor calculations

can be done on the ensemble of decorrelated pathways, if sufficient computational power

is available. Having the transition states and the reaction coordinate, we can start rate

calculations, by first calculating the effective positive flux from the stable states, and then

by running a number of TIS simulations. This procedure should yield a detailed atomistic

description of the folding mechanism and also quantities such as rates that can be directly

compared with experiment. In the following chapters we will employ this methodology,

or parts of it, starting with simple polypeptides and finishing with an application to a

functional protein.
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