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Chapter 6

Introduction

Entanglement is possibly the most intriguing element of quantum theory. It plays
a crucial role in quantum algorithms, quantum cryptography and the understand-
ing of quantum mechanics itself. It enables us to perform quantum teleportation,
as well as superdense coding [NC00]. In this part, we investigate one particular
aspect of quantum entanglement: the violation of Bell-inequalities, and their im-
plications for classical protocols. But first, let’s take a brief look at the history
of entanglement, and introduce the essential ingredients we need later.

6.1 Introduction

In 1935, Einstein, Podolsky and Rosen (EPR) identified one of the striking con-
sequences of what latter became known as entanglement. In their seminal arti-
cle [EPR35] ”Can Quantum Mechanical Description of Physical Reality Be Con-
sidered Complete?” the authors define “elements of reality” as follows:

If, without in any way disturbing a system, we can predict with cer-
tainty (i.e. with probability equal to unity) the value of a physical quan-
tity, then there exists an element of physical reality corresponding to
this physical quantity.

EPR call a theory that satisfies this condition complete. They put forward the
now famous EPR-Paradox, here stated informally using discrete variables as put
forward by Bohm [Per93]. EPR assume that if we have a state shared between
two spatially separated systems, Alice and Bob, that do not interact at the time
of a measurement,

no real change can take place in the second system as a consequence
of anything that may be done to the first system.

That means that Alice and Bob cannot use the shared state itself to transmit
information. We will also refer to this as the no-signaling condition. Now consider
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the shared state

|Ψ〉 = 1√
2
( |0〉︸︷︷︸

Alice

|0〉︸︷︷︸
Bob

+ |1〉︸︷︷︸
Alice

|1〉︸︷︷︸
Bob

) =
1√
2
( |+〉︸︷︷︸

Alice

|+〉︸︷︷︸
Bob

+ |−〉︸︷︷︸
Alice

|−〉︸︷︷︸
Bob

). (6.1)

Suppose that we measure Alice’s system in the computational basis to obtain
outcome cA. Note that we can now predict the outcome of a measurement of
Bob’s system in the computational basis with certainty: cB = cA, without having
disturbed Bob’s system in any way. Thus cB is an “element of physical reality”.
However, we might as well have measured Alice’s system in the Hadamard basis
to obtain outcome hA. Likewise, we can now predict with certainty the out-
come of measuring Bob’s system in the Hadamard basis, hB = hA, again without
causing any disturbance to the second system. Thus hB should also be an “el-
ement of physical reality”. But as we saw in Chapter 4, quantum mechanics
forbids us to assign exact values to both cB and hB simultaneously, as measure-
ments in the computational and Hadamard basis are non-commutative. Indeed,
in Chapter 4.2, we saw that these two measurements give the strongest entropic
uncertainty relation for two measurements. EPR thus conclude

that the quantum mechanical description of reality given by the wave
function is not complete.

EPR’s article spurred a flurry of discussion that continues up to the present day.
Shortly after the publication of their article, Schrödinger published two papers
in which he coined the term entanglement (German: Verschränkung) [Sch35b,
Sch35a] and investigated this phenomenon which he described as “not one, but
rather the characteristic trait of quantum mechanics, the one that enforces its en-
tire departure from classical lines of thought” [Sch35b]. One point of discussion
in the ensuing years was whether the fact that quantum mechanics is not com-
plete, means that there might exist a more detailed description of nature which
is complete. Even though, these more detailed descriptions also called “hidden
variables” had remained inaccessible to us so far: a better theory and better tech-
nology might enable us to learn them. Thus quantum mechanical observations
would merely appear to be probabilistic in the absence of our knowledge of such
hidden variables.

6.1.1 Bell’s inequality

This idea was put to rest by Bell [Bel65] in 1964, when he proposed conditions
that any classical theory, i.e. any theory based on local hidden variables, has to
satisfy, and which can be verified experimentally. These conditions are known
as Bell inequalities . Intuitively, Bell inequalities measure the strength of non-
local correlations attainable in any classical theory. Non-local correlations arise
as the result of measurements performed on a quantum system shared between
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two spatially separated parties. Imagine two parties, Alice and Bob, who are
given access to a shared quantum state |Ψ〉, but cannot communicate. In the
simplest case, each of them is able to perform one of two possible measurements.
Every measurement has two possible outcomes labeled ±1. Alice and Bob now
measure |Ψ〉 using an independently chosen measurement setting and record their
outcomes. In order to obtain an accurate estimate for the correlation between
their measurement settings and the measurement outcomes, they perform this
experiment independently many times using an identically prepared state |Ψ〉 in
each round.

|Ψ> X1                                                     Y1

 X2                                                     Y2
Alice Bob 1,-1,1,1,-1,1,-1,-1,-1,1,1,1,-1,1,1-1,-1 , 1,-1

Figure 6.1: Alice and Bob measure many copies of |Ψ〉

Both classical and quantum theories impose limits on the strength of non-local
correlations. In particular, both should not violate the non-signaling condition
of special relativity as put forward by EPR above. That is, the local choice of
the measurement setting does not allow Alice and Bob to transmit information.
Limits on the strength of correlations which are possible in the framework of any
classical theory are the Bell inequalities. The best known Bell inequality is the
Clauser, Horne, Shimony and Holt (CHSH) inequality [CHSH69]

〈CHSH〉c = |〈X1Y1〉+ 〈X1Y2〉+ 〈X2Y1〉 − 〈X2Y2〉| ≤ 2, (6.2)

where X1, X2 and Y1, Y2 are the observables representing the measurement set-
tings of Alice and Bob respectively and we use 〈XiYj〉 = 〈Ψ|Xi⊗Yj|Ψ〉 to denote
the mean value of Xi and Yj. Quantum mechanics allows for a violation of the
CHSH inequality, and is thus indeed non-classical: If we take the shared state
|Ψ〉 = (|00〉 + |11〉)/√2 and let X1 = σx, X2 = σz, Y1 = (σx + σz)/2, and
Y2 = (σx − σz)/2 we obtain

〈CHSH〉q = |〈X1Y1〉+ 〈X1Y2〉+ 〈X2Y1〉 − 〈X2Y2〉| = 2
√
2.

Most importantly, this violation can be experimentally verified allowing us to test
the validity of the theory. The first such tests were performed by Clauser [Cla76]
and Aspect, Dalibard, Grangier, and Roger [AGR82, ADR82]. Over the years
these tests have been refined considerably, ruling out many loopholes present in
the initial experiments such as for example detector inefficiency [RKM+01]. Yet,
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no conclusive test has been achieved so far. Unfortunately, such experimental
concerns are outside the scope of this thesis, and we merely point to an overview
of such issues [Asp99].

6.1.2 Tsirelson’s bound

Curiously, even quantum mechanics itself still limits the strength of non-local
correlations. Tsirelson’s bound [Tsi80] says that for quantum mechanics

|〈X1Y1〉+ 〈X1Y2〉+ 〈X2Y1〉 − 〈X2Y2〉| ≤ 2
√
2,

and thus the above measurements are optimal. We provide a simple proof of this
fact in Chapter 7. It is interesting to consider what would happen if quantum
mechanics allowed for more powerful non-local correlations. To this end, it is
convenient to rewrite the CHSH inequality from Eq. (6.2) in the form

∑
x,y∈{0,1}

Pr[ax ⊕ by = x · y] ≤ 3.

Here, x ∈ {0, 1} and y ∈ {0, 1} denote the choice of Alice’s and Bob’s measure-
ment, ax ∈ {0, 1} and by ∈ {0, 1} the respective binary outcomes, and ⊕ addition
modulo 2 (see Section 6.2.3 for details). In this form, quantum mechanics allows
a violation up to the maximal value of 2+

√
2. Since special relativity would even

allow a violation of Tsirelson’s bound, Popescu and Rohrlich [PR94, PR96, PR97]
raised the question why nature is not more ’non-local’? That is, why does quan-
tum mechanics not allow for a stronger violation of the CHSH inequality up to
the maximal value of 4? To gain more insight into this question, they constructed
a toy-theory based on non-local boxes. Each such box takes inputs x, y ∈ {0, 1}
from Alice and Bob respectively and always outputs measurement outcomes ax,by

such that x · y = ax⊕ by. Alice and Bob still cannot use this box to transmit any
information. However, since for all x and y, Pr[ax ⊕ by = x · y] = 1, the above
sum equals 4 and thus non-local boxes lead to a maximum violation of the CHSH
inequality.

Van Dam [vD05, vD00] has shown that having access to such non-local boxes
allows Alice and Bob to perform any kind of distributed computation by trans-
mitting only a single bit of information. This is even true for slightly less perfect
boxes achieving weaker correlations [BBL+06]. In [BCU+06], we showed that
given any non-local boxes, Alice and Bob could perform bit commitment and
oblivious transfer, which is otherwise known to be impossible. Thus, such cryp-
tographic principles are in principle compatible with the theory of non-signaling:
non-signaling itself does not prevent us from implementing them.

Looking back to the uncertainty relations in Chapter 4, which rest at the heart
of the EPR paradox, we might suspect that the violation of the CHSH inequality
likewise depends on the commutation relations between the local measurements
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of Alice and Bob. Indeed, it has been shown by Landau [Lan87], and Khalfin and
Tsirelson [KT87], there exists a state |Ψ〉 such that

|〈X1Y1〉+ 〈X1Y2〉+ 〈X2Y1〉 − 〈X2Y2〉| = 2
√
1 + 4‖ [X0

1 , X
0
2 ][Y

0
1 , Y 0

2 ] ‖,

for any X1 = X0
1 −X1

1 , X2 = X0
2 −X1

2 and Y1 = Y 0
1 − Y 1

1 , Y2 = Y 0
2 − Y 1

2 , where
we use the superscripts ’0’ and ’1’ to denote the projectors onto the positive and
negative eigenspace respectively. Thus, given any observables X1, X2 and Y1, Y2,
the CHSH inequality is violated if and only if [X0

1 , X
0
2 ][Y

0
1 , Y 0

2 ] 
= 0.

6.2 Setting the stage

6.2.1 Entangled states

The state given in Eq. (6.1) is just one possible example of an entangled state.
Recall from Chapter 2 that if |Ψ〉 ∈ HA ⊗HB is a pure state, we say that |Ψ〉 is
separable if and only if there exist states |ΨA〉 ∈ HA and |ΨB〉 ∈ HB such that
|Ψ〉 = |ΨA〉 ⊗ |ΨB〉. A separable pure state is also called a product state. A state
that is not separable is called entangled. For mixed states the definition is slightly
more subtle. Let ρ ∈ S(HA ⊗HB) be a mixed state. Then ρ is called a product
state if there exist ρA ∈ S(HA) and ρB ∈ S(HB) such that ρ = ρA ⊗ ρB. The
state ρ is called separable, if there exists an ensemble E = {pj, |Ψj〉〈Ψj|} such
that |Ψj〉 = |ΨA

j 〉 ⊗ |ΨB
j 〉 with |ΨA

j 〉 ∈ HA and |ΨB
j 〉 ∈ HB for all j, such that

ρ =
∑

j

pj|Ψj〉〈Ψj| =
∑

j

pj|ΨA
j 〉〈ΨA

j | ⊗ |ΨB
j 〉〈ΨB

j |.

Intuitively, if ρ is separable then ρ corresponds to a mixture of separable pure
states according to a joint probability distribution {pj}, a purely classical form of
correlation. Given a description of a mixed state ρ it is an NP-hard problem to
decide whether ρ is separable [Gur03]. However, many criteria and approximation
algorithms have been proposed [DPS02, DPS04, DPS05, IT06, ITCE04]. It is an
interesting question to determine the maximal violation of a given Bell-inequality
for a fixed state ρ [LD07]. Here, we only concern ourselves with maximal viola-
tions of Bell inequalities, and refer to [Ioa07] for an overview of the separability
problem. Generally, the maximal violation is obtained by using the maximally
entangled state. However, there are cases for which the maximal violation is
achieved by a non maximally entangled state [CGL+02]. Note that we can never
observe a Bell inequality violation for a separable state: it is no more than a
classical mixture of separable pure states. On the other hand, any two-qubit pure
state that is entangled violates the CHSH inequality [Gis91]. However, not all
entangled mixed states violate the CHSH inequality! A counterexample was given
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by Werner [Wer81] with the so-called Werner-state

ρW = p
2

d2 + d
Psym + (1− p)

2

d2 − d
Pasym,

where Psym and Pasym are projectors onto the symmetric and the anti-symmetric
subspace respectively. For p ≥ 1/2 this state is separable, but it is entangled
for p < 1/2. Yet, the CHSH inequality is not violated. A lot of work has been
done to quantify the amount of entanglement in quantum states, and we refer
to [Ter99, Eis01, Chr05] for an overview.

6.2.2 Other Bell inequalities

The CHSH inequality we encountered above is by no means the only Bell in-
equality. Recall that non-local correlations arise as the result of measurements
performed on a quantum system shared between two spatially separated parties.
Let x and y be the variables corresponding to Alice and Bob’s choice of mea-
surement. Let a and b denote the corresponding outcomes1. Let Pr[a, b|x, y]
be the probability of obtaining outcomes a, b given settings x, y. What values
are allowed for Pr[a, b|x, y]? Clearly, we want that for all x, y, a, b we have that
Pr[a, b|x, y] ≥ 0 and

∑
a,b Pr[a, b|x, y] = 1. From the no-signaling condition we

furthermore obtain that the marginals obey Pr[a|x] = Pr[a|x, y] =
∑

b Pr[a, b|x, y]
and likewise for Pr[b|y], i.e. the probability of Alice’s measurement outcome is in-
dependent of Bob’s choice of measurement setting, and vice versa. For n players,
who each perform one of N measurements with k possible outcomes, we have
(Nk)n such probabilities to assign, giving us a (Nk)n dimensional vector. To
find all Bell inequalities, we now look for inequalities that bound the classically
accessible region (a convex polytope) for such assignments. It is clear that we
can find a huge number of such inequalities. Of course, often the most interesting
inequalities are the ones that are satisfied only classically, but where we can find a
better quantum strategy. Much work has been done to identify such inequalities,
and we refer to [WW01b] for an excellent overview. In the following chapters, we
are interested in the following related question: Given an inequality, what is the
optimal quantum measurement strategy that maximizes the inequality?

6.2.3 Non-local games

It is often convenient to view Bell experiments as a game between two, or more,
distant players, who cooperate against a special party. We call this special party
the verifier . In a two player game with players Alice and Bob, the verifier picks
two questions, say s1 and s2, and hands them to Alice and Bob respectively,
who now need to decide answers a1 and a2. To this end, they may agree on any

1For simplicity, we assume that the set of possible outcomes is the same for each setting.
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strategy beforehand, but can no longer communicate once the game starts. The
verifier then decides according to a fixed set of public rules, whether Alice and
Bob win by giving answers a1, a2 to questions s1, s2. In a quantum game, Alice
and Bob may perform measurements on a shared entangled state to determine
their answers. We can thus think of the questions as measurement settings and
the answers as measurement outcomes.

More formally, we consider games amongN players P1, . . . , PN . Let S1, . . . , SN

and A1, . . . , AN be finite sets corresponding to the possible questions and answers
respectively. Let π be a probability distribution on S1 × . . . × SN , and let V
be a predicate on A1 × . . . × AN × S1 × . . . × SN . Then G = G(V, π) is the
following N -player cooperative game: A set of questions (s1, . . . , sN) ∈ S1× . . .×
SN is chosen at random according to the probability distribution π. Player Pj

receives question sj, and then responds with answer aj ∈ Aj. The players win
if and only if V (a1, . . . , aN , s1, . . . , sN) = 1. We write V (a1, . . . , aN |s1, . . . , sN) =
V (a1, . . . , aN , s1, . . . , sN) to emphasize the fact that a1, . . . , aN are the answers
given questions s1, . . . , sN .

Verifier

Player 1                          Player 2                         Player 3

a1                           a2                      a3

  s1                          s2                    s3

Figure 6.2: Multiplayer non-local games.

The value of the game ω(G) is the probability that the players win the game,
maximized over all possible strategies. We use ωc(G) and ωq(G) to differentiate
between the value of the game in the classical and quantum case respectively.
Classically, ωc(G) can always be attained by a deterministic strategy [CHTW04a].
We can thus write

ωc(G) = max
f1,...,fN

∑
s1,...,sN

π(s1, . . . , sN)V (f1(s1), . . . , fN(sN)|s1, . . . , sN), (6.3)

where the maximization is taken over all functions fj : Sj → Aj that determine
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answers aj = fj(sj).
Quantumly, the strategy of the players consists of their choice of measurements

and shared entangled state. Let |Ψ〉 denote the players’ choice of state, and let
X

[j]
sj = {Xaj ,[j]

sj | aj ∈ Aj} denote the POVM of player Pj for question sj ∈ Sj.
Here, we always assume that the underlying Hilbert space is finite-dimensional.
The value of the quantum game is then

ωq(G) = max
X[1],...,X[N ]

∑
s1,...,sN

π(s1, . . . , sN)
∑

a1,...,aN

〈Ψ|Xa1,[1]
s1

⊗ . . .⊗XaN ,[N ]
sN

|Ψ〉, (6.4)

where the maximization is taken over all POVMS X
[j]
sj for all j ∈ [N ] and sj ∈ Sj.

In the following, we say that a set of measurement operators achieves p, if

p =
∑

s1,...,sN

π(s1, . . . , sN)
∑

a1,...,aN

〈Ψ|Xa1,[1]
s1

⊗ . . .⊗XaN ,[N ]
sN

|Ψ〉.

Of particular relevance in the next chapters is a special class of two-player games
known as XOR-games [CHTW04a]: Here, N = 2 and we assume that A1 = A2 =
{0, 1}. The two players P1 (Alice) and P2 (Bob) each have only two possible
measurement outcomes. Furthermore, the winning condition only depends on
the XOR of answers a1 and a2 and thus we write V (c|s1, s2) with c = a1 ⊕ a2. It
can be shown [CHTW04a] that the optimal POVM in this case consists only of

projectors. We can thus write X
[1]
s1 and X

[2]
s2 as observables with two eigenvalues:

X
[1]
s1 = X

0,[1]
s1 −X

1,[1]
s1 and X

[2]
s2 = X

0,[2]
s2 −X

1,[2]
s2 where s1 ∈ S1 and s2 ∈ S2. A small

calculation using the fact that X
0,[1]
s1 +X

1,[1]
s1 = I and X

0,[2]
s2 +X

1,[2]
s2 = I shows that

we can rewrite the optimal value of a quantum XOR-game as

ωq(G) = (6.5)

max
X[1],X[2]

1

2

∑
s1,s2

π(s1, s2)
∑

c∈{0,1}
V (c|s1, s2)(1 + (−1)c〈Ψ|X [1]

s1
⊗X [2]

s2
|Ψ〉).

(6.6)

From the above, we can see that XOR-games correspond to correlation inequali-
ties with two-outcome measurements. We will see in Chapter 7 that this reformu-
lation enables us to determine the optimal measurements for such XOR-games in
a very simple manner. Indeed, the CHSH inequality can be rephrased as a simple
quantum XOR-game. Here, Alice and Bob win if and only if given questions s1, s2

they return answers a1, a2 such that s1 · s2 = a1⊕ a2, i.e. we have V (c|s1, s2) = 1
if and only if s1 · s2 = c. Recalling Eq. (6.2) we can write

ω(CHSH) =
1

2

(
1 +

〈CHSH〉
4

)
,

from which we obtain ωq(CHSH) = 1/2 + 1/(2
√
2) vs. ωc(CHSH) = 3/4.



6.3. Observations 113

6.3 Observations

In the following chapters, we are concerned with finding the optimal quantum
measurement strategies for Bell inequalities. To this end, we first make a few
simple observations that help us understand the structural properties of our prob-
lem. In particular, this also enables us to understand the relation between Bell
inequalities and the problem of post-measurement information in Chapter 6.4.
We then present a theorem by Tsirelson [Tsi80, Tsi87] that plays a crucial role
in the subsequent chapters.

6.3.1 Simple structural observations

Suppose we are given a set of measurements for Alice and Bob and a shared state
ρ. Can we reduce the dimension of Alice and Bob’s measurements operators and
the thereby amount of entanglement they need? As we saw in Chapter 2, we can
often simplify our problem by identifying its classical and quantum part. Indeed,
this is also the case here.

6.3.1. Lemma. Let H = HA ⊗HB and let A = {Xa
s ∈ B(HA)} and B = {Y b

t ∈
B(HB)} be the set of Alice and Bob’s measurement operators respectively. Let
ρ ∈ S(H) be the state shared by Alice and Bob. Suppose that for such operators
we have

q =
∑

s∈S,t∈T

π(s, t)
∑

a∈A,b∈B

V (a, b|s, t)Tr(Xa
s ⊗ Y b

t ρ).

Then there exist measurement operators Ã = {X̃a
s } and B̃ = {Ỹ b

t } and a state ρ̃
such

q ≤
∑

s∈S,t∈T

π(s, t)
∑

a∈A,b∈B

V (a, b|s, t)Tr(X̃a
s ⊗ Ỹ b

t ρ̃).

and the C∗-algebra generated by Ã and B̃ is simple.

Proof. Let A = 〈A〉 and B = 〈B〉. If A and B are simple, we are done. If not,
we know from Lemma B.4.1 and Lemma B.4.4 that there exists a decomposition
HA⊗HB =

⊕
jkHA

j ⊗HB
k . Consider Tr((M

A⊗MB)ρ), where MA⊗MB ∈ A ⊗B.

It follows from the above that MA⊗MB =
⊕

jk(Π
A
j ⊗ΠB

k )M
A⊗MB(ΠA

j ⊗ΠB
k ),

where ΠA
j and Π

B
k are projectors ontoHA

j andHB
k respectively. Let ρ̂ =

⊕
jk(Π

A
j ⊗

ΠB
k )ρ(Π

A
j ⊗ ΠB

k ). Clearly,

Tr((MA ⊗MB)ρ̂) =
∑
jk

Tr
(
(ΠA

j ⊗ ΠB
k )M

A ⊗MB(ΠA
j ⊗ ΠB

k )ρ
)

= Tr((MA ⊗MB)ρ).

The statement now follows immediately by convexity: Alice and Bob can now
measure ρ using {ΠA

j ⊗ ΠB
k } and record the classical outcomes j, k. The new
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measurements are then Ãa
s,j = ΠA

j Xa
sΠ

A
j and B̃b

t,k = ΠB
k Y b

t Π
B
k on state ρ̃jk =

(ΠA
j ⊗ ΠB

k )ρ(Π
A
j ⊗ ΠB

k )/Tr((Π
A
j ⊗ ΠB

k )ρ). By construction, Ãj = {Ãa
s,j} and

B̃k = {B̃b
t,k} are simple.

Let qjk denote the probability that we obtain outcomes j, k, and let

rjk =
∑

s∈S,t∈T

π(s, t)
∑

a∈A,b∈B

V (a, b|s, t)Tr(Ãa
s,j ⊗ B̃b

t,j ρ̃jk).

Then q =
∑

jk qjkrjk ≤ maxjk rjk. Let u, v be such that ru,v = maxjk rjk. Hence,

we can skip the initial measurement and instead use measurements X̃a
s = Ãa

s,u,

Ỹ b
t = B̃b

t,v and state ρ̃ = ρ̃u,v. �

It also follows immediately from the above proof that

6.3.2. Corollary. dim(ρ̃) ≤ dim(HA
u ) dim(HB

v )

We can thus assume without loss of generality, that the algebra generated by
Alice and Bob’s optimal measurements is always simple. We also immediately
see why we can simulate the quantum measurement classically if Alice or Bob’s
measurements commute locally. Indeed, the above proof tells us how to construct
the appropriate classical strategy:

6.3.3. Corollary. Let H = HA ⊗ HB and let A = {Xa
s ∈ B(HA)} and B =

{Y b
t ∈ B(HB)} be the set of Alice and Bob’s measurement operators respectively.

Let ρ ∈ S(H) be the state shared by Alice and Bob. Let p be the value of the
non-local game achieved using these measurements. Suppose that for all s, s′,and
a, a′ we have that [Xa

s , Xa′
s′ ] = 0 (or for all t, t′, b, b′ [Y b

t , Y b′
t′ ] = 0). Then there

exists a classical strategy for Alice and Bob that achieves p.

Proof. Our conditions imply that either A or B is abelian. Suppose wlog that
A is abelian. Hence, by the above proof we have maxj dim(HA

j ) = 1. Again,
Alice and Bob perform the measurements determined by ΠA

j and ΠB
k and record

their outcomes j, k. Since dim(HA
j ) = 1, Alice’s post-measurement state is in fact

classical, and we have no further entanglement between Alice and Bob. �

To violate a Bell inequality, Alice and Bob must thus use measurements which
do not commute locally. However, since Alice and Bob are spatially separated, we
can write Alice and Bob’s measurement operators as X = X̂ ⊗ I and Y = I⊗ Ŷ
respectively as for any ρ we can write Tr(ρ(X ⊗ Y )) = Tr(ρ(X̂ ⊗ I)(I ⊗ Ŷ )).
Thus [X, Y ] = 0. Thus from a bipartite structure we obtain certain commutation
relations. How about the converse? As it turns out, in any finite-dimensional C∗-
algebra2, these two notions are equivalent: From commutation we immediately
obtain a bipartite structure! We encounter this well-known, rather beautiful
observation in Appendix B.

2or indeed any Type-I von Neumann algebra
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6.3.2 Vectorizing measurements

In Chapter 7, we show how to obtain the optimal measurements for any bipartite
correlation inequality. At first sight, this may appear to be a daunting problem:
We must simultaneously maximize Eq. (6.5) over the state ρ as well as measure-
ment operators of the form X ⊗ Y , a problem which is clearly not convex. Yet,
the following brilliant observation by Tsirelson [Tsi80, Tsi87] greatly simplifies
our problem.

6.3.4. Theorem (Tsirelson). Let X1, . . . , Xn and Y1, . . . , Ym be observables
with eigenvalues in the interval [−1, 1]. Then for any state |Ψ〉 ∈ HA ⊗HB and
for all s ∈ [n], t ∈ [m], there exist real unit vectors x1, . . . , xn,y1, . . . , ym ∈ R

n+m

such that
〈Ψ|Xs ⊗ Yt|Ψ〉 = xs · yt,

where xs ·yt is the standard inner product. Conversely, let xs, yt ∈ R
N be real unit

vectors. Let |Ψ〉 ∈ HA ⊗HB be any maximally entangled state where dim(HA) =
dim(HB) = 2�N/2�. Then for all s ∈ [n], t ∈ [m] there exist observables Xs on HA

and Yt on HB with eigenvalues in {−1, 1} such that

xs · yt = 〈Ψ|Xs ⊗ Yt|Ψ〉.
In fact, by limiting ourselves onto the space spanned by the vectors x1, . . . , xn

or y1, . . . , ym, we could further decrease the dimension of the vectors to N =
min{n, m} [Tsi87]. The result was proven by Tsirelson in a more general form for
any finite-dimensional C∗-algebra. Here, we do not consider this more abstract
argument, but instead simply sketch how to obtain the vectors and state how to
find the corresponding measurement operators in turn [Tsi93]. To find vectors xs

and yt, we merely need to consider the vectors

xs = Xs ⊗ I|Ψ〉 and yt = I⊗ Yt|Ψ〉,
where may take the vectors to be real [Tsi80]. Recall that we are only interested
in the inner products. But clearly we can then bound the dimension of our vectors
as the number of our vectors is strictly limited and thus cannot span a space of
dimension larger than N .

To construct observables corresponding to a given set of vectors, consider
the generators of a Clifford algebra Γ1, . . . ,ΓN with N even3 that we already
encountered in Section 4.3, i.e., we have that for all j 
= k ∈ [N ], {Γj,Γk} = 0 and
Γ2

j = I. Note that we also have Tr(ΓjΓk) = δjk as the two matrices anti-commute.
Consider two vectors xs, yt ∈ R

N with xs = (x1
s, . . . , x

N
s ) and yt = (y1

t , . . . , y
N
t ).

Define Xs =
∑

j∈[N ] x
j
sΓ

T
j and Yt =

∑
j∈[N ] y

j
tΓj and let |Ψ〉 = (1/

√
d)

∑
k |k〉|k〉

with d = 2�N/2� be the maximally entangled state. We then have

〈Ψ|Xs ⊗ Yt|Ψ〉 = 1

d

∑
jk

xj
sy

k
t Tr(ΓjΓk) =

1

d

∑
j

xj
sy

k
t Tr(I) = xs · yt.

3If N is odd, we obtain one additional element from Γ0.
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Note that in principle we could have chosen any set of orthogonal operators
Γ1, . . . ,ΓN to obtain the stated equality. However, we obtain from their anti-
commutation that

X2
s =

∑
jk

xj
sx

k
sΓjΓk =

1

2

∑
jk

xj
sx

k
s{Γj,Γk} =

∑
j

(xj
s)

2
I = I,

since ||xs|| = 1. Hence, Xs has eigenvalues in {−1, 1} as desired. Curiously,
Γ1, . . . ,ΓN were also the right choice of operators to obtain good uncertainty
relations in Chapter 4.3.

6.4 The use of post-measurement information

Looking back to Chapter 3, we see that we have already encountered the same
structure in the context of post-measurement information. Recall that there our
goal was to determine y given some ρyb ∈ {ρyb | y ∈ Y and b ∈ B} after receiv-
ing additional post-measurement information b. In particular, as we explain in
more detail in Chapter 8 we see that the question of how much post-measurement
information is required is the same as the following: given a set of observables,
how large does our quantum state have to be in order to implement the resulting
non-local game? However, we can further exploit the relationship between these
two problems to prove a gap between the optimal success probability in the set-
ting of state discrimination (STAR) and the setting of state discrimination with
post-measurement information (PI-STAR). In particular, we show that for some
problems, if we can succeed perfectly in the setting of PI-STAR without keeping
any qubits at all, our success at STAR can in fact be bounded by a Bell-type
inequality! Of course, PI-STAR itself is not a non-local problem. However, as we
saw in Appendix B, the commutation relations which are necessary for Bob to
succeed at PI-STAR perfectly in Lemma 3.5.1, do induce a bipartite structure.
We now exploit the structural similarity of the two problems.

We first consider the very simple case of two bases and a Boolean function.
Here, it turns out that we can bound the value of the STAR problems using
the CHSH inequality. We do this by showing a bound on the average of two
equivalent STAR problems, illustrated in Figures 6.3 and 6.4. The XOR function
considered in Chapter 3 is an example of such a problem. Below we construct
a generalization of the CHSH inequality which allows us to make more general
statements. We state our result in the notation introduced in Chapter 3. For
simplicity, we use indices + and × to denote two arbitrary bases and use the
notation STAR(ρ0, . . . , ρn−1) to refer to a state discrimination problem between
n different states.

6.4.1. Lemma. Let PX(x) = 1/2n for all x ∈ {0, 1}n and let f : {0, 1}n → {0, 1}
be any Boolean function. Let B = {+,×} denote a set of two bases, and suppose
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there exists a unitary U such that ρ0+ = Uρ0+U †, ρ1+ = Uρ1+U †, ρ1× = Uρ0×U †

and ρ0× = Uρ1×U †. Suppose Bob succeeds at PI-STAR0(f) with probability p = 1.
Then he succeeds at STAR(ρ0, ρ1) with probability at most 3/4, where ρ0 = (ρ0++
ρ0×)/2, ρ1 = (ρ1+ + ρ1×)/2.

Proof. Let P0+, P1+, P0× and P1× be projectors onto the support of ρ0+,
ρ1+, ρ0× and ρ1× respectively. Suppose that Bob succeeds with probability p
at STAR(ρ0, ρ1). Then there exists a strategy for Alice and Bob to succeed at
the CHSH game with probability p, where Alice’s measurements are given by
{P0+, P1+} and {P0×, P1×}:

Let ρ̂0 = (ρ0+ + ρ1×)/2 and ρ̂1 = (ρ1+ + ρ0×)/2. Note that since there exists
such a U , we have that Bob succeeds at STAR(ρ̂0, ρ̂1) with probability p as well.
Suppose that Alice and Bob share the maximally entangled state |ΨAB〉⊗n with
|ΨAB〉 = (|00〉 + |11〉)/√2. With probability 1/2 Alice chooses measurement
setting x = 0 and then her measurement is given by {P0+, P1+}. Let a denote
her measurement outcome. Bob’s system is now in the state ρa+. Similarly, with
probability 1/2 Alice sets x = 1 and measures {P0×, P1×}, which leaves Bob’s
system in the state ρa×. Let y denote Bob’s measurement setting. The CHSH
game now requires Bob to obtain a measurement outcome b such that x·y = a⊕b.
Thus, for y = 0, Bob always tries to obtain b = a which means he wants to solve
STAR(ρ0, ρ1). For y = 1, Bob tries to obtain b = a for x = 0 but b = 1 − a
for x = 1, i.e., he wants to solve STAR(ρ̂0, ρ̂1). Since Bob chooses y ∈ {0, 1}
uniformly at random, we obtain the stated result.

Now suppose that Bob succeeds at PI-STAR0(f) with probability p = 1. We
know from Lemma 3.5.1 that for all y, y′ ∈ Y and b, b′ ∈ B we have [Pyb, Py′b′ ] = 0
where Pyb is a projector onto the support of ρyb. Now, suppose that on the
contrary he succeeds at STAR(ρ0, ρ1) with probability greater than 3/4. Then
we know from the above argument that there exists a strategy for Alice and Bob
to succeed at the CHSH game with probability greater than 3/4 where Alice
measures two commuting observables, which contradicts Corollary 6.3.3. �

+   x
 0  P0+ P0x
1  P1+ P1x

Figure 6.3: Original problem

+   x
 0  P0+ P0x
1  P1+ P1x

Figure 6.4: Derived problem

It may appear unrealistic to assume that the two STAR problems are es-
sentially equal. Note however, that this is indeed the case in the example of
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the XOR function and two mutually unbiased bases (e.g. computational and
Hadamard). The unitary here is just U = σz ⊗ I

⊗n−1, as σz acts as a bit-flip in
the Hadamard basis, but leaves the computational basis invariant. We saw in the
proof of Theorem 3.3.5 that such unitaries exist for any choice of two bases from
the computational, Hadamard and K-basis. Indeed, for the XOR function on a
string of length n with n even we saw that for STAR the optimal probability is
p = 3/4, whereas for PI-STAR we obtained p = 1, as expected.

To generalize this approach, we need to consider more complicated inequali-
ties. In general, there are many possibilities for such inequalities, and one should
choose an inequality that reflects the equivalences of possible STAR problems:
For example, for the XOR function the CHSH inequality is a good choice as we
could identify U = σz⊗I

⊗n−1 to give us an equivalence between the two problems.
Of course, we would like to ensure that for one of Bob’s measurement settings
he needs to solve the original STAR problem where Bob’s goal is to determine
Alice’s measurement outcome. At the same time, we would like to minimize the
number of possibly inequivalent additional STAR problems created in a similar
proof, i.e. we would like to find an inequality where Bob has only a small number
of measurement settings. As an example, we consider the following easy way to
extend the CHSH inequality. Here, we assume that Alice has equally many mea-
surement outcomes as she has measurement settings. In the language of PI-STAR
that means we have wlog A = Y = S = B. We fix the number of Bob’s measure-
ment settings to 2, but allow an arbitrarily large number of settings |S| = |B|
for Alice. Wlog we use T = {0, 1} and S = {0, . . . , |B| − 1}. We now define the
predicate V with the help of the function τ s

t for s ∈ S and t ∈ T . Let τ s
0 (y) = y

for all s ∈ S and let τ 0
1 (y) = y and τ s

1 (y) = σs(y) for all s ∈ {1, . . . , |B| − 1},
where σ = (1, . . . , |B| − 1) is the cyclic permutation. We now define the inequal-
ity as a non-local game with predicate V (a, b|s, t) = 1 if and only if b = τ s

t (a).
Intuitively, this means that if Bob chooses setting t = 0 he is required to solve
the original STAR problem, where he tries to guess Alice’s measurement out-
come. For the setting t = 1 he has to solve the problem where the values of y are
shifted depending on the basis. Note that the CHSH inequality is a special case
of this inequality. Recall from Section 6.2.3 that the optimal value of a classical
game can always be attained by a deterministic strategy. Let fA : S → Y and
fB : T → Y denote the functions implementing this strategy for Alice and Bob
respectively. Looking at Eq. (6.3) we see that we can write

ωc(G) = max
1

2|B|
∑
t,s

[τ s
t (fA(s)) = fB(t)],

where [x = y] = 1 if and only if x = y. It is easy to see that for a uniform choice of
Alice and Bob’s measurements, the best thing Bob can do is answer fB(t) = x for
all t where we choose any fixed x ∈ Y and let x = fA(s) for all s ∈ S, i.e. Alice and
Bob agree on a particular outcome which will always be their answer regardless
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of their setting. For t = 0 this means that Bob is always correct, and for t = 1 he
will be correct if Alice obtained a = 0. We then have ωc(G) = (|B| + 1)/(2|B|).
For the CHSH case, this gives us ωc(G) = 3/4 as expected. It is now possible to
make a similar statement then in Lemma 6.4.1 for a bigger PI-STAR problem.

The connection to Bell inequalities helped us understand the case where there
exists a clear gap between the two problems. Here, post-measurement informa-
tion was extremely helpful to us. However, as we saw in Chapter 3 there do
exist cases where post-measurement information is entirely useless: we can do
equally well without it, if we cannot store any quantum information. Interest-
ingly, in the example of the XOR function on an odd number of input bits this
happens exactly when the corresponding states correspond to a measurement
that maximally violates CHSH. We have thus reached an extremal point of our
problem. Is it possible to find conditions on a set of states which determine when
post-measurement information is indeed useful?

6.5 Conclusion

As we saw, entanglement is an inherent aspect of quantum theory. We can experi-
mentally violate Bell’s inequality, because we can indeed measure non-commuting
observables. The existence of such violations is, next to uncertainty relations and
locking, another consequence of the existence of non-commuting measurements
within quantum theory. This illustrates their close link to uncertainty relations,
locking and even post-measurement information we encountered in the preceding
chapters. In essence, in all these tasks we are faced with exactly the same prob-
lem: what are the consequences of non-commuting measurements? And how can
we find maximally “incompatible” measurements?

In the following chapters, we examine entanglement from a variety of view-
points. In Chapter 7, we first consider Bell inequalities, and show how to find
upper bounds on their violation in a quantum setting. Our approach allows us to
find the optimal measurements for any bipartite correlation inequality with two-
outcome measurements in a very easy manner. We then consider more general
multipartite inequalities. Sadly, our method does not easily apply for more gen-
eral inequalities. In fact, it is not even clear how large our optimization problem
would have to be. We therefore consider a related problem in Chapter 8: Given
a probability distribution over measurement outcomes, how large a state do we
need to implement such a strategy? We prove a very weak lower bound on the
dimension on the resulting state for a very restricted class of games. Finally, we
consider the effects that entanglement has on classical protocols in Chapter 9. To
this end we examine interactive proof systems where the two provers are allowed
to share entanglement. Surprisingly, it turns out that two such provers can be
simulated by just a single quantum prover.




