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Chapter 4

Intentions and transformations of
strategic games

We saw in the previous chapter how intentions, by committing agents to action,
can anchor coordination. Planning agents can better anticipate their own choices
as well as those of others. From this point of view intentions play a passive
but nevertheless crucial role in practical reasoning. They are facts that planning
agents use as the basis for their deliberations. But the planning theory has it
that intentions also play a more active part in deliberation. They shape decision
problems. To quote Bratman [1987, p.33, emphasis in original]:

My prior intentions and plans [...] pose problems for deliberation,
thereby establishing standards for relevance for options considered in
deliberation. And they constrain solutions to these problems, pro-
viding a filter of admissibility for options. They narrow the scope of
the deliberation to a limited set of options. And they help answer
a question that tends to remain unasked within traditional decision
theory, namely: where do decision problems come from?

Intentions influence the way agents look at decision problems by imposing a “stan-
dard for relevance” and a “filter of admissibility” on options. The latter comes
from the consistency requirements I presented in the Introduction (Section 1.2).
It should be possible to choose an option without contradicting what the agent
already intends. Intentions rule out such contradictory options, hence the idea of
a filter of admissibility. The standard of relevance stems, on the other hand, from
the norm of means-end coherence. Intentions spur practical reasoning towards
deliberation on means. They “pose problems for further deliberations,” where
“relevant” options are those that foster intended goals.

This influence on the very content of decision problems, the reasoning-centered
commitment of intentions, is the subject of this chapter. Section 4.1 is about
ruling out options that are inadmissible in view of previously adopted intentions,
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64 Chapter 4. Intentions and transformations of strategic games

and Section 4.2 is about means-end coherence and its standard for relevance. In
Section 4.3 I connect these two ways to transform decision problems.

I am mainly interested in reasoning-centered commitment for agents in situa-
tions of strategic interaction. The benefits of the reasoning-centered commitment
for (resource-bounded) individuals have been made explicit by Bratman et al.
[1991], Pollack [1992] and Horty and Pollack [2001]. Briefly, intentions simplify
and focus deliberation, avoiding strenuous pondering. Very little attention has
been paid, however, to reasoning-centered commitment in the context of games.
As we shall see, interactive contexts unveil a new dimension to this function of
intentions. It is no longer a matter of “simply” fitting one’s options with what one
intends. The presence of other planning agents forces one to take their intentions
into account, even in games where there is at first sight no incentive to do so.
Bringing in reasoning-centered commitment at the level of games thus poses new
problems about rational interaction. To paraphrase Bratman [1987, p.33], these
problems are generally left unaddressed in both game theory and the theory of
intentions.

In what follows I use the same definitions of strategic games and intention
sets as in the previous chapter1. I now examine how intentions can transform
strategic games and their various components, namely strategies, outcomes and
preferences. I do not, however, look at how these transformations affect what
agents might know about each other in games. That is, I do not look at trans-
formations of epistemic models for games, which will have to wait until Chapter
5, where logical methods are introduced that facilitate the analysis.

4.1 Ruling out options

As just mentioned, by “ruling out options” I mean imposing the filter of ad-
missibility which stems from the consistency requirements on intentions. In
single-agent decision problems, to rule out options is just to remove inadmis-
sible strategies, viz., those that do not yield any intended outcome. One can
define admissibility in many ways in multi-agent contexts, though. An agent i
may or may not take into account the fact that he is interacting with other plan-
ning agents while filtering his set of options. He may also be more or less willing
to run the risk of not reaching an intended outcome. Let me therefore start with
a generic definition of filtering, to which I attach different notions of admissibility
and compare their respective behaviour.

4.1.1. Definition. [Cleaned strategy set] The cleaned version cl(Si) of a strat-
egy set Si is defined as:

cl(Si) = {si | si is admissible for deliberation for i}
1Strategic games and intentions sets are defined on page 36 and 33, respectively.
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4.1.2. Definition. [Cleaning of strategic games] The cleaned version of a game
G with intention profile ι is the tuple cl(G) = 〈I, Xcl, {cl(Si),�cl

i }i∈I , π
cl〉 such

that:

• Xcl = π(Πi∈Icl(Si)) = {x |x = π(σ) for some σ ∈ Πi∈Icl(Si)}.
• �cl

i is the restriction of �i to Xcl.

• πcl is π with the restricted domain Πi∈Icl(Si).

The cleaned version ιcli of the intention set ιi for agent i is the filter generated by
↓ιi ∩Xcl.

The cleaned version of a strategic game is thus the game that results from looking
only at admissible strategy profiles, whatever “admissible” means. The outcome
set is reduced accordingly, i.e. to the outcomes that can result from admissible
profiles. The preference relations are, in turn, reduced to the cleaned outcome
set.

In this definition, cleaning also modifies the intentions of the agents. The
cleaned ιcli is the restriction of ιi to the outcomes that survive the cleaning. The
idea here is that the agents adapt their intentions to the new decision problem
they face after cleaning, in a very down-to-earth manner. They simply give up on
achieving the outcomes that are no longer achievable in the reduced game. The
consequences of such a way of adapting one’s intentions depend heavily on how
admissibility is defined.

Intention rationality, introduced in the previous chapter for epistemic models,
provides a natural starting point to think about this notion2. Recall that an agent
is intention-rational when he plays a strategy si which could yield at least some
outcome in his intention set ιi. Conversely, the choice of si is intention-irrational
if it makes all intended outcomes impossible. This idea is easily conveyed from
strategy choices to admissibility of strategies.

4.1.3. Definition. [Individualistic admissibility] A strategy si of agent i is indi-
vidualistically admissible with respect to his intention set ιi when π(si)∩ ↓ιi �= ∅.
In other words, a strategy is individualistically admissible for deliberation when
choosing it could yield at least one outcome x ∈↓ιi. I call this notion “individu-
alistic” because it is related only to the agent’s own intentions3.

2I show in Chapter 5 that there is in fact a formal connection between intention-rationality
and cleaning with “altruistic admissibility”, which I introduce shortly. The second is so to
speak the dynamic expression of the first and, vice-versa, the first is the static counterpart of
the second.

3I should stress that the claim here is not that cleaning with individualistic admissibility
exactly captures what Bratman meant by “filter of admissibility” in the quote at the beginning
of the chapter. The operation I study here, as well as those that follow in this chapter, are at
best intended to represent various dimensions of the reasoning-centered commitment.
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Even in the single agent case, cleaning with individualistic admissibility has
interesting consequences when it is coupled with the intention adaptation mecha-
nism from Definition 4.1.2. Observe that, in general, not all outcomes need to be
realizable by a strategy profile in a given strategic game. There can be outcomes
x ∈ X for which there is no profile σ such that π(σ) = x. But the intention sets
are defined only with respect to the set of outcomes X. Nothing thus precludes
an agent i from having some unrealizable outcomes in his most precise intention
↓ιi4. In that case, cleaning with individualistic admissibility brings the agent in
tune with reality, so to speak. It eliminates the unrealizable outcomes from his
intention set.

It can happen, however, that an agent i has only unrealizable outcomes in ↓ιi.
In that case cleaning leaves no admissible strategy to choose. Cleaning thus
means that agents can be confronted with the unrealistic character of their own
intentions. Intuitively, in these cases the agents would have to revise their inten-
tions. I do not, however, venture into the realm of intention revision here. The
issue returns in a different guise in Chapter 5, where I use a minimal revision
policy. For the present I will rather focus on “ex ante” conditions on intended
outcomes.

For single agent decision problems, these conditions are easy to pinpoint.
Cleaning makes a decision problem empty if and only if the agent does not intend
any realizable outcomes. But in interactive situations, agents who clean individ-
ualistically can, by ruling out some of their own strategies, cause the outcomes
that others intend to be unrealizable. Consider, for example, Table 4.1, with the
numbers in the cells representing which outcomes are in ↓ιi for the corresponding
agent. Here the only admissible strategy for agent 2 is t1, because he intends
the outcome of (s2, t1). But observe that this very outcome gets ruled out by 1’s
cleaning. From his point of view, s2 is not an admissible strategy, because he
only intends to achieve the outcome of (s1, t1). After one round of cleaning, there
is thus no way in which agent 2 can achieve his original intention. Following the
intention adaptation rule from Definition 4.1.1, he thus ends up with an empty
↓ιcli , which means that his intention set is not internally consistent.

G t1 t2
s1 1
s2 2

cl(G) t1
s1 1

Table 4.1: A game which an empty cleaning.

4I ignored the possibility of unrealizable outcomes in the previous chapter because most
of the intention sets contained, by definition, realizable outcomes. The reference to feasible
outcome in the definition of payoff-compatible intentions, for example, ensured realizability.
Similarly, effective intention convergence had realizability built in.
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Cleaning, in such cases, makes the game5 empty because, after sufficient
rounds, there is an agent i such that cl(Si) = ∅. In the example above, the
game becomes empty at the second step of cleaning, because after the first step
agent 2 ends up with internally inconsistent intentions. This holds in general.

4.1.4. Fact. [Empty cleaning and internally inconsistent intention sets] For all
strategic game G and intention profile ι the following are equivalent with indi-
vidualistic cleaning.

• cl(G) is empty.

• There is an agent i such that for all x ∈↓ιi, x is not realizable in G.

Proof. Let X∗ be the set of realizable outcomes in G. Observe that for any
agents i,

⋃
si∈Si

π(si) = X∗. The equivalence follows directly from this fact:
cl(G) is empty iff there is a i such that cl(Si) = ∅, which by definition happens
iff for all si ∈ Si we have π(si)∩ ιi = ∅. This, by the above observation, happens
iff no x ∈ ιi is in X∗. �

This means that, as in the example above, if all agents have intentions that
are realizable in the original game then cleaning needs at least two steps to reach
an empty point. In fact, in most cases cleaning needs more than one step to reach
a sub-game which does not reduce any further. Of course, not all strategic games
become empty after cleaning. To take another example, consider Table 4.2. In
the original game, the leftmost table, only 2 has an individualistically inadmis-
sible strategy, namely t2. But by ruling out this strategy he also excludes the
only outcome that makes s2 admissible for agent 1. Adapting his intention set
accordingly, 1 no longer considers s2 admissible after the first round of cleaning
(the centre matrix). One more cleaning round thus results in the rightmost table,
where all strategies are admissible.

G t1 t2
s1 1, 2
s2 1

cl(G) t1
s1 1, 2
s2

cl(cl(G)) t1
s1 1, 2

Table 4.2: A game where individualistic cleaning stops after two steps.

The last examples feature two crucial aspects of cleaning with individualistic
admissibility, namely the notion of a fixed-point and the possibility of empty

5Here I slightly abuse the terminology, because by definition for a structure to be a strategic
game all Si should be non-empty.
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cleaning. To study these phenomena in full generality, let me introduce some
more notation6.

4.1.5. Definition. [Iterated cleaning] Given a strategic game G, let clk(G) =
〈I, Xclk , {clk(Si),�clk

i }i∈I , π
clk〉 be the strategic game that results after k itera-

tions of the cleaning of G. That is, cl1(G) = cl(G) and clk+1(G) = cl(clk(G)).
The smallest7 cleaning fixed-point cl#(G) of G is defined as clk(G) for the smallest
k such that clk(G) = clk+1(G).

Obviously, every game has a unique cleaning fixed point with individualistic
cleaning. This follows directly from the fact that, first, I work with finite games,
second, that the cleaned version of a strategic game is always one of its sub-games,
and finally, that each game has a unique cleaned version8. More interestingly,
games have non-empty cleaning fixed points whenever the agents’ intentions are
sufficiently entangled.

4.1.6. Definition. [Cleaning core] The cleaning core of a strategic game G is
the set of strategy profile S∗ inductively defined as follows, with πSn

(si) = π(si) ∩
{π(σ′) : σ′ ∈ Sn}.
• S0 = Πi∈ISi.

• Sn+1 = Sn − {σ : there is an i such that πSn
(σ(i))∩ ↓ιi = ∅}.

• S∗ =
⋂

n≤ω Sn.

From the perspective of each agent, the cleaning core is a set of strategies
S∗

i ⊆ Si that are very tightly connected to what the other agents intend. For
each strategy si and profile σ in the cleaning core such that σ(i) = si, there
is at least one agent j for whom strategy σ(j) is admissible, by looking only at
what can result from the profiles in the core. Furthermore, it follows from this
definition that there has to be at least one of these σ that yields an outcome
that i himself intends. Unsurprisingly, S∗ is not empty for a given strategic game
precisely when this game has a non-empty cleaning fixed point.

6The process of iteration that I define here is quite similar in structure to the one of iterated
elimination of dominated strategies (see Chapter 3, Appendix and van Benthem [2003]). I
do not investigate the connection between the two processes. For example it might be that
iterated elimination of dominated strategies could be reproduced using the cleaning operation
and a notion of admissibility which is sensitive to preferences. I do, however, look more carefully
at how the two operations interact in Chapter 5, Section 5.3.3.

7In most of what follows I will ignore the “smallest” and only write about the fixed point.
8This observation, as well as many others in this chapter, are direct consequences of the

underlying mathematical properties of cleaning and what I later call clustering. As pointed out
by Apt [2007], monotonicity of these two operations ensures, for instance, the existence of a
fixed point. See Fact 5.3.16 in Chapter 5 for the definition of monotonicity. My focus here is
rather on the existence of non-empty fixed points.
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4.1.7. Fact. [Non-empty fixed points] For any strategic game G and intention
profile ι, the following are equivalent.

1. S∗ �= ∅.
2. cl#(G) is not empty.

Proof. By Definition 4.1.6, (1) is the same as saying that we can find a σ ∈ S∗

such that for all i, πS∗
(σ(i))∩ ↓ιi �= ∅. I show by induction that π(Sk) = Xclk ,

for all k. This is enough to show the equivalence, for then we know that Xcl#∩ ↓
ιi �= ∅, which we know is the same as cl#(G) being non-empty, from Fact 4.1.4.
The basic case of the induction, k = 0, is trivial. For the induction step, assume
the claim is proved for k. We have that x ∈ π(Sk+1) iff there is a σ ∈ Sk+1 such
that π(σ) = x. This in turns happens iff πSk

(σ(i)) ∩ ιi �= ∅, for all i. But by our
inductive hypothesis this is just to say that π(σ(i)) ∩Xclk ∩ ιi �= ∅, which is just
the definition of x being in Xx+1. �

Fact 4.1.7 tells us that the individualistic character of admissibility must be com-
pensated by an interlocking web of intentions and strategies if cleaning is not
to make the game empty. Indeed, each strategy in the cleaning core is tightly
connected with what all agents intend. Or, conversely, intentions which yield
a non-empty cleaning core closely fit the admissible strategies of all agents. By
intending outcomes that are realizable in the cleaning core, an agent somehow
acknowledges that he interacts with other planning agents who, like him, clean
inadmissible options from their strategy set9.This can be appreciated even better
by considering an alternative form of admissibility, which I call altruistic.

4.1.8. Definition. [Altruistic admissibility] A strategy si of agent i is altruis-
tically admissible with respect to his intention set ιi when there is a j ∈ I such
that π(si)∩ ↓ιj �= ∅.
Following this alternative criterion, a strategy of agent i is admissible whenever
it can yield an outcome that some agent, not necessarily i, intends. Agents here
clean their strategy sets with an explicit concern for their co-players. This turns
out to be enough to prevent empty cleanings, because it can no longer happen that
agents make some outcomes intended by others unrealizable. After one round of
cleaning all strategies are altruistically admissible.

4.1.9. Fact. [Fixed point for altruistic admissibility] For G an arbitrary strategic
game, cl#(G) = cl(G) for cleaning with altruistic admissibility.

9In the absence of an epistemic analysis of non-empty cleaning, this claim is bound to remain
vague, hence my use of “somehow”. Intuitively, however, it seems quite clear that for agents
to acknowledge or to take into account the intentions of other they would have to have some
information, i.e. knowledge or beliefs, about them. This is precisely what an epistemic analysis
could provide.
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Proof. I show that cl(cl(G)) = cl(G). Given the definition of the cleaning
operation, it is enough to show that cl(cl(Si)) = cl(Si) for all i. It should be
clear that cl(cl(Si)) ⊆ cl(Si). It remains to show the converse. So assume that
si ∈ cl(Si). Since cleaning is done with altruistic admissibility, this means that
there is a σ such that σ(i) = si and a j ∈ I such that π(σ) ∈↓ιj. But then σ(i′) ∈
cl(Si′) for all i′ ∈ I, and so σ ∈ Πi∈Icl(Si). This means that π(σ) ∈ Xcl, which in
turns implies that πcl(σ) ∈↓ιclj . We thus know that there is a σ ∈ Πi∈Icl(Si) such
that σ(i) = si and a j such that πcl(σ) ∈↓ιclj , which means that si ∈ cl(cl(Si)).
�

4.1.10. Fact. [Non-empty cleaning with altruistic admissibility] For any strate-
gic game G and intention profile ι, the following are equivalent for cleaning with
altruistic admissibility.

• For all i, there is a realizable x ∈↓ιi.

• cl#(G) is not empty.

Proof. There is a realizable x ∈ ιi for all i iff for all i there is a σ such that
π(σ) ∈ ↓ιi. But this is this same as to say that for all j there is a strategy sj

such that σ(j) = sj and an i such that π(σ) ∈↓ιi which, by Facts 4.1.7 and 4.1.9,
means that cl#(G) is not empty. �

This shows even more clearly how crucial it is for agents to take the others’
intentions into account when ruling out options in strategic games. If, on the
one hand, agents rule out options without taking care of what the others intend,
they run the risk of ending up with no strategy at all, unless their intentions are
already attuned to those of their co-players. If, on the other hand, their intentions
do not fit so well with those of others, then they should at least take heed of what
the others intend when ruling out options.

As I mentioned at the beginning of this section, there are many other ways to
define admissibility. Here I have looked at two variants in which the agents care
to a different extent about the intentions of others. In both cases a strategy is ad-
missible if in some scenario, maybe only one, it yields an intended outcome. But
if a huge number of scenarios are compatible with a single choice of strategy, the
agent might be more careful in assessing admissibility. He might, for instance,
only consider admissible strategies which yield intended outcomes in a major-
ity of cases. I do not investigate here what cleaning would look like with such a
criterion. Rather, I now move to the second aspect of reasoning-centered commit-
ment, namely the standard of relevance that stems from intentions. In Chapter
5 I return to (altruistic) cleaning, but this time to study how it transforms the
information that agents have about each other in strategic games.
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4.2 Grouping redundant options

Intentions impose a standard for relevance of options because planning agents
are under rational pressure to form intentions about means to achieve what they
intend. Some options might not be considered relevant simply because they are
no means to achieve one’s intentions. This is what I have studied in the last
section. But even among the admissible options, there might be differences that
are not relevant with respect to achieving one’s end. In other words, some options
might just be redundant in terms of the agent’s intentions. Look for example at
the game in Table 4.3, again with the numbers 1 and 2 in the cells referring to
the outcomes that are in ↓ ι1 and ↓ ι2. Observe that agent 1 gets an intended
outcome in the exact same circumstances by choosing s1 or s2. In both cases,
he obtains an intended outcome if 2 chooses t1 or t3, but not if 2 chooses t2.
If 1 looks at his options as ways to satisfy his intentions, there is no significant

t1 t2 t3
s1 1, 2 2 1
s2 1 2 1
s3 1 2

Table 4.3: A game with two means-redundant strategies for agent 1.

difference between s1 and s2. In view of choosing a means, strategies s1 and s2

are redundant. He could just as well treat them as one way to achieve what he
intends, thus discarding irrelevant details. The following notion of redundancy
embodies such a standard of relevance.

4.2.1. Definition. [Means-redundancy] Two strategies s1 and s2 in Si are means-
redundant, noted s1 ≈ s2, whenever π(s1, σj �=i) ∈↓ιi iff π(s2, σj �=i) ∈↓ιi for all
combinations of actions of other agents σj �=i ∈ Πj �=iSj.

Means-redundant options are thus options which yield intended outcomes in
exactly the same circumstances. Options that are not means-redundant, on the
other hand, are genuinely distinct means to achieve what one intends. They
are different ways to meet the means-end coherence requirement. This idea is
naturally captured by the fact that ≈ is an equivalence relation. It partitions the
set of strategies Si into subsets [si]

G

≈ = {s′i ∈ Si|s′i ≈ si}, each of which represents a
distinct means for agent i to achieve what he intends. The clustering of redundant
options thus gives a “means-oriented” perspective on decision problems.

But to make a decision from this means-oriented perspective, the agents need
to evaluate these means, i.e., to assess which one they prefer, and form expec-
tations about how the others will evaluate theirs. Here I use the underlying
preference ordering on outcomes, by assuming that each agent “picks” according
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to some criterion one strategy per means [si]
G

≈, and collects these picked strategies
to form his new strategy set. The idea here is that agents might still acknowledge
differences between two strategies, even though these differences are not relevant
from a means-oriented point of view. But by picking inside clusters of strategies,
planning agents give priority to decision on means. They first sort out their op-
tions with respect to what they intend. Only then, among the options that are
equivalent means, do they invoke other discriminating criteria. In other words,
the focus on means lexicographically precedes any other decision rules.

A lot of different criteria might drive this picking. Rational expectations and
preferences are obvious candidates, but these are not the only ones10. To keep the
analysis as general as possible I use the following abstract definition of picking
functions.

4.2.2. Definition. [Picking function] Given a strategic game G, a function θi :
P(Si) → Si such that θi(S) ∈ S for all S ⊆ Si is called i’s picking function. A
profile of picking functions Θ is a combination of such θi, one for each agent i ∈ I.

These functions thus return, for each set of strategies—and in particular each
equivalence class [si]≈—the strategy that the agents picks in that set. I define
them over the whole power set of strategies, instead of over the sets [si]

G

≈ because
it makes the technical details much simpler in what follows. As mentioned, one
can constrain these functions in various ways, to encode different picking criteria.
These lead to different prunings of strategy sets.

4.2.3. Definition. [Pruned Strategy set] The pruned version pr(Si) of a strat-
egy set Si, with respect to an intention set ιi and a picking function θi is defined
as:

pr(Si) = {θ([si]
G

≈) : si ∈ Si}
For cleaning, admissibility provided the criterion for transforming each agent’s

strategy set, and from there I defined the corresponding transformation of strate-
gic games. The situation is entirely similar here, except that the transformation
of the strategy set proceeds in two steps. First, the agents group their options
into different means to achieve what they intend. They then pick one option per
means, according to whatever criterion θi encodes. The strategic games which
result from this two-step transformation are defined in exactly the same fashion
as those which result from cleaning.

4.2.4. Definition. [Pruning of strategic games] The pruned version of a strate-
gic game G, from the perspective of an intention profile ι and of a profile of
picking function Θ is the tuple pr(G) = 〈I, Xpr, {pr(Si),�pr

i }i∈I , π
pr〉 such that:

10To push the investigation further in that direction one could look at the work of Jehiel
and Samet [2003] or in the literature on social choice and preference or judgment aggregation,
for example in the classical works of Arrow [1970] and Sen [1970]. For further references on
judgment aggregation see List [2007].
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• Xpr = π(Πi∈Ipr(Si)).

• �pr
i is the restriction of �i to Xpr.

• πpr is π with the restricted domain Πi∈Ipr(Si).

The pruned version ιpr
i of an intention set ιi is the filter generated by ↓ιi ∩Xpr.

This definition once again features the idea that agents should adapt their
intentions in the process of pruning. They abandon achieving the outcomes that
are no longer realizable. In the case of cleaning this opened the possibility for
agents to end up with internally inconsistent intentions, and as a consequence for
strategic games to have empty cleaned fixed points. The situation is similar in
the case of pruning. It can happen that agents end up with internally inconsistent
intentions after a few rounds of pruning.

Consider for example the leftmost matrix in Table 4.4, and suppose that
θ1({s1, s2}) = s2 and θ1({s2, s3}) = s2 for agent 1 and θ2({t1, t2}) = t2 and
θ2({t2, t3}) = t2 for agent 2. The picking criterion of each agent removes all the
intended outcomes of the other, leaving them with empty intention sets after one
step of pruning. No more pruning can reduce the matrix on the right of Table 4.4.
It is the pruning fixed point of G.

G t1 t2 t3
s1 1, 2 2
s2 1
s3

pr(G) t2 t3
s2

s3

pr(pr(G)) t2
s2

Table 4.4: A game in which pruning removes all intended outcomes.

4.2.5. Definition. [Iterated pruning] Given a strategic game G, let prk(G) be
the strategic game that results after k iterations of the pruning of G. That is,
pr0(G) = G and prk+1(G) = pr(prk(G)). The pruning fixed point pr#(G) of G is
defined as prk(G) for the smallest k such that prk(G) = prk+1(G).

The pruning fixed point in the above table has two interesting features which
generalize to arbitrary strategic games. Observe first that even though both
agents have internally inconsistent intentions in pr#(G), this does not lead to an
empty game. Pruning, in fact, never make strategic games empty.

4.2.6. Fact. [Non-empty pruning] For all strategic game G and agent i ∈ I,
pr#(Si) �= ∅.
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Proof. This is shown by induction on prk(G). The basic case is trivial. For
the induction step, observe that the picking function θi is defined for the whole

power set of Si. This means, given the inductive hypothesis, that θi([si]
prk(G)
≈ ) is

well-defined and in [si]
prk(G) for any si ∈ prk(Si), which is enough to show that

prk+1(Si) is also not empty. �

For any game G, as in the example above, it is also worth noting that there
is no means-redundancy at the pruning fixed point pr#(G). All options are gen-
uinely different from the means-oriented perspective. This is indeed what being

a fixed point means. For all agents i, all sets [si]
pr#(G)
≈ are singletons and so

θi([si]
pr#(G)
≈ ) = si. There is no way to reduce the strategy sets further.

For cleaning with individualistic admissibility, the existence of a non-empty
fixed point rests on a tight connection between the agents’ intentions. The situ-
ation is similar here. The existence of pruning fixed points where all agents have
consistent intentions depends on whether they intend “safe” outcomes.

4.2.7. Definition. [Safety for pruning] Given a strategic game G, an intention
profile ι and a profile of picking functions Θ, the outcome x = π(σ) is:

• Safe for pruning at stage 1 iff for all agents i, θi([σ(i)]) = σ(i).

• Safe for pruning at stage n + 1 whenever it is safe for pruning at stage n
and for all agents i, θi([σ(i)]pkn(G)) = σ(i).

• Safe for pruning when it is safe for pruning at all stages n.

The picking functions θi are the cornerstones of this inductive definition. Safe
outcomes are those which the function retains, whatever happens in the process
of pruning. It should thus not come as a surprise that intending safe outcomes
is necessary and sufficient for an agent to keep his intention set consistent in the
process of pruning.

4.2.8. Fact. [Intention-consistency at pr#(G)] For any strategic game G, inten-
tion profile ι and profile of picking function Θ, the following are equivalent for all
i ∈ I.

1. ↓ιpr#

i �= ∅
2. There is a π(σ) ∈↓ιi safe for pruning in G.

Proof. From (1) to (2). Take any x ∈↓ιpr#

i . By definition we know that there is a
σ ∈ Πi∈Ipr

#(Si) such that π(σ) = x. But this happens iff σ ∈ Πi∈Ipr
k(Si) for all

k, and so that θi([σ(i)]
prk(G)
≈ ) = σ(i) also for all k, which in turns means that x is

safe for pruning in G. From (2) to (1), take any such π(σ) ∈↓ιi. I will show that
π(σ) ∈ Xprk

for all k. The basic case is trivial, so assume that π(σ) ∈ Xprk
. We

know by definition that π(σ) is safe for pruning at k, which gives automatically
that π(σ) ∈ Xprk+1

. �
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If pruning is not to lead the agents into internally inconsistent intentions, they
are required to take the others’ intentions and picking criteria into account11.
Indeed, the notion of safe outcome for an agent i crucially involves both the
intentions and the picking function of all agents in a given strategic game. A
quick check reveals that in single-agent cases pruning never makes the intention
set of the agent internally inconsistent, as long as the agent has realizable inten-
tions. This shows, once again, that reasoning-centered commitment really gains
an interactive character in situations of strategic interaction.

Another way to appreciate this fact is to compare the result of pruning a
given game with different picking functions. Consider for example the game
in Table 4.5. Assume that there is a one-to-one correspondence between pro-
files and outcomes, and that the agents have the following intentions : ↓ ι1 =
{(s1, t1), (s2, t1)} and ↓ι2 = {(s1, t2), (s2, t2)}. Agent 1 has two ways to prune

G t1 t2
s1 (1,2) (0,0)
s2 (1,0) (0,2)

Table 4.5: A game with a better pruning for agent 1.

his options, because s1 ≈ s2. Either θ1([s1]) = s1 or θ′1([s1]) = s2. Agent 2,
on the other hand, has no means-redundant strategy. The games resulting from
pruning with the picking functions of agent 1 are displayed in Table 4.6. Clearly,

pr(G) t2 t3
θ([s1]) (1,2) (0,0)

pr′(G) t2 t3
θ′([s1]) (0, 0) (0,2)

Table 4.6: The two prunings of Table 4.5.

by picking according to θ′1 agent 1 does not take 2’s preferences into account. He
can rationally expect 2 to choose t2 in the game pruned with θ′1, from which he
becomes strictly worse off than in the game pruned by θ1.

This shows that the result of pruning can be made dependent not only on the
agents’ intentions, but also on their preferences and rationality. As we saw in
Fact 4.2.8, the pruning operation is not in itself responsive to these characteris-
tics12. To avoid empty fixed points, the agents’ intentions must make up for this.

11The considerations about knowledge of intentions that I made in the footnote on page 69
apply with even greater force here. The epistemic analysis of non-empty pruning would have
to take into account not only the agents’ information about each other’s intentions, but also
about their picking criteria.

12To put it in terms I used for cleaning, I defined here an “individualistic” pruning. A more
altruistic pruning would have to take not only strategies but also interdependence of picking
functions into account.
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The last example shows that the picking criterion is also of great importance here.
To be sure, there is a lot to be said about how various constraints on the

picking functions would embody the responsiveness to others’ intentions, prefer-
ences and rationality13. I do not, however, go in that direction here. My goal was
rather to point to the fact that pruning, just like cleaning, is quite sensitive to
the interactive aspects of strategic games. When transforming their strategy sets
agents should take into account that they interact with other planning agents,
that is agents who also fit their intentions sets according to what they intend.
As we shall now see, this sensitivity to others has to be even more acute when
pruning and cleaning can be combined.

4.3 Grouping and ruling out options

The full picture of reasoning-centered commitment of intentions certainly requires
one not only to look at how pruning and cleaning transform strategic games, by
also at how they interact with one another. To keep things relatively simple,
I look at this interaction in terms of sequential applications of these operations.
That this, I look at what happens when agents first perform one of the operations,
then the other, and so on.

The first thing to notice is that cleaning and pruning do not in general com-
mute. Table 4.7 is a counterexample, again with the elements of ↓ιi indicated
by the numbers in the cells. If we fix θ2([t1]) = t1, after one round of pruning
we obtain the centre matrix pr(G). This is in turn reduced to the rightmost
matrix after one more round of cleaning. But observe that cl(G) = G and thus
that pr(cl(G)) = pr(G) �= cl(pr(G)). Interestingly, in this game individualistic
and altruistic admissibility give the same result: pruning does not commute with
either type of cleaning.

G t1 t2
s1 1
s2 1, 2 1, 2

pr(G) t1
s1

s2 1, 2

cl(pr(G)) t1
s2 1, 2

Table 4.7: Counter-example to commutativity.

It should also be clear that sequences of pruning and cleaning can make strate-
gic games empty, even when altruistic admissibility drives cleaning. The reason

13Observe, for instance, that in the last example both feasible outcomes after the two possible
prunings are also feasible in the original game. This suggests, as I mentioned earlier (footnote
on page 68), a connection between “dominated” picking functions such as θ′1, on the one hand,
and more standard game-theoretical solution concepts on the other. But observe that the
connection is rather loose. Even though agent 1 is strictly worse off with the feasible outcome
he gets after pruning with θ′1, this outcome is not part of a dominated strategy in the original
game, not even a weakly dominated one.
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is that pruning can by itself make the intention sets of agents internally incon-
sistent. Once this stage is reached, one more round of cleaning makes the game
empty, whatever notion of admissibility is running in the background. This would
happen in the example of Table 4.4. One further round of cleaning eliminates all
strategies for both agents.

This interaction between cleaning14 and pruning really creates new possibil-
ities for empty fixed points. Neither the existence of a cleaning core nor of safe
outcomes is sufficient to preserve consistency of intentions. For the first case,
look again at the game in Table 4.4. It has a cleaning core, namely the four
combinations of s1 and s2 with t1 and t2. But, as we saw, pruning can make
the intentions of all agents internally inconsistent in that game. For the second
case, look at the game in Table 4.1. Here all outcomes are safe for pruning, but
cleaning quickly makes this game empty.

Not even a combination of the two criteria ensures non-emptiness. Consider
the game in Table 4.8, where θi([s1]

G

≈) = s2. The game reached after one round of
pruning is the pruning fixed point, which means that the outcomes of both (s2, t1)
and (s2, t2) are safe for this operation. These two profiles are also in the cleaning
core, as in fact are the two others. But by alternating the two operations, we
reach the rightmost game, where agent 1 has internally inconsistent intentions.

G t1 t2
s1 1, 2
s2 1 2

pr(G) t1 t2
s2 1 2

cl(pr(G)) t2
s2 2

Table 4.8: A game where the combination of the two operations makes the game
empty.

In all these examples, the alternation of cleaning and clustering has a unique
fixed point15. But this need not be so, at least when cleaning is done with individ-
ualistic admissibility. Consider the game in Table 4.9, and assume that the picking
function of agent 1 satisfies the following: θ1({s1, s2}) = s2, θ1({s1, s2, s3}) = s1

and θ1({s2, s3}) = s2.
If we start by cleaning this game, only t3 is removed. This makes all three

strategies of agent 1 means-redundant in cl(G). According to 1’s picking function,
only s1 remains in pr(cl(Si)), which makes t1 inadmissible for agent 2. One more
round of cleaning thus makes this game empty.

Things are different, however, if we start by pruning instead of cleaning. Only
agent 1 reduces his strategy set in this case, by picking s2 in {s1, s2}. This makes
both t2 and t3 inadmissible, leaving only t1 in cl(pr(S2)). In this reduced game,

14For the remainder of the section I consider individualistic admissibility only. I return to
altruistic admissibility in Chapter 5.

15Observe that this is even the case in the counterexample to commutativity (Table 4.7).
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G t1 t2 t3
s1 1 2
s2 1, 2
s3 1 1

Table 4.9: A game with two different fixed-points.

cl(G) t1 t2
s1 1 2
s2 1, 2
s3 1

pr(cl(G)) t1 t2
s1 1 2

cl(pr(cl(G))) t2
s1 2

Table 4.10: The route to the first (empty) fixed point of the game in Table 4.9.

the centre matrix in Table 4.11, s2 and s3 is means-redundant for 1, among which
he picks s2, leading to a non-empty fixed point.

pr(G) t1 t2 t3
s2 1, 2
s3 1 1

cl(pr(G)) t1
s2 1, 2
s3 1

pr(cl(pr(G))) t2
s2 1, 2

Table 4.11: The second fixed point of the game in Table 4.9.

If we ignore redundant transformations, all sequences of cleaning and pruning
reach a fixed point in a finite number of steps, for every finite strategic games16.
The example above reveals, however, that some games do not have a unique fixed
point, but many different ones.

4.3.1. Definition. [Iterated transformation] Given a strategic game G, let t(G)
be either pr(G) or cl(G). A sequence of transformation of length k is any tk(G)
for k ≥ 0, where t1(G) = t(G) and tk+1(G) = t(tk(G)). A sequence of transfor-
mation tk(G) is a transformation fixed point whenever both cl(tk(G)) = tk(G)
and pr(tk(G)) = tk(G).

As we saw in Table 4.8, ensuring a non-empty fixed point is not just a matter
of looking at the intersection of the cleaning core with the set of profiles yielding
outcomes that are safe for pruning. The problem is that these two notions do not
take account of the possible alternation of pruning and cleaning. The following,
stronger notion of safety ensures the existence of non-empty fixed points.

16The reference to Apt [2007], and the considerations in the footnote on page 68 are also
important here.
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4.3.2. Definition. [Safety for iterated transformations] The outcome x of pro-
file σ ∈ Πi∈ISi is:

• Safe for iterated transformations at stage 1 whenever, for all i ∈ I:

1. π(σ(i))∩ ↓ ιi �= ∅.
2. θi[σ(i)]G≈ = σ(i).

• Safe for iterated transformations at stage n + 1 whenever it is safe for
iterated transformation at stage n and for all i ∈ I:

1. πtn(G)(σ(i))∩ ↓ ι
tn(G)
i �= ∅.

2. θi[σ(i)]
tn(G)
≈ = σ(i).

• Safe for iterated transformations whenever it is safe for transformation at
all n.

4.3.3. Fact. [Safety for transformation and non-empty fixed points] For any
strategic game G, intention profile ι and profile of consistent picking function Θ,
if π(σ) is safe for transformation in G then for all fixed points t#(G), σ ∈ Πit

#(Si).

Proof. This is shown by induction on k for an arbitrary fixed point tk(Si). The
proof is a direct application of Definition 4.3.2. �

The presence of safe outcomes is thus sufficient to ensure that a game has no
empty fixed point. In fact it ensures something stronger, namely that all fixed
points have a non-empty intersection. But precisely because of that, it does not
entail that any game which has no empty fixed point contains safe outcomes. If
it can be shown that all games have a unique, non-empty fixed point, which is
the case in all the examples considered above, then we would know that safety
for transformation exactly captures non-emptiness. It remains, however, open to
me whether this is the case or not.

Interestingly, the converse of Fact 4.3.3 also holds, if we impose the following
constraint on picking functions.

4.3.4. Definition. [Consistent picking functions] A picking function θi is con-
sistent if θi(X) = si whenever θi(Y ) = si, X ⊆ Y and si ∈ X.

A good example of a consistent picking function is one which always picks the
maximal element in some fixed ranking, for example the preference relation17.
If s1 is the maximal element among all strategies in X then, provided that the
ranking is kept constant, s1 stays the maximal element in all the subsets in which
it appears.

17I draw this condition from Sen’s [2002] “property α”, who uses it in a decision-theoretic
context as a constraint on consistency of choices.
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4.3.5. Fact. [Non-empty fixed points and safe outcomes] For any strategic game
G, intention profile ι and profile of consistent picking function Θ, if σ ∈ Πit

#(Si)
for all fixed points t#(G), then π(σ) is safe for transformation in G.

Proof. I show by “backward” induction that π(σ) is safe for transformation
at any k for all sequences tk(G). For the basic case, take k to be the length
of the longest, non-redundant fixed point of G. I show that π(σ) is safe for
transformation at stage k for all sequences of that length. Observe that by the
choice of k all tk(G) are fixed points. We thus know by assumption that σ ∈
Πi∈It

k(Si). But then it must be safe for transformation at stage k. If clause (1)
was violated at one of these, say t′k(G), then we would have cl(t′k(G)) �= t′k(G),
against the fact that t′k(G) is a fixed point. By the same reasoning we know that
clause (2) cannot be violated either. Furthermore, by the fact that t′k+1(G) =
t′k(G), we know that it is safe for transformation at all stages l > k.
For the induction step, take any 0 ≤ n < k and assume that for all sequences
tn+1(G) of length n + 1, π(σ) is safe for transformation at stage n + 1. Take any
tn(G). By our induction hypothesis, that π(σ) is safe for transformation at both
cl(tn(G)) and pr(tn(G)). This secures clause (2) of Definition 4.3.2, and also gives
us that σ ∈ Πi∈It

n(Si). Now, because it is safe for transformation in cl(tn(G)),

we know that πcl(tn(G))(σ(i)) ∩ ↓ ι
cl(tn(G))
i �= ∅ for all i. But since πcl(tn(G))(σ(i)) ⊆

πtn(G)(σ(i)), and the same for the intention set, we know that πtn(G)(σ(i)) ∩ ↓
ι
tn(G)
i �= ∅ for all i. For condition (2), we also know that θi[σ(i)]

cl(tn(G))
≈ = σ(i)

for all i from the fact that π(σ) is safe for transformation at stage n + 1. By
Lemma 4.3.6 (below) and the assumption that θi is consistent for all i, we can

conclude that θi[σ(i)]
tn(G)
≈ = σ(i), which completes the proof because we took an

arbitrary tn(G). �

4.3.6. Lemma. For any game strategic game G and intention set ιi and strategy
si ∈ cl(Si), [si]

G

≈ ⊆ [si]
cl(G)
≈ .

Proof. Take any s′i ∈ [si]
G

≈. Since si ∈ cl(Si), we know that there is a σj �=i such
that π(si, σj �=i) ∈ ↓ιi. But because s′i ≈ si, it must also be that π(s′i, σj �=i) ∈ ↓ιi,
and so that s′i ∈ cl(Si). Now, observe that {σ ∈ Πi∈Icl(Si) : σ(i) = si} ⊆ {σ ∈
Si : σ(i) = si}, and the same for s′i. But then, because s′i ≈ si, it must also be

that s′i ∈ [si]
cl(G)
≈ . �

From the last two Facts we obtain, as a direct corollary, that if all players
intend safe outcomes then no fixed-point is empty, and we can “track” safe out-
comes in the agents’ original intentions by looking at those they keep intending
in all fixed-points.

4.3.7. Corollary. For any strategic game G, intention profile ι and profile of
consistent picking function Θ, the following are equivalent.
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1. For all i there is a π(σ) in ↓ιi that is safe for transformation in G.

2. π(σ) ∈↓ιt#(G)
i for all fixed-points t#(G).

The existence of empty transformation fixed points once again shows the im-
portance of taking each others’ intention into account while simplifying decision
problems. To be sure, the pruning and cleaning do commute when there is only
one agent.

4.3.8. Fact. pr(cl(G)) = cl(pr(G)) for any strategic game G with only one
agent, intention set ιi and picking function θi.

Proof. This is a direct consequence of the following lemma18.

4.3.9. Lemma. For any strategic game G and intention set ιi, if si �∈ cl(Si) with
individualistic admissibility then θi([si]

G

≈)pr(G) �∈ cl(pr(G)). The converse also
holds for all strategic games G with one agent.

For the first part, assume that si �∈ cl(Si). This means that for all profiles,
π(si)∩ ↓ιi = ∅. This means, in turn, that π(s′i)∩ ↓ιi = ∅ for all s′i such that
s′i ∈ [si]

G

≈. So, whatever is the value of θi([si]
G

≈), we know that πpr(G)(θi([si])) ∩
ι
pr(G)
i = ∅, and so that θi([si]

G

≈)pr(G) �∈ cl(pr(G). The second part follows the same
line, this time using the fact that in single agent cases, π(si) is a singleton. �

4.4 Conclusion

The considerations at the end the last section reflect the overall concern of this
chapter. In genuine strategic situations the reasoning-centered commitment of
intention takes on a crucial interactive dimension. We saw in particular how
important it is for agents who rule out inadmissible options and group redundant
alternatives to take into account the fact that they interact with other agents
who similarly transform their decision problems. If they fail to take the others
into account, there might simply be no more options for them to decide.

To stress the matter a little more, it is worth recalling that when there is only
one decision maker, neither cleaning nor pruning and not even a combination of
the two can eliminate all options in a decision problem, if the agent has realizable
intentions to start with. What is more, in all these cases a single application of
these transformations is enough to reach a fixed point, and as we have just seen,
the order of these two transformations is not important. In other words, the
interesting complications that we faced in this chapter genuinely stemmed from
the interaction of planning agents.

18The matrix in Table 4.7 shows that the “furthermore” really only holds for single-agent
strategic games.
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This would become even more clear by supplementing the analysis of this
chapter with an epistemic dimension. Intuitively, agents can only take care of
the intentions and picking criteria of others if they know what these are. As we
saw in the previous chapter, this is precisely the kind of claim that can be given
a formal treatment using epistemic models. In the next chapter I take a step
in that direction, by looking at how epistemic models of games with intentions
evolve in the process of cleaning. This will, however, only be a first step since, for
instance, I do not look at pruning. But putting together interactive information
and cleaning of decision problems will unveil yet another dimension of intention-
based practical reasoning, in particular new “epistemically laden” admissibility
criteria. What is more, the “logical” methods that I use allow for an explicit
representation of practical reasoning in games with intentions, something which
has so far been much discussed but still left implicit.

I should also stress once again that looking at intention revision is another way
to cope with the fact that transformation of decision problems can lead to empty
games. I did not look at intention revision here, because it would have lead us too
far along a tangent to reasoning-centered commitment. Its full-fledged analysis
requires one to draw from the theory of belief revision—as e.g. in Rott [2001]—as
well as from the in depth analysis of Bratman [1987, chap.5] and van der Hoek
et al. [2007]. But the considerations in this chapter could also be used as inputs
to such a theory of intention revision. Intentions which cannot become internally
inconsistent after some game transformations are obviously good things to adopt
in the need of revision. In other words, the conditions that I isolated in this
chapter could arguably be turned into “fall back” ones, thus contributing to the
understanding of intention revision.


