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Appendix C

Clifford Algebra

Similar to C∗-algebra, Clifford algebra plays little role in computer science even
though it has recently found numerous applications in the area of computer graph-
ics. Here, we informally summarize the most important facts we need in this text.
Our aim is merely to provide the reader with some intuition underlying our un-
certainty relation in Chapter 4, and refer to [Lou01] for an in-depth introduction.

C.1 Introduction

Clifford algebra is closely related to C∗-algebra. Yet, it exhibits many beautiful
geometrical aspects which remain inaccessible to us otherwise. In particular, we
will see that commutation and anti-commutation carries a geometric meaning
within this algebra.

For any integer n, the unital associative algebra generated by Γ1, . . . ,Γ2n,
subject to the anti-commutation relations

ΓiΓj = −ΓjΓi, Γ
2
i = I

is called Clifford algebra. It has a unique representation by Hermitian matrices on
n qubits (up to unitary equivalence) which we fix henceforth. This representation
can be obtained via the famous Jordan-Wigner transformation [JW28]:

Γ2j−1 = σ⊗(j−1)
y ⊗ σx ⊗ I

⊗(n−j),

Γ2j = σ⊗(j−1)
y ⊗ σz ⊗ I

⊗(n−j),

for j = 1, . . . , n. A Clifford algebra of n generators is isomorphic to a C∗-algebra
of matrices of size 2n/2× 2n/2 for n even and to the direct sum of two C∗-algebras
of matrices of size 2(n−1)/2 × 2(n−1)/2 for n odd [Tsi87].
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206 Appendix C. Clifford Algebra

C.2 Geometrical interpretation

The crucial advantage of the Clifford algebra is that we can view the operators
Γ1, . . . ,Γ2n as 2n orthogonal vectors forming a basis for a 2n-dimensional real
vector space R

2n. Each vector a = (a1, . . . , a2n) ∈ R
2n can then be written as

linear combination of basis elements as a =
∑

j ajΓj. The Clifford product of two
vectors a and b is given by

ab = a · b+ a ∧ b,
where a · b =

∑
j ajbjI is the inner product of two vectors and a ∧ b is the

outer product, as given below. We will write scalars as scalar multiples of the
identity element whose matrix representation is simply the identity matrix. If we
represent Γ1, . . . ,Γ2n using the matrices from above, then the Clifford product is
simply the matrix product of the resulting matrices. Hence, we will now adopt
this viewpoint with the representation in mind. Note that the Clifford product

satisfies a2 = |a|2I = ∑j a
2
jI, where |a| = ||a||2 =

√∑
j a

2
j is the 2-norm of the

vector a which we refer to as the length of a vector.

C.2.1 Inner and outer product

We can see immediately from the definition of the Clifford product that the
inner product of two vectors a, b ∈ R

2n as depicted in Figure C.1 is given by
a · b = |a||b| cosψI, and can be expressed as:

a · b = 1

2
{a, b} = 1

2
(ab+ ba).

Figure C.1: Two vectors

Hence, anti-commutation takes a geometric meaning within the algebra: two
vectors anti-commute if and only if they are orthogonal!

Similarly, we can write

a ∧ b = 1

2
[a, b] =

1

2
(ab− ba).
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Geometrically, this means that two vectors are parallel if and only if they com-
mute.

To gain some intuition, let’s look at the simple example of R
2: Here, we have

a = a1Γ1 + a2Γ2 and b = b1Γ1 + b2Γ2. The Clifford product of a and b is now
given as

ab =
∑
jk

ajbkΓjΓk = (a1b1 + a2b2)I+ (a1b2 − b1a2)Γ1Γ2.

The element a ∧ b = (a1b2 − b1a2)Γ1Γ2 represents the oriented plane segment of
the parallelogram determined by a and b in Figure C.2 below. The area of this
parallelogram is exactly |a ∧ b| = |a1b2− b1a2|. Note that we have a∧ b = −b∧ a,
as shown in Figure C.3. Thus a∧ b not only gives us the area but also encodes a
direction.

Figure C.2: a ∧ b Figure C.3: b ∧ a

In higher dimensions, the elements generated by a ∧ b ∧ c etc similarly corre-
spond to oriented plane or volume segments. Note that we have Γi ∧ Γj = ΓiΓj

for all basis vectors Γi and Γj. We will refer to products of k elements of the form
Γi1 . . .Γik as k-vectors.

C.2.2 Reflections

The power of the Clifford algebra mainly lies in the fact that we can express
geometrical operations involving any k-vector in an extremely easy fashion using
the Clifford product. Here, we will only be concerned with performing operations
on 1-vectors.

Consider the projection of a vector a onto a vectorm as depicted in Figure C.4.
Let a‖ be the part of a that is parallel to m, and a⊥ the part of a that lies
perpendicular to m. Clearly, we may write a = a‖ + a⊥. Using the definition of
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Figure C.4: Projections onto a vector

the Clifford product, we may write

a‖ = |a| cosψ m

|m| = (a ·m)m†,

where we define m† = m/|m|2 to be the inverse of m. Indeed, we have mm† = I.
If m is a unit vector, then in terms of the matrix representation given above
m† is the adjoint of the matrix m. For the product of two vectors we define
(nm)† = m†n†. We can also write

a⊥ = a− a‖ = a− (a ·m)m† = (am− (a ·m))m† = (a ∧m)m†.

We can now easily determine the reflection of a around the vector m, as depicted
in Figure C.5:

t = a‖ − a⊥ = (a ·m− a ∧m)m† = (m · a+m ∧ a)m† = mam†.

Consider n = 1. Then the 2-dimensional real vector space is given by basis vectors
Γ1 = X and Γ2 = Z. Indeed, this is the familiar XZ-plane of the Bloch sphere
depicted in Figure 2.1. Consider the Hadamard transform H = (X + Z)/

√
2.

Figure C.7 demonstrates that H plays exactly this role: it reflects X around the
vector H to obtain HXH = Z. Given t, we can also easily derive the vector
obtained by reflecting a around the plane perpendicular to m (in 0), as shown in
Figure C.6.

−t = −mam†.

C.2.3 Rotations

From reflections we may now obtain rotations as successive reflections. Suppose
we are given vectors m and n as shown in Figure C.8. To rotate the vector a by
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Figure C.5: Reflection of a around m

an angle that is twice the angle between m and n, we now first reflect a around
b to obtain b = mam†. We then reflect b around n to obtain

c = nbn† = nmam†n† = RaR†,

where we let R = nm. As desired, R rotates a by an angle of 2(ψ + φ).
We can easily convince ourselves that R does not affect any vector d that is

orthogonal to both n and m.

RdR† = nmdm†n† = dnmm†n† = d,

where we have used the fact that two vectors anti-commute if and only if they
are orthogonal. Note also that RR† = I. It can be shown that if V is a k-vector,
then RV R† is also a k-vector for any rotation R [DL03]. Indeed, this is easy to
see, for the k-vector formed by orthogonal basis vectors:

R(Γi1 ∧ . . . ∧ Γik)R
† = R(Γi1 . . .Γik)R

† = RΓi1R
† . . . RΓikR

†

= RΓi1R
† ∧ . . . ∧RΓikR

†,

where we have used the fact that rotations preserve the angles between vectors.
We will need this fact in our proof in Chapter 4.

Clifford algebra offers a very convenient way to express rotations around ar-
bitrary angles in the plane m ∧ n [Lou01]. In Chapter 4, however, we will only
need to understand how we can find the rotation R that takes us from a given
vector g =

∑
j gjΓj with length |g| to the vector |g|Γ1. Indeed, our strategy works

for finding the rotation of any vector g to a target vector t of the same length.
Consider Figure C.9.
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Figure C.6: Reflection of a plane perpendicular to m

Figure C.7: Hadamard transform as reflection
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Figure C.8: Rotating in the plane m ∧ n.

Figure C.9: Rotating g to |g|Γ1.
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For convenience, we first normalize g to obtain the vector

g′ =
g

|g| .

We then compute the vector m′ lying exactly half-way between g′ and our target
vector Γ1 and normalize it to obtain

m =
g′ + Γ1

|g′ + Γ1| =
g′ + Γ1√

2(1 + g1/|g|)
.

We now first reflect g′ around the plane perpendicular to the vector m to obtain
−mg′m, followed by a reflection around the plane perpendicular to the target
vector Γ1:

−Γ1(−mg′m)Γ1 = Γ1mg
′mΓ1 = Rg′R†,

with R = Γ1m, where we have used the fact that both Γ1 and m have unit length
and hence m = m† and Γ1 = Γ†1. Evidently,

Rg′ = Γ1mg
′ =

1

|g′ + Γ1|Γ1(g
′ + Γ1)g

′

=
1

|g′ + Γ1|Γ1(g
′2 + Γ1g

′) =
1

|g′ + Γ1|(Γ1 + g′) = m,

and hence
Rg′R† = mmΓ1 = Γ1.

We then also have that

RgR† = |g|Rg′R† = |g|Γ1

as desired. We will employ a similar rotation in Chapter 4.

C.3 Application

Here, the primary benefit which we gain by considering a Clifford algebra, is that
we can parametrize matrices in terms of its generators, and products thereof.
Suppose we are given some matrix

ρ =
1

d

(
I+

∑
j

bjBj

)
,

where I∪{Bj} form a basis for the d×d complex matrices, such that for all j �= j′

we have Tr(BjBj′) = 0, Tr(Bj) = 0, B2
j = I, and bj ∈ R. We saw in Chapter 4

how to construct such a basis for d = 2n based on mutually unbiased bases. In
fact, this gives us the well-known Pauli basis, given by the 22n elements of the



C.3. Application 213

form Bj = B1
j ⊗ . . . ⊗ Bn

j with Bi
j ∈ {I, σx, σy, σz}. When solving optimization

problems within quantum information, we are often faced with the following
problem: When is ρ a quantum state? That is, what are the necessary and
sufficient conditions for the coefficients bj such that ρ ≥ 0?

For d = 2, this is an easy problem: We can write ρ = (I +
∑

j∈{x,y,z} rjσj)/2

where �r = (rx, ry, rz) is the Bloch vector we encountered in Chapter 2. We have
that ρ ≥ 0 if and only if −I ≤∑j rjσj ≤ I, i.e.

(∑
j

rjσj

)2

=
1

2

∑
j,j′

rjrj′{σj, σj′} =
(∑

j

r2
j

)
I ≤ I.

Thus, we have ρ ≥ 0 if and only if
∑

j r
2
j ≤ 1. Geometrically, this means that

any point on or inside the Bloch sphere corresponds to a valid quantum state
as illustrated in Figure 2.1. Sadly, when we consider d > 2, our task becomes
considerably more difficult. Clearly, since Tr(ρ2) ≤ 1 for any quantum state, we
can always say that

Tr(ρ2) =
1

d2

(
Tr(I) + 2

∑
j

bjTr(Bj) +
∑
jj′

bjbj′Tr(BjBj′)

)

=
1

d2

(
d+

∑
j

b2jTr(I)

)

=
1

d

(
1 +

∑
j

b2j

)
≤ 1,

giving us
∑

j b
2
j ≤ d − 1. Unfortunately, this condition is too weak for almost

all practical applications. There exist many matrices which obey this condition,
but nevertheless do not correspond to valid quantum states. Luckily, we can say
something much stronger using the Clifford algebra.

Let’s consider the operators Γ1, . . . ,Γ2n themselves. Evidently, each operator
Γi has exactly two eigenvalues ±1: Let |η〉 be an eigenvector of Γi with eigenvalue
λ. From Γ2

i = I we have that λ2 = 1. Furthermore, we have Γi(Γj|η〉) = −λΓj|η〉.
Thus, if λ is an eigenvalue of Γi then so is −λ. We can therefore express each Γi

as

Γi = Γ0
i − Γ1

i ,

where Γ0
i and Γ1

i are projectors onto the positive and negative eigenspace of Γi

respectively. Furthermore, note that we have for all i, j with i �= j

Tr(ΓiΓj) =
1

2
Tr(ΓiΓj + ΓjΓi) = 0,
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that is all such operators are orthogonal with respect to the Hilbert-Schmidt inner
product. We now use the fact that the collection of operators

I

Γj (1 ≤ j ≤ 2n)

Γjk := iΓjΓk (1 ≤ j < k ≤ 2n)

Γjk� := ΓjΓkΓ� (1 ≤ j < k < 	 ≤ 2n)

...

Γ12...(2n) := iΓ1Γ2 · · ·Γ2n =: Γ0

forms an orthogonal basis for the d×d matrices with d = 2n [Die06]. By counting,
the above operators form a complete operator basis with respect to the Hilbert-
Schmidt inner product. In fact, by working out the individual basis elements
with respect to the representation above, we see that this basis is in fact equal
to the Pauli basis. Notice that the products with an odd number of factors are
Hermitian, while the ones with an even number of factors are skew-Hermitian, so
in the definition of the above operators we introduce a factor of i to all with an
even number of indices to make the whole set a basis for the Hermitian operators.
Hence we can write every state ρ ∈ H as

ρ =
1

d

(
I+

∑
j

gjΓj +
∑
j<k

gjkΓjk + . . .+ g0Γ0

)
,

with real coefficients gj, gjk, . . ..

It is clear from the above that if we transform the generating set of Γj linearly,

Γ′k =
∑

j

TjkΓj,

then the set {Γ′1, . . . ,Γ′2n} satisfies the anti-commutation relations if and only if
(Tjk)jk is an orthogonal matrix: these are exactly the operations which preserve
the inner product. In that case there exists a matching unitary U(T ) ∈ B(H)
which transforms the operator basis as

Γ′j = U(T )ΓjU(T )
†.

As an importance consequence, it can be shown [Die06] that any operation U(T )
transforms the state ρ as

U(T )ρU(T )† =
1

d

(
I+ T (g) +

∑
j<k

g′jkΓjk + . . .+ g′0Γ0

)
,
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where we write T (g) to indicate the transformation of the vector g =
∑

j gjΓj

by T . For example, for the rotation R constructed earlier, we may immediately
write

RρR† =
1

d

(
I+RgR† +

∑
j<k

gjkRΓjkR
† + . . .+ g0RΓ0R

†
)
,

=
1

d

(
I+ |g|Γ1 +

∑
j<k

g′jkΓjk + . . .+ g′0Γ0

)
,

Thus, we can think of the 1-vector components of ρ as vectors in a generalized
Bloch sphere. In Chapter 4, we will extend this approach to include the Γ0 as an
additional “vector”. There, we use these facts to prove a useful statement which
leads to our uncertainty relations:

C.3.1. Lemma (Lemma 4.3.2). For any state ρ, we have
∑

j g
2
j ≤ 1.

With respect to our discussion above, this is indeed a generalization of what
we observed for the Bloch sphere in d = 2. Note that we obtain a whole range
of such statements as we can find different sets of 2n anti-commuting matrices
within the entire set of 22n basis elements above.

C.4 Conclusion

Luckily, we made some progress to give a characterization of quantum states
in terms of their basis coefficients that was sufficient to prove our uncertainty
relation from Chapter 4. Parametrizing states using Clifford algebra elements
provides us with additional structure to characterize quantum states that is not
at all obvious when looking at them from a linear algebra point of view alone.
We hope that parametrizing states in this fashion could enable us to make even
stronger statements in the future. It is also interesting to think about standard
quantum gates as geometrical operations within the Clifford algebra. Indeed, this
is possible to a large extent, but lies outside the scope of this text.

Clearly, the subspace spanned by the elements Γ1, . . . ,Γ2n plays a special role.
Note that when considering the state minimizing our uncertainty relation, only
its 1-vector coefficients played any role. The other coefficients do not contribute
at all to the minimization problem. It is interesting to observe that we have in
fact already seen a similar effect in Chapter 6. Recall that we used Tsirelson’s
construction to turn vectors a, b ∈ R

2n back into observables by letting A =∑
j ajΓj and B =

∑
j bjΓj. The optimal strategy of Alice and Bob could then be

implemented using the maximally entangled state of local dimension d = 2n

|Ψ〉〈Ψ| = 1

d

(
I+

∑
j

gjΓj ⊗ Γj +
∑

j

rjRj ⊗Rj

)
,
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where gj = ±1 and we used the Rj simply as a remainder term. Clearly, the
coefficients rj do not contribute to the term 〈Ψ|A ⊗ B|Ψ〉 at all, and only the
coefficients gj matter. However, in dimension d = 2n we have only 2n such terms.
Curiously, the remaining terms are only needed to ensure that ρ ≥ 0. Numerical
feasibility analysis using semidefinite programming for d = 4 and d = 8 reveals
that we do indeed need to take the maximally entangled state, and cannot omit
any of the remaining terms.


