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Appendix B

C∗-Algebra

As C∗-algebras are not usually encountered in computer science, we briefly state
the most important results we will refer to for convenience. In particular, they
help us understand the framework of post-measurement information we encoun-
tered in Chapter 3 as well as the structure of bipartite non-local games in Chap-
ter 6.

B.1 Introduction

Instead of starting out with the usual axioms of quantum states and their evolu-
tions, any physical system can be characterized by a C∗-algebra A of observables.
States of this system are now identified purely by means of measurements of these
observables. This starting point is rather beautiful in its abstraction: So far, noth-
ing has been said how we can represent elements of this algebra. Yet, it turns out
that all the usual axioms can be derived from this abstract structure: we can rep-
resent observables as operators and states as vectors in a Hilbert space. In fact,
any such algebra A is isomorphic to an algebra of bounded operators on a Hilbert
space. So why should we bother adopting this abstract viewpoint? It turns out
that C∗-algebras often make it easier to understand the fundamental differences
between the classical and the quantum setting. If the algebra A is abelian, we
have a classical system. Otherwise, our system is inherently quantum. Commu-
tativity leads to several nice structural properties of an algebra which have been
exploited to answer many central questions in quantum information: When can
we clone physical states? What information can be extracted without disturbing
the system? That is, what part of a system is in fact classical and what is truly
quantum?

Here, we will mere scratch the surface of this formalism. In particular, we will
focus on finite-dimensional C∗-algebras only, which is all we will need in Chap-
ters 3 and 6. For more information, consult any textbook on the topic [Tak79,
BR02, Arv76]. We assume that the reader is familiar with the basic concepts such
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194 Appendix B. C∗-Algebra

as a Hilbert space and refer to [Con90] for an introduction. First, we need to in-
troduce some essential definitions in Section B.2. We then examine states and
observables, and their familiar representation in a Hilbert space in Section B.3.2.
In Section B.4, we then concentrate on commutation: We will sketch how from
commutation relations we in fact obtain a bipartite structure. It turns out that
commutation relations also play an important role in determining which opera-
tions leave states invariant. Looking at the structure of the problem, it turns out
that in fact many problems ranging from cloning to post-measurement informa-
tion and bipartite non-local games are quite closely related.

B.2 Some terminology

A Banach algebra A is a linear associative algebra1 which is also a Banach space,
with the property that for all A and B ∈ A we have

‖ AB ‖ ≤ ‖ A ‖‖ B ‖.
The norm ‖ A ‖ of A is thereby a real number satisfying the usual requirements
that for all A ∈ A we have ‖ A ‖ ≥ 0 where ‖ A ‖ = 0 if and only if A = 0,
‖ αA ‖ = α‖ A ‖, ‖ A + B ‖ ≤ ‖ A ‖ + ‖ B ‖, and ‖ AB ‖ ≤ ‖ A ‖‖ B ‖. A is
called a ∗-algebra if it has the additional property that it admits an involution
A → A† ∈ A such that for all A and B ∈ A the following holds: (A†)† = A,
(A + B)† = A† + B†, (αA)† = ᾱA†, and (AB)† = B†A†. A C∗-algebra is now an
even more special case: in addition we also have that ‖ A†A ‖ = ‖ A ‖2 for all
A ∈ A . This also gives us ‖ A† ‖ = ‖ A ‖. In the following we will simply use the
term “algebra” to refer to a C∗-algebra. The trick is not to be intimidated. It is
easier to have a more concrete picture in mind: For example, the algebra B(H) of
all bounded operators on a Hilbert space H is a C∗-algebra, when we take sums
and products of operators in the usual way and take our norm to be the operator
norm ‖ A ‖ = sup(‖ Av ‖ | v ∈ H, ‖ v ‖ = 1), where ‖ v ‖2 = 〈v|v〉 for the inner
product 〈·|·〉 of the Hilbert space. This algebra is closed under all the usual
operations such as addition, multiplication, and multiplication by scalars2 and
the involution operation. This involution is now the adjoint operation A → A†,
which in physics is usually denoted by † instead of ∗. In some physics papers, you
will therefore also find the name †-algebra instead. As in the example of post-
measurement information, we are also often interested in the ∗-algebra generated
by a given set of operators. Any operator X in a Hilbert space H determines a
C∗-algebra A which we will denote by A = 〈X〉. This is the smallest C∗-algebra
which contains both X and the identity, i.e. 〈X〉 =

⋂
X,I∈B B. What’s included

in 〈X〉? Recall that A is closed under the adjoint operation so we definitely

1An associative algebra over the complex numbers is a vector space over the complex numbers
with a multiplication that is associative.

2We will take the underlying field to be C.
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have X†. In addition, our conditions above imply that we will see all possible
polynomials in X and X†. For example, X+X† and XX† are also elements of the
algebra. We use 〈X1, . . . , Xk〉 to denote the C∗-algebra generated by operators
X1, . . . , Xk, and 〈S〉 to denote the algebra generated by operators from the set
S.

If an algebra B satisfies B ⊆ A , we call B a subalgebra of A . An algebra
A is unital if it contains the identity. We will always use I to denote the identity
element. Since we restrict ourselves to the finite-dimensional case, we can assume
that any C∗-algebra is in fact unital [Tak79]. We will always take A to be unital
here. An element A ∈ A of a Banach algebra A is called invertible if there exists
some A′ ∈ A such that AA′ = A′A = I. Furthermore, for a C∗-algebra A , the
spectrum of A ∈ A is given by SpA (A) = {λ ∈ C | A − λI is not invertible}.
Note that for any A ∈ B(H), this is just the spectrum of the operator relative to
B(H) in the usual sense.

A left ideal in some algebra A is a subalgebra B ⊆ A such that for any
elements B ∈ B and A ∈ A we have that AB ∈ B. Similarly, B is called a right
ideal if BA ∈ B. A two-sided ideal or simply ideal has both properties: B is both
a left and right ideal of A . An algebra A is called simple if its only ideals are {0}
and A itself. An algebra A is called semisimple, if it can be written as the direct
sum of simple algebras. To get a better feeling for what this actually means, it
is perhaps again helpful to think of a particular representation of the algebra in
terms of bounded operators on a Hilbert space. In terms of representations, being
simple means that the representation is irreducible. Being semisimple then means
that the representation is completely reducible: i.e. for the representation π of
A we can express π(A) as a sum of irreducible representations. We will examine
this decomposition in more detail in Section B.4.1.

B.3 Observables, states and representations

B.3.1 Observables and states

A physical system is characterized by a set of measurable quantities, i.e. observ-
ables. As mentioned above, we will assume that a physical system is in fact
described by a C∗-algebra A of observables. As we will see below, we can take
the observables to live in a Hilbert space H, and A ⊆ B(H). Where do the states
come in? In the language of C∗-algebras, states are positive linear functionals on
A : A linear functional on an algebra is a function f : A → C such that for all
A, B ∈ A we have f(A + B) = f(A) + f(B) and f(αA) = αf(A) where α ∈ C

is a scalar. A linear functional is called positive if f(A) ≥ 0 for any A ∈ A
whenever A ≥ 0. A state on A is a positive linear functional f on A with the
additional property that it has norm 1, i.e., f(I) = 1. The set of states is a
convex set of linear functionals and its extreme elements are called pure states.
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The set of all states on an algebra A is also called the state space, often denoted
by E(A ). Any observable A ∈ A in our algebra is uniquely characterized by
the expectation of all states when we measure A: So the value of f(A) for all
states f ∈ E(A ) in our state space uniquely characterizes any element A of our
algebra. The converse is also true: the value of f(A) for all A ∈ A completely
characterizes the state f . To get a better feeling for this, it is again helpful to
think of an algebra A ⊆ B(H). Given a vector v living in the Hilbert space H,
we can construct a linear functional on A by letting f(A) = 〈v|Av〉. The same
is true if we consider any abstract A and its representation π on a Hilbert space,
by letting f(A) = 〈v|π(A)v〉 given v ∈ H.

B.3.2 Representations

We now examine how an abstract C∗-algebra can be represented by a set of
operators on a Hilbert space, via the famous construction by Gelfand, Naimark
and Segal. An account of this construction can be found in any standard textbook
on C∗-algebra [Tak79, BR02, Arv76]. For completeness, we here give a heavily
annotated, largely self-contained, explanation of the GNS construction. As it
turns out, by the GNS construction, any C∗-algebra is isomorphic to an algebra
of bounded operators, a result which we will merely state here. When trying to
find a representation of a C∗-algebra A , our goal is to find a pair (π,H) where
H is a Hilbert space and π : A → B(H) is a ∗-homomorphism which maps any
element of our algebra to a bounded operator in the chosen Hilbert space.

B.3.1. Theorem (GNS). Let A be a unital C∗-algebra, and let f be a positive
linear functional on A . Then there exists a representation (Hf , πf ) of A with a
Hilbert space Hf , a ∗-homomorphism3 πf : A → B(Hf ) and a vector Φf ∈ Hf

such that for all A ∈ A

f(A) = 〈Φf |πf (A)Φf〉.

Proof. First, we construct the Hilbert space Hf . Since A is a Banach space,
we can turn it into a pre-Hilbert space4 by defining the positive semidefinite
sesquilinear form

〈A|B〉f = f(A†B),

for all A, B ∈ A . Note that this form may be degenerate5. In order to eliminate
this degeneracy, consider

If = {A | A ∈ A and f(A†A) = 0}.
3A homomorphism that preserves the ∗.
4We take a pre-Hilbert space to be a vector space with a positive semidefinite sesquilinear

form, and a strict pre-Hilbert space to be a vector space with an inner product.
5Such a form is nondegenerate if and only if: 〈A|B〉f = 0 for all B ∈ A implies that A = 0.
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Note that If is a linear subspace of A since for all I, J ∈ If we have f((I +

J)†(I + J)) = f(I†I) + f(J†I) + f(I†J) + f(J†J) ≤ 2
√

f(J†J)f(I†I) = 0, where
we used the Cauchy-Schwarz inequality6.

We now show that If is a left ideal of A : Let I ∈ If and A, B ∈ A . We then
need to show that AI ∈ If . Indeed, from (AI)†(AI) ≥ 0 we have

0 ≤ f((AI)†(AI)) = f(I†A†AI) ≤
√

f(I†I)f((A†AI)†(A†AI)) = 0,

where the inequality follows from the Cauchy-Schwarz inequality.
The Hilbert space Hf is then constructed by completing the quotient space

A /If . This works as follows: Define the equivalence classes

ΨA = {A + I | I ∈ If}.
Note that these equivalence classes constitute a complex vector space on their
own, where addition and scalar multiplication are defined via the following oper-
ations inherited from A . We have ΨA+B = ΨA + ΨB and ΨαA = αΨA. We can
then define the inner product

〈ΨA|ΨB〉 = 〈A|B〉f = f(A†B).

Note that ΨA and ΨB of course depend on f . One can verify that this a correct
definition. Indeed, the inner product does not depend on our choice of represen-
tative from each equivalence class: Let I1, I2 ∈ If , and let A, B ∈ A . Then

f((A + I1)
†(B + I2)) = f(A†B) + f(A†I2) + f(I†1B) + f(I†1I2) = f(A†B),

where the last equality follows again from the Cauchy-Schwarz inequality. We
can now obtain Hf by forming the completion of this space. It is well-known in
functional analysis that any strict pre-Hilbert space can be embedded as a dense
subspace of a Hilbert space in such a way that the inner product is preserved.

Second, we must construct πf . We first define the action of πf (A) on the
vectors constructed above as

πf (A)ΨB = ΨAB.

Note that this definition is again independent of our choice of representative from
each equivalence class since for all A, B ∈ A we have

πf (A)ΨB+I = ΨA(B+I) = ΨAB+AI = ΨAB = πf (A)ΨB,

since If is a left ideal of A and we already saw that AI ∈ If . It remains to show
that πf is a homomorphism and that πf (A) is indeed bounded. To see that πf is
a homomorphism, note that

πf (AB)ΨC = ΨABC = πf (A)πf (B)ΨC

6In this context the CS-inequality gives us that for all A,B ∈ A we have |f(A†B)|2 ≤
f(A†A)f(B†B)
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and

πf (λA + γB)ΨC = ΨλA+γB = λΨA + γΨB = (λπf (A) + γπf (B))ΨC ,

as desired. To see that πf (A) is bounded, consider

‖ πf (A)ΨB ‖2 = 〈ΨAB|ΨAB〉 = f((AB)†(AB))

= f(B†A†AB) ≤ ‖ A ‖2f(B†B) ≤ ‖ A ‖2‖ ΨB ‖2,

where we used the fact that from B†A†AB ≤ ‖ A ‖2B†B we have f(B†A†AB) ≤
‖ A ‖2f(B†B) (see for example [Tak79]).

Finally, we need to construct the vector Φf . Since A is unital we can take
Φf = ΨI. This gives us 〈Φf |πf (A)Φf〉 = 〈ΨI|πf (A)ΨI〉 = 〈ΨI|ΨA〉 = f(I†A) =
f(A). Note that πf (A)ΨI = ΨA, i.e., Φf = ΨI is cyclic for (Hf , πf ). �

The resulting representation is irreducible if and only if f is pure [BR02,
Theorem 2.3.19]. By considering a family of states F , and applying the GNS
construction to all f ∈ F and taking the direct sum of representations it is then
possible to show that:

B.3.2. Theorem. (GN) Let A be a unital C∗-algebra. Then A is isomorphic
to an algebra of bounded operators on a Hilbert space H.

B.4 Commuting operators

A is abelian if and only if the physical system corresponding to this algebra is
classical. Thus to distinguish the quantum from the classical problems, commu-
tation will be central to our discussion. In fact, it leads to very nice structural
properties which we already exploited in Chapter 3. First, however, we will need
a bit more terminology. The commutator of two operators A and B is given by
[A, B] = AB − BA. For quantum applications, two observables A and B are
called compatible if they commute, i.e., [A, B] = 0. Conversely, A and B are
called complementary if [A, B] �= 0. The center ZA of an algebra A is the set of
all elements in A that commute with all elements of A , i.e.

ZA = {Z | Z ∈ A ,∀A ∈ A : [Z,A] = 0}.

It is easy to see that if A only has a trivial center, i.e. ZA = {cI | c ∈ C}, A is
simple [Tak79]. If A ⊆ B(H) for some Hilbert space H, then the commutant of
A in B(H) is

Comm(A ) = {X | X ∈ B(H),∀A ∈ A : [X, A] = 0}.

We have ZA = A ∩ Comm(A ).
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B.4.1 Decompositions

In any of our problems, the interesting case is when the algebra A under con-
sideration is in fact simple: that is, “fully quantum”. In all problems we will
consider, it will turn out that we can always break down the problem into smaller
components by decomposing any A into a sum of simple algebras.7 Luckily, such
a decomposition always exists in the finite-dimensional case:

B.4.1. Lemma. Let A be a finite-dimensional C∗-algebra. Then there exists a
decomposition

A =
⊕

j

Aj,

such that Aj is simple.

Proof. Let ZA be the center of A . Clearly, since A is finite-dimensional, ZA is
a finite-dimensional abelian C∗-algebra. Since ZA is finite, there exist a finite set
of positive linear functionals {f1, . . . , fm}, such that fj(AB) = fj(A)fj(B) and
fj(A) ∈ SpZA

(A) for all A, B ∈ ZA.8 For all 1 ≤ k ≤ m, choose Πk ∈ ZA such
that fj(Πk) = δjk for all j. Note that Π1, . . . , Πm are projectors and

∑
j Πj = I

since for all j we have fj(ΠkΠ�) = fj(Πk)fj(Π�) since ZA is abelian. Now we
have

A = IA I =
m∑

jk=1

ΠjA Πk =
m∑

j=1

ΠjA Πj,

since for all A ∈ A we have ΠjAΠk = ΠjΠkA = 0 since Πj, Πj ∈ ZA. Note that
Aj = ΠjA Πj only has a trivial center: its only elements that commute with any
element of Aj are scalar multiples of Πj. Hence, Aj is simple. �

In fact, it is possible to show that [Tak79]:

B.4.2. Corollary. Let A be a finite-dimensional C∗-algebra Then there exists
H and a decomposition

H =
⊕

j

Hj,

such that

A ∼=
⊕

j

B(Hj),

Note that this means that any element A ∈ A can be written as A =
∑

j ΠjAΠj

where Πj is a projection onto Hj.

7Recall that we only consider the finite-dimensional case.
8For a matrix algebra these are just the eigenvectors with equal eigenvalue
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B.4.2 Bipartite structure

As we saw in Chapter 3, commutation relations induce a beautiful structure
captured by the Double Commutant theorem. We here sketch a proof of the parts
of this theorem which is interesting for understanding non-local games: Consider
a bipartite system H1 ⊗ H2, and operators A = Â ⊗ I

[2] and B = I
[1] ⊗ B̂ with

Â ∈ B(H1) and B̂ ∈ B(H2). Clearly, [A, B] = 0 since A and B act on two different
subsystems. Curiously, however, we can essentially reverse the argument: A set
of commutation relations gives rise to a bipartite structure itself!

B.4.3. Lemma. Let H be a finite-dimensional Hilbert space, and let {Xa
s ∈

B(H) | s ∈ S} and {Y b
t ∈ B(H) | s ∈ T}. Then the following two statements are

equivalent:

1. For all s ∈ S, t ∈ T , a ∈ A and b ∈ B it holds that [Xa
s , Y b

t ] = 0.

2. There exist Hilbert spaces HA,HB such that H = HA ⊗ HB and for all
s ∈ S, a ∈ A we have Xa

s ∈ B(HA) and for all t ∈ T , b ∈ B we have
Y b

t ∈ B(HB).

This statement can easily be extended to more than two players. Here, we will
only address the finite-dimensional case.

First of all, recall that by Lemma 6.3.1, we can greatly simplify our problem
for non-local games and restrict ourselves to C∗-algebras that are simple. As we
saw earlier in Lemma B.4.1, it is well known that we can decompose any finite
dimensional algebra into the sum of simple algebras. We furthermore need that
for any simple algebra, the following holds:

B.4.4. Lemma. [Tak79] Let H be a Hilbert space, and let A ⊆ B(H) be simple.
Then H = HA ⊗HB and A ∼= B(HA)⊗ I

B.

We are now ready to prove Lemma B.4.3. First, we examine the case where
we are given a simple algebra A ∈ B(H), for some Hilbert space H. We will need
the following version of Schur’s lemma.

B.4.5. Lemma. Let Z be the center of B(H). Then Z = {cI|c ∈ C}.
Proof. Let C ∈ Z and let d = dim(H). Let B = {Eij|i, j ∈ [d]} be a basis for
B(H), where Eij = |i〉〈j| is the matrix of all 0’s and a 1 at position (i, j). Since
C ∈ Z and Eij ∈ B(H) we have for all i ∈ [d]

CEii = EiiC.

Note that CEii (or EiiC) is the matrix of all 0’s but the ith column (or row) is
determined by the elements of C. Hence all off diagonal elements of C must be
0. Now consider

C(Eij + Eji) = (Eij + Eji)C.
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Note that C(Eij + Eji) (or (Eij + Eji)C) is the matrix in which the ith and jth
columns (rows) of C have been swapped and the remaining elements are 0. Hence
all diagonal elements of C must be equal. Thus there exists some c ∈ C such that
C = cI. �

Using this Lemma, we can now show that

B.4.6. Lemma. Let C ∈ B(HA ⊗HB) such that for all B ∈ B(HB) we have

[C, (IA ⊗B)] = 0

Then there exists an A ∈ B(HA) such that C = A⊗ I
B.

Proof. Let dA = dim(HA) and dB = dim(HB). Note that we can write any C
as

C =

⎛
⎜⎝

C11 . . . C1dA

...
...

CdA1 . . . CdAdA

⎞
⎟⎠ ,

for dA × dA matrices Aij. We have C(IA ⊗ B) = (IA ⊗ B)C if and only if for all
i, j ∈ [dA] CijB = BCij, i.e. [Cij, B] = 0. Since this must hold for all B ∈ B(HB),
we have by Lemma B.4.5 that there exists some aij ∈ C such that Cij = aijI

B.
Hence C = A⊗ I

B with A = [aij]. �

For the case that the algebra generated by Alice and Bob’s measurement
operators is simple, Lemma B.4.3 now follows immediately:
Proof. [Proof of Lemma B.4.3 if A is simple] Let A = 〈{Xa

s }〉 ⊆ B(H) be the
algebra generated by Alice’s measurement operators. If A is simple, it follows
from Lemma B.4.4 that A ∼= B(HA)⊗ I

B for H = HA⊗HB. It then follows from
Lemma B.4.6 that for all t ∈ T and b ∈ B we must have Y b

t ∈ B(HB). �

Thus, we obtain a tensor product structure! Recall that Lemma 6.3.1 states
that for non-local games this is all we need.

In general, what happens if A is not simple? We now sketch the argument in
the case the A is semisimple, which by Lemma B.4.1 we may always assume in the
finite-dimensional case. Fortunately, we can still assume that our commutation
relations leave us with a bipartite structure. We can essentially infer this from
van Neumann’s famous Double Commutant Theorem [Tak79, BR02], partially
stated here.

B.4.7. Theorem. Let A be a finite-dimensional C∗-algebra. Then there exists
H = HA ⊗HB and a decomposition

H =
⊕

j

HA
j ⊗HB

j
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such that
A ∼=

⊕
j

B(HA
j )⊗ I

B
j

and
Comm(A ) ∼=

⊕
j

I
A
j ⊗ B(HB

j ). (B.1)

Proof. (Sketch) We already now from Lemma B.4.1 that A can be decomposed
into a sum of simple algebras. Clearly, the RHS of Eq. B.1 is an element of
Comm(A ). To see that the LHS is contained in the RHS, consider the projection
ΠA

j onto HA
j . Note that ΠA

j ∈ A , and thus for any X ∈ Comm(A ) we have
[X, ΠA

j ] = 0. Hence, we can write X =
∑

j(Π
A
j ⊗ I

B)X(ΠA
j ⊗ I

B), and thus we can
restrict ourselves to considering each factor individually. The result then follows
immediately from Lemma B.4.6. �

If we have more than two players, the argument is essentially analogous, and
we merely sketch it in the relevant case when the algebra generated by the play-
ers’s measurements is simple, since Lemma 6.3.1 directly extends to more than
two players as well. Suppose we have N players P1, . . . ,PN and let H denote
their joint Hilbert space. Let A be the algebra generated by all measurement
operators of players P1, . . . .PN−1 respectively. Then it follows from Lemma B.4.6
and Lemma B.4.4 that H = H1,...,N−1 ⊗HN where A ∼= B(H1,...,N−1) and for all
measurement operators M of player PN we have that M ∈ B(HN). By apply-
ing Lemma B.4.6 recursively we obtain that there exists a way to partition the
Hilbert space into subsystems H = H1 ⊗ . . . ⊗ HN such that the measurement
operators of player Pj act on Hj alone.

In quantum mechanics, we will always obtain such a tensor product struc-
ture from commutation relations, even if the Hilbert space is infinite dimen-
sional [Sum90]. Here, we start out with a type-I algebra, the corresponding
Hilbert space and operators can then be obtained by the famous GNS construc-
tion [Tak79], an approach which is rather beautiful in its abstraction. In quantum
statistical mechanics and quantum field theory, we will also encounter factors of
type-II and type-III. As it turns out, the above argument does not generally hold
in this case, however, there are a number of conditions that can lead to a similar
structure. Unfortunately, we cannot consider this case here and merely refer to
the survey article by Summers [Sum90].

B.4.3 Invariant observables and states

As we saw in Chapter 3, expressing our problem in terms of commutation relations
enables us to exploit their structural consequences. Particularly interesting is
also the fact that we can characterize the set of states which are invariant by a
quantum channel by means of such relations, repeated here for convenience sake:
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B.4.8. Lemma. (HKL) [HKL03] Let Λ : H → H be a unital quantum channel
with Λ(ρ) =

∑
m VmρV †

m, and let S be a set of quantum states. Then

∀ρ ∈ S, Λ(ρ) = ρ if and only if ∀m∀ρ ∈ S, [Vm, ρ] = 0.

Let’s see what this means for a specific unital channel Λ(ρ) =
∑

m VmρV †
m

and a particular ensemble given by states ρ1, . . . , ρn ∈ H. As in Chapter 3, we
now consider the ∗-algebra generated by ρ1, . . . , ρn. Let A denote the resulting
algebra. By Theorem B.4.7, we know that we can write

A ∼=
⊕

j

B(H1
j )⊗ I

[2]
j

and
Comm(A ) ∼=

⊕
j

I
[1]
j ⊗ B(H2

j ).

Clearly, we have from the above that if Λ leaves our ensemble of states untouched,
we must have Vm ∈ Comm(A ) for all m. Thus we know that Vm must be of the

form I
[1]
j ⊗ V

[2]
j on each factor. What does this mean operationally? Suppose

we can write H =
⊕

jHj such that ρk =
∑

j ΠjρkΠj for each ρk, where Πj is a
projector onto Hj. That is, we can simultaneously block-diagonalize all ρk. Then
we know that Vm must be equal to the identity on each factor Hj, i.e. Vm must
be of the form

⊕
j cjΠj for some cj with |cj| = 1. Another nice application of this

viewpoint is an algebraic no-cloning theorem, as put forward by Lindblad [Lin99].

B.5 Conclusion

Even though the sheer number of new definitions may appear daunting, we saw
that the language of C∗-algebras can help us get a grip on some of the fundamental
properties of quantum states quite easily. Of course, the language of C∗-algebras
is not the most convenient one for all problems. Yet, there are many cases for
which the language of C∗-algebras is especially useful. As we saw earlier, one
of these cases is when we consider measurements performed by two parties on a
bipartite system. Another class of problems deals with questions of the following
forms: Which operations leave a given set of states invariant? How much can we
learn from a given state without disturbing it? What part of a state is “truly”
quantum and which parts can we consider to be classical? How can we encode
our states such that they are left untouched by a set of operations?

For example, another application is the compression of quantum states. Koashi
and Imoto consider how a quantum state can be decomposed into a quantum,
a classical and a redundant part to aid compression. In their paper, they pro-
vide an algorithm which in fact allows us to compute (with a lot of pain) the
decomposition of an algebra and its commutant algebra [KI02]. It is probably
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not so surprising by now that other tasks involving invariance under operations
are also closely related: Choi and Kribs [CK06] have phrased the principle of
decoherence-free subspaces in terms of what they call algebraic noise commu-
tant formalism. In this text, we have exploited C∗-algebras to investigate the
use of post-measurement information in Chapter 3. As we saw in Chapter 8,
the question of how much post-measurement information is needed is in fact
closely related to how much entanglement we need to succeed in non-local games.
Whereas these two problem may appear unrelated at first sight, their structural
similarities show their close connection. Likewise, these similarities also enabled
us in Chapter 6 to investigate how much we can really gain by receiving additional
post-measurement information. Finally, the close connection of C∗-algebras and
Clifford algebras discussed in Appendix C was one of the factors that led us to
discover the uncertainty relations of Chapter 4. Hence, C∗-algebras sometimes
help us to understand the similarities between problems, and aid our intuition.


