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1 Introduction

”Probability theory has always generated its problems by its contact with
other areas. There are very few problems that are generated by its own
internal structure. This is partly because, one stripped of everything else,
a probability space is essentially the unit interval with the Lebesgue mea-
sure.”

S.R.S. Varadhan, AMS Bulletin January (2003)

1.1 Background

In this section we provide general background to the theory of random dynamical
systems and their bifurcations, the object of this thesis. Our discussion is broader
then strictly needed for this thesis, in the sense that we mention e.g. iterated function
systems and stochastic differential equations which are not the central topic of this
thesis. The issues discussed at length in the following chapters in this thesis are
summarized in Section 1.2.

1.1.1 Dynamical systems: heuristics

Dynamical systems have been studied for many years, in a variety of different ways,
and with many different motivations and applications. The essence of a dynamical
system is to tell how some state changes with time under the action of mathemat-
ical laws. These are important things to study as they give information about the
working of the real world, physical instruments. For example, swinging pendulums,
hydrology, changing populations and genetics, climate forecast, financial markets and
neural networks in the brain can all be treated using dynamical systems models.
Some dynamical systems can be described as unforced systems - that is, they propa-
gate in isolation from external influences. However, very few systems in the real world
are genuinely isolated, and so it is often appropriate to describe dynamical systems
as perturbed systems. In this case we have the dynamics of a system (perturbation)
driving, or influencing, the dynamics of another. Regularly forced systems have been
extensively studied for a long time. A simple example is a pendulum which experi-
ences at regular intervals an external ’push’ of the same magnitude each time. By
contrast, forcing with irregularly (random) frequencies has received comparatively
less attention and is in general much less understood.
It is thus widely accepted that understanding the effect of random perturbations on
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nonlinear dynamical systems is an important challenge. Random perturbations can
be small and irrelevant, or they can be so large as to overwhelm the underlying dy-
namics. The middle ground is the most interesting, the perturbations can be small,
yet contribute non-trivially to the overall dynamics, so that one must consider the
interaction of the deterministic dynamics with the stochastic perturbation. This is
the approach we take in this thesis.
To respond to this need stochastic differential equations (SDE) were introduced by Itô
at the beginning of the 1940s. He gives an explicit construction of diffusion processes
which were introduced in the 1930s by Kolmogorov via partial differential equations
and measures in their path spaces. For more than half a century it was customary
to consider solutions Xx

t (ω) at time t > 0 of an SDE for some fixed initial condi-
tion, x, and the distribution of corresponding random paths was usually of primary
interest. This approach, also called the one point motion approach, to the SDEs
was encouraged especially because the Markovian aspect of the solution of the SDE
and the existence of a rich ergodic theory of Markov processes. Around 1980 several
mathematicians discovered that solutions of SDEs can also be represented, similarly
to the deterministic case, as Xx

t (ω) = ϕt(ω, x) where ϕt(ω, x) is called a stochastic
flow, see (74), and for each t > 0 and almost all ω it consists of homeomorphisms.
With the development of dynamical systems in the 20th century it became increas-
ingly clear that discretising time and considering iterations of a single map is quite
beneficial both as tool to study the original flow generated by an ordinary differential
equation, for instance via the Poincaré return map, and as a rich source of new mod-
els which cannot appear in the continuous time framework (two-dimensional chaotic
systems). The next step is an observation that the evolution of physical systems is
time dependent by its nature, and so they could better be described by compositions
of different maps picked according to some law rather than by repeated applications
of exactly the same transformation. This leads to random transformations.
Random transformations were already discussed in 1945 by Ulam and Von Neumann
in (108) in the framework of ergodic theory but they attracted only marginal interest.
The appearance of fractals theory and iterated function systems, see (13), from one
side and stochastic flows as solutions of SDEs from another side gave a substantial
push to the subject and towards the end of the 1980s it became clear that powerful
dynamical systems tools united with probabilistic machinery can produce a scope of
results which is now known as random dynamical system theory (RDS). Assuming
some additional structures on the random transformations and the SDEs motivated
researchers to have a close look at the theory of smooth dynamical systems. This
brought to this subject such notions as Lyapunov exponents, invariant manifolds,
bifurcations of equilibria etc. We mention here that this theory has applications in
statistical physics (96), economics and finance (101; 31), meteorology (38) and in
other fields.

1.1.2 Random dynamical systems

We begin with a simple example to introduce the type of problems considered in this
thesis. Below we formalize the mathematical notions needed to precise the questions
and to study the problems. Now, consider a single map with an attracting fixed
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point. Iterates of points in the basin of attraction converge to the attracting fixed
point. With small noise added to the system, iterates of points will move around
randomly near the attracting fixed point. When the amplitude of the noise is bigger
there is a possibility to end up outside the basin of attraction of the fixed point and
move somewhere else. In other words, when increasing the level of the noise one
expects a transition in dynamical properties. This is one of the type of problems we
study in the thesis. There is more. One can iterate more than one point under the
same noise. With small noise added to the map with the attracting fixed point, one
sees the following phenomenon: the iterates of the different points converge towards
each other (while moving around randomly). This property may also change when
increasing the level of noise. In this thesis we consider this bifurcation problem as
well.

The set-up in this thesis is far more general than this example of noise added to
a map with an attracting fixed point. The formalism of random dynamical systems
as skew product systems or cocycles is needed for the study of all such problems. In
the following we introduce this formalism, and provide simple examples.

Shift space

Standard dynamical systems theory cannot directly encompass non-autonomous sys-
tems and perturbed systems. The usual approach to non-autonomous systems is to
enlarge the state space sufficiently to make the system autonomous. This is well
known in the case of a periodically forced differential equation which can be trans-
formed into an autonomous system by the addition of a dummy variable to represent
time. In the context of arbitrary forcing, where the time-dependence is introduced
through a stationary driving noise, this is most easily accomplished through mod-
elling the driving process. By this we mean that we define a measurable dynamical
system (Ω,F ,P, σ) describing the evolution of the noise process.

Definition 1.1.1. A family (σk)k∈T of mappings of a measure space (Ω,F ,P) into
itself is called a measurable dynamical system with time T if it satisfies the following
conditions:

• ω ∈ Ω 7→ σω ∈ Ω is measurable

• σ0 = idΩ

• σk+l = σk ◦ σl ∀k, l ∈ T.

We assume that σkP = P ∀k ∈ T: that is P(σ−kA) = P(A) for all (k,A) ∈ (T,F).
The measure P is said to be invariant with respect to σ or P is σ-invariant. In this case
the dynamical system (Ω,F ,P, σ) is called a measure preserving dynamical system.

Evolution driven by noise

In the following we give a formal definition of a continuous random dynamical system.

Definition 1.1.2. (5) A continuous random dynamical system on the topological
spaceM over the dynamical system (Ω,F ,P, σ) is a map

f : T× Ω×M→M, (k,ω, x) 7→ fk(ω, x)
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with the following properties:

• Measurability: f is measurable in k and ω.

• Continuity: for each ω the map

f(·,ω, ·) : T×M→M, (k, x) 7→ fk(ω, x),

is continuous.

• Cocycle property: The map fk(ω, ·) : M→M forms a cocycle over σ:

f0(ω, ·) = idM for all ω ∈ Ω,

fk+l(ω, ·) = f l(σk
ω, fk(ω, ·)) for all k, l ∈ T, ω ∈ Ω.

We may think of such process as a skew product over the noise process. A skew-
product is a dynamical system of the form

(Y, Z) → (Y, Z)

(y, z) 7→ (f(y), g(y, z))

The mapping f over Y is called the base transformation, and the mapping g over Z
is called the fibre transformation.
In the case of random dynamical systems, the noise process is the base, driving the
evolution state variable in the fiber, see Figure 1.1. In this case (Y, Z) = (Ω,M) and
the measurable dynamical system S : Ω×M→ Ω×M for each k ∈ T is given by

Sk(ω, x) = (σk
ω, fk(ω, x)). (1.1)

Lemma 1.1.1. The skew product flow is well defined and satisfies the flow property,
i.e.

S0 = idΩ×M and Sk+l = Sk ◦ Sl for all k, l ∈ T

Remark 1.1.1.
In this thesis the noise and the variable of interest which it drives will, together, form
a Markov chain in discrete time (xk = fk(ω, x))k∈T. Roughly, a random sequence
(xk)k∈T is Markovian if the statistics of xk, k > l given xl are independent of the
knowledge of xj for j < l. We denote this Markov chain (ωk, xk) with ωk ∈ ∆ being
the noise and xk ∈ M being the noise driven process. Notice that ω is the complete
path (ωk)k∈T ∈ Ω, so Ω = ∆T.

Examples

We illustrate the concept above by means of a number of simple examples.
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x
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Figure 1.1: Graphical representation of a random dynamical system.

Example 1.1.1. Consider a linearly damped map driven by a sequence ωk of inde-
pendent identically distributed (i.i.d) random variables where ω0 is ν-distributed for
some probability distribution ν.

xk+1 = axk + ωk, (1.2)

where 0 < a < 1. In this case T = N, M = R, Ω = {ω ∈ RN : ω = (ω0, ω1, . . .)} and
σ is the shift on such sequences defined by σω = (ω1, ω2, . . .). Then P is the measure
induced on such i.i.d sequences. The fact that the dynamical system for the noise
is measure preserving follows since the ωk are i.i.d. The process (xk) is known as a
discrete Ornstein-Uhlenbeck (OU) process.
In this example and others we can expand the time interval to cover the set of all
integers T = Z.

This example fits into a more general set-up. Let ∆ be an appropriate space
(in this thesis ∆ will often be a compact interval) and let f : ∆ × M → M be
a parameterized family of maps and ν a probability measure on ∆. Consider the
following iteration

xk+1 = f(ωk, xk), x0 = x

This can be formulated as a random dynamical system with T = N, Ω = {ω ∈ ∆N :
ω = (ω0, ω1, . . .)} and σ is the shift on such sequences defined by σω = (ω1, ω2, . . .).
Then P = νN is the measure induced on such i.i.d sequences by ν. The fact that the
dynamical system for the noise is measure preserving follows since the ωk are i.i.d.

Example 1.1.2. Let M be the real line and let f1, f2 be the two following functions

f1(x) = ax+ 1 and f2(x) = ax− 1,

where 0 < a < 1. Consider the discrete-time dynamical system with state of the
system at time k, given the initial state x0 = x, given by

xk = φk−1 ◦ . . . ◦ φ0(x)
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and the φi’s are chosen independently with probability 1
2 each from the set {f1, f2}.

In this case T = N, M = R, Ω =
{

ω ∈ {f1, f2}N : ω = (φ0, φ1, . . .)
}

, where φk is
randomly chosen form the set {f1, f2} and σ is the shift on such sequences defined
by σω = (φ1, φ2, . . .). Then P is the measure induced on such i.i.d sequences by the
uniform probability on {f1, f2} (1/2 each). The fact that the dynamical system for
the noise is measure preserving follows since the φk are i.i.d.

Example 1.1.3. Random dynamical systems from Markov chains
Consider a Markov chain whose state space is (0, 1), the open unit interval. If the
chain is at x, it picks one of the two intervals (0, x) or (x, 1) with equal probability 1/2,
and then moves to a random y in the chosen interval. After some initial floundering,
we see that the state of the chain could be represented as the iteration of random
functions

fu(x) = ux gu(x) = x+ u(1− x),

with u chosen uniformly on (0, 1) and f and g chosen with probability 1/2 each. In
this case T = N, M = (0, 1), Ω =

{

ω ∈ {fu, gu}
N : ω = (φ0, φ1, . . .)

}

, where φk is
randomly chosen from the set {fu, gu} and σ is the shift on such sequences defined
by σω = (φ1, φ2, . . .). Then P is the measure induced on such i.i.d sequences by the
uniform probability on {fu, gu} (1/2 each). The fact that the dynamical system for
the noise is measure preserving follows since the φk are i.i.d.

This example is a special case of a more general result on the representation of
Markov chains. Let p(x, .) be the transition probability function of a Markov chain
defined on M ( p(x,B) specifies the probability of moving from the point x into
the set B). A representation of p is a collection C of maps from M to itself and a
probability measure ν on them such that

p(x,B) = ν{f ∈ C : f(x) ∈ B}, x ∈ M, B ⊂M.

Then, as described in (70), see also Section 2.4 , the Markov chain can be recon-
structed by making each transition the result of picking a map from C with probability
distribution ν. In (70) Kifer goes on to show the following:

IfM is a Borel subset of a complete metric space, then any Markov chain
onM can be represented by a collection of measurable maps.

Under some further conditions on p(x, .) the Markov chain may be represented by a
collection of smooth maps, see (39; 94; 117).
The advantage of this random map setting is that we may associate to each random
orbit (from the Markov chain) a sequence of maps which are iterated, enabling us to
use the properties (continuity, differentiability, etc) of the random maps in C to derive
additional properties (which are not directly clear from the Markov chain setting only)
of the random orbits.

Example 1.1.4. Random perturbation of flows
In this thesis we do not consider continuous-time random processes. For completeness
we briefly describe a continuous-time example following the above set-up. For details
we refer to (5). Let dxt = f(t, xt)dt, and x0 = x ∈ M be an ordinary differential
equation. We assume for simplicity thatM = R. A well defined and good understood
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random version of this dynamical system can be made basically through a diffusion.
The perturbation is given by a Wiener process ”added” to the ordinary differential
equation:

dxt = f(t, xt)dt+ g(t, xt)dWt, t ∈ R, x0 = x. (1.3)

A solution of this equation is well defined and is a stochastic process ϕ : R × Ω →
R, (t,ω) 7→ ϕ(t,ω) for some probability space Ω and a given Wiener process (Wt)t∈R.
The precise meaning of the above process can be formulated in the language of stochas-
tic integrals in the following way:

ϕt(x) = x+

∫ t

0

f(s, ϕs(x))ds +

∫ t

0

g(t, ϕs(x))dWs

Here the last term is the Itô integral. Under some regularity conditions on f and g,
there exist a unique solution with continuous paths.
From a probabilistic point of view the set of processes ϕt(x) for all possible initial
points x forms a Markov family with respect to the σ-algebra generated by the Wiener
process up to time t.
The density function of the process ϕt(x) is defined as the function φ(t, x) that satisfies

P{ϕt(x) ∈ B} =

∫

B

φ(t, y)dy

and satisfies the initial-value problem :

∂φ

∂t
=

1

2
g2(x)

∂2φ

∂2x
− f(x)

∂φ

∂x
, t > 0, x ∈ R, (1.4)

φ(0, x) = u(x), x ∈ R,

where u is the density of the initial condition x. Equation (1.4) is known as the
Fokker-Planck equation or the Kolmogorov forward equation.
The solution of the Fokker-Planck equation is usually seen as a flow of densities
governed by a semigroup of Markov operators. Stationary densities, which are the
main objects to investigate to understand the asymptotic behavior of such processes,
are the eigenvectors (eigenmodes) of these Markov operators.
From a dynamical point of view the application x 7→ ϕt(ω, x) defines a map ϕt(ω) :
M→M which can be shown, see (5; 74), to be a diffeomorphism under reasonable
regularity conditions on f and g. These maps satisfy the following cocycle property:

ϕ0(ω) = idM (identity map ofM),

ϕt+s(ω) = ϕt(σs(ω)) ◦ ϕs(ω),

for s, t ≥ 0 and ω ∈ Ω, and for a family (flow) of preserving transformations σs : Ω→
Ω, σ0 = idΩ, σs+t = σs ◦ σt and σtP = P ∀t ∈ R.
The two previous dynamical systems, σ and ϕ induce a dynamical system S defined
on the Cartesian product of the space Ω and the manifoldM,

S : Ω×M→ Ω×M
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St(ω, x) = (σt(ω), ϕt(ω, x)), t ∈ R.

To this large-dimensional dynamical system many of standard methods of dynamical
systems and ergodic theory can be applied which can be again interpreted in random
terms (on the fiber space).

1.1.3 Equilibria, stationary and random invariant measures

One of the keys of the theory of dynamical systems is the determination of equilibrium
points and their stability properties.
In contrast to deterministic systems where fixed points and periodic orbits are the
invariant objects to be investigated first, stationary and invariant measures are the
fundamental invariant objects for random systems and the building blocks for sophis-
ticated analysis involving e.g. stability, Lyapunov exponents, decay of correlations,
escape time from/to subsets of the state space, to name just a few frequent notions
of dynamical and probabilistic/statistical nature. For clarity, a stationary measure is
a concept from Markov processes theory and an invariant measure is a concept from
(skew product) dynamical systems theory. Existence of fixed points and periodic
orbits for RDS occur only in highly non-typical cases.

Stationary measures

Stationary measures are a statistical notion related to the asymptotic distribution of
the Markov chain induced by a random dynamical system as defined above. Roughly,
a probability measure m is stationary if P{xk ∈ A} → m(A) as k→∞ for each Borel
set A ⊂M and each value x0.

Example 1.1.5. Consider Example 1.1.2. Given an initial value x0 = x, we consider
sequences xk = φk−1 ◦ . . . ◦ φ0(x), (φi ∈ {f1, f2}) obtained through random iteration,
k ≥ 1.
This random iteration induces a Markov chain

xk+1 = axk + ωk,

where ωk = ±1 with probability 1/2. The stationary distribution has an explicit
representation, as the law of

X∞ = ω0 + aω1 + a2ω2 + . . . (1.5)

The random sequences on the right converge to a finite random limit because 0 < a <
1.
Clearly, the distribution of X∞ is unchanged if X∞ is multiplied by a and then a new
ω is added: that is stationarity. The sequences representation (1.5) can therefore be
used to study the stationary measure, however, many mysteries remain, even for this
simple case, see section 1.1.4.

Stationary measures do not give sufficient dynamical information for some pur-
poses. In the previous example the distribution of almost every path (xk, ωk)k∈N

will converge to the same probability measure, say m. But from this fact we cannot
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conclude about the collective motion of all initial conditions. Do different paths with
different initial conditions converge to the same path with asymptotic distribution m?
If not, is there an attracting (repelling) random set? These questions are addressed
within the framework of (random) invariant measures, discussed below.

Invariant measures

The simplest way to introduce the concept of invariant measures is through the skew-
product picture. Define πΩ : Ω ×M → Ω by πΩ(ω, x) = ω (the projection on the
base). Notice that the structure of the skew-product means that

πΩ ◦ S = σ ◦ πΩ.

If µ is invariant for S, so that Sµ = µ (that is µ(S−1(A)) = µ(A) for every A ⊂
Ω×M), then we see that

πΩµ = (πΩ ◦ S)µ = (σ ◦ πΩ)µ

so that πΩµ is σ-invariant. Recalling, from definition, that P is invariant for σ these
considerations motivate the following definition:

Definition 1.1.3. Given a random dynamical system f , a probability measure µ is
invariant for f if

• Skµ = µ for all k ∈ T,

• πΩµ = P.

1.1.4 Stability and instability: bifurcation theory

Bifurcation theory is a subject with classical mathematical origins dated back to
before the work of L. Euler in the 18th century see, (42), however, the modern de-
velopment of the subject starts with Poincaré and the theory of dynamical systems.
In the last half century, this theory has undergone a drastic development with the
infusion and the interaction of ideas and methods from dynamical systems theory,
topology, geometry, measure theory, group theory and numerical study of dynamics.
As a result, it is difficult to draw the boundary with any confidence. The characteri-
zation offered long ago by V. I. Arnold (1972) at least reflects how broad the subject
has become:

”The word bifurcation, meaning some sort of branching process, is widely
used to describe any situations in which the quantitative, topological pic-
ture of the object we are studying alters with a change of the parameters
on which the objects depend. The objects in question can be extremely di-
verse: for example, real or complex curves or surface functions or maps,
manifolds or fibrations, vector fields, differential or integral equations.”

In this thesis the ‘objects in question’ will be random dynamical systems in the
form of perturbed difference equations, we will call these systems also random maps.
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These discrete-time systems, have obtained much less attention, despite their potential
importance in applications. In this setting, we assume that the forcing (perturbation)
at time k ∈ Z is specified by a random variable ωk chosen with respect to some
probability measure from an appropriate space. The state of the system at time
k ∈ Z is denoted by xk ∈M and evolves according to

xk+1 = f(xk, ωk) = fωk−1
◦ . . . ◦ fω0(x), ω ∈ Ω, x ∈M, (1.6)

where M is the state space of the system, which we will assume to be a smooth
compact manifold.
The picture made by the dynamics of this process may be seen mainly in two different
ways, the one-point motion and the n-point motion as presented below.

The one point motion

The classical (statistical) way is to follow the realization of the random process with
some initial condition x0 and look at the distribution of the random path. Under
some conditions a “stationary regime” exists and may be described by a stationary
probability distribution m such that if the process starts in this regime (that is, if
x0 has distribution m) then it remains in the regime. Moreover if the process starts
with some other distribution then it may converge in some probabilistic sense with
m as limiting distribution. This limiting probability distribution depends on param-
eters that enter the equations of motion or boundary conditions. If one varies these
parameters the stationary measure may deform (in some sense) slightly without alter-
ing its qualitative features, or sometimes the dynamics may be modified significantly,
producing a qualitative change in the stationary probability distribution. To under-
stand the dynamics of this induced process (evolution of measures) on the Banach
space, S(M), of finite signed measures onM equipped with the total variation norm
(see (67, Chapter 1) and below), we associate classically a linear transition operator
L∗ : S(M)→ S(M) defined as follow.
For each m ∈ S(M)

L∗m(A) =

∫

M

p(x,A)dm(x), A ⊂M. (1.7)

This operator, called stochastic kernel, transfer operator, Markov operator, Frobenius-
Perron operator and sometimes Ruelle operator, allows us to describe the evolution
of the system. This operator acts linearly on the space of all probability measures
on the state space. Eigenvectors corresponding to the eigenvalue 1 of this operator
are exactly the stationary measures of the process in (1.6). Using this relationship,
the Markov chains theory was developed in the previous century by means of linear
operator theory, see Doeblin (35), Yosida and Kakutani (109), Doob (37), Neveu (86,
chapter 5), Revuz (95, chapter 6), to name but a few. Ergodic properties of the
process (1.6) follow then from the structure of the spectrum of the transfer operator.
The transfer operator may also be used to investigate the stability (instability) of the
process (1.6). One choice of definitions of stability, frequently used in the theory of
Markov processes, will be discussed now. Let us mention that later on we will use
different (refined) notions in this thesis, better adapted to descriptions of dynamics.
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A process as in (1.6) with operator L∗ (see Chapter 2 for a relationship between the
process of (1.6) and L∗) is said to be stable if this map is continuous under suitable
choice of metric. For a formal definition, let ‖L∗‖ = sup{‖L∗m‖, ‖m‖TV ≤ 1} the
operator norm, where ‖m‖TV := supA⊂M‖m(A)‖ is the total variation norm on the
space of finite signed measures onM (note that the ‖m‖TV = 1 if m is a probability
measure). For the definition and convergence properties of this norm see for example
(67, Chapter 1).

Definition 1.1.4. A Markov chain with transition transfer operator L∗ is said to
stable if there is some ǫ and a neighborhood N(L∗, ǫ) = {Q : ‖L∗ − Q‖ ≤ ǫ} of L∗

such that
(a) Every Q ∈ N(L∗, ǫ) has a unique stationary probability measure ν = Qν.
(b) For every sequences {Qn} of transfer operators in N(L∗, ǫ) for which ‖Qn−L∗‖ →
0, one has ‖νn −m‖TV → 0, where νn is the stationary probability measures (s.p.m)
for Qn, and m is the s.p.m for L∗.

Remark 1.1.2.

• The convergence in total variation norm in definition 1.1.4 is equivalent to the
convergence in L1 of the densities φ and ψn of m and νn when they exist. We
have, see (76, pg.401),

‖νn −m‖TV → 0 ⇔

∫

X

|ψn − φ|dx→ 0.

• This notion of convergence is closely related to the local stability of deterministic
dynamical systems. In fact it is the local stability of deterministic dynamical
systems, after all the process in equation 1.7 is an infinite dimensional linear
deterministic system.

The definition above depends on the used norm. One could require in addition to
the definition above that d(suppνn, suppm)→ 0, where

d(A,B) := sup(supx∈Ad(x,B), supx∈Bd(x,A))

is the Hausdorff metric and suppm is the support of the measure m. Indeed, in this
thesis we will study carefully this type of stability in Hausdorff metric.
Definition 1.1.4 seems not to be very relevant for systems which are uniformly ergodic
(see e.g. (78, Chapter 9) for a definition and other properties of this type systems)
because of the following theorem.

Theorem 1.1.1. (Kartashov (67, Th. 1.6)) A Markov chain is stable in the norm
‖.‖TV if and only if it is uniformly ergodic.

A large category of perturbed dynamical systems are uniformly ergodic, yet they
can exhibit different behavior when perturbing the dynamics of the system (for exam-
ple by varying a parameter). The change in the behavior of the stationary distribution
is usually made by a qualitative change in the behavior of the deterministic part of
the system. The example we have in mind is a discrete-time system perturbed by
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“additive Gaussian” noise and defined on compact metric spaces (such systems have
a unique stationary density), see example 1.1.6 below. These systems are uniformly
ergodic when the deterministic part is well behaved. Other examples are diffusion
processes which admit unique stationary probability distributions (these are posi-
tively recurrent diffusion processes). These processes are always uniformly ergodic,
and consequently stable in the above sense.
In such examples the stationary density can show a transition from a unimodal (one
peak) to a bimodal (two peaks) or a crater like form. This behavior indicates that
the system has made a transition from a state to another one, i.e. a bifurcation,
see example 1.1.6 and Figure 1.2 below. Horsthemke and Lefever (63), Arnold and
Boxler (7), and Sri Namachchivaya (105), have carefully studied the number and the
location of extrema of the stationary density φa as a function of a parameter a. This
concept has been formalized based on the ideas of Zeeman (114; 116) according to
which two probability densities φ and ψ are equivalent if there are two diffeomor-
phisms h, k such that φ = h ◦ ψ ◦ k. This gives rise to a notion of structural stability
and thus of a point of structural instability of families of densities φa which captures
the above mentioned observations. For example, the transition point a = a0 from a
unimodal density to a bimodal density is such a point of structural instability. This
concept is called ‘noise induced transitions ’ by physicists and later phenomenological,
or P -bifurcation by mathematicians.

Example 1.1.6. Consider the following discrete-time dynamical system:

xk+1 = xk exp(a− xk) + σωk (1.8)

where ωk is a Gaussian random variable, σ is a constant (amplitude of the noise) and
a > 0 is a parameter.
In the deterministic case, i.e. σ = 0, the asymptotic behavior of this system is
governed by the parameter a. If 0 < a < 2 there is a stable fixed point or attractor
p = a and all trajectories converge to the fixed point. At a = 2 there is a bifurcation
into an attracting periodic cycle of period 2. If a > a1 ≈ 2.526 the bifurcation will
continue and produce, successively, attracting periodic cycles of periods 4, 8, 16, . . ..

It turns out that equation (1.8), as a Markov process, is uniformly ergodic for
all a > 0 and thus no instability (in the sense of definition 1.1.4) behavior will be
detected when varying the parameter a. However, since the deterministic version of
equation (1.8) undergoes a bifurcation at a = 2 and the “stationary” density shows a
transition at a ≈ 2 from a unimodal density to a bimodal density, a phenomenological
definition of structural instability will be more appropriate to describe the change in
the dynamics of the process in equation (1.8).

Remark 1.1.3. The P -bifurcation is not ‘scale invariant’, i.e., if X is a random vari-
able whose probability density φX has two maxima, there is a strictly monotone
transformation h :M→M such that φh(X) has only one maximum.

Example 1.1.7. Let X be a real random variable with density

φX =
2

5
1l[0,1] +

1

5
1l[1,2] +

2

5
1l[2,3]
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Figure 1.2: The “stationary” density of the system in equation (1.8) with a = 1.9 (left) and a = 2.1

(right). For a = 1.9 the deterministic dynamical system has a stable fixed point. For a = 2.1 the
deterministic system has a stable 2-periodic cycle.

which has two “peaks”. Let h : R→ R defined by

h(x) =











10x ∞ < x < 1,

x+ 9 1 ≤ x < 2,

10x− 9 2 ≤ x <∞

Then

φh(X) =
1

25
1l[0,10] +

1

5
1l[11,12] +

1

25
1l[11,21]

has one peak. In general the equivalence classes are preserved only if volume-preserving
diffeomorphisms are admitted as coordinate changes, for which |det Dh(x)| = 1 for
all x. For more examples see (115).

The n-points motion

The second way to approach the perturbed dynamical system is the following: the
realization of the process (1.6) with initial condition x0 defines the orbit of x0. The
collective representation of these orbits for all initial conditions in the state space com-
prises the phase portrait (which depends on the realization of the random sequence
(ω0, ω1, . . .). This portrait provides a global qualitative (i.e. topological) picture of
the dynamics, and this picture depends again on the parameters of the system. Like
in case of the stationary probability measure, this phase portrait may drastically
change in changing the parameters. This approach is a natural generalization of the
deterministic concept and in particular to the notion of flow.
In deterministic systems, the general term ”bifurcation” is used to describe ”qual-
itative changes” in the phase portrait of a parameterized family fa of dynamical
systems which occurs when the parameter a is varied. The vague notion of “quali-
tative changes” has been successfully formalized by using the concepts of topological
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equivalence and structural stability. A parameter value a0 is called a bifurcation point
of the family fa if the family fa is not structurally stable at a0, i.e. if any neighbor-
hood of a0 there are parameter values a such that fa is not topologically equivalent to
fa0 . When the topological equivalence is replaced by local topological equivalence (for
example, in the neighborhood of a particular point), the parameter value a0 is called
a local bifurcation point. Classical local bifurcations are saddle node, transcritical,
pitchfork, and Hopf bifurcations.
In analogy to the deterministic case, Arnold (5) introduced the notions of structural
stability and topological equivalence of continuous time RDS. These notions and oth-
ers are based on results from the theory of skew product dynamical systems. These
results are reinterpreted in a random dynamics framework. He called a parameter
value a0 a (local) bifurcation point of the family fa if this family is not structurally
stable at a0, i.e. if in any neighborhood of a0 there are parameters values a such that
fa and fa0 are not (locally) topologically equivalent. This definition of structural sta-
bility is a fine definition and very difficult to verify when studying random dynamical
systems. Later we give a more appropriate definition of dynamical bifurcation based
on the invariant measures.
At the present time the modest aim of dynamical stochastic bifurcation theory is to
discover the stochastic analogues of the elementary deterministic local bifurcation. In
the last 20 years there were some attempts to reach this goal. It starts with a case
study of the one dimensional perturbed version of the deterministic normal forms of
the transcritical, pitchfork and saddle-node bifurcations by Arnold and Boxler (8).
More precisely, they considered the bifurcation parameter as noisy, i.e. they care-
fully add a white noise process to the parameter so that they obtained a family of
Stratonovich stochastic differential equations which is explicitly solvable. The explicit
solutions to the stochastic differential equations makes the analysis clear. They show
for example that the saddle node-bifurcation disappears after adding white noise.
They notice that the destruction could be avoided if one use a bounded noise with an
appropriate amplitude. They also show that, choosing specific multiplicative noise,
the stochastic dynamical bifurcation scenario for the pitchfork case is analogous to
the deterministic scenario. Later on, Crauel and Flandoli (26) showed that the same
pitchfork bifurcation will be destroyed using an additive noise. This destruction is in-
tuitively comprehensible, by saying that even if the diffusion parameter σ in the SDE
is small, the perturbation σdWt may become “big” and will overwhelm the global
dynamics.
Crauel, Imkeller and Steinkamp (27) consider general parameterized families of one-
dimensional stochastic equations

dxt = fa(xt)dt+ ga(xt)dWt,

such that zero is a fixed point and the absolute value of the diffusion coefficient is
positive on R\{0}, where a ∈ R and f, g satisfy some smoothness assumptions. They
describe, dependent on the invariant measure for the Markov semigroup, dynamical
bifurcation scenarios, i.e. they give under technical assumptions necessary conditions
for a stochastic pitchfork and transcritical bifurcations.
In multidimensional case there have been some attempts and general criteria in this
direction, e.g. Arnold and Xu (10), Baxendale and Imkeller (14) and many case
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studies c.f. Ariaratnam (3), Arnold, Bleckert and Schenk-Hoppé (6), Arnold and
Imkeller (9), Keller and Ochs (69), Schenk-Hoppé (100), amongst others. We notice
here that for the most of these studies the dynamical bifurcation is based on the
pattern of sign changes of Lyapunov exponents which should announce the appearance
of new branches of bifurcating invariant measures. Such bifurcations are called the
D-Bifurcations.
To compare the previous two concepts of bifurcation (the P and the D-bifurcation),
Baxendale (16) gives an example in which the density of the invariant measure of the
semigroup does not depend on the bifurcation parameter, while the top Lyapunov
exponent change sign. In (26), Crauel and Flandoli exhibit an example, where the
density changes from one peak to a two peak function at a parameter value, while
the invariant measure remains a random point with negative Lyapunov exponent. No
nontrivial example was available where the P and the D-bifurcation coincide in the
same parameter value.
The previously mentioned attempt to understand bifurcations of stochastic dynamical
systems was especially focused on stochastic differential equations and very few works
on discrete systems are traceable in the literature. There are a few case studies on the
effect of noise on the logistic map, we cite Gutierrez, Iglesias and Rodriguez (54), Linz
and Lücke (80), Mayer and Haken (84), Schenk-Hoppé (102) and Steinsaltz (107).

Other methods and conclusion

The area of stability and instability, even in classical dynamical systems, has largely
been driven by phenomena discovered in specific models (e.g., specific differential
equations). Attempts to unify the observations have created stability and bifurcation
“theories” which, in their turn, have found applications in systems other than the
ones originally designed for. It follows from the previous modest discussion that we
will observe the same trend in the area of stability in stochastic systems and certainly
more. Many notions of stochastic stability may be defined and studied, some of which
are more case-specific. For instance, there are comparison methods. Frequently, it
is the case that one can somehow dominate the system under study by a system
whose stability is known or can easily be deciphered. Quite useful for this kind of
method are the stochastic ordering concepts, see, e.g., Baccelli and Brémaud (11).
Another method is based on contractivity: consider again the Markov chain xk in
equation (1.6) and suppose that f is contractive in the first argument in the following
sense: There is x0 ∈ M such that

d (f(x, ω), f(x0, ω)) ≤ d(x, x0) for all x ∈M and for almost all ω,

then the Markov chain xk has a unique stationary measure m and ρ[pk(x, .),m] ≤
Axr

k for constants Ax and 0 < r < 1. Here pk(x, dy) is the law of xk given that
x0 = x and ρ is the Prokhorov metric used for the distance between two probabilities.
Moreover, under the same assumption, the “backward iteration”

yk = fω0 ◦ . . . ◦ fωk−1
(x)

converge almost surely to a random limit point, at an exponential rate, and this limit
has the unique stationary distribution m. Such systems were called strongly stable
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see (34).
Foss and Denisov (45) used martingale arguments to study the transience (instability)
of a class of Markov chains. Finally, large deviation techniques have also been used
in stability and instability studies of various stochastic systems, see, e.g., Puhalskii
and Rybko (93), and Gamarnik and Hasenbein (48).
This thesis contributes to the development the theory of bifurcation of stationary
measures of random maps (transformations), which we hope itself to contribute in
raising this ”infant” called stochastic bifurcation. I used the word ”infant” because
many authors still speak of stochastic bifurcation theory being in its ”infancy” al-
though they have been dealing with this subject for more than 20 years now.

1.2 Thesis overview

The aim of this thesis is to study bifurcation theory of smooth random maps. We
study bounded perturbations of deterministic maps leading to bifurcations in which,
to fix thought, orbits escape from the basin of attraction of a given equilibrium of
the deterministic system. Essentially two possibilities may occur: escaping orbits can
or cannot return near the equilibrium. Escaping orbits lead to transient dynamics
if orbits do not return and intermittent dynamics if orbits do return. This type of
behavior gives rise to a definition of bifurcation which takes the explosion of the sup-
port of the stationary measures into account. We give also answers to questions like:
how can such transitions occur? What are the quantitative characteristics? In par-
ticular we present a satisfactory theory for one dimensional random maps, including
a classification of possible bifurcations. This extends the general theory in particular
by classifying codimension one bifurcations. Typically only finitely many bifurcations
occur in one parameter families of random maps, in contrast to families of determin-
istic maps. The most precise and complete study is presented for randomly perturbed
circle diffeomorphisms. Here, we relate the bifurcation of stationary measures, occur-
ring when the support of a stationary measure explodes from finitely many intervals
to the entire circle, to the D-bifurcation of a random periodic orbit to a random fixed
point. We will see that these two bifurcations happen at the same parameter value.
We now list the topics in the different chapters. Chapter 2 is an introductory chap-
ter, in which we present the fundamentals of the framework as needed for the further
investigation. We give a new definition of stability and random bifurcation valid un-
der mild conditions. The last section in Chapter 2 is devoted to general facts about
random dynamical systems as skew-products systems and their invariants character-
istics. We also give the relationship between stationary measures for random maps
and random invariant measures for the generated random dynamical system.
Chapter 3 focusses on a complete description of bifurcations of random diffeomor-
phisms in one dimensional state space. We give the analogues of the elementary
deterministic local bifurcations and classify random bifurcations in Theorem 3.2.1.
In Chapter 4 we treat the one dimensional bifurcation problem for random circle
diffeomorphisms from the n-point motion approach. We give a characterization and
the structure of the invariant random measure obtained from iteration of Lebesgue
measure. We relate the bifurcation of stationary measures of the one-point motion
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to the bifurcation of the random invariant measure from a random fixed point to a
random periodic orbit. In the remaining part of this chapter we give corollaries for
the skew-products and their invariant graphics.
In Chapter 5 we discuss various aspects of bifurcation of random diffeomorphisms in
higher dimension. We discuss stability theorems and parameter dependence. We give
results on the smoothness of stationary densities as functions of the state space vari-
able and the bifurcation parameter. Section 5.4 develops material on conditionally
stationary measures and applies this to compute expected escape times in Section 5.5.
Section 5.6 treats the speed of decay of correlations and it dependency on the bifur-
cation parameter.
In Chapter 6 we apply the developed theory to two popular examples, the randomized
standard circle map and a random version of the logistic map.





2 Fundamentals of random maps

The purpose of this chapter is the introduction of the framework. We will summarize
basic facts and statements which are needed for further investigation. The intension
of this work is the study of bifurcation of random maps, hence we start by definition
of random maps and their properties.
In the second section we rewrite the dynamical system generated by iteration of
random maps on the space of probability densities. This is called the statistical
solution of the generated dynamical system. We give a classical results ensuring the
existence of equilibria to the statistical solution and we give a definition of stability
of these equilibria. Since we want to study bifurcation of random maps, we give a
definition of stability of random families depending on finitely many parameters in
the remaining of this section.
The first two sections approach the iteration of random maps from a one point motion
viewpoint. The last section is devoted to an alternative approach, the skew product
approach. We give a general definition of a random dynamical system and their
invariant measures. We give a result due to Furstenburg which tell us the relationship
between stationary measure of the statistical solution and invariant measure of the
random dynamical system. We give a definition of the notion of a random attractor.
The remaining of this section is devoted to the notion of the random fixed points and
the random periodicity.

2.1 Some notations and definitions

By smooth we always means C∞. Let M be a smooth n-dimensional compact Rie-
mannian manifold with a normalized measure L, L(M) = 1, induced by the Rieman-
nian structure. When not otherwise mentioned, absolute continuity will be taken with
respect to the probability measure L. Let ∆ be a compact domain in n-dimensional
Euclidean space. Smoothness of a function g on ∆ is to be understood in the sense
that g can be extended to a smooth function on a neighborhood of ∆.
Let Γ = {fω, ω ∈ ∆} be a parameterized family given by the function f : ∆×M 7→M,
where fω : M 7→ M, x ∈ M 7→ fω(x) is a map depending on a random parameter
ω ∈ ∆ drawn from a probability measure ν.
We set T = N or Z. We define the perturbation space to be Ω = ∆T. An element ω

is a sequence (ωi)i∈T and is called a word. We endow the space Ω with the product
topology, the product Borel σ-algebra B

T denoted F , and the product probability
measure νT which we denote P. Since we assume that ∆ is compact, Tychonoff’s
theorem tell us that Ω is compact.
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In this thesis we will work exclusively with maps which are at least continuous. Thus,
when saying random map we mean random continuous map. The basic set up we are
treating is of points being mapped into bounded domains according to some proba-
bility. The following standing assumptions will be made with this setup in mind. The
random parameters will be chosen from a region ∆ such that

(H 1). The measure ν on ∆ is absolutely continuous with respect to Lebesgue
measure. Its Radon-Nikodym derivative, g, will be supposed to be
continuous on ∆.

(H 2). ω 7→ f(x;ω) is an injective map for each x ∈ M \ ∂M.

Definition 2.1.1. A random map is a continuous map f(ω; .) : M → M, x 7→
f(ω;x), depending on a random parameter such that ω 7→ f(ω;x) are B-measurable
maps for every x ∈M.
A random differentiable map is a differentiable map f(ω; .) : M →M, x 7→ f(ω;x),
depending on a random parameter and such that ω 7→ f(ω;x) are B-measurable maps
for every x ∈ M.
A random diffeomorphism (homeomorphism) is a random differentiable map so that
x 7→ f(ω;x) is a diffeomorphism (homeomorphism) for each ω.
When f(x; .) is Ck, k ≥ 0 , in ω ∈ ∆, and ν has a Ck density function g, we write
Rk(M) for the space of Ck random maps f on M.

Given an initial value, x0, in M. Iterates of the random map f(ω;x) define
a discrete-time system. Assume that the perturbation (forcing) at time k ∈ T is
specified by a random variable ωk chosen from ∆ with respect to some probability
measure ν. The state of the system at time k ∈ E is denoted by xk ∈ M and evolves
according to

xk+1 = f(ωk;xk) (2.1)

If we think of ωk as a parameter, then we can interpret (2.1) as standard dynamical
system with noise or forcing on the parameters. It is also helpful to write fω(xk)
instead of f(ω;xk). This suggests the interpretation that instead of applying the
same map f every time, we choose a different map fω at each time step. The case
of a single deterministic system f subject to additive noise can be included in this
formalism by setting fωk

(xk) = f(xk) + ωk.
This notation and equation (2.1) suggests that the random iterates of the random
map f(ω;x) may be written as

xk = fk
ω(x) = fk(ω;x) = fωk−1

◦ . . . ◦ fω0(x), ω ∈ Ω, x ∈ M,

In the most general case (assuming M compact), ∆ can be taken to be the space
of all continuous maps on M, see (70). At the other extreme, ∆ may be a discrete
space consisting of a finite number of points, so that fω is chosen from a finite set
of maps at each time step. This leads to the so called iterated function system (13).
In this work we shall choose ∆ somewhere between this two extremes, and make the
assumption that ∆ is a compact domain in Rn with a piecewise smooth boundary.
The following properties are easy to verify.

Property 2.1.1. For every fixed k ≥ 1 it holds that
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1. (ω;x) ∈ Ω×M 7→ f(ω;x) ∈M is continuous (w.r.t. to the product topology);

2. If f is a differentiable random map, then (ω0, . . . , ωk−1;x) ∈ ∆× k. . . ×∆×M 7→
fk(ω;x) ∈M is differentiable;

3. If f is a random diffeomorphism, then x 7→ fk
ω(x) ∈M is a diffeomorphism for

every ω0, . . . , ωk−1 ∈ ∆.

Given ω ∈ Ω and x ∈ M we will call {fk
ω(x)}∞k=0 the ω-orbit of x and we write

O(ω;x).

2.2 Stationary measures of random maps and stability

2.2.1 Random maps iterations

There are two ways to study the evolution of the process in (2.1). First, a probabilistic
(statistical) approach based on the Markov semigroup generated by the system; its
applies only if the randomness in the evolution process comes from a Markov process.
Let ω0, ω1, . . . be independent draws from ν, and state the useful convention that
f0(x0,ω) = x0. The iterates of the random map fω gives rise to a discrete-time
Markov process through the transition functions

p(x,A) = ν{ω | f(ω;x) ∈ A}, (2.2)

for Borel sets A. With hx(ω) = f(x;ω), the measure p(x, ·) equals (hx)∗ν defined
by (hx)∗ν(A) = ν(h−1

x (A)). Vice versa, under some regularity conditions on the map
x 7→ p(x, .), it is possible to represent Markov chains by mean of random maps defined
on suitably chosen spaces of transformations, see (70; 94; 117) and Section 2.4 for a
discussion.
It is easy to see that the above hypothesis implies that For every x ∈ M the prob-
ability measure p(x, .) is absolutely continuous with density k : M×M → R+ such
that p(x,B) =

∫

B
k(x, y)dL(y) for all x ∈ M and B a Borel set. In this thesis we will

use mutually the notation px(.) meaning the transition probability p(x, .).
The statistical approach to study the dynamical system (2.1) investigates the recur-
rence relation that gives mk+1(B) := ν{ω | f(ω;xk) ∈ B} in terms of mk(B), where
B is a Borel subset ofM. By Riesz representation theorem, a measure supported on
M is uniquely defined by the value of the integral

m(ψ) =

∫

M

ψ(x)dm(x),

where ψ is a real valued continuous function on M. Thus we would like to know
mk+1(ψ) if mk(ψ) is given. Since xk is completely determined by x0 and ω0, · · · , ωk−1,
it is clear that xk and ωk are independent. Let ψ be a continuous function. Then the
mathematical expectation of ψ(f(ωk;xk)) is just

∫

M

∫

∆

ψ(f(ω;x))dν(ω)dmk(x).
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However, since ψ(xk+1) = ψ(f(ωk;xk)) the mathematical expectation is also
∫

M

ψ(x)dmk+1.

Equating these two expression we obtain
∫

M

ψ(x)dmk+1 =

∫

M

∫

∆

ψ(f(ω;x))dν(ω)dmk(x),

or
mk+1(ψ) = L∗mk(ψ),

where

L∗m(ψ) =

∫

M

∫

∆

ψ(f(ω;x))dν(ω)dm(x). (2.3)

This integral may be again written as an integral of functions defined on the state
space M. Consider again hx(ω) = f(ω, x). This function maps ∆ into Ux = f(∆;x)
and ν into px and we have

L∗m(ψ) =

∫

M

∫

Ux

ψ(y)d(hx)∗νdm(x).

=

∫

M

∫

Ux

ψ(y)dpx(y)dm(x) (2.4)

=

∫

M

∫

Ux

k(x, y)ψ(y)dL(y)dm(x). (2.5)

The operator L∗ maps the space P(M) of all probability measures onM into itself.
Thus, for a given initial measure m0, the sequence {(L∗)km0} describes the evolution
of measures corresponding to the dynamical system (2.1). Alternatively, some authors
call {(L∗)km0} the statistical solution of (2.1) corresponding to the initial distribution
m0.
Expression (2.3) may also be written as

L∗m(ψ) =

∫

M

Uψ(x)dm(x),

where

Uψ(x) =

∫

∆

ψ(f(ω;x))dν(ω).

This map (also called diffusion when working with continuous-time process) is just
Eν (ψ(x1)|x0 = x)).
Of particular interest are fixed points of the operator defined by equation (2.3), i.e.

m(ψ) = L∗m(ψ) (2.6)

This means that if x0 is m distributed, then that all random variables xk in equation
(2.1) have the same distribution m. Fixed points of L∗ are called stationary measures.
The set of such measures will denoted by Sf (M).
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Remark 2.2.1.
From equation(2.3) it follows that m ∈ Sf (M) if and only if m ⋆ ν = m, where ⋆ is
the convolution operator defined by

m ⋆ ν(B) =

∫

∆

m(f−1
ω (B))dν(ω),

For every Borel subset B ⊂ M. This is just like the definition of invariant measures
for deterministic systems but now averaged over all ω.

A stationary measure is called ergodic if it is not a trivial convex combination of two
disjunct stationary measures.
A strictly ergodic stationary measure is a unique ergodic measure with full support
(supp(m) = M). Random maps which admit a strictly ergodic stationary measure
will be called strictly ergodic random maps.
Ergodic stationary measures are the most important objects to study in this theory.
For example, for an ergodic stationary measurem, the Birkhoff ergodic theorem yields

lim
n→∞

1

n

n−1
∑

i=0

ψ(f i(ω;x)) =

∫

M

ψ(x)dm(x) (2.7)

for all integrable functions φ on M and m × ν∞ almost every point (x,ω). Taking
φ = 1A, the characteristic function of a Borel set A ⊂ M, it shows that the relative
frequency with which typical orbits visit A is given by m(A).
The absolute continuity of p with respect to L implies the absolute continuity of every
stationary probability measure m since for every null N ∈ B we have

m(N) =

∫

M

p(x,N)dm(x) =

∫

M

∫

N

k(x, y)dL(y)dm(x) = 0

and therefore every stationary measure, m, has a stationary (invariant) density, φ =
dm/dL.
Write Pf(·;ω) for the Perron-Frobenius operator, defined by

∫

A

Pf(ω;z)φ(x)dL(x) =

∫

f−1(ω;A)

φ(x)dL(x) (2.8)

for Borel sets A. That is, for a measure m with density φ = dm/dL, f∗m has density
Pfφ = df∗m/dm (see e.g. (76)).
Define

Vx = {z ∈ M | x ∈ f(∆; z)}, (2.9)

which is the set of points in M that are mapped to x by some random map. The
following lemma gives the evolution of the sequence of densities corresponding to
the sequence (mk)k∈N as an average over the random parameters ω of the Perron-
Frobenius operators for f(·;ω) and gives an equivalent formulation as an integral over
the state spaceM.
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Lemma 2.2.1. The evolution of the densities φk is given by Lφk = φk+1 where

Lφ(x) =

∫

∆

Pf(·;ω)φ(x)dν(ω), (2.10)

or,

Lφ(x) =

∫

Vx

k(y, x)φ(y)dL(y). (2.11)

Proof. Equation (2.10) is a direct consequence of equation (2.3) and definition (2.8).
In fact for ψ = 1lA, where A is a Borel set, we have

L∗m(A) =

∫

∆

∫

M

1lA(f(ω;x))dm(x)dν(ω)

=

∫

∆

∫

f−1(A;ω)

dm(x)dν(ω)

=

∫

A

∫

∆

Pf(ω;·)φ(x)dν(ω)dL(x).

This implies(2.10). Alternatively
∫

M

∫

∆

ψ(f(x;ω))φ(x)dν(ω)dL(x) =

∫

M

∫

Ux

ψ(y)φ(x)k(y, x)dL(y)dL(x)

=

∫

M

∫

Vy

ψ(y)φ(x)k(y, x)dL(x)dL(y)

This proves (2.2.1).

Example 2.2.1. Consider the following system generated by the iteration of a one-
dimensional continuous deterministic map f , and in the presence of additive noise

xk+1 = f(xk) + σωk,

where ωk is a Gaussian random variable with density p(ω), and σ parameterizes the
noise amplitude. A density of trajectories φ(x) evolves with time as

φk+1(x) = Lφk(x) =

∫

R

k(y, x)φk(y)dL(y),

where k(y, x) = δσ(x− f(y)), and

δσ(x) =

∫

δ(x − σω)p(ω)dω =
1

σ
p(
x

σ
).

Remark 2.2.2.
The transfer operator L preserves integrals, as the following computation shows.

∫

M

Lφ(y)dL(y) =

∫

M

∫

Vy

k(x, y)φ(x)dL(x)dL(y)

=

∫

M

∫

Ux

k(x, y)φ(x)dL(y)dL(x)

=

∫

M

φ(x)dL(x),
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because
∫

Ux
k(x, y)dL(x) = 1.

Iterating L gives

L2φ(x) =

∫

Vx

k(z, x)Lφ(z)dz

=

∫

Vx

∫

Vz

k(z, x)k(y, z)φ(y)dydz

=

∫

f−1(Vx,∆)

∫

Vx

k(z, x)k(y, z)dzφ(y)dy

which is of a similar form, namely
∫

f−1(Vx,∆) k2(y, x)φ(y)dy with

k2(y, x) =

∫

Vx

k(z, x)k(y, z)dz,

as Lφ(x). Inductively similar expressions are derived for higher iterates of L.
Let a random map f ∈ R0(M) be given. The existence of finitely many ergodic sta-
tionary measures for f presented in the following theorem, is scattered over chapter 5
in (37) (valid under more general conditions). Similar results are contained in (4).
For the reader’s convenience we give here a sketch of the proof. Later on we will add
statements on the regularity of the stationary measures valid in the context of this
thesis.

Theorem 2.2.1. The random map f ∈ R0(M) possesses a finite number of er-
godic stationary measures m1, . . . ,mm with mutually disjoint supports Ei, . . . , Em.
All stationary measures are linear combinations of m1, . . . ,mm. The support Ei of
mi consists of the closure of a finite number of connected open sets C1

i , . . . , C
p
i that

are moved cyclically by f(∆; .).

Proof. The map L∗ is continuous and preserve the convex and compact (in the weak∗

topology) space P(M). These are exactly the conditions to be satisfied to apply the
Kakutani fixed point to the map L∗ and thus the existence of at least one stationary
measure. If there were infinitely many components, one could chose a point xi in the
support of each. By compactness, there would be an accumulation point x. Using
the continuity of the transition probabilities near x one can get a contradiction to
the ergodicity and invariance of the measure (a neighborhood of x leaks to infinitely
many components).

We introduce a topology on the space Rk(M); k ≥ 0 of random maps in order to be
able to compare the dynamics of nearby random maps. Natural topologies on Rk(M)
are the uniform Ck topologies on Ck(M× ∆,M). See e.g. (57) for generalities on
these topologies. We will assume Rk(M) to be equipped with this topology. Note that
the alternative approach through discrete Markov processes suggests a topology using
the densities of the transition functions. Consider f ∈ R0(M). Write m1, . . . ,mm for
the stationary measures of f ∈ R0(M) given by Theorem 2.2.1.
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Definition 2.2.1. A random map f ∈ R0(M) is stable if for all f̃ sufficiently close
to f , the following two properties are satisfied.

• For each i, 1 ≤ i ≤ m, the random map f̃ has a stationary measure m̃i whose
density is C close to that of mi.

• The supports of m̃i and mi are close in the Hausdorff metric.

We speak of a bifurcation, or a bifurcating random differentiable map, if at least one
of these properties is violated.

Definition 2.2.2. An ergodic stationary measure of f ∈ R0(M) is called isolated
or attracting, if there exists an open set W (an isolating neighborhood) containing
the support E of m, so that f(W ; ∆) ⊂ W and m is the only ergodic stationary
measure of f with support in W . The largest such neighborhood will be called the
basin of attraction of the measure m and will denoted B(m). A measure with support
included in B(m) is said to be in the basin of attraction of m.

Corollary 2.2.1. Let ρ a probability measure. If ρ ∈ B(m) then limk→∞ (L∗)k ρ =
m.

2.2.2 Families of random maps

Bifurcations are best studied in families depending on finitely many parameters. We
will consider families of random maps depending on a single real parameter, where
we have the goal to focus on bifurcations that typically occur varying one parameter.

Definition 2.2.3. A A family of random maps is a collection of random maps {fa}
depending continuously on the parameters a.
A family of random diffeomorphism is a collection smooth family of random differen-
tiable maps where each map fa(ω; · · · ) is a diffeomorphism.

Remark 2.2.3.
Alternatively, one can explicitly include noise densities ga in the definition (consid-
ering pairs (fa, ga)) with ga(ω) varying continuously with (ω, a). For convenience
we consider fixed noise densities, but completely analogous results hold if the noise
densities are allowed to vary with a.

The two types of bifurcation distinguished in Definition 2.2.1 gives rise to a partic-
ular dynamical phenomenon associated to either intermittency or transients. Consider
a family {fa} of random maps in R(M), with a from an open interval I. Suppose
that a0 ∈ I is a bifurcation value for {fa} involving a stationary measure m. Write φ
for the density of m. Analogies with deterministic dynamics suggest the following two
definitions. In Chapter 2 we will see that in typical one parameter families of random
interval or circle differentiable maps bifurcations are isolated and of these two types.

Definition 2.2.4. The bifurcation at a0 is called an intermittency bifurcation if there
is a stationary density φa for {fa} with φa0 = φ and depending continuously on a, so
that the support Ea of φa varies with a, for a near a0, as follows.
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• Ea varies continuously for a from one side of a0. Without loss of generality, we
assume this to be the case for a < a0.

• Ea is discontinuous at a = a0 and Ea contains an open set disjoint from Ea0 for
a > a0.

An orbit piece outside a small neighborhood W of Ea0 is called a burst. Out
of the substantial literature on intermittency in dynamics, we point to references
(92; 40; 58; 53; 59; 60).

Definition 2.2.5. The bifurcation at a0 is called a transient bifurcation if there is
a stationary density φa for {fa} with φa0 = φ for a close to a0 from one side of a0

(without loss of generality, we assume this to be the case for a < a0), so that

• φa and its support Ea vary continuously with a, for a ≤ a0.

• there is no stationary density near φa0 for a close to a0 and a > a0.
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Figure 2.1: Typical times series for intermittent dynamics on the left and transient dynamics
on the right. The time series are for bifurcation values after the bifurcation took place. The
intermittency bifurcation involves interval diffeomorphism with a single stationary measure;
the support consisting of two intervals for a period two cycle bifurcates to form a single
interval. In the transient bifurcation one stationary measure out of two stationary measures
existing previous to the bifurcation disappears.

If a dynamical system undergoes a bifurcation at the parameter value a = a0 as
defined in definition 2.2.4, the system will be observed in a state corresponding to an
attracting stationary measure when a < a0. However the behavior for a > a0 cannot
be determined only from asymptotic considerations. To see this, consider again the
picture on the right of Figure 2.1. Before bifurcation we have two stationary measure
m1

a and m2
a with support respectively contained in the intervals (−1.5, 0) and (1.5, 3).

At a bifurcation value of the parameter one stationary measure, m1
a say, with support

contained in the interval (0,−1.5) disappears. Nevertheless a typical orbit O(ω;x)
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with x ∈ (−1.5, 0) will then spend much time in a “transient regime” near the support
of m1

a, which is still almost stationary. This notion of transience is of considerable
importance in computational purposes, the applications might be to estimate an aver-
age

∫

fdm, or to bound the m-probability of some set of unlikely states, or simply to
generate typical realizations from the stationary probability measure m. The number
of steps required by a particular algorithm as a function of the dynamical system will
depend on the “time to stationarity”, i.e. the number of steps until the distribution
approaches stationarity.
Formally, let {fa} be a family of random diffeomorphisms R0(M), with a from an
open interval I. Let m1

a0
,m2

a0
, . . . ,mm

a0
be the stationary measures, given by Theo-

rem 2.2.1, of fa for some a0 ∈ I and let W be an open neighborhood of the support
E1

a0
of m1

a0
such that no other stationary measure has support intersecting W . If fa is

stable, then there is a unique stationary measure ma that is the continuation of ma0 .
The stationary measure ma has its support in W for a near a0. If a0 is a bifurcation
value for {fa}, iterates fk

a (x; ω), for certain x ∈W and a near a0, may leave W .
For x ∈W and ω ∈ ∆N, define the escape time

τa(x,ω) = min{k | fk
a (x; ω) 6∈ W ). (2.12)

Later on we show how the average escape time from a neighborhood of the support
of a bifurcating stationary measure is more than polynomially large in an unfolding
parameter. This makes it difficult to accurately establish the bifurcation parameter
value using finite data, even in numerical simulations. It explains the occurrence of
very long transients near a transient bifurcation and the very irregular occurrence of
bursts in intermittent time series. The proof relies on the construction of conditionally
stationary measures, see Chapter 5.

2.3 The skew product approach

If we look attentively to the set up defined in the previous section, we will remark
that besides being basically restricted to the Markovian case this approach has some
dynamical drawbacks.
First, the most objects we study in this approach are stationary measures and densi-
ties. These quantities measure, via the Birkhoff ergodic theorem (2.7), the asymptotic
proportion of time spent by a typical orbit O(ω;x) in a given set A. Moreover, be-
cause stationary measures are objects that are determined by the one-point motions
(of some initial condition) of the random map and can thus in principle not be related
to the collective representation of these orbits for all initial conditions in the state
space which is called the phase portrait. This portrait provides a global qualitative
picture of the dynamics. Hence dynamical questions such as, e.g. (dynamical) bi-
furcation, attractors or repellers are concerned, the Markovian model cannot exhibit
these phenomena.
These questions are addressed within the skew product (SP) or random dynamical
systems theory (RDS) approach which considers noisy systems from a different stand-
point. That is, the RDS theory analyzes the dynamics of different initial conditions
under the same noise realization. In this way, for each noise realization, RDS stud-
ies the dynamics of a non-autonomous dynamical system. In principle, we have as
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many dynamical systems as noise realizations: to each noise realization there cor-
responds a different non-autonomous dynamical system. We thus have a family of
non-autonomous dynamical systems. The random selection of the noise realization is
in fact interpreted as the random selection of one system from this family. The noise
realization can take a variety of forms, so that it may seem an impossible task to
analyze all systems within the family. However, remarkably, under wide conditions,
for almost all noise realizations, the dynamics of the nonautomated systems within
the family will strongly resemble one another. This similarity makes it possible to
describe typical dynamics for the family. For a large discussion of this subject see (5).

2.3.1 Some definitions and a few general facts

We endow the probability space (Ω,F ,P) by the filtration {Fn
m;m ≤ n ∈ Z} generated

by the cylinder sets,

Cim,...,in
= {ω ∈ Ω : ωm ∈ Bim

, . . . , ωn ∈ Bin
}

where Bij
are Borel subsets of ∆ and j = m, . . . , n and n,m ∈ Z.

We extend this notation to the case in which m = −∞ and/or n = +∞ by setting
Fn

−∞ = σ{Fn
m;m ≤ n}, the sigma-algebra generated by all Fn

m, and similarly for
F+∞

m and F+∞
−∞ . A straightforward verification shows that

σkFn
m = Fn+k

m+k for all m ≤ n and k. (2.13)

The sigma-algebras F− = F0
−∞ and F+ = F+∞

0 are called the past and the future of
fk

ω.
Let PP(Ω×M) be the set of probability measures on (Ω×M,F×B) whose projections
on Ω coincide with P. It is well known (see (5, Section 1.4)) that each measure
µ ∈PP(Ω×M) admits a unique disintegration ω 7→ µω, which is a random variable
ranging in the space of measures such that

µ(A) =

∫

Ω

∫

M

1lA(ω;x)dµω(x)dP(ω), ∀A ∈ F × B,

where 1lA is the indicator function of A.
Recall from chapter 1 that a measure µ ∈PP(Ω×M) is said to be invariant for the
skew product S if (S)∗µ = µ (that is µ(S−1(A)) = µ(A) for every A ∈ F ×B). By (5,
Theorem 1.4.5), a measure µ ∈PP(Ω×M) is invariant if and only if its integration
µω satisfies the following relation for P-almost all ω ∈ Ω:

(

fk
ω

)

∗
µω = µσkω for all k ≥ 0.

The set of all invariant measures for S will denoted by IP(f).
For a random map with one side time T = N we have the following simple one to
one correspondence (discovered by Ohno (89)) between S-invariant product measures
m = P×m on Ω×M and stationary measure m ∈ Sf (M).

Proposition 2.3.1. Let f a random map with one side time T = N. Then
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1. A measure µ = P×m ∈ IP(f) is S-invariant if and only if m ∈ Sf (M).

2. A S-invariant measure µ = P×m is ergodic if and only if m is ergodic.

Proof. See (5, Theorem 2.1.7) and (70, Theorem 2.1).

Definition 2.3.1. An invariant measure µ ∈ PP(Ω ×M) is said to be Markov if
its disintegration µω is measurable with respect to the past F−. The set of such
measures will denoted by IP;F−(f).

The way of iteration given so far is called the forward evolution of the system.
The pull-back evolution arises from the map

fk
σ−kω(x) = fσ−1ω ◦ . . . ◦ fσ−kω(x), ω ∈ Ω, x ∈M. (2.14)

Writing the random variable ω as an double infinite sequence
(. . . , ω−k, . . . , ω−1, ω0, ω1, . . . , ωk, . . .) the pull-back iteration can be also written as

fk
σ−kω(x) = fω−1 ◦ . . . ◦ fω−k

(x), ω ∈ Ω, x ∈M. (2.15)

Here we observe the system at time zero, starting back in the past at time −k. The
pull back approach enjoys some proprieties that are invisible in the usual push-forward
approach. This is illustrates in the following example and lemma 2.3.1.

Example 2.3.1. Consider the Ornstein-Uhlenbeck process

dxt

dt
= −axt + ξt, a > 0, ξt is a white noise . (2.16)

The general solution starting at time t0 from a given initial point x is

xt(t0, x,ω) = e−a(t−t0)x+

∫ t

t0

e−a(t−s)ξsds.

The stationary solution for the push-forward is

lim
t→∞

xt(0, x,ω) = lim
t→∞

e−atx+ lim
t→∞

∫ t

0

easξsds

= lim
t→∞

∫ t

0

easξsds

= lim
t→∞

xt(ω)← this is a stochastic process .

The stationary solution for the pull-back viewpoint is

lim
t0→−∞

xt(t0, x,ω) = lim
t→−∞

eat0x+ lim
t→−∞

∫ 0

t0

easξsds

=

∫ 0

−∞

easξsds

= x0(ω)← random variable.



2.3 The skew product approach 31

In a sentence, we could say that the pull-back is able to take a picture at time
zero of certain object (sets, measures,. . . ) that continue to fluctuate in the forward
viewpoints.
The following lemma give the correspondence between Markov S-invariant measures
and stationary measures for the Markov family. This result is established (for different
situations) in (47, Theorem 7.5), (79, Lemme 1) or (5, Theorem 1.7.2). For the
reader’s convenience we give here a sketch of the proof

Lemma 2.3.1. Let f a random map. Then there is a one to one correspondence be-
tween Markov invariant measures IP;F−(f) for the skew product S and the stationary
measures Sf (M) for the associated Markov family. Namely, if m ∈ Sf (M), then
the limit

µω = lim
k→∞

(fk
σ−kω)∗m (2.17)

exists in the weak∗ topology almost surely and gives the disintegration of a Markov
invariant measure µ. Conversely, if µ ∈ IP;F−(f) is a Markov measure and µω is its
disintegration, then m = EPµω is a stationary measure for the Markov family.

Proof. The proof of this lemma is divided in two part. First, the measure valued
stochastic process (µk

ω = (fk
σ−kω

)∗m), k ∈ N is shown to be a martingale with respect
to the filtration F0

−k ⊂ F
0
−k+1. Then, using the martingale convergence theorem we

show that this sequence converge almost surely.
We have for a real valued continuous function ψ

E
(

µk+1
· (ψ)|F0

−k

)

(ω) = E

(∫

ψ(fk+1
σ−k−1·

(x))dm(x)|F0
−k

)

(ω)

= E

(∫

ψ(fk
σ−k·fσ−k−1·(x))dm(x)|F0

−k

)

(ω)

= E

(∫

ψ(fk
σ−k·(y)[(fσ−k−1·)∗m)]dL(y)|F0

−k

)

(ω)

=

∫

ψ(fk
σ−kω(y)E[(fσ−k−1·)∗m)]dL(y)

=

∫

ψ(fk
σ−kω(y)E[(f(·))∗m)]dL(y)

=

∫

ψ(fk
σ−kω(y)dm(x)

= µk
ω(ψ).

By the martingale convergence theorem we can show that the above sequence converge
almost surly to a random variable. Furthermore, this limit is a Borel probability
measure.

Remark 2.3.1.

1. The almost sure convergence is the previous lemma is not valid if we replace
the pull-back iteration by the forward iteration. In this last case we have only
convergence in distribution.
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2. Markov measures are physical measures whose the support is, under some con-
dition see Chapter(5), a random attractor.

3. We have µσkω =
(

fk
ω

)

∗
µω (invariance of the limit measure). The sequence

(µσkω)k∈N is a stationary Markov chain on the space of probability measure on
M. The distribution of µω is called the statistical equilibrium associated to m
see (79).

SBR properties of the random invariant Markov measure

There are very few examples where stationary measures for random maps are explicitly
computed, see for example (23). Furthermore, there are examples where stationary
measures are, dynamically, not very interesting. See chapter 4 for an example. In
these cases, it would be of interest to find sufficient conditions for the pull-back iterates
of another measure ρ, not necessarily stationary, to converge. This is a property of
Sinai-Bowen-Ruelle type.
We know from lemma 2.2.1 that If ρ ∈ B(m) then limk→∞(L∗)kρ = m. But we do
not know how to conclude from this fact. We can conclude if we assume more, on the
two-point motion

L∗
2(m×m)(ψ) =

∫

M×M

Uψ(x, y)dm(x)dm(y),

and

Uψ(x, y) =

∫

∆

ψ (f(ω;x), f(ω; y)) dν(ω).

The function ψ is a real valued continuous function on M×M. All convergence
below are understood in the weak sense. The next result can be found in (15).

Lemma 2.3.2. Let µ̄ be the probability measure defined on M×M defined as

µ̄ = E[µω × µω].

Then

• (L∗
2)

k (m×m)→ µ̄

• µ̄ is invariant for L∗
2.

The following fact has been proven in (36).

Proposition 2.3.2. Let ρ a probability measure onM. Assume the following ergodic
property of the two-point motion:

(L∗
2)

k
(ν1 × ν2) −→ µ̄ (2.18)

for every ν1, ν2 ∈ {ρ,m}. Then

E
[

|(fk
σ−kω)∗ρ(ψ)− µω(ψ)|2

]

−→ 0
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for every real valued continuous function ψ. Assume in addition that the convergence
(2.18) is exponential, in the sense that there exist a constant λ such that for every
ν1, ν2 ∈ {ρ,m} and every real valued continuous function ψ on M×M one has

| (L∗
2)

k
(ν1 × ν2)(ψ) − µ̄(ψ)| ≤ Ce−λk, k ∈ N

for some constant C > 0 depending only on ψ. Then for every ν ∈ {ρ,m}, every
continuous ψ defined on M, every λ′ < λ and P-almost every ω ∈ Ω one has

|(fk
σ−kω)∗ρ(ψ)− µω(ψ)| ≤ C′(ω)e−λ′k k ∈ N

for some random variable C′(ω).

Random attractors

Let f be a random map. A family of subsets Aω, ω ∈ Ω is called a random compact
(closed) set if Aω is compact (closed) for almost all ω and ΩU = {ω ∈ Ω : Aω ∩U 6=
} ∈ F for every open set U ⊂M. A random compact set Aω is said to be measurable
with respect to a sub-σ-algebra F

′

⊂ F if ΩU ∈ F
′

for any open set U ⊂M.
Given two sets A,B and points x, y we set and a distance d onM, we set

d(x,B) = inf
y∈B

d(x, y), d(A,B) = sup
x∈A

d(x,B)

Definition 2.3.2. A random compact set Aω is said to be (forward )invariant if

fωAω ⊆ Aσω

i.e. if d(fωAω,Aσω) = 0 for P-almost all ω. It is exactly invariant if

fωAω = Aσω.

For a deterministic system, we say that the trajectory x(t) converges to an in-
variant set if d(x(t), A) → 0 as t → ∞. For random dynamical systems, one can
only expect this to occur in a noise-dependent way, and so there are several ways to
generalize convergence depending on which noise trajectories are disregarded.

Definition 2.3.3. A random compact set Aω is called a random point attractor (in
the almost sure convergence sense) if for each ξ ∈ M and ω ∈ Ω0, where Ω0 ∈ F
is a set of full measure independent of ξ, the sequence of random variable rk(ω) =
d(fk

ω(ξ),Aσkω) converges almost surely to zero.

Similarly one may look at the sequence rk(ω) = d(fk
σ−kω

(ξ),Aω). This type (pull-
back) of convergence of a trajectory to a random set is also used to define random
attractors. We will use the ”forward” definition which seems more natural.

Example 2.3.2. Consider again example 1.1.1, i.e. the perturbed difference equation
xk = axk + ωk and 0 < a < 1. We have

xk+l = akxl +

k−1
∑

i=0

aiωk+l−1−i. (2.19)
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For this example we show that the random attractor is a (random) point. to see the
forward convergence we set l = 0, x0 = y to obtain

xk = aky +

k−1
∑

i=0

aiωk−1−i.

Letting k →∞ gives a natural guess for the random attractor, namely

Aσkω =

∞
∑

i=0

aiωk−1−i.

This sequence converges to a finite random limit (point) X∞(ω) because 0 < a < 1.
Furthermore we have

|xk −Aσkω| = |aky −
∞
∑

i=k

aiωk−1−i|

= |ak|.|y −
∞
∑

i=k

ai−kωk−1−i|

= |ak|.|y +Aω|

→ 0

as k → ∞ with probability 1. Thus, the forward convergence of the perturbed
difference equation to a random point attractor is almost sure.
To illustrate the pull-back convergence we se set k+ l = 0 and xl = y in equation 2.19
to obtain

x0(ω) = aky +
k−1
∑

i=0

aiω−1−i.

The right hand side of this expression is exactly the pull-back iteration of the per-
turbed difference equation starting at time −k. Letting k →∞, and let

Aω =
∞
∑

i=0

aiω−1−i

This infinite sum converge to a finite random (point) limit X∞(ω) because 0 < a < 1.
The random attractor is this random point.

A random point attractor Aω is said to be minimal if for any other random point
attractor A′

ω we have Aω ⊂ A′
ω for almost all ω.

The following proposition is a straightforward consequence of Theorem 3.4 and The-
orem 4.3 and Remark 3.5 in (28).

Proposition 2.3.3.
(i) Let f a random map. Suppose there exists a random compact set Kω attracting
the trajectories of f in the following sense. There exist a full measure set Ω0 ∈ F and

limk→+∞d(f
k
σ−kω(ξ),Kω) = 0 for any ω ∈ Ω0, ξ ∈M.
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Then fω possesses a random attractor Aω that is measurable with respect to the past
F−.
(ii) For each Markov invariant measure µ ∈ IP;F−(f), its disintegration µω is sup-
ported by each random attractor A′

ω; i.e., µω(A′
ω) = 1) almost surely.

Definition 2.3.4. A random fixed point of a random map fω is a random variable
x⋆ : Ω→M such that

x⋆(σω) = fω(x⋆(ω)) for all ω ∈ Ω. (2.20)

A random fixed point x⋆ is called globally attracting in a family of sets (U(ω))ω∈Ω if
for all ω ∈ Ω and for all ξ ∈ U(ω)

lim
k→∞

d(fk
σ−kω(ξ), x⋆(ω)) = 0.

Equation(2.20) implies x⋆(σk
ω) = fω(x⋆(ω)) for all k ∈ Z. Hence a random fixed

point is a stochastic process which satisfies the random difference equation(2.1) and
whose state is determined only by the dynamical system modelling the noise (the map
σ).
Stability of a random fixed point requires that for all ω ∈ Ω the sample-path of all
initial values in some sets U(ω) converges to (and therefore eventually moves as)
the sample path k 7→ x⋆(σk

ω) of the random fixed point. x⋆(ω) is the initial state
corresponding to this sample-path. An alternative way to characterize random fixed
points is using the skew product system S. Define the skew-product flow. x⋆(ω) is
random fixed point if and only if the graph of x⋆(ω) is invariant under S.

Random Periodicity

Periodicity (and in general the notion of recurrence) plays an important role in the
theory of deterministic dynamical systems and in Markov chains theory and it would
be interesting to say a word about periodicity in random dynamical systems in this
section. To our knowledge, the only study in this direction has been done in (72).
The author in (72) emphasizes that, in contrast to deterministic system, one has
to distinguish between random periodic orbits, random periodic points and random
periodic cycles.
A finite random invariant set A with #Aω = k P − a.s. has been called in (72) a
random periodic orbit of period k.
If σk is ergodic, a random variable a(ω) has been called a random periodic point of
period k if fk

ω(a(ω)) = a(σk
ω) P− a.s..

If the random maps fω act on the line (circle and assuming that σk is ergodic, the
k random points ai(ω), where a1 < a2 < . . . < ak P − a.s, are called in (72) a
random cycle of period k, if there exist a deterministic k-permutation π such that
fωai(ω) = aπ(i)(σω).
It turns out that these notions are not quite the same, in particular, the existence of a
random periodic orbit does not imply, in general, the existence of a random periodic
point and the latter does not imply, in general, the existence of a random cycle.
This difference is clearly demonstrated in section (4.1.1) and section(4.1.2). In section
(4.1.1), we will prove the existence of an P− a.s. finite invariant random set Aω, i.e.
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fωAω = Aσω . Furthermore, Aσω = {a1(σω), . . . , ak(σω)} is a permutation (depends
on ω) of {fω(a1(ω)), . . . , fω(ak(ω))}. This random permutation is defined as

π : Ω× {1, . . . , k} → {1, . . . , k} πω(i) = j if fω(ai(ω)) = aj(σω). (2.21)

Contrary to section(4.1.1), the system in section(4.1.2) admits a finite invariant ran-
dom which the elements deterministically permuted under the action of the random
map. To be precise and because of the cyclic propriety of the system and expression
(4.5), one has fω(ai(ω)) = ai+1(σω) for i = 1, . . . , k and fω(ak(ω)) = a1(σω). Hence

the permutation in equation (2.21) is deterministic π =

(

1 2 . . . k − 2 k − 1 k
2 3 . . . k − 1 k 1

)

.

2.4 Representations of discrete Markov processes

In this section we explore the relation between random maps and discrete Markov
processes given by stochastic transition functions. The random maps considered in
this paper depend on random parameters, where the number of random parameters
equals the dimension n of the state spaceM. Proposition 2.4.1 gives a wide class of
Markov processes that can be represented by random maps by n random parameters.
The Markov process given by random maps depending on a larger number of random
parameters (or even given by some measure on the space of maps) can be represented
by random maps with n random parameters.

Iterating a random map involves more random parameters obtained by indepen-
dent draws at each iterate. By means of an example we explain how random maps
with a smaller number of random parameters may be brought into the context of this
paper. Consider the delayed logistic map xn+1 = µxn(1 − xn−1). Let yn+1 = xn.
This defines a dynamical system (xn+1, yn+1) = (µxn(1− yn), xn). Assume now that
µ is a random parameter varying in some interval with some distribution. This yields
a random map

f(x, y;µ) = (µx(1 − y), x).

The derivative Df is singular along x = 0. As µ is a single random parameter,
this random diffeomorphism does not fit into the context considered in this paper.
Considering two iterates gives two independent draws (µ, ν) of the random parameter
(that is, random parameters taken from a square) and yields the random map

f2(x, y;µ, ν) = (µx(1 − y), νµx(1 − x)(1 − y)).

If x and y stay away from 0 and 1, the map and the dependence of (µ, ν) are injective.
The second iterate of the delayed logistic map with bounded parametric noise fulfills
the assumptions in this paper.

There are other examples of maps with parametric noise that cannot be made
to fulfill the assumptions used in this paper. For instance, random maps f(x;ω) =
x+(x−ω)2 with random ω from an interval, fail to satisfy the injectivity assumption
of ω 7→ f(x;ω). If ω is chosen from a uniform distribution, then the density of the
transition function will not be bounded. Figure 2.2 indicates a random boundary
bifurcation for a similar random map.



2.4 Representations of discrete Markov processes 37

Random boundary bifurcation

Figure 2.2: A random map f(x;ω) = f(x− ω; 0) + ω with a random boundary bifurcation
of the stationary measure with support between the ordinates indicated by dotted lines. If
ω is chosen from a uniform distribution, then the density of the transition function will not
be bounded.

Consider discrete Markov processes given by transition functions P (x, ·). The
following properties hold.

For fixed A ∈ B, x 7→ P (x,A) is measurable.

For fixed x ∈ Rn, P (x, ·) is a probability measure.

Denote by y 7→ k(x, y) the density of P (x, ·). Write Ux for the support of k(x, ·) and
let U = ∪x ({x} × Ux). Assume that Ux is diffeomorphic to the closed unit ball ∆ in
Rn and varies smoothly with x. We will assume that y 7→ k(x, y) depends smoothly on
(x, y) ∈ U , meaning that k can be extended to a smooth function defined on an open
neighborhood of U . Under these conditions we will construct a representation by a
finitely parameterized family of differentiable maps. That is, we will construct a family
of differentiable maps {fµ} on Rn, with parameters µ from an n dimensional ball, and
a measure ν on the parameter space so that P (x,A) equals ν{µ ∈ ∆ | fµ(x) ∈ A}.
A corresponding result holds for discrete Markov processes with noise from an n-
dimensional box, see (19, Appendix D). See (70) for a discussion of the existence of
representations by sets of measurable or continuous maps. The paper (94) contains a
result on representations by differentiable maps, under the assumption of unbounded
noise.

Proposition 2.4.1. There is a family of differentiable maps fµ, µ ∈ ∆, and a mea-
sure ν on ∆ with smooth strictly positive density, so that

1. (x, µ) 7→ fµ(x) is smooth,

2. for each x ∈M, µ 7→ fµ(x) is injective,

3. P (x,A) = ν(µ ∈ ∆ | fµ(x) ∈ A).
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Proof. We follow the arguments in (19), combined with the use of polar coordinates
to map the unit ball ∆ to [0, 1]n. Let ψx : Vx → ∆ be a diffeomorphism, depending
smoothly on x, from the support Vx of y 7→ k(x, y) to the unit ball. Consider polar
coordinates χ : [0, 1]n → ∆ on the unit ball,

χ(ξ1, . . . , ξn) = ξ1















cos(πξ2)
sin(πξ2) cos(πξ3)

...
sin(πξ2) · · · sin(πξn−1) cos(2πξn)
sin(πξ2) · · · sin(πξn−1) sin(2πξn)















.

For ξ ∈ [0, 1]n, define sets Bi(ξ), 0 ≤ i ≤ n, by

Bi(ξ) =

i
∏

j=1

[0, ξj ]×
n
∏

j=i+1

[0, 1].

Write Ci(ξ) = ψ−1
x χ−1(Bi(ξ)) and let ω = (ω1, . . . , ωn) be given by

ωi =

∫

Ci(ξ)

k(x, y)dm(y)

/

∫

Ci−1(ξ)

k(x, y)dm(y) .

Since k > 0, ω = Θ(ξ) gives a 1-1 correspondence. Let ηi =
∫

Ci(ξ)
dm(y)

/

∫

Ci−1(ξ)
dm(y) .

Here η = Ψ(ξ) is a 1-1 correspondence. The correspondence ω → η is a smooth dif-
feomorphism as k is smooth and strictly positive. Then

fµ(x) = ψxχΨ−1Θχ−1(µ).

gives the required smooth random maps.

For discrete Markov processes on a circle there is an easy necessary and sufficient
condition on the transition maps for a representation by random diffeomorphisms.

Proposition 2.4.2. Let M be the circle endowed with Lebesgue measure. Write
Vx = [l−(x), l+(x)]. There is a representation by random smooth diffeomorphisms if
and only if

−k(x, l−(x))l′−(x) +

∫ z

l−(x)

∂

∂x
k(x, y)dy 6= 0

for z ∈ Vx.

Proof. The construction of the representation by random smooth maps proceeds as
follows. For ξ ∈ [0, 1], write C(ξ) = [l−(x), l−(x) + ξ(l+(x) − l−(x))] and let

ω =

∫

C(ξ)

k(x, y)dy.

Since k > 0, the map Θ, Θ(ξ) = ω, is a diffeomorphism. The representation by
random diffeomorphisms is given through

fω(x) = l−(x) + Θ−1(ω)(l+(x) − l−(x)).
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Note that for fixed ω,
d

dx

∫

[l−(x),fω(x)]

k(x, y)dy = 0. (2.22)

With, say, l− < fω, (2.22) yields

−k(x, l−(x))l′−(x) + k(x, fω(x))f ′
ω(x) +

∫ fω(x)

l−(x)

∂

∂x
k(x, y)dy = 0.

Hence f ′
ω(x) = 0 precisely if −k(x, l−(x))l′−(x) +

∫ fω(x)

l−(x)
∂
∂xk(x, y)dy = 0.

Proposition 2.4.3. Suppose the stationary measure m has support E consisting of
q disjoint intervals. For any l ∈ N, there are constants Cl > 0 so that

φ(x) ≤ Cl(d(x, ∂E))l (2.23)

for x ∈ E (here d(x, ∂E) denotes the distance of x to the boundary of E).

Proof. The transfer operator has an expression

Lφ(x) =

∫ l+(x)

l−(x)

k(y, x)φ(y)dy

for smooth functions l−, l+ and k(x, y) positive and bounded (say k ≤ K).
Denote E = [a, b]. We consider φ near a. Of course, φ(y) = 0 for y near a and

y < a. Suppose φ(y) ≤ Cl(y− a)l for y > a and y near a. Then again for y close to a,

Lφ(y) =

∫ l+(x)

a

k(y, x)φ(y)dy ≤

∫ l+(x)

a

KCl(y − a)
kdy ≤ Cl+1(y − a)

l+1

for some Cl+1. The proposition follows.





3 The dynamics of one-dimensional random

maps

The structure of the state space has a strong influence on the possible dynamical phe-
nomena one can expect. For example, the Anosov map seen as a map on the plane
shows rather trivial behavior. As a map on the torus, it is very complicated see (33).
Generally speaking, the higher the dimension of the state space, the more difficult it
is to describe the possible dynamical phenomena. In realistic models, the state space
is usually of high dimension. It might even be of infinite dimension, as in the case of
fluid dynamics, in which the states are vector fields or stochastic systems, in which the
states are measures. However, realistic models are dissipative because there is friction
which causes energy loss. It has been observed, and in many cases proven, that the
attractors of these models are actually of lower dimension, much smaller than the
dimension of the state space. In this chapter we describe one-dimensional dynamics
of random maps and in particular show that the set of stable ( in the sense of defini-
tion 2.2.1) random differentiable maps R1(M) is open and dense. In view of the above
discussion, one-dimensional dynamics should be the simplest possible; the state space
is just a circle or an interval with the simplest topology one can imagine. However,
there are three surprising reasons for the importance of the study of one-dimensional
dynamics. The first reason is that the observed dynamics of one-dimensional systems
is very rich. Most dynamical phenomena observed until now in higher-dimensional
dynamics have their counterpart in one-dimensional dynamics. Second, the extensive
technology developed to study one-dimensional dynamics turns out to be very useful
for the study of higher-dimensional systems. And most surprisingly, predictions from
the one-dimensional theory turn out to hold for realistic models of very high dimen-
sion. There is a rather precisely understood phenomenon, the so-called homoclinic
bifurcations, which is observed in many realistic models and which explains why one-
dimensional phenomena can appear in higher dimensional dissipative systems. By no
means can one expect one-dimensional systems to explain everything. However, the
richness of its dynamics and the characteristics it displays in realistic systems make
it much more than a simple toy.
The aim of this chapter is to give a description of stochastic bifurcation as defined
in Chapter 2 in one dimension state space. In Section 3.1 we establish that generic
random diffeomorphisms are stable. Section 3.2 is devoted to the study of the one
parameter families of random maps. We give the analogues of the elementary deter-
ministic local bifurcation and classify possible random bifurcation in one definition in
Theorem 3.2.1.
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3.1 Stability of stationary measures

The most complete description of bifurcations in random differentiable maps is derived
for random maps in one dimension. Consider a random differentiable map f(x;ω) on
the circle S1. The random parameter ω is drawn from ∆ = [−1, 1]. What is proved
below for random continuous maps on the circle holds with obvious modifications for
random differentiable maps on a compact interval that is mapped inside itself by all
differentiable maps.

A pathological example occurs if f(x;ω) is constant in x; the (unique) stationary
measure is then a push forward of the measure on ∆. To avoid pathologies we assume
(in addition to hypotheses (H1) and (H2)) the open and dense condition that

(H 3). The critical points of each map x 7→ f(x;ω) have finite order.

Under this condition the following theorem states that the densities of the station-
ary measures for random differentiable maps are continuous. We will see in chapter
(4) that the regularity of stationary measures for random diffeomorphisms is substan-
tially more that random differentiable maps.

Theorem 3.1.1. The random differentiable map f ∈ R0(S1) possesses a finite num-
ber of ergodic stationary measures µ1, . . . , µm with mutually disjoint supports Ei, . . . , Em.
All stationary measures are linear combinations of µ1, . . . , µm.
The support Ei of µi consists of the closure of a finite number of connected open sets
C1

i , . . . , C
p
i that are moved cyclically by f(·; ∆). The density φi of µi is a C0 function

on S1.

Proof. The first statement of the theorem is just a repetition of theorem 2.2.1 in
chapter 1.
To proof that the stationary densities are continuous, we will show that L maps L1(S1)
into C0(S1). From this it follows that The density φi is continuous.
Recall from lemma 2.2.1 the expression of the transfer operator

Lφ(x) =

∫

Vx

k(y, x)φ(y)dL(y)

Take φ ∈ L1(S1). With h a small vector in Rn, consider

Lφ(x+ h)− Lφ(x) =

∫

Vx+h

k(y, x)φ(y)dL(y) −

∫

Vx

k(y, x)φ(y)dL(y)

=

∫

Vx+h∩Vx

(k(y, x+ h)− k(y, x))φ(y)dL(y)

+

∫

Vx+h\(Vx+h∩Vx)

k(y, x+ h)φ(y)dL(y)

−

∫

Vx\(Vx+h∩Vx)

k(y, x)φ(y)dL(y). (3.1)

The continuity of k is a consequence of the continuity of the random map f and the
density g of ν. This with integrability of φ implies that the first term on the right
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hand side is small for h small. The condition on the critical points of x 7→ f(x;ω)
implies that Vx varies continuously with x. This implies that the other two terms are
small for h small. This implies continuity of invariant densities.

Theorem 3.1.2. Let µ be an isolated ergodic stationary measure of f ∈ R0(S1) with
density φ with isolating neighborhood W . Then each f̃ ∈ R0(S1) sufficiently close to
f possesses a unique ergodic stationary measure µ̃ with support in W . The density φ̃
of µ̃ is C0 close to φ.

Proof. See the more general case in Theorem 5.2.1.

Theorem 3.1.3. The set of stable random differentiable maps in R1(S1) is open and
dense.

Proof. Take f ∈ R1(S1). If the entire circle is the support of a stationary measure
of f , then f is stable by Theorem 3.1.2. Suppose that µ is a stationary measure
whose support E is a union ∪k−1

i=0 Ci of intervals Ci mapped cyclically by f(·; ∆):
f(Ci; ∆) = Ci+1 (the indexes are taken modulo k). If µ is an isolated measure, f
restricted to an isolating neighborhood of E is stable.

The measure µ is certainly isolated if for each boundary point x ∈ E, either

fk(x; ∆N) ⊂ interior E,

or

fk(x;ω1, . . . , ωk) = x, f j(x;ω1, . . . , ωj) ∈ interior E

for some ω1, . . . , ωk ∈ ∆, j < k. Indeed, invariance of E shows that in both cases
fk(y; ∆N) ∈ E for any y near x.

If not all boundary points are as above, then there is a boundary point x ∈ ∂E so
that f l(x;ω1, . . . , ωl) = x for l = k or l = 2k (l minimal) and f j(x;ω1, . . . , ωj) ∈ ∂E
for 0 < j < l. Write x0 = x and xj = f j(x;ω1, . . . , ωj) for j > 0. From xj ∈ ∂E,
xj+1 = f(xj ;ωj+1) ∈ ∂E and ∂

∂ωf(·;ω) 6= 0, we see that ωj+1 ∈ ∂∆. Thus ω1, . . . , ωl

are all contained in ∂∆. Note that d
dxf

l(x;ω1, . . . , ωl) ≥ 0 since otherwise x is an
interior point of E.

For f ∈ R1(S1), there are a neighborhood U of f and an integer N so that for each
f̃ ∈ U , the support of the union of its stationary measures has at most N connected
components. A random periodic orbit in the boundary of the support of a stationary
measure of f̃ ∈ U therefore has its period bounded by 2N .

By transversality techniques a number of arbitrary small perturbations of f are
carried through. The perturbations affect f(·;ω) for ω ∈ ∂∆ and can be extended to
other values of ω using test functions. We will not present the detailed perturbations,
but refer to (29, Section III.2) for a description of the techniques. By a small per-
turbation of f we may assume that the graph of each map f i(·; (∂∆)i), 1 < i ≤ 2N ,
intersects the diagonal in S1 × S1 transversally. That is,

(H 4). The periodic orbits of period i ≤ 2N for f(·; ∂∆) are hyperbolic.

There is then a bounded number of random periodic orbits with period bounded
by 2N . A further small perturbation ensures that
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(H 5). Each periodic point x of period i ≤ 2N is periodic for only one sequence
ω1, . . . , ωi ∈ ∂∆.

Write P for the points in these periodic orbits. Recall that the number of critical
points of f(·; ∂∆) is finite. A final small perturbation ensures that

(H 6). The critical values of f(·; ∂∆) are disjunct from P .

Conditions (H 4), (H 5), (H 6) are clearly open and thus describe an open and
dense subset of R1(S1).

Consider f from this open and dense set. Let µ be a stationary measure of f
with support E. Let x be a boundary point of E belonging to a periodic orbit
in ∂E. By (H 4), x belongs to a hyperbolic periodic orbit. By (H 5), there is a
unique graph f l(·, ω1, . . . , ωl) with ω1, . . . , ωl ∈ ∂∆ through x. It is not possible that
d
dxf

l(x;ω1, . . . , ωl) > 1, since other orbits would then be repelled and x would not be

in the boundary of E. Hence 0 < d
dxf

l(x;ω1, . . . , ωl) < 1: the random periodic orbit
through x is an attracting periodic orbit for f l(·;ω1, . . . , ωl). By (H 6), there are no
interior points in E being mapped onto x under iterates of f . As a consequence, µ is
isolated. Therefore f is stable.

3.2 Bifurcations

As a next step we consider one parameter families of random maps and show that
bifurcations typically occur at isolated parameter families. Theorem 3.2.1 below more-
over describes the possible codimension one bifurcations. To be able to describe these
bifurcations we consider Rk(S1) random maps, with k ≥ 2. Furthermore we assume
that the one parameter family is Ck in the parameter. The space of families of these
random maps x 7→ fa(x;ω), a ∈ I, will be given the uniform C1 topology as maps
(x, ω, a) 7→ fa(x;ω) on S1 × ∆ × I. We start with a description of three types of
bifurcations caused by violation of one of the conditions (H 4), (H 5), (H 6). These
are proved to be the only codimension one bifurcations.

Definition 3.2.1. Let (x, ω, a) 7→ fa(x;ω) a Rk(S1)×C1(I) a one parameter family
of random maps, with k ≥ 2. We say that the family fa undergoes a random saddle
node bifurcation at a = a0, if there exists x̄ in the boundary of the support of a
stationary measure such that

fk
a0

(x̄;ω1, . . . , ωk) = x̄,
d

dx
fk

a0
(x̄;ω1, . . . , ωk) = 1 (3.2)

for some ω1, . . . , ωk ∈ ∂∆. The random saddle node bifurcation is said to unfold
generically, if

(

d

dx

)2

fk
a0

(x̄;ω1, . . . , ωk) 6= 0,
∂

∂a
fk

a (x̄;ω1, . . . , ωk) 6= 0 (3.3)

at a = a0.

Definition 3.2.2. Let (x, ω, a) 7→ fa(x;ω) a R0(S1)×C1(I) a one parameter family of
random maps. We say that the family fa undergoes a random homoclinic bifurcation
at a = a0, if there exists
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Random saddle node bifurcation Random homoclinic bifurcation

Figure 3.1: Consider a random map fa0 for which points are mapped randomly into the
region bounded by the two graphs. Depicted on the left are the graphs a random map f(·;ω),
ω ∈ ∂∆, with a random saddle node bifurcation. The support of the stationary density is
the interval between the hyperbolic fixed point of the lower map and the saddle node fixed
point of the upper map. The right picture shows graphs of a random map with a random
homoclinic bifurcation. Here the support of the stationary density stretches from the left
hyperbolic fixed point of the lower map to the critical value of the upper map.

• a stationary measure µ with support E with a hyperbolic periodic point x̄a in
the boundary of E for all a near a0, and

• a critical point ȳa for fa(·;ω1), ω1 ∈ ∂∆, in the interior of E,

such that

f l
a0

(ȳa0 ;ω1, . . . , ωl) = x̄a0 (3.4)

for some ω2, . . . , ωl ∈ ∂∆. The random homoclinic bifurcation unfolds generically if

∂

∂a

(

f l
a(ȳa;ω1, . . . , ωl)− x̄a

)

6= 0 (3.5)

at a = a0.

Definition 3.2.3. Let (x, ω, a) 7→ fa(x;ω) a R0(S1)×C1(I) a one parameter family
of random maps. We say that the family fa undergoes a random boundary bifurcation
at a = a0, if there exists x̄ in the boundary of the support of a stationary measure
and (ω1, . . . , ωk) 6= (ω̃1, . . . , ω̃k) ∈ (∂∆)k, such that

fk
a0

(x̄;ω1, . . . , ωk) = x̄,
d

dx
fk

a0
(x̄;ω1, . . . , ωk) ∈ (0, 1) (3.6)

and

fk
a0

(x̄; ω̃1, . . . , ω̃k) = x̄,
d

dx
fk

a0
(x̄; ω̃1, . . . , ω̃k) ∈ (1,∞) (3.7)
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Random boundary bifurcation

Figure 3.2: Depicted are parts of the graphs of a random map f(·;ω), ω ∈ ∂∆. The solid
curves lie on two of the graphs of f(f(·;ω1);ω2), ω1, ω2 ∈ ∂∆, intersecting in a point that
lies on two hyperbolic period two orbits (one stable, one unstable) distinguished by different
ω values. A random boundary bifurcation results if this point lies on the boundary of the
support of a stationary measure.

Write x̄a(ω1, . . . , ωk) and x̄a(ω̃1, . . . , ω̃k) for the continuations of the hyperbolic peri-
odic points. The random boundary bifurcation is said to unfold generically, if

∂

∂a
fk

a (x̄a(ω1, . . . , ωk);ω1, . . . , ωk) 6=
∂

∂a
fk

a (x̄a(ω̃1, . . . , ω̃k; )ω̃1, . . . , ω̃k) (3.8)

at a = a0.

For an open interval I, write Rk(I, S1) for the space of Ck families of random
maps in Rk(S1) depending on a parameter in I. Equip the space Rk(I, S1) with the
Ck topology.

Theorem 3.2.1. For fa from an open and dense subset of R1(I, S1), fa has only
finitely many bifurcations. A bifurcation point is a random saddle node bifurcation, a
random homoclinic bifurcation, or a random boundary bifurcation and is generically
unfolding. If the number of stationary measures is locally constant at a bifurcation
point, the bifurcation is an intermittency bifurcation. Otherwise the bifurcation is a
transient bifurcation.

Proof. For a bifurcation value for a family in R1(I, S1), either (H 4), (H 5), or (H 6)
is violated.

Similar transversality arguments as in the proof of Theorem 3.1.3 show the fol-
lowing. For an open and dense subset of R1(I, S1), at most one of these conditions
is violated at a bifurcation value and the resulting bifurcation unfolds generically as
stated in Definition 3.2.1, 3.2.2 or 3.2.3. Since the random bifurcations are unfolding
generically, they occur isolated.



4 Random attractors for random circle

diffeomorphisms

In the previous chapter we discussed random maps from a one-point motion approach.
In this context it makes sense to study bifurcations of stationary measures. Strictly
ergodic random homeomorphisms, i.e. a random homeomorphisms with a unique
ergodic stationary measure with full support (supp(m) = S1), are known to have a
unique stationary measure see (32), and the following bifurcation scenario occurs. For
a bigger that a bifurcation value a0 random homeomorphism fa;ω has a single station-
ary measure supported on all of the circle. For a ≤ a0, fa;ω has a stationary measure
supported on q disjoint intervals that are mapped cyclically under iteration of fa;ω or
fa;ω admits q disjunct stationary measures with q different basin of attractions.
In this chapter we consider orientation-preserving random diffeomorphisms. The
quantity of interest is the evolution of the normalized mass distribution L, i.e., the
random measure valued process µk

ω =
(

fk
ω

)

∗
L. It’s well known that the pull-back

of the random measure valued process µk
σ−kω

:= (fk
σ−kω

)∗m converges almost surely,
see lemma 2.3.1, to a specific equilibrium. This chapter is directed in particular to
give the structure of the support of this equilibrium. In particular we related the
bifurcation of the stationary measure in the Markov context to the bifurcation of this
random equilibrium. The previously mentioned explosion of stationary measures typ-
ically manifests itself in the following scenario: for a < a0 there is a unique random
attracting periodic orbit of period k, while for a > a0 there is a single attracting
random fixed point.

4.1 Random fixed points and random periodicity

4.1.1 The random family admits a strictly ergodic stationary measure

Let f be a strictly ergodic random diffeomorphism. In this case the stationary mea-
sure m is equivalent to Lebesgue measure L. Note that this occurs if one of the
diffeomorphisms fω, ω ∈ ∆, has irrational rotation number. We call random maps
which admit strictly ergodic stationary measure strictly ergodic random maps. The-
orem 4.1.1 below gives a precise characterization of µω, the statistical equilibrium
associated with m. Although we state the result in the context of random diffeomor-
phisms, differentiability of fω is not used in the proof; one only needs to assume that
fω are homeomorphisms depending continuously on ω and the existence of stationary
measures equivalent to Lebesgue for the semigroups generated by the maps fω and
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the maps f−1
ω . See (2; 79; 65; 71) for earlier results with a similar flavor. It is inter-

esting to compare the result with characterizations for groups of homeomorphisms,
as in (50; 64; 82).
Skew products with different dynamics in the base have also been frequently studied.
See (51), compare also (52), for skew products over horseshoes, generalizing iterated
functions systems. For a result on random fixed points in skew products over a hy-
perbolic torus automorphism, see (97). In the context of circle diffeomorphisms or
homeomorphisms with quasiperiodic forcing (giving rise to skew product systems with
a minimal system in the base), invariant measures and invariant graphs have been
studied by many authors starting from (46), see e.g. (22; 106).

Property 4.1.1. Let f a random diffeomorphism. We have one of the following prop-
erties, where the second property is the negation of the first and the third property
is a special stronger case of the second property.

1. The random diffeomorphisms are equicontinuous: for each ε > 0, there exists
δ > 0 so that for all ω ∈ ∆N, so that for each interval I ⊂ S1 with L(I) < δ, we
have (fn

ω)∗ L(I) < ε.

2. The random diffeomorphisms are contractive: there exists ε0 > 0, ω ∈ ∆N and
a sequence of intervals In with L(In)→ 0 so that (fn

ω)∗L(In) ≥ ε0.

3. The random diffeomorphisms are strongly contractive: for all ε > 0, there exists
ω ∈ ∆N and a sequence of intervals In with L(In) → 0 so that (fn

ω)∗L(In) ≥
1− ε.

For a proof and more discussion about these properties we refer the reader to (64).

Theorem 4.1.1. Consider a strictly ergodic random circle diffeomorphism. Exactly
one of the following possibilities occurs:

1. The random diffeomorphisms are equicontinuous. There exists an absolutely
continuous measure that is invariant under each fω.

2. The random diffeomorphisms are contractive but not strongly contractive. Then
there exists a smooth nontrivial periodic diffeomorphism θ, θq = id, on S1 that
commutes with every fω. Moreover, for almost all ω, µω is a union of k delta-
measures of mass 1/q.

3. The random diffeomorphisms are strongly contractive and µω is a delta-measure
for almost all ω.

Proof. We begin the proof with the following assertion:

Assume property 4.1.1 (ii) is met. Then there exists 0 < ε0 < 1, so that
for all ε > 0 the following holds: for almost all ω ∈ ∆Z, there is an

interval I with |I| < ε so that
(

f j
σ−jω

)

∗
m(I) ≥ ε0 for some j.
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Take ε > 0. We provide δ > 0, l ∈ N, 0 < ε0 < 1, so that the following holds. For
each segment ω = ω−n, . . . , ω−1 of elements in ∆ we construct an interval I with
length |I| < ε and a subset Σ ⊂ ∆l′ for some l′ ≤ l with νl′(Σ) > δ, so that for each
(ω−n−l′ , . . . , ω−n−1) ∈ Σ,

(

fn+l′

σ−(n+l′)ω

)

∗
m(I) ≥ ε0. (4.1)

The assertion will be shown to follow from this.
Take κ > 1/ε and an orbit piece ai = f i

η, 0 ≤ i < κ, consisting of κ different points.

Take an open interval U containing a0 so that Ui = f i
η(U), 0 ≤ i < κ, are mutually

disjoint. By property 4.1.1(ii) and supp (m) = S1, there exists an interval V with
m(V ) ≥ ε0 for some positive ε0 and (β0, . . . , βj−1) ∈ ∆j , so that

f j
β(V ) ⊂ U. (4.2)

There is further 0 ≤ i∗ < q with

|fn
σ−nω(Ui∗)| < ε. (4.3)

This is clear as the κ disjoint intervals fn
σ−nω

(Ui∗), 0 ≤ i < q, can not all have length
≥ ε by κ > 1/ε.

Write
I = fn

σ−nω(Ui∗).

Define (ω−n−l′ , . . . , ω−n−1) as the sequence consisting of η0, . . . , ηi∗−1 followed by
β0, . . . , βj−1. It is clear that there are many possibilities to write down this se-
quences. We choose one expression and we denote l the maximum length of the
segment (ω−n−l′ , . . . , ω−n−1). Then we have l′ ≤ l and

(

fn
ω−n,...,ω−1

◦ f i∗+j
ω−n−l′ ,...,ω−n−1

)

∗
m(I) = m

(

(

f j
β0,...,βj−1

)−1

(U)

)

≥ m(V ) ≥ ε0 (4.4)

This proves 4.1. Note that i∗ depends on ω−n, . . . , ω−1. By the continuous depen-
dence of fω on ω, there is for each i∗ an open set of sequences ω−n−l′ , . . . , ω−n−1 in
∆i∗+j for which equation (4.4) holds. Let δ be the minimum of the measures of the
sets of sequences in ∆i∗+j thus constructed, and consider the set

Ωn+N = {ω ∈ ∆Z | for each interval I with |I | < ε and each k ≤ N,
(

fn+k

σ−(n+k)ω

)

∗
m(I) ≤ ε0}.

It follows from claim (4.1) that P(Ωn+l) ≤ 1− δl and P(Ωn+lt) ≤ (1− δl)t. Take the
limit as t goes to infinity, we conclude that P(Ωn) = 0, where

Ωn+N = {ω ∈ ∆Z | for each interval I with |I| < ε and each k,
(

fn+k
σ−(n+k)ω

)

∗
m(I) ≤ ε0}.

This proves the above assertion.
From above we conclude that there exist a subset Ω0 of full probability such that for
every ω ∈ Ω0, there exist an interval I ⊂ S1 with |I| ≤ ǫ such that µω(I) ≥ ε0. That
is; µω is an atomic measure, i.e., There exist a random number defined on S1, a(ω),
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such that µω(a(ω)) > 0, P-almost surely.
Next we show; using the ergodicity of the shift, σ, and the skew product, S, that µω

is the sum of finitely many Dirac measures with equal weights. We proceed by noting
that, for any q ∈ N, the set

Fk = {ω ∈ ∆Z| µω has q atomes in S1}

is a measurable σ−invariant set because (fω)∗ µω = µσω. Ergodicity of σ implies that
for each k we have, P−a.s., P(Fk) = 0 or 1. Consequently the number k of atoms of
µω and their masses do not depend on ω.
Let m one of these masses. Let Gm = {(ω, x)| µω(x) = m}. Again because
(fω)∗ µω = µσω, we verify that Gm is S-invariant for any positive m. We have
thus P(Gm) = 1. This implies that all atoms must have the same mass. The sum of
these masses is necessarily equal to one. We can write

µω =
1

q

q
∑

i=1

δai(ω),

where the ai(ω) : ∆Z → S1, are random variables on S1 with mass 1/q each (for some
q ≥ 1). We denotes the support of µω by Aω and k = Card(Aω) the cardinality of
Aω. The measure µω is called a point measure.

In the following paragraphs we show that k > 1 occurs only if there is a nontrivial
periodic diffeomorphism that commutes with each fω. If J is a small interval around
ai(ω), disjoint from aj(ω) for j 6= i, then from Lemma 2.3.1 one deduces that
m(f−n

ω (J)) converges to 1/k as n→∞.
Consider the skew product system S−(ω, x) = (σ−1

ω, (fω)−1(x)) on Z− × S1.

Write ν∞− for the product measure on ∆Z
−

. There is an invariant measure ν∞− ×m−

for S− with m− equivalent to Lebesgue measure. As this invariant measure for S− is
mixing see proposition 5.18 and m− is equivalent to Lebesgue measure, S−(ω, x) has
a dense forward orbit for ν∞− × L almost every point (ω, x). Then also for almost all
fibers ω× S1, the forward orbit of all points from these fibers under S− is dense. We
may therefore assume that this holds for the boundary points of f−n

ω (J).
Define θ : S1 → S1 by θ(x) = y with m(x, y) = 1/q. Smoothness of the density

function of m implies that θ is a diffeomorphism. Writing J = (c, d), if c−n = f−n
ω0

(c)
converges to x then d−n = f−n

ω0
(d) converges to θ(x). If θ does not commute with some

fω, then by continuity θfω(x) 6= fωθ(x) for (ω, x) from some open set U in ∆Z × S1.
For some n large, (f−n

ω (x), σ−n
ω) lies in U . Write (c−n, d−n) = f−n

ω (J). Lemma 2.3.1
however implies that fω−n

◦ θ(c−n) = θ ◦ fω−n
(d−n), leading to a contradiction.

Note that by dividing out the action of θ, one obtains a random diffeomorphism
that acts strongly contractive.

Finally, Statement (i) is proved in (32, Lemma 5.4). Note that we have the
following property, which is the assumption used in (32, Lemma 5.4): for each ε > 0,
ω ∈ Ω, there exists δ > 0 so that for each interval I ⊂ S1 with L(I) < δ, we have
L(fn

ω (I)) < ε. (Namely, as we have seen under property 4.1.1(ii), we also have the
existence of ε0 > 0, ω ∈ ∆N and a sequence of intervals In with L(In) → 0 so that
L(fn

ω(In)) ≥ ε0. The above is the negation of this statement.)



4.1 Random fixed points and random periodicity 51

Proposition 4.1.1. Under the assumptions of Theorem 4.1.1, if the random diffeo-
morphism is contractive then there a unique attractor Aω consisting of q point in each
fiber: for any ξ ∈ S1 one has

d(fk
ω(ξ),Aσkω)→ 0 as k →∞

P-almost surely.

Proof. We follow (71). Suppose for simplicity that the random diffeomorphism acts
strongly contractive. By the same construction as in the Theorem above a random
fixed point measure at r(ω) for the inverse maps is obtained. Thus for almost all ω

one has for y, z 6= r(ω),
d(fk

ω(y), fk
ω(z))→ 0

as k → ∞. The distribution of the points r(ω) is absolutely continuous. Also the
random fixed points a(ω) and r(ω) are independent; a(ω) depends only on the past
of ω while r(ω) depends only on the future of ω. Therefore r(ω) 6= a(ω) for almost
all ω. It follows that for almost all ξ ∈ S1, fk

ω(ξ) converges to the point a(σn
ω).

The typical situation for random circle diffeomorphisms with a stationary measure
equivalent to Lebesgue measure is thus to possess a unique random attracting and a
unique random repelling fixed point. The next lemma emphasizes this property. It
illustrates how property 4.1.1(iii) is satisfied.

Lemma 4.1.1. For a generic random circle diffeomorphism f such that the rotation
numbers ρ(f−1) and ρ(f1) are different, there exists a map fn

ω1,...,ωn
with precisely one

hyperbolic attracting and one hyperbolic repelling fixed point.

Proof. We can take ν1, ν2 ∈ Ω such that fν1 has rational rotation number, say p/q,
and fν2 has irrational rotation number. By the genericity assumption, we may assume
that f q

ν1
has a finite number of fixed points, all hyperbolic. In the coordinate in [0, 1)

on the circle, write a1, . . . , am for the attracting fixed points, in order of increasing
angle on the circle. We take indices mod m, so that am+1 = a1. Write r1, . . . , rm
for the repelling fixed points with ri ∈ [ai, ai+1]. Generically the distances between
neighboring attracting fixed points ai, ai+1 are different for different i. We assume this
to be the case. Similarly we assume that the distances between repelling fixed points
are all different. By relabelling the fixed points we may assume that the minimal
distance between ai and ri is assumed for i = 1. Finally, by (29, Theorem 6.1) we
may assume that fν2 is a rotation x 7→ x+ θ.

We will construct a map f qp1
ν1
◦ fp2

ν2
◦ f qp3

ν1
that has m − 1 attracting fixed points

and m− 1 repelling fixed points. The proposition then follows by induction.
Write Bi = (ri−1, ri) for the basin of attraction of ai. Take compact intervals

Ii ⊂ Bi with small symmetric difference Ii △ Bi. For p1 large, f qp1
ν1

is a contraction
on all intervals Ii and maps Ii into a small neighborhood of the point ai. As fν2 is an
irrational rotation, we can take p2 ∈ N such that fp2

ν2
(a1) ⊂ B2 and fp2

ν2
(ai) ⊂ Bi for

all other i. By taking p1 large enough, the same holds with ai replaced by f qp1
ν1

(Ii).

Write I1,2 for the convex hull of I1 and I2 inside the interior of B1 ∪B2. Take p3

large enough so that fp3
ν1

is a contraction on I1,2. Then f qp1
ν1
◦ fp2

ν2
◦ f qp3

ν1
has m − 1

hyperbolic attracting fixed points in I1,2, I3, . . . , Im.
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The proof is finished by establishing that the m−1 intervals in S1 \{I1,2∪I3∪· · ·∪
Im} each contain only a hyperbolic repelling fixed point, for p1, p3 large enough. Take
compact intervals Ji inside (ai, ai+1) (the basin of attraction of ri for f−q

ω1
) for i 6= 1,

so that Ji△ (ai, ai+1) is small. The intervals I1,2, I3, . . . , Im and J2, . . . , Jm cover S1.
For p3 large enough, f−qp3

ν1
is a contraction on the intervals J2, . . . , Jm and maps them

into small neighborhoods of r2, . . . , rm. By construction, f qp3
ν1
◦ f−p2

ν2
maps Ji inside

(ai, ai+1), i = 2, . . . ,m. For p1 large enough, f qp3
ν1
◦ f−p2

ν2
◦ f−qp1

ν1
is a contraction on

J2, . . . , Jm. This finishes the proof.

4.1.2 The random family has cyclic intervals

In this subsection we suppose that the random family admits a unique stationary
measure supported on a union E of κ disjoints intervals. In this case, it is well known
that the k intervals are moved cyclically by f(.,∆), i.e. E can be decomposed into
finitely many disjoint intervals Ii ∈ E, i ∈ {1, 2, . . . , q}, such that:

p(x, Ii+1modk) =

{

1, x ∈ Ii;
0, x ∈ E \ Ii.

(4.5)

This implies that each interval Ii is invariant under f q
ω. We will first analyze the case

when q = 1, a generalization of the results when > 1 is straightforward.

Theorem 4.1.2. Suppose the random diffeomorphism f admits a stationary measure
m which is ergodic and supported on an interval I. Then the limit measure µω is
Dirac.

Corollary 4.1.1. Suppose the random diffeomorphism f admits a stationary measure
m which is ergodic and supported on a union E of q intervals. Then the limit measure
µω is a point measure with support P-almost surely finite set with cardinality equal to
q.

Proof of theorem 4.1.2. . We will use the same argument as in ((5, Theorem 1.8.4).
The argument given there works on continuous-time RDS defined on R. For discrete-
time one dimensional systems similar argument may be used under the condition that
the dynamical system is order preserving which is the case in our set up.
Write I = (x−, x+) and let a(ω) be the smallest median of µω, i.e. the infimum of all
point x for which

µω([x, x+)) ≥
1

2
≤ µω((x−, x])

Consider Iω = (x−, a(ω)] for which µω(Iω) ≥ 1
2 by definition. We claim that Iω is

invariant set.
Indeed, the order preserving property of the random family implies that a(ω) is the
median of µω if and only if fω(a(ω)) is a median of (fω)∗µω. Since µω is fω-invariant
we have

a(σω) = fω(a(ω))

implying that fω (Iω) ⊂ Iσω . Since µω is ergodic, µω(Iω) = 1, P-almost surely.
Using the same argument for Jω = [a(ω), x+) we obtain for {a(ω)} = Iω ∩ Jω, and
µω({a(ω)}) = 1. Conclusion: µω = δa(ω)P-a.s..
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Proof of corollary 4.1.1. The argument in Theorem (4.1.2) can be extended to the
more general case. Replace fω by f q

ω, then for each i ∈ {1, 2, . . . , q}, Ii is f q
ω-invariant.

For each i ∈ {1, 2, . . . , q} apply the Theorem (4.1.2) to f q
ω. Then there exist on

each Ii a random variable a : Ω → S
1 such that f q

ω(a(ω)) = a(σq
ω). Define for

i = 1, . . . , q, ai(ω) := f i−1
σ1−iω

(a(σ1−i
ω)) and νω = 1

q

∑q
i=1 δai(ω).

We claim that Aω = {a1(ω), a2(ω), . . . , aq(ω)} is a random invariant set and that νω

ia an invariant ergodic measure for fω.
Indeed, It’s not difficult to see that fω(ai(ω)) = ai+1(σω) for i = 1, . . . , k − 1 and
fω((aq(ω)) = a1(σω).
To see that νω is ergodic, let Iω an invariant interval, i.e. fω(Iω) = Iω. We have

νω(Iω) =
1

q

q
∑

i=1

δai(ω)(Iω)

Let

Ai := {ω : ai(ω) ∈ Iω}.

Then for i = 1, . . . , q we have σ(Ai) = Ai+1 and σqAi = Ai. But σq is ergodic (to see
this notes that the bernoulli shift is mixing hence σq is also mixing en in particular
ergodic). Invariance of σ with respect to P and ergodicity of σq imply P(Ai) = 0 for
all i or P(Ai) = 1 for all i. This gives νω(Iω) = 0 or 1 and thus νω is ergodic.
Uniqueness and ergodicity of the limit measure gives µω = νω and the limit measure
is thus a point measure.

Remark 4.1.1.
The cyclic behavior fails if there exist an element fω with irrational rotation number
because in this case it is well known that the action of fω is strictly ergodic, see(55).

4.2 Random saddle node bifurcation

The material in the previous two sections shows that generically the following picture
holds true. A stationary measure supported on q intervals implies that existence of a
unique random attracting periodic orbit of period q. A stationary measure supported
on the circle implies the existence of a unique random attracting fixed point. One can
expect that in a bifurcation where the support of a stationary measure explodes from
q intervals to the circle, a random periodic orbit of period q bifurcates to a random
fixed point. This picture is confirmed in Theorem 4.3.1 below.

Definition 4.2.1. The smooth one parameter family of random diffeomorphisms fa

on the circle undergoes a random saddle node bifurcation at a = a0, if there exists x̄
in the boundary of the support of a stationary measure such that

fk
a0;ω1,...,ωk

(x̄) = x̄,
d

dx
fk

a0;ω1,...,ωk
(x̄) = 1, (4.6)

for some ω1, . . . , ωk ∈ ∂Ω.
The random saddle node bifurcation is said to unfold generically, if

(

d

dx

)2

f q
a0;ω1,...,ωq

(x̄) 6= 0,
∂

∂a
f q

a;ω1,...,ωq
(x̄) 6= 0 (4.7)
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at a = a0.

It is shown in (118) that, in the context of families of random circle diffeomor-
phisms, a (generically unfolding) random saddle node bifurcation is the only possible
codimension one bifurcation of stationary densities.

Under the conditions of the above theorem, the density function of the stationary
measure ma is smooth and depends smoothly on the parameter a even though the
support of ma varies discontinuously in the Hausdorff topology, see Chapter5.

4.3 Convergence to a random attractor

In chapter 1 we have given a definition of random attractor. These are objects which
are difficult to compute directly from the definition. In general we have the following
relation between Markov invariant measures and random attractor:

supp(µω) ⊂ Aω a.s.,

where Aω is an arbitrary random attractor; see (28).
The main result of this section is proposition 4.3.1 and corollary 4.3.1, which state

that the support of the unique random invariant measure, Aω, for the random map
f is the minimal attractor.

Proposition 4.3.1. Suppose the assumptions of Corollary 4.1.1 hold. Then P-almost
surely there exists a random set Rω = {r1(ω), . . . , rq(ω)} such that

d(fk
ω(ξ),Aσkω)→ 0 as k →∞

for any ξ 6∈ Rω. Moreover

∀x ∈ S
1

P{ω|x ∈ Rω} = 0.

Corollary 4.3.1. Suppose the assumptions of Corollary 4.1.1 hold. Then for any
ξ ∈ S1 one has

d(fk
ω(ξ),Aσkω)→ 0 as k →∞

P-almost surely.

Proof of proposition 4.3.1. Write f−k
σkω

=
(

fk
ω

)−1
. It follows from corollary 4.1.1 that

for almost all ω there exists a random set Rω = {r1(ω), . . . , rk(ω)} such that

(f−k
σkω

)∗L →
1

q

q
∑

i=1

δri(ω) as k →∞. (4.8)

Because the stationary measure for the inverse random diffeomorphisms are ab-
solutely continuous w.r.t. Lebesgue measure, we have P{ω|ri(ω) = x} = 0 for each
x ∈ S1 and i ∈ {1, . . . , q}, this implies that

∀x ∈ S
1; P{ω|x ∈ Rω} = 0.
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Hence, for almost all ω, Rω is disjoint from Aω. It is further easily seen that between
two points of one set there is one point of the other set.

Equation (4.8) gives that the entire circle with the exception of q small intervals
end up, under iterates of the inverse random diffeomorphism, in a small neighborhood
ofR. For almost ω one has thatA lies outside a small neighborhood ofR. Considering
the random maps f again, it follows that for almost all ω one has

lim
k→∞

d(fk
ω(ξ),Aσkω) = lim

k→∞
d(f−k

σkω
(ξ),Aσkω) = 0

for ξ 6∈ Rω.

Proof of corollary 4.3.1. For any ξ ∈ S1, ξ 6∈ Rω almost surely and hence,

d(fk
ω(ξ),Aσkω)→ 0 as k →∞

P-almost surely.

We have thus proved that the random invariant set Aω attracts for almost all ω

all elements of the circle. Recall from Chapter2 that the random set Aω has been
called a random periodic attractor.

Theorem 4.3.1. Suppose that fa is a generic family of random diffeomorphisms with
a random saddle node bifurcation at a = a0, so that the support Ea of the stationary
measure µa has q connected components for a < a0 and equals the circle for a > a0.
For each a ≤ a0 and a close to a0, fa has one attracting random cycle of period q
and one repelling random cycle of period q. For a > a0 and a close to a0, fa has one
attracting and one repelling random fixed point.

Proof. For each a > a0 sufficiently close to a0, the random diffeomorphism fa satisfies
Property4.1.1 (3). Apply Theorem 4.1.1. For a ≤ a0, we are in the situation of sec-
tion(4.1.2). Corollary 4.1.1 and equation(4.5) give the existence of a periodic random
cycle. Corollary4.3.1 shows that this random cycle is attracting. The existence of
the repelling random cycle is an immediate consequence taking the inverse random
map.

Remark 4.3.1.
The random periodic orbit Aω founded in the previous section may be seen, anal-
ogously to deterministic systems, as a global attractor (random invariant set that
attracts all initial conditions). A local attractor is a subset of the global attractor
that only attract a subset of initial conditions, it basin of attraction. The elements
ai(ω) of the random set Aω are such local attractors, we define the ith ’random basin
of forward attraction’ by

J i
ω = {x ∈ S

1 | d(fk
ω(x), fk

ω(ai(ω))→ 0 if k→∞}.

In particular J i
ω contains ai(ω). It is not difficult to see here again that the k random

sets J i
σω are a random permutation of fω(J i

ω). Again from Lemma 2.3.1 we deduce
that for almost all ω we have m(J i

ω) = 1
q , see Theorem 4.1.1.
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4.4 Corollaries for the skew products

Consider again the skew product system defined in equation(1.1). For any random
set Aω we define graph(A) ⊂ Ω× S1 as the subset

G := {(ω, x) | x ∈ Aω}

Remark 4.4.1.
If Aω is an invariant random set then graph(A) is not necessarily defined, as Aω is
an equivalent class.

In our context, the graph of the P−almost surely finite set Aω = {a1(ω), . . . , ak(ω)}
is the union of the of the graphs of the measurable functions ai : Ω→ S1.

Theorem 4.4.1. (106, Theorem 5). Let Aω be the random attractor in Theorem 4.1.1
and corollary 4.1.1, then

• The graph G is invariant subset of the space ∆Z× S1 under the skew product S.

• The graph G is the support of an invariant measure Q, and (S,G, Q) is ergodic.

Remark 4.4.2. .

1. The graph G has properties that depends on the dynamics σ as well as fω, G
will typically only be measurable in ω.

2. We have seen in corollary (4.3.1) that the random set Aω is fibre wise ”global”
attractor. It’s thus justified to call G attracting in the sense that for P-a.e.
ω ∈ ∆Z, limk→∞ d

(

π2G, π2S
k(ω, x)

)

= 0 for every x ∈ S1, where π2 is the
natural projection on the second space.

3. The graph G is chaotic invariant set because its dynamics under the map S is
chaotic. This is a consequence of the expansivity propriety of the Bernoulli shift.

Lemma 4.4.1. Suppose supp m = S1. For almost all ω ∈ ∆Z, the orbit of (ω, xi(ω))
under S lies dense in ∆Z × S1.

Proof. The statement is a consequence of the following observation: the set of points
(ω, x) ∈ ∆Z × S1 with dense orbits under the action of the skew product S, has full
ν∞ × L-measure.

For this, recall first that with one sided time, S+ has a mixing invariant measure
ν∞+ ×m. Hence, ν∞+ ×m almost every point has a dense forward orbit. Note that
m is equivalent to Lebesgue measure, so that ν∞+ ×L almost every point has a dense
forward orbit under S+.

One can likewise consider the one sided time skew product defined by iterating
the inverse diffeomorphisms f−1

ω , for which the same statement holds.

Together this implies the observation and thus the lemma.



4.4 Corollaries for the skew products 57

We call The set G a Strange Chaotic Attractor. In many sources the terms ’strange’
and ’chaotic’ are thought to be synonymous when applied to attractors. While it is
true to say that most well-known examples of chaotic attractors are also strange, and
the two terms are often used interchangeably, the two properties are very different.
The term ’chaotic’ refer to a dynamical property- that is, a propriety which determined
by the behavior of trajectories as time progresses. ’Strange’, on the other hand, is a
term which refers solely to the geometrical structure of an object, and thus has no
time dependence.





5 Regularity of the stationary densities and

applications

In this chapter we prove new results on the regularity (i.e. smoothness) of stationary
densities of smooth diffeomorphisms valid in the context of this thesis. We give a de-
scription of the dependence of stationary measures on the random diffeomorphisms.
This includes describing quantitative characteristics. Regularity results have direct
implication on characteristics depending on the stationary measures (Lyapunov ex-
ponents, entropy, rotation number) and is widely used in applications, see (43) for an
application to population dynamics.
In section 5.1 we establish the smoothness of stationary probability densities with re-
spect to the state variable. Section 5.2 develops results on the stability of stationary
densities. Theorem 5.2.2 proves generic stability of random diffeomorphisms. Den-
sities of stable stationary measures are shown to be smooth and depend smoothly
on auxiliary parameters, expect in bifurcation values. Section 5.3 treats parameter
families of random maps. Section 5.4 develops material on conditionally stationary
measures and applies this to compute expected escape times in Section 5.5. Sec-
tion 5.6 treat the speed of decay of correlations and it dependency on the bifurcation
parameter.

5.1 Smoothness of the stationary densities

In this chapter M is a smooth n-dimensional compact Riemannian manifold, and
T = N . We consider the setup of chapter 1. Let Dk(M) be the space of Ck random
diffeomorphisms f on M (with f(ω;x) Ck jointly in x ∈ M and ω ∈ ∆), depending
on a random parameter from ∆ through a distribution with a Ck density function
g (differentiability on ∆ is always understood in the sense of differentiability on an
open neighborhood of ∆). Note that uniform bounded noise gives g = 1

2 in C∞(∆).
Finally, we assume that

ω 7→ fω(x) is an injective map for each x. (5.1)

Let f be ∈ D∞(M), and consider again the transfer operator

Lφ(x) =

∫

Vx

k(y, x)φ(y)dL(y) (5.2)

defined in lemma 2.2.1. Denote by

D(M) = {φ ∈ L1(M) | φ ≥ 0,

∫

M

φ(x)dL(x) = 1}
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the space of probability densities on M. Remark 2.2.2 shows that L maps D into
itself. Smoothness of stationary densities is obtained by showing that L maps a space
of smooth densities into itself.

Theorem 5.1.1. The transfer operator L maps Ck(M) into itself and is a compact
operator on Ck(M).

The number 1 is an eigenvalue of L with equal algebraic and geometric multiplicity
m ≥ 1. The densities φ1, . . . , φm provide a basis of eigenfunctions with mutually
disjoint support. Each eigenfunction φi is C∞ and its support consists of a finite
number ci of connected components.

Proof. Theorem 2.2.1 and the absolute continuity of the distribution of the noise gives
the m invariant densities φ1, . . . , φm. The geometric multiplicity of the eigenvalues
1 is equal to m. Since L preserves the L1 norm, the algebraic and geometric multi-
plicity of 1 are equal. To see this, suppose on the contrary that there is a nontrivial
vector in ker(L − I)2\ ker(L − I). Elementary linear algebra gives the existence of a
sequence of vectors ψn inside ker(L − I)2 converging to an eigenvector φ, such that
limn→∞ Lnψn = 2φ. Indeed, take ψ ∈ ker(L− I)2 with Lψ = φ+ψ and let ψn = 1

nψ.
From Ln(ψ) = nφ + ψ it follows that Ln(φ + ψn) = 2φ+ ψn, which converges to 2φ
if n→∞. This contradicts the preservation of the L1 norm by L.

There can be no additional eigenvectors of L that do not correspond to linear
combinations of densities. Namely, suppose φ is an eigenvector taking both positive
and negative values. Write φ = φ+ − φ− for nonnegative functions φ+ = max{φ, 0},
φ− = max{−φ, 0}. If φ is not a linear combinations of densities, the supports of
φ+, φ− cannot be invariant. Since L is positive and preserves the L1 norm, (Lφ)+ <
Lφ+ so that φ cannot be an eigenvector.

We will show that L maps L1(M) into C0(M) and Ci(M) into Ci+1(M). From
this it follows that φi ∈ C∞(M). Take ψ ∈ L1(M). Use a chart to identify a
neighborhood of x ∈ M with an open set in R

n. With h a small vector in R
n,

consider

Lψ(x+ h)− Lψ(x) =

∫

Vx+h

k(y, x)ψ(y)dL(y) −

∫

Vx

k(y, x)ψ(y)dL(y)

=

∫

Vx+h∩Vx

(k(y, x+ h)− k(y, x))ψ(y)dL(y)

+

∫

Vx+h\(Vx+h∩Vx)

k(y, x+ h)ψ(y)dL(y)

−

∫

Vx\(Vx+h∩Vx)

k(y, x)ψ(y)dL(y). (5.3)

The first term on the right hand side is small for h small by continuity of k and
integrability of ψ. The other two terms are small for h small by the continuous
dependence of Vx on x. Continuity of Lψ follows. Suppose next that ψ ∈ C0(M) and
consider 1

|h| (Lψ(x+ h)− Lψ(x)) This equals the right hand side of (5.3) divided by

|h|. Note that

lim
h→0

1

|h|

∫

Vx+h∩Vx

(k(y, x+ h)− k(y, x))ψ(y)dL(y) =

∫

Vx

∂

∂x
k(y, x)

h

|h|
ψ(y)dL(y)
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is a continuous function of x. To check continuity of the remaining two terms it
suffices to do a local calculation by covering the boundary of Vx by finitely many
balls and using a partition of unity. Without loss of generality we may assume that
near a smooth part of the boundary of Vx, Vx is bounded from below by the graph of
a continuously differentiable function Hx : [0, 1]n−1 → R. We may also assume that
m equals Lebesgue measure on Rn. Then

lim
h→0

1

|h|

∫

Vx\(Vx+h∩Vx)

k(y, x)ψ(y)dy = lim
h→0

1

|h|

∫

[0,1]n−1

∫ Hx+h(y1)

Hx(y1)

k(y1, y2, x)ψ(y)dy2dy1

=

∫

[0,1]n−1

∂

∂x
Hx(y1)

h

|h|
k(y1,Hx(y1), x)ψ(y1,Hx(y1))dy1

is a continuous function of x. The contribution near the finitely many points where
Vx is not smooth vanishes in the limit h→ 0. Summarizing, D(Lψ) has an expression
of the form

D(Lψ)(x) =

∫

Vx

∂

∂x
k(y, x)ψ(y)dL(y) +

∫

∂Vx

n(y, x)k(y, x)ψ(y)dS(y) (5.4)

where n(y, x) measures the change of ∂Vx in the direction of the unit normal vector
to Vx and dS is the volume on ∂Vx. We remark that the formula is a variant of the
transport theorem 7.1.12 and the Gauss theorem 7.2.9 in (1). It follows that Lψ is
continuously differentiable if ψ is continuous. Higher order derivatives are computed
inductively. This gives that Lψ ∈ Ck+1(M) for ψ ∈ Ck(M).

We prove compactness on Ck(M) by modifying the argument in (81). Let Bk(M)
be the unit sphere in Ck(M). Consider first k = 0. By the Arzela-Ascoli theo-
rem, compactness of L on C0(M) follows from the following two properties (compare
(114)),

• for all x ∈M, {|Lψ(x)| | ψ ∈ B0(M)} is bounded,

• LF is equicontinuous.

For ψ ∈ B0(M), |Lψ(x)| ≤
∫

M
k(y, x)dL(y). This is a continuous function of x and

hence bounded. This proves the first item. The above computations showing that
Lψ is continuously differentiable also show that ‖D(Lψ)(x)‖ is uniformly bounded
on B0(M). This proves that LF is equicontinuous. Compactness in Ck(M) follows
similarly by noting that

• for all x ∈M, i ≤ k, {‖Di(Lψ)(x)‖ | ψ ∈ Bk(M)} is bounded,

• ‖Dk+1(Lψ)(x)‖ is uniformly bounded on Bk(M).

Remark 5.1.1.
The transfer operator L is compact on the space L2(M) of quadratic integrable func-
tions onM, see for example (110, Section X.2). The proof of Theorem 5.1.1, demon-
strating that the transfer operator increases regularity of functions, implies that the
spectrum of L on L2(M) equals that of L on Ck(M).
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Remark 5.1.2.
The spectral radius of L is 1, the eigenvalue 1 occurs with multiplicity m equal to the
number of stationary measures. The peripheral spectrum on the unit circle consists
of eigenvalues e2πi/p, 0 ≤ i < p, for each p occurring as the number of connected
components of a stationary measure. See (49) and (99, Theorem V.4.9) for a proof.

Proposition 5.1.1. The transfer operator L as a linear map on Ck(M) or L2(M)
depends continuously on f ∈ Dk(M).

Proof. Consider f̃ near f . Write L̃ and L for the corresponding transfer operators. We
need to prove that L̃− L has small norm. Consider the transfer operators operating
on Ck(M) (continuity on L2(M) is treated analogously). The transfer operator L̃ is
given as L̃φ(x) =

∫

Ṽx
k̃(y, x)φ(y)dL(y). For φ ∈ Bk(M), the unit sphere in Ck(M),

L̃φ(x) − Lφ(x) =

∫

Ṽx

k̃(y, x)φ(y)dL(y) −

∫

Vx

k(y, x)φ(y)dL(y)

is small, uniformly in x, since k̃(y, x) is close to k(y, x) on Ṽx ∩ Vx and Ṽx is close to
Vx. The derivative D(Lφ) is given by (5.4). An analogous formula holds for D(L̃φ).
Since the functions and sets involved in the two formulas for D(L̃φ) and D(Lφ) are
close, D(L̃φ)(x) is uniformly close to D(Lφ)(x). Closeness of higher order derivatives,
up to order k, is treated analogously. Continuity on L2(M) is proved analogously.

Remark 5.1.3.
Consider two nearby random diffeomorphisms f and f̃ from Dk(M). Write L and
L̃ for the corresponding transfer operators on Ck(M). Let λ1, . . . , λl be a finite
set of eigenvalues for L and denote by F the sum of the corresponding generalized
eigenspaces. Then L̃ possesses a nearby set of eigenvalues λ̃1, . . . , λ̃l. The sum F̃ of
the corresponding generalized eigenspaces is a small perturbation of F (in the sense
that F and F̃ have nearby bases). See (68, Theorem IV.3.16).

5.2 Stable random diffeomorphisms

The main result of this section is Theorem 5.2.1 on stability of isolated stationary
measures and Theorem 5.2.2 establishing generic stability of random diffeomorphisms.
Recall that a measure is called isolated if there exists an open set W (an isolating
neighborhood) containing the support E of m, so that f(W ; ∆) ⊂ W and m is the
only ergodic stationary measure of f with support in W .
For the restriction of random maps to an isolating neighborhood W we consider the
transfer operator acting on functions vanishing outside W and at the boundary of W .
Write

Ck
0 (W ) = {f ∈ Ck(M) | the support of f is contained in W̄}.

Then L acting on Ck
0 (W ) is well defined. The results in the previous section hold for

L acting on Ck
0 (W ).
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Theorem 5.2.1. Let m be an isolated ergodic stationary measure of f ∈ D∞(M)
with density φ with isolating neighborhood W . Then each f̃ ∈ D∞(M) sufficiently
close to f possesses a unique ergodic stationary measure m̃ with support in W . The
density φ̃ of m̃ is C∞ close to φ.

Proof. Recall that the closure of f(W ; ∆) is contained in the isolating neighborhood
W . This property extends to random diffeomorphisms sufficiently close to f . Re-
strict the map x 7→ f(ω;x) to W and consider the transfer operator L acting on
Ck

0 (W ). Then L has a single eigenvalue 1. Since the spectrum of the transfer oper-
ator varies continuously with the random diffeomorphism at f , the transfer operator
corresponding to each nearby random diffeomorphism possesses a single eigenvalue 1.
The corresponding eigenvector is near φ.

Lemma 5.2.1. Write Lf for the transfer operator on Ck(M) for f ∈ D∞(M).
Densities of stationary measures vary continuously with f ∈ D∞(M) at a random
diffeomorphism f̄ precisely if the multiplicity of the eigenvalue 1 for Lf is locally
constant in f for f near f̄ .

Proof. Consider f̄ ∈ D∞(M) with an eigenvalue 1 of multiplicity m. Let m̄1, . . . , m̄m

be the ergodic stationary measures with densities φ̄1, . . . , φ̄m. Write Ff̄ be the direct

sum of the lines spanned by φ̄1, . . . , φ̄m. By Remark 5.1.3, the transfer operator for
any f ∈ D∞(M) sufficiently close to f̄ possesses a m-dimensional invariant linear
space Ff that is the continuation of Ff̄ .

The spectrum of Lf restricted to Ff is in general close to 1. Suppose now that
all eigenvalues equal 1. Then φ ∈ Ff implies Lfφ = φ. Write φ = φ+ − φ− with
φ+ = max{0, φ} and φ− = max{0,−φ} the positive and negative parts of φ. Because
Lf ≥ 0 and Lf preserves the L1 norm, (Lfφ)+ < Lfφ

+ precisely if φ− and φ+ are
not invariant. Thus φ+ and φ− are necessarily invariant. It follows that invariant
densities are obtained by taking positive parts of invariant eigenfunctions. This way
m invariant densities for f near those of f̃ can be obtained, proving the lemma.

Theorem 5.2.2. The set of stable random diffeomorphisms in D∞(M) contains a
countable intersection of open and dense sets.

Proof. Consider diffeomorphisms on an open neighborhood U of a random diffeomor-
phism f̄ ∈ D∞(M). Write m for the multiplicity of the eigenvalue 1 for the transfer
operator corresponding to f̄ . There is a neighborhood D of 1 in the complex plane,
so that for U small enough, each f ∈ U has m eigenvalues counting multiplicity in
D. Let F denote the m dimensional invariant linear space corresponding to these
eigenvalues. Consider the map that assigns to f ∈ U the union of the support of all
functions in F . By the continuous dependence of F on f , this is a lower semicontin-
uous set valued mapping and therefore continuous on a set B2 ⊂ U of Baire second
category (44).

Consider the map that assigns to random diffeomorphisms f ∈ D∞(M) the multi-
plicity m(f) of the eigenvalue 1 for the corresponding transfer map. By the continuous
dependence of eigenvalues of the transfer map on f , the map m is upper semicontin-
uous. Since m takes on finitely many values, it is continuous on an open and dense
subset of D∞(M). Indeed, consider An = {f ∈ D∞(M) | m(f) < n}. The set of
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points of continuity of m, in the vicinity of some map in D∞(M), equals the inter-
section of a finite collection of open and dense sets An ∪

(

D∞(M)\An

)

, namely with
n ranging over a finite set of positive integers.

With reference to Lemma 5.2.1, the two above items combined prove the theorem.

5.3 Auxiliary parameters

Consider a smooth one parameter family of random diffeomorphisms x 7→ fa(ω;x)
depending on a from an open interval I in R. The probability transition map p
and its density k depend on a, we write pa and ka. The support Ux,a of ka is
assumed to vary smoothly with x and a. The density ka(x, y) is a smooth function
of (a, x, y) ∈ ∪a,x{a} × {x} × Ux,a in the sense that it can be extended to a smooth
function on an open neighborhood. Let La denote the transfer operator for fa, given
by

Laφ(x) =

∫

Vx,a

ka(y, x)φ(y)dL(y). (5.5)

The domain of integration Vx,a = {y ∈ M | y ∈ fa(x; ∆)} depends smoothly on (x, a).

Proposition 5.3.1. For r ≥ 0, the transfer operator φ 7→ Laφ as a map from
Ck+r(M) into Ck(M) is a Cr+1 map of a and φ.

Proof. By Proposition 5.1.1, La depends continuously on a. For the derivative of Laφ
with respect to a we find an expression similar to (5.4),

∂

∂a
Laφ(x) =

∫

Vx,a

∂

∂a
ka(y, x)φ(y)dL(y) +

∫

∂Vx,a

sa(y, x)ka(y, x)φ(y)dS(y) (5.6)

for some smooth function sa. It follows that for φ ∈ Ck(M), ∂
∂aLaφ ∈ Ck(M). This

implies differentiability of (φ, a) 7→ Laφ for φ ∈ Ck(M). Higher differentiability is
treated similarly.

The operator La : Ck(M)→ Ck(M) does not depend C2 on a, since ∂2

∂a2Laφ may

not exist if φ ∈ C0(M) and ∂2

∂a2Laφ is a Ck−1 function if φ ∈ Ck(M). What does
hold is that (x, a) 7→ Laφa(x) is Ck+1 if (x, a) 7→ φa(x) is Ck.

Consider again a parameter value a0 and an ergodic stationary measure ma0 with
support Ea0 . The following result extends Theorem 5.2.1, providing an analogous
statement in the context of families. If ma0 is an isolated ergodic stationary measure
then there are ergodic invariant measures ma for a near a0 with nearby densities.

Theorem 5.3.1. Suppose ma0 is an isolated ergodic stationary measure. Then the
stationary density x 7→ φa(x) of ma depends C∞ on (x, a).

Proof. Let W be the isolating neighborhood for ma0 . For a near a0, fa(W ; ∆) is
strictly contained in W and fa has a unique stationary measure with support in W .
Restrict fa to W for such values of a0.



5.4 Conditionally (almost) stationary measures 65

Consider the transfer operator La for fa acting on Ck
0 (W ). Write F for the line

in Ck
0 (W ) spanned by φa0 . Then Ck

0 (W ) = F ⊕ Hk
0 (W ) with Hk

0 (W ) consisting of
Ck functions with vanishing integral;

Hk
0 (W ) = {φ ∈ Ck

0 (W ) |

∫

M

φ(x)dL(x) = 0}.

Write φa for the eigenvectors of La continuing φa0 provided by Theorem 5.2.1. De-
compose φa = φa0 + ψa with ψa ∈ Hk

0 (W ). Then ψa is a solution of Laψa =
ψa + φa0 − Laφa0 . Note that (x, a) 7→ φa0(x) − Laφa0(x) is C∞. The spectrum of

La0

∣

∣

∣Hk
0 (W )

is away from 1. Proposition 5.7.1 below implies the result.

Remark 5.3.1.

1. The support Ea of ma can still vary discontinuously in the Hausdorff metric
with a. The number of components of the support of the stationary measure
can also change, while the stationary density varies smoothly.

2. Consider a smooth function φ with support on an isolating neighborhood W for
ma0 and compute averages of φ along orbits fk

a (ω, x). By the Birkhoff ergodic
theorem, for typical initial points x ∈ W and noise sequences ω, the averages
lie on a smooth function of a for a near a0.

5.4 Conditionally (almost) stationary measures

To study average escape times from open sets we make use of conditionally stationary
measures, which are measures for which on average a fixed percentage of mass escapes
under an iterate. We recall the notion of conditionally invariant measure, see (91; 90;
24; 59; 30) for its use in deterministic dynamics. Let a map f : M → M be given
and restrict f to a domain W ⊂ M. Let V ⊂ W be the set of points in W that
are mapped into W , points in the complement of V in W are mapped outside W .
Consider f : V → W . A conditionally invariant measure for f on W is a measure m
on M so that m(A) = m(f−1(A))/m(f−1(W )) for Borel sets A ⊂W .

Definition 5.4.1. Let f ∈ D∞(M). Let W be an open domain in M. A measure
m̄ on W is a conditionally stationary measure if

m̄(A) =

∫

W

p(x,A)dm̄(x)

/∫

W

p(x,W )dm̄(x)

for Borel sets A ⊂W .

See (77) where this notion is called a quasistationary measure. Note that a con-
ditionally stationary measure is a stationary measure if

∫

W p(x,W )dm̄(x) = 1, that

is, if the support of the conditionally stationary measure lies inside W .

Lemma 5.4.1. A measure m̄ on W is a conditionally stationary measure for f if and
only if P× m̄ is a conditionally invariant measure for the skew product S on Ω×W .
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Proof. Write Γ(x) = {ω ∈ Ω | f(ω, x) ∈ W}. Consider S : ∪x∈W ({x} × Γ(x)) →
Omega×W , S(ω, x) = (σω; fω(x)). We must show that the following two statements
are equivalent.

(i) P× m̄(S−1(A))
/

P× m̄(S−1(Ω×W )) = P× m̄(A) for Borel sets A ⊂ Ω×W .

(ii)
∫

W

∫

∆ 1U (f(ω;x))dm̄(x)dν(ω)/
∫

W

∫

∆ 1W (f(ω;x))dm̄(x)dν(ω) =
∫

W 1U (x)dm̄(x)
for Borel sets U ⊂W .

Take a Borel set V × U with V ⊂ Ω and U ⊂W and compute

P× m̄(S−1(U × V )) = P× m̄

(

⋃

ω∈∆

f−1(ω;U)× {ω} × V

)

= m̄× ν

(

⋃

ω∈∆

f−1(ω;U)× {ω}

)

P(V )

=

∫

W

∫

∆

1U (f(ω;x))dm̄(x)dν(ω)P(V ) (5.7)

Further

m̄× P(U × V ) =

∫

W

1U (x)dm̄(x)P(V ) (5.8)

Equations (5.7) and (5.8) contain the implication (i)⇒ (ii) when applied for Ω× U
for the enumerator and for Ω×W for the denominator.

To show that (ii) implies (i), note that (5.7) and (5.8) show that (i) holds for
Borel sets A of the form V ×U if (ii) is assumed. Therefore it holds for all Borel sets
in Ω×W .

We continue with the introduction of transfer operators whose fixed points are the
densities of conditionally stationary measures. The transfer operator L̄, defined for
functions in L1(W ) with integral 1, is given by

L̄(φ) = 1WLφ

/∫

W

Lφ(x)dL(x). (5.9)

Write L̃φ = 1WLφ.

Proposition 5.4.1. L̃ maps C0(W ) into itself and is a compact operator on it.

Proof. If k(x, y) denotes the density of the stochastic transition function P (x, ·), then

L̃φ(x) =

∫

W∩Vx

k(y, x)φ(y)dL(y).

Note that W ∩ Vx depends continuously on x. Recall from the proof Theorem 5.1.1
that we must show that
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• for all x ∈W , {|L̃ψ(x)| | ψ ∈ B0(W )} is bounded,

• L̃F is equicontinuous.

Here B0(W ) is the unit sphere in C0(W ). The first item follows as before: |L̃ψ(x)| ≤
∫

W
k(y, x)dL(y) is bounded by a continuous function and thus bounded. For the

second item we must show that for each ǫ > 0 there is δ > 0 so that for all x ∈ W ,
ψ ∈ B0(W ), |L̃ψ(x+ h)− L̃ψ(x)| < ǫ if |h| < δ. Recall, see (5.3),

L̃ψ(x+ h)− L̃ψ(x) =

∫

W∩Vx+h∩Vx

(k(y, x+ h)− k(y, x))ψ(y)dL(y)

+

∫

W∩Vx+h\(W∩Vx+h∩Vx)

k(y, x+ h)ψ(y)dL(y)

−

∫

W∩Vx\(W∩Vx+h∩Vx)

k(y, x)ψ(y)dL(y).

Now

|

∫

W∩Vx+h∩Vx

(k(y, x+h)−k(y, x))ψ(y)dL(y)| ≤

∫

W∩Vx+h∩Vx

|k(y, x+h)−k(y, x)|dL(y),

which is small for |h| small by uniform continuity of k. And

|

∫

W∩Vx+h\(W∩Vx+h∩Vx)

k(y, x+ h)ψ(y)dL(y)|

≤

∫

W∩Vx+h\(W∩Vx+h∩Vx)

|k(y, x+ h)|dL(y)

is small for |h| small by boundedness of k and uniform continuity of the volume of Vx

in x. Similarly for the third term. This proves equicontinuity.

Recall from Proposition 5.1.1 that L depends continuously on the random diffeo-
morphism. The same argument shows that L̃ depends continuously on the random
diffeomorphism.

Proposition 5.4.2. The transfer operator L̃ as a linear map on C0(M) depends
continuously on f ∈ Dk(M).

We obtain conditionally stationary measures by a perturbation argument, per-
turbing from an invariant measure. We do not develop general existence results for
conditionally stationary measures, as such general results are not needed for our pur-
poses. Let {fa} be a family of random diffeomorphisms depending on a real parameter
a ∈ I. Consider, for a0 ∈ I, a stationary density φa0 with support Ea0 . Let W be a
neighborhood of Ea0 disjoint from the supports of possible other stationary densities
of fa0 .

Proposition 5.4.3. For a close to a0, fa possesses a conditionally stationary density
φ̄a on W , with φ̄a0 = φa0 and (x, a) 7→ φ̄a(x) continuous in (x, a). One has

L̃φ̄a = α(a)φ̄a,

where α(a) =
∫

W Laφ̄a(x)dL(x) depends continuously on a.
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Proof. The operator L̃a varies continuously with a and therefore possesses a single
eigenvalue close to 1 for a close to a0. The function φ̄a is the corresponding eigen-
function.

Recall the definition of the escape time χa(ω, x) for x ∈W and ω ∈ Ω:

χa(ω, x) = min{k | fk
a (ω, x) 6∈W}.

Lemma 5.4.2.

∫

Ω

∫

W

χa(ω, x)φ̄a(x)dL(x)dP(ω) =
1

1− α(a)
.

Proof. Let Sa(ω, x) = (fa(ω;x), σω). Write

Γn
a = {(x; ω) | fn

a (ω1, . . . , ωn;x) ∈ W}

for the set of points in Ω×W that remain in Ω×W for n iterates of Sa. The exit set
En

a of points that leave Ω×W in n iterates equals Γn−1
a \Γn

a . Thus χa(ω, x) = n on
En

a . Write m̄a for the conditionally stationary measure with density φ̄a. From (5.7)
with A = ∆N ×W we get

α(a) =

∫

W

p(x,W )dm̄a(x)

=

∫

∆

∫

W

1W (f(ω;x))dν(ω)dm̄a(x)

= P× m̄a(S−1
a (∆N ×W )).

It follows that P× m̄a× = αk−1 − αk = αk−1(1 − α). Calculate

∫

Ω

∫

W

χa(ω, x)dP(ω)dm̄a(x) =

∞
∑

k=1

m̄a × P(En
a )

=

∞
∑

k=1

kαk−1(1− α)

=
1

1− α
.

As a corollary we obtain that the average escape time from W goes to infinity as
a→ a0. More precise estimates are derived in the following section.

Proposition 5.4.4.
∫

Ω

∫

W
χa(ω, x)dP(ω)dL(x) converges to ∞ as a→ a0.
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Proof. Let Ea be the interior of the support of φ̄a.
∫

Ω

∫

W

χa(ω, x)dP(ω)dL(x) ≥

∫

Ω

∫

Ea

χa(ω, x)

φ̄a(x)
dP(ω)φ̄a(x)dL(x)

≥ C

∫

Ω

∫

Ea

χa(ω, x)φ̄a(x)dL(x)

=
C

1− α(a)
,

for C = 1/max{x ∈ W | φ̄a(x)}. For x from the support Ea0 , the image fa0(x; ∆) is
contained in Ea0 by invariance of Ea0 . By continuity of fa, fa(x; ∆) ⊂W for a close
enough to a0. Since φ̄a depends continuously on a, 1 − α(a) ≤

∫

W\Ea0
φ̄a(x)dL(x)

converges to 0 as a→ a0. The proposition follows.

5.5 Escape times

In this section estimates for the average escape time from small neighborhoods of the
support of a stationary measure that undergoes a bifurcation are derived, as function
of the unfolding parameter.

Let {(fa, ga)}, a ∈ I, be a smooth one parameter family of random diffeomor-
phisms on M. Suppose that a0 ∈ I is a bifurcation value for {(fa, ga)}. Let m be a
stationary measure for fa0 involved in a bifurcation. Let W be a small neighborhood
of E. By Proposition 5.4.3, for W sufficiently close to E and a near a0, {(fa, ga)}
possesses a unique conditionally stationary measure m̄a with support in W . Write φ̄a

for the density of m̄a. The transfer operator L̄a acting on C0(W ), has φ̄a as a unique
fixed point.

Let X0 be the set of points in W with ∂Vx,a ∩ ∂W 6= ∅ for x ∈ X0. For i ≥ 0,
define X i+1 = f(X i; ∂∆). We suppress the dependence of X i on a from the notation.

Lemma 5.5.1. If xi ∈ X i, then for xi+1 ∈ f(xi; ∂∆) one has xi ∈ ∂Vxi+1,a.

Proof. This is clear from the definition.

At x ∈ X0, the boundary of Vx,a ∩W varies continuously but not smoothly with
(x, a). It follows that L̄a(φ) cannot be expected to be more than continuous on X0

even for smooth φ.

Lemma 5.5.2. Suppose that (x, a) 7→ φa(x) is Ck outside X0 ∪ · · · ∪ Xk−1, such
that derivatives up to order k are bounded and their restrictions to a component of
W\(X0 ∪ · · · ∪Xk−1) extend continuously to the boundary of the component. Then
(x, a) 7→ L̄aφa(x) is Ck+1 outside X0 ∪ · · · ∪Xk. Likewise, derivatives up to order
k+ 1 are bounded and their restrictions to a component of W\(X0 ∪ · · · ∪Xk) extend
continuously to the boundary of the component.

Proof. For x 6∈ X0, the derivative of L̃aφ is of the form

D(L̃aφ)(x) =

∫

Vx,a∩W

∂

∂x
ka(y, x)φ(y)dL(y) +

∫

∂(Vx,a∩W )

na(y, x)ka(y, x)φ(y)dS(y).

(5.10)
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for a smooth function ka and a piecewise smooth function na (smooth outside the
intersection of ∂W with ∂Vx,a). This identity shows that L̃aφ is C1 with bounded
derivatives outside X0, for any φ ∈ C0(W ). The same holds for L̄a(φ). Higher order
derivatives are treated inductively. Similar to (5.10) one has

∂

∂a
L̃aφ(x) =

∫

Vx,a∩W

∂

∂a
ka(y, x)φ(y)dL(y) +

∫

∂(Vx,a∩W )

sa(y, x)ka(y, x)φ(y)dS(y)

(5.11)
for some piecewise smooth function sa. This shows that (x, a) 7→ L̃aφa(x) is C1

outside X0 for continuous functions (x, a) 7→ φa(x). The derivatives of (x, a) 7→
L̃aφa(x) on W\X0 are bounded; moreover the derivatives on a component of W\X0

extend continuously to the boundary of the component.
Higher order derivatives are treated inductively. Suppose that (x, a) 7→ φa(x)

is Ck outside X0 ∪ · · · ∪ Xk−1, such that derivatives up to order k are bounded
and their restrictions to a component of W\(X0 ∪ · · · ∪Xk−1) extend continuously
to the boundary of the component. Then (x, a) 7→ L̃aφa(x) is Ck+1 outside X0 ∪
· · · ∪Xk. Likewise, derivatives up to order k + 1 are bounded and their restrictions
to a component of W\(X0 ∪ · · · ∪ Xk) extend continuously to the boundary of the
component.

The transfer operator L̄a is the composition of the linear map L̃a and the projec-
tion

Π(φ) = φ/

∫

W

φ(x)dL(x).

The projection Π is a smooth map which is well defined near φa0 in C0(W ), a direct
computation shows

DΠ(φ)h =
1

∫

W φ(x)dL(x)
h−

φ

(
∫

W φ(x)dL(x))2

∫

W

h(x)dL(x).

Also,
∂i

∂ai

∫

W

φa(x)dL(x) =

∫

W

∂i

∂ai
φa(x)dL(x).

This implies that also (x, a) 7→ L̄a(φa)(x) is Ck+1 outside X0 ∪ · · · ∪ Xk and has
bounded derivatives.

Proposition 5.5.1. For each k ≥ 1, φ̄a is Ck outside X0 ∪ · · · ∪ Xk−1 jointly in
(x, a), the derivatives up to order k are uniformly bounded.

Proof. Proposition 5.4.3 gives that φ̄a(x) is continuous in (x, a). Recall that the
support E of m consists of finitely many, say k, connected components, permuted
cyclically by the random diffeomorphism. An iterate of fa0 thus maps each component
into itself. The restriction of the transfer operator Lk

a0
to a small neighborhood of E

has a single eigenvalue 1 and a remaining spectrum strictly inside the unit circle (49).
There is therefore no loss in generality to assume that the support of m consists of a
single connected component E, which we will assume for the remainder of the proof.

Write Hk(W ) = {ψ ∈ Ck(W ) |
∫

W ψ = 0}. Define the operator Ta : H0(W ) →

H0(W ) by
Ta(ψ) = L̄a(φa0 + ψ)− φa0 . (5.12)
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Decompose φ̄a = φ̄a0 + ψ̄a, so that Ta(ψ̄a) = ψ̄a. From the proof of Lemma 5.5.2, we
get that Ta a smooth map on H0(W );

DTa(ψ) = DΠ(L̃a(φa0 + ψ))L̃a.

However, L̃a maps continuously differentiable functions to continuous functions, so
that Ta does not define a map from Hk(W ), k ≥ 1, to itself. As a consequence we
cannot obtain smoothness properties of φ̄a by applying the implicit function theorem.
To get smooth dependence of φ̄a outside sets X i we reason as follows. We derive
equations the derivatives of φ̄a must satisfy, establish that the equations can be solved,
and show that the solutions are the derivatives of φ̄a. The reasoning follows the lines
of the proof of Proposition 5.7.1 in Section 5.7.

To prove that ψ̄a varies C1 with a in points outside X0, note that ∂
∂a ψ̄a(x) should

be a solution Ma(x) to

∂

∂a
Ta(ψ̄a)(x) +DTa(ψ̄a)Ma(x) = Ma(x) (5.13)

We claim that this equation is uniquely solvable. The spectral radius ofDTa0(0) = La0

is smaller than 1. As a consequence of the continuous dependence of L̃a on a (see
Proposition 5.4.2), also DTa(ψa) varies continuously with a. For a sufficiently close
to a0, the spectral radius of DTa(ψ̄a) is therefore also smaller than 1. Hence

(

I −DTa(ψ̄a)
)−1

= I +

∞
∑

i=1

(DTa(ψ̄a))i, (5.14)

see (68). This formula can be applied for DTa(ψ̄a) acting on L2 functions. Indeed,
DTa is compact on L2(W ) ⊂ L1(W ), see Remark 5.1.1, and has spectrum strictly
inside the unit circle in C. From

Ma(x) =
(

I −DTa(ψ̄a)
)−1 ∂

∂a
Ta(ψ̄a)(x)

=
(

I +DTa(ψ̄a) + (DTa(ψ̄a))2 + (DTa(ψ̄a))3 + · · ·
) ∂

∂a
Ta(ψ̄a)(x),(5.15)

we get that Ma is continuous outside X0 since it equals the sum of ∂
∂aTa(ψ̄a) and

a uniform limit of continuous functions (compare Lemma 5.5.2). In particular Ma

is uniformly bounded and has continuous extensions to the closure of components of
W\X0. We must show that

∣

∣ψ̄a+h(x) − ψ̄a(x)−Ma(x)h
∣

∣ = o(|h|)

for x 6∈ X0, as h→ 0. Consider γa(x) = ψ̄a+h(x)− ψ̄a(x) for x 6∈ X0. Then

γa(x) = Ta+h(ψ̄a + γa)(x) − Ta(ψ̄a)(x)

= DTa(ψ̄a)γa(x) +
∂

∂a
Ta(ψ̄a)(x)h +R(x), (5.16)

where

R(x) = Ta+h(ψ̄a + γa)(x) − Ta(ψ̄a)(x) −DTa(ψ̄a)γa(x)−
∂

∂a
Ta(ψ̄a)(x)h.
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We claim that for any ǫ > 0 there is δ > 0 so that |R| < ǫ(|γa| + |h|), if |h| and
|γa| are smaller than δ. Since γa(x) is continuous in h we may further restrict δ
in this estimate so that |R| < ǫ(|γa| + |h|) holds for |h| smaller than δ. Further,
(

I −DTa(ψ̄a)
)

γa(x) = ∂
∂aTa(ψ̄a)(x)h + R(x). Using (5.14) and the bound on |R|

gives |γa| ≤ k|h| for some k if |h| < δ. Therefore |R| < ǫ(1 + k)|h| for some k > 0, if
|h| < δ. Now (5.13) and (5.16) give

γa(x)−Ma(x)h =
(

I −DTa(ψ̄a)
)−1

R(x).

Using (5.14) it follows that |γa −Mah| = o(|h|), h → 0. This proves that Ma equals
the partial derivative ∂

∂a ψ̄a.
Higher orders of differentiability are proved by induction. Assume that (x, a) 7→

ψ̄a(x) has been shown to be Ck outside X0 ∪ · · · ∪Xk−1. Recall from Lemma 5.5.2
that for Ck maps (x, a) 7→ ψ̄a(x), ∂

∂a L̄a(ψ̄a) is Ck outside X0 ∪ · · · ∪Xk. The right
hand side of (5.15) is therefore Ck outside X0 ∪ · · · ∪Xk. The above reasoning shows
that Ma = ∂

∂a ψ̄a outside X0 ∪ · · · ∪Xk. Therefore ∂
∂a ψ̄a is Ck outside X0 ∪ · · · ∪Xk.

Also Dψ̄a = D(Ta(ψ̄a)) is Ck outside X0 ∪ · · · ∪Xk, so that (x, a) 7→ ψ̄a(x) is Ck+1

outside X0 ∪ · · · ∪Xk. The same clearly holds for (x, a) 7→ φ̄a(x).

The following result shows how the average escape time from a neighborhood of
the support of a bifurcating stationary measure is more than polynomially large in an
unfolding parameter. This makes it difficult to accurately establish the bifurcation
parameter value using finite data, even in numerical simulations. It explains the
occurrence of very long transients near a transient bifurcation and the very irregular
occurrence of bursts in intermittent time series. The proof, in Section 5.5, relies on
the construction of conditionally stationary measures in Section 5.4.

Theorem 5.5.1. Let fa be a family of random diffeomorphisms in D∞(M), with
the parameter a from an open interval I. Let ma0 be a stationary measure of fa0 for
some a0 ∈ I and let W be an open neighborhood of the support Ea0 of ma0 such that
no other stationary measure has support intersecting W . For each k > 0 there is a
constant Ck > 0 so that

∫

Ω

∫

W

χa(ω, x)dP(ω)dm(x) ≥ Ck |a− a0|
−k
.

Proof. We repeat the computation in the proof of Proposition 5.4.4. Let Ea be the
interior of the support of φ̄a. Applying Lemma 5.4.2,

∫

Ω

∫

W

χa(ω, x)dP(ω)dL(x) ≥

∫

Ea

∫

Ω

χa(ω, x)

φ̄a(x)
dP(ω)φ̄a(x)dL(x)

≥ C

∫

Ea

∫

Ω

χa(ω, x)φ̄a(x)dL(x)

=
C

1− α(a)
,

for C = 1/max{x ∈ W | φ̄a(x)}. By Proposition 5.5.1, (x, a) 7→ φ̄a(x) is Ck almost
everywhere and has uniformly bounded derivatives. For each integer k there is a
constant C with |φ̄a| ≤ C|a − a0|k on W\Ea0 . As in the proof of Proposition 5.4.4
we get that for each k there is a constant Ck > 0, so that 1−α(a) ≤ Ck|a− a0|k.
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5.6 Decay of correlations

Rates of decay of correlations are intimately related to the speed of convergence to
equilibrium which intuitively corresponds to the speed with which the spacial distri-
bution of a typical finite pieces of trajectory approach the stationary distribution.
This is relevant for example in numerical computations where one wants to estimate
long term behavior by studying relatively short term pieces of trajectory. Rates of
decay of correlations also affects so-called extreme statistics which are relevant to all
kinds of applications involving the probability and frequency of rare events.
A single random map with an isolated measure supported on a single component has
exponential decay of correlations as precised in the following proposition. The interest
from our perspective in computing the speed of decay of correlations lies in the study
of bifurcations where the support of a stationary measure has several components
merging. This will be discussed below. The the sequel we prove Proposition 5.6.2
and Theorem 5.6.1, main result of this section. The reader can consult (111; 12) for
background on decay of correlations.

Let m a stationary measure and µ, µ+ the corresponding S (S+ respectively)
invariant measures, see proposition 2.3.1. Recall that µ is mixing if

lim
n→∞

µ(S−n(V ) ∩W ) = µ(V )µ(W )

(similarly for µ+ = m× ν∞+ and S+), see e.g. (113). A stationary measure m for the
discrete Markov process is called mixing if the averaged correlations decay to zero:

lim
n→∞

∫

Ωn

m(
(

fn
ω1,...,ωn

)−1
(A) ∩B)dν(ω1) · · · dν(ωn) = m(A)m(B). (5.17)

Proposition 5.6.1. Suppose m is a unique stationary measure. The measures µ+,
µ are ergodic. If the support of the stationary measure m is connected, then the
stationary measure m is mixing and the invariant measures µ+, µ are mixing.

Proof. We will establish equivalence between the different mixing properties of the
stationary measure m for the Markov process and the measures µ+, µ for the skew
product systems with one or two sided time. That is, the following statements are
equivalent.

(a) limn→∞

∫

∆n m(
(

fn
ω1,...,ωn

)−1
(A) ∩ B)dν(ω1) · · · dν(ωn) = m(A)m(B) for Borel

sets A,B ⊂M.

(b) limn→∞ µ(S−n
+ (V ) ∩W ) = µ+(V )µ+(W ) for Borel sets V,W ⊂ ∆N ×M.

(c) limn→∞ µ(S−n(V ) ∩W ) = µ(V )µ(W ) for Borel sets V,W ⊂ ∆Z ×M.

The proposition follows since a stationary measure of a Markov process is ergodic and
mixing in case its support is connected (37; 118).

To prove that (a) implies (b), it suffices to consider product sets V = A1 × B1,
W = A2 ×B2 (compare (113, Theorem 1.17)). Compute

µ+(S−n(V )) = µ+



{(ω1, . . . , ωn)} ×A1 ×
⋃

ω1,...,ωn∈∆

(

fn
ω1,...,ωn

)−1
(B1)



 .
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Hence

ν∞+ ×m(S−n(V ) ∩W )

= ν∞+ (ϑ−n(A1) ∩A2)

∫

∆n

m
(

(

fn
ω1,...,ωn

)−1
(B1) ∩B2

)

dν(ω1) · · · dν(ωn)

→ ν∞+ (A1)ν
∞
+ (A2)m(B1)m(B2)

= ν∞+ ×m(V )ν∞+ ×m(W ),

as n → ∞. That (b) implies (a) follows from the above computation with the fact
that ν∞+ is mixing and µ+ is mixing.

For the equivalence of (b) and (c) we note that the skew product S with the invari-
ant measure µ is the natural extension of S+ with the invariant measure µ+ = ν∞+ ×m
(5, Appendix A). A natural extension inherits ergodicity and mixing properties.
Clearly (c) implies (b) as the system with time N is a factor of the system with
time Z. To see that (b) implies (c), we need to show

lim
n→∞

µ(S−n(A1) ∩A2) = µ(A1)µ(A2), (5.18)

for Borel sets A1, A2 in ∆Z×M. Write O1, O2 for the coordinate projections of A1, A2

onto ∆Z. For ε > 0, take two sets A′
1, A

′
2 with µ(Ai△A′

i) < ε, i = 1, 2, such that the
coordinate projections O′

1, O
′
2 ⊂ ∆Z are cylinder sets. Then for some n > 0, ϑ−n(O′

1)
defines a cylinder set in ∆N. By the mixing property of µ+, (5.18) holds for A′

1, A
′
2.

By approximation it is true for all Borel sets.

The disintegrations µω are called fiber mixing if

lim
n→∞

µω(
(

fn
ω1,...,ωn

)−1
(A) ∩B) = µσnω(A)µω(B), (5.19)

see (18). Even when µ is mixing, the µω’s need not be fiber mixing. This follows from
Theorem 4.1.1; random circle diffemorphisms that are equivariant under the action
of a cyclic group can be expected to have multiple random attracting fixed points in
each fiber.

Remark 5.6.1.
Mixing random dynamical systems enjoy the property that the support of the random
limit measure

µω = lim
k→∞

(fk
σ−kω)∗m, (5.20)

is a random attractor while in general we have only the inclusion supp(µω) ⊂ A(ω)
where A(ω) is an arbitrary random attractor, see (75)

Write

Unψ(x) =

∫

∆n

ψ ◦ fn(ω1, . . . , ωn; )dν(ω1) · · · dν(ωn).

Proposition 5.6.2. Let f be a random map with an isolated stationary measure m
with connected support. Let W be an isolating neighborhood for m. Take ϕ, ψ ∈
L2(W ). Then

∣

∣

∣

∣

∫

M

ϕ(x)Unψ(x)dm(x) −

∫

M

ϕ(x)dm(x)

∫

M

ψ(x)dm(x)

∣

∣

∣

∣

≤ Cηn
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for some C > 0, 0 < η < 1.

Note that the exponential decay of correlations holds for observables ϕ, ψ ∈
L2(W ), thus including characteristic functions of open sets.

We return to a family {fa}, a ∈ I, of random maps. Assume that fa has an
isolated measure ma for all a ∈ I with an isolating neighborhood W . Suppose a0 ∈ I
is a bifurcation value for an intermittency bifurcation so that

• the support of ma consists of k components for a ≤ a0,

• the support of ma consists of a single component for a > a0.

We incorporate the dependence of Un on a into the notation by writing Un
a .

Theorem 5.6.1. Let fa be as above. Take ϕ, ψ ∈ L2(W ). There are a constant
C > 0 and a smooth function a 7→ ηa with ηa = 1 for a < a0 and ηa < 1 for a > a0,
so that

∣

∣

∣

∣

∫

M

ϕ(x)Un
a ψ(x)dm(x) −

∫

M

ϕ(x)dm(x)

∫

M

ψ(x)dma(x)

∣

∣

∣

∣

≤ Cηn
a

for a > a0.

The smoothness properties of ηa imply that ηa−1 is a flat function of a at a = a0.
As in the discussion of escape times, that shows how slowly the bifurcation manifests
itself in time series when moving the parameter a.
We consider a random family {fa} restricted to an isolating neighborhood W of a
stationary measure ma, for all values of a form an interval I. The transfer operator
La on Ck

0 (W ) possesses a single eigenvalue at 1. If the support of ma consists of r
components, La has eigenvalues e2πi/j , 0 ≤ j < r, on the unit circle in the complex
plane. These eigenvalues make up the peripheral spectrum of La, see Remark 5.1.2.
In this section we consider bifurcations in which the number of components of the
support of ma changes. We will see how the rate of decay of correlations varies with
the parameter a, providing a proof of Theorem 5.6.1.

Proposition 5.6.3. Let fa, a ∈ I, be a family of random diffeomorphisms with
an isolating neighborhood W . The eigenvalues and eigenvectors of the peripheral
spectrum of La on Ck

0 (W ) vary smoothly with a.

Proof. Let λa be an eigenvalue that depends continuously on a and lies on the unit cir-
cle for a = a0. Since ma0 is an isolated stationary measure, λa0 is a simple eigenvalue
(see Remark 5.1.2). Proposition 5.7.1 in Section 5.7 implies the result.

Recall (2.8) and Lemma 2.2.1. Write

Ln
aϕ(x) =

∫

∆n

Pfa(ω1,...,ωn;x)ϕ(x)dν(ω1) · · · dν(ωn),

Un
a ψ(x) =

∫

∆n

ψ ◦ fa(ω1, . . . , ωn;x)dν(ω1) · · ·dν(ωn).



76 5 Regularity of the stationary densities and applications

As in the computation for Lemma 2.2.1,
∫

M

Ln
aϕ(x)ψ(x)dL(x) =

∫

M

ϕ(x)Un
a ψ(x)dL(x). (5.21)

After these preparations we now prove the statements on the speed of decay of cor-
relations. First consider a single random map f .

Proof of Proposition 5.6.2. Let φ be the stationary density. Write
Lnϕ =

(∫

M ϕ(y)dL(y)
)

φ+Dnϕ. Compute
∫

M

ϕ(x)Unψ(x)dL(x) =

∫

M

Lnϕ(x)ψ(x)dL(x)

=

∫

M

[(∫

M

ϕ(y)dL(y)

)

φ(x) +Dnϕ(x)

]

ψ(x)dL(x),

so that
∣

∣

∣

∣

∫

M

ϕ(x)Unψ(x)dL(x) −

∫

M

ϕ(x)dL(x)

∫

M

ψ(x)φ(x)dL(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

M

Dnϕ(x)ψ(x)dL(x)

∣

∣

∣

∣

.

Note that the spectral radius of R is smaller than 1. By continuity of R, there is
N > 0 so that ‖DN‖ < 1 for all a near a0. Hence for n ∈ N, ‖Dn‖ < Cηn for some
C > 0, η < 1. The proposition follows from

∣

∣

∣

∣

∫

M

Dnϕ(x)ψ(x)dL(x)

∣

∣

∣

∣

≤ ‖Dnϕ‖L2(M)‖ψ‖L2(M) ≤ Cη
n‖ϕ‖L2(M)‖ψ‖L2(M).

Proof of Theorem 5.6.1. This is proved by following the computation in the proof of
Proposition 5.6.2 above and noting that La has for a > a0 a single eigenvalue 1 and
k − 1 eigenvalues that have moved smoothly into the unit circle. Write ηa for the
largest radius of the eigenvalues of La that lie inside the unit circle. As a consequence
of the smooth dependence of the eigenvalues near the unit circle, see Proposition 5.6.3,
ηa is a smooth function of a.

We claim that there exists C > 0 so that for all a near a0, ‖Dn‖ ≤ Cηn
a . For

a = a0, let E be the union of the eigenspaces for the eigenvalues in the peripheral
spectrum. For a near a0, let Ea be the continuation of Ea0 = E. As Ea is finite
dimensional and has a basis depending smoothly on a, it is clear that there exists
C > 0 so that for a > a0, n ∈ N,

‖Dn
|Ea
‖ ≤ Cηn

a . (5.22)

Let F be a subspace of L2(W ) complementary to E. Write Pa for the projection to
Ea along F . Then R = PaR+ (I − Pa)R. By continuity of R and Pa, there is N > 0

so that ‖ ((I − Pa)R)N ‖ < 1 for all a near a0. Hence for n ∈ N,

‖ ((I − Pa)R)
n ‖ < Cνn (5.23)
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for some C > 0, ν < 1. Now (5.22) and (5.23) prove the claim. As before, the
proposition follows from

∣

∣

∣

∣

∫

M

Dnϕ(x)ψ(x)dL(x)

∣

∣

∣

∣

≤ ‖Dnϕ‖L2(M)‖ψ‖L2(M) ≤ Cη
n
a‖ϕ‖L2(M)‖ψ‖L2(M).

5.7 Regularity of solutions of integral equations

In a number of places in this thesis eigenvalue equations Laφ = λφ for the transfer
operator La arise. As La depends only C1 on a, a direct application of the implicit
function theorem as found e.g. in (17; 25) yields only weak regularity properties of
the solutions.

The following remark is a variant of Proposition 5.3.1. It allows an application of
(20, Proposition 3.6.1) to show that eigenvectors and eigenvalues of La, in the case of
simple eigenvalues, vary smoothly with a.

Remark 5.7.1.
For a ∈ I, a 7→ La is a Cr+1 map from I into L(Ck+r(M), Ck(M)), the space of
bounded linear maps from Ck+r(M) into Ck(M).

We include an alternative route to obtain such smoothness, as introduction to the
more involved reasoning in Section 5.5.

Given is La0φa0 = λa0φa0 with La acting for a near a0 on Ck(M) (here we
are considering complex valued functions). Similarly we can consider La acting on
Ck

0 (W ) for an isolating neighborhood W . Assume that λa0 is an isolated eigenvalue
of La0 . Denote by E the span of φa0 and let F k(W ) be a complement of E in Ck(M).
Consider functions φa = φa0 +ψa with ψa ∈ F k(M). We wish to solve Laφa = λaφa.
Let P be the projection to E along F k(M). Considering a second parameter λ,
Laφa = λφa decomposes as

{

(I − P )La(φa0 + ψa) = λψa,
PLa(φa0 + ψa) = λφa0 .

The top equation can be solved for ψa as a function of λ and a for a near a0 and λ near
λa0 . In fact, by the Fredholm alternative, ψa = ((I − P )La − λI)

−1
((I − P )Laφa0).

Putting this into the bottom equation yields a single equation for λ. Note that for
stationary measures, λ = 1 automatically solves this equation, compare the proof of
Theorem 5.3.1 in Section 5.3.

Write the top equation as a fixed point equation Tαψα = ψα with parameters α.
The map Tα is a compact linear map mapping F k(M) into F k+1(M), compare the
proof of Theorem 5.1.1.

Lemma 5.7.1. If (x, a) 7→ ψa(x) is Ck, then (x, a) 7→ Taψa(x) is Ck+1.

Proof. See Section 5.3.

Proposition 5.7.1. Consider the integral equation Tαψα = ψα with Tα as above.
The fixed point x 7→ ψα(x) is smooth jointly in x, α.
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Proof. Given is a unique fixed point ψα depending continuously on α. Formally
differentiating Tαψα = ψα with respect to α gives

∂

∂α
(Tαψα(x)) =

∂

∂α
Tαψα(x) + Tα

∂

∂α
ψα(x) =

∂

∂α
ψα(x).

So ∂
∂αψα should be the solution Mα of ∂

∂αTαψα(x) + TαMα(x) = Mα(x). That is,

Mα = (I − Tα)−1 ∂

∂α
Tαψα. (5.24)

By the Fredholm alternative (73), I−Tα is invertible on F k(M). The right hand side
of (5.24) is therefore a continuous function. To establish that Mα is the derivative
∂

∂αψα, we must show |ψα+h(x)−ψα(x)−Mα(x)h| = o(|h|) as h→ 0 (compare the proof
of the implicit function theorem in e.g. (17) or (25)). Write γα(x) = ψα+h(x)−ψα(x).
Now

γα(x) = Tα+h(ψα + γα)(x) − Tα(ψα)(x)

= Tαγα(x) +
∂

∂α
Tαψα(x)h+R(x), (5.25)

where R(x) = Tα+h(ψα+γα)(x)−Tα(ψα)(x)−Tαγα(x)− ∂
∂αTαψα(x)h. Since (ψ, α) 7→

Tα(ψ) is differentiable, for any ǫ > 0 there is δ > 0 with |R| < ǫ(|γα| + |h|) if
|γα|, |h| < δ. Since γα is continuous in h, we may further restrict δ so that this
estimate on |R| holds for |h| < δ. From (5.25) we get γα = (I −Tα)−1( ∂

∂αTαψαh+R)
so that |γα| < C|h| for some C, if |h| < δ. This implies |R| < ǫ(1 + C)|h| for |h| < δ.
As

(I − Tα)(γα −Mαh) = R

(from (5.24) we get (I −Tα)Mα = ∂
∂αTαψα), we derive |γα(x)−Mα(x)h| < Kǫ|h| for

some K > 0, if |h| < δ. This proves that Mα equals the partial derivative ∂
∂αψα.

Higher order derivatives are treated by induction. Assume that (x, α) 7→ ψα(x)
has been shown to be Cj . By Lemma 5.7.1, (x, α) 7→ Tαψα(x) is Cj+1. So Dψα =
D(Tαψα) is Cj .www.science.uva.nl/docentensite As (I−Tα)−1 maps F j(M) to F j(M),
the right hand side of (5.24) is a Cj function. The above reasoning shows that
Mα = ∂

∂αψα. Therefore ∂
∂αψα is Cj , so that (x, α) 7→ ψα(x) is Cj+1.



6 Case studies

In this chapter we illustrate the theory in the previous chapters on two examples.
Section 6.1 is devoted to a randomized version of standard circle diffeomorphisms.
We explain how random saddle node bifurcations occur in this family. We consider
rotation numbers and study their dependence on parameters. We give also corollaries
for the skew-product of the standard circle map.
In section 6.2 we explain how random saddle node and random homoclinic bifurca-
tions occur in random logistic maps. The reader is referred to (29) for the theory of
deterministic circle and interval maps.

6.1 Random circle diffeomorphisms

6.1.1 The standard circle map

The standard circle map acting on x ∈ R/Z and depending on parameters a, κ is
given by

fa(x) = x+ a+
κ

2π
sin(2πx) mod 1.

Consider fa for a fixed value of κ ∈ (0, 1) for which fa is a diffeomorphism. Introduce
the lift Fa : R 7→ R,

Fa(x) = x+ a+
κ

2π
sin(2πx).

It is well known that the rotation number ρa of fa,

ρa = lim
k→∞

F k
a (x) − x

k
, (6.1)

is well defined and independent of x. The rotation number depends continuously on
a. The rotation number is rational precisely if fa possesses periodic orbits. For a
fixed rational number r, the rotation number of fa equals r for an interval of a values.
In the interior of such an interval, fa has exactly one hyperbolic periodic attractor
and one hyperbolic periodic repeller, see (85).

In the following we consider standard circle diffeomorphisms with a random pa-
rameter:

fa(ω;x) = x+
κ

2π
sin(2πx) + a+ εω (6.2)

for x ∈ R/Z and a random parameter ω chosen from a uniform distribution on
∆ = [−1, 1]. The value of ε determines the amplitude of the noise, we assume it has a
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fixed value. We consider fixed κ ∈ (0, 1) for which x 7→ fa(x;ω) is a diffeomorphism.
Write

Fa(x;ω) = x+ a+ εω +
κ

2π
sin(2πx) (6.3)

for the lift of fa(x;ω). Note that Fa(x;ω)− x is periodic in x with period one.

Proposition 6.1.1. For each parameter value a, the random standard circle family
fa has a unique stationary measure µa. The density φa of µa is smooth and depends
smoothly on a. The support of µa is either the entire circle or finitely many intervals
strictly contained in the circle. The latter possibility is only possible if ρb is rational for
each b ∈ [a− σ, a+ σ]. Bifurcations where the support of µa changes discontinuously,
are generic saddle node bifurcations. There are finitely many such bifurcations.

Remark 6.1.1.
Observe that fa has a hyperbolic fixed point for a ∈ (− κ

2π ,
κ
2π ). Hence, fa has a

stationary measure supported on a single interval precisely if |a| < κ
2π − ε. This

occurs for a nonempty interval of a values if ε < κ
2π .

Remark 6.1.2.
According to Theorem 4.3.1 and the proposition above, the random standard circle
map undergoes finitely many bifurcation from a one attracting and one repelling
random fixed point to respectively one random attracting cycle and one repelling
cycle, see Figure 6.1.
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Figure 6.1: Numerically computed random attractor. For varying parameter values, always
100 equidistributed points are iterated 100.000 times under the random diffeomorphism. The
end points are plotted and connected through a line. The 100 points always end up close to
each other (there is no line because there no points to connect) except for a from an interval
near a = 0.5, where the stationary density has two components,

Proof of proposition 6.1.1. It is well known that a circle diffeomorphism with irra-
tional rotation number has its orbits lying dense in R/Z. It follows that if the family
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of circle maps fa(ω;x) for varying ω ∈ ∆ contains a member with irrational rotation
number, there is a strictly ergodic stationary measure.

Suppose now that fa(ω;x) for each ω ∈ ∆ has rational rotation number ρa+σω =
p/q. Write xω for a periodic point from a periodic attractor of x 7→ fa(ω;x) depending
continuously on ω. Recall that x 7→ fa(ω;x) has a unique periodic attractor. Let
Va = ∪ω∈∆xω = [x−1, x1]. The random standard family is increasing in x and in ω,
so that for all x ∈ Va, and all ω ∈ ∆N we have

x−1 = F q
a (x−1;−1) ≤ F q

a (x−1; ω) ≤ F q
a (ω;x) ≤ F q

a (x1; ω) ≤ F q
a (x1; 1) = x1.

It follow that the orbit of Va is invariant. For a fixed ω ∈ ∆, all points outside the
unique periodic repeller of fa(·;ω) are attracted to its periodic attractor. This implies
that there is a unique stationary measure supported on the orbit of Va.

Compute

∂

∂a
fk

a (ω;x) =

k
∑

i=0

∂

∂a
f(f i(ω; ω;x))

d

dx
f i

a(fk−i
a (ω; ω;x)).

As all terms in the sum are positive, a random saddle node bifurcation occurs isolated.
The random family {fa} therefore has only a finite number of random saddle node
bifurcations.
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Figure 6.2: Numerically computed stationary densities of the random standard circle map.
On the left for |a|+ σ < ε/2π, on the right for |a|+ σ > ε/2π. The explosion of the support
of the stationary density follows a random saddle node bifurcation.

We define the rotation number for the random standard circle map, when its exist,
by

ρa(ω;x) = lim
k→∞

F k
a (ω;x)− x

k
. (6.4)

The rotation number measures the average rotation per iterate of fa. Note that ρa is
a random variable, depending also on the starting point x.
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A simple but useful lemma shows that ρa is independent of the initial condition
x.

Lemma 6.1.1. If ρa(x; ω) exists for some x ∈ R/Z,ω ∈ Ω, then x 7→ ρa(ω;x) exists
for all x ∈ R/Z and is constant in x.

Proof. Observe that F k
a (·;ω) is a lift of fk

a (·; ω), so that F k
a (x;ω)− x is periodic in x

with period 1. Thus

max
x∈R

{F k
a (x;ω)− x} −min

x∈R

{F k
a (ω;x)− x} < 1.

Compute

|F k
a (ω;x)− F k

a (ω; y)| ≤ |(F k
a (ω;x)− x)− (F k

a (ω; y)− y)|+ |x− y|

≤ 1 + |x− y|,

so that

lim
k→∞

(F k
a (ω;x)− x

k
−
F k

a (y; ω)− y

k

)

= 0.

It follows that the limit limk→∞
F k

a (ω;x)−x
k , if it exists, is independent of x.

Write
Fa(ω;x) = x+ δa(ω;x),

where the function δa(ω;x) is periodic with period one in the variable x. We can
consider δ as a function defined on R/Z. A simple induction argument gives for each
k ∈ N,

fk
a (ω;x) = x+

k−1
∑

i=0

δ ◦ Si(ω;x) (6.5)

where S is the skew product system (see equation (1.1)) on R/Z × Ω . Recall that
µa × ν

∞ is an S-invariant measure.
Rotation numbers for random circle maps are treated by Ruffino (98); this work

includes a proof of the existence of rotation numbers, also part of the following propo-
sition.

Proposition 6.1.2.

ρa =

∫

R/Z

E(δ(x;ω))dµa(s) P− a.s. (6.6)

where E is the expectation operator. The right hand side of (6.6) is independent of x
and is a smooth and nondecreasing function of a.

Proof. Consider the Birkhoff sum in equation (6.5)

fk
a (x;ω) − x

k
=

1

k

k−1
∑

i=0

δa ◦ S
i(s;ω).
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Figure 6.3: The function a 7→ ρa. On the left the devil’s staircase; the rotation number of
the deterministic standard family. On the right the rotation number of the random standard
family.

By Birkhoff’s ergodic theorem,

lim
k→∞

fk
a (x;ω)− x

k
=

∫

R/Z

∫

Ω

βa(s;ω)µa(ds)P(dω) µa × P− a.s.

=

∫

R/Z

E(βa(s;ω))µa(ds) µa × P− a.s. (6.7)

The fact that the rotation number when it exist is independent of the initial point,
see (6.1.1), implies that this equality holds for all x and P− a.s..

Write a 7→ h(a) for the right hand side of (6.6). Smoothness of h follows from
smoothness of the stationary density φa and (6.7). Write the standard family as
Ra ◦ f(.;ω) where f(.;ω) is the random map f(x;ω) = x + ε

2π sin(2πx) + σξ(ω) and
Ra is the translation with coefficient a. Then for a1 < a2 and k ≥ 1, (Ra1 ◦f(.;ω))k <
(Ra2 ◦ f(.;ω))k and thus,

ρa1 = lim
k→∞

(Ra1 ◦ f(.;ω))k − Id

k
≤ lim

k→∞

(Ra2 ◦ f(.;ω))k − Id

k
= ρa2 .

6.1.2 The skew product system

The random circle diffomorphisms in the previous sections induces a skew product
system given by equation(1.1).

S(ω;x) =
(

σω;x+
κ

2π
sin(2πx) + a+ εω0

)

(6.8)

Similar to the unforced standard circle map there exist so-called Arnold tongues-
regions in the parameter space on which the rotation number stays constant, see
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Figure(6.3). The reason of this is usually the existence of an attracting invariant
graph inside the tongue. On the boundaries of the tongue this attracting graph
collides with an repelling (unstable) invariant graph in a saddle node bifurcation as
defined before. For our purpose it is convenient to study only those bifurcations
which take place on the boundary of the tongue with rotation number zero, that is
when |a| < κ

2π − ε. In order to do so we fix κ ∈ [0, 1] and ε > 0, thus obtaining a
one parameter family depending on a. As long as ε is not too large, there exist an
attracting and a repelling invariant t curve at a = 0. Increasing or decreasing a leads
to the disappearance of the two curves after collision in a saddle-node bifurcation.

Proposition 6.1.3. Suppose that T = Z, i.e. the shift operator in equation(6.8) is
bijective. For |a| < κ

2π − ε, the graph G of the random point attractor x∗ : Ω→ Va is
S-invariant, attracting and continuous for all (ω, x) ∈ Ω× Va.

Proof. Let Va = supp(m) the support for the unique stationary measure (Va is con-
nected because |a| < κ

2π − ε). Recall from proposition 6.1.1 that Va = ∪ω∈∆xω =
[x−1, x1]. On this interval, the random circle map stratifies the following contraction
inequality

∣

∣

∣

∣

∂fn(ω;x)

∂x

∣

∣

∣

∣

< cδn (6.9)

for all ω ∈ Ω and x ∈ Va, and for some 0 < δ < 1, c > 0. This because the
Va = ∪ω∈∆xω and xω is an hyperbolic attracting fixed point for fω for each ω. Then
we reproduce a classical result of Hirsh and Pugh (1970); Hirsh, Pugh and Shub
(1977) using the graph transform approach.
Let C0 the space of continuous functions x : Ω→ Va. We define the metric of uniform
convergence du, on C0 by

d(x, x′) = sup
ω∈Ω

du(x(ω), x′(ω))

making C0 a complete metric space. The graph transform is a function Φ : C0 → C0

and is defined by
Φ(x)(ω) = S(σ−1(ω);x(σ−1(ω)))

By induction
Φn(x)(ω) = Sn(σ−n(ω);x(σ−n(ω)))

Now by equation (6.9),

d(Φn(x)(ω),Φn(x′)(ω)) = d(Sn(σ−n(ω);x(σ−n(ω))), Sn(σ−n(ω), x′(σ−n(ω))))

≤ cδnd(x(σ−n(ω)), x′(σ−n(ω)))

≤ cδnd(x, x′)

for any x, x′ ∈ C0. This means that Φ is contracting, and therefore has a unique
attracting fixed point x∗ by the contraction mapping principle. Since the graph
transform takes functions in C0 as its arguments, this fixed point is a continuous
function. Now by definition

x∗(σ(ω)) Φ(x∗)(σ(ω))

= S((σ−1σ(ω));x∗(σ−1σ(ω))

= S(ω;x∗(ω))
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and so the graph of x∗ is invariant under S. Finally, by induction, x∗(σn(ω)) =
Sn(ω;x∗) and hence

d(x∗(σn(ω)), Sn(ω;x)) ≤ cδnd(x∗, x)

and so the graph of x∗ is attracting under S.

Remark 6.1.3.

1. We have already shown, in more than one occasion, the invariance and the
attracting property of the random fixe point. Only the continuity is a new
result in the above proposition.

2. If the stationary measure has a full support (supp(m) = S1), the graph cannot
be continuous. The graph is not defined for all ω ∈ Ω, see also Lemma 4.4.1.

According to the bifurcation scenario described in the beginning of this section,
we expect the existence of a continuous invariant attracting graph inside the Arnold
tongues. This graph has support Ω × supp(m). At bifurcation the support of the
graph explode to fill densely the space Ω×S1. This happen exactly when the support
of the stationary measure explodes to become all of the circle.
To illustrate this situation numerically, we replace the infinite dimensional space Ω
with the torus and the shift with the Arnold cat map. This choice is purely for
numerical purposes and shouldn’t be seen as a legitime substitution, although there
exist some similarities between the two skew products systems. All two dynamical
systems are systems which are forced by a chaotic map in the base. Skew-products
with chaotic forcing in the base have drawn more attention last years, see (97; 112; 21).
The skew-product in equation(6.8) become

S : T
2 × R/Z→ T

2 × R/Z

S(t;x) =
(

At;x+
κ

2π
sin(2πx) + a+ ε sin(2π(t1 + t2))

)

Where A is the automorphism of the 2-torus T2 = R2/Z2, given by

(

2 1
1 1

)

.

The following figures show the attracting invariant graphs for different values of the
bifurcations parameter a. The figures show a remarkable difference in the geometry
of these graphs according to proposition 6.9 and Lemma 4.4.1. Note also that the
dynamics of S is chaotic on the attracting curve in all cases. We have plotted the
attracting curve for t2 = C for some constant C.

6.2 Random unimodal maps

This section is devoted to the investigation of the randomized version of the logistic
family

fa(x;ω) = (a+ σω)x(1 − x). (6.10)
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Figure 6.4: Pictures obtained from equation (6.8) with κ = 0.99 and ε = 0.05. (a) Upper left figure

shows attracting invariant curve for a = 0, i.e. |a| <
κ
2π

−ε and we are inside the Arnold tongue with
rotation number equals to zero. The invariant graph is clearly continuous. (b) Upper right figure
shows attracting invariant curve for a = 0.15, i.e. |a| >

κ
2π

− ε and the attracting graph is dense. (c)
Lower left figure shows attracting invariant curve for a = 0.5, i.e parameter values corresponding to
the Arnold tongue with rotation number 1

2
. (d). Lower right figure shows attracting invariant curve

for a = 0.54, i.e we are outside the Arnold tongue and the invariant curve is dense in the state space.

on [0, 1]. The random parameter ω be chosen from a uniform distribution on ∆ =
[−1, 1]. Note that fa is not a random diffeomorhism and also that x = 0, 1 are fixed
points for all values of ω. Throughout this section we will assume that

a+ σω ∈ (1, 4), (6.11)

for all ω ∈ ∆. As a consequence, the interval [0, 1] is mapped into itself by each map
x 7→ fa(x;ω) and the fixed point at the origin is repelling. Any stationary measure
will therefore have support contained in (0, 1). We will demonstrate that there is only
one stationary measure.

Proposition 6.2.1. The random logistic map fa has a unique stationary measure.

Proof. We collect some facts from unimodal dynamics needed in the sequel of the
proof. The following facts hold for unimodal maps with negative Schwarzian deriva-
tive such as the logistic map x 7→ ax(1 − x). By Guckenheimer’s theorem, see (29,
Theorem III.4.1), x 7→ ax(1 − x) possesses a unique attractor Λa. The attractor Λa

is either a periodic attractor, a solenoidal attractor, or a finite union of intervals on
which the map acts transitively. In all cases, the omega-limit set of the critical point
c (with c = 1

2 for the logistic map) is contained in Λa. In fact, if Λa is not a periodic
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attractor, then c is contained in Λa. It follows from a result of Misiurewicz, see (29,
Theorem III.3.2), that the basin of attraction of Λa is an open and dense subset of
(0, 1).

We will distinguish the following two cases.

Case (i): There exists ω ∈ ∆, so that c ∈ Λa+σω ,

Case (ii): otherwise.

The two cases are treated separately.
Case (i): Write

W =
⋂

n≥0

⋃

i≥n

f i
a(c; ∆N)

for the omega-limit set of c under all possible random iterations. Observe that W
is an invariant set. From the properties of the noise, W consists of a finite union
of intervals. Note that c ∈ W , so that W equals the closure of the positive orbit
⋃

i≥0 f
i
a(c; ∆N) of c under all possible random iterations. We will prove that for each

x ∈ (0, 1), y ∈ W and ε > 0, there exist n > 0 and ω̄ ∈ ∆N with the property that

|fn
a (x; ω̄)− y| < ε. (6.12)

This implies the W is the unique minimal invariant set, which in turn implies the
theorem in the first case.

Fix x ∈ (0, 1), y ∈ W , ε > 0. From the construction of W , there exist ω1 ∈ ∆N,
i > 0, so that |f i

a(c; ω1)−y| < ε. By continuity of x 7→ f i
a(x; ω1), the same holds with

c replaced by a point from a δ neighborhood of c for some δ > 0. We need to establish
the existence of ω̂ ∈ ∆N and j > 0 so that |f j

a(x; ω̂) − c| < δ. Let ω2 ∈ ∆ be such
that c ∈ Λa+σω2 . Since the basin of attraction of Λa+σω2 is open and dense, there
exists ω3 ∈ ∆ with x1 = fa(x;ω3) contained in the basin of attraction of Λa+σω2 .
For i large, xi = f i−1

a (x1;ω2, ω2, · · · ) is as close as desired to Λa+σω2 . If Λa+σω2 is
a finite union of intervals, we get that xi is contained in Λa+σω2 for large enough
i. As inverse images of c for x 7→ fa(x;ω2) are dense in Λa+σω2 , one deduces that
there exist ω4 ∈ ∆N and k > 0 so that fk

a (xi+1; ω4) lies in a δ neighborhood of c.
Indeed, if Λa+σω2 is a finite union of intervals, then we find ω5 with xi+1 = f(xi;ω5)
equal to an inverse image of c. If Λa+σω2 is a solenoidal attractor, then x 7→ fa(x;ω2)
is infinitely renormalizable. In this case one can use ω4 = (ω2, ω2, · · · ). Also for a
periodic attractor Λa+σω2 containing c one uses ω4 = (ω2, ω2, · · · ).
Case (ii): By Guckenheimer’s theorem, x 7→ fa(x;ω) possesses a unique periodic
attractor for each ω ∈ ∆. Write V for the union of Λa+σω over ω ∈ ∆. Define

W =
⋃

i≥0

f i
a(V ; ∆N).

This is clearly an invariant set. Note that we do not claim that c is outside of W .
Arguments as before prove (6.12) with this definition ofW : for suitable noise one finds
an orbit starting at x that approaches a point in V and then with further iterates
approaches y ∈W .
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Remark 6.2.1.
The above proof applies to show that a random unimodal map g(x;ω) with negative
Schwarzian derivative for each ω (the invoked theorem by Guckenheimer is true for
these maps) has a unique stationary measure.
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Figure 6.5: Numerically computed Birkhoff averages limn→∞
1
n

∑n−1
i=0 φ(f i

a(ω;x)) of φ(x) =
1[0.4,0.6] for the logistic family (left picture) and the random logistic family with σ = 0.005
(right picture), for parameters a ranging from 3.8 to 3.9. The flat part in the left picture,
where the average equals 1/3, runs from a saddle node bifurcation to a homoclinic bifurcation.
The numerical computations show that for the random logistic family these are replaced by
their random versions; for parameters from the flat part the stationary measure is supported
on three disjoint intervals cycled by the random map.

Perturbing away from the deterministic logistic family one sees that both random
saddle node bifurcations and random homoclinic bifurcations occur in the random
logistic family {fa} for small noise levels. Typically one can expect the following sce-
nario. We start by recalling some facts concerning the dynamics of the deterministic
map fa(·; 0). The map fa(·; 0) is called renormalizable if there exists an interval I
and a positive integer q, so that f q

a(I; 0) ⊂ I. Let [a−.a+] be a maximal interval so
that fa(·; 0) is renormalizable for a ∈ [a−, a+] with q constant. Then fa undergoes a
saddle node bifurcation at a = a− involving a periodic orbit of period q. At a = a+,
fa undergoes a homoclinic bifurcation, where an iterate of fa maps the critical point
onto a periodic orbit of period q. For small noise levels (i.e. σ small) one expects a
random saddle node bifurcation near a = a− and a random homoclinic bifurcation
near a = a+. Figure 6.5 illustrates this by computing Birkhoff averages for the logistic
family and the random logistic family. See (59) for explanations of the computations
for the logistic family.
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Nederlandse samenvatting

Als we denken aan de beweging van de slinger van een klok, of de stroming van water
in een pijp, of veranderingen van het weer, of het verloop van financiële markten, dan
zien we processen waarvan de toestand in de tijd verandert. Van zo’n proces kan
een wiskundig model opgesteld worden. Dit gebeurt door regels af te leiden die de
tijdsevolutie van de toestand beschrijven. Zo’n model heet een dynamisch systeem.
Sommige dynamische systemen kunnen worden beschreven als niet-aangedreven sys-
temen, dat wil zeggen, zij propageren gesoleerd van externe invloeden. Echter zeer
weinig systemen in de echte wereld zijn echt gesoleerd en daarom is het vaak passend
om dynamische systemen als stochastisch verstoorde systemen te beschrijven. De
stochastische verstoringen kunnen klein zijn en irrelevant, of ze kunnen zo groot wor-
den dat ze de onderliggende dynamica overheersen. De middenweg is het meest in-
teressant: de verstoringen zijn klein, maar dragen op een niet triviale manier bij aan
de algehele dynamica. Men zal dan moeten nadenken over de interactie van de deter-
ministische dynamica met de stochastische storing. Dit is de aanpak die we kiezen in
dit proefschrift.
Het slechte nieuws voor deze theorie komt van het feit dat het meestal te ingewikkeld
is om een expliciete uitdrukking voor de toestand op een bepaald tijdstip af te lei-
den. Dit geldt met name voor stochastische dynamische systemen. Men kan zich dus
afvragen wat het nut is van deze theorie, als zij de vraag waarvoor ze bedacht werd
niet kan beantwoorden? Het goede nieuws is dat de dynamica vaak asymptotisch (en
ook statistisch) geanalyseerd kan worden via de studie van rusttoestanden. Dit zijn
toestanden die in de loop van de tijd niet veranderen onder de actie van het dynamis-
che systeem. De evolutie van de dynamica is dus beperkt tot de analyse van deze
rusttoestanden.
In dit proefschrift beschouwen we stochastisch verstoorde systemen in discrete tijd,
ofwel stochastisch verstoorde afbeeldingen. De rusttoestanden zijn kansmaten. We
beschouwen zowel stationaire kansmaten die statistische informatie bevatten als
stochastische invariante kansmaten die meer dynamisch gedefinieerd zijn.
We onderzoeken de stabiliteit en bifurcaties van deze kansmaten. Onderscheiden
worden bifurcaties waar de dichtheidsfunctie van een stationaire kansmaat discontinu
varieert en waar de drager van een stationaire kansmaat discontinu varieert. Voor
stochastisch verstoorde afbeeldingen op cirkels geven we een relatie tussen bifurcaties
van stationaire kansmaten en bifurcaties van stochastische invariante kansmaten. Ver-
schillende aspecten van de dynamica komen aan bod. Zo geven we kwantitatieve
beschrijvingen door middel van gemiddelde ontsnappingstijden uit verzamelingen als
functie van de bifurcatieparameter. En beschrijven we de snelheid van het verval van
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correlaties als functie van de bifurcatieparameter.
Tot slot zijn twee numerieke voorbeelden opgenomen om de theoretische resultaten
te illustreren. Deze voorbeelden maken de grote invloed van stochastische storingen
op deterministische dynamische systemen duidelijk en ook de complexiteit van de
structuur van de stochastische invariante kansmaten.



English summary

The mathematical formalization of a set of rules describing the time evolution of the
state of a given process is called a dynamical system. Examples include the math-
ematical models that describe the swinging of a pendulum clock, the flow of water
in a pipe, climate forecast, financial markets and neural networks. Some dynamical
systems can be described as unforced systems - that is, they propagate in isolation
from external influences. However, very few systems in the real world are genuinely
isolated, and so it is often appropriate to describe dynamical systems as perturbed
systems. The random perturbations can be small and irrelevant, or they can be so
large as to overwhelm the underlying dynamics. The middle ground is the most in-
teresting: the perturbations can be small, yet contribute non-trivially to the overall
dynamics, so that one must consider the interaction of the deterministic dynamics
with the stochastic perturbation. This is the approach we take in this thesis.
The bad news for this theory comes from the fact that, despite the vigour of the the-
ory, it is usually too complex to derive an explicit expression of the state at a given
time, especially when we incorporate random influences. So one may ask what is the
usefulness of this theory if it cannot answer the question it was constructed for? The
good news is that the dynamics can be analyzed asymptotically through the study of
steady states. These are states which do not change over time under the action of the
dynamical system. The evolution of a given situation is thus reduced to the analysis
of these steady states.
In this thesis perturbed systems are discrete-time random dynamical systems, or ran-
dom maps, and the steady states are probability measures. We distinguish between
stationary probability measures, which carry statistical information, and random in-
variant measures, which have a closer relation to the dynamics. We investigate stabil-
ity and bifurcation of these probability measures. We distinguish bifurcations where
the density function of a stationary measure varies discontinuously or where the sup-
port of a stationary measure varies discontinuously. For random maps on the circle,
we give a relationship between bifurcations of stationary measures and bifurcations
of random invariant measures. Quantitative descriptions by means of average escape
times from sets as functions of the parameter are provided. Further quantitative
properties, such as the speed of decay of correlations as function of the bifurcation
parameter, are determined.
Finally, we investigate numerically two paradigm examples which highlight the influ-
ence of random perturbations on deterministic dynamical systems and the complexity
of the structure of the random invariant measures.


	Preface
	Introduction
	Background
	Dynamical systems: heuristics
	Random dynamical systems
	Equilibria, stationary and random invariant measures
	Stability and instability: bifurcation theory

	Thesis overview

	Fundamentals of random maps
	Some notations and definitions
	Stationary measures of random maps and stability
	Random maps iterations
	Families of random maps

	The skew product approach
	Some definitions and a few general facts

	Representations of discrete Markov processes

	The dynamics of one-dimensional random maps
	Stability of stationary measures
	Bifurcations

	Random attractors for random circle diffeomorphisms
	Random fixed points and random periodicity
	The random family admits a strictly ergodic stationary measure
	The random family has cyclic intervals

	Random saddle node bifurcation
	Convergence to a random attractor
	Corollaries for the skew products

	Regularity of the stationary densities and applications
	Smoothness of the stationary densities 
	Stable random diffeomorphisms
	Auxiliary parameters
	Conditionally (almost) stationary measures
	Escape times
	Decay of correlations
	Regularity of solutions of integral equations

	Case studies
	Random circle diffeomorphisms
	The standard circle map
	The skew product system

	Random unimodal maps

	Bibliography
	Nederlandse samenvatting
	English summary

