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5 Regularity of the stationary densities and

applications

In this chapter we prove new results on the regularity (i.e. smoothness) of stationary
densities of smooth diffeomorphisms valid in the context of this thesis. We give a de-
scription of the dependence of stationary measures on the random diffeomorphisms.
This includes describing quantitative characteristics. Regularity results have direct
implication on characteristics depending on the stationary measures (Lyapunov ex-
ponents, entropy, rotation number) and is widely used in applications, see (43) for an
application to population dynamics.
In section 5.1 we establish the smoothness of stationary probability densities with re-
spect to the state variable. Section 5.2 develops results on the stability of stationary
densities. Theorem 5.2.2 proves generic stability of random diffeomorphisms. Den-
sities of stable stationary measures are shown to be smooth and depend smoothly
on auxiliary parameters, expect in bifurcation values. Section 5.3 treats parameter
families of random maps. Section 5.4 develops material on conditionally stationary
measures and applies this to compute expected escape times in Section 5.5. Sec-
tion 5.6 treat the speed of decay of correlations and it dependency on the bifurcation
parameter.

5.1 Smoothness of the stationary densities

In this chapter M is a smooth n-dimensional compact Riemannian manifold, and
T = N . We consider the setup of chapter 1. Let Dk(M) be the space of Ck random
diffeomorphisms f onM (with f(ω;x) Ck jointly in x ∈ M and ω ∈ Δ), depending
on a random parameter from Δ through a distribution with a Ck density function
g (differentiability on Δ is always understood in the sense of differentiability on an
open neighborhood of Δ). Note that uniform bounded noise gives g = 1

2 in C∞(Δ).
Finally, we assume that

ω �→ fω(x) is an injective map for each x. (5.1)

Let f be ∈ D∞(M), and consider again the transfer operator

Lφ(x) =

∫
Vx

k(y, x)φ(y)dL(y) (5.2)

defined in lemma 2.2.1. Denote by

D(M) = {φ ∈ L1(M) | φ ≥ 0,

∫
M

φ(x)dL(x) = 1}
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the space of probability densities on M. Remark 2.2.2 shows that L maps D into
itself. Smoothness of stationary densities is obtained by showing that L maps a space
of smooth densities into itself.

Theorem 5.1.1. The transfer operator L maps Ck(M) into itself and is a compact
operator on Ck(M).

The number 1 is an eigenvalue of L with equal algebraic and geometric multiplicity
m ≥ 1. The densities φ1, . . . , φm provide a basis of eigenfunctions with mutually
disjoint support. Each eigenfunction φi is C∞ and its support consists of a finite
number ci of connected components.

Proof. Theorem 2.2.1 and the absolute continuity of the distribution of the noise gives
the m invariant densities φ1, . . . , φm. The geometric multiplicity of the eigenvalues
1 is equal to m. Since L preserves the L1 norm, the algebraic and geometric multi-
plicity of 1 are equal. To see this, suppose on the contrary that there is a nontrivial
vector in ker(L − I)2\ ker(L − I). Elementary linear algebra gives the existence of a
sequence of vectors ψn inside ker(L − I)2 converging to an eigenvector φ, such that
limn→∞ Lnψn = 2φ. Indeed, take ψ ∈ ker(L− I)2 with Lψ = φ+ψ and let ψn =

1
nψ.

From Ln(ψ) = nφ + ψ it follows that Ln(φ + ψn) = 2φ+ ψn, which converges to 2φ
if n→∞. This contradicts the preservation of the L1 norm by L.

There can be no additional eigenvectors of L that do not correspond to linear
combinations of densities. Namely, suppose φ is an eigenvector taking both positive
and negative values. Write φ = φ+ − φ− for nonnegative functions φ+ = max{φ, 0},
φ− = max{−φ, 0}. If φ is not a linear combinations of densities, the supports of
φ+, φ− cannot be invariant. Since L is positive and preserves the L1 norm, (Lφ)+ <
Lφ+ so that φ cannot be an eigenvector.

We will show that L maps L1(M) into C0(M) and Ci(M) into Ci+1(M). From
this it follows that φi ∈ C∞(M). Take ψ ∈ L1(M). Use a chart to identify a
neighborhood of x ∈ M with an open set in R

n. With h a small vector in R
n,

consider

Lψ(x+ h)− Lψ(x) =

∫
Vx+h

k(y, x)ψ(y)dL(y) −

∫
Vx

k(y, x)ψ(y)dL(y)

=

∫
Vx+h∩Vx

(k(y, x+ h)− k(y, x))ψ(y)dL(y)

+

∫
Vx+h\(Vx+h∩Vx)

k(y, x+ h)ψ(y)dL(y)

−

∫
Vx\(Vx+h∩Vx)

k(y, x)ψ(y)dL(y). (5.3)

The first term on the right hand side is small for h small by continuity of k and
integrability of ψ. The other two terms are small for h small by the continuous
dependence of Vx on x. Continuity of Lψ follows. Suppose next that ψ ∈ C0(M) and
consider 1

|h| (Lψ(x+ h)− Lψ(x)) This equals the right hand side of (5.3) divided by

|h|. Note that

lim
h→0

1

|h|

∫
Vx+h∩Vx

(k(y, x+ h)− k(y, x))ψ(y)dL(y) =

∫
Vx

∂

∂x
k(y, x)

h

|h|
ψ(y)dL(y)
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is a continuous function of x. To check continuity of the remaining two terms it
suffices to do a local calculation by covering the boundary of Vx by finitely many
balls and using a partition of unity. Without loss of generality we may assume that
near a smooth part of the boundary of Vx, Vx is bounded from below by the graph of
a continuously differentiable function Hx : [0, 1]

n−1 → R. We may also assume that
m equals Lebesgue measure on Rn. Then

lim
h→0

1

|h|

∫
Vx\(Vx+h∩Vx)

k(y, x)ψ(y)dy = lim
h→0

1

|h|

∫
[0,1]n−1

∫ Hx+h(y1)

Hx(y1)

k(y1, y2, x)ψ(y)dy2dy1

=

∫
[0,1]n−1

∂

∂x
Hx(y1)

h

|h|
k(y1,Hx(y1), x)ψ(y1,Hx(y1))dy1

is a continuous function of x. The contribution near the finitely many points where
Vx is not smooth vanishes in the limit h→ 0. Summarizing, D(Lψ) has an expression
of the form

D(Lψ)(x) =

∫
Vx

∂

∂x
k(y, x)ψ(y)dL(y) +

∫
∂Vx

n(y, x)k(y, x)ψ(y)dS(y) (5.4)

where n(y, x) measures the change of ∂Vx in the direction of the unit normal vector
to Vx and dS is the volume on ∂Vx. We remark that the formula is a variant of the
transport theorem 7.1.12 and the Gauss theorem 7.2.9 in (1). It follows that Lψ is
continuously differentiable if ψ is continuous. Higher order derivatives are computed
inductively. This gives that Lψ ∈ Ck+1(M) for ψ ∈ Ck(M).

We prove compactness on Ck(M) by modifying the argument in (81). Let Bk(M)
be the unit sphere in Ck(M). Consider first k = 0. By the Arzela-Ascoli theo-
rem, compactness of L on C0(M) follows from the following two properties (compare
(114)),

• for all x ∈M, {|Lψ(x)| | ψ ∈ B0(M)} is bounded,

• LF is equicontinuous.

For ψ ∈ B0(M), |Lψ(x)| ≤
∫
M
k(y, x)dL(y). This is a continuous function of x and

hence bounded. This proves the first item. The above computations showing that
Lψ is continuously differentiable also show that ‖D(Lψ)(x)‖ is uniformly bounded
on B0(M). This proves that LF is equicontinuous. Compactness in Ck(M) follows
similarly by noting that

• for all x ∈M, i ≤ k, {‖Di(Lψ)(x)‖ | ψ ∈ Bk(M)} is bounded,

• ‖Dk+1(Lψ)(x)‖ is uniformly bounded on Bk(M).

Remark 5.1.1.
The transfer operator L is compact on the space L2(M) of quadratic integrable func-
tions onM, see for example (110, Section X.2). The proof of Theorem 5.1.1, demon-
strating that the transfer operator increases regularity of functions, implies that the
spectrum of L on L2(M) equals that of L on Ck(M).
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Remark 5.1.2.
The spectral radius of L is 1, the eigenvalue 1 occurs with multiplicity m equal to the
number of stationary measures. The peripheral spectrum on the unit circle consists
of eigenvalues e2πi/p, 0 ≤ i < p, for each p occurring as the number of connected
components of a stationary measure. See (49) and (99, Theorem V.4.9) for a proof.

Proposition 5.1.1. The transfer operator L as a linear map on Ck(M) or L2(M)
depends continuously on f ∈ Dk(M).

Proof. Consider f̃ near f . Write L̃ and L for the corresponding transfer operators. We
need to prove that L̃− L has small norm. Consider the transfer operators operating
on Ck(M) (continuity on L2(M) is treated analogously). The transfer operator L̃ is
given as L̃φ(x) =

∫
Ṽx
k̃(y, x)φ(y)dL(y). For φ ∈ Bk(M), the unit sphere in Ck(M),

L̃φ(x) − Lφ(x) =

∫
Ṽx

k̃(y, x)φ(y)dL(y) −

∫
Vx

k(y, x)φ(y)dL(y)

is small, uniformly in x, since k̃(y, x) is close to k(y, x) on Ṽx ∩ Vx and Ṽx is close to
Vx. The derivative D(Lφ) is given by (5.4). An analogous formula holds for D(L̃φ).
Since the functions and sets involved in the two formulas for D(L̃φ) and D(Lφ) are
close, D(L̃φ)(x) is uniformly close to D(Lφ)(x). Closeness of higher order derivatives,
up to order k, is treated analogously. Continuity on L2(M) is proved analogously.

Remark 5.1.3.
Consider two nearby random diffeomorphisms f and f̃ from Dk(M). Write L and
L̃ for the corresponding transfer operators on Ck(M). Let λ1, . . . , λl be a finite
set of eigenvalues for L and denote by F the sum of the corresponding generalized
eigenspaces. Then L̃ possesses a nearby set of eigenvalues λ̃1, . . . , λ̃l. The sum F̃ of
the corresponding generalized eigenspaces is a small perturbation of F (in the sense
that F and F̃ have nearby bases). See (68, Theorem IV.3.16).

5.2 Stable random diffeomorphisms

The main result of this section is Theorem 5.2.1 on stability of isolated stationary
measures and Theorem 5.2.2 establishing generic stability of random diffeomorphisms.
Recall that a measure is called isolated if there exists an open set W (an isolating
neighborhood) containing the support E of m, so that f(W ; Δ) ⊂ W and m is the
only ergodic stationary measure of f with support in W .
For the restriction of random maps to an isolating neighborhood W we consider the
transfer operator acting on functions vanishing outsideW and at the boundary ofW .
Write

Ck
0 (W ) = {f ∈ Ck(M) | the support of f is contained in W̄}.

Then L acting on Ck
0 (W ) is well defined. The results in the previous section hold for

L acting on Ck
0 (W ).
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Theorem 5.2.1. Let m be an isolated ergodic stationary measure of f ∈ D∞(M)
with density φ with isolating neighborhood W . Then each f̃ ∈ D∞(M) sufficiently
close to f possesses a unique ergodic stationary measure m̃ with support in W . The
density φ̃ of m̃ is C∞ close to φ.

Proof. Recall that the closure of f(W ; Δ) is contained in the isolating neighborhood
W . This property extends to random diffeomorphisms sufficiently close to f . Re-
strict the map x �→ f(ω;x) to W and consider the transfer operator L acting on
Ck

0 (W ). Then L has a single eigenvalue 1. Since the spectrum of the transfer oper-
ator varies continuously with the random diffeomorphism at f , the transfer operator
corresponding to each nearby random diffeomorphism possesses a single eigenvalue 1.
The corresponding eigenvector is near φ.

Lemma 5.2.1. Write Lf for the transfer operator on Ck(M) for f ∈ D∞(M).
Densities of stationary measures vary continuously with f ∈ D∞(M) at a random
diffeomorphism f̄ precisely if the multiplicity of the eigenvalue 1 for Lf is locally
constant in f for f near f̄ .

Proof. Consider f̄ ∈ D∞(M) with an eigenvalue 1 of multiplicity m. Let m̄1, . . . , m̄m

be the ergodic stationary measures with densities φ̄1, . . . , φ̄m. Write Ff̄ be the direct

sum of the lines spanned by φ̄1, . . . , φ̄m. By Remark 5.1.3, the transfer operator for
any f ∈ D∞(M) sufficiently close to f̄ possesses a m-dimensional invariant linear
space Ff that is the continuation of Ff̄ .

The spectrum of Lf restricted to Ff is in general close to 1. Suppose now that
all eigenvalues equal 1. Then φ ∈ Ff implies Lfφ = φ. Write φ = φ+ − φ− with
φ+ = max{0, φ} and φ− = max{0,−φ} the positive and negative parts of φ. Because
Lf ≥ 0 and Lf preserves the L1 norm, (Lfφ)

+ < Lfφ
+ precisely if φ− and φ+ are

not invariant. Thus φ+ and φ− are necessarily invariant. It follows that invariant
densities are obtained by taking positive parts of invariant eigenfunctions. This way
m invariant densities for f near those of f̃ can be obtained, proving the lemma.

Theorem 5.2.2. The set of stable random diffeomorphisms in D∞(M) contains a
countable intersection of open and dense sets.

Proof. Consider diffeomorphisms on an open neighborhood U of a random diffeomor-
phism f̄ ∈ D∞(M). Write m for the multiplicity of the eigenvalue 1 for the transfer
operator corresponding to f̄ . There is a neighborhood D of 1 in the complex plane,
so that for U small enough, each f ∈ U has m eigenvalues counting multiplicity in
D. Let F denote the m dimensional invariant linear space corresponding to these
eigenvalues. Consider the map that assigns to f ∈ U the union of the support of all
functions in F . By the continuous dependence of F on f , this is a lower semicontin-
uous set valued mapping and therefore continuous on a set B2 ⊂ U of Baire second
category (44).

Consider the map that assigns to random diffeomorphisms f ∈ D∞(M) the multi-
plicitym(f) of the eigenvalue 1 for the corresponding transfer map. By the continuous
dependence of eigenvalues of the transfer map on f , the map m is upper semicontin-
uous. Since m takes on finitely many values, it is continuous on an open and dense
subset of D∞(M). Indeed, consider An = {f ∈ D∞(M) | m(f) < n}. The set of
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points of continuity of m, in the vicinity of some map in D∞(M), equals the inter-
section of a finite collection of open and dense sets An ∪

(
D∞(M)\An

)
, namely with

n ranging over a finite set of positive integers.
With reference to Lemma 5.2.1, the two above items combined prove the theorem.

5.3 Auxiliary parameters

Consider a smooth one parameter family of random diffeomorphisms x �→ fa(ω;x)
depending on a from an open interval I in R. The probability transition map p
and its density k depend on a, we write pa and ka. The support Ux,a of ka is
assumed to vary smoothly with x and a. The density ka(x, y) is a smooth function
of (a, x, y) ∈ ∪a,x{a} × {x} × Ux,a in the sense that it can be extended to a smooth
function on an open neighborhood. Let La denote the transfer operator for fa, given
by

Laφ(x) =

∫
Vx,a

ka(y, x)φ(y)dL(y). (5.5)

The domain of integration Vx,a = {y ∈ M | y ∈ fa(x; Δ)} depends smoothly on (x, a).

Proposition 5.3.1. For r ≥ 0, the transfer operator φ �→ Laφ as a map from
Ck+r(M) into Ck(M) is a Cr+1 map of a and φ.

Proof. By Proposition 5.1.1, La depends continuously on a. For the derivative of Laφ
with respect to a we find an expression similar to (5.4),

∂

∂a
Laφ(x) =

∫
Vx,a

∂

∂a
ka(y, x)φ(y)dL(y) +

∫
∂Vx,a

sa(y, x)ka(y, x)φ(y)dS(y) (5.6)

for some smooth function sa. It follows that for φ ∈ Ck(M), ∂
∂aLaφ ∈ Ck(M). This

implies differentiability of (φ, a) �→ Laφ for φ ∈ Ck(M). Higher differentiability is
treated similarly.

The operator La : C
k(M)→ Ck(M) does not depend C2 on a, since ∂2

∂a2Laφ may

not exist if φ ∈ C0(M) and ∂2

∂a2Laφ is a Ck−1 function if φ ∈ Ck(M). What does
hold is that (x, a) �→ Laφa(x) is C

k+1 if (x, a) �→ φa(x) is C
k.

Consider again a parameter value a0 and an ergodic stationary measure ma0 with
support Ea0 . The following result extends Theorem 5.2.1, providing an analogous
statement in the context of families. If ma0 is an isolated ergodic stationary measure
then there are ergodic invariant measures ma for a near a0 with nearby densities.

Theorem 5.3.1. Suppose ma0 is an isolated ergodic stationary measure. Then the
stationary density x �→ φa(x) of ma depends C∞ on (x, a).

Proof. Let W be the isolating neighborhood for ma0 . For a near a0, fa(W ; Δ) is
strictly contained in W and fa has a unique stationary measure with support in W .
Restrict fa to W for such values of a0.
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Consider the transfer operator La for fa acting on Ck
0 (W ). Write F for the line

in Ck
0 (W ) spanned by φa0 . Then C

k
0 (W ) = F ⊕ Hk

0 (W ) with Hk
0 (W ) consisting of

Ck functions with vanishing integral;

Hk
0 (W ) = {φ ∈ Ck

0 (W ) |

∫
M

φ(x)dL(x) = 0}.

Write φa for the eigenvectors of La continuing φa0 provided by Theorem 5.2.1. De-
compose φa = φa0 + ψa with ψa ∈ Hk

0 (W ). Then ψa is a solution of Laψa =
ψa + φa0 − Laφa0 . Note that (x, a) �→ φa0(x) − Laφa0(x) is C

∞. The spectrum of

La0

∣∣∣Hk
0 (W )

is away from 1. Proposition 5.7.1 below implies the result.

Remark 5.3.1.

1. The support Ea of ma can still vary discontinuously in the Hausdorff metric
with a. The number of components of the support of the stationary measure
can also change, while the stationary density varies smoothly.

2. Consider a smooth function φ with support on an isolating neighborhoodW for
ma0 and compute averages of φ along orbits fk

a (ω, x). By the Birkhoff ergodic
theorem, for typical initial points x ∈ W and noise sequences ω, the averages
lie on a smooth function of a for a near a0.

5.4 Conditionally (almost) stationary measures

To study average escape times from open sets we make use of conditionally stationary
measures, which are measures for which on average a fixed percentage of mass escapes
under an iterate. We recall the notion of conditionally invariant measure, see (91; 90;
24; 59; 30) for its use in deterministic dynamics. Let a map f : M → M be given
and restrict f to a domain W ⊂ M. Let V ⊂ W be the set of points in W that
are mapped into W , points in the complement of V in W are mapped outside W .
Consider f : V → W . A conditionally invariant measure for f on W is a measure m
onM so that m(A) = m(f−1(A))/m(f−1(W )) for Borel sets A ⊂W .

Definition 5.4.1. Let f ∈ D∞(M). Let W be an open domain in M. A measure
m̄ on W is a conditionally stationary measure if

m̄(A) =

∫
W

p(x,A)dm̄(x)

/∫
W

p(x,W )dm̄(x)

for Borel sets A ⊂W .

See (77) where this notion is called a quasistationary measure. Note that a con-
ditionally stationary measure is a stationary measure if

∫
W p(x,W )dm̄(x) = 1, that

is, if the support of the conditionally stationary measure lies inside W .

Lemma 5.4.1. A measure m̄ on W is a conditionally stationary measure for f if and
only if P× m̄ is a conditionally invariant measure for the skew product S on Ω×W .
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Proof. Write Γ(x) = {ω ∈ Ω | f(ω, x) ∈ W}. Consider S : ∪x∈W ({x} × Γ(x)) →
Omega×W , S(ω, x) = (σω; fω(x)). We must show that the following two statements
are equivalent.

(i) P× m̄(S−1(A))
/
P× m̄(S−1(Ω×W )) = P× m̄(A) for Borel sets A ⊂ Ω×W .

(ii)
∫

W

∫
Δ 1U (f(ω;x))dm̄(x)dν(ω)/

∫
W

∫
Δ 1W (f(ω;x))dm̄(x)dν(ω) =

∫
W 1U (x)dm̄(x)

for Borel sets U ⊂W .

Take a Borel set V × U with V ⊂ Ω and U ⊂W and compute

P× m̄(S−1(U × V )) = P× m̄

( ⋃
ω∈Δ

f−1(ω;U)× {ω} × V

)

= m̄× ν

( ⋃
ω∈Δ

f−1(ω;U)× {ω}

)
P(V )

=

∫
W

∫
Δ

1U (f(ω;x))dm̄(x)dν(ω)P(V ) (5.7)

Further

m̄× P(U × V ) =

∫
W

1U (x)dm̄(x)P(V ) (5.8)

Equations (5.7) and (5.8) contain the implication (i)⇒ (ii) when applied for Ω× U
for the enumerator and for Ω×W for the denominator.

To show that (ii) implies (i), note that (5.7) and (5.8) show that (i) holds for
Borel sets A of the form V ×U if (ii) is assumed. Therefore it holds for all Borel sets
in Ω×W .

We continue with the introduction of transfer operators whose fixed points are the
densities of conditionally stationary measures. The transfer operator L̄, defined for
functions in L1(W ) with integral 1, is given by

L̄(φ) = 1WLφ

/∫
W

Lφ(x)dL(x). (5.9)

Write L̃φ = 1WLφ.

Proposition 5.4.1. L̃ maps C0(W ) into itself and is a compact operator on it.

Proof. If k(x, y) denotes the density of the stochastic transition function P (x, ·), then

L̃φ(x) =

∫
W∩Vx

k(y, x)φ(y)dL(y).

Note that W ∩ Vx depends continuously on x. Recall from the proof Theorem 5.1.1
that we must show that
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• for all x ∈W , {|L̃ψ(x)| | ψ ∈ B0(W )} is bounded,

• L̃F is equicontinuous.

Here B0(W ) is the unit sphere in C0(W ). The first item follows as before: |L̃ψ(x)| ≤∫
W
k(y, x)dL(y) is bounded by a continuous function and thus bounded. For the

second item we must show that for each ε > 0 there is δ > 0 so that for all x ∈ W ,
ψ ∈ B0(W ), |L̃ψ(x+ h)− L̃ψ(x)| < ε if |h| < δ. Recall, see (5.3),

L̃ψ(x+ h)− L̃ψ(x) =

∫
W∩Vx+h∩Vx

(k(y, x+ h)− k(y, x))ψ(y)dL(y)

+

∫
W∩Vx+h\(W∩Vx+h∩Vx)

k(y, x+ h)ψ(y)dL(y)

−

∫
W∩Vx\(W∩Vx+h∩Vx)

k(y, x)ψ(y)dL(y).

Now

|

∫
W∩Vx+h∩Vx

(k(y, x+h)−k(y, x))ψ(y)dL(y)| ≤

∫
W∩Vx+h∩Vx

|k(y, x+h)−k(y, x)|dL(y),

which is small for |h| small by uniform continuity of k. And

|

∫
W∩Vx+h\(W∩Vx+h∩Vx)

k(y, x+ h)ψ(y)dL(y)|

≤

∫
W∩Vx+h\(W∩Vx+h∩Vx)

|k(y, x+ h)|dL(y)

is small for |h| small by boundedness of k and uniform continuity of the volume of Vx

in x. Similarly for the third term. This proves equicontinuity.

Recall from Proposition 5.1.1 that L depends continuously on the random diffeo-
morphism. The same argument shows that L̃ depends continuously on the random
diffeomorphism.

Proposition 5.4.2. The transfer operator L̃ as a linear map on C0(M) depends
continuously on f ∈ Dk(M).

We obtain conditionally stationary measures by a perturbation argument, per-
turbing from an invariant measure. We do not develop general existence results for
conditionally stationary measures, as such general results are not needed for our pur-
poses. Let {fa} be a family of random diffeomorphisms depending on a real parameter
a ∈ I. Consider, for a0 ∈ I, a stationary density φa0 with support Ea0 . Let W be a
neighborhood of Ea0 disjoint from the supports of possible other stationary densities
of fa0 .

Proposition 5.4.3. For a close to a0, fa possesses a conditionally stationary density
φ̄a on W , with φ̄a0 = φa0 and (x, a) �→ φ̄a(x) continuous in (x, a). One has

L̃φ̄a = α(a)φ̄a,

where α(a) =
∫

W Laφ̄a(x)dL(x) depends continuously on a.
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Proof. The operator L̃a varies continuously with a and therefore possesses a single
eigenvalue close to 1 for a close to a0. The function φ̄a is the corresponding eigen-
function.

Recall the definition of the escape time χa(ω, x) for x ∈W and ω ∈ Ω:

χa(ω, x) = min{k | fk
a (ω, x) �∈W}.

Lemma 5.4.2. ∫
Ω

∫
W

χa(ω, x)φ̄a(x)dL(x)dP(ω) =
1

1− α(a)
.

Proof. Let Sa(ω, x) = (fa(ω;x), σω). Write

Γn
a = {(x;ω) | f

n
a (ω1, . . . , ωn;x) ∈ W}

for the set of points in Ω×W that remain in Ω×W for n iterates of Sa. The exit set
En

a of points that leave Ω×W in n iterates equals Γn−1
a \Γn

a . Thus χa(ω, x) = n on
En

a . Write m̄a for the conditionally stationary measure with density φ̄a. From (5.7)
with A = ΔN ×W we get

α(a) =

∫
W

p(x,W )dm̄a(x)

=

∫
Δ

∫
W

1W (f(ω;x))dν(ω)dm̄a(x)

= P× m̄a(S
−1
a (ΔN ×W )).

It follows that P× m̄a× = αk−1 − αk = αk−1(1 − α). Calculate

∫
Ω

∫
W

χa(ω, x)dP(ω)dm̄a(x) =

∞∑
k=1

m̄a × P(En
a )

=

∞∑
k=1

kαk−1(1− α)

=
1

1− α
.

As a corollary we obtain that the average escape time from W goes to infinity as
a→ a0. More precise estimates are derived in the following section.

Proposition 5.4.4.
∫
Ω

∫
W
χa(ω, x)dP(ω)dL(x) converges to ∞ as a→ a0.
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Proof. Let Ea be the interior of the support of φ̄a.∫
Ω

∫
W

χa(ω, x)dP(ω)dL(x) ≥

∫
Ω

∫
Ea

χa(ω, x)

φ̄a(x)
dP(ω)φ̄a(x)dL(x)

≥ C

∫
Ω

∫
Ea

χa(ω, x)φ̄a(x)dL(x)

=
C

1− α(a)
,

for C = 1/max{x ∈ W | φ̄a(x)}. For x from the support Ea0 , the image fa0(x; Δ) is
contained in Ea0 by invariance of Ea0 . By continuity of fa, fa(x; Δ) ⊂W for a close
enough to a0. Since φ̄a depends continuously on a, 1 − α(a) ≤

∫
W\Ea0

φ̄a(x)dL(x)

converges to 0 as a→ a0. The proposition follows.

5.5 Escape times

In this section estimates for the average escape time from small neighborhoods of the
support of a stationary measure that undergoes a bifurcation are derived, as function
of the unfolding parameter.

Let {(fa, ga)}, a ∈ I, be a smooth one parameter family of random diffeomor-
phisms onM. Suppose that a0 ∈ I is a bifurcation value for {(fa, ga)}. Let m be a
stationary measure for fa0 involved in a bifurcation. Let W be a small neighborhood
of E. By Proposition 5.4.3, for W sufficiently close to E and a near a0, {(fa, ga)}
possesses a unique conditionally stationary measure m̄a with support in W . Write φ̄a

for the density of m̄a. The transfer operator L̄a acting on C
0(W ), has φ̄a as a unique

fixed point.
Let X0 be the set of points in W with ∂Vx,a ∩ ∂W �= ∅ for x ∈ X0. For i ≥ 0,

define X i+1 = f(X i; ∂Δ). We suppress the dependence of X i on a from the notation.

Lemma 5.5.1. If xi ∈ X i, then for xi+1 ∈ f(xi; ∂Δ) one has xi ∈ ∂Vxi+1,a.

Proof. This is clear from the definition.

At x ∈ X0, the boundary of Vx,a ∩W varies continuously but not smoothly with
(x, a). It follows that L̄a(φ) cannot be expected to be more than continuous on X

0

even for smooth φ.

Lemma 5.5.2. Suppose that (x, a) �→ φa(x) is Ck outside X0 ∪ · · · ∪ Xk−1, such
that derivatives up to order k are bounded and their restrictions to a component of
W\(X0 ∪ · · · ∪Xk−1) extend continuously to the boundary of the component. Then
(x, a) �→ L̄aφa(x) is Ck+1 outside X0 ∪ · · · ∪Xk. Likewise, derivatives up to order
k+1 are bounded and their restrictions to a component of W\(X0 ∪ · · · ∪Xk) extend
continuously to the boundary of the component.

Proof. For x �∈ X0, the derivative of L̃aφ is of the form

D(L̃aφ)(x) =

∫
Vx,a∩W

∂

∂x
ka(y, x)φ(y)dL(y) +

∫
∂(Vx,a∩W )

na(y, x)ka(y, x)φ(y)dS(y).

(5.10)
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for a smooth function ka and a piecewise smooth function na (smooth outside the
intersection of ∂W with ∂Vx,a). This identity shows that L̃aφ is C1 with bounded
derivatives outside X0, for any φ ∈ C0(W ). The same holds for L̄a(φ). Higher order
derivatives are treated inductively. Similar to (5.10) one has

∂

∂a
L̃aφ(x) =

∫
Vx,a∩W

∂

∂a
ka(y, x)φ(y)dL(y) +

∫
∂(Vx,a∩W )

sa(y, x)ka(y, x)φ(y)dS(y)

(5.11)
for some piecewise smooth function sa. This shows that (x, a) �→ L̃aφa(x) is C

1

outside X0 for continuous functions (x, a) �→ φa(x). The derivatives of (x, a) �→
L̃aφa(x) on W\X0 are bounded; moreover the derivatives on a component of W\X0

extend continuously to the boundary of the component.
Higher order derivatives are treated inductively. Suppose that (x, a) �→ φa(x)

is Ck outside X0 ∪ · · · ∪ Xk−1, such that derivatives up to order k are bounded
and their restrictions to a component of W\(X0 ∪ · · · ∪Xk−1) extend continuously
to the boundary of the component. Then (x, a) �→ L̃aφa(x) is C

k+1 outside X0 ∪
· · · ∪Xk. Likewise, derivatives up to order k + 1 are bounded and their restrictions
to a component of W\(X0 ∪ · · · ∪ Xk) extend continuously to the boundary of the
component.

The transfer operator L̄a is the composition of the linear map L̃a and the projec-
tion

Π(φ) = φ/

∫
W

φ(x)dL(x).

The projection Π is a smooth map which is well defined near φa0 in C
0(W ), a direct

computation shows

DΠ(φ)h =
1∫

W φ(x)dL(x)
h−

φ

(
∫

W φ(x)dL(x))2

∫
W

h(x)dL(x).

Also,
∂i

∂ai

∫
W

φa(x)dL(x) =

∫
W

∂i

∂ai
φa(x)dL(x).

This implies that also (x, a) �→ L̄a(φa)(x) is C
k+1 outside X0 ∪ · · · ∪ Xk and has

bounded derivatives.

Proposition 5.5.1. For each k ≥ 1, φ̄a is Ck outside X0 ∪ · · · ∪ Xk−1 jointly in
(x, a), the derivatives up to order k are uniformly bounded.

Proof. Proposition 5.4.3 gives that φ̄a(x) is continuous in (x, a). Recall that the
support E of m consists of finitely many, say k, connected components, permuted
cyclically by the random diffeomorphism. An iterate of fa0 thus maps each component
into itself. The restriction of the transfer operator Lk

a0
to a small neighborhood of E

has a single eigenvalue 1 and a remaining spectrum strictly inside the unit circle (49).
There is therefore no loss in generality to assume that the support of m consists of a
single connected component E, which we will assume for the remainder of the proof.

Write Hk(W ) = {ψ ∈ Ck(W ) |
∫

W ψ = 0}. Define the operator Ta : H
0(W ) →

H0(W ) by
Ta(ψ) = L̄a(φa0 + ψ)− φa0 . (5.12)
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Decompose φ̄a = φ̄a0 + ψ̄a, so that Ta(ψ̄a) = ψ̄a. From the proof of Lemma 5.5.2, we
get that Ta a smooth map on H

0(W );

DTa(ψ) = DΠ(L̃a(φa0 + ψ))L̃a.

However, L̃a maps continuously differentiable functions to continuous functions, so
that Ta does not define a map from Hk(W ), k ≥ 1, to itself. As a consequence we
cannot obtain smoothness properties of φ̄a by applying the implicit function theorem.
To get smooth dependence of φ̄a outside sets X i we reason as follows. We derive
equations the derivatives of φ̄a must satisfy, establish that the equations can be solved,
and show that the solutions are the derivatives of φ̄a. The reasoning follows the lines
of the proof of Proposition 5.7.1 in Section 5.7.

To prove that ψ̄a varies C
1 with a in points outside X0, note that ∂

∂a ψ̄a(x) should
be a solution Ma(x) to

∂

∂a
Ta(ψ̄a)(x) +DTa(ψ̄a)Ma(x) =Ma(x) (5.13)

We claim that this equation is uniquely solvable. The spectral radius ofDTa0(0) = La0

is smaller than 1. As a consequence of the continuous dependence of L̃a on a (see
Proposition 5.4.2), also DTa(ψa) varies continuously with a. For a sufficiently close
to a0, the spectral radius of DTa(ψ̄a) is therefore also smaller than 1. Hence

(
I −DTa(ψ̄a)

)−1
= I +

∞∑
i=1

(DTa(ψ̄a))
i, (5.14)

see (68). This formula can be applied for DTa(ψ̄a) acting on L2 functions. Indeed,
DTa is compact on L2(W ) ⊂ L1(W ), see Remark 5.1.1, and has spectrum strictly
inside the unit circle in C. From

Ma(x) =
(
I −DTa(ψ̄a)

)−1 ∂

∂a
Ta(ψ̄a)(x)

=
(
I +DTa(ψ̄a) + (DTa(ψ̄a))

2 + (DTa(ψ̄a))
3 + · · ·

) ∂

∂a
Ta(ψ̄a)(x),(5.15)

we get that Ma is continuous outside X0 since it equals the sum of ∂
∂aTa(ψ̄a) and

a uniform limit of continuous functions (compare Lemma 5.5.2). In particular Ma

is uniformly bounded and has continuous extensions to the closure of components of
W\X0. We must show that∣∣ψ̄a+h(x) − ψ̄a(x)−Ma(x)h

∣∣ = o(|h|)

for x �∈ X0, as h→ 0. Consider γa(x) = ψ̄a+h(x)− ψ̄a(x) for x �∈ X0. Then

γa(x) = Ta+h(ψ̄a + γa)(x) − Ta(ψ̄a)(x)

= DTa(ψ̄a)γa(x) +
∂

∂a
Ta(ψ̄a)(x)h +R(x), (5.16)

where

R(x) = Ta+h(ψ̄a + γa)(x) − Ta(ψ̄a)(x) −DTa(ψ̄a)γa(x)−
∂

∂a
Ta(ψ̄a)(x)h.



72 5 Regularity of the stationary densities and applications

We claim that for any ε > 0 there is δ > 0 so that |R| < ε(|γa| + |h|), if |h| and
|γa| are smaller than δ. Since γa(x) is continuous in h we may further restrict δ
in this estimate so that |R| < ε(|γa| + |h|) holds for |h| smaller than δ. Further,(
I −DTa(ψ̄a)

)
γa(x) =

∂
∂aTa(ψ̄a)(x)h + R(x). Using (5.14) and the bound on |R|

gives |γa| ≤ k|h| for some k if |h| < δ. Therefore |R| < ε(1 + k)|h| for some k > 0, if
|h| < δ. Now (5.13) and (5.16) give

γa(x)−Ma(x)h =
(
I −DTa(ψ̄a)

)−1
R(x).

Using (5.14) it follows that |γa −Mah| = o(|h|), h → 0. This proves that Ma equals
the partial derivative ∂

∂a ψ̄a.
Higher orders of differentiability are proved by induction. Assume that (x, a) �→

ψ̄a(x) has been shown to be C
k outside X0 ∪ · · · ∪Xk−1. Recall from Lemma 5.5.2

that for Ck maps (x, a) �→ ψ̄a(x),
∂
∂a L̄a(ψ̄a) is C

k outside X0 ∪ · · · ∪Xk. The right
hand side of (5.15) is therefore Ck outside X0 ∪ · · · ∪Xk. The above reasoning shows
that Ma =

∂
∂a ψ̄a outside X

0 ∪ · · · ∪Xk. Therefore ∂
∂a ψ̄a is C

k outside X0 ∪ · · · ∪Xk.
Also Dψ̄a = D(Ta(ψ̄a)) is C

k outside X0 ∪ · · · ∪Xk, so that (x, a) �→ ψ̄a(x) is C
k+1

outside X0 ∪ · · · ∪Xk. The same clearly holds for (x, a) �→ φ̄a(x).

The following result shows how the average escape time from a neighborhood of
the support of a bifurcating stationary measure is more than polynomially large in an
unfolding parameter. This makes it difficult to accurately establish the bifurcation
parameter value using finite data, even in numerical simulations. It explains the
occurrence of very long transients near a transient bifurcation and the very irregular
occurrence of bursts in intermittent time series. The proof, in Section 5.5, relies on
the construction of conditionally stationary measures in Section 5.4.

Theorem 5.5.1. Let fa be a family of random diffeomorphisms in D∞(M), with
the parameter a from an open interval I. Let ma0 be a stationary measure of fa0 for
some a0 ∈ I and let W be an open neighborhood of the support Ea0 of ma0 such that
no other stationary measure has support intersecting W . For each k > 0 there is a
constant Ck > 0 so that∫

Ω

∫
W

χa(ω, x)dP(ω)dm(x) ≥ Ck |a− a0|
−k
.

Proof. We repeat the computation in the proof of Proposition 5.4.4. Let Ea be the
interior of the support of φ̄a. Applying Lemma 5.4.2,∫

Ω

∫
W

χa(ω, x)dP(ω)dL(x) ≥

∫
Ea

∫
Ω

χa(ω, x)

φ̄a(x)
dP(ω)φ̄a(x)dL(x)

≥ C

∫
Ea

∫
Ω

χa(ω, x)φ̄a(x)dL(x)

=
C

1− α(a)
,

for C = 1/max{x ∈ W | φ̄a(x)}. By Proposition 5.5.1, (x, a) �→ φ̄a(x) is C
k almost

everywhere and has uniformly bounded derivatives. For each integer k there is a
constant C with |φ̄a| ≤ C|a − a0|k on W\Ea0 . As in the proof of Proposition 5.4.4
we get that for each k there is a constant Ck > 0, so that 1−α(a) ≤ Ck|a− a0|k.
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5.6 Decay of correlations

Rates of decay of correlations are intimately related to the speed of convergence to
equilibrium which intuitively corresponds to the speed with which the spacial distri-
bution of a typical finite pieces of trajectory approach the stationary distribution.
This is relevant for example in numerical computations where one wants to estimate
long term behavior by studying relatively short term pieces of trajectory. Rates of
decay of correlations also affects so-called extreme statistics which are relevant to all
kinds of applications involving the probability and frequency of rare events.
A single random map with an isolated measure supported on a single component has
exponential decay of correlations as precised in the following proposition. The interest
from our perspective in computing the speed of decay of correlations lies in the study
of bifurcations where the support of a stationary measure has several components
merging. This will be discussed below. The the sequel we prove Proposition 5.6.2
and Theorem 5.6.1, main result of this section. The reader can consult (111; 12) for
background on decay of correlations.

Let m a stationary measure and μ, μ+ the corresponding S (S+ respectively)
invariant measures, see proposition 2.3.1. Recall that μ is mixing if

lim
n→∞

μ(S−n(V ) ∩W ) = μ(V )μ(W )

(similarly for μ+ = m× ν∞+ and S+), see e.g. (113). A stationary measure m for the
discrete Markov process is called mixing if the averaged correlations decay to zero:

lim
n→∞

∫
Ωn

m(
(
fn

ω1,...,ωn

)−1
(A) ∩B)dν(ω1) · · · dν(ωn) = m(A)m(B). (5.17)

Proposition 5.6.1. Suppose m is a unique stationary measure. The measures μ+,
μ are ergodic. If the support of the stationary measure m is connected, then the
stationary measure m is mixing and the invariant measures μ+, μ are mixing.

Proof. We will establish equivalence between the different mixing properties of the
stationary measure m for the Markov process and the measures μ+, μ for the skew
product systems with one or two sided time. That is, the following statements are
equivalent.

(a) limn→∞

∫
Δn m(

(
fn

ω1,...,ωn

)−1
(A) ∩ B)dν(ω1) · · · dν(ωn) = m(A)m(B) for Borel

sets A,B ⊂M.

(b) limn→∞ μ(S−n
+ (V ) ∩W ) = μ+(V )μ+(W ) for Borel sets V,W ⊂ ΔN ×M.

(c) limn→∞ μ(S−n(V ) ∩W ) = μ(V )μ(W ) for Borel sets V,W ⊂ ΔZ ×M.

The proposition follows since a stationary measure of a Markov process is ergodic and
mixing in case its support is connected (37; 118).

To prove that (a) implies (b), it suffices to consider product sets V = A1 × B1,
W = A2 ×B2 (compare (113, Theorem 1.17)). Compute

μ+(S
−n(V )) = μ+

⎛
⎝{(ω1, . . . , ωn)} ×A1 ×

⋃
ω1,...,ωn∈Δ

(
fn

ω1,...,ωn

)−1
(B1)

⎞
⎠ .
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Hence

ν∞+ ×m(S−n(V ) ∩W )

= ν∞+ (ϑ−n(A1) ∩A2)

∫
Δn

m
((
fn

ω1,...,ωn

)−1
(B1) ∩B2

)
dν(ω1) · · · dν(ωn)

→ ν∞+ (A1)ν
∞
+ (A2)m(B1)m(B2)

= ν∞+ ×m(V )ν∞+ ×m(W ),

as n → ∞. That (b) implies (a) follows from the above computation with the fact
that ν∞+ is mixing and μ+ is mixing.

For the equivalence of (b) and (c) we note that the skew product S with the invari-
ant measure μ is the natural extension of S+ with the invariant measure μ+ = ν∞+ ×m
(5, Appendix A). A natural extension inherits ergodicity and mixing properties.
Clearly (c) implies (b) as the system with time N is a factor of the system with
time Z. To see that (b) implies (c), we need to show

lim
n→∞

μ(S−n(A1) ∩A2) = μ(A1)μ(A2), (5.18)

for Borel sets A1, A2 in Δ
Z×M. Write O1, O2 for the coordinate projections of A1, A2

onto ΔZ. For ε > 0, take two sets A′1, A
′
2 with μ(Ai�A′i) < ε, i = 1, 2, such that the

coordinate projections O′1, O
′
2 ⊂ ΔZ are cylinder sets. Then for some n > 0, ϑ−n(O′1)

defines a cylinder set in ΔN. By the mixing property of μ+, (5.18) holds for A
′
1, A

′
2.

By approximation it is true for all Borel sets.

The disintegrations μω are called fiber mixing if

lim
n→∞

μω(
(
fn

ω1,...,ωn

)−1
(A) ∩B) = μσnω(A)μω(B), (5.19)

see (18). Even when μ is mixing, the μω’s need not be fiber mixing. This follows from
Theorem 4.1.1; random circle diffemorphisms that are equivariant under the action
of a cyclic group can be expected to have multiple random attracting fixed points in
each fiber.

Remark 5.6.1.
Mixing random dynamical systems enjoy the property that the support of the random
limit measure

μω = lim
k→∞

(fk
σ−kω)∗m, (5.20)

is a random attractor while in general we have only the inclusion supp(μω) ⊂ A(ω)
where A(ω) is an arbitrary random attractor, see (75)

Write

Unψ(x) =

∫
Δn

ψ ◦ fn(ω1, . . . , ωn; )dν(ω1) · · · dν(ωn).

Proposition 5.6.2. Let f be a random map with an isolated stationary measure m
with connected support. Let W be an isolating neighborhood for m. Take ϕ, ψ ∈
L2(W ). Then∣∣∣∣

∫
M

ϕ(x)Unψ(x)dm(x) −

∫
M

ϕ(x)dm(x)

∫
M

ψ(x)dm(x)

∣∣∣∣ ≤ Cηn
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for some C > 0, 0 < η < 1.

Note that the exponential decay of correlations holds for observables ϕ, ψ ∈
L2(W ), thus including characteristic functions of open sets.

We return to a family {fa}, a ∈ I, of random maps. Assume that fa has an
isolated measure ma for all a ∈ I with an isolating neighborhood W . Suppose a0 ∈ I
is a bifurcation value for an intermittency bifurcation so that

• the support of ma consists of k components for a ≤ a0,

• the support of ma consists of a single component for a > a0.

We incorporate the dependence of Un on a into the notation by writing Un
a .

Theorem 5.6.1. Let fa be as above. Take ϕ, ψ ∈ L2(W ). There are a constant
C > 0 and a smooth function a �→ ηa with ηa = 1 for a < a0 and ηa < 1 for a > a0,
so that ∣∣∣∣

∫
M

ϕ(x)Un
a ψ(x)dm(x) −

∫
M

ϕ(x)dm(x)

∫
M

ψ(x)dma(x)

∣∣∣∣ ≤ Cηn
a

for a > a0.

The smoothness properties of ηa imply that ηa−1 is a flat function of a at a = a0.
As in the discussion of escape times, that shows how slowly the bifurcation manifests
itself in time series when moving the parameter a.
We consider a random family {fa} restricted to an isolating neighborhood W of a
stationary measure ma, for all values of a form an interval I. The transfer operator
La on Ck

0 (W ) possesses a single eigenvalue at 1. If the support of ma consists of r
components, La has eigenvalues e2πi/j , 0 ≤ j < r, on the unit circle in the complex
plane. These eigenvalues make up the peripheral spectrum of La, see Remark 5.1.2.
In this section we consider bifurcations in which the number of components of the
support of ma changes. We will see how the rate of decay of correlations varies with
the parameter a, providing a proof of Theorem 5.6.1.

Proposition 5.6.3. Let fa, a ∈ I, be a family of random diffeomorphisms with
an isolating neighborhood W . The eigenvalues and eigenvectors of the peripheral
spectrum of La on Ck

0 (W ) vary smoothly with a.

Proof. Let λa be an eigenvalue that depends continuously on a and lies on the unit cir-
cle for a = a0. Since ma0 is an isolated stationary measure, λa0 is a simple eigenvalue
(see Remark 5.1.2). Proposition 5.7.1 in Section 5.7 implies the result.

Recall (2.8) and Lemma 2.2.1. Write

Ln
aϕ(x) =

∫
Δn

Pfa(ω1,...,ωn;x)ϕ(x)dν(ω1) · · · dν(ωn),

Un
a ψ(x) =

∫
Δn

ψ ◦ fa(ω1, . . . , ωn;x)dν(ω1) · · ·dν(ωn).
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As in the computation for Lemma 2.2.1,∫
M

Ln
aϕ(x)ψ(x)dL(x) =

∫
M

ϕ(x)Un
a ψ(x)dL(x). (5.21)

After these preparations we now prove the statements on the speed of decay of cor-
relations. First consider a single random map f .

Proof of Proposition 5.6.2. Let φ be the stationary density. Write
Lnϕ =

(∫
M ϕ(y)dL(y)

)
φ+Dnϕ. Compute∫

M

ϕ(x)Unψ(x)dL(x) =

∫
M

Lnϕ(x)ψ(x)dL(x)

=

∫
M

[(∫
M

ϕ(y)dL(y)

)
φ(x) +Dnϕ(x)

]
ψ(x)dL(x),

so that∣∣∣∣
∫
M

ϕ(x)Unψ(x)dL(x) −

∫
M

ϕ(x)dL(x)

∫
M

ψ(x)φ(x)dL(x)

∣∣∣∣
=

∣∣∣∣
∫
M

Dnϕ(x)ψ(x)dL(x)

∣∣∣∣ .
Note that the spectral radius of R is smaller than 1. By continuity of R, there is

N > 0 so that ‖DN‖ < 1 for all a near a0. Hence for n ∈ N, ‖Dn‖ < Cηn for some
C > 0, η < 1. The proposition follows from∣∣∣∣

∫
M

Dnϕ(x)ψ(x)dL(x)

∣∣∣∣ ≤ ‖Dnϕ‖L2(M)‖ψ‖L2(M) ≤ Cηn‖ϕ‖L2(M)‖ψ‖L2(M).

Proof of Theorem 5.6.1. This is proved by following the computation in the proof of
Proposition 5.6.2 above and noting that La has for a > a0 a single eigenvalue 1 and
k − 1 eigenvalues that have moved smoothly into the unit circle. Write ηa for the
largest radius of the eigenvalues of La that lie inside the unit circle. As a consequence
of the smooth dependence of the eigenvalues near the unit circle, see Proposition 5.6.3,
ηa is a smooth function of a.

We claim that there exists C > 0 so that for all a near a0, ‖Dn‖ ≤ Cηn
a . For

a = a0, let E be the union of the eigenspaces for the eigenvalues in the peripheral
spectrum. For a near a0, let Ea be the continuation of Ea0 = E. As Ea is finite
dimensional and has a basis depending smoothly on a, it is clear that there exists
C > 0 so that for a > a0, n ∈ N,

‖Dn
|Ea

‖ ≤ Cηn
a . (5.22)

Let F be a subspace of L2(W ) complementary to E. Write Pa for the projection to
Ea along F . Then R = PaR+ (I − Pa)R. By continuity of R and Pa, there is N > 0

so that ‖ ((I − Pa)R)
N ‖ < 1 for all a near a0. Hence for n ∈ N,

‖ ((I − Pa)R)
n ‖ < Cνn (5.23)
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for some C > 0, ν < 1. Now (5.22) and (5.23) prove the claim. As before, the
proposition follows from∣∣∣∣

∫
M

Dnϕ(x)ψ(x)dL(x)

∣∣∣∣ ≤ ‖Dnϕ‖L2(M)‖ψ‖L2(M) ≤ Cηn
a‖ϕ‖L2(M)‖ψ‖L2(M).

5.7 Regularity of solutions of integral equations

In a number of places in this thesis eigenvalue equations Laφ = λφ for the transfer
operator La arise. As La depends only C1 on a, a direct application of the implicit
function theorem as found e.g. in (17; 25) yields only weak regularity properties of
the solutions.

The following remark is a variant of Proposition 5.3.1. It allows an application of
(20, Proposition 3.6.1) to show that eigenvectors and eigenvalues of La, in the case of
simple eigenvalues, vary smoothly with a.

Remark 5.7.1.
For a ∈ I, a �→ La is a Cr+1 map from I into L(Ck+r(M), Ck(M)), the space of
bounded linear maps from Ck+r(M) into Ck(M).

We include an alternative route to obtain such smoothness, as introduction to the
more involved reasoning in Section 5.5.

Given is La0φa0 = λa0φa0 with La acting for a near a0 on Ck(M) (here we
are considering complex valued functions). Similarly we can consider La acting on
Ck

0 (W ) for an isolating neighborhood W . Assume that λa0 is an isolated eigenvalue
of La0 . Denote by E the span of φa0 and let F

k(W ) be a complement of E in Ck(M).
Consider functions φa = φa0 +ψa with ψa ∈ F k(M). We wish to solve Laφa = λaφa.
Let P be the projection to E along F k(M). Considering a second parameter λ,
Laφa = λφa decomposes as{

(I − P )La(φa0 + ψa) = λψa,
PLa(φa0 + ψa) = λφa0 .

The top equation can be solved for ψa as a function of λ and a for a near a0 and λ near
λa0 . In fact, by the Fredholm alternative, ψa = ((I − P )La − λI)

−1
((I − P )Laφa0).

Putting this into the bottom equation yields a single equation for λ. Note that for
stationary measures, λ = 1 automatically solves this equation, compare the proof of
Theorem 5.3.1 in Section 5.3.

Write the top equation as a fixed point equation Tαψα = ψα with parameters α.
The map Tα is a compact linear map mapping F k(M) into F k+1(M), compare the
proof of Theorem 5.1.1.

Lemma 5.7.1. If (x, a) �→ ψa(x) is Ck, then (x, a) �→ Taψa(x) is Ck+1.

Proof. See Section 5.3.

Proposition 5.7.1. Consider the integral equation Tαψα = ψα with Tα as above.
The fixed point x �→ ψα(x) is smooth jointly in x, α.
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Proof. Given is a unique fixed point ψα depending continuously on α. Formally
differentiating Tαψα = ψα with respect to α gives

∂

∂α
(Tαψα(x)) =

∂

∂α
Tαψα(x) + Tα

∂

∂α
ψα(x) =

∂

∂α
ψα(x).

So ∂
∂αψα should be the solution Mα of ∂

∂αTαψα(x) + TαMα(x) =Mα(x). That is,

Mα = (I − Tα)
−1 ∂

∂α
Tαψα. (5.24)

By the Fredholm alternative (73), I−Tα is invertible on F
k(M). The right hand side

of (5.24) is therefore a continuous function. To establish that Mα is the derivative
∂

∂αψα, we must show |ψα+h(x)−ψα(x)−Mα(x)h| = o(|h|) as h→ 0 (compare the proof
of the implicit function theorem in e.g. (17) or (25)). Write γα(x) = ψα+h(x)−ψα(x).
Now

γα(x) = Tα+h(ψα + γα)(x) − Tα(ψα)(x)

= Tαγα(x) +
∂

∂α
Tαψα(x)h+R(x), (5.25)

where R(x) = Tα+h(ψα+γα)(x)−Tα(ψα)(x)−Tαγα(x)−
∂

∂αTαψα(x)h. Since (ψ, α) �→
Tα(ψ) is differentiable, for any ε > 0 there is δ > 0 with |R| < ε(|γα| + |h|) if
|γα|, |h| < δ. Since γα is continuous in h, we may further restrict δ so that this
estimate on |R| holds for |h| < δ. From (5.25) we get γα = (I −Tα)

−1( ∂
∂αTαψαh+R)

so that |γα| < C|h| for some C, if |h| < δ. This implies |R| < ε(1 + C)|h| for |h| < δ.
As

(I − Tα)(γα −Mαh) = R

(from (5.24) we get (I −Tα)Mα = ∂
∂αTαψα), we derive |γα(x)−Mα(x)h| < Kε|h| for

some K > 0, if |h| < δ. This proves that Mα equals the partial derivative ∂
∂αψα.

Higher order derivatives are treated by induction. Assume that (x, α) �→ ψα(x)
has been shown to be Cj . By Lemma 5.7.1, (x, α) �→ Tαψα(x) is C

j+1. So Dψα =
D(Tαψα) is C

j .www.science.uva.nl/docentensite As (I−Tα)
−1 maps F j(M) to F j(M),

the right hand side of (5.24) is a Cj function. The above reasoning shows that
Mα = ∂

∂αψα. Therefore
∂

∂αψα is Cj , so that (x, α) �→ ψα(x) is C
j+1.


