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1 General introduction
It is still an unending source of surprise for me how a few
scribbles on a blackboard or on a piece of paper can change
the course of human affairs.
Stanislaw Ulam

Blood is one of the most important systems of the human organism, and its functionality is
largely determined by blood cells. Many diseases have hematological manifestations, i.e.
some characteristics of blood cells fall out of physiological ranges during these diseases [1].
That is why a routine blood analysis has become the core component of any medical
diagnostics. Expanding the information provided by such analysis and reducing its cost will
immediately improve the overall effectiveness of the healthcare system.
Optical techniques are widely used to study and characterize blood cells because
they are naturally non-invasive and capable of fast cell processing. Among these techniques
two most important are: (elastic) light scattering and fluorescence (based on either
autofluorescence or fluorescent labels). In terms of blood analysis, optical techniques have
found their major application in flow cytometers [2,3], which allow measuring both light
scattering and fluorescent signals from single cells at a speed of tens of thousands of cells
per second. Light scattering is determined by overall cell morphology, more precisely by
the distribution of the refractive index inside the cell on scales compared to or larger than
the wavelength. On the contrary, fluorescent labels are used to study the chemical structure
of a cell on nano-scales. They detect the presence of certain macromolecules on the surface
or inside the cell, which is used to discriminate “positive” and “negative” cells, i.e. cells
that do and do not express the macromolecules. Autofluorescence is used very rarely
because of its sensitivity to many hard-to-control factors.
Historically, light scattering methods for flow cytometry were rapidly developing in
the 1980s [2,4,5]. However, in the early 1990s multicolor fluorescence analysis took on,
and it has determined the further development of flow cytometry [3]. Fluorescent labels
enable quick and reliable separation and counting of any subtype of any type of blood cells
known to a clinical analyst. Light scattering in ordinary flow cytometers is currently able to
provide some vague information about the cell volume and to discriminate basic types of
blood cell. Volume measurement is partly augmented by Coulter cell, based on measuring
the electric impedance of a cell [3].
In spite of their successful application in flow cytometry, fluorescent labels have two
major limitations. First, they usually do not give any information on the morphology of the
cell, e.g. about the size and shape of the cell, its nucleus, or other internal structures.
Second, fluorescent labels are not truly non-invasive. The process of labeling takes some
time (usually about half an hour [6]) and may slightly modify living cells [7]. This is
especially critical for kinetic studies, when the state of the system of cells should be
measured at certain time moments during a biological process. Moreover, from a practical
point of view, fluorescent labels are quite expensive. They add to the cost of each blood
analysis, while light scattering methods consume only a certain amount of electricity and
water per analysis. An analysis by V. Maltsev in Russian hospitals revealed that these
1
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operational costs are a major hurdle in the uptake of flow cytometry technology. * The same
applies in the application of flow cytometry in diagnosis of diseases like malaria in Africa. †
Therefore, light scattering is appealing for medical systems that massively perform
basic blood analysis. That is especially relevant for developing countries, where such
systems could significantly improve the quality of health care. Moreover, light scattering
can potentially characterize the morphology of a cell including its internal structure, hence
expanding the information output of blood analysis. Such information could then be
immediately applied to diseases where, e.g., a correlation between morphology and stage of
disease is known, as in certain blood cancers (see e.g. [8]). However, there are a number of
limitations, which currently hamper the development of light scattering methods in this
context. First, ordinary flow cytometer set-ups provide very limited light scattering
information, which basically consists of integrated light scattering intensity over several
angle intervals, usually only two: the so-called forward and side scattering [3]. Some
instruments also measure depolarized side scattering intensity [9]. Second, it is problematic
to simulate light scattering by blood cells rigorously because of their large size and
complex internal structure. Finally, characterization of blood cells using measured light
scattering signals requires a solution of the inverse light scattering problem, which is a
challenging task.
The first limitation is alleviated by recently developed experimental techniques, i.e.
the scanning flow cytometer [10] and the ellipsoidal cavity [11] that measure light
scattering intensity resolved over one or two scattering angles respectively. In this thesis the
two remaining limitations are addressed, focusing on the following research questions. How
to rigorously simulate scattering of visible light by blood cells? And how to use this
simulation method to characterize blood cells using scanning flow cytometer?

*
†

V. P. Maltsev, private communication (2003).
J. Neukammer, private communication (2004).

2 Background
If you feel that you have both feet planted on level ground,
then the university has failed you.
Robert Goheen, Time (23 June 1961)

2.1

Blood cells

Blood contains several types of cells, each of which is quite distinct in appearance, and
each has a specific biological function. Red blood cells (RBC) are biconcave discoid cells,
which do not have a nucleus and are filled with hemoglobin, the major protein that binds
oxygen. The RBCs transport the respiratory gases: oxygen and carbon dioxide.
Granulocytes and monocytes can exit from blood vessels and migrate among the cells of
many tissues. These two cell types play key roles in inflammation and phagocytosis.
Granulocytes have an irregularly shaped multi-lobed nucleus and contain several types of
granules. Monocytes have a large compact nucleus, which is oval or indented. Platelets are
very small cells without a nucleus. They are required for hemostasis because of the
molecules they contain, and their abilities to adhere, aggregate, and provide a surface for
coagulation reactions. Lymphocytes mediate highly specific immunity against
microorganisms and other sources of foreign macromolecules. B-lymphocytes confer
immunity through the production of specific, soluble antibodies, whereas T-lymphocytes
direct a large variety of immunity functions, including killing cells that bear foreign
molecules on their surface membranes. Both types of lymphocytes are almost spherical
with spherical or oval nucleus. Characteristic size of blood cells is 6-10 μm, except for
platelets [12].
In this thesis only RBCs and granulocytes are studied (Chapters 4 and 5 respectively)
because of their complex geometry. RBCs have highly nonspherical shape, but are almost
homogenous. Granulocytes are, on the contrary, almost spherical, but have complex
internal structure. Considering visible light, these cells have a size parameter * x in the range
30 < x < 150 and the average refractive index, relative to the liquid medium, m ∼ 1.05 [5].
Therefore, both types of blood cells present major problems for many of the existing
methods to simulate light scattering (as will be explained in Section 2.3). Morphology and
previous light scattering studies of RBC and granulocytes are described in detail in the first
sections of the corresponding chapters (Chapters 4.1 and 5.1 respectively).

2.2

Experimental techniques

Generally speaking, blood is a system consisting of microparticles (blood cells). There exist
a number of light scattering methods to analyze such systems. They either approach a
particle suspension as a whole or analyze individual particles. Flow cytometry is based on
the second principle, since the hydrodynamic focusing system provides a means for
measuring scattering and fluorescent signals of single particles [2]. One of the most
important feature of instrumentation based on flow cytometry is a high analysis rate up to
*

It is defined as circumference of volume-equivalent sphere divided by the wavelength.
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30 000 particles/s with conventional commercial instruments [13]. Moreover, it allows realtime monitoring of particle suspensions. Conventional flow cytometry employs a capillary
flow cuvette and a laser beam that is aligned orthogonal to the flow. The particles are
introduced into the center of a carrier liquid flow using hydrodynamic focusing. The optical
and electronic designs of flow cytometers provide measurements of the intensity of the light
scattered by individual particles at fixed intervals of the solid angle, e.g., forward and side
scattering (a general description of light scattering is given in [14]). Fluorescence is
measured in a number of spectral intervals, possibly for a few different excitation
wavelengths. Currently, up to 18 different fluorescent labels can be used simultaneously
[13].
The ordinary flow cytometer uses the potential of both fluorescence and light
scattering only partly. Although the fluorescence is the main workhorse principle of flow
cytometers [3], its potential applications are wider than just detecting the presence (yes or
no) of labeled monoclonal antibodies. For instance, slit-scan flow cytometry allows
measurement of the fluorescence contours of individual particles [15]. Time-resolved
fluorescence can be used in combination with phosphorous dyes to improve the sensitivity
of the fluorescence measurements [16,17]. Fluorescence-based characterization of aerosol
particles, with special interest for bio-warfare agents detection, was reviewed by Pan et al.
[18].
Improving characterization of blood cells with flow cytometers can be accomplished
by measuring several additional light scattering parameters, as reviewed by Hoekstra and
Sloot [5]. However, the most logical extension is to measure angle-resolved light scattering,
i.e. the dependence of scattering intensity on the scattering angle, which is a one- or twodimensional light scattering pattern (LSP). These patterns provide qualitatively more
information compared to an ordinary flow cytometer, as a fingerprint or an iris scan
compared to a general appearance description. Measurements of the LSPs of individual
particles, however, require a special method for carrying and keeping the particle in the
testing zone and normally such methods are based on optical or electrostatic tweezers or on
hydrodynamic focusing flow systems. Instruments, in which a particle is kept in a fixed
position, and a scanning detector or a plurality of detectors are used for recording the
scattering, require a relatively long time for LSP measurement of individual particles
[19,20]. Current state-of-the-art of LSP measurement for airborne particles, including air
flow systems, is reviewed by Kaye et al. [11] with special emphasis on biological particles.
The flow cytometry principle potentially permits the LSP measurement of individual
particles carried by a flow. Several designs of hydrodynamic focusing heads for such
measurement have been described in the literature and were considered in a review by
Salzman et al. [21].
Another modification of the ordinary flow cytometer is the scanning flow cytometer
(SFC) [10,22]. This is a relatively young technology, which aims at analyzing individual
particles from light scattering. The LSP is measured by guiding a particle through the
measurement cuvette of the SFC and constantly illuminating it with a laser beam, which is
directed along the flow. One end of the cuvette is a spherical mirror which axis coincides
with the axis of the flow capillary; on the other end of the capillary there is an optical
system, which collect only coaxial light. For each particle position within the sensing zone
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Fig. 1. A schematic drawing of the SFC optical cuvette, which is axisymmetric over the incident laser
beam. Individual particles from the sample flow along the capillary starting from the hydrofocussing
system and are constantly illuminated with a laser beam. Two particle positions are shown for
example, corresponding to different scattering angles.

there is a specific light scattering angle θ, for which the rays are reflected in parallel to the
capillary axis by the spherical mirror (see Fig. 1). Since the particle moves with constant
speed, the intensity of light measured by the optical system as a function of time can be
transformed into the LSP. At present, the SFC allows measurement of LSPs of individual
particles at a rate of up to 500 particles per second for a range of scattering angles from 5°
to 100° [10]. Moreover, SFC is perfectly able to simultaneously measure several
fluorescence signals together with LSP, using either the same laser or another one,
perpendicular to the flow, for excitation. In that respect it has all the capabilities of an
ordinary flow cytometer.
In this thesis the SFC technique is combined with a rigorous method to simulate light
scattering, which allows approaching the characterization of blood cells. The exact
expression for the LSP measured by SFC depends on the details of the optical setup
(polarizers, retarders, etc.) that is used along the light path before and after the
measurement cuvette [10]. Using two photo detectors, two different combinations of the
elements of the Mueller scattering matrix [14] can be measured. Such configuration is
called polarizing SFC; it provides even more characterizing power [10]. However, in this
thesis only the basic configuration of the SFC is used, which measures the following LSP:
I (θ ) =

1
2π

2π

∫ dϕ [S (θ , ϕ ) + S (θ , ϕ )],
11

14

(1)

0

where S11 and S14 are elements of the Mueller matrix and the averaging over the whole
azimuthal scattering angle is performed. The scale of the measured I(θ ) can be calibrated
using certified latex beads to exactly correspond to Eq. (1).

6
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Light scattering simulations

The field of light scattering theory is more than a century old, starting from classical works
of Rayleigh [23] and Mie [24], to mention a few. Hence, a lot of different approaches have
been developed. They can be generally divided into approximations and those based on
rigorous light scattering theories. Approximate techniques are derived initially under certain
assumptions, which in most cases can be formulated in terms of x, m, and phase shift
parameter ρ0 = 2x(m − 1) of a scatterer. A systematic overview of different approximations
is given in the classical textbook by van de Hulst [25] and more recently in the textbook by
Mishchenko et al. [26]. In the following the most popular approximations are listed
together with regions of their validity: Rayleigh approximation ( x << 1 , |mx| << 1), RayleighDebye-Gans (RDG) approximation (|m − 1| << 1, |ρ0| << 1, but in some cases valid up to
|ρ0| ≤ 1) and its modifications (see e.g. [27]), anomalous diffraction (AD) and WentzelKramers-Brillouin (WKB) [10] approximations ( x >> 1 , |m − 1| << 1), geometrical optics
(GO, x >> 1 ).
There are two advantages of the approximate theories: they are fast and simple. The
advantage of being fast becomes less relevant with development of rigorous methods and
ever faster computer hardware. The exception in this regards is GO, which will always be
indispensable for extremely large particles [26]. Being simple is a fundamental advantage
that is usually undervalued. Approximate theories can provide analytical or semi-analytical
expressions, providing much more physical insight into the light scattering problem than
pure numbers produced by rigorous methods. The major disadvantage of all approximations
is that their regions of validity are not well defined. Their accuracy depends greatly on the
shape of the particle and which scattering quantity is calculated. Therefore, usually their
result must be compared with a rigorous method for a particular problem to validate their
accuracy.
The blood cells that are the main application in this thesis can be assumed to satisfy
the validity criterion of RDG, AD, and WKB but only partly, since their size parameter is in
the intermediate regime between small and large and their relative refractive index is not
very close to unity. It was concluded by Hoekstra and Sloot [5] that simple approximate
theories can successfully describe certain scattering quantities of biological cells, e.g. nearforward scattering and cross sections. However, if large scattering angles or polarization
properties are concerned, more advanced theories should be used. But even for these
scattering quantities approximate theories can be applied with certain success in some
cases, as will be demonstrated in Appendices A3 and A4.
Rigorous light scattering methods are definitely required, first, to handle complex
problems, for which no applicable approximate theory exists, and second, to validate
certain approximate theories in other cases. These methods are rigorous in the sense that,
given a scattering problem, they can be made as accurate as desired if large enough
computer power is available. It should be noted, however, that at least some of the rigorous
methods have a limited inherent applicability range in terms of particle geometry, size, and
refractive index. Moreover, this range is usually not well defined, and even inside this range
the required computer power can be a major limitation. The majority of existing methods
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are described in the recent review by Kahnert [28] and in the textbook by Mishchenko et al.
[26]. A brief overview of most commonly used methods follows.
It is convenient to divide these methods into analytical, semi-analytical, and
numerical. Analytical methods are basically separation of variables methods (SVM), which
can be applied for particles, whose surface coincides with a coordinate-hypersurface in one
of the eleven coordinate systems, in which the scalar Helmholtz equation is separable [28].
Practically, only the spheres and spheroids, possibly multilayered, can be handled.
However, in this limited field analytical methods are clearly the methods of choice.
Semi-analytical methods are those that expand the solution of the differential
equation for the electric field in the frequency domain into eigenfunctions of this equation,
usually vector spherical wave functions. They can also be considered as surface-based
methods. They include the generalized SVM, the discretized Mie formalism, the point
matching method, and the extended boundary condition method (EBCM) [28]. All these
methods can be used to calculate the T-matrix, which contains all the information necessary
to quickly simulate scattering by the particle in any orientation or to perform orientation
averaging [26]. They significantly simplify for axisymmetric particles, for which they are
fast and accurate. However, if part of an axisymmetric particle is concave inside,
application of the above methods is very problematic. There are semi-analytical methods
that can handle such cases, such as the discrete sources method (DSM) and the multiple
multipole program [29], although they do not calculate the T-matrix. Application of
different light scattering methods to the biconcave shape of the RBC is reviewed in Chapter
4.1. Surface-based methods can be potentially applied to any homogenous scatterer;
however, their performance is then comparable to that of numerical methods [30,31].
Arbitrary shaped inhomogeneous scatterers are a realm of numerical methods, which
directly discretize the differential or integral equations for the electromagnetic field. The
finite difference time domain (FDTD) method [32] and the finite elements method [33]
solve differential equations in time and frequency domain respectively. Two closely
connected methods – the method of moments (MoM) and the discrete dipole approximation
(DDA) – discretize the volume integral-equation for the electric field. Physically, DDA can
be thought of as representing the scatterer by a cubical lattice of point dipoles.
Polarizability of a dipole is determined by the local refractive index. These dipoles interact
with each other and the incident electric field leading to certain polarizations of dipoles.
The scattered field is determined as superposition of the fields radiated by dipoles based on
the calculated polarizations. Rigorous derivation of the DDA and its extensive overview is
presented in Chapter 3.1.
Because of their complex morphology, rigorous simulation of scattering by blood
cells requires one of the above cited numerical methods. All of them are in principle suited
for that; moreover, studies comparing these methods are sparse, some of them are described
in Section 3.1.5. Therefore, it is hard to choose the most suitable method for blood cells a
priori. DDA was chosen for the research presented in this thesis because of the previous
work done in the Section Computational Science of the University of Amsterdam [34-37].
DDA is also the most popular of the numerical methods in the light scattering community.
Chapter 3 of this thesis describes the development of the DDA performed by the
author. It starts with theoretical convergence analysis (Chapter 3.2). Then a general
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extrapolation technique is developed to increase the accuracy of any DDA simulation and
to provide an internal error estimate (Chapter 3.3). The theoretical development together
with careful parallel programming led to the powerful DDA computer code, named
Amsterdam DDA (ADDA), which is described in Chapter 3.4 together with its capabilities.
ADDA is perfectly able to routinely simulate scattering of the most complex blood cells,
which is demonstrated in Chapters 4 and 5. Moreover, ADDA favorably compares with
other existing DDA codes, as shown in a benchmark study (Chapter 3.5). Finally, a
systematic comparison of ADDA with a parallel FDTD code is presented in Chapter 3.6,
which reveals that the DDA is clearly preferable to the FDTD for index-matching
scatterers, in particular, blood cells.

2.4

Inverse light scattering problem

The ability to measure and simulate LSP using some experimental technique and rigorous
theoretical methods respectively are only the first steps to characterize particles. The final
step required is the solution of the inverse light scattering problem. It is the least developed
field of the three, partly because of the general complexity of the direct problem and illposedness of the inverse one, and partly because this field requires the progress of the first
two for its development. It is important to note that solution of the inverse light scattering
problem cannot be efficiently developed without the availability of experimental data for
testing. Techniques that perform well on simulated datasets may fail when applied to real
experimental measurements.
The methodologically simplest method to solve an inverse light scattering problem is
to fit the LSP, solving the direct problem for many different sets of particle parameters. It
was originally used for the simplest case – homogeneous spherical particles, as reviewed by
Maltsev and Semyanov [10]. There are two disadvantages of this technique: it requires a
number of direct light scattering evaluations (usually few tens or hundreds), and it depends
on the choice of the error function – the measure of how close two LSP are. Error functions
based on χ2 may cause the fitting procedure to find a local minimum which is far removed
from the global one in parameter space; however, no better alternative is known [10]. The
latter is also connected with the problem of choosing a suitable initial guess and is
especially relevant when errors of experimental measurements are taken into account.
Nevertheless, a multi-pass fitting using the Mie solutions is the reference method for
determination of size and refractive index of spherical particles in SFC [10]. Fitting
techniques are naturally limited to simple shapes, for which direct light scattering
simulation is fast. Probably, the most complex shape handled by this approach is a fivelayer sphere [38], for which both of the above described disadvantages are prominent.
Empirical or approximate solutions of the inverse light-scattering problem would be
appropriate to provide real-time analysis of individual particles from light scattering. Such
methods are usually based on compressing the information provided by the LSP into
several carefully designed parameters; therefore, they are also called parametric methods.
The multidimensional mapping of particle parameters (size, refractive index, etc.) into LSP
parameters is then approximately inverted. Application of this methodology for spheres is
reviewed in [10], which also describes the parametric solution of the inverse light scattering
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problem for a prolate spheroid. LSP parameters can be extracted either directly from LSP or
from its Gegenbauer of Fourier spectrum [39-41].
Another approach is a neural network. It can be seen as a parametric method that
automatically inverts the high-dimensional mapping. The main advantage of it is that it can
potentially handle the large number of particle and LSP parameters and it learns
automatically; however, its performance is to some extent unpredictable [42]. It is a rapidly
developing field of research, but in the field of single particle characterization it has so far
only been applied to spherical particles [43,44]. The performance strongly depends on the
set of parameters extracted from LSP that should be chosen manually.
In this thesis we consider complex particles, light scattering of which can be
simulated but not as fast as required by the methods based on the fitting procedure. These
particles also have a large number of parameters to determine. For instance, when a RBC is
characterized using SFC, three to six parameters are relevant depending on the refinement
level (Chapter 4). This greatly complicates the manual development of parametric inversion
methods. Therefore, we explored an approach where a database of LSP for a range of
particle parameters is computed. It can be used either directly for characterization or to
develop a method, e.g. a neural network, using the database as a training set.

3 The discrete dipole approximation
3.1 Review of the DDA*
If I have seen further it is by standing on the shoulders of
Giants.
Isaac Newton, letter to Robert Hooke (15 February 1676)

In this chapter we present a review of the DDA. We put the method in historical context
and discuss recent developments, taking the viewpoint of a general framework based on the
integral equations for the electric field. We review both the theory of the DDA and its
numerical aspects, the latter being of critical importance for any practical application of the
method. Finally, the position of the DDA among other methods of light scattering
simulation is shown and possible future developments are discussed.

3.1.1 Introduction
The DDA is a general method to compute scattering and absorption of electromagnetic
waves by particles of arbitrary geometry and composition. Initially the DDA was proposed
by Purcell and Pennypacker (PP) [45], using the physical picture of a set of point dipoles. It
was further developed by Draine and coworkers [46-49], who popularized the method by
developing a publicly available computer code DDSCAT (see Subsection 3.5.2.2). Later it
was shown that the DDA also can be derived from the integral equation for the electric
field, which is discretized by dividing the scatterer into small cubical subvolumes. This
derivation was apparently first performed by Goedecke and O'Brien [50] and further
developed by others (see, for instance, [51-54]). It is important to note that the final
equations, produced by both lines of derivation of the DDA are essentially the same. The
only difference is that derivations based on the integral equations give more mathematical
insight into the approximation, thus pointing at ways to improve the method, while the
model based on point dipoles is physically clearer.
The DDA is called the coupled dipole method or approximation by some researchers
[55,56]. There are also other methods, such as the volume integral equation formulation
[57] and the digitized Green’s function (DGF) [50], which were developed completely
independently from PP. However, later they were shown to be equivalent to DDA [28,51].
In this review we will use the term DDA to refer to all such methods, since we describe
them in terms of one general framework. However, it is difficult to separate unambiguously
the DDA from other similar methods, based on the volume integral equations for the
electromagnetic fields, such as a broad range of MoM with different bases and testing
functions [58-61]. In our opinion, one fundamental aspect of the DDA is that the solution
for the “physically meaningful” internal fields or quantities directly derived from them, e.g.
polarization, plays an integral role in the process. In other words, any DDA formulation can
be interpreted as replacing a scatterer by a set of interacting dipoles; this is further
*

This chapter is based on M. A. Yurkin and A. G. Hoekstra, "The discrete dipole approximation: an overview and
recent developments," J. Quant. Spectrosc. Radiat. Transf. 106, 558-589 (2007).
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discussed in Section 3.1.2. An example of method that is not considered DDA is the MoM
with higher-order hierarchical Legendre basis functions [59].
The DDA is a popular method in the light-scattering community and it has been
reviewed by several authors. An extensive review by Draine and Flatau [48] covers almost
all DDA developments up to 1994. A more recent review by Draine [49] mainly concerns
applications and numerical considerations. DDA theory was discussed together with other
methods for light scattering simulations in reviews by Wriedt [62], Chiappetta and
Torresani [63], and Kahnert [28] and in books by Mishchenko et al. [26] and Tsang et al.
[64]. Jones [65] placed the DDA in context of different methods with respect to particle
characterization. However, many important DDA developments since 1994 are not
mentioned in any of these manuscripts. Those that are mentioned are usually considered as
side-steps, and are not placed into a general framework. Moreover, to the best of our
knowledge numerical aspects of the DDA have never been reviewed extensively – each
manuscript discusses only a few particular aspects. In this review we try to fill these gaps.
A general framework is developed in Section 3.1.2 to ease the further discussion of
different DDA models. This framework is based on the integral equation because it allows a
uniform description of all the DDA development. However, connection to a physically
clearer model of point dipoles is discussed throughout the section. The sources of errors in
the DDA formulation are also discussed there.
In Section 3.1.3 the physical principles of the DDA are reviewed and results of
different models are compared. In Subsection 3.1.3.1 different improvements of
polarizabilities and interaction terms are reviewed from a theoretical point of view.
Different expressions for Cabs also are discussed. Comparison of simulation results using
different formulations is given in Subsection 3.1.3.2. Subsection 3.1.3.3 covers the special
case of a cluster of spheres that allows particular improvements and simplifications. In
Section 3.1.3.4 different significant modifications are reviewed, which do not fall
completely into the general framework described in Section 3.1.2. Enhancements of the
DDA for some special purposes also are discussed.
Different numerical aspects of the DDA are reviewed in Section 3.1.4. These are
concerned primarily with solving very large systems of linear equations (Subsection
3.1.4.1). Subsection 3.1.4.2 describes the simplest iterative procedure to solve DDA linear
system, which has a clear physical meaning. The special structure of the DDA interaction
matrix for a rectangular grid and its application to decrease computational costs are
described in subsections 3.1.4.3 and 3.1.4.4 respectively. General methods to accelerate
calculations, which do not require a rectangular grid, are discussed in Subsection 3.1.4.5.
Subsection 3.1.4.6 covers special techniques to increase the efficiency of repeated
calculations (e.g. in orientation averaging).
A numerical comparison of the DDA with other methods is reviewed in Section
3.1.5; its strong and weak points are discussed. Section 3.1.6 concludes the review and
discusses future development of the DDA.

3.1.2 General framework
The exp(−iωt) time dependence of all fields is assumed throughout this review. The
scatterer is assumed dielectric but not magnetic (magnetic permeability equals unity). The
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electric permittivity is assumed isotropic to simplify the derivations; however, extension to
arbitrary dielectric tensors is straightforward. *
The general form of the integral equation governing the electric field inside the
dielectric scatterer is the following [28,51]:
E(r ) = E inc (r ) + ∫ d 3r ′G (r, r ′) χ (r′)E(r′) + M (V0 , r ) − L (∂V0 , r ) χ (r )E(r ),
(2)
V \V0

where Einc(r) and E(r) are the incident and total electric field at location r;
χ(r) = (ε(r) − 1)/4π is the susceptibility of the medium at point r (ε(r) – relative
permittivity). V is the volume of the particle, i.e., the volume that contains all points where
the susceptibility is not zero. V0 is a smaller volume such that V0 ⊂ V, r∈V0\∂V0 (∂ denotes
region boundary). G (r, r ′) is the free space dyadic Green’s function, defined as
ˆˆ
ˆˆ ⎤
⎡
ˆ∇
ˆ g ( R) = g ( R) ⎢k 2 ⎛⎜ I − RR ⎞⎟ − 1 − ikR ⎛⎜ I − 3 RR ⎞⎟⎥ ,
G (r, r′) = k 2 I + ∇
2 ⎟
2
⎜
⎜
R ⎠
R ⎝
R 2 ⎟⎠⎦⎥
⎣⎢ ⎝

(

)

(3)

where I is the identity dyadic, k = ω /c is the free space wave vector, R = r − r′, R = |R|,
and Rˆ Rˆ is a dyadic defined as Rˆ Rˆ μν = Rμ Rν (μ and ν are Cartesian components of the
vector or tensor):
exp(ikR)
.
R
M is the following integral associated with the finiteness of the exclusion volume V0
M (V0 , r ) = ∫ d 3 r ′ G (r, r′) χ (r′)E(r′) − G st (r, r′) χ (r )E(r ) ,
g ( R) =

(

)

V0

(4)

(5)

where G st (r, r ′) is the static limit (k → 0) of G (r, r ′) :

ˆˆ
ˆ∇
ˆ 1 = − 1 ⎛⎜ I − 3 RR ⎞⎟ .
G st (r, r′) = ∇
3 ⎜
R
R ⎝
R 2 ⎟⎠

(6)

L is the so-called self-term dyadic:

L (∂V0 , r ) = − ∫ d 2 r′
∂V0

nˆ′Rˆ
,
R3

(7)

where n′ is an external normal to the surface ∂V0 at point r'. L is always a real, symmetric
dyadic with trace equal to 4π [66]. It is important to note that L does not depend on the
size of the volume V0, but only on its shape (and location of the point r inside it). On the
contrary, M does depend on the size of the volume, moreover it approaches zero when the
size of the volume decreases [51] (if both χ(r) and E(r) are continuous inside V0).
When deriving Eq. (2) the singularity of the Green’s function has been treated
explicitly, therefore it is preferable to the commonly used formulation [28,51]:
E(r ) = Einc (r ) + ∫ d 3 r ′G (r, r′) χ (r′)E(r′).
(8)
V

*

In most formulae scalar values can be replaced directly by tensors, but there are exceptions. Extensions of DDA
to optically anisotropic scatterers are discussed in Subsection 3.1.3.4.
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Moreover, Yanghjian noted [66] that there exist several methods for treating the singularity
in Eq. (8) leading to different results. He also proved that the derivation of Eq. (8) is false in
the vicinity of the singularity of G (r, r′) . Hence it can be considered correct only if the
singularity is then treated in a way similar to that of Lakhtakia [51], resulting in the correct
Eq. (2).
N

Discretization of Eq. (2) is done in the following way [28]. Let V = UVi ,
i =1

Vi I V j = 0/ for i ≠ j; N denotes number of subvolumes. * Although the formulation is
applicable to any set of subvolumes Vi, in most applications standard (equal) cells are used.
Then the shape of the scatterer cannot always be described exactly by such standard cells.
Hence, the discretization may be only approximately correct. Assuming r∈Vi and choosing
V0 = Vi, Eq. (2) can be rewritten as
E(r ) = Einc (r ) + ∑ ∫ d 3 r ′G (r, r′) χ (r′)E(r′) + M (Vi , r ) − L (∂Vi , r ) χ (r )E(r ).
(9)
j ≠i
Vj

The set of Eq. (9) (for all i) is exact. Further, one fixed point ri inside each Vi (its center) is
chosen and r = ri is set. In many cases the following assumptions can be made:
3
∫ d r ′G (ri , r′) χ (r′)E(r′) = V j G ij χ (r j )E(r j ),
(10)
Vj

M(Vi , ri ) = Mi χ (ri )E(ri ),

(11)

which state that integrals in Eq. (9) linearly depend upon the values of χ and E at point ri.
Equation (9) can then be rewritten as
Ei = Einc
i + ∑ G ijV j χ j E j + (M i − Li )χ i E i ,
(12)
j ≠i

where E i = E(ri ) , E

inc
i

= E (ri ) , χ i = χ (ri ) , L i = L (∂Vi , ri ) .
inc

The usual approximation [28] is to consider E and χ constant inside each subvolume:
E(r ) = Ei , χ (r ) = χ i for r ∈Vi ,
(13)
which automatically implies Eqs. (10) and (11) and
M i( 0 ) = ∫ d 3 r ′(G (ri , r′) − G st (ri , r ′) ),
(14)
Vi

G ij( 0) =

1
Vj

∫ d r ′G (r , r′).
3

i

(15)

Vj

The superscript (0) denotes approximate values of the dyadics. A further approximation,
which is used in almost all formulations of the DDA, including e.g. [51], is
G ij( 0) = G (ri , r j ).
(16)
This assumption is made implicitly by all formulations that start by replacing the scatterer
with a set of point dipoles. It is important to note that Eq. (12) and derivations resulting
from it require weaker assumptions [Eqs. (10) and (11)] than imposed by Eq. (13) and,
moreover, Eq. (16). It is possible to formulate the DDA based on Eq. (12), e.g. the
*

In the framework of the DDA we usually call a subvolume a dipole.
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Peltoniemi formulation [67] that is described in Subsection 3.1.3.1. We postulate Eq. (12)
as a distinctive feature of the DDA, i.e. a method is called the DDA if and only if its main
equation is equivalent to Eq. (12) with any Vi, χi, M i , Li , and G ij .
Kahnert [28] distinguished the DDA from the MoM by the fact that the MoM solves
directly Eq. (12) for unknown Ei, while the DDA seeks not the total, but the exciting
electric fields
Eiexc = (I + (Li − Mi )χ i )Ei = Ei − Eself
(17)
i ,

Eiself = (Mi − Li )χ i Ei ,

where E
to

self
i

(18)

is the field induced by the subvolume on itself. Equation (12) is then equivalent
Einc
= Eiexc − ∑ G ij α j E exc
i
j ,
j ≠i

(19)

where α i is the polarizability tensor defined as

α i = Vi χ i (I + (Li − M i )χ i ) .

−1

(20)

However, an alternative formulation of the DDA exists [48] seeking a solution for unknown
dipole polarizations Pi:
Pi = αi Eiexc = Vi χ i Ei ,
(21)

Einc
= αi−1Pi − ∑ G ij P j .
i
j ≠i

(22)

It is important to note that Pi, defined by Eq. (21), is only an approximation to the
polarization of the subvolume Vi. This approximation is exact only under the assumption of
Eq. (13), while the formulation itself does not require it. The formulation, using Eq. (22),
can be thought as an intermediary between the DDA and the MoM as classified by Kahnert
[28], therefore revealing complete equivalence of these two formulations. The special
structure of the matrix G ij makes Eq. (22) preferable over Eqs. (12) and (19) to find a
numerical solution. This is discussed in Section 3.1.4.
Lakhtakia [51] classified strong and weak forms of the DDA as those accounting for
or neglecting M i respectively. The weak form approaches the strong form when the size of
the cell decreases, because M i approaches zero. For a cubical cell Vi and with ri located at
the center of the cell, Li can be calculated analytically yielding [66]
4π
I.
(23)
3
Using Eq. (20), this results in the well-known Clausius-Mossotti (CM) polarizability (used
originally by Purcell and Pennypacker [45]) for the weak form of the DDA:
3 εi −1
αi = Iα iCM = Id 3
.
(24)
4π ε i + 2
Li =

where εi = ε(ri), and d is the size of the cubical cell.
After the internal electric fields are determined, the scattered fields and cross
sections can be calculated. The scattered fields are obtained by taking the limit r → ∞ of the
integral in Eq. (2) (see e.g. [50]):
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exp(ikr )
F (n),
(25)
− ikr
where n = r/r is the unit vector in the scattering direction, and F is the scattering amplitude:
F (n) = −ik 3 ( I − nˆ nˆ )∑ ∫ d 3 r ′ exp( −ikr′ ⋅ n) χ (r′)E(r′).
(26)
i
Esca (r ) =

Vi

All other differential scattering properties, such as amplitude and Mueller scattering
matrices, and asymmetry parameter <cosθ > can be derived from F(n), calculated for two
incident polarizations [14]. Radiation forces also can be calculated [37,68,69]. Consider an
incident polarized plane wave *
Einc (r ) = e 0 exp(ik ⋅ r ),
(27)
where k = ka, a is the incident direction, and |e0| = 1. The scattering cross section Csca is
[14]
1
2
Csca = 2 ∫ dΩ F (n) .
(28)
k
Absorption and extinction cross sections (Cabs, Cext) are derived [50,57] directly from the
internal fields:
Cabs = 4πk ∑ ∫ d 3r ′ Im(χ (r′) ) E(r′) ,
2

(

i Vi

[

Cext = 4πk ∑ ∫ d 3 r ′ Im χ (r ′)E(r′) ⋅ Einc (r′)
i Vi

(29)

] ) = 4kπ Re(F(a) ⋅ e ),
∗

0∗

(30)

2

where * denotes a complex conjugate. Conservation of energy necessitates that
Csca = Cext − Cabs .

(31)
can lead to

However, as was noted by Draine [46], use of Eq. (31) for evaluation of Csca
larger errors than Eq. (28), especially when Cabs >> Csca.
The easiest way to express Eqs. (26) and (29) in terms of the internal fields in the
subvolumes centers is to assume Eq. (13), yielding
F ( 0 ) (n) = −ik 3 ( I − nˆnˆ )∑ χ i Ei ∫ d 3 r ′ exp(−ik r′ ⋅ n),
(32)
i
Vi

C

( 0)
abs

= 4πk ∑Vi Im(χ i ) Ei = 4πk ∑ Im(Pi E∗i ).
2

i

(33)

i

Further approximation of Eq. (32), leaving only the lowest order expansion of the exponent
around ri, leads to
F ( 0 ) (n) = −ik 3 ( I − nˆnˆ )∑ Pi exp(−ikri ⋅ n),
(34)
i

which together with Eq. (30), leads to
(0)
∗
).
Cext
= 4πk ∑ Im(Pi ⋅ Einc
i
i

(35)

Equations (34) and (35) are identical to those used by Purcell and Pennypacker [45] and
then by Draine [46], while expressions for Cabs [compared to Eq. (33)] are slightly different.
These differences are discussed in Subsection 3.1.3.1. Unfortunately, many researchers do
*

DDA can be used for any incident wave, e.g. Gaussian beams [70]; however, we do not discuss this here.
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not specify explicitly how the scattering quantities are obtained from the computed internal
fields or polarizations. Those who do usually use Draine’s prescription [Eqs. (28), (34),
(35), and (37)].
Errors of the formulation can be classified as associated with the finite cell size d
(discretization errors), and with approximating the particle shape with a set of standard
cells, e.g. cubical (shape errors). Discretization errors result from considering E constant
inside each cell and the approximate evaluation of M i and G ij . Shape errors also can be
considered as resulting from the assumption of constant χ and E inside bordering cells,
which is false since the edge of the particle crosses these cells. On the other hand, shape
errors can be viewed as a difference of the results for the exact particle shape and for that
comprised of the set of standard cells. Both errors approach zero when N → ∞, while the
geometry of the scatterer and parameters of the incident field are fixed. However, the same
does not apply if kd → 0 while N is fixed, i.e. the DDA is not exact in the long-wavelength
limit. Moreover, both errors are sensitive to the size of the scatterer in the resonance region
(see discussion in Subsection 3.1.3.2). The behavior of these errors is studied in detail in
Chapter 3.2.

3.1.3 Various DDA models
3.1.3.1 Theoretical base of the DDA

Since the original manuscript by Purcell and Pennypacker [45], many attempts have been
made to improve the DDA. The first stage (1988-1993) of these improvements was
reviewed by Draine and Flatau [48]. It has been noted [46] that Eq. (24) does not satisfy
energy conservation, and results obtained using this formulation do not satisfy the optical
theorem. Based on the well-known [71] “radiative reaction” (RR) electric field, a correction
to the polarizability for a finite dipole was added [46]:
α CM
α RR =
.
(36)
1 − (2 3)ik 3α CM
Draine [46] also proposed the following expression for the absorption cross section:

[

]

( 0)
Cabs
= 4πk ∑ Im(Pi ⋅ Eiexc* ) − (2 3)k 3Pi ⋅ Pi* ,

(37)

i

derived from Eq. (31) applied to a single point dipole. The PP formulation uses Eq. (37)
without the second part. It can be verified that Eq. (37) results in zero absorption for any
scatterer if the polarizability is of the following form:
αi−1 = Ai − (2 3)ik 3 I, Ai = AiH ,
(38)
where H denotes the conjugate transpose of a tensor. For real m, RR and all other
expressions specified below result in α satisfying Eq. (38), which makes Eq. (37) clearly
favorable over e.g. the PP formulation. It must be noted however that the original PP
formulation, where CM polarizability was used, also results in zero absorption for real m.
The correction in Eq. (36) is O((kd)3). Several other corrections of O((kd)2) have
been proposed. The first one was proposed by Goedecke and O’Brien [50] and
independently in two other manuscripts [72,73]. They started from Eqs. (12)−(14) and used
the following simplifying fact for a cubical cell (also valid for spherical cells), resulting
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from symmetry. Let Vcb be a cube with size d centered at the origin with edges parallel to
coordinate axes, then
Rˆ Rˆ
1
3
3
(39)
∫V d Rf ( R) R 2 = V∫ d Rf ( R) 3 I.
cb
cb
Eq. (39) is valid for any f (R) that has a singularity of less than third order for R → 0, i.e.
the integrals on both sides are defined. They obtained
2
exp(ikR)
M i( 0 ) = I k 2 ∫ d 3 R
.
(40)
3 Vcb
R
By expanding exp(ikR) in Taylor series one can obtain
⎞
2 ⎛ d3R
M i( 0 ) = I k 2 ⎜ ∫
+ ikd 3 + O(k 2 d 4 )⎟ .
(41)
⎟
3 ⎜⎝ Vcb R
⎠
The remaining integral was evaluated by approximating the cube by a volume-equivalent
sphere, resulting in
Mi( 0) = I b1DGF (kd ) 2 + (2 3)i(kd )3 + O((kd ) 4 ) ,
(42)

(

)

b
= (4π 3) ≈ 1.611992 .
(43)
An exact evaluation, obtained without expanding the exponent, of Eq. (40) for the
equivolume sphere with radius a = d(3/4π)1/3 was performed by Livensay and Chen [74]
and implemented into the DGF formulation of the DDA by Hage and Greenberg [57,73]
and later Lakhtakia [75]:
Mi( 0) = (8π 3)I[(1 − ika) exp(ika) − 1].
(44)
DGF
1
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In terms of the first two orders of expansion, this yields an identical result as Eq. (42).
Finally the polarizability is obtained as

α DGF =

(

1− α

CM

d

3

)(b

α CM

DGF
1

(kd ) 2 + (2 3)i( kd ) 3

)

.

(45)

We denote the method based on Eq. (44) as LAK. Differences between LAK and DGF
should be noticeable only for large values of kd.
Dungey and Bohren [76], using results by Doyle [77], proposed the following
treatment of the polarizability. First, each cubic cell is replaced by the inscribed sphere that
is called a dipolar subunit with a higher relative electric permittivity εs as determined by the
Maxwell-Garnett effective medium theory (EMT) [14]:
ε −1 ε −1
f s
=
,
(46)
εs + 2 ε + 2
where f = π /6 is the volume filling factor. Other EMTs also may be used [78]. Next, the
dipole moment of the equivalent sphere is determined using the Mie theory, and the
polarizability is defined as [77]
3
α M = i 3 α1 ,
(47)
2k
where α1 is the electric dipole coefficient from the Mie theory (see e.g. [25]):
m ψ (m x )ψ ′( x ) −ψ 1 ( xs )ψ 1′(ms xs )
α1 = s 1 s s 1 s
,
(48)
msψ 1 (ms xs )ξ1′( xs ) − ξ1 ( xs )ψ 1′(ms xs )
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where ψ1, ξ1 are Riccati-Bessel functions; xs = kd/2 and ms = ε s are the size parameter
and the relative refractive index of the equivalent sphere. We denote this formulation for
the polarizability as the a1-term method (note that this terminology was introduced later
[79]). It has the particular property that αM/αCM → const ≠ 1 when m → 1, contrary to all
other polarizability prescriptions, for which this ratio approaches 1. It should be noted that
the Mie theory is based on the assumption that the external electric field is a plane wave. In
most applications of the DDA this is true for the incident electric field, but not for the field
created by other subvolumes. Therefore the a1-term method is expected to be correct only
for very small cell size. Hence it is not clear whether this method has advantages even
compared to CM. On the other hand, this method may be more justified for clusters of
small spheres, where each sphere can be considered as a dipole (see Subsection 3.1.3.3).
Draine and Goodman [47] pointed out that considering electric fields constant for
evaluating integrals over a cell introduces errors of order O((kd)2). This represents a
problem for many polarizability corrections, based on integral equations. Draine and
Goodman approached this problem from a different angle. They determined the optimal
polarizability in the sense that an infinite lattice of point dipoles with such polarizability
would lead to the same propagation of plane waves * as in a medium with a given refractive
index. This polarizability was called LDR (Lattice Dispersion Relation) and is, as expected,
CM plus high-order corrections. These corrections in turn depend on the direction of
propagation a and the polarization of the incident field e0:

α LDR =

(

α CM

)([

)

1 − α CM d 3 b1LDR + b2LDR m 2 + b3LDR m 2 S (kd ) 2 + (2 3)i(kd ) 3

]

,

(49)

b1LDR ≈ 1.8915316, b2LDR ≈ −0.1648469, b3LDR ≈ 1.7700004,

(50)

S = ∑ a μ eμ .

(51)

μ

(

)

0 2

We use a reverse sign convention in the denominator of Eq. (49) and the LDR coefficients
as compared to the original manuscript [47].
Recently it has been shown [80] that the LDR derivation is not completely accurate,
since the resulting dipole moment does not satisfy the transversality condition, for which a
correction was proposed. This corrected LDR (CLDR) differs principally in the fact that the
polarizability tensor cannot be made isotropic but only diagonal [80], though not dependent
on the incident polarization:
α CMδ μν
CLDR
.
α μν
=
(52)
1 − (α CM d 3 )(b1LDR + b2LDR m 2 + b3LDR m 2 aμ2 )(kd ) 2 + (2 3)i(kd ) 3

[

]

Another flaw of LDR is that it is evidently not correct for dipoles near the particle surface.
However, it is not clear how to evaluate the effect of these mistreated surface dipoles on the
overall results, e.g. on the scattering cross section.
Further improvement of the DDA was initiated by Peltoniemi [67] (PEL) who
showed that the term M(Vi) in Eq. (9) can be evaluated exactly up to the third order of kd
*

With certain direction of propagation and polarization state.
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by expanding the term χ (r ′)E(r ′) under the integral in a Taylor series over the point
r′ = ri , yielding
M μ (Vi ) = ∑ M i(,0μν) χEν +
ν

−

(

)

1 3 exp(ikR) 2 2
dR
k R + ikR − 1 ∑ Rν2∂ν2 χEμ
2 V∫i
R3
ν

(

)

1 3 exp(ikR) 2 2
dR
k R + 3ikR − 3 ∑ Rμ Rν Rρ Rτ ∂ ρ ∂τ χEν + O((kd ) 4 χE ),
2 V∫i
R3
νρτ

(53)

where χ, E and their derivatives are all considered at the point ri. Equation (53) is correct
up to the third order of kd since the third term in the Taylor series vanishes because of
symmetry. For spherical Vi of radius a, the integrals can be evaluated exactly [67] in a way
similar to obtaining Eq. (44), but only terms of less than fourth order of kd are significant,
which results in
4π ⎡⎛
2
3
⎞⎤
2
3⎞
2⎛ 1
2
4
M (Vi ) =
⎜ (ka) + i(ka) ⎟ χ E − a ⎜ ∇ χ E − ∇(∇ ⋅ χ E) ⎟⎥ + O((ka) χE ). (54)
⎢
3 ⎣⎝
3
10
⎠
⎝ 10
⎠⎦
If χ is constant inside the cell then the Maxwell equations state that
∇ 2E = −m 2 k 2E, ∇ ⋅ E = 0.
Hence Eq. (11) is valid up to the third order of ka and

[(

)

]

M i = ( 4π 3) I 1 + (1 10)m 2 (ka ) 2 + (2 3)i( ka ) 3 .

(55)
(56)

Piller and Martin [81] proposed using sampling theory to evaluate the integrals in
Eq. (2). The electric field and the susceptibility are sampled:
χ (r′)E(r′) = ∑ h r (r′ − ri ) χ (ri )E(ri ),
(57)
i

where hr(r) is the impulse response function of an antialiasing filter defined as
sin( qr ) − qr cos( qr )
,
h r (r ) =
(58)
2π 2 r 3
where q = 2π /d. Equation (2) is then transformed to Eq. (12) with the so-called filtered
Green’s function, defined as
1
G ij =
d 3 r ′G (ri , r′)h r (r ′ − r j ).
(59)
V j R 3∫/ V0
Eq. (59) can be viewed as a generalization of Eq. (15). The latter is obtained if a pulse
function is considered instead of hr. The integral in Eq. (59) is evaluated analytically [81],
taking V0 to be infinitesimally small. The filtered Green’s function does not have a
singularity when ri = rj, therefore M i = Vi G ii . It was shown that the Fourier spectrum of
E(r) lies on a sphere with radius m(r)k, if m is constant in the vicinity of r. Hence at least
two sampling points per wavelength in the scatterer are required to adequately describe it.
The susceptibility is also filtered, either by a mean value filter or a more complicated one,
e.g. a Hanning window. This approach is called FCD (filtered coupled dipoles), and a
computer code library for evaluation of filtered Green’s function is available [82].
Chaumet et al. [54] proposed direct integration of the Green’s tensor (IT) in
Eqs. (14) and (15). A Weyl expansion of the Green’s tensor is performed, transforming it to
a form allowing efficient numerical computation of the self-term ( M − L ). They also
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proposed a correction to the second term in Draine’s expression for Cabs [Eq. (37)].
Extension of their results to a non-isotropic self-term is

[ (

)

) ]

(

(0)
Cabs
= 4πk ∑ Im Pi ⋅ E iexc* + Im Pi ⋅ ( M i − Li )* Pi* / Vi .

(60)

i

The corrected second term is based on radiation energy of a finite dipole [54]: Im(E iself⋅ Pi∗ ) ,
in contrast to a point dipole used in the derivation of Eq. (37). One can see that Eqs. (60)
and (33) are equivalent. Moreover, both of them are equivalent to Eq. (37) if and only if
Mi = Ai + (2 3)ik 3Vi I, Ai = AiH .
(61)
This condition is similar, but not equivalent, to Eq. (38) and is always satisfied for RR,
DGF, and LAK. Other polarizability prescriptions (except CM) satisfy Eq. (61) for real m,
then both Eqs. (60) and (37) result in zero absorption.
Rahmani, Chaumet, and Bryant [83] proposed a new method (RCB) to determine
polarizability based on the known solution of the electrostatic problem for the same
scatterer. In the static limit the electric field at any point is linearly related to the incident
field
E(r ) = C −1 (r )E0 (r ).
(62)
Substituting Eq. (62) into Eq. (22) with the static Green’s tensor, one can obtain the
polarizability, which would give an exact solution in the static limit, as
α iRCB = Vi χ i Λi−1 ,
(63)
Λ i = Ci + ∑ G st (ri , r j ) χ i C −j 1Ci ,

(64)

j ≠i

where Ci = C(ri ) . This static polarizability then replaces the CM polarizability, and the RR
[Eq. (36)] is applied to it [83] to obtain the final polarizability for DDA simulations. It was
later shown that RCB polarizabilities differ significantly from CM only for dipoles closer
than 2d to the interface [84].
In their next manuscript [85] Rahmani et al. stated that the previous derivation is
correct only if the tensor C is constant inside the particle (e.g. for ellipsoids), since
otherwise the polarizability tensor obtained from Eq. (63) is generally not symmetric,
which is physically impossible in the static case. This shows that a particle with a nonconstant C is not equivalent to any set of physical point dipoles even in the static regime.
However, it is equivalent to a set of non-physical dipoles with an asymmetric polarizability.
Therefore, the polarizability defined by Eq. (63) formally can be used, by itself or with RR,
even when C is not constant.
Collinge and Draine [84] empirically combined the RCB prescription with CLDR to
get the surface-corrected LDR (SCLDR):

( (

) )

−1

α SCLDR = α RCB I − α RCB d 3 B ,

(65)

where B is the correction matrix [analogous to Eq. (52)]:

[(

)

]

Bμν = δ μν b1LDR + b2LDR m 2 + b3LDR m 2 a μ2 (kd ) 2 + (2 3)i( kd ) 3 .

(66)

All methods based on the manuscript by Rahmani et al. [83] are initially limited to very
specific shapes of the scatterer (ellipsoids, infinite slabs and cylinders). Expansion of its
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PEL
Eq. (16)
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DGF, LAK
M =0
(weak form)

CM

improving polarizability starting
from dipole formulation

Fig. 2. Scheme of interrelation between the different DDA models discussed in Subsection 3.1.3.1.
Arrows down correspond to assumptions employed. Vertical position of the method qualitatively
corresponds to its accuracy (higher = better), however methods in different columns cannot be
compared directly.

applicability to other shapes is debatable [85] and would anyway require a preliminary
solution of the electrostatic problem for the same shape, which is generally not trivial.
All DDA formulations are schematically depicted in Fig. 2, which also shows
interrelations between them. Some formulations can be compared unambiguously in terms
of theoretical soundness: one is an improvement of the other, i.e. it employs fewer
approximations. Such formulations are depicted in the same column on Fig. 2, while others
cannot be compared directly with each other; they give rise to different columns.
Comparison between formulations from different columns can and has been made almost
exclusively empirically by comparing the accuracy of the simulation results (see Subsection
3.1.3.2).
All the above techniques are aimed at reducing discretization errors; only a few aim
at reducing shape errors. Some of them employ adaptive discretization (different dipole
sizes) to better describe the shape of the scatterer (see Subsection 3.1.3.4). Another
approach is to average susceptibility in boundary subvolumes. The simplest averaging
using the Lorentz-Lorenz mixing rule was proposed by Evans and Stephens [86] for the
case of the boundary between the scatterer and its surrounding medium
χ ie
χi
,
= f
(67)
4πχ ie + 3
4πχ i + 3
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where χ ie is the effective susceptibility, and f is the volume fraction of the subvolume
actually occupied by scatterer.
A more advanced averaging, called the weighted discretization (WD), was proposed
by Piller [56]. It modifies the susceptibility and self-term of the boundary subvolume. * The
particle surface, crossing the subvolume Vi, is assumed linear and divides the subvolume
into two parts: the principal Vi p that contains the center and a secondary Vi s with
susceptibilities χ ip ≡ χ i , χ is and electric fields Eip ≡ Ei , Esi respectively. Electric fields are
considered constant inside each part and related to each other via a boundary condition
tensor Ti :

Eis = Ti Ei .
Then the total polarization of the subvolume can be evaluated as follows:
Pi = ∫ d 3 r ′χ (r′)E(r′) = Vi p χ ip Ei + Vi s χ is E is = Vi χ ie Ei ,
Vi

χ ie = (Vi p χ ip I + Vi s χ is Ti ) Vi .

(68)

(69)
(70)

The susceptibility of the boundary subvolume is replaced by an effective one.
The effective self-term is evaluated directly starting from Eq. (5), considering χ and
E constant inside each part:
M ie χ ie = ∫ d 3r ′(G (ri , r′) − G st (ri , r′) )χ ip + ∫ d 3r ′(G (ri , r′) − G st (ri , r′) )χ is Ti .
(71)
p
s
Vi

Vi

Piller [56] evaluated the integrals in Eq. (71) numerically. The final equations are the same
as Eq. (22), where polarizabilities are obtained from Eq. (20) using effective susceptibilities
and self-terms for boundary subvolumes. Hence, WD does not modify the general
numerical scheme.
Currently, there are no rigorous theoretical reasons for preferring one formulation
over others. Although analysis presented in Subsection 3.2.2.4 gives preference to certain
formulations, experimental verification of these theoretical conclusions is still to be
performed.
3.1.3.2 Accuracy of DDA simulations

Over the years many results on the accuracy of DDA simulations have been published. It is,
however, generally hard to systematically compare the relevant manuscripts because they
all use different independent parameters, such as x, m, or discretization, as a function of
which the error is measured. We will describe discretization by the parameter y = |m|kd or
yRe = Re(m)kd. The former is used wherever possible; however, in some cases a description
of results is more straightforward in terms of yRe. Accuracy results for scattering by a
sphere are summarized in Table 1. All manuscripts on this subject can be divided into two
classes: those that fix x and vary N (or equivalently, the number of dipoles per sphere radius
a/d) with y, and those that fix a/d and vary the size parameter with y. The former is easier to
interpret; the latter is easier to simulate. To facilitate comparison between different methods
*

Any subvolume that has non-zero intersection with both the scatterer and the outer medium. All such subvolumes
are accounted for.
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Table 1. Accuracy of different DDA formulations for a sphere.a
Value
Cext

Method
a1-term

x
1−2

a/d
2−4c

CSec, S11

y
0.65
0.85
0.44
0.42
0.51

LAK

9
9
5

Csca, Cabs
CSec
Csca
Cabs
CSec

DGF
LDR
LDR

≤ 3.2c
≤ 8c
≤ 7c

21c
29c
28c
16
16
16

LDR

25

CSec
S11
Csca

LDR

≤ 16c
≤ 10c
any

≤1
≤ 0.5, ≤ 0.1
≤1
≤ 0.5, ≤ 1
≤1

any

≤1

LDR

≤ 10c

16

kd ≤ 0.63

m
1.33 + 0.05i
1.7 + 0.1i
1.05
1.33 + 0.01i
2.5 + 1.4i
4 + 3i
|m − 1| ≤ 1
2+i
1.6 + 0.0008i
2.5 + 0.02i
|m| ≤ 3

Error, %
3
6
0.05, 37
0.5, 35
4, 15

Ref.
[76]

5, 10−30
1, 2
1.5
3, 4
10
20
5
20−30
0.3
1
5
50
20
1
0.1
0.1
1

[47]

[87]

[88]
[48]e

0.69
[89]
0.41
0.29
S11
LDR
24
0.69
≤ 10c
kd ≤ 0.42
0.41
1.7
1.5
[81]
FCD
2.8, 5.6c
π, 2π
Ψ
5
[53]
WD-FCD
|m| < 7b
yRe = 0.63
0.5−3.2c
Ψ
6
1.5−3.8c
|m| < 2.5b
c
6
0.9−1.5
|m| < 4b
CSec
IT
8
2
[54]
≤ 5.2c
≤1
1.5 + 0.3i
Cabs
20
≤ 2.1c
3.5 + 1.4i
Cext
15
≤ 1.1c
7.1 + 0.7i
c
CSec
RCB-RR
16
1
[85]
≤ 8.2
≤1
1.8 + 0.4i
2
≤ 7.5c
1.9 + i
2
≤ 5.9c
2.5 + i
10
≤ 3.4c
2.5 + 4i
20
≤ 1.3c
7.4 + 9.4i
CSec
SCLDR
12
2
[84]
≤ 0.8
1.33 + 0.1i
≤ 7.2c
SCLDR
5
≤ 1.5c
5 + 4i
RCB
7
≤ 1.5c
5 + 4i
a
All errors are relative. CSec denotes the maximum error over all cross sections, S11 – maximum error over the
range of scattering angles, Ψ is the normalized mean error of the far-field electric fields [81]. In some cases two
errors are shown in one cell separated by a coma. They correspond to two values of one of the parameters in the
same row.
b
Approximate description of the range.
c
This value is determined by other values in the same row.
d
This value is slightly different for different size parameters.
e
This corresponds to the “rule of thumb” for spheres.

we provide both x and a/d, however one of them is dependent on the other. Some additional
information on these results follows below.
Draine and Goodman [47] compared RR, DGF, and LDR for cross sections of a
sphere with a/d = 16. DGF is generally more accurate than RR. For |m − 1| ≤ 1 LDR gives
superior or comparable results to DGF, for m = 2 + i LDR and DGF are comparable, and
for m = 4 + 3i DGF is preferable over LDR. In the review of LDR DDA, Draine and Flatau
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[48] summarized that for |m| ≤ 2 cross sections can be evaluated to accuracies of a few
percent provided |y| ≤ 1. In that case differential cross sections have satisfactory accuracy:
relative errors up to 20-30%, but only where the absolute value of the differential cross
sections is small. For spheres, such results are obtained even for |m| ≤ 3. Comparison of
CLDR to LDR [80] only results in minor differences. Generally CLDR results in slightly
better accuracy for Csca, but worse for Cabs.
Piller and Martin [81] compared FCD to LAK by studying the dependence of the
mean relative error of the far-field electric fields (Ψ) on y for spheres with x = π, 2π and
m = 1.5. It was shown that FCD (with a Hanning window filter for the electric permittivity
ε) is roughly 3 times more accurate than LAK in the range 0.7 ≤ y ≤ 2.5 and gives similar
accuracies for y ≤ 0.4 (for larger spheres). Comparison of WD to traditional methods [56]
was performed for spheres with x = π, 2π and m = 1.32, 2.1 + 0.7i. LAK was used to
determine polarizabilities. For m = 1.32 in the range 0.4 ≤ y ≤ 1.3 overall accuracy was only
slightly improved, but error peaks for certain values of y were smoothed out. For
m = 2.1 + 0.7i accuracy was improved 4-5 times over the whole range y ≤ 1.3. Piller also
showed [53] that a combination of WD and FCD gives even better results. Generally FCD
decreases the negative effects of Re(ε) on accuracy and WD those of Im(ε).
Rahmani et al. [85] showed that RCB was clearly superior to CM in calculating
cross sections for fixed a/d = 16 and m from 1.8 + 0.4i to 7.4 + 9.4i in the range y ≤ 1. Two
corrections (LDR and RR) over the static case were compared, and they gave similar
overall results. Improvement of overall accuracy compared with CM was 2-5 times in all
cases studied. For a thin slab, it was shown [83,85] that the internal fields calculated using
RCB differ from those by CM mostly near the interfaces, where RCB yields much smaller
errors, almost the same as far from interfaces.
Collinge and Draine [84] compared LDR, RCB, and SCLDR in calculations of cross
sections of spheres with a/d = 12. It was shown that for m = 1.33 + 0.01i, LDR and SCLDR
are superior in the range y ≤ 0.8, while for m = 5 + 4i, SCLDR and RCB are superior.
Convergence of cross sections for spheres and ellipsoids for increasing N with fixed x and
different m (from 1.33 + 0.01i to 5 + 4i) also was studied. SCLDR showed the most stable
results for all cases, being the most or close to the most accurate one; however, for
ellipsoids with large Im(m) RCB gave significantly more accurate results for Csca,
especially for larger y.
Performance of the DDA for more complex shapes also was studied by different
authors. Flatau et al. [90] compared DDA simulations for a bisphere with an exact solution
from a multipole expansion. For m = 1.33 + 0.01i, a/d = 16, and y ≤ 0.8, LDR was several
times more accurate than DGF and resulted in errors of less than 0.5% for both Csca and
Cabs. Xu and Gustafson [88] made a similar but much more extended study of LDR. For
m = 1.6 + 0.008i, a/d = 25, and y ≤ 0.4, errors in Cext, Cabs, and <cosθ > are within 10%. For
y = 0.81, errors in the angular dependence of S11 are up to 20% while S12 and S21 were
completely wrong. For m = 2.5 + 0.02i, errors in cross sections exceed 10% for y ≥ 0.3.
Errors in the angular dependencies of the Mueller matrix elements are within 10-20% for
y = 0.3 and increase rapidly with increasing y. For a fixed x = 3 and m = 1.6 + 0.004i, errors
in Cext, Cabs, and <cosθ > decrease from 10% to 1% while y decrease from 1 to 0.2. For
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y = 0.33, the angular dependence of S11 is in good agreement with the rigorous solution,
while S12 and S21 differ significantly for certain orientations of the bisphere.
Hage and Greenberg [57] compared LAK to results of microwave experiments on
porous cubes. Using m = 1.362 + 0.005i, y = 0.64, and N = 5504, they obtained a difference
of less than 40% with the experimental results of angular scattering patterns, except for
deep minima. Scattering of cubes, tiles, and cylinders with similar parameters also was
studied and comparable differences between experiment and theory were obtained.
Theoretical errors were estimated to be less than 10%, except for deep minima.
Iskander et al. [72] conducted a limited test of LAK for small elongated spheroids,
comparing the results to those obtained using an iterative EBCM. Using N = 64,
calculations were performed for aspect ratios up to 20 with maximum size parameter of the
long axis being 10 and 0.5 for m = 1.33 + 0.01i and 1.76 + 0.28i respectively. Errors in
scattering cross section were 21% and 11%, respectively. Ku [91] compared LAK with CM
and the a1-term for different shapes, but his conclusions are based on a large parameter y
(up to 2), and are therefore suspicious and not further discussed here.
Andersen et al. [92] studied the performance of the DDA for Rayleigh-sized clusters
of a few spheres (most DDA formulations are then equivalent to CM). Several constituent
materials were tested, all with high refractive indices in the studied region. It was shown
that the DDA failed to converge using the fixed computational resources for very high (up
to 13.0) and very low (down to 0.12) Re(m); up to 30 dipoles were used per diameter of a
single sphere.
It can be concluded that particles with more complex shapes than spheres are more
difficult to model with the DDA, leading to larger errors for the same m and y. This effect
can be explained in general by the increase of surface to volume ratio and hence larger
fraction of boundary subvolumes, which is discussed in detail in Chapter 3.2. Another
possible reason is complex regions, e.g. contact between two particles in a cluster, where
rapid variation of the electric field deteriorates the overall accuracy. Chapter 3.4 of this
thesis presents the DDA simulation results for larger spheres (x up to 160 and 40 for
m = 1.05 and 2 respectively).
Draine and Flatau [48] have introduced a “rule of thumb” for discretization: use 10
dipoles per wavelength in the medium (i.e. either y or yRe equal to 0.63, depending on the
interpretation). Though it is widely used, the accuracy of the results, when using such
discretization, is hard to deduce a priori. Draine and Flatau themselves derived an estimate
of the error based on a set of test simulations. This estimate is described above and
mentioned in Table 1; it is usually cited as a “few percent accuracy in cross sections.”
However, it may significantly over- or under-estimate the error, especially for large size
parameters (see Chapter 3.4). Moreover, it does not completely account for the dependence
on m, even in the stated range of its application (|m| ≤ 2), since DDA accuracy deteriorates
rapidly with increasing m (see Table 1). Still, the rule of thumb is a good first guess for
many applications.
Most studies of DDA accuracy are limited to integral scattering quantities and, at
most, the angular dependence of S11. In only a few manuscripts are other scattering
quantities studied. For instance, Singham [93] simulated the angular dependence of Mueller
matrix element S34 for spheres and less compact particles, using CM polarizability. It was
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shown that an accurate simulation of this element requires smaller values of y than for S11.
For x = 1.55 and m = 1.33 calculation of S11 was accurate already for y = 0.8, while y ≤ 0.2
was required for S34. It was also reported that for less compact objects like discs and rods,
the required y was larger, 0.4 and 0.55 respectively, because of the smaller interaction
between the dipoles. However, Hoekstra and Sloot argued [94] that this effect is mostly
caused by the pronounced S34 sensitivity to surface roughness, which is significant for
smaller size if y is fixed. They showed that for x = 10.7 and m = 1.05, very high accuracy is
achieved with y = 0.66 because of the larger number of dipoles used.
Internal fields are an intermediate result in the DDA. They cannot be directly
compared to the experimental results; however, all measured scattering quantities are
derived from them. Therefore, a study of their accuracy can reveal greater understanding of
the nature of DDA errors. Hoekstra et al. [87] performed such a study for LAK
polarizability. Three spheres were examined with x = 9, 9, 5 and m = 1.05, 1.33 + 0.01i,
2.5 + 1.4i respectively. Values of y were 0.44, 0.42, and 0.51 respectively. The most
significant errors in the amplitude of the internal field were localized at the boundary of the
spheres with maximum relative errors of 3.4%, 19%, and 120% respectively. Errors in S12,
S33, and S34 were significant only for the third sphere. It was shown that for a given yRe
these errors rapidly increase with m but only slightly depend upon x in the range from 1 to
10. Moreover, the DDA is capable of reproducing resonances of Mie theory, although their
positions are slightly shifted (less than 1% in m).
Druger and Bronk [95] studied the accuracy of the internal fields for single and
coated spheres. They used x = 1.5, m ≤ 1.8, and CM polarizability. Errors in the internal
fields were localized at the interfaces, with average errors larger than 30% for a single
sphere with m = 1.8 and y = 0.17, and less than 7% for a single and concentric sphere with
m = 1.3 and y = 0.08. The core of the concentric sphere has m = 1.1 and its diameter is half
the total diameter. The angular dependence of the absolute values of S1 and S2 had
significant errors in the side- and backscattering. It can be concluded that shape errors
contribute mostly to the internal fields near the boundary, and increase with m.
All the literature discussing DDA accuracy shows errors as a function of input
parameters and discretization, which is the most straightforward way. The only exception
so far is the rule of thumb, which is too general and approximate to be applied in many
particular cases. A more useful way to present errors is to fix the desired accuracy for
certain input parameters and find the discretization that results in such accuracy. Such an
analysis can be applied directly to practical calculations and can be used to derive rigorous
estimates of DDA computational requirements. In Chapter 3.6 we present results, which
were obtained using the “fixed accuracy” ideology for x up to 100 and 20 for m = 1.02 and
2 respectively.
In a number of manuscripts the origin of errors in the DDA was examined to try to
separate and compare shape and discretization errors [86,96-99]; however, no definite
conclusions were reached. The uncertainty was due to the indirect methods used that have
inherent interpretation problems. In Chapter 3.3 we proposed a direct method to separate
shape and discretization errors, which can be used to study their fundamental properties.
This method also can be applied to study the performance of different formulations aimed
at decreasing shape errors, e.g. WD. Moreover, we suggest in Chapter 3.2 that the
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discretization errors should decrease more rapidly with decreasing y than shape errors.
However, it is still hard to deduce a priori the importance of shape errors for a certain
scatterer and y; hence, further systematic quantitative study is required.
3.1.3.3 The DDA for clusters of spheres

There are two main peculiarities when the DDA is applied to clusters of spheres. First, such
particles are generally less compact, yielding smaller interactions between dipoles. This
leads to a smaller condition number of the DDA interaction matrix and hence faster
convergence of the iterative solver (see Subsection 3.1.4.1). Second, when the constituent
spheres are small compared to the wavelength, each sphere can be modeled as one spherical
subvolume, yielding some theoretical simplifications.
A general theory exists [100] based on the Mie theory (generalized multiparticle Mie
solution (GMM) [101]) that allows for highly accurate simulations of clusters of spheres.
However, when many small spheres are used one wants to minimize the number of
unknowns in the linear system. Direct reduction of the GMM to the lowest order (using
only the first order expansion coefficients) leads to DDA + CM [100]. Improving accuracy
in the GMM is done by accounting for higher multipole moments, while the DDA
introduces higher order corrections to the coefficients of the linear system. It is not clear
how the accuracy of these two methods compare with each other; however, the former
should lead to a formulation similar to a coupled multipole method (Subsection 3.1.3.4)
with a larger number of unknowns. DDA-based methods (starting usually with the integral
equations introduced in Section 3.1.2) should be successful in making the formulation more
accurate without increasing the number of unknowns, which is the goal for large clusters of
small spheres. Moreover, the DDA may employ fast algorithms for solving the linear
system. In this setting, the fast multipole method (FMM, see Subsection 3.1.4.5) seems
most promising.
It should be noted, however, that a cluster having a small size parameter (i.e. in the
electrostatic approximation) does not imply that all expansion coefficients, except the first
one, are negligible. This is because the size of the constituent particles is also very small
and the fields inside them are far from constant, especially when the spheres are located
close to each other and have large refractive indices [102]. Therefore, the DDA does have
some principal difficulties of calculating scattering by clusters of spheres. Mackowski
[103], for instance, found that for some systems composed of spheres much smaller than
the wavelength, up to 10 expansion terms were necessary to achieve convergence. In
studies of osculating spheres, Ngo et al. [104] proved that the GMM could be chaotic and
were able to calculate Lyapunov exponents, and that the slow convergence for the touching
spheres was the result of the system lying in an attractor region. A recent manuscript by
Markel et al. [105] presented computationally efficient modifications of the GMM in the
static limit and demonstrated the insufficiency of the DDA to compute scattering properties
of fractal aggregates accurately. However, Kim et al. [106] showed that the DDA is
satisfactory in calculating the static polarizability of dielectric nanoclusters, especially of
clusters with a large number of constituents.
The development of DDA-based methods for calculating light scattering by clusters
of small spheres was started by Jones [107,108], who developed a method similar to CM.
Iskander et al. [72] used a method equivalent to LAK to calculate scattering of chained
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aerosol clusters. This subject was further investigated by Kozasa et al. [109,110]. Lou and
Charalampopoulos [111] (LC) further improved the calculations of the interaction term and
scattering quantities. Starting from an integral equation for the internal field equivalent to
Eq. (2), they assumed Eq. (13). After that the integrals in Eqs. (14) and (15) over spherical
subvolumes can be evaluated analytically. This results in LAK polarizability and the
following interaction term:
G ij( 0 ) = η (ka)G (ri , r j ),
(72)
where a correction function η is defined as
sin x − x cos x
η ( x) = 3
= 1 − (1 10) x 2 + O( x 4 ).
x3
Eq. (32) also is evaluated analytically, yielding
F ( 0 ) (n) = −ik 3η (ka )(I − nˆnˆ )∑ Pi exp(−ikri ⋅ n),
i

(

)

(0)
∗
Cext
= 4πkη (ka)∑ Im Pi ⋅ Einc
.
i
i

The following expression for Cabs is stated without derivation:
(0)
Cabs
= 4πkη (ka)∑ Im(Pi E∗i ).
i

(73)

(74)
(75)

(76)

Markel et al. [112] applied the DDA to fractal clusters of spheres, and studied their
optical properties. However, they have not fixed the polarizability of a single dipole but
rather treated it as a variable, calculating the dependence of a cluster’s optical
characteristics upon it. Pustovit et al. [113] argued that the DDA is inaccurate for touching
spheres. They developed a hybrid of the DDA and the GMM, which considers only pair
interactions between spheres (as the DDA) but, when calculating them, accounts for higher
multipole terms. This formulation can be considered as the one providing a more accurate
evaluation of the interaction term [Eq. (15)], and hence similar to LC.
LC was compared to DGF and LAK in a Csca computation of a cluster of 10 particles
for m = 1.7 + 0.7i and 0.05 ≤ ka ≤ 0.5 [111]. Differences between DGF and LAK are less
than 1% (as expected), while the difference between LC and LAK increases quadratically
with ka, reaching 10% for ka = 0.5. However, as no exact (e.g. GMM) solution is presented,
the accuracy of each individual method is not clear.
Okamoto [79] tested the a1-term method for clusters of up to 3 touching spheres. No
effective medium is needed in this case, making the method sounder. It was shown that the
a1-term is clearly superior to LDR in cross-sections calculations, when each sphere is
treated as a single dipole. Errors of the a1-term are less than 10% for y ≤ 1.2 when
m = 1.33 + 0.01i. For three collinear touching spheres the errors are 30% and 40% for
y ≤ 1.9 and 2.8 when m = 1.33 + 0.01i and 2 + i respectively. However, errors do not seem
to diminish significantly for small y (results are presented only down to y = 0.2). Therefore,
the a1-term seems suitable for obtaining quick crude estimations of cross sections.
In the sequel of this subsection we mention several applications of the DDA to
scattering from clusters of spheres. It was applied to describe the scattering by astrophysical
dust aggregates [114,115] using the a1-term method. Hull et al. [116] applied CM DDA to
Diesel soot particles. LC was applied [117] to the computation of light scattering by
randomly branched chain aggregates. Lumme and Rahola [78] studied scattering properties
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of clusters of large spheres (each modeled by a set of dipoles) with the a1-term method
considering astrophysical applications. Hage and Greenberg [73] studied scattering by
porous particles, which were modeled as clusters of cubical cells making their method
equivalent to standard LAK. Recently the DDA with LDR was used [118] to model
scattering by porous dust grains and compare them to approximate theories, e.g. EMTs. It
also was used to study light scattering by fractal aggregates [119], especially its dependence
on the internal structure [120].
3.1.3.4 Modifications and extensions of the DDA

Bourrely et al. [121] proposed to use small d to minimize surface roughness, but larger
dipoles inside the particle. Starting with small dipoles with CM polarizability, one dipole is
combined with 6 adjacent ones (if they all have the same polarizability) producing a dipole,
located at the same point but with a 7 times larger polarizability. This operation is repeated
while it is possible to choose such dipoles. Interaction terms are considered in their simplest
form [Eq. (16)]. This method allows the decrease of the shape errors with only a minor
increase in the number of dipoles. The authors showed that this method is more than two
times more accurate than CM for some test cases.
Rouleau and Martin [122] proposed a generalized semi-analytical method. A
dynamic grid is used to evaluate the integral in Eq. (2). First, a static grid is built inside the
particle. Then each point on the static grid is used as an origin of a spherical coordinate
system, and the particle is approximated by an ensemble of volume elements in these
spherical coordinates. As usual, the polarization inside each subvolume is assumed
constant, but Eq. (15) can be evaluated analytically in spherical coordinates. Polarization
inside a subvolume is obtained by interpolation of its values at the points of the static grid.
In addition, adaptive gridding is employed, where smaller subvolumes are used at the
boundary of the particle.
Mulholland et al. [123] proposed a coupled electric and magnetic dipole method
(CEMD), where a magnetic dipole is considered at each subvolume together with an
electric dipole. Polarizabilities are derived from the first coefficients of the Mie theory.
CEMD requires two times more variables in the linear system, since the electric and
magnetic fields are interconnected. Lemaire [124] went further and developed the coupled
multipole method, considering also the electric quadrupole. Addition of the electric
quadrupole can be considered as a more accurate evaluation of the interaction term in
Eq. (15), as compared to Eq. (16). It results in even better accuracy than CEMD, but at the
expense of additional computation time. The major disadvantage of all these four methods
is that the matrix of the system of linear equations does not seem to have any special form,
suitable for faster algorithms (see Section 3.1.4). Therefore computational costs are much
larger compared to regular methods, thus limiting their practical use. In what follows,
several DDA extensions are mentioned without further discussion.
The theoretical basis for application of the DDA to optically anisotropic particles
was summarized by Lakhtakia [125]. Loiko and Molochko [126] applied the DDA to study
light scattering by liquid-crystal spherical droplets. Smith and Stokes [127] used the DDA
to calculate the Faraday effect for nanoparticles. Researchers in the electrical engineering
community applied MoM (in a variation that is equivalent to the DDA) to anisotropic
scatterers [128,129].
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Rectangular parallelepipeds can be used as subvolumes in the DDA [54,64,80]. This
allows an accurate description of light scattering by particles with large aspect ratios, using
fewer dipoles and is also compatible with FFT techniques (Subsection 3.1.4.4).
Khlebtsov [130] proposed a simplification of the DDA, based on the assumption that
all polarizations are parallel to the incident electric field. The number of variables is thus
reduced three times, however at a cost of accuracy. Moreover, depolarization is completely
ignored.
Markel [131] analytically solved the DDA equations for scattering by an infinite
one-dimensional periodic dipole array. This approach is similar to the one used in obtaining
the LDR formulation for dipole polarizability [47].
Chaumet et al. [132] generalized the DDA to periodic structures, and further to
defects in a periodic grating on a surface [133]. The idea of using the complex Green’s
tensor in the standard DDA formulation was summarized by Martin [134].
Yang et al. [135] used the DDA to calculate surface electromagnetic fields and
determine Raman intensities for small metal particles of arbitrary shape.
Lemaire and Bassrei [136] showed that the shape of an object can be reconstructed
from the measured angle dependence of scattered intensities. This procedure can be thought
of as an inversion of the dependence between dipole polarizabilities and scattering. This
dependence is taken from the DDA. A similar idea is used in recent manuscripts on optical
tomography [137-139].
Zubko et al. [140] modified the Green’s tensor used in the DDA to study the
backscattering of debris particles. They showed that the far-field part of the Green’s tensor
is responsible for both the backscattering brightness surge and the negative polarization
branch.

3.1.4 Numerical considerations
In this section the numerical aspects of the DDA are discussed. One should keep in mind,
however, that final simulation times depend not only on the chosen numerical methods but
also on the particular implementation. We compare four different computer programs for
the DDA in Chapter 3.5. These are based on almost identical numerical methods: the
Krylov-subspace iterative method (Subsection 3.1.4.1) combined with a FFT acceleration
of the matrix-vector product (Subsection 3.1.4.4). However, simulation times may differ by
several factors. We defer the discussion of computer code optimizations to Chapters 3.4 and
3.5.
3.1.4.1 Direct vs. iterative methods

There are two general types of methods to solve linear systems of equations Ax = y, where
x is an unknown vector and A and y are known matrix and vector, respectively: direct and
iterative [141]. Direct methods give results in a fixed number of steps, while the number of
iterations Niter required in iterative methods is generally not known a priori. The most usual
example of a direct method is LU decomposition, which allows quick solving for multiple y
once the decomposition is performed. Iterative methods are usually faster, less memory
consuming and numerically more stable. However, iterative methods cannot be considered
superior over direct, since they strongly depend on the problem to solve [142].
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For a general n×n matrix (in DDA n = 3N) computation time of LU decomposition is
O(n3) and storage requirements O(n2), while computation time for one iteration is O(n2)
[142]. Iterative methods for a general matrix converge in O(n) iterations, although some of
them may not converge at all. However, in many cases satisfactory accuracy can be
obtained after a much smaller number of iterations. In these cases, iterative methods can
provide significant increases in speed, especially for large n. Most iterative methods access
the matrix A only through matrix-vector multiplication (sometimes also with the transposed
matrix), which allows the construction of special routines for calculation of these products.
Such routines may decrease memory requirements, since it is no longer necessary to store
the entire matrix, especially for matrices of special form (see Subsection 3.1.4.3). A special
structure of the matrix may also allow acceleration of the matrix-vector product from O(n2)
to O(nlnn) (see Subsections 3.1.4.4 and 3.1.4.5). However, the same applies to direct
methods (see Subsection 3.1.4.3).
Throughout DDA history, mostly iterative methods were employed (however see
Subsection 3.1.4.6). At first, they were used to accelerate computations [45], but they also
allowed larger numbers of dipoles to be simulated [36,143], since storage of the entire
matrix is prohibitive for direct methods. The most widely used iterative methods in the
DDA are Krylov-space methods, such as [142] conjugate gradient (CG), CG applied to the
Normalized equation with minimization of Error or Residual norm (CGNE and CGNR
respectively), Bi-CG, Bi-CG stabilized (Bi-CGSTAB), CG squared (CGS), generalized
minimal residual (GMRES), quasi-minimal residual (QMR), transpose free QMR
(TFQMR), and generalized product-type methods based on Bi-CG (GPBi-CG) [144].
An important part of the iterative solver is preconditioning, which effectively
decreases the condition number of the matrix A and therefore speeds up convergence.
However, this requires additional computational time during both initialization and each
iteration. Preconditioning of the initial system can be summarized as [142]
M1AM 2−1 (M 2 x) = M1y,
(77)
where M1 and M2 are left and right preconditioners, respectively. Preconditioners should
either allow fast inversion or be integrated into the iteration process. The simplest
preconditioner of the first type is the Jacobi (point), which is just the diagonal part of matrix
A. An example of the second type of preconditioner is the Neumann polynomial
preconditioner of order l:
l

M = ∑ (I − A) j.

(78)

j =1

QMR and Bi-CG can be made to employ the complex symmetric (CS) property of
the DDA interaction matrix to halve the number of matrix-vector multiplications [145] (and
thus computational time). Lumme and Rahola [78] were the first to apply QMR(CS) to the
DDA and compared it with CGNR. They used m from 1.6 + 0.1i to 3 + 4i, and x from 1.3 to
13.5, corresponding to N from 136 to 20336. For all cases studied QMR(CS) was 2-4 times
faster than CGNR.
Rahola [52] further studied QMR(CS) and compared it to CGNR, Bi-CG(CS), BiCGSTAB, CGS, GMRES (full and with different memory length). For a “typical small
problem” (parameters were not specified, unfortunately) the convergence of different
methods was tested and QMR(CS) along with Bi-CG(CS) showed the best results.
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Although full GMRES was able to converge in fewer iterations, GMRES with as much as
40 memory lengths was slower than QMR(CS).
Flatau [146] reviewed the use of iterative algorithms in the DDA and tested many of
them, together with several preconditioners. He calculated scattering of a homogenous
sphere with x = 0.1 and m from 1.33 up to 5 + 0.0001i, x = 1 and m from 1.33 up to 1.33 + i
and 3 + 0.0001i. Left (L) and right (R) Jacobi-, and first-order Neumann polynomial
preconditioners were tested. Unfortunately the number of dipoles N was not specified,
which hampers comparison with other studies. For small particles CG(L) was superior for
all refractive indices studied. CG and CG(R) showed similar results, while CGNR(L) and
Bi-CGSTAB(L) were about 4 times slower. For x = 1 Bi-CGSTAB(L) was superior while
Bi-CGSTAB(R) and CGS(L),(R) were slightly worse. TFQMR (both with and without
Jacobi preconditioner) was 3-4 times slower. The first-order Neumann preconditioner
showed unsatisfactory results. It was concluded that Bi-CGSTAB(L) is the most
satisfactory choice for the DDA.
Recently Fan et al. [147] have compared GMRES, QMR(CS), Bi-CGSTAB, GPBiCG, and Bi-CG(CS). They tested them on wavelength-sized scatterers (x up to 10) with m
up to 4.5 + 0.2i, and concluded that GMRES with memory depth 30 was the fastest,
although it required four times more memory than the other methods. However, only the
times of the matrix-vector product was compared, while other parts of the iteration may
also take significant time, especially for GMRES(30). Choosing from less memoryconsuming methods, QMR(CS) and Bi-CG(CS) showed a better convergence rate than BiCGSTAB and GPBi-CG, especially when |m| > 2. Moreover, the authors pointed out some
flaws in the comparison by Flatau [146], making his conclusions insufficient.
In Chapter 3.4 we compare QMR(CS), Bi-CG(CS), and Bi-CGSTAB to simulate
light scattering by spheres with large range of x up to 160 and 40 for m = 1.05 and 2,
respectively.
Rahola [148] showed that the spectrum of the integral scattering operator for any
homogenous scatterer is a line in the complex plane going from 1 to m2, except for a small
amount of points, which corresponds to refractive indices that cause resonances for the
specific shape. The spectrum of A is similar, since this matrix is obtained in the DDA by
discretization of the integral operator (see also [52]). Assuming that the spectrum of A
exactly lies on the specified line, it was shown that an estimate for the optimal reduction
factor * γr can be given as
1
γr =
.
2
2
(79)
1+
+
m2 − 1 m2 − 1
Equation (79) is an approximation valid for small particle sizes, where no, or only few,
resonances are present. However, in all cases the spectrum of A resembles the spectrum of
the linear operator, which is defined by shape, size and refractive index of the scatterer.
Therefore, the spectrum, and thus convergence, should not depend significantly on the
discretization. This fact was also confirmed empirically [52].
*

Norm of the residual is decreased by this factor every iteration.
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Budko and Samokhin [149] generalized Rahola’s results to arbitrary inhomogeneous
and anisotropic scatterers. They described a region in the complex plane that contains the
whole spectrum of the integral scattering operator. This region depends only on the values
of m inside the scatterer and does not depend on x. They showed that for purely real m or
for m with very small imaginary part this region may come close to the origin, therefore the
spectrum may contain very small eigenvalues for particles larger than the wavelength,
leading to large condition number of A and slow convergence. Based on the analysis of the
spectrum of the integral scattering operator for particles much smaller than the wavelength,
Budko et al. [150] proposed an efficient iteration method for this particular case. In a recent
study Ayranci et al. [151] showed that Niter indeed decreases with increasing Im(m);
however, this study is limited to wavelength-sized scatterers (x < 8).
It can be concluded that there are several modern iterative methods [QMR(CS), BiCG(CS), and Bi-CGSTAB] that have proved to be efficient when applied to the DDA.
However, none of them can be claimed superior to the others, and one should test them for
particular light-scattering problems. Moreover, except for the simplest cases,
preconditioning of the DDA interaction matrix is almost not studied, while there is a need
for it for large x and m, since then all methods converge extremely slowly or even diverge.
It seems to us that the next major numerical advance in the DDA will be achieved by
developing a powerful preconditioner for the DDA matrix.
A large number of dipoles requires large computational power and, hence, parallel
computers are commonly used [36]. Parallel efficiency is not discussed here, but for
iterative solvers, it is generally close to unity [35]. However, this is not true for all
preconditioners [142], and hence heavy preconditioners requiring large computational time
in combination with a parallel DDA implementation should be employed with caution.
3.1.4.2 Scattering order formulation

The RDG approximation [14] consists in considering E(r) equal to Einc(r). F(n) is then
obtained directly from Eq. (26). Generalization of the RDG approach is obtained by
iteratively solving the integral equation (2), which can be rewritten as
E(r ) = Einc (r) + ΛE(r ),
(80)
where Λ is a linear integral operator describing the scatterer. The iterative scheme is readily
obtained by inserting the current (l-th) iteration of the electric field E(l)(r) into the right side
of Eq. (80) and calculating the next iteration in the left side:
E(l +1) (r) = Einc (r) + ΛE( l ) (r).
(81)
The starting value is taken the same as in RDG, E(0)(r) = Einc(r), and the general formula
for the solution is the following:
∞

E(r ) = ∑ Λ l Einc (r ),

(82)

l =0

which is a direct implementation of the well-known Neumann series:
∞

(I − Λ) −1 = ∑ Λ l ,

(83)

l =0

where I is the unitary operator. A necessary and sufficient condition for Neumann-series
convergence is
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(84)

Physical sense of this iterative method lies in successive calculations of interaction
between different parts of the scatterer. The zeroth approximation (or RDG) accounts for no
interaction; the first approximation considers the influence of scattering of each dipole on
the others once, and so on. Equation (84) states that the interaction inside the scatterer
should be small, but not as small as required for the applicability of RDG ( Λ << 1 ). In
scattering problems, especially in quantum physics, Eq. (82) is called the Born expansion.
Although theoretically clear, the Born expansion is not directly applicable [152],
since each successive iteration requires analytical evaluation of multidimensional integrals
with rising complexity, which quickly becomes unfeasible even for the simplest scatterers.
The latest result is probably that of Acquista [152], who evaluated the Born expansion for a
homogenous sphere up to second order. Therefore, realistic application of the Born
expansion does require discretization of the integral operator, which is naturally done in the
DDA.
A scattering order formulation (SOF) of the DDA was developed independently by
Chiappetta [153] and Singham and Bohren [55,154] by applying the Neumann series to
Eq. (19). Λ is then a matrix defined as Λ ij = G ij α j , where each element is a dyadic, which
can be expressed as a 3×3 matrix. An explicit check of Eq. (84) for a certain scatterer is not
feasible numerically, however de Hoop [155] derived a sufficient condition for scalar
waves:
2π (kR0 ) 2 max χ (r ) < 1,
(85)
r

where R0 is the radius of the smallest sphere circumscribing the scatterer. Although not
directly applicable to light scattering, Eq. (85) can be used as an estimate.
The range of size parameter and refractive index where SOF converges is limited
[154]. Moreover, even when SOF converges, more advanced iterative methods converge
faster (see Subsection 3.1.4.1). However, SOF has clear physical sense and can be used to
study the importance of multiple scattering.
3.1.4.3 Block-Toeplitz

A square matrix A is called Toeplitz if Aij = ai − j, i.e. matrix elements on any line parallel to
the main diagonal are the same [141]. In a block-Toeplitz (BT) matrix (of order K)
elements ai are not numbers, but square matrices themselves:
a1 K a K −1 ⎤
⎡ a0
⎢ a
O
M ⎥⎥
a
−1
0
.
A=⎢
(86)
⎢ M
O O a1 ⎥
⎥
⎢
⎣a − K +1 K a −1 a 0 ⎦
A 2-level BT matrix has BT matrices as components ai. Proceeding recursively a multilevel
BT (MBT) matrix for any number of levels is defined.
Let us consider a rectangular lattice nx×ny×nz, numbered in the following way
i = n y nz (nx − 1)ix + nz (n y − 1)i y + nz iz ,
(87)
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where iμ ∈{1,...,nμ} indicates the position of the element along the axes. Let us also define
the vector index i = (ix,iy,iz). Then one can verify that the interaction matrix in Eq. (22),
defined by Eq. (15), satisfies the following:
G ij = G ji = G i′− j .
(88)
This equation alone can be used to greatly reduce the storage requirements of iterative
methods by use of indirect addressing. Further improvement is to note that Eq. (88) defines
a symmetric 3-level BT matrix (orders of subsequent levels – nx, ny, nz) whose smallest
blocks are 3×3 matrices (dyadics) G ij .
A rectangular lattice is not much of a restriction, since any scatterer can be
embedded in an appropriate rectangular grid. However, additional “empty” dipoles should
be introduced to build up the grid up to the full parallelepiped. Moreover, position and size
of the dipoles cannot be chosen arbitrarily to better describe the shape of the scatterer. This
is especially problematic for highly porous particles or clusters of particles, where the
monomer has a size comparable to a single dipole. For all other cases these restrictions are
minor compared to the large increase in computational speed, imposed by the BT-structure
of the interaction matrix. A matrix-vector multiplication can be transformed to a
convolution, which is computed using a fast Fourier transform (FFT) technique in O(nlnn)
operations (see Subsection 3.1.4.4). Note however, that alternative techniques exist that do
not require a regular grid (see Subsection 3.1.4.5).
The BT-structure also permits acceleration of direct methods. Flatau et al. [156] used
an algorithm for inversion of symmetric BT-matrices. It has complexity O(n3/nx) and
storage requirements O(n2/nx), since only 2 block columns of the inverse matrix need to be
stored. In this case the x-axis is oriented along the longest particle dimension. Recently
Flatau [157] studied the special case of 1D DDA where all dipoles are located on a straight
line and equally spaced, in which systems of equations for different components can be
separated. The interaction matrix for each component is symmetric Toeplitz, and a modern
fast algorithm can be applied for its inversion. This method requires preliminarily solving
linear equations for two right sides (e.g., by some iterative technique); then multiplication
of the inverse matrix by any vector (i.e., a solution of the linear system for any right part)
requires only O(nlnn) operations. However, Flatau pointed out a strict limitation for all
methods for fast calculation of the inverse of the interaction matrix: they are applicable
only when polarizabilities of all dipoles are the same, since otherwise the first term on the
right side of Eq. (22) ruins the BT structure on the diagonal of the interaction matrix.
Therefore, they are currently limited to homogenous rectangular scatterers. Fortunately, it
is not a problem for matrix-vector multiplication, since the diagonal term can be evaluated
independently and added to the final result.
3.1.4.4 Fast Fourier transform

Goodman et al. [158] showed that multiplication of the interaction matrix for a rectangular
lattice (see Subsection 3.1.4.3) by a vector can be transformed into a discrete convolution
N

y i = ∑ G ij P j =
j =1

( nx ,n y ,nz )

∑ G′

j=(1,1,1)

i− j

Pj =

( 2 nx , 2 n y , 2 nz )

∑ G′

j=(1,1,1)

i− j

Pj′,

where Gi′ is defined by Eq. (88) (and G0′ = 0 ) for |iμ| ≤ nμ and

(89)
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⎧Pj , ∀μ : 1 ≤ jμ ≤ nμ ;
Pj′ = ⎨
(90)
⎩0, otherwise.
Both Gi′ and P′ are then regarded as periodic in each dimension μ with period 2nμ. A

discrete convolution can be transformed with a FFT to an element-wise product of two
vectors, which is easily computed. It requires evaluation of a direct and inverse FFT for
each matrix-vector product. Each of them is a 3D FFT of order 2nx×2ny×2nz. This operation
is done for each of the 3 Cartesian components of P′ and preliminary calculations are
performed for 6 independent tensor components of Gi′ .
A slightly different method can be devised based on the manuscript by Barrowes et
al. [159], who developed an algorithm for multiplication of any MBT matrix by a vector.
The multiplication is brought down to a 1D convolution that is evaluated by two 1D FFTs
of order (2nx − 1)(2ny − 1)(2nz − 1). Flatau [157] proposed an algorithm of matrix-vector
multiplication for BT interaction matrix (e.g. 1D DDA), which requires twice as many
FFTs as the standard algorithm, but of order n instead of 2n. Although Flatau stated that an
extension of this algorithm to the general 3D case is straightforward, it is at least not trivial
and probably its complexity will scale the same as standard methods.
3.1.4.5 Fast multipole method

The fast multipole method (FMM) was developed by Greengard and Rokhlin [160] for
efficient evaluation of the potential and force fields in N-body simulations where all
pairwise interactions of N particles are computed. The FMM is based on truncated potential
expansions [161]. It is also called a hierarchical tree method because particles are grouped
together in a hierarchical way, and the interaction between single particles and this
hierarchy of particle groups is calculated [34]. However, some researchers distinguish
between single- and multilevel FMM [162,163]; only the latter is truly hierarchical. The
FMM naturally fits the DDA, since the matrix-vector multiplication is actually computing
the total field on each single dipole due to all other dipoles, as was noted by Hoekstra and
Sloot [34]. The computational complexity of the FMM (see below) is similar to FFT-based
methods (see Subsection 3.1.4.4), but it does not require any regularity of the grid, thus
making it applicable to any scatterer. The drawback is that the FMM is conceptually more
complex, making it much harder to code. Nonetheless, the FMM was implemented in the
DDA by Rahola [52,161].
Error analysis is critical for the FMM, since the acceleration is obtained by using
approximations, in contrast to exact FFT-based methods. Approximation parameters are
chosen to keep an error, calculated according to some estimate, in certain bounds. The more
exact the error estimate is, the less computations are required; thus, the faster the whole
algorithm. Therefore, algorithm complexity is directly connected to error analysis [164].
Koc and Chew [162] described the application of multilevel FMM to the DDA. They
used semi-empirical formulae to determine the number of terms in multipole series, and
obtained O(N) complexity. However, rigorous, close to exact, error analysis is still lacking
for the FMM applied to the DDA. It will allow obtaining a real algorithm complexity with
guaranteed accuracy. Such an analysis has been conducted for 2D acoustic scattering [163],
and for light scattering formulated in terms of surface integrals [164]. In both cases the
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FMM was proven to have an asymptotic complexity O(Nln2N). Application of the FMM to
surface-integrals formulation of light scattering was reviewed by Dembart and Yip [165].
Another problem of implementing the FMM is that it is completely dependent upon
the exact form of the interaction potential G ij . All manuscripts mentioned above deal with
interaction between point dipoles, i.e. Eq. (16). If a more complex expression for G ij is
used (e.g. IT), most of the FMM should be developed anew. This makes integration of the
FMM and the DDA a formidable problem.
The FMM is a promising method to calculate light scattering by particles that cannot
be mapped effectively on a rectangular grid; however, there is still space for improving its
theory to make it more robust and guarantee certain accuracy.
The FMM is not the only hierarchical tree method available. For instance, a very
intuitively simple method was proposed by Barnes and Hut [166,167]. Multipole
expansions over the center of mass in gravitational computations are used, contrary to
geometrical center in the FMM. It automatically eliminates the second term in the multipole
expansion, and allows fast evaluation of monopole terms. Though this method is much
simpler and clearer than the FMM, it has very little control over the errors that can be
studied almost exclusively empirically. It can be applied to the DDA without significant
increase in the total computational errors. *
An alternative approach was proposed by Ding and Tsang [168]. They studied
scattering from trees and used a sparse matrix iterative approach. The interaction matrix is
divided into a strong part, which accounts for interaction between nearby dipoles, and a
complement weak part: A = Astr + Aw. The strong part is sparse and therefore allows quick
solution of the linear system. The weak part is a small correction that is accounted for
iteratively:
A str x ( 0) = y, A str x (l +1) = y − A w x (l ).
(91)
The authors demonstrate potential of this approach for some test cases.
3.1.4.6 Orientation averaging and repeated calculations

In many physical applications, one is interested in optical properties of an ensemble of
randomly oriented particles. When the concentration of particles is small, multiple
scattering is negligible and the optical properties are obtained by averaging single-particle
scattering over different particle orientations. More general problems, where particles are
not identical or multiple scattering is significant, are not considered here.
Orientation averaging of any scattering property can be described as the integral over
the Euler’s orientation angles (including a probability distribution function if necessary),
which is brought down to a sum by appropriate quadrature. The problem therefore consists
in calculation of some scattering property for a set of different orientations of the same
particle. The easiest way is to calculate it by solving sequentially and independently each
problem from the set. However, the large size of this set calls for some means of reducing
the calculations. This is especially relevant when the particle is asymmetric; hence, its
optical properties are sensitive to particle orientation. Let us further assume for clarity that
*

A. G. Hoekstra, unpublished results.
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we are interested in the scattering matrix at a certain scattering angle. All the discussion for
other scattering properties is analogous or even simpler.
Singham et al. [169] noted that the set of problems described above is physically
equivalent to a fixed orientation of the particle and different incident and scattering
directions. The latter are determined by transformation of the laboratory reference frame to
the reference frame associated with the particle. The amplitude scattering matrix, and hence
the Mueller matrix, also is transformed along with the reference frame (see e.g. [170] for
transformation formulae). There are two immediate advantages of using a fixed particle
orientation. First, A is kept constant (see though discussion below), and therefore the
construction of A is done only once. Second, the amplitude matrix for any scattering angle
is quickly obtained after the linear system is solved (for two incident polarizations). Hence,
integration over one Euler angle is relatively fast.
The constancy of A can be exploited to further reduce the time of orientationaveraging. If A−1 or its LU decomposition is obtained [111,169], a single solution for any
right part y can be obtained in n2 operations – the same or less time than required for one
iteration using general iterative methods (see Subsection 3.1.4.1). Moreover, Singham et al.
[169] and McClain and Ghoul [171] independently proposed an analytical way of averaging
the scattering matrix at any scattering angle, which requires O(n2) operations once A−1 is
known. Khlebtsov [172] extended this technique to averaging of extinction and absorption
cross sections.
However, by employing special properties of the matrix A in the DDA allows
computing matrix-vector products in O(nlnn) operations (see Subsections 3.1.4.4 and
3.1.4.5). Although some acceleration of direct methods also can be performed (see
Subsection 3.1.4.3), they are still O(n2) or slower. For large n, iterative methods (assuming
that they converge in much less than n iterations) are clearly preferable, even if many
quadrature points are used. Moreover, large n is unattainable by direct methods because of
storage requirements. Another improvement could be using a heavy preconditioner, which
has large initialization cost and greatly increases convergence rate. Initialization cost is then
justified because it is computed only once. Possible candidates are incomplete factorization
preconditioners [142].
Above it was stated that A is constant for a fixed-orientation particle. However,
modern DDA formulations (e.g. LDR) take into account the direction of light incidence.
Hence A depends upon this direction, but only weakly through O((kd)2) corrections. This
complicates the techniques described above, however probably they still may be used
together with some special methods to correct for small changes in A on every step. Such
methods have not been developed as yet.
Another possibility to perform orientation averaging is to first compute the T-matrix
of the particle, which then allows analytical averaging [173]. The T-matrix formalism is
based on the multipole expansion which is truncated at some order N0. Although N0 is hard
to deduce a priori, usually it is several times x [174,175]. The number of rows in the Tmatrix equals 2N0(N0 + 2). The simplest way to evaluate the T-matrix based on the DDA is
to solve for every incident spherical wave (i.e. for each row of the T-matrix) independently
[174]. Then the above discussion about optimizing this repeated calculation is relevant.
iterations,
computation
time
is
Using
iterative
techniques
with
Niter
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N 02 N [O( N iter ln N ) + O( N 02 )] , where the first term in the sum is the time for solving the
linear system, and the second one is the actual computation of the values in the row of the
T-matrix. A new method to obtain the T-matrix from the DDA interaction matrix was
proposed by Mackowski [174]. This requires two summations with computational time
O( N 02 N ln N ) and O( N 04 N ) . Mackowski showed that for x = 5 his method is an order of
magnitude faster than the straightforward one.
Recently Muinonen and Zubko [176] have proposed a way to optimize ensemble
averaging of DDA results over different sizes and refractive indices. It is based on
calculating a “good guess” for the initial vector in the iterative solver using results of the
calculations with similar parameters. Similar ideas can be used to optimize simulation of a
set of slightly different shapes or orientational averaging.
Repeated calculations are used in Chapter 3.3 to increase the accuracy of DDA
simulations through the extrapolation.

3.1.5 Comparison of the DDA to other methods
Hovenier et al. [177] compared the DDA, the EBCM, and the SVM for calculations of
scattering by spheroids, finite cylinders, and bispheres. Parameters of the problems were as
follows: m = 1.5 + 0.01i, equivolume size parameter x = 5, y = 0.6. The angular
dependencies of scattering matrix elements were calculated. The EBCM and the SVM
seemed to achieve an exact solution, and the DDA showed little errors, except for
backscattering angles, where they were up to 10-20%.
Wriedt and Comberg [30] compared the DDA, the EBCM, and the FDTD for a cube
with m = 1.33, 1.5 and x = 2.9, 4.9, 9.7. For x = 2.9 and 4.9 the DDA and the EBCM
achieved good accuracy in calculation of scattering intensity angle dependence; the DDA
was 2-5 times faster, but consumed 8-16 times more memory (y was in the range 0.3-0.5).
The FDTD had similar computational requirements as the DDA but was less accurate. For
x = 9.7 the DDA was the only one to achieve little errors within the given computational
resources.
Comberg and Wriedt [31] compared the DDA, the GMM (see Subsection 3.1.3.3)
and the generalized multipole technique (GMT) for clusters of a few spheres. A single
sphere had x in the range 4–20 and m = 1.33, 1.5. All the methods managed to achieve good
accuracy, but the GMM was one order of magnitude (and for large x even several orders)
faster than the other two. The DDA and GMT also were used to compute scattering by a
cluster of two oblate spheroids with x = 5 and m = 1.33. The DDA was less accurate and
consumed 4 times more memory, but was 6 times faster than the GMT.
Wriedt et al. [178] compared the DDA, the FDTD, the GMT, and the DSM for the
calculation of light scattering by a RBC with x = 35 and m = 1.06. Accuracy of all methods
was similar. The DDA and the GMT showed similar calculation times; they were 7 times
faster than the FDTD and 12 times slower than the DSM. It should be noted that the latter
employed the axisymmetric property of RBC.
We systematically compare the DDA and the FDTD for spheres with m from 1.02 to
2 and x from 10 to 100, depending on m, in Chapter 3.6.
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The main advantage of the DDA is that it is one of the most general methods, having
a very broad range of applicability, limited only by available computational power. The
reverse of this advantage is that it has almost no means to use the symmetry of the scatterer.
Thus the DDA is not able to compete with the EBCM for homogenous axisymmetric
scatterers. For homogenous non-axisymmetric scatterers the DDA is competitive with the
EBCM for single-particle orientation, but the latter allows much faster orientation
averaging. The EBCM has little applicability to inhomogeneous scatterers, where the DDA
can be applied without any changes. It also should be noted that the FDTD is even more
general, being easily applicable to non-harmonic incident electric fields. Moreover,
simulation of one pulse incident wave with the FDTD gives the solution for a complete
spectrum of incident harmonic plane waves, but with a limitation on accuracy.

3.1.6 Concluding remarks
The DDA has been reviewed using a general framework based on the integral equation for
the electric field. Although mainstream DDA algorithms as used in several production
computer programs, has not changed significantly since 1994, many different
improvements have been proposed since that time. Some of them do improve the accuracy
or numerical performance of the DDA; however, they still wait for a wide acceptance. It
seems that a critical mass of new improvements is building up, hopefully resulting in a next
breakthrough in the field of the DDA.
In our opinion, future major improvements in the DDA computer implementations
will be connected with one of the following:
1) Decreasing shape errors by implementing weighted discretization or similar
techniques.
2) Improving polarizability and interaction terms by techniques that are still to be
developed similar to integration of Green’s tensor and Peltoniemi’s approach.
3) Studying different preconditioners for the DDA interaction matrix, either trying
some of the known types or developing one considering the special structure of the
matrix.
Item (1) should improve the overall accuracy of the DDA, especially for cases where shape
errors are dominant, item (2) should expand the DDA applicability region to higher
refractive indices, and item (3) should boost overall performance, especially for large size
parameters and/or refractive indices.

3.2 Convergence of the DDA *
Mathematics is an experimental science, and definitions do
not come first, but later on.
Oliver Heaviside, On operators in physical mathematics,
part II, Proceedings of the Royal Society of London
54, 121 (1893)
If people do not believe that mathematics is simple, it is only
because they do not realize how complicated life is.
John von Neumann

In this chapter we perform a rigorous theoretical convergence analysis of the DDA. We
prove that errors in any measured quantity are bounded by a sum of a linear and quadratic
term in the size of dipoles d, when the latter is in the range of DDA applicability.
Moreover, the linear term is significantly smaller for cubically than for non-cubically
shaped scatterers. Therefore, for small d errors for cubically shaped particles are much
smaller than for non-cubically shaped. The relative importance of the linear term decreases
with increasing size, hence convergence of DDA for large enough scatterers is quadratic in
the common range of d. Extensive numerical simulations were carried out for a wide range
of d. Finally we discuss a number of new developments in DDA and their consequences for
convergence.

3.2.1 Introduction
Because of the extreme computational complexity, the usual application strategy for DDA
is “single computation”, where a discretization is chosen based on available computational
resources and some empirical estimates of the expected errors [49,143]. These error
estimates are based on a limited number of benchmark calculations (see Subsection 3.1.3.2)
and hence are external to the light scattering problem under investigation. Such error
estimates have evident drawbacks, however no better alternative is available. Some results
of analytical analysis of errors in computational electromagnetics are known, e.g.
[179,180], however they typically consider the surface integral equations. To the best of our
knowledge, such analysis has not been done for volume integral equations (such as DDA).
Usually errors in DDA are studied as a function of x (at a constant or few different
N), e.g. [46,48]. Only a small number of manuscripts directly present errors versus
discretization parameter (e.g. d – the size of a single dipole) [53,56,57,81,84,87,88,95,122].
The range of d typically studied in those manuscripts is limited to a 5 times difference
between minimum and maximum values, with the exception of two manuscripts [56,81]
where it is 15 times. Those plots of errors versus discretization parameter are always used
to illustrate the performance of a new DDA formulation and compare it with others. No
conclusions about the convergence properties of DDA, as a function of d, have been made
based on these plots. To our knowledge, no theoretical analysis of DDA convergence has
been performed, but only a few limited empirical studies have appeared in the literature.
*

This chapter is based on M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "Convergence of the discrete dipole
approximation. I. Theoretical analysis," J. Opt. Soc. Am. A 23, 2578-2591 (2006).
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We perform a theoretical analysis of DDA convergence when refining the
discretization (Section 3.2.2). We derive rigorous theoretical bounds on the error in any
measured quantity for any scatterer. In Section 3.2.3 we present extensive numerical results
of DDA computations for 5 different scatterers using many different discretizations. These
results are discussed in Section 3.2.4 to support conclusions of the theoretical analysis. We
formulate the conclusions of the chapter in Section 3.2.5. In Chapter 3.3 the theoretical
convergence results are used for an extrapolation technique to increase the accuracy of
DDA computations.

3.2.2 Theoretical analysis
In this section we analyze theoretically the errors of DDA computations. We formulate
additional definitions for the general framework in Subsection 3.2.2.1. We derive the main
results in Subsection 3.2.2.2, where we consider errors of the traditional DDA formulation
(PP) without shape errors, which are considered separately in Subsection 3.2.2.3. Finally in
Subsection 3.2.2.4 we discuss some recent DDA improvements from the viewpoint of our
convergence theory.
3.2.2.1 Additional definitions

We use the framework of Section 3.1.2 together with the assumption of the isotropic
permittivity. Non-isotropic permittivity will significantly complicate the derivations but
will not principally change the main conclusion of Section 3.2.2 – Eqs. (142) and (159).
Eq. (2) can be rewritten in operator form as follows
~ ~ ~
(92)
A ⋅ E = Einc ,
~ inc
~
3
1
1
3
where E ∈ H1 = L (V → C ) – functions from V to C that have finite L -norm, E ∈ H 2 –
~
subspace of H1 containing all functions that satisfy Maxwell equations in free space. A is a
linear operator : H1 → H2. Although the Sobolev norm is physically more sound (based on
the finiteness of energy of the electric field) [179,181], we use the L1-norm. A detailed
discussion of all assumptions made for the electric field is performed in Subsection 3.2.2.2.
Discretization of Eq. (92) leads to Eq. (12), which reads in matrix notation
A d Ed = Einc,d,
(93)
d
inc,d
are elements of (C3)N (vectors of size N where each element is a 3D
where E , E
complex vector) and A d is a N×N matrix where each element is a 3×3 tensor. In operator
notation Eq. (9) (for r = ri) is as follows
~~
~
,d
AE (ri ) = Einc (ri ) = Einc
.
(94)
i

( )

We define the discretization error function as
~~
h id = AE (ri ) − (A d E 0,d )i ,

( )

0,d

where E

is the exact field at the centers of the dipoles – E

0, d
i

(95)
~
d
= E(ri ) , in contrast to E that

is only an approximation obtained from solution of Eq. (93) (here we neglect the numerical
error that appears from the solution of Eq. (93) itself, which is acceptable if this error is
controlled to be much less than other errors). Comparing Eqs. (93) and (95) one can
immediately obtain the error in internal fields due to discretization δEd:
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( )

−1

(96)
δE d = E d − E0,d = − A d h d.
Most measured quantities can be obtained from Eqs. (26) and (29). Their
discretization in PP formulation leads to Eqs. (34) and (35), which we rewrite in terms of
Eid for clarity:
F(n) = −ik 3 ( I − nˆnˆ )∑ Vi χ i Eid exp(−ikri ⋅ n),

(97)

Cabs = 4πk ∑ Vi Im( χ i ) Eid .

(98)

i

2

i

()

~~
Both Eqs. (26) (for each component) and (29) can be generalized as φ E (a functional that
is not necessarily linear), which is approximated as:
~~
(99)
φ E = φ d Ed + δφ d,

()

( )

( ) corresponds to Eqs. (97) and (98), and the error δφ
~~
δ φ = [φ (E) − φ (E )]+ [φ (E ) − φ (E )].

where φ E
d

d

d

d

0 ,d

d

0 ,d

d

d

d

consists of two parts:
(100)

The first one comes from discretization [similar to Eq. (95)], and the second from errors in
the internal fields.
3.2.2.2 Error analysis

In this subsection we perform error analysis for the PP formulation of DDA. Improvements
of DDA are further discussed in Subsection 3.2.2.4.
We assume that the shape of the particle is exactly described by the cubical
subvolumes (we call this cubically shaped scatterer). Moreover, χ is a smooth function
inside V (exact assumptions on χ are formulated below). An extension of the theory to
shapes that do not satisfy these conditions is presented in Subsection 3.2.2.3. If there are
several regions with different values of χ (smooth inside each region), the analysis is still
valid but interfaces inside V should be considered the same way as the outer boundary of V.
We further fix the geometry of the scattering problem and incident field. Therefore we will
be interested only in variation of discretization (which is characterized by the single
parameter – d); for reasons that will become clear in the sequel, we assume that kd < 2 (this
bound is not limiting since otherwise DDA is generally inapplicable [48]).
We switch to dimensionless parameters by assuming k = 1, which is equivalent to
measuring all the distances in units of 1/k. The unit of electric field can be chosen arbitrary
but constant. In all further derivations we will use two sets of constants: γi and ci. γ1–γ13 are
basic constants that do not depend on the discretization d, but do depend directly upon all
other problem parameters – size parameter x = ka (a – volume-equivalent radius), m, shape,
and incident field – or some of them. On the contrary, c1–c94 are auxiliary values that either
are numerical constants or can be derived in terms of constants γi. Although the
dependencies of ci on γi are not explicitly derived in this chapter, one can easily obtain them
following the derivations of this subsection. That is the main motivation for using such vast
amount of constants instead of an “order of magnitude” formalism. However, such explicit
derivation has limited application because, as we will see further, constants in the final
result depend upon almost all basic constants. Qualitative analysis of these dependencies
will be performed in the end of this subsection. It should be noted that the main theoretical
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results concerning DDA convergence [boundedness of errors by a quadratic function, cf.
Eq (142)] can be formulated and applied without consideration of any constants (which is
simpler). However our full derivation enables us to make additional conclusions related to
the behavior of specific error terms.
The total number of dipoles used to discretize the scatterer is
N = γ 1d −3.
(101)
~
We assume that the internal field E is at least four times differentiable and all these
derivatives are bounded inside V
E(r ) ≤ γ 2 , ∂ μ E(r ) ≤ γ 3 , ∂ μ ∂ν E(r ) ≤ γ 4 , ∂ μ ∂ν ∂ ρ E(r ) ≤ γ 5 , ∂ μ ∂ν ∂ ρ ∂τ E(r ) ≤ γ 6
(102)
for r∈V and ∀μ,ν,ρ,τ.
~
This assumption is acceptable since there are no interfaces inside V, therefore E should be
2
a smooth function. |.| denotes the Euclidian (L ) norm, which is used for all 3D objects:
vectors and tensors. We use the L1-norm, . 1 , for N-dimensional vectors and matrices as
~
well as for functions and operators. Equation (102) immediately implies that E ∈ L1 (V ) . We
require that χ satisfies Eq. (102) with constants γ7–γ11. Further we will state an estimate for
the norm of G (R) and its derivatives. One can easily obtain from Eq. (3) that for R > 1

G (R) satisfies Eq. (102) (with constants c1–c5), while for R ≤ 2
G (R ) ≤ c6 R −3 , ∂ μ G (R ) ≤ c7 R −4 , ∂ μ ∂ν G (R ) ≤ c8 R −5 , ∂ μ ∂ν ∂ ρ G (R ) ≤ c9 R −6 ,
∂ μ ∂ν ∂ ρ ∂τ G (R ) ≤ c10 R −7 for ∀μ ,ν , ρ ,τ .

(103)

Next we state two auxiliary facts that will be used later. Let f (r) be a four times
differentiable function inside a cube Vcb, then
1
d 3r f (r ) − f (0) ≤ c11d 2 max ∂ μ ∂ν f (r ) ,
3 ∫
μν ,r∈Vcb
d Vcb

(104)

1
d2 2
d 3r f (r ) − f (0) ≤
(
∇ f (r ) )r =0 + c12 d 4 max ∂ μ ∂ν ∂ ρ ∂τ f (r ) .
3 ∫
μνρτ ,r∈Vcb
d Vcb
24

(105)

Equations (104) and (105) are the corollary of expanding f into Taylor series. Odd orders of
the Taylor expansion vanish because of cubical symmetry.
d
Our first goal is to estimate h d . Starting from Eq. (95) we write hi as
1

where G ij( 0 )

⎛
⎞
h id = ∑ ⎜ ∫ d 3r ′G (ri , r ′)p(r′) − d 3G ij( 0 )p j ⎟ + M (Vi , ri ),
(106)
⎜
⎟
j ≠i V j
⎝
⎠
is defined by Eq. (16), and we have introduced the polarization vector for

conciseness

p(r ) = χ (r )E(r ), p i = p(ri ).
(107)
Note that it is different by a factor of volume from dipole polarization defined by Eq. (21).
It is evident that p(r) also satisfies Eq. (102) (with constants c13–c17). We start by
estimating M (Vi , ri ) . Substituting a Taylor expansion of p(r)
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(3)
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(1) i
Kmax

K(i)

vacuum

scatterer

Fig. 3. Partition of the scatterer’s volume into three regions relative to dipole i.

p(R ) = p(0) + ∑ Rρ (∂ ρ p )(0) +
ρ

1
∑ Rρ Rτ (∂ ρ ∂τ p )(~r ( ρ ,τ , R)),
2 ρτ

(108)

where 0 ≤ ~
rμ ≤ Rμ , into Eq (5) gives
M (Vi , ri ) = ∫ d 3 R(G (R ) − G st (R ) )p i +
Vi

1 3
d RG (R )∑ Rρ Rτ (∂ ρ ∂τ p )(~
r ( ρ ,τ , R ) ).
2 V∫
ρτ

(109)

i

The norms of these two terms can be estimated as

∫ d R(G (R) − G
3

st

)

(R ) p i =

Vi

2
Ip i d 3 Rg ( R) ≤ c18 d 2,
3 V∫

(110)

i

Rρ Rτ (∂ ρ ∂τ p )( r ( ρ ,τ , R )) ≤ 3c ∫ d R G (R ) R
∫ d RG ( R )∑
ρτ
~

3

3

15

Vi

2

≤ c19 d 2.

(111)

Vi

Eq. (110) follows directly from the definitions in Eqs. (3) and (6). To derive Eq. (111) we
have used Eq. (103) and the fact that

Rρ Rτ
∑
ρτ

≤ 3R 2 . Finally, Eqs. (109)−(111) lead to

M (Vi , ri ) ≤ c20 d 2.

(112)

To estimate the sum in Eq. (106) we consider separately three cases: 1) dipole j lies
in a complete shell of dipole i (we define the shell below); 2) j lies in a distant shell of
dipole i – Rij = |rj − ri| > 1; 3) all j that fall between the first two cases (see Fig. 3). We
define the first shell [S1(i)] of a cubical dipole as a set of dipoles that touch it (including
touching in one point only). The second shell [S2(i)] is a set of dipoles that touch the outer
surface of the first shell, and so on. The l-th shell [Sl(i)] is then a set of all dipoles that lie on
the boundary of the cube with size (2l + 1)d and center coinciding with the center of the
original dipole. We call a shell complete if all its elements lie inside the volume of the
scatterer V. A shell is called a distant shell if all its elements satisfy Rij > 1, i.e. if its order
l > Kmax = [1/d]. Let K(i) be the order of the first incomplete shell, which is an indicator of
how close dipole i is to the surface. We demand K(i) ≤ Kmax to separate cases (1) and (2)
described above. All j that fall in the third case satisfy Rij < 2 (the exact value of this
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constant – slightly larger than 3 – depends on d). The number of dipoles in a shell Sl
(which can be incomplete) – ns(l) – can be estimated as
ns (l ) ≤ (2l + 1)3 − (2l − 1)3 ≤ c21l 2.
(113)
The sum of the error over all dipoles that lie in complete shells is then
K ( i )−1
⎛
⎞
⎜ d 3 r ′G (r , r′)p(r′) − d 3G ( 0)p ⎟ ,
(114)
∑
∑
i
ij
j
∫
⎜
⎟
l =1 j∈Sl ( i ) V j
⎝
⎠
Since each shell in Eq. (114) is complete it can be divided into pairs of dipoles that are
symmetric over the center of the shell (j and −j). For convenience we set ri = 0. The inner
sum in Eq. (114) can then be rewritten as
⎛
⎞
1
⎜ d 3r ′G (r′)(p(r′) + p(−r′) ) − d 3G ( 0 ) (p + p )⎟ .
(115)
∑
ij
j
−j
∫
⎟
2 j∈Sl (i ) ⎜ V j
⎝
⎠
Further we introduce the auxiliary function
1
u(r′) = (p(r′) + p(−r′) ) − p(0),
(116)
2
which satisfies the following inequalities (follows from Eq. (102) for p(r) and Taylor
series)
u(r ) ≤ c22 r 2 , ∂ μ u(r ) ≤ c23r , ∂ μ ∂ν u(r ) ≤ c24 for ∀μ ,ν .

(117)

Then Eq. (115) is equivalent to
⎛
⎞
⎛
⎞
⎜ d 3 r ′G (r′)u(r′) − d 3G ( 0)u ⎟ +
⎜ d 3 r ′G (r′) − d 3G ( 0 ) ⎟p ,
(118)
∑
∑
ij
j
ij
∫
∫
⎜
⎟ j∈Sl ( i ) ⎜ V
⎟ i
j∈Sl ( i ) V j
⎝ j
⎠
⎝
⎠
where uj = u(rj). To estimate the first term we apply Eq. (104) to the whole function under
the integral. Using Eqs. (103) and (117) one may obtain
max ∂ μ ∂ν (G (r′)u(r′) ) ≤ c25 Rij−3,
(119)
μν ,r′∈V j

and hence
⎛

⎞
u j ⎟ ≤ ∑ c26 d 5 Rij−3 ≤ c27 d 2l −1,
⎟ j∈Sl (i )
j∈Sl ( i ) V j
⎝
⎠
where we have used Eq. (113) and Rij ≥ ld for j∈Sl (i).
It is straightforward to show that
2
3
∑ ∫ d 3r ′G (r′) = 3 I j∈∑
∫ d r ′g (r ′),
j∈Sl ( i ) V j
Sl ( i ) V j

∑ ⎜⎜ ∫ d r ′G (r′)u(r′) − d G
3

3

∑G

j∈Sl ( i )

(0)
ij

=

( 0)
ij

2
I ∑ g ( Rij ).
3 j∈Sl ( i )

(120)

(121)
(122)

The derivation is based upon Eqs. (3) and (39); the latter is also valid for sums. Then
second part of Eq. (118) is transformed to
⎛

∑ ⎜⎜ ∫ d r′G (r′) − d G
⎝

j∈Sl ( i ) V j

3

3

(0)
ij

⎞
3
3
4
2 −3
⎟p ≤ c
′ ′
28 ∑ ∫ d r g ( r ) − d g ( Rij ) ≤ c29 d l + c30 d l ,
⎟ i
j∈Sl ( i ) V j
⎠

(123)
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where we have applied Eq. (105) to derive the second inequality and have used the identity
∇2g(r) = −g(r) and the following inequalities
g ( R ) ≤ c31 R −1 , ∂ μ ∂ν ∂ ρ ∂τ g ( R) ≤ c32 R −5 for ∀μ ,ν , ρ ,τ .

(124)

Substituting Eqs. (120) and (123) into Eq. (114) one can obtain
K ( i )−1
⎛
⎞
⎜ d 3 r ′G (r , r′)p(r′) − d 3G ( 0 )p ⎟ ≤ (c + c ln K (i ) )d 2,
(125)
∑
∑
33
34
i
ij
j
∫
⎟
⎜
l =1 j∈Sl ( i ) V j
⎝
⎠
using the fact that K(i)d ≤ 1.
We now consider the second part of the sum in Eq. (106) (where Rij > 1). We first
apply Eq. (104), then use Eq. (102) for p(r) and G (r ) , and finally invoke Eq. (101):
⎛

⎞
p j ⎟ ≤ ∑ c35 d 5 ≤ Nc35 d 5 ≤ c36 d 2.
(126)
⎟ j ,Rij >1
j , Rij >1 V j
⎝
⎠
To analyze the third part of the sum in Eq. (106) we again sum over shells, however
since they are incomplete we cannot use symmetry considerations. We apply Eq. (105) to
the whole function under the integral and proceed analogous to the derivation of Eq. (123).
Using the identity
∇ 2 G (r ) = −G (r ),
(127)

∑ ⎜⎜ ∫ d r ′G (r , r′)p(r′) − d G
3

3

i

( 0)
ij

(since we assumed k = 1) we obtain

∇ 2 (G (r )p(r ) )r =Rij ≤ c37 Rij−4,

(128)

max ∂ μ ∂ν ∂ ρ ∂τ (G (r′)p(r′) ) ≤ c38 Rij−7,

(129)

μνρτ ,r′∈V j

which leads to
⎛

∑ ⎜⎜ ∫ d r′G (r , r′)p(r′) − d G
3

3

i

(0)
ij

⎞
p j ⎟ ≤ c39 dl −2 + c40l −5,
⎟
⎠

(130)

⎝
and then, analogous to Eq. (125), to:
K max
⎛
⎞
⎜ d 3 r ′G (r , r′)p(r′) − d 3G ( 0)p ⎟ ≤ c dK −1 (i ) + c K −4 (i ).
∑
∑
42
i
ij
j
∫
⎜
⎟ 41
l = K ( i ) j∈Sl ( i ) V j
⎝
⎠
Collecting Eqs. (112), (125), (126), and (131) we finally obtain
j∈Sl ( i ) V j

h id ≤ c41dK −1 (i ) + c42 K −4 (i ) + (c43 + c44 ln K (i ) )d 2.

(131)

(132)

Then
hd

1

N

K max

i =1

K =1

(

)

= ∑ h id ≤ (c43 + c44 ln K max )Nd 2 + ∑ n( K ) c41dK −1 + c42 K −4 ,

(133)

where n(K) is the number of dipoles whose order of the first incomplete shell is equal to K.
It is clear that
n( K ) ≤ n(1) ≤ γ 12 Nd ,
(134)
where γ12 is surface to volume ratio of the scatterer. Finally we obtain

[

]

h d ≤ N (c43 − c45 ln d )d 2 + c46 d .
1

(135)
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The last term in Eq. (135) is mostly determined by dipoles that lie on the surface (or few
dipoles deep) because it comes from the K−4 term in Eq. (133) (which rapidly decreases
when moving from surface). We define surface errors as those associated with the linear
term in Eq. (135). Our numerical simulation (see Section 3.2.3) show that this term is small
compared to other terms for “typical” values of d, however it is always significant for small
enough values of d.
From Eq. (96) we directly obtain

( )

−1

δE d ≤ A d

hd .

(136)
~ inc
We assume that a bounded solution of Eq. (92) uniquely exists for any E ∈ H 2 , moreover
~
~
we assume that if Einc = 1 then E ≤ γ 13 . These assumptions are equivalent to the fact
1
1
~
~ −1
exists and is finite (the operator A −1 is bounded). Because A d is a discretization
that A
1
~
of A one would expect that
−1
~
lim (A d ) = A −1 = γ 13 .
(137)
1
d →0
1

1

1

1

Although Eq. (137) seems intuitively correct, its rigorous prove, even if feasible, lies
outside the scope of this chapter. For an intuitive understanding one may consult the
manuscript by Rahola [148], where he studied the spectrum of the discretized operator (for
scattering by a sphere) and showed that it does converge to the spectrum of the integral
operator with decreasing d. However, it should be noted that convergence of the spectrum
only implies the convergence of the spectral (L2) norm of the operator and not necessarily
the convergence of the L1-norm. Therefore Eq. (137) should be considered as an
assumption. It implies that there exists a d0 such that

(A )

d −1
1

≤ c47 for d < d 0 ,

(138)

where c47 is an arbitrary constant larger then γ13 (although d0 depends on its choice). For
example c47 = 2γ13 should lead to a rather large d0 (a rigorous estimate of d0 does not seem
feasible). Therefore δEd satisfies the same constrain as h d [Eq. (135)] but with
1

1

constants c48–c50.
Next we estimate the errors in the measured quantities and start with the
discretization error [first part in Eq. (100)]. Examining Eqs. (26) and (29) one can see that
Eq. (104) may be directly applied leading to
~~
φ E − φ d E 0,d ≤ ∑ c51d 5 ≤ c52 d 2.
(139)

()

( )

i

The second part in Eq. (100) is estimated as

φ d (E0,d ) − φ d (E d ) ≤ ∑ c53d 3 δEid ≤ c53 d 3 δE d 1 ≤ (c54 − c55 ln d )d 2 + c56 d ,

(140)

i

where we have used Eq. (101). The estimation of the error for Cabs additionally uses the fact
2
δEid ≤ c57 δEid ⎛⎜ c57 = max δEid ⎞⎟ .
d < 2, i
⎝
⎠
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By combining Eqs. (139) and (140) we obtain the final result of this subsection:
δφ d ≤ (c58 − c55 ln d )d 2 + c56 d .

(141)

It is important to remember that the derivation was performed for constant x, m, shape, and
incident field. There are 13 basic constants (γ1–γ13). γ1 [Eq. (101)] characterizes the total
volume of the scatterer, hence it depends only on x. γ7–γ11 [Eq. (102) for χ(r)] can be easily
obtained given the function χ(r), moreover it is completely trivial in the common case of
homogenous scatterers. γ12 [surface to volume ratio, Eq. (134)] depends on the shape of the
scatterer and is inversely proportional to x. It is not feasible (except for certain simple
shapes) to obtain the values of constants γ2–γ6 [Eq. (102)], since it requires an exact
solution for the internal fields. These constants definitely depend upon all the parameters of
the scattering problem. Moreover, these dependencies can be rapidly varying, especially
near the resonance regions. The same is true for γ13 [L1-norm of the inverse of the integral
operator, Eq. (137)]. Finally, there is the important constant d0 that also depends on all the
parameters, however one may expect it to be large enough (e.g. d0 ≥ 2) for most of the
problems – then its variation can be neglected.
Before proceeding we replace d by discretization parameter y:
δφ y ≤ (c59 − c60 ln y ) y 2 + c61 y.

(142)

This does not significantly change the dependence of the constants in Eq. (141) since they
all already depend on m through the basic constants γ2–γ11, γ13.The exact dependence of y
on m is not important because all the conclusions are still valid for constant m. It is not
feasible to make any rigorous conclusions about the variation of the constants in Eq. (142)
with varying parameters because all these constants depend on γ2–γ6, γ13 that in turn depend
in a complex way upon the parameters of the scattering problem. However we can make
one conclusion about the general trend of this dependency.
Following the derivation of the Eq. (142) one can observe that c61 is proportional to
γ12, while c59 and c60 do not directly depend on it (at least part of the contributions to them
are independent of γ12). Therefore the general trend will be a decrease of the ratio c61/c59
with increasing x (when all other parameters are fixed). This is a mathematical justification
of the intuitively evident fact that surface errors are less significant for larger particles.
In the analysis of the results of the numerical simulations (see Section 3.2.3) we will
neglect the variation of the logarithm. Equation (142) then states that error is bounded by a
quadratic function of y (for d ≤ d0). However, keep in mind that our derivation does not lead
to an optimal error estimation, i.e. it overestimates the error and can be improved. For
example, the constants γ2–γ6 are usually largest inside a small volume fraction of the
scatterer (near the surface or some internal resonance regions), while in the rest of the
scatterer the internal electric field and its derivatives are bounded by significantly smaller
constants. However the order of the error is estimated correctly, as we will see in the
numerical simulations.
It is important to note that Eq. (142) does not imply that δφ y (which is a signed
value) actually depends on y as a quadratic function, but we will see later that it is the case
for small enough y (see Section 3.2.3 and detailed discussion in Chapter 3.3). Moreover, the
coefficients of linear and quadratic terms for δφ y may have different signs, which may lead
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to zero error for non-zero y (however, this y, if it exists, is unfortunately different for each
measured quantity).
3.2.2.3 Shape errors

In this subsection we extend the error analysis as presented in Subsection 3.2.2.2 to shapes
that cannot be described exactly by a set of cubical subvolumes. We perform the
discretization the same way as in Section 3.1.2 but some of the Vi are not cubical (for i∈∂V,
which denotes that dipole i lies on the boundary of the volume V). We set ri to be still in the
center of the cube (circumscribing Vi) not to break the regularity of the lattice. The standard
PP prescription uses equal volumes (Vi = d 3) in Eqs. (12), (23), (97), and (98), i.e. the
discretization changes the shape of the particle a little bit. We will estimate the errors
introduced by these boundary dipoles. These errors should then be added to those obtained
in Subsection 3.2.2.2. We start by estimating h d . First we consider hid for i∉∂V
1

⎞
p j ⎟,
(143)
⎟
j∈∂V V j
⎝
⎠
which is just a reduction of Eq. (106). For i∈∂V hid is the same plus the error in the self-

h id =

⎛

∑ ⎜⎜ ∫ d r ′G (r , r′)p(r′) − d G
3

3

i

(0)
ij

term
h id =

⎛

∑ ⎜⎜ ∫ d r′G (r , r′)p(r′) − d G
3

3

i

⎝

j∈∂V V j
j ≠i

(0)
ij

⎞
4π ⎞
⎛
p j ⎟ + M (Vi , ri ) − ⎜ L (∂Vi , ri ) −
Ι ⎟p i .
⎟
3 ⎠
⎝
⎠

(144)

Let us define
3
3
( 0)
′
′
′
h sh
ij = ∫ d r G (ri , r )p (r ) − d G ij p j ,
Vj

(145)

4π ⎞
⎛
h sh
Ι ⎟p i .
(146)
ii = M (Vi , ri ) − ⎜ L (∂Vi , ri ) −
3 ⎠
⎝
We estimate each of the terms in Eq. (145) separately (since there is actually no significant
cancellation, and the error is of the same order of magnitude as the values themselves)
using Eq. (102) for p(r) and G (r ) and Eq. (103). This leads to
⎧⎪c62 d 3 Rij , Rij < 2,
≤
h sh
(147)
⎨
ij
3
Rij > 1.
⎪⎩c63d ,
we assume that the surface of the scatterer is a plane on the scale of the
−3

To estimate hsh
ii

size of the dipole. A finite radius of curvature only changes the constants in the following
expressions. We will prove that
h iish ≤ c64 ,

(148)

therefore we do not need to consider the third term in Eq. (146) (coming from the unity
tensor) at all, since it is bounded by a constant.
M (Vi , ri ) = ∫ d 3 r ′(G (ri , r′) − G st (ri , r′) )p(r ′) + ∫ d 3 r ′G st (ri , r′)(p(r′) − p(ri ) ).
(149)
Vi

Vi

The function in the first integral is always bounded by c65|r′ − ri|−2. If ri ∈Vi the same is true
for the second integral and hence
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M (Vi , ri ) ≤ c66 d .

(150)

If ri ∉Vi we introduce an auxiliary point r″ that is symmetric to ri over the particle surface
and apply the identity
p(r ′) − p (ri ) =[p(r ′) − p(r ′′)] + [p(r ′′) − p(ri )]

(151)

to the second integral in Eq. (149). Using Taylor expansion of p near r″ and the fact that
|r′ − r″| ≤ |r′ − ri| for r′∈Vi one can show that
M (Vi , ri ) ≤ c67 d + c68 ∫ d 3 r ′G st (ri , r′) ,

(152)

Vi

where the remaining integral can be proven to be equal to − L (∂Vi , ri ) . The last prove left
[see Eqs. (146) and (152)] is to demonstrate that L (∂Vi , ri ) is bounded by a constant. The
only potential problem may come from the subsurface of ∂Vi that is part of the particle
surface (because it may be close to ri). This subsurface is assumed planar. We will calculate
the integral in Eq. (7) over the infinite plane r′ − ri = v + r such that v⋅r = 0. Then n′ = ±v/v
and
vˆvˆ
vˆvˆ
L (inf .plane, ri ) = m ∫ d 2 r
= m2π 2 ,
(153)
2
2 32
v
v v +r
R2

(

)

which is bounded. The rest of the integral (over the part of the cube surface) is bounded by
a constant, which is a manifestation of a more general fact that (by its definition) L (∂Vi , ri )
does not depend on the size but only on the shape of the volume. Finally we have
L (∂Vi , ri ) ≤ c69 ,

(154)

which together with Eqs. (146), (150), and (152) proves Eq. (148).
Using Eqs. (147) and (148) we obtain
⎛ Kmax
⎞
h d ≤ ∑ ∑ h sh
+ ∑ h sh
≤ ∑ ⎜⎜ ∑ c62 ns (l )l −3 + c70 ⎟⎟ ≤ Nd (c71 − c72 ln d ),
(155)
ij
ii
1
i j∈∂V
i∈∂V
j∈∂V ⎝ l =1
⎠
where we have changed the order of the summation in the double sum and have split the
summation over cubical shells for l ≤ Kmax and l > Kmax. Then we have grouped everything
into one sum over boundary dipoles. Equations (113) and (134) have been used in the last
inequality. Combining Eqs. (135) and (155) one can obtain the total estimate of the h d
1

for any scatterer:

[

]

h d ≤ N (c43 − c45 ln d )d 2 + (c73 − c72 ln d )d .
1

(156)

Using Eq. (138) we immediately obtain the same estimate for δEd .
1

The derivation of the errors in the measured quantities is slightly modified compared
to Subsection 3.2.2.2, by the presence of the shape errors. Equations (139) and (140) are
changed to
~~
φ E − φ d E0,d ≤ ∑ c51d 5 + ∑ c74 d 3 ≤ c52 d 2 + c75 d ,
(157)

()

( )

i

i∈∂V

φ d (E0,d ) − φ d (E d ) ≤ c53d 3 δE d 1 ≤ (c54 − c55 ln d )d 2 + (c76 − c77 ln d )d .

(158)
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The second term in Eq. (157) comes from surface dipoles for which errors are the same
order as the values themselves. Finally the generalization of Eq. (142) is
δφ y ≤ (c59 − c60 ln y ) y 2 + (c78 − c79 ln y ) y.

(159)

The shape errors “reinforce” the surface errors (the linear term of discretization error), and
although they both generally decrease with increasing size parameter x one may expect the
linear term in Eq. (159) to be significant up to higher values of y than in Eq. (142).
All the derivations in this subsection can in principle be extended to interfaces inside
the particle, i.e. when a surface, which cannot be described exactly as a surface of a set of
cubes, separates two regions where χ(r) varies smoothly. Two parts of the cubical dipole on
the interface should be considered separately the same way as it was done above. This will
however not change the main conclusion – Eq.(159) – but only the constants.
3.2.2.4 Different DDA formulations

In this subsection we discuss how different DDA formulations modify the error estimates
derived in Subsections 3.2.2.2 and 3.2.2.3.
Most of the improvements of PP proposed in the literature are concerned with the
self-term – M(Vi,ri). They are RR, DGF, LAK, a1-term, LDR, PEL, and CLDR (see
Subsection 3.1.3.1). All of them provide an expression for M(Vi,ri) that is of order d 2
(except for RR that is of order d 3). However, none of these formulations can exactly
evaluate the integral in Eq. (111), because the variation of the electric field is not known
beforehand (PEL solves this problem, but only for a spherical dipole). Therefore they
(hopefully) decrease the constant in Eq. (112), thus decreasing the overall error in the
measured quantities. However, these formulations are not expected to change the order of
the error from d 2 to some higher order. We do not analyze RCB and SCLDR, as they are
limited to certain particle shapes.
There exist two improvements of the interaction term in PP: FCD and IT. A rigorous
analysis of FCD errors is beyond the scope of this chapter, but it seems that FCD is not
designed to reduce the linear term in Eq. (135) that comes from the incomplete (nonsymmetric) shells. This is because FCD employs sampling theory to improve the accuracy
of the overall discretization for regular cubical grids. FCD does not improve the accuracy of
a single G ij calculation (approximation of an integral over one subvolume).
IT, which numerically evaluates the integral in Eq. (15), has a more pronounced
effect on the error estimate. Consider dipole j from l-th shell (incomplete) of dipole i, then
3
3
3
∫ d r′G (ri , r′)p(r′) − d Gij p j = ∫ d r ′G (ri , r′)(p(r′) − p j )
Vj

Vj

≤ c80 ∫ d r ′ r ′ max ∂ μ G (ri , r′) + c81 ∫ d 3 r ′r ′2 G (ri , r′) ≤ c82 dl −4 .
3

Vj

2

μ ,r′∈V j

(160)

Vj

Here we have used Eq. (108) and Taylor expansion of Green’s tensor up to the first order.
Equation (160) states that the second term in Eq. (130) is completely eliminated and so is
the linear term in Eqs. (141) and (142) (surface errors). Therefore convergence of DDA
with IT for cubically shaped scatterers is expected to be purely quadratic (neglecting the
logarithm). However, for non-cubically shaped scatterers the linear term reappears, due to
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the shape errors. Both IT and FCD also modify the self-term; however, the effect is
basically the same as for the other formulations.
A number of methods were proposed to reduce shape errors: (see Subsections 3.1.3.1
and 3.1.3.4). Here we analyze WD as probably the most advanced of them [see
Eqs. (68)−(71)]. The definition of the boundary subvolume for WD is slightly modified
compared to Subsection 3.2.2.3: now Vi is always cubical, but with a possible interface
inside. For convenience we rewrite Eq. (71) as
⎛
⎞
M (Vi , ri ) = ⎜ ∫ d 3 r ′(G (ri , r′) − G st (ri , r′) )χ ip + ∫ d 3 r ′(G (ri , r′) − G st (ri , r′) )χ is Ti ⎟Ei . (161)
⎜V p
⎟
Vis
⎝i
⎠
To take a smooth variation of the electric field and susceptibility into account we
define χ is = χ (r′′) (r″ is defined in Subsection 3.2.2.3) and Ti is calculated at the surface
between ri and r″. pip ≡ pi and psi = χ isEsi = χ is Ti Ei . Then
p(r′′) − p si ≤ c83 mins r − ri ,

(162)

r∈Vi

where we have assumed that Eq. (102) for χ(r) and E(r) is also valid in Vi .
s

We start estimating errors of WD with h sh
ij [cf. Eq. (145)]:

h ijsh = ∫ d 3r ′(G (ri , r′)p(r′) − G ij( 0 )p pj ) + ∫ d 3r ′(G (ri , r′)p(r′) − G ij( 0)p sj ).
V jp

(163)

V js

Using Taylor expansions of p(r′) near ri and r″ in Vi p and Vi s correspondingly and
Eq. (162) one may obtain that the main contribution comes from the derivative of Green’s
tensor, leading to [cf. Eq. (147)]
⎧⎪c84 d 4 Rij −4 , Rij < 2,
h ijsh ≤ ⎨
(164)
4
Rij > 1.
⎪⎩c85 d ,
hsh
ii is the following [cf. Eq. (146)]

(

h iish = M (Vi , ri ) − L (∂Vi , ri )p ip

)

⎛
⎞
− ⎜ ∫ d 3 r ′ G (ri , r′) − G st (ri , r′) p ip + ∫ d 3 r ′ G (ri , r′) − G st (ri , r′) p si − L (∂Vi , ri ) χ ie Ei ⎟
⎜V p
⎟
Vis
⎝i
⎠

(

)

(

)

(

)

(

)

(

= ∫ d 3 r ′G (ri , r′) p(r′) − p ip + ∫ d 3 r ′G (ri , r′) p(r′) − p is + ∫ d 3 r ′G st (ri , r′) p si − p ip
Vip

Vis

)

(165)

Vis

+ L (∂Vi , ri ) χ Ei − L (∂Vi , ri )p .
e
i

p
i

The first two integrals can be easily shown to be ≤ c85d [cf. Eq. (149)] and third one is
transformed to L the same way as in Eq. (152), thus
h iish ≤ c86 d + L (∂Vi p , ri )p ip + L (∂Vi s , ri )p is − L (∂Vi , ri ) χ ie Ei ,

(166)

where the second term comes from the fact that averaged L p is not the same as L times
averaged p. This error depends on the geometry of the interface inside Vi and generally is of
order unity. For example, if the plane interface is described as z = zi + v, taking limit v → 0

(

gives the error 2π p ip − psi

)

z

[using Eq. (153)]. Therefore WD does not principally improve
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the error estimate of hsh
ii given by Eq. (148), although it may significantly decrease the
constant. On the other hand, since L (∂Vi p , ri ) and L (∂Vi s , ri ) can be (analytically) evaluated
for a cube intersected by a plane, WD can be further improved to reduce the error in hsh
ii to
linear in d, which is a subject of future research.
Proceeding analogous to the derivation of Eq. (155) one can obtain
⎛ K max
⎞
h d ≤ ∑ ⎜⎜ ∑ c84 ns (l )l −4 + c87 + c88 d ⎟⎟ ≤ c89 Nd .
(167)
1
j∈∂V ⎝ l =1
⎠
It can be shown that for the scattering amplitude [Eq. (97)] the error estimate given by
Eq. (157) can be improved, since WD correctly evaluates the zeroth order of value for the
boundary dipoles, leading to
~~
φ E − φ d E0,d ≤ ∑ c51d 5 + ∑ c90 d 4 ≤ c91d 2.
(168)

()

( )

i∈∂V

i

In his original manuscript [56] Piller did not specify the expression that should be used for
Cabs. Direct application of the susceptibility provided by WD into Eq. (98) does not reduce
the order of error when compared with the exact Eq. (29) (except when χ is = 0 ), since they
are not linear functions of the electric field. However, if we consider separately Vi p and Vi s

(

)

[which is equivalent to replacing Vi Im ( χ ieEi ) ⋅ E∗i by Vi p Im(χ ip ) Ei + Vi s Im(χ is ) Ti Ei ]
2

2

the same estimate as in Eq. (168) can be derived for Cabs.
Using Eqs. (167), (168), and the first part of Eq. (158) one can derive the final error
estimate for WD:
δφ y ≤ (c92 − c93 ln y ) y 2 + c94 y,

(169)

where the constant before the linear term, as compared to Eq. (159), does not contain a
logarithm and is expected to be significantly smaller, because several factors contributing to
it are eliminated in WD. Although WD has a potential for improving, it does not seem
feasible to completely eliminate the linear term in the shape error. The accuracy of
evaluation of the interaction term over the boundary dipole [cf. Eq. (163)] can be improved
by integration of Green’s tensor over Vi p and Vi s separately but that would ruin the blockToeplitz structure of the interaction matrix and hinder the FFT-based algorithm for the
solution of linear equations (see Section 3.1.4). Since there is no comparable alternative to
FFT nowadays, this method seems inapplicable.
Minor modifications of the expression for Cabs, which are discussed in Subsection
3.1.3.1, are not relevant since they introduce differences of order d 3 that is neglected in our
error analysis.

3.2.3 Numerical simulations
In the following we perform numerical simulations to verify the conclusions of the
theoretical analysis. For the simulations we used ADDA v.0.6 that is described in Section
3.4.2. We use a standard discretization scheme as described in Subsection 3.2.2.3, without
any improvements for boundary dipoles. It is important to note that all the conclusions are
valid for any DDA implementation, but with a few changes for specific improvements as
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S11(θ )

Fig. 4. Cubical discretization of a sphere using 16 dipoles per diameter (total 2176 dipoles).
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Fig. 5. S11(θ ) for all 5 test cases in logarithmic scale. The result for the kD = 3 sphere is multiplied by
10 for convenience. (m = 1.5).

discussed in Subsection 3.2.2.4. As a stopping criterion for the iterative solution of the
DDA linear system we require the relative residual L2-norm to drop below the threshold
εit = 10−8. Tests suggest that the relative error of the measured quantities due to the iterative
solver is then < 10−7 (data not shown) and hence can be neglected (total relative errors in
our simulations are > 10−6–10−5, see below).
We study five test cases: one cube with kD = 8, three spheres with kD = 3, 10, and
30, and a particle obtained by a cubical discretization of the kD = 10 sphere using 16
dipoles per D (total 2176 dipoles, see Fig. 4, x equal to that of a sphere). By D we denote
the diameter of a sphere or the edge size of a cube. All scatterers are homogenous with
m = 1.5. Although DDA errors significantly depend on m (see Section 3.1.3.2), we limit
ourselves to one single value and study effects of size and shape of the scatterer.
The maximum number of dipoles per D (nD) was 256. The values of nD that we used
are of the form (4,5,6,7)×2p (p is an integer), except for the discretized sphere, where all nD

58

The discrete dipole approximation

Table 2. Exact values of Qext for the 5 test cases.
Particle
kD = 8 cube
discretized kD = 10 sphere
kD = 3 sphere
kD = 10 sphere
kD = 30 sphere
-1

Relative error of S11(θ )

10

Qext
4.490
3.916
0.753
3.928
1.985

(a)

slope = 0.77

-2

10

-3

10

-4

10

0.1
-1

Relative error of S11(θ )

10

(b)

slope = 0.95

-2

10

maximum
θ = 0°
θ = 45°
θ = 90°
θ = 135°
θ = 180°

-3

10

-4

10

0.1

y = kd·m

1

Fig. 6. Relative errors of S11 at different angles θ and maximum over all θ versus y for (a) the kD = 8
cube, (b) the cubical discretization of kD = 10 sphere. A log-log scale is used. A linear fit of
maximum over θ errors is shown. (m = 1.5).

are multiples of 16 (this is required to exactly describe the shape of the particle composed
from a number of cubes). The minimum values for nD were 8 for the kD = 3 sphere, 16 for
the cube, the kD = 10 sphere, and the discretized sphere, and 40 for the kD = 30 sphere.
All the computations use a direction of incidence parallel to one of the principal axes
of the cubical dipoles. The scattering plane is parallel to one of the face of the cubical
dipoles. In this chapter we show results only for extinction efficiency * Qext and S11(θ ) as
It is defined as Cext /πa2 (normalized by volume-equivalent geometrical cross section), we calculate it for incident
light polarized parallel to one of the principal axes of the cubical dipoles.
*
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Fig. 7. Same as Fig. 6 but now for (a) kD = 3, (b) kD = 10, and (c) kD = 30 spheres.

the most commonly used in applications. However, the theory applies to any measured
quantity. For instance, we have also confirmed it for other Mueller matrix elements (data
not shown).
Reference (exact) results for the spheres are obtained using the Mie theory, for the
cube and the discretized sphere using extrapolation. Details on the validity and estimated
errors of the reference results are given is Section 3.3. In general, real errors obtained this
way have an uncertainty of reference error.
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Fig. 8. Relative errors of Qext versus y for all 5 test cases. A log-log scale is used. A linear fit through
5 finest discretizations of kD = 3 sphere is shown. (m = 1.5).

Exact results of S11(θ ) and Qext for all 5 test cases are shown in Fig. 5 and Table 2
respectively. In the following we show the results of DDA convergence. Figures 6 and 7
present relative errors (absolute values) of S11 at different angles θ and maximum error over
all θ versus y in log-log scale. In many cases the maximum errors are reached at exact
backscattering direction, and then these two sets of points overlap. Deep minima that
happen at intermediate values of y for some values of θ (and also sometimes for Qext –
Fig. 8) are due to the fact that the differences between simulated and reference values
change sign near these values of y (see Chapter 3.3 for detailed description of this
behavior). The solid lines are linear fits to all or some points of maximum error. The slopes
of these lines are depicted in the figures. Fig. 8 shows relative errors of Qext for all 5 studied
cases in log-log scale. A linear fit through the 5 finest discretizations of the kD = 3 sphere is
shown. More results of these numerical simulations are presented in Section 3.3.3.

3.2.4 Discussion
Convergence of DDA for cubically shaped particles (Fig. 6) shows the following trends. All
curves have linear and quadratic parts (the non-monotonic behavior of errors for some θ are
also a manifestation of the fact that signed difference can be approximated by a sum of
linear and quadratic terms that have different signs). The transition between these two
regimes occurs at different y (which indicates the relative importance of linear and
quadratic coefficients). While for maximum errors that are close to those of the
backscattering direction the linear term is significant for larger y, it is much smaller and not
significant in the whole range of y studied for side scattering (θ = 90°). Results of DDA
convergence for spheres (Fig. 7) show a different behavior for different sizes. Errors for the
small (kD = 3) sphere converge purely linear [except for small deviation of errors of
S11(90°) for large values of y]. Similar results are obtained for the kD = 10 sphere, but with
significant oscillations superimposed upon the general trend. Convergence for the large
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(kD = 30) sphere is quadratic or even faster in the range of y studied, also with significant
oscillations.
Comparing Figs. 6 and 7 [especially Figs. 6(b) and 7(b) showing results for almost
the same particles] one can deduce the following differences in DDA convergence for
cubically and non-cubically shaped scatterers. The linear term for cubically shaped
scatterers is significantly smaller, resulting in smaller total errors, especially for small y. All
these conclusions, together with the size dependence of the significance of the linear term
in the total errors, are in perfect agreement with the theoretical predictions made in Section
3.2.2. Errors for non-cubically shaped particles exhibit quasi-random oscillations that are
not present for cubically shaped particles. This can be explained by the sharp variations of
shape errors with changing y (discussed in details in Chapter 3.3). Oscillations for the
kD = 3 sphere [Fig. 7(a)] are very small (but still clearly present), which is due to the small
size of the particle and hence featurelessness of its light scattering pattern – the surface
structure is not that important and one may expect rather small shape errors. Results for Qext
(Fig. 8) fully support the conclusions. Errors of Qext for the large sphere at small values of y
are unexpectedly smaller than for smaller spheres. This feature requires further study before
making any firm conclusions, however there is definitely no similar tendency for S11(θ ) (cf.
Fig. 7).
We have also studied a kD = 8 porous cube that was obtained by dividing a cube into
27 smaller cubes and then removing randomly 9 of them. All the conclusions are the same
as those reported for the cube, but with slightly higher overall errors (data not shown).
In this chapter we have used a traditional DDA formulation (LDR) for numerical
simulations. However, as we showed in Subsection 3.2.2.4 several modern improvements
of DDA should significantly change its convergence behavior. IT should completely
eliminate the linear term for cubically shaped scatterers, which should improve the
accuracy especially for small y. WD should significantly decrease shape and hence total
errors for non-cubically shaped particles, moreover it should significantly decrease the
amplitude of quasi-random error oscillations because it takes into account the location of
the interface inside the boundary dipoles.

3.2.5 Conclusion
To the best of our knowledge, we conducted for the first time a rigorous theoretical
convergence analysis of DDA. In the range of DDA applicability (kd < 2) errors are
bounded by a sum of linear and quadratic terms in the discretization parameter y; the linear
term is significantly smaller for cubically than for non-cubically shaped scatterers.
Therefore for small y errors for cubically shaped particles are much smaller than for noncubically shaped. The relative importance of the linear term decreases with increasing size,
hence convergence of DDA for large enough scatterers is quadratic in the common range of
y. All these conclusions were verified by extensive numerical simulations.
Moreover, these simulations showed that errors are not only bounded by a quadratic
function, but actually can be (with good accuracy) described by a quadratic function of y.
This fact provides a basis for the extrapolation technique presented in Chapter 3.3.
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Our theory predicts that modern DDA improvements (namely integration of Green’s
tensor and weighted discretization) should significantly change the convergence of DDA,
however numerical testing of these predictions is left for future research.

3.3 Extrapolation technique to increase the
accuracy of the DDA*
If we knew what it was we were doing, it would not be called
research, would it?
Albert Einstein

We propose an extrapolation technique that allows accuracy improvement of the DDA
computations. The performance of this technique was studied empirically based on
extensive simulations for five test cases using many different discretizations. The quality of
the extrapolation improves with refining discretization reaching extraordinary performance
especially for cubically shaped particles. A two order of magnitude decrease of error was
demonstrated. We also propose estimates of the extrapolation error, which were proven to
be reliable. Finally we propose a simple method to directly separate shape and
discretization errors and illustrated this for one test case.

3.3.1 Introduction
From several manuscripts that present errors versus d (see Section 3.2.1) only two [57,84]
use extrapolation (to zero d) to get an exact result of some measured quantity. However,
they use the simplest linear extrapolation with neither theoretical foundation nor discussion
of its capabilities.
In Chapter 3.2 we perform a theoretical analysis of DDA convergence when refining
the discretization. It provides the basis for this chapter, where an extrapolation technique is
introduced (Section 3.3.2) to improve the accuracy of DDA computations. We thoroughly
discuss all free parameters that influence extrapolation performance and provide a step-bystep prescription, which can be used with any existing DDA code without any
modifications. It is important to note that although Chapter 3.2 provides a firm theoretical
background, it is not necessary to go through all theoretical details to understand and apply
the extrapolation technique that we introduce here. In Section 3.3.3 we present extensive
numerical results of DDA computations for 5 different scatterers using many different
discretizations. We also propose a new method to directly separate shape and discretization
errors of DDA. These results and possible applications are discussed in Section 3.3.4. We
formulate the conclusions of the chapter in Section 3.3.5.

3.3.2 Extrapolation
In this section we describe a straightforward technique to significantly increase the
accuracy of a DDA simulation with a relatively small increase of computation time. This
technique does not require any modification of a DDA program but only postprocessing of
computed data. Therefore it can be easily implemented in any existing DDA code.
In Section 3.2.2 we have proven that the error of any measured quantity is bounded
by a quadratic function of y [see Eqs. (142) and (159)]. Here we proceed and assume that
*

This chapter is based on M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "Convergence of the discrete dipole
approximation. II. An extrapolation technique to increase the accuracy," J. Opt. Soc. Am. A 23, 2592-2601 (2006).
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for sufficiently small y, δφ y can in fact be approximated by a quadratic function of y (taking
the logarithmic term as a constant). The applicability of this assumption will be tested
empirically in Section 3.3.3. Introduction of higher-order terms is possible but not
necessary (contrary to the quadratic term), and we avoid it in order to keep our technique as
simple and robust as possible. We can now write:
φ y = a0 + a1 y + a2 y 2 + ζ y,
(170)
where a0, a1, a2 are constants that are chosen such that ζ y – the error of the approximation –
is minimized in some sense. a0 is then an estimate for the exact value of the measured
quantity φ 0. A procedure to determine a0 is basically fitting of a quadratic function over
several points {y,φ y}, which are obtained by a standard DDA simulation. In the ideal case
of ζ y = 0 one can use any three values of y to obtain the exact value of φ 0. However, in
practice different fits will always give different results. We limit ourselves to the usual
least-square polynomial fit of the data. There are three question one should answer before
conducting such a fit:
1) How many and which values of y to use?
2) How to weight the influence of different calculated values used in the fitting, i.e.
what is the behavior of expected errors ζ y? (Note that in the polynomial fit we
minimize χ2, the summation of the squared difference between computed values and
the fitting function weighted by the inverse of the expected error ζ y.)
3) How to estimate the difference between a0 and φ 0, i.e. the error of the final result?
It is important to note that, although there are some theoretical hints, answers to these
questions are mainly empirical and should be tested. Our approach is based on the test cases
presented in Section 3.3.3. These may not be representative for all scattering problems, but
they do show the potential power of our approach. We do not attempt to choose the most
suitable fit options, but merely demonstrate the applicability of the technique.
We start by analyzing the second question, i.e. what is the expected deviation from
the quadratic model, i.e. what is the functional dependence of ζ y on y, to be used as
weighting function in the polynomial fitting procedure? For cubically shaped particles one
expects a smooth variation of the function φ y, and the error can be attributed as a model
error, i.e. coming mainly from neglecting higher order terms in the convergence analysis of
Section 3.2.2. In that case the error ζ y is expected to be a cubical function of y. We have
tried cubical, quadratic and linear error functions when fitting results for cubically shaped
particles and found that, although the differences are small, cubical errors generally lead to
the best fits (data not shown).
Shape errors, which are present for non-cubically shaped particles, are expected to be
very sensitive to y, because they depend upon the position of the particle surface inside the
boundary dipole that changes considerably by a small variation of y. Therefore shape errors
can be viewed as random noise superimposed upon a smooth variation of φ y. The
asymptotic behavior of shape errors is linear in y (see Subsection 3.2.2.3). Indeed, in certain
cases we found that using linear errors ζ y results in significantly better fits than when using
cubical errors. However in other cases linear errors performed significantly worse. In our
experience, using a cubical error function is in general always more reliable, even in the
presence of shape errors, because it decreases the influence of points with higher values of
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y, where the error is larger and less predictable. Since we want the procedure to be as robust
as possible and not to use more complex error functions than strictly needed (e.g.
polynomial), we take a cubical dependence of the error ζ y, both for cubically- and noncubically shaped scatterers.
The choice of values of y for computation can be described by the interval [ymin,ymax],
the number of points and their spacing. ymin is usually determined by available computer
hardware (time or memory bounds), that is the best discretization that can be computed for
a given resource. The goal of the extrapolation procedure is to increase the accuracy beyond
this “single DDA boundary”. We will show in Section 3.3.3 that the overall performance of
this technique strongly depends upon ymin.
The choice of ymax is governed by two notions: a larger interval of data points
generally leads to better extrapolation but errors for high values of y are more random and
their significance is anyway much smaller (since we use a cubical error function). We have
found that for cubically shaped scatterers a good choice is ymax = 2ymin, while for noncubically shaped scatterers increasing the interval to ymax = 4ymin does improve the fits.
Probably, that is due to the fact that the quality of fit for non-cubically shaped scatterers is
determined by quasi-random shape errors and increasing the range leads to larger statistical
significance of the result. We will also demand that ymax is less than 1, since otherwise
DDA is definitely far from its asymptotic behavior.
Spacing of the sample points depends partly on the problem, especially for cubically
shaped scatterers (in that case an arbitrary number of dipoles cannot be used). We space
computational points approximately uniform on a logarithmic scale, acknowledging the fact
that a relative difference in y is more significant than an absolute. The total number of
points should be large enough for statistical significance. However, a large number of
points increases computational time. We have used 5 points for cubically shaped particles
(ratio of 1/y values is 8:7:6:5:4) and 9 points for non-cubically shaped particles (ratio of 1/y
values is 16:14:12:10:8:7:6:5:4) or less if ymax < 4ymin.
The estimation of the error of the final result is difficult since this error is due to
model imperfection and not to some kind of random noise. The standard least-square fitting
technique [141] provides a standard error (SD) for the parameter a0, which we use as a
starting point. Numerical simulations (see Section 3.3.3) show that for spheres (the only
non-cubical shape we studied) real errors are less than 2×SD in most cases. That is what
one would expect if ζ y is considered completely random (which is similar to the expected
behavior of the shape errors). For cubical shapes, on the contrary, we have to estimate the
error as 10×SD to reliably describe the real errors. It is important to note that an error
estimate based on the SD is the simplest one can use. Its drawback is that we have to use a
large multiplier (based on the real errors obtained in some of our simulations), which may
lead to significant overestimation of real errors in certain cases.
We can now formulate the step-by-step extrapolation technique. We use
abbreviations (c) and (nc) for cubically and non-cubically shaped scatterers respectively.
1) Select ymin based on your computational resources.
2) Take ymax to be 2 (c) or 4 (nc) times ymin but not larger than 1.
3) Choose 5 (c) or 9 (nc) points over the interval [ymin,ymax] approximately uniformly
spaced on a logarithmic scale.
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Fig. 9. Signed relative errors of Qext versus y and their fits by quadratic functions for (a) kD = 8 cube
and discretized kD = 10 sphere, (b) 3 spheres. 5 and 9 best points are used for fits in (a) and (b)
respectively.

4) Perform DDA computations for each y.
5) Fit the quadratic function [Eq. (170)] over the points {y,φ y} using y3 as errors of data
points; a0 is then the estimate of φ 0.
6) Multiply SD of a0 by 10 (c) or 2 (nc) to obtain an estimate of the extrapolation error.
Results of using this procedure are presented in Section 3.3.3. Computational costs are
discussed in Section 3.3.4.
The extrapolation procedure is similar to a Romberg integration method [141],
which is adaptive. The error estimate, obtained by extrapolation, is an internal accuracy
indicator of DDA computations that is just as important as the increase in the accuracy
itself. Our error estimate opens the way to adaptive DDA, i.e. a code that will reach a
required accuracy, using minimum computational resources.

3.3.3 Numerical simulations
The numerical algorithm and sample scatterers are the same as described in Section 3.2.3.
In this chapter we show results only for Qext and S11(θ ) as the most commonly used in
applications. However, the extrapolation technique is equally applicable to any measured
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Table 3. Extrapolation errors of Qext. Estimate of the extrapolation errors is 10×SD for first two
particles and 2×SD for spheres.
ymin

ymax

kD = 8 cube
0.047
0.094
0.094
0.19
0.19
0.38
0.38
0.75
Discretized kD = 10 sphere
0.058
0.12
0.12
0.23
0.23
0.93
kD = 3 sphere
0.018
0.070
0.035
0.14
0.070
0.28
0.14
0.54
0.28
0.54
kD = 10 sphere
0.059
0.23
0.12
0.47
0.23
0.93
kD = 30 sphere
0.18
0.70
0.18
0.35

Extrapolation
Estimate

Points

Error for ymin

5
5
5
5

9.0×10-5
1.6×10-4
2.2×10-4
1.1×10-4

1.8×10-6
6.6×10-6
5.3×10-5
3.7×10-4

––––
4.6×10-6
4.0×10-5
3.2×10-4

5
5
4

1.0×10-4
2.0×10-4
4.3×10-4

2.4×10-5
9.0×10-6
1.2×10-3

––––
7.9×10-6
5.9×10-4

9
9
9
9
5

2.2×10-4
4.0×10-4
6.8×10-4
9.0×10-4
2.4×10-4

1.0×10-5
5.9×10-5
8.7×10-5
3.7×10-4
4.3×10-3

4.1×10-6
4.8×10-5
5.7×10-6
7.0×10-4
1.8×10-3

9
9
9

2.7×10-4
5.5×10-4
1.5×10-3

2.0×10-4
5.5×10-4
3.1×10-3

2.7×10-5
3.7×10-4
2.1×10-3

9
5

3.8×10-4
3.8×10-4

1.3×10-3
3.3×10-3

1.4×10-3
6.9×10-4

Real

Table 4. Comparison of shape and discretization errors of Qext for kD = 10 sphere discretized with
y = 0.93. All errors are relative to the best extrapolation result for the discretized sphere.
Error

Shape
3.1×10-3

Discretization
8.3×10-3

Total
5.2×10-3

quantity. For instance, we have also applied it for other Mueller matrix elements (data not
shown).
Reference (exact) results of S11(θ ) and Qext for spheres are obtained by Mie theory
(the relative accuracy of the code we use [14] is at least < 10−6). Unfortunately, no
analytical theory is available for the cube and the discretized sphere, which could provide
us with exact results. Instead, we use extrapolation over the 5 finest discretizations as
reference results for these shapes.
To justify this choice we discuss, as an example, simulation results of Qext for the
cube. Instead of showing values of Qext itself, we show in Fig. 9(a) (Qext /a0 − 1), with a0
obtained through fitting the 5 finest discretizations. The extrapolation through these 5 best
points (ymin = 0.047, ymax = 0.094) is also shown. The deviation of the fit from the five best
points [that overlap on Fig. 9(a)] is very small indeed. This is also characterized by a small
estimate of the extrapolation error 1.8×10−6 (see Table 3). In Section 3.2.2 we proved that
DDA converges to the exact solution, therefore the result of the best discretization should
be close to the exact result. The relative difference between the best discretization and the
best extrapolation is only 9.0×10−5, therefore it does not make a big difference which one to
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Fig. 10. Errors of S11(θ ) in logarithmic scale for extrapolation using 5 values of y in the intervals (a)
[0.047,0.094], (b) [0.094,0.19], and (c) [0.38,0.75] for kD = 8 cube. Estimate of the extrapolation
error is 10×SD.

use as a reference when evaluating, for instance, the error of the extrapolation through the 5
worst discretizations (ymin = 0.38, ymax = 0.75). Hence all conclusions with respect to the
reliability of the error estimates (as discussed in Section 3.3.4) do not depend on the choice
of reference if ymin is large enough. We also apply this reasoning to smaller ymin and assume
that using the reference value obtained by extrapolation of the finest discretizations is a
good enough estimate of the exact value.
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Fig. 11. Errors of S11(θ ) in logarithmic scale for extrapolation using 5 values of y in the intervals (a)
[0.058,0.12] and (b) [0.12,0.23] and (c) using 4 values of y in the interval [0.23,0.93] for the
discretized kD = 10 sphere. Estimate of the extrapolation error is 10×SD.

The same justification is valid for the discretized sphere (see Table 3 for Qext results).
Comparison of errors of different extrapolations results of S11(θ ) (shown in Figs. 10 and
11) is even more convincing. Reference results themselves are shown in Fig. 5 and Table 2.
Next we show the results obtained by the extrapolation technique. The dependence
of the signed relative errors of Qext on y for all 5 test cases is shown in Fig. 9. Figure 9(a)
depicts results for the cube and the discretized sphere. The 5 best points for each scatterer
are fitted by a quadratic function, using the method described in Section 3.3.2. Figure 9(b)

70

The discrete dipole approximation
(a)

-2

Relative error of S11(θ )

10

-3

10

-4

10

y = 0.070
y = 0.018
extrapolation
estimate

-5

10

-6

10

-1

(b)

10

-2

Relative error of S11(θ )

10

-3

10

-4

y = 0.55
y = 0.14
extrapolation
estimate

10

-5

10

0

30

60
90
120
Scattering angle θ, deg

150

180

Fig. 12. Errors of S11(θ ) in logarithmic scale for extrapolation using 9 values of y in the intervals (a)
[0.018,0.070], (b) [0.14,0.55] for kD = 3 sphere. Estimate of the extrapolation error is 2×SD.

depicts extrapolation results for spheres, using the 9 best points for each of them (cf.
Section 3.3.2). Since the exact Mie solution is available, intersection of a fit with a vertical
axis is a measure of the accuracy of extrapolation result. Table 3 summarizes the
parameters (ymin, ymax, number of points) of all the extrapolations, which were carried out,
and their performance for Qext.
Next we present some of the extrapolations results for S11(θ ). Results for the cube
are shown in Fig. 10. Each subfigure shows real (compared to the best extrapolation –
reference) and estimated extrapolation errors together with the errors of the finest and
crudest discretizations used. Only the estimate of the error is shown for the best
extrapolation – Fig. 10(a). Figures 10(b) and (c) show extrapolation results using 5 points in
the intervals [0.094,0.19] and [0.38,0.75] respectively.
The performance of the extrapolation for the discretized sphere is shown in Fig. 11:
(a) – best extrapolation, (b) and (c) – results for extrapolation using 5 and 4 points in the
intervals [0.12,0.23] and [0.23,0.93] respectively. The broad spacing of points for
extrapolation depicted in Fig. 11(c) is, as was noted above, due to the complex shape of the
discretized sphere that limits possible values of y to be 0.93 divided by an integer [total
time for computing these 4 points is < 1.6t(ymin)]. It is important to note once more that we
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Fig. 13. Errors of S11(θ ) in logarithmic scale for extrapolation using 9 values of y in the intervals (a)
[0.059,0.23], (b) [0.12,0.47] for kD = 10 sphere. Estimate of the extrapolation error is 2×SD.

use 10×SD as an estimate of extrapolation error for the cube and discretized sphere and
2×SD for spheres (cf. Section 3.3.2).
Extrapolation results for the kD = 3 sphere are summarized in Fig. 12: (a) shows the
best extrapolation (using 9 points in the interval [0.018,0.070]), and (b) shows the worst,
but still satisfactory result, i.e. one that shows definite improvement of accuracy over most
of the θ range. The extrapolation using 5 points from the interval [0.28,0.54] is no longer
satisfactory (data not shown). Errors of the two best extrapolations for the kD = 10 sphere
(using 9 points from the intervals [0.059,0.23] and [0.12,0.47]) are shown in Fig. 13(a) and
(b) respectively. A third extrapolation for kD = 10 sphere is not satisfactory (data not
shown). Both extrapolations for the kD = 30 sphere show similar controversial results, only
one of them (9 points from the interval [0.18,0.70]) that is overall slightly better is shown in
Fig. 14. The estimate of the extrapolation error is overall slightly higher than the real errors
of the extrapolation (data not shown).
Results of S11(θ ) for all extrapolations (see Table 3) support the following trend: the
quality of the extrapolation (defined as decrease of error compared to a single DDA
computation for ymin) rapidly degrades with increasing ymin. The ratio of estimated to real
errors increase with increasing ymin (that can be considered as a degradation of the estimate
quality).
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Fig. 14. Errors of S11(θ ) in logarithmic scale for extrapolation using 9 values of y in the interval
[0.18,0.70] for kD = 30 sphere.
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Fig. 15. Comparison of discretization and shape errors of S11(θ ) for kD = 10 sphere discretized using
16 dipoles per D ( y = 0.93).

Computation of exact results for both the kD = 10 sphere and its cubical
discretization (y = 0.93) allows us for the first time to directly separate and compare shape
and discretization error of single DDA computations. The shape error is the difference
between some measured quantity for a discretized sphere (calculated to a high accuracy)
and that for the exact sphere. The discretization error is difference between calculation
using a limited number of dipoles (2176) and exact (very accurate) solution for the cubical
discretization of the sphere [first curve in Fig. 11(c)]. The total error is just the sum of the
two. These three types of errors for S11(θ ) are shown in Fig. 15, all relative to the exact
value for discretized sphere. Errors of Qext are shown in Table 4.
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3.3.4 Discussion
First, we estimate the computational overhead of the extrapolation technique compared to a
single DDA computation for ymin [time – t(ymin)]. The execution time of one iteration of the
iterative solver scales as NlnN. Niter only slightly depends on the discretization parameter y
for fixed geometry of the scatterer (see Subsection 3.1.4.1). Therefore the total
computational time scales linearly with N (∼ y−3) or slightly faster (considering logarithm
and imperfect optimization), which is consistent with our timing results (data not shown).
Considering the spacing of points we used (described in Section 3.3.2) the execution time
needed for 5 points computation is t5 < 2.5t(ymin) and for the 9 points computation –
t9 < 2.7t(ymin). Memory requirements are the same as for a single computation. For
comparison one should note that an 8 times increase in computational time and memory
requirements (for single DDA computation with y = ymin /2) gives only a 2 to 4 times
increase in accuracy (depending in which error regime – linear or quadratic – ymin is
located).
Typical DDA discretization is y = 0.6. Smaller values of y are used only in studies of
DDA errors or of particles much smaller than a wavelength (then y is proportional to
scatterer size and can be arbitrarily small). However, if one wishes to achieve better (than
usual) accuracy of a DDA simulation, smaller y must be used.
The best extrapolation for the cube [Fig. 10(a)] shows a large improvement
compared to the best single DDA calculation (it should be noted, however, that this result is
based on the empiric error estimate). Maximum errors are decreased more than 2 orders of
magnitude. This would be impossible to reach by a single DDA calculation as it will
require over 6 orders of magnitude increase in execution time and memory, since there is
only linear convergence for such small y. Even for ymin = 0.38 the extrapolation can be
called satisfactory because the maximum error is decreased almost two times when
considering the estimate of the error (the real errors are even less). It is important to note
that an estimate of the error is important by itself (even when it is not less than the error of
a single DDA computation) because it does not require an exact solution (that is usually
unavailable in real applications). In general, the extrapolation decreases large errors better
than those that are already small, i.e. it may significantly decrease maximum errors but
prove less satisfactory for certain measured quantity (e.g. S11 for certain θ). This conclusion
holds true for all the extrapolations we performed (Figs. 10–14 and those not shown).
Extrapolation results for the discretized sphere (Fig. 11) are similar to those for the
cube. Extrapolations for ymin = 0.058 and 0.12 are very good (more than an order of
magnitude decrease of maximum errors), while for ymin = 0.23 it is on the edge of being
satisfactory. The latter is strongly influenced by the fact that only 4 points in a broad
interval are used (hence it does not fully comply with the procedure specified in Section
3.3.2).
The best extrapolation for the kD = 3 sphere [Fig. 12(a)] shows results comparable to
cubically shaped scatterers, however it uses an extremely small ymin = 0.018. Already for
ymin = 0.14 [Fig. 12(b)] it only decreased the maximum errors by a factor of two. A similar
boundary value of ymin for satisfactory extrapolation is observed for kD = 10 sphere
[Fig. 13(b)], while the best extrapolation [Fig. 13(a)] does show good results (4 times
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decrease of maximum error), although significantly worse than the analogous results for
cubically shaped scatterers. Unfortunately we are currently not able to reach sufficiently
small y for the kD = 30 sphere and the best extrapolation (Fig. 14) uses rather large
ymin = 0.18, resulting in almost negligible improvement of accuracy.
We have also studied a kD = 8 porous cube that was obtained by dividing a cube into
27 smaller cubes and then removing randomly 9 of them. All the conclusions are the same
as those reported for the cube, but with slightly higher overall errors (data not shown).
Extrapolation of Qext (Table 3) shows similar results as discussed above, however the
improvement of accuracy is generally less than for maximum errors in S11(θ ) (which is in
agreement with what we stated above, since errors in Qext are already small). Moreover, one
should take into account that errors of a single DDA calculation for some ymin are
unexpectedly small (e.g. the last extrapolations for the cube and the kD = 3 sphere), but
y
these are just “lucky hits” near the points where the function δQext
crosses the horizontal
axis (cf. Fig. 9).
Summarizing all results we can conclude that shape errors significantly degrade the
extrapolation performance, because of its abrupt behavior, and therefore the extrapolation
technique is much more suited for cubically shaped particles. One may expect satisfactory
extrapolation for non-cubically shaped particles only when ymin < 0.15, while for cubically
shaped particles the condition is ymin < 0.4. It is important to note though that extrapolation
can be used for any ymin. The estimate of the error coming from the fitting procedure (SD)
can then be used to decide whether this extrapolation was satisfactory or not. The quality of
the extrapolation significantly increases with decreasing ymin, hence extrapolation is of
biggest value for obtaining (very accurate) benchmark results. The size of the particle for
which the extrapolation technique provides significant improvement is mainly determined
by available computational resources that are required to reach small enough ymin. However,
further testing is required to evaluate the quality of extrapolation for scatterers large
compared to the wavelength.
It is important to note that the linear extrapolation may lead to completely erroneous
results (e.g. if points on the right branch of the parabolas for the cube and kD = 3 sphere in
Fig. 9 are used). Quadratic extrapolation, as proposed in this chapter, is much more reliable.
Throughout all the extrapolations we have used error estimates as specified in
Section 3.3.2: 10×SD and 2×SD for cubically and non-cubically shaped scatterers
respectively. All the results show that these estimates are reliable, i.e. in most cases real
errors are less than the estimates. There are only two exceptions, both for the kD = 3 sphere:
the fourth extrapolation of Qext (Table 3) – real error 1.8 times larger than estimate – and
second of S11 – real error 1.5-2 times larger than estimate for broad range of θ (data not
shown). The existence of such exceptions is acceptable since the estimates have a statistical
nature of a confidence interval. However, these estimates, though reliable, are definitely not
optimal, i.e. they often significantly overestimate the real errors [e.g. Fig. 12(a)]. It also
seems to be sensitive to the spacing of y values used for extrapolation – cf. Fig. 11(c),
where unusually broad spacing was used. Generally this overestimation increases with
increasing ymin. We can conclude that the error estimate should be improved, and this is
subject of future research. However, the current estimate is already suitable for practical
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applications since they mainly require reliability of the error estimate, which is
demonstrated empirically in this chapter.
It is important to note that we limited ourselves to a single value of m. While bounds
of ymin to obtain satisfactory extrapolation definitely dependent on m, other conclusions,
such as the reliability of the error estimate, are expected to hold true for a broad range of m.
This can be easily tested for specific values of m of interest using the methodology put
forward in this chapter.
Finally we discuss the results presented in Fig. 15. One cannot conclude that shape
errors dominate over discretization errors (or the other way around): for some θ shape
errors are much larger than discretization, for others – vice versa. However, maximum
errors occurring in backscattering directions are definitely due to shape errors (ratio of
maximum shape to maximum discretization errors is about 4). Errors in Qext (Table 4) are,
on the contrary, mostly due to discretization (although they are almost two orders of
magnitude smaller than maximum errors of S11). One may expect shape errors to become
even more important for smaller values of y, since the linear component of discretization
errors is significantly smaller than that of shape errors (hence for large values of y shape
errors scale linearly and discretization – almost quadratically). Our single result principally
shows different angle dependence of shape and discretization errors of S11: shape errors
have a clear tendency to significantly increase towards backscattering, while the general
trend of discretization errors is uniform over the whole θ range.
We have presented a simple method to directly separate shape and discretization
errors and only one result for illustration. All previous comparisons of shape and
discretization errors had significant inherent interpretation problems that caused a lot of
discussions about their conclusions. Our method is free of such problems and therefore can
be used for rigorous study of shape errors in DDA. For instance, it can help to directly
evaluate the performance of different techniques to reduce such errors, e.g. WD.
Discretization errors are then the limit one can achieve by drastically reducing shape errors.
We have used a traditional DDA formulation (LDR) to show that the extrapolation
technique can be used with current DDA codes without any modifications. However, as we
showed in Subsection 3.2.2.4 several modern improvements of DDA (namely IT and WD)
should significantly change the convergence behavior of DDA computations and hence
influence the performance of the extrapolation technique (see also Section 3.3.4). IT should
improve the quality of the extrapolation for cubically shaped particles, while WD for noncubically shaped scatterers. Testing of extrapolation performance of DDA using IT and WD
is a subject of a future study.

3.3.5 Conclusion
Based on the theoretical convergence analysis as presented in Chapter 3.2, we proposed an
extrapolation technique together with a step-by-step prescription, which allows accuracy
improvement of DDA computations. The performance of this technique was studied
empirically and we showed that it significantly suppresses maximum errors of S11(θ ) when
the best discretization parameter ymin < 0.4 and 0.15 for cubically and non-cubically shaped
scatterers respectively (for refractive index m = 1.5). The quality of the extrapolation
improves with decreasing ymin reaching extraordinary performance especially for cubically
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shaped particles – more than two order of magnitude decrease of error when ymin ≈ 0.05 for
wavelength-sized scatterers with m = 1.5 (total computational time for extrapolation is less
than 2.7 times that for a single DDA computation).
The proposed estimates of the extrapolation error were proven to be reliable,
although they can be improved to decrease overestimation of the errors in some cases. This
error estimate is completely internal, and hence can be used to create adaptive DDA – a
code that will automatically refine discretization to reach a required accuracy.
We also proposed a simple method to directly separate shape and discretization
errors. Maximum errors of S11(θ ) for the kD = 10 sphere with m = 1.5, discretized using 16
dipoles per diameter (y = 0.93) are mostly due to shape errors, however the same is not true
for all measured quantities. This method can be employed to rigorously study fundamental
properties of these two types of errors and to directly evaluate the performance of different
techniques aimed at reducing shape errors.
Our theory predicts that modern DDA improvements (namely integration of Green’s
tensor and weighted discretization) should significantly change the performance of the
extrapolation technique, however numerical testing of these predictions is left for future
research.

3.4 Current capabilities of the DDA for very
large particles *
Any sufficiently advanced technology is indistinguishable
from magic.
Arthur Clarke, Profiles of the Future (1973)

In this chapter we investigate the capabilities of the DDA to simulate scattering from
particles that are much larger than the wavelength of the incident light, and describe an
optimized publicly available DDA computer program that processes the large number of
dipoles required for such simulations. Numerical simulations of light scattering by spheres
with size parameters x up to 160 and 40 for refractive index m = 1.05 and 2 respectively are
presented and compared with exact results of the Mie theory. Errors of both integral and
angle-resolved scattering quantities generally increase with m and show no systematic
dependence on x. Computational times increase steeply with both x and m, reaching values
of more than 2 weeks on a cluster of 64 processors. The main distinctive feature of the
computer program is the ability to parallelize a single DDA simulation over a cluster of
computers, which allows it to simulate light scattering by very large particles, like the ones
that are considered in this chapter. Current limitations and possible ways for improvement
are discussed.

3.4.1 Introduction
There are a number of computer programs based on the DDA. In this chapter we
present a new program, Amsterdam DDA (ADDA), which recently has been put in the
public domain [182]. Its main distinctive feature is the ability to parallelize a single DDA
simulation over a cluster of computers, which allows simulation of light scattering by very
large particles. This is demonstrated for a number of test cases in this chapter. Validation of
ADDA by simulating light scattering by wavelength-sized particles and comparing it with
other DDA programs is reported in Chapter 3.5.
Section 3.4.2 describes in detail the ADDA computer code, showing its advantages
compared to other codes. A number of numerical tests are shown in Section 3.4.3,
demonstrating that DDA is actually capable processing large particles, and showing the
current capabilities of ADDA. Results of these simulations are discussed in Section 3.4.4;
the errors are compared with previous results for much smaller particles. Section 3.4.5
concludes the chapter and discusses possible future work.

3.4.2 ADDA computer code
ADDA has been developed over a period of more than 10 years at the University of
Amsterdam [35,36,70]. Its main feature (distinctive from other DDA codes) has always
been the capability of running on a cluster of computers, parallelizing a single DDA
*
This chapter is based on M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "The discrete dipole approximation
for simulation of light scattering by particles much larger than the wavelength," J. Quant. Spectrosc. Radiat.
Transf. 106, 546-557 (2007).
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computation, in contrast with e.g. DDSCAT (see Subsection 3.5.2.2) that allows farming
several instantiations of a DDA simulation to different processors. This allows using a
practically unlimited number of dipoles, since ADDA is not limited by the memory of a
single computer. Recently the overall performance of the code has been improved
significantly, together with some optimizations specifically for single-processor mode.
Starting from May 2006, ADDA's source code and documentation is freely available [182].
Most of ADDA is written in ANSI C, which ensures wide portability on the sourcecode level. The code is fully operational on Linux and Windows based systems. The
parallelization over multiple processors is based on a geometric decomposition of the
particle and the single-program-multiple-data paradigm of parallel computing. The code is
written for distributed memory systems using the message passing interface (MPI). * Note
that ADDA can also run on shared memory computers, e.g. on multi-core processors, using
MPI as well. The FFT used for the matrix-vector products in the iterative solver is
performed either using routines by Temperton [183] or the more advanced package “Fastest
Fourier transform in the West” (FFTW 3) [184]. The latter is generally considerably faster
but requires a separate package installation.
ADDA has four options implemented for dipole polarizabilities: CM, RR, LDR, and
CLDR. It includes four iterative methods: CGNR, Bi-CGSTAB, Bi-CG(CS), and
QMR(CS). The stopping criterion of the iterative method in ADDA is the relative L2-norm
of the residual, which must be smaller than threshold εit, which default value is εit = 10−5.
The usual formulation of DDA is Eq. (22). If the polarizability tensor is diagonal for
all dipoles then there always exists a βi such that βi βi = αi , i.e. βi = αi . Moreover, βi is
then complex symmetric, and so is the matrix with elements
i = j,
⎪⎧I ,
A ij = ⎨
(171)
⎪⎩− βi G ij β j , i ≠ j ,
A is the interaction matrix that is used in ADDA, i.e. the following system of linear
equations is solved:
∑ Aij x j = xi − ∑ βi Gij β j x j = βi Einci ,
(172)
j

j ≠i

where xi = βi−1Pi is a new unknown vector. Equation (172) is equivalent to the use of
Jacobi-preconditioning together with keeping the interaction matrix complex-symmetric
(for any distribution of refractive index inside the scatterer and for any of the supported
polarizability prescriptions). We have not studied, however, whether this Jacobipreconditioning improves the convergence of the iterative solver. It is important to note
also that DDA is not limited to diagonal or symmetric polarizabilities. Any other tensor
may be used, but then the interaction matrix is not complex-symmetric; hence, QMR and
Bi-CG are less efficient.
ADDA can perform orientation averaging of the scattering quantities over three
Euler angles (α, β, γ) of the particle orientation. Averaging over the angle α is done with a
single computation of internal fields by computing scattering in different scattering planes,
*

http://www.mpi-forum.org
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which is comparably fast. Averaging over the other two Euler angles is done by
independent DDA simulations. The averaging itself is performed using a Romberg
integration [185], which may be used adaptively (i.e. automatically simulating the required
number of different orientations to reach a prescribed accuracy) but limits the possible
number of values for each orientation angle to be 2p + 1, where p is an integer. Moreover,
symmetries of the scatterer may be used to decrease the intervals of Euler angles, over
which to average, and hence accelerate the calculation.
Other features of ADDA include computation of scattering by a tightly focused
Gaussian beams [70], a checkpoint system to allow for long runs on queuing systems that
enforce upper limits on wall clock time for execution as is usually the case on massively
parallel supercomputers, calculation of radiation forces on each of the dipoles [37], use of
rotational symmetry of the scatterer to halve the simulation time, applicability to
anisotropic scatterers, and an extended command line interface. Some other features, such
as a large set of predefined shapes, are planned to be implemented in the near future.
There are several factors that allow ADDA's performance to compare favorably with
other codes. First of all, the FFTW 3 package that is used automatically adapts itself to
optimally perform on any particular hardware. Moreover, ADDA does not perform
complete 3D FFT transforms in one run, but decomposes them into a set of 1D transforms
with data transposition in between. This allows employing the fact that input data for the
forward transform contains many zeros, and only part of the output data of the backward
transform is used [36]. Second, we have implemented four different Krylov-space-based
iterative solvers, allowing us to choose the most suitable one for a particular application. As
is known from the literature (see Subsection 3.1.4.1) and demonstrated in Section 3.4.3,
there is not a best iterative solver for DDA. Depending on all details of the scattering
problem, any of the methods may outperform the others. Third, dynamic memory allocation
and optimized data structures allow all computations, except the FFT, to be performed only
for the real (non-void) dipoles and not for the whole computational box. This also decreases
ADDA's memory consumption. Moreover, symmetry of the interaction matrix is used to
decrease memory required for its Fourier transform. Finally, all float variables in ADDA
are represented in double precision. This accelerates convergence in cases when machine
precision becomes important. Moreover, basic operations with double-precision numbers
can be faster than with single-precision ones on modern processors. This acceleration
comes at a cost of increased memory consumption, which is, however, still lower than for
other computer codes (see Chapter 3.5).
More information on ADDA can be found in an extensive manual included in the
distribution package [182]. The most recent version of ADDA is 0.77, which has been
released in June 2007 (at time of writing – summer 2007).

3.4.3 Numerical simulations
3.4.3.1 Simulation parameters

In our tests we used ADDA v.0.75, compiled with the Intel C compiler v.9.0 with
maximum possible optimizations (default options in ADDA’s makefile). All the
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Fig. 16. Current capabilities of the ADDA for spheres with different x and m. The striped region
corresponds to full convergence and densely hatched region to incomplete convergence. The dashed
lines show two levels of memory requirements for the simulation, according to the “rule of thumb”
(see main text for explanation).

simulations described in this thesis were run on the Dutch compute cluster LISA, * using 32
nodes (each dual Intel Xeon 3.4 GHz processor with 4 GB RAM), unless stated otherwise.
LDR was used as the most common polarizability formulation. We have tried three
different iterative solvers: QMR, Bi-CG, and Bi-CGSTAB. For all of them a default
stopping criterion εit = 10−5 was used.
Spheres were used as test objects. Their size parameter x was varied from 20 to 160
and their refractive index m was varied from 1.05 to 2. We limited ourselves to the case of
real m. The current capabilities of ADDA are shown as a region of the (x,m)-plane in
Fig. 16. The striped region corresponds to full convergence, the densely hatched region
corresponds to those cases where ADDA could not fully converge to the required residual
norm, but only to εit ∈(10−5,10−3). Although this incomplete convergence probably affects
the final accuracy of the scattering quantities only slightly, we remove such results from
further consideration because a separate study is required to quantify this effect (see Section
3.4.4). For fully converged results, the errors of scattering quantities due to the numerical
convergence are much smaller than the total errors (data not shown).
A complete set of (x,m) pairs, for which ADDA converged, is shown in Table 5. It
also shows the number of dipoles per wavelength in the medium (λ/md). We tried to keep it
equal to 10 according to the “rule of thumb”; however, it was slightly different because we
varied the size of the dipole grid to optimize the parallel efficiency of ADDA. † The total
number of dipoles in a rectangular computational grid, shown in Table 5, was varied from
2.6×105 to 1.3×108, it can be approximately determined as (3.18xm)3. Both memory
*

http://www.sara.nl/userinfo/lisa/description/
The best parallel performance is obtained when grid size divides the number of processors. However, ADDA
works with any grid size.
†
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Table 5. Parameters of the numerical simulations.
x
Na
Iterative method
Niter
λ/md
20
9.6
Bi-CGSTAB
6
2.6×105
30
9.6
Bi-CGSTAB
7
8.8×105
40
9.6
Bi-CGSTAB
9
2.1×106
Bi-CGSTAB
14
60
9.6
7.1×106
Bi-CGSTAB
20
80
9.6
1.7×107
Bi-CGSTAB
27
100
9.6
3.3×107
Bi-CGSTAB
40
130
10.3
9.0×107
Bi-CGSTAB
65
160
9.6
1.3×108
20
10.5
1.2
QMR
86
5.1×105
30
11.2
QMR
223
2.1×106
QMR
598
40
10.5
4.1×106
QMR
2120
60
9.8
1.1×107
Bi-CGSTAB
21748
80
10.5
3.3×107
Bi-CGSTAB
6169
100
10.1
5.7×107
Bi-CGSTAB
29200
130
10.3
1.3×108
1.4
20
10.8
QMR
1344
8.8×105
30
10.8
QMR
16930
3.0×106
QMR
8164
40
10.8
7.1×106
60
9.6
Bi-CG
127588
1.7×107
20
11.0
1.6
QMR
8496
1.4×106
Bi-CG
69748
30
10.5
4.1×106
20
11.2
1.8
QMR
28171
2.1×106
Bi-CG
118383
30
10.2
5.5×106
2
20
10.1
QMR
58546
2.1×106
a
This is the total number of dipoles in the rectangular computational grid, which is the main factor determining the
computation time of one iteration. For spheres the number of dipoles occupied by the scatterer itself is almost two
times smaller.
m
1.05

requirements and computation time of one iteration are proportional to this number. Two
dashed lines are shown in Fig. 16 to indicate the memory requirements for different x and
m. They correspond to typical memory of a modern PC (2 GB) and the maximum total
memory used in our simulations (70 GB), respectively.
For each sphere we computed the extinction efficiency, the asymmetry parameter,
and all Mueller matrix elements in one scattering plane, which is a symmetry plane of the
cubical discretization of the sphere. Exact results for the same spheres were obtained using
the Mie theory [14]. Spherical symmetry was used by ADDA to get all results from
calculations for only one polarization state of the incident field. Therefore computation time
is a factor of two smaller than for non-symmetric scatterers with the same x and m. We
employed a volume correction to ensure equal volumes of sphere and its dipole
representation [48]. Note, however, that for the very large spheres this correction is
extremely small.
3.4.3.2 Results

Table 5 shows the iterative solver that provided the best performance for each particular
case and the number of iterations to achieve convergence. Figure 17 illustrates one specific
example of convergence of the DDA iterative solver. This is QMR applied to the system of
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Fig. 17. Convergence of the QMR iterative solver for the sphere with x = 20 and m = 1.8. The residual
as a function of the iteration number is shown. The system of linear equations contains 3×106
unknowns.
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Fig. 18. Total simulation wall clock time (on 64 processors) for spheres with different x and m. Time
is shown in logarithmic scale. Horizontal dotted lines corresponding to a minute, an hour, a day, and a
week are shown for convenience.

3×106 linear equations obtained for the sphere with x = 20 and m = 1.8. The total simulation
wall clock time t for all particles is shown in Fig. 18. Figure 19 shows the relative errors of
the extinction efficiency Qext and the asymmetry parameter <cosθ >. Maximum - and rootmean-squared (RMS) relative errors of S11 over the whole range of scattering angle are
shown in Fig. 20. Errors of other non-trivial Mueller matrix elements behave in a similar
way (data not shown).
DDA results of S11(θ ) for a sphere with x = 160 and m = 1.05 are compared with the
Mie theory in Fig. 21. The inset shows a magnification of the backscattering region. This is,

3.4 Current capabilities of the DDA for very large particles

83
m=
1.05
1.2
1.4
1.6
1.8
2

-2

Relative error of Qext

10

-3

10

(a)

-4

10

(b)
-2

Relative error of <cosθ >

10

-3

10

-4

10

-5

10

20

40

60

80
100
Size parameter x

120

140

160

Fig. 19. Relative errors of (a) the extinction efficiency and (b) the asymmetry parameter in
logarithmic scale for spheres with different x and m.

to the best of our knowledge, the largest particle ever simulated with DDA. Figure 22
shows the same comparisons but for x = 60, m = 1.4 and x = 20, m = 2.

3.4.4 Discussion
The convergence of the QMR iterative solver shown in Fig. 17, featuring plateaus and steep
descents, is in agreement both with its behavior in general [145] and with particular
examples of its application to DDA [52,186]. A distinctive feature of this graph compared
to the literature data is that the convergence slows down with iteration number, i.e. the
logarithm of the residual norm decreases slower than linearly. This is probably due to the
large size of the scatterer and loss of numerical precision (see discussion below).
The total computation times t increase steeply both with x and m (see Fig. 18). The
time is displayed in a logarithmic scale covering a range from 4 seconds to more than 2
weeks. For m = 1.05, the increase of t with x is mostly due to the increasing number of
dipoles to model the scatterer, since Niter increase at a slower pace (Table 5). For larger m
these two effects are comparable, combining into a very unfavorable scaling, which can be
approximately described by a power law dependence of t on x, the exponent of which is > 6
for m ≥ 1.2. It should be noted that both Niter and t do not always increase monotonically
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Fig. 20. (a) Maximum and (b) RMS relative errors of S11(θ ) in logarithmic scale for spheres with
different x and m.

with x. For example for x = 80, m = 1.2 and x = 30, m = 1.4 the execution times are
unusually high. This may be caused by a large condition number of DDA interaction
matrices for these two particular particles. Moreover, when the convergence is slow it may
suffer from machine precision, the latter determining the limit of x and m, for which ADDA
will converge at all.
Therefore, current size limitations of the DDA for m ≥ 1.2 are due to the practically
unbearable computation times, and not due to memory requirements. * Simulations for
larger m are far from the memory limit shown in Fig. 16. Moreover, simply using more
processors does not solve the problem. Improving numerical performance is required, e.g.
dedicated preconditioning of the iterative solver. On the other hand, extension to larger
sizes for m < 1.2 is feasible if more computer resources are available. This facilitates, for
example, simulating scattering of visible light by almost all biological cells in suspension.

*

The boundary value of m is not well-defined, as it depends on particular hardware and restrictions on
computation time; 1.2 is just a convenient value to guide the reader.
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Fig. 21. DDA results (dotted line) of S11(θ ) in logarithmic scale for a sphere with x = 160 and
m = 1.05, compared with the results of the Mie theory (solid line).

The increase of Niter with m is a well-known fact; however, there is still no rigorous
theoretical foundation to describe it in details (see Subsection 3.1.4.1). There is also a
notion that absorption, if present, should decrease the overall interaction between dipoles in
a large scatterer and hence Niter. However, a systematic study for large x and complex m is
required to make definite conclusions.
Another parameter that may greatly affect the computation time is the convergence
threshold εit. In this chapter it is set to a de-facto default value of 10−5 [48], which ensures
negligibly small numerical errors compared to the model errors. However, in many cases
numerical errors are small enough already for εit = 10−3, i.e. the difference of the scattering
quantities between simulations with εit = 10−3 and εit = 10−5 is significantly smaller than the
difference between the latter and the exact values (data not shown). Figure 17 shows that
QMR for a particular case converges to εit = 10−3 and εit = 2×10−3 three and six times faster
respectively than to εit = 10−5. Results for other simulated particles and iterative solvers
show similar trends and even larger acceleration with increasing εit in some cases (data not
shown). Therefore, if one can determine an optimum εit for a particular case, it can decrease
the computation time significantly. However, we do not pursue this issue further in this
chapter.
Figure 19(a) shows the deterioration of the accuracy of Qext with increasing m, while
there is no clear dependence on x (the only exception is a single result for m = 2). Results
for <cosθ > [Fig. 19(b)] behave in a similar way. These results are in good agreement with
results of other researchers for smaller size parameters (Table 1), both in terms of the errors
themselves and their dependence on m. To express errors on the angular dependencies of
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S11 we use two integral parameters: the maximum - and RMS relative errors (Fig. 20).
Although these parameters are not completely objective, as they are significantly influenced
by the values of S11 in deep minima, which are completely irrelevant to most real
experiments, they do provide a consistent measure of the DDA accuracy. To relate these
integral parameters to some other criteria, e.g. visual agreement, three examples are
presented in Figs. 21 and 22. Errors of S11(θ ) show the same tendencies as the integral
scattering quantities, except that errors for m = 1.05 are relatively large (larger than those
for m = 1.2 in the range x ≤ 60) and generally decrease with increasing x. This is due to the
relative nature of the measured errors and the huge dynamical range of S11(θ ) for small
refractive indices (see Fig. 21). Known results for smaller size parameters (Table 1) show a
similar increase of errors with m; however, the errors themselves are considerably smaller.
For instance, maximum relative errors of S11(θ ) for x < 10 and m up to 2.5 + 1.4i are
smaller than 0.4. This is due to the general differences between functions S11(θ ) for
particles comparable to and much larger than the wavelength. The latter has deeper minima
and a larger overall dynamic range. It is important to note that refractive indices as small as
1.05 are rarely used in DDA simulations [87], therefore it is hard to make any definite
conclusions concerning the behavior of errors in this case.
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In what follows, the traditional “rule of thumb” (see Subsection 3.1.3.2) is discussed,
which states that for λ/md = 10 errors of cross sections and asymmetry parameter are
expected to be a few percents, and maximum errors in the angular dependence of S11 on the
order of 20–30%. Results for both Qext and <cosθ > do satisfy the “rule of thumb,” however
this rule does not describe the decrease of errors by two orders of magnitude with
decreasing m. The latter can be used to cut down the number of dipoles and hence
computation time in cases when only integral scattering quantities need to be calculated for
small m. Relative errors of S11(θ ) are much larger than that predicted by the “rule of
thumb,” which is due to the fact that the latter was derived based on test simulations for x
smaller than 10. See, however, the discussion below on possible changes for complex
refractive index and non-spherical shapes. To conclude, the “rule of thumb” has very
limited application for the range of x and m here. More elaborate empirical functions are
required to estimate the number of dipoles needed to reach a prescribed accuracy. They will
also allow a more realistic estimate of DDA computational complexity, i.e. the computation
time needed to reach a certain accuracy of some scattering quantities for particular x and m.
This topic is left for the future study.
The test results shown in this chapter are limited to real refractive indices and
spherically shaped scatterers. In the following we try to generalize our conclusions to
complex refractive index and non-spherical shapes. However, we want to stress that this
generalization is speculative, and more numerical tests are clearly needed to verify them. It
is expected that accuracies of integral scattering quantities should not change significantly
for more general cases. Their accuracy should deteriorate both with increasing real and
imaginary parts of the refractive index. The situation for angle-resolved scattering
quantities is expected to be different. Large relative errors observed in this chapter are due
to deep minima that are a consequence of both spherical symmetry and purely real
refractive index. It is expected that visual agreement between the DDA results and the exact
solution (as shown in Figs. 21 and 22) should not change significantly for more general
cases, however it will result in smaller relative errors, especially for larger x and smaller m.

3.4.5 Conclusion
In this chapter we presented the ADDA, a computer program to simulate light scattering by
arbitrarily shaped particles. ADDA can parallelize a single DDA simulation, which allows
it not to be limited by the memory of a single computer. Moreover, ADDA is heavily
optimized, which allows it to compare favorably with other programs based on DDA when
running on a single processor. We showed its capabilities for simulating light scattering by
spheres with size parameter x up to 160 and refractive index m up to 2. The maximum
reachable x on a cluster of 64 modern processors decrease rapidly with increasing m: it is
160 for m = 1.05 and only 20−40 (depending on the convergence threshold) for m = 2. This
is mostly due to the slow convergence of the iterative solver leading to practically
unbearable computation times. It is expected that larger particle sizes can be reached if m
has a significant imaginary part.
Errors of both integral and angle-resolved scattering quantities show no systematic
dependence on x, but generally increase with m. Errors of extinction efficiency Qext and
asymmetry parameter <cosθ > range from less than 0.01 % to 6 %. Maximum - and root-
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mean-square relative errors of S11(θ ) are in the ranges 0.2–18 and 0.04–1 respectively.
Error predictions of the traditional “rule of thumb” have very limited application in this
range of x and m: it describes the upper limit of errors of Qext and <cosθ >, however it does
not account for the decrease of the errors with m.
Currently, the ADDA is capable of simulating light scattering by almost all
biological cells in suspension; however, its performance for other cases can be improved.
These improvements, left for future work, may include improving the convergence of the
iterative solver by preconditioning. It also is desirable to conduct a detailed study of the
dependence of the accuracy of the final results on the size of the dipole and convergence
thresholds of the iterative solver for different scatterers. Such a study should result in a
reduction of the computation time and provide a realistic estimate of DDA complexity over
a wide range of x and m.

3.5 Comparison between different DDA codes*
Fast cars, fast women, fast algorithms... what more could a
man want?
Joe Mattis

There are several computer implementations of the DDA method, and in this chapter we
will compare four implementations in terms of their accuracy, speed, and usability. The
accuracy is studied by comparing the DDA results against results from Mie, extended
boundary condition method, and generalized multiparticle Mie solution codes with suitable
geometries. It is found that the relative accuracy for intensity is between 2% and 6% for ice
and silicate type refractive indices and the absolute accuracy for linear polarization ratio is
roughly from 1% to 3%.

3.5.1 Introduction
The importance of light scattering methods in studying the structure of various remotely
sensed objects, e.g. in astronomy and in some technological applications has greatly
increased in the last years. One obvious reason for this is undoubtedly the enormous and
steady increase in the computer power and speed.
Before light scattering results for any object can be computed the relevant
morphology for it must either be known or modeled. Most of the geometries can be divided
into two basic classes: solid and particulate. For the solids it is fairly straightforward to
model the outer boundary while in the case of particulate material much more free
parameters must be considered. First, the sizes and shapes of the constituents must be
decided. Second, the packing density is often a crucial parameter and must either be known
or varied which complicates the computations further. For any of existing light scattering
codes we must know (or model) the refractive index, both the real and imaginary parts. The
scattering material can also be anisotropic which requires that two or three different indices
should be obtained.
The DDA is one of the methods that can be applied to arbitrary shaped scatterers,
which can be inhomogeneous and anisotropic. Because of the increasing popularity in the
DDA codes it would be valuable to quantitatively compare several aspects of these both in
relation to each other (speed, accuracy, etc.) and in respect to the absolute accuracy of
those. For the later we naturally need reference codes which can handle some geometries in
a numerically exact manner. This limits the available geometries to only a few. A fairly
obvious choice is to use the EBCM [187] and the GMM [188] codes. We were able to
collect a total of four different DDA versions to do this comparison.
In Section 3.5.2 the four DDA codes are presented, and in Section 3.5.3 the details of
the comparison and its results are discussed. In Section 3.5.4 we draw some conclusions
about the performance and properties of different DDA codes.

*
This chapter is based on A. Penttila, E. Zubko , K. Lumme, K. Muinonen, M. A. Yurkin, B. T. Draine, J. Rahola,
A. G. Hoekstra, and Y. Shkuratov, "Comparison between discrete dipole implementations and exact techniques,"
J. Quant. Spectrosc. Radiat. Transf. 106, 417-436 (2007).
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3.5.2 DDA codes
Several researchers or groups have implemented a DDA code for their own use. Some
codes are publicly available, either freely or commercially. In this chapter we compare four
DDA implementations: the commercially available SIRRI, the publicly available DDSCAT
and ADDA, and ZDD which is currently available for its developers. The codes are
presented in more detail in the following subsections.
3.5.2.1 SIRRI

The SIRRI code is based on the approach equivalent to LAK and has been developed by
Simulintu Oy in Finland. The code has been written in Fortran 90. The geometry of the
scatterer is read from a file and all the parameters of the computation are described in a
parameter file which has flexible keyword syntax. The code uses dynamic memory
allocation so that no recompilations are needed for different problem sizes. Linear
equations for isotropic particles are complex symmetric and can be solved with the
QMR(CS). FFT routines from the IMSL mathematical library * are used to compute the
matrix-vector products. The current version uses only one scattering plane for each particle.
As discussed for the ZDD code (see Subsection 3.5.2.3), the use of multiple scattering
planes would increase the efficiency of orientation averaging.
3.5.2.2 DDSCAT

The DDSCAT was implemented by Draine and Flatau [48]. The code is written in Fortran
77, and is highly portable. The current release is version 6.1 [143]; complete source code
and extensive documentation are freely available. † The code is able to automatically
generate a number of standard target shapes (e.g. spheres, spheroids, ellipsoids, rectangular
solids, tetrahedra, cylinders, hexagonal prisms). In addition, the user has the option of
supplying a list of occupied lattice sites to describe any desired target geometry. DDSCAT
is capable of treating anisotropic dielectric tensors, and multicomponent targets.
The parameters of the scattering problem (target shape, size, orientation, and desired
scattering calculations) are read from a parameter file. The user also supplies a separate file
with the tabulated dielectric function or refractive index for each material as a function of
wavelength; DDSCAT will interpolate to obtain the dielectric function at the wavelengths
requested in the parameter file.
DDSCAT uses either the generalized prime factor FFT algorithm routines [183,189]
or FFTW 2.1 routines [184]. Two options for iterative solver are offered: (1) the Jacobipreconditioned Bi-CGSTAB from the parallel iterative methods package created by da
Cunha and Hopkins; (2) CGNE algorithm of Petravic and Kuo-Petravic [190]. All required
routines are supplied with the DDSCAT distribution. Version 6.1 supports MPI, and can
run separate scattering problems (e.g., different target orientations or wavelengths)
simultaneously on multiple processors.

*
†

http://www.absoft.com/Products/Libraries/imsl.html
http://www.astro.princeton.edu/~draine/
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3.5.2.3 ZDD

The code ZDD has been developed at the Astronomical Institute of Kharkov National
University in the Ukraine [120,191,192]. Since 1999 Zubko and Shkuratov have worked
with the algorithm and code development. The ZDD code has been written in C++ and is
highly portable. This code uses LDR for dipole polarizability. Since 2001 the ZDD code
employs FFT for matrix-vector products. Either Bi-CGSTAB or a method equivalent to BiCG(CS) can be used for the solution of the linear system. The latter was used in this
chapter.
Similar to DDSCAT and ADDA, ZDD calculates scattering in several scattering
planes for each particle orientation. These calculations are relatively fast and help to
improve the accuracy of the final results. In this chapter we use four evenly placed
scattering planes per one orientation of the scatterer. Single precision is used for most of the
values; however, the intermediate coefficients in the iterative solver are calculated in the
double precision. That helps to partly alleviate the slowing of convergence due to the
round-off errors without significant increase of memory requirements.
ZDD can execute on a cluster of personal computers farming separate simulations,
similar to DDSCAT. Parallelization is performed on script level: each processor runs
completely independently and output files are combined afterwards. All output files are
saved in binary format, and automatic checkpoint system is implemented to restore the
simulation progress after system crashes.
3.5.2.4 ADDA

The ADDA code is described in detail in Section 3.4.2. One of the important difference
from other codes is use of Romberg integration for orientation averaging, which has both
advantages and drawbacks (see Section 3.4.2). In this chapter we used version 0.7a, the
QMR(CS) as an iterative solver, and the FFTW package for performing FFTs. We used the
default LDR polarizability prescription. Orientational averaging was performed using the
general scheme, not employing the symmetries of the scatterer, which e.g. for axisymmetric
scatterers can cut the computational time dramatically.

3.5.3 Comparison between the codes
We have compared the four DDA based light scattering codes to each other and against
exact solutions from codes based on the T-matrix or Mie approach. The comparison has
been done with five different scattering geometries and with two refractive indices. Four of
the geometries were calculated in random orientation. Differences from exact results are
reported, as well as computational times and computer memory requirements.
There are several different issues that one needs to take into account when
programming a good DDA code. These involve both theoretical and practical issues, such
as:
1) The user interface (if any) for the code (programming problem).
2) The choice of polarizabilities for the dipoles (physical and theoretical problem).
3) The choice of solver for the system of linear equations (applied mathematics
problem).
4) The programming of the solver (programming problem).
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Fig. 23. The geometries used in the comparison. From the top left corner: a sphere and a spheroid.
The second line from left: a cylinder, a 4-sphere and a 50-sphere cluster. Both the spheroid and the
cylinder have an aspect ratio (diameter divided by height) of 0.5. These visualizations are drawn from
the smoothed discretized dipole representations of the shapes.

From the user's point of view, all of these should be done well before the DDA code is
useful.
3.5.3.1 Geometries and parameters

We have used the following five geometries: sphere, spheroid, cylinder, and two clusters of
uniform spheres, a 4-sphere and a 50-sphere cluster. All geometries have the same volumeequivalent size parameter x = 5.1. We have decided to use two refractive indices throughout
the comparison, msi = 1.6 + 0.001i (silicate) and mic = 1.313 (ice). We have used such
dipole size that kd = 0.3, varying it just a little to ensure that the volume stays the same for
all the geometries. This dipole size is expected to provide accurate results (see Subsection
3.1.3.2).
With this dipole size and the size parameter each of the geometries require about
21 000 dipoles for material. The memory requirements of DDA are determined by the size
of the rectangular grid that contains all the dipoles. For a sphere, these ~21 000 dipoles fit
to a cubic grid with side length of 35 dipoles. The most porous shape, cluster of 50 spheres,
needs a rectangular grid of 57×59×62 dipoles. The dipole presentations of the shapes are
shown in Fig. 23.
The sphere is a rotationally symmetric shape, thus no orientation averaging is needed
for the DDA computations of its scattering. However, the discrete representation of the
shape is not completely spherically symmetric, and orientation averaging is known to
improve the accuracy, especially in backscattering region. * Nevertheless, the sphere was
computed in single orientation. For the other shapes, results must be averaged over
orientations if we want to compare the results to the random orientation T-matrix results.
*

A. Penttila, private communication (2007).
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We have computed results for different number of orientation averages, but we report here
only the results that use 1024 orientations (actually, for technical reasons DDSCAT uses
1089 and ADDA 1152 orientations). The convergence threshold for the iterative solver is
the same for all the codes εit = 10−5.
The calculation over random orientation of the scatterer is implemented in different
ways in these four codes. The three Euler rotation angles α, β, and γ can be sampled either
randomly or systematically. Furthermore, the rotation over α can be replaced by using
corresponding scattering planes which will accelerate the calculations (see Section 3.4.2).
SIRRI uses full random sampling over all the three angles. ZDD also uses random
sampling, but in addition it calculates scattering with four scattering planes per orientation.
Thus, the number of 1024 orientations is reached with 256 rotations and with four
scattering planes per orientation. DDSCAT and ADDA use systematic sampling of Euler
angles. We have chosen to use 11 scattering planes and 9 (β ) and 11 (γ ) orientation angles
with DDSCAT, producing a total of 1089 orientations. With ADDA the choice of the
number of angles is more limited, since all the values must be powers of two (plus one in
some cases) because of the Romberg integration. We have chosen to use 16 scattering
planes with ADDA and 9 (β ) and 8 (γ ) orientation angles, producing a total of 1152
orientations.
3.5.3.2 Exact methods

We have chosen the geometries for this study so, that the scattering can also be computed
with either the Mie (sphere) or the T-matrix based method. We consider the T-matrix and
Mie results to be practically exact, and compare all the DDA results against these. The
different exact codes used are:
1) Mie code from Lompado for a sphere. The code is written for Mathematica. *
2) EBCM code from Mishchenko and Travis for the cylinder and spheroid [187]. The
code is written in Fortran 77.
3) GMM code from Mackowski and Mishchenko for sphere clusters [188]. The code is
written in Fortran 77.
3.5.3.3 Accuracy

The results from DDA codes are compared to the results provided by the exact methods.
All the codes produce the full Mueller matrix for a given set of the scattering angles θ. We
use a range for θ from 0° to 180° with one degree steps. We will report here only the
scattered intensity S11 and the linear polarization ratio P = −S21/S11. The magnitudes of
values for S11 vary a lot, and S11 is often plotted in a logarithmic scale. Therefore, we use
signed relative error for S11. For the polarization ratio P, the signed absolute error is more
suitable. These errors, together with the exact solutions, are presented in Figs. 24–28 for all
the geometries and for both refractive indices.
To get an overview on the average accuracy of the DDA codes, we report also mean
absolute value of the same errors over the whole range of θ in Table 6. We denote them as
MAE and MARE for absolute and relative errors respectively. We prefer MAE over the
*

http://diogenes.iwt.uni-bremen.de/vt/laser/codes/Mie%20Code%20-%20Lompado-new.zip
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Fig. 24. Comparison results for sphere. The exact solutions for S11 (in logarithmic scale) and P are
shown in subfigures (a) and (b). The intensity and polarization errors of DDA codes are shown in (c)
and (d) for msi and in (e) and (f) for mic respectively. Results of DDSCAT, ZDD, and ADDA are
almost the same for particle in a fixed orientation. Note that the scales of both axes in the figures are
the same in Figs. 24–28.

commonly used root mean square error because the former is more intuitive in describing
the average error if no further statistical analysis is needed.
In overall it seems that the typical relative error for S11 for the DDA codes is between
2% and 6% for silicate and ice type refractive indices and for particles with size x ≈ 5. For
P, the typical absolute error is roughly from 1% to 3%. Both the errors tend to be larger for
larger refractive index. In single orientation DDSCAT, ZDD, and ADDA show almost
identical results, as expected since they are based on the same physical principles. Their
accuracy is somewhat better than that of SIRRI, which agrees with results of other
researchers who compared LDR and LAK (see Subsection 3.1.3.2).
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Fig. 25. Same as Fig. 24 but now for randomly-oriented spheroid.

The accuracy for orientation averaging is significantly different for all four codes,
which is mainly caused by the difference in the orientation averaging scheme. DDSCAT
and ZDD are generally comparable, while SIRRI is systematically slightly less accurate,
probably because of the LAK polarizability prescription instead of LDR. ADDA results are
comparable or slightly less accurate than that of ZDD and DDSCAT for 4- and 50-sphere
aggregates, but it is much less accurate for the spheroid and cylinder. The choice of the
number of orientation angles is not that flexible with ADDA, and there is a trade-off
between speed (more scattering planes) and accuracy (more orientation angles). Our choice
of 16 scattering planes and 9×8 orientations with ADDA gives a good speed, faster than
other codes by a factor of 2.3 to 16, but it results in slightly worse accuracy for nonsymmetric shapes. Doubling the number of orientations used in ADDA will significantly
improve its accuracy, and it still will be the fastest code (data not shown).
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Fig. 26. Same as Fig. 24 but now for randomly-oriented cylinder.

The prominently bad accuracy of ADDA for axisymmetric geometries is explained
in as follows. For such geometries the dipole representation of the particle is symmetric
with respect to 90° rotation over the symmetry axis. Moreover, the range from 0° to 90° for
γ is mirror symmetric with respect to the 45°. Hence, the most efficient way of orientation
averaging for such particles is to sample γ uniformly in the range from 0° to 45°, and also to
use less γ sample angles but more β sample angles. Random orientation sampling satisfies
both conditions. DDSCAT uses 11 γ angles uniformly spaced in whole angle range with
interval 32.7°, however if mapped to the range from 0° to 45° these angles give rise to
distinct points, which are more or less uniformly distributed inside the reduced range, hence
it satisfies the first of the efficiency condition stated above.
The situation for ADDA is remarkably different. 8 γ angles are used, which are
spaced with interval 45°, hence they map in only two distinct angles (0° and 45°) inside the
reduced range. That means that for axisymmetric particles ADDA repeats calculation for
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Fig. 27. Same as Fig. 24 but now for randomly-oriented 4-sphere aggregate.

four equivalent sets of orientations. Moreover, Romberg integration, which is a higher order
method, performs unsatisfactory when applied to a range that contains several periods of
the periodic function to be integrated and only a few points per each period. An analogous
discussion applies to the β angle since both spheroid and cylinder have a symmetry plane
perpendicular to the symmetry axis.
It is important to note that ADDA is perfectly suitable to calculate orientation
averaging of axisymmetric particles efficiently, but it requires a user to manually modify
the sampling intervals for Euler angles in the input files. For instance, for the discussed
scatterers the choice of 17 β angles from 0° to 90° and 5 γ angles from 0° to 45° is
appropriate. For the ice spheroid it results in MARE of S11 equal to 0.82% (cf. 4.82% in
Table 6) using only 20% larger computational time. However, such modifications of the
input files were considered a ‘fine-tuning’ in this comparison and hence were not used.
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Fig. 28. Same as Fig. 24 but now for randomly-oriented 50-sphere aggregate.

DDSCAT may also benefit from reduction of angle ranges, but in much lesser extent (in
these particular cases).
If we take a closer look in the structure of errors in Figs. 24–28 we can see that the
errors are mainly randomly distributed. For instance, in most cases the mean errors
(including the sign) are randomly either positive or negative. Exceptions are the mean
errors in P with ZDD which are positive in eight cases out of ten, and the mean errors in S11
for the 50-sphere cluster which are positive for all the codes. More systematic trends can be
seen if we divide the θ range in forward scattering (up to 90°) and in backward scattering
(after 90°) regions. In all 80 combinations of the four codes, five geometries, two refractive
indices, and I and P, the errors in backward scattering are larger in 63 cases. This definitely
implies a systematic behavior in the error structure of the DDA codes.
The integrated scattering quantities, e.g. Qext, Qsca, Qabs, and <cosθ > are required for
many applications. The integration over θ usually improves the accuracy. The average
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Table 6. MARE for S11 and MAE for P for all the DDA codes with five geometries and two refractive
indices.a
SIRRI
DDSCAT
ZDD
ADDA
msi
mic
msi
mic
msi
mic
msi
mic
Sphere
S11
7.03
4.60
5.94
4.02
5.94
4.03
5.92
3.90
P
2.95
2.37
2.19
2.51
2.52
2.21
2.50
2.18
2.36
1.56
1.92
1.96
4.59
4.82
Spheroid
S11
0.91
1.22
P
1.31
1.11
1.15
0.80
3.26
1.82
0.73
0.53
5.37
4.74
2.63
2.93
8.09
6.44
Cylinder
S11
1.76
2.41
P
1.21
2.22
1.00
1.21
2.37
1.90
1.20
0.87
3.20
1.47
2.44
1.86
2.00
1.77
4-sphere
S11
1.10
0.96
aggregate
P
1.83
1.88
1.68
2.01
2.08
1.78
1.76
1.42
6.47
2.99
2.93
6.46
7.81
6.02
50-sphere
S11
5.57
2.88
aggregate
P
2.03
0.71
1.87
0.83
1.83
0.69
1.66
0.66
a
Sphere is calculated in single orientation, other geometries are randomly-oriented. Errors for intensity are relative
to the exact solution while errors for polarization are absolute errors and both are expressed in percentages. For
every geometry, refractive index and either S11 or P, the smallest error is printed in bold font and the largest error
in italics.

Table 7. Averages of errors over all the geometries from Table 6 for integrated quantities Qsca and
<cosθ >.a
SIRRI
DDSCAT
ZDD
ADDA
msi
mic
msi
mic
msi
mic
msi
mic
Qsca
2.33
0.51
1.21
0.54
1.21
0.55
0.73
0.26
1.27
0.17
0.83
0.16
0.92
0.26
0.14
0.80
<cosθ >
a
Relative and absolute errors are used for Qsca and <cosθ > respectively. Both the errors are expressed in
percentages. The smallest error for every category is printed in bold font and the largest error in italics.

accuracy of the codes over the geometries for Qsca and <cosθ > are presented in Table 7.
DDSCAT is the best for these integrated quantities, followed by ZDD. The accuracy of
ADDA is influenced by the details of the orientation averaging discussed above. The
relative errors for Qsca and the absolute errors for <cosθ > are typically under 1% for most
of the codes.
3.5.3.4 Speed

Besides the accuracy, the computational time and the memory requirements of a DDA code
are very important factors. Both of them currently limit the possibilities of DDA
approaches in scattering studies. Some examples of the computational times and memory
consumptions of the DDA codes in our study are presented in Table 8. The codes were run
with the IBMSC computer at the Finnish Center for Scientific Computing (CSC). The
IBMSC is an IBM eServer Cluster 1600 supercomputer consisting of IBM p690 nodes that
use Power4 processors running at 1.1 GHz frequency. The computer is designed for
efficient parallel computing and if serial programs that use only one processor are executed,
the performance is comparable to a modern PC.
In the IBMSC environment, considered version of ADDA seems to be by far the
fastest. The SIRRI code is also quite fast in computing single orientation. When averaging
over several orientations, SIRRI will not perform that well. The results for the spheroid in
Table 8 are computed over 80 orientations. For DDSCAT, ZDD, and ADDA 20 different
orientations of the scatterer, where the internal field is computed, is used and four scattering
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Table 8. Computational times and memory consumptions for the DDA codes for two example cases.

Cube
1 orientation
21 952 dipoles

msi

SIRRI
DDSCAT
ZDD
ADDA
SIRRI
mic
DDSCAT
ZDD
ADDA
Spheroid
SIRRI
msi
80 orientations
DDSCAT
20 775 dipoles
ZDD
ADDA
mic
SIRRI
DDSCAT
ZDD
ADDA
a
The value has not been measured.

Computational time per
orientation, s
45
51
273
18
19
37
85
9
137
13
–a
11
41
10
13
5

Memory per
processor, MB
54.1
22.5
21.6
15.3
54.1
22.5
21.6
15.3
74.8
32.3
–a
21.6
74.8
32.3
–a
21.6

planes are computed per every internal field. It should be kept in mind that the efficiency of
a code can depend on the computing environment (processor type, compiler, and operating
system). For example, DDSCAT is faster than ZDD on the IBMSC, but with an x86
Windows PC ZDD compiled with Watcom C++ is faster than DDSCAT compiled with
Absoft Pro Fortran (data not shown).

3.5.4 Discussion
All the codes compared here have some good qualities and also some drawbacks. For
example, DDSCAT and ZDD produce accurate results, ADDA is fast and SIRRI is very
flexible to use allowing e.g. a user-specified list of orientation angles. All the codes can run
parallel using more than one processor and ADDA can use several processors even for one
orientation. DDSCAT and ADDA are freely available. On the other hand, DDSCAT cannot
use dynamical memory allocation, DDSCAT and ADDA cannot handle averaging over
user-specified orientation angle distribution, SIRRI has poor accuracy with polarization in
the backscattering domain, etc. Features of the codes are summarized in Table 9 (on the
next page).
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Table 9. Qualitative comparison of the features of the DDA codes.
Features
SIRRI
DDSCAT
ZDD
ADDAa
For single orientation:
Speed
–b
+
+
++
c
Accuracy
+
+
+
+
For orientation averaging:
Speed
−
+
+
++
Accuracy
–
±d
+
+
Flexibility to choose orientations
++
±
+
−
Adding orientations afterwards
+
−
+
−
Adaptability
−
−
−
+
Availability
±e
+
−
+
Parallel execution
–
±f
±f
+
Memory saving
−
+
+
++
Dynamical memory allocation (no recompilation)
+
−
+
+
Command line interface
±g
−
+
+
Recovery of simulation from system error
±h
−
−
+
Application to anisotropic materials
+
+
−
+
Simulation of a focused beam
−
−
−
+
a
The features described here are for the version 0.77.
b
Relatively faster on x86 processors (compared to DDSCAT).
c
However, polarization for θ = 180° is not zero.
d
Complex orientation averaging scheme can lead to poor accuracy for symmetric particles unless user manually
modifies input files to account for particle symmetries.
e
Available only commercially.
f
Only farming of simulations for different orientation over processors is possible.
g
Name of the parameter file, which has flexible format, is specified in the command line.
h
Checkpoint system is available, but it works only for simulations with fixed orientation.

3.6 Comparison between the DDA and the finite
difference time domain method*
Physics is not difficult, it is just weird.
Vincent Icke, The Force of Symmetry (1994)

We compare the DDA and the finite difference time domain (FDTD) method for simulating
light scattering of spheres in a range of size parameters up to 80 and refractive indices m up
to 2. Using parallel implementations of both methods, we require them to reach a certain
accuracy goal for scattering quantities and then compare their performance. We show that
relative performance sharply depends on m. The DDA is faster for smaller m, while the
FDTD for larger values of m. The break-even point lies at m = 1.4. We also compare the
performance of both methods for a few particular biological cells, resulting in the same
conclusions as for optically soft spheres.

3.6.1 Introduction
The DDA and the FDTD [32,193] are two of the most popular methods to simulate light
scattering of arbitrarily shaped inhomogeneous particles. These methods have a very
similar region of applicability; however, they are rarely used together. In a few manuscripts
either one method is used to validate the other [194,195] or they are compared for a few
scatterers [30]. We perform a new comparison, which in two respects is more extended than
the previous studies. First, we cover a larger range of size parameter x and refractive index
m, which includes, e.g., almost the whole range of biological cells (x up to 80). Second, we
pre-set the accuracy to be reached by both methods, which makes the performance results
more informative.
We have experience in using both methods for simulating light scattering by
biological cells [196-199], see also Chapters 4 and 5. To verify our conclusions made for
spheres we also perform simulations for a few realistically shaped biological cells.
This chapter is organized as follows. We describe the implementations of both
methods and test scatterers in Section 3.6.2. The results for spherical scatterers and
biological cells are presented and discussed in Sections 3.6.3 and 3.6.4 respectively. Section
3.6.5 concludes the chapter.

3.6.2 Simulation parameters
As a numerical implementation of the DDA we have used the ADDA computer code v.0.76
with default settings (see Section 3.4.2). We only changed the convergence criterion of the
iterative solver, which was set to εit = 10−3. This value is larger than the default one but is
enough for the accuracy required in this study (as shown in Section 3.6.3).
The implementation used for the FDTD was developed in the Biomedical Laser
Laboratory at East Carolina University [197], based on the methods described by Yang and
Liou [193] with numerical dispersion correction described by Taflove and Hagness
*

This chapter is based on M. A. Yurkin, A. G. Hoekstra, R. S. Brock, and J. Q. Lu, "Systematic comparison of the
discrete dipole approximation and the finite difference time domain method," submitted to Opt. Expr.
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[32,199]. The implementation is written in standard Fortran 90 and uses the MPI standard
for communications, allowing it to run on a variety of platforms. The incident field used
was an approximate Gaussian pulse with an average wavelength equal to the wavelength of
interest. Berenger’s perfectly matching layer boundary condition was used to terminate the
lattice [200]. To determine the convergence, multiple simulations are carried out, each
simulating a time period longer than the previous. The time periods are in increments of the
time it takes the incident pulse to travel once across the scattering particle. When the
difference in results for two simulations is negligible, or when the differences start to
oscillate, the result is said to have converged.
We simulate scattering by spheres with different x and m = m′ + im″. m″ is fixed at
1.5×10–5. This imaginary part of m does not significantly influence the final simulation
results; however, it may decrease the simulation time for the FDTD, at least for m′ = 1.02,
as indicated by previous preliminary studies (data not shown). The lower limit for x is 10
and the upper limit depends on m′ (to keep the computational times manageable). It
decreases from 80 to 20 for m′ increasing from 1.02 to 2. The exact set of x, m′ pairs is
shown in Table 10. For each sphere we compute the extinction efficiency Qext, asymmetry
parameter <cosθ >, and Mueller matrix in one scattering plane (polar angle θ changes from
0° to 180° in steps of 0.25°). From the whole Mueller matrix we analyze only the S11
element and the linear polarization P. The spherical symmetry of the problem is used to
calculate the Mueller matrix using the result for only one incident polarization (see Section
3.4.2). This accelerates the simulation almost twice compared to the general shapes, both
for the DDA and the FDTD. We use the same trick for the coated sphere model, which is
described below. In this study we fix the accuracy required by both methods. We take the
crudest discretization, described by dpl – number of dipoles (grid cells) per wavelength –
that satisfies both of the following: the relative error (RE) of Qext less than 1%, and the
RMS RE of S11 less than 25%. All simulations were performed on the Lemieux cluster *
using 16 nodes (each has 4 Alpha EV6.8 1 GHz processors and 4 GB RAM). The cluster
was decommissioned on December 22, 2006 after we had finished all simulations for
spheres.
In the second part of this chapter we apply both methods to two realistically shaped
biological cells: a red blood cell (RBC) and a B-cell precursor (BCP). We consider both of
them to be suspended in buffered saline with refractive index 1.337. We assume the
wavelength of the He-Ne laser (0.633 μm) for the incident light. The wavelength inside the
medium is then equal to 0.473 μm. We choose the z-axis to coincide with the propagation
direction of the incident light. For these biological particles we calculate the same final
quantities as for spheres except <cosθ >. S11 is calculated in the yz-plane for the same range
of θ, and Qext is calculated for incident light that is linearly polarized along the y-axis.
A mature red blood cell can be modeled as a homogeneous axisymmetric biconcave
body. To model its shape we use Eq. (179) with a typical set of parameters:
R1 = −14.3 μm2, R2 = 38.9 μm2, R3 = −4.57 μm4, R4 = −0.193, which corresponds to a RBC
with diameter 7.65 μm and maximum thickness 2.44 μm (see Fig. 29). To consider a
*

http://www.psc.edu/machines/tcs/
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Fig. 29. Profile of a typical RBC used for the simulations.

Fig. 30. An image of a B-cell precursor obtained with confocal microscopy.

general case, we orient the RBC so that its symmetry axis lies in the yz-plane and
constitutes a 30° angle with the z-axis. The refractive index (relative to the medium) is set
to 1.045 + 8×10−5i, which corresponds to the average hemoglobin concentration (see
Section 4.1). Note that m″ of the RBC is different from that of all other scatterers studied in
this chapter.
Cultured NALM-6 cells, a human BCP derived from the peripheral blood of a
patient with acute lymphoblastic leukemia [201], were used in our study. The shape of a
BCP was reconstructed from stacked images obtained from a confocal microscope. Sample
preparation, used dyes, confocal imaging procedure, and 3D shape reconstruction procedure
are described in detail in [198]. We have used the reconstructed model of cell #8 for the
simulations in this chapter (see Fig. 30, more figures can be found in [198]). It consists of
cytoplasm and nucleus, for which we assign m′ = 1.023 and 1.071 respectively (as was done
in previous studies of the BCP [198,202]). m″ is the same as for spheres. Its orientation is
the default one, so that z-axis is normal to the layers used for 3D reconstruction.
As an intermediate case between homogeneous spheres and real biological cells, we
consider a coated sphere model consisting of two concentric spheres, which is an
approximation for the BCP shape described above (volume-equivalent for both the nucleus
and the cytoplasm). Its inner and outer radiuses are 4.14 and 5.13 μm respectively
(x = 68.1). Refractive indices are the same as for the BCP. We tune the discretization for
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Table 10. Performance results of the DDA vs. the FDTD for spheres with different x and m′.a
Time, s
Dpl
Used RAM, GB
Iterationsb
DDA
FDTD
DDA
FDTD
DDA
FDTD
DDA
FDTD
1.02 10
1.1
0.6
15
12
0.15
0.02
2
275
20
11
4.1
20
14
1.4
0.13
4
509
30
24
17
17
13
2.9
0.28
4
651
40
78
384
18
22
7.1
2.3
5
1398
60
453
7026
20
32
30
20
7
4004
80
691
(40580)
16
(32)
40
(47)
9
(5239)
1.08 10
0.7
2.1
10
18
0.07
0.06
6
453
20
1.9
25
10
19
0.22
0.30
12
1005
30
8.7
207
10
19
0.79
0.84
18
2531
40
19
388
10
20
1.4
2.1
25
1928
60
31
1196
6.7
18
1.4
4.7
49
2509
80
129
12215
6.3
22
2.9
18.7
84
4009
1.2
10
0.9
3.2
10
18
0.07
0.07
20
671
20
3.2
58
7.5
20
0.15
0.44
57
1589
30
8.7
645
6.7
24
0.22
2.09
146
3321
40
106
740
7.5
18
0.79
2.09
384
3837
60
1832
35998
8.4
25
2.9
15.9
1404
13762
1.4
10
4
2.5
15
10
0.15
0.03
78
1047
20
896
3203
25
37
2.9
3.4
687
10333
30
7256
3791
17
23
2.9
2.8
5671
11013
40
10517
(47410)
18
(32)
7.1
(15.7)
2752
(21580)
1.7
10
185
5.5
25
8
0.61
0.03
900
2323
20
22030
998
35
18
7.1
0.82
5814
13101
30
(185170)
47293
(37)
30
(25)
10
(12005)
39751
2
10
1261
32
40
11
1.4
0.07
2468
7481
20
(252370)
6416
(60)
20
(30)
1.7
(14067)
30693
a
Parentheses indicate that computational method failed to achieve required accuracy for this x and m′.
b
Number of the iterations and time steps during time marching for the DDA and the FDTD respectively.
m′

x

the coated sphere to reach the same accuracy as for spheres. For biological cells we use a
single discretization, because of lack of a rigorous exact solution. For the BCP the
discretization is similar to those used for the coated sphere and for the RBC – similar to
those used for m′ = 1.08 spheres (see Table 12).
The simulations for biological cells and the coated sphere were run on a different
hardware platform; 32 nodes of LISA cluster were used (see Section 3.4.3.1). This platform
is about 2-3 times faster than 32 nodes of Lemieux; however, the scaling factor depends on
the details of the particular problem. Therefore, the main benchmark results are those
obtained on Lemieux, while LISA performance results are presented mainly for illustration
purpose.

3.6.3 Results for spheres
Results of the performance comparison of the DDA and the FDTD are shown in Table 10.
The total computational wall-time describes overall performance. It is determined by two
factors: the number of cells in the computational grid and the number of iterations or time
steps. The former depends on x and dpl and determines the memory consumption. Values
of dpl cannot be directly compared between both methods because the typical values for the
DDA (see Section 3.1.3.2) are twice as small as for the FDTD [193]. The same applies to
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Table 11. Same as Table 10 but for accuracy results.
m′

x

1.02

10
20
30
40
60
80
10
20
30
40
60
80
10
20
30
40
60
10
20
30
40
10
20
30
10
20

1.08

1.2

1.4

1.7

2

RE(Qext)
DDA
FDTD
2.5×10−3
4.3×10−3
1.4×10−4
9.3×10−4
−5
7.9×10−3
5.2×10
3.3×10−3
8×10−6
−4
5.9×10−3
1.6×10
−4
(4.3×10−3)
1.2×10
2.5×10−4
5.5×10−3
1.0×10−2
5.8×10−5
−4
9.3×10−3
3.8×10
−4
9.5×10−3
2.8×10
8.3×10−3
2.2×10−3
−3
8.7×10−3
3.8×10
−4
7.1×10
7.6×10−3
9.3×10−3
5.4×10−3
7.8×10−3
2.5×10−3
−3
9.1×10−3
3.9×10
−3
6.0×10−3
2.3×10
7.0×10−3
8.9×10−3
−3
9.8×10−3
9.7×10
−3
8.2×10−3
7.4×10
(1.5×10−2)
7.1×10−3
5.2×10−4
8.0×10−3
−2
8.0×10−3
1.0×10
−2
1.1×10−2
(2.0×10 )
4.7×10−3
8.3×10−3
8.3×10−3
(2.6×10−2)

RMSRE(S11)
DDA
FDTD
0.20
0.17
0.17
0.22
0.13
0.22
0.19
0.21
0.25
0.20
0.25
(0.33)
0.15
0.064
0.17
0.063
0.10
0.054
0.083
0.053
0.16
0.072
0.13
0.071
0.073
0.024
0.13
0.037
0.16
0.075
0.19
0.25
0.13
0.25
0.13
0.14
0.23
0.17
0.24
0.19
0.15
(0.24)
0.12
0.22
0.12
0.24
(0.14)
0.12
0.16
0.16
(0.086)
0.14

RE(<cosθ >)
DDA
FDTD
1.6×10−4
3.6×10−4
1.6×10−5
6.9×10−5
−5
1.5×10
5.3×10−5
4×10−6
1.6×10−5
−6
1×10
4×10−6
−6
3×10
(2×10−6)
6.4×10−5
1.2×10−4
5.2×10−5
3.6×10−4
−4
1.3×10
6×10−6
−5
5.1×10
8.2×10−5
2.7×10−4
4.7×10−4
−5
9.6×10
1.1×10−3
−4
3.6×10−4
6.2×10
3.4×10−3
3.3×10−4
3.4×10−4
1.4×10−3
−3
1.2×10
1.0×10−2
−3
1.3×10−3
1.2×10
4.6×10−2
8.2×10−3
−2
2.7×10−2
1.3×10
−3
5.6×10
4.6×10−3
7.3×10−5
(2.7×10−3)
3.4×10−2
9.6×10−2
−2
1.2×10
1.8×10−2
−2
1.0×10−2
(1.5×10 )
2.3×10−2
5.1×10−3
3.1×10−2
(5.0×10−3)

RMSE(P)
DDA
FDTD
0.039
0.043
0.088
0.095
0.037
0.10
0.064
0.074
0.071
0.048
0.074
(0.12)
0.074
0.024
0.097
0.061
0.062
0.033
0.11
0.045
0.14
0.062
0.13
0.054
0.059
0.022
0.11
0.029
0.14
0.069
0.15
0.23
0.14
0.23
0.059
0.093
0.095
0.15
0.24
0.19
0.13
(0.097)
0.097
0.13
0.086
0.21
(0.12)
0.095
0.11
0.17
(0.098)
0.11

the iteration count in an even greater extent. For some problems one of the methods failed
to reach the prescribed accuracy for the given hardware. Results of these simulations are
shown in parentheses.
Naturally, both methods require larger computational time for larger x just because
the number of grid cells scale cubically with x, if dpl is kept constant. Apart from that, the
behavior of the methods is quite different. Dpl required by the DDA to reach the prescribed
accuracy do not systematically depend on x, except for m′ = 1.7 and 2. However, dpl does
depend on m′: it is almost the same for m′ = 1.08 and 1.2, but is larger both for m′ ≥ 1.4 and
for m′ = 1.02. The number of iterations for the DDA is relatively small and only moderately
increases with x for m′ = 1.02 and 1.08. However, for larger m′ it rapidly increases both
with m′ and x. For m′ = 1.7 and 2 this combines with increasing dpl leading to the sharp
increase in computational time.
The behavior of dpl for the FDTD is oscillating in the whole range of x and m′
studied. On the contrary, the number of time steps increase systematically with both x and
m′, which is expected. The dependences of the FDTD performance on x and m′ are less
interdependent than that of the DDA. Comparing the overall performance of the two
methods, one can see that for small m′ and large x the DDA is an order of magnitude faster
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Fig. 31. Comparison of the DDA and FDTD results with the exact Mie solution for simulation of
S11(θ ) (in logarithmic scale) for spheres with x = 20 and m′ equals (a) 1.02, (b) 1.4, and (c) 2.

than the FDTD, and for large m′ vice versa. The boundary value of m′ is about 1.4, for
which both methods are comparable. They are also comparable for small values of both m′
and x. Memory requirements of the two methods are generally similar. However, they
naturally correlate with computational time – in most cases the faster method is also less
memory consuming.
Accuracy results for several scattering quantities are shown in Table 11. For m′ ≥ 1.4
errors of both Qext and S11 are close to the required values (0.01 and 0.25 respectively) for
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Fig. 32. Comparison of shape and discretization errors for DDA simulation of S11(θ ) for sphere with
x = 20 and m′ = 1.02. All errors are taken relative to the exact Mie solution and are shown in
logarithmic scale. Total error is the sum of the two.

both the DDA and the FDTD. However, for smaller m′ the DDA has relatively small errors
of Qext while the FDTD has smaller errors of S11. In other words, performance of the DDA
is limited by S11, while performance of the FDTD is limited by Qext. The DDA results in
several times smaller errors of <cosθ >, which is correlated with smaller errors of Qext. The
FDTD has smaller errors of P. We can, therefore, conclude that the DDA is generally more
accurate for integral scattering quantities while the FDTD for angle-resolved ones.
However, that only means that general interrelation between the DDA and the FDTD as a
function of m′ may slightly change depending on the certain scattering quantities that are
calculated.
To appreciate what it means that RMSRE of S11 is equal to 25%, we show S11 results
for three sample spheres in Fig. 31. Three subfigures are for the same x = 20 and three
different m′: 1.02, 1.4, and 2. Each of them shows the exact Mie solution and simulation
results of the DDA and the FDTD. One can see that visual agreement is very good,
probably more than enough for most applications.
The increase of required dpl for the DDA when m′ is close to unity may seem
counterintuitive. However, this is explained by the relative nature of the accuracy criterion
and the large dynamical range of S11(θ ) for optically soft spheres. This function has very
sharp minima, the position of which depends on the exact shape of the particle. For
example, consider a particular case of m′ = 1.02, x = 20. The exact Mie solution for this
case is shown in Fig. 31(a), dpl = 20 is required for the DDA to reach good accuracy. If one
uses dpl = 10 (similar to those required for m′ = 1.08) the relative errors are large: their
angle dependence is shown in Fig. 32 and the RMS value is 0.73. Using the methodology
described in Section 3.3.3, we separated the total error into shape and discretization errors,
and these also are shown in Fig. 32. One can see that shape errors clearly dominate, their
RMS value is 0.65 compared to 0.11 for discretization errors. This particular example
shows that shape errors are pronounced for index-matching particles, and the DDA requires
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Table 12. Performance and accuracy results of the DDA vs. the FDTD for the biological cells and the
coated sphere model.a
RBC
BCP
Coated sphere
DDA
FDTD
DDA
FDTD
DDA
FDTD
Time, s
10
808
105
5914
56
2507
Dpl
10
30
8.85
30
8.85
28
Used RAM, GB
1.1
4.0
5.5
26
4.2
18
18
808
52
5914
32
2507
Iterationsb
RE(Qext)
2.2×10−3
3.4×10−4
8.6×10−4
8.5×10−4
7.5×10−4
4.1×10−3
RMSRE(S11)
0.31
0.21
0.48
0.29
0.20
0.24
RMSE(P)
0.088
0.072
0.12
0.10
0.12
0.17
a
Accuracy results for BCP are approximate, given only for illustration purpose.
b
For nonsymmetric shapes it is total number of iterations (time steps) for both incident polarizations.

larger dpl to decrease them. The FDTD is less susceptible to shape errors because 1) it
naturally uses larger dpl than the DDA; 2) internally it considers points both in the center
and on the boundary of grid cells, thus effectively doubling dpl for description of the
particle shape. Sharp minima observed in Fig. 31(a) are due to the symmetric shape, they
are expected to be less prominent for rough and/or inhomogeneous particles. Therefore,
performance, e.g. computational time to reach a certain accuracy, of both methods, and
especially of the DDA, should improve for general nonsymmetric optically soft particles.

3.6.4 Sample applications to biological cells
For complex biological particles we do not have a rigorous exact method to provide a
reference. Therefore, for that we use the results obtained by the DDA using large dpl
values. For BCP the reference results were obtained with dpl = 30, the highest we could
reach on our hardware. The RBC is smaller than the BCP, and we were able to reach
dpl = 49 for it. We further improved the accuracy of the RBC reference results using the
extrapolation technique (see Chapter 3.3). For that we used simulation results for 9 dpl
values in the range from 12 to 49. Error estimates of the extrapolation results are the
following: RE(Qext) = 2.6×10−4, RMSRE(S11) = 0.12, RMSE(P) = 0.052.
Performance and accuracy results for the biological cells and the coated sphere
model are shown in Table 12. The accuracy results for the RBC are expected to have an
uncertainty of the extrapolation errors. The errors of the reference results for BCP are not
known, we expect them to be not much smaller than the values shown in Table 12.
Therefore, accuracy results for the BCP are not definite and are included only for
illustration purpose. S11 results of both methods together with the reference results for the
RBC and the BCP are shown in Fig. 33. In Fig. 33(b) we also included the Mie solution for
the coated sphere model. One can see that it is a bad approximation of the realistic BCP
shape.
The simulations for biological cells support the conclusion made in Section 3.6.3:
both methods are able to provide accurate results, however the DDA is clearly superior to
the FDTD in this range of x and m (faster by about 50 times). One can also see that the
DDA provides accurate results for realistic cell shape with dpl ≈ 10, at least for these two
particular examples.
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Fig. 33. Comparison of the DDA and FDTD results with the reference results for simulation of S11(θ )
(in logarithmic scale) for (a) the RBC and (b) the BCP. Part (b) also includes the Mie solution for the
coated sphere model of the BCP.

3.6.5 Conclusion
A systematic comparison of the DDA and the finite difference time domain (FDTD)
method for a range of size parameter x up to 80 and real part of refractive index m′ up to 2,
using state-of-the-art parallel implementations of both methods, was performed requiring a
certain accuracy of the simulated scattering quantities. The DDA is more than an order of
magnitude faster for m′ ≤ 1.2 and x > 30, while for m′ ≥ 1.7 the FDTD is faster by the same
extent. m′ = 1.4 is a boundary value, for which both methods perform comparably. The
DDA errors of S11(θ ) for m′ = 1.02 are mostly due to the shape errors, which are expected
to be smaller for rough and/or inhomogeneous particles. Simulations for a few sample
biological cells lead to the same conclusions, in particular, the DDA is much more suitable
for these particles.
Although our conclusions depend slightly on the particular scattering quantity and on
the implementations of both methods, they will not change principally unless a major
improvement of one of the methods is proposed. For instance, improving the iterative
solver and/or preconditioning of the DDA would improve the DDA performance for larger
m. For the FDTD, a “safe” set of perfectly matched layer parameters were chosen; fine
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tuning these parameters could lead to a thinner layer and increase performance especially
for the larger problem sizes. Also the FDTD code is designed to use memory
conservatively; relaxing the memory restrictions would allow faster simulation times at the
expense of additional memory use.
The current study is far from being complete, since we do not vary the imaginary
part of the refractive index, which is known to significantly influence the performance of
both methods (see Section 3.1.3.2 and [32]). This should be a topic of a future work.

4 Red blood cells
4.1 Introduction to RBCs*
It has often been said that 'nature is simple' – illusion! It is
our mind which looks for simplicity to avoid effort.
Leon Brillouin,
Scientific Uncertainty and Information (1964)

4.1.1 Morphology
Usually, human RBCs measure from 6.6 to 7.5 μm in diameter, however, cells with a
diameter larger than 9 μm (macrocytes) or less than 6 μm (microcytes) have been observed.
Mature RBCs are composed of hemoglobin (~32%), water (~65%), and membrane
components (3%) and do not contain a nucleus [203]. They are soft, flexible, and elastic
and therefore move easily through the narrow blood capillaries. The primary function of
these cells is to carry oxygen from the lungs to the body cells and carbon dioxide back to
the lungs [204].
A mature RBC can be represented as a biconcave homogeneous discoid. There are
several parametric models describing the shape of an RBC [205-209]. The most realistic
one, based on direct experimental observation, was proposed by Evans and Fung [209]:

(

)

(173)
z (ρ ) = ±0.5 1 − (2 ρ D) 2 C0 + C2 (2 ρ D) 2 + C4 (2 ρ D) 4 ,
where z and ρ are cylindrical coordinates and the z-axis coincides with a cell symmetry
axis, D is the cell diameter. They described an average RBC of a single individual:
C0 = 0.81 μm, C2 = 7.83 μm, C4 = −4.39 μm. These values and Eq. (173) form the basis for
the shape model used in Chapter 4.2.
Subsequent more detailed experimental study of 14 healthy individuals [210]
provided statistics on the following RBC parameters: D, minimum (b) and maximum (h)
thickness, volume V, surface area S (see Table 13). Although the values of parameters in
Eq. (173) for a population-averaged RBC were not given by the authors, one can obtain
them by using a known D and fitting Eq. (173) to get agreement with b, h, V, and S. This
procedure results in the following values: C0 = 1.43 μm, C2 = 7.92 μm, C4 = −5.92 μm.
Equation (173) with this set of parameters is used as a reference for a new 4-parametric
shape model proposed in Chapter 4.3.
Table 13 summarizes values of parameters of RBC geometry known from the
literature [209-220]. They were obtained using a number of different methods: light
microscopy [211,212,215], interference holography [209,210], resistive pulse spectroscopy
[213], light scattering by sphered RBCs [214,220], micropipette aspiration [216-218], and
by several commercial flow instruments [219]. The table also contains values of sphericity
index (SI) and hemoglobin concentration (HbC). SI is a derived parameter defined as
*
This chapter is partly based on P. A. Tarasov, M. A. Yurkin, P. A. Avrorov, K. A. Semyanov, A. G. Hoekstra,
and V. P. Maltsev, "Optics of erythrocytes," in Optics of Biological Particles, A. G. Hoekstra, V. P. Maltsev, and
G. Videen, eds. (Springer, London, 2006), pp. 231-246.
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Table 13. Literature data on healthy human RBCs.a
Source
SI
HbC, g/dl
S, μm2
D, μm
b, μm
h, μm
V, μm3
Canham et al.
8.07 ± 1.1
108 ± 33 138 ± 35
0.692
(1968) [211]
Chien et al.
8.4
90
152
0.512
(1971) [212]
Evans et al.
7.82 ± 1.24b 0.81 ± 0.7b 2.58 ± 0.54b 94 ± 28b 135 ± 32b
0.639b
(1972) [209]
Fung et al.
7.65 ± 1.34 1.44 ± 0.94 2.84 ± 0.92 98 ± 32
130 ± 32
0.704 ± 0.21
(1981) [210]
Richieri et al.
[86–92] [123–136]
(1985) [213]
Tycko et al.
[83–98]
[32–34.8]
(1985) [214]
Goldberg
7.46 ± 2.46
(1989) [215]
Linderkamp et al. [7.5–8.3]b
[86–95] [130–144] [0.579–0.625]b
(1993) [216]
Engstrom et al.
[91–105]b [132–147]b
(1994) [217]
Delano
[77–103] [120–148] 0.613 ± 0.178
33.8
(1995) [218]
[31.3–36]
van Hove et al.
90 ± 24
(2000) [219]
[81–97]b
Tarasov et al.
87 ± 20b 134 ± 28b
33.3 ± 4.2b
(2006) [220]
a
Values listed represent either mean value ± 2×SD (standard deviations), if known, or 95% confidence interval.
b
This interval is obtained for a single individual.

volume ratio of a cell and a surface equivalent sphere, i.e. SI = 6 π V S 3 2 . HbC
determines the RBC refractive index [221]:
′ − m0 = ψ × HbC, mRBC
′′ ~ 10−4 ,
mRBC
(174)
where m0 is the refractive index of the outer medium, ψ is the specific refractive increment
of hemoglobin, which is equal to 0.0019 dl/g in the wavelength range 0.5–1.2 μm. Equation
(174) agrees well with results of Streekstra et al. [222] in the range of physiological HbC.
All experiments with cells in this thesis were performed using buffered saline as a medium
(0.01 M HEPES buffer, Sigma, pH 7.4 with 0.15 M NaCl). It has a refractive index
m0 = 1.337. The relative refractive index of a RBC is then given by
mRBC m0 = 1 + (0.00142 dl g) × HbC + 8 ×10−5 i .
(175)

4.1.2 Light scattering by RBC
Light scattering properties of blood depend on the optical properties of RBCs because these
cells form the dispersed phase of blood. Moreover, volume and HbC of RBCs are important
parameters in clinical hematological analysis. RBCs also play an important role in
verification of solutions of the direct light scattering problem for nonspherical particles
because of their simple internal structure and stable biconcave discoid shape. Nevertheless
the large size to wavelength ratio for an individual RBC (approximately 40) encourages the
use of approximations in light scattering theory and/or simplifying the shape in order to
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simulate light scattering from individual RBCs. For instance, RBCs have been assumed to
be volume equivalent spherical [214,223], spheroidal [224], or ellipsoidal [222,225]
dielectric particles. Such assumptions can only be valid under special experimental
conditions, such as isovolumetric sphering, osmotic swelling or deformation in shear flow.
Approximate theories, such as Fraunhofer and anomalous diffraction [222], WKB [226]
and GO approximations [225] can only be satisfactorily used for studies of the formation of
structure peculiarities in the light-scattering patterns of individual RBCs. Because of their
inherent inaccuracy, these approximations could not be applied to the solution of the
inverse light scattering problem to determine the RBC characteristics from light scattering
data.
Tsinopoulos and Polyzos [227] were the first to rigorously simulate light scattering
by realistic nondeformed RBCs. They used a boundary-element method appropriately
combined with FFT algorithms. This method also was applied to aggregated RBCs [228].
Another method that employs rotational symmetry of RBCs is the DSM, which was applied
to RBC light scattering by Eremina et al. [229], who compared a realistic shape with
spheroids and disc-spheres (which is a discoid cut of a sphere). Comparing the LSPs of
biconcave disc-shaped RBCs and approximate shapes, these authors determined the limits
for using approximate shapes in simulation of light scattering from native RBCs. Their
conclusions can be summarized as:
1) The approximation of a RBC by a volume-equivalent sphere is not accurate.
2) The approximation of a RBC by a size-volume-equivalent oblate spheroid can be
considered satisfactory only for the case of face-on incidence and even successful if
one is interested only in collecting data close to the forward direction: θ ≤ 4°.
3) The scattering properties of a RBC are not significantly affected by the presence of
the surrounding membrane.
4) The disk-sphere model of a RBC gives better agreement with the biconcave disk
model compared with the spheroid model.
While methods employing the axisymmetric properties of RBCs are the fastest, more
general and widespread methods suitable for arbitrary-shaped scatterers, such as the DDA
and the FDTD, also have been applied to RBC light scattering. Karlsson et al. [230] studied
light scattering by RBCs with FDTD, DDA (used only for validation of FDTD) and several
approximate methods, namely Rytov approximation and superposition method. These
approximate methods agree well with FDTD for small scattering angles. A similar analysis
was done for two touching RBCs [195]. Another FDTD study of RBC light scattering was
performed by Lu et al. [231]. They used a simple geometrical parameterization of the RBC
shape [205] and studied effects of varying RBC shape, orientation, and the wavelength of
the incident beam. Moreover, they also studied light scattering by RBCs deformed in blood
flow [197], using a more advanced parallel FDTD code. Numerical results for the angular
distributions of the Mueller scattering matrix elements of an RBC and their dependence on
shape, orientation, and wavelength are presented.
A detailed comparison of simulations by different authors is hindered by the fact that
slightly different shape models are used for a native nondeformed RBC. Many researchers
[195,227,228,230] use a model based on the microscopic measurements by Fung et al.
[210] [see Eq. (173)]. Others use either the model of Skalak et al. [207] (used by Shvalov et
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al. [226] and Eremina et al. [229]), the parametric model of Borovoi et al. [205] (used by
Lu et al. [231]), or a surface of rotation of a Cassini curve [208]. In many particular cases
all these shape models may lead to the same satisfactory results. However, the validity of
such shape models for the calculation of scattering by RBCs should be further studied for
different sizes, and within the context of the specific application of the scattering results.
Classical flow cytometry of RBCs uses forward and side scattering in combination
with fluorescence [232]. The forward scattering is thought to correlate with cell size. The
main purpose of fluorescence is to discriminate between RBCs and other cell types. A
qualitative analysis of the resulting light scattering histograms in combination with
fluorescence results in important information about the mechanism of erythrocyte aging in
vivo [233-235]. Until recently, the characterization of an RBC population (in terms of
volume distributions and HbC) was achieved by isovolumetric sphering of the cells,
followed by a 2-angular scattering measurement [236,237]. A novel method to characterize
RBCs using a SFC was recently proposed [220]. It is based on an empirical dependence
between RBC parameters and the Fourier spectrum of its LSP. Volumes and HbC are
determined by use of isovolumetric sphering, the same as in usual flow cytometers but
more robustly. Diameters are determined from the LSPs of native RBCs.
In this thesis a different approach is developed, based on massive DDA simulations
of LSPs of mature RBCs with many different sizes, shapes, and HbC. Using both a realistic
shape model and a rigorous method to simulate light scattering we aim at full
characterization of RBC from its LSP. Chapter 4.2 provides a “proof of principle”, where
we use a simple two-parametric shape model and fixed HbC. We validate the biconcave
disk shape of RBC by comparing simulated LSPs with those measured with SFC. We also
study different approximations to a native RBC shape. Finally, we show how to determine
RBC diameter, volume, and orientation in the SFC flow by direct comparison of simulated
and measured LSPs. In Chapter 4.3 we further develop the characterization method by
employing a new four-parametric shape model and varying HbC.

4.2 Solution of the inverse light scattering
problem for RBC using a simple shape
model and fixed refractive index *
It doesn't matter how beautiful your theory is, it doesn't
matter how smart you are – if it doesn't agree with
experiment, it's wrong.
Richard Feynman

Elastic light scattering by mature RBCs was theoretically and experimentally analyzed with
the DDA and the scanning flow cytometer (SFC) respectively. A mature RBC is modeled
as a biconcave disk in DDA simulations of light scattering. We have studied the effect of
RBC orientation relative to the direction of the incident light upon the light scattering
pattern (LSP). Numerical calculations of LSPs for several aspect ratios and volumes of
RBC have been carried out. Comparison of the simulated LSPs and LSPs measured by SFC
showed good agreement, validating the biconcave disk model for a mature RBC. We
simulated the light-scattering output signals from the SFC with the DDA for RBCs
modeled as a disk-sphere and as an oblate spheroid. The biconcave disk, the disk-sphere,
and the oblate spheroid models have been compared for two orientations, i.e. face-on and
rim-on incidence. Only the oblate spheroid model for rim-on incidence gives results similar
to the rigorous biconcave disk model.

4.2.1 Simulation methodology
For a RBC shape model we used Eq. (173) with a set of parameters by Evans and Fung
[209], which is equivalent to:

(

)

(176)
z (ρ ) = ±ηD 1 − (2 ρ D) 2 0.1583 + 1.5262(2 ρ D) 2 − 0.8579(2 ρ D) 4 .
for specific values of D and aspect ratio η = h/D. This shape is shown schematically in
Fig. 34. We have extended the single shape to a set of shapes by allowing variation of both
η and D in Eq. (176). In this chapter we employ the simplest approach by fixing the RBC
refractive index at 1.40 (relative refractive index of 1.05) which corresponds to the typical
hemoglobin concentration (see Eq. (175) and Table 13). We also neglect the imaginary part
of the refractive index.
Simulations of LSPs were performed using a predecessor of the ADDA code, which
was based on the same DDA formulation but had much slower computational performance
compared to the latest version (see Section 3.4.2). The wavelength was set to 0.6328 μm,
corresponding to λ = 0.4733 μm in the medium. The size of the dipole d was in the range
λ/11–λ/8 for different sizes of RBCs, because of inflexibility for a size of computational
box in the old code. To estimate the accuracy of the DDA for our light scattering problem
we compared DDA simulations with exact Mie results for a sphere with a diameter of
*
This chapter is based on M. A. Yurkin, K. A. Semyanov, P. A. Tarasov, A. V. Chernyshev, A. G. Hoekstra, and
V. P. Maltsev, "Experimental and theoretical study of light scattering by individual mature red blood cells with
scanning flow cytometry and discrete dipole approximation," Appl. Opt. 44, 5249-5256 (2005).
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Fig. 34. Shape of a mature RBC and its orientation with respect to the incident radiation. xyz is a
laboratory reference frame and x′y′z′ is a reference frame tied to the RBC (z′ is the axis of symmetry);
“inc” and “sca” are propagation vectors for incident and scattering radiation respectively.
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Fig. 35. Relative errors of DDA simulations for several discretization sizes. The DDA simulations
were compared with the exact Mie solution for a sphere with diameter 4.56 μm and m = 1.10.

4.56 μm and a relative refractive index of 1.10. The relative errors of S11 as a function of
the scattering angle are presented in Fig. 35 for three different values of d: λ/5, λ/10, and
λ/20. The relative error for d = λ/5 is ∼10% for scattering angles smaller then 50°. This
degree of precision is good enough for comparison with experimental curves for which the
scattered intensity was measured in a range of scattering angles from 10° to 50°.

4.2.2 Experimental method and inversion technique
The experimental part of this study was carried out with a SFC. The laser beam of the SFC
(λ = 0.6328 μm) is directed coaxially with the hydrodynamically focused flow which
carries analyzed cells. The measured intensity I(θ ) is described by Eq. (1). After
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Fig. 36. (a) Initial in logarithmic scale and (b) modified LSPs calculated by DDA for five orientations
of the single biconcave disk relative to the direction of incident light beam.

integration over azimuthal angle ϕ the second term in Eq. (1) vanishes, because of the
axisymmetry of RBCs (see Eq. (A5) of Appendix A2 for details; we also obtained the same
result numerically for all simulations). Therefore, the measured intensity is S11 averaged
over the azimuthal angle. Our SFC setup allowed reliable measurements in the angular
range 10°–50° (because of the operational range of the analog-digital converter).
Whole blood was taken from a healthy volunteer by venopuncture into EDTA
(potassium salt of ethylenediamine tetraacetic acid). It was then resuspended in buffered
saline to the concentration ∼106 cells/ml and was stored at room temperature (23°C) not
longer than three hours before the measurements. We used the SFC to continuously
measure 3000 LSPs of RBCs. Each of them was compared with each of the calculated
theoretical LSPs (see Section 4.2.4) by a weighted χ 2 test:
1 n
χ 2 = ∑ [ I exp (θ i ) − I th (θ i )]2 w2 (θ i ),
(177)
n i=1
where Iexp(θi) is the experimental LSP measured at n angular values θi (θ1 = 10°, θn = 50°),
Ith(θi) is the theoretical LSP calculated at the same angles, w(θi) is a weighting function,
defined as:
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Fig. 37. Modified LSPs of biconcave disks (a) with different diameters and fixed volume and (b) with
different volumes and fixed diameter.

⎛ θ −θ ⎞
w(θ i ) = sin 2 ⎜⎜ π i 1 ⎟⎟ ,
(178)
⎝ θ n − θ1 ⎠
which corresponds to the standard Hanning window procedure that strongly reduces the
effects of the discontinuities at the beginning and the end of the sampling period of the SFC
[39]. Moreover, this function resembles the SFC instrument function [22] and improves
visual inspection of LSPs, as the logarithmic scale can be replaced by a linear one. An
experimentally measured RBC is said to have characteristics of the closest (by χ 2)
theoretical LSP, if their χ 2 distance is less than a threshold. The threshold was set
empirically to 40.

4.2.3 Effects of shape and orientation
Using the DDA, we studied the effect of the biconcave disk orientation on the LSPs. The
Euler orientation angle β is the angle between the axis of the biconcave disk symmetry and
the direction of the incident beam (Fig. 34). We used the shape defined by Eq. (176) with
D = 8.28 μm and η = 0.323, resulting in V = 110 μm3. The LSPs for five orientations are
shown in Fig. 36(a). We modified the LSPs by multiplication by the weighting function
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Fig. 38. Experimental and theoretical modified LSPs of individual mature RBCs. Values of χ 2
differences are shown.

w(θ ) and the results are shown in Fig. 36(b). The orientation of the biconcave disk
influences the LSP substantially. For instance, the mean scattering intensity, in the angular
range from 15° to 50°, has a reduced intensity for symmetric orientation (β = 0°), whereas
the oscillating structure vanishes for increasing orientation angle. Therefore the mean lightscattering intensity and LSP structure are good indicators of a mature RBC orientation in
scanning flow cytometry.
Practically, it is interesting to study the sensitivity of indicatrix structure to variations
in the volume and diameter of the biconcave disk when the orientation corresponds to
orthogonal directions of the symmetry axis and incident beam (i.e. for β = 90°). The last
requirement is caused by the orientating effect of the hydrofocussing head of the SFC in
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Table 14. The parameters of RBCs for preliminary calculations.a
V, μm3
86
92
100
105
110
6.08
0.638
–
–
–
–
6.33
0.565
0.605
–
–
–
6.51
–
0.556
0.604
–
0.665
6.75
0.466
0.499
0.542
0.569
0.596
6.84
–
–
0.521
–
0.573
7.01
–
–
0.484
–
0.532
7.60
0.327
0.349
0.380
0.399
0.418
8.28
–
–
0.294
0.418
0.323
a
Values are aspect ratios for selected diameter and volume. Dashes indicate that LSPs were not calculated.
D, μm

Frequency count
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90

Fig. 39. Distribution of mature RBCs over an orientation angle obtained using χ 2 test.

which nonspherical particles are oriented with a long axis along the flow lines [226]. We
calculated the LSPs of RBC with V = 100 μm3 and varying diameter. The results of the
DDA simulation are shown in Fig. 37(a). Additionally, we varied the thickness of the
biconcave disk, which resulted in variation of volume with a constant diameter. The
modified LSPs of biconcave discs calculated for three volumes and D = 6.75 μm are shown
in Fig. 37(b). Neither variation of the diameter or the volume change the intensity
substantially, whereas the visibility of the oscillating structure, which characterizes the
relative difference between maximum and minimum values [22], increases with increasing
aspect ratio.
Our simulation of light scattering by mature RBCs allows us to conclude that the
orthogonal orientation of a biconcave disk relative to the direction of incident beam does
not provide sufficient sensitivity of the indicatrix to the RBC characteristics. Coincidence
of biconcave disk symmetry axis and direction of incident beam (i.e. β = 0°) gives an
advantage in the solution of the inverse light-scattering problem because in that case the
oscillating structure of the indicatrix is much more sensitive to variation of RBC
characteristics (data not shown). Unfortunately, as it is discussed in Section 4.2.4, the
orientation of RBCs in a SFC is close to β = 90°.
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Fig. 40. The modified LSPs of the biconcave disk and the diameter-volume-equivalent disk-sphere:
(a) rim-on and (b) face-on incidence.

4.2.4 Characterization of RBCs
Practically, the DDA cannot be used to fit experimental LSPs because of DDA’s
computational requirements, even with modern code and hardware (see Section 3.4.2). To
approach the inverse light scattering problem we made calculations of LSPs for several
biconcave disks with different diameters and volumes, as presented in Table 14, to fill a
small database. Values in the cells as listed in the table are aspect ratios for selected
diameter and volume, whereas dashes indicate that LSPs of RBC with these characteristics
were not calculated. For each set of diameter and volume, four LSPs were calculated for
β = 60°, 70°, 80°, and 90°. In total 92 LSPs were computed. These theoretical LSPs were
used for determination of characteristics of experimentally measured RBCs by the χ 2 test
as explained in Section 4.2.2.
A few representative results of our comparison by the χ 2 test are presented in
Fig. 38. One can see that theoretical LSPs fit experimental curves well. The mean scattering
intensity (intensity integrated over the angular interval) of the measured LSPs is in a good
agreement with the mean intensity of theoretical LSPs calculated for orientation angles β of
70° and 90° [Fig. 36(b)], and exceeds the mean intensity for smaller orientation angles. We
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Fig. 41. The modified LSPs of the biconcave disk and the diameter-volume-equivalent oblate
spheroid: (a) rim-on and (b) face-on incidence.

used all the experimental LSPs that passed the χ 2 test (about 10% of all experimental LSPs)
to plot a distribution of mature RBCs over the orientation angle, as presented in Fig. 39. We
conclude that orientation of RBCs in the capillary of a SFC is close to orthogonal (β = 90°),
which agrees with our previous results [226]. Figure 39 also provides an estimation of
deviation from orthogonal orientation.

4.2.5 Approximate shapes
A number of shapes can be used to approximate the shape of the native RBC. Apart from
the simplest spherical shape, the two most popular shapes are disk-sphere and oblate
spheroid. They are advantageous to realistic biconcave disk shape because light scattering
by them can be rapidly calculated with the EBCM. We compared the LSPs of a biconcave
disk with D = 7.60 μm and η = 0.380 (V = 100 μm3) to those of the approximate shapes
with the same diameter and volume. The light scattering for two orientations of the particles
relative to the propagation direction of the incident beam, rim-on (β = 90°) and face-on
(β = 0°) incidence, was computed. The LSPs of the biconcave disk and disk-sphere are
shown in Fig. 40. This figure allows us to conclude that RBC can be modeled by a disk-
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sphere only for simulation of light scattering in the angular interval ranging from 10° to
15°.
The results of comparison for oblate spheroid is shown in Fig. 41, which allows us to
conclude that RBC can be modeled by an oblate spheroid over a wide angular interval only
for rim-on incidence. This conclusion is in agreement with the boundary-element
methodology [227] and DSM [229] applied to study of light scattering of RBC. However
the validity of such substitution for calculation of RBC LSPs should be further studied for
different RBC sizes with respect to the certain problem, where these LSPs are to be used.

4.2.6 Conclusion
Our simulation of light scattering of a mature RBC has shown that the light scattering
pattern (LSP) is sensitive to the RBC shape and the DDA (or some other method for which
no simplifications of the RBC shape are assumed) should be used in a study of formation of
the LSP for RBCs with various characteristics. However, light scattering of RBCs can be
simulated with the extended boundary condition method (EBCM) for rim-on incidence by
use of the oblate spheroid model. Fortunately, the hydrodynamic system of the scanning
flow cytometer (SFC) delivers mature RBCs into the testing zone in this specific
orientation. This performance of the SFC gives a chance of solving the inverse lightscattering problem for mature RBCs, e.g. by parameterization or use of a neural network
because the EBCM is much faster than the DDA. However, the precision of such
algorithms when developed should be tested using realistic LSPs obtained e.g. by DDA
simulations.
A look-up database approach proposed in this chapter assumes no simplification of
the RBC shape and seems promising for RBC characterization. However, a small database
constructed in this chapter provides only the “proof of principle” and cannot be used to plot
distributions over RBC diameter, volume, and other parameters of the sample measured
with a SFC. To make such plotting feasible a much larger database should be filled and the
χ 2 test should be tuned. Moreover, the RBC model should include, at least, the variation of
hemoglobin concentration. All these challenges are dealt with in Chapter 4.3.

4.3 Characterization of native RBC morphology
by scanning flow cytometry
It doesn't matter how beautiful your experiment is, it doesn't
matter how carefully you collect your data – if it is based
upon a faulty understanding of what is being tested, it's most
likely useless.
L.D. Hosford

This chapter summarizes the latest results of RBC characterization from scanning flow
cytometer experiments using large-scale DDA simulations. We propose an extended 4parametric shape model for RBC in Section 4.3.1 and use it to simulate 40 000 light
scattering patterns (LSPs) for RBCs randomly varying the shape parameters, hemoglobin
concentration (HbC), and orientation angle β (see Section 4.3.2). To solve an inverse light
scattering problem we developed a modification of the χ 2 test, which is based on direct
comparison of experimental LSPs with simulated ones from a reference database, in
Section 4.3.3. This method is applied to a single blood sample in Section 4.3.4. Results for
volume and HbC were compared with other methods. The mean values agree with each
other, but the standard deviations produced by the χ 2 test are about 1.5 times larger than
that of reference methods. We also perform a refinement of a previously proposed spectral
method to determine the RBC diameter, using the database of simulated LSPs in Section
4.3.5. Applied to the same blood sample the spectral method resulted in a wide distribution
over diameters, even wider than that of the χ 2 test. There is also a systematic difference of
about 0.5 μm between the two methods. Hence, both methods need to be improved, and a
reference method is required to test their performance, e.g. based on microscopic
observations. Finally, we discuss sensitivity of both methods to experimental errors and
discuss possible further work in Section 4.3.6.

4.3.1 Extended RBC shape model
The main limitation of the shape model described by Eq. (176) is the inability to
independently vary b and h. Therefore, we searched for a parametric representation capable
of fitting experimentally measured shapes [see Eq. (173)] and containing b and h as input
parameters. The following model was constructed:
ρ 4 + 2 R4 ρ 2 z 2 + z 4 + R1ρ 2 + R2 z 2 + R3 = 0,
(179)
which is a shape model by Kuchel and Fackerell [206], modified by adding the R4-term.
Parameters R1–R4 are related to the cell geometry as:
D2 b2h2
b 2c 4
D 4 + 4 D 2 R1 − b 4
, R2 =
,
R1 = −
−
+
2
2
2
2
4 4D
4 D (h − b )
4b 2
(180)
d2 2
c 2 + 2 R1
,
R3 = − (D + 4 R1 ), R4 = −
h2
16
where c is a diameter of a ring corresponding to the maximum thickness of a RBC. A
geometrical description of all four parameters b, c, D, and h is given in Fig. 42.
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Fig. 42. Averaged RBC profile by Fung et al. [210] fit with Eq. (179). Geometrical parameters of the
model also are shown.

To check whether Eq. (179) can describe experimentally measured shapes, we used
Eq. (173) with parameters by Fung et al. [210] as a reference (see Section 4.1.1). Keeping
D fixed at 7.65 μm we varied b, c, and h to minimize the RMS difference between the new
and reference shapes, which resulted in values: b = 1.34 μm, c = 4.74 μm, h = 2.71 μm
[these are values for a typical RBC shape described by Eq. (179)]. Both shapes are shown
in Fig. 42 and the fit is good, although the resulting values for b and h are slightly less than
experimental values, given in Table 13. The same fitting procedure for Eq. (173) with
another set of parameters (by Evans and Fung [209]) gives b = 0.71 μm, c = 5.63 μm,
D = 7.82 μm, h = 2.46 μm (cf. Table 13).
It is important to note that the additional shape parameter c introduced by Eq. (179)
is hard to accurately determine experimentally, because it is based on the position of the
shallow maximum of profile z(ρ). For the same reason the accuracy of its determination by
the fits described above is also relatively poor, i.e. its variation in a small intervals around
indicated values can be almost completely compensated by the variation of b and h.
Therefore, variation of c can be though of as an “internal” degree of freedom not related
directly to parameters of microscopic observation but affecting such derived parameters
like V and S.

4.3.2 Simulation methodology
There are six parameters which completely describe the light scattering problem of a RBC
in the flow of a SFC: b, c, D, h, HbC, and β. We simulated LSPs of RBC varying all these
parameters. Parameters shown in Table 13 (D, h, b, HbC) were sampled from uniform
random distributions in the intervals: D ∈ [5.7,10.1] μm, h ∈ [1.5,4.1] μm,
b ∈ [0.1,2.1] μm, and HbC ∈ [25,42] g/dl, which are based on the union of confidence
intervals reported by different authors with the following exception. The value of SI
reported in [210] is sufficiently higher than in other, even more recent studies (see
Table 13). The other important argument to choose lower values of SI arises from data
analysis of osmotic fragility tests. This test has been known since 19-th century and a lot of
consistent data has accumulated [238]. Using a recent model of statistical membrane
rupture [239] instead of the “critical area dilatation” concept simplifies data analysis
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Fig. 43. Several randomly selected RBC profiles used in the DDA simulations.

[217,219] in fragility tests and allows one to estimate the value of SI and its distribution
within the sample. To reduce average SI in simulation relative to the value reported in [210]
we decided to shift the intervals for h and b to lower values.
To avoid non-realistic shapes we further limited the values of b, h, and D by the
following rules:
(181)
h < 0.95 D 2 , b < 0.85 h.
The choice of particular values for coefficients in these equations is rather “esthetical” but
one can check that they exclude shapes, which are far from being realistic. As discussed in
Section 4.3.1, there are no rigorous considerations for choosing a range of c. We sample the
c/D ratio from a uniform distribution in a wide interval [0.56,0.76], which discards only
very unrealistic values. The final limitation on geometrical parameters is the requirement of
derived values: V, S, and SI to fall within the normal ranges (see Table 13):
50 < V < 140, 90 < S < 180, 0.4 < SI < 0.85.
(182)
The remaining parameter is the orientation angle β (see Fig. 34). In Section 4.2.4 we
showed that orientation close to β = 90° is the most probable. To analyze this phenomena in
detail we simulated LSPs of 2000 RBCs with β ∈ [60°,90°]. Using the algorithm described
in Section 4.3.3 and experimental data from native RBCs we showed that β is rarely less
than 75° (data not shown). Therefore, in consequent simulation β is sampled from uniform
distribution in narrow range from 75° to 90°.
Using DDA, we simulated 40 000 LSPs of RBCs with different parameters. Each
parameter is independently sampled from uniform distributions in the intervals described
above, discarding those sets of parameters that do not satisfy inequalities (181) and (182).
Several RBC profiles randomly selected from a simulation set are shown in Fig. 43. We
chose random - instead of regular sampling because it is much more flexible and easier to
implement. However, regular sampling can be beneficial for some purposes, e.g. if
interpolation is used between the grid points. We used ADDA v.0.75 (see Section 3.4.2)
with dpl = 10. The wavelength was set to λ = 0.66 μm, corresponding to 0.4936 μm in the
medium. For a typical RBC (see Section 4.3.1) the simulation took about 4 min on 4 LISA
nodes (see Subsection 3.4.3.1).
To estimate the accuracy of DDA simulations, we have taken a typical RBC and
obtained very accurate solution using the extrapolation technique (see Chapter 3.3) with
discretizations up to dpl = 51. Then we compared the result for the normal dpl = 10
discretization with the extrapolation results. The maximum relative error of the LSP in the
studied range is 7% and the χ 2 error is 2×10−5 (see Section 4.3.3), which is significantly
smaller than the minimal χ 2 error for experimental LSPs (2×10−3, see Section 4.3.4).
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Therefore, we can conclude that the accuracy of DDA simulations is more than sufficient
for our application.

4.3.3 Experimental method and inversion technique
The experimental procedure to measure 3000 LSPs of RBC is the same as described in
Section 4.2.2. The only difference is that a laser with a slightly different wavelength
(λ = 0.66 μm) is used. The inversion method is also a χ 2 test but with a few changes
relative to the previous one. We do not use a weighting function but instead employ a
logarithmic transformation of the LSP:
1 n
χ 2 = ∑ log(I exp (θ i ) + 1) − log(I th (θ i ) + 1) 2.
(183)
n i =1
We also use a different range of θ: θ1 = 12° and θn = 55°. The starting angle is larger than
used previously, because LSP for small θ is sensitive to deviations of the particle position
from the center of the SFC capillary and this instability is now not alleviated by the
weighting function. The larger value of θn corresponds to the better signal-to-noise ratio of
the SFC used in this chapter compared to that used in Chapter 4.2. Note, however, that
there are no principal differences between the two SFCs. For large values of SFC signal
( I >> 1 ) Eq. (183) measures the relative difference between the signals, while for I ≤ 1 it is
determined by the absolute difference. The constant 1 approximately corresponds to the
level of noise in a SFC used for the experiments in this chapter. When the magnitude of I is
comparable to the noise, which happens for θ close to θn, use of the absolute error seems
more appropriate then the relative error. To conclude, Eq. (183) can be thought of as a
measure of average relative difference between two functions, except for small angular
interval near θn.
First, we evaluate the performance of the χ 2 test on theoretical LSPs. We randomly
select 500 simulated LSPs and determine their parameters using the χ 2 test varying the size
of reference database (Nsim) from 500 to 40 000 LSPs. Naturally, we ensure that the sample
LSPs do not belong to the corresponding reference databases. Therefore, each of the sample
LSP is attributed with the parameters of one of the nearby LSPs resulting in nonzero χ 2.
The errors of parameters are defined as differences between the attributed and actual
parameters of a sample LSP. The MAEs are shown in Table 15 (β is not included since this
parameter is inherent not to a RBC, but to a SFC). It is important to note that the
distributions of these errors are wide – SDs are comparable to the mean values.
One can see that the errors decrease very slowly with increasing Nsim. The MAEs are
approximately equal to the mean difference in the corresponding parameters for nearby
points in 6D parameter space. If all parameters are sampled independently, the mean
−1/ 6
difference scales as N sim , which means that MAE decreases approximately 2.1 times when
Nsim increases from 500 to 40 000. One can see that this is the case for HbC, which is
expected since it is independent on all other parameters. The other four morphological
parameters are interdependent by Eqs. (181) and (182) and therefore their errors may
decrease faster than that of HbC. Errors of h and especially D indeed decrease significantly
faster, and so do the derived parameters: V, S, and SI, while errors of b and c scale at

[

]
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Table 15. Mean absolute errors of morphological RBC parameters determined using several sizes of
the reference database and averaged over 500 simulated LSPs.
Nsim
500
1000
2000
4000
8000
16 000
32 000
40 000

HbC, g/dl
3.0
2.6
2.5
2.0
2.0
1.7
1.4
1.3

h, μm
0.24
0.20
0.16
0.14
0.13
0.10
0.09
0.09

b, μm
0.46
0.43
0.40
0.36
0.30
0.28
0.27
0.24

Mean absolute errors of
c, μm
D, μm
0.46
0.48
0.37
0.35
0.31
0.23
0.28
0.14
0.26
0.11
0.26
0.11
0.26
0.09
0.23
0.07

V, μm3
12.0
9.9
9.0
6.5
5.8
5.0
4.2
4.0

S, μm2
13.2
10.3
7.8
5.6
4.8
4.4
3.8
3.2

SI
0.048
0.038
0.033
0.027
0.025
0.022
0.020
0.019

<χ 2 >
4.4×10−3
3.6×10−3
3.0×10−3
2.5×10−3
2.0×10−3
1.6×10−3
1.4×10−3
1.2×10−3

approximately the same rate as HbC. The mean value of χ 2 is expected to scale as the
−1 3
square of the errors, hence as N sim , which agrees with the data in Table 15.
A LSP has a different sensitivity, measured by χ 2 deviation, to variation of different
parameters. Therefore, the χ 2 test results in relatively larger errors for weakly sensitive
parameters than for strongly sensitive ones. We define relative MAE as MAE divided by
the mean value of a parameter for the whole database. We arrange the parameters in
descending order of relative MAE, corresponding to the ascending order of LSP sensitivity
on them: b (24%), c (4.3%), V (4.2%), HbC (3.9%), h (3.2%), SI (3%), S (2.6%), D (1%).
The values in brackets are relative MAEs obtained for Nsim = 40 000. One can see that b
cannot be accurately determined from a LSP, because the latter only weakly depends on b,
which is understandable considering the geometrical meaning of b. Theoretically, accuracy
can be improved by a large increase of Nsim. However, this is hindered by experimental
errors, discussed in Section 4.3.4. The theoretical accuracy of determination of all other
parameters is satisfactory, especially considering that usually one is interested not in
parameters of a single RBC but in distribution of a sample containing many RBCs over the
parameters. In particular, the parameter c can be determined with an accuracy only slightly
worse than that of h, contrary to microscopic observations (see Section 4.3.1).

4.3.4 Results and discussion
To illustrate the performance of the χ 2 test we show three sample experimental LSPs of
RBCs in Fig. 44 together with the closest simulated LSPs and corresponding χ 2 errors. The
parameters of the simulated LSPs are (1) D = 8.59 μm, h = 2.20 μm, b = 1.08 μm,
c = 5.72 μm, HbC = 37.6 g/dl, β = 87.3°; (2) D = 7.36 μm, h = 2.39 μm, b = 1.99 μm,
c = 5.12 μm, HbC = 31.4 g/dl, β = 88.2°; (3) D = 7.12 μm, h = 2.99 μm, b = 0.70 μm,
c = 4.20 μm, HbC = 38.9 g/dl, β = 89.3°. These sample LSPs are not typical but rather
extreme, corresponding to relatively good (#1) and bad (#2, #3) fits. They also cover almost
the whole magnitude range of measured LSPs. The results of the χ 2 test applied to 3000
experimentally measured LSPs are summarized in Table 16, showing mean values and
widths of distributions over each of the parameter. We also included the results of two other
methods, applied to the same blood sample, for comparison. One is based on isovolumetric
sphering of RBCs and subsequent determination of size and refractive index of spheres

132

Red blood cells

Table 16. Results of χ 2 test and comparison with other methods.a
SFC

RBC parameter
D, μm
h, μm
b, μm
c, μm
HbC, g/dl
V, μm3
S, μm2
SI
β, deg

χ2
a
b

χ 2 test

Spherization

7.42 ± 1.48
2.61 ± 0.68
1.03 ± 1.15
4.74 ± 1.42
33.5 ± 7.5
91 ± 35
118 ± 36
0.712 ± 0.131
86 ± 5
(5.25 ± 3.40)×10-3

33.4 ± 4.2
94 ± 26

Coulter MAX M

31.0b
93 ± 22

Mean values ± 2×SD are shown.
Coulter MAX M does not determine SD values for HbC distribution.
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Fig. 44. Three sample experimental LSPs in logarithmic scale and corresponding best-fit simulated
LSPs. Values of χ 2 errors are shown, values of RBC parameters are given in the text.

using the SFC (see Section 4.1.2, the exact procedure is described in detail in [220]).
Another is based on a commercial hematological analyzer, the Coulter MAX M (Beckman
Coulter Corporation), which determines the distribution over V and the mean value of HbC.
The χ 2 test determines several parameters, some of which can be determined
independently only by laborious microscopic methods. We have not used such methods yet,
hence a comparison with other methods is currently limited to only V and HbC, which can
be quickly determined by flow-cytometric methods. Two well-known independent methods
produce very similar results, therefore they can be considered as a reference. The χ 2 test
results in similar mean values, but with about 1.5 times larger SD. Additionally, we show
two-dimensional distributions over V and D in Fig. 45. The pronounced linear correlation
between V and D agrees with the literature data [211]. The narrow maxima are artifacts
caused by imperfection of the characterization method.
One can see that intervals shown in Table 16 are narrower than the initial intervals
used for sampling (see Section 4.3.2), except for b and HbC. The instability of b is
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Fig. 45. Joint distribution of the RBCs over the volume and the diameter.

discussed in Section 4.3.3 – the χ 2 test naturally fails to determine this parameter
accurately. The distribution over HbC is shown in Fig. 46. It is wide but clearly
concentrated near the mean value. Therefore, we can conclude that the results of χ 2 test for
all parameters, except b, are meaningful. The main deficiency of the χ 2 test – unusually
large SDs of all parameters – can be explained by the inaccuracy of a single solution of the
inverse light scattering problem. To additionally verify our narrow choice for the sampling
range of β we show the distribution over β in Fig. 47. One can see that there are almost no
RBCs that deviate by more than 10° from the prevailing orientation along the flow.
Apart from theoretical errors, discussed in Section 4.3.3, the inaccuracy also comes
from experimental errors, i.e. the fact that LSP measured by a SFC is slightly different from
the actual LSP of a RBC that passes through the SFC capillary. The experimental errors are
mainly due to the imperfect alignment of the SFC optical system and RBC position inside
the capillary. Let us define a set of RBC LSPs for all possible RBC parameters as MRBC.
We assume that the simulated LSPs belong to this set, i.e. we neglect the errors of DDA
simulations. Then, the error of the measured LSP can be divided into two parts: (1) a shift
to another LSP from MRBC and (2) a shift outside MRBC. To define this separation
unambiguously one may, e.g., choose part (2) as the one having the minimum χ 2 value.
Both parts result in deviation of determined RBC parameter from their actual values.
However, there is one important difference: part (2) also results in larger χ 2 errors
compared to the one shown in Table 15. Hence, this part can be controlled. For instance,
experimental LSPs resulting in χ 2 errors larger than a certain threshold can be discarded
(see Section 4.2.2) or treated differently. Part (1) is more problematic, because it cannot be
detected or alleviated by analysis of LSPs. The only way to decrease this error is to improve
the optical and hydrodynamic systems of a SFC.
Comparing χ 2 errors of experimental and simulated LSPs we can conclude that
errors of type (2) are significant; however, it is hard to make any deduction about errors of
type (1). We made a simple estimation of the latter based on theoretical modeling of
imperfections of SFC optical system. Preliminary results suggest that type (1) errors also
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are significant in the current SFC setup (data not shown). However, further study is
required to make any definite conclusions.

4.3.5 Empirical technique to determine RBC diameter
An empirical technique to determine the RBC diameter from the last peak location (LPL) in
the amplitude Fourier spectrum of its LSP has been proposed in [220]. Initially, this
technique was developed for spheres, and its application to RBC is purely empirical. In this
section we further develop and validate it using the database of simulated LSPs.
First, we briefly describe the procedure. A LSP is considered in the angular range
[5°,50°], which is based on our previous experience with the spectral sizing technique
[39,220]. First, a LSP is multiplied by the function wF(θ ) = θ 2.5, which is an empirical
choice to compensate the natural decay of I(θ ) with θ and thus make the determination of
LPL more reliable. Second, the scaled LSP is normalized by a linear transformation to have
zero mean and unity SD in the angular range, specified above. The goal of this
normalization is to use the same cutoff level in LPL determination for all RBCs. Third, the
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normalized LSP is multiplied by a weighting function, corresponding to the Hanning
window [cf. Eq. (178)], resulting in
I mod (θ ) = w(θ ) [ I (θ ) wF (θ )− < IwF > ] SD( IwF ) .
(184)
Finally, the amplitude Fourier spectrum of this modified LSP is calculated and the last peak
having an amplitude larger than the cutoff level is located. The cutoff level is empirically
set to 5×10−4 for the given modification procedure. To illustrate the determination of LPL
we present the spectrum of modified simulated LSPs for three sample RBCs in Fig. 48. One
can see that the last peak is well defined for such simulated data.
We determined the LPL for each of the 40 000 simulated LSPs and plot it versus D
in Fig. 49. The pronounced linear correlation between LPL and D forms the basis of the
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inversion technique. The correlation means that LPL is mostly determined by the largest
RBC dimension, which is diameter, and only weakly depends on all other parameters. The
linear fit, defined as
D = LPL × 28.643 μm ⋅ deg,
(185)
is shown in Fig. 49. Use of Eq. (185) for determination of D for all simulated LSPs results
in the following errors: MAE = 0.27 μm, RMSE = 0.028 μm, MARE = 2.7%, and
RMSRE = 0.37%, which is less than the theoretical errors of the χ 2 test (see Table 15). It is
important to note, that Eq. (185) is only valid for fixed λ and m0 used in DDA simulations
(λ = 660 nm, m0 = 1.337). However, if we rewrite it as
Dm0 λ = LPL × 58.024 deg,
(186)
the coefficient should not depend on λ and m0, due to scale invariance of light scattering (if
we assume that LPL is completely determined by D). Since LPL does slightly depend on
shape and refractive index of the RBC, repeating above procedure for LSP database,
simulated using different λ and m0, would result in slightly different coefficient in
Eq. (186).
The result of application of the spectral method to the same blood sample as in
Section 4.3.4 is shown in Fig. 50 as a distribution over D. The same distribution obtained
by χ 2 test is shown for comparison. One can see that there is a systematic difference of
about 0.5 μm between the two methods. When applied to spheres, the spectral method is
known to be resistant to experimental errors, which is the main motivation for its
development [39]. However, when applied to RBCs, the distribution over D obtained by
this method is even wider than that obtained by the χ 2 test. Therefore, it is hard to say
which method is more accurate – both need to be improved. Moreover, comparison with
microscopic methods to measure RBC morphology is required to make any definite
conclusions. The only conclusion we can make so far, is that both methods produce
meaningful albeit not accurate enough results. This is approved by the fact that the spectral
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method uses only one coefficient derived from the simulated LSPs and for the rest it
depends neither on the reference database nor on the initial interval used for diameter
sampling.

4.3.6 Conclusion
We proposed an extended 4-parametric shape model for RBC, which has all RBC
parameters obtained from microscopic observations as independent input parameters. We
simulated 40 000 light scattering patterns (LSPs) for RBCs randomly varying six
parameters: four shape parameters, hemoglobin concentration HbC, and orientation angle β
inside the ranges which cover all possible values found in the literature for healthy human
RBCs. To solve an inverse light scattering problem we developed a modification of a
previously proposed χ 2 test, which is based on direct comparison of experimental LSPs
with simulated ones from a reference database.
We applied the χ 2 test to characterize the RBCs in a single blood sample. For each
RBC we completely characterized its shape, HbC and its orientation in the scanning flow
cytometer (SFC) capillary. Results for volume and HbC were compared with other
methods. The mean values agree with each other, but the standard deviations produced by
the χ 2 test are about 1.5 times larger than that of reference methods. That is explained by
the sensitivity of the χ 2 test to the imperfections in the SFC optical system, however, this
requires further study. The results for all other parameters also are meaningful, except for
the minimum thickness, which cannot be reliably determined by the χ 2 test because of the
low sensitivity of LSP to it.
We also used the reference database of computed LSPs to validate and refine our
previously proposed empirical method to determine RBC diameter D from last peak
location (LPL) in the amplitude Fourier spectrum. The proportionality coefficient between
D and LPL was determined by a linear fit through simulated data – it equals
28.643 μm⋅deg. Applied to the same blood sample the spectral method resulted in a wide
distribution over diameters, even wider than that of the χ 2 test. There is also a systematic
difference of about 0.5 μm between the two methods. Hence, both methods need to be
improved, and a reference method is required to test their performance, e.g. based on
microscopic observations.
This chapter summarizes our most recent results in RBC characterization using
large-scale DDA simulations. However, further work is clearly required to improve and
extensively test the proposed methods. This work includes:
1) Improvement of speed of the χ 2 test. Currently the test takes slightly less than a
second for each experimental LSP on a modern desktop computer. Preliminary
clustering of the reference database can decrease the number of comparisons with
simulated LSPs to find a minimum χ 2 value and, hence, decrease the testing time by
a few orders of magnitude. This will enable use of the χ 2 test in real-time,
simultaneously with measuring LSPs.
2) Improvement of accuracy of the χ 2 test. Currently only the closest simulated LSP is
used for RBC characterization. Additional use of several nearby LSPs together with
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some interpolation can improve both accuracy of parameter determination and
reliability, i.e. control over experimental errors.
3) Investigation of the experimental errors, i.e. influence of misalignment of SFC
optical system and particle position in the capillary on measured LSP. The
improvement can result either from refinement of optical and hydrodynamic systems
of SFC or from a method to account for these errors, e.g. by introducing an
additional parameter, such as particle position in SFC capillary, into inversion
technique.
4) Combining the results of the spectral method and the χ 2 test for more accurate
determination of RBC diameter. This is possible since both methods are based on the
same experimental signal. It also can improve reliability of the whole inversion
procedure.
5) Additional testing on multiple blood samples. This should also include comparison
with other reliable methods, especially those able to determine morphological
parameters of RBC (D, maximum and minimum thicknesses), e.g. by microscopic
methods.

5 Granulated blood cells
5.1 Introduction to granulocytes*
If a man will begin with certainties, he will end in doubts; but
if he will be content to begin with doubts, he will end in
certainties.
Francis Bacon, Advancement of Learning (1605)

Granulocytes are the most numerous type of leukocytes, consisting of three subtypes:
neutrophils, eosinophils, and basophils. Their abundance relative to all leukocytes in
normal condition is in the ranges 46–73%, 0–4.4%, and 0.2–1.2% respectively [240]. In the
following we briefly describe the function and morphology of each granulocyte subtype
and then review previous studies of characterization of granulocytes by optical methods.

5.1.1 Neutrophils
The major role of neutrophils is to protect the host against infectious agents. To accomplish
this task, the neutrophil must first sense infection, migrate to the site of the infecting
organism, and then destroy the infectious agents. This destruction is generally
accomplished by phagocytosis of the agent followed by release of granules into the
phagocytic vesicle, followed by killing of the organism [241].
A typical diameter of neutrophils is 10–15 μm as measured in blood smears [241].
However Ting-Beall et al. [242] reported that a normal suspended neutrophil has a volume
of 299 ± 64 μm3, which corresponds to a diameter 8.3 ± 0.6 μm (intervals correspond to
two standard deviations). A similar value for the diameter of mature neutrophils
(8.3 ± 1.2 μm) was obtained by Brederoo et al. [243] using electron microscopy. The
nucleus is separated into definite lobes with a very narrow filament or strand connecting the
lobes. On average, 5% of the neutrophils have one lobe, 35% two lobes, 41% three lobes,
17% four lobes, and 2% five or more lobes [244]. The area of a nucleus on electron
microscopic images is approximately 20% of the cell [243].
Neutrophils contain two major types of granules: azurophilic and specific granules,
although more minor classes can be specified [243,245,246]. Azurophilic granules are
larger and more dense than the specific ones, and the ratio of their numbers is 1/2–1/3
[247]. A typical size of azurophilic granules is 500 nm, whereas specific granules are either
spherical with a size of 200 nm (Livesey et al. [245] reported the range 100–250 nm) or rod
shaped (130×1000 nm) [248]. On average a cell cross section contains 200–300 granules
[248], the total number per whole cell is 1900–6300, with a total volume of 30 μm3 [247].
All the granules have a triple-layered membrane with a width of about 8 nm, some granules
contain crystalline inclusions [246]. Azurophilic granules are predominantly located in the

*
This chapter is partly based on K. A. Semyanov, A. E. Zharinov, P. A. Tarasov, M. A. Yurkin, I. G. Skribunov,
D. R. van Bockstaele, and V. P. Maltsev, "Optics of leucocytes," in Optics of Biological Particles, A. G. Hoekstra,
V. P. Maltsev, and G. Videen, eds. (Springer, London, 2006), pp. 253-264.
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outer region of the cell, whereas the specific granules tend to be placed more centrally
[247].

5.1.2 Eosinophils
The eosinophil was first described for its characteristic intracytoplasmic granules that
exhibit a high affinity for eosin, a negatively charged dye. Although rare in healthy
individuals, the eosinophil is prominent in peripheral blood and tissue in association with
various disease conditions including allergy, inflammatory responses against metazoan
helminthic parasites, and certain skin and malignant conditions. There is increasing
evidence that the eosinophil is a major effector cell in many types of allergic and
nonallergic inflammation, as well as in parasitic disease [249].
The eosinophils as seen in normal peripheral blood smears have size of 10–15 μm
[241]. However, a value of 8 μm has been also reported [249]. Their nuclei are usually
bilobed, although three or more lobes are also observed [249,250].
Eosinophils contain three major classes of granules: crystalloid, primary, and small
granules. Crystalloid granules measure 0.5–0.8 μm in diameter [249] (Puppels et al. [250]
reported another range: 0.9–1.3 μm) and contain crystalline electron-dense cores
surrounded by an electron-lucent matrix. There are approximately 200 crystalloid granules
in each cell [249,250]. Primary granules measure 0.1–0.5 μm in diameter and are less
abundant than crystalloid granules. Small granules are even smaller than primary ones
[249]. Granules are uniform in size and evenly distributed in the cytoplasm [244], the
granulation may completely fill the cytoplasm [251]. Minor types of granules – lipid bodies
and secretory vesicles can be found in eosinophils as well as in neutrophils [252].

5.1.3 Basophils
Basophils can phagocytose sensitized RBCs but are less active phagocytes than the other
granulocytes and lack significant amounts of antibacterial and lysosomal enzymes.
Basophils can be seen in tissues in which inflammation resulting from hypersensitivity to
proteins, contact allergy, or skin-allograft rejection is present [252].
Usually reported diameter of basophils in peripheral blood is 10–15 μm [241,253],
however Galli et al. [254] reported a size range of 5–7 μm, obtained using an ultrastructural
approach. The nucleus usually has 2 or 3 lobes [241], but their segmentation is less
pronounced as in the case of neutrophils or eosinophils, giving the nucleus an ‘S’ or ‘J’
shape [255].
The characteristic cytoplasmic granules are electron-dense round, oval, and angular
shaped membrane-bound structures that measure up to approximately 1.2 μm (Diggs et al.
[244] reported size range 0.2–1.0 μm) in largest dimension [255]. Some granules have a
substructure composed of dense particles (size 113–260 Å [255]) embedded in a less dense
matrix [254]. Second, relatively minor granule population are small granules, generally
found between the lobes of the nucleus, which contain a uniform lightly dense material
[254,255]. The cytoplasm of mature human basophils also contains glycogen particles,
mitochondria, free ribosomes, and small membrane-bound vesicles; lipid bodies are rarely
present [254].
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5.1.4 Optical characterization of granulocytes
Light scattering from a suspension of granulocytes was employed in dynamical studies.
Light scattering intensity was used as a measure of neutrophil aggregation [256] and shape
change [257]. Neutrophil degranulation was shown to correlate with right angle light
scattering intensity [258] and granulocyte aggregation – with light extinction [259]. Flow
cytometrical studies of neutrophil biology were reviewed by Carulli [260].
Granulocytes can be discriminated from other leukocytes in flow cytometers by their
higher forward and side scattering (except basophils which are found in the light scattering
region of lymphocytes) [261]. To perform further discrimination of granulocytes into
subclasses more measured parameters are needed. One of the methods [261] employs
measuring CD45 antigen presence on the cell surface using labeled monoclonal antibodies.
Eosinophils, lymphocytes, and monocytes express higher densities of CD45 than
neutrophils and basophils. Another parameter is autofluorescence. Its high values for
eosinophils can be used to discriminate them from all other leucocytes [262,263]. However,
this parameter is not reliable since it can be altered by chemical treatment of the cells or
when using fluorescent dyes. It was combined with measurement of CD16b (specific for
neutrophils) or CD49d (specific for eosinophils) expression to make discrimination of
eosinophils from neutrophils reliable [264].
Depolarized side scattering (I⊥), a new parameter proposed by de Grooth et al. [265],
can be used to discriminate eosinophils from neutrophils. That was actually implemented in
cytometrical protocol, employing higher I⊥ of eosinophils [9,263]. Although it seems
intuitively understandable that higher I⊥ of eosinophils is caused by the fact that their
granules are larger than that of neutrophils [265], to the best of our knowledge, a rigorous
explanation of this empirical fact has never been done. Moreover, as we will show in
Chapter 5.2, the dependence of I⊥ on granule size is far from being trivial.
Eosinophils express several CD2 subfamily receptors on their surface: NTB-A,
CD224 (2B4), CD84, CD58, and CD48. Neither basophils nor neutrophils express NTB-A.
Basophils also express CD224 but not neutrophils. CD84, CD58, and CD48 are expressed
by all granulocytes. Therefore, NTB-A presence can be used to identify eosinophils and
CD224 absence – neutrophils [266].
One of the first reliable methods to evaluate basophils in flow cytometry was based
both on CD45 expression (low density) and on the presence of IgE on the cell surface,
which can be combined with detection of low orthogonal light scattering (compared to
other granulocytes) [267]. Improvement of this method based on the expression of CRTH2
(chemoattractant receptor-homologous molecule expressed on Th2 cells), which is also
expressed by Th2 cells and eosinophils, was proposed [268]. CRTH2 detection is combined
with CD3 negative (exclude Th2) and low side-scattering (exclude eosinophils) to identify
basophils.
Angle dependence of light scattering intensity over the whole range of scattering
angles was measured for granulocytes and lymphocytes. Orientation effects on the intensity
of side scattering in different experimental setups were discussed [269].
In this thesis we first study the simplest model for granulocytes – a granulated sphere
– in Chapter 5.2. We perform extensive DDA simulations for different sizes and refractive
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indices of a cell and granules, and for different volume fractions of granules. In particular,
we show that difference in I⊥ of neutrophils and eosinophils can be quantitatively explained
solely by the difference in size of their granules. Moreover, we show that simple
approximations – Rayleigh-Debye-Gans and its second-order extension – are capable to
qualitatively reproduce the features of both total and depolarized side scattering intensities.
In Chapter 5.3 we extend our granulated sphere model by including the nucleus and show
that this model quantitatively agrees with LSPs of granulocytes measured with the SFC.

5.2 Theoretical study of light scattering by a
simple granulocyte model – granulated
sphere *
Closer to this book and equally illuminating are the many
problems triggered by a sound or a picture. Only afterwards
is a formula devised, and then proclaimed...
Benoit Mandelbrot, Multifractals and 1/f Noise:
Wild Self-Affinity in Physics (1999)

We perform extensive DDA simulations of light scattering by a granulated sphere. We
calculate total and depolarized side scattering signals as a function of the size and refractive
indices of cell and granules, and the granule volume fraction. Using typical parameters
derived from the literature data on granulocyte morphology, we show that differences
between experimentally measured signals of neutrophils and eosinophils can be explained
solely by the difference in their granule sizes. Moreover, the calculated depolarization ratio
quantitatively agrees with experimental results. We use the Rayleigh-Debye-Gans
approximation and its second order extension to derive analytical expressions for side
scattering signals. These expressions qualitatively describe the scaling of signals with
varying model parameters obtained by rigorous DDA simulations, and even lead to
quantitative agreement in some cases. Finally, we show and discuss the dependence of
extinction efficiency and asymmetry parameter on size and volume fraction of granules.

5.2.1 Introduction
Simulation of light scattering by homogeneous particles with simple shapes, such as
spheroids, is relatively easy (see Section 2.3). Unfortunately, most natural particles are
inhomogeneous and have a complex shape. A broad class of such particles can be
characterized by a matrix with multiple inclusions (granules). A number of approximations
exist to simulate light scattering by these particles which fall in one of two connected
realms: EMTs [118,270,271] or radiative transfer theories [272]. The latter is especially
relevant when an infinite medium is considered or granule positions randomly fluctuate
with significant amplitude during the observation time.
However, in many cases none of these approximations is accurate enough and
rigorous light scattering theories are required. The GMM theory allows simulation of light
scattering by clusters of spheres [88,188], which is a particular case of a granulated particle
when the matrix is vacuum. Recently Mishchenko et al. [273] studied clusters of spheres
with respect to radiative transfer theories. Apart from that, only general methods like the
FDTD or the DDA are capable of simulating light scattering by arbitrarily shaped
granulated particles. Most researchers who studied granulated particles are concerned with

*
This chapter is based on M. A. Yurkin, K. A. Semyanov, V. P. Maltsev, A. G. Hoekstra, " Discrimination of
granulocyte subtypes from light scattering: theoretical analysis using a granulated sphere model," submitted to
Opt. Expr.
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astrophysical or atmospheric applications [78,118,271,273], while our main application –
light scattering by biological cells – is a much less studied field.
Biological cells, when suspended in liquid, have an important advantage with respect
to the light scattering simulation. Their relative refractive index is close to unity. This
accelerates the rigorous methods (see Chapters 3.4 and 3.6) and improves the accuracy of
the EMTs and other approximate theories. FDTD simulation of light scattering by
biological cells was performed in a number of manuscripts by Dunn and coworkers
(summarized in [274]). To the best of our knowledge, these are the only studies that include
cell organelles and granules in rigorous light scattering modeling. The main conclusion is
that side scattering by biological cells are mainly determined by small granules, which
agrees with the general notion of flow cytometry [2]. However, only the dependence on the
volume fraction and not on the size of the granules was studied.
Study of light scattering by granulated biological cells is motivated by several
empirical techniques that use the dependence of light scattering signals measured by flow
cytometer on the characteristics of the granules [265,275-277]. All these techniques are
successfully used in practice but lack a rigorous theoretical foundation. For instance,
production of the inclusion bodies consisting of protein synthesized by E. coli cells was
found to correlate with forward scattering [276,277], which can be qualitatively explained
by the increase of total amount of matter that scatters light inside the cells. Probably, the
most fascinating application of light scattering to characterize granulated cells are the
results of de Grooth, Terstappen and coworkers [9,263,265], who showed that neutrophils
and eosinophils can be discriminated by their I⊥. This result was extended to other species
by Suzuki and Eguchi [275]. The values for light scattering signals are given in arbitrary
units by de Grooth et al. [265] and, hence, can be compared to other studies only
qualitatively. However, the ratios of the signals, which are also provided, can be compared
quantitatively to predictions of any models, thus providing a stringent test of the latter.
In this chapter we aim at two goals: to get general insight into light scattering by
index-matching granulated particles much larger than the wavelength and to rigorously
explain why eosinophils and neutrophils have different I⊥. For that we construct a simple
model of granulocytes in Section 5.2.2. In Section 5.2.3 we specify the total and
depolarized side scattering signals measured by flow cytometers, and provide predictions
for these signals of approximate light scattering theories. We show the results of extensive
DDA simulations in Section 5.2.4, comparing them with predictions of approximate
theories and known experimental results. We conclude the chapter in Section 5.2.5 and
discuss perspectives for characterizing granulated particles, specifically granulocytes, with
light scattering.

5.2.2 Simple granulocyte model
We use a granulated sphere as a model for granulocytes (see Fig. 51). The sphere contains
no nucleus and all the granules are identical and randomly placed inside the cell. Thus, we
compromise between realistic shapes (cf. [274]) and a general fundamental approach (cf.
[273]). We are able to study the dependence of light scattering of each of the particle
parameters independently, and at the same time to quantitatively describe at least the
depolarization ratios of neutrophils and eosinophils (see Section 5.2.4).

5.2 Theoretical study of light scattering by a granulated sphere
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Fig. 51. The granulated sphere model. All granules are identical and randomly positioned.

In the following we describe the default parameters of the model. The diameter of
the cell Dc = 8 μm and volume fraction of granules f = 0.1 correspond to the literature data
on morphology of both neutrophils and eosinophils (see Chapter 5.1). Dunn collected
information on refractive indices of the cell cytoplasm and constituents from several
sources [274]. However, the ranges are broad, which makes it hard to select a particular
value. We set the cytoplasm refractive indices, relative to the medium, to mc = 1.015, which
corresponds to the values obtained by fitting experimental LSPs of lymphocytes by a multilayered sphere model [38,278]. For the granules we set the relative refractive index to the
upper limit as if granules consist entirely of proteins, mg = 1.2. This choice exaggerates all
light scattering effects of granules; however, as we will show, all conclusions also are valid
for smaller mg. We completely neglect absorption in this study, and set the wavelength to
that of a 0.66 μm semiconductor laser, which is 0.4936 μm in the medium. The main
variable is the granule diameter dg, which is varied from 0.075 to 2 μm. The lower limit is
determined by the size of the dipole in DDA; we used d = 0.041 μm for all simulations,
corresponding to dpl = 12. Each DDA simulation depends on random granule placement,
therefore we repeat it 10 times and show mean value ± 2×SD for each simulated value. In
addition, we simulated the result for effectively dg = 0, by using the Mie theory applied to a
homogenous sphere, where the refractive index is obtained by Maxwell-Garnett EMT [cf.
Eq. (46)]. Since all refractive indices are close to unity, the differences between most EMTs
are negligible.
We also varied some of the parameters from their default values. To limit the
number of DDA simulations and keep the time of this study feasible we varied each
parameter with others fixed. For each set of parameters a whole range of dg was calculated.
We tried four additional values of f : 0.02, 0.05, 0.2, and 0.3, two values of Dc: 4 and
14 μm, two of mg: 1.1 and 1.15, and one of mc = 1, i.e. no cytoplasm at all (actually we used
mc = 1.000001 because of the limitations of the current code).
All simulations were performed using ADDA v.0.76 using the built-in granule
generator (see Section 3.4.2). For each particle we calculated Qext, <cosθ >, and the whole
Mueller matrix for the whole scattering angle with steps of 0.5° and 5° in θ and ϕ
respectively. Moreover, we refined the grid to 0.5° step in ϕ near the side scattering
direction to accurately compute the signals described in Section 5.2.3. Typical simulation
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time is half an hour on 8 LISA nodes (see Subsection 3.4.3.1), but it is about 1.5 hours on
16 nodes for Dc = 14 μm.

5.2.3 Orthogonal light scattering
We simulate the side scattering signals exactly as described by de Grooth et al. [265]. The
incident light propagates along the z-axis and is polarized along the x-axis, and the particle
is located in the origin. The exact side scattering direction is along the y-axis. A lens
focused on the particles projects the scattered light on the photodetector; both the lens and
the photodetector are centered around and orthogonal to the y-axis. A rectangular
diaphragm placed before the lens limits the collection scattering angles to θ = 90° ± Δθ and
ϕ = 90° ± Δϕ. The default values are Δθ = Δϕ = 25°. The measured signals are the total side
scattering intensity collected by the photodetector ISS and the total depolarized intensity I⊥,
when a polarizer with polarization axis along the z-axis is placed before the photodetector.
The depolarization ratio is defined as DSS = I⊥/ISS.
In the original paper [265] an expression of ISS and I⊥ in terms of the amplitude
scattering matrix is derived, however it has a typographical error in one sign. Therefore, we
present the corrected derivation in the following and also derive an expression in terms of
the Mueller scattering matrix. We denote the radius vector of a point on the lens as r, and
scattering direction n = r/r, which corresponds to scattering angles θ and ϕ. We introduce
unity vectors e⊥ and e|| orthogonal and parallel to the scattering plane respectively, which
are the local basis for scattered wave in point r, i.e. {e⊥, e||, n} is a right-handed orthogonal
basis (according to Bohren and Huffman [14]). These vectors are connected to the basis
vectors of a spherical coordinate system by e|| = eθ, e⊥ = −eϕ . We assume that incident light
has unity amplitude. Then two components of the scattered electric field in point r (before
the lens) is given by:
e ikr
e ikr
(187)
, E||sca = (S 2 cos ϕ + S 3 sin ϕ )
.
E ⊥sca = (S 4 cos ϕ + S1 sin ϕ )
− ikr
− ikr
The lens rotates the propagation vector of the scattered wave from n to ey together with the
electric field vector.
We introduce the following auxiliary unity vectors:
e1 = (e y × n) |e y × n| , e 2 = n × e1 ,
(188)
which form two right-handed orthogonal bases: {e1, e2, n} and {e1, e3, ey}. The mapping of
scattered electric field in basis {e⊥, e||, n} into the electric field on the detector in basis
{ez, ex, ey} (components E zdet and E xdet ) is performed in several steps
η1
η2
y
{e ⊥ , e|| , n} ⎯⎯
⎯→{e1 , e 2 , n} ⎯lens
⎯→{e1 , e 3 , e y } ⎯⎯
⎯
⎯
→{e z , e x , e y },

R (n )

R (e )

(189)

where Rη(e) denotes the rotation by angle η around the vector e, which changes the
components of the electric field accordingly. The lens transformation does not change the
component of the electric field along e1 and directly maps the component along e2 to the
component along e3. Therefore the components E zdet and E xdet can be obtained from E⊥sca
and E||sca by rotation of the reference frame by the angle η = η1 + η2:
E zdet = E ⊥sca cosη + E||sca sin η , E xdet = − E ⊥sca sin η + E||sca cosη .

(190)
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It is easy to show from geometrical considerations that
tanη1 = e⊥ y e|| y = − secθ cot ϕ , tanη 2 = n z n x = secϕ cot θ ,
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(191)

sin θ + sin ϕ
cos θ cos ϕ
.
, sin η = −
cosη =
(192)
1 + sin θ sin ϕ
1 + sin θ sin ϕ
The corresponding angle-resolved total and depolarized intensities, which are sensed by the
detector, are
2

2

2

J SS = E xdet + E zdet , J ⊥ = E zdet .

(193)

Using Eqs. (187), (190), and (193) and the definition of the Mueller scattering matrix in
terms of the amplitude scattering matrix [14] one can obtain:
1
J SS (θ , ϕ ) = 2 2 [S11 + S12 cos( 2ϕ ) + S13 sin( 2ϕ )],
(194)
k r
1
J ⊥ (θ , ϕ ) = 2 2 {S11 − S 21 cos(2η ) + S 31 sin(2η )
2k r
(195)
+ [S12 − S 22 cos(2η ) + S 32 sin(2η )]cos(2ϕ ) + [S13 − S 23 cos(2η ) + S 33 sin(2η )]sin(2ϕ )}.
The same result can be obtained using the Mueller matrix formalism.
The final signals, measured by the detector, are proportional to the intensities
integrated over the scattering aperture:
I SS , ⊥ = κ

∫∫ dϕ dθ r

apert.

2

sin θ J SS, ⊥ (θ , ϕ ).

(196)

We choose the proportionality coefficient κ = k 2/(4Δθ Δϕ), so that ISS and I⊥ are linear
combinations of the Mueller matrix elements averaged over the scattering aperture.
Moreover, in the limit of infinitesimal small aperture, the expressions are especially simple:
Δθ , Δϕ → 0 ⇒ I SS → S11 − S12 , I ⊥ → S11 + S 21 − S12 − S 22 ,
(197)
where all Mueller matrix elements are considered at exact side scattering direction. The
particular value of κ is not relevant since we will always consider either qualitative
behavior of plots including ISS and I⊥ or relative values.
Next, we summarize the experimental conclusions of de Grooth et al. [265], that we
will explain by rigorous DDA simulations in Section 5.2.4. The scatter plot of the sample
containing eosinophils and neutrophils in I⊥ versus ISS coordinates shows clear
discrimination of two subtypes. The ISS signals are almost the same, while I⊥ are larger for
eosinophils. Moreover, there is significant correlation between I⊥ and ISS for both
neutrophils and eosinophils. Discrimination between two subtypes is the most pronounced
using DSS, with mean values of 0.044 and 0.013 for eosinophils and neutrophils
respectively (averaged over a single sample). They also showed that DSS is almost constant
when Δϕ is decreased at fixed Δθ for both granulocyte subtypes. Thus, the depolarization
signals of granulocytes are inherent in contrast to the aperture depolarization, e.g. of a
sphere, which is caused by a finite value of the detector aperture around the exact side
scattering direction and decreases to zero with decreasing Δϕ.
In Appendices A3 and A4 we apply approximate theories (RDG and its 2-order
extension respectively) to the same problem of granulated sphere. Here we only summarize
the results of these approximations for values of ISS and I⊥, averaged over all possible
granule positions, and their ratio:
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Fig. 52. Depolarized versus total side scattering intensities for several granule diameters from 0 to
2 μm, indicated for some points by labels, for the default set of parameters (see text). Mean values ±
2×SD are shown.

⎧⎪[1 + O( f )]xg3 , xg << 1;
2
I SS ~ xc3 f mg − mc × ⎨
-1
xg >> 1,
⎪⎩O( xg ),
I ⊥ ~ x f mg − mc
3
c

2

4

⎧⎪ xg3 [1 + O( f ) + O( xc xg3 )], xg << 1;
×⎨
-2
xg >> 1,
⎪⎩ xc O( xg ln xg ),

(198)

(199)

⎧⎪1 + O( f ) + O( xc xg3 ), xg << 1;
2
DSS ~ f mg − mc × ⎨
(200)
-1
xg >> 1,
⎪⎩ xc O( xg ln xg ),
which are derived from Eqs. (A23), (A26), (A43), and (A48)−(A50). xg and xc are size
parameters of granules and the whole cell respectively.

5.2.4 Results and discussion
The results of DDA simulations of side scattering by granulated spheres with the default set
of parameters and varying granule diameter is shown in Fig. 52. For each dg mean values of
ISS and I⊥ and error bars corresponding to two SDs are shown. Labels near some of the
points indicate the values of dg. One can see that there are two ranges of dg: from 0.1 to
0.25 μm and from 0.4 to 2 μm, which correspond to distinct regions in Fig. 52. The range
from 0.25 to 0.4 μm is intermediate, where ISS and I⊥ strongly albeit differently depend on
dg. The two regions in Fig. 52 qualitatively correspond to the neutrophils and eosinophils
on the plots by de Grooth et al. [265]. Considering the morphological characteristics of
neutrophil and eosinophils granules (see Chapter 5.1), one may see that difference in
depolarized side scattering can be explained solely by the difference in dg. However, it is
important to note, that direct comparison cannot be performed because the model is a
significant simplification of the granulocyte morphology. Apart from neglecting a nucleus,
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Fig. 53. (a) Total and (b) depolarized side scattering intensity and (c) their ratio versus granule
diameter for several volume fractions. Other parameters are set to default values (see text). Mean
values ± 2×SD are shown. Experimental results for mean values of DSS of neutrophils and eosinophils
are shown in (c) for comparison.

it assumes the same size for all granules, while granule population of a real granulocyte is
always heterogeneous both in size and refractive index.
The results for several volume fractions are shown in Fig. 53, separately for ISS, I⊥,
and their ratios. One may note that EMT result (dg = 0) for DSS seems to be different from
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the limiting value of the DDA simulations [Fig. 53(c)]. This is explained by the fact that
both ISS and I⊥ are mostly determined by the granules even for the smallest dg = 0.075 μm
that we tried. However, for much smaller granules the signals are those of the homogeneous
sphere, which has a different depolarization mechanism (see Fig. 55 and Appendix A4).
Therefore, both ISS and I⊥ decrease monotonically with dg, while DSS “switches” from the
limiting value of small granules to that of a homogeneous sphere, which are naturally
different.
Apart from this feature, the general behavior of ISS, I⊥, and DSS versus dg, is similar
to that predicted by Eqs. (198)−(200): both ISS and I⊥ rapidly increase with dg for small dg
and relatively slowly decay for larger dg. DSS behaves in a step-like manner, switching from
a plateau for small dg to another one for larger dg. We include the literature data on average
values of DSS for neutrophils and eosinophils [265] in Fig. 53(c). One can see that
neutrophils approximately correspond to small dg limit for f = 0.1, while eosinophils have
the DSS values between the large and small dg limits for the same f. The latter can be
explained by the fact that eosinophils have large (> 0.4 μm), small (< 0.25 μm), and
intermediate granules, and f = 0.1 is their typical total volume fraction (see Section 5.1.2). It
is important to note, that this explanation is only qualitative, because light scattering signals
for a cell with granules of different sizes cannot be obtained by averaging of results for
different cells with identical granules. The quantitative comparison between the DDA
simulations and experimental results for DSS is further hindered by the uncertainty of mg.
To show the dependence of side scattering signals on f we plot I⊥ versus ISS in
Fig. 54, normalizing them by f 2 and f respectively [cf. Eqs. (198) and (199)]. We omit error
bars in Figs. 54−57 for clarity. In all cases they are similar to those depicted in Figs. 52 and
53. The only exception is Fig. 55, for which SD significantly increase with decreasing Δϕ
(data not shown). This increase is natural considering the oscillating dependence of all
Mueller matrix elements on both θ and ϕ. Analyzing Figs. 53 and 54, one can see that the
scaling of I⊥ and ISS with f is slower than f 2 and f respectively, i.e. the corrections of higher
order in f are important. Although our derivations do provide such corrections they are not
expected to be accurate and therefore are not further discussed (see Appendices A3 and
A4). One also can see that the slope of the curves in Fig. 54 is almost independent on f for
small dg, hence DSS is proportional to f in this regime. This scaling law holds with much
better accuracy than that for either I⊥ or ISS.
We show the results of varying the aperture in Fig. 55. We keep Δθ fixed and vary
Δϕ from 0° to 25°. The depolarization ratio does depends on Δϕ over the whole range of dg,
however this dependence is uniform in the sense, that variation of Δϕ do not change the
general behavior of DSS versus dg. In other words, the aperture part of the depolarization of
the granulated sphere is significant, especially for large dg, however it is always less than
the inherent part. There is one natural exception to the above conclusion – the EMT result
for dg = 0, which scales approximately as Δϕ 2 [265].
A plot of I⊥ versus ISS for several Dc is shown in Fig. 56, normalized by Dc4 and Dc3
respectively [cf. Eqs. (198) and (199)]. One may see that plots almost coincide for small dg
and come close to each other for large dg. That means that the simple scaling derived from
the approximate theories works satisfactory. Moreover, this scaling law is even more
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Fig. 54. Same as Fig. 52 but for several volume fractions. I⊥ and ISS are normalized by f 2 and f
respectively to the case f = 0.1.
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Fig. 55. Mean values of depolarization ratio versus granule diameter for several sizes of azimuthal
angle aperture. Other parameters, including Δθ, are set to default values (see text). An inset shows the
magnified region near the origin.

accurate for DSS. The results for several mg and mc, shown in Fig. 57, lead to analogous
conclusions: scaling described by Eqs. (198)−(200) works well, especially for DSS, except
for the “resonance” intermediate region of dg. In particular, this scaling can be used to
estimate the effect of uncertainty in mg and mc on the final simulated results.
All the results above are for several side scattering signals. In Fig. 58 results for
other scattering quantities are shown, namely Qext and <cosθ >. One can see that these
quantities only moderately depend on a particular granule placement, as indicated by
relatively small SDs. However, they non-trivially depend on both dg and f. For small dg, Qext
is close to that of a homogeneous sphere with EMT refractive index, which linearly
depends on f. Since dependence of Qext of a sphere on m is oscillating, so is the dependence

152

Granulated blood cells
12
Dc = 4 μm
Dc = 8 μm

10

Dc = 14 μm

I⊥ × (8 μm/Dc)

4

8

6

4

2

0
0

50

100

150

200

250

3

ISS × (8 μm/Dc)
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Fig. 57. Same as Fig. 52 but for several mg with mc = 1.015 and for mg = 1.2, mc = 1. I⊥ and ISS are
normalized by |mg − mc|4 and |mg − mc|2 respectively to the case mg = 1.2, mc = 1.015.

of Qext of a granulated sphere on f for small dg. For large dg overall extinction by granules is
less dependent on each other, therefore Qext increases with f for constant dg (if f = 0,
Qext = 1.04). In intermediate region of dg Qext smoothly changes from one limiting value to
another. The asymmetry parameter can be thought of as another measure of side scattering
intensity. And one can see that 1 − <cosθ > do correlate with ISS when varying both dg and f
[cf. Figs. 53(a) and 58(b)]. However, the dependence of <cosθ > on dg has more oscillations
(maxima and minima) than that of ISS. Although some of the features of Fig. 58 are easy to
understand, it does not seem feasible to completely describe this figure by any simple
approximate theory.
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Fig. 58. Same as Fig. 53 but for (a) extinction efficiency and (b) asymmetry parameter.

We do not discuss other scattering quantities, e.g. angle-resolved Mueller matrix
elements, in this chapter, because it is hard to choose any of universal interest. Any
particular application needs its own combination of Mueller matrix elements and range of
scattering angles. However, several LSPs of granulated spheres are shown in Chapter 5.3
and compared with a nucleated model for granulocytes and experimental LSPs measured by
a SFC.

5.2.5 Conclusion
We performed extensive DDA simulations of light scattering by a granulated sphere. We
calculated total and depolarized side scattering intensity (ISS and I⊥) varying parameters of
the model: granule diameter dg, volume fraction f, and refractive index mg, cytoplasm
diameter and refractive index and size of the side scattering aperture. Parameters used
correspond to the literature data on granulocyte morphology. The general appearance of the
maps ISS versus I⊥ for several dg is the same for different values of other model parameters:
two segments with high correlation between ISS and I⊥ for small and large dg and a
connecting region for a narrow range of dg. Both ISS and I⊥ increase with dg for small dg,
have a maximum at dg approximately equal to the wavelength λ, and slowly decay
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afterwards. Depolarization ratio DSS behaves in a step-wise manner, having almost constant
value for small dg and a larger constant value for larger dg.
Analytical expressions, obtained in the framework of the Rayleigh-Debye-Gans and
second-order Born approximations, describe these results qualitatively well. Moreover,
these expressions quantitatively agree with rigorous DDA simulations for small dg and f. In
addition to being extremely fast, these approximate theories give an insight into the light
scattering phenomena. In particular, depolarization of granulated sphere is determined by
short-range interaction between nearby granules for very small dg, while for dg of order λ
and larger it is determined by long-range interactions of all granules. Although, analytical
expressions are not accurate enough in many cases, they can be used to construct
approximate inversion techniques, which goal is to deduce information about granules from
light scattering signals.
We showed that differences between experimentally measured signals of neutrophils
and eosinophils [265] can be described solely by the difference in their granule sizes, which
agrees with previous phenomenological descriptions of this phenomena. Moreover,
calculated DSS quantitatively agrees with experimental results. However, the quantitative
comparison is hindered by the uncertainty of mg. Finally, as an example of other scattering
quantities we showed and discussed the dependence of extinction efficiency and asymmetry
parameter on f and dg. They can also be used to approach the inverse problem.

5.3 Experimental study of neutrophils by
scanning flow cytometry
A philosopher once said "It is necessary for the very
existence of science that the same conditions always produce
the same results." Well, they do not.
Richard Feynman, The Character of Physical Laws (1964)

This chapter summarizes first experimental results on neutrophil light scattering patterns
(LSPs) and their comparison with DDA simulations. LSPs of neutrophils from three
healthy volunteers were measured with a scanning flow cytometer, showing a five-fold
intersample variation in LSP magnitude. Simulated LSPs for two particle models (with and
without a nucleus) qualitatively agree with experimental LSPs. However, fitting of
individual experimental LSPs is not yet feasible due to the large number of parameters
involved. Simulations suggest that granules with different diameters are most significant for
distinct ranges of scattering angle θ. Moreover, for small granules (diameter
dg = 0.1−0.2 μm), which are typical for neutrophils, scattered intensity I(θ ) is almost
independent of dg for θ < 30°. The distributions of neutrophil diameters are obtained by the
spectral method and show mean diameters from 9 to 10 μm, with less than 10% variation
between the samples.
Currently, the focus is primarily on neutrophils; however, this work should be
extended to other granulocyte subtypes in the future. Other future work, including
development of algorithms for granulocyte classification and characterization and
improvement of robustness of the spectral method, also is discussed in detail.

5.3.1 Experimental procedure
All procedures were performed at room temperature (23°C). Whole blood was taken from
three healthy volunteers by venopuncture into EDTA. Lysing of RBCs was performed
adding 15 ml of lysing solution (BD Biosciences, FACS lysing solution) to 1.5 ml of blood
and incubating it for 10 min in the dark. Two washing steps were performed to remove
blood plasma and RBC debris, through centrifugation for 5 min at 450×g followed by
supernatant removal. After the first step, the sediment was resuspended in 15 ml of buffered
saline and shaken. After the second washing step the sediment, containing leukocytes, was
shaken and added to 20 ml of antibodies (Immunotech, clone 3G8), which bind to CD16b, a
receptor specific to neutrophils (see Section 5.1.4), and are labeled by fluorescein
isothiocyanate. It is then incubated for 20 min in the dark, followed by the third washing
step. Finally, the labeled leukocytes were resuspended in buffered saline to a concentration
∼107 cells/ml. The analysis of the samples by SFC was performed during a period of three
hours.
Samples were analyzed by a SFC with two lasers (660 and 488 nm) for measuring
LSPs and fluorescence excitation respectively. Granulocytes are separated from other cells
as a distinct cluster on the map showing forward vs. side scattering, which correspond to
the largest values of both signals (the details of this procedure and a typical map of
leukocyte sample can be found in [278]). Neutrophils are CD16b-positive cells, i.e. those
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cells which have pronounced fluorescence signals. The cells that belong to the granulocyte
cluster but lack fluorescence (CD16b-negative granulocytes) are either eosinophils or
basophils. However, they may also contain a small portion of monocytes because of a small
overlap of corresponding clusters on the forward vs. side scattering map. In this chapter we
focus exclusively on neutrophils as the most numerous subtype of granulocytes and the one
which is unambiguously identified in the experiment. In total, from 200 to 1500 LSPs of
neutrophils were measured from each sample.
To determine the diameter of neutrophils we used the spectral method. The
procedure is the same as described in Section 4.3.5 but without multiplication of a LSP by
weighting function wF. The proportionality coefficient between the diameter and the LPL
[cf. Eq. (185)] was determined for spheres [39] and concentric spheres [10]. Although this
method was successfully applied to lymphocytes [10], it was never tested on granulated
cells. Therefore, size distributions obtained using this method should be considered as an
estimate rather than a reference result.

5.3.2 Additional DDA simulations
To better fit experimental data on neutrophils we performed additional DDA simulations.
We used the same procedure as described in Section 5.2.2, but modified parameters of the
shape model. Also, we did not perform multiple simulations for the same set of parameters,
since our goal was only to compute a few sample LSPs.
First, we increased the diameter of the granulated sphere model to Dc = 9.6 μm based
on the size distribution of neutrophils obtained by the spectral method (see Fig. 63). We
simulated six LSPs for granulated sphere with dg = 0.1, 0.15, and 0.2 μm and f = 0.1 and
0.2. These granule sizes and f = 0.1 correspond to the literature data on neutrophil
morphology (see Section 5.1.1). However, f = 0.2 seems more appropriate if one includes a
cell nucleus into consideration and calculates the average refractive index. Refractive
indices were set to mg = 1.15 and mc = 1.015 for all simulations in this section.
Second, we included a nucleus in the model. We manually constructed a nucleus
from four spheroids of different sizes, which were randomly placed and oriented inside the
cytoplasm. The total volume fraction of the nucleus is 0.11. The cross sections of this
model look similar to the microphotographs of neutrophils found in the literature (data not
shown). We used two orientations of the model relative to the incident beam: initial
(orientation 1) and rotated by β = 45° (orientation 2). Granules were randomly positioned
inside the remaining cytoplasm with f = 0.1, resulting in total volume fraction of noncytoplasm material equal to 0.2. We tried the same three granule sizes as above, resulting in
total 6 simulated LSPs for the model with nucleus. Refractive index of the nucleus mn was
set equal to that of granules (1.15). This value is larger than usually reported and used for
theoretical simulations, up to 1.1 [38,274,279]. However, we use it to exaggerate the effect
of the nucleus to clearly see the importance of accounting for it in theoretical simulations.

5.3.3 Results and discussion
We show LSPs averaged over all neutrophils in each sample in Fig. 59. 20 randomly
selected LPSs of individual neutrophils from sample 3 are also shown representing the
typical variation inside one sample. One can see that LSPs of individual neutrophils have a
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Fig. 59. LSPs of neutrophils of several individuals in logarithmic scale. Bold lines show LSPs
averaged over a single sample. Narrow lines show 20 randomly selected LSPs from the sample 3. The
scales of both axes are the same on Figs. 59−61.

typical oscillating structure, while averaged LSP is almost featureless except a minimum
and maximum between 7° and 10°. These extrema are present in all individual LSPs as well
as in the averaged LSP. The position of extrema of individual LSPs for small scattering
angles is mostly determined by neutrophil diameter, i.e. it can be described by diffraction.
Since the size distribution of neutrophils over diameter is relatively narrow (Fig. 63) all
LSPs have similar values of extrema angles, and so are the averaged LSPs. For larger
scattering angles, difference between extrema position of different neutrophils becomes
larger because of larger order (number) of extrema and the influence of other
morphological parameters (refractive index and internal structure), which becomes
comparable to that of diameter. As this difference becomes comparable to the LSP period,
the averaged LSP becomes featureless.
The results of the additional DDA simulations are shown in Fig. 60. The difference
between the three granule diameters are significant only for θ > 30°−40°, where I(θ )
increases with dg. For granulated sphere without a nucleus, larger f results in approximately
proportional increase in I(θ ), not significantly changing its shape. The dependence of I(θ )
on dg and f agrees with results for orthogonal light scattering discussed in Section 5.2.4. As
expected, the influence of nucleus orientation is smaller than that of the nucleus itself or f.
It is also small compared to the effect of increasing dg for larger scattering angles.
We compare averaged experimental LSPs and simulated LSPs for dg = 0.15 μm in
Fig. 61. The magnitude of the simulated LSPs corresponds well to the experimental LSPs
from different samples. Moreover, the difference between simulated LSPs is inside the
limits of intersample variation of experimental LSPs. Thus, it is hard to prefer one shape
model over the other. However, the presence of the nucleus significantly increases I(θ ) for
15° < θ < 40°, while for larger angles I(θ ) is almost the same for shape models with the
same total volume fraction of the nucleus and granules. It is important to note, that overall
magnitude of the LSP largely depends on the refractive indices of a nucleus and granules
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Fig. 60. Simulated LSPs (in logarithmic scale) of granulated sphere with diameter 9.6 μm (a) without
nucleus for two volume fractions and (b) with nucleus, consisting of four spheroids, for two
orientations. Each configuration is simulated for three granule diameters. mn = mg = 1.15, other
parameters are described in the text.

and on f. It is plausible that variation of these factors is mostly responsible for intersample
variation of experimental LSPs, because a nucleus is present in all mature neutrophils.
To further study the effect of different sizes of inclusions on I(θ ) for different θ, we
analyze the simulations described in Section 5.2.2. They do not include a nucleus and
correspond to different parameters of the shape model: Dc = 8 μm, f = 0.1, mg = 1.2,
therefore they cannot be directly compared with LSPs shown in Figs. 59−61. We show
LSPs from 0° to 90° for several dg from 0.1 to 2 μm in Fig. 62, each is averaged over 10
random granule placements. The corresponding SDs are smaller than difference between
the LSPs for θ > 20° (data not shown).
One can see that there is a significant difference between LSPs for different dg. For
small scattering angles (up to 7°) there is an inverse correlation between I(θ ) and dg, which
agrees with corresponding data for Qext [see Fig. 58(a)]. However, this correlation is not
fundamental but specific to a particular values of Dc, f, and mg. For instance, compare it
with dependence of Qext on dg for f ≠ 0.1, shown in Fig. 58(a). The scattering by the
smallest granules (dg = 0.1 μm) is negligible compared to other dg for θ > 15°. The granule
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Fig. 61. Averaged experimental LSPs from Fig. 59 shown together with simulated LSPs with and
without nucleus from Fig. 60 (dg = 0.15 μm).
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Fig. 62. Simulated LSPs (in logarithmic scale) of granulated sphere (Dc = 8 μm) without nucleus for
several granule diameters. mg = 1.2, other parameters are described in the text.

diameter 0.3 μm results in the largest I(θ ) compared to other dg for θ > 60°, which agrees
with results for side scattering intensity [see Fig. 53(a)]. dg = 0.5 and 1 μm are prevailing
for 35° < θ < 60° and 15° < θ < 30° respectively. I(θ ) for dg = 2 μm is smaller than for
dg = 1 μm for all scattering angles except in the vicinity of 10°. These findings agree with
the effect of the nucleus described above, as it can be considered as several large granules.
Although specific angular ranges may depend on other problem parameters, such as mg, f
and Dc, the general conclusion is that I(θ ) for specific θ is determined to a large extent by
granules of specific size, more precisely, by a relatively narrow range of dg. Moreover,
there is an inverse correlation between corresponding θ and dg, which agrees with general
diffraction considerations.
It is important to note that this conclusion is qualitative, because it is based on
simulations for granulated spheres with identical granules. LSP is only approximately
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Fig. 63. Size distributions of neutrophils from three samples determined by spectral method. Mean
values ± 2×SD also are shown, determined for sizes in the range from 6 to 14 μm.

proportional to f. Moreover, I(θ ) is not a priori additive in terms of different dg, i.e. I(θ )
for a sphere with two granule populations with diameters and volume fractions equal to d1,
d2 and f1, f2 respectively is not equal to a sum of I(θ ) for a sphere with granules (d1, f1) and
for a sphere with granules (d2, f2). Although, such additivity may hold in some cases, e.g.
for small f, when the RDG is an accurate approximation, more simulations are required to
study the validity of this assumption.
Size distributions obtained by the spectral method are shown in Fig. 63. There is a
small difference in neutrophil sizes between the samples. Moreover, there is inverse
correlation between average size and overall LSP magnitude. This may be caused by
corresponding difference of refractive index similar to that described for T-lymphocytes by
Hoekstra et al. [280]. However, simple dilution of the cytoplasm and including a volume
fraction change by changing Dc by 10% cannot explain the five-fold intersample variation
of LSP magnitude. Significant changes in neutrophil internal structure (granularity, size of
nucleus, refractive indices, etc.) must be involved to explain this difference. Further study is
required to make any definite conclusions.
Comparing Fig. 63 with literature data (see Section 5.1.1), one can see that our
results are between the values reported for blood smears and for neutrophils in suspension.
However, the difference with both references is smaller than the variation of the data itself.
More individuals should be studied to make any conclusions about the systematic
difference between the results of the spectral method and other techniques. Moreover, the
same samples should be studied with different methods.

5.3.4 Conclusion
We used a scanning flow cytometer (SFC) to measure light scattering patterns (LSPs) of
neutrophils from three healthy volunteers. Contrary to the individual LSPs, sampleaveraged LSPs are shallow and almost featureless except for extrema in the vicinity of 10°.
There is a five-fold difference in magnitude between average LSPs from different samples,
which may be explained only by difference in the internal structure of neutrophils.
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Simulated LSPs for both models with and without nucleus generally agree with
experimental LSPs, as measured by the overall LSP magnitude. However, fitting of
individual experimental LSPs is not yet feasible due to the large number of parameters
involved. Comparison of simulations with different granule diameter dg shows that for each
specific scattering angle θ there is a specific dg, for which scattered intensity I(θ ) is larger
than for other dg. In other words, there is a qualitative correspondence between dg and θ,
larger dg corresponds to smaller θ. For instance, dg = 0.3 μm corresponds to θ near 90°,
while dg = 2 μm and the multilobed nucleus correspond to θ near 10°−20°. This
correspondence excludes the forward scattering peak (up to 5°−10°), which is largely
determined by interference of scattering of all the cell constituents, and small granules,
which do not prevail for any θ. Moreover, for such small granules (dg = 0.1−0.2 μm), which
are typical for neutrophils, I(θ ) is almost independent of dg for θ < 30°.
The results of theoretical simulations allow one to approach the problem of
neutrophil characterization. However, it does not seem currently feasible to rigorously
characterize individual neutrophils. A few simpler ways are possible: either to characterize
individual neutrophils using simplifications of the light scattering problem or determine the
average morphological parameters from analysis of the averaged LSPs. Even these simpler
problems are far from being trivial and still wait to be solved.
Size distributions are obtained by the spectral method and show mean diameters
from 9 to 10 μm, with less than 10% variation between the samples. Although, the spectral
method is promising in fast determination of diameter of granulated cells, it should be
further tested and compared with other methods, e.g. microscopy. A theoretical test may be
performed by studying its performance on simulated LSPs of granulated spheres, described
in Section 5.2.2. That is, however, а topic of future research.
This chapter summarizes first experimental results on neutrophil LSPs and their
comparison with DDA simulations. This forms the starting point for future work, which
includes:
1) Obtaining more experimental data, including measuring multiple blood samples from
each donor at different times. This will validate the whole experimental procedure,
allow estimation of the experimental errors and exclude possible artifacts due to
different sample handling, e.g. different time between sample preparation and SFC
measurements.
2) Using a second fluorescent label in experiments to unambiguously identify
eosinophils and, even better, basophils. The problems of their characterization are
similar to that of neutrophils. However, there is an additional challenge, which has
not been addressed in this thesis. That is classification of granulocytes, i.e.
determination of the subtype for each individual cell, based solely on light scattering.
The theoretical conclusions presented in this chapter give a hint on possible ways to
do it, e.g. using sensitivity of different ranges of scattering angles to different granule
diameters. However, extensive experimental data is required to proceed further.
3) Using polarizing SFC to measure polarization LSP in addition to the regular one.
Unfortunately, SFC cannot directly measure depolarization side scattering signal to
discriminate neutrophils and eosinophils. However, polarization LSP may lead to
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similar discrimination and provide additional information, which can be used for
granulocyte classification.
4) Development of algorithms to characterize granulocytes. Currently, only the base of
this development is available, consisting of theoretical conclusions derived from
DDA simulations. The characterization problem is much more complex than, e.g.,
that for RBCs (see Chapter 4). Therefore, its solution should be based on extensive
and reliable experimental data with controlled experimental errors.

6 Conclusion
Results! Why, man, I have gotten a lot of results. I know
several thousand things that won't work.
Thomas Edison

In this thesis the discrete dipole approximation (DDA) was improved both in speed and
reliability to allow simulation of light scattering by biological cells and it was applied to
simulate light scattering patterns (LSPs) of blood cells, which are measured by a scanning
flow cytometer (SFC). A method to characterize native red blood cells (RBCs) from
measured LSPs was developed. A granulated sphere was studied as a model of
granulocytes, allowing explanation of known experimental facts. An experimental study of
neutrophils was performed with a SFC and possible approaches for the solution of the
inverse light scattering problem were discussed.

6.1

Improvement of the discrete dipole approximation

We conducted a rigorous theoretical convergence analysis of DDA. In the range of DDA
applicability (kd < 2) errors are bounded by a sum of linear and quadratic terms in the
discretization parameter y; the linear term is significantly smaller for cubically than for noncubically shaped scatterers. The relative importance of the linear term decreases with
increasing size, hence convergence of DDA for large enough scatterers is quadratic in the
common range of y. All these conclusions were verified by extensive numerical
simulations.
Moreover, these simulations showed that errors are not only bounded by a quadratic
function, but actually can be (with good accuracy) described by a quadratic function of y.
Based on this fact we proposed an extrapolation technique, which allows accuracy
improvement of DDA computations. The performance of this technique was studied
empirically and we showed that it significantly suppresses maximum errors of S11(θ ) when
the best discretization parameter ymin < 0.4 and 0.15 for cubically and non-cubically shaped
scatterers respectively (for refractive index m = 1.5). The quality of the extrapolation
improves with decreasing ymin reaching extraordinary performance especially for cubically
shaped particles – more than two order of magnitude decrease of error when ymin ≈ 0.05 for
wavelength-sized scatterers with m = 1.5.
We proposed extrapolation error estimate and proved it to be reliable. This error
estimate is completely internal, and hence can be used to create adaptive DDA – a code that
will automatically refine discretization to reach a required accuracy. We also proposed a
simple method to directly separate shape and discretization errors. For instance, maximum
errors of S11(θ ) for the kD = 10 sphere with m = 1.5 and y = 0.93 are mostly due to shape
errors. This method can be employed to rigorously study fundamental properties of these
two types of errors and to directly evaluate the performance of different techniques aimed
at reducing shape errors.
We developed ADDA, a computer program to simulate light scattering by arbitrarily
shaped particles using the DDA. ADDA can parallelize a single DDA simulation, which
allows it not to be limited by the memory of a single computer. We showed its capabilities
163

164

Conclusion

for simulating light scattering by spheres with size parameter x up to 160 and m up to 2.
The maximum reachable x on a cluster of 64 modern processors decrease rapidly with
increasing m: it is 160 for m = 1.05 and only 20−40 (depending on the convergence
threshold) for m = 2. This is mostly due to the slow convergence of the iterative solver
leading to practically unbearable computation times.
Errors of both integral and angle-resolved scattering quantities show no systematic
dependence on x, but generally increase with m. Errors of extinction efficiency Qext and
asymmetry parameter <cosθ > range from less than 0.01 % to 6 %. Maximum - and rootmean-square relative errors of S11(θ ) are in the ranges 0.2–18 and 0.04–1 respectively.
Error predictions of the traditional “rule of thumb” have very limited application in this
range of x and m: it describes the upper limit of errors of Qext and <cosθ >, however it does
not account for the decrease of the errors with m.
We compared ADDA with three other DDA codes and showed that apart from being
the only one capable to parallelize a single DDA simulation, it is also the fastest and least
memory-consuming one when running on a single processor. The only significant
drawback of ADDA compared with other codes is its limited set of predefined shapes and
current inflexibility in choosing angles for orientation averaging, which may result in larger
errors or computational times.
We also performed a systematic comparison of the DDA and another method to
simulate light scattering by arbitrary particles – the finite difference time domain method
(FDTD) – for a range of x up to 80 and m up to 2, using state-of-the-art parallel
implementations of both methods. The distinctive feature of this comparison was a
requirement for both methods to reach a certain accuracy of the simulated scattering
quantities. The DDA is more than an order of magnitude faster for m ≤ 1.2 and x > 30,
while for m ≥ 1.7 the FDTD is faster by the same extent. m = 1.4 is a boundary value, for
which both methods perform comparably. Simulations for a few sample biological cells
lead to the same conclusions.
We conclude that the DDA, and the ADDA computer code in particular, is especially
suitable for simulating light scattering by index-matching biological cells. The
extrapolation technique and internal error estimate allow DDA simulations to be accurate
and reliable. However, there is still place for DDA improvements, especially for larger
refractive indices. They may include decreasing shape errors and improving polarizability
and interaction terms to decrease discretization errors. Preconditioning for the DDA
interaction matrix should be studied to decrease the time of DDA simulations and make
larger x and m feasible. Finally, performance of the DDA should be systematically studied
for complex m.

6.2

Characterization of red blood cells using scanning flow
cytometer

We showed that popular approximations of the native RBC shape as oblate spheroids or
disc-sphere models are generally unsatisfactory for accurate simulations of RBC LSPs,
except for some special cases. Therefore, we used the DDA to rigorously simulate light
scattering by native RBCs. We proposed an extended 4-parametric shape model for RBC,
which has all RBC parameters obtained from microscopic observations as independent
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input parameters. We constructed a reference database by simulating 40 000 LSPs for
RBCs randomly varying 6 parameters: 4 shape parameters, hemoglobin concentration HbC,
and orientation angle β inside the ranges which cover all possible values found in the
literature for healthy human RBCs. To solve an inverse light scattering problem we
developed a χ 2 test, which is based on direct comparison of experimental LSPs with
simulated ones from a reference database. Two modification of the χ 2 test were tested.
We applied the χ 2 test to characterize the RBCs in a single blood sample. For each
RBC we completely characterized its shape, HbC and its orientation in the SFC capillary.
Results for RBC volume and HbC were compared with other methods. The mean values
agree with each other, but the standard deviations produced by the χ 2 test are about 1.5
times larger than that of reference methods. The results for all other parameters also are
meaningful, except for minimum thickness b, which cannot be reliably determined by the
χ 2 test because of the low sensitivity of the LSP to b. We showed that orientation of RBCs
in the flow of the SFC is predominantly in the interval β ∈ [80°,90°] (long edge along the
flow), in agreement with previous estimations based on hydrodynamic calculations and
approximate light scattering simulations.
The reference database also was used to validate and refine the previously proposed
spectral method, which determines RBC diameter from the last peak location in the
amplitude Fourier spectrum. The proportionality coefficient is 28.643 μm⋅deg (for
wavelength 0.66 μm and refractive index of the outer medium 1.337), determined by a
linear fit through simulated data. Applied to the same blood sample the spectral method
resulted in a distribution of diameters wider than that of the χ 2 test. There is also a
systematic difference of about 0.5 μm between the two methods. Hence, both methods need
to be improved, and a reference method is required to test their performance, e.g. based on
microscopic observations.
Although the characterization method discussed above have been proven to produce
meaningful results and mean values of determined parameters agree with reliable reference
results, further work is clearly required before introduction of this method into clinical
practice. This work includes improvement of speed and accuracy of the χ 2 test, as well as
its reliability and control over the experimental errors. The χ 2 test should be combined with
the spectral method for more accurate determination of RBC diameter. Finally, additional
testing on multiple blood samples and comparison with other reference methods, including
microscopic, should be performed.
Since the characterization method simultaneously determines six parameters for each
RBC, it is very sensitive both to errors of DDA simulations and SFC measurements.
Therefore, the further development of the method requires advances of three fields: light
scattering simulation, experimental LSP measurements, and mathematics connected with
inversion techniques and multi-parameter optimization problems, which makes the problem
challenging. However, its solution will enable significant advance in accuracy and
informativity of a flow cytometrical clinical RBC analysis.
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Conclusion

Theoretical and experimental study of granulocytes

We proposed a sphere filled by identical granules as a morphological model of a
granulocyte. We performed extensive DDA simulations of light scattering by this model.
First, we focused on total and depolarized side scattering intensities (ISS and I⊥), which had
been proposed in the literature for discrimination of neutrophils and eosinophils. The
general appearance of the ISS versus I⊥ maps for several granule diameters dg is the same for
different values of other model parameters. The depolarization ratio DSS behaves in a stepwise manner, having almost constant value for small dg and a larger constant value for
larger dg. Moreover, calculated DSS quantitatively agrees with experimental results for
neutrophils and eosinophils that had been reported previously.
Analytical expressions, obtained in the framework of the Rayleigh-Debye-Gans
(RDG) and second-order Born approximations, describe these results qualitatively well.
Moreover, these expressions quantitatively agree with rigorous DDA simulations for small
dg and granules volume fractions. In addition to being extremely fast, these approximate
theories give an insight into the light scattering phenomena and can be used to construct
approximate inversion techniques.
We used a SFC to measure LSPs of neutrophils from three healthy volunteers. There
is a five-fold difference in magnitude between average LSPs from different samples, which
may be explained only by difference in the internal structure of neutrophils. We included a
nucleus, consisting of four ellipsoids, in our model and performed a few additional DDA
simulations. Simulated LSPs for both models, with and without the nucleus, generally agree
with experimental LSPs, as measured by the overall LSP magnitude. However, fitting of
individual experimental LSPs is not yet feasible due to the large number of parameters
involved. Size distributions were obtained by the spectral method and show mean diameters
from 9 to 10 μm, with less than 10% variation between the samples. Although, the spectral
method is promising in fast determination of diameter of granulated cells, it should be
further tested and compared with other methods, e.g. microscopy.
Comparison of simulations with different dg shows that scattered intensity I(θ ) for
each specific scattering angle θ is largely determined by a particular dg. In other words,
there is a qualitative correspondence between dg and θ, larger dg corresponds to smaller θ.
The solution of the inverse light scattering problem is largely dependent on accurate
experimental data. Future experimental work should include repeated measurements of the
same samples to assess possible experimental errors, measurement of LSPs of eosinophils
and basophils to approach the problem of granulocyte classification, and measurement of
polarizing LSPs to provide more information for inversion techniques.
The inverse light scattering problem for granulocytes is much more challenging than
that for RBC, because of its complex internal structure. Although results of DDA
simulations allow one to approach this problem, currently it does not seem feasible to fully
rigorously characterize individual granulocytes. Therefore, approximations must be
employed. First, a simplified shape model should be used, e.g. a sphere filled with several
populations of granules and a nucleus. Validity of this approximations can be checked
against accurate 3D shape descriptions obtained, e.g., using confocal microscopy. Further,
one may either use approximate light scattering theories, e.g. the RDG, to characterize
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individual neutrophils or determine the average morphological parameters from analysis of
the averaged LSPs.
Granulocyte parameters obtained by this (approximate) methods, e.g. granularity or
average size of nucleus lobe, will have immediate clinical importance. The scanning flow
cytometer will then be able to replace laborious microscopic observations, which are
currently required to assess these granulocyte properties.

Appendix
A1

Description of acronyms and symbols
The symbols are so illuminating that the fact that the text is
incomprehensible doesn't much matter.
Arthur Prior

Table A1. Acronyms in alphabetical order.
Acronym
(c)
(L)
(nc)
(R)
2-Born
a1-term (M)
AD
ADDA
BCP
Bi-CGSTAB
BT
CD
CEMD
CG
CGNE
CGNR
CGS
CLDR
CM
CRTH2
CS
CSec
DDA
DDSCAT
DGF
dpl
DSM
EBCM
EDTA
EMT
FCD
FDTD
FFT
FFTW
FMM
GMM
GMRES
GMT
GO
GPBi-CG
a

a

Description
Cubically shaped scatterer
Left Jacobi preconditioner
Non-cubically shaped scatterer
Right Jacobi preconditioner
The second-order Born approximation
Dipole term in the Mie theory
Anomalous diffraction approximation
“Amsterdam DDA” computer code
B-cell precursor
Bi-CG stabilized
Block-Toeplitz
Cluster of differentiation
Coupled electric and magnetic dipole
Conjugate gradient
CG applied to normalized equation with minimization of error norm
CG applied to normalized equation with minimization of residual norm
CG squared
Corrected LDR
Clausius-Mossotti
Chemoattractant receptor-homologous molecule expressed on Th2 cells
Complex symmetric
Cross sections
Discrete dipole approximation
DDA computer code by Draine and Flatau
Digitized Green’s function
Number of dipoles per wavelength (lambda)
Discrete sources method
Extended boundary condition method
Potassium salt of ethylenediamine tetraacetic acid
Effective medium theory
Filtered coupled dipoles
Finite difference time domain (method)
Fast Fourier transform
Fastest Fourier transform in the West
Fast multipole method
Generalized multiparticle Mie solution
Generalized minimal residual
Generalized multipole technique
Geometrical optics
Generalized product-type methods based on Bi-CG

Section is specified, where an acronym is explained or first appears (if no explanation is given).
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Section
3.3.2
3.1.4.1
3.3.2
3.1.4.1
A4
3.1.3.1
2.3
2.3
3.6.2
3.1.4.1
3.1.4.3
5.1.4
3.1.3.4
3.1.4.1
3.1.4.1
3.1.4.1
3.1.4.1
3.1.3.1
3.1.2
5.1.4
3.1.4.1
3.1.3.2
2.3
3.5.2.2
3.1.1
3.6.2
2.3
2.3
4.2.2
3.1.3.1
3.1.3.1
2.3
3.1.4.4
3.4.2
3.1.4.5
3.1.3.3
3.1.4.1
3.1.5
2.3
3.1.4.1
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Acronym
HbC
IgE
IT
LAK
LC
LDR
LPL
LSP
MAE
MARE
MBT
MoM
MPI
PC
PEL
PP
QMR
RBC
RCB
RDG
RE
RMS
RMSE
RR
SCLDR
SD
SFC
SI
SIRRI
SOF
SVM
TFQMR
WD
WKB
ZDD

Appendix
Description
Hemoglobin concentration
Immunoglobulin E
Integration of Green’s tensor
Lakhtakia
Lou and Charalampopoulos
Lattice dispersion relation
Last peak location
Light scattering pattern
Mean absolute value of (absolute) errors
Mean absolute value of relative errors
Multilevel BT
Method of moments
Message passing interface
Personal (desktop) computer
Peltoniemi
Purcell and Pennypacker
Quasi-minimal residual
Red blood cell
Rahmani, Chaumet, and Bryant
Rayleigh-Debye-Gans approximation
Relative error
Root-mean-square
RMS error
Radiative reaction correction
Surface-corrected LDR
Standard deviation
Scanning flow cytometer
Sphericity index
DDA computer code developed by Simulintu Oy
Scattering order formulation
Separation of variables method
Transpose free QMR
Weighted discretization
Wentzel-Kramers-Brillouin approximation
DDA computer code by Zubko and Shkuratov

Section
4.1.1
5.1.4
3.1.3.1
3.1.3.1
3.1.3.3
3.1.3.1
4.3.5
2.2
3.5.3.3
3.5.3.3
3.1.4.3
2.3
3.4.2
3.4.3.1
3.1.3.1
3.1.1
3.1.4.1
3.1.5
3.1.3.1
2.3
3.6.2
3.4.3.2
3.6.2
3.1.3.1
3.1.3.1
3.3.2
2.2
4.1.1
3.5.2.1
3.1.4.2
2.3
3.1.4.1
3.1.3.1
2.3
3.5.2.3

Table A2. Symbols used, Latin and Greek letters in alphabetical order. a
Symbols
(0)
(n)
|.|
.1

Description
Superscript: approximate value (usually under constant field assumption)
Superscript: after n-th iteration
L2 norm, absolute value
L1 norm

<.>
<cosθ >
–
~
*
◦
A, Astr, Aw

Averaging over all possible realizations of granule positions
Asymmetry parameter
Above: tensor or dyadic
Above: function or linear operator
Superscript: complex conjugate
Superposition of operators
A matrix, its strong and weak parts

a

Section or Eq.
3.1.2
3.1.4.2
3.2.2.1
3.2.2.1

A3
3.1.2
3.1.2
3.2.2.1
3.1.2
A2
3.1.3.1, 3.1.4.5

common sub- and superscripts are given on their own. For all vectors – the same symbol but in italic (instead of
bold) denotes Euclidian norm of the vector (except unitary vectors).

A1 Description of acronyms and symbols
Symbols
a
ai
a
a0–a2
af, bf
abs
B
b
b1–b3
C
C
C0 , C2 , C4
C1ap , C2ap

Description
Unit vector of incident wave propagation direction, k/k
Elements of the BT matrix
Radius of (equivalent) sphere
Coefficients of a quadratic function
Constants dependent on f
Subscript: absorption
Correction matrix in SCLDR
Minimum thickness of a RBC
Numerical coefficients in polarizability prescriptions
Tensor of electrostatic solution
Cross section
Parameters of the RBC shape
Constants determined by the side scattering aperture

C⊥

Step-function in expression for I ⊥( 0 )
Speed of light in vacuum;
diameter of a ring of maximum RBC thickness
Subscript: cytoplasm (cell)
Auxiliary constants
Diameter of a sphere or a RBC, edge size of a cube
Depolarization ratio
Size of a cubical cell;
superscript: discretized with cell size equal to d
Upper bound for dipole size to ensure boundedness of inverse matrix
Diameter of granule
(Total) electric field and incident one
Exciting and self-induced electric field
Electric field on the detector
Components of the Esca in the basis e⊥, e||

c

c
c1–c94
D
DSS
d
d0
dg
E, Einc
Eexc, Eself
Edet
E⊥sca , E||sca
e0
e⊥, e||
eθ, eϕ
e1–e3
e
ext
F
f

G
G′
st

Polarization vector of the incident wave, has unity amplitude
Basis vectors for electric field of the scattered wave
Basis vectors of spherical coordinate system
Auxiliary unit vectors
Super-, subscript: effective
Subscript: extinction
Scattering amplitude
A function;
volume filling factor;
volume fraction of granules
Free space dyadic Green’s function (tensor)
Vector containing all different G ij varying i and j

G
G ij

G in static limit
Interaction term

g
g
gs
gf
H

Scalar Green’s function
Subscript: granules
Auxiliary function for hs
Auxiliary function for Sf
Auxiliary function based on integrated Gzx(R);
superscript: conjugate transpose
~
~
Functional spaces to which E and E inc belong respectively
Maximum thickness of a RBC;
form factor function
Discretization error function

H1, H2
h
hd
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Section or Eq.
3.1.2
3.1.4.3
3.1.3.1
Eq. (170)
Eq. (A19)
3.1.2
Eq. (66)
4.1.1
3.1.3.1
Eq. (62)
3.1.2
Eq. (173)
A3
Eq. (A49)
3.1.2
4.3.1
5.2.2
3.2.2.2
3.2.3, 4.1.1
5.1.4
3.1.2
3.2.2.1
Eq. (138)
5.2.2
3.1.2
Eqs. (17), (18)
5.2.3
5.2.3
3.1.2
5.2.3
5.2.3
5.2.3
3.1.3.1, A3
3.1.2
Eq. (26)
3.1.3.1
3.1.3.1
5.2.2
Eq. (3)
Eq. (88)
Eq. (6)
3.1.2
Eq. (4)
5.2.2
Eq. (A8)
Eq. (A18)
Eq. (A35)
3.1.3.1
3.2.2.1
4.1.1
Eq. (A7)
3.2.2.1
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Symbols
hijsh , hiish

Description
Error functions for shape errors

hr
hG
hs
hSS
hΩ
hΩ(x,∞)
I, I
I
Imod
ISS, I⊥
I ⊥( 0 )
i, j
i
i, j, i′, j′
JSS, J⊥
K
K(i)
Kmax
k
L
l
M

Impulse response function of a filter
Auxiliary function based on |Gzx(R)|2
Form factor function of a sphere
Auxiliary function holding all dependency of RDG result for ISS on xg
Auxiliary function based on the integral over the solid angle
Simplified hΩ(x,R) in the limit kR → ∞
Identity dyadic (tensor) and operator (matrix)

M
MRBC
m
m′, m″
m0
msi, mic
mn
N
N0
Niter
Nsim
n
n′
n
n(K)
nD
ns(l)
n x, n y, n z
P
P′
P
Pzx
p
p
p
pϕ
Q

LSP measured by SFC
Modified LSP
Total and depolarized side scattering intensity
I⊥ for zero aperture
Subscript: vector indices
Imaginary unity
Subscript: number of the dipole or granule, general index
Angle-resolved ISS and I⊥
Order of a BT matrix
Order of first incomplete shell around dipole i
Maximum order for non-distant shells
Free space wave vector
Self-term dyadic
Order of shell
Integral associated with finiteness of V0;
preconditioner
Dyadic associated with M
Set of RBC LSPs for all possible RBC parameters
Refractive index (relative)
Real and imaginary part of m
Refractive index of the outer medium (saline)
Refractive indices of silicate (1.6 + 0.001i) and ice (1.313)
Refractive index of nucleus
Total number of dipoles
Truncation order for multipole expansion
Number of iterations needed for convergence
Number of simulated LSPs used in a reference database
Unit direction vector, r/r or R/R
External normal to the surface
Size of a matrix
Number of angles
Number of dipoles i, such that K(i) = K
Number of dipoles per D
Number of dipoles in shell Sl(i)
Sizes of the rectangular lattice
Polarization of dipoles
Extended P, padded with zeroes
Linear polarization ratio, –S21/S11;
Radial distribution function of relative granule positions
Operator of refection over zx-plane
Polarization vector
Superscript: principal
An integer
Particle rotated around z-axis by angle ϕ relative to its initial orientation
Efficiency

Section or Eq.
Eqs. (145), (146)
Eq. (58)
Eq. (A37)
Eq. (A8)
Eq. (A24)
Eq. (A39)
A4
3.1.2, 3.1.4.1
Eq. (1)
Eq. (184)
5.2.3, 5.1.4
Eq. (A29)
3.1.4.3
3.1.2
3.1.2, A4
5.2.3
3.1.4.3
3.2.2.2
3.2.2.2
3.1.2
Eq. (7)
3.2.2.2
Eq. (5)
3.1.4.1
3.1.2
4.3.4
2.1
3.6.1
4.1.1
3.5.3.1
5.3.2
3.1.2
3.1.4.6
3.1.4.1
4.3.3
3.1.2, A4
3.1.2
3.1.4.1
4.2.2
Eq. (134)
3.2.3
Eq. (113)
3.1.4.3
Eq. (21)
Eq. (90)
3.5.3.3
A4
A2
Eq. (107)
3.1.3.1
3.2.3
A2
3.2.3

A1 Description of acronyms and symbols
Symbols
q
q
R
R0
R1–R4
Rϕ (n)
r , r′, r′′, r′′′
~
r

S, Sij
S
Sf
Si
Sl(i)
s

sca
T
t
t5, t9
u
u
V
V0
Vcb
Vgrs
v
w
wF
x
x
x, y, z
y
y
yRe
α, α

α , β, γ
α1
β

γ1–γ13
γr
Δθ, Δϕ
δ
δ

ε
εit
ζy
η
η, η1, η2

Description
Auxiliary wave vector
Spatial frequency, 2π/d;
|q|
Distance between two points, r – r′
Radius of the smallest sphere circumscribing the scatterer
Parameters of the extended RBC shape model
Operator of rotation by angle ϕ around the direction n
Radius-vectors
Intermediate radius-vector
Mueller matrix, its element
LDR coefficient dependent on incident polarization;
surface area of a RBC
Structure factor
Amplitude matrix element
Shell of order l around dipole i
Superscript: secondary;
subscript: equivalent spherical dipole
Super-, subscript: scattering (scattered)
Boundary condition tensor
Time;
simulation wall-time
Simulation time for 5 or 9 different discretizations
Auxiliary function derived from p
Auxiliary dimensionless variable
Volume of a scatterer or a RBC
Exclusion volume
A cube with size d centered in the origin with edges parallel to axes
Total volume of all granules
Normal from the center of a boundary dipole to the particle surface
Weighting function, corresponding to the Hanning window
Weighting function for Fourier sizing
Unknown vector
Size parameter of a scatterer (volume-equivalent)
Cartesian coordinates
A known vector (right side of a linear system)
Discretization parameter |m|kd;
superscript: discretized with discretization parameter y
Discretization parameter Re(m)kd
Scalar and tensor polarizability
Euler angles of particle orientation
Electric dipole coefficient in the Mie theory
Square root of α

Basic constants determined by the scattering problem
Optimal reduction factor
Aperture half-widths for side scattering
Kronecker symbol
Error (difference with correct result) of some value or vector
Electric permittivity (relative)
Convergence threshold of an iterative solver
Error of quadratic-function approximation
Correction function;
aspect ratio
Rotation angles for transformation of the reference frames
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Section or Eq.
A3
3.1.3.1
A3
3.1.2
3.1.4.2
Eq. (180)
5.2.3
3.1.2, A4
3.2.2.2
A2, 2.2
Eq. (51)
4.1.1
Eq. (A18)
3.1.3.2
3.2.2.2
3.1.3.1
3.1.3.1
3.1.2
Eq. (68)
3.1.2
3.3.3
3.3.4
Eq. (116)
A3
3.1.2, 4.1.1
3.1.2
3.1.3.1
A4
3.2.2.3
Eq. (178)
4.3.5
3.1.4.1
2.1
3.1.4.3
3.1.4.1
3.1.3.2
3.2.2.2
3.1.3.2
3.1.2
3.4.2
Eq. (48)
3.4.2

3.2.2.2
Eq. (79)
5.2.3
3.1.3.1
3.2.2.1
3.1.2
3.2.3
3.3.2
Eq. (73)
4.2.1
5.2.3
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Symbols

Description
Polar (scattering) angle
Proportionality coefficient of the detector signals
Intermediate tensor in RCB method
Linear integral operator, its matrix
Wavelength
Super-, subscript: Cartesian components of vectors (tensors)
Function holding all the dependency on granules positions
Riccati-Bessel function
Radial cylindrical coordinate
Phase shift parameter, 2x(m–1)
Azimuthal (scattering) angle
Any measured quantity, corresponding functional
Exact value of φ (for infinitely fine discretization)
Electric susceptibility
Distance between two functions, defined in two different ways
Mean relative error of far-field electric field
Specific refractive increment of hemoglobin
Riccati-Bessel function
Solid angle
Circular frequency of the harmonic electric field

θ
κ
Λ
Λ

λ
μ, ν, ρ, τ
ξ
ξ1
ρ
ρ0
ϕ
φ
φ0
χ
χ2
Ψ

ψ
ψ1
Ω

ω

A2

Section or Eq.
2.2
5.2.3
Eq. (64)
3.1.4.2
3.4.3.1
3.1.2
Eq. (A11)
3.1.3.1
4.1.1
2.3
2.2
3.2.2.1
3.3.2
3.1.2
Eqs. (177), (183)
3.1.3.2
4.1.1
3.1.3.1
3.1.2
3.1.2

Symmetry properties of the Mueller matrix
The most exciting phrase to hear in science, the one that
heralds new discoveries, is not "Eureka!" ("I found it!") but
rather "hmm....that's funny...".

Isaac Asimov

Let incident radiation propagate along the z-axis, and assume that a particle has a symmetry
plane containing this axis. We will investigate then the properties of the Mueller matrix
integrated over complete azimuthal angle ϕ at a fixed polar angle θ.
Not restricting generality (as we consider the integral over the complete azimuthal
angle), we can consider that the x-axis resides in the symmetry plane of the particle. We
divide the integral into two parts and then group them:
π

0

π

π

0

0

∫π dϕ S(θ , ϕ ) = ∫π dϕ S(θ , ϕ ) + ∫ dϕ S(θ ,ϕ ) = ∫ dϕ [S(θ ,ϕ ) + S(θ ,−ϕ )].

−

−

(A1)

Let us consider two scattering problems for angles (θ,ϕ ) and (θ,−ϕ ). We rotate the
laboratory reference frame about the z-axis by angles ϕ and −ϕ for the first and the second
problems respectively (it is the same as rotating everything else – the particle, the incident
and scattering direction, and the electric field vectors – in the backward direction). These
operations do not change the Mueller matrices, therefore
S(θ , ϕ ) = S −ϕ (θ ,0) and S(θ ,−ϕ ) = Sϕ (θ ,0),
(A2)
where Sϕ, S−ϕ are Mueller matrices for particles (pϕ and p−ϕ) rotated about the z-axis by
angle ϕ and −ϕ respectively, relative to its initial orientation (p0). Let us denote operator of
plane zx reflection as Pzx and operator of rotation around the z-axis by angle ϕ as Rϕ (ez).
Then

A2 Symmetry properties of the Mueller matrix
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Pzx p−ϕ = (Rϕ (e z ) o Pzx o Rϕ (e z ) ) p−ϕ = (Rϕ (e z ) o Pzx ) p0 = Rϕ (e z ) p0 = pϕ ,

(A3)
where the first equation is an identity for any operand (which can be easily verified since
operators involved do not affect z coordinates) and the third one exploits the assumption
that particle has a zx symmetry plane in its initial orientation. Equations (A2) and (A3)
imply that S(θ,ϕ ) + S(θ,−ϕ ) can be considered as a sum of Mueller matrices for the same
scattering geometry but for particles which are mirror images of each other with respect to
the scattering plane. It was shown [25] that such a sum gives a Mueller matrix of the form:
0 ⎞
⎛ S11 S12 0
⎟
⎜
0
0 ⎟
S
S
⎜ 21
22
.
(A4)
⎜ 0
0 S 33 S 34 ⎟
⎟
⎜
⎜ 0
0 S 43 S 44 ⎟⎠
⎝
Then Eq. (A1) obviously implies that the Mueller matrix integrated over the complete
azimuthal angle will be of the same form. Therefore we have proved that, if particle has a
symmetry plane containing the z-axis (coincident with the propagation direction of the
incident radiation), then
2π

∫ dϕ S

ij

(ϕ ) = 0, for i = 1, 2 and j = 3, 4 or vice versa.

(A5)

0

It is clear that, for a body of rotation, any plane containing symmetry axis is as well a
symmetry plane. Therefore a plane containing both the symmetry axis and the axis z is
symmetric for the body of rotation regardless of its orientation. Hence Eq. (A5) is
automatically proved for axisymmetric particles.

A3

The Rayleigh-Debye-Gans approximation for side
scattering by a granulated sphere
Nature does not consist entirely, or even largely, of problems
designed by a Grand Examiner to come out neatly in finite
terms, and whatever subject we tackle the first need is to
overcome timidity about approximating.

Harold Jeffreys, Methods of Mathematical Physics (1956)

Consider our model of a granulated sphere (see Section 5.2.2). The position of the granule
centers relative to the origin, which is placed in the cell center, is given by vectors ri, where
i is from 1 to N, and N is total number of granules. Vc and Vg are the volume of the cell and
one granule respectively, and the volume fraction of granules is given by
f = NVg /Vc = N(xg /xc)3. We assume that granules are randomly positioned inside the cell,
and they are not allowed to overlap. Furthermore, to simplify our derivations we assume
that xg << xc. It is important to note that xg can be both small and large compared to unity.
We formulate the random granule position as: ri is uniformly random inside the sphere with
size parameter xc − xg. Thus we neglect the boundary effects due to the non-overlapping of
granules, which are significant only for large f in the layer of width of order of dg from the
cell boundary. It is important to note that the pair distribution function of granules, which
will be discussed below, is much more sensitive to the non-overlapping condition than the
probability distribution function of a single granule position. The incident wave propagates
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along the z-axis and the scattering direction n is described by angles θ and ϕ. We consider
the scattering problem of a particle in vacuum, i.e. we divide all relevant quantities by the
refractive index of the host medium.
To understand the dependence of side-scattering intensity on the granule size we
consider the Rayleigh-Debye-Gans (RDG) approximation ([14], see also Section 2.3). We
consider the limit of small refractive indices, i.e. |m − 1| << 1 for both cell cytoplasm and
granules. Actually, RDG is strictly valid only when x|m − 1| << 1, which, strictly speaking, is
not true for our particles. We will see, however, that it is capable of describing some
features that are obtained by accurate DDA simulations.
Our goal is to derive simple analytical expression rather than to keep all derivations
as accurate as possible. We can derive the final RDG result numerically with any required
accuracy for any particular granule configuration and then perform numerical averaging
over all possible configurations. This is a laborious task, albeit much faster than the DDA
simulations. However, such brute-force numerical simulations of RDG-based theory are
anyway not accurate enough because the particles under consideration do not fall into the
region of RDG validity. Therefore, we prefer to additionally sacrifice some accuracy to
derive analytical expressions, which give added value compared to rigorous DDA
simulations. This value consists in physical insight into light scattering problem, e.g.
scaling laws, and the opportunity for an approximate solution of the inverse light scattering
problem. Although we discuss all the employed assumptions and approximations, the
accuracy of the final expressions can only be determined by comparison with the DDA
simulations.
According to the RDG theory, only the diagonal elements of the amplitude scattering
matrix are nonzero [14]:
ik 3 N
S1 (n) = −
(A6)
∑ (mi − 1)Vi h(Vi , n), S2 (n) = S1 (n) cosθ ,
2π i=0
where the particle is divided into N + 1 domains: i = 0 corresponds to the cytoplasm and the
rest to N granules. mi and Vi are refractive index and volume of each domain. h(V,n) is a
form factor given by
1
h(V , n) = ∫ d 3 r exp(ir ⋅ q ) ,
(A7)
VV
where we have introduced q = k(ez − n). The form factor for a sphere, which center is in the
origin, can be obtained analytically [14]:
3
θ
hs ( x, θ ) = g s (u ) = 3 (sin u − u cos u ), u = qr = 2 x sin ,
(A8)
u
2
where r and x are the radius and the size parameter of a sphere, and there is no dependency
on the azimuthal angle. The asymptotic behavior of Eq. (A8) is:
⎧⎪1 + O(u 2 ),
u < 1;
g s (u ) = ⎨ −2
(A9)
−3
⎪⎩3u cos u + O(u ), u > 1.
Using the linearity of Eq. (A6) in the factor m − 1, we consider separately the
spherical cytoplasm with factor mc − 1 and superimposed granules with factor mg − mc.
Then, Eq. (A6) can be rewritten as

A3 The RDG for side scattering by a granulated sphere
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[

]

ik 3
(mc − 1)Vc hs ( xc , θ ) + (mg − mc )Vg hs ( xg , θ )ξ ( N ) ,
2π
where ξ(N) holds all the dependency on granule positions:
S1 (n) = −

(A10)

N

ξ ( N ) = ∑ exp(iri ⋅ q ) .

(A11)

i =1

Averaging of ξ(N) over all possible granule positions is performed independently for each
element of the sum leading to the same integral as the one in Eq. (A7), therefore
<ξ ( N ) > = Nhs ( xc − xg ,θ ).
(A12)
The second moment of the absolute value of ξ(N) is given by:
N

< |ξ ( N ) | 2 > = ∑ < exp(i(ri − r j ) ⋅ q) > = N + N ( N − 1) < exp(i(ri − r j ) ⋅ q) > i≠ j ,

(A13)

i , j =1

Now we consider a particular case by assuming that ri and rj are independent. In other
words, we neglect the effect of the non-overlapping condition on the statistical properties of
granule positions. This is only valid for sufficiently small volume fractions ( f << 1 ). Then
< |ξ ( N ) | 2 > = N + N ( N − 1)hs2 ( xc − xg , θ ),

(A14)

Using Eqs. (A12) and (A14) one can obtain
S1 (θ )

2

⎛2 ⎞
= ⎜ xc3 ⎟
⎝3 ⎠

2

( (m −1)h ( x ,θ ) + f (m − m )h ( x ,θ )h ( x − x ,θ )
+ f (m − m )h ( x ,θ ) [1 − h ( x − x ,θ )] N ) .
c

s

c

g

2

g

c

s

g

c

2
s

s

g

c

s

c

g

2

(A15)

g

Eq. (A15) is obtained under the assumptions xg << xc and

f << 1 (and the RDG

approximation itself). In particular, if the limit xg → 0 and N → ∞ is taken, keeping f
constant, then
2

2 3
(A16)
xc (me − 1)hs ( xc , θ ) , me = fmg + (1 − f )mc ,
3
which is exactly an RDG result for a homogeneous sphere with effective refractive index
me. The expression for me can be considered as a simplified Maxwell-Garnett EMT in the
limit of both mg and mc being close to unity [cf. Eq. (46)]. If we consider typical parameters
of our problem: mc = 1.015, mg = 1.2, λ = 0.4936 μm, Dc = 8 μm, then even for the smallest
xg and f that we simulated (xg = 0.48 ⇔ dg = 75 nm, f = 0.02) the first term in Eq. (A15) (the
one that is independent of N) is about an order of magnitude smaller than the second.
Therefore, we may completely neglect the cytoplasm except for its total volume and the
effect it has on the refractive index of the granules. By that we introduce an assumption
xc >> 1, and use it for a new evaluation of Eqs. (A12) and (A13) discarding the condition
f << 1 . Granules are uniformly distributed inside a large volume with volume fraction f,
S1 (θ )

2

=

without overlapping. Taking the limit of infinitely large volume (N → ∞, f = const), that is
equivalent to a model of a hard spheres liquid, for which it is known that [281,282]
< ξ ( N ) > = 0, < |ξ ( N ) | 2 > = NS f (q );
(A17)
Sf is a structure factor, for which an explicit albeit cumbersome expression is known [281]:
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1
1
24 f
=
= 1+ 3
S f (q) g f (u )
u

⎧
⎡⎛ 2
2⎤
⎞
⎨a f (sin u − u cos u ) + b f ⎢⎜ 2 − 1⎟u cos u + 2 sin u − ⎥
u
u
⎝
⎠
⎣
⎦
⎩
fa ⎡ 24 ⎛
⎤⎫
6⎞
⎛ 12 24 ⎞
+ f ⎢ 3 + 4⎜1 − 2 ⎟ sin u − ⎜1 − 2 + 4 ⎟u cos u ⎥ ⎬,
u
u
u
2 ⎣u
⎝
⎠
⎝
⎠
⎦⎭

(A18)

(1 + 2 f ) 2
3 f (2 + f ) 2
, bf = −
.
(A19)
4
(1 − f )
2 (1 − f ) 4
Employing the assumptions discussed above together with Eqs. (A10), (A17) one may
obtain
u = qd g = 4 xg sin(θ 2), a f =

2

2 3
(A20)
xc f (mg − mc )hs ( xg , θ ) S f (q ) N .
3
Derivation of Eq. (A20) under the assumption xc >> 1 is similar to that performed in §3.3 of
[283]. The final quantity of interest is the total side scattering intensity [cf. Eqs. (194) and
(196)]:
S1 (θ )

I SS =
=

=

π 2+ Δθ π 2+ Δϕ

1

4 Δθ Δϕ π
1

2

∫

∫ dϕ dθ ( S

11

π 2+ Δθ π 2+ Δϕ

8Δθ Δϕ π

+ S12 cos 2ϕ + S13 sin 2ϕ )

2−Δθ π 2−Δϕ

∫

∫

(

)

(A21)

dϕ dθ S1 (n) (1 + cos 2 θ ) + (cos 2 θ − 1) cos 2ϕ ,
2

2−Δθ π 2−Δϕ

where Eq. (A6) was used. Since averaging and integration can be interchanged,
I SS =

1
4Δθ

π 2+ Δθ

⎛

∫ θ dθ ⎜⎜⎝ (1 + cos

2

θ ) + (1 − cos 2 θ )

π 2− Δ

sin 2Δϕ ⎞
2
⎟ S1 (θ ) .
2Δϕ ⎟⎠

(A22)

Using Eq. (A20), this integral can be computed numerically for any set of parameters. For
example, Fig. A1 shows a comparison of RDG results versus DDA simulations for typical
parameters: mc = 1.015, mg = 1.2, λ = 0.4936 μm, Dc = 8 μm, Δθ = Δϕ = 25°, and three
volume fractions f = 0.02, 0.05, and 0.1. One can see that RDG is an accurate
approximation for small f, especially for small xg. However, it systematically
underestimates ISS for larger f. This discrepancy is due to multiple scattering effects which
are significant for larger f and are completely ignored in the framework of RDG.
Nevertheless, RDG describes qualitatively well the general behavior of ISS(xg) both for
small and large xg. Hence, it is interesting to analyze the scaling of RDG results. For that
we rewrite Eq. (A22) as
2
4
I SS = xc3 f mg − mc hSS ( x g , f ),
(A23)
9
where hSS(x,f ) is the following function:
hSS ( x, f ) =

x3
4Δθ

π 2+ Δθ

⎛

∫ θ dθ ⎜⎜⎝ (1 + cos

π 2− Δ

2

θ ) + (1 − cos 2 θ )

sin 2Δϕ ⎞ 2
⎟hs ( x, θ ) S f (q ).
2Δϕ ⎟⎠

First, we analyze the scaling behavior of gf (u). One may show that

(A24)
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Fig. A1. Comparison of DDA results (mean ± 2×SD) and mean values obtained by the RDG for total
side scattering intensity for several values of f. Typical parameters were used (described in the text).
Axes corresponding to both xg and dg are shown for convenience.

⎧ (1 − f ) 4
+ O(u 2 ), u < 1;
⎪
g f (u ) = ⎨ (1 + 2 f ) 2
⎪1 + O(u − 2 ),
u > 1,
⎩

(A25)

⎧ ap (1 − f ) 4 3
x + O( x 5 ), x < 1;
⎪C1
(1 + 2 f ) 2
hSS ( x, f ) = ⎨
⎪C ap ( x) x −1 + O( x − 2 ),
x > 1,
⎩ 2

(A26)

and finally:

where constants C1ap, 2 are determined by the aperture angles Δθ and Δϕ. C2ap also weakly
depends on x, but this is ignored in this discussion.
The general dependence of I SS on mg, mc, xc, and xg described by Eqs. (A23) and
(A26) is similar to that obtained by DDA simulations (see Section 5.2.4). The dependence
on f is a bit more complicated: for xg >> 1 the RDG predicts I SS ~ f , which agrees with
DDA simulations. For xg << 1 the RDG predicts that scaling of I SS with f is slower than
linear, which also agrees with DDA simulations, but only qualitatively. The corrections of
order f 2 to the linear scaling are not predicted accurately by the RDG, because the
neglected multiple scattering is of the same order. The RDG also has some more
pronounced limitations. For example, one may obtain that RDG result for Qext do not
depend on xg but only on f, contrary to the DDA simulations [see Fig. 58(a)]. Moreover,
any RDG solution completely lacks polarization; hence, the computed depolarization signal
is limited to the aperture depolarization, which is very small.
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The second-order Born approximation for depolarized side
scattering by a granulated sphere
Everything should be made as simple as possible, but not
simpler.

Albert Einstein

To theoretically approach the depolarized intensity we employ the second order of the RDG
or, more precisely, the second-order Born (2-Born) approximation. We use the same
definitions as given in Appendix A3, and the same philosophy of preferring simplicity to
the best possible accuracy. The internal field inside the scatterer is a sum of two orders (see
Sections 3.1.2 and 3.1.4.2):
E(r ) = E(1) (r ) + E( 2) (r ), E(1) (r ) = Einc (r ),
(A27)
4π
E( 2 ) (r ) = ∫ d 3r ′G (r, r′) χ (r′)E(1) (r′) −
χ (r )E(1) (r ).
(A28)
3
Vc \V0
To simplify our derivations we consider the depolarized intensity I ⊥( 0 ) for zero
aperture (Δθ = Δϕ = 0°), i.e. we study only the intrinsic part, which is not caused by the
finite value of the aperture. Then
2

I ⊥( 0) = S3 (e y ) ,

(A29)

while S3(ey) = Fz(ey) (cf. Eq. ) for the incident field equal to
Einc (r ) = e x exp(ikrz ).

(A30)
It is easy to show that both E(1)(r) and the last term in Eq. (A28) results in zero contribution
to S3(ey), from which it follows that
S3 (e y ) = −ik 3 ∫ ∫ d 3r ′d 3r exp(ik (rz − ry′ )) χ (r′) χ (r )Gzx (r, r′).
(A31)
Vc \V0 Vc

Like in the RDG derivations (see Appendix A3), we divide the scatterer into the
whole volume Vc with susceptibility χc and superimposed granules with total volume Vgrs
and susceptibility χg − χc). The integral in Eq. (A31) is decomposed into four parts: a
double integral over Vc, a double integral over Vgrs and two cross-terms (over Vc and Vgrs).
The first term is just a second-order Born approximation for a homogenous sphere, which
identically equals zero because of symmetry (S3 is always zero for a sphere). The crossterms are very similar and they both can be thought of as RDG scattering by Vgrs for an
incident field produced by the RDG applied to Vc. One can show that the RDG applied to
an index-matching homogenous sphere much larger than the wavelength produces an
internal field parallel to the incident one, except at a distance of order of wavelength from
the boundary. The x-component of the internal field does not contribute to the
depolarization at exact side scattering direction. Therefore, the relative contribution of the
cross-terms in Eq. (A31) is at least an order of (mc − 1)/[ fxc(mg − mc)] smaller than the
remaining granule-granule interaction, and can be neglected. Moreover, interaction of a
granule with itself results in identically zero polarization. Hence,

A4 The second Born approximation applied to a granulated sphere
S 3 (e y ) = −i
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N
k3
2
3
3
−
(
m
m
)
∑
g
c
∫ ∫ d r ′d r exp(ik (rz − ry′ ))Gzx (r, r′).
4π 2
i , j =1 Vi V j

(A32)

i≠ j

Averaging Eq. (A29) over all possible sets of granule positions results in
N
N
4
k6
I ⊥( 0 ) =
mg − mc ∑ ∑ ∫ ∫ ∫ ∫ d 3r ′′′d 3r ′′d 3r ′d 3r exp(ik (rz − rz′′ + ry′′′− ry′ ) )×
4
16π
i , j =1 i′ , j′=1 Vg Vg Vg Vg
i≠ j

i′≠ j′

× Gzx (r, R ij + r′)G (r′′, R i′j′ + r′′′) exp(ik ( Ri , z − Ri′, z + R j′, y − R j , y ) ) ,

(A33)

∗
zx

where ∗ denotes complex conjugate, Rij = rj − ri, and integration is performed over a
granule positioned in the origin. If all four indices: i, j, i′, and j′ are different then Rij and
Ri′j′ are independent. We assume that Rij and Rij′ ( j ≠ j′) are also independent; by that we
neglect the triple correlations. In case arguments of two Green’s tensors in Eq. (A33) are
independent, they can be averaged independently. The result is then zero because changing
sign of the x component of Rij inverts the sign of Gzx(Rij) while not affecting any of the
exponents in Eq. (A33). Therefore, we need to consider only the terms with either (1) i = i′
and j = j′ or (2) i = j′ and j = i′. All the instantiations of (1) are equivalent, and so are the
instantiations of (2). Therefore,
4
2
k6
I ⊥( 0 ) =
mg − mc N 2 H (R ij ) 1 + exp(ik (e z + e y ) ⋅ R ij )
,
(A34)
4
16π
i≠ j

[

H (R ) =

∫ ∫ d r ′d r exp(ik (r
3

3

z

]

− ry′ ) )Gzx (r, R + r′),

Vg Vg

(A35)

where N >> 1 is assumed.
To keep the derivations analytical in calculation of H(Rij) we assume that Rij >> dg.
However, the following derivation is expected to be approximately correct also for small
Rij, resulting in the correct scaling laws but with different constants. Employing the
assumption of distant granules we obtain
H (R ) = G zx (R ) ∫ ∫ d 3 r ′d 3 r exp(ik[rz − ry′ + (r ′ − r ) ⋅ n])
Vg Vg
(A36)
2
= Vg G zx (R ) g s ( xg |n − e z |) g s ( xg |n − e y |),
where gs(u) is defined by Eq. (A9) and n = R/R is a unit direction vector. Using Eq. (A36)
and the fact that
9 + 3(kR) 2 + (kR) 4
2
(A37)
,
Gzx (R ) = nz2 nx2 hG ( R), hG ( R) =
R6
Eq. (A34) can be rewritten as
4
k6
(A38)
I ⊥( 0 ) =
mg − mc N 2Vg4 ∫ dR P ( R )hG ( R)hΩ ( xg , R ),
4
16π
where P(R) is a radial distribution function of relative granule positions, defined so that

∫ dR P( R) = 1 , and hΩ is the following result of averaging over the whole solid angle, since
all n are equiprobable,
1
hΩ ( x, R) =
d 2 n nz2 nx2 [1 + cos(kR( nz + n y ))] g s2 ( x|n − e z |) g s2 ( x|n − e y |) .
4π ∫

(A39)
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The exponent in Eq. (A34) was replaced by a cosine function because the imaginary part of
hΩ is zero due to the symmetry properties of the integrand.
It is easy to show that P(R) for point granules in a sphere of diameter Dc is given by
6
P( R) = 5 R 2 ( Dc − R) 2 (2 Dc + R),
(A40)
Dc
independent of f. Taking into account a finite size of granules, which is assumed much
smaller than Dc, modifies P(R) only for R close to 0 and Dc. Moreover, we neglect the
boundary effects for large R, because the contribution to the integral in Eq. (A38) from a
small interval near Dc, which has width of order dg, is relatively small. The correction for
small R can be obtained in the limit of infinitely large Dc, i.e. considering a granulated
sphere as an infinite hard sphere liquid (xc >> 1 and xc >> xg). The structure factor given by
Eq. (A18) is basically a Fourier transform of P(R) [281], hence P(R) can be obtained by the
inverse Fourier transform
d g3 ∞
24 R 2 ⎛⎜
sin(qR) ⎞⎟
1
dq[ S f (q) − 1] q 2
.
P( R) =
+
(A41)
3 ⎜
∫
Dc ⎝ 12π f 0
qR ⎟⎠
This integral cannot be computed in closed analytical form. Therefore, we expand Sf (q) in
series of f and leave only terms up to the second order, since higher orders anyway cannot
be computed accurately without consideration of triple- and higher scattering orders. After
that one may obtain the final result for P(R):
⎧ 24 R 2 ⎛
( 2d g − R ) 2 ( 4d g + R ) ⎞
⎟, d g ≤ R ≤ 2d g ;
⎪ 3 ⎜⎜1 + f
⎟
2d g3
⎪ Dc ⎝
⎠
P( R) = ⎨
(A42)
⎪ 6 2
2
R > 2d g .
⎪ D 5 R ( Dc − R) (2 Dc + R),
⎩ c
Using Eqs. (A37), (A39), and (A42), the integral in Eq. (A38) can be computed;
however, it is still cumbersome. To simplify, we notice that hΩ only weakly depends on R,
while different parts of hG(R) exhibit very different scaling with respect to R [cf.
Eq. (A37)]. The first two terms increase when R → 0 [after multiplication by P(R)], and the
integral is determined by a small interval of R, up to several dg. On the contrary, the third
part of hG(R) has a smooth behavior, and it’s integral is determined by the whole range of
R. In particular, when evaluating the integral of the third part of hG(R) the cosine term in hΩ
can be neglected, since for kR >> 1, which is valid for most of the R range, the contribution
of this term is negligible compared to the unity addend. We denote the resulting hΩ as
hΩ(x,∞), and one may show that
⎧1 ⎛ 4 2
4 ⎞
⎪ ⎜1 − x + O( x ) ⎟, x < 1;
hΩ ( x, ∞) = ⎨15 ⎝ 5
⎠
(A43)
⎪O( x −8 ln x),
x > 1,
⎩
hΩ ( x, R) ≤ 2hΩ ( x, ∞) .
(A44)
Contribution of the third part of hG(R) to the integral in Eq. (A38) is
18k 3 xc hΩ ( xg , ∞)
k4
h
x
R
d
(
)
(
,
)
.
R
P
R
=
(A45)
g
Ω
∫
R2
Dc3
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Next we calculate the contribution of the first two parts of hG(R). As we will show
below, this contribution is significant only for small xg. Therefore, we expand hΩ(xg,R) in
series of xg, similar to Eq. (A43), assuming kR = O(xg):
1
2⎛ 4
⎞
hΩ ( xg , R ) = ⎜1 − xg2 − (kR) 2 + O( xg4 ) ⎟ .
(A46)
7
15 ⎝ 5
⎠
Using Eqs. (A42), (A46) we obtain
9 + 3(kR) 2
∫ dR P( R) R 6 hΩ ( xg , R)
(A47)
⎤
xg2
f
6k 3 ⎡
4
2
(
)
(
)
1
1
6
ln
2
52
f
(
373
522
ln
2
)
O
(
x
,
f
)
.
=
+
+
+
+
−
+
⎢
⎥
g
5 Dc3 xg3 ⎢⎣ 4
35
⎥⎦
It is important to note, that Eq. (A47) is not completely accurate, because it is determined
by R ∼ dg, for which derivation of Eq. (A36) is not accurate. Comparing Eq. (A47) to
Eqs. (A45) and (A43) one can see that the contribution of the third part of hG(R) is
negligible for very small xg but becomes dominating, compared to other parts, for xg larger
than a few times xc−1 3 . This conclusion can be derived rigorously for the whole range of xg,
using Eq. (A44) instead of Eq. (A46) for evaluation of the integral in Eq. (A47). Physically
speaking, for very small granules the depolarized intensity is determined by the short-range
interaction of granules that happen to be close to each other. Starting from xg ~ xc−1 3 the
main contribution is from the long-range interaction of all granules. Therefore, we may use
Eq. (A47) for xg up to some arbitrary chosen constant of order less than unity (we choose it
to be unity), and set its contribution to zero for larger xg. Fortunately, this exactly
corresponds to the assumptions that were used in obtaining Eq. (A47). The final result for
depolarization intensity is
4
4
I ⊥( 0 ) =
mg − mc f 2 xc3 xg3 C⊥ ( xg , f ) + xg3 xc hΩ ( x, ∞) ,
(A48)
135
⎧
f
x2
⎪1 + (1 + 6 ln 2) + (52 + f (373 − 522 ln 2) ), x < 1;
C⊥ ( x, f ) = ⎨ 4
(A49)
35
⎪0,
x ≥ 1.
⎩

[

]

We compare Eq. (A48) with DDA results for typical parameters (the same as used in
Fig. A1, f = 0.1) in Fig. A2. It is important to note that Eq. (A48) is obtained for zero
scattering aperture, while DDA results are for Δθ = Δϕ = 25°. We do not use DDA results
for zero aperture because their standard deviations are larger than the values themselves.
Since we calculated only 10 different realizations of granule positions for each xg, the errors
of mean value are also large. One can see that the agreement between the 2-Born and the
DDA is good, especially up to the first maximum. For larger xg the 2-Born systematically
underestimates the depolarized intensity, which is due to the neglect of higher-order
scattering and the fact that even a single large granule is treated inaccurately in the
framework of 2-Born.
Moreover, Eq. (A48) describes well the scaling of I⊥ with xg: it scales as xg3 for very
small xg, grows proportional to xg6 for xg of order unity, and decays as xg−2 ln xg for larger xg.
I⊥ scales as f 2|mg − mc|4, although there are higher-order in f corrections for small xg, and as
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Fig. A2. Comparison of DDA results (mean ± 2×SD) and mean values obtained by second-order Born
approximation for depolarized side scattering intensity. Typical parameters were used (described in
the text). Axes corresponding to both xg and dg are shown for convenience.

xc3 and xc4 for very small and order-of-unity xg respectively. Using Eqs. (A23) and (A48)
one may derive the scaling behavior of depolarization ratio:
⎧⎪C D + O( f ) + O( xc xg3 ), xg << 1;
2
DSS ( xg ) = f mg − mc × ⎨
(A50)
−1
xg >> 1,
⎪⎩ xc O( xg ln xg ),
which agrees with results of DDA simulations. Although our derivations do predict O( f 2)
corrections of DSS for small xg, this correction is not accurate because of higher-order
scattering effects which are of the same order. The factor O( xg−1 ln xg ) is almost constant for
a range of large xg that we studied, so we may consider both limiting values of DSS to be
independent of xg. Hence, our approximate derivations based on the RDG and the 2-Born
describes the step-wise behavior of DSS(xg) that is seen in accurate DDA simulations (see
Section 5.2.4).
The 2-Born also can be used to refine the RDG results for ISS. Although this
definitely improves the accuracy, it also makes the final result significantly more complex.
Derivation for the exact side scattering direction is more cumbersome than that for I⊥,
because less terms in intermediate equations cancel out. Averaging over the side scattering
aperture also does not seem feasible in closed form. Therefore this refinement contradicts
our philosophy for approximate theories and we do not pursue it further.
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Summary
Blood is one of the most important systems of the human organism, and its functionality is
largely determined by blood cells. Optical techniques are naturally non-invasive and
capable of fast cell processing, that is why they are widely used to study and characterize
blood cells, e.g. in flow cytometers. Elastic light scattering is an optical signal, which
generally does not require sample preprocessing and is determined by overall cell
morphology (size, shape, and internal structure). Since the 1990-s the development of flow
cytometry is mainly driven by the use of fluorescent labels. However, light scattering is still
promising in certain applications. For instance, employing light scattering instead of
fluorescence for classification and characterization of blood cells may significantly reduce
the cost of blood analysis and allow determination of new important blood parameters.
However, there are a number of limitations, which currently hamper the
development of light scattering methods in this context. First, ordinary flow cytometer setups provide very limited light scattering information, which basically consists of integrated
light scattering intensity over several angle intervals. Second, it is problematic to rigorously
simulate light scattering by blood cells because of their large size and complex internal
structure. Finally, characterization of blood cells using measured light scattering signals
requires a solution of the inverse light scattering problem, which is a challenging task. The
first limitation is alleviated by recently developed experimental techniques, e.g. the
scanning flow cytometer that measure angle-resolved light scattering intensity.
In this thesis the two remaining limitations are addressed by further developing the
discrete dipole approximation to simulate light scattering by blood cells. Combined with
experimental measurements of light scattering patterns with scanning flow cytometer this
allows us to approach the problem of blood cells characterization. We applied this
methodology to two types of blood cells: red blood cells and granulocytes. We developed
characterization method for the former and studied in details the effect of granules on light
scattering signals for the latter. The main results are as follows:
1. We conducted a rigorous theoretical convergence analysis of the discrete dipole
approximation and showed that errors are bounded by a sum of linear and quadratic
terms in the dipole size. We proposed an extrapolation technique to improve the
accuracy of simulations and its error estimate. We empirically proved the estimate to
be reliable and proposed a simple method to directly separate shape and discretization
errors.
2. We developed ADDA, a computer program to simulate light scattering by arbitrarily
shaped particles using the discrete dipole approximation. We showed its capabilities
for simulating light scattering by very large particles. For instance, ADDA can
simulate light scattering by almost any biological cell in suspension. We compared
ADDA with analogous programs and showed its superiority in terms of computational
efficiency. We also performed a systematic comparison of the discrete dipole
approximation and the finite difference time domain method, which showed that the
former is much faster for simulation of light scattering by biological cells.
3. We proposed an extended four-parametric shape model for red blood cells. We
simulated 40 000 light scattering patterns varying their shape, hemoglobin
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concentration and orientation in the capillary of a scanning flow cytometer. We
developed a characterization method based on direct comparison of experimental light
scattering patterns with simulated ones. We tested this method on a single blood
sample and compared it with two reference methods to measure volume and
hemoglobin concentration. The reference database also was used to validate and refine
the previously proposed spectral method to determine red blood cell diameter.
We proposed a granulated sphere as a simplified model of a granulocyte and performed
extensive simulations of light scattering by this model with different parameters using
the discrete dipole approximation. We showed that the difference of depolarized side
scattering intensity between two granulocyte subtypes can be described solely by the
different sizes of their granules. The same light scattering problem was treated in the
framework of the Rayleigh-Debye-Gans and second-order Born approximations.
Derived analytical expressions qualitatively agree with results of rigorous simulations.
We used a scanning flow cytometer to measure light scattering patterns of neutrophils
from three healthy volunteers. We computed light scattering patterns of granulated
sphere model with a segmented nucleus; they generally agree with experimental data.
We studied the dependence of simulated light scattering patterns on the size of
granules, and discussed possible approaches to the inverse light scattering problem for
granulocytes.

Samenvatting *
Bloed is één van de belangrijkste systemen van het menselijk organisme, en haar
functionaliteit wordt in belangrijke mate bepaald door de bloedcellen. Optische technieken
zijn van nature niet-invasief en in staat om cellen snel te verwerken. Daarom worden ze
veel gebruikt bij analyse en karakterisatie van bloedcellen, zoals in flowcytometers.
Elastische lichtverstrooiing is een optisch signaal dat in het algemeen geen preparatie van
een sample vereist, en wordt bepaald door de algehele celmorfologie (afmeting, vorm, en
interne structuur). Sinds de jaren 90 van de vorige eeuw is de ontwikkeling van
flowcytometry voornamelijk gedreven door het gebruik van fluorescente labels. Echter,
lichtverstrooiing blijft veelbelovend in sommige toepassingen. Het gebruik van
lichtverstrooiing voor bijvoorbeeld de classificatie en karakterisering van bloedcellen kan
de kosten van bloedanalyse significant verminderen, en biedt de mogelijk om nieuwe,
relevante parameters van het bloed te meten.
Er zijn echter een aantal limitaties die de verdere ontwikkeling van lichtverstrooiing
in deze context in de weg staan. Ten eerste, een standaard flowcytometer verschaft zeer
gelimiteerde lichtverstrooiingsinformatie. In principe bestaat deze alleen uit een
geïntegreerde lichtverstrooiingsintensiteit over verschillende verstrooiingshoek intervallen.
Ten tweede is een rigoreuze simulatie van lichtverstrooiing door bloedcellen problematisch,
dit ten gevolge van hun grote afmetingen en complexe interne structuur. Ten slotte is
karakterisering van bloedcellen op basis van lichtverstrooiingsignalen een uitdagende taak,
omdat dit de oplossing van het inverse lichtverstrooiingsprobleem vereist. De eerste
limitatie wordt ondervangen door de recent ontwikkelde scanning flowcytometer, waarmee
hoek-opgeloste lichtverstrooiingsignalen gemeten kunnen worden.
Dit proefschrift gaat nader in op de overige twee limitaties door verdere
ontwikkeling van de Discrete Dipole Approximation voor de simulatie van lichtverstrooiing
door bloedcellen. In combinatie met metingen van lichtverstrooiingspatronen met een
scanning flowcytometer kunnen we het probleem van bloedcelkarakterisering aanpakken.
We passen deze methodologie toe op twee typen bloedcellen: rode bloedcellen en
granulocyten. Voor de rode bloedcellen ontwikkelen we een karakterisatiemethode, en voor
de granulocyten bestuderen we in detail het effect van de granules op de
lichtverstrooiingsignalen. De belangrijkste resultaten zijn:
1. We hebben een rigoreuze theoretische convergentieanalyse voor de Discrete Dipole
Approximation uitgevoerd, en aangetoond dat fouten begrensd worden door een som
van lineaire en kwadratische termen in de dipoolafmeting. We stellen een
extrapolatietechniek voor, waarmee de nauwkeurigheid van de simulaties kan worden
verbeterd, en waarmee een afschatting van de simulatiefout kan worden verkregen.
Empirisch tonen we aan dat deze afschatting betrouwbaar is en stellen tevens een
eenvoudige methode voor om vorm- en discretisatiefouten van elkaar te onderscheiden.
2. We hebben een computerprogramma ontwikkeld, genaamd ADDA, waarmee
lichtverstrooiing door willekeurig gevormde deeltjes kan worden gesimuleerd. ADDA
*
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maakt gebruik van de Discrete Dipole Approximation. Via een aantal simulaties van
zeer grote deeltjes wordt de capaciteit van ADDA gedemonstreerd. ADDA is
bijvoorbeeld in staat om lichtverstrooiing van bijna alle biologische deeltjes in
suspensie te simuleren. We vergelijken ADDA met een aantal analoge programmas en
tonen aan dat ADDA superieur is in termen van computationele efficiëntie. We hebben
tevens een systematische vergelijking van de Discrete Dipole Approximation en de
Finite Difference Time Domain methode uitgevoerd, en aangetoond dat de eerste veel
sneller is voor simulatie van lichtverstrooiing door biologische cellen.
We hebben een model voor de rode bloedcel morfologie met vier parameters
ontwikkeld. We hebben vervolgens 40 000 lichtverstrooiingspatronen van rode
bloedcellen berekend, waarin hun vorm, Hemoglobine concentratie en orientatie in de
laserbundel van de scanning flowcytometer gevarieerd werden. Vervolgens hebben we
een karakterisatiemethode ontwikkeld, waarin gemeten lichtverstrooiingspatronen
direct vergeleken werden met de berekende patronen. We hebben deze methode getest
met één bloedsample, en de resultaten vergeleken met twee onafhankelijke methoden
om de Hemoglobine concentratie en volume van de cellen te meten. De
referentiedatabase is ook gebruikt om een eerder ontwikkelde spectrale methode voor
bepaling van de rode bloedcell diamter te valideren en verder te verfijnen.
We hebben een een gegranuleerde bol voorgesteld als een eenvoudig model van een
granulocyte en hebben met behulp van de Discrete Dipole Approximation vele
lichtverstrooiing simulaties uitgevoerd aan dit model. We tonen hiermee aan dat het
verschil in intensiteit van gedepolariseerde zijwaarste lichtverstrooing voor twee
verschillende typen granulocyten kan worden verklaard door het verschil in de
afmeting van de granules. Hetzelfde model is ook behandeld in het kader van de
Rayleigh-Debye-Grans theorie en tweede orde Born benaderingen. De resulterende
analytische formules zijn kwalitatief in overeenstemming met de rigoreuze
simulatieresultaten.
De lichtverstrooiing van Neutrophilen van drie gezonde vrijwillegers werd gemeten in
een scanning flowcytometer. Tevens hebben we de lichtverstrooiing van een
gegranuleerde bol met een gesegmenteerde kern berekend, en dit komt in het algemeen
overeen met de experimentele data. Tevens hebben we de afhankelijkheid van de
gesimuleerde lichtverstrooiingspatronen op de afmeting van de granules bestudeerd, en
hebben we een mogelijke aanpak van het inverse lichtverstrooiingsprobleem voor
granulocyten bediscuseerd.

Краткое изложение *
Кровь является одной из самых важных систем человеческого организма, в то время
как её функции в основном определяются клетками крови. Оптические методы
анализа неинвазивны и обладают высокой скоростью, поэтому они широко
используются для изучения и характеризации клеток крови, в частности, в проточных
цитометрах. Важным оптическим сигналом, использование которого не требует
предварительной подготовки пробы, является светорассеяние, которое определяется
морфологией клеток (размером, формой и внутренней структурой). Начиная с 1990-х
годов, развитие проточной цитометрии было связано, в основном, с применением
флуоресцентных меток, однако светорассеяние остаётся очень перспективным для
определённых приложений. В частности, использование светорассеяния вместо
флуоресценции для классификации и характеризации клеток крови может
существенно снизить себестоимость клинического анализа крови и позволить
определять новые диагностически значимые параметры крови.
Развитие методов, основанных на светорассеянии, затруднено тремя
факторами. Во-первых, стандартные проточные цитометры предоставляют очень
мало информации о светорассеянии, которая обычно сводится к интенсивности
светорассеяния, интегрированной в нескольких угловых интервалах. Во-вторых,
проблематично точно моделировать светорассеяние клетками крови ввиду их
большого размера и сложной внутренней структуры. В-третьих, характеризация
клеток крови по измеренным сигналам требует решения обратной задачи
светорассеяния, что нетривиально. Первое ограничение снимается новыми
экспериментальными методами, в частности, сканирующим проточным цитометром,
который позволяет измерять индикатрису светорассеяния, разрешённую по углу.
Данная диссертационная работа посвящена исследованию других двух
ограничений, а именно, развитию метода дискретных диполей и его применению для
моделирования светорассеяния клетками крови. Это в комбинации с
экспериментальными измерениями индикатрис светорассеяния с помощью
сканирующего проточного цитометра позволяет приблизиться к задаче
характеризации клеток крови. Этот подход применён для двух классов клеток крови:
эритроцитов и гранулоцитов. Для первых разработан метод характеризации, а для
последних подробно исследовано влияние гранул на сигналы светорассеяния. Ниже
приведены основные результаты работы:
1. Проведён строгий теоретический анализ сходимости метода дискретных диполей
и показано, что ошибки ограничены суммой линейных и квадратичных по
размеру диполя членов. Предложенная методика экстраполяции позволяет
улучшить точность и оценивать погрешность вычислений; надёжность этой
оценки доказана эмпирически. Также предложен способ непосредственного
разделения ошибок формы и дискретизации.

*

Summary in Russian
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Краткое изложение
Проведено систематическое сравнение метода дискретных диполей с методом
конечных разностей во временной области, которое показало, что первый более
чем на порядок быстрее при моделировании светорассеяния биологическими
клетками. Разработанная компьютерная программа ADDA на основе метода
дискретных диполей позволяет моделировать светорассеяние произвольными
частицами много больше длины волны, в частности, биологическими клетками в
жидкости. При этом ADDA превосходит аналогичные программы в
вычислительной эффективности.
Разработан метод характеризации эритроцитов, основанный на прямом
сравнении экспериментальных индикатрис с базой данных из 40 000
теоретических
индикатрис,
вычисленных
с
использованием
четырёхпараметрической модели формы. Экспериментальная проверка показала
согласие средних значений объёма и концентрации гемоглобина с двумя
эталонными методами. Используя базу данных теоретических индикатрис,
уточнён и проверен спектральный метод определения диаметра эритроцитов.
Моделирование светорассеяния упрощённой моделью гранулоцита в виде
зернистого шара с помощью метода дискретных диполей показало, что
наблюдаемое различие в интенсивности деполяризационного бокового рассеяния
между двумя подтипами гранулоцитов может быть объяснено разным размером
их гранул. Эта же задача светорассеяния рассмотрена в рамках приближения
Релея-Дебая-Ганса и его второго порядка – полученные аналитические
выражения качественно описывают результаты численного моделирования.
Измерены индикатрисы нейтрофилов с помощью сканирующего проточного
цитометра, они, в целом, согласуются с вычисленными индикатрисами модели
зернистого шара с сегментированным ядром. Рассмотрена зависимость
модельных индикатрис от размера гранул, и показаны возможные подходы к
решению обратной задачи светорассеяния для гранулоцитов.

Related publications
We have a habit in writing articles published in scientific
journals to make the work as finished as possible, to cover up
all the tracks, to not worry about the blind alleys or describe
how you had the wrong idea first, and so on. So there isn't
any place to publish, in a dignified manner, what you
actually did in order to get to do the work.

Richard Feynman, Nobel lecture (1966)

Journal papers
1.

2.
3.

4.

5.

6.
7.

8.

M. A. Yurkin, K. A. Semyanov, P. A. Tarasov, A. V. Chernyshev, A. G. Hoekstra, and
V. P. Maltsev, "Experimental and theoretical study of light scattering by individual
mature red blood cells with scanning flow cytometry and discrete dipole
approximation," Appl. Opt. 44, 5249-5256 (2005).
M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "Convergence of the discrete dipole
approximation. I. Theoretical analysis," J. Opt. Soc. Am. A 23, 2578-2591 (2006).
M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "Convergence of the discrete dipole
approximation. II. An extrapolation technique to increase the accuracy," J. Opt. Soc.
Am. A 23, 2592-2601 (2006).
Penttila, E. Zubko, K. Lumme, K. Muinonen, M. A. Yurkin, B. T. Draine, J. Rahola,
A. G. Hoekstra, and Y. Shkuratov, "Comparison between discrete dipole
implementations and exact techniques," J. Quant. Spectrosc. Radiat. Transf. 106, 417436 (2007).
M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "The discrete dipole approximation
for simulation of light scattering by particles much larger than the wavelength," J.
Quant. Spectrosc. Radiat. Transf. 106, 546-557 (2007).
M. A. Yurkin and A. G. Hoekstra, "The discrete dipole approximation: an overview
and recent developments," J. Quant. Spectrosc. Radiat. Transf. 106, 558-589 (2007).
M. A. Yurkin, A. G. Hoekstra, R. S. Brock, and J. Q. Lu, "Systematic comparison of
the discrete dipole approximation and the finite difference time domain method,"
submitted to Opt. Expr.
M. A. Yurkin, K. A. Semyanov, V. P. Maltsev, and A. G. Hoekstra, " Discrimination
of granulocyte subtypes from light scattering: theoretical analysis using a granulated
sphere model," submitted to Opt. Expr.

Book chapters
1.

2.

K. A. Semyanov, A. E. Zharinov, P. A. Tarasov, M. A. Yurkin, I. G. Skribunov, D. R.
van Bockstaele, and V. P. Maltsev, "Optics of leucocytes," in Optics of Biological
Particles, A. G. Hoekstra, V. P. Maltsev, and G. Videen, eds. (Springer, London ,
2006), pp. 253-264.
P. A. Tarasov, M. A. Yurkin, P. A. Avrorov, K. A. Semyanov, A. G. Hoekstra, and V.
P. Maltsev, "Optics of erythrocytes," in Optics of Biological Particles, A. G. Hoekstra,
V. P. Maltsev, and G. Videen, eds. (Springer, London, 2006), pp. 231-246.
203

204

Related publications

Conference proceedings
1.

M. A. Yurkin, K. A. Semyanov, A. G. Hoekstra, and V. P. Maltsev, "Experimental and
theoretical study of light scattering by individual mature red blood cells with scanning
flow cytometry and discrete dipole approximation," in The 8th Conference on
Electromagnetic and Light Scattering, F. Moreno, J. J. Lopez-Moreno, O. Munoz, and
A. Molina, eds. (2005), pp. 333-336.
2. M. A. Yurkin and A. G. Hoekstra, "Capabilities of the discrete dipole approximation
for simulation light scattering by biological cells," in Optics of Biological Particles, G.
Videen, ed. (2005), pp. 19-20.
3. M. A. Yurkin, D. de Kanter, and A. G. Hoekstra, "Applicability of effective medium
approximation to light scattering by granulated biological cells - first results," in Optics
of Biological Particles, G. Videen, ed. (2005), pp. 46-47.
4. Penttila, E. Zubko, K. Lumme, K. Muinonen, M. A. Yurkin, Y. Shkuratov, and A. G.
Hoekstra, "Comparison between discrete dipole and exact techniques," in The 9th
Conference on Electromagnetic and Light Scattering, N. Voshchinnikov, ed. (2006),
pp. 227-230.
5. M. A. Yurkin, V. P. Maltsev, and A. G. Hoekstra, "Can the discrete dipole
approximation simulate scattering of particles with size parameter equal to 100?," in
The 9th Conference on Electromagnetic and Light Scattering, N. Voshchinnikov, ed.
(2006), pp. 279-282.
6. M. A. Yurkin and A. G. Hoekstra, "An extrapolation technique to increase the accuracy
of the discrete dipole approximation," in The 9th Conference on Electromagnetic and
Light Scattering, N. Voshchinnikov, ed. (2006), pp. 283-286.
7. M. A. Yurkin, "Tutorial for ‘Amsterdam DDA’," in The DDA - Workshop (2007), p.
30.
8. M. A. Yurkin, "Current capabilities of the discrete dipole approximation for very large
particles: speed, accuracy, and computational tricks," in The DDA - Workshop (2007),
pp. 31-33.
9. M. A. Yurkin, K. A. Semyanov, V. P. Maltsev, and A. G. Hoekstra, "Light scattering
by granulated spheres applied to discriminate subtypes of granulated blood cells," in
International Conference on Laser Applications in Life Sciences 2007 (2007), p.
TuL07-II-3.
10. M. A. Yurkin, A. G. Hoekstra, R. S. Brock, and J. Lu, "Systematic comparison of the
discrete dipole approximation and the finite difference time domain method," in The
10th Conference on Electromagnetic and Light Scattering, G. Videen, M. Mishchenko,
M. P. Menguc, and N. Zakharova, eds. (2007), pp. 249-252.
11. K. A. Semyanov, P. A. Tarasov, M. A. Yurkin, A. G. Hoekstra, and V. P. Maltsev,
"Characterization of native red blood cell morphology by scanning flow cytometry," in
8th International Congress on Optical Particle Characterization (2007), p. 56.

Acknowledgements
A man is known by his friends.

Proverb

I am close to obtaining my PhD, which is an end of a long journey. Many have helped me
on the way, without them this thesis has not appeared at all.
First of all, I want to thank my daily supervisor Alfons Hoekstra, who found funding
for this position and invited me to Amsterdam. I first met him in Novosibirsk in spring of
2004 and by that time Alfons had been aware of the Siberian hospitality. When I came to
Amsterdam in September I was quite surprised to receive the same level of hospitality here.
It is Alfons, who met me in the airport and helped to set up both in the office and in my
apartment, he even provided some furniture. For the following three years he provided me
the opportunity to concentrate on science, arranging all the financial stuff and minimizing
bureaucratic pressure. Although he was very busy with large projects and other PhDstudents, I could always walk into his office and ask any question, whether it was sciencerelated or just asking for advice concerning my life in Amsterdam. He taught me to do
science, especially in terms of critical thinking, presentation of results, and writing of
papers. He also proposed many interesting scientific ideas, being a valuable coauthor of my
papers. Although we frequently discussed my progress, I always felt free to direct my
research myself and I liked that a lot.
Unfortunately, I have not had an opportunity to communicate a lot with my promoter
Peter Sloot. But I appreciate his thoughtful assessment of my work, especially the thesis
itself, as well as overall support. I also acknowledge him as the main builder of the nice
working atmosphere in the Section Computational Science, which I enjoyed during my
PhD. For the latter I also thank all my colleagues in this group, including those that have
moved to another position during this period, it was a pleasure working with you.
Especially I want to mention Lilit Axner, Drona Kandhai, and Guangzhong Qiu, with
whom I shared an office, and Denis Shamonin, Vladimir Korkhov, Dmitri Vasunin, Lev
Naumov, and Adianto Wibisono, who often accompanied me for the lunch.
Experimental work described in this thesis was carried out back in Novosibirsk in
the laboratory of Valeri Maltsev, whose constant support I gratefully acknowledge. I also
thank all people from that laboratory for making my work in Novosibirsk pleasant and
productive. I appreciate collaboration and frequent discussions with Konstantin Semyanov,
Alexander Shvalov, Peter Tarasov, Andrei Chernyshev, Konstantin Gilev, and Vyacheslav
Nekrasov. During my PhD I have been traveling a lot, including a one-month visit to
Greenville, North Carolina. I thank Jun Lu, Scott Brock, and Xin-Hua Hu for a warm
welcome and fruitful collaboration. I am also grateful to Dirk van Bockstaele for his
hospitality during my short visit to Antwerp, including a tour over Belgian beer.
I want to thank many other scientists for plentiful discussions on numerous (not only
scientific) subjects. They are from University of Amsterdam (David de Kanter, Michiel
Min, and Joop Hovenier) and all over the world. I especially thank Gorden Videen and
Michael Mishchenko for showing me the essence of being scientist during the beer sessions
of ELS conferences, as well as organizers of these conferences, since I find it the coziest
205

206

Acknowledgements

conference series. I thank all coauthors of my papers, in collaboration we managed to create
something new. Specifically I want to acknowledge Antti Penttila for a laborious work of
bringing several DDA codes together and Bruce Draine and Piotr Flatau for intensive
promotion of the DDA. I would like to thank my thesis committee for a careful assessment
of my work and additionally Gorden Videen for thorough comments on several of my
papers.
This thesis summarizes my results of the last three years; however, it is a
consequence of many more years of previous education. During those years I was lucky to
have very good teachers and supervisors. I am grateful to Novosibirsk State University,
where I received my Bachelor and Master degree in physics, especially to Alexander
Zolkin, who supervised my first scientific work. I also thank Pavel Geshev for an
interesting collaboration, and Ivan Surovtsev, who supervised my first (Bachelor) thesis.
Thank you, Ivan, for many things you have taught me. I appreciate very much my high
school – Specialized Educational Scientific Center of Novosibirsk State University – and
my teachers there, including Alexei Kipriyanov, who is largely responsible for my love for
physics, and Irina Parshina-Shilayeva, who created a very strong foundation of my English
skills. I express my sincere gratitude to Galina Kuklina, who taught me to be accurate in
mathematical derivations. And even more importantly, being a supervisor of my group in
the high school, she taught me many things that are hard to describe by worlds but have
become intrinsic to my personality.
Science is an important part of my life, but there are many things beyond science. I
thank all people who shared with me all these other things and helped to make them joyful
and interesting. When I arrived in Amsterdam I shared an apartment with Olivier, with
whom we explored Amsterdam, including our first visit to Red Lights District. Later on, I
spent most of my free time with the Russian group, which consisted of my Russian
colleagues, already mentioned, plus Ilia, Katya, Yura, Vlad, and Zhenya. Thank you all for
your company that helped to dilute my loneliness, especially for many nights playing
preference. I also thank Nelly & Teo for their warm hospitality in Holland, including tasty
Russian meals, and for trips to France.
My dear friends from Novosibirsk – Andrei & Anya, Den, Shurik, Rinat, Miha,
Vasya, Kirill, Zhenya, Masha, and Vasilina – you have clearly become a part of my life.
Some of you I know from school, and some – even earlier. We have made so many
interesting and joyful things together, it is hard to choose only few to mention. It was you,
who saw me off to Amsterdam, and cheered every time I visited Novosibirsk. Some of us
have already left Novosibirsk, but we stay in touch and meet each other in other places of
the world. I thank you for all your support, both direct and indirect, especially in hard
moments of my life. A friend in need is a friend indeed.
Finally and most importantly I want to greatly thank my family. My dear parents, I
am obliged to you for everything I have. You have always been the closest friends for me
providing me with support and advice. My tender grammas, you largely participated in my
bringing up. Your love and care are of great value to me. My dear grandpas, it is a great
pity you did not live to see me receiving the degree, I think you would be proud of me. I
always looked at you as examples of honorable living; I hope I managed to follow these
examples in some respect. My beloved wife Alyona, I know you for only two years, but it

Acknowledgements

207

seems much longer. During this time you have always been a source of inspiration for me,
making my life complete. Thank you for your love, support and all the time we spent
together. I am very glad you came to the conference in Novosibirsk; your joyful smile and
in-time advice helped me a lot since then. You gave up part of your life for me, which I
truly appreciate. I am also grateful to my parents-in-law for their support, including
comments on the thesis.
There are probably many people, whom I forgot to mention. Please forgive
imperfectness of my memory.
Maxim Yurkin
Amsterdam, 24 October 2007

