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Chapter 8

Bounding entanglement in NL-games

In the previous chapter, we provided a simple method to determine the optimal
quantum strategy for two-outcome XOR games. However, when trying to find
the optimal strategies for more general games, we are faced with a fundamental
issue: How large do we have to choose our state and measurements such that we
can achieve the optimal quantum value?

8.1 Introduction

Determining an upper bound and the amount of entanglement we need, given
the description of the game alone, turns out to be a tricky problem in the gen-
eral case. Hence, we address an intermediate problem: Given the description of
a non-local game and associated probabilities, how large a state do Alice and
Bob need to implement such a strategy? Navascués, Pironio and Aćın [NPA07]
and also [DLTW08] have shown how to obtain upper bounds for the violation of
more general quantum games using multiple hierarchies of semidefinite programs.
However, their method does not provide us with an explicit strategy, and it re-
mains unclear how many levels of the hierarchy we need to consider in order to
obtain a tight bound. Yet, from their method we can obtain a probability distri-
bution over measurement outcomes. Using our approach, we can then determine
an extremely weak lower bound on the dimension of the quantum state we would
need in order to implement a corresponding quantum strategy.

The idea behind our approach is to transform a non-local game into a random
access code. A random access code is an encoding of a string into a quantum
state such that we can retrieve at least one entry of our choice from this string
with some probability. Intuitively, Alice’s measurements will create an encoding.
Bob’s choice of measurement then determines which bit of this “encoding” he
wants to retrieve. We prove a general lower bound for any independent one-
to-one non-local game among n players, where a one-to-one non-local game is a
game where for each possible measurement setting there exists exactly one correct
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132 Chapter 8. Bounding entanglement in NL-games

measurement outcome. In particular, we show that in any one-to-one non-local
game where player Pj obtains the correct outcome a ∈ Aj for any measurement
setting s ∈ Sj with probability p the dimension d of player Pj’s state obeys

d ≥ 2(log |Aj |−H(p)−(1−p) log(|Aj |−1))|Sj |.

Even though our bound is very weak, and the class of games very restricted, we are
hopeful that our approach may lead to stronger results in the future. Finally, we
discuss how we could obtain upper bounds from the description of the non-local
game alone without resorting to probability distributions.

8.2 Preliminaries

Before we can prove our lower bound, we first introduce the notion of a random
access code. For our purposes, we need to generalize the existing results on
random access codes. We use M(ρ) to denote the random variable corresponding
to the outcome of a measurement M on a state ρ. We also use An to denote an
n-element string where each element is chosen from an alphabet A. We will also
use the notation �s−j to denote the string �s = (s1, . . . , sn) without the element sj.

8.2.1 Random access codes

A quantum (n, m, p)-random access code (RAC) [ANTV99, Nay99] over a binary
alphabet is an encoding of an n-bit string x into an m-qubit state ρx such that for
any i ∈ [n] we can retrieve xi from ρx with probability p. Note that we are only
interested in retrieving a single bit of the original string x from ρx. In general, it
is unlikely we will be able to retrieve more than a single bit. For such codes the
following lower bound has been shown [Nay99, Theorem 2.3], where it is assumed
that the original strings x are chosen uniformly at random:

8.2.1. Theorem (Nayak). Any (n, m, p)-random access code has m ≥ (1 −
H(p))n.

In the following, we make use of a generalization of random access codes to
larger alphabets. We also need two additional generalizations: First, we also
want to obtain a bound on such a RAC encoding if the string x is chosen from a
slightly more general, possibly non-uniform, distribution. Let PXt be a probability
distribution over Σ and let PX = PX1×. . .×PXn be a probability distribution over
Σn. That is, a particular string x is chosen with probability PX(x) = Πn

t=1PXt(xt).
Note that we assume that the individual entries of x are chosen independently.

Second, we allow for unbalanced random access codes, where each entry of the
string x may have a different probability of being decoded correctly. We define
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8.2.2. Definition. An (n, m, (p1, . . . , pn))|Σ|-unbalanced random access code (URAC)
over a finite alphabet Σ is an encoding of an n-element string x ∈ Σn into an
m-qubit state ρx such that for any t ∈ [n], there exists a measurement Mt with
outcomes Σ such that for all x ∈ Σn we have Pr[Mt(ρx) = xt] ≥ pt.

Fortunately, it is straightforward to extend the analysis of Nayak [Nay99] to
this setting. We extend the proof by Nayak as opposed to other known proofs
of this lower bound in order to deal with unbalanced random access codes more
easily.

8.2.3. Lemma. Let PX = PX1 × . . .× PXn be a probability distribution over Σn.
Then any (n, m, (p1, . . . , pn))|Σ|-unbalanced random access code has

m ≥
n∑

t=1

H(Xt)−H(pt)− (1− pt) log(|Σ| − 1)

where Xt is a random variable chosen from Σ according to the probability distri-
bution PXt.

Proof. The proof follows along the same lines as Lemma 4.1 and Claim 4.6
of [Nay99]. We state the adaption for clarity:

We first consider decoding a single element. Let σa with a ∈ Σ be density
matrices, and let P be a probability distribution over Σ. Define σ =

∑
a∈Σ P (a)σa.

Let M be a measurement with outcomes Σ that given any state σa gives the
correct outcome a with average probability p. Let X be a random variable over
Σ chosen according to probability distribution P , and let Z be a random variable
over Σ corresponding to the outcome of the measurement. It now follows from
Fano’s inequality (see for example [Hay06, Theorem 2.2]) that I(X, Z) = H(X)−
H(X|Z) ≥ H(X) −H(p) − (1− p) log(|Σ| − 1). Using Holevo’s bound, we then
have S(σ) ≥∑

a∈Σ P (a)S(σa) + H(X)−H(p)− (1− p) log(|Σ| − 1).
We now consider an entire string x encoded as a state ρx. Consider k with

n ≥ k ≥ 0 and define ρy =
∑

z∈Σn−k qzρzy with qz = Πn
j=n−kPXj

(zj) where we
used indices z = zn, . . . , zn−k and PXj

to denote the probability distribution over
Σ according to which the j-th entry was encoded. We now claim that S(ρy) ≥∑

a∈Σ PXn−k
(a)S(ρay) + H(Xn−k)−H(pn−k)− (1− pn−k) log(|Σ| − 1). The proof

follows by downward induction over k: Consider n = k, clearly S(ρy) ≥ 0 and the
claim is valid. Now suppose our claim holds for k + 1. Note that we have ρy =∑

a∈Σ PXn−k
(a)ρay. Note that strings encoded by the density matrices ρay only

differ by one element a ∈ Σ. We can therefore distinguish them with probability
pn−k. From the above discussion we have that S(ρy) ≥

∑
a∈Σ PXn−k

(a)S(ρay) +
H(Xn−k)−H(pn−k)− (1− pn−k) log(|Σ| − 1).

Using the inductive hypothesis, letting y be the empty string and using the
fact that S(ρ) ≤ log d = m then completes the proof. �
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8.2.2 Non-local games and state discrimination

For our purpose, we need to think of non-local games as a special form of state
discrimination. When each subset of players performs a measurement on their
part of the state, they effectively prepare a certain state on the system of the

remaining players. Let χ
�s−j

�a−j
denote the state of Player Pj if the remaining play-

ers chose measurement settings �s−j and obtained outcomes �a−j. Note that the

probability that player Pj holds χ
�s−j

�a−j
is Pr[�a−j, �s−j] = Pr[�a−j|�s−j]Π

N
�=1,� �=jπ�(s�).

Define the state

ζsj
aj

=
1

q
sj
aj

⎛
⎝∑

�s−j

∑
�a−j

V (�a|�s) Pr[�a−j|�s−j]χ
�s−j

�a−j

⎞
⎠

where q
sj
aj =

∑
�s−j

∑
�a−j

V (�a|�s) Pr[�a−j|�s−j] to ensure normalization. We call a

game independent, if the sets of probabilities {qu
aj
| aj ∈ Aj} and {qv

ak
| ak ∈ Aj}

are uncorrelated for all measurement settings u, v ∈ Sj with u �= v. Note that
q

sj
aj is the probability that player Pj holds state ζ

sj
aj , and that

∑
aj∈Aj

q
sj
aj = 1

since the game is one-to-one. If player Pj now chooses measurement setting sj he
is effectively trying to solve a state discrimination problem, given the ensemble
{qsj

aj , ζ
sj
aj |aj ∈ Aj}.

Note that we already encountered this viewpoint in Chapter 6.4. Consider
the simple case of the CHSH game. Here, Alice (Player 1) and Bob (Player 2)
had to give answers a1 and a2 for settings s1 and s2 such that s1 · s2 = a1 ⊕ a2.
Let ζs1

a1
denote Bob’s state if Alice chose measurement setting s1 and obtained

outcome a1. If Bob chooses setting s2 = 0, he has to solve the state discrimination
problem described by Figure 6.3: he must answer a2 = a1, and hence his goal
is to learn a1. That is, he must solve the state discrimination problem given by
ρ0 = (ζ0

0 + ζ1
0 )/2 and ρ1 = (ζ0

1 + ζ1
1 )/2. For s2 = 1, he has to solve the problem

given by Figure 6.4: For s1 = 0, he must answer a2 = a1, but for s1 = 1 he must
answer a2 �= a1. Hence, he must solve the state discrimination problem given by
ρ̃0 = (ζ0

0 + ζ1
1 )/2 and ρ̃1 = (ζ0

1 + ζ1
0 )/2.

8.3 A lower bound

We now show how to obtain a random access encoding from a one-to-one non-local
game. This enables us to find a lower bound on the dimension of the quantum
state necessary for any player Pj to implement particular non-local strategies.
Recall that we are trying to give a bound given all parameters of the game. In
particular, we are given the probabilities Pr[�a−j|�s−j] that the remaining players
obtain outcomes �a−j for their measurement settings �s−j, as well as the value of
the game. Note that we do not need to know an actual state and measurement
strategy for the players. We just want to give a lower bound for a chosen set of
parameters, whether these can be obtained or not.
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8.3.1. Theorem. Any one-to-one independent non-local game where player Pj

obtains the correct outcome aj ∈ Aj for measurement setting sj ∈ Sj with
probability psj

for all �s−j ∈ S1 × . . . × Sj−1 × Sj+1 × . . . × SN and �a−j ∈
A1 × . . . × Aj−1 × Aj+1 × . . . × AN is a (|Sj|, m, (p1, . . . , p|Sj |))|Aj |-unbalanced
random access code.

Proof. To encode a string, the other players choose measurement settings �s−j

and measure their part of the state as in the non-local game to obtain outcomes
�a−j. Note that the string is chosen randomly by the measurement. Since our
game was one-to-one we can define a function

g(�s−j,�a−j) = f1(�s−j,�a−j), . . . , f|Sj |(�s−j,�a−j).

Let x = g(�s−j,�a−j) be the encoded string and note that ρx = χ
�s−j

�a−j
. We have

PXt(c) = q
sj
c , since our game is one-to-one. Since our game is independent, we

have that PX is a product distribution. To retrieve the t-th entry of x, player
Pj then has to distinguish ζ

sj
aj as in the non-local game which he can do with

probability psj
by assumption. �

Now that we can obtain a random access code from a non-local game, we can
easily give a lower bound on the dimension of the state from a lower bound of
the size of the random access code. It follows immediately from Theorem 8.3.1
and Lemma 8.2.3 that

8.3.2. Corollary. In any one-to-one independent non-local game where player
Pj obtains the correct outcome a ∈ Aj for measurement setting s ∈ Sj with
probability ps for all measurement settings �s−j ∈ S1× . . .×Sj−1×Sj+1× . . .×SN

and outcomes �a−j ∈ A1 × . . .× Aj−1 × Aj+1 × . . .× AN of the other players, the
dimension d of player Pj’s state obeys

d ≥ 2
P|Sj |

t=1 H(Xt)−H(pt)−(1−pt) log(|Aj |−1),

where Xt is a random variable chosen from Aj where Pr[Xt = a] = qt
a.

For almost all known games, we can obtain a simplified bound as each player
will choose a measurement setting uniformly at random. Likewise, in most cases
we can assume that the probability that the players obtain certain outcomes is
also uniform. Indeed, if we do not know a particular measurement strategy for
a given game, we can find a bound if we assume that the distribution over the
outcomes given the choice of measurement settings is uniform. In this case, we
also assume that the probability of giving the correct answer is the same for each
possible choice of measurement settings and is equal to the value of the game.
We then obtain
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8.3.3. Corollary. In any one-to-one independent non-local game where player
Pj obtains the correct outcome a ∈ Aj for any measurement setting s ∈ Sj with
probability p where qt

a = 1/|Aj| for all t ∈ Sj and measurement settings �s−j ∈
S1×. . .×Sj−1×Sj+1×. . .×SN and outcomes �a−j ∈ A1×. . .×Aj−1×Aj+1×. . .×AN

of the other players, the dimension d of player Pj’s state obeys

d ≥ 2(log(|Aj |)−H(p)−(1−p) log(|Aj |−1))|Sj |.

Note that if we are willing to assume that the optimal value of the game is
achieved when the players share a maximally entangled state, we can improve
this bound to d ≥ maxj 2(log(|Aj |)−H(p)−(1−p) log(|Aj |−1))|Sj |.

Let’s look at a small example which illustrates the proof. Consider the CHSH
inequality. Here, we have only two players, Alice (Player 1) and Bob (Player
2). Bob’s goal is to obtain an outcome a2 such that s1 · s1 = a1 + a2 mod 2.
This means we define the function g(s1, a1) = x as g(0, 0) = 0, 0, g(1, 0) = 1, 1,
g(0, 1) = 1, 0 and g(1, 1) = 0, 1. For the lower bound we do not need to consider
a specific encoding, however, for the well-known CHSH state and measurements
we would have an encoding of ρ00 = |0〉〈0|, ρ01 = |−〉〈−|, ρ10 = |+〉〈+|, and ρ11 =
|1〉〈1| and q1

x1
= q2

x2
= 1/2 for all x1, x2 ∈ {0, 1}. How many qubits does Bob need

to use if he wants to give the correct answers with probability p = 1/2+1/(2
√

2)?
Since everything is uniform we obtain log d ≥ (1−H(p))2 ≈ 0.8, i.e., Bob needs
to keep at least one qubit.

Our bound contains a tradeoff between the probability p of giving the cor-
rect answer, the number of measurement settings, and the number of possible
outcomes. Clearly, our bound will only be good, if the number of measurement
settings is large. It is also clear that it performs badly as p approaches 1/2
and |Aj| is large, and thus for most cases our bound will be very unsatisfactory.
The following figures illustrate the tradeoff between the different parameters of
Corollary 8.3.3.

8.4 Upper bounds

Ideally, we would find an upper bound on the amount of entanglement we need
purely from the description of the game alone. Clearly, Tsirelson’s construction
from Chapter 6.3.2 tells us that for any XOR game the local dimension of Alice’s
and Bob’s system is d ≤ 2N/2, where N is the number of measurement settings.
Similarly to XOR games, we can consider mod k-games. Here, Alice and Bob
have to give answers a1, a2 given questions s1, s1 such that f(s1, s2) = a1 + a2

mod k for some function f : S1 × S2 → {0, . . . , k − 1}. One may hope that for
mod k-games, similarly than for XOR-games, the following holds:

8.4.1. Conjecture. For any mod k-game, the dimension of Alice’s and Bob’s
systems obeys d ≤ kN/2, where N is the number of measurement settings for Alice
and Bob.
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Figure 8.1: Tradeoff for p = 0.6.

An alternative approach to bounding the dimension would be to consider how
far we can reduce the size of an existing state and observables using Lemma 6.3.1.
Suppose that Alice has only two measurement settings X0 = X0

0 −X1
0 and X1 =

X0
1 −X1

1 with X0
0 + X1

0 = I and X0
1 + X1

1 = I. We know from Lemma 3.5.2 that
there exist projectors Πj such that we can decompose Xs as Xs =

∑
j ΠjX

a
s Πj

for s, b ∈ 0, 1, where rank(Πj) ≤ 2. Hence, we can immediately conclude from
Lemma 6.3.1 that if Alice only measures two possible observables with two out-
comes each, the dimension of her state does not need to exceed d = 2. This has
previously been proved by Masanes [Mas06]. Could we prove something similar
for three measurement settings? Sadly, Theorem 3.5.7 tells us that this is not
possible! There do exist three measurements for which no such decomposition
exists. It is not hard to see that the question of how large Alice’s entangled
state has to be given a specific set of measurement operators is essentially equiv-
alent to the question of how many qubits we need to store in the problem of
post-measurement information to achieve perfect success. In both settings we are
interested in reducing the dimension by finding a way to block-diagonalize the
matrices.
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Figure 8.2: Tradeoff for 2 outcomes.

8.5 Conclusion

Bounding the amount of entanglement that we need to implement the optimal
strategy in non-local games remains a tricky problem. We have given a simple
lower bound on the amount of entanglement necessary for an extremely restricted
class of games. The CHSH game forms an instance of such a game. Even though
our bound is very weak, and the class of games quite restricted, we are hopeful
that our approach may lead to stronger statements in the future. We also showed
how our earlier considerations and Tsirelson’s construction led to an upper bound
for the specific case of XOR-games. Sadly, better bounds still elude us so far.


