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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 The Control Chart 

The history of process monitoring is very old and it had always been there 

informally in one form or the other. Formally on 16 May 1924, Dr. Walter A. 

Shewhart introduced control charting procedures for process monitoring. Later, 

Statistical Process Control (SPC) became an important branch of process monitoring. 

In SPC, processes are monitored for their stability with respect to different parameters 

using statistical techniques like Control Charts, Check Sheets, Pareto Diagrams, 

Histograms etc. The statistical techniques for process monitoring are now referred to 

as the SPC tool-kit.  

SPC is a collection of different methods that are used to examine a process and 

to improve the quality of its products (cf. Does, Roes and Trip (1999)). Out of these 

methods, the control chart is the most important and the most commonly used tool. 

According to Montgomery (1996): “Control chart is a graphical display of a quality 

characteristic that has been measured or computed from a sample versus the sample 

number or time. It contains a center line, that represents the average value of the 

quality characteristic corresponding to the in-control state, and the two horizontal 

lines called upper and lower control limits”. The lines mentioned are abbreviated by 

CL, UCL and LCL. 

Control charts for quantitative quality characteristics (e.g. weight, volume etc.) 

are referred to as variables control charts whereas control charts for qualitative quality 
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characteristics (e.g. defective/non-defective, good/bad etc.) are referred to as 

attributes control charts. This study deals with variables control charts. In variables 

control charts, control charts for location and spread parameters are generally of most 

interest. Location charts monitor the process mean while dispersion charts monitor the 

process spread. These control charts are used for detecting changes in the process with 

respect to some quality characteristics. The changes may occur both in the average as 

well as in the spread of the relevant quality characteristic. It is therefore, essential to 

control both of them using control charts, one for the process average and the other 

for the process spread. 

The literature on process control provides a variety of charts to monitor 

dispersion and location parameters of any process. These include Shewhart-type 

control charts, Cumulative Sum (CUSUM) charts (cf. Page, 1954) and Exponentially 

Weighted Moving Average (EWMA) charts (cf. Roberts, 1959). To refer a few of the 

papers which have inspired our research: Pearson (1932) considered the percentage 

limits for the distribution of the range when samples are from a normal distribution. 

Ferrell (1953) used midranges and medians for constructing control charts. Goel and 

Wu (1971) determined Average Run Lengths (ARLs) and contour nomograms for 

controlling means of normal populations using CUSUMS schemes. Chiu (1974) 

discussed about controlling of means of normal populations using CUSUMS designs. 

Chiu and Wetherill (1974) gave a simplified scheme for the economic design of the 

X  chart. Schilling and Nelson (1976) examined the non-normality effect on the 

design structure of the X  chart. Langenberg and Iglewicz (1986) constructed control 

charts using trimmed means and ranges. White and Schroeder (1987) discussed the 

idea of simultaneous control charts. Rocke (1989) and Tatum (1997) discussed about 

robust control charts. Battaglia (1993) used the idea of regression based statistical 
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process control. Pappanastos and Adams (1996) provided an alternative design for the 

Hodges-Lehmann control chart. Ramalhoto and Morais (1999) developed Shewhart 

control charts for the scale parameter of a Weibull control variable. Gonzalez and 

Viles (2000, 2001) developed designs of X  and R control charts for the case of a 

Gamma distribution. Yeh et al. (2003) proposed the V-chart for monitoring process 

variability. Woodall et al. (2004) considered the idea of control charts for the 

situations where the quality of product is better characterized by a relationship 

between a quality characteristic of interest and one or more explanatory variables. Shu 

et al. (2004) considered a Shewhart control chart and an EWMA control chart for 

regression residuals. Khoo and Quah (2004) developed some new multivariate control 

chart designs for process dispersion by transforming the standard control chart 

statistics. Chang and Gan (2004) developed Shewhart control charts for variance 

components. 

Control charts work in two phases namely Phase-I and Phase-II (cf. Woodall 

and Montgomery, 1999). Phase-I is for retrospective analysis where an initially 

selected set of samples from a process is examined for stability with respect to 

different process parameters. Phase-II is for prospective analysis where future 

samples are examined for any changes in the process parameters. The stable state of a 

process is generally referred to as “In-control situation” and its compliment as “Out-

of-control situation”. Once Phase-I signals an in-control situation, the initial set of 

samples is used to obtain stable parameter estimates to be used for prospective 

analysis of the parameters.  

 In Phase-I, we expect that if there are some inconsistent values (outliers) in the 

initial set of samples, there should be high chances for their detection during 

retrospective analysis. In Phase-II, it is expected that if there are some shifts in 
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process parameters, these should be detected as early as possible during prospective 

analysis. For these purposes, a variety of control charts are available based on 

Shewhart type control charts or CUSUM and EWMA type charts.  

 Following the pioneering work of Walter A. Shewhart, researchers have 

developed a variety of control charts to monitor parameters of any process using 

different classifications and different approaches. Farnum (1994) classified two basic 

types of control: threshold control and deviation control. Threshold control is 

concerned with detecting large shifts while deviation control is concerned with 

detecting small shifts in process parameters. The Shewhart type control charts are 

regarded as threshold control charts while non- Shewhart control charts (e.g. CUSUM 

and EWMA charts) are regarded as deviation control charts. There are different 

approaches which have been used to improve the efficiency of control charts in 

detecting changes in process parameters: e.g. Battagglia (1993) used a regression 

based approach, Chun (2000) used a nonparametric control charting approach, 

Muttlak and Al-Sabah (2001) used a ranked sampling approach, Reynolds and Arnold 

(2001) used a variable sample size approach, Jones et al. (2004) used a CUSUM 

approach, Knoth (2005) used an EWMA approach, Chen and Huanga (2005) used a 

synthetic control charting approach, and He and Grigoryan (2006) used a double 

sampling approach.  

This study proposes different Shewhart type control charts for spread and 

location parameters. The two major concerns of this study are i) Improved process 

monitoring, ii) Robust process monitoring. For improved monitoring of a process 

parameters, use of auxiliary information has been introduced in designing the control 

charts and for robust monitoring of a process, use of robust estimators has been made 
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in designing the control charts. Furthermore, some extensions to EWMA type control 

charts are part of this study. 

 

1.2 Outline of the Thesis 

This thesis contributes to the SPC tool-kit by proposing new control charts for 

the sake of improvement and robustness. Chapters 2 and 3 introduce the use of 

auxiliary information in control charts (Shewhart type) for improved monitoring of 

process location and spread parameters. Chapter 4 presents some univariate control 

charts (Shewhart and EWMA type) for robust monitoring of process spread and 

location parameters. Chapter 5 presents a bivariate generalization of the control chart 

for robust monitoring of the process bivariate spread parameter. Finally, the thesis 

ends with a list of references for this study and a summary.  

It is worth mentioning that  

i) an article entitled “Monitoring Process Mean Level Using Auxiliary Information” 

from the contents of Chapter 2 regarding the rM  chart has been accepted for 

publication in Statistica Neerlandica (cf. Riaz, 2008a);  

ii) an article entitled “Monitoring Process Variability Using Auxiliary Information” 

from the contents of Chapter 3 regarding the rV  chart has been published in 

Computational Statistics (cf. Riaz, 2008b);  

iii) an article entitled “A Process Variability Control Chart” from the contents of 

Chapter 3 regarding the tV  chart has been accepted for publication in Computational 

Statistics (cf. Riaz and Does, 2008a); 

 iv) an article entitled “On Improved Monitoring of Process Variability” from the 

contents of Chapter 3 regarding the zV  chart has  been published in Interstat (cf. 

Riaz, 2007); 
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 v) an article entitled “A Dispersion Control Chart” from the contents of Chapter 4 

regarding the Q  chart has been published in Communications in Statistics - 

Simulation and Computation (cf. Riaz, 2008c);  

vi) an article entitled “A Mean Deviation Based Approach to Monitor Process 

Variability” from Chapter 4 regarding the MD  chart has been accepted for 

publication in Journal of Statistical Computation and Simulation (cf. Riaz and 

Saghir, 2008);  

vii) an article entitled “Probability Weighted Moments Approach to Quality Control 

Charts” from the contents of Chapter 4 regarding the pwS  chart has  been published in 

Economic Quality Control (cf. Muhammad and Riaz, 2006); 

 viii) an article entitled “Monitoring Process Variability Using Gini’s Mean 

Difference” from the contents of Chapter 4 regarding the G  chart has  been published 

in Quality Technology and Quantitative Management (cf. Riaz and Saghir, 2007);  

ix) three articles from Chapter 4 regarding EWMA charts have been published in 

Interstat (cf. Riaz and Abbasi, 2007a and 2007b; Abbasi and Riaz, 2007); 

x) An article from Chapter 4 regarding EWMA charts has been accepted in Fourth 

International Conference on Statistical Sciences (ICSS) - University of Gujrat, 

Gujrat. Pakistan. 2008- May 9-11, Organized by Islamic Countries Society of 

Statistical Sciences (ISOSS)(cf. Riaz and Abbasi, 2008); 

xi) an article entitled “A Comparison of Different Design Schemes for the X  Chart” 

from the contents of Chapter 4 regarding the X  chart has been submitted for 

publication in Journal of Quality Technology (cf. Schoonhoven, Riaz and Does, 

2008);  
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xii) an article entitled “An Alternative to the Bivariate Control Chart for Process 

Dispersion” from the contents of Chapter 5 regarding the G
%

 chart has been accepted 

for publication in Quality Engineering (cf. Riaz and Does, 2008b). 
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CHAPTER 2 

 

IMPROVED MONITORING OF THE PROCESS  

LOCATION PARAMETER 

 

 

In this chapter, use of auxiliary information is introduced for improved 

monitoring of the process location parameter with respect to a single quality 

characteristic of interest, sayY . A proposal is made for the location parameter in the 

form of a Shewhart type control chart which uses information of an auxiliary 

characteristic, say X , on the regression pattern. Assuming bivariate normality of (Y, 

X), the design structure of the proposed control chart is developed for Phase-I quality 

control, targeting moderate and large shifts which is of major concern of Shewhart 

type control charts. Using power curves (which are performance measures for Phase-I 

quality control) as a performance measure, the comparisons of the proposed charts are 

made with some existing control charts used for the same purposes. Finally, an 

illustrative example is added to explain the procedure of the proposed control chart. 

This chapter is based on Riaz (2008a).   

 

2.1 Introduction 

The monitoring of any process output demands an early detection of shifts in 

the process parameters. The shift may be in the process variability or the process 

mean level or both. The variability of any process is controlled first followed by 

controlling of the mean level. In the 1920s, Walter A. Shewhart introduced the idea of 

control charts to monitor any process for variability or process mean level. The 
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commonly used control charts for monitoring process variability are the R chart, the S 

chart, the 2S  chart and for the process mean level are the X chart, the median chart, 

the trimmed mean chart, and the mid-range chart.  

 For an improved monitoring of a quality characteristic of interest, the idea of 

exploiting correlation of the characteristic of interest with some other associated 

quality characteristic(s) has been used in the form of cause-selecting and regression-

adjusted control charts, see e.g. Mandel (1969), Zhang (1984, 1985), Hawkins (1991, 

1993), Wade and Woodall (1993), and Shu et al. (2005). The cause-selecting and 

regression-adjusted control charts are constructed for a quality characteristic of 

interest after adjusting for the effect of some associated characteristic(s) (i.e. the 

residuals are obtained and used for monitoring the quality characteristic(s) of interest).  

  The concept of using information on some auxiliary characteristics is quite 

popular in different fields. The dictionary meaning of the word ‘auxiliary’ is: “An 

individual or group that assists or functions in a supporting capacity”. By identifying 

and observing some auxiliary variables along with the variable of interest, the 

information on the relationship between auxiliary variables and the variable of interest 

can be used to improve the precision with which parameters are estimated. According 

to Singh and Mangat (1996), the prior information on an auxiliary variable can be 

used to enhance the precision of an estimator.  

There are different objectives for which researchers have made use of 

information on auxiliary characteristics. To refer a few of these: Olkin (1958), Raj 

(1965), Srivastava (1965, 66), Rao and Mudholkar (1967), and Adhvaryu (1975) used 

multi-auxiliary supplementary information for estimating the population mean. 

Tikkiwal (1960) used the information on a single auxiliary variable for the estimation 

of the mean and also considered the case when the variable of interest and the 
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auxiliary variable jointly follow a bivariate normal distribution. Isaki (1983) 

compared several variance estimators using auxiliary information. Kuk and Mak 

(1989) discussed the estimation of the median using an auxiliary characteristic. Naik 

and Gupta (1991) discussed a general class of estimators for the population mean 

using auxiliary information. Upadhyaya and Singh (2003) used information on two 

auxiliary variables for the estimation of the mean. Singh et al. (2004) used two 

auxiliary variables for the estimation of the population mean.  

 There are different ways of taking benefit from information on auxiliary 

variables, out of which the Ratio and Regression methods are the most popular.  A 

variety of literature is available where researchers have made use of auxiliary 

information on Ratio and Regression patterns. To refer a few of these: Chand (1975) 

discussed some ratio type estimators using two or more auxiliary characteristics. 

Fuller (1980) comments on a ratio estimator with respect to its smaller approximate 

variance. Royall and Cumberland (1981) provided some empirical results for a ratio 

estimator. Kiregyera (1984) used two auxiliary variables for regression type 

estimators. Mukerjee et al. (1987) and Ahmed (1998) discussed regression type 

estimators using multiple auxiliary information. Prasad (1989) introduced some 

improved ratio type estimators for the population mean. Singh and Gangele (1989-95) 

discussed an improved estimator with known coefficient of variation using two 

auxiliary variables. Reddy (1993) discussed product and ratio estimation procedures. 

Sahoo and Sahoo (1999) compared some regression type estimators in double 

sampling procedures. Singh (2001) used transformed auxiliary variables for 

estimating the population mean in two-phase sampling. Magnus (2002) introduced an 

estimator for the mean of a normal distribution in a regression context. 
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 Hawkins (1993) concludes in his paper that i) Multivariate control charts 

capitalize on the correlation between different correlated characteristics at the cost of 

losing simplicity, ii) Individual univariate control charts provide better visual picture 

and clues for process improvement at the cost of missing out the possibility of 

capitalizing on the correlation between different correlated characteristics, iii) 

Quadratic form based control charts exploit the correlation between different 

correlated quality characteristics at the cost of losing the benefit of interpretability and 

performance loss. He proposed an alternative approach which overcomes the 

aforementioned three problems keeping their respective benefits. He argued about his 

approach as: “In this approach, information on the dynamics of the process itself is 

used to uncover the directions of causality giving rise to the correlations in the data. 

This diagnosis in turn leads to prescriptions for the regression adjustment of different 

variables”. He classified the processes into two main categories i) Cascade: “where 

each variable that changes the distribution affects those below but not above it”, ii) 

Without Cascade: “where each variable may undergo a distributional change without 

affecting any others”. 

The inspirations and directions of this chapter and the next chapter (i.e. 

Chapter 3) are taken from Hawkins (1993).  For processes without cascade property, 

information about an auxiliary characteristic X is introduced for improved monitoring 

of process location and variability parameters with respect to a quality characteristic 

of interest Y. 

 In this chapter, the information about a single auxiliary characteristic X is 

introduced for improved monitoring of a process location parameter of a quality 

characteristic of interest Y. Assuming bivariate normality of (Y, X), a Shewhart type 
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process location control chart ( which is a threshold control chart) is proposed for 

Phase-I quality control.  

 In the following sections, i) the design structure of the proposed chart is 

developed for improved process monitoring following the pioneering work of 

Shewhart (1931), Pearson (1932), Pappanastos and Adams (1996), Ramalhoto and 

Morais (1999), Gonzalez and Viles (2000 and 2001), ii) the power curves are 

constructed as a performance measure of the proposed chart following Scheffe (1949), 

Duncan (1951), Nelson (1985),  iii) the comparisons of the design structure of the 

proposed chart is made with some existing control charts (like Shewhart’s well-

known X chart, cause-selecting and regression-adjusted charts) used for the same 

purposes following Tuprah and Ncube (1987), Acosta-Mejia et al. (1999), Ding et al. 

(2005) and iv) an illustrative example is also given to explain the working of the 

proposed control chart.  

 

2.2 The Proposed Control Chart ( the rM Chart) 

 In this section, the information about a single auxiliary characteristic X is 

introduced for the improved monitoring of the process mean level of a quality 

characteristic of interest Y. Assuming bivariate normality of (Y, X), a Shewhart type 

process mean control chart, namely the rM  chart (a threshold control chart), is 

proposed which is based on the regression estimator of the process mean level. The 

focus of the proposed chart is on Phase-I quality control. The regression estimator for 

the mean of Y, using a single auxiliary variable X, is defined for a bivariate random 

sample 1 1 2 2( ,  ),  ( ,  ),  ..., ( ,  )n ny x y x y x  of size n as: 

( )r xM y b xµ= + − ,                                                                                                  (2.1) 
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where y  is the sample mean of Y, x  is the sample mean of X , xµ  is the population 

mean of X (assumed to be known) and b is defined as: 

( )yx y xb r s s= ,                              (2.2) 

where yxr  is the sample correlation coefficient between Y and X , xs  is the sample 

standard deviation of X  and ys  is the sample standard deviation of Y. 

 Assuming bivariate normality of (Y, X) a relationship between yµ  (the 

unknown process mean of the quality characteristic of interest Y which has to be 

monitored) and rM  (the regression estimator of yµ  defined in (2.1)) is required to 

develop the structure of the rM  chart. Let ( ) ( ) ( )1 1 2 2,  ,  ,  ,  ..., ,  n ny x y x y x  be a 

bivariate random sample of size n from a bivariate normal distribution, and let C  be 

the random variable that defines a relationship between yµ  and rM  as: 

( ) /r y yC n M µ σ= − ,                                                                                              (2.3) 

where yσ is the standard deviation of Y, which has already been controlled using some 

variability control chart (e.g. the R  chart, or the S  chart). The relationship defined in 

(2.3) helps determining the parameters (i.e. centerline, lower and upper control limits) 

of the proposed rM  chart.  

 Now if the distributional behavior of C  is known then the sample statistic rM  

can easily be used for the testing of hypotheses about shifts in yµ . When (Y, X) follow 

bivariate normal distribution, the distributional behavior of C  depends only on 

yxρ (the correlation between Y and X) and n. The distributional behavior of C , in 

terms of its mean, standard error and quantile points, is required for the development 
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of the rM  chart, and is explored in the following paragraphs when (Y, X) follow a 

bivariate normal distribution. 

 First for the mean, applying expectations to (3) gives: 

( ) ( ( ) / ) ( ) /r y y r y yE C E n M nE Mµ σ µ σ= − = − .                                               (2.4) 

Here ( )rE M  can safely be replaced by its estimate rM (the mean of the sample 

rM ’s) using an appropriate number of random samples, as discussed in Hillier 

(1969) and Yang and Hillier (1970), from the process under study when the process is 

in the state of statistical control (just like R  replaces the ( )E R for the R-Chart). Thus 

from (2.4) an estimate of yµ  , after rearranging and simplifying the terms, is given as:  

ˆ ˆ ( ) /y r yM E C nµ σ= − .                                                                        (2.5) 

The regression estimator rM  is generally a biased estimator of the population 

mean  yµ , but the bias vanishes when the relationship between Y and X is linear (see 

Sukhatme and Sukhatme (1984, p. 238)). For the case of bivariate normal (Y, X), 

rM is unbiased for yµ  and hence ( ) 0E C = . Thus (2.5) results into the following: 

ˆ y rMµ = .                                                                                                                   (2.6) 

Also from (2.4) we have: 

( )r yE M µ= .                                    (2.7)  

Replacing the estimate of yµ  (given in (2.6)) in (2.7) gives: 

( ) ~r rE M M .                  (2.8)  

 Secondly, for the standard error, let the standard deviation ofC  (i.e. Cσ ) be 

2C kσ = .                   (2.9)  
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It is not easy to get the analytical results for 2k  because 2( )rE M  is difficult to obtain 

analytically. Note that approximations for 2k  exist (see Sukhatme and Sukhatme 

(1984, p. 267) and (2.14)). So simulation results are obtained for 2k  (in practice, 

simulation methods are often used to evaluate the expectation of a statistic, see Ross 

(1990)). The coefficient 2k  depends entirely on yxρ  and n, in the case of a bivariate 

normal distribution. Using 10,000 random samples generated from a standard 

bivariate normal distribution, without loss of generality, the results of 2k  have been 

obtained, for different combinations of yxρ  and n, 1000 times each (for a detailed 

discussion regarding the number of simulations needed in control chart studies, see 

Schaffer and Kim (2007)). Based on these results, the mean values of 2k , along with 

their respective standard errors, are provided in Table 1, given in Riaz (2008a), for n 

= 5, 6, …. , 15, 20, 25, 30, 50, 100 at some representative values of yxρ . Similar 

results can easily be obtained for any combination of  yxρ  and n. 

Also taking the variance of C  and then simplification gives the expression for Cσ  as: 

/
rC M ynσ σ σ= ,                                     (2.10) 

where
rMσ represents the standard deviation of the distribution of the sample 

statistic rM . 

Using (2.9) in (2.10) and rearranging yields the following result for
rMσ : 

2 /
rM yk nσ σ= .                                                        (2.11) 

Substituting the estimate for yσ in (2.11), the estimate for 
rMσ is given as:  

2ˆ ˆ /
rM yk nσ σ= .                                                        (2.12) 
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where ˆ yσ is the controlled estimate of the process standard deviation yσ which can be 

obtained from some variability control chart. 

An approximation for
rMσ , when (Y, X) follow a bivariate normal distribution, is given 

as (see Sukhatme and Sukhatme (1984, p. 267)): 

2 2~ (1 )(1 1/( 3)) /
rM y yx n nσ σ ρ− + − .                                    (2.13) 

Consequently 

2
2 ~ (1 )(1 1/( 3))yxk nρ− + − .                                              (2.14) 

Asymptotically, and even for small values of n, the approximation (2.14) works well, 

as can be concluded from Table 1, given in Riaz (2008a).     

Lastly, for the quantile points of the distribution of C , let aC  represent the tha  

quantile point of the distribution of C  (i.e. the point where C  completes a % area). 

Analytical results for aC  are difficult to obtain so simulation results are obtained for 

aC . For a bivariate normal distribution of (Y, X), the quantile points of the distribution 

of C  depend entirely on yxρ  and n. Using the same 10,000 simulated random 

samples, the results of aC  have been obtained (like the quantile points of /W R σ=  

that determine the values of control limits of the R chart and the power of the chart) 

for different combinations of yxρ  and n, 1000 times each. Based on these results, the 

mean values of some commonly used quantile points, along with their respective 

standard errors, are provided for n = 5, 6, …. , 15, 20, 25, 30, 50, 100 in Tables 

2−11, given in Riaz (2008a), at some representative values of yxρ . Similar results can 

easily be obtained for any combination of yxρ  and n. These quantile points help 

determining the control limits and the power of the proposed rM  chart to detect shifts 

in the process mean level for the quality characteristic of interest Y. The distributional 
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behavior of C  is not symmetrical, at least for small values of n, as is obvious from 

Tables 2−11, given in Riaz (2008a). Asymptotically, C  is normally distributed as 

2(0, (1 )(1 1 /( 3)))yxN nρ− + − ).    

 

2.2.1 Parameters of the Proposed rM Chart 

 The Central Line (CL), Lower Control Limit (LCL) and Upper Control Limit 

(UCL) are the three parameters of any Shewhart type control chart. There are two 

approaches to express these parameters namely the probability limits approach and 

the 3-sigma limits approach. In case of an asymmetric distributional behavior of the 

relevant estimator, the probability limits approach is preferred. If the distributional 

behavior of the relevant estimator is nearly symmetric then the 3-sigma limits 

approach is a good alternative. The parameters of the proposed rM  chart using both 

approaches are expressed in the following two subsections. 

 

2.2.1.1 Probability Limits Approach  

The value rM  corresponds to CL of the proposed rM  chart, just like R  for 

the R chart provided in Alwan (2000, p. 347) and S for the S chart provided in Alwan 

(2000, p. 362). Assuming the probability of making a Type-I error to be less than a 

specified value say α , the control limits ( which are actually the true probability 

limits) for the proposed rM  chart are defined as: 

( )
( )

w ith

w ith 1
l l

u u

r n r r l

r n r r u

L C L M P M M

U C L M P M M

α

α

⎫= = ≤ ⎪
⎬

= = ≥ − ⎪⎭
,                                  (2.15)  

where 
lr

M  and 
ur

M  are the quantile points of the distribution of rM  below which the 
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areas are lα  and 1 uα−  respectively, ul ααα +=  and ( )nP X x=  represents the 

cumulative distribution function of X  at point x, for a given value of n. 

Now using (2.3) and (2.6) in (2.15) and simplification gives the following: 

( )
( )

ˆ with

ˆ with 1
l

u

r r l y n l l

r r u y n u u

LCL M M C n P C C

UCL M M C n P C C

σ α

σ α

⎫= = + = ≤ ⎪
⎬

= = + = ≥ − ⎪⎭
,                               (2.16) 

Thus the quantile points of the distribution of C , the average of sample rM ’s 

(i.e. rM ) and ˆ yσ ( a controlled estimate of the process standard deviation yσ , available 

from some process variability control chart like the R  chart, or the S  chart) allow 

setting the true probability limits for the proposed rM  chart. These results are based 

on the observed data set of say m subgroups each of a fixed size say n . 

 

2.2.1.2 Three-Sigma Limits Approach  

If the normal approximation to the distribution of C  is used then the 

parameters of rM  chart with the usual 3-sigma control limits are given as: 

3

3

r

r

r M

r

r M

LCL M

CL M
UCL M

σ

σ

⎫= −
⎪⎪= ⎬
⎪= + ⎪⎭

,                                                                                               (2.17) 

Using (2.12) in (2.17) gives the following result: 

2

2

ˆ3 /

ˆ3 /

r y

r

r y

LCL M k n

CL M

UCL M k n

σ

σ

⎫= −
⎪⎪= ⎬
⎪= + ⎪⎭

,                                                                                     (2.18) 

where the values of 2k  are provided in Table 1, given in Riaz (2008a). 

The validity of these 3-sigma limits based parameters of the proposed rM  chart 

depends on how close the normal approximation is to the true distribution of C . 
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After deciding the control structure, for given significance level, by either the 

probability limit approach or the 3-sigma limit approach, the sample statistic rM  is 

plotted against time order of the samples. If all the sample rM ’s lie within control 

limits, there is reasonable evidence to conclude that there is no shift  in the process 

mean level and the process is stable at rM . Otherwise, some assignable cause(s) are at 

work, causing a shift in the process mean level.  

To address small and moderate shifts, using the developed structure of the rM  

chart, the runs rules (as discussed by Nelson (1984), Wheeler (1995) and Does and 

Schriever (1992)) may be supplemented to its basic structure. As a result, the risk of 

false alarms is increased.  

  

2.2.2 Comparisons of the Proposed rM Chart 

 In this section, some comparisons of the proposed rM  chart are made with the 

well-known Shewhart X  chart (as the characteristic of interest is denoted by Y in this 

study so the name Y  chart will be used instead of X  chart later in this chapter) and 

the cause-selecting charts of Zhang (1984) and Wade and Woodall (1993). As the 

focus of the proposal is on Phase-I quality control, so power curves have been used as 

a performance measure (in contrast to Phase-II quality control where the Average Run 

Length (ARL) is used as a performance measure) of the control charts following 

Albers and Kallenberg (2006). 

 

2.2.2.1 rM Chart  vs.  Y Chart 

 Using the parameters for the and  rM Y charts, as given in (2.16) and Alwan 

(2000, p.394) respectively, the performance of the rM  chart has been compared with 
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that of the Y  chart in terms of discriminatory power. As the distributional behavior of 

C  is not symmetrical, at least for small values of n, so we have preferred to use the 

probability limits approach for the two charts to set control limits for a given 

significance level (α ). Using the respective control structures of the two charts, the 

control limits of the rM  and Y  charts have been obtained for different combinations 

of yxρ  and n, using different significance levels, and power curves for the two charts 

have been constructed. The power curves, for n = 15, are produced here for some 

values of yxρ  in Figure 2.1 (using 0.01α = ). We have equally divided the α  on both 

the tails i.e. half of theα on the left tail and half on the right tail.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Figure 2.1, the curve referred to as Y represents the power curve of the Y  chart 

while the curves referred to as 
    

,  ,   and  
0.10 0.30 0.50 0.70r r r rM M M M  represent the power 

curves of the rM  chart when yxρ  is 0.10, 0.30, 0.50 and 0.70 respectively. Similar 

Fig. 2.1:   Power curves of the  chart and the chartrY  M with   

= 0.10, 0.30, 0.50, 0.70 using = 0.01 yx           ρ α  

Y  

 0.10rM  
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behavior is observed for other values of n. We may conclude that the discriminatory 

power of the rM  chart is higher than that of the Y  chart and the gain in terms of 

discriminatory power for the rM  chart keeps increasing with an increase in yxρ , as 

can be seen in Figure 2.1. 

 

2.2.2.2 rM Chart vs.  Cause-Selecting & Regression-Adjusted Charts 

 The cause-selecting and regression-adjusted control charts exploit the 

correlation between Y and X in the same manner (i.e. both types of charts are 

constructed  for a quality characteristic of interest Y after adjusting for the effect of 

some correlated characteristic X ) so the comparisons of the proposed rM  chart are 

made only with the cause-selecting charts. In this chapter, the performance of the rM  

chart is compared with those of cause-selecting approaches proposed by Zhang (1984) 

and Wade and Woodall (1993).  

 Wade and Woodall (1993) proposed prediction limits by modifying Zhang 

(1984) limits. Particularly, they considered 2 250, 0.006, 1y xn α σ σ= = = =  and 

computed the powers for detecting different shifts in yµ  for given x , using Zhang’s 

limits and their proposed prediction limits. They claimed slightly better performance 

of their proposed prediction limits than Zhang’s limits, for detecting shifts in yµ  for 

given x . For the same situation (i.e. 2 250, 0.006, 1y xn α σ σ= = = = ), the powers are 

computed using the control limits of the proposed rM  chart of this chapter. The same 

shifts in yµ  for given x  have been considered, as were considered by Wade and 

Woodall (1993) for Zhang’s limits and their proposed prediction limits. The powers 

are then plotted against different shifts in yµ  given x  for the Zhang (1984) limits, the 
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Wade and Woodall (1993) prediction limits and the limits based on the proposed rM  

chart of this chapter. The resulting power curves are shown in Figure 2.2 using 

0.90yxρ =  for comparison purposes. A similar pattern of power curves has been 

observed for 0.50yxρ =  as well. 

 Fig. 2.2: Power Curves for the Zhang’s Limits, the Wade and    
Woodall’s Limits and the Mr Chart Based Limits 

Using 0.90yxρ =   and 0.006α =  
 1 

2 
3 

321

1.0 

0.0 

Shifts 

Power 

 

In Figure 2.2, the curves referred to as ‘1’, ‘2’ and ‘3’ are of Zhang’s limits, Wade 

and Woodall’s prediction limits and rM  chart based limits respectively.  

 We may conclude that in terms of the discriminatory power, i) the prediction 

limits of Wade and Woodall (1993) are slightly better than Zhang’s (1984) (as 

claimed by Wade and Woodall (1993) ) ii) the proposed  rM  chart based limits of this 

chapter are slightly better than those of Wade and Woodall (1993), as is obvious from 

Figure 2.2. This improved performance of the proposed rM  chart based limits may be 

due to the exploitation of the correlation between Y and X (once in estimating b of 

(2.1) and then in computing rM defined in (2.1)). These results may easily be claimed 
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for the rM  chart relative to Hawkins (1993) regression-adjusted charts at least for the 

processes without cascade property (see Hawkins (1993)) due to the similar structure 

of these charts. 

 

2.2.3 An Illustrative Example of the Proposed rM Chart 

 To illustrate the application of the proposed rM  chart, let us consider the data 

considered first by Constable et al. (1988) and then by Wade and Woodall (1993) on 

X = ROLLWT and Y = BAKEWT. They considered the paired information on 

( , )Y X and used X to find the fitted values Ŷ  and then the residuals ˆY Y−  by fitting 

the least square regression line of Y on X when the process is assumed to be stable (in-

control). They used the first 45 data points (which are from a stable state of the 

process) to find the fitted valuesŶ . After capitalizing on the relationship between Y 

and X this way, the residuals (i.e. ˆY Y− ) were computed for the improved process 

monitoring for Y. We consider here the same data set by giving the role of auxiliary 

variable to X and the role of characteristic of interest to Y. The same first 45 stable 

data points on ( , )Y X  are used and the means, standard deviations and correlation 

between Y and X are computed. These are: Mean (Y) = 201.18, Mean (X) = 210.24, 

SD (Y) = 1.17, SD (X) = 1.23 and Corr ( , )Y X = 0.54. As these results are obtained 

from stable points of the process, we assume here these estimates as the true 

parameter values just for illustration purposes (i.e. yµ = 201.18, xµ  = 210.24, yσ  = 

1.17, xσ  = 1.23 and yxρ = 0.54). Assuming bivariate normality of ( , )Y X and 

considering xµ  = 210.24 to be the known mean value of auxiliary variable X, ten 

bivariate random samples (ideally these should be 20-30 initial random samples as 

recommended by Shewhart but for convenience we have considered only ten here) 
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each of size ten are simulated from a bivariate normal distribution i.e. 

2 ( , , , , )y x y x yxN µ µ σ σ ρ . The inspiration for this approach of simulation is taken from 

Singh and Mangat (1996, p.221).The simulated data contains 90% values from 

2 (201.18, 210.24,1.17,1.23, 0.54)N and 10% values from 2 (203.18, 210.24,1.17,1.23, 0.54)N  

(i.e. the data is contaminated for yµ ). The resulting data set of ten bivariate random 

samples ( , )Y X , each of size ten, is given in Table A2.1, given in the Appendix of this 

chapter. Now the objective is to see whether the rM  chart is able to detect the 

contamination in the data or not? For this purpose, the sample statistics rM  and yR  

(i.e. the sample ranges for Y) are computed for these ten samples and are given in the 

following table. 

                  
The Sample Statistics  rM  and yR   for the Data Set of Table A2.1 

 
Sample Number rM  yR  

1 201.286 4.321 

2 201.593 4.417 

3 201.691 3.845 

4 201.278 4.568 

5 201.863 3.504 

6 201.226 5.106 

7 201.240 3.470 

8 201.653 3.737 

9 200.364 2.603 

10 201.408 3.813 
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Based on the results of the above table, the control limits for the rM  chart using its 

control structure given in (2.16) are given as (using 0.02α = ): 

0.01

0.99

ˆ /

ˆ /

r y

r

r y

LCL M C n

CL M

UCL M C n

σ

σ

⎫= +
⎪⎪= ⎬
⎪= + ⎪⎭

,                                                                                   (2.19) 

where 2ˆ / 3.938 / 3.078 1.2794y yR dσ = = = , .01 2.1391C = − . 

The rM  chart using the control limits given in (2.19), for the simulated data set of 

Table A2.1, is given in Figure 2.3. 

   

  

 

 

 

 

 

 

 

 

 

The sample statistic rM , on its control chart, falling outside lower and upper control 

limits refers to some assignable cause(s) in the process at that time point. The rM  

chart gives a signal of some assignable cause(s) for the sample at time point 9 in the 

simulated data set.  
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2.2.4 Conclusions for the Proposed rM Chart 

The proposal of this chapter is a Shewhart type control chart for Phase-I 

quality control. The proposed rM  chart uses the information on a single auxiliary 

variable and capitalizes on its correlation with a quality characteristic of interest for 

the improved monitoring of the mean level of the quality characteristic of interest. It 

has been observed that the performance of the rM  chart, in terms of the 

discriminatory power, keeps improving with an increase in yxρ . Also comparisons 

with the conventional, cause-selecting and regression-adjusted control charts have 

proven a better performance of the proposed rM  chart, in terms of the discriminatory 

power, for detecting shifts in the process mean level for Y (i.e. yµ ). 
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Appendix to Chapter 2 

 

Table A2.1: Simulated Data Set 

 
Sample 
Number Sample Values in Pairs (Y,X) of size Ten 

Y 203.32 200.65 204.06 202.01 200.36 200.58 199.73 200.68 200.81 200.92 
1 

X 212.04 210.38 209.50 210.66 210.12 212.05 209.91 209.14 210.30 212.90 

Y 202.88 201.15 200.54 199.11 201.50 200.79 201.72 203.25 201.77 203.52 
2 

X 211.23 209.11 210.18 210.92 209.62 209.86 213.26 211.31 211.36 210.90 

Y 201.34 201.41 203.76 200.57 200.76 203.44 201.31 202.47 201.77 199.91 
3 

X 209.86 207.93 209.26 208.50 210.21 211.61 210.99 210.08 210.94 209.50 

Y 199.51 199.39 202.62 201.88 200.48 199.29 202.93 203.86 200.43 202.61 
4 

X 208.94 210.75 210.71 211.01 212.09 207.76 210.77 211.87 210.40 211.52 

Y 200.86 200.42 201.27 201.70 203.92 202.37 202.45 202.16 201.04 202.65 
5 

X 211.20 208.89 210.53 209.16 211.59 211.06 211.72 209.34 211.77 212.02 

Y 201.11 201.48 203.09 201.27 199.65 201.42 203.84 201.19 198.73 200.52 
6 

X 209.99 212.08 209.67 211.64 208.98 212.15 211.39 209.78 207.87 209.84 

Y 200.49 201.38 202.63 201.02 202.04 199.39 199.33 202.80 201.29 201.88 
7 

X 209.35 211.11 209.27 210.23 209.74 210.75 208.71 210.73 209.88 210.55 

Y 202.74 201.59 203.83 202.69 201.89 200.72 200.30 200.10 202.38 200.27 
8 

X 211.43 208.45 211.29 212.20 208.75 208.55 211.41 212.91 208.98 207.56 

Y 200.95 201.65 201.76 200.14 199.36 199.55 199.75 201.20 199.16 199.91 
9 

X 212.17 210.69 209.30 209.60 206.72 209.72 209.94 210.41 208.13 208.53 

Y 199.92 200.85 201.38 201.92 201.29 201.11 199.78 203.12 203.60 201.04 
10 

X 208.93 210.28 210.57 210.31 209.22 210.51 209.29 210.02 212.12 210.14 
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CHAPTER 3 

 

IMPROVED MONITORING OF THE PROCESS  

SPREAD PARAMETER 

 

 

In this chapter, use of auxiliary information is introduced for improved 

monitoring of the process variability with respect to a single quality characteristic of 

interestY . Two proposals are made for monitoring the variability parameter. The 

proposals for the variability parameter are two Shewhart type control charts: one 

proposal uses information of auxiliary characteristic X  on the regression pattern and 

the other on the ratio pattern. Assuming bivariate normality of (Y, X), design 

structures of proposed control charts are developed for Phase-I quality control, 

targeting moderate and large shifts which are major concerns of Shewhart type control 

charts. Using power curves (which are performance measures for Phase-I quality 

control) as a performance measure, the comparisons of the proposed charts are made 

with an existing control chart used for the same purposes. Comparisons among the 

proposed control charts are also made. This chapter is based on two papers: Riaz 

(2008b), and Riaz and Does (2008a). A related paper is Riaz (2007) in which another 

ratio type estimator for the variance of Y  using a single auxiliary variable X  is 

defined for a bivariate random sample. The results of Riaz and Does (2008a) have 

outperformed the results of Riaz (2007) so we discuss only the results of Riaz and 

Does (2008a) here in this chapter.    
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3.1 Introduction 

 The application of a process variability control chart is complementary to the 

application of a control chart for monitoring the process location parameter. The 

process variability is controlled before controlling the mean level of a quality 

characteristic. Well known examples are the R chart and the S chart. Following the 

inspiration, given in Chapter 2, of using auxiliary information in control charts for 

improved monitoring of the location parameter, use of auxiliary information is 

introduced here for improved monitoring of the process variability parameter. 

Assuming bivariate normality of (Y, X), two Shewhart type process variability control 

charts (which are threshold control charts) are proposed for Phase-I quality control.  

In the following sections, i) the design structures of the proposed charts are 

developed for improved process monitoring, ii) the power curves are constructed as a 

performance measure of the proposed charts, iii) the comparisons of the design 

structures of the proposed charts are made with an existing control chart used for the 

same purposes and the comparisons among the two proposed control charts have also 

been made, and iv) an illustrative example of each proposed control chart is also 

given to explain the working of these proposed control charts.  

 There are different ways of using the information available on auxiliary 

characteristics. Out of these, the regression and ratio patterns are the most popular 

ways of taking benefit out of the information on auxiliary characteristics. In the 

following sub-sections, information on a single auxiliary characteristic is used for 

improved monitoring of the process variability parameter with respect to one quality 

characteristic of interest, on regression and ratio patterns. 
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3.2  The Proposed Control Chart I (the rV Chart) 

 In this section,  the information about an auxiliary characteristic X is 

introduced for improved monitoring of the process variability of a quality 

characteristic of interest Y. Assuming bivariate normality of (Y, X) a new Shewhart 

type process variability control chart namely the rV  chart (a threshold control chart) is 

proposed which is based on a regression type estimator of variance. The regression 

type estimator for variance of Y using a single auxiliary variable X is defined for a 

bivariate random sample ( ) ( ) ( )1 1 2 2,  ,  ,  ,  ..., ,  n ny x y x y x  of size n as: 

( )2 2 2
r y x xV s b sσ= + − ,                                                                                                 (3.1) 

where 2
ys  is the sample variance of Y, 2

xs  is the sample variance of X, 2
xσ  is the 

population variance of X (assumed to be known) and b is defined as: 

( ) ( )

( ) ( )

( )

( )

2 2 4

2 21 1
2

2 2 2

1 1 1

   1    1

n n

i i i
i i

y xn n n

i i i
i i i

n y y x x n x x
b s s

y y x x x x

= =

= = =

⎛ ⎞⎛ ⎞ ⎜ ⎟− − −⎜ ⎟ ⎜ ⎟⎜ ⎟= − −⎜ ⎟⎜ ⎟ ⎛ ⎞− − ⎜ ⎟−⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

∑ ∑

∑ ∑ ∑
,                  (3.2) 

where and   y x are the sample means of Y and X  respectively. 

 Assuming bivariate normality of (Y, X) a relationship between 2
yσ  (the 

unknown process variability of the quality characteristic of interest Y which is to be 

monitored) and rV  (the regression type estimator of 2
yσ  defined in (3.1)) is required to 

develop the structure of the proposed rV  chart. Let ( ) ( ) ( )1 1 2 2,  ,  ,  ,  ..., ,  n ny x y x y x  be 

a bivariate random sample of size n from a bivariate normal distribution, and let D  be 

a random variable that defines a relationship between 2
yσ  and rV  as: 

2
r yD V σ= ,                                                                                                               (3.3) 
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which helps in determining the parameters (i.e. centerline, lower control limit and 

upper control limit) of the proposed rV  chart.  

 Now if the distributional behavior of D  is available then the sample statistic 

rV  can easily be used for testing hypotheses about shifts in 2
yσ . When (Y, X) follows a 

bivariate normal distribution, the distributional behavior of D depends only on yxρ  

(the correlation between Y and X) and n. The distributional behavior of D , in terms of 

its mean, standard error and quantile points, is required for the development of rV  

chart and is explored in the following paragraphs,  when (Y, X) follows a bivariate 

normal distribution. 

 First for the mean, applying expectations to (3.3) gives: 

2 2( ) ( / ) ( ) /r y r yE D E V E Vσ σ= = .                                                                       (3.4) 

Here ( )rE V  can safely be replaced by its estimate rV (the mean of sample rV ’s) using 

an appropriate number of random samples. Thus from (3.4) an estimate of 2
yσ  , after 

rearranging the terms, is given as:  

2ˆ / ( )y rV E Dσ = .                                                               (3.5) 

Let   

( ) 0E D v= .                                         (3.6)  

It is not easy to get the analytical results for 0v  because ( )rE V  is difficult to obtain 

analytically. So simulation results are obtained for 0v  in this chapter (In practice, 

simulation methods are often used to evaluate the expectation of a statistic, see Ross 

(1990)). Note that there exist approximations for 0v  (see Garcia and Cebrian (1996) 

and (3.11)). The coefficient 0v  entirely depends on yxρ  and n for the case of a bivariate 

normal distribution. Using 10,000 random samples generated from the standard 
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bivariate normal distribution without loss of generality, the results of 0v  have been 

obtained, for different combinations of yxρ  and n, 1000 times each. Based on these 

results the mean values of 0v , along with their respective standard errors, are provided 

in Table 1, given in Riaz (2008b), for n = 5, 6, …. , 15, 20, 25, 30, 50, 100 at some 

representative values of yxρ . Similar results can easily be obtained for any 

combination of  yxρ  and n. 

Now using (3.6) in (3.5), the estimate of 2
yσ  is given as: 

2
0ˆ /y rV vσ = .                              (3.7) 

The expression for 2ˆ yσ  given in (3.7) is similar to 2
ˆ R dσ =  derived for the R chart 

assuming a normal distribution by Alwan (2000, p.393), 4
ˆ S cσ = derived for the S 

chart assuming a normal distribution by Alwan (2000, p.396) and 1
ˆ R mσ =  derived 

for the design of the R chart assuming a gamma distribution by Gonzalez and Viles 

(2001).  

Now combining (3.4) and (3.6) yields: 

( ) 2
0r yE V v σ= .                             (3.8)  

Replacing the estimate of 2
yσ  (given in (3.7)) in (3.8) and simplification gives: 

( )r rE V V= .                              (3.9)  

A first order approximation for ( )rE V , when (Y, X) follows a bivariate normal 

distribution, is given as (see Garcia and Cebrian (1996)): 

2( ) ~r yE V σ .                                       (3.10) 

Consequently, 

0 ~ 1.00v ,                            (3.11) 
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and (3.7) can be written as:  

2ˆ ~y rVσ .                 (3.12) 

Asymptotically this first order approximation result (3.12) works very well, and even 

for smaller values of n it works fairly good as can be seen from Table 1, given in Riaz 

(2008b). Thus rV  can be safely used as an unbiased estimator of 2
yσ , and hence (3.12) 

can be used for an unbiased estimation of unknown process variability. Thus the rV  

chart, not only asymptotically but even for small values of n, can work  without 

constants, like 2d  for the R chart and 4c  for the S chart, for an unbiased estimation of 

process variability.  

 Secondly, for the standard error, let the standard deviation of D  (i.e. Dσ ) be 

1D vσ = .                 (3.13)  

For the same reason given above for 0v , the analytical results for 1v  are difficult to 

obtain. So simulation results are obtained for 1v  in this chapter. The coefficient 1v  

entirely depends on yxρ  and n for the case of a bivariate normal distribution. Using the 

same 10,000 simulated random samples, the results of 1v  have been obtained, for 

different combinations of yxρ  and n, 1000 times each. Based on these results the mean 

values of 1v , along with their respective standard errors, are provided in Table 2 of 

Riaz (2008b), for n = 5, 6, …. , 15, 20, 25, 30, 50, 100 at some representative values 

of yxρ . Similar results can easily be obtained for any combination of  yxρ  and n. 

Also taking the variance of D  and then simplification gives the expression for Dσ  as: 

2/
rD V yσ σ σ= ,                                       (3.14) 
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where 
rVσ represents the standard deviation of the distribution of the sample 

statistic rV . 

Using (3.13) in (3.14) and rearranging yields the following result for
rVσ : 

2
1rV yvσ σ= .                                                                    (3.15) 

Substituting the estimate for 2
yσ , given in (3.7), into (3.15), the estimate for 

rVσ is 

given as:  

1 0ˆ /
rV rv V vσ = .                                (3.16) 

The expression in (3.16) is similar to the expression for ˆRσ  of R  chart as provided in 

Alwan (2000, p.394). 

The result given in (3.16) can safely be approximated, for any values of n, by using 

(3.12) in (3.15) as: 

1ˆ ~
rV rv Vσ .                                                       (3.17) 

An approximation for
rVσ , when (Y, X) follows a bivariate normal distribution, is 

given as (see Isaki (1983)): 

4 4~ 2 (1 ) /( 1)
rV y yx nσ σ ρ− − .                          (3.18) 

Consequently, 

4
1 ~ 2(1 ) /( 1)yxv nρ− − .                                                               (3.19) 

This approximation result (3.19) works well only asymptotically. For the case of 

small values of n it is a poor approximation as can be concluded from Table 2 of Riaz 

(2008b).   

Lastly, for the quantile points of the distribution of D , let aD  represent the 

tha  quantile point of the distribution of D  (i.e. the point where D  completes a % 
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area). Analytical results for aD  are difficult to obtain so simulation results are 

obtained for aD . For a bivariate normal distribution of (Y, X) the quantile points of the 

distribution of D entirely depend on both yxρ  and n. Using the same 10,000 simulated 

random samples, the results of aD  have been obtained. Based on these results the 

mean values of some commonly used quantile points, along with their respective 

standard errors, are provided for n = 5, 6, …. , 15, 20, 25, 30, 50, 100 in Tables 

3−12, given in Riaz (2008b), at some representative values of yxρ . Similar results can 

easily be obtained for any combination of yxρ  and n. These quantile points help in 

determining the control limits and the power of the proposed rV  chart to detect shifts 

in the process variability. The distributional behavior of D is not symmetrical at least 

for small values of n, as is obvious from Tables 3−12 given in Riaz (2008b). 

Asymptotically D is normally distributed as 4(1, 2(1 ) /( 1))yxN nρ− − .    

 

3.2.1 Parameters of the Proposed rV Chart 

 The three parameters (i.e. CL, LCL and UCL) of the proposed rV  chart using 

the two approaches, discussed in Section 2.2.1 of Chapter 2, are expressed in the 

following two subsections.  

 

3.2.1.1 Probability Limits Approach  

The value rV  corresponds to CL of the proposed rV  chart just like R  for the R 

chart provided in Alwan (2000, p. 347) and S for the S chart provided in Alwan 

(2000, p. 362). Assuming the probability of making a Type-I error to be less than a 
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specified value say α , the control limits ( which are actually the true probability 

limits) for the proposed rV  chart are defined as: 

( )
( )

w ith

w ith 1
l l

u u

r n r r l

r n r r u

L C L V P V V

U C L V P V V

α

α

⎫= = ≤ ⎪
⎬

= = ≥ − ⎪⎭
,                                              (3.20)  

where ul ααα +=  and nP , as defined in Chapter 2, represents the cumulative 

distribution function for a given value of n. 

Now using (3.3) and (3.7) in (3.20) and simplification finally gives the following: 

( )
( )

0

0

/ with

/ with 1
l

u

r l r n l l

r u r n u u

LCL V D V v P D D

UCL V D V v P D D

α

α

⎫= = = ≤ ⎪
⎬

= = = ≥ − ⎪⎭
,                                             (3.21) 

or using (3.12) instead of (3.7) in (3.20), result (3.21) can safely be converted into 

following: 

( )
( )

with

with 1
l

u

r l r n l l

r u r n u u

LCL V D V P D D

UCL V D V P D D

α

α

⎫= = = ≤ ⎪
⎬

= = = ≥ − ⎪⎭
.                                                  (3.22) 

Thus the quantile points of the distribution of D  and the average of the sample rV ’s 

(i.e. rV ) allow setting the true probability limits of the proposed rV  chart. These 

results, as in Chapter 2,  are based on the observed data set of say m subgroups each 

of a fixed size say n . 

 

3.2.1.2 Three-Sigma Limits Approach  

If the normal approximation to the distribution of D  is used then the 

parameters of the rV  chart with the usual 3-sigma control limits are given as: 

3

3

r

r

r V

r

r V

UCL V

CL V

LCL V

σ

σ

⎫= +
⎪⎪= ⎬
⎪= − ⎪⎭

,                                                                                                  (3.23) 
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Using (3.15) in (3.23) and then substituting result (3.16) gives the following result: 

1 0

1 0

3 /

3 /

r r

r

r r

UCL V v V v

CL V

LCL V v V v

⎫= +
⎪⎪= ⎬
⎪= − ⎪⎭

,                                                                                           (3.24) 

or using (3.17) instead of (3.16) gives the following result: 

1

1

3

3

r r

r

r r

UCL V v V

CL V

LCL V v V

⎫= +
⎪⎪= ⎬
⎪= − ⎪⎭

,                                                                                                 (3.25) 

where the values of 0v  and 1v  are provided in Tables 1 and 2, given in Riaz (2008b), 

respectively. 

The validity of these 3-sigma limits based parameters of the proposed rV  chart 

depends on how close the normal approximation is to the true distribution of D . 

 A problem of LCL: For small values of n sometimes the LCL (using either the 

3-sigma limit approach or the probability limit approach) results into a negative value 

as can be seen in the starting rows of Tables 3-11, given in Riaz (2008b). A negative 

value for variability measure has no realistic meanings. Therefore in such situations it 

is assigned the value 0 (as is done for the range statistic in the R chart, see Alwan 

(2000, p. 355)).  

After deciding the control structure, for given significance level, by either the 

probability limit approach or the 3-sigma limit approach, the sample statistic rV  is 

plotted against the time order of the samples. If all sample rV ’s lie within control 

limits, there is reasonable evidence to conclude that there is no shift in the process 

variability and the process is stable at 0/rV v  ( ~ rV  ), Otherwise some assignable  

cause(s) are at work causing a shift in the process variability.  
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To address small and moderate shifts using the developed structure of rV  

chart, the runs rules (as discussed by Nelson (1984), Wheeler (1995), Quesenberry 

(1997)) may be supplemented to its basic structure. As a result the risk of false alarms 

is increased.  

 

3.2.2 Comparisons of the Proposed rV Chart 

 In this section, comparisons of the proposed rV  chart are made with the well-

known Shewhart 2S  chart used for the same purposes. As the focus of the proposal is 

on Phase-I quality control, power curves have been used as a performance measure, 

following the inspirations of Section 2.2.2 of Chapter 2. 

 

3.2.2.1 The 2S Chart  

 The 2S  chart does not use the information on an auxiliary variable so the 

distributional assumption for the 2S  chart is normality of Y (the marginals of a 

bivariate normal distributions are always normal). The similar relationship, as defined 

in (3.3) for the rV  chart, for the 2S  chart is given as: 

2

2
y

y

s
J

σ
= .                                                                                                                  (3.26) 

The relationship defined in (3.26) helps in determining the parameters of 2S  chart on 

a similar pattern as the relationship defined in (3.3) helps in determining the 

parameters of the rV  chart. On a similar pattern as for the rV  chart, let 0( )E J u=  

and 1J uσ = . Then 0u  and 1u (using the well-known properties of the sample 

statistic 2S ) are given as:  

0 1u = .                                                                                                                     (3.27) 
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and  

( )1
2

1u n= − .                                                                                             (3.28) 

For comparison purposes the results of 1u  are tabulated in Table 13, given in Riaz 

(2008b), for n = 5, 6, …. , 15, 20, 25, 30, 50, 100. The parameters for the 2S  chart are 

discussed by Montgomery (1996, p.221). 

  

3.2.2.2 rV  Chart vs. 2S Chart   

 In this sub-section a comparison of the means ( 0v  and 0u ), the standard errors 

( 1v  and 1u ) of the random variables used in the 2and  rV S  charts and the power 

curves of these charts are provided. 

 The values of 0v  and 0u  do not differ much as can be seen from the results 

(3.11), (3.27) and Table 1, given in the Riaz (2008b). 

 The values of 1v  and 1u differ depending on yxρ  and n. It is observed that for 

small values of yxρ , 1v  is larger than 1u  for a given value of n, and when yxρ  increases  

1v  becomes smaller than 1  u  as can be seen from the Tables 2 and 13, given in Riaz 

(2008b). 

 The efficiency of the rV  chart as compared to the 2S  chart has been examined 

using power curves as a performance measure. As the distributional behavior of D  

and J  are not symmetrical, at least for small values of n so we prefer to use the 

probability limits approach for the two charts to set the control limits for a given 

significance level (α ). Using their respective control structures, the probability limits 

of the rV  and 2S  charts have been obtained for different combinations of yxρ  and n 

with different significance levels, and power curves for the two charts have been 
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constructed. The power curves, for n = 15 and 25, are produced here for a low, a 

moderate and a high value of yxρ  in Figures 3.1(a-c) and 3.2(a-c) respectively 

(using 0.002α = ), by equally dividing the α  on both the tails. 

 

 Fig.3.1(a): Power curves of the Vr and S2 charts 
for   n=15, yxρ =0.30 and α=0.002 
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 Fig.3.1(c): Power curves of the Vr and S2 charts 

for   n=15, yxρ =0.90 and α=0.002 
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In the above figures the solid curve represents the power curve of the  rV  chart while 

the curve with dashes represents the power curve of the 2S  chart. Figures 3.1(a-c) 

show that for n =15 the  rV  chart is less powerful than the 2S chart for yxρ = 0.30, 

almost equally powerful as the 2S chart for yxρ = 0.70, and more powerful than the 2S  

chart for yxρ =0.90. 

 Fig.3.1(b): Power curves of the Vr and S2 charts 
for   n=15, yxρ =0.70 and α=0.002 
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 Fig.3.2(a): Power curves of the Vr and S2 charts 

for   n=25, yxρ =0.30 and α=0.002 
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 Fig.3.2(b): Power curves of the Vr and S2 charts 
for   n=25, yxρ =0.70 and α=0.002 
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 Fig.3.2(c): Power curves of the Vr and S2 charts 
for   n=25, yxρ =0.90 and α=0.002 
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The similar behavior is observed in Figures 3.2(a-c) for n =25 as in 3.1(a-c) for n =15.  

 In general for each value of n there exists a value of yxρ  below which the 

suggested  rV  chart remains less powerful than 2S chart and above which it becomes 

more powerful as is advocated by Figures 3.1(a-c) and 3.2(a-c). Let nl  be the smallest 

value of yxρ , for a sample of size n, above which the rV  chart outperforms the 2S  

chart for detecting the shifts  in process variability. Analytically nl  is difficult to

obtain, therefore simulation results are obtained. Using the same 10,000 simulated 

random samples of Section 3.2, the results of nl  have been obtained for different 
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values of n, 1000 times each. Based on these results the mean values of nl , along with 

their respective standard errors, are provided in Table A3.1, given in the Appendix of 

this chapter,  for n = 5, 6, …. , 15, 20, 25, 30, 50, 100. Similar results for nl  can easily 

be obtained for any value of n.  

 For example for n = 10 we have nl =0.7662 ( see Table A3.1), which means 

that the smallest value of yxρ , required for a better performance of  rV  chart as 

compared to the 2 S  chart , is 0.7662. By examining other rows of this table it is 

obvious that as n increases, nl  becomes smaller.  

  

3.2.3 An Illustrative Example of the Proposed rV Chart  

 To illustrate the application of the proposed rV  chart, we can easily follow the 

guidelines similar to those of the rM chart given in Section 2.2.3 of Chapter 2. Let 

there be a similar data set (as was considered for the illustrative example of the 

rM chart and is available in Table 2.12, given in the Appendix of Chapter 2) in which 

there may be inconsistencies or contamination with respect to the variability 

parameter 2
yσ .  We use these data to see whether the rV  chart is able to detect the 

contamination in the data. For this purpose, we simply compute the sample statistics 

 rV  from the available initial set of samples, on similar lines as was done for the 

rM chart in Section 2.2.3 of Chapter 2. Based on these results, the control limits for 

the  rV  chart using the control structure given in (3.21) (the probability limit 

approach) are computed for a specified false alarm rate α . Then the sample 

statistic  rV ’s are plotted against the computed control limits on its control chart 

namely the  rV  chart. Any sample statistic rV , on its control chart, falling outside the 
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lower and upper control limits refers to some assignable cause(s) in the process at that 

time point with respect to process variability parameter 2
yσ . 

 

3.2.4 Conclusions for the Proposed rV Chart 

 The proposed  rV  chart which is a Shewhart type control chart for monitoring 

process variability uses the information on a single auxiliary variable for monitoring 

process variability of a quality characteristic of interest. The rV  chart outperforms the 

2 S  chart, under certain conditions on yxρ  (provided in Table A3.1) for detecting 

shifts in the process variability.  

    

3.3 The Proposed Control Chart II (the tV Chart) 

 In this section, the information about an auxiliary characteristic X is 

introduced on the ratio pattern for improved monitoring of the process variability of a 

quality characteristic of interest Y, following the inspirations and guidelines of Section 

3.2. Assuming bivariate normality of (Y, X) a new Shewhart type process variability 

control chart, namely the tV  chart (a threshold control chart), is proposed which is 

based on a ratio type estimator of variance. The ratio type estimator for variance of Y 

using a single auxiliary variable X, is defined for a bivariate random sample 

( ) ( ) ( )1 1 2 2,  ,  ,  ,  ..., ,  n ny x y x y x  of size n as (see Garcia and Cebrian (1996)): 

( )
2

2 2 2/ yx

t y x xV s s
ρ

σ= ,                                                                                             (3.29) 

where 2
ys  is the sample variance of Y, 2

xs  is the sample variance of X, 2
xσ  is the 

population variance of X (assumed to be known) and yxρ is the correlation (linear 

relationship) between Y and X. 
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 Assuming bivariate normality of (Y, X) a relationship between 2
yσ  (the 

unknown process variability of the quality characteristic of interest Y which is to be 

monitored) and tV  (the ratio type estimator of 2
yσ  defined in (3.29)) is required to 

develop the structure of the proposed tV  chart. Let ( ) ( ) ( )1 1 2 2,  ,  ,  ,  ..., ,  n ny x y x y x  be 

a bivariate random sample of size n from a bivariate normal distribution, and let A  be 

a random variable that defines a relationship between 2
yσ  and tV  as: 

2
t

y

VA
σ

= ,                                                                                                                  (3.30) 

which helps in determining the parameters (i.e. the centerline, lower control limit and 

upper control limit) of the proposed tV  chart.  

 Now if the distributional behavior of A  is available then the sample statistic 

tV  can easily be used for testing hypotheses about shifts in 2
yσ . When (Y, X) follows a 

bivariate normal distribution, the distributional behavior of A depends only on yxρ and 

n (see Garcia and Cebrian (1996)). The distributional behavior of A , in terms of its 

mean, standard error and quantile points, is required for developing the design 

structure of the tV  chart, and is explored in the following paragraphs  when (Y, X) 

follows a bivariate normal distribution. 

 First, for the mean, applying expectations to (3.30) gives: 

2 2( ) ( / ) ( ) /t y t yE A E V E Vσ σ= = .                                                                     (3.31) 

Here ( )tE V  can safely be replaced by its estimate tV (the mean of sample tV ’s) using 

an appropriate number of random samples from the process under study when the 

process is in the state of statistical control, as discussed in Section 3.2. Thus from 

(3.31) an estimate of 2
yσ  , after rearranging the terms, is given as:  
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2ˆ / ( )y tV E Aσ = .                                                   (3.32) 

Let ( ) 0E A r= , on the same pattern as 0v  for rV  chart. As tV  is an unbiased estimator 

for 2
yσ  (see Garcia and Cebrian (1996)) we have 0 1r = . Thus (3.32) results in the 

following: 

2ˆ y tVσ = .                                                                                                                (3.33) 

Also from (3.31) we have: 

( ) 2
t yE V σ= .                                  (3.34) 

Replacement of the estimate of 2
yσ  (given in (3.33)) in (3.34) gives: 

( ) ~t tE V V .                            (3.35) 

Thus, the tV  chart works without constants, such as 2d  for the R chart, 4c  for the S 

chart and 0v  for the rV  chart of Section 3.2, for an unbiased estimation of process 

variability using (3.33).  

 Secondly, for the standard error, let the standard deviation of A  (i.e. Aσ ) be 

2A rσ = .                                  (3.36) 

It is not easy to get analytical results for 2r  because 2( )tE V  is difficult to obtain 

analytically. Note that from Garcia and Cebrian (1996) we may find an approximation 

for 2r  (cf. (3.41)). So simulation results are obtained for 2r  in this section (as was 

done in Section 3.2). The coefficient 2r  entirely depends on yxρ  and n for the case of a 

bivariate normal distribution. Using 10,000 random samples generated from the 

standard bivariate normal distribution without loss of generality, results of 2r  have 

been obtained, for different combinations of yxρ  and n, 1000 times for each 

combination. Based on these results the mean values of 2r , along with their respective 
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standard errors, are provided in Table A3.2, given in the Appendix of this chapter, for 

n = 5, 6, …. , 15, 20, 25, 30, 50, 100 at some representative values of yxρ . Similar 

results can easily be obtained for any combination of  yxρ  and n. 

Also taking the variance of A  followed by simplification gives the expression for Aσ  

as: 

2/
tA V yσ σ σ= ,                                                                (3.37) 

where
tVσ represents the standard deviation of the distribution of the sample 

statistic tV . 

Substituting (3.36) into (3.37) and rearranging yields the following result for
tVσ : 

2
2tV yrσ σ= .                                                                                       (3.38) 

Substituting the estimate for 2
yσ , given in (3.33), into (3.38), an estimate for 

tVσ is 

given as:  

2ˆ
tV tr Vσ = .                                                                 (3.39) 

The expression in (3.39) is similar to the expression for ˆ
rVσ of rV  chart as provided in 

(3.16) of the Section 3.2 above. 

An approximation for
tVσ , when (Y, X) follows a bivariate normal distribution, is 

given as (see Garcia and Cebrian (1996)): 

4 4~ 2 (1 ) /
tV y yx nσ σ ρ− .                                     (3.40) 

Consequently, 

4
2 ~ 2(1 ) /yxr nρ− .                                                (3.41) 
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This approximation result (3.41) works very well asymptotically, but for the case of 

very small values of n it does not provide a good approximation as can be seen from 

Table A3.2.  

Lastly, for the quantile points of the distribution of A, let aA  represent the tha  

quantile point of the distribution of A (i.e. the point where A completes a % area). 

Analytical results for aA  are difficult to obtain so simulation results are obtained 

for aA . For a bivariate normal distribution of (Y, X), the quantile points of the 

distribution of A entirely depend on yxρ  and n. Using the same 10,000 simulated 

random samples, results of aA  have been obtained (as obtained in Section 3.2 for aD ) 

for different combinations of yxρ  and n, 1000 times for each combination. Based on 

these results, the mean values of some commonly used quantile points, along with 

their respective standard errors, are provided for n = 5, 6, …. , 15, 20, 25, 30, 50, 100 

in Tables A3.3-A3.12, given in the Appendix of this chapter, at some representative 

values of yxρ . Similar results can easily be obtained for any combination of yxρ  and n. 

These quantile points help in determining the control limits and the power of the 

proposed tV  chart to detect shifts in the process variability 2
yσ . The distributional 

behavior of A is not symmetrical at least for small values of n as is obvious from 

Tables A3.3-A3.12. Asymptotically, A is normally distributed as 4(1, 2(1 ) / )yxN nρ− . 

It is observed that for a given value of yxρ the distributional behavior of A (at 

least in terms of its mean, standard error and quantile points) remains the same 

irrespective of the sign of yxρ . Thus, the design structure of the proposed tV  chart is 

function of yxρ  and n. 
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3.3.1 Parameters of the Proposed tV Chart 

 The three parameters (i.e. CL, LCL and UCL) of the proposed tV  chart using 

the probability limits approach, as discussed in Section 2.2.1 of Chapter 2, are 

expressed in the following subsection.  

 

3.3.1.1 Probability Limits Approach  

The value tV  corresponds to CL of the proposed tV  chart just like rV  

corresponds to CL of the rV  chart given in Section 3.2.1.1. Assuming the probability 

of making a Type-I error to be less than a specified value say α , the control limits     

( which are actually true probability limits) for the proposed tV  chart are defined as:  

( )
( )

w ith

w ith 1
l l

u u

t n t t l

t n t t u

L C L V P V V

U C L V P V V

α

α

⎫= = ≤ ⎪
⎬

= = ≥ − ⎪⎭
,                                              (3.42) 

 where ul ααα +=  and nP  represents the cumulative distribution function for a given 

value of n. 

Now, using (3.30) and (3.33) in (3.42) and with simplification gives the following 

control limits: 

( )
( )

with

with 1
l

u

t l t n l l

t u t n u u

LCL V A V P A A

UCL V A V P A A

α

α

⎫= = = ≤ ⎪
⎬

= = = ≥ − ⎪⎭
,                                                    (3.43) 

Thus, the quantile points of the distribution of A  and the average of sample tV s 

(i.e. tV ) allow the setting of the true probability limits of the proposed tV  chart. 
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3.3.2 Comparisons of the Proposed tV Chart 

 In this section, comparisons of the means, standard errors of the random 

variables used in the tV ,  2and  rV S  charts and the power curves of these charts are 

provided. The random variable used for the tV  chart of this paper is A  and its mean 

and standard error are 0r and 2r  respectively. The corresponding random variable used 

for the rV  chart is D  and its mean and standard error are 0v and 1v  respectively, and 

the corresponding random variable used for the 2S  chart is J  and its mean and 

standard error are 0u and 1u  respectively. 

 Firstly, the comparison of means reveals that 0r = 0u =1 whereas 0v  deviates 

from 1 at least for small values of yxρ  and n. The deviation of the means ( 0r ,  0v  and 

0u ) from 1 reveals the extent of the biasness of the estimators used in the tV ,  

2 and  rV S  charts respectively. Thus, the tV  and 2S  charts need no constant, such as 

0v  for rV  chart, for an unbiased estimation of process variability 2
yσ . 

 Secondly, the values of standard errors 2r ,  1v  and 1u differ depending on yxρ  

and n. It is observed that: i) 2r  remains smaller than 1u for all combinations of yxρ  

and n, and the difference keeps increasing with an increase in either yxρ or n;  ii) 2r  

remains smaller than 1v for all combinations of yxρ  and n, and the difference keeps 

decreasing with an increase in either yxρ or n; iii) for large values of yxρ  or n,  2r  

and 1v become very close to each other;  iv) for small values of yxρ , 1v  is larger than  

1u for a given value of n, and 1v  becomes smaller than 1 u  with an increase in yxρ  as 

can be concluded from Section 3.2. 
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 Lastly, the efficiency of the tV  chart as compared to those of the 2 and  rV S  

charts has been examined using power curves as a performance measure. As the 

distributional behaviors of A , D  and J  are not symmetrical, at least for small values 

of n so we use the probability limits approach for the three charts to set the control 

limits for a given significance level (α ). Using their respective control structures, the 

probability limits of  the tV , 2and  rV S  charts have been obtained for different 

combinations of yxρ  and n with different significance levels, and the power curves 

for the three charts have been constructed. The power curves of the three charts, for n 

= 15 and 25, are produced here, for examination purposes, at a low, a moderate and a 

high value of yxρ  in the Figures 3.3(a-c) and 3.4(a-c) respectively (using 0.002α = ). 
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In the above figures, the curves referred to as 2S , rV  and tV   represent the power curves 

of 2S ,  rV  and tV  charts respectively. A similar behavior, as shown in the above figures, 

is observed for other combinations of yxρ and n. The performance of the three charts 

differs depending on yxρ  and n as can be seen from the figures. In general, the following 

points are observed:  

               tV  Chart versus 2S  Chart: The discriminatory power of the tV  chart is higher 

than that of the 2S  chart for all combinations of yxρ  and n as is advocated by the above 

 

Fig.3.4 (b): Power curves of the Vt , Vr and S2 charts  
            for   n=25, yxρ =0.70 and α=0.002 
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   Fig.3.4(c): Power curves of the Vt , Vr and S2 charts  

            for   n=25, yxρ =0.90 and α=0.002 
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figures. The gain in terms of the discriminatory power for the tV  chart, as compared to 

the 2S  chart, keeps increasing with an increase in either yxρ or n as is advocated by the 

above figures. For yxρ =0 the power curves of the two charts coincide while for all yxρ > 

0, the tV  chart remains superior to the 2S  chart for all values of n. 

 tV  Chart versus  rV  Chart: The discriminatory power of the tV  chart is higher than 

that of the  rV  chart for all combinations of yxρ  and n as is advocated by the above 

figures. Difference in the power curves of the two charts keeps decreasing with an 

increase in either yxρ or n as is advocated by the above figures. For very large values of 

yxρ  or n, the power curves of the two charts almost coincide as is advocated by the 

above figures.  

  rV  Chart versus 2S  Chart: The discriminatory power of the  rV  chart is 

conditionally higher than that of the 2S  chart, conditioned on yxρ  and n. For each value of 

n there exists a value of yxρ  below which the rV  chart remains less powerful than the 

2S chart and above which the rV  chart becomes more powerful than the 2S chart as is 

advocated by the above figures. The smallest value of yxρ , for a sample of size n, above 

which the  rV  chart outperforms the 2S  chart for detecting shifts in process variability are 

given in Table A3.1 of the  Appendix of this chapter. 

 Thus, the proposed chart of this section (i.e. the tV  chart) outperforms the rV  and 

2S charts without any condition on  yxρ  and n. This is a major advantage of the proposed 

tV  chart over the  rV chart, and hence the tV  chart is an improvement over the  rV  chart.  
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3.3.3 An Illustrative Example of the Proposed tV Chart  

 To illustrate the application of the proposed tV  chart, we can easily follow the 

guidelines similar to those of rM and rV  charts given in Section 2.2.3 of Chapter 2 and 

Section 3.2 of this chapter respectively.  

 

3.3.4 Conclusions for the Proposed tV Chart 

 The proposed tV  chart which is a Shewhart type control chart for monitoring the 

process variability uses the information on a single auxiliary variable for monitoring the 

process variability of a quality characteristic of interest. The  tV  chart outperforms 

the 2 S and  rV  charts for detecting shifts in the process variability 2
yσ . We may conclude 

that the performance of the tV  chart, in terms of discriminatory power, improves with an 

increase in either yxρ  or n. The proposed tV  chart is an improvement over the  rV chart in 

the sense that its design structure is free from the conditions on yxρ and n to outperform 

the 2 S and  rV   charts, as are required for the rV chart to outperform the 2S chart as given 

in Section 3.2.  
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Appendix to Chapter 3 

 

Table A3.1: Lowest yxρ Value nl  for Superiority of the rV  Chart 
 

n  nl  

5 0.9368 
(.00037) 

6 0.8891 
(.00013) 

7 0.8577 
(.00048) 

8 0.8112 
(.00051) 

9 0.7924 
(.00023) 

10 0.7662 
(.00010) 

11 0.7433 
(.00075) 

12 0.7278 
(.00008) 

13 0.7065 
(.00021) 

14 0.6929 
(.00019) 

15 0.6807 
(.00062) 

20 0.6011 
(.00013) 

25 0.5809 
(.00029) 

30 0.5148 
(.00066) 

50 0.4387 
(.00092) 

100 0.2541 
(.00017) 
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Table A3.2: Control Chart Coefficient 2r   of the tV  Chart 

yxρ  

 

n 

0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99 

0.70753 0.70632 0.70558 0.70475 0.70582 0.70387 0.70486 0.70268 0.59524 0.24717 
5 

.000632 .000906 .000582 .000166 .000202 .000470 .000119 .000274 .000182 .000135 

0.63211 0.63188 0.63119 0.63078 0.63004 0.62924 0.61579 0.58160 0.57079 0.16863 
6 

.000213 .000267 .000299 .000297 .000653 .000311 .000320 .000613 .000217 .000217 

0.57579 0.57281 0.57127 0.57005 0.56931 0.56329 0.55442 0.50565 0.41209 0.14704 
7 

.000198 .000338 .000137 .000872 .000747 .000242 .000188 .000112 .000461 .000149 

0.53373 0.53217 0.53180 0.53004 0.52975 0.52583 0.50252 0.45140 0.36337 0.12418 
8 

.000543 .000229 .000441 .000518 .000524 .000511 .000407 .000218 .000398 .000213 

0.50006 0.49847 0.49523 0.49260 0.48988 0.48698 0.47361 0.41428 0.32915 0.11247 
9 

.000447 .000558 .000102 .000774 .000669 .000663 .000100 .000493 .000113 .000138 

0.47077 0.46809 0.46260 0.46193 0.46007 0.45767 0.43696 0.38489 0.30250 0.10539 
10 

.000369 .000207 .000235 .000391 .000238 .000400 .000326 .000364 .000416 .000219 

0.44561 0.44219 0.44067 0.43933 0.43556 0.42990 0.40589 0.36401 0.28475 0.09993 
11 

.000824 .0001724 .000696 .000890 .000134 .000136 .000812 .000105 .000635 .000122 

0.42465 0.42221 0.42182 0.42013 0.41970 0.40890 0.39020 0.34775 0.27647 0.09268 
12 

.000442 .000668 .000338 .000614 .000216 .000129 .000363 .000544 .000367 .000214 

0.40697 0.40447 0.40181 0.40001 0.39766 0.39090 0.37008 0.33552 0.25719 0.08828 
13 

.000943 .000410 .000581 .000223 .000365 .000931 .000456 .000603 .000169 .000136 

0.39123 0.39064 0.39001 0.38943 0.38397 0.37672 0.35071 0.31160 0.24882 0.08613 
14 

.000708 .000317 .000501 .000450 .000528 .000287 .000544 .000714 .000447 .000299 

0.37674 0.37532 0.37341 0.37165 0.37068 0.35931 0.34013 0.30702 0.23564 0.07995 
15 

.000286 .000156 .000228 .000355 .000458 .000670 .000258 .000360 .000278 .000748 

0.32357 0.32296 0.32115 0.32062 0.31449 0.30869 0.29145 0.25402 0.19621 0.06797 
20 

.000342 .000765 .000476 .000713 .000673 .000409 .000508 .000499 .000510 .000395 

0.28765 0.28498 0.28265 0.28009 0.28076 0.27319 0.25485 0.22524 0.17314 0.06072 
25 

.000275 .000532 .000826 .000407 .000257 .000332 .000287 .000783 .000333 .000657 

0.26255 0.26240 0.26195 0.26058 0.25470 0.24487 0.23115 0.20562 0.15572 0.05439 
30 

.000667 .000237 .000620 .000215 .000401 .000636 .000442 .00448 .000661 .000225 

0.20200 0.20189 0.20104 0.20042 0.19643 0.19244 0.17626 0.15456 0.11973 0.04064 
50 

.000124 .000114 .000188 .000746 .000887 .000198 .000746 .00330 .000209 .000541 

0.14209 0.14201 0.14193 0.13958 0.13837 0.13241 0.12460 0.11054 0.08436 0.02841 
100 

.000476 .000366 .000332 .000638 .000236 .000817 .000098 .000687 .000742 .000713 
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Table A3.3: Quantile Points of the Distribution of A (when │ρyx│=0.10) 
n A0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.06964 0.17109 0.26051 0.41101 0.47891 1.46960 1.63983 2.06038 2.51979 3.54982 5 .000319 .000446 .000618 .000572 .000444 .000372 .000215 .000362 .000167 .000692 
0.08036 0.22402 0.31829 0.47094 0.53108 1.39999 1.55877 1.94269 2.30969 3.11161 6 .000500 .000079 .000269 .000623 .000964 .000806 .000390 000226 .000706 .000558 
0.14023 0.27146 0.37075 0.51501 0.57821 1.38968 1.48991 1.82010 2.17197 2.90139 7 .000412 .000493 .000647 .000546 .000485 .000278 .000669 .000808 .000915 .000427 
0.16000 0.30222 0.40007 0.53611 0.60008 1.37969 1.48989 1.81011 2.09040 2.73949 8 .000630 .000279 .000558 .000643 .000228 .000573 .000947 .000097 .000714 .000395 
0.19066 0.33097 0.42082 0.56213 0.62737 1.33106 1.43952 1.71235 1.98915 2.61001 9 .000444 .000237 .000664 .000883 .000554 .000553 .000862 .000495 .00076 .000249 
0.21973 0.36066 0.46154 0.59850 0.65846 1.29998 1.40008 1.65987 1.91983 2.45491 10 .000168 .000294 .000543 .000711 .000684 .000826 .000278 .000394 .000946 .000273 
0.24986 0.38859 0.49054 0.62010 0.67687 1.29875 1.38643 1.63985 1.86193 2.40157 11 .000616 .000070 .000517 .000829 .000644 .000276 .000693 .000943 .000642 .000276 
0.26459 0.41068 0.50007 0.62892 0.67884 1.28991 1.37788 1.61071 1.84113 2.30124 12 .000491 .000246 .000614 .000887 .000652 .000764 .000282 .000470 .000937 .000372 
0.28166 0.42297 0.52000 0.64690 0.69621 1.28167 1.35078 1.58822 1.79122 2.23504 13 .000210 .000728 .000331 .000615 .000853 .000409 .000337 .000067 .000492 .000129 
0.30766 0.44863 0.53952 0.66003 0.71011 1.26101 1.33876 1.55141 1.74109 2.17269 14 .000507 .000669 .000718 .000473 .000658 .000284 .000779 .000334 .000456 .000123 
0.32102 0.44937 0.54003 0.67020 0.72502 1.24701 1.32119 1.54684 1.73894 2.13209 15 .000093 .000224 .000723 .000872 .000470 .000197 .000446 .000521 .000515 .000763 
0.39106 0.53061 0.60892 0.71928 0.76005 1.21943 1.28842 1.46809 1.62260 2.0148 20 .000076 .000810 .000619 .000445 .000387 .000429 .000553 .000664 .000745 .000392 
0.44716 0.55917 0.64209 0.74895 0.79003 1.18995 1.24868 1.40994 1.55983 1.84151 25 .000422 .000678 .000582 .000378 .000816 .000773 .000661 .000246 .000972 .000158 
0.48004 0.59871 0.66369 0.76144 0.80176 1.17572 1.23323 1.36992 1.48845 1.77494 30 .000264 .000337 .000549 .000668 .000114 .000383 .000089 .000427 .000664 .000216 
0.58048 0.68017 0.72959 0.81005 0.84004 1.15995 1.19997 1.29411 1.38136 1.56080 50 .000336 .000565 .000526 .000946 .000349 .000227 .000078 .000467 .000615 .000092 
0.68001 0.76036 0.81427 0.86599 0.88947 1.10461 1.14720 1.20018 1.26978 1.38194 100 .000059 .000467 .000658 .000472 .000552 .000873 .000645 .000794 .000365 .000229 

Table A3.4: Quantile Points of the Distribution of A (when │ρyx│=0.20) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.07040 0.17403 0.26684 0.41282 0.48000 1.46827 1.63811 2.05925 2.51148 3.53358 5 .000148 .000651 .000357 .000623 .000509 .000987 .000513 .000098 .000386 .000066 
0.08985 0.23307 0.32737 0.47381 0.53937 1.39997 1.55644 1.94059 2.30057 3.10104 6 .000781 .000763 .000465 .000249 .000666 .000528 .000729 .000545 .000298 .000147 
0.14245 0.27333 0.37090 0.51523 0.58018 1.38896 1.48902 1.81989 2.16686 2.89452 7 .000257 .000364 .000576 .000514 .000872 .000927 .000429 .000211 .000375 .000111 
0.16106 0.30866 0.40163 0.54959 0.60728 1.37771 1.48714 1.80183 2.08968 2.72343 8 .000312 .000421 .000752 .000628 .000478 .000951 .000713 .000654 .000826 .000249 
0.19483 0.33162 0.42851 0.56880 0.62940 1.32897 1.43826 1.70965 1.98089 2.60288 9 .000336 .000817 .000654 .000682 .000413 .000543 .000387 .000856 .000289 .000117 
0.22986 0.36286 0.46203 0.60320 0.66021 1.29997 1.39942 1.65794 1.91040 2.44236 10 .000267 .000126 .000193 .000085 .000546 .000967 .000882 .000254 .000683 .000246 
0.25131 0.39321 0.49230 0.62338 0.68116 1.29660 1.38524 1.63780 1.85966 2.37942 11 .000283 .000369 .000583 .000173 .000542 .000357 .000224 .000394 .000764 .000284 
0.27060 0.41524 0.50082 0.63097 0.68125 1.28850 1.37187 1.60911 1.83484 2.29881 12 .000255 .000659 .000512 .000456 .000673 .000937 .000448 .000372 .000652 .000713 
0.28979 0.42971 0.52014 0.64998 0.70000 1.27874 1.34982 1.58548 1.78980 2.22255 13 .000429 .000562 .000389 .000447 .000538 .000176 .000277 .000498 .000531 .000553 
0.31001 0.45004 0.54001 0.66108 0.71157 1.25996 1.33763 1.55076 1.73991 2.16175 14 .000611 .000289 .000427 .000392 .000557 .000492 .000753 .000628 .000549 .000941 
0.32611 0.45023 0.54032 0.67115 0.72603 1.24512 1.32013 1.54321 1.73620 2.12960 15 .000578 .000655 .000283 .000891 .000354 .000672 .000477 .000589 .000861 .000456 
0.39420 0.53250 0.61006 0.72017 0.76154 1.21794 1.28614 1.46733 1.61934 1.99962 20 .001046 .000245 .000823 .000775 .000619 .000436 .000367 .000429 .000955 .000714 
0.44918 0.56000 0.64857 0.75006 0.79201 1.18981 1.24708 1.40704 1.54546 1.83287 25 .000111 .000528 .000349 .000664 .000752 .000449 .000611 .000346 .000770 .000215 
0.48098 0.60051 0.66870 0.76978 0.80863 1.17292 1.23195 1.36898 1.48077 1.76192 30 .000643 .000485 .000573 .000862 .000362 .000714 .000129 .000521 .000878 .000366 
0.58150 0.68215 0.73058 0.81160 0.84101 1.15918 1.19803 1.29066 1.37987 1.55337 50 .000147 .000524 .000673 .000525 .000470 .000775 .000818 .000526 .000287 .000416 
0.68035 0.76112 0.81991 0.86814 0.89008 1.10100 1.14122 1.19998 1.26848 1.37970 100 .000741 .000573 .000419 .000546 .000854 .000919 .000744 .000122 .000327 .000618 
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Table A3.5: Quantile Points of the Distribution of A (when │ρyx│=0.30) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.07699 0.18501 0.27293 0.41920 0.48937 1.46736 1.63720 2.05699 2.51004 3.52494 5 .000497 .000668 .000357 .000510 .000088 .000987 .000492 .000226 .000693 .000645 
0.09001 0.23584 0.33147 0.47806 0.54618 1.39991 1.55541 1.93907 2.29954 3.09185 6 .000321 .000645 .000763 .000918 .000482 .000673 .000557 .000279 .000545 .000197 
0.14990 0.27899 0.37346 0.51747 0.58128 1.38097 1.48832 1.81812 2.16136 2.88107 7 .000216 .000335 .000467 .000589 .000249 .000876 .000528 .000667 .000775 .000149 
0.16682 0.31146 0.40956 0.55588 0.61915 1.37504 1.48639 1.79994 2.08696 2.71775 8 .000524 .000611 .000288 .000349 .000476 .000666 .000683 .000729 .000645 .000222 
0.21035 0.34001 0.43983 0.58105 0.641209 1.32867 1.43678 1.70820 1.97117 2.55611 9 .000074 .000519 .000606 .000465 .000723 .000829 .000377 .000573 .000414 .000298 
0.23086 0.36959 0.46898 0.61076 0.66695 1.29942 1.39710 1.65178 1.90164 2.43462 10 .000258 .000784 .000283 .000379 .000645 .000709 .000642 .000531 .000918 .000466 
0.25884 0.40134 0.49459 0.62620 0.68274 1.29186 1.38018 1.63232 1.85877 2.37251 11 .000283 .000447 .000752 .000492 .000611 .000498 .000549 .000416 .000546 .000620 
0.27699 0.41919 0.50902 0.63455 0.68927 1.28797 1.37051 1.60875 1.83183 2.29072 12 .000450 .00258 .000209 .000188 .000476 .000455 .000675 .000872 .000912 .000142 
0.29083 0.43005 0.52779 0.65102 0.70007 1.27081 1.34147 1.58064 1.78790 2.21657 13 .000086 .000716 .000244 .000369 .000768 .000582 .000900 .000706 .000656 .000289 
0.31027 0.45165 0.54470 0.66727 0.71968 1.25987 1.33249 1.54974 1.73718 2.15721 14 .000677 .000151 .000346 .000446 .000842 .000549 .000674 .000816 .000048 .000164 
0.32747 0.45446 0.54541 0.67772 0.73010 1.24051 1.31999 1.54174 1.73225 2.11012 15 .000425 .000486 .000642 .000747 .000800 .000546 .000644 .000794 .000467 .000444 
0.40116 0.53571 0.61456 0.72173 0.76757 1.21803 1.28002 1.46082 1.61227 1.98119 20 .000545 .000236 .000287 .000144 .000761 .000649 .000346 .000514 .000410 .000321 
0.45006 0.56186 0.65175 0.75120 0.79998 1.18642 1.24021 1.40079 1.54078 1.82341 25 .000582 .000673 .000297 .000336 .000440 .000411 .000646 .000285 .000643 .000252 
0.48652 0.60806 0.67976 0.77004 0.81000 1.17001 1.23140 1.36294 1.47877 1.75656 30 .000078 .000165 .000263 .000209 .000648 .000771 .000669 .000418 .000523 .000413 
0.58877 0.68802 0.73867 0.81937 0.84856 1.15729 1.19088 1.28996 1.37282 1.54522 50 .000284 .000645 .000446 .000278 .000352 .000361 .000740 .000526 .000427 .000197 
0.68816 0.76964 0.82016 0.86897 0.89017 1.09999 1.13909 1.19885 1.26301 1.37288 100 .000415 .000349 .000527 .000426 .000658 .000782 .000453 .000227 .000674 .000587 

Table A3.6: Quantile Points of the Distribution of A (when │ρyx│=0.40) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.08074 0.18632 0.28386 0.42827 0.49977 1.46156 1.63632 2.05292 2.50341 3.51790 5 .000112 .000254 .000639 .000417 .000633 .000543 .000887 .000323 .000451 .000237 
0.09866 0.23863 0.33753 0.49367 0.56171 1.39975 1.55038 1.93137 2.29275 3.08463 6 .000365 .000741 .000258 .000364 .000419 .000653 .000742 .000524 .000448 .000075 
0.15447 0.28902 0.38528 0.53341 0.60050 1.36954 1.48153 1.81200 2.15489 2.87998 7 .000616 .000070 .000517 .000829 .000644 .000276 .000693 .000943 .000258 .000811 
0.17532 0.31780 0.41809 0.56599 0.63521 1.37106 1.48011 1.79945 2.08382 2.70861 8 .000407 .000096 .000448 .000449 .000623 .000718 .000462 .000354 .000744 .000082 
0.21322 0.34937 0.44076 0.58778 0.64494 1.32187 1.43021 1.70109 1.96290 2.53612 9 .000122 .000652 .000716 .000663 .000747 .000613 .000326 .000841 .000284 .000441 
0.23495 0.37690 0.47672 0.61868 0.67680 1.29983 1.39019 1.64837 1.89621 2.42481 10 .000645 .000249 .001501 .000237 .000412 .000257 .000473 .000146 .000477 .000115 
0.26010 0.40438 0.49962 0.63009 0.69086 1.28818 1.37252 1.63029 1.85159 2.35129 11 000651 .000491 .000492 .000897 .000558 .000149 .000624 .000773 .000872 .000914 
0.28269 0.42277 0.51697 0.63873 0.69810 1.28281 1.36979 1.60171 1.82135 2.28684 12 .000364 .000431 .000829 .000617 .000767 .000515 .000258 .000784 .000283 .000379 
0.29898 0.43978 0.53000 0.65504 0.70570 1.26905 1.33816 1.57101 1.77306 2.20609 13 .000521 .000369 .000741 .0006544 .000801 .000080 .000245 .000651 .000527 .000211 
0.31440 0.45745 0.54739 0.67505 0.72623 1.25914 1.32999 1.54763 1.72980 2.14626 14 .000226 .000419 .000327 .000369 .000456 .000966 .000229 .000368 .000248 .000521 
0.33079 0.46893 0.55696 0.68294 0.73259 1.23987 1.31899 1.53262 1.72390 2.09970 15 .000641 .000710 .000462 .000253 .000462 .000279 .000645 .000514 .000333 .000141 
0.41460 0.54686 0.62935 0.72879 0.77806 1.21092 1.27990 1.45373 1.60543 1.96382 20 .000643 .000228 .000573 .000947 .000097 .000714 .000395 .000087 .000215 .000622 
0.45806 0.57886 0.65762 0.75533 0.80005 1.18041 1.23873 1.38895 1.53041 1.81796 25 .000245 .000877 .000366 .000419 .000552 .000872 .000673 .000323 .000416 .000088 
0.49038 0.61438 0.68402 0.77663 0.81377 1.16991 1.22300 1.35223 1.46860 1.74442 30 .000665 .000587 .000192 .000084 .000453 .000216 .000471 .000615 .000212 .000346 
0.59783 0.70076 0.74768 0.82539 0.85163 1.15157 1.18643 1.28374 1.36070 1.53734 50 .000752 .000628 .000478 .000951 .000713 .000654 .000524 .000114 .000347 .000310 
0.69573 0.77455 0.82660 0.87316 0.89742 1.09979 1.13642 1.19261 1.25121 1.36893 100 .000349 .000664 .000752 .000449 .000611 .000346 .000770 .000412 .000324 .000542 
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           Table A3.7: Quantile Points of the Distribution of A (when │ρyx│=0.50) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.08424 0.19630 0.28964 0.44282 0.52005 1.45970 1.62056 2.04143 2.49311 3.44925 5 .000182 .000258 .000348 .000413 .000665 .000447 .000632 .000224 .000642 .000227 
0.10559 0.24484 0.34284 0.50025 0.57091 1.39924 1.54183 1.92065 2.28275 3.07622 6 .000485 .000631 .000774 .000334 .000527 .000519 .000463 .000778 .000645 .000224 
0.15914 0.29655 0.39200 0.54164 0.61229 1.36278 1.47799 1.80179 2.14659 2.85765 7 .000493 .000417 .000558 .000643 .000224 .000361 .000549 .000221 .000518 .00294 
0.18057 0.32652 0.42808 0.57603 0.64010 1.36086 1.47238 1.79509 2.07080 2.69540 8 .000531 .000813 .000365 .000441 .000541 .000872 .000654 .000980 .000128 .000521 
0.21818 0.35442 0.46346 0.60598 0.66207 1.31915 1.42116 1.69570 1.95302 2.52168 9 .000652 .002107 .000568 .000612 .000830 .000912 .000887 .000923 .000102 .000574 
0.25143 0.38858 0.48374 0.62071 0.68037 1.29125 1.38099 1.64306 1.89001 2.39381 10 .000216 .000529 .000441 .000619 .000334 .000249 .000128 .000574 .000647 .000553 
0.27345 0.41576 0.50893 0.63914 0.69273 1.27984 1.36932 1.62576 1.83288 2.30198 11 .000665 .000743 .000412 .000821 .000211 .000576 .000612 .000867 .000090 .000218 
0.29597 0.43481 0.52853 0.65587 0.70626 1.27170 1.36247 1.59436 1.81118 2.27770 12 .000284 .000764 .000561 .000643 .000886 .000586 .000873 .000691 .000369 .000473 
0.31341 0.44604 0.53831 0.66561 0.71943 1.26144 1.33113 1.54893 1.75420 2.19321 13 .001361 .000648 .000294 .000403 .000114 .000099 .000351 .000524 .000364 .000149 
0.33133 0.46642 0.55757 0.68323 0.73288 1.25095 1.32696 1.52711 1.72234 2.13094 14 .000321 .000447 .000225 .000576 .000287 .000741 .000643 .000542 .000673 .000249 
0.35594 0.49262 0.57913 0.69881 0.74827 1.23584 1.31057 1.52479 1.71649 2.08344 15 .000255 .000673 .000362 .00120 .000369 .0004160 .000417 .000632 .000411 .000366 
0.42031 0.55379 0.63350 0.73874 0.78203 1.20444 1.27279 1.43100 1.58178 1.88486 20 .000441 .000887 .000371 .000517 .000214 .000228 .000337 .000356 .000642 .000642 
0.46663 0.58548 0.66125 0.76145 0.80039 1.17762 1.23296 1.38077 1.50749 1.76363 25 .000458 .000125 .000701 .000646 .000809 .000132 .000258 .000361 .000746 .000858 
0.50629 0.62127 0.69643 0.79442 0.82870 1.16627 1.21461 1.34559 1.45279 1.70155 30 .000255 .000446 .000336 .000745 .000528 .000361 .000887 .000684 .000972 .000336 
0.60357 0.70214 0.75805 0.83421 0.86343 1.14183 1.17398 1.2737 1.35719 1.52524 50 .000616 .00209 .000721 .000883 .000553 .000336 .001023 .000329 .000443 .000264 
0.70351 0.78513 0.83060 0.88208 0.90330 1.09463 1.12038 1.18727 1.24558 1.35774 100 .000364 .000112 .000775 .000987 .00547 .000261 .000264 .000462 .000228 .000349 

Table A3.8: Quantile Points of the Distribution of A (when │ρyx│=0.60) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.09253 0.20776 0.30678 0.46457 0.54039 1.45570 1.61647 2.03974 2.48324 3.43849 5 .000418 .000221 .000843 .000902 .000342 .000411 .000643 .000942 .000764 .000091 
0.11765 0.25643 0.35792 0.51824 0.58726 1.39744 1.53375 1.90131 2.27435 3.06561 6 .000116 .000264 .000461 .000392 .000543 .000661 .000916 .000506 .000143 .000266 
0.17661 0.31949 0.42095 0.57036 0.63378 1.35820 1.46955 1.79085 2.13916 2.83694 7 .000521 .000072 .000987 .000367 .000492 .000114 .000099 .000351 .000364 .000431 
0.20004 0.34571 0.44684 0.60036 0.66085 1.34082 1.44146 1.72996 2.01856 2.63842 8 .000369 .000411 .000873 .000655 .000392 .000411 .000747 .000564 .000336 .000065 
0.23329 0.37253 0.47337 0.61796 0.68002 1.31624 1.41424 1.68791 1.92493 2.49204 9 .000856 .000364 .000247 .000336 .000452 .000913 .000469 .000714 .000649 .000357 
0.25823 0.41299 0.50786 0.63974 0.69833 1.28960 1.37776 1.63969 1.88249 2.34757 10 .000229 .000448 .000114 .000557 .000641 .000812 .000643 .000249 .000944 .000643 
0.27755 0.43206 0.52792 0.66223 0.71616 1.27757 1.36343 1.61392 1.81961 2.26617 11 .000278 .000669 .000808 .000254 .000557 .000619 .000669 .000441 .000673 .000543 
0.31188 0.45503 0.54419 0.67318 0.72407 1.26940 1.35114 1.58369 1.77997 2.19720 12 .000573 .000854 .000919 .000450 .00258 .000416 .000546 .000482 .000673 .000557 
0.32863 0.47025 0.56149 0.68407 0.73389 1.25473 1.32859 1.54276 1.73373 2.12238 13 .000632 .000552 .000966 .000749 .000546 .000720 .000638 .000467 .000228 .000173 
0.35404 0.49103 0.57783 0.69985 0.75282 1.24920 1.31759 1.51645 1.70642 2.11915 14 .000081 .000349 .000542 .000873 .000558 .000419 .000673 .000581 .000664 .000246 
0.36812 0.50477 0.59331 0.70971 0.75928 1.22984 1.30029 1.49272 1.66649 2.04678 15 .000229 .000416 .000744 .000813 .000681 .000212 .000517 .000421 .000244 .000645 
0.43222 0.55514 0.63994 0.74404 0.78682 1.20138 1.26177 1.42613 1.56148 1.83603 20 .000442 .000576 .000558 .000643 .000224 .000673 .000576 .000883 .000649 .000246 
0.48472 0.60170 0.67522 0.77239 0.81172 1.17079 1.22408 1.37260 1.49763 1.75086 25 .000471 .000622 .000746 .000511 .000228 .000376 .000458 .000512 .000642 .000097 
0.51572 0.63953 0.70815 0.80080 0.83779 1.16303 1.20727 1.33314 1.43737 1.66238 30 .000673 .000472 .000673 .000882 .000919 .000726 .000573 .000083 .000128 .0000149 
0.60970 0.71275 0.76999 0.84528 0.87318 1.13026 1.16802 1.26263 1.34648 1.51069 50 .000241 .000627 .000891 .000349 .000641 .000549 .000603 .000249 .000349 .000549 
0.72315 0.79422 0.83617 0.88981 0.90973 1.08921 1.11218 1.17407 1.23061 1.33886 100 .000543 .000417 .000255 .000426 .000559 .000749 .000409 .000667 .000497 .000254 
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Table A3.9: Quantile Points of the Distribution of A (when │ρyx│=0.70) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.10424 0.23205 0.33079 0.49787 0.58353 1.44860 1.59072 2.02327 2.45141 3.41911 5 .0002347 .0008916 .000269 .000913 .000527 .000369 .000491 .000098 .000294 .000162 
0.15378 0.28914 0.39882 0.55783 0.62929 1.38124 1.50641 1.85509 2.19933 3.03838 6 .000624 .000369 .000189 .000729 .000509 .000651 .000444 .000608 .000897 .000114 
0.18708 0.33467 0.42915 0.58632 0.65449 1.35515 1.46545 1.77039 2.05662 2.80257 7 .000148 .000258 .000643 .000510 .000664 .000806 .000099 .000226 .000319 .000080 
0.23625 0.37027 0.47556 0.61772 0.67978 1.33087 1.43097 1.71811 1.96779 2.55939 8 .000058 .000668 .000582 .000669 .000068 .000987 .000367 .000492 .000686 .000558 
0.26328 0.40551 0.50342 0.64578 0.70474 1.30831 1.40120 1.66481 1.91193 2.48411 9 .0004489 .000651 .000887 .000623 .000088 .000567 .000492 .000332 .000386 .000408 
0.28730 0.42995 0.52809 0.66502 0.71646 1.28785 1.36942 1.61043 1.83518 2.30553 10 .000500 .000293 .000461 .000339 .000065 .000478 .000658 .000587 .000693 .000109 
0.30966 0.46530 0.55194 0.67786 0.73122 1.27095 1.34316 1.56306 1.75764 2.21297 11 .000049 .000159 .000357 .000846 .000964 .000555 .000390 .000861 .000706 .000645 
0.33011 0.47440 0.56544 0.69007 0.74621 1.24675 1.33152 1.53493 1.71827 2.18834 12 .000147 .000079 .000610 .000578 .000225 .002104 .000513 .000574 .000941 .000066 
0.36433 0.50171 0.59290 0.71235 0.76411 1.24658 1.32341 1.51743 1.70589 2.07515 13 .000236 .000486 .000743 .000891 .000459 .001173 .000298 .000447 .000309 .000119 
0.37421 0.51480 0.60460 0.72664 0.77118 1.24092 1.30380 1.49457 1.66006 2.02655 14 .000871 .000432 .000369 .000130 .000554 .000834 .000076 .000673 .000418 .000198 
0.38382 0.52314 0.61516 0.72739 0.77595 1.22814 1.28793 1.46930 1.62245 1.96856 15 .000227 .00364 .000440 .000512 .000809 .000147 .000387 .00113 .000095 .000108 
0.45628 0.58486 0.66182 0.76425 0.80685 1.19424 1.25060 1.39692 1.53788 1.81301 20 .000497 .000257 .000449 .000364 .000431 .000829 .000617 .000767 .000515 .000126 
0.50338 0.62569 0.69054 0.78907 0.82606 1.16700 1.21690 1.34632 1.45022 1.68131 25 .000086 .000376 .000461 .000612 .000069 .000336 .000472 .001640 .000486 .000418 
0.54497 0.65435 0.72136 0.80753 0.84440 1.15279 1.19454 1.30951 1.41009 1.60982 30 .000504 .000072 .000249 .001361 .000648 .000294 .000403 .000114 .000099 .000351 
0.62952 0.73296 0.78559 0.85336 0.88236 1.11777 1.14708 1.23123 1.31118 1.45303 50 .000077 .000469 .000716 .000858 .000767 .000431 .000349 .000228 .000379 .000901 
0.73854 0.80946 0.84783 0.89838 0.91807 1.08507 1.10685 1.16750 1.21870 1.31350 100 .000156 .000237 .000643 .000527 .000887 .000394 .000495 .000147 .000532 .000419 

Table A3.10: Quantile Points of the Distribution of A (when │ρyx│=0.80) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.12760 0.28841 0.39975 0.56940 0.63878 1.41808 1.53796 1.90934 2.32119 3.29786 5 .000081 .000553 .000336 .001023 .000559 .000327 .000638 .000443 .0008839 .0001279 
0.18834 0.33301 0.44612 0.61027 0.67685 1.35851 1.46952 1.79955 2.13583 2.94291 6 .000112 .000349 .000243 .000564 .000493 .000587 .000463 .000554 .000199 .000264 
0.22760 0.39054 0.49772 0.63384 0.69949 1.32017 1.41303 1.68683 1.94888 2.59519 7 .000664 .000069 .000333 .000443 .000980 .001183 .000337 .000873 .000492 .000146 
0.26282 0.42425 0.52562 0.66991 0.72573 1.29293 1.37956 1.62570 1.85220 2.35723 8 .000813 .000546 .000237 .000615 .000543 .000329 .000443 .000506 .000447 .000118 
0.30571 0.46255 0.55397 0.69242 0.74858 1.28245 1.36366 1.57725 1.78672 2.24067 9 .000440 .000728 .000981 .000381 .000238 .000119 .000441 .000665 .000873 .000243 
0.32731 0.48501 0.57467 0.70030 0.75381 1.25290 1.32744 1.52305 1.70744 2.17709 10 .000776 .000321 .000449 .000834 .001023 .000409 .000734 .000493 .000654 .000555 
0.35820 0.50426 0.59668 0.71791 0.76907 1.23761 1.30845 1.50528 1.67926 2.10165 11 .000077 .000444 .000332 .000965 .000853 .000678 .000195 .001132 .000765 .000065 
0.36747 0.51731 0.60870 0.72647 0.77378 1.23216 1.29525 1.47356 1.64414 1.97034 12 .000617 .000447 .000331 .000219 .000664 .000987 .000888 .000067 .000553 .000446 
0.39388 0.53966 0.62847 0.73960 0.78566 1.21811 1.28135 1.45056 1.61294 1.96986 13 .000887 .000616 .00209 .000336 .000489 .000721 .000883 .000381 .000459 .000228 
0.41966 0.55855 0.64399 0.75382 0.79864 1.21084 1.26531 1.43116 1.58240 1.90339 14 .000210 .000529 .000873 .000919 .000889 .000694 .000087 .001123 .000556 .000129 
0.42497 0.57242 0.65493 0.76315 0.80708 1.20153 1.26120 1.42446 1.57170 1.89125 15 .000819 .000239 .000132 .000089 .001143 .000553 .000646 .000236 .000476 .000369 
0.50252 0.63058 0.70189 0.79165 0.83098 1.17480 1.22160 1.34186 1.46084 1.68477 20 .000568 .000719 .001006 .000090 .000687 .000813 .000147 .000623 .000049 .000238 
0.53893 0.65786 0.72923 0.81468 0.84746 1.14945 1.19313 1.29974 1.39123 1.58336 25 .000777 .000159 .000398 .000858 .000903 .001225 .000714 .000342 .000369 .000200 
0.58633 0.69327 0.75731 0.83688 0.86895 1.13997 1.17633 1.28460 1.36762 1.54026 30 .000462 .000987 .000225 .000630 .000701 .000890 .000978 .000431 .000809 .000210 
0.67413 0.76400 0.81535 0.87490 0.89816 1.10330 1.13112 1.20826 1.27396 1.40340 50 .000413 .000654 .002107 .000568 .000612 .000830 .000912 .000887 .000923 .000102 
0.75698 0.82864 0.86403 0.90762 0.92458 1.07610 1.09432 1.14616 1.19063 1.27516 100 .000236 .000458 .000248 .003698 .001097 .000489 .000721 .000111 .000874 .000125 
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             Table A3.11: Quantile Points of the Distribution of A (when │ρyx│=0.90) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.19031 0.37981 0.49410 0.65492 0.71963 1.32630 1.42068 1.71968 2.05616 2.99270 5 .000140 .000613 .000085 .000467 .000349 .000278 .000821 .000467 .000594 .000746 
0.26314 0.44880 0.55281 0.69442 0.74955 1.27500 1.35618 1.60964 1.83389 2.49855 6 .000216 .000649 .000526 .000348 .000456 .000627 .000919 .000278 .000446 .000290 
0.30918 0.48467 0.58568 0.72612 0.77660 1.25438 1.32331 1.53593 1.73640 2.30705 7 .000336 .000673 .000246 .000081 .000097 .000592 .000249 .000462 .000074 .000056 
0.35150 0.51813 0.61600 0.73896 0.78776 1.22601 1.29113 1.47426 1.66615 2.10205 8 .000552 .000629 .000527 .000479 .000697 .000227 .001462 .000376 .000916 .000179 
0.39752 0.55700 0.64318 0.75811 0.80072 1.22242 1.28047 1.44535 1.59290 1.96710 9 .000318 .000665 .000587 .000192 .000084 .000453 .000216 .000471 .000615 .000334 
0.43652 0.58053 0.66296 0.77073 0.81538 1.19784 1.25482 1.41366 1.55279 1.87735 10 .000292 .000565 .000413 .000946 .000729 .000183 .000078 .000824 .000561 .000091 
0.45717 0.59920 0.67945 0.78104 0.82524 1.19087 1.24014 1.38008 1.51322 1.82994 11 .000468 .000409 .000273 .000694 .000592 .000774 .000816 .000087 .000412 .000345 
0.48045 0.61447 0.70043 0.80068 0.83242 1.18253 1.22862 1.36613 1.48909 1.79328 12 .000447 .000613 .000276 .000489 .000625 .000714 .000885 .000215 .000645 .000089 
0.48976 0.62854 0.70669 0.80201 0.83719 1.16927 1.21266 1.33232 1.44752 1.73246 13 .000236 .000378 .000573 .000824 .000442 .000334 .000496 .000547 .000771 .000464 
0.50880 0.63869 0.70883 0.80547 0.84072 1.16534 1.20953 1.32777 1.43774 1.67538 14 .000417 .000168 .000211 .000467 .000555 .000743 .000698 .000549 .000628 .000362 
0.52828 0.65868 0.72708 0.81693 0.84924 1.15741 1.19817 1.31441 1.42044 1.65283 15 .000064 .000264 .000728 .000341 .000673 .000483 .000607 .000894 .000761 .000259 
0.59635 0.70751 0.76927 0.84372 0.87183 1.13026 1.16700 1.26102 1.34918 1.53386 20 .000164 .000647 .000275 .000349 .000543 .000673 .000916 .000783 .000662 .000805 
0.64662 0.73617 0.79215 0.86170 0.88928 1.11688 1.14531 1.23331 1.30798 1.46080 25 .000111 .000267 .000790 .000463 .000583 .000918 .000664 .000785 .000553 .000449 
0.65662 0.76113 0.81080 0.87393 0.89996 1.10272 1.13057 1.20550 1.26921 1.39693 30 .000330 .000453 .000576 .000918 .000557 .000246 .000776 .000076 .000162 .000238 
0.73552 0.81359 0.85080 0.90160 0.91985 1.08025 1.10067 1.15688 1.20589 1.29695 50 .000444 .000349 .000194 .000853 .000627 .000435 .000864 .000761 .000565 .000068 
0.81336 0.86827 0.89651 0.93144 0.94546 1.05754 1.07180 1.11188 1.14567 1.20903 100 .000301 .000462 .000879 .000276 .000764 .000345 .000682 .000943 .000073 .000143 

Table A3.12: Quantile Points of the Distribution of A (when │ρyx│=0.99) 
n A 0.01 A 0.05 A 0.10 A 0.20 A 0.25 A 0.75 A 0.80 A 0.90 A 0.95 A 0.99 

0.56350 0.72674 0.80010 0.87310 0.89953 1.10780 1.13908 1.23118 1.33179 1.65200 5 .000080 .000094 .000157 .000346 .000662 .000580 .000328 .000463 .000846 .000393 
0.64227 0.77008 0.82873 0.88905 0.91062 1.09573 1.12099 1.19559 1.26814 1.49911 6 .000680 .000293 .000430 .000367 .000591 .000440 .000442 .000407 .000673 .000219 
0.69046 0.79629 0.84254 0.89774 0.91774 1.08682 1.10868 1.17517 1.23935 1.43276 7 .000413 .000529 .000225 .000919 .000612 .000553 .000883 .000431 .000459 .000210 
0.72553 0.81481 0.85860 0.90760 0.92548 1.07617 1.09633 1.15389 1.21209 1.35511 8 .000428 .000672 .000816 .000179 .000762 .0000864 .000963 .000426 .000492 .000195 
0.74525 0.82732 0.86778 0.91467 0.93079 1.07259 1.09175 1.14453 1.19351 1.30152 9 .000078 .000117 .000645 .000531 .000276 .000582 .000919 .000726 .000573 .000372 
0.75844 0.84038 0.87283 0.92070 0.93642 1.06876 1.08619 1.13484 1.18005 1.29255 10 .000243 .000760 .000314 .000417 .000558 .000643 .000224 .000361 .000549 .000221 
0.77049 0.84236 0.87868 0.92220 0.93827 1.06267 1.07894 1.12522 1.16809 1.25977 11 .000406 .00072 .000246 .000664 .000289 .000643 .000592 .000642 .000793 .000415 
0.78935 0.85588 0.88870 0.92703 0.94063 1.05929 1.07558 1.11640 1.15397 1.24467 12 .000064 .000183 .000675 .000642 .000556 .000462 .000190 .000867 .000473 .000276 
0.79773 0.86276 0.89396 0.93103 0.94149 1.05739 1.07163 1.11176 1.14785 1.23078 

13 .000493 .000671 .000463 .000512 .000793 .000474 .000776 .000649 .000379 .000226 
0.80353 0.86583 0.89472 0.93120 0.94494 1.05614 1.07038 1.11104 1.14653 1.22454 14 .000713 .000446 .000573 .000876 .000413 .000997 .000408 .000673 .000576 .000245 
0.81570 0.87378 0.90291 0.93660 0.94868 1.05142 1.06376 1.10066 1.13454 1.20833 15 .000346 .000442 .000576 .000461 .000911 .000567 .000605 .000777 .000294 .000090 
0.84455 0.89200 0.91566 0.94520 0.95600 1.04595 1.05723 1.08673 1.11433 1.16948 20 .000147 .000493 .000542 .000708 .000867 .000962 .000285 .000556 .000673 .000344 
0.85569 0.90366 0.92610 0.95179 0.96121 1.03992 1.05076 1.07772 1.10301 1.15087 25 .000522 .000673 .000472 .000673 .000882 .000503 .000762 .000448 .000562 .000440 
0.87793 0.91429 0.93367 0.95709 0.96544 1.03680 1.04654 1.07211 1.09294 1.13516 30 .000415 .000649 .000751 .000906 .000683 .000286 .000794 .000664 .000074 .000675 
0.90553 0.93419 0.94849 0.96651 0.97325 1.02718 1.03397 1.05183 1.06722 1.09732 50 .000276 .000527 .000667 .000750 .000883 .000649 .000246 .000083 .000128 .000248 
0.93339 0.95390 0.96410 0.97630 0.98097 1.01893 1.02373 1.03604 1.04695 1.06818 100 .000312 .000466 .000617 .000883 .000529 .000382 .000667 .000773 .000109 .000627 
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CHAPTER 4 

 

ROBUST MONITORING OF THE PROCESS PARAMETERS 

 

 

In this chapter, use of robust estimators is made for robust monitoring of the 

process variability with respect to a single quality characteristic of interestY . Some 

proposals are made for the variability parameter in the form of Shewhart type control 

charts. Assuming normality of Y, design structures of control charts are developed, 

targeting moderate and large shifts which is of major concern of the Shewhart type 

control charts. Using power curves as a performance measure, the comparisons of the 

proposed charts are made with some existing control charts used for the same purposes. 

This chapter is based on Muhammad and Riaz (2006), Riaz and Saghir (2007, 2008), and 

Riaz (2008c). At the end of this chapter we give an outline of some research in progress 

with respect to robust monitoring of the process location parameter (cf. Schoonhoven, 

Riaz and Does (2008)). Some EWMA type control charts based on Riaz and Abbasi 

(2007a, 2007b, 2008) and Abbasi and Riaz (2007) are also added in this chapter.  

 

4.1 Introduction 

 Control charts are statistical process control tools that are widely used to monitor 

a process. Location charts monitor the process mean level while dispersion charts 

monitor the process variability. These control charts are used to detect changes in a 

process with respect to some quality characteristic(s). The changes may occur both in the 
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average as well as in the variability of relevant quality characteristics. It is therefore, 

essential to control both of them using suitable control charts, one for the process average 

and another for the process variability. The commonly used Shewhart type control charts 

for monitoring the process variability parameter are the R  chart, the S chart and the 

2S chart. These charts perform well under normality and when there are no outliers in the 

data. There are certain problems with the design structures of these charts when the ideal 

environment is disturbed, e.g. the R  chart loses its efficiency with an increase in the 

sample size n, and the S, 2S  and R charts perform poorly in the presence of outliers in 

data. Also the design structures of these control charts are seriously affected when there 

is a question mark on the normality assumption. To address the shortcomings of these 

charts, this chapter proposes Shewhart type control charts for robust monitoring of the 

process variability parameter. 

The presence of outliers and departures from normality cause serious problems 

with the design structures of the control charts. For instance, i) according to Duclos et al. 

(2005) “One of the most important effects of non-normality on control charts 

performances is the modification of the α  risks”; ii) according to Rocke (1989) “ The 

presence of outliers tends to reduce the sensitivity of control-charting procedures because 

the control limits become stretched so that the detection of the outliers themselves 

becomes more difficult. Furthermore, these stretched control limits mean that other types 

of out-of-control behavior become more difficult to detect”. It is, therefore, essential to 

have control charts with robust design structures.  

There are many robust control charts in the quality control literature. Rocke 

(1992) proposed robust EWMA charts based on the sample range and the sample mean, 
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Khoo (2004) proposed Downton’s based EWMA schemes, Maravelakis et al. (2005) 

examined robustness to non-normality of the EWMA control charts for the spread 

parameter, where as Stoumbos and Sullivan (2002) examined robustness to non-

normality of the multivariate EWMA control chart.  

   In this chapter, robustness in terms of resistance against the presence of outliers and 

departures from normality are considered and Shewhart type control charts are given for 

robust monitoring of the process variability parameter. Design structures of some robust 

Shewhart type control charts are developed and comparisons are made with those of 

some existing control charts used for the same purposes.  

 The proposals are based on two general principles, namely i) while constructing 

control limits of a chart,   we choose an estimator which is not unduly affected by the 

presence of outliers; ii) while plotting a sample statistic against the computed control 

limits, we prefer some sensitive sample statistic ( like R or 2S ). Otherwise (i.e. if some 

insensitive statistic is used for plotting purposes), the outliers may go undetected at the 

retrospective stage, thus causing wider control limits for the prospective analysis and 

hence negatively influencing the performance of the chart. 

  

4.2 Shewhart Type Control Chart Based on the Inter Quartile Range and 

Average Absolute Deviations 

This section proposes a dispersion control chart namely the Q  chart (a threshold 

control chart according to Farnum (1994) based on the inter-quartile range based estimate 

ofσ for monitoring changes in the process dispersion. The inter-quartile range based 
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estimate ofσ , say Q , used in this study is defined for a random sample 1 2, ,...., nX X X of 

size n as (see David (1998)): 

3 1( ) /1.34898Q Q Q= − ,                                                                                                       (4.1) 

where 3Q  and 1Q  represent the third and the first quartile respectively. In a set of ordered 

values (in ascending order), 1Q  is the observation at position ( 1) / 4n +  and 3Q  is the 

observation at position 3( 1) / 4n + , and if the position is not an integer then linear 

interpolation is used  as can be seen in Kenett and Zacks (1998, p. 29).  

Some earlier work on using the inter-quartile range in control charts includes 

Rocke (1989, 1992) and Tatum (1997). They have used only sample sizes such that  the 

( 1) / 4thn +  or the 3( 1) / 4thn + positions are integers. This restriction causes irregular 

patterns in the design structure of the control chart (e.g. see Table 1 of Rocke (1992)). In 

this paper no such restriction is imposed to avoid such irregular patterns. Until now, 

authors, using the inter-quartile range in the control charts, have proposed and developed 

3-sigma limits based design structures (which are asymptotically more suitable because 

the distributional behavior of the inter-quartile range is asymptotically normal). As the 

distributional behavior of the inter-quartile range for small and moderate values of n is 

not symmetrical, some structure is required so that the probability limits approach can be 

used to set the control limits correctly for a given false alarm rate (i.e. the probability of 

committing a type-I error).  

The following sub-sections contain the topics: i) Assuming normality of a quality 

characteristic under study, a method is developed to design the Q  chart for improved 

monitoring of the process dispersion of a quality characteristic of interest. ii) The power 
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curves have been constructed as a performance measure of the Q  chart following Duncan 

(1951). The performance of the Q  chart has been compared with those of the well known 

R and S charts and the QR  chart proposed by Rocke (1992), following Tuprah and Ncube 

(1987).  iii) The effect of non-normality on the design structure of the Q  chart is 

investigated following Burr (1967), and is compared with the corresponding effects of 

non-normality on the design structures of the R and S charts. Monte Carlo simulation 

techniques have been used wherever required in this chapter. 

 

4.2.1 The Proposed Control Chart (the Q -Chart)   

 Assuming normality of a quality characteristic under study, say X , a relationship 

between σ ( the true but unknown process dispersion of the quality characteristic of 

interest X  which is to be monitored) and the sample statistic Q (the inter-quartile range 

based estimator of σ  defined in (4.1)) is required to develop the structure of the proposed 

Q  chart. Let 1 2, ,...., nX X X be an i.i.d sample from a normal distribution and D  be a 

random variable that defines a relationship between Q  and σ as: 

/D Q σ= ,                                                                                           (4.2) 

which helps in determining parameters (i.e. centerline, lower control limit and upper 

control limit) of the proposed Q  chart.  

 The distributional behavior of D , in case of a normally distributed quality 

characteristic, entirely depends on the sample size n and is not symmetrical at least for 

small values of n. The distributional behavior of D , in terms of its mean, standard error 
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and quantile points, is required to develop the design structure of the proposed Q  chart, 

and is explored in the following subsections.  

 

4.2.1.1 The Mean 

  First for the mean, applying expectations to (4.2) gives: 

( ) ( / ) ( ) /E D E Q E Qσ σ= = .                                                                                               (4.3) 

Here ( )E Q  can safely be replaced by its estimate  Q (the mean of the sample Q ’s) using 

an appropriate number of random samples. Thus from (4.3) an estimate of σ  , after 

rearranging the terms, is given as:  

ˆ / ( )Q E Dσ = .                                                                          (4.4) 

Let,   

( ) 1E D q= .                                              (4.5)  

Although it is not impossible to get analytical results for 1q  because Q  is a linear 

combination of at most four order statistics, we prefer a Monte Carlo simulation. Note 

that Beyer (1968), Pearson and Hartley (1976), and Tietjen et al. (1977) have provided 

tables which are helpful in finding results of 1q for different values of n, but these tables 

do not work if ( 1) / 4n th+  or 3( 1) / 4n th+ position, in the ordered set of observations, is 

not an integer. Hence, simulation results are obtained for 1q  in this chapter. The 

coefficient 1q  entirely depends on n for the case of a normal distribution. Using 10,000 

random samples generated from the standard normal distribution without loss of 

generality, results of 1q  have been obtained, for different values of n, 1000 times each. 

Based on these results, mean values of 1q  along with their respective standard errors are 
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provided in Table 1(a), given in Riaz (2008c), for n = 2, 3, 4 …., 25. Similar results can 

easily be obtained for any value of  n. 

Now using (4.5) in (4.4) yields the estimate of σ  as: 

ˆ /
1

Q qσ = .                                                                     (4.6) 

 

4.2.1.2 The Standard Error 

  For the standard error, let the standard deviation of D  (i.e. Dσ ) be  

2D qσ = .                                                          (4.7)  

For the same reason given in Section 4.2.1.1 for 1q , simulation results are obtained for 2q  

in this chapter. The coefficient 2q  entirely depends on n for the case of a normal 

distribution. Using the same 10,000 simulated random samples, results of 2q  have been 

obtained, for different values of n, 1000 times each. Based on these results, mean values 

of 2q  along with their respective standard errors are provided in Table 1(a), given in the 

Riaz (2008c), for n = 2, 3, 4 …., 25. Similar results can easily be obtained for any value 

of n. 

Also taking the variance of D , defined in (4.2), gives the expression for Dσ  as 

/D Qσ σ σ= ,                                                                                                      (4.8) 

where Qσ represents the standard deviation of the distribution of the sample statisticQ . 

Using (4.7) in (4.8) and rearranging gives: 

2Q qσ σ= .                                                                         (4.9) 

Substituting the estimate forσ , given in (4.6), into (4.9) provides an estimate for Qσ  as:  
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2 1
ˆ /Q q Q qσ = ,                                                                       (4.10) 

 

4.2.1.3 The Quantile Points 

 For the quantile points of the distribution of D , let aD  represent the tha  quantile 

point of the distribution of D  (i.e. a point where the distribution function of D  takes the 

value a). Analytical results for aD  are difficult to obtain so simulation results are 

obtained for aD . For a normally distributed X, quantile points of the distribution of D 

entirely depend on n. Using the same 10,000 simulated random samples, results of aD  

have been obtained, for different values of n, 1000 times each. Based on these results, 

mean values of some commonly used quantile points along with their respective standard 

errors are provided in Table 1(b), given in the Riaz (2008c), for n = 2, 3, 4 …., 25. 

Similar results can easily be obtained for any value of n. These quantile points help in 

determining the control limits and the power of the proposed Q  chart to detect shifts in 

the process dispersionσ .  

The distributional behavior of D is not symmetrical at least for small values of n 

as is obvious from Table 1(b), given in Riaz (2008c). The normalized sample quantiles 

are asymptotically multivariate normal (see Mosteller (1946)), and the marginals of a 

multivariate normal distribution are also normal. So D , being a linear function of 

asymptotically normal random variables, follows an asymptotic normal distribution. 
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4.2.2 Calculation of the Parameters of the Q Chart  

The three parameters (i.e. CL, LCL and UCL) of the proposed rV  chart using the 

two approaches, discussed in Section 2.2.1 of Chapter 2, are expressed in the following 

two subsections.  

 

4.2.2.1 The Probability Limits Approach  

The value Q  corresponds to CL of the proposed Q chart. Assuming the 

probability of making a Type-I error to be less than a specified value say α , control 

limits ( which are actually the true probability limits) for  the proposed Q chart are 

defined as: 

( )
( ) 1

l n l l

u n u u

L C L Q w ith P Q Q

U C L Q w ith P Q Q

α

α

= = ≤

= = ≥ −

⎫
⎬
⎭

                   (4.11) 

where l uα α α= + and nP  represents cumulative distribution function for a given value of n. 

Now using (4.2) and (4.6) in (4.11) gives:  

( )
( )

1

1

/

/ 1
l l n l l

u u n u u

LCL Q D Q q with P D D

UCL Q D Q q with P D D

α

α

= = = ≤

= = = ≥ −

⎫
⎬
⎭

                                                                   (4.12)                 

Thus the coefficient 1q  provided in Table 1(a) (given in Riaz (2008c)), the quantile 

points of D  provided in 1(b) (given in Riaz (2008c))  and the average of the sample Q’s 

(i.e.Q )  allow setting the lower and upper control limits (which are actually the true 

probability limits) of  the proposed Q  chart. 
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4.2.2.2 The Three-Sigma Limits Approach  

 If the normal approximation to the distribution of D  is used then the parameters 

of the Q  chart with the usual 3-sigma control limits are given as: 

3 , , 3Q QUCL Q CL Q LCL Qσ σ= + = = − .                                                                            (4.13) 

Using (4.10) in (4.13) gives the following result: 

2 1 2 13 / , , 3 /UCL Q q Q q CL Q LCL Q q Q q= + = = − ,                                                               (4.14) 

where the values of 1q  and 2q  are provided in Table 1(a), given in Riaz (2008c). 

The validity of these 3-sigma limits based parameters of the proposed Q  chart depends 

on how close the normal approximation is to the true distribution of D . 

 A problem of the  LCL: For small values of n, sometimes the LCL results into a 

negative value. A negative value for the dispersion measure has no realistic meaning. 

Therefore in such situations it is assigned to the value 0.  

After deciding the control structure, for given significance level, by either the 

probability limit approach or the 3-sigma limit approach, the sample statisticQ  is plotted 

against time order of samples. If all sample Q ’s lie within the control limits, there is 

reasonable evidence to conclude that there is no shift in the process dispersion and 

process is stable at 1/Q q . Otherwise some assignable cause(s) are at work causing a shift 

in the process dispersion. An alternative approach regarding the plotting statistic is to use 

some sensitive sample statistic (e.g. R ) instead of Q  for plotting purposes as was 

adopted and recommended by Rocke (1989, 1992), and Tatum (1997) .  
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To address small and moderate shifts using the developed structure of the Q  chart, 

the runs rules (as discussed by Nelson (1984)) may be supplemented to its basic structure. 

As a result the risk of false alarms is increased.  

Now for comparison purposes, similar structures for the conventional R and S  

charts are given in the following section. 

 

4.2.3 The R  and S Charts  

 First we define the corresponding random variables, corresponding to the random 

variable D  defined in (4.2), based on the sample statistics R and S. Let the corresponding 

random variables based on the sample statistics R and S be W and L respectively. Then W 

and L are respectively defined as: 

/W R σ= ,                                                                                                                      (4.15) 

/L S σ= ,                                                                                                                       (4.16) 

where R and S are the well-known sample measures of dispersion and σ is the true but 

unknown process dispersion. 

The mean and the standard error of the random variable W are respectively given as:  

( ) 2E W d= ,                                                                                                                    (4.17)  

( ) 3.S E W d= ,                                                                                                                  (4.18)  

where both 2d  and 3d are functions of the sample size n only, for a normally distributed 

quality characteristic.  

The mean and standard error of random variable L are respectively given as: 

( ) 4E L c= ,                                                                                                                      (4.19)  
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( ) 2

4. 1S E L c= − .                                                                                                          (4.20)  

where 4c  is a function of only the sample size n when the quality characteristic to be 

monitored follows a normal distribution. 

 The values of 2d , 3d , 4c  and the quantile points of the distributions of W and L are 

available in literature. For comparison purposes the same 10,000 simulated samples of 

Section 4.2.1 have been used and values of 2d , 3d , 4c  and the commonly used  quantile 

points of the distributions of W and L are obtained, for different values of n, 1000 times 

each. Based on these results, the mean values of 2d , 3d , 4c , 2
41 c−  and the commonly 

used  quantile points of the distributions of W and L along with their respective standard 

errors are provided in Tables 2(a & b) and 3(a & b), given in Riaz (2008c), on a similar 

pattern as the Tables 1(a &  b), given in Riaz (2008c), have been used for the proposed Q  

chart. The results for the R chart  and for the S chart are very much similar to those of  

literature results for the R and S charts, thus validating the simulations used to obtain the 

results for 1q , 2q  and the quantile points for the distribution of D  for the proposed Q  

chart. 

 Similar structures, comparable to (4.12) used for the proposed Q  chart, for the 

parameters of the R and S charts using the probability limits approach are respectively 

given as: 

( )
( )

2

2

/

/ 1

l l n l l

u u n u u

LCL R W R d with P W W

UCL R W R d with P W W

α

α

= = = ≤

= = = ≥ −

⎫⎪
⎬
⎪⎭

,                    (4.21) 

( )
( )

4

4

/

/ 1

l l n l l

u u n u u

LCL S L S c with P L L

UCL S L S c with P L L

α

α

= = = ≤

= = = ≥ −

⎫⎪
⎬
⎪⎭

.                    (4.22)  
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4.2.4 Comparisons of the Proposed Q Chart 

In this section, the performance of the proposed Q  chart is compared with those 

of the well-known R and S charts and the QR  chart proposed by Rocke (1992) used for 

the same purposes. 

 

4.2.4.1 The Q Chart vs. the R  and S  Charts  

 The efficiency of the Q  chart as compared to the R chart and S chart has been 

examined here using power curves as a performance measure. As the distributional 

behavior of D , W  and L  are not symmetrical, at least for smaller values of n as obvious 

from Tables 1(b), 2(b) and 3(b) respectively, given in Riaz (2008c), so the probability 

limits approach is used for the three charts to set the control limits for given significance 

level (α ). Using the structures given in (4.12), (4.21) and (4.22), the probability limits of 

the Q , R and S charts respectively have been obtained for different combinations of α  

and n, and the power curves for the three charts have been constructed under the 

normality assumption. The power curves for some values of n using 0.0017α = are 

provided here in Figures 4.1 to 4.3 for comparisons between the Q , S and R charts. 
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We may conclude that the power curves of the three charts almost coincide for n=2 and 3. 

For 3n > , the power curves of the Q  chart are above those of the R chart and below those 

of the S chart for given shifts as can be seen from Figures 4.1-4.3. An important 

 
Fig. 4.1: Power Curves of the S, R and 
Q Charts for n=4 and 0.0017α =  
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Fig. 4.3: Power Curves of the S, R and 
 Q Charts for n=12 and 0.0017α =  
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Fig. 4.2: Power Curves of the S, R and  
Q Charts for n=7 and 0.0017α =  
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observation here is that the discriminatory power of the Q  chart is not very much 

different from that of the S chart for a given shift in the process dispersionσ . 

In general, the Q  chart is more powerful than the R  chart and a close competitor 

to the S chart in terms of discriminatory power for detecting shifts in the process 

dispersion σ  as is obvious from Figures 4.1 - 4.3.  

 

4.2.4.2 The Q Chart vs. the QR  Chart 

  Rocke (1992) proposed the QR  chart for monitoring the spread parameter of a 

normally distributed quality characteristic. The performance of the proposed Q  chart is 

compared here with that of the QR  chart in terms of i) false alarm rate ii) ability to detect 

special causes iii)  ability to detect outliers iv) ability to detect special causes when 

outliers are also present. The probability limit based control structure given in (4.12) is 

used for the Q  chart and the control structure given by Rocke (1992) is used for the QR  

chart. The multipliers are chosen for these two control structures such that the false alarm 

rate is equal for the two charts (i.e. the Q  and QR  charts) as was done by Rocke (1992).  

  To study the performance of the Q  and QR  charts, the multipliers for their 

respective control structures are chosen such that the false alarm rate is 0.004 for each of 

the two charts. Then twenty subgroups each of size four are generated for the four above 

mentioned four situations as: i) In-Control Situation: All twenty subgroups are 

generated from (0,1)N , to study the performance of the two charts in terms of their false 

alarm rates. ii) Special Cause Situation: Eighteen subgroups are generated from 

(0,1)N and two subgroups from (0,25)N , to study the performance of the two charts in 
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terms of their abilities to detect special causes. iii) Outliers Situation: Twenty subgroups 

are generated from a mixture of (0,1)N  and (0,9)N such that in all twenty subgroups 

90% of the observations come from (0,1)N and 10% of the observations come from 

(0,9)N , to study the performance of the two charts in terms of their abilities to detect 

outliers. iv) Special Cause and Outliers Situation: Eighteen subgroups are generated 

from a mixture of (0,1)N  and (0,9)N such that in eighteen subgroups 90% of the 

observations come from (0,1)N and 10% of the observations come from (0,9)N and two 

subgroups are generated from (0,25)N , to study the performance of the two charts in 

terms of their abilities to detect special causes in the presence of outliers. Based on the 

data of these subgroups, the control limits are computed for the Q  and QR  charts using 

their above mentioned control structures in all the four situations. The numbers of 

subgroups are then counted that fall outside the two types of control limits; one for the Q  

chart and the other for the QR  chart (The subgroup statistic R is used for plotting 

purposes as was done by Rocke (1992) for the QR  chart). The same is repeated 10,000 

times and the percentages of subgroups falling out of the control limits are computed for 

the above mentioned four situations. The results are shown in the following table for the 

two charts (i.e.  the Q  and QR  charts) as: 
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      Percentage of Subgroups Falling Out-Of-Control for the Q & QR  Charts 

 Process 

   Situation 

 

 

  Control 

  Chart 

In-Control 

Situation 

Special 

Cause 

Situation 

 

Outliers 

Situation 

Special  

Cause 

 &  

Outliers 

Situation 

 

QR  Chart 0.4082 6.9754 3.8269 7.5649 

Q  Chart 0.4010 10.1302 3.5879 8.2468 

 

We may conclude that i) the false alarm rate is almost the same for the two charts ii) the 

Q  chart is more effective than the QR  chart in detecting special causes iii) the Q  chart is 

slightly less effective than the QR  chart at detecting outlying observations iv) the Q  chart 

is more effective than the QR  chart at detecting special causes when outliers are also 

present.  

  

4.2.5 The Effect of Non-Normality 

In Shewhart type control charts one of the basic assumptions is that samples are 

drawn from a normal distribution. To study the effect of non-normality, a random 

variable, say A  is simulated 10,000 times from an exponential distribution and a random 

variable, say B  is simulated 10,000 times from a t-distribution with 5 degrees of freedom 

such that the means and the standard deviations of A  and B  are the same as that of a 

comparable random variable from a normal distribution. Then the calculations are carried 

out for the statistic D based on A  and B , and the distribution of D is obtained. The 
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Fig. 4.4:  Power Curves of theS-Chart for 
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Fig. 4.5: Power Curve 

T

same is done 1000 times and the mean values of quantile points of the distribution D are 

obtained. The rejection region for givenα  is decided, using mean values of the quantile 

points of the distributions of D derived from  A  and B , by the probability limits 

approach and the powers of the Q  chart are constructed for different shifts in the process 

dispersion using the quantile points of Table 1(b), given in Riaz (2008c), which are 

obtained assuming normality. The same is done for the R and S charts for comparison 

purposes using Tables 2(b) and 3(b) respectively, given in Riaz (2008c). 

The following graphs provide comparisons of the power curves of the Q , R and S 

charts when samples are generated from a normal distribution and when samples are 

generated from the comparable exponential and 5t  distributions. 
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Fig. 4.6:  Power Curves of the Q-Chart for
n=4 and 0.0017α =
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In the above graphs N  represents the situation when the samples are simulated from a 

normal distribution, E  and T  represent the situations when the samples are simulated 

from the comparable exponential distribution and 5t -distribution respectively. The graphs 

in Figures 4.4 present the power curves of the S chart for n=4, 0.0017α =  when the 

distributions being normal, exponential and 5t . Similarly graphs for the R and Q  charts 

are given in Figures 4.5 and 4.6 respectively. The power curves for the normal data are 

also provided in the above figures for ease in comparison between the original (for 

normal data) and the affected (for non-normal data) power curves of the three charts 

under consideration. It can be seen from the above figures that the power curves of the Q  

chart are least affected by non-normality among the three charts. However, the 

differences are rather small. A similar behavior is observed for other values of n. For 

smaller values of n, which is the most practical situation, the power curves of the Q  chart 

are affected a little due to non-normality. As a result the design structure of the proposed 

Q  chart can safely be used even if the samples are from an exponential or t distribution.  
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4.2.6 An Illustrative Example for the Proposed Q Chart 

In this section a real dataset is considered to illustrate the procedure of the 

proposed Q  chart. The dataset is taken from Wadsworth et al. (1986, p. 207) which was 

also used by Rocke (1992). The dataset concerns the melt index of an extrusion-grade 

polyethylene compound, and consists of 20 subgroups each of size 4. The control limits 

of the Q  chart (which are actually the true probability limits) are constructed using the 

same false alarm rate as was used by Rocke (1992). The Q  chart for this dataset is given 

in  Figure 4.7; only UCL and CL are shown in the figure. The sample range R, being 

sensitive to outliers, is used as plotting statistic as was used and recommended by Rocke 

(1992). 

 

20 100 

60 

50 

40 

30 

20 

10 

0 

Fig. 4.7: The Q Chart for the Melt Index Data 
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In the above figure, the Q  chart gives an out-of-control signal for Subgroup#3 as was 

also given by QR  chart of Rocke (1992). Subgroup#4 is lying near the UCL of Q  chart 
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but an out-of-control signal is not given by the Q  chart, whereas the QR  chart gave an 

out-of-control signal for this subgroup. The reason being the presence of only isolated 

outliers in the melt index dataset as was concluded by Rocke (1989, 1992), and Tatum 

(1997). This is consistent with the finings of Section 4.2.4.2 where we found that the Q  

chart is slightly less efficient than the QR  chart at detecting outlying observations. 

However for the datasets with special causes, both in the absence and the presence of 

outliers, the proposed Q  chart performs better than the QR  chart in detecting special 

causes. 

 

4.2.7 Conclusions for the Proposed Q Chart 

The proposed Q  chart, which is a Shewhart type control chart for monitoring the 

spread parameter of a normally distributed quality characteristic, relaxes the restriction 

that 25th and 75th ordered positions in the data should correspond to some integer value, 

as was assumed by Rocke (1989, 1992). It has been observed that the proposed Q  chart 

is superior to the R chart and is a close competitor of the S chart in the sense that the 

discriminatory power of the Q  chart is higher than that of the R chart and not much less 

than that of the S chart for a given shift in the process dispersion for normally distributed 

data. It is also observed that the discriminatory power of the Q  chart is least affected by a 

departure from normality among the three charts under consideration. Particularly, for 

small values of n, which is the most practical situation, the design structure of the Q  

chart is more effective than those of the R and S charts in the sense of producing 

sufficiently higher discriminatory power for a given shift in a process dispersion and 
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being least affected by non-normality. Also relative to the QR  chart of Rocke (1992) the 

proposed Q  chart has shown a better performance in terms of detecting special causes 

both in the absence and the presence of outliers in the data. 

Another Shewhart type control chart, named the MD  chart, based on average 

absolute deviations taken from the median, for monitoring changes in the process 

dispersion is studied in Riaz and Saghir (2008). The set up of the MD  chart follows the 

lines of the Q  chart in this section. The proposed MD  chart is superior to the R chart and 

is a close competitor of the S chart, since the discriminatory power of the MD  chart is 

higher than that of the R chart and not much less than that of the S chart, for a given shift 

in the process dispersion σ , for normally distributed data. It has been also observed that 

the discriminatory power of the MD  chart is less affected by a departure from normality 

among the three charts under consideration. Particularly, for small values of n, which is 

the most practical situation, the design structure of the MD  chart is more effective than 

those of the R and S charts in the sense of producing sufficiently higher discriminatory 

power for a given shift in the process dispersion, and being less affected by non-

normality. 

 

4.3 Shewhart Type Control Charts Based on the Probability Weighted Moments 

and the Gini’s Mean differences 

 Muhammad and Riaz (2006) proposed a Shewhart type dispersion control chart, 

namely the pwS -Chart, using the probability weighted moments based estimate  ( pwS ) of 

the process dispersion parameter σ . For a normally distributed quality characteristic X , 
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they developed the design structure of the pwS -Chart, in terms of the mean, the standard 

deviation and the quantile points, for robust monitoring ofσ . They compared the pwS -

Chart with the well known R and S  charts and found that the design structure of the pwS -

Chart is i) superior to the R  chart in terms of discriminatory power for the case of a 

normally distributed quality characteristic; ii) superior to the R and S  charts in terms of 

robustness against departures from normality. 

 Riaz and Saghir (2007) proposed a Shewhart type dispersion control chart, 

namely the G -Chart, using the Gini’s mean differences based estimate ( K ) of the 

process dispersion parameter σ . For a normally distributed quality characteristic X , they 

also developed the design structure of the G -Chart, in terms of the mean, the standard 

deviation and the quantile points, for robust monitoring ofσ . They compared theG -

Chart with the well known R and S  charts and found that the design structure of the G -

Chart is i) superior to the R  chart in terms of discriminatory power for the case of a 

normally distributed quality characteristic; ii) superior to the R and S  charts in terms of 

robustness against departures from normality. 

 

4.3.1 A Relationship and Comparison Between the pwS and G Charts 

 Let 1 2, ,...., nX X X  be a random sample and (1) (2) ( ), ,...., nX X X  denote the order 

observations. Muhammad and Riaz (2006) defined, for their proposed pwS -Chart, some 

quantities as:  
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Also, Riaz and Saghir (2007) defined, for their proposed G -Chart, some quantities as:  
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Muhammad and Riaz (2006) and Riaz and Saghir (2007) obtained, in their respective 

papers, the values of 2r , 3r , 3b , aH and aM  as a function of the sample size n using 

simulation techniques. Studying the results of 2r  versus 2b , 3r  versus 3b  and aH  versus 

aM , the following relationships have been observed: 
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There may be slight departures from the exact equalities in the relationships established 

in (4.25) because the quantities used in these relationships are based on simulations. 

From the relationships established in (4.25), we can establish a relationship between the 

random variables Q  and M , used for the pwS  and G  charts respectively, as: 

1
n

n
M H

−
= .                                                                                                            (4.26) 

The analytical background for the relationships established in (4.25) and (4.26) is shown 

here in the following sub-section. 

 

4.3.2 The Analytical Background for the Relationships Established In (4.25) and 

(4.26)    

 The sample statistic G in (4.24) can also be written as a function of order statistics 

as:  
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see David (1968), Schechtman and Yitzhaki (1987), Olkin and Yitzhaki (1992), Yitzhaki 

(2003), and Montanari and Monari (2005). 

Therefore, K  can be expressed as a weighted sum of order statistics as: 
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4.3.3 Conclusions 

 The two dispersion control charts, namely the pwS  and  G  charts, proposed by 

Muhammad and Riaz (2006) and Riaz and Saghir (2007) respectively are proportional to 

each other. For small values of n , the precision of the design structure of theG -Chart 

turned out to be higher as compared to that of the pwS -Chart. Asymptotically, the design 

structures of the two control charts show no difference. 

 

4.4 Probability Weighted Moments and Gini’s Mean differences in EWMA Type 

Control Charts 

Khoo (2004) proposed two new EWMA type control charts for monitoring 

process scale and location parameters. In his proposals, he made use of the so-called 

Downton’s estimator ( *σ , cf. section 4.4.1) for the sample standard deviation in setting 

up the control limits. He evaluated the performance of his proposals, in terms of outlier’s 

detection, and compared them with the sample statistic range ( R ) based corresponding 

EWMA proposals of Ng and Case (1989) for scale and location parameters. He claimed 

an improved performance of his proposals in terms of outlier’s detection.  

Riaz and Abbasi (2007a) proposed the time varying EWMA type control 

structures based on *σ , for process scale and location parameters. They evaluated the 

performance of their proposals in terms of outlier’s detection, and compared them with 

the corresponding EWMA proposals of Khoo (2004) for scale and location parameters. 

They claimed superiority of their proposals in terms of outlier’s detection.  

Abbasi and Riaz (2007) proposed Fast Initial Response (FIR) based EWMA type 

control structures using *σ , for process scale and location parameters. They evaluated 
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the performance of their proposals in terms of outlier’s detection, and compared them 

with the corresponding EWMA proposals of Riaz and Abbasi (2007a) for scale and 

location parameters. They claimed an even better performance of their proposals in terms 

of outlier’s detection.  

Riaz and Abbasi (2007b) proposed Gini’s mean differences estimator ( K ) based 

EWMA type control structures, following Khoo (2004), for process scale and location 

parameters. They evaluated the performance of their proposals in terms of outlier’s 

detection, and compared them with the corresponding R  based EWMA proposals of Ng 

and Case (1989), the corresponding *σ  based EWMA proposals of Khoo (2004), and the 

corresponding well-known sample standard deviation ( S ) based EWMA proposals given 

in  Riaz and Abbasi (2007b) for scale and location parameters. They claimed that, in 

terms of outlier’s detection, their proposals are more efficient than the R and S based 

corresponding proposals and equally efficient to the *σ  based corresponding proposals, 

for process scale and location parameters. 

Riaz and Abbasi (2008) modified the proposals of Riaz and Abbasi (2007b) and 

proposed the time varying EWMA type control structures based on K , for process scale 

and location parameters. They evaluated the performance of their proposals in terms of 

outlier’s detection, and compared them with the corresponding asymptotic proposals of 

Riaz and Abbasi (2007b), the corresponding time varying proposals of Riaz and Abbasi 

(2007a), and the corresponding time varying R and S based proposals given in Riaz and 

Abbasi (2008). They claimed that, in terms of outlier’s detection, their proposals are i) 

more efficient than the corresponding proposals of Riaz and Abbasi (2007b); ii) equally 

efficient to the corresponding proposals of Riaz and Abbasi (2007a); iii) more efficient 
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than the corresponding R and S based proposals given in Riaz and Abbasi (2008), for 

process scale and location parameters. 

We can easily modify the proposals of Riaz and Abbasi (2008) to incorporate the 

FIR feature for improved performance of the proposals of Riaz and Abbasi (2008), 

following Lucas and Saccucci (1990), Steiner (1999), and Abbasi and Riaz (2007). 

From the above discussion in this section, we can interrelate similar results, as 

observed for the *σ  based EWMA control structure, with the probability weighted 

moment’s estimator ( pwS ) based EWMA control structure. The reason for this is a 

relationship between *σ  and pwS  as given in the following Subsection 4.4.1. Also in the 

above discussion, we have observed that the EWMA control structures based on *σ  and 

K  have shown the same performance. The reason for this is also a relationship between 

*σ  and K  as given in the following Subsection 4.4.1. 

 

4.4.1 The Relationships among *σ , pwS  and K  

The Downton’s estimator *σ , as used in Khoo (2004), is defined as: 
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and the probability weighted moment’s estimator pwS , as used in Muhammad and Riaz 

(2006), is defined as: 
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where ( )iX ’s, in the above definitions of *σ  and pwS , are the ordered observations. 
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 From the above definitions, it is obvious that we have the following relationship 

between *σ  and pwS  : 

*

1 pw

n S
n

σ =
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     or     *1
pw

nS
n

σ=
−

. 

 Also from Section 4.3.2, we have a relationship between pwS  and K  as: 

1 pw
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−
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Therefore, the relationship between *σ  and K  is given as: 

     * Kσ = . 

 

4.5 Robust Monitoring of the Process Location Parameter 

 When a process dispersion control chart shows stability of a process then a 

controlled estimate of the true process dispersion σ is available. In this chapter we have 

introduced several ways to obtain an unbiased estimate of σ , i.e. 

2 4 2 1 2/ , / , / , / , / and pwR d S c S r Q q MD t G  (see Sections 4.2 and 4.3). The use of a 

process dispersion control chart is complementary to the application of a control chart for 

monitoring the process mean level. In a forthcoming paper (cf. Schoonhoven, Riaz and 

Does (2008)) a comparison is given of different design schemes for the X  chart. In this 

paper estimates of σ will be based on the pooled standard deviation, the average of the 

standard deviations, the average of the ranges, the average of the Gini’s mean differences, 

the average of the inter-quartile ranges, and the average of the probability weighted 

moments estimates of σ . 
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CHAPTER 5 

 

ROBUST PROCESS MONITORING -A BIVARIATE CASE 

 

 

 This chapter proposes a Shewhart type control chart for monitoring changes 

(especially moderate and large changes) in the process variability of a bivariate process. 

The study uses the sample Gini mean differences based matrix G
%

 as an estimate of 

population variance–covariance matrix Σ
%

 and proposes a generalized Gini mean 

difference, G
%

, based control chart, namely the G
%

-Chart, to monitor the population 

generalized variance Σ
%

.  For the case of two correlated quality characteristics Y and X , 

the design structure of the proposed G
%

-Chart is developed assuming bivariate normality 

of ( ),Y X . The performance of the proposed G
%

-Chart is compared with that of the S
%

-

Chart (a sample generalized variance based control chart). This chapter is based on Riaz 

and Does (2008b). 

 

5.1 Introduction 

 In a continuous process, a timely indication of some problem in the process plays 

a vital role in improving product’s quality. In the quality control literature, this issue is 

addressed by Statistical Process Control (SPC). In the SPC tool-kit, the control chart is 

the most important tool to monitor process parameters with respect to some quality 

characteristics of interest. The branch of multivariate process monitoring is getting more 
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and more attention, in the area of quality control. The reason is that in many real life 

applications, quality characteristics are generally correlated to each other. According to 

Woodall and Ncube (1985): “In many practical applications, the quality characteristics 

are not mutually independent”. In such situations, monitoring each quality characteristic 

in isolation causes loss of information and consequently may cause lack of signal(s), see 

Bersimis et al. (2007). According to Montgomery (1996) “There are many situations in 

which the simultaneous control of two or more correlated quality characteristics is 

necessary. For example, suppose that a bearing has both an inner diameter (x1) and an 

outer diameter (x2) that together determine the usefulness of the part. Controlling these 

two quality characteristics independently can be very misleading”. Therefore, we study in 

this chapter bivariate monitoring of the process parameters with respect to two correlated 

quality characteristics of interest 

In this chapter we shall use the following manner of writing: an underlined letter 

represents a vector e.g. µ ; a tilde under an letter represents a matrix e.g. Σ
%

 and Σ
%

 

represents the determinant of the matrix Σ
%

. 

 In a multivariate set-up, the variance-covariance matrix Σ
%

 and the mean vector µ  

are generally used to refer to spread and location parameters respectively of a random 

vector X of the correlated quality characteristics of interest in a process. A Shewhart type 

control chart for the spread parameter of a multivariate normal distribution is generally 

based on the generalized variance or the trace of the variance–covariance matrix (cf. 

Maravelakis, 2003). The Shewhart type control chart for the location parameter of a 

multivariate normal distribution is generally based on Hotelling T2-statistic (cf. Hotelling, 

1947).  
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 A number of papers is available in the quality control literature which provides an 

extensive review of multivariate control charts, e.g. Wierda (1994), Lowry and 

Montgomery (1995), Yeh et al. (2006), and Bersimis et al. (2007).  

 The issue of multivariate monitoring of process variability is addressed by 

different researchers e.g. Montgomery and Wadsworth (1972), Alt (1985), Alt and Smith 

(1988), Aparaisi et.al. (1999) and (2001), Khoo and Quah (2004), and Menzyfricke 

(2007). Alt (1985) and Alt and Smith (1988) gave different approaches for monitoring 

variability of normally distributed quality characteristics in a process, of which the 

sample generalized variance based control chart (i.e. the S
%

-Chart, where S
%

 denotes the 

determinant of the variance-covariance matrix) is the one which is commonly used. The 

focus of this chapter is monitoring of the variability parameter with respect to two 

correlated quality characteristics having a bivariate normal distribution, following Alt 

(1985), Alt and Smith (1988), and Khoo and Quah (2004). They have given a relationship 

between 1/ 2S
%

 and 1/ 2Σ
%

to develop the design structure of the S
%

 control chart, where 

1/ 2S
%

 and 1/ 2Σ
%

 are the square roots of the determinants. The details of the S
%

-Chart, for 

the bivariate case, are given in Section 3 of this chapter.  

 The S
%

-Chart performs well when the vector X , of the correlated quality 

characteristics of interest, follows a multivariate normal distribution. In cases of 

contaminated multivariate normal distribution and departures from multivariate 

normality, the S
%

-Chart loses its efficiency. To overcome these problems with the S
%

-

Chart, this chapter proposes a Shewhart type control chart based on the sample Gini mean 

differences based matrix, say G
%

, as an estimate of the population variance–covariance 
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matrix Σ
%

 and proposes a generalized Gini mean difference, say G
%

, based control chart, 

namely the G
%

-Chart, to monitor the population generalized variance Σ
%

. The motivation 

for this is to obtain control limits which are more robust so that these are less affected by 

outliers and distributional contaminations, especially during Phase I and hence giving 

more efficient control limits for Phase II. 

 Note that Riaz and Saghir (2007) proposed a Gini mean differences based 

univariate control chart, namely the G -Chart, for monitoring the scale parameter of a 

normally distributed quality characteristic (cf. Section 4.3).  

 In the following sections:  

i) the design structure of the proposed G
%

-Chart is developed for the bivariate case 

assuming bivariate normality. A comparison of the G
%

-Chart is made with the S
%

-Chart  

in terms of Average Run Length (ARL);  

ii) the robustness against departures from bivariate normality is also examined on the 

design structures of the G
%

-Chart and the S
%

-Chart. To examine the robustness of the 

design structures of the G
%

-Chart and the S
%

-Chart, the affected ARLs (i.e. when the 

parent distribution is either bivariate t, bivariate chi square or bivariate exponential) have 

been compared with the respective original ARLs (i.e. when the parent distribution is 

bivariate normal);  

iii) the resistance against the presence of contamination, in terms of outliers and special 

causes, in a bivariate normal distribution is also examined on the design structures of the 

G
%

-Chart and the S
%

-Chart. By considering different contaminated bivariate normal 
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distributions, the ability of the two control charts have been compared by computing the 

percentage of outliers detected by these two charts;  

iv) finally, an illustrative example has been provided to explain the working of the 

proposed G
%

-Chart. The same example has also been used for comparison of the 

proposed G
%

-Chart with the S
%

-Chart. 

 

5.2 The Proposed Chart ( G
%

-Chart) 

 Let Y and X  be two correlated quality characteristics which follow a bivariate 

normal distribution i.e. ( ) 2,  ~  ( , )Y X N µ Σ
%

where y

x

µ
µ

µ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 and
2

2

yxy

xy x

σσ
σ σ

⎡ ⎤
Σ = ⎢ ⎥

⎥⎢ ⎦⎣%
, 

(symbolically, the same may also be written in another way 

as: ( ) 2 2
2,  ~ ( , , , , )y x y x yxY X N µ µ σ σ ρ ). The most commonly used measure of 

multivariate process variability is the variance-covariance matrixΣ
%

. A single number 

representation for the variation expressed by the matrix Σ
%

 is its determinant, known as 

the generalized variance. The population generalized variance is denoted by Σ
%

 and the 

interest in this chapter lies in monitoring 1/ 2Σ
%

.  

 Let ( ) ( ) ( )1 1 2 2,  ,  ,  ,  ..., ,  n ny x y x y x  be a random sample of 

size n from 2 ( , )N µ Σ
%

, then the sample Gini mean differences based matrix G
%

, as an 

estimate of Σ
%

, is defined as (see David (1968), Schechtman and Yitzhaki (1987), Olkin 

and Yitzhaki (1992), Yitzhaki (2003), and Riaz and Saghir (2007)): 
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% ,                                            (5.1) 

where the symbols F and Cov represent the cumulative distribution function and the 

covariance respectively. The sample versions of all the quantities in the formulas of 

, , andy x yx xyG G G G  are used here. The generalized Gini mean difference, denoted by 

G
%

, is defined as 2 2
y x yx xyG G G G G= −

%
. The elements of matrix G

%
 estimate the 

respective elements of the variance-covariance matrixΣ
%

, and hence the quantity G
%

 is 

used as an estimate of Σ
%

. In this chapter, the quantity 1/ 2G
%

is used for monitoring the 

quantity 1/ 2Σ
%

 and for developing the design structure of the proposed G
%

-Chart. The 

quantity 1/ 2G
%

 represents the square root of the determinant of the Gini’s mean 

differences based matrixG
%

. 

 Although the generalized variance is a widely used measure of variability, it can be 

misleading  in some cases, see e.g. Lowry and Montgomery (1995). Likewise, the 

generalized Gini mean difference may also be misleading in some cases. For example, if 

we have the following two sample Gini mean differences based matrices: 1

2 0
0 1

G ⎡ ⎤
= ⎢ ⎥
⎣ ⎦%

 

and  2

3.2810 0.5653
0.5653 0.7070

G ⎡ ⎤
= ⎢ ⎥
⎣ ⎦%

, it is easy to show that its determinants are almost the same.  

Of course, one may use the univariate G -Charts of Riaz and Saghir (2007) separately for 
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each quality characteristic, in conjunction with the the proposed bivariate G
%

-Chart of 

this paper. This solves partially this problem. 

 To develop the design structure of the the proposed G
%

-Chart, let B be a random 

variable that defines the relationship between 1/ 2G
%

 and 1/ 2Σ
%

 as: 

1/ 2 1/ 22( 1)B n G= − Σ
%%

,                                      (5.2) 

The relationship defined in (5.2) helps to determine the parameters (i.e. centerline, lower 

control limit and upper control limit) of the proposed G
%

-Chart. The distributional 

behavior of B (in terms of its mean, standard error and quantile points) is required for the 

development of the design structure of the proposed G
%

-Chart. 

 

5.2.1 Some Distributional Results for the Proposed G
%

-Chart 

 Assuming ( ) 2,  ~  ( , )Y X N µ Σ
%

, we consider here, without loss of generality, a 

standard bivariate normal distribution (i.e. ( ) 2,  ~  ( 0, )Y X N ρ
%

 where 
0

0
0
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 and 

1

1
yx

xy

ρ
ρ

ρ
⎤⎡

= ⎥⎢
⎥⎣ ⎦%

 ). 

When (Y, X) follow a bivariate normal distribution, the distributional behavior of B (cf. 

(5.2)) entirely depends on n. The distributional properties of the Gini mean differences 

based estimators have been discussed by different researchers e.g. see Nair (1936), 

Lomnicki (1952), David (1968), Yitzhaki (2003), and Riaz and Saghir (2007). From Riaz 

and Saghir (2007), it follows that yG is an unbiased estimate of yσ  in the univariate 
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control chart and they recommended yG (mean of yG ’s computed from an initial set of 

stable points) for an unbiased estimation of yσ in the control chart.  

 However, the distributional behavior of 2 2  y x yx xyG G G G− , 2 2 1/ 2( )y x yx xyG G G G−  and 

hence B , defined in (2), is not easy to obtain analytically. Therefore in the following 

paragraphs, the Monte Carlo simulation technique has been used to explore the 

distributional behavior of B . ‘In practice, simulation methods are often used to evaluate 

the expectation of a statistic, Ross (1990)’. A detailed discussion regarding the number of 

simulations required in control chart Monte Carlo simulation studies may be found in 

Schaffer and Kim (2007). 

  Let 0  b , 1b  and aB  respectively represent the mean, standard deviation and tha  

quantile point (i.e. the point that has a % area below it is completed) of the distribution of 

B . The values of 0  b , 1b  and aB  have been obtained as function of n using the 

simulation approach. 

 To conduct a Monte Carlo, we have generated 10,000 random samples, of a given 

size n, from the standard bivariate normal distribution without loss of generality. For each 

sample, we have computed the values of the random variable B  followed by its 

descriptive statistics to obtain 0 b , 1b  and aB . To take care of random variability due to 

simulation, we have repeated the above procedure 1,000 times, following the guidelines 

of Schaffer and Kim (2007). Based on these repeated computations for 0  b , 1b  and aB  , 

we have obtained the mean values of these quantities and noted their standard errors to 

report the precision of the results obtained for these quantities as function of n (cf.  

Tables A5.1 and A5.2, given in the Appendix of this chapter), Table A5.1 contains the 
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values of 0  b and 1b whereas Table A5.2 contains the values of aB  at some representative 

values of n . The standard errors for the results of each cell in the tables varied between 

0.004-0.010. Similar results for 0 b , 1b  and aB  can easily be obtained for any value of n. 

 The quantities 0  b , 1b  and aB   determine the control limits and the power of the 

proposed G
%

-Chart to detect shifts in 1/ 2Σ
%

. 

 

5.2.2 Design Structure of the Proposed G
%

 Chart 

 Let 1/ 2G
µ

%

and 1/ 2G
σ

%

denote the mean and the standard deviation of the 

distribution of the sample statistic 1/ 2  G
%

 respectively. Applying expectations in (5.2) 

gives: 

1/ 2 1/ 2

1/ 2 1/ 2

( ) (2( 1) )

(2( 1) / ) ( )

E B E n G

n E G

⎫= − Σ ⎪
⎬

= − Σ ⎪⎭

%%

% %

.                                                                             (5.3) 

In (5.3), 1/ 2( )E G
%

 can be replaced by its estimate
________

1 / 2
G
%

 (the mean of sample 

1/ 2G
%

’s), using an appropriate number of random samples, from the process under study 

when the process is in the state of statistical control (cf. Hillier (1969) and Yang and 

Hillier (1970)). Thus from (5.3) an estimate of 1/ 2Σ
%

 , after rearranging the terms, is 

given as:  

( )
________

0
1 / 21 / 2 2 1

^
n bG= −Σ

% %
.                                    (5.4) 
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The expression for 1 / 2
^
Σ
%

 given in (5.4) is useful for an unbiased estimation of 1/ 2Σ
%

 

using
________

1 / 2
G
%

 and the coefficient 0b  provided in Table A5.1  as function of n. 

Also from (5.3) we have: 

( )
1/ 2

1/ 2 0( ) 2 1
bE G n

Σ= −%
%

.                                                                        (5.5)  

Replacing the estimate of 1/ 2Σ
%

 (given in (5.4)) in (5.5) and simplification gives: 

______

1/ 2

^ 1 2    
G Gµ =
% %

.                                                                    (5.6)  

Also taking the variance of B and then simplification gives the expression for Bσ  as: 

( ) 1/ 2

1/ 22 1 /B G
nσ σ= − Σ

% %
,                                                                     (5.7) 

Rearrangement of (5.7) yields the following result for 1/ 2G
σ

%

: 

( )1/ 2

1/ 2
1

2 1G

b
nσ Σ= −

%

% .                                                                                                 (5.8) 

Substituting the estimate for 1/ 2Σ
%

, given in (5.4), into (5.8), the estimate for 1/ 2G
σ

%

 is 

given as:  

( )1/ 2

^ 1

1 0   
G

b bGσ =
________

2

% %
.                                                                                           (5.9) 
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5.2.3 Parameters of the Proposed G
%

-Chart 

 The three parameters (i.e. CL, LCL and UCL) of the proposed G
%

-Chart using the 

probability limits approach, discussed in Section 2.2.1 of Chapter 2, are expressed in the 

following subsection. 

 

5.2.3.1 Probability Limits Approach  

The value of 
________

1 / 2
G
%

 corresponds to the CL of the proposed G
%

-Chart. 

Assuming that the probability of making a Type-I error is less than a specified value, 

say α , the control limits (which are actually the true probability limits) for the proposed  

G
%

-Chart are defined as: 

( )
( )

1/ 2 1/ 2 1/ 2

1/ 2 1/ 2 1/ 2

with

with 1

n ll l

n uu u

LCL G F G G

UCL G F G G

α

α

⎫= = ≤ ⎪
⎬

= = ≥ − ⎪
⎭

% % %

% % %

,                                                       (5.10)  

where 1/ 2

l
G
%

 and 1/ 2

u
G
%

 are the quantile points of the distribution of 1/ 2G
%

 below which 

the areas are lα  and uα respectively, ul ααα +=  and ( )nF X x=  represents, in general,  

the cumulative distribution function of X  at point x, for a given value of n. 

Now using (5.2) and (5.4) in (5.10) and simplification gives the following: 

( )

( )

________

________

1/ 2
0

1/ 2
0

1 / 2

1 / 2

= B with

= B with 1

l n l ll

u n u uu

LCL G b F B B

UCL G b F B B

G

G

α

α

⎫
= = ≤ ⎪⎪

⎬
⎪= = ≥ − ⎪⎭

%

%

%

%

.                                   (5.11) 
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Thus the quantile points of the distribution of B , the average of the sample 1/ 2G
%

’s 

(i.e.
________

1 / 2
G
%

) and the values of 0b  allow setting the true probability limits of the 

proposed G
%

-Chart. 

Once we have computed the control limits of the G
%

-Chart for a given significance 

level, the sample statistic 1/ 2G
%

 is plotted against time order of the samples. If all sample 

1/ 2G
%

’s lie within control limits, there is reasonable evidence to conclude that there is no 

shift in the process 1/ 2Σ
%

 and that the process is stable. Otherwise some assignable 

causes are at work causing shift in the process 1/ 2Σ
%

. 

To address specifically small and moderate shifts: i) the runs rules (as discussed 

by Nelson, 1984) may be supplemented to the basic structure of the proposed G
%

-Chart, 

developed in this paper, resulting into an increased false alarm rate; ii) EWMA and 

CUSUM schemes may be developed based on the statistic G
%

 or 1/ 2G
%

 (cf. Woodall and 

Ncube (1985), and Hawkins and Moboudou (2007))  

 

5.2.4 A Note Regarding the Plotting Statistic in the G
%

-Chart 

 As discussed in Section 5.2 the sample statistic 1/ 2G
%

 is used as the plotting 

statistic in the proposed G
%

-Chart. An alternative approach regarding the plotting 

statistic is to use some sensitive statistic for plotting purposes.  
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 1/ 2G
%

 is not unduly affected by the presence of contaminations (outliers and 

special causes). Hence for obtaining robust control limits, it should be used in 

constructing control limits of the proposed G
%

-Chart. But for plotting purposes, we prefer 

some sensitive sample statistic like 1/ 2S
%

 because if in initially selected samples, some 

contaminations (outliers/special causes) are present, these should be detected at the 

retrospective analysis stage (i.e. Phase-I) so that the control limits should be revised. 

Otherwise (i.e. if some insensitive statistic like 1/ 2G
%

 is used for the plotting purposes), 

the contaminations (outliers/special causes) may go undetected at the retrospective 

analysis stage and thus causing wider control limits for the prospective analysis (i.e. 

Phase-II) and hence negatively influencing the performance of the chart. Thus, we shall 

adopt the alternative approach for plotting purposes during Phase I, using the robust 

control boundaries obtained by the proposed G
%

-Chart (cf. Rocke (1989), Tatum (1997) 

and Riaz (2008c)). 

 Now for comparison purposes, a similar structure for the S
%

-Chart in a bivariate 

case is given in the following section. 

 

5.3 The S
%

-Chart 

 The similar relationship for the S
%

-Chart (cf. Alt (1985), Alt and Smith (1988), 

and Khoo and Quah (2004)) is given as: 

1/ 2 1/ 22( 1)A n S= − Σ
%%

.                                    (5.12) 
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The relationship defined in (5.12) helps to determine the parameters of the S
%

-Chart on 

the similar pattern, as the relationship defined in (5.2). Let 0( )E A a=  and 1A aσ = . Then 

0a  and 1a  (using the result from Alt (1985), Alt and Smith (1988), and Khoo and Quah 

(2004) that 2
2 4  nA χ −~ ) are given as:  

0 2( 2)a n= − ,                                                                                                                (5.13) 

and  

1 2 2a n= − .                                                                                                               (5.14) 

The probability limits based design structure for the S
%

-Chart is given as: 

( )

( )

________

________

1/ 2
0

1/ 2
0

1 / 2

1 / 2

= with

= with 1

l n l ll

u n u uu

LCL S A a F A A

UCL S A a F A A

S

S

α

α

⎫
= = ≤ ⎪

⎪
⎬
⎪

= = ≥ − ⎪⎭

%

%

%

%

,                                (5.15) 

where 0a and 1a  are given in (5.13) and (5.14) respectively, lA and uA can be obtained 

from 2
2 4nχ −  for a given significance level and 

________

1 / 2
S
%

is the mean of sample 1/ 2S
%

’s 

using an appropriate number of initially selected samples. 

 Once we have computed the control limits of the S
%

-Chart for a given 

significance level, the sample statistic 1/ 2S
%

 is plotted against time order of the samples. 

If all sample 1/ 2S
%

’s lie within control limits, there is reasonable evidence to conclude 

that there is no shift in the process 1/ 2Σ
%

 and that the process is stable (using the 

properties of the random variable A). Otherwise some assignable causes are at work 

causing shift in the process 1/ 2Σ
%

. 
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5.4 Performance Evaluations and Comparisons 

In this section, the performance of the proposed G
%

-Chart given in Section 5.2 is 

compared with that of the S
%

-Chart given in Section 5.3. The comparisons are made for 

three different situations namely: the case of a bivariate normal distribution, the case of 

non-normal bivariate distributions and the case of contaminated bivariate normal 

distribution. Some selective cases for comparison purposes have been considered here 

following Hawkins and Moboudou (2007).  

 

5.4.1 The Case of a Bivariate Normal Distribution 

 The efficiency of the proposed G
%

-Chart as compared to the S
%

-Chart, has been 

examined here for the case of a bivariate normal distribution, using Average Run Length 

(ARL) as a performance measure. Using the structures given in (5.11) and (5.15), 

probability limits of the G
%

 and S
%

charts respectively have been obtained for different 

combinations of α  and n, and ARLs for the two charts have been computed. The ARLs 

for some values of n using 0.005α = are provided here in the Tables 5.1 and 5.2 for 

comparisons between the G
%

 and the S
%

charts. For the ARL computations, the shifts in 

1/ 2Σ
%

are considered in terms of δ 1/ 2Σ
%

, i.e. the shifted 1/ 2  Σ
%

, say 1/ 2 ′Σ
%

, is defined as: 

1/ 2 ′Σ
%

=δ 1/ 2Σ
%

. 
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δ  n = 5 n =10 n =20 n =50 
1.00 199.998 199.994 200.031 200.001 
1.50 27.362 12.009 5.044 1.760 
2.00 8.343 3.217 1.539 1.020 
2.50 4.327 1.800 1.115 1.000 
3.00 2.900 1.363 1.027 1.000 
4.00 1.866 1.101 1.001 1.000 

  

We may conclude that: i) for smaller values of n, the ARLs of the proposed G
%

-Chart are 

slightly less than those of the S
%

-Chart for smaller values of δ , and the two ARLs 

almost coincide when δ  increases, as is obvious from the Tables 5.1 and 5.2; ii) for 

larger values of n, the ARLs of the proposed G
%

-Chart are almost the same as those of 

the S
%

-Chart for all choices of δ , see Tables 5.1 and 5.2. 

Thus the proposed G
%

-Chart is a close competitor to the S
%

-Chart in case of a 

bivariate normal parent population for detecting shifts in the process 1/ 2Σ
%

. 

Table 5.1.  ARL Values for  the G
%

-Chart at α =0.005 for a Bivariate 
Normal Parent Distribution 

δ  n = 5 n =10 n =20 n =50 
1.00 200.011 199.996 200.023 199.992 
1.50 29.636 12.919 5.050 1.761 
2.00 9.971 3.379 1.555 1.022 
2.50 5.106 1.859 1.117 1.001 
3.00 3.167 1.383 1.027 1.000 
4.00 2.060 1.105 1.001 1.000 

Table 5.2.  ARL Values for the S
%

-Chart at α =0.005 for a Bivariate 
 Normal Parent Distribution 
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5.4.2 The Case of Non-Normal Bivariate Distributions 

In Shewhart type control charts, one of the basic assumptions is that the samples 

are drawn from a normal distribution. In case it is not true, then one option is to employ a 

control chart appropriately designed for some particular parent distribution. But in 

practice, we generally assume normality of the parent distribution. Therefore, we prefer 

to have control chart structures which are not much affected by the departures from 

normality.  We examine here the same for our proposed G
%

-Chart. To see the effect of 

non-normality, two situations are considered in this study: one by disturbing the 

symmetry and the other by disturbing the kurtosis (peak) of the parent distribution. For 

the case of disturbance in symmetry, we use bivariate exponential distributions and 

bivariate chi-square distributions and for the case of disturbance in the kurtosis we use 

bivariate t distributions.  

To examine the effect of departures from bivariate normality, a bivariate random 

vector, say U , is simulated 10,000 times from a bivariate exponential distribution, a 

bivariate random vector, say V , is simulated 10,000 times from a bivariate t-distribution 

and a bivariate random vector, say W , is simulated 10,000 times from a bivariate chi-

square distribution such that the mean vectors and the variance-covariance matrices  of 

U , V and W  are same as that of a comparable random vector from a bivariate normal 

distribution. Then the calculations are carried out for the charting characteristic B (cf. 

(5.2)) based on the simulated random vectors  U , V and  W , and the distribution of B  

is obtained for the three cases. This is repeated 1,000 times and mean values of the 

quantile points of the distribution B  are obtained. The rejection region for givenα  is 

decided, using mean values of the quantile points of the distributions of B  derived from  
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U , V and W , by the probability limits approach and ARLs of the proposed G
%

-Chart 

are computed for different shifts in the process 1/ 2Σ
%

 using the quantile points of Table 

A5.2, which are obtained assuming bivariate normality. The same is done, on the similar 

lines, for the  S
%

-Chart using the quantile points of 2
2 4nχ − , for comparison purposes. 

The following Tables 5.3-5.6 provide comparisons of the ARLs of the G
%

 and S
%

 charts 

when samples are generated from bivariate normal distribution and of the ARLs of the 

G
%

 and S
%

 charts and when the samples are generated from the comparable bivariate 

exponential, t and chi-square distributions, for some values of n using α =0.005.  

 

              Table 5.3. Original & Affected ARLs of  the G
%

 & S
%

Charts at α =0.005 for n = 5  

 

 

             Table 5.4. Original & Affected ARLs of  the G
%

 & S
%

Charts at α =0.005 for n = 10  

 

δ  G-Normal S-Normal G-chis5 S-chis5 G-chis20 S-chis20 G-Expo S-Expo G-t5 S-t5 G-t20 S-t20 

1.00 200.011 199.998 200.020 200.033 199.998 199.990 200.013 199.999 199.989 200.041 200.015 200.020
1.50 29.636 27.362 63.291 122.768 41.017 49.428 270.270 1710.267 147.059 244.165 43.478 44.281 
2.00 9.971 8.343 15.552 23.949 11.429 12.585 40.783 161.364 26.596 40.273 11.891 11.637 
2.50 5.106 4.327 6.930 9.422 5.429 5.850 14.493 39.545 10.428 13.914 5.618 5.522 
3.00 3.167 2.900 4.182 5.278 3.503 3.653 7.539 16.236 5.794 7.150 3.596 3.495 
4.00 2.060 1.866 2.364 2.741 2.118 2.161 3.501 5.785 2.975 3.345 2.150 2.100 

δ  G-Normal S-Normal G-chis5 S-chis5 G-chis20 S-chis20 G-Expo S-Expo G-t5 S-t5 G-t20 S-t20 

1.00 199.996 199.994 200.016 200.007 200.001 199.999 199.993 200.027 200.023 200.014 200.008 199.992
1.50 12.919 12.009 25.126 77.232 18.692 24.738 86.957 1846.092 73.421 663.600 16.795 18.576 
2.00 3.379 3.217 4.895 9.559 4.163 4.860 9.372 70.218 8.741 36.843 3.934 4.119 
2.50 1.859 1.800 2.354 3.503 2.132 2.300 3.517 13.102 3.387 8.472 2.043 2.082 
3.00 1.383 1.363 1.600 2.069 1.505 1.582 2.090 5.077 2.026 3.747 1.474 1.488 
4.00 1.105 1.101 1.169 1.306 1.142 1.166 1.314 2.019 1.297 1.730 1.132 1.138 
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             Table 5.5. Original & Affected ARLs of  the G
%

 & S
%

Charts at α =0.005 for n = 20  

 

              Table 5.6. Original & Affected ARLs of  the G
%

 & S
%

Charts at α =0.005 for n = 50 

  

In the above tables, G(S)-Normal, G(S)-Chi5, G(S)-Chi20, G(S)-t5, G(S)-t20 and G(S)-

Expo refer to the ARLs of the G
%

( S
%

)-Chart when the parent distributions are bivariate 

normal, bivariate 2
5χ , bivariate 2

20χ , bivariate 5t , bivariate 20t  and bivariate exponential 

respectively. The ARLs for the normal data are also provided in the above tables for the 

ease in comparison between the original (for bivariate normal parent distribution) and the 

affected (for bivariate non-normal parent distributions) ARLs of the two charts under 

consideration. It is obvious, from the above tables, that the ARLs of the proposed G
%

-

Chart are less affected by non-normality as compared to the S
%

-Chart. A similar 

behavior is observed for the other values of n. Thus the proposed G
%

-Chart provides a 

δ  G-Normal S-Normal G-chis5 S-chis5 G-chis20 S-chis20 G-Expo S-Expo G-t5 S-t5 G-t20 S-t20 

1.00 200.013 200.031 200.018 200.023 200.015 199.994 200.021 200.016 200.013 200.022 199.990 200.008
1.50 5.050 5.044 7.257 45.109 5.857 7.351 8.772 456.192 11.236 426.376 5.631 6.475 
2.00 1.555 1.539 1.791 3.974 1.640 1.778 1.927 13.010 2.142 12.548 1.622 1.691 
2.50 1.117 1.115 1.176 1.634 1.139 1.171 1.214 2.958 1.271 2.902 1.134 1.151 
3.00 1.027 1.027 1.004 1.184 1.033 1.043 1.055 1.569 1.072 1.553 1.003 1.037 
4.00 1.001 1.001 1.004 1.019 1.003 1.003 1.005 1.075 1.006 1.073 1.002 1.003 

δ  G-Normal S-Normal G-chis5 S-chis5 G-chis20 S-chis20 G-Expo S-Expo G-t5 S-t5 G-t20 S-t20 

1.00 199.992 200.001 200.012 199.997 200.010 200.021 199.997 199.995 200.023 200.011 200.010 200.009
1.50 1.761 1.760 1.605 7.781 1.804 2.417 1.674 66.253 2.138 102.276 1.843 2.129 
2.00 1.022 1.020 1.002 1.240 1.028 1.047 1.022 2.123 1.005 2.432 1.003 1.035 
2.50 1.001 1.000 1.001 1.011 1.001 1.001 1.001 1.085 1.002 1.112 1.001 1.001 
3.00 1.000 1.000 1.000 1.000 1.000 1.000 1.001 1.005 1.000 1.008 1.000 1.000 
4.00 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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reasonably robust design structure which can be used even if the behavior of the 

correlated quality characteristics ( ),Y X  departs from normality. 

 An interesting phenomenon for the exponential distribution: It has been 

observed that in the case of exponential distribution, the values of ARL increase instead 

of decrease for small shifts (e.g. δ =1.5) for both G
%

 and S
%

 charts. This increase in the 

ARL values is larger for the S
%

 chart as compared to the G
%

 chart, especially for small 

values of n, as obvious from the above tables. A similar type of observation for the 

exponential distribution was also made by Vermaat and Does (2006) in their study 

regarding a Semi-Bayesian method for Shewhart control charts. 

 

5.4.3 The Case of Contaminated Bivariate Normal Distributions 

 One of the purposes of this article is to obtain robust control limits which are less 

affected by outliers and distributional contaminations, especially in Phase I, so that we 

can have more reliable and efficient control limits for Phase II.  

 We examine here the G
%

 and S
%

 charts when contaminations are present. The 

probability limit based control structures given in (5.11) and (5.15) are used for the 

G
%

and S
%

 charts respectively. The control limits multipliers are chosen such that the 

false alarm rate is equal for the two charts (i.e. the G
%

and S
%

 charts).  

  Let the false alarm rate equals 0.005 for each of the two charts. Then twenty 

bivariate subgroups of sizes n=10 and 20 are generated for the following four situations: 

i) In-Control Situation: All twenty subgroups are generated from a 
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2 2
2 ( , , , , )y x y x yxN µ µ σ σ ρ , say an uncontaminated bivariate normal distribution, to 

study the performance of the two charts in terms of their false alarm rates; 

 ii) Outliers Situation: Twenty subgroups are generated from a mixture of 

2 2
2 ( , , , , )y x y x yxN µ µ σ σ ρ   and a bivariate normal distribution with some or all of the  

2 2,y xσ σ  and yxρ disturbed, say a contaminated bivariate normal distribution. The twenty 

subgroups are generated such that in all twenty subgroups 90% of the observations come 

from an uncontaminated bivariate normal distribution and 10% of the observations come 

from a contaminated bivariate normal distribution, to study the performance of the two 

charts in terms of their abilities to detect outliers;  

  iii) Special Cause Situation: Eighteen subgroups are generated from an uncontaminated 

bivariate normal distribution and two subgroups from a contaminated bivariate normal 

distribution, to study the performance of the two charts in terms of their abilities to detect 

special causes;  

 iv) Special Cause and Outliers Situation: Eighteen subgroups are generated from a 

mixture of contaminated and uncontaminated bivariate normal distributions such that in 

eighteen subgroups 90% of the observations come from an uncontaminated bivariate 

normal distribution and 10% of the observations come from a contaminated bivariate 

normal distribution and two subgroups are generated from a contaminated bivariate 

normal distribution, to study the performance of the two charts in terms of their abilities 

to detect the special causes in the presence of outliers.  

  Based on the data of these subgroups, the control limits are computed for the G
%

 

and S
%

charts using their respective control structures, given in (5.11) and (5.15) 
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respectively, in all four situations. The numbers of subgroups are then counted that fall 

outside the two types of control limits; one for the G
%

-Chart and the other for the S
%

-

Chart (The subgroup statistic 1/ 2S
%

 is used as plotting statistic for both the control charts 

for the reason discussed in Section 5.2.4). The same is repeated 10,000 times and 

percentages of subgroups falling out of control limits are computed for the above 

mentioned four situations. The results are shown in the following Tables 5.7-5.10 for the 

two charts (i.e.  the G
%

 and S
%

 charts) for the above mentioned four situations, only for 

n= 20. Note that we have also simulated results with n = 10. 

We may conclude that; i) false alarms rates are almost the same for the two 

charts; ii) the proposed G
%

-Chart is more efficient than the  S
%

-Chart at detecting the 

outlier cases for any value of n; iii) the proposed G
%

-Chart is slightly less efficient than 

the S
%

-Chart for smaller values of n whereas for moderate and large values of n, the two 

charts are almost equally efficient in detecting special causes when there are no outliers; 

iv) the proposed G
%

-Chart is more efficient than the S
%

-Chart in detecting the special 

causes when outliers are also present. These findings follow from Tables 5.7-5.10. 
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i)    In-Control Situation 

 

Table 5.7: Percentages of False Alarms  by the G
%

 & S
%

Charts for 

Un-Contaminated Normal Distributions for n = 20 
 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

Control Chart Type 
Distribution G

%
-Chart S

%
-Chart 

100% 2N ( 0, 0, 1, 1, 0.00 ) 0.53 0.53 

100% 2N ( 0, 0, 3, 1, 0.50 ) 0.50 0.55 

100% 2N ( 0, 0, 1, 4, 0.50 ) 0.42 0.45 

100% 2N ( 0, 0, 1, 1, 0.50 ) 0.48 0.46 

100% 2N ( 0, 0, 2, 1, 0.90 ) 0.41 0.44 

100% 2N ( 0, 0, 1, 3, 0.40 ) 0.45 0.5 

100% 2N ( 0, 0, 4, 3, 0.70 ) 0.48 0.45 
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          ii)     Outliers Situation 

 
Table 5.8: Percentages of Outliers Detected by the G

%
 & S

%
Charts for Different 

Contaminated- Normal Distributions for n = 20 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

 

Control Chart Type 
Distribution G

%
-Chart S

%
-Chart 

90% 2N (0,0,1,1,0.50) 

10% 2N (0,0,3,1,0.50) 
5.6 4.55 

90% 2N (0,0,1,1,0.50) 

10% 2N (0,0,1,4,0.50) 
8.8 7.5 

90% 2N (0,0,1,1,0.10) 

10% 2N (0,0,1,1,0.60) 
0.7 0.55 

90% 2N (0,0,1,1,0.50) 

10% 2N (0,0,3,2,0.50) 
6.6 6 

90% 2N (0,0,1,1,0.50) 

10% 2N (0,0,4,1,0.80) 
10.0 8.11 

90% 2N (0,0,1,1,0.50) 

10% 2N (0,0,1,3,0.80) 
4.01 3.29 

90% 2N (0,0,1,1,0.50) 

10% 2N  (0,0,3,2,0.80) 
5.8 4.95 



 117

          iii)   Special Cause Situation 

 

   Table 5.9: Percentages of Special Causes ( When there are no Outliers) Detected
by the G

%
 & S

%
Charts for Different Contaminated- Normal 
 Distributions for n = 20 

 
 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Control Chart Type 
Distribution G

%
-Chart S

%
-Chart 

18 Subgroups from 2N (0,0,1,1,0.50) 

2  Subgroups from 2N (0,0,2,1,0.50) 
5.35 5.5 

18 Subgroups from 2N (0,0,1,1,0.50) 

2  Subgroups from 2N (0,0,1,3,0.50) 
10.85 10.45 

18 Subgroups from 2N (0,0,1,1,0.50) 

2  Subgroups from 2N (0,0,1,1,0.90) 
0.65 0.61 

18 Subgroups from 2N (0,0,1,1,0.50) 

2    Subgroups from 2N (0,0,2.5,1,0.70) 
8.25 8.25 

18 Subgroups from 2N (0,0,1,1,0.50) 

2  Subgroups from 2N (0,0,1,2.8,0.90) 
8.91 9.1 

18 Subgroups from 2N (0,0,1,1,0.50) 

2  Subgroups from 2N (0,0,1.2,2.1,0.50) 
6.85 6.95 

18 Subgroups from 2N (0,0,1,1,0.50) 

2  Subgroups from 2N (0,0,2.2,1.4,0.80) 
9.83 9.75 
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iv) Special Cause and Outliers Situation 
 
 

   Table 5.10: Percentages of Special Causes ( When there are Outliers) Detected 
by the G

%
 & S

%
Charts for Different Contaminated- Normal  

Distributions for n = 20 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

  

 

 

Control Chart Type 
Distribution G

%
-Chart S

%
-Chart 

18 Subgroups from a Mixture of 
90% 2N (0,0,1,1,0.50) & 10% 2N (0,0,4,1,0.50) 

And 
2 Subgroups from 

2N (0,0,2,1,0.50) 

8.85 7.4 

18 Subgroups from a Mixture of 
90% 2N (0,0,1,1,0.50) & 10% 2N (0,0,1,4.5,0.50) 

And 
2 Subgroups from 

2N (0,0,1,1.5,0.50) 

10.4 8.9 

18 Subgroups from a Mixture of 
90% 2N (0,0,1,1,0.50) & 10% 2N (0,0,1.7,3.5,0.50) 

And 
2 Subgroups from 

2N (0,0,1.4,1.9,0.50) 

9.25 8.6 

18 Subgroups from a Mixture of 
90% 2N (0,0,1,1,0.50) & 10% 2N (0,0,1.4,3.2,0.70) 

And 
2 Subgroups from 

2N (0,0,1.2,2,0.80) 

7.4 6.65 

18 Subgroups from a Mixture of 
90% 2N (0,0,1,1,0.50) & 10% 2N (0,0,3.4,1.2,0.95) 

And 
2 Subgroups from 

2N (0,0,2.1,1.4,0.50) 

11.35 10.7 
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For more than two correlated quality characteristics, the design structure of the 

proposed G
%

-Chart may be extended on the similar lines, with the expectation of the 

same superior performance, as compared to the S
%

-Chart. For guidelines regarding more 

than two correlated quality characteristics of interest, see Gnanadesikan and Gupta (1970) 

and Khoo and Quah (2004). 

 

5.5 An Illustrative Example 

 In this section, a simulated dataset is considered to illustrate the procedure of the 

proposed G
%

-Chart. The dataset is generated from a bivariate normal distribution. 

Assuming bivariate normality of ( , )Y X , twenty bivariate random samples each of size 

ten are simulated from bivariate normal distribution i.e. 2 ( , , , , )y x y x yxN µ µ σ σ ρ . The 

simulated data contains 90% values from 2 (0,0,1,1,0.50)N  and 10% values from 

2
2 (0,0,5.5 ,1,0.50)N  (i.e. 10% outliers). The resulting data set of twenty bivariate 

random samples ( , )Y X , each of size ten, is given in Table A5.3, given in the Appendix of 

this chapter. We have considered here a jump of 5.5 units in the variance for illustrative 

purposes. Different changes starting from small leading up to large unit jumps have been 

formally considered in Section 5.4 to examine their effect on ARL, following Hawkins 

and Moboudou (2007).   

 Now the objective is to see whether the proposed G
%

-Chart is able to detect the 

contamination in the data or not? For this purpose, the sample statistics 1/ 2G
%

 and 
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1/ 2S
%

are computed for these twenty bivariate random samples and are given in the 

following Table 5.11. 

Table 5.11.The Sample Statistics  
1/ 2G

%
 and  

1/ 2S
%

 for 
the Data Set given in Table A5.3. 

 

Sample  # 
1/ 2G

%
 

1/ 2S
%

 

1 0.61294 0.757 
2 2.65481 3.03741 
3 1.79781 2.34464 
4 3.79115 3.55393 
5 0.74265 0.74194 
6 1.96887 2.80299 
7 0.68428 0.68693 
8 2.03475 1.94755 
9 3.70855 3.8326 

10 0.96211 0.94306 
11 2.74758 2.39641 
12 1.31038 1.58686 
13 1.78676 2.67922 
14 2.78076 3.4311 
15 0.68742 0.60422 
16 1.59828 1.65029 
17 0.68734 0.66481 
18 0.45104 0.38965 
19 0.62174 0.5955 
20 0.99623 1.05724 

 

Based on the results of the above Table 5.11, the control limits for the proposed G
%

-

Chart using its control structure given in (5.11), i.e. the true probability limits, are given 

as (using 0.005α = ): 

________

________

________

0

0

1 / 2

1 / 2

1 / 2

     

0.0025

0.9975

LCL B b

CL

UCL B b

G

G

G

⎫
= ⎪

⎪
⎪⎪= ⎬
⎪
⎪

= ⎪
⎪⎭

%

%

%

.                                                                                       (5.16) 
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where
________

1 / 2
G
%

=1.6313, B0.0025 = 4.95, B0.9975 =38.83 and 0b =16.821. 

The G
%

-Chart using the control limits given in (5.16), for the simulated data set of  Table 

A5.3, is given in the following Figure 5.1, where the horizontal axis represents the time 

order of the samples and the vertical axis represents the plotting sample statistic of the 

G
%

-Chart.  

The sample statistic 1/ 2S
%

 is used as the plotting statistic in the G
%

-Chart for the reasons 

given in Section 5.2.4. Any sample 1/ 2S
%

on the G
%

-Chart, given in Figure 5.1, falling 

outside lower and upper control limits refers to some assignable cause(s) in the process at 

that time point. The G
%

-Chart gives signals of some assignable cause(s) for samples at 

time points 9 and 18.  

20

 

3 

2 

1 

0 

Sample Number 

CL=1.631 

LCL=0.4800 

UCL=3.766 

1/ 2S
%

 

Figure 5.1.  G
%

-Chart 
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 Based on the results of Table A5.3, the control limits for the S
%

-Chart using its 

control structure given in the (15) are given as (using 0.005α = ): 

________

_______

________

0

0

1 / 2

1 / 2

1 / 2

  

  

    

0.0025

0.9975

LCL A a

CL

UCL A a

S

S

S

⎫
= ⎪

⎪
⎪⎪= ⎬
⎪
⎪

= ⎪
⎪⎭

%

%

%

.                                                                                     (5.17) 

where
________

1 / 2
S
%

=1.7852, B0.0025 = 4.573, B0.9975 =36.455 and 0a =16.00. 

The S
%

-Chart using the control limits given in (5.17) is given in the following Figure 5.2, 

where the horizontal axis represents the time order of the samples and the vertical axis 

represents the plotting sample statistic of the S
%

-Chart. 

20100 

4 

3 

2 

1 

0 

Figure 5.2. S
%

-Chart 

CL=1.785 

LCL=0.5103 

UCL=4.067 

Sample Number 

1/ 2S
%
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In the above example, both the G
%

-Chart and S
%

-Chart gave an out-of-control signal for 

sample # 18 whereas only the G
%

-Chart gave an out-of-control signal for sample # 9. It is 

consistent with the findings of Section 5.4.3 where the proposed G
%

-Chart was found to 

be more efficient than the S
%

-Chart in detecting outliers. 

 

5.6 Conclusions 

 We may conclude that the proposed G
%

-Chart is a very close competitor to the 

S
%

-Chart, in case of a normal parent population. Moreover, the design structure of the 

proposed G
%

-Chart shows more robust behavior as compared to the S
%

-Chart against 

departures from normality, and shows more resistance against the contaminated normal 

parent population.  
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Appendix to Chapter 5 

 

              Table A5.1: Table of Coefficients  

                                      for the Proposed G
%

-Chart  

n  0b  1b  

3 2.540 2.849 
4 4.679 3.405 
5 6.776 4.072 
6 8.851 4.512 
7 10.858 4.974 
8 12.885 5.358 
9 14.815 5.725 

10 16.821 5.985 
11 18.950 6.357 
12 20.878 6.686 
13 22.983 7.007 
14 24.917 7.308 
15 26.865 7.618 
16 28.844 7.743 
17 31.042 8.206 
18 32.935 8.398 
19 34.898 8.570 
20 37.047 8.843 
25 46.964 9.968 
30 56.660 10.808 
50 97.057 14.197 
100 197.341 20.235 
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Table A5.2: Table of Quantile Points for the Proposed G
%

-Chart 

n  .001B  .005B  .01B  .050B  .100B  .200B  .800B  .900B  .950B  .990B  .995B  .999B  

3 0.000 0.000 0.000 0.000 0.000 0.000 4.410 6.375 8.188 12.104 14.305 19.278 
4 0.000 0.000 0.000 0.000 1.027 1.849 7.107 9.094 11.134 15.652 17.412 21.044 
5 0.000 0.000 0.000 1.692 2.361 3.389 9.758 12.174 14.400 19.510 21.651 27.436 
6 0.000 1.231 1.658 2.938 3.762 5.010 12.310 14.892 17.314 22.606 24.703 29.601 
7 1.418 2.130 2.618 4.152 5.166 6.629 14.695 17.615 20.258 25.271 27.882 33.086 
8 2.081 3.067 3.762 5.538 6.661 8.340 16.915 19.962 22.884 28.305 30.632 36.631 
9 3.222 4.183 4.692 6.914 8.226 9.930 19.245 22.605 25.398 31.652 33.788 37.680 

10 4.162 5.421 6.136 8.302 9.772 11.688 21.595 24.862 27.752 33.302 35.728 41.954 
11 5.269 6.764 7.408 9.796 11.381 13.558 24.125 27.399 30.391 36.475 39.158 45.084 
12 6.220 7.652 8.284 11.175 12.950 15.159 26.113 29.820 32.892 39.544 41.873 50.238 
13 7.477 8.925 9.777 13.001 14.706 16.936 28.518 32.390 35.551 42.328 45.756 51.836 
14 8.019 10.055 10.988 14.164 16.129 18.782 30.765 34.578 38.032 45.066 48.304 53.984 
15 9.215 11.485 12.490 15.724 17.663 20.314 32.895 37.082 40.693 47.285 50.755 57.828 
16 10.118 12.659 13.732 17.401 19.401 22.225 35.063 39.175 42.447 50.137 52.501 58.772 
17 12.452 13.936 15.225 19.073 21.124 24.036 37.678 41.952 45.625 53.463 56.285 62.545 
18 12.790 15.274 16.545 20.407 22.770 25.732 39.679 44.083 47.760 55.685 58.716 66.116 
19 13.935 16.676 17.981 21.886 24.339 27.572 41.780 46.021 50.107 57.509 60.643 67.891 
20 15.623 18.082 19.497 23.799 26.284 29.424 44.225 48.851 52.523 60.557 63.878 69.943 
25 22.580 24.882 26.628 31.837 34.830 38.376 55.018 59.892 64.477 73.740 77.247 84.813 
30 30.033 32.451 34.017 39.669 43.328 47.588 65.568 70.709 75.584 84.809 88.465 97.046 
50 58.195 63.378 66.201 74.642 79.084 84.759 108.858 115.514 121.197 133.191 136.646 145.487 

100 140.972 149.265 154.062 165.363 172.214 180.193 213.957 223.752 231.553 248.164 255.027 271.299 
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Table A5.3. Simulated Data Set of Twenty Bivariate Subgroups 

Sample # 1 Sample # 2 Sample # 3 Sample # 4 Sample # 5 Sample # 6 Sample # 7 Sample # 8 Sample # 9 
Y X Y X Y X Y X Y X Y X Y X Y X Y X 

-0.2723 2.3887 0.1551 -0.0715 -0.2148 1.2234 -0.8981 0.5290 0.9293 2.1167 -0.1015 -0.7962 0.7844 1.3342 -0.1732 0.9684 2.3283 1.9373 
-0.9842 -1.0379 -7.4622 -0.5162 0.5460 0.9204 5.3850 -0.3889 -0.0676 0.0085 -11.6422 -1.2299 0.8669 1.0104 -1.2838 -1.2081 2.9325 2.5415 
-0.7227 -0.5990 1.5806 0.2303 0.8466 0.6323 0.7536 1.2598 -0.0924 -1.4768 0.7168 -0.6094 -1.6003 -0.3838 1.1381 0.5942 0.0731 -0.3094
-0.4046 0.2850 0.3996 0.1694 0.1224 -0.9894 -3.6890 0.8182 0.3679 2.1851 1.1084 -0.2053 0.0996 -0.3941 -4.6798 -0.6277 1.5756 0.5637 
-0.3452 -0.9372 -0.3315 -0.1045 0.2124 0.8677 2.2581 -0.2010 -0.6773 -1.9101 1.0079 0.2941 1.3745 -0.4678 5.5547 1.9959 2.2219 3.4258 
-0.8007 -1.0061 0.3967 2.4460 0.4449 -0.8336 -1.1695 -1.7623 -0.3724 2.0128 -0.5701 -0.3752 0.4387 -0.1440 -0.5572 -0.6915 1.4877 -0.2259
0.7988 0.3940 -1.2258 -0.4044 0.3332 -2.1371 2.1646 3.0667 0.1066 0.3615 0.9995 -0.8402 -1.4446 -0.9475 0.8209 -0.8887 5.5792 1.8598 
1.4341 0.5325 1.7924 0.1476 1.0290 -0.3682 1.8763 2.2303 -1.3755 -0.6450 0.3001 0.4222 0.8057 -0.2115 -2.0520 -0.5586 -7.5629 -1.7556
0.5672 1.1551 -6.6590 1.3735 -6.4502 -1.8670 -1.1483 0.0279 -0.1578 -0.7773 0.7699 -0.8434 0.1554 1.1316 1.1698 -0.4304 -1.3703 1.6863 
-0.4050 -0.3969 1.8404 0.7537 0.5715 -0.4239 -1.0613 -0.5237 0.1095 0.3112 0.1026 1.4128 0.1909 -0.1671 1.6783 -0.1662 -0.3451 0.4693 

Sample # 10 Sample # 11 Sample # 12 Sample # 13 Sample # 14 Sample # 15 Sample # 16 Sample # 17 Sample # 18 
Y X Y X Y X Y X Y X Y X Y X Y X Y X 

-1.5287 -0.2683 -2.6008 -0.5857 -0.5229 -1.4781 0.8610 1.7441 0.8664 0.0639 1.1779 -0.1961 4.8936 0.7127 1.3923 0.2863 -0.9517 -0.0115
-0.0341 -0.0766 -0.3858 -1.1527 -0.3645 -1.1623 -1.0257 0.3490 0.4320 -0.2771 0.3037 -0.2573 -0.8504 -1.3440 -1.8983 -0.3144 0.1158 0.0762 
0.2442 0.7100 0.1812 -0.2604 -0.2112 0.3711 -0.2855 -0.6819 -2.1539 0.9182 1.7470 0.0474 4.6003 0.2758 -0.6918 0.4447 -0.1853 -0.7288
0.4078 1.7610 5.5547 1.9959 -0.4915 -2.2233 1.8093 2.0581 -0.3254 0.4861 1.0079 0.2941 4.3759 -0.2416 -0.6974 -1.2479 1.2754 1.3476 
-0.5809 -1.6872 -0.8378 -0.8790 -1.2180 -1.1970 0.6126 1.2175 0.5094 -0.5161 -0.4943 0.3773 0.3897 0.3463 0.3910 0.8928 -0.0536 -0.1171
1.7031 1.2322 -1.4582 -0.7220 6.3034 0.4908 1.0101 1.3250 -0.1642 -1.5502 -0.2364 -1.9326 0.7787 0.4650 0.9036 0.0150 1.5816 0.8222 
0.7520 0.1978 2.0783 1.4411 1.1422 -0.0825 1.6034 1.4585 0.0622 0.0300 -1.0413 -1.2232 -0.5068 -1.9398 1.4038 1.1191 -0.3705 -0.5734
-0.6750 -0.6214 1.0524 -1.1520 -0.2010 -0.8658 -0.4404 0.1544 1.4257 0.9072 -0.3570 0.1613 -0.5646 -1.1053 0.0689 0.1886 0.7142 -0.0166
-0.6735 -0.9160 -1.0039 0.6318 0.0048 -1.6619 -1.7749 -1.3827 -2.2921 -1.4063 -0.2508 -1.2389 -1.3227 -0.5065 -0.2956 -0.5747 -1.5178 -1.4836
-0.1724 -2.3970 6.5442 1.0588 -1.5222 -0.7796 -7.8928 0.0591 12.3618 0.9041 0.1657 -0.7536 0.3424 -0.8744 -0.7052 -1.0902 0.6173 0.3468 

Sample # 19 Sample # 20 
Y X Y X 

0.6881 0.3057 0.2481 -0.4790 
0.9019 -0.1293 -1.7782 -0.4969 
0.2967 -0.4117 0.7533 1.9351 
0.7454 -0.2459 1.4652 1.5312 
0.0394 1.8246 0.5847 0.8330 
-0.2404 -0.7177 0.2688 -1.0764 
0.2998 0.3247 2.8520 1.4332 
-1.3120 -1.8276 -0.6230 -0.4972 
0.2150 1.3348 0.4912 0.1045 
0.6009 -0.3562 -0.5679 -1.4633 
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SAMENVATTING 

 

 

Statistische procesbeheersing is een methode waarbij statistische technieken 

worden gebruikt om een proces te beheersen en om de kwaliteit van de producten te 

verbeteren. Van deze technieken is de “Shewhart regelkaart” de belangrijkste en het 

meest gebruikt. Dit proefschrift introduceert een aantal univariate en bivariate Shewhart 

regelkaarten voor locatie- en spreidingsparameters voor normaal verdeelde 

kwaliteitskenmerken van een proces. Het proefschrift richt zich voornamelijk op i) 

verbeterde procesbeheersing en ii) robuuste procesbeheersing. 

De verbeterde beheersing van de procesparameters wordt verkregen door gebruik 

te maken van aanvullende informatie uit de data. Door het benutten van de correlatie 

tussen de te besturen grootheid en haar aanvullende kenmerken, zijn nieuwe regelkaarten 

ontwikkeld. Bovendien zijn er vergelijkingen gemaakt met bestaande regelkaarten die 

gebruikt worden voor hetzelfde doel.  

Een regelkaart, genaamd de rM -regelkaart, wordt in Hoofdstuk 2 voorgesteld. 

Deze is bedoeld om de beheersing van locatieparameters in het proces te verbeteren. De 

regelkaart wordt vergeleken met de welbekende Shewhart X -regelkaart en een aantal 

andere regelkaarten die voor dat doel zijn voorgesteld. De vergelijkingen laten zien dat de 

voorgestelde rM -regelkaart beter presteert dan de X -regelkaart en de andere 

regelkaarten als het gaat om het detecteren van verschuivingen in het gemiddelde van het 

proces.  
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De regelkaarten uit Hoofdstuk 3 (de rV -, tV - en zV - regelkaarten) zijn gebaseerd 

op regressie - en ratio type schatters voor de variatie in het proces. Ze zijn ontwikkeld om 

te komen tot een verbeterde beheersing van de spreidingsparameter in het proces. Zij 

worden vervolgens vergeleken met de bekende Shewhart regelkaart die gebaseerd is op 

de steekproefvariantie (de 2S -regelkaart). De voorgestelde rV -, tV - en zV -regelkaarten 

zijn ook onderling vergeleken. Het vergelijk toont aan dat de rV -, tV - en zV -regelkaarten 

alle drie beter presteren dan de 2S -regelkaart als het gaat om het detecteren van 

verschuivingen in de spreiding van het proces. De onderlinge vergelijking tussen rV -, tV - 

en zV -regelkaarten toont aan dat de tV -regelkaart beter is dan de rV -regelkaart en de  zV -

regelkaart, terwijl de rV -regelkaart beter is dan de zV -regelkaart als het gaat om het 

detecteren van verschuivingen in de spreiding van het proces. 

De regelkaarten in Hoofdstuk 4, die worden aangeduid als de Q -, MD-, pwS - en 

G -regelkaarten, zijn gebaseerd op respectievelijk het interkwartiel bereik, het 

gemiddelde van de absolute afwijkingen ten opzichte van de mediaan, de kansgewogen 

momenten en Gini’s gemiddelde verschillen. De regelkaarten worden gepresenteerd als 

robuuste regelkaarten voor de spreiding in het proces. Ze worden vergeleken met de 

welbekende R- en S-regelkaarten en met de QR -regelkaart voorgesteld door Rocke 

(1992). De vergelijkingen laten zien dat de voorgestelde regelkaarten beter zijn dan de 

bestaande R-, S- en QR -regelkaarten als het gaat om robuustheid met betrekking tot niet-

normaliteit en de aanwezigheid van uitschieters. Bovendien worden in Hoofdstuk 4 

richtingen aangegeven voor vervolgonderzoek.  
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Bivariate regelkaarten worden besproken in het laatste hoofdstuk. Een nieuwe 

Shewhart-type regelkaart, genaamd de G
%

-regelkaart, wordt gebaseerd op de determinant 

van de covariantiematrix met als elementen de Gini’s gemiddelde verschillen. Deze 

regelkaart wordt voorgesteld als een robuuste regelkaart voor het  monitoren van de 

tweedimensionale spreidingsparameter. Het ontwerp van de G
%

-regelkaart wordt 

gegeven en een vergelijking wordt gemaakt met de welbekende S
%

-regelkaart die 

gebruikt wordt voor hetzelfde doel. De vergelijkingen gebaseerd op de gemiddelde 

runlengte laten zien dat de voorgestelde G
%

-regelkaart beter presteert dan de S
%

-

regelkaart als het gaat om robuustheid met betrekking tot niet-normaliteit en 

aanwezigheid van uitschieters.  
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