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1 Introduction

In this introductory chapter we review inference procedures for Lévy processes and pro-
vide motivation for the use of nonparametric techniques in this context. An outline of
the present thesis is given at the end of the chapter.

1.1 Lévy processes

Lévy processes are stochastic processes with stationary independent increments. The
class of such processes is extremely rich, the best known representatives being Poisson
and compound Poisson processes, Brownian motion, Cauchy process and, more generally,
stable processes, see Kyprianou (2006, Section 1.2). Though the basic properties of Lévy
processes have been well-studied and understood since a long time, see e.g. Skorohod
(1964), during the last years there has been a renaissance of interest in Lévy processes.
This revival of interest is mainly due to the fact that Lévy processes found numerous
applications in practice and proved to be useful in a broad range of fields including
finance, insurance, queueing, telecommunications, quantum theory, extreme value theory
and many others, see e.g. Barndorff-Nielsen et al. (2001) for an overview. Cont and
Tankov (2004) provide a thorough treatment of applications of Lévy processes in finance.
Comprehensive modern texts on fundamentals of Lévy processes are Bertoin (1996),
Sato (2004) and Kyprianou (2006), and we refer to those for precise definitions and more
details concerning properties of Lévy processes.

Already from the outset an intimate relation of Lévy processes with infinitely divisible
distributions was discovered. For a detailed exposition of infinitely divisible distributions
see e.g. Steutel and van Harn (2004). In fact there is a one-to-one correspondence be-
tween Lévy processes and infinitely divisible distributions: if X = (Xt)t≥0 is a Lévy
process, then its marginal distributions are all infinitely divisible and are determined by
the distribution of X1. Conversely, given an infinitely divisible distribution μ, one can
construct a Lévy process, such that PX1 = μ. The celebrated Lévy-Khintchine formula
for infinitely divisible distributions provides us with an expression for the characteristic
function of X1, which can be written as

φX1(z) = exp
[
iγz − 1

2
σ2z2 +

∫
R

(eizx − 1 − izx1[|x|≤1])ν(dx)
]

, (1.1)

where γ ∈ R, σ ≥ 0 and ν is a measure concentrated on R\{0}, such that
∫

R
(1∧x2)ν(dx) <

∞. This measure is called the Lévy measure corresponding to the Lévy process X, while
the triple (γ, σ, ν) is referred to as Lévy or generating triplet of X. The exponent in
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(1.1) is called the Lévy or characteristic exponent. The representation in terms of the
triplet (γ, σ, ν) is unique. Thus the Lévy triplet provides us with means for unique
characterisation of a law of any Lévy process.

1.2 Inference for Lévy processes

Bearing in mind that the law of any Lévy process is uniquely characterised by the corre-
sponding Lévy triplet, statistical inference for Lévy processes can be reduced to inference
on the Lévy triplet. There are several ways to approach estimation problems for Lévy
processes: parametric, nonparametric and semiparametric approaches. These approaches
depend on whether we decide to parametrise the Lévy measure (or its density, in case it
exists) with a Euclidean parameter, or to work in a nonparametric setting. The semi-
parametric approach to parametrisation of the Lévy measure is also possible.

We will first review the parametric case (with an emphasis on models used in fi-
nance, but also considering more general cases), however without pretending to produce
an exhaustive overview, as our primary interest lies in nonparametric inference for Lévy
processes. After this we will provide an overview of nonparametric estimation problems
for Lévy processes. One of the reasons, why we provide a survey of parametric estima-
tion, is that we hope to give motivation for the use of the nonparametric techniques for
estimation problems for Lévy processes employed in this thesis.

1.2.1 Parametric and semiparametric inference

In many cases it is possible to select a rich enough subclass of Lévy processes and
parametrise the corresponding family of Lévy measures ν (or their densities, in case they
exist) with a finite dimensional parameter. Even if one is not directly interested in ν, but,
say, in marginal distributions of X as it is frequently the case in practice, parameters
used to parametrise marginal distributions of X will be related to the parametrisation of
the Lévy measure. E.g., if X = (Xt)t≥0 is a gamma process, then X1 has a probability
density

p(x) =
1

Γ(α)βα
xα−1e−x/β1[x>0],

where α, β > 0. The corresponding Lévy measure is given by

ν(dx) = αx−1e−x/β1[x>0]dx,

see Kyprianou (2006, p. 7).
Thus, if one restricts the model a priori to one of such classes, where the Lévy densities

can be parametrised by a Euclidean parameter, inference for X can be reduced to infer-
ence on a finite-dimensional parameter. For the case of gamma and stable processes we
refer to Basawa and Brockwell (1978, 1980), Zolotarev (1992, Chapter 4), Nolan (2001),
Borak et al. (2005) and references therein for additional details.

Of course, other classes of Lévy processes may be considered as well. In particular,
the following types of Lévy processes have received recently considerable attention in the
financial literature to model the behaviour of the logarithm of asset prices: the variance
gamma (VG) process, the normal inverse Gaussian (NIG) process, the hyperbolic Lévy
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motion and the CGMY process. The NIG process and the hyperbolic Lévy motion are
both particular cases of the generalised hyperbolic Lévy motion.

Example 1.1. The VG process was introduced in Madan et al. (1998) and constitutes a
generalisation of a two-parameter stochastic process studied in Madan and Senata (1990)
and Madan and Milne (1991). It is defined as an arithmetic Brownian motion with drift
θ and volatility σ, time-changed by an increasing gamma process with unit mean and
variance v, resulting in the three parameter process

Xt(σ, v, θ) = θGt(v) + σW (Gt(v)).

Here Gt(v) denotes a gamma process, while W is a Brownian motion. If we set

G =

(√
θ2v2

4
+

σ2v

2
− θv

2

)−1

,

M =

(√
θ2v2

4
+

σ2v

2
+

θv

2

)−1

,

C =
1
v
,

then the Lévy density of a VG process is given by

νVG(x) =

{
Cx−1exp(−Mx) if x > 0,
C|x|−1exp(−G|x|) if x < 0.

Suppose we observe the process at discrete time instances. The moment equations
involving the variance, the central third moment and the central fourth moment of Xt

can be uniquely solved for θ, σ and v, see Madan et al. (1998, equations (18)–(20)), and
thus they also provide the basis for the application of moment estimators to estimate
the parameters θ, σ and v. An alternative is to use the maximum likelihood method. We
refer to Madan et al. (1998) for additional details on the VG process and its applications
in finance.

Example 1.2. The normal inverse Gaussian process (NIG) is defined as an arithmetic
Brownian motion with drift θ and volatility σ time-changed by a process T v = (T v

t )t≥0,
where T v

t is the first moment, when the Brownian motion with drift v reaches the level
t. Thus we have

Xδt(σ, v, θ) = θT v
δt + σW (T v

δt),

where W is Brownian motion. The Lévy triplet for the normal inverse Gaussian process
is (γ, 0, f(x; α, β, δ)), where

f(x; α, β, δ) =
δα

π|x| exp(βx)K1(α|x|),

γ =
2δα

π

∫ 1

0

sinh(βx)K1(αx)dx,
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see Barndorff-Nielsen (1995). Here K1 denotes the modified Bessel function of the third
kind with index 1, see Abramowitz and Stegun (1975, p. 374). Estimation of the parame-
ters of the NIG process given discretely sampled data from the process can be done by the
maximum likelihood method, as mentioned in Rydberg (1997). Additional information
on the NIG process and its applications in finance can be found e.g. in Barndorff-Nielsen
(1998). Notice that the NIG process is characterised by four parameters.

Example 1.3. The hyperbolic Lévy motion was introduced in Eberlein and Keller
(1995). The density of X1 in this case is given by

p(x) =

√
α2 − β2

2αδK1

(
δ
√

α2 − β2
) exp

(
−α

√
δ2 + (x − μ)2 + β(x − μ)

)
.

It depends on four parameters: α, β, δ and μ. The corresponding Lévy density is given
by

f(x) =
eβx

|x|

(∫ ∞

0

exp(−
√

2y + α2|x|)
π2y(J2

λ(δ
√

2y) + Y 2
λ (δ

√
2y))

dy + λe−α|x|
)

if λ ≥ 0, and by

f(x) =
eβx

|x|
∫ ∞

0

exp(−
√

2y + α2|x|)
π2y(J2

−λ(δ
√

2y) + Y 2
−λ(δ

√
2y))

dy,

if λ < 0. Here Jλ and Yλ denote the Bessel functions of the first and second kind
with index λ, respectively, see Abramowitz and Stegun (1975, p. 358). Assuming that
the hyperbolic Lévy motion is sampled at equidistant time points, the parameters can
be estimated by the maximum likelihood method using e.g. the computer programme
described in Blæsild and Sørensen (1992). For additional details on the hyperbolic Lévy
motion we refer e.g. to Eberlein and Keller (1995).

Example 1.4. The CGMY process is a generalisation of the VG model and it was
introduced in Carr et al. (2002). The process is defined by its Lévy density, which is
given by

f(x) =

{
Cx−(1+Y )exp(−Mx) if x > 0,
C|x|−(1+Y )exp(−G|x|1+Y ) if x < 0.

Thus the Lévy density depends on four parameters. The model can be generalised by
adding a Brownian component to the CGMY process XCGMY, resulting in the CGMYe

process
XCGMYe = XCGMY(t) + ηWt,

where η is a real number. The estimation of the parameters of the CGMYe process is
considered in Carr et al. (2002) and we refer to the same article for additional details on
the CGMYe and CGMY processes.

Example 1.5. The hyperbolic Lévy motion and the NIG process can in fact be consid-
ered as particular cases of the generalised hyperbolic Lévy motion. For this Lévy process
the marginal density of X1 is given by

p(x) = a(λ, α, β, δ)(δ2 + (x − μ)2)(λ−
1
2 )/2Kλ− 1

2

(
α
√

δ2 + (x − μ)2
)

exp(β(x − μ)),
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where

a(λ, α, β, δ) =
(α2 − β2)λ/2

√
2παλ− 1

2 δλKλ

(
δ
√

α2 − β2
)

is the normalising constant and Kν denotes the Bessel function of the third kind with
index ν. Thus the generalised hyperbolic Lévy motion depends on five parameters. The
NIG case is obtained for λ = −1/2, while the hyperbolic distributions are obtained at
λ = 1. The parameters can be estimated e.g. by the maximum likelihood method. We
refer to Eberlein (2001) for additional details on the generalised hyperbolic Lévy motion
and its applications in finance.

More generally, one may assume that one is given a family of Lévy exponents

Ψθ(z) = iza(θ) +
∫

R

(
eizx − 1 − izx

1 + x2

)
dμθ(x) (1.2)

parametrised by a finite-dimensional parameter θ ∈ Θ ⊂ R
d. We then want to estimate

θ based on a sample from X. This is an approach of Akritas and Johnson (1981) and
Akritas (1982), where it is also assumed that a continuous record of observations from X
is available. The formula (1.2) is an alternative way to write the characteristic function
of an infinitely divisible distribution without a Brownian component, see e.g. Steutel and
van Harn (2004, Theorem 4.4, p. 155).

Despite the fact that there have been favourable reports on obtaining a good fit of
empirical financial data by the distributions mentioned in Examples 1.1–1.5, see e.g.
references cited in these examples, one notices, that there is a tendency to increase the
number of parameters used to parametrise the corresponding distributions. Moreover,
some authors, e.g. Bingham and Kiesel (2002), believe that the complex reality cannot
be captured adequately by such a finite number of parameters, and advocate the use of
semiparametric models to describe the distribution of the log-returns of the stock prices.
The parametric part in the case of Bingham and Kiesel (2002) consists of a mean vector
μ and a covariance matrix Σ, while the nonparametric component is used to model the
shape of the distribution, specifically the question of the tail decay, and can be thought
of as a density on [0,∞). The model proposed by Bingham and Kiesel (2002) is a class of
normal variance-mean mixtures and a particular emphasis is put on the class of elliptically
contoured distributions. This class of distributions has one important advantage, the fact
that adaptive estimation is possible in this case, for additional details see Bickel et al.
(1998, § 7.8). Statistical inference for this model is considered in Bingham et al. (2003).

Another semiparametric model was proposed in the literature as well. Assuming that
W is a standard symmetric stable process with index β ∈ (0, 2] and Y is some other Lévy
process that is independent of W (and satisfies certain other properties) and is used to
model perturbations of W, the following class of processes was considered in Aı̈t-Sahalia
and Jacod (2004):

Xt = σWt + θYt.

Suppose that the process X is sampled at n discrete time points iΔn, with Δn → 0 as
n → ∞. The unknown parameters include σ, θ and β, while the unknown distribution
G of YΔn can be considered as an infinite-dimensional nuisance parameter. The results
of Aı̈t-Sahalia and Jacod (2004) concern the behaviour of the Fisher information and
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derivation of convergence rates for estimation of the parameters σ, θ and β. An estimator
for σ is proposed and studied in Aı̈t-Sahalia and Jacod (2007).

To conclude examples dealing with parametric inference for Lévy processes, we men-
tion work by Jongbloed and van der Meulen (2006), where parametric estimation for
subordinators, i.e. Lévy processes with a.s. nondecreasing paths, is studied. Assuming
that Z = (Zt)t≥0 is a subordinator with Lévy measure ν and Lévy density f(x), the
Ornstein-Uhlenbeck (OU) process driven by Z is defined as

dXt = −λXtdt + dZλt.

The rather peculiar timing in Z is needed to ensure the existence of a stationary distri-
bution for X. The marginal distributions of X are infinitely divisible with Lévy density
that can be expressed in terms of the Lévy measure ν of Z :

νX(dx) = x−1ν((x,∞))dx =
k(x)
x

dx.

Here k is a decreasing function on (0,∞). Suppose that one observes a stationary time
series X(1), X(2) . . . , with an infinitely divisible marginal distribution and that the Lévy
density of X1 is parametrised by a Euclidean parameter θ ∈ Θ ⊆ R

k. The goal is to
estimate the true value of the parameter, θ0 ∈ Θ. Two specific instances of the sequence
X(1), X(2) . . . are considered in Jongbloed and van der Meulen (2006). According to the
first observation scheme X(i) = ZiΔ−Z(i−1)Δ, where Δ is fixed (without loss of generality
one can take Δ = 1). According to the second sampling scheme a stationary sequence
is obtained by sampling the OU process itself at equidistant time points. An estimator
of θ is proposed and its consistency and the asymptotic normality are established. We
refer to Jongbloed and van der Meulen (2006) for additional details.

1.2.2 Nonparametric inference

Historically, the first paper dealing with nonparametric inference for Lévy processes
was Rubin and Tucker (1959). Assuming that X = (Xt)t≥0 is a Lévy process, the
characteristic exponent corresponding to Xt can be written as

Ψt(z) = iγzt + t

∫
R

(
eizx − 1 − izx

1 + x2

)
1 + x2

x2
G(dx),

see e.g. Steutel and van Harn (2004, Theorem 4.1, p. 152). Two observation schemes
were proposed in Rubin and Tucker (1959) and the behaviour of the estimators of γ and
G was studied. According to the first observation scheme, one observes a path of X at
a finite number of values of t. Accordingly, for any integer n, let

Xnk = X k
n
− X k−1

n
,

where k = 1, 2, . . . . The estimator G∗
t,n(u) of G(u) is defined as

G∗
t,n(u) =

1
N

Nn∑
k=1

X2
nk

1 + X2
nk

1[Xnk≤u], (1.3)
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where N = [tn]. It is proved that this estimator is strongly consistent in the following
sense

P ( lim
n→∞ lim

t→∞G∗
t,n(u) = G(u) for all u ∈ C(G)) = 1,

where C(G) denotes the set where G is continuous.
According to the second observation scheme, one is able to observe all discontinuities

of a path of X on a finite interval in addition to being able to observe Xt at a finite set
of values of t. Let kn denote a sequence of positive integers such that

∞∑
n=1

1√
kn

< ∞.

Further, let t0 be a fixed value of time t, let

S2
n =

kn∑
k=1

(Xkt0/kn
− X(k−1)t0/kn

)2,

and let D2 be the sum of the squares of the jumps of a sample path during the time
interval [0, t0]. Setting

Jt(x) =
∫ x

−∞

b2

1 + b2
Nt(db),

where, for every Borel set B, Nt(B) denotes the number of discontinuities observed for
X over [0, t] whose sizes lie in B. The estimator Ĝn,t(u) of G(u) is then defined as

Ĝn,t(u) =

{
t−1Jt(u) if u < 0,
t−1Jt(u) + t−1

0 (S2
n − D2) if u > 0.

Rubin and Tucker (1959) prove that this is a consistent estimator of G as t → ∞ and
n → ∞. They also study the interrelation between G∗

N,n and Ĝn,T . Finally, they propose
a consistent estimator of γ,

γ̂(t) =
1
t

(
Xt −

∫ ∞

−∞

b2

1 + b2
Nt(db)

)
.

The estimator is consistent in the sense that

P ( lim
t→∞ γ̂(t) = γ) = 1.

Another paper dealing with nonparametric inference for Lévy processes, and in par-
ticular subordinators, is Basawa and Brockwell (1982). Suppose that X = (Xt)t≥0 is a
subordinator with the Lévy measure ν(du). It is often more convenient to characterise
X by the measure K defined as

K((0, y]) =
∫ y

0

u2

1 + u2
ν(du),

because, unlike ν, the measure K is necessarily finite. Three estimators based on three
different sampling plans were considered. According to the first scheme, one observes
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jump sizes U1, U2, . . . (in order of occurence) that exceed ε > 0. If N(t) denotes the
number of jumps in (0, t] whose size exceeds ε, then the estimator K̂ε,y(t) is defined as

K̂ε,y(t) =
1
t
Zε,y(t),

where

Zε,y(t) =
N(t)∑
k=1

U2
k

1 + U2
k

1(ε,y](Uk),

and it is proved that K̂ε,y(t) is a consistent and asymptotically normal estimator of
K((0, y]) as t → ∞ for each ε > 0. Moreover, for any (a, b) ⊂ [ε,∞), K̂b,y(t) − K̂a,y(t) is
a consistent and asymptotically normal estimator of K((a, b]) as t → ∞.

The second estimator is essentially the same as (1.3). Its consistency and asymptotic
normality are established.

The third estimator is based on the largest jumps of X in the interval (0, t]. Specifi-
cally, if we denote by V1, V2, . . . the sizes of all jumps of X in (0, t] ordered in such a way
that V1 ≥ V2 ≥ . . . , then the third estimator is defined as

K∗
k,y(t) =

1
t

kt∑
j=1

V 2
j

1 + V 2
j

1(0,y](Vj),

and under certain conditions on ν((y,∞)) the consistency and asymptotic normality of
K∗

k,y(t) are proved.
There exists another method for constructing estimators for the Lévy density f of a

Lévy process X if a continuous record of observations is available over the interval [0, t].
It is intimately connected with estimation of the intensity measure of a spatial Poisson
process. Assume that the process X is observed continuously over a time interval [0, t].
Let

J(B) = #{t > 0 : (t, Xt − Xt−) ∈ B},
where B is a Borel subset of [0,∞)× R0 (here R0 denotes R\{0}). Then by Sato (2004,
Theorem 19.2) J is a spatial Poisson process on the Borel sets of B([0,∞) × R0) with
mean measure given by ∫∫

B

f(x)dtdx.

Thanks to the stationary independent increments property of a Lévy process, the i.i.d.
observations on J(B) with B = [0, 1]×R0 can be formed by using Bn = [n, n−1]×R0 and
then the problem reduces to estimation of the intensity function of the spatial Poisson
process which is observed n times over [0, 1]×R0. This idea is due to Figueroa-Lopez and
Houdré (2004). The theory for such a type of problems is well-developed. Given some
conditions on f, it can be estimated by kernel methods, see Kutoyants (1998, Section 6.2).

However in many applications the Lévy density is unbounded in any neighbourhood of
zero, and hence instead of the Lebesgue measure it is meaningful to use some other dom-
inating measure for the Lévy measure ν(dx) = f(x)dx of X. In particular, in Figueroa-
Lopez and Houdré (2004) it is assumed that there exists measure η, such that

dν

dη
(x) = s(x)
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is positive, bounded and satisfies∫
D

(s(x))2η(dx) < ∞.

This naturally allows one to consider as a model more general classes of Lévy mea-
sures. Figueroa-Lopez and Houdré (2004) propose the projection estimation approach
for estimation of s. This approach in turn is inspired by Reynaud-Bouret (2003). The
obtained results include derivation of risk bounds, minimax rates of convergence and
proving that the proposed estimator of s attains the minimax rate of convergence. We
refer to Figueroa-Lopez and Houdré (2004) for additional details.

Two main references on estimation of the Lévy measure from low frequency observa-
tions are Watteel and Kulperger (2003) and Neumann and Reiß (2007). Assuming that
an infinitely divisible random variable X has finite second moment, its characteristic
function can be written as

φX(t) = exp
(

itγ +
∫

R

(
eitx − 1 − itx

) 1
x2

dK(x)
)

,

where γ ∈ R and K is a nondecreasing and bounded function, see e.g. Steutel and van
Harn (2004, Theorem 7.7, p. 181). If a and b are points of continuity of K, then

K((a, b]) = lim
T→∞

1
2π

∫ T

−T

e−ita − e−itb

it

φ′′
X(t)φX(t) − (φ′

X(t))2

(φX(t))2
dt, (1.4)

see equation (3) in Watteel and Kulperger (2003). If one estimates φX(t) by φemp(t),
then the estimator of K can be obtained by the plug-in device,

KnT ((a, b]) =
1
2π

∫ T

−T

e−ita − e−itb

it

φ′′
emp(t)φemp(t) − (φ′

emp(t))
2

(φemp(t))2
dt,

see Watteel and Kulperger (2003, equation (5)). The estimator KnT ((a, b]) turns out to
be asymptotically Gaussian; however this fact is established under the strong moment
condition E [|X |5+δ] < ∞ and moreover, the asymptotics are studied only for T kept
fixed. Method of selection T in practice remains an open question.

An equation resembling (1.4) is derived in Neumann and Reiß (2007) as well (con-
cerning such inversion formulae see also Burnaev (2006)). There the minimum distance
fit is used to estimate the Lévy measure νσ and the trend parameter γ. The obtained
results include lower risk bounds. Upper risk bounds for the proposed estimator are
derived under a strong moment condition E [|X |4+δ] < ∞. It is proved that the proposed
estimator is rate-optimal and the implementation of the estimator in practice, which is
a nontrivial task given that it requires minimisation of a nonlinear functional over the
space of all finite measures, is also discussed briefly. For additional details we refer to
Neumann and Reiß (2007).

To conclude our examples dealing with nonparametric estimation for Lévy processes,
we mention the possibility of nonparametric estimation of the density k in the model of
the Lévy-driven Ornstein-Uhlenbeck process that was considered at the end of Subsection
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1.2.1. This was done in Jongbloed et al. (2005). Another possibility is to consider a jump-
diffusion model: given a filtered probability space (Ω,F , (Ft)t≥0, P ), let

dXt = a(Xt−)dt + b(Xt−)dWt +
∫

R\{0}
c(Xt− , z)(p − q)(dt, dz),

with initial condition X0 = x0. Here W is a k′-dimensional Brownian motion, a(x)
is an R

k-valued Borel function defined on R
k, b(x) is a R

k ⊗ R
k′

-valued Borel function
defined on R

k, c(x, z) is an R
k-valued Borel function defined on R

k⊗R\{0}, p(dt, dz) is a
homogeneous Poisson process on R+⊗R\{0} and one assumes that q(dt, dz) = f(z)dzdt,
i.e. f is a Lévy density. It is assumed that c is known and that X is observed at equidistant
time points tni = iΔn (here i = 1, . . . , n) and one has to infer f as Δn → 0, nΔn → ∞.
This problem is studied in Shimizu (2006), where a kernel type density estimator fn

is proposed to estimate f and where under certain assumptions it is proved that fn is
L2-consistent and attains the optimal convergence rate.

1.3 Outline of the thesis

As is clear from the previous section, most of the existing literature is concerned with
parametric estimation for Lévy processes. Given that one may doubt whether complex
phenomena in practice can adequately be modelled by using Lévy processes whose dis-
tributions are parametrised by three, four or five parameters, it seems natural to turn to
non- or semiparametric techniques. This is precisely the approach of the present work.
We further notice that the majority of papers dealing with nonparametric inference for
Lévy processes either assume that a continuous record of observations is available (an un-
realistic assumption in practice), or use some other observation scheme, that in practice
would amount to the possibility to observe a Lévy process continuously. Alternatively,
they assume that even though the process is sampled at discrete time points, high fre-
quency data are available, and they study the asymptotics of proposed estimators as the
grid step Δn → 0. On the other hand, it is also interesting to study estimation problems
with Δ kept fixed.

The goal of the present thesis is to study nonparametric inference procedures for Lévy
processes based on low frequency data. Hence according to our observation scheme we as-
sume that a Lévy process X = (Xt)t≥0 is observed at discrete time points Δ, 2Δ, . . . , nΔ
with Δ kept fixed (without loss of generality we can take Δ = 1). We will study such a
problem first for a compound Poisson process and then for a more general Lévy process
defined as a sum of a compound Poisson process and an independent Brownian motion.
We will concentrate on the density estimation, as this subject remains largely unexplored
in the context of estimation problems for Lévy processes from low frequency data. The
details are given below.

In Chapter 2 we consider compound Poisson processes. Assuming that the intensity
of the Poisson process of the jump times equals λ, while the jump sizes of the process
have a density f, we consider the problem of nonparametric estimation of f . The Lévy
density in this case is given by λf. We propose a kernel type density estimator for f. The
obtained results include order expansions for the bias and variance of our estimator, and
theorems concerning its consistency and asymptotic normality. The asymptotic results
are supplemented by two simulation examples, which provide some insight into the finite
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sample performance of our estimator. Compound Poisson processes have important
applications in queueing and risk theory, see e.g. Embrechts et al. (1997) and Prabhu
(1980). A nonparametric approach to the estimation of f might prove useful if we are
interested in the shape of f, e.g. such feature as multimodality. Chapter 2 is an extended
version of van Es et al. (2007a).

Chapter 3 serves as a link between Chapter 2 and Chapter 4. In Chapter 3 we study
the deconvolution problem for an atomic distribution, a generalisation of the classical
deconvolution problem. For an overview of the latter see e.g. Wand and Jones (1995). The
atomic deconvolution has an independent interest as well, since in kernel deconvolution
problems it is usually assumed that the distribution of a ’signal’ is absolutely continuous,
while in our case it will have an atom at zero. When specified to the context of Lévy
processes, atomic deconvolution is unavoidable when considering an estimation problem
for a discretely sampled jump-diffusion process Xt = Yt + Zt, where Y is a compound
Poisson process with intensity λ. Chapter 3 is based on the preprint van Es et al. (2007b).

In Chapter 4 we consider estimation of the jump size density f given observations from
a discretely sampled process Xt = Yt + Zt, where Y is a compound Poisson process with
intensity λ and jump size density f, and Z is a Brownian motion. The obtained results
deal with asymptotic normality of a proposed estimator of f. The logarithmic rate of
convergence of our estimator is in sharp contrast with the polynomial rate of convergence
in Chapter 2, the difference caused by the presence of the Gaussian component in our
Lévy processes. Results from Chapter 4 are found in a preprint Gugushvili (2007).

Of course from our side it would be naive to think that such a broad subject as
nonparametric inference for such a rich class of processes as Lévy processes could be
completely covered in a manuscript of the size of the present thesis. Nevertheless, our
hope is that the nontrivial estimation problems that we consider not only are of in-
dependent interest, but also provide sufficient motivation for the use of nonparametric
techniques in estimation problems for Lévy processes.




