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CHAPTER 4 

 

ROBUST MONITORING OF THE PROCESS PARAMETERS 

 

 

In this chapter, use of robust estimators is made for robust monitoring of the 

process variability with respect to a single quality characteristic of interestY . Some 

proposals are made for the variability parameter in the form of Shewhart type control 

charts. Assuming normality of Y, design structures of control charts are developed, 

targeting moderate and large shifts which is of major concern of the Shewhart type 

control charts. Using power curves as a performance measure, the comparisons of the 

proposed charts are made with some existing control charts used for the same purposes. 

This chapter is based on Muhammad and Riaz (2006), Riaz and Saghir (2007, 2008), and 

Riaz (2008c). At the end of this chapter we give an outline of some research in progress 

with respect to robust monitoring of the process location parameter (cf. Schoonhoven, 

Riaz and Does (2008)). Some EWMA type control charts based on Riaz and Abbasi 

(2007a, 2007b, 2008) and Abbasi and Riaz (2007) are also added in this chapter.  

 

4.1 Introduction 

 Control charts are statistical process control tools that are widely used to monitor 

a process. Location charts monitor the process mean level while dispersion charts 

monitor the process variability. These control charts are used to detect changes in a 

process with respect to some quality characteristic(s). The changes may occur both in the 
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average as well as in the variability of relevant quality characteristics. It is therefore, 

essential to control both of them using suitable control charts, one for the process average 

and another for the process variability. The commonly used Shewhart type control charts 

for monitoring the process variability parameter are the R  chart, the S chart and the 

2S chart. These charts perform well under normality and when there are no outliers in the 

data. There are certain problems with the design structures of these charts when the ideal 

environment is disturbed, e.g. the R  chart loses its efficiency with an increase in the 

sample size n, and the S, 2S  and R charts perform poorly in the presence of outliers in 

data. Also the design structures of these control charts are seriously affected when there 

is a question mark on the normality assumption. To address the shortcomings of these 

charts, this chapter proposes Shewhart type control charts for robust monitoring of the 

process variability parameter. 

The presence of outliers and departures from normality cause serious problems 

with the design structures of the control charts. For instance, i) according to Duclos et al. 

(2005) “One of the most important effects of non-normality on control charts 

performances is the modification of the α  risks”; ii) according to Rocke (1989) “ The 

presence of outliers tends to reduce the sensitivity of control-charting procedures because 

the control limits become stretched so that the detection of the outliers themselves 

becomes more difficult. Furthermore, these stretched control limits mean that other types 

of out-of-control behavior become more difficult to detect”. It is, therefore, essential to 

have control charts with robust design structures.  

There are many robust control charts in the quality control literature. Rocke 

(1992) proposed robust EWMA charts based on the sample range and the sample mean, 
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Khoo (2004) proposed Downton’s based EWMA schemes, Maravelakis et al. (2005) 

examined robustness to non-normality of the EWMA control charts for the spread 

parameter, where as Stoumbos and Sullivan (2002) examined robustness to non-

normality of the multivariate EWMA control chart.  

   In this chapter, robustness in terms of resistance against the presence of outliers and 

departures from normality are considered and Shewhart type control charts are given for 

robust monitoring of the process variability parameter. Design structures of some robust 

Shewhart type control charts are developed and comparisons are made with those of 

some existing control charts used for the same purposes.  

 The proposals are based on two general principles, namely i) while constructing 

control limits of a chart,   we choose an estimator which is not unduly affected by the 

presence of outliers; ii) while plotting a sample statistic against the computed control 

limits, we prefer some sensitive sample statistic ( like R or 2S ). Otherwise (i.e. if some 

insensitive statistic is used for plotting purposes), the outliers may go undetected at the 

retrospective stage, thus causing wider control limits for the prospective analysis and 

hence negatively influencing the performance of the chart. 

  

4.2 Shewhart Type Control Chart Based on the Inter Quartile Range and 

Average Absolute Deviations 

This section proposes a dispersion control chart namely the Q  chart (a threshold 

control chart according to Farnum (1994) based on the inter-quartile range based estimate 

ofσ for monitoring changes in the process dispersion. The inter-quartile range based 
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estimate ofσ , say Q , used in this study is defined for a random sample 1 2, ,...., nX X X of 

size n as (see David (1998)): 

3 1( ) /1.34898Q Q Q= − ,                                                                                                       (4.1) 

where 3Q  and 1Q  represent the third and the first quartile respectively. In a set of ordered 

values (in ascending order), 1Q  is the observation at position ( 1) / 4n +  and 3Q  is the 

observation at position 3( 1) / 4n + , and if the position is not an integer then linear 

interpolation is used  as can be seen in Kenett and Zacks (1998, p. 29).  

Some earlier work on using the inter-quartile range in control charts includes 

Rocke (1989, 1992) and Tatum (1997). They have used only sample sizes such that  the 

( 1) / 4thn +  or the 3( 1) / 4thn + positions are integers. This restriction causes irregular 

patterns in the design structure of the control chart (e.g. see Table 1 of Rocke (1992)). In 

this paper no such restriction is imposed to avoid such irregular patterns. Until now, 

authors, using the inter-quartile range in the control charts, have proposed and developed 

3-sigma limits based design structures (which are asymptotically more suitable because 

the distributional behavior of the inter-quartile range is asymptotically normal). As the 

distributional behavior of the inter-quartile range for small and moderate values of n is 

not symmetrical, some structure is required so that the probability limits approach can be 

used to set the control limits correctly for a given false alarm rate (i.e. the probability of 

committing a type-I error).  

The following sub-sections contain the topics: i) Assuming normality of a quality 

characteristic under study, a method is developed to design the Q  chart for improved 

monitoring of the process dispersion of a quality characteristic of interest. ii) The power 
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curves have been constructed as a performance measure of the Q  chart following Duncan 

(1951). The performance of the Q  chart has been compared with those of the well known 

R and S charts and the QR  chart proposed by Rocke (1992), following Tuprah and Ncube 

(1987).  iii) The effect of non-normality on the design structure of the Q  chart is 

investigated following Burr (1967), and is compared with the corresponding effects of 

non-normality on the design structures of the R and S charts. Monte Carlo simulation 

techniques have been used wherever required in this chapter. 

 

4.2.1 The Proposed Control Chart (the Q -Chart)   

 Assuming normality of a quality characteristic under study, say X , a relationship 

between σ ( the true but unknown process dispersion of the quality characteristic of 

interest X  which is to be monitored) and the sample statistic Q (the inter-quartile range 

based estimator of σ  defined in (4.1)) is required to develop the structure of the proposed 

Q  chart. Let 1 2, ,...., nX X X be an i.i.d sample from a normal distribution and D  be a 

random variable that defines a relationship between Q  and σ as: 

/D Q σ= ,                                                                                           (4.2) 

which helps in determining parameters (i.e. centerline, lower control limit and upper 

control limit) of the proposed Q  chart.  

 The distributional behavior of D , in case of a normally distributed quality 

characteristic, entirely depends on the sample size n and is not symmetrical at least for 

small values of n. The distributional behavior of D , in terms of its mean, standard error 
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and quantile points, is required to develop the design structure of the proposed Q  chart, 

and is explored in the following subsections.  

 

4.2.1.1 The Mean 

  First for the mean, applying expectations to (4.2) gives: 

( ) ( / ) ( ) /E D E Q E Qσ σ= = .                                                                                               (4.3) 

Here ( )E Q  can safely be replaced by its estimate  Q (the mean of the sample Q ’s) using 

an appropriate number of random samples. Thus from (4.3) an estimate of σ  , after 

rearranging the terms, is given as:  

ˆ / ( )Q E Dσ = .                                                                          (4.4) 

Let,   

( ) 1E D q= .                                              (4.5)  

Although it is not impossible to get analytical results for 1q  because Q  is a linear 

combination of at most four order statistics, we prefer a Monte Carlo simulation. Note 

that Beyer (1968), Pearson and Hartley (1976), and Tietjen et al. (1977) have provided 

tables which are helpful in finding results of 1q for different values of n, but these tables 

do not work if ( 1) / 4n th+  or 3( 1) / 4n th+ position, in the ordered set of observations, is 

not an integer. Hence, simulation results are obtained for 1q  in this chapter. The 

coefficient 1q  entirely depends on n for the case of a normal distribution. Using 10,000 

random samples generated from the standard normal distribution without loss of 

generality, results of 1q  have been obtained, for different values of n, 1000 times each. 

Based on these results, mean values of 1q  along with their respective standard errors are 
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provided in Table 1(a), given in Riaz (2008c), for n = 2, 3, 4 …., 25. Similar results can 

easily be obtained for any value of  n. 

Now using (4.5) in (4.4) yields the estimate of σ  as: 

ˆ /
1

Q qσ = .                                                                     (4.6) 

 

4.2.1.2 The Standard Error 

  For the standard error, let the standard deviation of D  (i.e. Dσ ) be  

2D qσ = .                                                          (4.7)  

For the same reason given in Section 4.2.1.1 for 1q , simulation results are obtained for 2q  

in this chapter. The coefficient 2q  entirely depends on n for the case of a normal 

distribution. Using the same 10,000 simulated random samples, results of 2q  have been 

obtained, for different values of n, 1000 times each. Based on these results, mean values 

of 2q  along with their respective standard errors are provided in Table 1(a), given in the 

Riaz (2008c), for n = 2, 3, 4 …., 25. Similar results can easily be obtained for any value 

of n. 

Also taking the variance of D , defined in (4.2), gives the expression for Dσ  as 

/D Qσ σ σ= ,                                                                                                      (4.8) 

where Qσ represents the standard deviation of the distribution of the sample statisticQ . 

Using (4.7) in (4.8) and rearranging gives: 

2Q qσ σ= .                                                                         (4.9) 

Substituting the estimate forσ , given in (4.6), into (4.9) provides an estimate for Qσ  as:  
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2 1
ˆ /Q q Q qσ = ,                                                                       (4.10) 

 

4.2.1.3 The Quantile Points 

 For the quantile points of the distribution of D , let aD  represent the tha  quantile 

point of the distribution of D  (i.e. a point where the distribution function of D  takes the 

value a). Analytical results for aD  are difficult to obtain so simulation results are 

obtained for aD . For a normally distributed X, quantile points of the distribution of D 

entirely depend on n. Using the same 10,000 simulated random samples, results of aD  

have been obtained, for different values of n, 1000 times each. Based on these results, 

mean values of some commonly used quantile points along with their respective standard 

errors are provided in Table 1(b), given in the Riaz (2008c), for n = 2, 3, 4 …., 25. 

Similar results can easily be obtained for any value of n. These quantile points help in 

determining the control limits and the power of the proposed Q  chart to detect shifts in 

the process dispersionσ .  

The distributional behavior of D is not symmetrical at least for small values of n 

as is obvious from Table 1(b), given in Riaz (2008c). The normalized sample quantiles 

are asymptotically multivariate normal (see Mosteller (1946)), and the marginals of a 

multivariate normal distribution are also normal. So D , being a linear function of 

asymptotically normal random variables, follows an asymptotic normal distribution. 
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4.2.2 Calculation of the Parameters of the Q Chart  

The three parameters (i.e. CL, LCL and UCL) of the proposed rV  chart using the 

two approaches, discussed in Section 2.2.1 of Chapter 2, are expressed in the following 

two subsections.  

 

4.2.2.1 The Probability Limits Approach  

The value Q  corresponds to CL of the proposed Q chart. Assuming the 

probability of making a Type-I error to be less than a specified value say α , control 

limits ( which are actually the true probability limits) for  the proposed Q chart are 

defined as: 

( )
( ) 1

l n l l

u n u u

L C L Q w ith P Q Q

U C L Q w ith P Q Q

α

α

= = ≤

= = ≥ −

⎫
⎬
⎭

                   (4.11) 

where l uα α α= + and nP  represents cumulative distribution function for a given value of n. 

Now using (4.2) and (4.6) in (4.11) gives:  

( )
( )

1

1

/

/ 1
l l n l l

u u n u u

LCL Q D Q q with P D D

UCL Q D Q q with P D D

α

α

= = = ≤

= = = ≥ −

⎫
⎬
⎭

                                                                   (4.12)                 

Thus the coefficient 1q  provided in Table 1(a) (given in Riaz (2008c)), the quantile 

points of D  provided in 1(b) (given in Riaz (2008c))  and the average of the sample Q’s 

(i.e.Q )  allow setting the lower and upper control limits (which are actually the true 

probability limits) of  the proposed Q  chart. 
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4.2.2.2 The Three-Sigma Limits Approach  

 If the normal approximation to the distribution of D  is used then the parameters 

of the Q  chart with the usual 3-sigma control limits are given as: 

3 , , 3Q QUCL Q CL Q LCL Qσ σ= + = = − .                                                                            (4.13) 

Using (4.10) in (4.13) gives the following result: 

2 1 2 13 / , , 3 /UCL Q q Q q CL Q LCL Q q Q q= + = = − ,                                                               (4.14) 

where the values of 1q  and 2q  are provided in Table 1(a), given in Riaz (2008c). 

The validity of these 3-sigma limits based parameters of the proposed Q  chart depends 

on how close the normal approximation is to the true distribution of D . 

 A problem of the  LCL: For small values of n, sometimes the LCL results into a 

negative value. A negative value for the dispersion measure has no realistic meaning. 

Therefore in such situations it is assigned to the value 0.  

After deciding the control structure, for given significance level, by either the 

probability limit approach or the 3-sigma limit approach, the sample statisticQ  is plotted 

against time order of samples. If all sample Q ’s lie within the control limits, there is 

reasonable evidence to conclude that there is no shift in the process dispersion and 

process is stable at 1/Q q . Otherwise some assignable cause(s) are at work causing a shift 

in the process dispersion. An alternative approach regarding the plotting statistic is to use 

some sensitive sample statistic (e.g. R ) instead of Q  for plotting purposes as was 

adopted and recommended by Rocke (1989, 1992), and Tatum (1997) .  
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To address small and moderate shifts using the developed structure of the Q  chart, 

the runs rules (as discussed by Nelson (1984)) may be supplemented to its basic structure. 

As a result the risk of false alarms is increased.  

Now for comparison purposes, similar structures for the conventional R and S  

charts are given in the following section. 

 

4.2.3 The R  and S Charts  

 First we define the corresponding random variables, corresponding to the random 

variable D  defined in (4.2), based on the sample statistics R and S. Let the corresponding 

random variables based on the sample statistics R and S be W and L respectively. Then W 

and L are respectively defined as: 

/W R σ= ,                                                                                                                      (4.15) 

/L S σ= ,                                                                                                                       (4.16) 

where R and S are the well-known sample measures of dispersion and σ is the true but 

unknown process dispersion. 

The mean and the standard error of the random variable W are respectively given as:  

( ) 2E W d= ,                                                                                                                    (4.17)  

( ) 3.S E W d= ,                                                                                                                  (4.18)  

where both 2d  and 3d are functions of the sample size n only, for a normally distributed 

quality characteristic.  

The mean and standard error of random variable L are respectively given as: 

( ) 4E L c= ,                                                                                                                      (4.19)  
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( ) 2

4. 1S E L c= − .                                                                                                          (4.20)  

where 4c  is a function of only the sample size n when the quality characteristic to be 

monitored follows a normal distribution. 

 The values of 2d , 3d , 4c  and the quantile points of the distributions of W and L are 

available in literature. For comparison purposes the same 10,000 simulated samples of 

Section 4.2.1 have been used and values of 2d , 3d , 4c  and the commonly used  quantile 

points of the distributions of W and L are obtained, for different values of n, 1000 times 

each. Based on these results, the mean values of 2d , 3d , 4c , 2
41 c−  and the commonly 

used  quantile points of the distributions of W and L along with their respective standard 

errors are provided in Tables 2(a & b) and 3(a & b), given in Riaz (2008c), on a similar 

pattern as the Tables 1(a &  b), given in Riaz (2008c), have been used for the proposed Q  

chart. The results for the R chart  and for the S chart are very much similar to those of  

literature results for the R and S charts, thus validating the simulations used to obtain the 

results for 1q , 2q  and the quantile points for the distribution of D  for the proposed Q  

chart. 

 Similar structures, comparable to (4.12) used for the proposed Q  chart, for the 

parameters of the R and S charts using the probability limits approach are respectively 

given as: 

( )
( )

2

2

/

/ 1

l l n l l

u u n u u

LCL R W R d with P W W

UCL R W R d with P W W

α

α

= = = ≤

= = = ≥ −

⎫⎪
⎬
⎪⎭

,                    (4.21) 

( )
( )

4

4

/

/ 1

l l n l l

u u n u u

LCL S L S c with P L L

UCL S L S c with P L L

α

α

= = = ≤

= = = ≥ −

⎫⎪
⎬
⎪⎭

.                    (4.22)  



 75

4.2.4 Comparisons of the Proposed Q Chart 

In this section, the performance of the proposed Q  chart is compared with those 

of the well-known R and S charts and the QR  chart proposed by Rocke (1992) used for 

the same purposes. 

 

4.2.4.1 The Q Chart vs. the R  and S  Charts  

 The efficiency of the Q  chart as compared to the R chart and S chart has been 

examined here using power curves as a performance measure. As the distributional 

behavior of D , W  and L  are not symmetrical, at least for smaller values of n as obvious 

from Tables 1(b), 2(b) and 3(b) respectively, given in Riaz (2008c), so the probability 

limits approach is used for the three charts to set the control limits for given significance 

level (α ). Using the structures given in (4.12), (4.21) and (4.22), the probability limits of 

the Q , R and S charts respectively have been obtained for different combinations of α  

and n, and the power curves for the three charts have been constructed under the 

normality assumption. The power curves for some values of n using 0.0017α = are 

provided here in Figures 4.1 to 4.3 for comparisons between the Q , S and R charts. 
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We may conclude that the power curves of the three charts almost coincide for n=2 and 3. 

For 3n > , the power curves of the Q  chart are above those of the R chart and below those 

of the S chart for given shifts as can be seen from Figures 4.1-4.3. An important 

 
Fig. 4.1: Power Curves of the S, R and 
Q Charts for n=4 and 0.0017α =  
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Fig. 4.3: Power Curves of the S, R and 
 Q Charts for n=12 and 0.0017α =  
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Fig. 4.2: Power Curves of the S, R and  
Q Charts for n=7 and 0.0017α =  
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observation here is that the discriminatory power of the Q  chart is not very much 

different from that of the S chart for a given shift in the process dispersionσ . 

In general, the Q  chart is more powerful than the R  chart and a close competitor 

to the S chart in terms of discriminatory power for detecting shifts in the process 

dispersion σ  as is obvious from Figures 4.1 - 4.3.  

 

4.2.4.2 The Q Chart vs. the QR  Chart 

  Rocke (1992) proposed the QR  chart for monitoring the spread parameter of a 

normally distributed quality characteristic. The performance of the proposed Q  chart is 

compared here with that of the QR  chart in terms of i) false alarm rate ii) ability to detect 

special causes iii)  ability to detect outliers iv) ability to detect special causes when 

outliers are also present. The probability limit based control structure given in (4.12) is 

used for the Q  chart and the control structure given by Rocke (1992) is used for the QR  

chart. The multipliers are chosen for these two control structures such that the false alarm 

rate is equal for the two charts (i.e. the Q  and QR  charts) as was done by Rocke (1992).  

  To study the performance of the Q  and QR  charts, the multipliers for their 

respective control structures are chosen such that the false alarm rate is 0.004 for each of 

the two charts. Then twenty subgroups each of size four are generated for the four above 

mentioned four situations as: i) In-Control Situation: All twenty subgroups are 

generated from (0,1)N , to study the performance of the two charts in terms of their false 

alarm rates. ii) Special Cause Situation: Eighteen subgroups are generated from 

(0,1)N and two subgroups from (0,25)N , to study the performance of the two charts in 
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terms of their abilities to detect special causes. iii) Outliers Situation: Twenty subgroups 

are generated from a mixture of (0,1)N  and (0,9)N such that in all twenty subgroups 

90% of the observations come from (0,1)N and 10% of the observations come from 

(0,9)N , to study the performance of the two charts in terms of their abilities to detect 

outliers. iv) Special Cause and Outliers Situation: Eighteen subgroups are generated 

from a mixture of (0,1)N  and (0,9)N such that in eighteen subgroups 90% of the 

observations come from (0,1)N and 10% of the observations come from (0,9)N and two 

subgroups are generated from (0,25)N , to study the performance of the two charts in 

terms of their abilities to detect special causes in the presence of outliers. Based on the 

data of these subgroups, the control limits are computed for the Q  and QR  charts using 

their above mentioned control structures in all the four situations. The numbers of 

subgroups are then counted that fall outside the two types of control limits; one for the Q  

chart and the other for the QR  chart (The subgroup statistic R is used for plotting 

purposes as was done by Rocke (1992) for the QR  chart). The same is repeated 10,000 

times and the percentages of subgroups falling out of the control limits are computed for 

the above mentioned four situations. The results are shown in the following table for the 

two charts (i.e.  the Q  and QR  charts) as: 
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      Percentage of Subgroups Falling Out-Of-Control for the Q & QR  Charts 

 Process 

   Situation 

 

 

  Control 

  Chart 

In-Control 

Situation 

Special 

Cause 

Situation 

 

Outliers 

Situation 

Special  

Cause 

 &  

Outliers 

Situation 

 

QR  Chart 0.4082 6.9754 3.8269 7.5649 

Q  Chart 0.4010 10.1302 3.5879 8.2468 

 

We may conclude that i) the false alarm rate is almost the same for the two charts ii) the 

Q  chart is more effective than the QR  chart in detecting special causes iii) the Q  chart is 

slightly less effective than the QR  chart at detecting outlying observations iv) the Q  chart 

is more effective than the QR  chart at detecting special causes when outliers are also 

present.  

  

4.2.5 The Effect of Non-Normality 

In Shewhart type control charts one of the basic assumptions is that samples are 

drawn from a normal distribution. To study the effect of non-normality, a random 

variable, say A  is simulated 10,000 times from an exponential distribution and a random 

variable, say B  is simulated 10,000 times from a t-distribution with 5 degrees of freedom 

such that the means and the standard deviations of A  and B  are the same as that of a 

comparable random variable from a normal distribution. Then the calculations are carried 

out for the statistic D based on A  and B , and the distribution of D is obtained. The 
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Fig. 4.4:  Power Curves of theS-Chart for 

  n =4 and 0.0017α =  
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Fig. 4.5: Power Curve 

T

same is done 1000 times and the mean values of quantile points of the distribution D are 

obtained. The rejection region for givenα  is decided, using mean values of the quantile 

points of the distributions of D derived from  A  and B , by the probability limits 

approach and the powers of the Q  chart are constructed for different shifts in the process 

dispersion using the quantile points of Table 1(b), given in Riaz (2008c), which are 

obtained assuming normality. The same is done for the R and S charts for comparison 

purposes using Tables 2(b) and 3(b) respectively, given in Riaz (2008c). 

The following graphs provide comparisons of the power curves of the Q , R and S 

charts when samples are generated from a normal distribution and when samples are 

generated from the comparable exponential and 5t  distributions. 
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Fig. 4.6:  Power Curves of the Q-Chart for
n=4 and 0.0017α =
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In the above graphs N  represents the situation when the samples are simulated from a 

normal distribution, E  and T  represent the situations when the samples are simulated 

from the comparable exponential distribution and 5t -distribution respectively. The graphs 

in Figures 4.4 present the power curves of the S chart for n=4, 0.0017α =  when the 

distributions being normal, exponential and 5t . Similarly graphs for the R and Q  charts 

are given in Figures 4.5 and 4.6 respectively. The power curves for the normal data are 

also provided in the above figures for ease in comparison between the original (for 

normal data) and the affected (for non-normal data) power curves of the three charts 

under consideration. It can be seen from the above figures that the power curves of the Q  

chart are least affected by non-normality among the three charts. However, the 

differences are rather small. A similar behavior is observed for other values of n. For 

smaller values of n, which is the most practical situation, the power curves of the Q  chart 

are affected a little due to non-normality. As a result the design structure of the proposed 

Q  chart can safely be used even if the samples are from an exponential or t distribution.  
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4.2.6 An Illustrative Example for the Proposed Q Chart 

In this section a real dataset is considered to illustrate the procedure of the 

proposed Q  chart. The dataset is taken from Wadsworth et al. (1986, p. 207) which was 

also used by Rocke (1992). The dataset concerns the melt index of an extrusion-grade 

polyethylene compound, and consists of 20 subgroups each of size 4. The control limits 

of the Q  chart (which are actually the true probability limits) are constructed using the 

same false alarm rate as was used by Rocke (1992). The Q  chart for this dataset is given 

in  Figure 4.7; only UCL and CL are shown in the figure. The sample range R, being 

sensitive to outliers, is used as plotting statistic as was used and recommended by Rocke 

(1992). 
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Fig. 4.7: The Q Chart for the Melt Index Data 
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In the above figure, the Q  chart gives an out-of-control signal for Subgroup#3 as was 

also given by QR  chart of Rocke (1992). Subgroup#4 is lying near the UCL of Q  chart 
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but an out-of-control signal is not given by the Q  chart, whereas the QR  chart gave an 

out-of-control signal for this subgroup. The reason being the presence of only isolated 

outliers in the melt index dataset as was concluded by Rocke (1989, 1992), and Tatum 

(1997). This is consistent with the finings of Section 4.2.4.2 where we found that the Q  

chart is slightly less efficient than the QR  chart at detecting outlying observations. 

However for the datasets with special causes, both in the absence and the presence of 

outliers, the proposed Q  chart performs better than the QR  chart in detecting special 

causes. 

 

4.2.7 Conclusions for the Proposed Q Chart 

The proposed Q  chart, which is a Shewhart type control chart for monitoring the 

spread parameter of a normally distributed quality characteristic, relaxes the restriction 

that 25th and 75th ordered positions in the data should correspond to some integer value, 

as was assumed by Rocke (1989, 1992). It has been observed that the proposed Q  chart 

is superior to the R chart and is a close competitor of the S chart in the sense that the 

discriminatory power of the Q  chart is higher than that of the R chart and not much less 

than that of the S chart for a given shift in the process dispersion for normally distributed 

data. It is also observed that the discriminatory power of the Q  chart is least affected by a 

departure from normality among the three charts under consideration. Particularly, for 

small values of n, which is the most practical situation, the design structure of the Q  

chart is more effective than those of the R and S charts in the sense of producing 

sufficiently higher discriminatory power for a given shift in a process dispersion and 
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being least affected by non-normality. Also relative to the QR  chart of Rocke (1992) the 

proposed Q  chart has shown a better performance in terms of detecting special causes 

both in the absence and the presence of outliers in the data. 

Another Shewhart type control chart, named the MD  chart, based on average 

absolute deviations taken from the median, for monitoring changes in the process 

dispersion is studied in Riaz and Saghir (2008). The set up of the MD  chart follows the 

lines of the Q  chart in this section. The proposed MD  chart is superior to the R chart and 

is a close competitor of the S chart, since the discriminatory power of the MD  chart is 

higher than that of the R chart and not much less than that of the S chart, for a given shift 

in the process dispersion σ , for normally distributed data. It has been also observed that 

the discriminatory power of the MD  chart is less affected by a departure from normality 

among the three charts under consideration. Particularly, for small values of n, which is 

the most practical situation, the design structure of the MD  chart is more effective than 

those of the R and S charts in the sense of producing sufficiently higher discriminatory 

power for a given shift in the process dispersion, and being less affected by non-

normality. 

 

4.3 Shewhart Type Control Charts Based on the Probability Weighted Moments 

and the Gini’s Mean differences 

 Muhammad and Riaz (2006) proposed a Shewhart type dispersion control chart, 

namely the pwS -Chart, using the probability weighted moments based estimate  ( pwS ) of 

the process dispersion parameter σ . For a normally distributed quality characteristic X , 
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they developed the design structure of the pwS -Chart, in terms of the mean, the standard 

deviation and the quantile points, for robust monitoring ofσ . They compared the pwS -

Chart with the well known R and S  charts and found that the design structure of the pwS -

Chart is i) superior to the R  chart in terms of discriminatory power for the case of a 

normally distributed quality characteristic; ii) superior to the R and S  charts in terms of 

robustness against departures from normality. 

 Riaz and Saghir (2007) proposed a Shewhart type dispersion control chart, 

namely the G -Chart, using the Gini’s mean differences based estimate ( K ) of the 

process dispersion parameter σ . For a normally distributed quality characteristic X , they 

also developed the design structure of the G -Chart, in terms of the mean, the standard 

deviation and the quantile points, for robust monitoring ofσ . They compared theG -

Chart with the well known R and S  charts and found that the design structure of the G -

Chart is i) superior to the R  chart in terms of discriminatory power for the case of a 

normally distributed quality characteristic; ii) superior to the R and S  charts in terms of 

robustness against departures from normality. 

 

4.3.1 A Relationship and Comparison Between the pwS and G Charts 

 Let 1 2, ,...., nX X X  be a random sample and (1) (2) ( ), ,...., nX X X  denote the order 

observations. Muhammad and Riaz (2006) defined, for their proposed pwS -Chart, some 

quantities as:  



 86

( )

( )2
1

2

3

(2 1)

/

quantile point of   

n

pw i
i

th
a

pw

Q

S i n X
n

H S
E H r

r
a H H

π

σ

σ

=

= − −
⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭

=

=
=

=

∑

.                                                                        (4.23) 

Also, Riaz and Saghir (2007) defined, for their proposed G -Chart, some quantities as:  
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Muhammad and Riaz (2006) and Riaz and Saghir (2007) obtained, in their respective 

papers, the values of 2r , 3r , 3b , aH and aM  as a function of the sample size n using 

simulation techniques. Studying the results of 2r  versus 2b , 3r  versus 3b  and aH  versus 

aM , the following relationships have been observed: 
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There may be slight departures from the exact equalities in the relationships established 

in (4.25) because the quantities used in these relationships are based on simulations. 

From the relationships established in (4.25), we can establish a relationship between the 

random variables Q  and M , used for the pwS  and G  charts respectively, as: 

1
n

n
M H

−
= .                                                                                                            (4.26) 

The analytical background for the relationships established in (4.25) and (4.26) is shown 

here in the following sub-section. 

 

4.3.2 The Analytical Background for the Relationships Established In (4.25) and 

(4.26)    

 The sample statistic G in (4.24) can also be written as a function of order statistics 

as:  
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see David (1968), Schechtman and Yitzhaki (1987), Olkin and Yitzhaki (1992), Yitzhaki 

(2003), and Montanari and Monari (2005). 

Therefore, K  can be expressed as a weighted sum of order statistics as: 
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4.3.3 Conclusions 

 The two dispersion control charts, namely the pwS  and  G  charts, proposed by 

Muhammad and Riaz (2006) and Riaz and Saghir (2007) respectively are proportional to 

each other. For small values of n , the precision of the design structure of theG -Chart 

turned out to be higher as compared to that of the pwS -Chart. Asymptotically, the design 

structures of the two control charts show no difference. 

 

4.4 Probability Weighted Moments and Gini’s Mean differences in EWMA Type 

Control Charts 

Khoo (2004) proposed two new EWMA type control charts for monitoring 

process scale and location parameters. In his proposals, he made use of the so-called 

Downton’s estimator ( *σ , cf. section 4.4.1) for the sample standard deviation in setting 

up the control limits. He evaluated the performance of his proposals, in terms of outlier’s 

detection, and compared them with the sample statistic range ( R ) based corresponding 

EWMA proposals of Ng and Case (1989) for scale and location parameters. He claimed 

an improved performance of his proposals in terms of outlier’s detection.  

Riaz and Abbasi (2007a) proposed the time varying EWMA type control 

structures based on *σ , for process scale and location parameters. They evaluated the 

performance of their proposals in terms of outlier’s detection, and compared them with 

the corresponding EWMA proposals of Khoo (2004) for scale and location parameters. 

They claimed superiority of their proposals in terms of outlier’s detection.  

Abbasi and Riaz (2007) proposed Fast Initial Response (FIR) based EWMA type 

control structures using *σ , for process scale and location parameters. They evaluated 
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the performance of their proposals in terms of outlier’s detection, and compared them 

with the corresponding EWMA proposals of Riaz and Abbasi (2007a) for scale and 

location parameters. They claimed an even better performance of their proposals in terms 

of outlier’s detection.  

Riaz and Abbasi (2007b) proposed Gini’s mean differences estimator ( K ) based 

EWMA type control structures, following Khoo (2004), for process scale and location 

parameters. They evaluated the performance of their proposals in terms of outlier’s 

detection, and compared them with the corresponding R  based EWMA proposals of Ng 

and Case (1989), the corresponding *σ  based EWMA proposals of Khoo (2004), and the 

corresponding well-known sample standard deviation ( S ) based EWMA proposals given 

in  Riaz and Abbasi (2007b) for scale and location parameters. They claimed that, in 

terms of outlier’s detection, their proposals are more efficient than the R and S based 

corresponding proposals and equally efficient to the *σ  based corresponding proposals, 

for process scale and location parameters. 

Riaz and Abbasi (2008) modified the proposals of Riaz and Abbasi (2007b) and 

proposed the time varying EWMA type control structures based on K , for process scale 

and location parameters. They evaluated the performance of their proposals in terms of 

outlier’s detection, and compared them with the corresponding asymptotic proposals of 

Riaz and Abbasi (2007b), the corresponding time varying proposals of Riaz and Abbasi 

(2007a), and the corresponding time varying R and S based proposals given in Riaz and 

Abbasi (2008). They claimed that, in terms of outlier’s detection, their proposals are i) 

more efficient than the corresponding proposals of Riaz and Abbasi (2007b); ii) equally 

efficient to the corresponding proposals of Riaz and Abbasi (2007a); iii) more efficient 
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than the corresponding R and S based proposals given in Riaz and Abbasi (2008), for 

process scale and location parameters. 

We can easily modify the proposals of Riaz and Abbasi (2008) to incorporate the 

FIR feature for improved performance of the proposals of Riaz and Abbasi (2008), 

following Lucas and Saccucci (1990), Steiner (1999), and Abbasi and Riaz (2007). 

From the above discussion in this section, we can interrelate similar results, as 

observed for the *σ  based EWMA control structure, with the probability weighted 

moment’s estimator ( pwS ) based EWMA control structure. The reason for this is a 

relationship between *σ  and pwS  as given in the following Subsection 4.4.1. Also in the 

above discussion, we have observed that the EWMA control structures based on *σ  and 

K  have shown the same performance. The reason for this is also a relationship between 

*σ  and K  as given in the following Subsection 4.4.1. 

 

4.4.1 The Relationships among *σ , pwS  and K  

The Downton’s estimator *σ , as used in Khoo (2004), is defined as: 
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and the probability weighted moment’s estimator pwS , as used in Muhammad and Riaz 

(2006), is defined as: 
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where ( )iX ’s, in the above definitions of *σ  and pwS , are the ordered observations. 
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 From the above definitions, it is obvious that we have the following relationship 

between *σ  and pwS  : 

*

1 pw

n S
n

σ =
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     or     *1
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nS
n
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−

. 

 Also from Section 4.3.2, we have a relationship between pwS  and K  as: 
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Therefore, the relationship between *σ  and K  is given as: 

     * Kσ = . 

 

4.5 Robust Monitoring of the Process Location Parameter 

 When a process dispersion control chart shows stability of a process then a 

controlled estimate of the true process dispersion σ is available. In this chapter we have 

introduced several ways to obtain an unbiased estimate of σ , i.e. 

2 4 2 1 2/ , / , / , / , / and pwR d S c S r Q q MD t G  (see Sections 4.2 and 4.3). The use of a 

process dispersion control chart is complementary to the application of a control chart for 

monitoring the process mean level. In a forthcoming paper (cf. Schoonhoven, Riaz and 

Does (2008)) a comparison is given of different design schemes for the X  chart. In this 

paper estimates of σ will be based on the pooled standard deviation, the average of the 

standard deviations, the average of the ranges, the average of the Gini’s mean differences, 

the average of the inter-quartile ranges, and the average of the probability weighted 

moments estimates of σ . 

  




