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1
Introduction

Neutrinos as probes for particle physics and astronomy
In the last few decades we have witnessed many important discoveries at the interface
of particle physics and astronomy. The fruitful interplay between these fields is exemplified by the resolution to the solar neutrino problem, i.e. the discrepancy between predicted and observed fluxes of solar neutrinos: since the 1960s neutrino experiments have
measured the flux of solar neutrinos (e.g., Davis et al. 1968) and found fluxes that are
typically lower by a factor ∼3 compared to the flux predicted by solar models (Bahcall
et al. 2001, and references therein). In a truly visionary paper, Gribov and Pontecorvo
suggested as early as 1969 that this deficit could be the result of neutrino oscillations
(Gribov & Pontecorvo 1969; see also Bahcall & Frautschi 1969 and Pontecorvo 1958;
1968): because the early neutrino experiments are exclusively sensitive to neutrinos of
the electron-type, and because solar neutrinos are predominantly of this type, any neutrino oscillations from one type to another will reduce the number of interactions in these
detectors. Nearly thirty years later, the Super-Kamiokande collaboration announced evidence for flavor oscillations in atmospheric neutrinos (Fukuda et al. 1998), a result that
is widely regarded as the first compelling evidence for neutrino oscillations. Now that
these oscillations are well established, we may conclude that observations of the sun
have been instrumental in a better understanding of the nature of the neutrino and its
place among the other fundamental particles.
Before the 1998 Super-Kamiokande results the existence of neutrino oscillations was
supported by the solar neutrino problem, by observations of atmospheric neutrinos, and
by accelerator-based experiments (although there was also experimental evidence against
neutrino oscillations; see Fisher et al. 1999 for a review). The importance of the results
obtained in 1998 is that they demonstrate, for the first time, that the fraction of neutrinos
that remains undetected depends on the neutrino path length. This excludes uncertainties
in the flux normalization and very strongly supports the oscillation hypothesis. A wealth
of experimental data from atmospheric, solar, reactor and accelerator experiments has
become available since (see Maltoni et al. 2004 for a recent review). These data corrob-
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orate the neutrino oscillation hypothesis and put increasingly stronger bounds on neutrino masses and mixing angles. In particular, the SNO experiment (which is sensitive to
neutrinos of all flavors) has found that the total neutrino flux is consistent with the solar
model while the electron-neutrino flux is in keeping with earlier findings (Ahmad et al.
2002).
The first neutrinos from sources further away than the sun were observed in 1987,
when the blue supergiant Sanduleak - 69202 exploded and became known as supernova
SN1987A (see Arnett et al. 1989, Bethe 1990 for reviews). Eighteen hours before the
first optical observation, a neutrino signal was detected by the Kamiokande-II (Hirata
et al. 1987) and IMB (Bionta et al. 1987) experiments (there are also claims of detection
by the Baksan and Mont Blanc laboratories but these are controversial; see Bethe (1990)
and references therein). The neutrinos give important information on the physics of the
supernova, such as the energies and timescales involved (see Bethe 1990 for a review).
Furthermore, properties of the neutrino itself have been inferred from the observations.
Bahcall & Glashow (1987) and Gaemers et al. (1989) have derived upper limits on neutrino masses from these observations, and Barbieri & Mohapatra (1988) and Lattimer &
Cooperstein (1988) have found an upper limit on the neutrino magnetic moment. More
recently, it has been argued that neutrino observations from SN1987A can be used to
constrain the size of large extra dimensions (Cullen & Perelstein 1999).
Apart from the discovery of neutrino oscillations and the detection of cosmic neutrinos, there have been many other important discoveries at the interface of particle physics
and astronomy in recent years. Measurements of the cosmic microwave background by
COBE (Bennett et al. 1996) and WMAP (Hinshaw et al. 2006, Page et al. 2006, Spergel
et al. 2006) have provided important information on the physics of the early universe. In
combination with other measurements of the large-scale structure in the universe (Cole
et al. 2005, Adelman-McCarthy et al. 2006) these results constrain many cosmological
parameters of the present universe and point toward what is known as the concordance
model — a universe that is spatially flat and whose energy content is dominated by ‘dark
energy’ and ‘dark matter’ (see Spergel et al. 2006, Yao et al. 2006 for reviews). Results
from supernova surveys (Perlmutter et al. 1999, Riess et al. 2004, Astier et al. 2006) are
compatible with the existence of dark energy, while recent observations based on weak
gravitational lensing (Clowe et al. 2006) lend support to the existence of dark matter.
It should however be stressed that the microphysical origin of these components is still
unclear, posing an important challenge for the future.
We have also learned a great deal about the once enigmatic gamma-ray bursts (GRBs)
since the first X-ray (Costa et al. 1997) and optical (Van Paradijs et al. 1997) afterglows
were observed a decade ago. There is now increasing evidence that long GRBs are
related to the death of massive stars (e.g., Woosley & Bloom 2006). Note however
that the situation for short GRBs is presently not so clear (e.g., Lee & Ramirez-Ruiz
2007). GRBs are of particular interest for astro-particle physics as they are believed to
be astrophysical proton accelerators. Vietri (1995) and Waxman (1995) have found that
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GRBs are able to accelerate protons up to ∼1020 eV, which suggests that GRBs can be
the long-sought origin of ultra-high-energy cosmic rays. Whereas GRBs may provide
the answer as to the origin of cosmic rays, high-energy emission from GRBs may also
contribute to a better understanding of the bursts themselves. In particular, high-energy
neutrinos would demonstrate that the relativistic outflow associated with GRBs has a
hadronic component and could provide further indications regarding the nature of this
outflow. The observation of this emission is a very challenging goal for the future.
Given these recent developments, it may be expected that the intersection of particle
physics and astronomy will be a very interesting and productive field of research for the
coming years. With current and future neutrino experiments such as AMANDA (Andres
et al. 2000), ANTARES (Aslanides et al. 1999), KM3NeT (Katz 2006) and IceCube
(Ahrens et al. 2003) reaching unprecedented sensitivities, it may also be expected that
neutrinos will continue to play an important role in this field. Without doubt, these
experimental efforts will be matched with theoretical work to understand the meaning of
neutrino observations and of non-observations, to provide continuous motivation for new
and improved experiments, and — if we are fortunate — to inspire people with visionary
ideas like Gribov and Pontecorvo did nearly four decades ago.
This dissertation concerns two subjects in which cosmic neutrinos may be useful
probes of (astro)physical processes. The first subject is pair creation of neutrinos by an
external source, a mechanism very similar to electron-positron pair creation in an electric field as studied by Schwinger (1951). We study theoretical aspects of this process,
in particular the connection between perturbative and non-perturbative formalisms. Furthermore we investigate whether neutrino emission from neutron stars by this mechanism
may be observable. Whereas this study is concerned with properties of the neutrino, and
its interaction with other particles, the second subject is based on the potential use of
neutrinos as probes for astrophysical systems: we consider the creation and emission of
neutrinos in various stages of a developing GRB. We investigate whether these neutrinos could be detected and how such observations can be used to constrain GRB models.
These subjects are discussed in more detail below.

Neutrino pair creation by an external source
The equivalence of mass and energy raises the possibility that massive particles can be
created, in vacuum, by a gauge field of sufficient strength. One way to view this process
is that, in the presence of a strong field, the vacuum can decay to a state containing
particles. To preserve quantum numbers, such as the electric charge, the particles are
created in pairs. This process is usually referred to as spontaneous pair creation, pair
creation by an external source, or pair creation by vacuum decay to discriminate it from
pair creation in particle scatterings.
Building on earlier work of some of the pioneers of modern quantum field theory
(Klein 1929, Sauter 1931, Heisenberg & Euler 1936), Schwinger (1951) computed the
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pair creation rate w of electron-positron pairs in a constant electric field E and found
that
!
!2 X
!
∞
∞
α0 E 2 X 1
nπm2 c3
nE∗
1
51
−3 −1 E
w= 2
exp −
= 10 cm s
exp −
, (1.1)
|eE|~
E∗ n=1 n2
|E|
π ~ n=1 n2
where m and e denote the electron mass and charge, respectively; α is the fine-structure
constant; 0 denotes the vacuum permittivity; and E∗ = πm2 c3 /(e~) = 4 × 1016 V cm−1
is the electric field strength scale defined by the electron mass and other constants of
nature. As the creation of an electron-positron pair by this mechanism requires a very
large electric field strength, it is difficult to realize in a laboratory. To date the mechanism
has not been directly observed, but experiments with high-intensity optical lasers (e.g.,
Blaschke et al. 2006) or X-ray free electron lasers (e.g., Alkofer et al. 2001) may be able
to do so in the near future.
Even in the absence of observations, pair creation by an external source is very interesting from a theoretical point of view. It is closely related to Hawking radiation
(Hawking 1974; 1975) and Unruh radiation (Unruh 1976) and provides a few explicit
examples to study the connection between non-perturbative quantum field theory and
perturbative expansions (see, e.g., Dunne & Hall 1999). Furthermore spontaneous pair
creation plays an important role in the physics of the early universe, e.g. in reheating of
the universe after inflation (Turner 1983) and in the generation of perturbations during
inflation (Martin 2007).
Electric fields strong enough to create electron-positron pairs through vacuum decay may exist in astrophysical systems such as magnetars (Usov 1992) or black holes
(Damour & Ruffini 1975; 1976). In general it is however difficult to identify pair creation by vacuum decay in astrophysical systems due to the competing effects of pair creation by photon – photon interactions and by photon decay in the presence of a magnetic
field (see Treves et al. 2000 for a discussion). Preparata et al. (1998) have suggested that
charged black holes may be accompanied by a so-called dyadosphere, i.e. a macroscopic
region in space where the electric field is stronger than the critical value for vacuum decay. The authors suggest that the energy that can be extracted from the black hole by this
mechanism may be sufficient to power a GRB (see also Damour & Ruffini 1975). It is
however questionable whether these strong electric fields can develop over astrophysical
distances (Page 2006).
Because neutrinos carry weak nuclear charge, a macroscopic configuration of neutrons may create pairs of neutrinos in a very similar manner. The production of neutrinos
by this mechanism in a neutron star was considered earlier by Loeb (1990), Kachelriess
(1998), and Kusenko & Postma (2002), who treated the problem with a non-perturbative
formalism. In this dissertation we study this mechanism using perturbative quantum
field theory. An advantage of this method is that it is not limited to a specific source but
allows us to draw conclusions with a broad applicability. Furthermore, we gain further
insight into the mechanism by comparing our findings to the non-perturbative results
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derived earlier (Kusenko & Postma 2002) and by comparing neutrino pair creation to
electron-positron pair creation.

Creation and emission of neutrinos in gamma-ray bursts
Whereas the interest in spontaneous pair creation is largely driven by theory, research on
GRBs is mostly driven by observations. In fact, theorists have for decades struggled to
explain the observed properties of GRBs, which were by many regarded as the biggest
mystery in astrophysics.
Since the cosmological origin of GRBs was firmly established by the first afterglow
observation in 1997 (Costa et al. 1997, Frail et al. 1997, Van Paradijs et al. 1997), there
has been a lot of progress in our understanding of this phenomenon. Observations have
shown that at least some GRBs are connected with supernovae, indicating that these
are ultimately caused by the core-collapse of massive stars (Van Paradijs et al. 2000,
Woosley & Bloom 2006). According to the leading ‘fireball / blast wave’ paradigm (see,
e.g., Mészáros 2006 for a review), the energy that is liberated by such a catastrophic
event is initially contained in a very hot and dense plasma (the fireball) which develops into a highly relativistic collimated outflow. In this process, the available energy is
transferred to kinetic energy of the baryons that are contained in the outflow. Far away
from the GRB central engine, the kinetic energy in this blast wave is partly dissipated
by shock acceleration and emitted in the form of gamma rays. The remaining energy is
dissipated in the subsequent interaction with the external environment, which results in
the afterglow.
The blast wave model correctly describes the general features of both the prompt
gamma-ray emission and the afterglow emission, but important questions remain. For
example, how is the initial fireball formed and how is it collimated? Is the relativistic outflow dominated by thermal energy or can electromagnetic fields be energetically
important? What is the nature of the central engine that powers the outflow? Recent
observations by the SWIFT satellite (e.g., Mészáros 2006) have both provided new clues
to existing questions (e.g. evidence for extended central engine activity) and raised intriguing new ones (e.g. the possibility of a new population of low-luminosity bursts).
GRBs are well-known candidate sources of cosmic neutrinos: reasonably large neutrino fluxes are expected in the tens-of-MeV range from the initial fireballs (Kumar
1999); in the ∼10-GeV range from neutron – proton collision in the accelerating outflows (Derishev et al. 1999b, Bahcall & Mészáros 2000, Mészáros & Rees 2000); in the
∼100-TeV range from the interaction of shock-accelerated protons with GRB photons
(Waxman & Bahcall 1997); and in the ∼1-EeV range from the interaction of the fireball
with the external medium (Waxman & Bahcall 2000).
In this dissertation we address the issue of how neutrinos can be used to gain a better
understanding of GRBs. We consider the creation and emission of neutrinos by three
different mechanisms that take place in different phases of a developing GRB: by leptonic
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processes in the initial GRB fireballs, by inelastic neutron – proton scattering in the
accelerating outflow and by proton – proton interactions when the outflow is traversing
the preburst stellar environment. Neutrinos originating from each of these mechanisms
may provide useful information on the physics of GRBs. This is discussed in more detail
in the following.
Neutrino emission by the initial fireballs in GRBs — The observed high luminosity
and rapid variability of GRBs imply that the initial fireballs should contain a huge amount
of energy in a relatively small volume. In such an environment one expects a prolific
creation of neutrinos. We study the creation and emission in these early GRB fireballs to
establish whether there are regions in the parameter space of the fireball where cooling
by neutrino emission is so efficient that it would terminate the developing GRB in the
first phase of development. This may then put constraints on the parameter space of the
initial fireballs in successful GRBs.
Neutrinos from neutron – proton collisions in the accelerating outflow — One of the
important open questions regarding GRBs is as to the nature of the relativistic outflow.
In the standard fireball scenario, the energy that is liberated by the central engine is
initially stored as thermal energy of the fireball. Alternatively, the initial GRB energy
may predominantly be in the form of Poynting flux. The dynamics of the outflow is
very different in both cases: for the fireball model, radiation pressure accelerates the
flow in such a way that the bulk Lorentz factor Γ is proportional to the distance from
the central engine r during the accelerating phase (Paczyński 1986). For the ‘AC’ model
(Spruit et al. 2001 and references therein) — a concrete realization of Poynting-flux
dominated GRB outflows — the acceleration is much more gradual and the bulk Lorentz
factor Γ is proportional to r1/3 during acceleration (Drenkhahn 2002) . We investigate
how the difference in dynamics affects neutrino production in inelastic neutron – proton
interactions in the outflow and whether this neutrino emission can be used to differentiate
between the fireball model and the AC model.
Neutrinos from proton – proton collisions in choked GRBs — In the light of the
observed connection between GRBs and supernovae it is an interesting possibility that
the formation of a fireball is quite a common phenomenon in supernovae but that only
very energetic fireballs have sufficient power to traverse the pre-burst stellar environment
and give rise to an actual GRB. In such a scenario it is assumed that fireballs with less
energy are stopped below the stellar surface so that any electromagnetic emission is
absorbed by the stellar material. However, if shocks form in the fireball at a substellar
radius, protons (either cosmic-ray protons or protons contained in the fireball) can be
accelerated and collide with target protons in the flow or with the pre-burst environment.
This gives rise to high-energy neutrinos, which are likely the only observable signal that
can indicate the existence of such a class of choked GRBs. We investigate what these
neutrinos, if observed, can tell us about the physics of choked GRBs. For this purpose
we derive a parameterization for the energy and angle distribution of pions and kaons
created in energetic proton – proton collisions. This parameterization is presented as a
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separate result because it can be applied to many other astrophysical scenarios.

Outline of this dissertation
This dissertation is divided into parts following the two subjects discussed above. Spontaneous pair creation is discussed in chapters 2 and 3, while the creation and emission of
neutrinos in GRBs is the subject of chapters 4–7.
The present introduction constitutes chapter 1. In chapter 2 we discuss both perturbative and non-perturbative formalisms to compute the number of particles created by an
external source. This provides a theoretical background for chapter 3, in which we study
neutrino pair creation by an external source using a perturbative method and compare
our findings to earlier results that are based on a non-perturbative method. In chapter 4
we consider the creation and emission of neutrinos in the very first stage of a GRB fireball. Chapter 5 concerns the dynamics of neutron-rich GRB flows and particle creation
by inelastic neutron – proton collisions in these flows. Here we compare particle emission for the fireball model with particle emission for the ‘AC’ model, which is based on
magnetic reconnection in Poynting-flux dominated GRB flows. In chapter 6 we present
a parameterization of the energy and angular distributions of secondary pions and kaons
created in energetic proton – proton collisions. This parameterization is used in chapter 7
to investigate possible neutrino signatures of choked GRBs. We present our conclusions
in chapter 8.

Neutrino pair creation by an external
source

2
Perturbative and non-perturbative methods in
spontaneous pair creation
based on work with M. Postma
(unpublished)

2.1

Introduction

Quantum field theory (QFT) predicts that a sufficiently strong classical field can produce
pairs of particles through breakdown, or decay, of the vacuum. For electromagnetic
fields this effect has been investigated since the early days of quantum electrodynamics
(Klein 1929, Sauter 1931, Heisenberg & Euler 1936, Schwinger 1951) and has received
considerable interest since (see, e.g., Brezin & Itzykson 1970, Cornwall & Tiktopoulos
1989, Kluger et al. 1992). The creation of an electron-positron pair by this mechanism
requires a very large electric field strength ∼1016 V cm−1 which is difficult to realize in
a laboratory. To date the mechanism has not been directly observed, but experiments
with high-intensity optical lasers (e.g., Blaschke et al. 2006) or X-ray free electron lasers
(e.g., Alkofer et al. 2001) may be able to do so in the future.
Pair creation by an external source is of great theoretical interest. It is closely connected to phenomena that arise in quantum field theory on a non-trivial background such
as Hawking radiation (Hawking 1974; 1975) and the related phenomenon of Unruh radiation (Unruh 1976). Furthermore, a number of pair-creation problems can be solved
exactly and thus give insight into the relation between non-perturbative quantum field
theory and perturbative expansions. A well-known pair-creation problem that has been
solved exactly is due to Schwinger (1951), who considered the creation of electronpositron pairs by a constant electric field and found that the probability w for creating a
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pair per unit time and volume is given by the following formula:1
!
∞
α0 E 2 X 1
nπm2
,
w=
exp −
|eE|
π2 n=1 n2

(2.1)

where α ' 1/137 is the fine-structure constant; 0 is the vacuum permittivity; E is the
strength of the electric field; m is the electron mass; and e is the electric charge. This
result is non-perturbative because the exponential term cannot be expanded in a Taylor
series around e = 0. It may however be reproduced from a divergent perturbative series
through a Borel dispersion relation (Dunne & Hall 1999).
In this chapter we discuss both the non-perturbative formalism of Bogoliubov transformations (section 2.2) and the perturbative QFT formalism (section 2.3) that can be
used to compute the number of particles created by an external source. This provides
the theoretical basis for the study on neutrino creation by an external source that is presented in chapter 3. We then present in section 2.4 a toy-model example, that we refer to
as the ‘time-dependent kink’, which can be solved exactly. We show explicitly that the
method of Bogoliubov transformation and the perturbative computation agree up to second non-trivial order in the coupling constant for this particular source. For simplicity
we restrict ourselves to scalar quantum fields coupled to a scalar source in this chapter.
The methodology for fermion pair creation is very similar.

2.2

The Bogoliubov method

In this section we present a brief but self-contained introduction to Bogoliubov coefficients and their use in pair-creation problems. For a more complete treatment the reader
is referred to DeWitt (1975), Birrell & Davies (1982) and Bogoliubov & Shirkov (1983).

2.2.1

Quantum fields in a background

In free quantum field theory the dynamical behavior of scalar fields is determined by
the Klein-Gordon equation. This equation is solved by the standard plane-wave mode
solutions uk (x) and vk (x):
uk (x) = vk (x)∗ = √

1
~
e−iωk t eik~x ,
2ωk

(2.2)

where ωk and ~k denote the energy and the momentum, respectively. As these constitute
a complete set of wave functions associated with particles (uk ) and antiparticles (vk ),
any complex2 scalar field φ(x) can be expanded in terms of these solutions with the
1 In

this and the following chapter we use natural units, in which ~ = c = 1.
For a real scalar field one should identify ak ≡ bk .

2 We consider a complex scalar field throughout this section.

2.2. The Bogoliubov method
appropriate coefficients ak and bk :
Z

d3 k 
†
φ(x) =
a
u
(x)
+
b
v
(x)
.
k
k
k
k
(2π)3

13

(2.3)

The classical field theory is lifted to a quantum field theory by promoting the coefficients
ak and bk to operators and imposing the appropriate commutation relations (e.g., Itzykson
& Zuber 1980). With these operators one can then construct a Fock space with a welldefined number of particles.
The situation is more intricate when the theory is defined on a non-trivial background
(e.g., near a black hole or in de Sitter space) or when the scalar fields are coupled to an
external source. We consider here the case that the fields are coupled to a spatially
homogeneous, time-dependent source that manifests itself as a time-dependent effective
scalar mass m(t). The wave equation for φ(x) can be expressed as follows:
!
∂2
2
2
−
∇
+
m(t)
φ(x) = 0 .
(2.4)
∂t2
We now consider a complete set of momentum eigenstates that solve the wave equation
and that are grouped into two sets Uk (x) and Vk (x) which are conjugate in the sense that
Uk (x) = Vk (x)∗ . As the source depends only on time, we factorize the time-dependence
and express these solutions as
~

Uk (x) = fk (t)eik~x ,

(2.5)

where the function fk (t) should obey:
!
∂2
2
2
+ k + m(t) fk (t) = 0 .
∂t2

(2.6)

Note that this is a second-order differential equation which admits two independent solutions for every k. We insist that the mode functions satisfy the Wronskian condition
h
i
W fk , fk∗ ≡ fk (t) fk0 (t)∗ − fk0 (t) fk (t)∗ = i ,
(2.7)
where the prime indicates a derivative with respect to the time t. Note that eq. (2.7) is
time-independent if fk (t) and fk∗ (t) obey eq. (2.6). The Wronskian condition expressed
in eq. (2.7) guarantees orthogonality of the conjugate solutions with respect to the inner
product
!
Z
∂φ∗2 ∂φ1 ∗
3
hφ1 , φ2 i = −i d x φ1
−
φ ,
(2.8)
∂t
∂t 2
t
where the integral is over an equal-time hypersurface. Here and in the following we
normalize fk (t) such that:
hUk , V p i = 0 ;

(2.9a)

hUk , U p i = −hVk , V p i = (2π) δ(~k − ~p) .
3

(2.9b)
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Such a set of conjugate mode solutions is a natural generalization of the plane-wave
solutions uk (x) and vk (x) for scalar fields in a non-trivial background.

2.2.2

Bogoliubov coefficients

Because the set of conjugate solutions {Uk , Vk } is not unique3 , we may express any particular field configuration φ(x) in terms of different bases. Here we consider two different
bases, that we denote as barred and unbarred:
φ(x) =

Z

 Z d3 k 

d3 k 
†
a
U
(x)
+
b
V
(x)
=
āk Ūk (x) + b̄†k V̄k (x) .
k k
k k
3
3
(2π)
(2π)

(2.10)

By virtue of completeness we can expand the elements of the barred basis in terms of the
unbarred basis elements (and vice versa):
d3 p
(2π)3
Z
d3 p
V̄k (x) =
(2π)3

Ūk (x) =

Z



αk,p U p (x) + βk,p V p (x) ;

(2.11a)



β∗k,p U p (x) + α∗k,p V p (x) ,

(2.11b)

which defines the, time-independent, Bogoliubov coefficients αk,p and βk,p . Note that
there are two independent Bogoliubov coefficients (instead of four) because of the conjugation relationship V̄k (x) = Ūk (x)∗ .
If the external source is homogeneous, as we assume here, the Bogoliubov coefficients are diagonal in momenta and we can write:
αk,p
βk,p

= hŪk , U p i = −hV p , V̄k i = (2π)3 δ(~k − ~p) αk ;
= −hŪk , V p i = hU p , V̄k i = (2π)3 δ(~k − ~p) βk ,

(2.12a)
(2.12b)

where αk and βk obey the useful relation |αk |2 −|βk |2 = 1. Factorizing the time-dependence
of the conjugate solutions as in eq. (2.5), we find that
αk
βk



0
0
= −i f¯k (t) fk ∗ (t) − f¯k (t) fk∗ (t) ;


0
= i f¯k (t) fk0 (t) − f¯k (t) fk (t) ,

(2.13a)
(2.13b)

which expresses the Bogoliubov coefficients directly in terms of solutions to equation
(2.6). The time-independence of αk and βk follows from the fact that the right hand sides
of eqs. (2.13) can be expressed as Wronskians.
3 In free field theory in Minkowski space the set of mode solutions is unique up to Lorentz transformations,
making it a special case (e.g., DeWitt 1975).
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Choice of vacuum density of states

For quantum fields in a non-trivial background, there is no unique expansion into mode
solutions and hence no unique definition of creation and annihilation operators. The
annihilation operators corresponding to the unbarred mode functions define a vacuum
state |0i:4
ak |0i = 0 ;

bk |0i = 0 .

(2.14)

Similarly, the barred annihilation operators define a vacuum state |0̄i:
āk |0̄i = 0 ;

b̄k |0̄i = 0 .

(2.15)

The two vacua are different states, and the state |0i will contain particles from the ‘barred’
point of view. The operators {ak , bk } and {āk , b̄k } are related through the Bogoliubov
coefficients so that the density of states with momentum ~k in the state |0i, as measured
in ‘barred’ quanta, is equal to:
N̄k =

h0|ā†k āk |0i

=

Z

d3 p d3 q ∗
β βk,q h0|bq b†p |0i =
(2π)3 (2π)3 k,p

Z

d3 p
2
βk,p .
3
(2π)

(2.16)

Using box normalization to extract a volume factor, this further simplifies to

N̄k
1 2
= |βk |2 =
|αk | + |βk |2 − 1 ,
V
2

(2.17)

which gives the density of states per unit volume. The number of created antiparticles
is equal to the number of particles, as can be demonstrated explicitly by evaluating
h0|b̄†k b̄k |0i.

2.2.4

Adiabatic number operator

Equation (2.17) formally expresses the number of particles in the vacuum state associated with a given set of mode solutions, as measured in quanta of another set. There are
infinitely many choices of mode solutions and it there is no a priori reason why any particular choice would be most suited to describe particle creation by an external source.
From a physical point of view, a natural choice for the mode solutions is such that the
Hamiltonian is diagonal in the corresponding creation and annihilation operators. This
requirement defines the adiabatic mode functions fkad and fkad,∗ , together with the adiabatic creation and annihilation operators aad(†)
and bad(†)
.
k
k
4 The term ‘vacuum state’ may be confusing here because there is no clear physical interpretation of these
states. Following the literature however, we will use ‘vacuum state’ to denote a state that is annihilated by a
given choice of annihilation operators.
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The Hamiltonian of the system of quantum fields φ with a time-dependent mass can
be expressed as follows:
Z


1
H(t) =
d3 x Π2 + (∇φ)2 + m(t)2 φ2 ,
(2.18)
2
where Π = φ0 is the canonical momentum. We now demand that the Hamiltonian is
instantaneously diagonalized at a specific time t = t0 :
Z

d3 k ωk (t0 )  ad,† ad
ak ak + bad,†
bad
(2.19)
H(t0 ) =
k +1 ,
k
3
2
(2π)
which requires that the adiabatic mode function obeys:
∂ fkad
∂t

= −iωk (t0 ) fkad (t0 ) .

(2.20)

t=t0

The adiabatic number operator is now defined as follows:
ad
Nkad := aad,†
k ak .

(2.21)

It can be shown that the vacuum state associated with these annihilation operators corresponds to the physical ground state, i.e. the state with lowest energy, at t = t0 .
We now consider an external source that becomes constant at t → ±∞. Suppose
that fkin (t) is an exact solution of equation (2.6) for this particular source that reduces to
the usual plane-wave solution in the limit t → −∞. This implies that the vacuum state
|0iin associated with this solution reduces to the usual Minkowski vacuum for t → −∞.
From eq. (2.17), we find that the particle density as measured with the adiabatic number
operator at time t0 is equal to

Nkad (t0 ) 1  2
=
|αk | + |βk |2 − 1 ,
V
2

(2.22)

where the Bogoliubov coefficients αk and βk are given in eqs. (2.13) with fk = fkin ,
f¯k = fkad , and evaluated at t = t0 . Using equation (2.20) this further simplifies to
Nkad (t0 ) ω(t0 ) in
0
1
1
2
2
=
fk (t0 ) +
f in (t0 ) − .
V
2
2ω(t0 ) k
2

(2.23)

This equation gives the number density of particles created by an external time-dependent
source, measured with the adiabatic number operator.

2.3

Vacuum decay in perturbative quantum field theory

2.3.1 Vacuum decay and generating functionals
Spontaneous particle creation in vacuum can be viewed as the decay of the asymptotic
‘in’ vacuum state to a different ‘out’ state. This suggests to express the probability of
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vacuum decay in terms of the quantum-mechanical overlap of the ‘in’ and ‘out’ states as
follows:
Z
e−W = |out h0|0iin |2 ;
(2.24)
W=
d4 x w(x) ,
where w(x) is the probability per unit time and volume that two or more particles are
created at spacetime position x.
In quantum field theory, the asymptotic ‘in’ and ‘out’ vacua are related through the
scattering operator S :
" Z
#
4
d x LI |0i ,
(2.25)
out h0|0iin = h0|S |0i = h0|T exp i
where Li denotes the interaction Lagrangian that we take to be of the following form:5
1
Li (x) = − j(x)φ(x)2 .
2

(2.26)

Here j(x) is a prescribed, external source that creates quanta of the scalar field φ. We
define the generating functional of Green’s functions Z[ j] in the usual way:
Z[ j] = h0|S |0i
Z
∞
X
(−i)n
=
d4 x1 . . . d4 xn j(x1 ) . . . j(xn ) Gn (x1 , . . . , xn ) ,
2n n!
n=0

(2.27)

where the Green’s functions Gn are given by:
Gn (x1 , . . . , xn ) = h0|T φ(x1 )φ(x1 ) . . . φ(xn )φ(xn )|0i .

(2.28)

Note that all φ terms appear here in pairs of two due to the quadratic coupling of the
fields to the source j as expressed in eq. (2.26).
The generating functional W[ j] of connected Green’s function is related to Z[ j] according to Z[ j] = exp (iW[ j]), where
Z
∞
X
(−i)n
iW[ j] =
d4 x1 . . . d4 xn j(x1 ) . . . j(xn ) Gcn (x1 , . . . , xn ) .
(2.29)
n n!
2
n=1
The leading factor i is a convention to ensure that Gcn is the subclass of Gn that is represented with connected Feynman diagrams. For the interaction Lagrangian given in eq.
(2.26), it is easily verified that exponentiation of the connected Green’s function indeed
leads to the full set of Green’s functions with the proper prefactors.
5 Note that the coupling of the quantum fields to the external source differs from the usual construction to
derive correlation functions in perturbative quantum field theory. In that case the source is coupled to the quantum
fields through a jφ term and the limit j → 0 is taken at the end of the computation. Because of the different setup
we construct the Green’s functions from the interaction Lagrangian explicitly.
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The decay parameter W that is defined in equation (2.24) is related to W[ j] through
W = 2 Im W[ j]. Separating W into contributions at different orders of j, we express
X
W=
Wn ,
(2.30)
n

where
(−i)n+1
Wn := 2 Im
2n n!
"

Z

#
d x1 . . . d xn j(x1 ) . . .
4

4

j(xn ) Gcn (x1 , . . . , xn )

(2.31)

is the n-source contribution to the vacuum decay probability W.

2.3.2

Connected Green’s functions and loop diagrams

We now consider the connected Green’s functions (2.28). Using Wick’s theorem we
evaluate the time-ordered product by summing over all possible contractions of the fields
φ. The only way to contract all fields in a connected way is by constructing a loop. Hence
we express
Gcn (x1 , . . . , xn ) = S n S F (x1 − x2 )S F (x2 − x3 ) . . . S F (xn − x1 ) ,

(2.32)

where
S F (x1 − x2 ) = h0|T φ(x1 )φ(x2 )|0i = i

Z

d4 p e−ip(x1 −x2 )
(2π)4 p2 − m2 + i

(2.33)

denotes the Feynman propagator, and
S n = 2n−1 (n − 1)!

(2.34)

is a combinatorial prefactor that gives the number of ways in which the fields can be
contracted to a loop. If there are more topologically distinct ways to combine the propagators to a loop, we should average over these possibilities.
After inserting expression (2.32) in eq. (2.31) we perform the integrals over xi to
transform the equation to momentum space. We then shift the momenta to isolate a
single loop momentum q and find that Wn can be expressed as follows:

 n


n Z
4
 −i Y
X 

d
p
i
4 

 Ln (p1 , . . . , pn ) ,

Wn = Im 
j(p
)(2π)
δ
p
(2.35)
i
j



n
(2π)4
i=1

j=1

where Ln denotes the scalar n-point function:
Z
d4 q
Ln (p1 , . . . , pn ) :=
S F (q) S F (q + p1 ) . . . S F (q + p1 + . . . + pn−1 ) .
(2π)4

(2.36)

2.4. Example: scalar pair creation by a time-dependent kink
In this expression S F denotes the momentum-space Feynman propagator:
!
1
S F (q) = 2
.
q − m2 + i
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(2.37)

Equation (2.35) gives the rate of vacuum decay due to particle production for an arbitrary
source j to any order n in perturbation theory in terms of the scalar n-point function Ln .

2.4
2.4.1

Example: scalar pair creation by a time-dependent
kink
Setup

In this section we consider particle creation by a spatially homogeneous, time-dependent
field configuration φD :
φD (t) = B tanh(ρt) ,

(2.38)

which can be thought of as a domain-wall in the time domain with height 2B and transition speed ρ.
When this field is coupled to a quantum field φ through the usual quartic coupling
between scalar fields, the Lagrangian for the field φ can be written as
L(x) =
=

1
∂µ φ(x)∂µ φ(x) −
2
1
∂µ φ(x)∂µ φ(x) −
2

1 2
(m + φD (t)2 )φ(x)2
2 0
m2
j(t)
φ(x)2 −
φ(x)2 .
2
2

(2.39)

In the last line we shifted the mass and the source so that the latter goes to zero at infinite
times:
= m20 + B2 ;


j(t) = B2 tanh2 (ρt) − 1 .
m2

(2.40)
(2.41)

The source j(t) will be referred to as the ‘time-dependent kink’ source in the following.
Note that B2 acts as a coupling constant.
h
i
The Fourier transform of the time-dependent kink is given by j(p) = j(p0 ) (2π)3 δ(~p) ,
where
j(p0 ) = −

πB2 p0 S(p0 )
.
ρ2

In this expression we introduced the convenient shorthand notation
!
0
0
−1 πp
S(p ) := sinh
,
2ρ

(2.42)

(2.43)
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which will be used frequently hereafter.
In the following we compute the number of particles created by this source using both
the method of Bogoliubov transformations and a perturbative calculation based on loop
integrals. We note here that the problem of fermion pair creation, which is mathematically closely related to scalar pair creation, by this source was solved by Narozhnyi &
Nikishov (1970); see also Rubakov (1984) and Cornwall & Tiktopoulos (1989). A similar problem was discussed by Birrell & Davies (1982) in the context of cosmological
pair creation in an expanding universe.

2.4.2

The Bogoliubov method

Because the source that we consider here is homogeneous it is convenient to express, as
before, φk (x) = exp (i~k~x) fk (t). From the interaction Lagrangian (2.39), it follows that
fk (t) should obey:
!
∂2
2
2
+ k + m(t) fk (t) = 0 ,
(2.44)
∂t2
where the time-dependent mass is given by:
q
m(t) = m2 + j(t) .

(2.45)

In the infinite past or
√ infinite future, eq. (2.44) reduces to the free-field case with frequency ω = ω∞ := k2 + m2 .
To apply the method of Bogoliubov transformations described in section 2.2, we first
have to solve the differential equation (2.44) that describes the dynamics of the quantum
scalar field φ(x) in the presence of the external source. Factorizing the time-dependence
as fk (t) = exp (−iω∞ t)gk (t), we find after some algebra that eq. (2.44) can be rewritten
in the following form:
z(1 − z)

∂2 gk (z)
∂gk (z)
+ (c − (a + b + 1)z)
− abgk (z) = 0 ,
2
∂z
∂z

(2.46)

where
1 + tanh(ρt)
;
2
s
1 1
4B2
a =
+
1− 2 ;
2 2
ρ
s
1 1
4B2
b =
−
1− 2 ;
2 2
ρ
iω∞
c = 1−
.
ρ
z =

(2.47a)
(2.47b)

(2.47c)
(2.47d)
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This allows us to express solutions of eq. (2.44) in terms of the hypergeometric function
2 F 1 . We choose two independent mode solutions that reduce to the plane-wave mode
solutions at infinite times:
1
fkin (t) = √
exp (−iω∞ t) 2 F1 (a, b, c, z) ;
(2.48)
2ω∞
1
fkout (t) = √
exp (−iω∞ t) 2 F1 (a, b, 2 − c, 1 − z) ,
(2.49)
2ω∞
whose asymptotic behavior is:
fkin (t → −∞) = fkout (t → ∞) = √

1
exp (−iω∞ t) .
2ω∞

(2.50)

out
This means that the solution φin
k (φk ) reduces to the free-field plane-wave mode solution
at t → −∞ (t → ∞). We note here that the case of an asymmetric domain wall, i.e.
φD (t) = A + B tanh(ρt), is also solvable in terms of hypergeometric functions but we
restrict ourselves to the case A = 0.
Using the properties of hypergeometric functions (e.g., Abramowitz & Stegun 1972),
we find that the two sets of solutions can be related through the expansion
out
io out,∗
fkin = αio
,
k fk + βk fk

(2.51)

where
αio
k

=

βio
k

=

Γ(c)Γ(c − a − b)
;
Γ(c − a)Γ(c − b)
Γ(c)Γ(a + b − c)
.
Γ(a)Γ(b)

(2.52a)
(2.52b)

Hence the asymptotic behavior of fkin at very late times is:
αio
βio
fkin (t → ∞) = √ k exp (−iω∞ t) + √ k exp (iω∞ t) .
2ω∞
2ω∞

(2.53)

We now apply eq. (2.23) to obtain the number of particles as measured with the adiabatic
particle number operator. From the asymptotic behavior of fkin in the infinite past, it
follows directly that
!
Nkad
1
1  ω∞  1
ω∞
=
+
− = 0.
(2.54)
V t→−∞
2 2ω∞
2ω∞ 2
2
In the infinite future, we use eq. (2.53) to find that
Nkad
V

=
t→∞

=

1 io −iω∞ t
1
1
iω∞ t 2
−iω∞ t
iω∞ t 2
αk e
+ βio
+ −iαio
+ iβio
−
k e
k e
k e
4
4
2
 p

2
2
 cos π 1 − 4B /ρ + 1
1  io 2
2
|αk | + |βio
,
(2.55)
k | =
2
2 sinh2 (πω∞ /ρ)
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where B may in general be larger than 2ρ (in which case the cosine becomes a hyperbolic
cosine). This equation gives the number density of particles with momentum ~k per unit
volume created by the time-dependent kink from the infinite past to the infinite future.
Since ω2∞ = k2 + m2 it is immediately clear from this result that the spectrum peaks at
k = 0. The number of particles per unit volume equals
!
!
!
Z
q
N
d3 k ad 2ρ3
πm
2 /ρ2 + 1 G
=
N
=
cos
π
1
−
4B
,
(2.56)
V
2ρ
(2π)3 k
π5
where the function G is defined as follows:
Z ∞
√
G(x) := x3
duu u2 − 1 sinh−2 (2ux) .

(2.57)

1

This result indicates that particles will be created by the domain-wall even though the
asymptotic ‘in’ and ‘out’ vacua are identical (up to a phase) so that particle production by
the time-dependent kink should be regarded as a dynamical effect. For further analysis it
is useful to express the result (2.56) in terms of the dimensionless parameters a := ρ/m
and b := B/ρ (reinserting ~ and c):
 m 3   √
π


N
= 8.5 × 1011 cm−3
cos π 1 − 4b2 + 1 a3 G
.
V
1 eV
2a

(2.58)

Pair creation is most effective for large values of a and b, where eq. (2.58) is well
approximated with:
 m 3
N
' 8.8 × 1010 cm−3
a3 e2πb
V
1 eV

(a  1, b  1) .

(2.59)

For small values of a the particle density is exponentially suppressed while for small
values of b the number of particles scales with b4 :
!
π
√
2π
3
aG
'
a exp −
(a  1) ;
(2.60a)
2a
a
 √

cos π 1 − 4b2 + 1 ' 2π2 b4
(b  1) .
(2.60b)
In both cases the low particle density is a result of the fact
nearly
p
√ that the source evolves
adiabatically. It can be shown that ω0k /ω2k ≤ 2a3 b2 /(3 3), where ω(t) = k2 + m(t)2 .
Hence low values of a and b imply that ω0k  ω2k , indicating adiabatic evolution.

2.4.3

Perturbation theory

The non-perturbative result given in eq. (2.56) is an analytic function around B2 = 0
(recall that B2 acts as the coupling constant). This implies the existence of a unique
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p1
pn
q0
q1
p2
q2
q3
p4
p3

Figure 2.1: Scalar n-point diagram. The figure shows the labeling of the external (pi ) and loop (qi )
momenta.

perturbative expansion around B2 = 0. Up to the first two non-trivial terms, we find the
following expansion:
!
!
N
4B4
8B6
πm
=
+
G
+ O(B8 ) .
V
2ρ
ρπ3 ρ3 π3

(2.61)

Note that, in deriving this expression, we treat the mass at infinite times m (rather than
the bare mass m0 ) as an independent parameter.
In this section we consider the problem of pair creation by the time-dependent kink
from a perturbative point of view in order to reproduce the first terms in the series expansion (2.61). In section 2.3 we expressed the rate of particle production by an external
source j in terms of n-point contributions Wn . Equation (2.35) gives the contribution Wn
as a function of the scalar n-point function Ln and source insertions. The n-point function
can be represented by the Feynman diagram shown in fig. 2.1:
iMn−pt =

Z

n−1
d4 q Y
P(qi ) = Ln ,
(2π)4 i=0

(2.62)

where P denotes a propagator, i.e.


P(qi ) = 



1
 .
2
2
qi − m + i

(2.63)

Here m is the mass of the particle in the loop. If the source only has a non-zero time
component, as is the case for the time-dependent kink source, the integral (2.62) can be
solved for any n (see appendix 2.A).
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Due to momentum conservation the first contribution is from two sources. From eq.
(2.35),
" Z
#
d4 p
−i
W2 = Im
j(p)
j(−p)L
(p)
.
(2.64)
2
2
(2π)4
Because the time-dependent kink source only has a non-zero time component we can
h
i2
use box normalization to replace (2π)3 δ(~p) → V(2π)3 δ(~p) and find that
W2 1
=
V
2

Z

h
i
d p0
| j(p0 )|2 Im M2−pt .
(2π)

(2.65)

Inserting eq. (2.81) from appendix 2.A for the imaginary part of the amplitude M2−pt ,
we find
s
!
Z ∞
W2
1
4m2
2B4
πm
0
0 2
,
(2.66)
=
d p | j(p )| 1 − 0 2 = 3 G
V
2ρ
32π2 2m
(p )
πρ
where the function G was defined in eq. (2.57). The next contribution is from the threepoint function:
" Z 4
#
d p1 d4 p2
−i
W3 = Im
j(p1 ) j(p2 ) j(−p1 − p2 ))L3 (p1 , p2 ) .
(2.67)
3
(2π)4 (2π)4
Similar to the two-point contribution we use box normalization to write
Z
h
i
d p01 d p02
W3 1
=
j(p01 ) j(p02 ) j(−p01 − p02 ) Im M3−pt .
V
3
(2π) (2π)

(2.68)

Inserting eq. (2.82) from appendix 2.A for the three-point function and inserting the
time-dependent kink source we find that
Z ∞
Z ∞
B6
W3
0
=
d
p
d p0 p0 p0 (p0 + p02 )S(p01 )S(p02 )S(p01 + p02 )
V
192ρ6 −∞ 1 −∞ 2 1 2 1
f (p01 + p02 ) − f (p01 ) − f (p02 )
,
(2.69)
×
|p01 + p02 ||p01 ||p02 |
where S was defined in eq. (2.43) and the function f is defined as:

√
f (x) := θ x2 − 4m2 x2 − 4m2 .

(2.70)

After some algebra we arrive at the following result for the three-point contribution to
the probability of vacuum decay:
!
W3
4B6
πm
= 3 3G
.
(2.71)
V
2ρ
πρ
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In deriving this relation, we used the following formula to reduce the product of three S
functions to a product of two S functions:
Z ∞
u + v u − v
dv S
S
= 2uS(u) .
(2.72)
2
2
0
Up to order j3 only two particles can be created simultaneously so that, to this order, the
number of particles created per unit volume is twice the probability of vacuum decay.
Adding eqs. (2.66) and (2.71) we find that
!
!
W
N
W3 
4B4
8B6
πm
2
=2
+
=
+
G
,
(2.73)
V O( j3 )
V
V
2ρ
ρπ3 ρ3 π3
which is in keeping with eq. (2.61). We find, therefore, that up to the second non-trivial
order the perturbative computation with loop integrals presented here reproduces the
non-perturbative result of eq. (2.56).

2.5

Discussion

In this chapter we discussed the creation of particles by an external source through vacuum decay in scalar field theory. We presented a brief but self-contained treatment on
how Bogoliubov transformations can be used to compute the number of particles created
by an external source in a non-perturbative manner. We also discussed vacuum decay in
perturbative quantum field theory. This chapter provides a theoretical background for the
next chapter, where we consider the creation of neutrinos by an external source. There
we present an estimate of the neutrino pair creation rate that is based on perturbative
quantum field theory and we compare this to non-perturbative results derived earlier by
Kusenko & Postma (2002).
As an example of the presented formalism we considered pair creation by a specific
source called the time-dependent kink source (see eq. (2.41)). We presented the exact,
non-perturbative, result for the number density of particles created by this source in eq.
(2.56). In contrast to the well-known result for electron-positron pair creation in a strong
electric field (see eq. (2.1)), the resulting formula is analytic in B2 = 0 (where B2 is
the coupling constant) which implies the existence of a unique, convergent perturbative
expansion. Using perturbative quantum field theory we recover the first two non-trivial
terms of this expansion in eq. (2.73). The results obtained here can be generalized
to fermion pair creation problems to further investigate the relationship between nonperturbative results and perturbative expansions. In this light the result presented in
appendix 2.A, where we show how the imaginary part of the scalar n-point function for
sources with only time components can be constructed for any n, should be very useful.
Apart from providing an exactly solvable pair-creation problem, the time-dependent
kink source is also interesting from a cosmological point of view through the possibility
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of false vacuum decay. A universe that finds itself in a metastable, false vacuum may
decay to the true vacuum through a tunneling process. A closed universe may undergo a
homogeneous phase transition (see Rubakov 1984 and references therein); alternatively
a bubble of true vacuum may emerge within the false-vacuum universe (Voloshin et al.
1975, Coleman 1977, Callan & Coleman 1977, Linde 1983). When the difference in
energy density between the two vacua is small, the domain-wall between the true and
the false vacuum is essentially (up to scaling and Lorentz transformations) given by the
time-dependent kink source adopted in this chapter. Building on earlier work (Sawyer
1981, Aoyama 1983, Rubakov 1984, Maziashvili 2004), the results presented in this
chapter can be used to further study particle creation by such domain walls.

2.A

The n-point scalar loop diagram with only time components

2.A.1

The general case

We consider a loop diagram with n insertions of an external source with only a time
component (see fig. 2.1). We denote the external momenta with pi (1 < i < n) and we
label the momenta in the loop as follows:
qi>0 := q +

q0 := q ;

i
X

pi .

(2.74)

j=1

The diagram shown in fig. 2.1 is transcribed to the following expression:
iMn−pt =

Z

n−1
d4 q Y
P(qi ) ,
(2π)4 i=0

(2.75)

where P denotes the propagator, cf. eq. (2.63).
When pair creation of particles is possible the matrix element M develops an imag√
inary part. Written as a function of s, where s is the center-of-mass energy, a branch
cut develops along the real s-axis when M develops an imaginary part. It can be shown
that the imaginary part and the discontinuity along the branch cut are related as follows
(see, e.g., Peskin & Schroeder 1995):
Disc [M] = 2i Im [M] ,

(2.76)

which is a manifestation of the optical theorem. The discontinuity can be computed
for an arbitrary number of source insertions using the Cutkosky cutting rules (Cutkosky
1960; see also Peskin & Schroeder 1995). We present this construction for time-like
sources in the following.
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The cutting rules prescribe that we should cut any combination of two propagators
appearing in eq. (2.75) and sum the discontinuities of the resulting expression over all
combinations. Here cutting a propagator labeled with qi means replacing
P(qi ) → Pc (qi ) := −2πi δ(q2i − m2 ) .

(2.77)

The two delta functions that arise from these cuts, together with the spatial homogeneity of the external sources, allow us to explicitly perform the integral over d4 q. After
some algebra it can be shown that cutting two propagators labeled a and b leads to the
following discontinuity along the branch cut:
i f (xa − xb ) Y
1
Disc [M]a,b =
,
(2.78)
8π |xa − xb | i,a,b (xi − xa )(xi − xb )
where

√
f (x) = θ x2 − 4m2 x2 − 4m2

(2.79)

was defined in eq. (2.70), and
x0 := 0 ;

xi>0 :=

i
X

p0j .

(2.80)

j=1

For the two-point function, the product in eq. (2.78), which corresponds to uncutted
propagators, should be replaced with unity. The branch-cut discontinuity of a given
diagram follows by summing eq. (2.78) over all different combinations of a and b,
where both a and b take integer values between 0 and n − 1.

2.A.2

Two- and three-point scalar loop diagrams

The imaginary part of the n-point diagram for sources with only time components can
be constructed from equation (2.78) in a straightforward manner. Here we explicitly
compute the imaginary parts of the two- and three-point function because these are used
in the main text and because they can be easily verified against the literature.
For the two-point scalar diagram, the routing of momenta is such that x0 = 0 and
x1 = p01 and there is only one way to cut both propagators. We find that
s
h
i

1
4m2  0 2
1 f (p01 )
2
=
1
−
θ
(p
)
−
4m
,
(2.81)
Im M2−pt =
1
16π |p01 |
16π
(p01 )2
where the function f was defined in eq. (2.70). In the three-point diagram there are three
different ways to cut two different propagators, resulting in the following three-term
expression:
h
i
1 f (p01 ) + f (p02 ) − f (p01 + p02 )
Im M3−pt =
.
16π
|p01 |p02 ||p01 + p02 |

(2.82)
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To verify these results we have computed the imaginary part of the two- and three-point
scalar loop diagrams with time like sources following the prescription of ’t Hooft &
Veltman (1979). We find that the results agree with equations (2.81) and (2.82).

3
Perturbative neutrino pair creation by an
external source
Koers, H. B. J. 2005, Phys. Lett., B605, 384

3.1

Introduction

Starting with Schwinger’s classical account (Schwinger 1951) of electron-positron pair
creation by an external electric field, fermion pair creation has been the subject of continued interest. A variety of pair creation rates for specific external fields in quantum
electrodynamics can be found in the literature, such as Brezin & Itzykson (1970), Cornwall & Tiktopoulos (1989), Fried & Woodard (2002), Grifols et al. (2002), Hounkonnou
& Naciri (2000), Kim & Page (2002), Kluger et al. (1992), Lin (1999), Neville (1984)
and further references therein. The process exemplifies a true quantum field theory phenomenon: the creation of particles from the vacuum.
Because neutrinos carry weak charge, one expects that an external Z-boson field can
produce neutrino-antineutrino pairs in a similar manner. The concept of an external Zboson field can be seen as arising from a distribution of nuclear matter (in the sense of
Kusenko & Postma (2002)). Neutron stars are a prime example of such a matter distribution and their neutrino emission by this mechanism was studied using non-perturbative
methods (Kachelriess 1998, Kusenko & Postma 2002, Loeb 1990). Pair creation of neutrinos is also studied in relation to the stability of neutron stars, see Kiers & Tytgat (1998)
and references therein. Although Kachelriess (1998), Kusenko & Postma (2002) and
Loeb (1990) find typical neutrino fluxes that are too small to be observable, we believe
it is worthwhile to study such a relatively unexplored neutrino source from a different
point of view. In particular, we want to develop a method that is not limited to a specific
source but allows us to draw conclusions with a broad applicability. This can then be
applied to study e.g. neutrino pair creation by non-standard model weakly interacting
particles or domain walls.
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In the present letter, we study the creation of neutrino pairs in a perturbative way. We
present a first order computation of the pair creation rate per volume, with a dynamical
nuclear configuration acting as a source. The reasons for using perturbation theory are
twofold. First, the axial coupling to the Z-boson prevents an easy generalization of nonperturbative QED methods. Second, non-perturbative methods generally consider a very
specific source, or class of sources, from the start. The perturbative method is more
flexible in the sense that a specific source is folded in at the end. This allows us to keep
separate the physics of the pair creation process and that of a specific source.
In part, our computation was triggered by the results presented in Kusenko & Postma
(2002), in which the creation of neutrinos by a time-dependent nuclear distribution is
studied. One of the results in Kusenko & Postma (2002) is that the overall rate is proportional to the square of the neutrino mass. This implies that there can be no pair creation
of massless neutrinos. The question arises whether this is a manifestation of a general
chiral suppression mechanism or a consequence of the specific source considered. We
shall see that the perturbative viewpoint contributes to a more complete understanding
of this effect.
This chapter is organized as follows. In section 3.2 we discuss the theoretical background of pair creation processes for fermions and introduce the relevant quantities. In
section 3.3, we discuss the perturbative computation. The result is then applied to neutrinos in section 3.4 and we present our conclusions in section 3.5.

3.2

Pair creation physics

We study fermions that are coupled to an external source j. The interaction Lagrangian
reads
Lint = jµ (x) ψ̄(x)Γµ ψ(x) .

(3.1)

The source is fully prescribed and has no further dynamics. We choose the coupling of
the general form
Γµ = γµ (cV − cA γ5 ) ,

(3.2)

where cV (cA ) is the vector (axial vector) coefficient; the coupling constant is absorbed
in j.
Following Itzykson & Zuber (1980), we introduce the overlap of asymptotic ‘in’ and
‘out’ vacua to describe the pair creation process:
S 0 ( j) = h0, ∞|0, −∞i j = h0, ∞|S |0, ∞i j ,

(3.3)

where S is the scattering operator and the subscript is a reminder that a source is switched
on and off adiabatically somewhere between t = −∞ and t = ∞. The probability that a
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system that started in the vacuum state will remain in the vacuum state is then expressed
(Itzykson & Zuber 1980) as:
!
Z
2
4
|h0, ∞|0, −∞i j | = exp (−W) = exp − d x w(x) .
(3.4)
For a positive W, this probability is between zero and one which signals a non-zero
probability for the creation of a fermion pair. Now suppose that w(x) = w̄ is constant.
We can embed the system in a box of size V × T , write W = w̄VT and choose the box
small enough such that W < 1:
|h0, ∞|0, −∞i j |2 ' 1 − w̄VT ,

(3.5)

which supports the interpretation of the function w(x) as the probability per unit time
and volume to create a pair at space-time location x. Such a rate density is the physical
quantity of interest. For QED, the Schwinger formula (Schwinger 1951) states that for a
photon field of the form Aµ (x) = jµ (x) = (0, 0, 0, −eEt),
!
∞
α0 E 2 X 1
nπm2
w̄ =
exp −
,
|eE|
π2 n=1 n2

(3.6)

where α is the fine-structure constant, 0 is the vacuum permittivity, and m is the electron
mass. We mention that Kachelriess (1998) and Loeb (1990) conclude that this result
extends to the case of neutrino pair creation by a source of the same form.
To compute the rate density, we use perturbative quantum field theory:
h0, ∞|0, −∞i j = Z[ j] = exp (iW[ j]) ,

(3.7)

where W[ j] is the generating functional of connected n-point functions.1 In this context,
W[ j] is also the effective action for the external field j (Itzykson & Zuber 1980, Neville
1984).
The interaction Lagrangian (3.1) only contains a vertex that couples to the external
field. Therefore W[ j] represents an infinite sum of fermion loop diagrams, labeled by
the number of vertices which are all connected to the external field. In terms of W that
was introduced in eq. (3.4),
W = 2 Im W[ j] .

(3.8)

The fermion loop diagram with one external field vertex is zero by momentum conservation, so the first non-zero contribution is from the loop with two external field vertices,
i.e. the two-point function. This is the object that we will compute in section 3.3. Its
1 The use of W and W[ j] may be confusing, but both symbols are standard in the literature. The generating
functional will always be denoted with its argument j.

Perturbative neutrino pair creation by an external source

32

k

(µ)

p→

(ν)

Γ1

Γ2

p→

k+p

Figure 3.1: Fermion loop diagram with two external sources attached. The external field couples
directly (i.e. without propagators) to the loop.

contribution to the pair creation rate W2 is found by folding in the sources according to
the formula2
Z 4
d p
W2 = −
jµ (p) jν (−p) Im Σµν (p) ,
(3.9)
(2π)4
where Σµν represents the two-point function, with prefactors as chosen in eq. (3.10). For
time-like currents, jµ (p) jν (−p) Im Σµν (p) < 0 since a probability cannot exceed one. For
a given W, the pair creation density follows by extracting the function w(x).
There has to be enough energy in the source to put two virtual particles on-shell.
For the perturbative mechanism that we describe, this implies a threshold energy for the
source insertions. This is in contrast to the non-perturbative effect, which can be thought
of as an infinite sum of loop diagrams with an increasing number of source insertions.
This infinite number of sources conspire to create a pair and the amount of energy per
source insertion can be arbitrarily small.
For QED it is known that the real part of the sum of loop diagrams has a divergent
structure, which can be used to extract non-perturbative results by performing a Borel
transformation (Dunne & Hall 1999). We do not know whether or not a similar procedure
can be applied in this more general situation.

3.3

The two-point function

The two-point function without external sources is transcribed from figure 3.1. We find
that, in dimensional regularization with n = 4 − ,
h

 i
Z n
tr (/k + m) Γµ k/ + /p + m Γν
d k
µν
(4−n)
Σ (p) = −iµ
,
(3.10)
(2π)n (k2 − m2 + i)((k + p)2 − m2 + i)
where m is the fermion mass. From eq. (3.9), we are interested in the imaginary part of
this expression, which is finite. Note that we integrate over the fermion momentum; in
2 We

use a metric tensor gµν = diag (1, −1, −1, −1) throughout this dissertation.
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the source’s rest frame (where the particles are created back to back), the fermion and
the antifermion each carry half of the energy.
Expression (3.10) is reduced to a linear combination of scalar integrals in the fashion
of Passarino-Veltman (Passarino & Veltman 1979). A series expansion in  reveals the
divergent structure, and after some algebra the problem depends only on the one- and
two-point scalar integrals. The one-point scalar integral is real, the two-point integral
develops an imaginary part if p2 > 4m2 , which means there should be enough energy in
the source to create two fermions. If this is not satisfied, Σµν is purely real and there is
no pair creation. The final result is the following expression:
 µν

 µν i
1 h 2
2
2
2
c
−
c
Σ
(p)
+
c
+
c
ΣII (p) θ(p2 − 4m2 ) ; (3.11a)
V
A
V
A
I
16π2
s
4m2
µν
2
ΣI (p) = 4πm 1 − 2 gµν ;
(3.11b)
p
!s
4
2m2 µ ν
4m2
µν
2 µν
µ ν
2 µν
ΣII (p) =
π p g − p p − 2 p p −m g
1− 2 .
(3.11c)
3
p
p

Im Σµν (p) =

For some typical values of the parameters cV and cA , this result can be compared to the
literature (Chang et al. 1982, Itzykson & Zuber 1980).
From expressions (3.11) we observe that for massless fermions Σµν
I = 0, so that only
the second term contributes. This means that the physics is qualitatively insensitive to
different choices of cV and cA ; only the square sum is quantitatively important. We conclude that the difference between the two-point functions with two different normalized
sets of couplings (e.g. purely vector, purely axial vector) is proportional to m2 .
The contribution due to the three-point diagram should be interpreted with care. In
QED it vanishes by Furry’s theorem, but for axial couplings it contributes to the axial
anomaly. This means one should verify that the final result does not depend on the
regularization procedure. For the present calculation, this is not an issue.

3.4
3.4.1

Neutrino pair creation to first order
The general case

We specialize to neutrino pair creation by putting cV = cA = 1/2 in the expression for
the two-point function (3.11). Combining eqs. (3.9) and (3.11), we find
1
W2 = −
24π

Z

d4 p
θ(p2 − 4m2 )
(2π)4

s
1−

i
4m2 h
F0 (p, j) + m2 F1 (p, j) ,
2
p

(3.12a)
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where
F0 (p, j) =


 

p2 j(p) · j(−p) − p · j(p)) (p · j(−p) ;

 2m2 

m2 F1 (p, j) = −m2 j(p) · j(−p) − 2 p · j(p)) (p · j(−p) .
p

(3.12b)
(3.12c)

Without loss of generality, we consider a source with a density component and a spatial
current in the ẑ direction:
jµ (p) = ( j0 (p), 0, 0, j3 (p)) ;

pµ = (E, ~pT , p3 ) .

(3.13)

Here pµ labels the energy and momentum of the source. Though the current is directed
in the ẑ direction, we allow for a dependence on the transverse direction by leaving ~pT
unspecified. The two terms in (3.12) can be written as


F0 (p, j) = −~p2T | j0 |2 − | j3 |2 − |E j3 − p3 j0 |2 ;
(3.14a)
2



2m
m2 F1 (p, j) = − 2
E 2 | j0 |2 + p3 2 | j3 |2 − E p3 j0 j∗3 + j∗0 j3
(3.14b)
E − ~p2T − p3 2


−m2 | j0 |2 − | j3 |2 .
We do not simplify these equations further, as we do not want to constrain the properties
of the source.
It is instructive to analyze the massless limit in more detail. In this case only F0 in
(3.12) contributes, so that
Z 4 h
i
1
d p 2
W2 (m = 0) = −
p ( j(p) · j(−p)) − (p · j(p)) (p · j(−p)) .
(3.15)
4
24π (2π)
In analogy with QED, we introduce a field strength Fµν (p) = ipν jµ (p) − ipµ jν (p) and its
‘electric’ and ‘magnetic’ components Ei and Bi and find:
Z 4 h
i
1
d p
W2 (m = 0) = −
Fµν (p)F µν (−p)
(3.16a)
4
48π (2π)
Z 4

1
d p 
=
Ei (p)Ei (−p) − Bi (p)Bi (−p) .
(3.16b)
4
24π (2π)
This is exactly half of the QED result (Itzykson & Zuber 1980) if we insert a factor e2
from the coupling constants, which reflects the discussion in the previous section. In
~ are the physical electric and magnetic fields and one can go to
electrodynamics, E~ and B
~
a frame in which B = 0. Then eq. (3.16) yields a positive result from which we conclude
that the creation of massless particles by the two-point mechanism is in general possible.
Eq. (3.16) is consistent with the massless limit of the first-order effective action in an
axial background that was computed by Maroto (1999).
It is interesting to compare this result to the creation of neutrinos by an external
electromagnetic field as computed by Gies & Shaisultanov (2000). In that case, the pair
~
creation rate is proportional to m2 and depends on the electromagnetic invariant E~ · B.
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The time-dependent density

We consider a time-dependent distribution of nuclear matter, described by the following
source term:3
jµ (t) =
j0 (t) =

GF
√ hnγµ (1 − γ5 )ni = ( j0 (t), 0, 0, 0) ;
2
GF
√ nN (t) ,
2

(3.17a)
(3.17b)

where nN is the number density of the nuclear matter distribution and G F is Fermi’s
constant. This is the specific background that we refer to as a time-dependent density.
Our main motivation for this source is to compare the perturbative results with the nonperturbative results of Kusenko & Postma (2002).
For simplicity (and because any source can be decomposed into a trigonometric sum)
we assume a monochromatic source: j0 (t) = E0 cos ωt. In Fourier space, this is
j0 (p) =
E0

=

E0
(2π)4 δ(~p) [δ(E − ω) + δ(E + ω)] ;
2
GF
√ nN (0) .
2

(3.18a)
(3.18b)

Inserting the source (3.18) into eq. (3.9) results in products of delta functions. We
employ a box normalization procedure to reduce these to a single delta function and a
factor V × T and find
W2 = −VT

i
G F 2 (nN )2 h
Im Σ00 (ω; ~p = 0) + Im Σ00 (−ω; ~p = 0) .
8

(3.19)

Using eq. (3.11), with cV = cA = 1/2, we see
m2
Im Σ (±ω; ~p = 0) = −
8π
00

r
1−

4m2
,
ω2

leading to the following pair creation probability per unit time and volume:
r
m2
4m2
W2
=
1 − 2 G F 2 nN 2 .
w̄2 =
VT
32π
ω

(3.20)

(3.21)

The rate density scales with the square of the nuclear density, as expected for the twopoint mechanism.
We see that the rate is proportional to m2 , which could have been anticipated from eq.
(3.14) because the time-dependent density (3.17) is characterized by j3 = ~pT = p3 = 0
3 This source originates from an effective four-fermion description, see Kusenko & Postma (2002). Note that
jµ contains the axial current; since the neutrons are massive, axial symmetry is broken and the current need not
be divergence-free.
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so that F0 (p, j) = 0. Kusenko & Postma (2002) also find the m2 proportionality for
sources with a time-dependent current in the ẑ-direction. Equation (3.14) suggests that
such sources can contribute to first order for a zero neutrino mass.
To derive an order-of-magnitude estimate for the number of created neutrinos per
unit volume per unit time, we take the square root factor in eq. (3.21)
√ of order unity, use
a neutrino mass of 0.1 eV and assume a ‘reduced density’ G F nN / 2 ∼ 1 eV, such as in
a neutron star (Kusenko & Postma 2002):
w̄2 =


(0.1 eV)2 
2 eV2 ∼ 10−4 eV4 ∼ 1026 s−1 cm−3 .
32π

(3.22)

At the pair creation threshold, this creation rate corresponds to an energy output of the
order 1013 erg cm−3 s−1 . Kusenko & Postma (2002) estimate the energy output of neutrinos that are created non-perturbatively by an oscillating neutron star to be of the order
103 erg cm−3 s−1 . However, these numbers should not be compared because the (realistic) driving frequency that is considered by Kusenko & Postma (2002) is so low that the
perturbative mechanism is not operational.
As follows from eq. (3.11), there can only be pair creation by the two-point mechanism if ω2 > 4m2 . With a neutrino mass of 0.1 eV, the creation of a neutrino-antineutrino
pair requires a driving frequency of at least 3 · 1014 Hz. The coherence length of such a
system is roughly 10−4 cm, so it is not very feasible to look for an oscillating astrophysical object that would produce an appreciable number of neutrinos with this mechanism.
However, the value of our computation lies in its general applicability. We are not limited
to this particular type of source, and we believe it may be interesting to study sources of
a more transient nature such as a forming neutron star. Alternatively, one could consider
weakly interacting particles beyond the standard model or domain walls as a source.

3.5

Conclusions

We have described pair creation of fermions by an external field to first order in perturbation theory and found the contribution by the two-point mechanism for a general
coupling. Our main result is eq. (3.11), which should be interpreted in the context of eq.
(3.9). We observe that at this order in perturbation theory, the difference in pair creation
rates between two sets of normalized coupling coefficients {cV , cA } is proportional to the
square of the fermion mass.
For the case of neutrino pair creation by a distribution of nuclear matter, we have
derived expressions (3.12) and (3.14). From this result we observe that, to first order,
neutrino pair creation is possible with a suitable source if neutrinos would have been
massless particles. We then considered pair creation of neutrinos by the time-dependent
density of eq. (3.17). For this specific source, we conclude that the production rate due
to the two-point contribution (3.21) is proportional to the square of the neutrino mass.
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This conclusion is in qualitative agreement with the non-perturbative result derived by
Kusenko & Postma (2002).

Creation and emission of neutrinos in
gamma-ray bursts

4
The effect of neutrinos on the initial fireballs in
gamma-ray bursts
Koers, H. B. J. & Wijers, R. A. M. J.
2005, Mon. Not. R. Astron. Soc., 364, 934

4.1

Introduction

Due to their tremendous energy, and in view of the connections discovered in recent
years between gamma-ray bursts and massive stars (e.g., Van Paradijs et al. (2000), and
references therein), it is now generally assumed that a gamma-ray burst (GRB) is initiated when a few solar masses of material collapse to near their Schwarzschild radius. In
the simplest possible models of what happens next, a fair fraction of the gravitational energy released in the collapse is deposited into a volume somewhat larger than that of the
horizon of the collapsed mass. The subsequent evolution of such a volume of highly concentrated energy – termed ‘fireball’ – was explored by Cavallo and Rees (1978). These
authors introduced a compactness parameter for the volume, which expresses how easily
a plasma consisting of baryons, photons, electrons and positrons can emit energy within
a dynamical time. For small compactness, the emission is easy and the fireball cools by
radiation. For large compactness, photons are trapped and cooling occurs by adiabatic
expansion: an explosion results in which a significant fraction of the initial fireball energy is converted to bulk kinetic energy of a relativistic outflow, a condition now thought
necessary for producing a gamma-ray burst.
At the time, Cavallo and Rees considered still relatively nearby origins of GRBs, for
which the required fireball energies imply conditions that justified their assumption for
the fireball composition. However, with cosmological distances to GRBs the required
fireball energies are now so large that conditions of copious neutrino production become
quite plausible. Motivated by the concern that these neutrinos easily leave their creation
site due to their weak interaction with matter, and thereby carry away enough energy to
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weaken or prevent an explosion, we investigate the evolution of neutrino-rich fireballs.
Neutrino emission was previously considered as a sink of fireball energy, e.g. by Kumar
(1999), who included emission of neutrinos in the optically thin limit. Neutrino emissivity has been more widely studied in a slightly different context, namely the evolution
post-collapse of the accretion disk or torus around the newborn black hole, which may
tap the accretion energy of the torus to power a GRB (Woosley 1993). The effect of
neutrino opacity in this process has been the subject of a few recent studies, e.g., by Lee
et al. (2004) and by Janiuk et al. (2004).
Here we study the evolution of a spherical fireball with given initial radius, energy,
and baryon content. We aim to be general in the physical processes we consider, but
accept a few a priori constraints on the initial parameters of the fireball: its initial energy
must suffice to power a GRB, hence it should be within a few decades of 1052 erg; its
initial size cannot be much larger than the Schwarzschild radius of a few solar masses,
say 106.5 cm, because the mass must collapse to such small radii in order to liberate such
a large energy.1 Lastly, the initial ratio of fireball energy to rest mass, M0 , of the entrained
baryons, η ≡ E/M0 c2 , must be several hundred (corresponding to almost 1 TeV/baryon)
in order that eventually the baryons may be accelerated to a Lorentz factor high enough
to produce a GRB. This combination of constraints implies that the fireballs we study
here are always very compact in the Cavallo and Rees (or electromagnetic) sense. It
also implies, as we show here, that the baryons are relatively unimportant in the neutrino
processes.
This chapter is organized as follows: in section 4.2, we discuss some general properties of the fireball environment. Using these, we investigate the most important neutrino
interactions in this environment in section 4.3. We introduce the emissivity parameter χ
and the optical depth τ to describe the neutrino physics, and we draw a phase diagram
for the neutrino fireball. The dynamical evolution of the neutrino fireball is discussed
in section 4.4. The neutrino emission is discussed in section 4.5 and we present our
conclusions in section 4.6.

4.2

General properties

4.2.1 Composition and temperature
The term ‘fireball’ refers to a plasma consisting of photons, electrons and positrons,
possibly with a small baryonic load (Cavallo & Rees 1978). In this work, we extend
this to fireballs that contain neutrinos2 . We consider a fireball that is initially opaque to
neutrinos of all flavors. At some point during the fireball’s expansion (to be discussed
in section 4.4.2), it becomes transparent to muon- and tau-neutrinos, that subsequently
decouple from the plasma. The electron-neutrinos decouple a bit later, which divides the
1 In

this and the following chapters we use cgs units.

2 Unless the difference is important, we will use the word ‘neutrinos’ if we mean ‘neutrinos and antineutrinos’.
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plasma parameter space in three regions: region I where the fireball contains neutrinos
of all flavors; region II where it contains only electron-neutrinos; and region III where
all the neutrinos are decoupled.
In thermodynamic equilibrium, the energy density and temperature are related by
E
= gaT 4 ,
(4.1)
V
where a is the radiation constant, and g is a prefactor that depends on the composition of
the system. For the three regions introduced above:
43
29
22
;
gII =
;
gIII =
.
(4.2)
8
8
8
Assuming a spherical configuration, the temperature of the plasma can be expressed in
terms of the energy and radius as
gI =

(T 11 )4 =

100
(E52 ) (R6.5 )−3 ,
g

(4.3)

where T = T 11 × 1011 K, E = E52 × 1052 erg and R = R6.5 × 106.5 cm.
We use the following values for the initial fireball energy and radius as a reference
(denoted with an asterisk):
E∗

= 1052 erg ;

(4.4a)

R∗

= 10

(4.4b)

6.5

cm .

The reference temperature is
T ∗ = 2.1 × 1011 K = 17.9/kB MeV .

4.2.2

(4.4c)

Baryons

As the temperature is higher than typical binding energies, nuclei are dissociated into
nucleons. Hence ‘baryons’ means ‘nucleons’ in what follows (‘baryon’ is however the
standard terminology). The requirement that there should be 1 TeV of energy available
for the baryons leads to a maximum number density of
nB,∗ = 4.7 × 1031 cm−3 ,

(4.5)

which will be used as the reference value in this study. It implies a baryonic mass density
of ρB,∗ = 9.4 × 107 gr cm−3 , which corresponds to a total baryonic mass of 6.2 × 10−6
solar masses contained in the volume V∗ . Note that the nucleons are non-degenerate.
Because of overall charge neutrality, the ratio of protons to neutrons can be expressed
in terms of the electron fraction Ye :
nB

= nn + n p ;

(4.6a)

np

= Ye nB = ∆ne ,

(4.6b)
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where ∆ne = ne− − ne+ is the net electron density. The exact value of Ye in a physical
situation is determined by beta-equilibrium conditions; see e.g. Bethe et al. (1980) and
Beloborodov (2003b). As we will see in the next section, the exact value of Ye is not
very important for our purposes.

4.2.3

Electron and positron number densities

Since T ∗  me c2 , the electrons and positrons are extremely relativistic. Using E = pc,
the net electron density and the combined electron-positron density ne = ne− + ne+ can
be expressed as
!
1
µe 3
2
(kB T ) µe + 2 ;
(4.7a)
∆ne =
3~3 c3
π
(kB T )3
ne = 0.37 3 3 + O (µe )2 ,
(4.7b)
~c
where µe is the electron chemical potential.
By definition, Ye < 1, so that ∆ne ≤ nB . This places an upper bound on the net
electron density and, through eq. (4.7a), on the electron chemical potential. With the
reference baryon number density of eq. (4.5), we find that the electron chemical potential
is very small: µe /(kB T ∗ ) ∼ 2 × 10−4  1. From (4.7b), neglecting the chemical potential,
we find that at the reference temperature T ∗ :
ne− ,∗ = ne+ ,∗ = 1.4 × 1035 cm−3 .

(4.8)

Concluding, the fireball under consideration here is nucleon-poor (nB  ne ) and has a
very small electron chemical potential (∆ne  ne ). This implies that the electrons and
positrons are non-degenerate.

4.3
4.3.1

Fireball neutrino physics
The dominant neutrino processes

The relative importance of interactions between neutrinos and the other components of
the plasma depends on the temperature, the electron chemical potential and the baryon
density. The most important neutrino production processes are discussed in appendix
4.A.1. Scattering and absorption processes are discussed in appendix 4.B. We use the
fact that nucleons, electrons and positrons are non-degenerate.
For the present baryon densities, we observe from figures 4.2 and 4.3 that for temperatures T > 5 × 1010 K, the neutrino physics is dominated by leptonic processes. The
dominant neutrino production process is electron-positron pair annihilation:
e− + e+ → ν + ν̄ ,

(4.9)
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and the neutrino mean free path length (mfp) is set by scattering off electrons and
positrons:
ν + e± → ν + e± ,

(4.10)

and similar for antineutrinos. Because the initial temperature of the fireball is very high
(T 0 ∼ 2 × 1011 K), we will only consider these processes in the following.

4.3.2

Neutrino creation rate

We express the neutrino creation rate in terms of the useful parameter χ = tc /te , where
tc = E/(V Q) is the cooling timescale and te = R/c s is the expansion timescale (c s is the
sound speed in the fireball). This parameter bears no reference to the neutrino transparency of the plasma, which has to be taken into account if one considers cooling by
neutrino emission. The emissivity of electron-positron pair annihilation is (see appendix
4.A.1):
Qpair = 3.6 × 1033 (T 11 )9 erg s−1 cm−3 .

(4.11)

Because Q is a function of temperature, it depends on the size, energy and composition
of the fireball through equation (4.3). It follows that
χ = 3.7 × 10−3 g9/4 (E52 )−5/4 (R6.5 )11/4 ,
(4.12)
√
where we used c s = c/ 3. For the reference values E0 = 1052 erg and R0 = 106.5 cm,
we find that χI = 0.16, which means that neutrinos are created reasonably rapidly as
compared to the expansion timescale. Neutrinos and antineutrinos are created in pairs
by electron-positron annihilation, so they will be present in equal amounts.3
A different source of neutrinos is the decay of charged pions due to photopion production (see appendix 4.A.2) by high-energy photons (Eγ > 140 MeV). The energy
stored in the high-energy tail of the photon distribution is relatively small (∼ 5%). The
process manifests itself as a high-energy leak, resulting in an increased production of
electron- and muon-neutrinos with energies below mµ c2 /2 ' 53 MeV. We will not consider this non-thermal process in the rest of this chapter.

4.3.3

Optical depth

The fireball’s opacity to neutrinos is described in terms of the optical depth τ = R/λ,
where R is the length scale and λ is the mean free path (mfp). The mfp due to electron
and positron scattering is (see appendix 4.B.1):
λ

λ(e)

= 3.7 × 106 (T 11 )−5 cm ;

(4.13a)

(µ,τ)

= 1.6 × 10 (T 11 )

(4.13b)

7

−5

cm ,

3 This conclusion changes if there is an initial asymmetry between neutrinos and antineutrinos. We do not
consider this here.
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Figure 4.1: A parameter space plot that shows the three phases of the plasma. The solid lines show
the χI = 1, χII = 1, τ(µ,τ) = 1 and τ(e) = 1 contours; the dotted lines are isotemperature curves. The
∗ denotes the reference point with values given in eqs. (4.4). The plotted trajectory and the points
‘0’ to ‘4’ are discussed in section 4.4.2. The black hole lines indicate the Schwarzschild radius as a
function of the fireball energy, assuming an initial conversion efficiency α = E (0) /MBH c2 .

where the difference originates from the fact that only electron-neutrinos participate in
charged current-interactions. Because the mfp for neutrinos and antineutrinos is equal
(assuming an equal amount of electrons and positrons), neutrinos and antineutrinos will
leave the fireball at the same time.
We consider a generic plasma that moves from region I to II to III, Therefore, we use
the value g = gI to find the optical depth for the muon- and tau-neutrinos and g = gII for
the electron-neutrinos:

τ

τ(e)

= 54 × (E52 )5/4 (R6.5 )−11/4 ;

(4.14a)

(µ,τ)

= 7.4 × (E52 )

(4.14b)

5/4

−11/4

(R6.5 )

.

We observe that for reference initial conditions, τ(e,µ,τ) > 1 so that the fireball is opaque
to neutrinos of all flavors.

4.4. Fireball evolution

4.3.4

47

Phases of the neutrino fireball

We will assume that neutrinos of some flavor decouple from the plasma instantaneously
if the optical depth is one (these transitions will be smoother in reality). Based on equations (4.14), figure 4.1 shows how the parameter space is divided in the regions I, II and
III by the τ(µ,τ) = 1 and τ(e) = 1 contours. The dynamical evolution of a fireball through
these regions will be discussed in section 4.4.2.
We observe that the region of interest has a temperature T > 5 × 1010 K, which
justifies the fact that we only consider electron-positron pair annihilation and neutrino
scattering off electrons and positrons (see figures 4.2 and 4.3).4
The figure also indicates the neutrino creation rate from equation (4.12). In region
I this process is fast compared to the expansion time-scale. Together with the reverse
process, it aims toward thermodynamic equilibrium between the neutrinos and the other
components of the plasma. The neutrinos also interact with the electrons and positrons
through scattering. The interaction length of this process is smaller than the size of the
fireball. We conclude that thermodynamic equilibrium is established rapidly, and the
system will remain in equilibrium throughout its evolution.

4.4
4.4.1

Fireball evolution
Hydrodynamics

As long as the components of the plasma are strongly coupled (i.e. the interaction length
is much smaller than the size of the system), the plasma can be described as a homogeneous sphere, in thermodynamic equilibrium with a single temperature. The evolution
will be very similar to that of a neutrinoless fireball as described by e.g. Shemi & Piran
(1990). The plasma expands by radiation pressure, converting radiative energy to kinetic
energy of the baryons. We assume that the expansion is adiabatic. We will denote the
radiative energy contained in the fireball (without the decoupled components) as E. The
energy and entropy within a sphere of radius R are
E =
S

=

4π
gaR3 T 4 ;
3
16π
ga(RT )3 .
9

(4.15a)
(4.15b)

Assuming that the fireball’s evolution is reversible (i.e. that entropy is conserved), the
temperature-radius relationship reads
g(RT )3 = g0 (R0 T 0 )3 = const .
4 Nuclear

(4.16)

processes become competitive with the leptonic processes at these temperatures if the nucleon density is approximately two orders of magnitude higher. In that case, the optical depth- and emissivity-lines in
figure 4.1 feature a bend at a cross-over temperature.
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As long as there is no change in the plasma composition, the following very useful
scaling laws can be used to describe the evolution (Shemi & Piran 1990):
ER = E0 R0 = const ;
E
E0
=
= const .
T
T0

(4.17a)
(4.17b)

If a plasma component annihilates, the temperature-radius relationship (4.16) still holds
by conservation of entropy. In the early universe, this leads to an increase in the photon
temperature after electron-positron annihilation (see e.g. Weinberg 1972), and a similar
effect happens in the last stage of the neutrinoless fireball (Shemi & Piran 1990). By
contrast, entropy is carried away if a component decouples:
S = S 0 − S dec ,

(4.18)

where S dec is the entropy in the decoupled components. Since g = g0 − gdec , it follows
from eq. (4.15) that the temperature-radius relationship does not change at decoupling:
RT = R0 T 0 .

4.4.2

(4.19)

Neutrino decoupling bursts

We will discuss the hydrodynamical evolution of a fireball that starts in region I with a
generic initial energy E0 and size R0 . The trajectory is sketched in figure 4.1. As the
fireball expands and cools, it will develop from neutrino-opaque to -transparent. When
this happens, neutrinos decouple from the plasma.
Apart from these bursts, neutrinos are emitted continuously in regions where the
creation rate is sufficiently high and the plasma is transparent to neutrinos. We will
consider this in more detail in section 4.4.3, and restrict our discussion to an expanding
fireball with events of instantaneous energy loss here.
Starting from the point denoted as ‘0’ in figure 4.1, the plasma expands along a
ER = E0 R0 line until it reaches the τ(µ,τ) = 1 contour, where the muon- and tau-neutrinos
decouple from the plasma. From eq. (4.14b), we find that the radiative energy and
temperature of the plasma just before decoupling are
E(1)
52
(1)
T 11



(0) 11/16
= 0.61 E(0)
;
52 R6.5
 (0) (0) −1/16
= 1.26 E52 R6.5
.

(4.20a)
(4.20b)

The temperature of the plasma at that point depends on the initial conditions only very
mildly, but it is interesting that the temperature of the plasma at decoupling is lower if the
initial energy is higher. This can be seen from figure 4.1: for a higher E0 , the ER = const
line crosses the τ(µ,τ) = 1 contour at a lower temperature. The muon- and tau-neutrinos
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carry away 14/43 ' 33% of the available radiative energy. This moves the fireball from
point 1 to point 2.
Since the size and temperature of the plasma are constant at decoupling, what remains of the fireball continues adiabatic expansion along a new trajectory. The electronneutrinos remain in thermal equilibrium with the plasma, which enters region II. The
expansion continues along a ER = E2 R2 curve until the plasma becomes transparent to
electron-neutrinos at τ(e) = 1 (point 3):
E(3)
52
(3)
T 11



(0) 11/16
= 0.28 E(0)
R
;
52 6.5
 (0) (0) −1/16
= 0.87 E52 R6.5
.

(4.21a)
(4.21b)

At this point, the electron-neutrinos leave the plasma and carry away 7/29 ' 24% of
the energy (point 4). When all the neutrinos are decoupled, the fireball will develop
according to the standard scenario (Shemi & Piran 1990).
The energy that is emitted in neutrinos in the two bursts is:
(ν bursts)
E52
=


11/16
14 (1) 7 (3)
E52 + E52 = 0.27 E(0)
R(0)
,
52
6.5
43
29

(4.22)

which is a significant fraction of the initial radiative energy.

4.4.3

Continuous neutrino cooling

In regions in the parameter space where the neutrino creation rate is high (χ . 1) and
(some of) the neutrinos can escape from the plasma (τ . 1), we should take neutrino
cooling into account in the hydrodynamical evolution.
A plasma expanding adiabatically along a ER = const contour, converts radiative
energy to kinetic energy according to
dE
dR

exp

=−

E
.
R

(4.23)

To this we add the energy loss by neutrino cooling ∆E = − f QV∆t, where Q is the emissivity and f is the fraction of the created neutrinos that can leave the plasma. Assuming
∆R ' c s ∆t, we find that
dE
dR

'−
ν cooling

f QV
fE
=−
,
cs
χR

(4.24)

where χ = χ(E, R) is the creation rate as defined in section 4.3.2. The plasma evolution,
including neutrino cooling, can then be determined from the differential equation
!
dE
f E
=− 1+
,
(4.25)
dR
χ R
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so that, locally, the plasma moves along a ER1+ f /χ = const trajectory. From eq. (4.12),
we find that just after electron- and muon-neutrino decoupling the creation rate parameter
is
χII = 0.81 ,

(4.26)

independent of initial conditions. Hence the creation rate is reasonably high in this region, where only muon- and tau-neutrinos can escape. Using the emissivity formulae
from Munakata et al. (1985), we find that 31% of the neutrinos created by electronpositron pair creation are muon- or tau-neutrinos, so that f = 0.31. Combining this
with eqs. (4.12) and (4.25), we find that the plasma expands until it reaches the τ(e) = 1
contour at


(0) 11/16
E(3)
= 0.27 E(0)
;
(4.27a)
52
52 R6.5


−1/16
(3)
(0)
T 11
= 0.89 E(0)
,
(4.27b)
52 R6.5
which is almost identical to eqs. (4.21).
After electron-neutrino decoupling, neutrinos of all flavors can leave the plasma. The
energy loss due to continuous neutrino cooling in regions II and III is


(ν,II)
(0) 11/16
E52
= 0.027 E(0)
;
(4.28a)
52 R6.5


(ν,III)
(0) 11/16
E52
= 0.015 E(0)
.
(4.28b)
52 R6.5
The continuous energy loss component is relatively small and hardly affects the fireball
evolution. In particular, neutrino cooling is never efficient enough to prevent a hot fireball
from exploding.

4.5

Neutrino emission

4.5.1 Observed temperature
For the neutrinoless fireball, it is well known that the temperature of the observed photon spectrum is roughly equal to the initial temperature of the plasma T 0 (Shemi & Piran
1990, Goodman 1986). Let us recall the thermodynamic treatment of this phenomenon
(Goodman 1986). The number of photons in a sphere of radius R depends on the temperature T as
!3
!
!3
2ζ(3) kB T
4 3
kB
(RT )3 .
Nγ =
πR ∼ 1.0
(4.29)
~c
3
~c
π2
As long as none of the plasma components annihilates, the number of photons is constant
during the evolution. The average available energy per photon for a neutrinoless fireball
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is initially
hEγ i(0) =

4 Etot
.
11 Nγ(0)

(4.30)

Since the total energy is conserved, the available energy per photon does not change
during the fireball’s evolution.
This conclusion is unaffected by the annihilation of electrons and positrons that occurs in the last stage of the fireball: entropy conservation requires that the number of
photons increases by a factor of 11/4. However, the total energy is now exclusively
available for the photons, so the available energy increases by the same factor. The mean
photon energy does not change during the evolution of the neutrinoless fireball and the
observed photon spectrum is roughly equal to the initial blackbody (Goodman 1986),
with temperature (Shemi & Piran 1990, Piran et al. 1993)
T obs = γT ' T (0) .

(4.31)

As for photons, the mean available energy for muon- and tau-neutrinos remains constant
during the expansion from point 0 to 1, so the observed temperature will roughly equal
the initial temperature.
For the electron-neutrinos, the situation is more subtle because energy leaves the
plasma when the muon- and tau-neutrinos decouple. Initially, the mean available energy
is
hEνe i(0) =

7 Etot
,
43 Nν(0)
e

(4.32)

which remains constant throughout the evolution to point 1. At point 2, the available
energy is reduced by a factor 29/43, but the electron-neutrinos get a larger share:
hEνe i(2) =

(0)
29
7 43 Etot
(0) Nνe
=
hE
i
.
ν
e
29 Nν(2)
Nν(2)
e
e

(4.33)

The number of neutrinos5 in a sphere of radius R is proportional to (RT )3 . Because
R2 T 2 = R1 T 1 = R0 T 0 , the mean available energy does not change when some plasma
components decouple. We thus conclude that the observed temperature of the electronneutrino spectrum is also approximately equal to T (0) .

4.5.2

Energy

The evolution of a fireball with neutrinos is described in section 4.4. Using the results
obtained in eqs. (4.22) and (4.28), we summarize the neutrino emission in table 4.1.
5 This

is similar to eq. (4.29), but for neutrinos (one flavor) the prefactor is 0.38 rather than 1.0.
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(ν tot)
E52

νµ,τ dec.
νe dec.
cont., II
cont., III
total

0.20 × ξ0
0.070 × ξ0
0.024 × ξ0
0.013 × ξ0
0.31 × ξ0

νe

:

0
1
0
0.69
0.26

νµ

ντ

:

0.5
0
0.5
0.15
0.37

0.5
0
0.5
0.15
0.37

Table 4.1: The total energy that is emitted in neutrinos in various stages. Here ‘dec.’ stands for
decoupling bursts, ‘cont.’ for continuous emission. The symbol ν means ‘neutrino and antineutrino’
(0) (0) 11/16
in the above, and ξ0 := (E52
R6.5 )
.

Neutrinos and antineutrinos are emitted in equal amounts and share the energy quoted in
the table. The total energy that is emitted in neutrinos equals
 (0) (0) 11/16
E (ν, tot) = 3.1 × 1051 erg × E52
R6.5
.

(4.34)

The mean neutrino energy follows directly from the initial temperature:
 (0) 1/4  (0) −3/4
hEν i = 3.15kB T (0) = 56 MeV × E52
R6.5
.

4.5.3

(4.35)

Time spread

The neutrinos are emitted in two decoupling bursts as well as continuously. As is clear
from figure 4.1, the fireball has not expanded much in between the two decoupling
events: R(1) − R(3) ∼ R(1) , implying that the various components of neutrino emission
overlap in time. The intrinsic time spread is determined by the size of the fireball at the
second burst:
∆t =

R(3)
∼ 0.4 ms × R(0)
6.5 ,
c

(4.36)

which is much smaller than the typical time spread for supernova neutrinos that originate
from relatively slow deleptonization processes.
Dispersion effects on the way to earth introduce an additional smearing:
∆tdisp

!
D 1
=
−1
c β
!2
 m 2  E
−2
D
ν
ν
= 0.6 ms ×
.
0.1 eV
56 MeV
4 Mpc

(4.37)

For a robust analysis, this time spread should be averaged over a thermal distribution.
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Applications

The detectability of a neutrino source as described here was studied by Halzen & Hooper
(2002) (see also Halzen et al. (1996), Halzen & Jaczko (1996)). The detection is based
on the charged current interaction ν̄e + p → n+e+ and the subsequent Čerenkov radiation
that is emitted by the positron. An analysis based on Halzen & Jaczko (1996) shows that
detection could be feasible for sources within a few Mpc for a low-background neutrino
telescope.6 This limits potential sources to our local cluster.
In the context of supernova dynamics, it has been proposed that delayed neutrino
emission could revive a stalled supernova shock (Bethe & Wilson 1985). Matter that
is surrounding some central, heavy object can escape if the internal energy exceeds the
gravitational energy:
Eint > Egrav =

GM
,
D

(4.38)

where M is the mass of the central object and D the distance of the matter to the central
object.
This material can be heated by neutrinos. We assume that the matter consists of
nucleons, but for heavier nuclei similar processes can occur. Neglecting loss terms, the
total energy that can be deposited by neutrinos from the central object equals
∆E = NA σ

E (ν, tot)
,
4πD2

(4.39)

where the cross section for neutrino capture on nucleons reads (the relevant processes
and cross sections can be found in appendix 4.B):
*
σ ∼ 10−43 cm2 ×

Eν2

+
.

1 MeV2

(4.40)

Following Bethe & Wilson (1985), we adopt here the reference values D = 150 km and
M = 1.6M = 3 × 1054 /c2 erg. With the expressions (4.34) and (4.35) for the neutrino
flux found in this work, we find that
Egrav
∆E

∼ 2 × 1019 erg g−1 ,

(4.41a)

.

(4.41b)

20

−1

∼ 2 × 10 erg g

We conclude that the energy released in neutrinos by the hot fireball considered here is
sufficient to release material at a typical distance D ∼ 150 km from the gravitational pull
of a 1.6M object.
6 This is a rough signal-over-noise estimate. In particular, it assumes that there is no directional information
available for triggering or reconstruction. The observational time window is 0.3 ms.
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Conclusions

In this chapter, we have described the physics of neutrinos in a hot fireball environment.
We find that the dominant neutrino processes are leptonic: neutrino creation by electronpositron annihilation and neutrino scattering off electrons and positrons.
For general initial conditions7 , the fireball plasma is initially neutrino-opaque and
the rate of neutrino creation is reasonably high. The neutrinos are in thermal equilibrium
with the other components of the plasma and follow the hydrodynamical evolution of
the fireball. In this evolution, the muon- and tau-neutrino decouple first, followed by
the electron-neutrinos. Besides these bursts, the fireball emits neutrinos continuously
in regions where it is neutrino-opaque and the creation rate is high. The effect on the
evolution of the fireball and on the neutrino emission is small.
The energy spectrum of the emitted neutrinos will be approximately thermal with a
temperature equal to the initial temperature of the fireball, i.e. hEν i ∼ 60 MeV. The total
energy that is emitted in (anti)neutrinos is
 (0) (0) 11/16
.
E (ν, tot) = 3.1 × 1051 erg × E52
R6.5

(4.43)

A sizable fraction of the total fireball’s energy is converted into neutrinos, and this fraction is not very sensitive to initial conditions. The rather limited detection possibility is
mainly due to the isotropic outflow of the neutrinos, as opposed to the observed highenergy gamma rays that originate in ultra-relativistic beamed jets in a later stage of the
GRB. If the neutrinos were focused by some mechanism, detection of sources much further away could be possible. On the other hand, fewer sources will be detected since the
outflow needs to be directed toward the earth.
We have found that our initial concern that neutrino emission might prevent the production of powerful explosions from fireballs is not justified. The physical reason for this
is that for most of the parameter space where neutrino production is fast enough to cool
the fireball, the fireball shields itself from cooling by being opaque to those same neutrinos. However, there may well be another snag when one considers the formation of the
fireball: this requires a heating mechanism, and at the start of the heating one necessarily
approaches the safe zone in the lower right half of figure 1 from the left. Therefore,
unless the heating occurs on a timescale close to the dynamical time the evolution track
toward high energy may well get stuck in the cooling zone, causing loss of all heating energy into neutrinos. Given that the dynamical timescale is probably the fastest thinkable
heating time, it is quite possible that neutrino cooling can prevent high-energy fireballs
from forming.
7 These conclusions apply to fireballs that starts in the neutrino-opaque region that we denoted as region I.
This is the case if


E0,52 −5/4 R0,6.5 11/4 . 5 .
(4.42)
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Figure 4.2: Neutrino emissivity of the plasma as a function of temperature due to the pair annihilation (solid line), photo-neutrino (dashed), non-degenerate URCA (dotted), and plasma (dash-dotted)
processes. We used a baryon density ρ = 108 gr cm−3 .

4.A

Neutrino emitting processes

4.A.1

Direct neutrino production

There is extensive literature on neutrino emitting processes in an electroweak plasma or
in a nuclear environment. We refer the reader to Dicus (1972), Braaten & Segel (1993),
Bruenn (1985), Dutta et al. (2004), Itoh et al. (1989), Munakata et al. (1985), Ratkovic
et al. (2003), Baiko & Yakovlev (1999), Friman & Maxwell (1979), Lattimer et al.
(1991), Qian & Woosley (1996) and further references therein for a broader overview
on the subject. In the hot fireball environment, the most important processes are:
•
•
•
•
•

photo-neutrino process: e± + γ
plasma process:
γ
pair annihilation:
e− + e+
electron capture:
e− + p
positron capture:
e+ + n

→
→
→
→
→

e± + νi + ν̄i ;
νi + ν̄i ;
νi + ν̄i ;
n + νe ;
p + ν̄e .

The last two processes constitute the non-degenerate URCA process, which is the dominant nuclear neutrino emitting process for low nucleon densities. Neutron decay is too
slow to play a role of importance if the neutrons are non-degenerate.
We use the following total (i.e. adding all neutrino flavors) emissivities for the photoneutrino (Dutta et al. 2004), plasma (Ratkovic et al. 2003), pair annihilation (Itoh et al.
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1989) and non-degenerate URCA (Qian & Woosley 1996) processes:
= 1.1 × 1031 (T 11 )9 erg s−1 cm−3 ;

(4.44a)

Qplasma

(4.44b)

Qphoto

= 7.1 × 10

9

−1

(T 11 ) erg s

Qpair

= 3.6 × 10

9

−1

QURCA

= 9.0 × 10

26
33
31

−3

cm

;

−3

(T 11 ) erg s cm ;

(T 11 )6 ρB,8 erg s−1 cm−3 ,

(4.44c)
(4.44d)

where ρB = ρB,8 ×108 gr cm−3 . These emissivities are plotted as a function of temperature
in figure 4.2. The emissivity of both the photo-neutrino and the plasma process is several
orders of magnitude lower than that of e− e+ pair annihilation, which is in keeping with
similar comparisons in the literature (Itoh et al. 1989, Prakash et al. 2004, Raffelt 1996).
Electron-positron pair annihilation and non-degenerate URCA have a different scaling behavior with temperature, and the URCA process depends on baryon density. For
the environment considered in this study, we conclude that pair annihilation is the dominant process.

4.A.2 Neutrinos from pion decay
Another source of neutrinos is the decay of charged pions:
• pion decay: π−

→ µ− + ν̄µ
→ e− + ν̄e + νµ + ν̄µ ,

and the charge-conjugate process for π+ decay. The pions originate from photopion
production or nucleon – nucleon collisions:
• photopion production:
• N – N collisions:

γ+n
γ+p
n+ p
p+ p

→ p + π− ;
→ n + π+ ;
→ p + p + π− ;
→ n + p + π+ .

The cross section of pion production in nucleon – nucleon collisions (σ ∼ 3 × 10−26 cm2 ,
see e.g. Bahcall & Mészáros (2000)) is more than an order of magnitude larger than
that of the photopion process (σ ∼ 10−28 cm2 , see e.g. Mucke et al. (1999)), but the
photon density in the plasma is almost four orders of magnitude higher. This means that
photopion production is the dominant pion creating process.
Pion production can only occur at energies higher than the pion mass threshold
Et ∼ 140 MeV. This implies that only photons in the high-energy tail of the distribution (constituting less than 5% of the total energy in photons) can create pions. Most
of the pions are created at threshold, and decay into muon- and electron- (anti)neutrinos
with energies below mµ c2 /2 ' 53 MeV. The energy spectrum of the various neutrino
types is different, but the mean energies are in the range of 31 to 37 MeV.
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Figure 4.3: Neutrino mean free path lengths as a function of temperature for scattering off electrons
and positrons (solid line), nucleon scattering (dashed) and nucleon absorption (dotted). We used the
value Ye = 0.5 for nucleon scattering. The left panel applies to electron neutrinos, the right panel to
muon- and tau-neutrinos. The graphs for the corresponding antineutrinos are virtually identical.

4.B

Neutrino absorption and scattering processes

We summarize the cross section formulae for the following processes:
•
•
•
•

e± – neutrino scattering:
νi + e± → νi + e± ;
nucleon – neutrino scattering: νi + N → νi + N ;
electron-neutrino capture:
νe + n → p + e− ;
electron-antineutrino capture: ν̄e + p → n + e+ ,

where we assume that all the particles are non-degenerate. The result, in terms of
the mean free path length (mfp), is plotted in figure 4.3. We use number densities
ne− = ne+ = 1.4 × 1035 cm−3 and nB = 5 × 1031 cm−3 .
From figure 4.3, we conclude that the neutrino mfp in the fireball is determined by
scattering off electrons and positrons.

4.B.1

Electron and positron scattering

The cross section8 for neutrino scattering off electrons in a plasma is (Tubbs & Schramm
1975):
!
3G2F ~2 c2
(cV − cA )2
2
(cV + cA ) +
(kB T ) Eν ,
σ=
(4.45)
2π
3
where G2F ~2 c2 = 5.3 × 10−44 cm2 MeV−2 and
cV = 1/2 + 2 sin2 θw ;
8 The vacuum cross section scales as T

cA = 1/2 ;

sin2 θW = 0.22 .

(4.46)

via the neutrino energy (’t Hooft 1971, Sehgal 1974), but it is important
to realize that we consider plasma cross sections. The role of the electron mass in the vacuum cross section is
taken by the thermal energy, which leads to an increase by a factor 3.15kB T/me . For a temperature T ∗ , this is
two orders of magnitude.
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We average over a thermal neutrino distribution by replacing Eν → hEν i = 3.15 kB T . The
formula as it stands applies to electron-neutrinos, which interact with electrons through
both the charged and neutral current. For other neutrinos, one should make the following
substitutions (Tubbs & Schramm 1975):
νµ , ντ : cA
ν̄e : cA
ν̄µ , ν̄τ : cA

→ c A − 1 , cV
→ −cA ,
cV
→ 1 − c A , cV

→ cV − 1 ;
→ cV ;
→ cV − 1 .

(4.47)

For muon- and tau-neutrinos, this accounts for the fact that these only have a neutral
interaction with electrons. The cross section for neutrino – positron scattering is equal
to the cross section for the scattering of the corresponding antineutrino off an electron.
If the electron and positron densities are equal, these processes can be combined as
follows:



σ νi , e± = σ νi , e− + σ νi , e+


= σ νi , e− + σ ν̄i , e− ,
(4.48)
and the mean free path length due to combined electron-positron scattering follows from


λ−1 νi , e± = σ νi , e± ne− .
(4.49)
Because the electron and positron density scales as T 3 , the mean free path length is
proportional to T −5 .

4.B.2

Nucleon scattering

Neutrino – nucleon scattering is independent of neutrino flavor because the interaction
is neutral. From Raffelt (1996):

G2 ~2 c2  2
σ= F
CV + 3 C A2 Eν 2 ,
(4.50)
π
where we understand that Eν2 → hEν2 i = 12.9 (kB T )2 . Neutrino – proton and neutrino
– neutron scattering have slightly different cross sections because of different strong
interaction form factors9 CV and C A . We average the cross section by assuming an equal
amount of neutrons and protons (Ye = 0.5):
σ (νi , N) = σ (νi , p) + σ (νi , n) ,

(4.51)

and compute the mean free path from
λ−1 (νi , N) = σ (νi , N) (0.5nB ) .

(4.52)

The baryon density is independent of temperature10 so that the mean free path length is
proportional to T −2 .
use the values CV2 = 0.0012 (0.25) and C A2 = 0.47 (0.33) for protons (neutrons) (Raffelt 1996).
baryon density does not scale with temperature in a dynamical way. Indirectly, the quantities are related
by the requirement that there should be 1 TeV per baryon: a higher temperature permits a higher baryon density.
9 We

10 The

4.B. Neutrino absorption and scattering processes

4.B.3

59

Nucleon absorption

Electron-neutrinos and -antineutrinos can be absorbed by neutrons and protons through
the charged interaction. The cross section is (Tubbs & Schramm 1975)
σ =
g(Eν ) =


G2F ~2 c2  2
3α + 1 Eν 2 g(Eν ) ;
π
!
!1/2
Q
Q Q2 − (±m2e )
1±
1±2 +
,
Eν
Eν
Eν2

(4.53a)
(4.53b)

where α = −1.26 is the nuclear axial coupling coefficient and Q = 1.3 MeV is the
neutron-proton mass difference. The positive sign applies to neutrino capture on neutrons, the negative sign to antineutrino capture on protons. We do not average cross
sections here, because each process is specific to either electron-neutrinos or electronantineutrinos. Averaging over a thermal neutrino distribution is understood as in the
nucleon scattering cross section, and (up to small corrections due to the energy dependence of the function g) the mean free path length is proportional to T −2 .
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5.1

Introduction

In recent years there has been significant progress in our understanding of gamma-ray
bursts (GRBs). The observational connection between supernovae and GRBs and studies
of GRB host galaxies provide compelling evidence for a connection between long GRBs
and the death of massive stars (Van Paradijs et al. 2000, Woosley & Bloom 2006). The
general scenario for long GRBs (for recent reviews, see Piran (2004); Mészáros (2006))
starts with core collapse of the massive star leading to the formation of a black hole
surrounded by an accretion disk. The black hole – accretion disk system powers a developing outflow along the rotational axis, which accelerates to a bulk Lorentz factor of a
few hundred, transferring its energy to the baryons contained in the flow. Dissipation of
energy in the outflow leads to the prompt gamma-ray emission while the interaction of
the outflow with the external medium results in the afterglow.
The nature of the relativistic outflow is currently one of the most important open
questions regarding GRBs. The high Lorentz factor, required to match the inferred energy density of the source and the observed non-thermal character of the emission (the
compactness problem; see e.g. Piran (2004)), implies that the ratio of energy to rest mass
of the flow must be very high. In the widely used fireball model (Cavallo & Rees 1978,
Goodman 1986, Paczyński 1986) the outflow is a photon-electron-positron plasma that
is dominated by thermal energy and has a small baryonic load. Alternatively, the energy
of the outflow may initially be dominated by Poynting flux (Usov 1992). Such outflows
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occur naturally when a magnetized accretion disk surrounds a black hole (Thompson
1994, Mészáros & Rees 1997, Spruit et al. 2001, Van Putten & Ostriker 2001, Vlahakis
& Königl 2001, Drenkhahn & Spruit 2002, Lyutikov & Blandford 2003, Lyutikov 2006,
Uzdensky & MacFadyen 2006).
Neutrinos and gamma rays may be useful probes to differentiate between fireballs
and Poynting-flux dominated (PFD) outflows. The internal shocks that are believed to
accelerate electrons in the fireball model will also accelerate protons to very high energies, giving rise to neutrinos with energy &100 TeV through photopion production
(Waxman & Bahcall 1997). In the absence of a mechanism to accelerate protons to
very high energies these neutrinos are not expected in PFD outflows. In this chapter we
consider neutron – proton (np) collisions in neutron-rich flows and address the question
whether neutrinos and gamma rays created in these hadronic interactions can also be
used to probe the nature of GRB outflows.
GRB outflows are expected to be neutron-rich. In GRB central engines, the competition of positron capture on neutrons and electron capture on protons favors a neutron-rich
environment (Beloborodov 2003b, Pruet et al. 2003, Chen & Beloborodov 2007). Nucleosynthesizing interactions reduce the number of free neutrons in the outflow, but a
significant amount of neutrons remains in the flow until neutron decay becomes important (Beloborodov 2003b, Inoue et al. 2003). Deep in the outflow protons and neutrons
are strongly coupled through nuclear scattering and behave as a single fluid that accelerates to high Lorentz factors. With increasing distance from the central engine the
densities decrease until neutrons decouple and enter the coasting phase. Protons, being
electromagnetically coupled to the flow, may be accelerated further. When the relative
velocity between neutrons and protons is sufficiently high, inelastic np collisions are
possible and lead to pion creation. The pions decay into gamma rays and neutrinos with
observer energies in the ∼10 − 100 GeV range. This mechanism has been investigated
for fireballs (Derishev et al. 1999b, Bahcall & Mészáros 2000, Mészáros & Rees 2000,
Belyanin et al. 2003, Razzaque & Mészáros 2006) but, to the best of our knowledge, not
for PFD flows.
The creation of secondary particles in inelastic np collisions can potentially be used
to identify a substantial neutron component in GRB flows. Other ways to identify such
a component that have been suggested in the literature are through signatures in the
early afterglow of GRBs (Derishev et al. 1999a, Beloborodov 2003a, Fan et al. 2005)
ultraviolet flashes generated in internal shocks in neutron-rich flows (Fan & Wei 2004)
and observational signatures of a two-component jet that may be associated with neutronrich MHD flows (Vlahakis et al. 2003, Peng et al. 2005).
In this work we consider the ‘AC’ model as a specific model for PFD outflows. In
this model the magnetic field configuration is similar to that produced by an inclined
rotator (Coroniti 1990, Lyubarsky & Kirk 2001) with field lines changing polarity on
a scale λ ' 2πc/Ω, where Ω denotes the angular frequency of the rotator. This model
was recently discussed in connection to GRBs in a series of papers (Spruit et al. 2001,
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Drenkhahn 2002, Drenkhahn & Spruit 2002, Giannios & Spruit 2005, Giannios 2006),
where it was found that dissipation of the electromagnetic energy by magnetic reconnection can account for both the bulk acceleration of the flow and for the prompt emission.
The dynamics of fireballs and of outflows in the AC model are distinctively different.
Fireballs are driven by radiation pressure and exhibit a period of rapid acceleration in
which the Lorentz factor Γ ∝ r, where r denotes the distance from the central engine
(Paczyński 1986). The flow saturates either when there is no more energy available to
further accelerate the baryons or when radiation and matter decouple at the Thomson
photosphere. An analysis of the dynamics of neutron-rich fireballs was recently presented by Rossi et al. (2006). The dynamics of neutrons in MHD flows was considered
previously by Vlahakis et al. (2003) in the context of a different model for the outflow
(Vlahakis & Königl 2003) than the AC model considered here. In the AC model, the acceleration of the flow is quite gradual and can be approximated with Γ ∝ r1/3 (Drenkhahn
2002). Since acceleration of the flow is driven by magnetic forces, the flow can saturate
far beyond the photosphere. It is expected that the difference in dynamics affects the
number and the energy of secondary particles created in np collisions. Furthermore, the
presence of a strong magnetic field can affect the interaction of secondary particles with
the flow.
Motivated by the fact that neutrinos and gamma rays from inelastic np collisions
could provide an indication about the nature of GRB outflows, we consider in this chapter
both fireballs and AC flows with a substantial neutron component. We investigate the
dynamics of these flows and the creation of gamma rays and neutrinos in inelastic np
collisions. In order to give an accurate comparison between the fireball model and the
AC model, we consider both models here. Furthermore we use accurate fitting formulae
for both the total and inelastic np cross sections, which has an important effect on the
calculated fluences of secondary particles.
This chapter is organized as follows. In section 5.2 we discuss the dynamical behavior of fireballs and of GRB outflows described by the AC model. In section 5.3 we
consider particle creation in inelastic np collisions. We discuss here the parameter space
in which the mechanism is operational and we compute the fluences and energies of secondary neutrinos and gamma rays. Detection prospects are discussed in section 5.4 and
conclusions are presented in section 5.5.

5.2

Dynamics of neutron-rich GRB flows

Deep in the flow neutrons are strongly coupled to protons through elastic collisions, so
that the two fluids behave as a single one. This np fluid is accelerated by conversion
of thermal energy into kinetic energy in the fireball model and of magnetic energy into
kinetic energy in the reconnection model. When the dynamical time of the flow becomes
shorter than the np collision time, the two fluids decouple and the neutrons enter the
coasting phase. Provided that the flow has not already reached its terminal bulk Lorentz
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factor, the protons keep accelerating above the np decoupling radius, which results in
relative motion of the two fluids.
The analysis of the effect of a neutron component on the dynamics is made separately
for the fireball and the reconnection model for the various stages of their evolution. Since
the treatment of the mass flux is identical in both models, it is presented first.

5.2.1

Mass flux: protons and neutrons

For an ultrarelativistic, steady, radial flow, assumed by both models under consideration,
conservation of mass implies that the baryon outflow rate obeys


Ṁ = Ṁp + Ṁn = 4πr2 mc Γp n0p + Γn n0n = 4πr2 mcΓp n0p (1 + ξ) ,
(5.1)
where Γp and Γn stand for the bulk Lorentz factor of the protons and the neutrons, respectively, and n0p and n0n for their proper number densities. The masses of protons and
neutrons are assumed equal mp ' mn = m and ξ stands for the neutron-to-proton mass
flux ratio:
ξ≡

Ṁn Γn n0n
=
.
Ṁp Γp n0p

(5.2)

The ratio ξ depends on the radius r since free neutrons decay into protons on a comoving
timescale τβ ∼ 900 sec resulting in
d Ṁn
d Ṁn
Ṁn
=
=−
,
0
dr
Γn cdt
Γn cτβ

(5.3)

where t0 stands for the comoving time. Taking into account that a proton is produced
for every neutron that decays (i.e. dṀn /dr = −dṀp /dr), eqs. (5.2) and (5.3) yield an
expression for ξ as a function of radius:
ξ(1 + ξ)
dξ
=−
.
dr
Γn cτβ

(5.4)

From eq. (5.1) one can solve for the number density of protons and neutrons as a function
of radius to find that
n0p =

1
Ṁ
,
1 + ξ 4πr2 mcΓp

(5.5)

n0n =

ξ
Ṁ
.
1 + ξ 4πr2 mcΓn

(5.6)

and

The number density of the protons and neutrons is determined once their bulk Lorentz
factor as a function of radius is derived. This is the topic of the next sections.
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The fireball

In the fireball model most of the energy is initially stored in the form of thermal energy
e, which is dominated by the energy density of radiation. The luminosity L of the flow
is the sum of kinetic and radiation flux (e.g., Rossi et al. 2006):
 


L = 4πr2 c Γ2p 4e/3 + n0p mc2 + Γ2n n0n mc2 .
(5.7)
This expression can be rewritten as
L=

4πr2 Γ2p cn0p mc2

!
Γn
1+ξ +x ,
Γp

(5.8)

where we have defined x ≡ 4e/(3n0p mc2 ).
An important quantity for the evolution of the flow is the baryon loading parameter
η ≡ L/ Ṁc2  1 where Ṁ (defined in eq. (5.1)) includes both the contribution of the
proton and the neutron fluid. Using expressions (5.1) and (5.8) one derives the expression
(1 + ξ) η = Γp (1 + x) + ξΓn .

(5.9)

Assuming that the flow starts from rest (i.e., Γp,0 = Γn,0 = 1) at an initial radius r0
and initial neutron-to-proton ratio ξ0 , the initial value for x is x0 = 4e0 /(3n0p,0 mc2 ) =
(1 + ξ0 )(η − 1).
As long as the flow is Thomson thick, radiation and particles remain coupled and the
evolution of the fireball is fully determined by the adiabatic law1
 0 4/3
 np 
e = e0  0  .
(5.10)
np,0
From eqs. (5.5), (5.9) and (5.10) one finds for the internal energy-to-proton rest mass
ratio in the flow
 0 1/3
 2 1/3
 np 
 r 
x = x0  0  = (1 + ξ0 ) (η − 1)  2 0  .
(5.11)
np,0
r Γp
Differentiating eq. (5.9) with respect to radius r and using eq. (5.11), one has an expression relating the bulk Lorentz factor of the proton and the neutron fluids in the optically
thick part of the flow (see also Rossi et al. 2006)
dΓp Γp 2x
3ξ0 dΓn
=
−
.
dr
r 2x + 3 2x + 3 dr

(5.12)

1 This expression does not take into account the increase of the proton density due to neutron decay. The use
of this expression is justified because, for the parameter space relevant for GRB flows, there is only a negligible
fraction of neutrons that decays below the photosphere of fireballs. Hereafter, in the Thomson thick part of the
flow, we set ξ = ξ0 .
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For the dynamics of the neutron-rich fireball to be fully determined, one needs to look
closer at the momentum exchange between the neutron and the proton fluids because of
np collisions. This has been studied by Derishev et al. (1999b) and Rossi et al. (2006)
who showed that when the two fluids have a relative velocity βrel , there is a drag force
that accelerates the neutrons
0
dΓn np σtot 2 2
=
Γrel βrel ,
(5.13)
dr
2
where Γrel ' (Γn /Γp + Γp /Γn )/2 for ultrarelativistic flows and the total np scattering cross
section σtot is a function of βrel . This expression accounts for the np interaction and does
not depend on the acceleration mechanism (thermal or magnetic) of the flow. It can,
thus, be applied to both fireballs and MHD flows.
The np scattering cross section depends on the relative velocity of the two fluids.
For np scatterings that take place with energies below the pion creation threshold, the
scattering cross section can with good accuracy be taken to scale as ∝ 1/(c1 βrel + c2 β3rel ),
while it remains almost constant for higher energies. The constants c1 and c2 are found
by fitting to experimental data from Yao et al. (2006; see appendix A)




σ̄
σtot ' max 
, σ̄ ,
(5.14)
3
0.19βrel + 5.2βrel
where σ̄ ≡ 4 × 10−26 cm2 . Our fitting formulae for σtot are more accurate than the
expressions used by Rossi et al. (2006), where the total np scattering cross section is
substantially underestimated for βrel Γrel . 1 (i.e. before np decoupling). This results in
some differences in the dynamics close to the decoupling radius. We find that the two
fluids decouple over a narrower radial range (i.e. sharper decoupling). Furthermore, the
fitting formula (5.14) results in terminal neutron Lorentz factors that are ∼10% higher
than those found when we use the Rossi et al. (2006) expressions for the np scattering
cross section.
With eqs. (5.11), (5.12) and (5.13) one has the complete description of the dynamics
of the fireball in the Thomson thick part of the flow (i.e. below the photosphere). In
the optically thin part radiation and matter decouple and expression (5.10) is no longer
applicable.
Since radiation pressure is the driving mechanism of acceleration in the fireball, one
would expect no further acceleration of the flow to take place above the photosphere.
On the other hand, although most of the photons do not scatter with electrons above
the photosphere, the electrons (outnumbered by the photons by a factor ∼ 105 ) are still
repeatedly scattered resulting in a residual acceleration of the flow in the optically thin
region. This residual acceleration is given by the expression (Beloborodov 2002; Rossi
et al. 2006, appropriately modified to include the neutron fluid):

!

dΓp
Γp rph 4  Γp − Γn dξ
dΓn
σT Lr
 +
1 −
+ξ
=
,
(5.15)
dr
dr
Γp (rph )r 
1 + ξ dr
16πΓ2p r2 mc3 
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where σT is the Thomson cross section and Lr = 16πr2 cΓ2p e/3 stands for the radiative
luminosity of the flow. The first term in the right hand side of the last expression accounts
for the residual acceleration from radiation and the second for the effect of neutron decay
on the dynamics. Using eqs. (5.7) and (5.9), we have for the radiative luminosity of the
flow:
!
Γp + ξΓn
Lr = L 1 −
.
(5.16)
η(1 + ξ)
The expressions (5.4), (5.13), (5.15) and (5.16) describe the dynamics of the flow in the
Thomson thin regime.

5.2.3

The reconnection model

In the magnetic reconnection model the flow is considered starting from the Alfvén point
rA and is dominated by Poynting flux. The luminosity of the flow is the sum of the kinetic
and Poynting flux:


L = 4πr2 c Γ2p (4e/3 + n0p mc2 ) + Γ2n n0n mc2 + c(rB)2 ,
(5.17)
where B is the magnetic field strength in the central engine frame, which is dominated
by its toroidal component.
A detailed investigation of the properties of a neutron-free flow under the assumption
of a cold flow (i.e. a flow where the term 4e/3 is neglected with respect the other terms in
eq. (5.17)) is presented in Drenkhahn (2002). A full numerical investigation showed that
the dynamical description under the cold flow assumption is rather accurate (Drenkhahn
& Spruit 2002). Hereafter, we assume that the flow is cold. One should keep in mind,
however, that though of moderate dynamical significance, the internal energy of the flow
– dominated by the energy density of radiation – plays a crucial role for its photospheric
emission (Giannios 2006, Giannios & Spruit 2007). Furthermore, the cold flow assumption can overestimate the acceleration of the flow in the Thomson thin region by up to
50% in the limit that the internally dissipated energy does not stay in the flow but is efficiently radiated away (Drenkhahn & Spruit 2002). More realistically only a fraction of
the dissipated energy is radiated away and the error we make in the Thomson thin region
is smaller.
Setting e = 0 and using eqs. (5.1) and (5.17) we have
L=

Γp + ξΓn
Γp + ξΓn
Ṁc2 + c(rB)2 =
Ṁc2 (1 + σ) ,
1+ξ
1+ξ

(5.18)

where σ ≡ (1 + ξ)(rB)2 /((Γp + ξΓn ) Ṁc) is the magnetization parameter of the flow
and stands for the Poynting-to-kinetic flux ratio. Using the last expression, the baryon
loading of the flow is
η≡

Γp + ξΓn
L
=
(1 + σ) .
2
1+ξ
Ṁc

(5.19)

Neutron-rich gamma-ray burst flows . . .

68

In the reconnection model, the flow is considered starting from the Alfvén radius with
magnetization σ0 . In the inner part of the flow the very frequent np collisions lead to
√
√
Γp,0 ' Γn,0 = σ0 . In view of eq. (5.19), one has that η = σ0 (1 + σ0 ) ' σ3/2
0 .
The initial magnetization σ0 is, thus, an alternative means in parameterizing the baryon
loading of a PFD flow.
The radial dependence of the magnetic field strength is given by the induction equation that is appropriately modified to take into account the magnetic field dissipation
through reconnection (Drenkhahn & Spruit 2002):
d(rB)
rB
=−
.
dr
cτd

(5.20)

Here,
τd =

2πΓ2p
Ω

r

σ+1
σ

(5.21)

is the dissipation timescale of the magnetic field (in the central engine frame), Ω stands
for the angular frequency of the rotator, and  parameterizes the magnetic reconnection
speed vrec . As in most models of magnetic reconnection, vrec scales with the Alfvén
speed vA , i.e. vrec = vA (see, for example, Lyubarsky 2005). A nominal value used for
 is 0.1.
By combining eqs. (5.4), (5.17), (5.18) and (5.20) one can eliminate the magnetic
field B and derive an equation for the bulk Lorentz factor of the protons and the neutrons:
 Γp − Γn dξ
dΓp
dΓn
2 
+ξ
=
(1 + ξ)σ3/2
− Γp − ξΓn +
.
0
dr
dr
cτd
1 + ξ dr

(5.22)

The last expression, in combination with eqs. (5.4) and (5.13), describes the the dynamics of neutron-rich flows in the reconnection model.

5.2.4

Results

Having derived a closed system of equations that describe the dynamics of neutron-rich
flows, we proceed with the investigation of the dependence of their properties on the
parameters of the flow for both fireballs and strongly magnetized flows.
The fireball

By numerically solving eqs. (5.11), (5.12) and (5.13) in the Thomson thick part of the
flow and eqs. (5.4), (5.13), (5.15) and (5.16) above the photosphere, one can follow the
various stages of the neutron-rich fireball (see also Rossi et al. 2006).
In Figs. (5.1) and (5.2), the bulk Lorentz factors of the proton and the neutron fluids
are plotted as function of radius for different values of the parameters of the fireball
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Figure 5.1: Bulk Lorentz factor of the protons (thick lines) and neutrons (thin lines) for different
values of the initial neutron-to-proton ratio ξ0 and radius r0 of the fireball. At small radii, both
protons and neutrons are in the linear acceleration regime (gray line). After np decoupling the
neutrons saturate while protons can be further accelerated by radiation pressure. At r ∼ 1015 cm the
neutrons decay into protons that interact and decelerate the preexisting protons.

model. The latter are the luminosity of the flow L, the baryon loading η, the initial
neutron-to-proton ratio ξ0 and initial radius r0 of the flow. All the models studied have
η & 100 relevant for GRB flows.
These low-baryon flows pass through an initial phase of rapid acceleration. During
this phase, the neutron and proton fluids are strongly coupled and move practically with
the same bulk Lorentz factor. Setting Γp ' Γn in eq. (5.12) we have
dΓp Γp
2x
=
.
dr
r 2x + 3(1 + ξ0 )

(5.23)

In the limit of x  3(1 + ξ0 )/2, radiation pressure leads to the well known linear acceleration of the flow as function of radius (cf. Goodman 1986, Paczyński 1986, Piran et al.
1993):
Γp ' Γn =

r
,
r0

(5.24)

If no np decoupling were to take place, the bulk Lorentz factor of the flow would saturate
at Γ∞ = η at the saturation radius rs = ηr0 .
Note that although at small radii the numerical results follow the linear scaling (5.24)
closely, there are deviations from this scaling appearing for Γp & 100 for the models
presented in Figs. 1 and 2. Since eq. (5.24) is exact for a fireball with a negligible
number of baryons, finite-η flows have bulk Lorentz factors Γ(r) < r/r0 .
At larger radii the density of the flow drops and np scatterings become less frequent. When the comoving dynamical timescale becomes shorter than the np scattering
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Figure 5.2: Bulk Lorentz factor of the protons (thick lines) and neutrons (thin lines) for different
values of the baryon loading η of the fireball. For low baryon loading (high η), the protons are
accelerated to much higher bulk Lorentz factors than the neutrons. For high η, the saturation of
the protons takes place close to the Thomson photosphere while the photospheric emission is very
powerful.

timescale, the two fluids decouple and the neutrons are not accelerated any more. The
relative velocity increases rapidly at decoupling. One can define the decoupling condition as Γrel βrel = 1. Setting this condition in (5.13) and using also (5.24) one finds for the
decoupling radius
!−1/3
1/3 2/3 −1/3 1 + ξ0
rnp = 2.6 × 109 cm × L52
r0,7 η3
,
(5.25)
2
and for the Lorentz factor at decoupling
1/3 −1/3 −1/3
Γnp = 2.6 × 102 × L52
η3 r0,7

1 + ξ0
2

!−1/3
.

(5.26)

If the flow reaches its terminal Lorentz factor before np decoupling has taken place, both
the neutron and proton flows coast with the same speed.
For a flow with a sufficiently high η, i.e.
!−1/4
1/4 −1/4 1 + ξ0
2
η > ηcr ≡ 3.6 × 10 × L52 r0,7
,
(5.27)
2
the protons keep being accelerated after np decoupling has taken place while the neutrons coast with Γn ∼ Γnp . The bulk Lorentz factor at np decoupling Γnp provides a
good estimate of the saturation Lorentz factor of the neutrons Γn,s . To quantify this
statement, we have compared the analytical estimate for Γnp with the numerical values of Γn at a large radius (here taken at r = 1017 cm) and found that the two quantities
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agree with each other within ∼25% for the (rather large) parameter space ηcr < η < 3000,
0.01 < L52 < 10, 0 < ξ0 < 10 and 1 < r0,7 < 100.
When condition (5.27) is satisfied, the protons are further accelerated by radiation
pressure after np decoupling until either all internal energy has been used or the flow
crosses the photosphere, where the flow becomes transparent with respect to Thomson
scattering so that radiation and matter decouple.
An estimate of the maximum Lorentz factor of the protons is given by assuming a
neutron-free flow after np decoupling with luminosity L̂ that does not include the kinetic
ˆ = Ṁ/(1 + ξ ). The
energy of neutrons (i.e. L̂ = L − Γnp ξ0 Ṁc2 /(1 + ξ0 )) and mass flux Ṁ
0
baryon loading of the decoupled proton flow is
η̂ =

L̂
= η(1 + ξ0 ) − ξ0 Γnp .
ˆ
Ṁ c2

(5.28)

The acceleration of the proton fluid will saturate at
Γp,s = min (η̂, η̂rad ) ,

(5.29)

where η̂rad = (L̂σT /(4πr0 mc3 ))1/4 gives the terminal Lorentz factor of the protons when
the acceleration of the flow is limited by photospheric crossing (Beloborodov 2002).
This estimate takes into account the residual acceleration in the optically thin region
discussed in section 5.2.2.
At still larger radii of the order of rβ = Γnp cτβ ∼ 1015 − 1016 cm, neutron decay
has an appreciable effect on the dynamics of the flow. The neutrons decay into protons
and interact with the faster moving proton flow, thereby slowing it down. Note that at
distances 1017 cm, practically all the neutrons have decayed. The terminal Lorentz factor
of the protons there is Γp,∞ ≤ η. For flows with η̂ > η̂rad , most of the energy is not used
to accelerate the baryons (resulting in Γp,∞  η) but instead appears as photospheric
emission of the flow.
Further out, the flow enters the afterglow phase where it decelerates because of interaction with the circumburst medium. This last phase is not considered in this study.
The reconnection model

We now present the various phases of the development of the flow in the context of the
reconnection model. The neutron-free flow has been studied by Drenkhahn (2002) and
Drenkhahn & Spruit (2002). Here we focus on the dynamical effect of the neutrons. In
Figs. 5.3 and 5.4, the bulk Lorentz factors of the proton and the neutron fluids are plotted
as function of radius for different values of the parameters of the reconnection model.
These parameters are the luminosity of the flow L, the initial magnetization σ0 of the
flow (that also parameterizes the baryon loading since η ' σ3/2
0 ), the initial neutron-toproton ratio ξ0 and the combination Ω that parameterizes the reconnection speed.
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The flow passes through an initial phase of acceleration where the neutron and proton fluids are strongly coupled and move practically with the same bulk Lorentz factor.
Setting Γp ' Γn in eq. (5.22) we have
q
3/2

dΓp Ω 1 − Γp /σ0  3/2
σ0 − Γp .
(5.30)
=
2
dr
πcΓp
In the limit of Γp  σ3/2
(i.e. the flow is still dominated by Poynting flux), the last
0
equation can be integrated analytically to find (Drenkhahn 2002):

1/3
 3Ωσ3/2

3/2
0
Γ = 
(r − r0 ) + σ0  ,
(5.31)
πc
The reconnection model predicts a gradual acceleration of the flow Γ ∼ r1/3 in the regime
√
σ0  Γp  σ03/2 with the bulk Lorentz factor of the flow given by

1/3
 3Ωσ3/2
r 
0
 .
Γp ' Γn = 
πc

(5.32)

This expression is valid as long as the neutrons have not decoupled from the protons and
the flow has not reached its terminal Lorentz factor Γ∞ = σ3/2
0 at the saturation radius
πc 3
σ .
(5.33)
3Ω 0
At larger radii the density of the flow drops and nuclear scatterings become less frequent. When the comoving dynamical timescale becomes shorter than the np scattering
timescale, the two fluids decouple and the neutrons are not accelerated any more. Their
relative velocity βrel increases rapidly around decoupling. As for fireballs, one can define
the decoupling condition as Γrel βrel = 1. Setting this condition in eq. (5.13) and using
also eq. (5.32) one finds for the decoupling radius
!−3/5
3/5
−3/2 1 + ξ0
rnp = 4.1 × 1010 cm × L52
(Ω)−2/5
σ
.
(5.34)
3
0,2
2
rs =

The bulk Lorentz factor of the flow at the decoupling is
1/5
Γnp = 1.1 × 102 × L52
(Ω)1/5
3

1 + ξ0
2

!−1/5
.

(5.35)

If the flow reaches its terminal Lorentz factor at rs before np decoupling has taken place,
both the neutron and proton flow coast with the same speed. For a flow with a sufficiently
high σ0 , such that
!−2/15
2/15
2/15 1 + ξ0
,
(5.36)
σ0 > σcr ≡ 23 × L52 (Ω)3
2
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Figure 5.3: Bulk Lorentz factors of the protons (thick lines) and neutrons (thin lines) for different
values of the initial neutron-to-proton ratios ξ0 and reconnection speed parameterized by Ω in the
reconnection model. At np decoupling radius the acceleration rate of the protons is enhanced. This
effect is particularly pronounced for ξ0  1 flows. At r ∼ 1014 −1015 cm, the neutrons decay causing
deceleration of the protons.
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Figure 5.4: Bulk Lorentz factors of the protons (thick lines) and neutrons (thin lines) for different
baryon loadings parameterized by the magnetization parameter σ0 in the reconnection model. The
bulk Lorentz factor of the neutrons at np decoupling is essentially independent of σ0 , in agreement
with the analytical estimate (5.35).
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the protons are further accelerated after np decoupling has taken place while the neutrons coast with Γn ∼ Γnp . The bulk Lorentz factor at np decoupling Γnp provides a good
estimate of the saturation Lorentz factor of the neutrons Γn,s . Comparing the analytical
estimate for Γnp with the numerical values of Γn at large radii (taken here at r = 1017 cm),
we have found that the two quantities agree with each other within ∼10% for the parameter space σcr < σ0 < 300, 0.01 < L52 < 10, 0 < ξ0 < 10 and 0.01 < (Ω)3 < 10.
The critical value σcr corresponds to baryon loading ηcr ' σ3/2
0,cr ∼ 100. For baryon
loadings η & 100 relevant for GRB flows, np decoupling takes place before the saturation radius has been crossed. In this case a substantial amount of magnetic energy is
dissipated at radii r > rnp , which is used to accelerate the protons.
At the np decoupling radius the flow becomes effectively less baryon loaded and
the protons increase their Lorentz factor more rapidly than the Γp ∼ r1/3 scaling. This
enhanced acceleration is particularly pronounced in neutron dominated flows (where
ξ0  1; see Fig. 5.3). A similar enhancement in the acceleration has been found by
Vlahakis et al. (2003) in the context of a different MHD model for GRBs.
Note that soon after np decoupling has taken place the flow crosses the Thomson
photosphere. The protons keep accelerating after the photospheric crossing in the magnetized flow since the acceleration is magnetic and not driven by radiation pressure as in
the fireball model. At larger radii, the protons can reach bulk Lorentz factors in excess
of the limit σ3/2
0 that characterizes a pure proton flow (shown with dotted line in Fig. 3).
At larger radii the neutrons undergo beta decay. For high-ξ0 flows, at a typical radius
r ∼ Γnp cτβ /ξ0 the number of neutrons that have decayed is comparable with the initial
number of protons in the flow and the effect of neutron decay on the bulk motion of the
protons becomes appreciable.
After magnetic dissipation has ceased and most of the neutrons have decayed, all
the available energy has been transferred to the protons. The bulk Lorentz factor of the
16
protons at large radii saturates to the value Γp,∞ = σ3/2
0 . This takes place at r ∼ 10 cm.
At these radii the flow is expected to enter the afterglow phase which is not considered
here.

5.3

Particle creation in inelastic neutron – proton collisions

In the previous section we demonstrated that for low enough baryon loading, the neutrons decouple before the acceleration of the flow is completed in both fireballs and PFD
flows. This leads to neutrons and protons developing relative motions and to energetic
np collisions. Here, we study the production of pions through inelastic np collisions in
the relativistic outflow and the subsequent decay of pions into gamma rays and neutrinos. We present analytical estimates for the secondary particle fluences and energies,
and compare these estimates with numerical results based on the model discussed in
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section 5.2.
For the analytical estimates, we approximate the proton and neutron Lorentz factors
as follows:
!p


r
Γp '
;
Γn ' min Γp , Γnp ,
(5.37)
r0
where Γnp is the Lorentz factor of the flow at decoupling, p is a model parameter that
allows us to consider the fireball model and the reconnection model together (p = 1
for fireballs and p = 1/3 for the reconnection model), and r0 is a suitable length scale.
For the fireball model r0 is the initial radius where the fireball in injected, which is a
free parameter of the model. In the reconnection model r0 ≡ πc/(3Ωσ3/2
0 ) is a length
scale defined by the specific combination of the parameters – it has no deeper physical
meaning but merely serves in rewriting the expression (5.32) in a more compact form.
Using the unifying notation (5.37) for the bulk Lorentz factor of the protons and the
neutrons, we express the np decoupling radius and the Lorentz factor at decoupling as:
rnp

Γnp



= 

1
 2p+1

σ̄Lr02p

;
8πpmc3 (1 + ξ)η 

σ̄L
=
8πr0 pmc3 (1 + ξ)η

p
! 2p+1

(5.38)

,

(5.39)

which combines eqs. (5.25), (5.26), (5.34) and (5.35).

5.3.1

The pion production radius

For sufficiently low baryon loading in the flow, pion creation in inelastic np collisions is
possible after np decoupling and the subsequent acceleration of the protons with respect
to the neutrons. We define the pion creation radius rπ as the minimum radius where the
relative velocity between decoupled neutrons and protons is large enough to create pions
through inelastic np collisions.
The production of a secondary particle with mass µ requires center-of-mass energy
√
s > 2mc2 + µc2 . Assuming that Γp (r)  1 and Γn (r)  1 at radii r > rnp , and taking
the np collision angle equal to zero (tail-on collisions), we express the center-of-mass
√
energy s as


√
s = mc2 χ1/2 + χ−1/2 ,
(5.40)
where we introduce the useful quantity
χ(r) ≡

Γp (r)
.
Γn (r)

(5.41)

From eq. (5.40), we find that pions (which are the lightest mesons) can only be created
if χ(r) > χπ , where χπ0 = 2.13 corresponds to neutral pion production and χπ± = 2.16 to
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charged pion production. We will use the average value χπ = 2.15 in this work. Using
the approximate proton and neutron Lorentz factors expressed in eqs. (5.37), we find
that
rπ ' χπ1/p rnp ,

(5.42)

where the decoupling radius rnp is given in eq. (5.38). The radius from which pions
can be created is thus substantially larger than the decoupling radius. Since the density
of the flow and hence the number of np scatterings decrease rather steeply with radius,
it is important to discriminate between rnp and rπ when considering particle creation in
inelastic np scatterings.
Pion creation by np interactions occurs only when the pion creation radius rπ is
reached before the flow saturates. For the fireball model, saturation of the bulk Lorentz
factor of the flow occurs either when there is no more energy available to further accelerate the baryons or when the flow crosses the photosphere (cf. eq. (5.29)). It can be
shown that saturation occurs beyond the pion creation radius only if the baryon loading
of the flow is sufficiently small. We express this condition as η > ηπ , where ηπ is the
critical value for inelastic np collisions to occur in the flow. Approximating the proton
and neutron Lorentz factors with eqs. (5.37), we estimate that
1/4 −1/4
ηπ ' 5.1 × 102 L52
r0,7 ψ(ξ0 ) ,

(5.43)

ψ(ξ0 ) ≡ 0.85 (χπ + ξ0 )3/4 (1 + ξ0 )−1

(5.44)

where

is a slowly-varying function normalized so that ψ(1) = 1. In deriving eq. (5.43) we
take neutron decoupling into account by using the neutron-free luminosity L̂ and mass
ˆ as defined in section 5.2.4. The numerical investigation of the fireball dynamflux Ṁ
ics (see section 5.2.4) shows that the proton Lorentz factors are substantially below the
Γp ∝ r scaling solution around np decoupling. As a result, the proton – neutron relative velocity is smaller and the pion production radius is pushed outward with respect to
the analytical estimate (5.42). This effect makes it more difficult to create pions in the
flow and requires η to be higher than the estimate (5.43). Using the numerical model
discussed in section 5.2 we find that inelastic np collisions in fireballs occur generally
when η/ηπ & 2, where ηπ is expressed in eq. (5.43). For neutron-rich flows (ξ0 & 3),
neutron decoupling results in a relatively pure flow so that the protons follow the scaling approximation (5.43) more closely and inelastic np collisions occur already when
η/ηπ & 1.5. Nevertheless, these results place quite stringent conditions on the fireball
model parameters so that only a small fraction of GRB fireballs is expected to exhibit
inelastic np collisions between bulk protons and neutrons.
For the AC model we find that, similar to the fireball case, inelastic np collisions
only occur for a sufficiently low baryon loading. We express this as σ0 > σ0,π , where we
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use eqs. (5.37) to estimate that
σ0,π ' 38 ×

2/15
L52

(Ω)2/15
3

2
1 + ξ0

!2/15
.

(5.45)

We find that eq. (5.45) is consistent with the critical value for σ0 obtained from numerical
results on the proton and neutron dynamics (using the numerical model described in
section 5.2). This value of σ0,π corresponds to a critical baryon loading for inelastic
np collisions ηπ = σ3/2
0,π ∼ 230 which is much lower than the critical value required in
fireballs. Inelastic np collisions thus take place for a larger range of the parameter space
in the reconnection model with respect to the fireball.
The strength of any neutrino and gamma-ray emission that is a result of the decay
of the products (mainly pions) of these collisions depends critically on the optical depth
to inelastic np scattering. The calculation of this optical depth is the topic of the next
section.

5.3.2

Optical depth

The optical depth dτ for a neutron with velocity cβn to scatter inelastically with a population of protons with velocity cβp and proper density n0p within r . . . r + dr is given by
(see, e.g., Landau & Lifshitz 1971)
!
!
σinel n0p
βp − βn
1
dτ = σinel Γp n0p
dr '
χ−
dr ,
(5.46)
βn
2Γn
χ
where we assume in the last approximation that Γp  1 and Γn  1 and that the collisions are tail-on.
At low center-of-mass energies the elastic and inelastic np cross sections are energy
dependent. We find that for χπ ≤ χ . 10 (which is the range of interest here) the elastic
cross section is well described with σel (χ) = 0.75σ̄/ ln χ, where σ̄ ≡ 4 × 10−26 cm2 .
A comparison between this approximation and experimental data on the elastic cross
section taken from Yao et al. (2006) is presented in appendix 5.A. In the following, we
express the inelastic np cross section as
!
0.75
σinel (χ > χπ ) = σ̄ 1 −
.
(5.47)
ln χ
We note here that the energy dependence of the np inelastic cross section has an
important effect on the optical depth. If one assumes a constant inelastic cross section
σinel = 3 × 10−26 cm2 (as is often done in the literature) the optical depths are larger by
a factor ∼4 for both the fireball model and the reconnection model. Hence, the more
realistic cross section adopted in this work leads to substantially lower estimates for the
number of created particles.
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We consider, in general, the situation that neutrons coast with a constant Lorentz
factor Γn while protons are accelerated up to infinity with a Lorentz factor Γp ∝ r p .
Keeping p as a free parameter, we integrate eq. (5.46) through the flow to find that
!
Z ∞

0.75  −1
τ(p) =
dχ 1 −
χ − χ−3 χ−1/p ,
(5.48)
ln χ
χπ
where eq. (5.38) was used to eliminate all parameters but p. We thus find that the
optical depth for inelastic np scattering is independent of any model parameters but the
dynamical power-law index p. This result is valid for all outflows that are characterized
by Γp ∝ r p and Γn = const, provided that rs  rπ . When rs & rπ , such as in the fireball
model, it represents an upper limit.
For fireballs (p = 1) we find from eq. (5.48) that τFB < 0.2, which is an upper limit
because the flow saturates close to the decoupling radius. The situation is complicated
by the fact that saturation of the fireball can be due to energy requirements or due to
crossing of the photosphere. The numerical results presented in section 5.2.4 indicate
that both effects cause the flow to accelerate considerably more slowly than the scaling
approximation Γp ∝ r near the pion creation radius rπ . This pushes the pion creation
radius outward and decreases the optical depth for inelastic np scattering. We compute
the optical depth numerically by a straightforward numerical integration of eq. (5.46)
using the values of Γp (r) and Γn (r) obtained with the numerical model2 discussed in
section 5.2. We find that for the parameter space 3.5ηπ < η < 5000, 0.01 < L52 < 10,
0.3 < ξ < 10, and 1 < r0,7 < 100 the optical depth is approximated to within ∼25% by
!
2ηπ
τFB ' 0.11 1 −
.
(5.49)
η
In the (rather favorable for frequent inelastic scatterings) case where η = 5000 and
ξ = 5, the optical depth is τFB ' 0.1. For lower values of the baryon-loading parameter (η/ηπ < 3.5) the optical depth is smaller than the value given in eq. (5.49). A
representative value for a fireball with η a few times the critical value ηπ is τFB ' 0.05.
For the reconnection model the saturation radius rs is typically much larger than rπ .
We can therefore estimate the optical depth τAC for an inelastic np interaction assuming
that the protons are accelerated to infinity. (In principle this overestimates the interaction
probability, but the difference is very small because the interaction probability decreases
rapidly with r.) Inserting p = 1/3 in eq. (5.48), we find that τAC ' 8 × 10−3 . This value
is consistent with numerical results for flows with ξ0 ∼ 1. For reference values of the
parameters L52 = ξ0 = σ0,2 = (Ω)3 = 1, we find also numerically that τAC = 8 × 10−3 .
For high values of ξ0 (neutron-rich flows), the extra acceleration of the flow after neutron
2 In the numerical analysis, we use a more accurate but also more elaborate approximation (see appendix 5.A)
for the cross section than the one given in eq. (5.47), which results in lower optical depths. Because dynamical
effects, discussed in the text, have a larger influence on the optical depth we use expression (5.47) for simplicity
to derive an analytical estimate.
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decoupling (discussed in section 5.2.4) increases the optical depth by a factor few. We
find that for the parameter space 1.5 < σ0 /σ0,π < 10, 0.01 < L52 < 100, 0.3 < ξ0 < 10,
and 0.01 < (Ω)3 < 10 the optical depth is approximated to within ∼25% by
τAC ' 0.01 ξ01/2 .

(5.50)

In particular, the optical depth increases to τAC ' 0.03 for very neutron-rich flows
(ξ0 ' 10). For 1 < σ0 /σ0,π < 1.5 pion creation is marginally possible and the optical
depth is smaller than the value obtained by eq. (5.50). For very pure flows (σ0 /σ0,π & 10)
neutrons decouple very early (before power-law acceleration Γ ∝ r p is reached), which
results in an optical depth smaller by a factor ∼2 than the estimate given in eq. (5.50).
The obtained optical depth for inelastic np collisions is the first step in calculating the
fluences of secondary pions and their decay products. The calculation of the fluences and
energies of stable decay products requires a model for the average number and average
energy of neutrinos and gamma rays created by np interactions. In the following sections
we consider in detail the production of pions and the subsequent decay into neutrinos and
gamma rays.

5.3.3

Pion production

For the collisions studied in this work, the typical incident energy of the proton measured in the rest frame of the neutron is p0p ∼ 1 GeV/c. In this regime experimental
data on pion creation in np collisions is scarce and there is no unambiguous theoretical
framework. The available data (in particular, Prokoshin & Tiapkin 1957, Kleinschmidt
et al. 1980, Daum et al. 2002; see also electronic data files available at the PPDS website
http://wwwppds.ihep.su:8001/) show a rapid rise in the single-pion cross sections
just above threshold, and indicate that two-pion exclusive production cross sections are
comparable to one-pion exclusive cross sections for incident proton energies (as observed in the neutron rest frame K 0 ) p0p ∼ 2 GeV/c. Furthermore, the ratio of π0 : π±
depends on energy; the ratio π− : π+ is 1 : 1 under the assumption of nuclear isospin
symmetry.
Based on the available data for incident proton energies p0p ∼ 1 GeV/c we model
the energy distribution and average number of pions resulting from a np collisions as
follows. We estimate the ratio of created pions as π0 : π+ : π− = 2 : 1 : 1. Hence
the average number of neutrinos3 and gamma rays resulting from a single inelastic np
collision is:
Nγ = 1.0 ; Nνµ = 1.0 ; Nνe = 0.5 .
(5.51)
Experimental data indicate that, for incident proton energies p0p = 1.14 GeV/c, the distribution of kinetic energy T ≡ E − mπ c2 for π+ mesons peaks around 0.6 T max , where
3 Here and in the following ν denotes both muon-neutrinos and -antineutrinos (and similar for electronµ
neutrinos).
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T max is the maximum kinetic energy that can be carried by the pion (Kleinschmidt et al.
1980). For π0 mesons in the center-of-mass (COM) frame this ratio is almost unity below
p0p < 1.06 GeV/c and decreases to T peak = 0.5 T max at p0p = 1.29 GeV/c (Prokoshin &
Tiapkin 1957). Here we assume a constant fraction of 0.6 for all pion species and take
the average pion energy for a single np collision in the COM frame K 00 equal to the peak
energy:
00
00
π00 = π,peak
= 0.6π,max
+ 0.4mπ c2 ,
(5.52)
where the maximum pion energy is equal to
00
=
π,max

s − 4m2 c4 + m2π c4
,
√
2 s

(5.53)

√
and eq. (5.40) relates the center-of-mass energy s to χ. In these equations, the parameter χ provides the only reference to where the collision has occurred in the developing
flow.
When the angular distribution of pions in the COM frame is known, one can derive
the full particle distribution of the decay products and transform this to the observer
frame in order to find the secondary energy as observed on earth. However, there is
to our knowledge no accurate parameterization of the angular distribution of secondary
pions created in np collisions. In the absence of such a parameterization we estimate
the average observed energy of neutrinos by boosting to the observer frame from an
intermediate frame in which the secondary particles are assumed to be isotropic.4
Pions are created approximately isotropically in the COM frame of the np collision.
When neither pions nor their decay products are affected by the flow, as is the case
for neutrino production in the fireball model, the distribution of the daughter particles
can be taken to be isotropic in the COM frame. In the AC model however, the strong
magnetic field deflects the charged pions significantly since the pion gyration period is
much shorter than the pion decay time. We assume that in this case the pions will be
distributed isotropically in the frame comoving with the proton fluid. (Any randomized
component of the magnetic field will further contribute to isotropization in this frame).
Furthermore, in both the fireball model and the AC model gamma rays from neutral pion
decay will interact with the soft photon field of the flow, resulting in the emission of
lower-energy photons. In the following sections these issues are discussed and estimates
are presented for typical neutrino and gamma-ray energies.
The decay of a charged pion also yields one ∼35 MeV electron or positron. These
contribute to the gamma-ray emission which is discussed in section 5.3.5.
4 We note that, in the literature, there are various choices regarding the frame (e.g. the neutron rest frame or
the proton rest frame) in which the energy distribution of gamma rays and neutrinos is computed before applying
the final boost to the observer frame. Any intermediate frame leads to the same results in the observer frame
provided that the angular structure of the particle distributions is taken into account. If an isotropic distribution
is assumed, the choice of intermediate frame is important and depends on the physics.
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Observed neutrino energy

In the fireball model pions do not interact significantly with the flow so that neutrinos
from charged pion decay can be taken to be distributed isotropically in the COM frame
K 00 of the np collision. For a given value of χ, the average energy of the produced
neutrinos in this frame is then
 00  0
ν00 = π 2ν ,
(5.54)
mπ c
where ν0 ' 35 MeV denotes the average neutrino energy in the rest frame of the decaying
pion. The average observed energyphν i is obtained by boosting to the observer frame
with Lorentz boost factor ΓCOM = Γp Γn (appendix 5.B contains a summary of frames
and Lorentz factors used in this work):
D

E ΓCOM π00 ν0 Γnp χ1/2 π00 ν0
νFB =
'
,
1 + z mπ c 2
1 + z mπ c 2

(5.55)

where z is the redshift of the source. In the last equality, we approximate the proton and
neutron dynamics by eqs. (5.37).
For fireballs the flow saturates close to the pion creation radius and the bulk of the
collisions occur when χ is equal to the saturation value χs . For flows with large η & 700,
where saturation is reached due to crossing of the photosphere, the terminal Lorentz
factor of the flow equals Γp,s = η̂rad (see eq. (5.29)). In this case, the critical value χs can
be estimated using the scaling law expressed in eqs. (5.37):
!1/3
−1/12 −1/12 1/3 1 + ξ
χs ' 4.0 × L52 r0,7 η3
.
(5.56)
2
For lower values of η, the saturation value χs is smaller and reduces to the threshold
values χs = χπ ≡ 2.15 when η = ηπ . Adopting the value χ = χs ' 4 we find from eqs.
(5.37), (5.52) and (5.55) that the neutrino energy in the observer frame can be expressed
as
α Γnp ν0
,
(5.57)
hν i =
1+z
where αFB ' 4.5 accounts for the non-zero kinetic energy of pions when they are created
and for the fact that the particle distribution is not isotropic in the neutron rest frame.
Using the same parameter range as in section 5.3.2 we find from a numerical analysis
that αFB should be slightly higher than this estimate and we will adopt αFB ' 6 in the
following.
In the AC model the situation is more complex because charged pions interact with
the flow before decay and because pions are created at various radii in the flow. Since
the pion gyration time is much shorter than both the synchrotron cooling time and their
lifetime, pions will isotropize in the frame K 0 comoving with the proton fluid without significant energy loss. In this frame, the secondary pions are injected with energy
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√
hπ0 i = Γ00p hπ00 i, where Γ00p = s/(2mc2 ) is the Lorentz factor of the incident proton as observed in the COM frame. The observed neutrino energy is then given by the following
expression:


D E Γp Γ00p π00 ν0 Γnp χ1/2 + χ3/2 π00 ν0
AC
ν =
'
,
(5.58)
1 + z mπ c 2
2(1 + z)
mπ c 2
where we approximate the proton and neutron dynamics by eqs. (5.37) in the last equality. Note that the interaction with the flow results in a substantial increase in the observed
energy of the secondary particles.
For flows described by the AC model np collisions occur at various radii with different collision energies and different values for the Lorentz boost factor Γ. Therefore,
we should average the observed energy given in eq. (5.58) over the developing outflow.
We express the probability for an interaction to occur while χ is in the range χ . . . χ + dχ
as τ(χ)dχ. Since the scaling approximations (5.37) describe the flow around decoupling
quite well in the AC model, we use equation (5.48) to estimate that
!

0.75  −4
dτ
τ(χ) ≡
= 1−
χ − χ−6 .
(5.59)
dχ
ln χ
Averaging eq. (5.58) over this distribution we find that the observed neutrino energy can
be expressed as in eq. (5.57) with αAC ' 20. This is in good agreement with numerical
results in the same parameter range as in section 5.3.2.

5.3.5

Reprocessing of gamma rays: pair cascades versus synchrotron
cooling

While the flow is optically thin with respect to the emitted neutrinos resulting from
charged pion decay, this is not the case for the gamma-ray photons that are produced
by neutral pion decay. In the proton rest frame, the gamma rays are injected with average energy (for a given value of χ)
hγ0 i =

Γ00p π00 γ0
mπ c 2

,

(5.60)

where γ0 = 70 MeV. Integrating over the developing flow as in the previous section,
we express hγ0 i ' βγ0 and estimate analytically that β ' 3 for both the fireball and the
AC model. This is consistent with numerical results. Hence gamma rays have a typical
energy ' 70β ∼ 200 MeV in the proton rest frame and are ejected at radii r & rπ ; not far
from the Thomson photosphere of the flow.
At these radii both fireballs and reconnection flows carry a soft photon field with characteristic comoving energy in the ∼1 keV range (see Derishev et al. 1999b and Giannios
2006 for the fireball and reconnection model, respectively). Because of this intense soft
photon field the flow is very optically thick with respect to these ∼200 MeV photons,
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which are scattered and create pairs. In addition to the pairs that come from neutral pion
decay, one energetic electron (or positron) is injected in the flow for every charged pion
decay. We have included this contribution in the calculations that follow.
In the fireball model the dominant cooling mechanism of the electron-positron pair
is inverse Compton scattering. The upscattered soft photons create more pairs resulting
in pair cascades. In the reconnection model the flow is dominated by Poynting flux and
the energy density of the magnetic field is much higher than the radiation energy density
(see also eq. (10) in Giannios 2006). As a result, the first generation of produced pairs
cool down mainly through synchrotron emission. We discuss the outcome of the gamma
ray injection separately for the two models.
Pair cascades in fireball

Photons in the fireball are upscattered by pairs and absorbed by soft photons during
the pair cascade. In the case of a saturated cascade, where all upscattered photons are
absorbed, about ∼10% of the energy of the gamma rays can be converted into rest mass of
the pairs (Svensson 1987). More realistically the cascade is expected to be unsaturated,
converting a few times less energy into rest mass of pairs (Derishev et al. 1999b, Belyanin
et al. 2003).
The result of these pair cascades is twofold. Each injected gamma-ray photon is
reprocessed to multiple softer photons and the flow is loaded with pairs that contribute
to its opacity. Although the saturation point of the cascade depends on the shape of
the soft photon spectrum, we roughly estimate that photons with energies  0 ∼ 3 MeV
in the proton rest frame are able to escape (Belyanin et al. 2003). The overall emitted
spectrum will be broad and most energy is emitted with observer energies in the range
 ∼ Γp,s ( 0 ...10 0 )/(1 + z) ∼ (2...20)/(1 + z) GeV. The strength of this component and its
detection prospects are discussed in the next section.
To estimate the importance of pair loading in the flow, one should compare the number of produced pairs with the number of electrons (or, equivalently, protons) pre-existing
in the flow. The flow has ξ0 neutrons per proton out of which a fraction τ scatters inelastically. This results in ξ0 τ inelastic scatterings per proton. Every scattering results on
average in ∼1 gamma-ray photon (see eq. (5.51)) with a typical energy 70β MeV in the
proton rest frame. A fraction f ∼ 3% of this energy is used in rest mass of pairs which
results in ∼ 70β f pairs per gamma ray.
By setting ξ0 = 1 and using the values of β and τ relevant for the reference values
of the parameters for a fireball (see section 5.3.2 and the beginning of this section), one
finds that the pair cascades result in ∼0.15 pairs per proton. For the neutron-dominated
case where ξ0 = 5 we find significantly more pair loading, viz. ∼2 pairs per proton. Note
that we find significantly less pair loading of the flow because of pion decay compared
to previous works. The main source for this discrepancy comes from the fact that, as
we have shown in section 5.3.2, the optical depth for inelastic np scattering is about one
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order of magnitude smaller than the value ∼1 that is typically assumed in these studies.
Most of these pairs are produced at large radii – and low densities – so that they do
not annihilate but stay in the flow. For ξ0 . 1, the contribution to the opacity from pair
loading is at most moderate. On the other hand, for ξ0  1 the number of produced
pairs exceeds that of the pre-existing electrons. A fraction of those are produced below
the Thomson photosphere and its location is pushed to larger radii. This can have some
backreaction on the dynamics of fireballs that can be accelerated to slightly higher bulk
Lorentz factors than those calculated in section 5.2.4, where this effect is neglected.
Synchrotron cooling in the magnetized flow

We now turn our attention to the reconnection model. The typical energy of the electronpositron pair produced by scattering of a gamma ray (resulting from neutral pion decay)
with a soft photon is ∼120 MeV which corresponds to a random electron Lorentz factor
γe ' 200 − 300.q The produced pair finds itself in a strongly magnetized flow with

comoving B0 ' L/(cr2 Γ2p ) ∼ 106 G for typical values of the parameters and for the
radii where most of the pion creation takes place.
Under these conditions, the synchrotron cooling timescale of the pair ts0 ∼ 10−6 sec
is much shorter than the Compton cooling timescale. The lack of pair cascades leads
to negligible pair loading of the flow. The peak of the synchrotron emission is located
at s0 = e~B0 γe2 /(me c) ∼0.2...2 keV in the proton rest frame. At the radii where most of
the pion production takes place, the bulk proton Lorentz factor is Γp ∼ 400 − 500 which
results in observer synchrotron peak in the sub-MeV energy range. Keeping the rest
of the parameters fixed to their reference values, we find that the synchrotron emission
peaks at observer energy s ' 120 keV for ξ0 = 1 and at s ' 600 keV for ξ0 = 5.
The spectrum is characteristic of fast (synchrotron) cooling particles with an exponential
cutoff above the peak and a low-energy spectral slope of −1/2. The strength of this
component and its detection prospects are given in the next section.

5.4

Detection prospects

Using the results obtained in the previous section on the number and energy of secondary
neutrinos and gamma rays created in inelastic np interactions, we discuss the detection
prospects here.

5.4.1 Neutrinos
We express the neutrino fluence as observed on earth as
Φν =

Nn Nν Pnp
,
4πD2p

(5.61)
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where Nν is the average number of neutrinos created per inelastic np interaction (we add
the contribution of muon- and electron-(anti)neutrinos given in eq. (5.51) here), Pnp is
the inelastic np interaction probability, D p is the proper distance, and
!
ξ0
E
2ξ0
52
Nn =
= 3.3 × 10
E53 η−1
(5.62)
3
1 + ξ0 ηmc2
1 + ξ0
denotes the number of neutrons contained in the outflow. In the last equation, E denotes
the total isotropic equivalent energy of the burst. Since Pnp  1 we express Pnp ' τ,
where τ denotes the optical depth for inelastic np collisions.
We consider the optimistic case of a nearby energetic burst at redshift z = 0.1. Assuming a universe that consists of matter and a cosmological constant, the proper distance D p is given by the following expression:
Z z
c
dz0
Dp =
,
(5.63)
p
H0 0
ΩΛ,0 + Ωm,0 (1 + z0 )3
where ΩΛ,0 and Ωm,0 denotes the current density parameters of the cosmological constant
and matter, respectively, and H0 is the Hubble parameter. Using the currently favored
values ΩΛ,0 = 0.76, Ωm,0 = 0.24, and H0 = 73 km s−1 Mpc−1 (Yao et al. 2006) we find
a proper distance D p = 1.2 × 1027 cm. Inserting this in eq. (5.61) we find the following
neutrino particle fluences for the two models:
 τ  2ξ !
0
FB
−4
−2
Φν ' 10
E53 η−1
(5.64)
3 cm ;
0.05 1 + ξ0
ΦAC
ν

' 2 × 10

−5

 τ  2ξ !
0
−2
E53 σ−3/2
0,2 cm .
0.01 1 + ξ0

(5.65)

As discussed in section 5.3.2, a typical value for the inelastic np optical depth in the
fireball model is τFB = 0.05 and for the reconnection model τAC = 0.01. The dependence
on the model parameters, as obtained from a numerical analysis, is expressed in eqs.
(5.49) and (5.50).
From eq. (5.57), the average neutrino energy as observed on earth is equal to
hν i =

α Γnp ν0
,
1+z

(5.66)

where α is a numerical factor that accounts for the non-zero kinetic energy of pions when
they are created and for the fact that the particle distribution is not isotropic in the neutron
rest frame while we boost with Γnp to the observer frame. Based on the results found in
section 5.3.4, we take αFB = 6 and αAC = 20 for the fireball model and the AC model,
respectively. Using eqs. (5.26) and (5.35) for the Lorentz factors at decoupling we find
that hνFB i ' 50 GeV and hνAC i ' 70 GeV for reference values of the parameters and a
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burst at redshift z = 0.1. These values depend only mildly on the parameters through the
Lorentz factor at decoupling Γnp but the value of α may change by a factor ∼2 depending
on the burst parameters.
Following Bahcall & Mészáros (2000) we estimate the number of interactions Rν
in a large-volume neutrino detector due to the diffuse background as Rν = Φν Rb σν Nt ,
where Rb = 103 Rb,3 denotes the burst rate per year, σν = 5 × 10−39 (ν /1 GeV) cm2 is
the neutrino interaction cross section and Nt = 1039 Nt,39 is the number of target protons
in the detector. For reference values of the parameters and an average redshift z = 1
−1
−1
we find that RFB
and RAC
for the fireball model and the AC
ν ' 0.3 year
ν ' 0.07 year
model, respectively. Note that, for comparison with the literature, this estimate relies on
the rather optimistic reference value of 1000 bursts per year leading to neutrinos through
inelastic np collisions.
The predicted diffuse neutrino detection rate for the fireball model is a factor ∼5
smaller than the results found by Bahcall & Mészáros (2000). This is primarily due to
the more accurate cross sections used in this work and the distinction between np decoupling radius and pion creation radius. This distinction also implies that the condition
for inelastic np collisions to occur (as expressed in eq. (5.43)) is more stringent than
the condition presented by Bahcall & Mészáros (2000). Therefore, the fraction of GRBs
for which np decoupling occurs is expected to be much smaller and the reference value
Rb = 103 is not very realistic. For the reconnection model, we find that the expected
neutrino fluence is typically lower than those for the fireball model by a factor ∼5. This
results from the fact that the pion production radius is much larger than the np decoupling radius, which is a very robust feature of this model. The condition for inelastic np
collisions as expressed in eq. (5.45), on the other hand, is fulfilled in a large range of the
parameters of the model. It is therefore expected that np decoupling occurs in a large
fraction of GRBs for the reconnection model.

5.4.2

Gamma rays

Secondary gamma rays resulting from np collisions are reprocessed by the flow due to
interactions with the soft photon field (see section 5.3.5). This results in pair cascades
for fireballs and in electron synchrotron emission for AC outflows. The total energy (in
the frame of the progenitor) that is injected in the flow in the form of gamma rays is
equal to
Eγ =

Γp Γ00p Nn τ π00 γ0
mπ c 2

= γΓnp Nn γ0 ,

(5.67)

which defines the factor γ. We find that γ ' 0.5 for both the fireball model (for η ∼ few
ηπ ) and the AC model (for σ0 ∼ few σ0,π ). For reference values of the parameters this
implies that the fraction of the burst energy that is converted to gamma rays is roughly
5 × 10−3 for fireballs and roughly 2 × 10−3 for the AC model. We assume that the bulk
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Figure 5.5: Minimum value for the total isotropic burst energy Eiso for which the reprocessed
gamma-ray emission (in the fireball model) is above the GLAST threshold, as a function of redshift. In this figure we have taken ξ0 = r0,7 = η3 = 1, and we have taken the burst duration equal to
10 s.

of the energy given in eq. (5.67) leaves the source after reprocessing, albeit in photons
of lower energies.
In section 5.3.5 we estimated that the gamma-ray emission from pair cascades in the
fireball model is in the range 2 − 20 GeV in the frame of the progenitor. From this we
estimate the gamma-ray number fluence Φγ from a source at proper distance D p as
Φγ =

Eγ
,
4πD2p γcasc

(5.68)

where γcasc ' 10 GeV is the average gamma-ray energy emitted by the pair cascades.
For an energetic burst at z = 0.1 the number fluence is Φγ ' 10−3 cm−2 which can
be detected with the upcoming GLAST satellite that has an effective area ∼104 cm2
at these energies (Gehrels & Michelson 1999). In fact, we find that this emission is
detectable for a fairly large range of parameters. In figure 5.5 we indicate, as a function
of redshift, the minimum total isotropic burst energy for which the gamma-ray emission
by this mechanism is detectable with GLAST. In producing this figure we have chosen
reference values for the relevant model parameters and assumed a burst duration of 10 s.
The isotropic equivalent energy carried by the prompt emission at ∼MeV energies of
a typical GRB is in the range 1052 – 1054 erg. This is only a lower limit for the isotropic
equivalent energy of the ultrarelativistic flow which may well be a factor ∼10 larger than
the energy carried by the prompt emission, depending on the unknown efficiency of the
mechanism that generates the prompt emission. Therefore the minimum energy shown
in figure 5.5 is not very restrictive and we expect that this emission is detectable for a
fairly large fraction of GRBs in which protons and neutrons decouple. This conclusion
also holds for high redshifts where the volume for GRBs to occur is largest.
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Apart from the collisions between bulk protons and neutrons considered in this work,
pions can also be created by nuclear collisions as a result of internal shocks in the subphotospheric region of the flow (Mészáros & Rees 2000). This mechanism can inject
gamma rays in the flow in a different region of the GRB parameter space.
In the AC model the energy is radiated as synchrotron emission with energy of a few
hundred keV in the observer frame (see section 5.3.5). The corresponding energy fluence
∼10−5 erg cm−2 is lower than the expected prompt emission for a burst at z = 0.1 with the
reference values adopted here and for a typical prompt emission radiative efficiency &0.1.
This makes it very hard to disentangle this gamma-ray signal from the prompt emission.
Of course this conclusion holds as long as the energy of the reprocessed gamma rays
is much less than the energy of the prompt emission and the radiative efficiency for the
prompt emission is larger than the energy fraction ∼2 × 10−3 transferred to gamma rays
by np collisions in the AC model. On the other hand, even though this synchrotron
component is in general weak, it may have a substantial contribution to the prompt Xray emission since its flux increases with decreasing energy as fν ∼ ν−1/2 (i.e., following
the characteristic slope of fast-cooling synchrotron emission).

5.5

Conclusions

In this work we have found that gamma-ray emission resulting from inelastic collisions
between differentially streaming neutrons and protons and reprocessed by the flow may
be a useful diagnostic of the nature of GRB outflows. Provided that the baryon loading of
the flow is sufficiently small, a few per mille of the burst energy is reinjected in the flow
through np collisions in both the fireball model and in the AC model, which was used in
this work as a specific model for GRB flows that are powered by magnetic reconnection.
In the fireball model, the injection of these gamma rays in the outflow leads to pair
cascades and subsequently to the emission of gamma rays with observer energy in the
range of 2 - 20 GeV /(1 + z). In figure 5.5, we show the minimum total isotropic burst
energy, as a function of redshift, for which this emission can be detected by GLAST. The
constraint on the energy is not very restrictive and hence this gamma-ray emission should
be detectable for a fairly large fraction of the GRBs in which np decoupling occurs. In
the AC model, synchrotron energy loss prevents pair cascading and the energy is radiated
away at much lower observer energies of a few hundred keV. This component is expected
to be dominated by the prompt gamma-ray emission.
The neutrino particle fluence from π± decay created in inelastic np collisions in the
fireball model is found to be an order of magnitude smaller than previous estimates.
This is due to the more accurate cross sections for elastic and inelastic np scattering used
in this work and the distinction between np decoupling radius and the pion production
radius. The neutrino fluence in the AC model is smaller by another factor ∼5 due to the
very gradual acceleration of the flow, which is a very robust feature of the model. The
energy of neutrinos from np interactions in GRB outflows as observed on earth is in the
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range 50-70 GeV for reference values of the parameters, which is somewhat higher than
previous estimates. We find that the observed neutrino energy in the AC model is higher
than in the fireball model because the strong magnetic field causes the charged pions to
isotropize in the proton rest frame rather than in the collision COM frame. Unfortunately
the neutrino emission in both models is so low that it is very difficult to use its properties
to constrain the physics of GRB outflows.
In both the fireball model and the AC model we find that inelastic np collisions
occur only if the baryon loading is sufficiently low (see section 5.3.1). For the fireball
model, this condition is quite restrictive and we expect that inelastic np collisions are
only possible for exceptional bursts. On the other hand, inelastic collisions occur for a
large range of the parameters in the reconnection model.
The above results rely on a proper understanding of the dynamics of the flow. We
have discussed the effect of neutrons on the dynamics of the flow in section 5.2 (some
numerical results are presented in Figs. 5.1-5.4). We present a numerical model which
includes the acceleration of the protons due to energy conversion in the flow, coupling
of neutrons to protons by nuclear scattering (and the dynamical decoupling of neutrons
and protons) and neutron decay. To a first approximation the dynamics of protons and
neutrons can be described by the analytical model given in eqs. (5.37). This model provides a useful estimate for the np inelastic optical depth (section 5.3.2) and the energies
of neutrinos (section 5.3.4) and gamma rays (section 5.3.5). These estimates are generally in good agreement with results obtained from the numerical model described in
section 5.2 (some differences are discussed in the main text). The analytical estimates
can be extended in a straightforward manner to any flow with Γp ∝ r p and Γn = const.
From an observational point of view, the most promising conclusion of this work is
that gamma-ray emission resulting from np interactions may provide a signature of the
nature of the flow (section 5.3.5). The difference in energy of the reprocessed gammaray emission between the fireball model and the AC model results essentially from the
difference in the ratio of magnetic energy density to radiation energy density. Therefore
the energy of this emission appears to be a robust probe for the physics of GRB outflows.
In this work we have estimated the gamma-ray energy and fluence for reference values
of the burst parameters. A more detailed analysis is necessary to study the spectral
properties of the emission and compare it with other emission mechanisms over a broad
range of parameters.
It was pointed out recently that a substantial neutron component in GRB flows may
affect the properties of GRB afterglows (Beloborodov 2003a). This provides a way of
constraining the physics of GRB outflows from afterglow observations. The numerical
model discussed in this work can be used to study this possibility in more detail. Another
interesting question is whether inhomogeneities in the flow can cause significant particle
production through np collision in the AC model (for fireballs, this was discussed by
Mészáros & Rees (2000)). These issues are left for future work.
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Figure 5.6: Experimental data and approximations of the total, elastic and inelastic np cross sections. The thin lines show the approximations used for the analytical model; the thick lines show
those used in the numerical computation.

5.A

Cross section approximations

In this work we use the following approximations for the total and elastic np cross sections:




σ̄
 ;
σtot = max 
,
σ̄
(5.69)
3
0.19βrel + 5.2βrel
σel (χ ≥ χπ ) =

0.75σ̄
,
ln χ

(5.70)

where σ̄ ≡ 4×10−26 cm2 and χ ≡ Γp /Γn . At energies below the pion production threshold
(χ < χπ ) the elastic cross section σel = σtot . Hence the inelastic cross section above the
pion production threshold can be approximated with:
σinel (χ ≥ χπ ) = σtot − σel = σ̄ 1 −

!
0.75
.
ln χ

(5.71)

In these equations, βrel and χ are related to the incident proton momentum in the neutron
rest frame p0p as follows:
p0p
βrel ≡ q
;
(5.72)
p0p 2 + m2 c2
p0p
Γp
=
+
χ≡
Γn mc

s

p0p 2
+ 1.
m2 c 2

(5.73)
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The approximations given in eqs. (5.69), (5.70) and (5.71) are shown in figure 5.6,
together with experimental data (Yao et al. 2006) and the approximation that was used
to describe the inelastic cross section in the numerical analysis.

5.B

Frames and Lorentz factors

The Lorentz factor of protons and neutrons in the observer frame K are denoted with
Γp and Γn , respectively, and we assume that both Γp  1 and Γn  1. In the observer
frame, the COM frame K 00 of the np collision is moving with Lorentz factor
q
ΓCOM = Γp Γn .
(5.74)
In the COM frame, protons and neutrons are moving in opposite directions with Lorentz
factors
!1/2
!1/2
√
s
1 Γn
1 Γp
Γ00p = Γ00n =
=
+
,
(5.75)
2 Γp
2mc2 2 Γn
where we take the proton and neutron masses equal to m. In the main text we use K 0 to
denote the rest frame of either the proton or the neutron. If K 0 denotes the proton rest
frame, Γ0p = 1 by definition and
Γ0n

!

1 Γp Γn
=
+
= 2 Γ00n 2 − 1 .
2 Γn Γp

(5.76)

6
Parameterization of the energy and angular
distributions of secondary pions and kaons
produced in energetic proton – proton collisions
Koers, H. B. J., Pe’er, A., & Wijers, R. A. M. J.
2006, hep-ph/0611219

6.1

Introduction

The possibility of proton acceleration to very high energies in astrophysical sources may
provide unique observational opportunities. The interaction of energetic protons with
photons or nucleons results in copious production of secondary mesons decaying into
high-energy gamma rays and neutrinos that can be observed with current and future
detectors. The recently observed TeV gamma-ray emission from supernova remnant
RX J1713.7-3946 (Aharonian et al. 2006) has been attributed to this mechanism (Butt
et al. 2001), although such an origin is still under debate (Reimer et al. 2002). TeV
gamma rays have been reported in coincidence with gamma-ray burst (GRB) 970417a
(Atkins et al. 2000; 2003) but also in this case it is not established whether the origin is
hadronic (Pe’er & Waxman 2005; Erratum-ibid. 638:1187, 2006).
The existence of astrophysical proton accelerators is indicated by observations of
high-energy cosmic rays (CRs). There is evidence for a substantial proton component
above the ‘knee’ at ∼4 × 106 GeV in the cosmic-ray spectrum (see e.g. Bhattacharjee &
Sigl (2000) for a review). Observations of extensive air showers due to CRs with energies
up to ∼1011 GeV are consistent with nucleon primaries, although other primaries are also
possible (e.g., Halzen et al. (1995)).
Various astrophysical systems have been suggested as CR sources. Galactic supernova remnants are the leading candidate for the generation of CRs with energies up to
∼108 GeV (e.g., Biermann et al. 1995). Several extragalactic sources have been consid-
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ered as possible sources of higher energy CRs, such as active galactic nuclei (Berezinsky
et al. 2002; see however Norman et al. 1995), hot spots of Fanaroff-Riley class II radio galaxies (Rachen & Biermann 1993, Norman et al. 1995), pulsars (Venkatesan et al.
1997) and GRBs (Vietri 1995, Waxman 1995).
A population of high-energy protons in these sources would carry a rich phenomenology. In GRBs for example, the interaction of accelerated protons with GRB photons
leads to ∼ 105 GeV neutrinos (Waxman & Bahcall 1997) and to ∼102 − 103 GeV gamma
rays (Bottcher & Dermer 1998, Pe’er & Waxman 2005; Erratum-ibid. 638:1187, 2006).
High-energy proton interactions may play an important role in the interaction of a developing GRB with its environment, e.g. when the fireball has not yet emerged from
the stellar surface (Mészáros & Waxman 2001, Razzaque et al. 2003b) or when energetic GRB protons collide with cold protons in the GRB surroundings (Granot & Guetta
2003, Razzaque et al. 2003a; 2004a).
Detailed parameterizations of the distributions of secondary particles created in proton – proton (pp) collisions are essential in the study of particle production in astrophysical proton accelerators. Parameterizations of the energy spectra were recently presented
by Kamae et al. (2006) and by Kelner et al. (2006). However, the parameterizations
presented by these authors do not include the angular distributions of the secondary particles. These angular distributions may have an important influence on observational
quantities in a non-isotropic environment. Furthermore, in the absence of these distributions, the parameterizations can only be applied to the scattering geometry for which
they were derived, viz. with a target proton at rest.
Parameterizations of the complete particle distributions represent an important generalization because they contain all the correlations between the energy and the angle
of outgoing particles. Furthermore they provide, through Lorentz transformations, secondary particle distributions and energy spectra for a collision of two protons with arbitrary energies and an arbitrary collision angle. Such a parameterization can therefore be
applied to any scattering geometry. This is of particular interest in astrophysical sources
where a significant fraction of the protons may be accelerated.
A prime example of an astrophysical system where the energy and angular distributions of secondary particles created in pp collisions are expected to have an important
effect on observational signals is provided by choked GRBs, i.e. developing GRBs where
the jet is not energetic enough to traverse the pre-burst stellar environment. Mészáros &
Waxman (2001) have suggested that protons can be accelerated in internal shocks at
substellar radii in these choked bursts. These high-energy protons interact with the developing outflow and with the stellar environment. In particular, collisions of accelerated
protons with stellar protons (nuclei) results in secondary neutrinos. The flux and energy
spectrum of the corresponding neutrino signal on earth will in general depend on the
angle between the developing outflow and the line of sight. The energy and angular distributions of pions created in the pp interactions play an important role in this viewing
effect. Therefore a detailed modeling of secondary particle creation in pp interactions
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is required to determine the fraction of choked GRBs that may be observable by neutrino detectors and to establish what may be learned about (choked) GRBs from neutrino
observations.
Badhwar et al. (1977), Stephens & Badhwar (1981) and Blattnig et al. (2000) have
presented parameterizations of the complete distributions of charged and neutral pions
and charged kaons created in pp collisions. However, these parameterizations are valid
for incident proton energies E p . 2 × 103 GeV, which is much lower than the highest
proton energies ∼1011 GeV expected in accelerating astrophysical sources.
In this chapter we present parameterizations of the complete distributions of secondary particles produced in pp collisions based on Monte Carlo simulations. We consider a proton with energy 103 GeV < E p < 106 GeV that collides with a proton at rest,
√
which corresponds to center-of-mass energy 43 GeV < s < 1.4 × 103 GeV. Because
of the symmetry of this setup the distributions of secondary particle species are invariant
under rotations around the collision axis, which implies that they can be fully parameterized with two independent kinematical variables. Here we present parameterizations
of the energy and rapidity distributions of secondary pions and kaons. The parameterizations are based on Monte Carlo data in the simulated energy range, but they are suited
for extrapolation to higher energies.
The use of a Monte Carlo event generator is necessitated by the present incomplete
understanding of pp collisions. Hadron interactions have a complex phenomenology
due to the compositeness of the ingoing and outgoing particles, making it impossible to
compute the cross section or the resulting particle distribution from first principles. We
use the event generator PYTHIA (Sjöstrand et al. 2003) to generate Monte Carlo data.
PYTHIA is tested against experimental data and is widely used in particle physics. It is
capable of simulating various incident and target particles so that it is possible to extend this work to proton – neutron and proton – photon interactions with essentially the
same code. We stress that the use of a Monte Carlo event generator introduces a model
dependence on the results presented here. Nevertheless these results represent an important step in including the current understanding of proton interactions in astrophysical
models because they contain the first parameterizations of both the energy and angular distribution of pions and kaons created in energetic pp collisions that is based on a
realistic particle physics model.
We consider only secondary pions and kaons and not their stable decay products, viz.
electrons, neutrinos and gamma rays. This approach separates the physics in the pp collision from subsequent decay processes. Energy spectra and particle distributions of the
resulting stable daughter particles are readily found from our results (either analytically
or as part of a computer code) and the well-known decay spectra of pions and kaons (see
e.g. Halzen & Martin (1984) and Kelner et al. (2006)). We do not separately consider
short-lived mesons (such as η, ρ or ω) because their lifetime is much shorter than that of
charged kaons and pions. The decay products of these mesons, mostly pions and gamma
rays, are grouped together with the prompt secondaries. The restriction to the pp inter-
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action per se gives our results a broad applicability. For example, it has been pointed
out recently (Kashti & Waxman 2005, Asano & Nagataki 2006) that energy losses of
pions and kaons can leave an imprint on the energy spectra of the daughter particles in
GRB jets. A proper treatment of this effect requires knowledge of the pion and kaon
distributions.
This chapter is organized as follows: in section 6.2, we present experimental data on
the pp cross section and the charged multiplicity, i.e. the number of charged particles
created in a single inelastic collision. In section 6.3 we discuss the kinematics of the
simulated interaction and introduce the particle distribution with respect to energy and
rapidity. Details on the event simulation with PYTHIA and the fitting procedure are discussed in section 6.4. In section 6.5, we present a comparison between PYTHIA results
and experimental data and we present the parameterizations of the energy spectra and
particle distributions of secondary pions and kaons. Applications of these parameterizations are considered in section 6.6. We demonstrate through explicit examples how the
parameterizations can be used to study particle production in collisions of protons with
different energies and an arbitrary incident angle. We also present an example in which
we derive the gamma-ray energy spectrum resulting from π0 → γγ decay. In section 6.7,
we discuss the application of the parameterizations to incident protons with very high
energies. We discuss the results in section 6.8. Conclusions are presented in section 6.9.

6.2

Experimental data on the cross section and secondary
multiplicity in proton – proton interactions

In this section, we discuss experimental data on the cross section of pp interactions and
on the number of charged particles created in a pp interaction. The data presented in this
section are used in section 6.5 to validate our numerical method.

6.2.1

Cross section

Proton – proton interactions are usually separated into elastic scattering, in which no
particles are created; diffractive interactions, in which the energy transfer between the
protons is small; and inelastic non-diffractive interactions (also called ‘minimum-bias’
events) which contain both hard QCD processes, in which the energy transfer is large
enough for the constituent quarks and gluons to interact, and soft minimum-bias events.
The total pp cross section σtot can be expanded in terms of these processes as
σtot = σnd + σsd + σdd + σel ,

(6.1)

where σnd , σsd , σdd and σel are the cross sections for non-diffractive processes, single
diffraction (AB → XB or AB → AX), double diffraction (AB → XY), and elastic scattering (AB → AB) respectively. We do not explicitly separate diffractive and non-diffractive
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Figure 6.1: Comparison between the inelastic pp cross section calculated with PYTHIA (open
squares) and experimental data (disks). The solid line represents the fit given in eq. (6.3). Experimental data is taken from the PPDS (see footnote 1).

processes because we are mostly interested in astrophysical applications where it will be
impossible to distinguish between these components; see Kamae et al. (2006) for a separate treatment.
We are primarily interested in the inelastic pp cross section σinel = σnd + σsd + σdd
because all processes that create secondary particles are contained in this quantity. At
√
energies above the threshold energy Eth = 1.22 GeV and below s = 3 × 104 GeV, the
inelastic cross section for a proton with energy E p interacting with a target proton at rest
can be fitted with (Kelner et al. 2006):


2 
σfit
(E
)
=
33.24
−
3.624
log
E
+
1.325
log
E
p
p
p
inel

!4  2

Eth 
× 1 −
(6.2)
 mb ,
Ep 
where E p is measured in GeV. This formula is valid under the assumption that the ratio
of the inelastic cross section to the total cross section, which for energies in the range
√
43 GeV < s < 63 GeV is given by (Amaldi & Schubert 1980)
σtot = 1.21 σinel ,
(6.3)
√
does not change at higher energies 63 GeV < s < 3 × 104 GeV. The incident proton
√
energy E p in eq. (6.2) is related to the center-of-mass energy s as
Ep =

s
− m p c2 ,
2m p c2

(6.4)

where m p is the proton mass. In figure 6.1, we show the approximation given in eq.
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Figure 6.2: Comparison between the charged multiplicity calculated with PYTHIA (squares) and
experimental data (other symbols). Open symbols correspond to inelastic processes (inel), solid
symbols correspond to non-single-diffractive (NSD) processes. The solid line shows the approximation given in eq. (6.5).

(6.2) together with PYTHIA results (see section 6.5 below) and the available experimental
data.1 This shows the validity of approximation (6.2).

6.2.2

Secondary multiplicity

Bubble chamber and accelerator experiments have shown that the number of charged particles created in proton – (anti)proton collisions, i.e. the charged multiplicity, increases
as a function of the incident proton energy.2 We find that up to the highest energies cur√
rently accessible, s ≤ 1.8×103 GeV, the charged particle multiplicity in non-diffractive
pp interactions is well fitted with
2
3
Mfit
ch (s) = 0.89 + 1.24 log s + 0.34 log s + 0.077 log s .

(6.5)

This functional form is an extension of an approximation due to Matthiae (Matthiae
√
1983) (see also Collins & Martin (1984)) which is valid only up to s ≤ 540 GeV.
The last logarithmic term, which does not appear in the approximation by Matthiae, is
required in order to fit the multiplicity at both high and low energies. We present in figure
6.2 experimental data3 together with the approximation given in eq. (6.5) and PYTHIA
results (see section 6.5 below).
1 A compilation of experimental data on the inelastic pp cross section is available at the Particle Physics Data
System (PPDS) website http://wwwppds.ihep.su:8001/. In producing figure 6.1, we have not considered
experimental data that is marked with the warning comment ‘W’.
2 The charged particle multiplicity in pp and p p̄ interactions is virtually identical at ISR center-of-mass ener√
gies s = 53 GeV (Breakstone et al. (1984b); see also Collins & Martin (1984)).
3 The experimental data is taken from Ansorge et al. (1989), Alpgard et al. (1983), Benecke et al. (1974),
√
Biyajima et al. (2001), Breakstone et al. (1984a) and Morse et al. (1977). The data at s = 1.8 × 103 GeV is
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A logarithmic dependence Mch ∝ log s is commonly interpreted as due to an increase
in phase space because the range of allowed rapidities scales as log(s/m2 c4 ) (e.g., Collins
& Martin (1984)). A stronger increase in secondary multiplicity is then attributed to an
additional rise in the level of the observed central rapidity plateau, the origin of which is
not understood from first principles.
At high energies, data on the neutral particle multiplicity is scarce because of experimental difficulties. As a result, there is no fit to the neutral particle multiplicity that
√
extends to s & 50 GeV which is based on experimental data. A fit to the separate multiplicities of both charged and neutral pions and charged kaons created in pp collisions
√
for center-of-mass energies s < 53 GeV was presented by Antinucci et al. (1973).
The scarcity of experimental data on separate particle multiplicities at high energies
motivates the use of event generators such as PYTHIA. In section 6.5.1, we show that
PYTHIA correctly reproduces experimental results on the total charged multiplicity. In
section 6.5.2, we present a fit to PYTHIA results on charged and neutral pion and kaon
√
multiplicities in the energy range 43 GeV < s < 1.4 × 103 GeV.

6.3

Kinematics and secondary particle distribution

In this and the following sections, we consider an energetic proton that moves along the
z-axis and collides with a proton at rest, i.e. a fixed target. This scattering geometry is
referred to as the lab frame. We use pz to denote a longitudinal momentum, along the
z-axis, and pT to denote a transverse momentum.

6.3.1

Kinematics

Assuming that the secondary particle distribution is symmetric around the collision axis,
the phase space of the outgoing particles is fully parameterized with two independent
kinematical variables. Here, we choose the energy  and the rapidity y, which is defined
as
!
1
 + pz c
pz c
y = ln
⇔ tanh y =
.
(6.6)
2
 − pz c

For given particle energy , the rapidity cannot take any value. The mass-shell relation
implies that −y1 < y < y1 , where
  
y1 = arccosh
,
(6.7)
mc2
and m is the secondary (pion or kaon) mass. A second requirement follows from energy
conservation in the pp collision. If the energy of the secondary particle  > m p c2 , the
obtained by the E735 experiment (Lindsey et al. 1992), which does not cover the full particle phase space. We
use results from Biyajima et al. (2001), who have determined the charged particle multiplicity through a fit to
experimental data on the multiplicity distribution.
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rapidity is additionally bounded by y > y2 , where
!
2m p c2
1
y2 = arctanh 0 − 0
.
βp
βp

(6.8)

In this equation β0p is the proton velocity in the center-of-mass frame in units of c, which
we take to be equal to one for incident proton energies E p  m p c2 in the following
calculations. Note that eq. (6.7) can be applied in any frame, while eq. (6.8) only holds
in the lab frame.

6.3.2

Secondary particle distribution

We are interested in the particle distribution for one-pion and one-kaon inclusive processes,
pp → XY ,

(6.9)

where X denotes a single pion or a single kaon and Y may be any combination of particles with the appropriate quantum numbers. We denote by n(, y)ddy the number of
created particles of a given species with energy and rapidity in the range ( . . .  + d) ×
(y . . . y + dy):
n(, y) =

d2 N
1 d2 σ
=
,
ddy σinel ddy

(6.10)

where σinel = σnd + σsd + σdd is the inelastic pp cross section and σ is the inclusive
cross section to detect a particle of a given kind (assuming an ideal detector). This cross
section is equal to the weighted sum of n-particle exclusive cross sections σn (i.e., the
cross section to create exactly n particles)4 :
X
σ=
nσn = Mσinel ,
(6.11)
n

where M = M(s) is the multiplicity of the given particle species. The particle distribution n(, y) is related to the Lorentz invariant differential cross section  d3 σ/d p3 , which
is often used to represent experimental data, as follows:


!
2π  m2 + p2T 
d3 σ


n(, y) =
.

  2
c
σinel 
d pT d pz

(6.12)

4 We do not consider the exclusive cross sections separately because we are interested in particle creation by
all processes together. To a first approximation, the relative sizes of the n-particle exclusive cross sections depend
on energy only through the total multiplicity (Koba et al. 1972). This ‘KNO scaling’ is known to be violated at
energies & 500 GeV (Alpgard et al. 1983, Alner et al. 1984).

6.4. Numerical method

6.4
6.4.1
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Numerical method
Configuration of PYTHIA and initial conditions

The pp interaction is simulated with PYTHIA version 6.324 using default values for most
of the control parameters. Elastic and diffractive processes are included by selecting
MSEL=2. In comparing PYTHIA results to experimental data on the cross section and
charged multiplicity, we allow for pion and kaon decay. In determining the parameterizations of the particle distributions, pion and kaon decay are switched off with the
command MDCY(PYCOMP(ID),1)=0, where ID is the corresponding particle identification number. This approach separates the physics in the pp collision from subsequent
processes, such as secondary synchrotron emission prior to decay, etc.
The PYTHIA code relies on the Lund string model (Andersson et al. 1983) for the
fragmentation process, through which the final-state hadrons are formed. Since this process plays an essential role in the determination of the distribution and multiplicity of
secondary particles, we present a brief discussion of the string model in its most elementary form in appendix 6.A. The physics described by PYTHIA is much more sophisticated, including e.g. multiple parton interactions. We note that version 6.3 contains
a completely new treatment of multiple parton interactions. Details on this and other
models in PYTHIA can be found in the PYTHIA manual (Sjöstrand et al. 2003).
We simulate pp collisions for incident proton energies E p = 103 GeV, 104 GeV,
5
10 GeV and 106 GeV colliding with a proton at rest. For higher values of the incident
proton energy, PYTHIA signals a loss of accuracy in kinematical variables in some of the
generated events.

6.4.2

Fitting procedure

The secondary particle distributions are discretized, spanning the full range of available
energy and kinematically allowed rapidity. In this process, the energy is divided into 200
bins with size ∆i with a logarithmic division and the rapidity is divided into 100 bins
with size ∆yi with a linear division. The logarithmic energy division is chosen because
we consider up to seven energy decades; the rapidity division is linear because the range
of allowed rapidities scales with the logarithm of energy. The number of bins is limited
by computational issues, as data files become increasingly large and fitting becomes
increasingly time-consuming with an increasing number of bins. We have verified that
this number of bins is sufficient for convergence of the resulting parameterization.
We use MINUIT5 as a minimization algorithm for the weighted squared difference
between the PYTHIA results and the particle distribution fit function n(, y).6 We consider only statistical errors in the PYTHIA results. We simulate Nev = 106 collisions for
5 CERN
Program Library entry D506;
documentation is available on
http://wwwasdoc.web.cern.ch/wwwasdoc/minuit/
6 We do not explicitly write the dependence of n on E here and in the following sections.
p

the

website
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every incident proton energy, which results in a statistical error of a few percent near the
maximum values of  n(, y). We compare our results with parameterizations based on
other event generators to obtain an estimate of the importance of systematic uncertainties
within the models underlying PYTHIA in section 6.8.1.
The relative deviation between a PYTHIA data point ni and the fitted value n(i , yi ) is
expressed as
δi =

n(i , yi ) − ni
,
ni

(6.13)

where ni is the number of particles in a bin with average energy i and average rapidity
yi divided by the bin size ∆i × ∆yi . We note that the deviations are expected to follow a
Gaussian distribution with average value
r
1
,
(6.14)
hδi i ∝
i ni
where the dependence on energy is due to the logarithmic energy binning. In particular,
the average deviation size is expected to be roughly independent of energy in the case of
a n() ∝  −1 energy spectrum.

6.5

Results

6.5.1 Comparison of PYTHIA results with experimental data
We show in figures 6.1 and 6.2 experimental data on the pp cross section and charged
multiplicity together with PYTHIA results. In producing these figures, we have not
switched off any natural particle decays in the PYTHIA simulations in order to compare
PYTHIA results with experimental data (cf. section 6.4.1).
We observe from figure 6.1 that the PYTHIA cross sections are compatible with an
extrapolation of the experimental data (see footnote 1 for references) in the energy range
√
43 GeV < s < 1.4 × 103 GeV. In figure 6.2, we show a comparison between experimental data and PYTHIA results on the charged multiplicity. Here we are interested in
particle creation by all inelastic processes. However, experimental data on the charged
√
multiplicity resulting from all inelastic processes is available only up to s = 62 GeV
(Benecke et al. 1974, Breakstone et al. 1984a, Morse et al. 1977). Experimental data
on the charged multiplicity resulting from the restricted class of non-single-diffractive
√
(NSD) interactions is available up to much higher energies s = 1.8 × 103 GeV (Alner
et al. 1986, Ansorge et al. 1989, Biyajima et al. 2001, Breakstone et al. 1984a). To verify
our numerical method, we have performed a separate simulation7 of NSD interactions
7 For the NSD case, we have switched off single diffraction in the event generation with the commands
MSUB(92)=0 and MSUB(93)=0.
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f

Np
0.56

Ns
0.033

γ
0.013

π+
0.13

π−
0.095

103

π0
0.12

K+
0.016

K−
0.011

K0
0.014

K0
0.011

Table 6.1: Average fraction of the incident proton energy carried by the outgoing particle species.

c0
c1
c2

π+
4.5
−1.7
0.50

π−
3.8
−1.7
0.50

π0
4.9
−2.1
0.58

K+
0.49
−0.23
0.063

K−
0.32
−0.20
0.060

K0
0.36
−0.17
0.054

K0
0.29
−0.18
0.054

Table 6.2: Numerical values for the constants in the multiplicity approximation formula (6.15).

to compare the NSD charged multiplicity with experimental data. We show in figure 6.2
that the PYTHIA results on the charged multiplicity due to both inelastic processes and
NSD processes are compatible with experimental data.

6.5.2

Average secondary energy and multiplicity

We find that, within the simulated energy range, the fraction f of the incident proton
energy carried by a certain secondary particle species is virtually independent of the
incident proton energy.8 The average fractions for nucleons, photons, pions and kaons
are given in table 6.1. In this table, N p and N s denote primary and secondary nucleons,
respectively (see below). Other possible secondaries (direct electrons, muons, neutrinos)
together carry less than 0.1% of the incident proton energy.
We define the primary nucleon as the most energetic outgoing nucleon. The probability that the primary nucleon is a proton is 0.70; if it is a proton, it carries an average
fraction 0.63 of the incident proton energy. The probability that the primary nucleon is
a neutron is 0.30; if this is the case, the average energy fraction is 0.41. The energy
fraction carried by the primary nucleon as shown in table 6.1 represents the weighted
average.
We fit PYTHIA results on the secondary particle multiplicities within the energy range
√
43 GeV < s < 1.4 × 103 GeV. We find that both charged and neutral pion and kaon
multiplicities are well approximated with the following function:
Mi = c0 + c1 log s + c2 log2 s ,

(6.15)

where c0 , c1 and c2 are numerical constants whose values are given in table 6.2 and s is
expressed in units of GeV2 . The charged kaon multiplicity deduced from eq. (6.15) is
√
within ∼5% of experimental data at s = 45 GeV (Antinucci et al. 1973). The charged
8 Feynman scaling (Feynman 1969) relies on these fractions being constant for all proton energies. It is known
that Feynman scaling is violated by the observed breakdown of KNO scaling, which is a consequence of Feynman
scaling (see footnote 4). Scaling violations are incorporated in PYTHIA; see e.g. the discussion by Kamae et al.
(2005).
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Figure 6.3: Energy spectra of π+ (left panel) and K + (right panel) mesons created in a collision with
incident proton energy E p = 106 GeV. Note the different scales on the vertical axes. Upper graphs:
comparison of PYTHIA results and fit to the energy spectrum normalized as  n(); lower graphs:
deviation δi = n(i , yi )/ni − 1 between PYTHIA results and fitted values.

pion multiplicities determined by this equation are ∼10% lower than the experimental
values. We have verified that this discrepancy is partly due to the fact that we have
considered only prompt pions (i.e., excluding pions from kaon decay). When we include
meson decay, the charged pion multiplicities are within 5% of the experimental data.

6.5.3

Pion and kaon energy spectra

We present in figure 6.3 the π+ and K + energy spectra resulting from a collision of a
proton with incident energy E p = 106 GeV with a proton at rest. We find that the energy
spectra for all secondary particles and incident proton energies 103 GeV < E p < 106 GeV
are similar in shape.9 To a first approximation, the energy spectra follow a  −1 power-law,
reflecting the absence of an energy scale between the secondary mass and the maximum
available energy. This is supplemented with additional functions that we denote with
α(), β(), γ1 () and γ2 () (here and in the following we do not explicitly write the dependence of the model parameters on the incident proton energy E p to avoid cluttering of
the notation). Thus we write the pion and kaon energy spectrum in the following way:
n() = n0  −1 α()β()γ1 ()γ2 () ,

(6.16)

where n0 is a normalization constant, α() accounts for the convex shape on a log-log
scale, β() incorporates an exponential decline at higher and lower energies, γ1 () is a
strong cutoff near the mass threshold and γ2 () is a strong cutoff near the maximum
9 Figures

of these and others fits are available at http://www.nikhef.nl/˜hkoers/ppfit.
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available energy. These functions are parameterized as follows:
n0

= 1.21 × 10 p0 +p1 p2 ;
2

α() = 

p1 (log()−2p2 )
−(/3 ) p30

β() = 10

(6.17a)

;

(6.17b)

−(/5 ) p50

10





;


γ1 () = tanh p70 log /mc ;



γ2 () = tanh p80 log E p / ,
2

(6.17c)
(6.17d)
(6.17e)

where 3 ≡ 10 p2 +p4 , 5 ≡ 10 p2 +p6 and all energies are expressed in units of GeV. The
following parameters vary with incident proton energy:
p0

=

p00 + p01 log(E p ) ;

(6.18a)

p1

=

p10 + p11 log(E p ) ;

(6.18b)

p2

=

p20 + p21 log(E p ) ;

(6.18c)

p4

=

p40 − p2 ;

(6.18d)

p6

=

p60 + p2 .

(6.18e)

Thus, the energy spectrum of secondary pions and kaons is fully described in terms of
12 free parameters pi j for every particle species. These parameters and their numerical
values, which are determined by a least-squares fit, are given in table 6.3.
For pions, deviations between fit values n(i ) and PYTHIA results ni are less than
5% except for very high energies ( ≥ E p /2) and some occasional points near the mass
threshold where the deviation is ∼10%. For kaons, statistical fluctuations are larger
since the number of kaons to pions is roughly 1:10. At intermediate energies the fit is
nevertheless within ∼5% of PYTHIA results except for some isolated points. Near the
mass threshold deviations increase to ∼20%; at very high energies, where  n(, y) is
typically more than an order of magnitude smaller than its maximum value, deviations
can increase to ∼40%. In this energy range, differences between particle distributions
obtained by different Monte Carlo generators are much larger (see section 6.8.1). We
have verified that the parameterized spectra integrate to the right multiplicities as given
in eq. (6.15) within a few percent, except for the K 0 spectrum for which the deviation is
∼10% at the low end of the simulated proton energy range.

6.5.4

Pion and kaon energy and rapidity distributions

We present the pion and kaon rapidity distributions, i.e. n(, y) at fixed  = 0 , for
incident proton energy E p = 106 GeV and secondary particle energy  = 103 GeV in
figure 6.4. We find that rapidity distributions for different proton energies and different
secondary particle energies are very similar in shape. This shape is different for pions
and for kaons, hence we treat pions and kaons separately in the following.

Parameterization of the energy and angular distributions . . .

106
100

100

PYTHIA results
Fit

-1

10
ε n(ε, y)

10-2

10-2

10-3

10-3

0.4
0
-0.4

0.4
0
-0.4

δ

δ

ε n(ε, y)

10

5

5.5

6

6.5

7

7.5
y

8

8.5

9

9.5

10

PYTHIA results
Fit

-1

5

5.5

6

6.5

7

7.5

8

8.5

y

Figure 6.4: Rapidity distributions of π+ (left panel) and K + (right panel) secondaries created in a
collision of a proton with energy E p = 106 GeV with a proton at rest. The secondary particle energy
is taken to be  = 103 GeV. Upper graphs: comparison of PYTHIA results and fit to the rapidity
distribution  n(, y) as a function of y; lower graphs: deviation δi = n(i , yi )/ni − 1 between PYTHIA
results and fitted values.

Pions

The pion rapidity distributions at fixed energy are found to be approximately Gaussian
p
near their maximum values (see fig. 6.4). At intermediate pion energies,  ∼ E p ,
the distributions exhibit a low-rapidity tail that falls off exponentially (all energies are
expressed in units of GeV). The distributions fall off very steeply at the boundaries of
the kinematical domain given in eqs. (6.7) and (6.8).
We factorize the full particle distribution n(, y) into a modified energy spectrum ñ()
and a rapidity-dependent function φ(, y) that contains both a Gaussian and an exponential part:
nπ (, y) = ñ()φ(, y) ,

(6.19)

where
ñ() = n0  −1 α()β()γ2 ()10q0 +2q3 ;
√ 2
2
2
φ(, y) = 10−2 q3 q1 (y−q2 ) +q3 ,

(6.20a)
(6.20b)

and n0 , α(), β() and γ2 () are defined in eqs. (6.17). Here and in the following we
assume that  and y are within the kinematically allowed range (see eqs. (6.7) and (6.8));
outside this range all distributions are identically zero. The parameters qi depend on the
pion energy  and on the incident proton energy E p in the following way (here and in the
following we do not explicitly write the dependence of the parameters qi on the pion and
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proton energies to avoid cluttering of notation):
q0

= q00 + q01 ξ2 ;

q1

= q10 + q11 (ξ + q12 ) + q13 ξ ;

= ln() + q20 + q21 log() + 1 − 10q22 log(E p ) log(/E p )

q2

(6.21a)
2

4

+ 10q23 log(E p ) log(m/) ;
q3

= q30 + 10q31 +q32 log() ,

(6.21b)
(6.21c)
(6.21d)

where we introduced the variable
ξ ≡ 2 log()/ log(E p ) − 1 .

(6.22)

Hence, we have parameterized the pion energy and rapidity distributions in terms of
24 free parameters qi j for every pion species (π+ , π− and π0 ). The fitted values for the
coefficients are given in table 6.4.
We realize that the number of free parameters in the parameterization is quite large.
However we have not found a parameterization that approximates the PYTHIA results
(essentially a three-dimensional dataset) with the same accuracy and fewer parameters.
We remark here that the models employed by PYTHIA are based on a large body of experimental results so that the fit parameters are not underconstrained. For example, the
parameterization of the total hadronic cross sections used by PYTHIA builds on work
by Donnachie & Landshoff (1992) who propose a phenomenological Regge model for
these cross sections and support this with experimental data on proton – proton, proton –
antiproton, proton – meson and proton – photon interactions. There are also several experimental results on the total charged multiplicity in pp interactions (see section 6.2.2).
Deviations between the parameterizations and PYTHIA results are within 10% in the
range in which the rapidity distribution is within one order of magnitude of the maximum
value and for pion energies 1 GeV <  < 0.1 E p , except for a few isolated points that
are typically within 20%. At high energies,  ≥ 0.1 E p , deviations increase to ∼30%
at the borders of the considered rapidity interval, in concordance with eq. (6.14). The
magnitude of the deviations is compatible with the statistical errors in the PYTHIA results.
We have verified that integrating the energy and rapidity distributions over rapidity
reproduces the energy spectra. The deviations between these spectra and PYTHIA results
are similar to the deviations for the direct fit to the energy spectra (see section 6.5.3),
except at very low energies  . 2mπ where deviations increase to ∼30%. The multiplicities obtained by integrating the distributions over energy and rapidity are within a few
percent of those given by eq. (6.15).
Kaons

The shape of the kaon rapidity distributions is similar to the low-rapidity part of the
pion rapidity distributions (see fig. 6.4). We find that the kaon energy and rapidity
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distributions are well described with:
nK (, y) = n̄()φ(, y) ,

(6.23)

where φ(, y) is defined in terms of model parameters qi in eqs. (6.20) and n̄() is a
modified energy spectrum:
n̄() = n0  −1 α()β()10q0 +2q3 .

(6.24)

The quantities n0 , α() and β() are defined in eqs. (6.17). We find that the parameterizations for qi given in eqs. (6.21) approximate the PYTHIA results well if we fix q23 = 0.
Therefore, the kaon energy and rapidity distributions are fully parameterized in terms
of 23 free parameters for every kaon species (K + , K − , K 0 and K 0 ). The fitted values for
these parameters are presented in table 6.4.
Deviations between the approximation (6.23) and PYTHIA results are similar to the
deviations for the parameterizations of the pion distributions, except that fluctuations are
larger. This results in deviations up to ∼30% at isolated points for all energies.
For the K − and K 0 mesons, integrating the full distributions over the rapidity reproduces the energy spectra with deviations similar to those for the direct parameterizations
of the energy spectra presented in eq. (6.16). For K + and K 0 mesons, deviations near
the mass threshold are ∼30%, while at very high energies ( & E p /2) the deviations can
increase to ∼50%. These large deviations occur only at energies where  n(, y) is more
than an order of magnitude smaller than the maximum value. The multiplicities obtained
by integrating the parameterized distributions (6.23) over energy and rapidity are within
a few percent of the values given by eq. (6.15).

6.6

Applications

In this section, we demonstrate how the parameterizations of the particle distributions
presented in eqs. (6.19) and (6.23) can be applied to derive energy spectra and angular
distributions of secondary mesons and their decay products. We present examples of the
energy spectrum of gamma rays resulting from the decay of π0 mesons created in pp
interactions. We also present examples of the angular distributions of π0 mesons created
in pp collisions. For clarity, we consider only π0 mesons in this section, but the presented
methods are applicable to all pions and kaons. We stress that these examples are only
intended to demonstrate how the parameterizations presented in this chapter can be used
in a dedicated study. Astrophysical applications of the parameterizations are discussed
in section 6.8.2.
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Figure 6.5: The π0 distribution  n(, y) as a function of energy  and rapidity y after a collision of
a proton with energy 106 GeV with a proton at rest (lab frame). The discretization and the observed
‘floor’ are for presentational purposes.
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Figure 6.6: The π0 distribution  n(, y) as a function of energy  and rapidity y after a collision
of two protons with energy 730 GeV (center-of-mass frame). The discretization and the observed
‘floor’ are for presentational purposes.
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Head-on proton – proton collision

Full secondary particle distribution

First, we consider the energy and rapidity distribution of π0 mesons created in a collision
of an energetic proton p with a fixed-target proton q. This is the scattering geometry
for which the parameterizations presented in this chapter are derived. We denote the
Lorentz frame corresponding to this scattering geometry with K throughout this section.
In figure 6.5, we present the π0 distribution for incident proton energy E p = 106 GeV.
We observe that the energy and rapidity of the secondary pions are strongly correlated:
pions with higher energies are emitted closer to the direction of the incoming energetic
proton (corresponding to higher values of the rapidity y; see eq. (6.6)).
Next, we consider two protons p and q colliding head-on with energies E 0p and Eq0
which defines the reference frame K 0 . Without loss of generality, we take the protons to
be moving in the z0 direction. The secondary particle distribution in this frame is given
by
!
 0 cosh2 y
n ( , y ) =
n(, y) ,
 cosh2 y0
0

0

0

(6.25)

which follows from eq. (6.12) and the invariance of  n(p x , py , pz ) In this equation, n(, y)
is the particle distribution in the frame K which is parameterized in eq. (6.19). Note that
eq. (6.25) is only valid if the frames K and K 0 are connected with a single Lorentz boost
in the z (z0 ) direction, i.e. for protons colliding head-on along the z0 axis in the K 0 frame.
As a concrete example, we consider two protons that collide with equal energies
0
E p = Eq0 = 730 GeV. In this case, K 0 coincides with the center-of-mass (COM) frame
for a collision between a proton with energy E p = 106 GeV and a proton at rest. In
√
particular, this means that the center-of-mass energy s and the secondary multiplicities
are identical for the scattering geometries in the frames K and K 0 .
In figure 6.6, we show the π0 energy and rapidity distribution after the collision in the
COM frame K 0 . In this frame, the scattering geometry is invariant under the interchange
of the two protons so that the secondary particle distribution is symmetric under the
transformation y → −y. It is observed from the figure that this is indeed the case for
the distribution derived from the parameterization presented in this chapter. This is an a
posteriori verification of the parameterization, which is derived in the lab frame without
considering this symmetry.
Energy spectrum of secondary particles and decay products

In figure 6.7, we show the secondary π0 energy spectra for the scattering geometries associated with the K and K 0 frames, together with the gamma-ray energy spectra resulting
from the decay π0 → γγ. The decay spectrum nγ (γ ) is related to the pion spectrum n()
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Figure 6.7: Energy spectra of π0 mesons created in a pp collision and of the resulting gamma
rays. Left panel: lab frame, corresponding to a proton with energy E p = 106 GeV colliding with
a proton at rest; right panel: center-of-mass frame, corresponding to two protons with energy 730
GeV colliding head-on.

as follows (see, e.g., Stecker (1971)):
Z ∞
nγ (γ ) = 2

n()

γ +m2π c4 /4γ

p

2

− m2π c4

d ,

(6.26)

where n() is the π0 energy spectrum. Because this formula is valid in all frames, n and
 may be replaced by n0 and  0 to derive the gamma-ray energy spectrum from the pion
energy spectrum in the K 0 frame.

6.6.2

Proton – proton collision at an arbitrary angle

In this section, we consider two protons with energies E 0p and Eq0 that collide at an arbitrary angle. Without loss of generality, we take proton p to be moving along the x0 axis
in the +x0 direction and proton q to be moving in the x0 – y0 plane at an angle φ0p with
respect to the x0 axis.
We parameterize the distribution of secondary π0 mesons created in this interaction
with the pion energy  0 , the zenith angle θπ0 (with respect to the z0 axis) and the azimuthal
angle φ0π (in the x0 – y0 plane). The pion momentum is thus expressed as follows:
k0x
ky0
kz0

= |~k0 | sin θπ0 cos φ0π ;
= |~k0 | sin θπ0 sin φ0π ;
~0

= |k

| cos θπ0

,

(6.27a)
(6.27b)
(6.27c)

p
where c|~k0 | =  02 − m2π c4 . In the following, we derive the secondary π0 angular distribution in the scattering plane and the π0 energy spectrum.
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Figure 6.8: Polar plot of the π0 distribution n0 ( 0 , φ0π ) as a function of the azimuth angle φ0π after
a collision of a 104 GeV proton with a 102 GeV proton at an angle φ0q = (3/4)π. We plotted the
distribution for pion energies  0 = 5 GeV (solid line),  0 = 1 GeV (dotted line) and  0 = 0.5 GeV
(dashed line).
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Figure 6.9: Energy spectra of secondary π0 mesons created in a collision of a 104 GeV proton with
a 102 GeV proton for three different incident angles θq0 . Also shown is the angle-averaged spectrum
(see text). For numerical reasons we only plot the energy spectrum for head-on collisions at energies
 & 103 GeV. We have verified with PYTHIA simulations that this part of the spectrum is independent
of the incident angle between the protons.
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Figure 6.10: Polar plot of the π0 distribution n0 ( 0 , θπ0 ) as a function of the zenith angle θπ0 after a
collision of a 104 GeV proton with an isotropic distribution of 102 GeV protons. The meaning of the
lines is the same as in figure 6.8.

Secondary angular distribution in the scattering plane

The pion distribution in the frame K 0 is derived from the parameterization in the fixedtarget frame K by Lorentz transformations. The frames K 0 and K are connected by
a Lorentz boost to the rest-frame of proton p, followed by a rotation to align the incoming proton q with the z axis. The number of secondary pions with energy and
angles in the range ( 0 . . .  0 + d 0 ) × (θπ0 . . . θπ0 + dθπ0 ) × (φ0π . . . φ0π + dφ0π ) is equal to
n0 ( 0 , θπ0 , φ0π ) sin θπ0 dθπ0 dφ0π d 0 , where
0

n (

0

, θπ0 , φ0π )



= 

p
  02 − m2π c4


 n(, y)
.

2
2
4
2
2π
mπ c +  (1 − tanh y)

(6.28)

In this formula,  and y are the pion energy and rapidity in the K frame, respectively,
and n(, y) denotes the pion energy and rapidity distribution which is parameterized in
eq. (6.19).
In figure 6.8, we present the distribution of secondary π0 mesons with respect to the
azimuthal angle φ0π , i.e.,
n0 ( 0 , φ0π ) ≡

π

Z

n0 ( 0 , θπ0 , φ0π ) sin θπ0 dθπ0 ,

(6.29)

0

for different values of the pion energy  0 . In producing this figure, we have chosen incident proton energies E 0p = 104 GeV and Eq0 = 102 GeV and incident angle φ0q = (3/4)π.
As can be seen from the figure, the pions are produced mostly in the direction of the incident protons. The degree of collimation is correlated with the energy: for pion energies
 0 below a few GeV, where the pion spectrum is highest (see fig. 6.9), the pion direction
can be significantly different from the direction of the colliding protons. At energies
above a few GeV, the angle of the outgoing pion is typically within a few degrees of the
direction of one of the colliding protons. We have verified that this result holds for all
secondary pions and kaons.

114

Parameterization of the energy and angular distributions . . .

Secondary energy spectrum

In figure 6.9 we present pion energy spectra (integrated over pion angles) resulting from
a collision of two protons with energies E 0p = 104 GeV and Eq0 = 102 GeV for different
values of the proton collision angle φ0q . For comparison, we also show in this figure the
pion spectrum averaged over incident proton angles (see below).
While the energy spectrum at high energies is independent of the incident proton
angle, there are significant differences at low energies. For small values of the incident
proton angle φ0q , i.e. close to a tail-on collision, the low-energy part of the spectrum is
suppressed as expected.

6.6.3

Isotropic distribution of target protons

In this section, we consider a single high-energy proton p with energy E 0p that interacts
with an isotropic distribution (in three dimensions) of mono-energetic low-energy protons q with energy Eq0 . We derive the distribution of secondary pions with respect to
the angle between the high-energy proton and the pion, as well as the energy spectrum.
For an isotropic distribution of target protons, the resulting pion distribution does not
depend on the azimuthal angle around the direction of the high-energy proton. In order
to keep the former definition of pion angles (eqs. (6.27)) we consider in this section a
high-energy incident proton that moves along the z0 axis in the +z0 direction. With this
choice, the zenith angle between the high-energy proton and the pion is equal to θπ0 .
The momentum of proton q is expressed in terms of angles in the same way as the
pion momentum in eqs. (6.27): the angle θq0 denotes the zenith angle with respect to the
z0 -axis and φ0q denotes the azimuth angle with respect to the x0 axis in the x0 – y0 plane.
Zenith angle distribution of secondary pions

The secondary pion distribution, averaged over the incoming angles of low-energy protons q, is given by the following expression:
n̄0 ( 0 , θπ0 , φ0π ) ≡

d3 N̄
d 0 d cos θπ0 dφ0π

=

1
d3 σ̄0
,
0
0
σ̄inel d d cos θπ0 dφ0π

(6.30)

where N is the total number of created pions, σ0inel is the inelastic pp cross section and
σ is the inclusive cross section to detect a particle of a given species assuming an ideal
detector (cf. section 6.3.2). In this section, we use a bar to indicate that a quantity is
averaged over the incoming angles of low-energy protons q.
For clarity we assume in this section that both protons are very energetic, so that we
may take β0p = β0q = 1. The averaged inelastic cross section is then equal to
σ̄0inel

1
=
2

π

Z
0

dθq0 sin θq0 (1 − cos θq0 ) σinel (s(θq0 )) .

(6.31)
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In this equation, σinel depends on the proton angle θq0 through the center-of-mass energy
√
s, where
s(θq0 ) = 2m p c2 + 2E 0p Eq0 (1 − cos θq0 ) .

(6.32)

The dependence of the inelastic cross section on s is expressed in eqs. (6.2) and (6.4).
For given values of the proton angles θq0 and φ0q , the differential inclusive cross section
and the secondary particle distribution are related as follows:
d 3 σ0
d 0 d cos θπ0 dφ0π

θq0 ,φ0q ,

= (1 − cos θq0 )σ0inel (s(θq0 ))n0 ( 0 , θπ0 , φ0π ; θq0 , φ0q ) ,

(6.33)

where we have explicitly written the dependence of the pion distribution n0 on the proton
angles θq0 and φ0q . The total inclusive cross section σ̄0 is obtained by integrating eq.
(6.33) over the outgoing pion angles and averaging over the incident proton angles. The
resulting pion distribution is homogeneous in the φ0π variable. We use this rotational
invariance to replace the integral over φ0q with a factor 2π and choose the value φ0q = 0 to
find:
Z
Z
1
σ̄0 =
d 0 dθπ0 dφ0π sin θπ0
dθq0 sin θq0 (1 − cos θq0 )
2
× σ0inel (s(θq0 )) n0 ( 0 , θπ0 , φ0π ; θq0 , φ0q = 0) ,
(6.34)
where the integrals cover the full phase space. The pion distribution with respect to the
pion energy  0 and scattering angle θπ0 is defined as:
Z 2π
d2 N̄
d3 N̄
0 0 0
0
n̄ ( , θπ ) = 0 0 = sin θπ
dφ0π 0
.
(6.35)
d dθπ
d d cos θπ0 dφ0π
0
Using eqs. (6.30) and (6.34), we find that
Z π
sin θπ0
n̄0 ( 0 , θπ0 ) =
dθq0 sin θq0 (1 − cos θq0 )σ0inel (s(θq0 ))
2 σ̄0inel 0
Z 2π
×
dφ0π n0 ( 0 , θπ0 , φ0π ; θq0 , φ0q = 0) ,

(6.36)

0

where σ̄0inel is defined in eq. (6.31).
In figure 6.10 we show the distribution n̄0 ( 0 , θπ0 ) as a function of θπ0 for three different
values of the pion energy  0 . In producing this figure, we have considered a collision of
an energetic proton with energy E 0p = 104 GeV with an isotropic distribution of monoenergetic protons with energy Eq0 = 102 GeV. From the figure we observe that pions
with higher energy are collimated stronger within the direction of the incoming proton,
as expected. We have verified that this holds for all secondary mesons. In the maximally
forward direction, i.e., near θπ0 = 0, the distribution decreases because the available phase
space is proportional to sin θπ0 .
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Figure 6.11: Charged multiplicity as a function of incident proton energy. The solid line shows an
extrapolation of eq. (6.5); the dotted line shows the multiplicity estimated from the parameterized
charged pion distributions presented in this chapter; the dashed and dash-dotted lines show the minimum and maximum multiplicities given in eqs. (6.38). The data is taken from Ansorge et al. (1989),
Alpgard et al. (1983), Benecke et al. (1974), Biyajima et al. (2001) and Breakstone et al. (1984a).

Energy spectrum of secondary pions

The secondary π0 energy spectrum for the interaction of a 104 GeV proton with the
distribution of 102 GeV protons is expressed as
Z π
n̄0 ( 0 ) =
dθπ0 n̄0 ( 0 , θπ0 ) ,
(6.37)
0
0

0

, θπ0 )

where n̄ (
is given in eq. (6.36). We show in figure 6.9 the energy spectrum averaged over the incoming angles of the low-energy protons q. We find that the averaged
spectrum is very close to the spectrum resulting from a collision of a 104 GeV proton
with a 102 GeV proton with incident angle θq0 ' (5/8)π, i.e. in the forward direction
but not head-on. Qualitatively, this is as expected because the cross section σ0inel (s(θq0 ))
and the flux factor (1 − cos θq0 ) are largest for head-on collisions while the phase-space
volume factor sin θq0 suppresses head-on collisions.

6.7

Extrapolation to the highest cosmic-ray energies

The parameterizations presented in section 6.5 are based on simulated pp collisions for
incident proton energies 103 GeV < E p < 106 GeV, where data is available to verify the
experimentally accessible parts of the resulting particle distributions. Cosmic-ray observations suggest that the maximum proton energy that can be generated in astrophysical
proton accelerators may be as high as 1011 GeV. Thus, in order to account for interactions of the highest-energy protons, the parameterizations presented in this chapter need
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to be applied in a region where they cannot be directly tested. This should be done with
caution because the extrapolation to high energy is intrinsically model dependent. We refer the reader to Engel (1998) for a discussion on the relationship between experimental
data obtained in collider experiments and the modeling of pp interactions at cosmic-ray
energies.
In this section, we compare the high-energy behavior of the parameterizations derived here with an extrapolation of existing data and with theoretical models. Extrapolations of experimental data as well as theoretical models for incident proton energies
E p > 106 GeV are available predominantly for the charged multiplicity, due to the availability of experimental data at lower energies. Therefore, we focus in this section on the
charged multiplicity contained in the parameterizations presented in this chapter.
The charged multiplicity is dominated by pions, hence we estimate the charged multiplicity from the parameterized charged pion distributions. We derive the charged pion
par
par
par
multiplicity Mπ± = Mπ+ + Mπ− by integrating eq. (6.19) over energy and rapidity. To
account for charged particle creation due to decay processes and for the contribution of
par
par
other charged particles, we estimate the charged multiplicity with Mch = 2 + 1.47 Mπ± ,
par
where the numerical value 1.47 is found by comparing Mπ± and Mch at the proton energies considered in our simulations. The leading term 2 accounts for the number of
outgoing protons for low secondary multiplicities (corresponding to low center-of-mass
energies).
Using experimental data at low energies, Engel (1998) has found that the charged
multiplicity should increase faster than log(s) but not as fast as s p , where 0.1 < p < 0.3,
at high energies. In order to compare our results with these limiting cases, we have rederived10 the explicit functional form based on the two data points with highest energy
(Ansorge et al. 1989, Biyajima et al. 2001):
Mmin
ch

= −65 + 17 log s ;

(6.38a)

Mmax
ch

= 7.0 + 1.4 s

(6.38b)

0.22

,

where s is expressed in units of GeV2 . In figure 6.11 we show the charged multiplicity
estimated from the parameterizations presented in this chapter, together with the minimum and maximum values of the multiplicity given in eqs. (6.38). Also shown is an
extrapolation of the approximation Mfit
ch given in eq. (6.5). We observe that the charged
multiplicity estimated from our parameterizations increases faster than the extrapolation
of Mfit
ch but is well within the limits derived by Engel (1998). We thus conclude that the
high-energy behavior of the parameterizations presented here is consistent with theoretical expectations. We estimate from figure 6.11 that the uncertainty in the normalization
at the highest energies, E p ' 1011 GeV, is within a factor ∼2.
10 The explicit form of these functions was not given in the original work (Engel 1998). The numerical value
of 0.22 is chosen for comparison with fig. 8 of Engel (1998).
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Figure 6.12: Comparison of parameterizations of the π0 energy spectrum  n() for incident proton
energy E p = 106 GeV. The energy range is chosen for comparison with fig. 1 of Kelner et al. (2006).

6.8

Discussion

6.8.1 Comparison with previous work
We have verified that the parameterizations of the pion and charged kaon distributions
presented in this chapter are similar to those by Badhwar et al. (1977) and Stephens &
√
Badhwar (1981) at the lowest energies considered here, s = 45 GeV. The difference
between our parameterization of the neutral pion distribution and that of Blattnig et al.
(2000) is larger. These authors provide an accurate fit to the particle distribution at large
transverse momentum. However, the number of particles in this region is very small and
we find that the parameterization does not reproduce the total multiplicity correctly for
√
center-of-mass energy s = 45 GeV.
In figure 6.12, we present a comparison of the parameterization of the π0 energy
spectrum presented in this chapter with two parameterizations by Kelner et al. (2006).
These parameterizations are based on Monte Carlo results generated with QGSJET and
SYBILL instead of PYTHIA. We observe from figure 6.12 that, for incident proton energy
E p = 106 GeV, our parameterization is closer to the QGSJET fit at intermediate energies and closer to the SYBILL fit at high energies. The differences between the energy
spectra described by the three parameterizations are up to ∼10% for intermediate pion
energies, which is larger than the fit inaccuracy (see section 6.5). We note that Kelner
et al. (2006) find ∼30% differences between QGSJET and SYBILL in some regions of the
parameter space (see figure 3 of their work). These discrepancies suggest that a more
precise description of the energy spectra and particle distributions requires a better theoretical understanding of the pp physics, in particular of the fragmentation process, rather
than more accurate fits to Monte Carlo results.
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In this chapter we have used PYTHIA 6.324, which was the latest available version
of the code when this work was initiated. As of version 6.3, the PYTHIA code uses a
new treatment of multiple parton interactions, which is relevant for hadron – hadron
interactions (see Sjöstrand et al. 2003). Several tuning models for PYTHIA version 6.2
can be found in the literature, such as CDF tune A (Field11 ; see also Buttar et al. (2005))
or the tuning proposed by Buttar et al. (2004). In the absence of a thoroughly tested
tuning for PYTHIA version 6.3 we have used the default parameter values. (Note that
a preliminary tuning for PYTHIA 6.3 is presented by Moraes A. (2006)). A systematic
study of the influence of PYTHIA parameters on the resulting particle distributions, taking
into account constraints from experimental data, is beyond the scope of this work.

6.8.2

Astrophysical applications

There are several astrophysical systems in which a population of high-energy protons
is believed to be present, e.g. supernova remnants, active galactic nuclei, radio galaxies, pulsars and gamma-ray bursts (see section 6.1 for a more detailed discussion and
references). Proton – proton interactions may contribute significantly to the gamma-ray
and neutrino emission of these sources. To extract as much information on the source
as possible from (future) observations of gamma rays and neutrinos, it is important to
understand the properties of secondary particles created in pp interactions. This requires
a realistic model for the particle physics. Such a model is presented here in the form of
explicit parameterizations of numerical results generated with PYTHIA. In this section we
discuss two examples where a detailed analysis of the signature of neutrinos produced in
pp interactions can provide a way to probe the physics of the source.
Within the fireball model for GRBs, the prompt gamma-ray emission is attributed
to synchrotron radiation from accelerated electrons. These electrons are believed to be
accelerated by internal shocks but the details of the acceleration process are still unclear.
The mechanism responsible for the dissipation of the fireball energy may accelerate a
substantial fraction of the protons contained in the fireball to high energies. Since the
optical depth for pp interactions can be larger than a few, these collisions will occur and
give rise to high-energy neutrinos and gamma rays. Because the high-energy secondary
mesons are collimated within the direction of the energetic proton, the energy and angular distribution of these secondaries depends on the distribution of the high-energy
protons. Therefore, the resulting neutrino and gamma-ray signals may contain information about the details of the acceleration mechanism. We note however that in this
scenario both interacting protons are moving toward an observer with ultra-relativistic
velocities so that all particle distributions are collimated by relativistic beaming. This
implies that also low-energy secondaries will be collimated in the observer frame and
it will be difficult to extract information from the resulting signals. Nevertheless, the
angle-energy correlations of the emitted secondary particles may make it possible to
11 See

the website http://www.phys.ufl.edu/˜rfield/cdf/tunes/py tuneA.html.
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extract information about the acceleration mechanism.
On general grounds one expects that interactions between energetic protons occur
less frequently than interactions between energetic and cold protons. Also in the latter
case the resulting neutrino signal may carry information on the physics of the source.
A very interesting scenario in this respect is that of ‘failed GRBs’ (Mészáros & Waxman 2001, Razzaque et al. 2003b) (see also Razzaque et al. (2004b) and Razzaque et al.
(2005)). This scenario builds on the possibility that the mechanisms associated with the
early phases of a developing GRB may be present in a large fraction of supernovae, but
only lead to an observed GRB under special circumstances. For example, it may be
the case that the formation of a fireball is quite a common phenomenon but that a large
fraction of fireballs has insufficient energy to traverse the pre-burst stellar environment.
However, if shocks form at a sub-stellar radius, protons can be accelerated and collide
with target protons (nuclei), giving rise to neutrinos. It is presently not clear whether or
not these failed (dark) GRBs exist in nature; if they do the model uncertainties are large
which makes it difficult to predict the resulting neutrino fluxes. Nevertheless, neutrino
emission is likely the only signals that could indicate the existence of these phenomena.
Therefore, the question what may be learned about failed GRBs from neutrino observations deserves a detailed investigation. Since the energy and flux of the neutrinos that
reach the earth depend strongly on the collimation of the secondary neutrinos created in
pp collisions, a detailed model of the proton interactions is essential to study the properties of the neutrino emission and to investigate how neutrino observations can be used
to constrain these models.

6.9

Conclusions

In this chapter we have presented parameterizations of the energy spectra (eq. (6.16)) and
of the energy and rapidity distributions (eqs. (6.19) and (6.23)) of secondary pions and
kaons created in energetic pp collisions. These parameterizations are based on numerical
results obtained with the event generator PYTHIA. We considered an incident proton with
energy 103 GeV < E p < 106 GeV colliding with a target proton at rest. This corresponds
√
to center-of-mass energy 43 GeV < s < 1.4 × 103 GeV.
The results presented here are model dependent because they are based on results obtained with a Monte Carlo event generator. Nevertheless, the parameterizations represent
an important step in including the current understanding of proton interactions in astrophysical models because they are the first parameterizations of the full distribution of
secondary mesons created in energetic pp collisions that are based on a realistic particle
physics model.
In section 6.7, we have argued that the results can be applied with some confidence
to pp interactions for protons with energies E p > 106 GeV. At the highest CR energies,
E p ' 1011 GeV, we have estimated the uncertainty in the overall normalization due to
the extrapolation to very high energies to be within a factor ∼2.
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We have parameterized the particle distributions of meta-stable pions and kaons, as
opposed to stable decay products, because this captures the essential properties of the
pp interaction without making any assumptions about the importance of pion and kaon
energy loss prior to decay (for concrete implications of pion decay in an astrophysical
context, see e.g. Kashti & Waxman (2005) and Asano & Nagataki (2006)). Energy
spectra and full particle distributions of neutrinos and gamma rays are derived from the
parameterizations presented in this chapter in a straightforward manner.
The energy and rapidity distributions fully describe the kinematics of the secondary
mesons, so that the derived parameterizations contain all correlations between energy
and angle of the outgoing particles. This implies that our results can be applied to a general scattering geometry, two protons with different energies colliding under an arbitrary
angle, which opens a wealth of astrophysical applications.
In section 6.6, we demonstrated how the parameterizations can be used to derive energy spectra and angular distributions of secondary mesons and their decay products. We
derived the gamma-ray spectrum resulting from π0 decay after a pp collision (see figure
6.7) and we presented angular distributions of π0 mesons produced in a pp collision (see
figure 6.8). The results presented in this chapter can be used for a detailed study of pp
interactions in the early prompt emission of GRBs and in the interaction of a developing
GRB with its surroundings (see section 6.8.2). A particularly interesting possibility is
the existence of a class of developing GRBs for which the fireball has insufficient energy
to traverse the pre-burst stellar environment. If shocks are formed at a sub-stellar radius,
these will accelerate protons that collide with target protons and create neutrinos. The
fluence and energy of neutrinos that reach the earth depend sensitively on the correlations between the energy and outgoing angle of the secondary mesons that are created
in these pp interactions. Therefore a detailed modeling of the pp interaction is required
to investigate how neutrino observations can constrain these models. The parameterizations presented here can be used to study this scenario in detail. We aim to investigate
this in the future.
We emphasize that the parameterizations presented in this chapter are based on the
current, incomplete, understanding of pp collisions. With new experimental results on
pp interactions (e.g., from the LHC experiments) the parameterizations presented here
should be carefully reevaluated.
The parameterizations presented in this chapter can be extended with proton – neutron and proton – photon interactions, all of which can be studied with PYTHIA. The
same holds for the energy spectrum and angular distribution of primary nucleons (the
primary nucleon is the outgoing nucleon with the highest energy). This allows a more
precise study of multiple nucleon – nucleon interactions.
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p00
p01
p10
p11
p20
p21
p30
p40
p50
p60
p70
p80

π+
−0.497
0.0934
−0.140
0.0131
−0.455
0.495
−2.06
−0.896
1.11
0.791
37.7
7.69

π−
−0.501
0.0934
−0.128
0.0118
−0.437
0.494
−0.945
−1.03
0.963
0.598
15.3
7.23

π0
−0.456
0.0950
−0.142
0.0135
−0.457
0.494
−1.49
−0.981
1.01
0.723
22.1
8.53

K+
−1.23
0.0657
−0.147
0.0161
−0.00411
0.493
−0.989
−0.345
0.777
−0.235
42.7
12.0

K−
−1.46
0.101
−0.109
0.00865
−0.0577
0.491
−1.22
−0.164
1.04
−0.279
18.6
4.23

K0
−1.29
0.0690
−0.142
0.0154
−0.00717
0.493
−1.03
−0.294
0.839
−0.272
33.8
10.1

K0
−1.50
0.101
−0.118
0.0101
−0.0567
0.491
−1.25
−0.169
1.05
−0.272
21.2
4.07

Table 6.3: Numerical values of the energy spectrum fit parameters pi j .

6.A

The Lund string model

The Lund string model (Andersson et al. 1983) is an iterative model used in PYTHIA
to describe meson formation after a hard QCD process. In the model, quark-antiquark
pairs that are created in a hard QCD scattering process form ‘strings’ that are connected
through a color flux-tube with energy per unit length κ. This string breaks into a meson
and a remainder string that will undergo the same process (baryons are generated through
a generalization of this process). At every step in the iteration, a meson is created with a
certain energy and rapidity according to a probability distribution.
The mechanism to break the string is the creation of a new quark-antiquark pair
through quantum-mechanical tunneling. The probability to create a qq̄ pair with mass m
and transverse momentum pT is given by
 π

P = exp − m2 c4 + p2T c2 ,
(6.39)
κ
which derives from the Schwinger formula (Schwinger 1951). This implies that lighter
mesons are created more prolifically than heavier mesons and that the probability to
create a meson falls off exponentially with increasing pT . After a meson is created, the
probability that it carries a fraction z of the string’s E + pz is determined by the so-called
fragmentation function (Andersson et al. 1983, Sjöstrand et al. 2003). Together with
eq. (6.39), this fragmentation function determines the secondary particle distributions
after the hard QCD process. Free parameters within the model are adjusted to reproduce
experimental data. A detailed description can be found in Andersson et al. (1983) and
Sjöstrand et al. (2003).

6.A. The Lund string model

p00
p01
p10
p11
p20
p21
p30
p40
p50
p60
p70
p80
q00
q01
q10
q11
q12
q13
q20
q21
q22
q23
q30
q31
q32

π+
−0.474
0.0846
−0.115
0.0102
−0.560
0.497
−1.15
−1.03
1.12
0.962
6.98
−0.167
0.0497
0.668
0.329
0.116
−0.162
2.03
−0.0577
0.247
0.665
1.04
3.94
−1.37

π−
−0.461
0.0796
−0.124
0.0117
−0.604
0.496
−0.641
−1.11
0.980
0.891
6.93
−0.149
0.108
0.668
0.328
0.0806
−0.154
2.05
−0.0654
0.233
0.381
1.24
4.51
−1.54

π0
−0.420
0.0821
−0.118
0.0107
−0.598
0.497
−0.815
−1.17
0.987
0.954
7.45
−0.161
0.0737
0.637
0.307
0.107
−0.144
2.16
−0.0704
0.216
0.556
1.37
4.92
−1.65

K+
−1.03
−0.00299
−0.0375
0.00396
−0.835
0.494
−0.742
−0.167
0.716
1.08
0.539
0.222
0.889
0.523
0.227
−0.304
0.902
−0.0694
0.185
0
0.319
1.16
−0.597

K−
−1.20
0.0377
−0.0291
−0.000110
−0.606
0.497
−0.845
−0.155
0.934
0.597
0.363
0.228
1.06
0.673
0.328
−0.141
0.695
−0.0648
0.226
0
0.198
1.17
−0.699
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K0
−1.13
0.0168
−0.0604
0.00621
−0.655
0.497
−0.788
−0.237
0.840
0.789
0.405
0.149
0.997
0.612
0.216
−0.306
0.676
−0.0525
0.242
0
0.238
0.951
−0.559

K0
−1.37
0.0501
−0.0579
0.00351
−0.467
0.497
−0.917
−0.176
1.01
0.371
0.382
0.195
1.12
0.719
0.298
−0.155
0.579
−0.0527
0.261
0
0.184
1.08
−0.684

Table 6.4: Numerical values of the energy and rapidity distribution fit parameters pi j (refitted modified energy spectrum) and qi j . A hyphen indicates that the parameter is not used in the parameterization.

7
Neutrino emission from choked gamma-ray
bursts
based on work with R. A. M. J. Wijers
(publication in preparation)

7.1

Introduction

Observational evidence for a connection between long-duration gamma-ray burst (GRBs)
and the death of massive stars has accumulated since the observation of the first GRB
afterglows in 1997 (Costa et al. 1997, Frail et al. 1997, Van Paradijs et al. 1997). Observations have indicated correlations between the rate of long GRBs and the global star
formation rate and between burst locations and star forming regions within galaxies, and
there is also spectroscopic evidence that typical long GRB host galaxies are actively star
forming (see Woosley & Bloom 2006 for a recent review). Definite proof that at least
some long GRBs occur together with supernovae (SNe) has come from the observation
of SN spectra emerging from the fading afterglow of a GRB. The most compelling cases
of these observations are GRB980425 (SN1998bw); GRB 031203 (SN 2003lw); and
GRB030329 (SN 2003dh), but more associations of GRBs with SNe have been put forward (see Woosley & Bloom 2006). More recently, however, two nearby long GRBs
have been observed without an accompanying SN component, which clearly indicates
that not all long GRBs have an associated SN (Fynbo et al. 2006).
Given that there is some connection between GRBs and SNe, it is an intriguing possibility that the mechanisms associated with the early phases of a developing GRB are
present in a large fraction of SNe but only lead to an observed GRB under special circumstances. For example, it may be the case that the formation of a fireball is quite
a common phenomenon but that only very energetic fireballs have sufficient power to
traverse the pre-burst stellar environment. Fireballs with less energy would be stopped
below the stellar surface, in which case the stellar material absorbs all electromagnetic
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emission. Numerical simulations (e.g., MacFadyen et al. 2001) support the possibility
of these ‘smothered’ or ‘choked’ jets.
In the absence of electromagnetic radiation, neutrinos (and possibly gravitational
waves) may be the only observable signal of choked GRBs. Pruet (2003) studied the
creation of neutrinos in collisions between neutrons coasting in the jet with decelerated neutrons in the jet head and found that the typical observer energy of these neutrinos is ∼1 GeV. Neutrinos of higher energy may be produced in interactions of shockaccelerated protons with target protons and photons in the jet or the pre-burst stellar
environment. A number of shocks accompany the jet while it is traversing the preburst stellar environment (see, e.g., Waxman & Mészáros 2003): a forward shock is
driven into the stellar material, a reverse shock decelerates the jet plasma, and internal shocks may occur within the jet if the variability timescale of the central engine is
short enough (Mészáros & Waxman 2001). The production of high-energy neutrinos
by shock-accelerated protons has been investigated both for ultra-relativistic jets with
Lorentz factor ∼100 (Mészáros & Waxman 2001, Razzaque et al. 2003b) and for mildly
relativistic jets with Lorentz factor ∼ few (Razzaque et al. 2003a; 2004a;b; 2005, Ando
& Beacom 2005).
The creation of high-energy (& 10 GeV) neutrinos in GRBs occurs almost exclusively
through the decay of charged mesons created in interactions of high-energy protons.
These protons may interact both with target protons and with target photons. For very
high proton energies (& 10 TeV) photon – proton interactions constitute the dominant
production mechanism to create secondary pions and kaons. At lower energies only
a small fraction of the photon distribution is above the kinematic threshold to create
secondary mesons. As a result, inelastic proton – proton (pp) collisions are the dominant
mechanism to create secondary mesons for proton energies . 10 TeV. The contribution
to the total neutrino output from protons in this regime may be substantial because the
spectrum of accelerated protons is expected to be highest at low energies. Furthermore,
synchrotron cooling of secondary mesons strongly suppresses the neutrino flux at high
energies (Ando & Beacom 2005; see also Asano & Nagataki 2006).
In this chapter we consider neutrino production through energetic pp collisions in
choked GRBs. We use the parameterization presented in the previous chapter to take
account of the energy and angular distribution of secondary pions and kaons created in
the pp interactions. This allows us to study the energy spectrum and angular distribution
of the resulting neutrino signal in more detail than previous studies. We restrict ourselves
to pp interactions with the energetic proton moving in the radial direction, i.e. toward the
observer. In principle the spectrum of shock-accelerated protons depends on the angle to
the shock normal (e.g., Gallant & Achterberg 1999, Achterberg et al. 2001). However,
a detailed analysis of the proton energy spectrum and angular distribution is beyond the
scope of this work. The study presented in this chapter also applies to the first stages of
successful GRBs if the Lorentz factor of the jet is of the order ten.
This chapter is organized as follows. We investigate the environment of the jet and
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the jet head in section 7.2. We then consider proton energy loss mechanisms in this environment in section 7.3 and we consider meson energy loss in section 7.4. In section
7.5 we study the resulting neutrino spectrum. Based on this we discuss the detection
prospects in section 7.6. We discuss our results in section 7.7 and we present our conclusions in section 7.8.

7.2

The jet and jet head environment

Building on earlier work (see Razzaque et al. 2005 and references therein) we adopt
the following physical picture. We consider core-collapse of a massive star with a He
core extending to ∼3 × 1011 cm that may be surrounded by an H envelope extending to
∼1013 cm. It was recently pointed out that large angular momentum may be a requirement for a successful GRB progenitor (Yoon & Langer 2005, Woosley & Heger 2006).
The presence of an H envelope would prevent the stellar core from achieving such a large
angular momentum and may thus not seem very likely for a GRB progenitor. However,
as the nature of GRB progenitors (in particular of choked GRBs) remains unclear, we
consider the H envelope as a possibility. As we will show below, the H envelope does not
affect the possibility of neutrino creation in internal shocks but it facilitates the emission
of neutrinos with energy &100 GeV resulting from proton acceleration in the reverse
shock.
After core-collapse we assume that an energetic, collimated outflow is formed which
makes it way through the pre-collapse stellar environment. While this jet is traversing
the pre-burst stellar material, a forward (bow) shock is driven into the pre-collapse stellar
environment and a reverse shock propagates back into the jet. Between the forward and
the reverse shock there is a region of shocked jet and stellar material propagating with
Lorentz factor Γh < Γ j , which is referred to as the jet head. In the following we will use
the subscripts j and h to refer to quantities in the jet and in the jet head, respectively. We
discuss here the jet and jet head environments. In particular, we estimate the comoving
magnetic field strength, and the comoving proton and photon densities. These quantities
determine the importance of various proton energy-loss mechanisms which are discussed
in the next section.

7.2.1

The jet

The essential parameters that determine the physics of the jet are the total available
energy E = 1052 E52 erg (some fraction of the total SN energy), the jet lifetime t = 10t1 s,
the variability timescale δt = 0.1δt−1 s, the bulk Lorentz factor of the jet Γ j = 10Γ j,1 , and
the jet opening angle θ = 0.1θ−1 . The isotropic equivalent luminosity of the jet is
Liso '

2E
−2
' 2 × 1053 erg s−1 × θ−1
E52 t1−1 .
tθ2

(7.1)
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We consider the coasting phase of the jet, where the energy is dominated by the bulk
kinetic energy of the protons. The comoving proton density is given by:
n0p, j =

L
4πr2 Γ2j m p c3

−2
−1
' 4 × 1020 cm−3 × r11
(Γ j θ)−2
0 E 52 t1 ,

(7.2)

where r = 1011 r11 cm is the radial coordinate, m p denotes the proton mass, and we use
the notational convention xa ≡ 10−a x. We keep the radius r as a free parameter so that
our results can be applied to both the reverse shock, where r is a free parameter, and to
internal shocks, where the radius rint where internal shocks occur is determined from the
variability timescale and the jet Lorentz factor (see below).
We assume in the following that the magnetic field carries a fraction B of the total
energy in the flow so that the comoving magnetic field strength in the jet is
1/2 −1/2
−1
B0j ' 109 G × r11
(Γ j θ)−1
.
0 ( B E)51 t1

(7.3)

If the reverse shock is collisionless, as we will assume here, it accelerates both protons
and electrons. The accelerated electrons cool very rapidly by synchrotron radiation and
these synchrotron photons interact with the protons in the flow through Thomson scattering. The Thomson optical depth τT for a photon to scatter off a proton between r and
infinity is given by
−1
−1
τT ' σT n0p, j r ' 2 × 107 × r11
(Γ j θ)−2
0 E 52 t1  1 ,

(7.4)

where σT denotes the Thomson cross section. This huge optical depth implies that the
synchrotron photons will thermalize at every radius r over a very wide range of parameters. Assuming that a fraction e ∼ 0.1 of the total energy in the flow is converted to a
thermal photon distribution in this way, the comoving photon density n0γ, j and temperature T 0j are given by:
n0γ, j
Tj

−3/2
−3/4
= 3 × 1024 cm−3 × r11
(Γ j θ)−3/2
(e E)3/4
;
0
51 t1

= (4 keV/kB ) ×

−1/2
r11

(Γ j θ)−1/2
0

−1/4
(e E)1/4
51 t1

.

(7.5)
(7.6)

Internal shocks may occur in the outflow when shells with different Lorentz factors collide with each other. The radius rint where this happens is estimated to be:
rint ' 2cΓ2j δt ' 6 × 1011 cm × Γ2j,1 δt−1 .

(7.7)

The internal shocks will also accelerate electrons that subsequently emit photons through
synchrotron radiation. Due to the relatively small internal shock radius given in eq. (7.7),
the comoving proton density near the internal shocks is very high. Inserting eq. (7.7)
into (7.2), we find that the comoving proton density at the internal shock radius equals:
−2
−1 −2
n0p,int ' 1019 cm−3 × Γ−6
j,1 θ−1 E 52 t1 δt−1 .

(7.8)
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As a result of this high density, the Thomson optical depth τ & 106 so that the synchrotron photons will thermalize. Assuming, as before, that a fraction e ∼ 0.1 of the
total energy in the flow is converted to radiation by in the internal shocks, the comoving
photon density n0γ, j and temperature T 0j at the internal shock radius are given by:
n0γ, int
T int

7.2.2

−3/2
3/4 −3/4 −3/2
= 2 × 1023 cm−3 × Γ−9/2
δt−1 ;
j,1 θ−1 (e E)51 t1

= (2 keV/kB ) ×

−1/2
Γ−3/2
j,1 θ−1

−1/4
(e E)1/4
51 t1

δt−1/2
−1

.

(7.9)
(7.10)

The jet head

While traversing the pre-burst environment, the relativistic outflow drives forward a
‘cork’ (in the terminology of Waxman & Mészáros 2003) of shocked stellar material
and decelerated jet plasma that we call the jet head. The proper density of protons in the
jet head is (e.g., Mészáros & Waxman 2001)
−2 −1 2
n0p,h = 4Γrel n0p, j = 7 × 1021 cm−3 × r11
Γ j,1 θ−1 E52 t1−1 Γ−1
h ,

(7.11)

where Γrel ' Γ j /(2Γh ) is the relative velocity of the jet and the jet head. The Lorentz
factor of the jet head Γh < Γ j ' few may be determined by balancing the pressure before
and after the jet head. However, the exact value is not very important in this study and
we leave it as a free parameter. The comoving width ∆0 of the jet head can be estimated
with (Mészáros & Waxman 2001):
∆0 = 0.2θ j r = 2 × 109 cm × r11 θ−1 .

(7.12)

Also in the jet head the Thomson optical depth is very large, τT ' 107 , so that synchrotron photons emitted by shock-accelerated electrons will thermalize. The comoving
photon density and temperature in the jet head are given by the following expressions:
n0γ,h
Th

−3/2 −3/2
−3/4 −3/2
= 9 × 1025 cm−3 × r11
θ−1 (e E)3/4
Γh ;
51 t1

(7.13)

−1/2 −1/2
−1/4 −1/2
= (14 keV/kB ) × r11
θ−1 (e E)1/4
Γh .
51 t1

(7.14)

We assume also in the jet head that the magnetic field carries a fraction B of the total
energy in the flow so that the comoving magnetic field strength in the jet is
−1/2 −1
−1 −1
Γh .
B0h ' 1010 G × r11
θ−1 (B E)1/2
51 t1

7.3

(7.15)

Proton acceleration and energy loss

In this section we consider proton acceleration and energy loss in the jet. These results
can be applied to proton acceleration in internal shocks. Protons that are accelerated by
the reverse shock are subject to interactions in both the jet and the jet head. In this case,
the results presented here apply to the downstream region.
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7.3.1

Acceleration and energy loss timescales

The comoving acceleration timescale ta0 for proton acceleration can be estimated from
the comoving Larmor radius as (e.g., Waxman 1995)
ta0

κE 0p
κR0L
1/2
'
=
= 10−9 s × E 0p,3 r11 (Γ j θ)0 (B E)−1/2
51 t1 κ1 ,
c
qcB0

(7.16)

where E 0p = 103 E 0p,3 GeV denotes the proton energy in the comoving frame, q denotes
the electron charge and κ = 10κ1 is an ignorance parameter for the acceleration process.
The maximum proton energy attainable is in principle limited both by energy losses and
by the shock lifetime. The lifetime can be estimated from the dynamical timescale td0 :
td0 =

r
= 3 × 10−1 s × r11 Γ−1
j,1 .
cΓ j

(7.17)

Synchrotron radiation is the dominant energy loss mechanism at very high proton energies. For large proton energies, the synchrotron energy loss time is equal to (e.g., Rybicki
& Lightman 1979):
ts0 =

6πm4p c3
σT m2e B02 E 0p

0

−1 2
1
= 3 × 10−3 s × E p,3
r11 (Γ j θ)20 (B E)−1
51 t1 ,

(7.18)

We approximate the cross section for pp collisions with σ pp = 5 × 10−26 cm2 and the
fractional energy loss K pp = 0.5. The energy-loss timescale is then equal to
t0pp =

1
2
−1
= 4 × 10−6 s × r11
(Γ j θ)20 E52
t1 ,
cK pp σ pp (1 − ξ p )n0p

(7.19)

where ξ p denotes the fraction of protons that is accelerated to high energies, which we
assume to be small in the second equality, and n0p denotes the comoving proton density.
The computation of the energy loss timescale due to photopion production is somewhat more involved because the protons interact with a thermal distribution of target
photons with an energy-dependent cross section. We express the energy loss time as:
0

t0 −1
pγπ

1 dE p
E 0p dt0
Z
Z
√
√
c 1 0
0 0
dµ , (1 − β p µ ) dγ0 n(γ0 )σ pγπ ( s)K pγπ ( s) .
2 −1

= −
=

(7.20)

Here β0p is the dimensionless proton velocity, which we will take equal to unity in the
following; µ0 is the cosine of the proton – photon incident angle; σ pγπ is the cross section;
and K pγπ is the proton’s fractional energy loss. Both the cross section and the fractional
energy loss depend on the proton and photon energies and the collision angle through the
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Figure 7.1: Proton acceleration timescale (dash-dotted) together with energy loss timescales due
to photopion production (dashed), synchrotron radiation (dotted) and inelastic pp collisions (solid).
In producing this figure, we have chosen reference values of the model parameters and chosen the
radius r = 1011 cm.

√
center-of-mass energy s. We use here a parameterization of the proton – photon cross
section σ pγπ that is presented in appendix 7.A. Furthermore we estimate K pγπ = 0.2.
Energy loss due to Inverse Compton (IC) scattering is at most comparable to synchrotron loss as long as e ' B . In the Thomson limit, which is applicable when
E 0p 

m2p c4
hγ0 i

1/2
−1/4 1/4
' 7 × 104 GeV × r11
(Γ j θ)1/2
0 (e E)51 t1 ,

(7.21)

0
0
the IC energy loss time tIC
= (B /e )tsync
, while for higher proton energies the energy loss
time is much longer due to Klein-Nishina suppression. We therefore do not consider proton IC energy loss here. Using approximations presented by Chodorowski et al. (1992),
we find that, depending on the model parameters, the energy-loss time due to electronpositron pair creation is at most comparable to that of pp interactions. Therefore these
collisions will not prevent pp interactions but they may change the energy spectrum of
the high-energy incident protons.

7.3.2

Critical energies

In figure 7.1 we show the acceleration timescale together with the energy loss timescales
in the jet for reference values of the burst parameters and radius r = 1011 cm. We observe
from this figure that around E 0p = 106 GeV the acceleration time ta0 is close to the energy
loss times due to synchrotron radiation, photopion production and pp collisions. Therefore, depending on the values of the model parameters, the maximum proton energy may
be limited by each of these processes. Below we analyze when each of these process is
dominant by defining a number of typical proton energies and estimating how these de-
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pend on the model parameters. We denote the proton energy for which the energy loss
timescale of processes a and b are equal with E 0p (a, b) .
First we estimate the energy loss time due to photopion production at energies well
above the threshold energy as:
t0pγπ '

1
3/2
−3/4 3/4
= 6 × 10−7 s × r11
(Γ j θ)3/2
0 (e E)51 t1 ,
cσ̄ pγ K̄ pγ nγ, j

(7.22)

where σ̄ pγ := 10−28 cm2 and K̄ pγ = 0.2. Using this estimate together with eqs. (7.16),
(7.18), and (7.19), we find that
E 0p (acc, s)

1/2
−1/4 1/4 −1/2
= 2 × 106 GeV × r11
(Γ j θ)1/2
;
0 ( B E)51 t1 κ1

E 0p (acc, pγπ)

= 6 × 10 GeV ×

E 0p (acc, pp)

= 4 × 106 GeV ×

5

1/2 −3/4 −1/4 1/4 −1
(Γ j θ)1/2
0  B,−1 e,−1 E 52 t1 κ1
1/2
−1/2 1/2 −1
r11 (Γ j θ)0 B,−1
E52
t1 κ1 .
1/2
r11

Hence the maximum proton energy
h
i
E 0p,max = min E 0p (acc, s) , E 0p (acc, pγπ) , E 0p (acc, pp)

(7.23)
;

(7.24)
(7.25)

(7.26)

is limited by pp interactions for small radii,
−3/2 1/2 −1/2
r . r∗pp = 3 × 109 cm × (Γ j θ)0 e,−1
E52 t1 .

(7.27)

For larger radii the proton energy is limited by photopion production as long as e ∼ B
and κ > few.
We now estimate the proton energy range for which pp collisions are dominant over
photopion production. First we note that only photons with sufficient energy can create pions. Photopion production is possible when (averaging over an isotropic photon
distribution)
E 0p γ0 ≥

m2π c4
+ mπ m p c4 = 1.4 × 105 MeV2 .
2

(7.28)

To find the photon energy γ0 (pp, pγπ) for which the energy loss times due to pp and photopion interactions are equal, we require that the fraction ξ pγ of photons that participates
in photopion production be equal to:
ξ pγ =

σ pp K pp n0p
σ pγ K pγ n0γ

−1/2
−3/4 1/4 −1/4
' 3 × 10−2 × r11
(Γ j θ)−1/2
e,−1
E52 t1 .
0

(7.29)

Given a photon distribution with temperature T j , the fraction of photons that has energy
greater than γ0 can be expressed in terms of the dimensionless parameter
x pγ =

γ0
kB T j

.

(7.30)
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We find that for x pγ ' 7, this fraction is approximately 0.03 as required by eq. (7.29).
(The estimate is quite robust: when ξ pγ varies within an order of magnitude, x pγ is within
a factor 2 of this estimate). Together with eq. (7.28) this defines the critical proton
energy where energy loss due to photopion production and pp interactions are equally
important:
1/2
1/4
E 0p (pp, pγπ) = 5 × 103 GeV × r11
(Γ j θ)−1/2
(e E)−1/4
0
51 t1 .

(7.31)

Razzaque et al. (2005) have found previously that pp interactions in a mildly relativistic jet associated with a choked GRB are dominant at energies E 0p . 104 GeV and
E 0p & 105 GeV. We find however that the high-energy range is an artifact of the Deltaresonance approximation used by these authors to estimate the photopion cross section.
This approximation is accurate for interactions near the pion production threshold but
it strongly underestimates the proton energy loss time at high proton energies. Using
a more realistic cross section (see appendix 7.A), we find that pp interactions are only
dominant at low energies, E 0p < E 0p (pp, pγπ) , where E 0p (pp, pγπ) is given in eq. (7.31).

7.3.3

Proton acceleration by internal shocks

The internal shock radius was estimated in eq. (7.7) to be equal to
rint ' 2cΓ2j δt ' 6 × 1011 cm × Γ2j,1 δt−1 .

(7.32)

To address proton acceleration and energy loss in internal shocks, we can use results
obtained in the previous section by inserting r = rint . Because this alters the dependence on the model parameters we explicitly give the acceleration time, shock lifetime,
synchrotron energy loss time, and pp energy loss time in the internal shocks:
ta,0 int
0
td,
int
0
ts, int
0
t pp,int

1/2
' 6 × 10−9 s × E 0p,3 Γ3j,1 θ−1 (B E)−1/2
51 t1 δt−1 κ1 ;

(7.33)

' 2 s × Γ j,1 δt−1 ;

(7.34)

' 1 × 10
−4

' 10

−1

s×

E 0 −1
p,3

2
1
s×
Γ6j,1 θ−1
(B E)−1
51 t1
−1 6
2
E52
Γ j,1 θ−1
t1 δt2−1 .

δt2−1

;

(7.35)
(7.36)

We find that the maximum attainable proton energy in internal shocks is limited by photopion energy loss as long as e ' B and κ > few, which is in keeping with conclusions
drawn by Ando & Beacom (2005). The maximum energy is found by inserting eq. (7.7)
into eq. (7.24):
1/2 −3/4 1/2
−1/4 1/4 1/2 −1
E 0p (acc, pγπ) = 2 × 106 GeV × Γ3/2
j,1 θ1 e,−1  B,−1 E 52 t1 δt−1 κ1 ,

(7.37)

and the energy where energy-loss due to photopion processes and pp collisions are
equally important is
1/2
−1/4 1/2 1/4
E 0p (pp, pγπ) = 104 GeV × Γ3/2
j,1 θ−1 (e E)51 δt−1 t1 .

(7.38)
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Hence for proton energies E 0p < E 0p (pp, pγπ) , pp interactions are the dominant source of
proton energy loss. These interactions occur very frequently; in fact, the optical depth
τ pp for a pp interaction to occur in the outflowing jet from radius r to infinity can be
estimated with
σ pp n0p, j r
−2
−1 −1
τ pp =
= 3 × 104 × Γ−5
(7.39)
j,1 θ−1 E 52 t1 δt−1 .
Γj
Therefore protons with energy smaller than E 0p (pp, pγπ) will lose all their energy in pp
interactions when internal shocks occur. This is different in the model put forward by
Mészáros & Waxman (2001), where Γ j ' 100. Because of the larger Lorentz factor and
the lower isotropic luminosity assumed in that work, the optical depth for pp interactions
in the jet is small. In this scenario high-energy protons from internal shocks lose energy
predominantly in interactions with the photon gas in the jet head.

7.3.4 Proton acceleration by the reverse shock
Protons that are accelerated by the reverse shock suffer energy loss both in the jet head
(upstream of the shock) and in the jet itself (downstream). The estimates presented in
sections 7.3.1 and 7.3.2 apply only to the downstream region. From the estimates on
the comoving proton and photon densities given in section 7.2, we find that the critical
proton energies in the upstream region are similar to those in the downstream region.
Therefore we use the results derived in these sections to estimate the maximum proton
energy that can be acquired by acceleration in the reverse shock.
At small radii, r . r∗pp , proton acceleration is limited by pp collisions and therefore E 0p,max = E 0p (acc, pp) . With increasing r the maximum energy increases according to
E 0p,max ∝ r until r equals r∗pp . Here photopion production becomes important: the maximum proton energy is now limited by photopion production and E 0p,max = E 0p (acc, pγπ)
which increases more gradually ∝ r1/2 .
Protons lose energy both by pp collisions and by photopion production. Energy
loss by photopion production is dominant over pp collisions for high proton energies,
E 0p > E 0p (pp, pγπ) . The highest proton energy that is available for pp collisions is just
before the critical radius r∗pp , where E 0p,max ' 105 GeV. As soon as photopion interactions
become important, the maximum proton energy for pp collisions drops dramatically to
E 0p,max ' 103 GeV and thereafter increases with radius according to ∝ r1/2 .
Protons that are accelerated in the reverse shock also lose virtually all their energy in
interactions with the flow before impacting on the pre-burst stellar material. The optical
depth for pp interactions in the jet head is equal to
−1
−1 −1
τ pp = n0p,h σ pp ∆0 = 7 × 105 × r11
(Γ j θ)−1
0 E 52 Γh t1 ,

(7.40)

where the comoving width of the jet head is given in eq. (7.12). We conclude that
protons with energy below E 0p < E 0p (pp, pγπ) lose all their energy in pp collisions with
target protons in the jet head before they can interact with the pre-burst stellar material.

7.4. Meson cooling
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Figure 7.2: Pion decay timescale (dashed) together with energy loss timescales due to synchrotron
radiation (dotted) and inelastic mp collisions (solid). Both panels correspond to the internal shock
scenario. Left panel: Γ j = 5, right panel: Γ j = 20. We have chosen reference values for the other
model parameters.

7.4

Meson cooling

Charged secondary mesons created in pp interactions can lose a substantial amount of
their energy before decay, which suppresses the flux of high-energy neutrinos. Here
we compare the energy loss times due to synchrotron radiation and meson – proton
interaction with the meson decay time, both for the internal shock and the reverse shock
scenario.

7.4.1

Meson energy loss in the jet

The synchrotron cooling timescale is given by equation (7.18) with the replacement
m p → mm (we use the subscript m to denote either the π or K meson) and using r = r int :
0

0
tπ,
s

−1 6
2
2 1
= 6 × 10−5 s × π,3
Γ j,1 θ−1
(B E)−1
51 δt−1 t1 ;

0
tK,
s

= 10

−2

s×

0

−1
π,3

2
Γ6j,1 θ−1

(B E)−1
51

δt2−1 t11

.

(7.41)
(7.42)

Using an average meson – proton cross section σmp = 5 × 10−26 cm2 and an average
meson fractional energy loss K pm = 0.8 we find
0
0
−5
2
−1 2 1
tπ,πp
= tK,K
s × Γ6j,1 θ−1
E52
δt−1 t1 .
p = 8 × 10

(7.43)

We do not consider energy loss due to Inverse Compton scattering because it is at most
comparable to synchrotron energy loss when e ' B . The comoving meson decay times
are given by the expressions:
0
tπ,
dec

= 2 × 10−4 s × π,3 ;

(7.44)

0
tK,
dec

= 2 × 10

(7.45)

−5

s × K,3 .
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From these decay times and energy loss times we estimate the following critical energies, where we use the notation m0 (a, b) to denote the meson energy where the timescales
associated with processes a and b are equal:
π0 (dec, πp)
π0 (dec, s)
π0 (s, πp)

2
−1 2
= 5 × 102 GeV × Γ6j,1 θ−1
E52
δt−1 t1 ;

= 6 × 10 GeV ×

Γ3j,1 θ−1

= 7 × 10 GeV ×

−1
B,−1

2

2

(B E)−1/2
51

(7.46)

δt−1 t11/2

;

,

(7.47)
(7.48)

and
K0 (dec, K p)
K0 (dec, s)
K0 (s, K p)

2
−1 2
= 4 × 103 GeV × Γ6j,1 θ−1
E52
δt−1 t1 ;

= 2 × 10 GeV ×
4

Γ3j,1 θ−1

(B E)−1/2
51

(7.49)

δt−1 t11/2

−1
= 105 GeV × B,−1
.

;

(7.50)
(7.51)

In figure 7.2 we have plotted the comoving pion energy loss times due to synchrotron
radiation and inelastic mp collisions together with the comoving decay time. We have
chosen two values for the Lorentz factor of the jet, Γ j = 5 (left panel) and Γ j = 20
(right panel), to demonstrate that there may or may not be a meson energy range where
mp collisions provide the shortest timescale. This distinction is important because it
determines the shape of the neutrino spectrum: if synchrotron is the only important
energy loss mechanism, the resulting neutrino spectrum will have a single break energy
0
0
0
−2
0
where the neutrino spectrum is suppressed by ζ(m0 ) = tm,
s /tm, dec ∝ m , where ζ(m )
denotes the neutrino suppression factor. In case inelastic mp collisions are important,
the spectrum will have two break energies. At every break the spectrum is suppressed by
0
a factor m−1 .

7.4.2

Meson energy loss in the jet head

Due to the higher proton density and stronger magnetic field in the jet head, cooling of
mesons is stronger than in the jet. We summarize here the critical energies for meson
cooling in the jet head. For pions we find:
π0 (dec, πp)
π0 (dec, s)
π0 (s, πp)

2
2
−1
= 6 × 10−1 GeV × r11
Γ j,1 θ−1
E52
t1 Γh ;

= 9
= 1

1/2
GeV × r11 θ−1 (B E)−1/2
51 t1
−1
× 102 GeV × Γ−1
j,1  B,−1 Γh ,

Γh ;

(7.52)
(7.53)
(7.54)

and for kaons:
K0 (dec, K p)
K0 (dec, s)
K0 (s, K p)

2
2
−1
= 5 GeV × r11
Γ j,1 θ−1
E52
t1 Γh ;

= 3 × 10 GeV ×
2

= 2 × 10 GeV ×
4

1/2
r11 θ−1 (B E)−1/2
51 t1
−1
Γ−1
j,1  B,−1 Γh .

(7.55)
Γh ;

(7.56)
(7.57)
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These break energies are used in the following sections to discuss the neutrino energy
spectrum and the detection prospects.

7.5
7.5.1

Neutrino emission
Neutrino flux and proton spectrum

We express the observed differential neutrino flux Φν as follows:
Φν (ν ) =

1 dnν
,
4πD2p t dν

(7.58)

where D p = 100 D p,2 Mpc denotes the distance to the burst, and we recall that t denotes
the burst duration. The neutrino energy spectrum can be computed from the spectrum of
high-energy protons through a model for the production of secondary pions and kaons in
pp collisions. In section 7.5.3 we describe a numerical approach to this problem that is
based on the full parameterization (see chapter 6) of the energy and angular distribution
of secondary pions and kaons produced in energetic pp collisions . Here we present
estimates of the neutrino flux with some simplifying assumptions regarding the energy
and multiplicity of the secondary pions and kaons. We use the same approximations as
Ando & Beacom (2005) for comparison.
We consider only the prompt neutrino from kaon and pion decay. Neutrinos from
subsequent muon decay are expected to have a very low energy due to the relatively
long muon lifetime. Following Ando & Beacom (2005), we take the pion and kaon
multiplicities as Mπ = 1 and MK = 0.1, respectively, and we assume that both pions
and kaons receive 20% of the proton energy. Muon-neutrinos from pion and kaon decay
receive approximately 50% and 25% of the parent meson’s energy, respectively. As the
neutrinos are produced very forward in the jet frame, the neutrino energy is boosted to
the observer frame with a Lorentz boost Γ ' 2Γ j . From these considerations we express
the observed neutrino energy ν in terms of the comoving proton energy E 0p as follows:
ν = αm Γ j E 0p ,

(7.59)

where απ = 0.1 and αK = 0.2. It follows that the (observer-frame) neutrino spectrum can
be approximated by
dnν
dν

=

Mm Bm ζ(ν ) dN p
,
αm Γ j
dE 0p

(7.60)

where ζ(ν ) denotes the suppression factor due to meson energy loss (see previous section) and Bm denotes the branching ratio for the meson-to-neutrino decay (Bπ = 1 and
BK = 0.63).
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We assume in the following that the accelerated protons follow a power-law distribution with index p and that these protons constitute a fraction ξ p = 0.01ξ p,−2 of all
nucleons in the flow. Hence the proton spectrum, in the jet frame, reads
0

−p
dN p ξ p NN,iso (p − 1)E p
=
,
dE 0p
(m p c2 )1−p

(7.61)

where
NN,iso =

Eiso
−2
= 1056 × Γ−1
j,1 θ−1 E 52
m p c2 Γ j

(7.62)

is the isotropic-equivalent amount of neutrons in the flow.

7.5.2

Spectral breaks and maximum energy

As discussed in section 7.4, meson energy loss prior to decay suppresses the number
of high-energy neutrinos. Here we estimate the energy of the corresponding spectral
breaks in the (observer-frame) neutrino spectrum using the simplifying assumptions for
the particle physics discussed in the previous section.
We restrict ourselves to the case that the neutrino spectrum has two distinct break
energies (which may be above the maximum energy or below the detector threshold).
For neutrino production in internal shocks this is the case for jet Lorentz factors Γ j .
10, which follows from equating the critical meson energies presented in section 7.4.1.
For the reverse shock the neutrino spectrum from pion decay has two distinct spectral
breaks for radii r . 1012 cm. The corresponding radius for neutrino from kaon decay is
∼7 × 1013 cm, which is beyond the radius of the H envelope.
We approximate the break energies for neutrinos from pion decay as follows:
br,1
ν(π)

' 5Γ j,1 π0 (dec, πp) ;

(7.63)

br,2
ν(π)

' 5Γ j,1 π0 (s, πp) .

(7.64)

For neutrino production in internal shocks the critical pion energies are given in eqs.
(7.46) and (7.48), respectively. For neutrino production in the reverse shock, the critical
energies are given in eqs. (7.52) and (7.54). Similarly, we find that the break energies
for neutrinos from kaon decay are
br,1
ν(K)

' 10Γ j,1 K0 (dec, πp) ;

(7.65)

br,2
ν(K)

' 10 Γ j,1 K0 (s, πp) .

(7.66)

For internal shock the critical energies are given in eqs. (7.49) and (7.51), for the reverse
shock they are expressed in eqs. (7.55) and (7.57).
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In section 7.3 we estimated the maximum proton energy E 0p (pp, pγπ) for pp interactions
in the jet. From this energy we estimate the maximum neutrino energy from pion and
kaon decay as
max
ν(π)

' Γ j,1 E 0p (pp, pγπ) ;

max
ν(K)

2Γ j,1 E 0p (pp, pγπ)

'

(7.67)
,

(7.68)

respectively. Here E 0p (pp, pγπ) denotes the maximum proton energy available for pp interactions. For internal shocks this energy is expressed in eq. (7.38). For the reverse
shock, the maximum proton energy available for pp interactions is determined both by
the upstream and the downstream region. As discussed in section 7.3.4, the resulting
constraints are similar and we can use eq. (7.31) to estimate E 0p (pp, pγπ) .

7.5.3

Numerical method

In chapter 6 we have presented a parameterization of the energy and angular distribution
of secondary pions and kaons produced in energetic pp collisions. Here we use this
parameterization to study in detail the properties of neutrino emission by pp interaction
in the choked jet.
In our numerical method, we first discretize the distribution of secondary pions and
kaons created in the interaction of a distribution of high-energy protons with a target
proton at rest (in the comoving frame). In this process the meson energy is divided into
100 bins with logarithmic division and the rapidity is divided into 100 bins with a linear
division. The effect of meson cooling is taken into account by multiplying the number of
mesons in every bin with the cooling suppression factor ζ (see section 7.4). The neutrino
outgoing angle and energy are discretized, in the observer frame, in 100 bins each with a
logarithmic division. Then, for every neutrino and meson bin, we compute the neutrino
energy as observed in the rest frame of the decaying meson. The neutrino distribution
in the bin under consideration is then computed from the meson decay spectrum using
the invariance of ν d3 nν /d3 pν . The distribution is weighed with the number of mesons
in the meson bin and averaged over the azimuthal angle between neutrino and decaying
meson. This process is repeated for all meson and neutrino bins.
The meson decay process is kinematically fully prescribed so that the resulting neutrinos are mono-energetic. For numerical reasons we have introduced a decay width of a
few MeV, which does not affect the resulting spectra strongly. We have verified that the
number of bins is sufficient for convergence of the results.

7.5.4

Results

In figure 7.3 we show the differential neutrino flux from energetic pp collisions in internal shocks. Shown are the analytical approximations based on the break energies
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Figure 7.3: Differential neutrino flux due to pion decay (solid lines) and kaon decay (dashed) produced in energetic pp collisions in internal shocks for a choked GRB at 100 Mpc. The thick lines
show numerical results, the thin lines show the analytical approximations. The dotted line shows the
atmospheric neutrino background (see section 7.6.2). In the left panel we have used Γ j = 3, in the
right panel Γ j = 10. We have chosen reference values for the other model parameters. The meaning
of the lines in the right panel is the same as in the left panel.
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Figure 7.4: Differential neutrino flux due to pion decay (solid lines) and kaon decay (dashed) produced in energetic pp collisions in the reverse shock for a choked GRB at 100 Mpc. The thick lines
show numerical results, the thin lines show the analytical approximations. The dotted line shows the
atmospheric neutrino background (see section 7.6.2). In the left panel we have used r = 1010 cm, in
the right panel r = 1011 cm. We have chosen reference values for the other model parameters. The
meaning of the lines in the right panel is the same as in the left panel.
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Figure 7.5: Zenith angle distribution of neutrinos with energy > 100 GeV around the incident proton
direction. We plotted here the combined distribution of neutrinos from pion and kaon decay, for four
different scenarios.

estimated in section 7.5.2 together with results obtained with the numerical method described in section 7.5.3. We have plotted neutrinos with energy larger than 100 GeV
because this is roughly the threshold energy for detection with a cubic-kilometer neutrino telescope.
For both pions and kaons the analytical approximations describe the numerical results reasonably well. The locations of the cooling breaks, which are smoothened in
the numerical results, are accurate and the neutrino flux around the threshold energy is
within ∼30%. The discrepancy between numerical results and analytical estimates is
largest at high neutrino energies. For the detection estimates this is not very important
because the number of detectable neutrinos is dominated by lower energies for proton
index p & 2. We will come back to this in section 7.6.
We observe from figure 7.3 that the differential neutrino flux depends very sensitively
on the Lorentz factor of the jet. This reflects the fact that the location of the first break
energy scales with νbr,1 ∝ Γ7j in the case of neutrino production in internal shocks. This
is largely due to the fact that the internal shock radius rint ∝ Γ2j .
In figure 7.4 we show the neutrino flux arising from pp interactions after proton
acceleration in the reverse shock. The shape of the neutrino spectrum is similar to the
examples shown in figure 7.3. Again we find a reasonably good agreement between the
analytical estimates and numerical results for energies well below the maximum energy.

7.5.5

Angular dependence

The numerical method employed here yields both the energy spectrum of the secondary
neutrinos as well as the angular distribution. In figure 7.5 we show the angular distribution of secondary neutrinos around the direction of an incident high-energy proton.
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Indicated are the angular distributions of neutrinos resulting from proton acceleration in
internal shocks with Γ j = 3 (see the left panel of fig. 7.3), in internal shocks with Γ j = 10
(right panel of fig. 7.3), in the reverse shock at radius r = 1010 cm (left panel of fig. 7.4),
and in the reverse shock at radius r = 1011 cm (right panel of fig. 7.4). In all cases the
neutrinos are emitted very close to the direction of the high-energy proton.
In the jet model considered here, the high-energy protons are emitted within a cone
of angle θ. Since the neutrinos are strongly collimated in the direction of the protons, the
neutrino signal falls off very steeply outside the jet opening angle. In this work we have
only considered proton interactions where the energetic proton is moving in the radial
direction. A full investigation of the prospects of detecting off-axis neutrino emission in
choked GRBs requires more detailed modeling of the shock-acceleration process. This
is beyond the scope of this work.

7.6

Detection estimates

7.6.1 Neutrino interactions in a cubic-kilometer detector
In this section we estimate the number of neutrino interactions inside a cubic-kilometer
neutrino detector due to pp interactions in choked GRBs. We present estimates on the
detection possibilities of individual choked GRBs and the diffuse neutrino flux due to
unresolved bursts in section 7.6.2.
Using data from Yao et al. (2006), we approximate the neutrino – nucleon cross
section with σνN (ν ) = 7 × 10−39 cm2 × (ν /1 GeV). For Nt ' 1039 target protons,
Z
Ndet = tNt dν Φν (ν )σνN (ν )
−2
−2
= 8 × Eν Mm Bm (10αm ) p−1 (p − 1) Γ p−2
j,1 θ−1 E 52 ξ p,−2 d p,2 .

(7.69)

In this expression
Z
Eν := GeV

−1
νth

dν ζ(ν )

  −p+1
ν
GeV

(7.70)

represents the integral over the neutrino energy distribution weighed with the energydependent cross section, and νth represents the detector threshold neutrino energy. Because the cross section scales with energy, Eν is also a measure of the energy in the
neutrino distribution.
Internal shocks

We first consider neutrino production in internal shocks. For simplicity we consider a
proton distribution with power-law index p = 2. Furthermore we neglect the effect of the
maximum proton energy on the neutrino spectrum because the largest contribution to the
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number of detected neutrinos is from neutrinos with energy within an order of magnitude
from the threshold energy (assuming a proton distribution with power-law index & 2).
Therefore the exact location of the maximum energy is not very important as long as
νmax  103 GeV. We have verified that the optical depth for neutrino – proton scattering
in the jet is very small for the neutrino energies considered here.
We consider the case that the neutrino energy spectrum has two spectral breaks. The
integral that determines Eν , given in eq. (7.70), is then easily solved and yields:
 br,1 
    br,1
Eν = f  νth  − νbr,2 ,
(7.71)
ν
2ν
where the function f is defined as follows:
(
x (x ≤ 1)
f (x) :=
.
log(x) + 1 (x > 1)

(7.72)

The second term is much smaller than the first over a large range of model parameters
and we neglect this term. Using the estimated values for the neutrino break energies
given in section 7.5.2, we find:


−2
7 2
−1 2
Ndet (π) = 8 × θ−1
E52 d−2
(7.73)
p,2 ξ p,−2 f 23 Γ j,1 θ−1 E 52 δt−1 t1 ;


−2
7 2
−1 2
Ndet (K) = 1 × θ−1
E52 d−2
(7.74)
p,2 ξ p,−2 f 350 Γ j,1 θ−1 E 52 δt−1 t1 .
Note that the dependence on the jet Lorentz factor Γ j is very strong. In particular, in the
case that the first spectral break is below the detector threshold, Ndet ∝ Γ7j . This strong
dependence is due to the fact that Ndet is very sensitive to the location of the first cooling
peak.
In figure 7.6 (left panel) we plot the estimated number of neutrino events as a function
of the jet Lorentz factor Γ j (eqs. (7.73) and (7.74)) together with results obtained from
numerical integration of the neutrino spectrum obtained with our numerical method.
Note the break at Γ j ' 3 (Γ j ' 6) for neutrinos due to kaon (pion) decay, which marks
the point where the first cooling break coincides with the detector threshold energy. We
observe that the contribution due to kaon decay is dominant at smaller Lorentz factors,
where the neutrino spectrum from pion decay is strongly suppressed by cooling. At
larger values of Γ j the first cooling break of the neutrino spectrum for both pion decay
and kaon decay is above the detector threshold. In this case, the contribution of neutrinos from pion decay is dominant due to the larger multiplicity. At Γ j = 3 we find that
most neutrinos are from kaon decay, which is in keeping with results found by Ando
& Beacom (2005). Using the reference values adopted by these authors, Γ j = 3 and
E = 3 × 1051 erg, we find Ndet ' 3 for a burst at 10 Mpc. This is an order of magnitude
smaller than estimates presented by these authors, which results from a different normalization of the distribution of accelerated protons. For a Lorentz factor Γ j = 10 we
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Figure 7.6: Estimated number of neutrino interactions in a cubic-kilometer neutrino detector for a
choked GRB at 100 Mpc. The left panel shows the number of neutrino events resulting from internal
shocks as a function of the jet Lorentz factor Γ j ; the right panel shows the number of events due to
the reverse shock as a function of the shock radius r. In both panels the lines represent analytical
approximations (see text), while the dots represent numerical results. In producing this plot we have
used reference values for the model parameters and Γh = 2.

find that, for reference values of the other parameters, a burst at 100 Mpc leads to a &10
neutrino interactions inside a cubic-kilometer neutrino detector.
The number of neutrino events also depends on other model parameters such as the
energy E, the variability timescale δt, the burst duration t, and the proton power-law
index p. A full parametric exploration of the effect of these parameters on the expected
number of neutrino events is beyond the scope of this work.
The reverse shock

Here we consider neutrino production in the reverse shock. In the case that the neutrino
spectrum has two spectral breaks, we can use eq. (7.71) directly to estimate the number
of detected neutrinos:


−2
2 2 2
−1
(7.75)
Ndet (π) = 8 × θ−1
E52 d−2
p,2 ξ p,−2 f 0.032 r11 Γ j,1 θ−1 E 52 t1 Γh ;


−2
2 2 2
−1
Ndet (K) = 1 × θ−1
E52 d−2
(7.76)
p,2 ξ p,−2 f 0.49 r11 Γ j,1 θ−1 E 52 t1 Γh ,
where the function f is defined in eq. (7.72). Adding the contribution of neutrinos due
to pion and kaon decay, we find that neutrino emission from the reverse shock may be
detectable for radii r & r∗rev, det , where
−1/2 −1/2
r∗rev, det = 8 × 1010 cm × Γ−1
ξ p,−2 d p,2 Γ−1/2
.
j t1
h

(7.77)

For smaller radii meson cooling is so strong that the resulting neutrino signal is prohibitively small. Neutrino interactions in the jet head or with stellar material are not
important at radii larger than 1010 cm for the neutrino energies considered here.
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Figure 7.7: Comparison of diffuse neutrino flux due to choked GRBs and the atmospheric neutrino
background. Shown are the contributions from internal shocks (solid line) and the reverse shock
(dashed line). In producing this figure we have chosen Γ j = 10, r = 1012 cm for the reverse shock,
and reference values for the other model parameters. We have added the contributions from pion and
kaon decay here.

In figure 7.6 (right panel) we show the number of detected events due to the reverse
shock as a function of the radius r. The plot is qualitatively similar to the corresponding
plot for neutrino emission in internal shocks (left panel of figure 7.6). The number of
detected neutrinos due to kaon decay shows a break at the radius ∼1011 cm, where the
first cooling break coincides with the detector threshold energy. For radii much smaller
than this critical radius neutrinos from kaon decay are dominant, while at larger radii
most detectable neutrinos are due to pion decay. For radii &1012 cm, neutrino emission
due to proton acceleration in the reverse shock can be substantial. For reference values
of the model parameters, we find &10 neutrino interactions for a burst at 100 Mpc.

7.6.2

Point sources and diffuse flux

In the previous section we have found that a choked GRB at 100 Mpc may result in
&10 neutrino interactions inside a cubic-kilometer neutrino detector (both for proton
acceleration in internal shocks and in the reverse shock). Here we compare the neutrino
flux of individual bursts to the atmospheric neutrino background and estimate the diffuse
flux of unidentified choked GRBs.
We first estimate the rate of choked GRBs within 100 Mpc. Following Porciani &
Madau (2001), we adopt the following type-II supernova rate ṅSN as a function of redshift
z:
ṅSN (z) =

4 × 10−3 exp (3.4z) −1
yr Mpc−3 ,
exp (3.8z) + 45

(7.78)

where we use the currently favored value H0 = 73 km s−1 Mpc−3 for the Hubble param-
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eter (Yao et al. 2006). Within the current ΛCDM cosmological paradigm, the comoving
volume element dV within the redshift range z . . . z+dz can be expressed in the following
way:
dV =

4πcD2p dz
H0 ΩΛ,0 + Ωm,0 (1 + z)3
p

,

(7.79)

where ΩΛ,0 = 0.76 and Ωm,0 = 0.24 represent the current density parameters of the
cosmological constant and matter, respectively (Yao et al. 2006). The proper density D p
is expressed as
Z z
c
dz0
Dp =
.
(7.80)
p
H0 0
ΩΛ,0 + Ωm,0 (1 + z)3
Integrating the redshift-dependent supernova rate given in eq. (7.78) over the comoving
volume up to z = 0.024 (100 Mpc), we find that the rate of SNe within 100 Mpc is
∼400 yr−1 . Due to the collimation of the relativistic flow, a fraction θ2 /2 of choked
bursts is pointed toward earth. Therefore the rate of choked GRBs emitting neutrinos
toward earth within 100 Mpc is estimated as follows:
2
ṄCGRB = 2 yr−1 × ξSN θ−1
,

(7.81)

where ξSN is the fraction of supernovae that is endowed with the type of relativistic
outflows considered in this work. This is a conservative estimate in the sense that the
reference opening angle adopted here, ∼5 degrees, is relatively small.
Following Razzaque et al. (2005) we adopt the following parameterization for the
flux of atmospheric muon-neutrinos in the relevant energy range:
Φν, atm = (4π) 0.012



  −1
ν −2.74 
ν
1 + 0.002
,
1 GeV
1 GeV

(7.82)

where we have included the factor 4π to account for background signals from all directions. If the choked GRB is accompanied by a visible SN the number of background
events can be strongly reduced by using directional information (a full analysis of the
neutrino reconstruction potential with and without directional and temporal information
is beyond the scope of this work).
In figures 7.3 and 7.4 we show the estimated neutrino fluxes from a choked GRB
at 100 Mpc together with the atmospheric neutrino background expressed in eq. (7.82).
For neutrino production in internal shocks we observe that the neutrino flux is well above
the atmospheric background for Γ j = 10, but below the background for Γ j = 3. For
the reverse shock, the resulting neutrino flux is above the atmospheric background for
radii r & 1011 . Therefore, provided that protons are accelerated in the reverse shock,
or that protons are accelerated in internal shocks and that Γ j & 5, we expect that a few
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individual bursts will be detected per year for reference values of the model parameters
and for ξSN ' 1.
We now consider the diffuse flux due to unresolved choked GRBs. We neglect the
effect of redshift on the observed neutrino break energies for simplicity. In this case
averaging over a cosmological distribution of SNe only affects the normalization of the
neutrino spectrum through the dependence on D p (cf. eq. 7.58). We can therefore
estimate the diffuse flux from previous results on the neutrino flux from a single burst by
diff
using an effective distance D p,∗
defined as follows:
diff
D p,∗
=

θ2 ξSN t
2

∞

Z
0

!−1/2
ṅS N (z) dV
−1 −1/2 −1/2
dz
' 2.4 Gpc × θ−1
ξSN t1 ,
D p (z)2 dz

(7.83)

which accounts for the fact that a fraction θ2 /2 of choked GRBs are directed toward
earth. In figure 7.7 we show the diffuse neutrino flux due to choked GRBs estimated in
this way together with the atmospheric neutrino background. We have indicated both
neutrinos resulting from proton acceleration in internal shocks (adopting Γ j = 10) and
in the reverse shock (adopting r = 1012 cm). We take reference values for the other
parameters and assume that ξSN = 1, so that the fluxes indicated in the figure represent
an upper limit. The neutrino flux is based on the numerical model described in section
7.5.3. For these values of the model parameters we find that the diffuse flux is dominated
by the atmospheric background for neutrino energies .103 GeV. For neutrino energies
103 GeV . ν . 105 GeV the diffuse flux is a factor few larger than the background and is
potentially detectable. At higher energies the figure indicates that the neutrino spectrum
is suppressed. In this regime pp interactions are dominated by photopion production,
which we have not considered here. Including photopion production may increase the
diffuse flux significantly in this energy regime. We note that the diffuse neutrino flux
due to choked GRBs within ∼100 Mpc is expected to reflect the distribution of galaxies
within that distance, which may help to discriminate it from the atmospheric background.
Razzaque et al. (2005) have found previously that the diffuse neutrino flux is below
the atmospheric background for the reference values of the model parameters adopted in
that work, in particular Γ j = 3. For this value of the jet Lorentz factor we also find that
the resulting neutrino flux is several orders below the atmospheric background.

7.7

Discussion

In the previous section we have found that pp interactions in a choked GRB may lead
to observable neutrino fluxes in a cubic-kilometer neutrino detector. This applies both to
the case that protons are accelerated by the reverse shock (for sufficiently large radii) and
to the case that protons are accelerated by internal shocks (for sufficiently large Lorentz
factors). Here we point out some uncertainties in these results.
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First we stress that some of the model parameters are uncertain. In particular, the
fraction of protons that is shock-accelerated may well be orders of magnitude smaller
than the reference value ξ p ' 0.01 adopted here. However, for the case of neutrino
production in internal shocks, we have found that the number of detectable neutrinos is
very sensitive to the Lorentz factor of the jet. Therefore a large increase in the number
of detectable neutrinos requires only a small increase in Lorentz factor.
A second caveat of the results presented here is the dependence on collisionless
shocks. The existence of internal shocks in choked GRBs is speculative because it is
not clear whether they can indeed develop while the jet is traversing the star and has
not yet created a low-density funnel1 . The reverse shock is, on the other hand, a robust
feature of the interaction of the relativistic outflow with the cold pre-burst environment.
It is however less clear if the reverse shock can accelerate protons. Whether or not it may
be treated as collisionless depends on the coherence length of the magnetic field, which
is uncertain and difficult to predict theoretically.

7.8

Conclusions

In this chapter we studied neutrino creation through pp interactions in choked GRBs.
This builds on previous work by Razzaque et al. (2005, and references therein) and
Ando & Beacom (2005). We considered both proton acceleration in internal shocks,
which was considered earlier, and in the reverse shock, which has not been studied in
detail for choked GRBs. We used a detailed parameterization of the energy spectrum
and angular distribution of secondary mesons created in pp collisions that allowed us to
treat the proton interactions in more detail than previous studies.
The accelerated protons lose virtually all their energy by interactions in the jet and
the jet head. Inelastic pp collisions are the dominant energy-loss mechanism at proton
energies .104 GeV, where the proton flux is relatively large, and give rise to secondary
pions and kaons that decay into neutrinos. Prior to decay the mesons lose energy both
through synchrotron cooling and in inelastic meson – proton collisions, which strongly
affects the neutrino spectrum and hence the detection prospects.
We have considered the number of neutrinos that is detectable by a cubic-kilometer
neutrino detector with energy threshold 100 GeV. For neutrino creation in internal shocks
we find that, for reference values of the model parameters, a choked burst at 100 Mpc
may be detectable when Γ j & 5. The number of neutrino events depends strongly on the
jet Lorentz factor because the energy where meson cooling becomes important depends
strongly on Γ j . For neutrino production in the reverse shock, we find that the neutrino
emission from a choked GRB at 100 Mpc may be detectable for radii & 1011 cm. The
dependence on Γ j is milder in this case. These conclusions also apply to the first stages
of a successful GRB characterized by the model parameters adopted here. If the Lorentz
1 We

thank Thomas Janka for pointing this out recently (private communication).
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Figure 7.8: Photopion cross section as a function of the photon energy in the proton rest frame. The
line indicates the fit (see text), the dots represent data taken from Yao et al. (2006).

factor of the jet is of the order 100, as inferred from observations, the optical depth for pp
interactions in the jet becomes less than unity. However accelerated protons still interact
with protons in the jet head which also leads to neutrino emission.
The number of choked GRBs pointing toward earth from 100 Mpc may be as large as
a few per year. Therefore, provided that a sizable fraction of SNe is endowed with the relativistic outflows studied here, and provided that either the reverse shock (r & 1011 cm)
or internal shocks (Γ j & 5) accelerate a significant fraction of the protons, we expect up
to a few detected individual bursts per year. The diffuse flux due to unresolved choked
GRBs may be a factor few above the background of atmospheric neutrinos for optimistic
values of the model parameters (see fig. 7.7). Also here the Lorentz factor of the jet is
the dominant parameter (for internal shocks). Hence detection of the diffuse flux may
also be possible but the detection prospects for individual bursts are more promising.
A more detailed exploration of the dependence on the model parameters is required to
corroborate these results.

7.A

Proton - photon cross section approximation

In figure 7.8 we show experimental data from Yao et al. (2006) on the total proton –
photon cross section, together with the following approximation:

σ pγ



0.53g1 (γ(p) , 0.32, 7) + 0.28g1 (γ(p) , 0.75, 5) (γ(p) < 0.75 GeV) ;




=
0.11 + 0.17g2 (γ(p) , 0.75, 1.1) (0.75 GeV < γ(p) < 80 GeV) ;




0.11(γ(p) /80 GeV)0.08 (γ(p) > 80 GeV) .
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Here γ(p) denotes the photon energy in the proton rest frame, and the functions g1 and g2
are defined as follows:
 w log(/ ) 
0
exp 0
−1
;
(7.84)
g1 (, 0 , w) =
exp(1) − 1
h w i
exp 0
−1
g2 (, 0 , w) =
.
(7.85)
exp(1) − 1

8
Conclusions

Although the possibility to use neutrinos as diagnostic tools for (astro)physical processes
has been recognized long ago, it remains a challenging task to identify concrete realizations of this potential. In this dissertation we have studied two subjects where neutrinos may be used to increase our understanding of particle physics and astronomy. In
chapters 2 and 3 we have studied spontaneous pair creation by an external source and
considered the possibility of neutrino pair creation by a configuration of neutrons with a
time-dependent density. In chapters 4–7 we have studied how neutrinos may be used to
probe the physics of gamma-ray bursts (GRBs). We present our conclusions regarding
these two subjects in the following.
Spontaneous pair creation has been studied extensively in the context of QED but is
also a potential mechanism to create neutrinos. The creation of neutrinos by an external source was studied earlier by Kusenko & Postma (2002), who considered neutrino
pair creation by collective motion of neutrons in oscillating neutron stars. Using the
non-perturbative method of Bogoliubov transformations, they found that the rate of pair
creation is proportional to the neutrino mass. This result indicates that the mechanism
is only operational for massive neutrinos and hints at chiral suppression of pair creation
mediated by the weak nuclear force. We have studied the same problem using perturbative quantum field theory in chapter 3. For the source considered by Kusenko & Postma,
we also find that the number of created neutrinos is proportional to the neutrino mass
(cf. eq. (3.21)). We demonstrate however that for other background fields neutrino
pair creation remains possible in the limit of vanishing neutrino mass (cf. eqs. (3.16)).
Therefore we conclude that the scaling with neutrino mass is not a general feature of pair
creation by the weak nuclear force. We have also presented estimates of the neutrino flux
from neutron stars up to first order in perturbation theory. At the perturbative level, neutrino pair creation by an oscillating neutron star requires a very large driving frequency.
Because this limits the size of the region in which neutrinos can be created, and hence
the resulting neutrino flux, the prospects of detecting neutrinos created by this mechanism are poor. It is therefore unlikely that experimental verification of spontaneous pair

152

Conclusions

creation will come from astrophysical neutrinos.
Both perturbative and non-perturbative methods to study pair-creation problems have
been discussed in chapter 2. In this chapter we have introduced an example of an exactly
solvable pair-creation problem, i.e. an external source for which the number of created
pairs can be represented by an explicit analytic function of the coupling constant. This
external source, that we call the ‘time-dependent kink’ (see section 2.4), corresponds to
a homogeneous, time-dependent scalar field that represents a domain wall in the time
domain. It is coupled to the quantum scalar fields through a quartic coupling in the
Lagrangian which results in an effective, time-dependent mass for the quantum scalar
fields. We compute the number of particles created by the source using Bogoliubov
transformations and derive an analytic function in the coupling constant. This result can
be expanded around zero coupling constant to find a convergent perturbative expansion.
The first few terms of this expansion are reproduced using Feynman diagram calculus,
which explicitly demonstrates the equivalence of both methods. For future work it may
be interesting to generalize the setup to fermion pair creation by a time-varying mass
and to fermion pair creation by an external electric field. In the last case, the analogy
with the Schwinger formula suggests that the number of created pairs is a non-analytic
function of the coupling constant, so that a perturbative computation will lead to a divergent series. The transition from convergent to divergent perturbative expansions can be
studied further using the results obtained in chapter 2, in particular the expression that
was derived for the imaginary part of scalar n-point integrals for a source with only time
components (see appendix 2.A).
In chapters 4–7 of this dissertation we have considered the creation and emission of
neutrinos in GRBs. In recent years there has been much progress in our understanding
of these phenomena. Although the currently favored ‘fireball / blast wave’ model of
GRBs can account for many observational features, some important questions remain.
In particular, the nature of the central engine that powers the burst, the formation of
the relativistic outflow associated with GRBs, and the physics of the early phases of
this outflow remain elusive. The properties of the prompt gamma-ray emission as well
as those of the afterglow are mostly determined by the physical conditions in the blast
wave, when the bulk of the GRB energy is carried by baryons. Neutrino emission may
however be a useful diagnostic of the earlier phases of a developing GRB and thus shed
light on some important open questions.
Chapter 4 is concerned with the effect of neutrinos on the dynamics of early GRB
outflows in the fireball model. We found that the fireball plasma is opaque to neutrinos
in the part of the parameter space where neutrinos are created rapidly enough to provide
a potentially important cooling mechanism (see the phase diagram in fig. 4.1). In this
regime neutrinos are in thermal equilibrium with the other plasma components and energetically important. As the expanding and cooling neutrino-opaque fireball becomes
transparent to neutrinos, a sub-millisecond burst of neutrinos is emitted. Largely independent of the initial conditions, these neutrinos carry away approximately 30 percent of
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the initial GRB energy. This implies that neutrino cooling is not dramatic and neutrino
cooling cannot terminate a developing GRB. Therefore neutrino cooling considerations
do not put strong constraints on the parameter space of early GRB fireballs. Due to the
relatively low energy of ∼60 MeV, detection of these neutrinos is possible for nearby
galaxies only.
In chapter 4 we found that neutrino-opaque conditions in a GRB fireball can be realized when the central engine releases energy to fuel the fireball on very short timescales.
A way to develop neutrino-opaque conditions in a fireball in a gradual way was suggested
by Woosley (1993). In this scenario, neutrinos that are emitted by the central-engine accretion disk transfer energy to the fireball through electron – neutrino scattering. This
increases the plasma temperature and hence the opacity to neutrino scattering. This
leads to run-away behavior which, in principle, may result in neutrino-opaque conditions. However, the timescale to develop this instability is an order of magnitude larger
than the dynamical timescale so that it may be difficult to realize in nature (see also
Asano & Iwamoto 2002).
In the fireball model, that is adopted in chapter 4, the relativistic outflow is initially
dominated by thermal energy. The energy of the flow may also be predominantly in the
form of Poynting flux, which, for example, is expected if the central engine contains a
magnetized accretion disk. High-energy neutrinos may be used to discriminate between
these models. The fireball model requires a separate dissipation mechanism to explain
the prompt gamma-ray emission, which is usually assumed to be electron acceleration
in internal shocks. Protons are also accelerated in these shocks and give rise to highenergy neutrino emission. As these shocks are not expected in Poynting-flux dominated
outflows, the observation of high-energy neutrino emission together with the prompt
emission would favor the fireball model.
Neutrinos may also be produced in neutron – proton (np) collisions in the accelerating phase of the outflow. Because the acceleration profile in the fireball model and
in Poynting-flux models is generally different, the signature of these neutrinos may also
give information on the nature of the flow. This possibility is investigated in detail in
chapter 5. We restrict ourselves to the ‘AC’ model, a concrete model of Poynting-flux
dominated GRB outflows put forward by Spruit et al. (2001). An attractive feature of
this model is that it can account for both the bulk acceleration of the flow and the prompt
gamma-ray emission through magnetic reconnection.
We find that inelastic np collisions can occur only when the flow is sufficiently pure,
i.e. when the ratio of energy to rest mass is sufficiently high. For fireballs this implies
that the terminal Lorentz factor of the flow should be ∼700 while for the AC model the
Lorentz factor should be ∼200. Given that the canonical value of GRB Lorentz factors
is believed to be a few hundred, np decoupling is expected be relatively rare in fireballs
but common in AC flows.
The neutrino emission due to collisions between differentially streaming neutrons
and protons is so weak that detection is prohibitive for both the fireball model and the
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AC model. For the fireball model we find that the resulting neutrino particle fluence is
roughly an order of magnitude smaller than previous estimates in the literature. This
difference is mostly due to the more accurate cross sections used in this work and the
distinction between the np decoupling radius and the pion production radius. Both these
considerations primarily affect the regime close to the pion production threshold. This
regime gives the dominant contribution to the total optical depth for inelastic np scattering due to the relatively large nucleon densities. In the AC model, the neutrino fluence
is lower by another factor ∼5 due to the more gradual acceleration of the flow, which is
a robust feature of the model.
Inelastic np collisions also create neutral pions which decay into gamma rays. These
gamma rays are subject to multiple interactions with soft X-ray photons carried with the
flow. In the fireball model this results, via electron-positron pair cascades, to the emission
of a few per mille of the energy of the flow in 2 - 20 GeV gamma rays. This gamma-ray
signal is observable by the upcoming GLAST satellite up to large redshifts (see fig. 5.5).
In the AC model, this energy is radiated away at a few hundred keV due to synchrotron
radiation. Therefore this gamma-ray emission is a promising probe of the nature of the
relativistic flow in the early phases of a GRB. However a more detailed analysis of the
spectral properties is required to compare it with other emission mechanisms.
Whereas neutrino observations may provide information that is complementary to
the gamma-ray emission for the type of GRBs that have been observed so far, they could
be the only observable signal from a hypothetical class of ‘choked’ GRBs. The existence of such a class of failed GRBs has been hypothesized in the literature recently (see
Razzaque et al. 2005 and references therein). Based on the observational connection
between GRBs and supernovae, it is an interesting possibility that the early phases of a
developing GRB occur in a relatively large fraction of all supernovae, but that only under
special circumstances this leads to an actual GRB. For example, it may the case that the
formation of a relativistic outflow is a frequent phenomenon, but that only very energetic
outflows give rise to an actual GRB.
We consider in chapter 7 the energy spectrum and angular distribution of neutrinos that are produced by a choked GRB. In this scenario neutrinos are predominantly
produced in the decay of charged pions and kaons created in the interactions of shockaccelerated protons with nucleons and photons in the flow. Because the number density of shock-accelerated protons decreases with increasing energy, and because meson
energy loss prior to decay strongly suppresses the flux of high-energy neutrinos, most
observable neutrinos are within an order of magnitude of the threshold energy for cubickilometer neutrino detectors (∼100 GeV). In this regime proton energy loss is dominated
by proton – proton (pp) interactions.
Protons can be accelerated both by the reverse shock that arises in the interaction
of the relativistic outflow with the stellar material, and in internal shocks that may arise
due to variability of the flow. We find that in both cases, depending on the parameters,
neutrino emission from choked GRBs can be strong. For reference values of the parame-
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ters we find that a choked GRB at 100 Mpc is detectable above the atmospheric neutrino
background with a cubic-kilometer neutrino detector. Because the rate of choked GRBs
pointing toward earth within 100 Mpc may be as large as a few per year, neutrino emission from a few choked GRBs per year could be detected. This result depends on some
model parameters that are poorly known. However, in the case of proton acceleration
by internal shocks, we find that the most important parameter in determining the number of neutrino events in a cubic-kilometer neutrino detector is the jet Lorentz factor Γ j .
Provided that a substantial amount of protons is accelerated in internal shocks, the detection prospects for a single choked GRB with Γ j & 5 are excellent (e.g., see the right
panel of fig. 7.3). For optimistic values of the model parameters, the diffuse flux due to
pp interactions in unresolved choked GRBs may be a factor few above the atmospheric
background (see fig. 7.7). For neutrino energies &105 GeV photopion production, which
we have not considered, is expected to contribute significantly to the diffuse flux, further
enhancing the detection prospects.
The production of secondary pions and kaons in pp interactions is modeled with parameterizations of the energy and angular distribution of these mesons that are presented
in chapter 6. These parameterizations are included in this dissertation as a separate chapter because they can be applied to many other astrophysical systems where high-energy
pp interactions are important.
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Samenvatting

‘Beste radioactieve dames en heren’,
Met deze aanhef opende Wolfgang Pauli een brief die hij op 4 december 1930 naar
een groep experimentele kernfysici stuurde aan de vooravond van een wetenschappelijk
congres. In deze brief refereert Pauli aan een belangrijk natuurkundig probleem in die
tijd: er was aantal waarnemingen bekend waarin energie verloren lijkt te gaan tijdens
het verval van atoomkernen. De wet van behoud van energie is één van de fundamentele
natuurwetten en een schending van deze wet zou de natuurkunde op haar grondvesten
doen trillen. Het belang van deze behoudswet maakte dat Pauli, die bekend stond als
wars van speculatieve ideeën, een gedurfde hypothese aandroeg: het bestaan van een tot
dan toe onontdekt gebleven deeltje dat de ‘verloren’ energie met zich mee zou dragen.
Dit deeltje kennen wij tegenwoordig als het neutrino.1

Het neutrino als boodschapper
Het is geen toeval dat het neutrino voorspeld werd op grond van theoretische beschouwingen voordat het werd waargenomen in een experiment: het neutrino is erg moeilijk
te detecteren omdat het nauwelijks wisselwerkt met de materie om ons heen. Op de
allerkleinste lengteschalen kent de hedendaagse natuurkunde vier verschillende krachten
die verantwoordelijk zijn voor alle interacties tussen deeltjes, namelijk de zwaartekracht,
de elektromagnetische kracht, de sterke kernkracht en de zwakke kernkracht. De laatste
twee krachten zijn alleen indirect merkbaar in het dagelijkse leven; de sterke kernkracht
houdt atoomkernen bij elkaar terwijl de zwakke kernkracht verantwoordelijk is voor
radioactief verval van deze kernen. Van deze vier fundamentele krachten hebben slechts
de zwaartekracht en de zwakke kernkracht vat op het neutrino. Het effect van de zwaartekracht is op microscopische schaal verwaarloosbaar klein en de zwakke kernkracht zorgt
slechts sporadisch voor interacties tussen deeltjes. Het duurde dan ook tot 1956 voordat
1 Pauli doopte het deeltje in zijn brief ‘neutron’. Toen James Chadwick in 1932 een deeltje ontdekte dat de
door Pauli voorgestelde eigenschappen leek te bezitten, identificeerde hij het nieuwe deeltje met Pauli’s neutron. Later werd duidelijk dat Chadwick een ander, veel zwaarder, deeltje had ontdekt. Dit zware deeltje staat
tegenwoordig bekend als het neutron terwijl Pauli’s deeltje, door toedoen van de Italiaanse natuurkundige Enrico
Fermi, bekend is geworden als het ‘neutrino’ — Italiaans voor het ‘kleine neutron’.
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Frederick Reines en zijn collega’s het bestaan van neutrino’s experimenteel konden bewijzen (Cowan et al. 1956; zie ook Reines & Cowan 1953). Inmiddels zijn neutrino’s
afkomstig uit diverse bronnen op aarde en daarbuiten waargenomen, zoals de zon (zie
bv. Davis et al. 1968), de aardatmosfeer (zie bijv. Fukuda et al. 1998), en SN1987A. Dit
is een supernova die in 1987 werd waargenomen en tot op heden de enige gedetecteerde
bron van neutrino’s buiten ons zonnestelsel is (zie bijv. Bethe 1990).
Het feit dat neutrino’s nauwelijks wisselwerken heeft ook een uiterst belangrijk voordeel. Neutrino’s die afkomstig zijn uit een bron in het heelal kunnen de aarde bereiken
zonder noemenswaardige verstoringen onderweg, zelfs als de bron op vele lichtjaren afstand staat. Hierin onderscheidt het neutrino zich van andere deeltjes die uit het heelal
komen, zoals fotonen en protonen. Fotonen uit een astrofysische bron bereiken vaak de
aarde niet omdat ze worden geabsorbeerd door interstellair stof of door de kosmische
achtergrondstraling. De baan van protonen wordt beı̈vloedt door verstrooiing en door
magneetvelden in het heelal, waardoor het moeilijk is om uit waarnemingen de bron van
kosmische protonen te herleiden.
Er is op dit moment veel interesse in de rol van neutrino’s als ‘boodschappers’
van astrofysische processen. Omdat de interactiewaarschijnlijkheid van een enkel neutrino gering is, vereist waarneming van neutrino’s uit het heelal een grote detector. Op
grond van theoretische beschouwingen wordt verwacht dat een detector met een volume
van een kubieke kilometer ruwweg één interessante detectie per jaar op kan leveren.
Zulke detectoren worden op dit moment ontworpen en gebouwd in de Middellandse Zee
(KM3NeT; zie Katz 2006) en op de Zuidpool (IceCube; zie Ahrens et al. 2003).
Dit proefschrift gaat over de vraag wat we kunnen leren van waarnemingen met de
toekomstige generatie neutrinodetectoren zoals KM3NeT en IceCube. Nauwkeurig onderzoek naar de signatuur van neutrino-emissie door astrofysische bronnen is noodzakelijk om bronnen experimenteel te kunnen onderscheiden en om op grond van neutrinowaarnemingen onderscheid te kunnen maken tussen verschillende modellen voor de
bron. In het bijzonder behandelen we twee onderwerpen op het snijvlak van de fysica
van elementaire deeltjes en de sterrenkunde: spontane paarcreatie van neutrino’s en de
productie en emissie van neutrino’s in gammaflitsers (Engels: gamma-ray bursts).2 Deze
onderwerpen worden hieronder besproken.

Spontane paarcreatie van neutrino’s
De essentie van E = mc2 , misschien wel de meest bekende formule uit de natuurkunde,
is samen te vatten in de uitspraak dat massa een vorm van energie is. Dat wil zeggen
dat deeltjes met massa kunnen annihileren waarbij een navenante hoeveelheid energie
vrijkomt. Aan de andere kant is het ook mogelijk dat deeltjes ‘spontaan’ ontstaan uit
2 Het onderzoek dat hieraan ten grondslag ligt is in de afgelopen vier jaar verricht aan het Nikhef, het nationale instituut voor subatomaire fysica. Dit instituut is nauw betrokken bij de ontwikkeling en ingebruikname
van huidige (ANTARES) en toekomstige (KM3NeT) neutrinodetectoren. Daarnaast was er een intensieve samenwerking met onderzoekers verbonden aan het sterrenkundig instituut ‘Anton Pannekoek’.
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een externe bron, een hoeveelheid energie die in een bepaald volume is geconcentreerd.
Een bekend voorbeeld van dit proces is het ontstaan van elektron-positronparen in een
extreem sterk elektrisch veld.3 Dit fenomeen werd voorspeld door Julian Schwinger in
1950, maar is nog nooit direct waargenomen. Dit is te verklaren doordat het erg moeilijk
is om elektrische velden van de vereiste sterkte (zo’n 1016 V/cm) in een laboratorium op
te wekken. Spontane deeltjescreatie is theoretisch ook mogelijk voor neutrino’s, wat een
andere mogelijkheid biedt om het bestaan van dit mechanisme te verifiëren. Spontane
creatie van neutrino’s is het onderwerp van hoofdstuk 2 en 3 van dit proefschrift.
In tegenstelling tot elektron-positronparen, die gecreëerd kunnen worden door toedoen van de elektromagnetische kracht, worden neutrino’s vrijwel uitsluitend gecreëerd
door de zwakke kernkracht.4 Het opwekken van een sterk veld van de zwakke kernkracht
over macroscopische afstanden is vrijwel onmogelijk in een laboratorium. Zulke velden
kunnen wel bestaan in neutronensterren, compacte sterren met een hoge dichtheid die
vrijwel geheel uit neutronen bestaan. Een collectieve oscillatie van de neutronen in een
neutronenster wekt een sterk, tijdsafhankelijk veld op dat de zwakke kernkracht overbrengt. De energie die met deze oscillaties gepaard gaat kan in principe worden gebruikt
om neutrino’s te creëren.
Spontane paarcreatie van neutrino’s in een neutronenster is eerder bestudeerd door
Kusenko & Postma (2002). Deze auteurs concluderen dat de flux van neutrino’s die op
deze manier wordt geproduceerd te klein is om waar te kunnen nemen. Verder vinden
zij dat, voor de specifieke bron die wordt aangenomen, het aantal neutrino’s dat per
tijdseenheid wordt gecreëerd recht evenredig is met de neutrinomassa. Deze bevinding
is vooral van belang omdat het betekent dat het paarcreatiemechanisme niet werkt als de
gecreëerde deeltjes massaloos zouden zijn geweest. Dit is niet het geval voor elektronpositronpaarcreatie en geeft dus aanleiding tot verder onderzoek.
Kusenko & Postma maken gebruik van een wiskundig formalisme waarmee het aantal neutrino’s op een niet-perturbatieve manier wordt berekend. Dit formalisme geeft
exacte resultaten maar kan alleen worden toegepast op een specifieke klasse van bronnen.
In dit proefschrift beschouwen we neutrinopaarcreatie met behulp van een perturbatieve
methode, waarin het aantal gecreëerde neutrino’s wordt benaderd met behulp van een
storingsreeks. Deze methode is toepasbaar op vrijwel alle bronnen, wat de mogelijkheid
biedt om te bestuderen of de massa-afhankelijkheid een algemeen resultaat is of dat deze
afhankelijkheid een gevolg is van de keuze die Kusenko & Postma voor de bron hebben
gemaakt. We beperken ons in deze analyse tot homogene bronnen.
In hoofdstuk 2 van dit proefschrift behandelen we spontane paarcreatie binnen het
raamwerk van de quantumveldentheorie. We geven een beknopte inleiding in het gebruik van Bogoliubov-transformaties en van Feynman-lusdiagrammen, respectievelijk
3 Spontane creatie van elektronen, positronen, en neutrino’s gebeurt altijd in paren omdat de lading (net als de
totale energie, impuls, en de draai-impuls) een behouden grootheid is.
4 Neutrino’s kunnen ook gecreëerd worden door de elektromagnetische kracht met tussenkomst van virtuele
deeltjes die de zwakke kernkracht overbrengen. Dit type proces is echter sterk onderdrukt.
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niet-perturbatieve en perturbatieve methodes om het aantal deeltjes dat gecreëerd wordt
door een externe bron uit te rekenen.
In hoofdstuk 3 beschouwen we spontane paarcreatie van neutrino’s met behulp van de
Feynman-lusdiagrammen die in hoofdstuk 2 zijn besproken. Dit leidt tot een algemene
formule die, in eerste orde in een storingsreeks, het aantal neutrino’s geeft dat gecreëerd
wordt door een willekeurige homogene bron. Uit deze formule blijkt dat spontane creatie van neutrino’s in het algemeen mogelijk zou zijn als neutrino’s geen massa hadden
gehad. Onze berekeningen bevestigen dat voor de specifieke bron die door Kusenko &
Postma is aangenomen, het aantal neutrino’s recht evenredig is met de neutrinomassa.
Net als Kusenko & Postma concluderen we dat het aantal neutrino’s dat door het mechanisme van spontane creatie in een neutronenster opgewekt kan worden, te klein is om
waar te nemen.
Gegeven de bovenstaande conclusie lijkt het onwaarschijnlijk dat het bestaan van
spontane paarcreatie geverifieerd kan worden door middel van waarnemingen met neutrinodetectoren. Het bestuderen van deze mogelijkheid heeft wel geleid tot nieuwe
inzichten in het paarcreatiemechanisme, met name wat betreft de rol van de neutrinomassa. Verder bieden onze resultaten perspectief om verdere inzichten in het mechanisme te ontwikkelen, in het bijzonder in de verhouding tussen perturbatieve en nietperturbatieve beschrijvingen.

Productie en emissie van neutrino’s in gammaflitsers
Hoofdstukken 4–7 van dit proefschrift gaan over de vraag wat we kunnen leren over
de fysica van gammaflitsers door toekomstige waarnemingen met de nieuwe generatie
neutrinodetectoren. Waar de nadruk in het voorgaande deel vooral ligt op het neutrino
en zijn interacties, ligt de nadruk in dit deel van het proefschrift vooral op de fysica van
de bron.
Gammaflitsen zijn korte, zeer intense flitsen van gammastraling afkomstig uit het
heelal. In termen van vermogen zijn het, voorzover bekend, de meest krachtige verschijnselen sinds de oerknal. Zo is er een gammaflits waargenomen van een bron op meer
dan 10 miljard lichtjaar afstand! De energie in de gammaflits wordt, voor astronomische
begrippen, in een korte tijd uitgestraald. Hierbij wordt onderscheid gemaakt tussen korte
gammaflitsen, met een typische duur van 0.2 s, en lange gammaflitsen, met een typische
duur van 20 s.
Sinds de toevallige ontdekking van gammaflitsen door militaire Vela satellieten eind
jaren zestig van de vorige eeuw (Klebesadel et al. 1973), zijn er verschillende satellieten
gelanceerd om dit fenomeen nader te bestuderen. Het vakgebied kreeg een geweldige
impuls door de lancering van de Compton Gamma Ray Observatory met daarop de
Burst and Transient Source Explorer (BATSE) in 1991. BATSE registreerde ongeveer één
gammaflits per dag. Met behulp van deze waarnemingen werd onder andere aangetoond
dat gammaflitsers isotroop over de hemel verdeeld zijn, wat een klasse van bronnen die
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beperkt is tot ons Melkwegstelsel vrijwel uitsluit. De kosmologische oorsprong van
gammaflitsen werd bevestigd door de BeppoSAX satelliet. In 1997 werd met behulp
van deze satelliet voor het eerst het nagloeien van gammaflitsers waargenomen, dat wil
zeggen straling die na de gammaflits wordt uitgezonden en in sommige gevallen tot jaren
na de flits kan worden waargenomen. Met behulp van dit nagloeien was het mogelijk om
de roodverschuiving van de bron te bepalen en op die manier de afstand vast te stellen.
Een nieuwe mijlpaal in het onderzoek naar gammaflitsers diende zich aan in 1998, toen
gelijktijdig met het uitdovende nagloeien van een gammaflitser een supernovaspectrum
werd waargenomen. Samen met vergelijkbare waarnemingen daarna leverde dit het bewijs dat sommige gammaflitsers en supernova’s een gedeelde oorsprong hebben. Op
het moment van schrijven is de Swift satelliet, die eind 2004 werd gelanceerd, verantwoordelijk voor de ontdekking van de meeste nieuwe gammaflitsen. Waarnemingen met
deze satelliet hebben verschillende interessante ontdekkingen opgeleverd, met name in
het tijdsgebied tussen de gammaflits en het nagloeien (zie Mészáros 2006).
De belangrijkste eigenschappen van de waargenomen gammaflitsen kunnen worden verklaard met behulp van het vuurbal/schokgolfmodel (Engels: fireball / blast wave
model).5 In dit model ontstaan gammaflitsen als gevolg van de ineenstorting van de
kern van een zware ster of als gevolg van de samensmelting van twee neutronensterren,
respectievelijk voor lange en korte gammaflitsen. De energie die hierbij vrijkomt wordt
gebruikt om een vuurbal te vormen, een zeer energierijk plasma van fotonen, elektronpositronparen en een relatief kleine hoeveelheid nucleonen. Als gevolg van stralingsdruk
zet het plasma snel uit, waarbij een zeer hoge, ultrarelativistische snelheid bereikt wordt.
Vervolgens, zo zegt het model, ontstaan er botsingen tussen opeenvolgende schillen van
nucleonen. Deze botsingen leiden tot het ontstaan van schokken, waarvan bekend is dat
zij geladen deeltjes tot zeer hoge energieën kunnen versnellen. Elektronen die versneld
worden door deze schokken zenden synchrotronstraling uit en verhogen de energie van
deze straling door Inverse-Comptoninteracties. De straling die zo ontstaat wordt verantwoordelijk gehouden voor de waargenomen gammaflits, terwijl de interactie van het
plasma met de interstellaire materie tot het nagloeien leidt.
Op grond van het vuurbal/schokgolfmodel wordt verwacht dat een gammaflitser ook
grote hoeveelheden neutrino’s uitzendt. Deze neutrino’s ontstaan in verschillende fase
in de ontwikkeling van de gammaflitser, bijv. door elektron-positronannihilatie vlak na
de vorming van de vuurbal, door proton-fotonbotsingen of proton-nucleonbotsingen in
de vuurbal, en door botsingen van protonen die worden versneld in de schokgolf met
nucleonen rondom de bron.
Ondanks het succes van het vuurbal/schokgolfmodel zijn een aantal belangrijke vragen omtrent gammaflitsers tot op heden onbeantwoord. Hoe wordt, bijvoorbeeld, de
vuurbal gevormd? Kunnen magnetische velden energetisch belangrijk zijn in de dyna5 Het is in deze beperkte ruimte ondoenlijk om uit te leggen hoe verschillende waarnemingen hebben bijgedragen aan de totstandkoming van het vuurbal/schokgolfmodel. We verwijzen de geı̈nteresseerde lezer naar de
uitgebreide beschouwingen door Piran (2004) en Mészáros (2006).
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mica van het plasma? Hoe werkt schokversnelling precies? Waarnemingen met neutrinodetectoren kunnen een essentiële rol spelen in het beantwoorden van deze belangrijke
vragen omdat neutrino’s de bron verlaten terwijl deze nog niet transparant is voor fotonen. Hierdoor zijn neutrino’s (en mogelijk zwaartekrachtgolven, die ook vroegtijdig de
bron kunnen verlaten) vrijwel de enige mogelijkheid om informatie te verkrijgen over de
eerste fase in de ontwikkeling van een gammaflitser.
In hoofdstuk 4 bestuderen we in detail de rol van neutrino’s in de allereerste fase van
een vuurbal. In het bijzonder zijn we geı̈nteresseerd in de vraag of het mogelijk is dat
neutrino’s zo veel energie van de bron met zich meevoeren dat dit een zich ontwikkelende
gammaflitser in de kiem zou smoren. We vinden echter dat dit nooit het geval is omdat
efficiënte neutrinoproductie alleen mogelijk is wanneer de vuurbal ondoorzichtig is voor
neutrino’s. In dat geval kunnen de geproduceerde neutrino’s de vuurbal niet verlaten en
blijft de energie dus in het plasma. Doordat de vuurbal ondoorzichtig is voor neutrino’s
ontstaat er thermisch evenwicht tussen neutrino’s, fotonen, en elektron-positronparen,
waarin de neutrino’s ongeveer 30% van de energie van de vuurbal dragen.
De vuurbal expandeert door stralingsdruk, waardoor de energiedichtheid en de temperatuur van het plasma afnemen. Op het moment dat de temperatuur voldoende is
gedaald, ontkoppelen de neutrino’s van de andere componenten van de vuurbal: de
vuurbal wordt doorzichtig voor neutrino’s. Deze verlaten hierop de vuurbal en dragen
ongeveer 30% van de energie van de vuurbal met zich mee. Dit is een aanzienlijk deel
van de totale energie, maar nooit genoeg om de ontwikkeling tot gammaflitser te stoppen. Vanwege de relatief lage energie van de neutrino’s op het moment van ontkoppelen,
ongeveer 60 MeV, is detectie van deze neutrino’s alleen mogelijk voor gammaflitsers in
de directe omgeving van ons Melkwegstelsel.
In hoofdstuk 5 bestuderen we neutrinoproductie door middel van botsingen tussen
neutronen en protonen. We vergelijken hier voorspellingen van het vuurbalmodel met
die van het AC-model, een alternatief model voor gammaflitsers waarin elektromagnetische velden de energie in het plasma domineren. In beide modellen zijn de protonen
door middel van elektromagnetische interacties krachtig aan het plasma gekoppeld, terwijl neutronen alleen via elastische neutron-protonbotsingen zijn gekoppeld. Hierdoor
kunnen neutronen en protonen ontkoppelen wanneer de dichtheid van nucleonen voldoende is afgenomen door de uitzetting van het plasma. Als dit gebeurt ontstaat er
een relatieve snelheid tussen neutronen en protonen die groot genoeg kan worden om
neutrino’s en gammastraling te produceren in inelastische botsingen. We vinden dat de
hoeveelheid neutrino’s die op deze manier wordt geproduceerd in het AC-model een factor 5 kleiner is dan in het vuurbalmodel. Helaas is de verwachte neutrinoflux in beide
modellen zo klein dat, zelfs voor een krachtige en nabije gammaflits, het neutrinosignaal
niet waargenomen kan worden met neutrinodetectoren van een kubieke kilometer.
Behalve neutrino’s wordt er ook gammastraling geproduceerd in inelastische neutronprotonbotsingen. Deze straling wisselwerkt met het plasma en wordt vervolgens met
een andere energie uitgezonden. Uit ons onderzoek blijkt dat de energie waarmee deze
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straling wordt uitgezonden anders is in het vuurbalmodel dan in het AC-model. In het
AC-model is de typische energie van de straling vergelijkbaar met die van de gammaflits,
namelijk een paar honderd keV. Hierdoor is het erg moeilijk om deze twee componenten obervationeel te onderscheiden. In het vuurbalmodel, daarentegen, wordt de straling
uitgezonden rond 10 GeV, hetgeen goed te onderscheiden is van de gammaflits. Deze
straling kan vanaf grote afstand worden waargenomen met de toekomstige GLAST satelliet (die volgens de planning in 2008 gelanceerd zal worden). Dit vereist echter wel
dat het plasma aanvankelijk voldoende energie per nucleon bevat, omdat er anders geen
inelastische neutron-protonbotsingen optreden. Detectie van deze straling zou het vuurbalmodel ondersteunen.
Hoofdstuk 7 van dit proefschrift is gewijd aan een hypothetische klasse van ‘gesmoorde’ gammaflitsers, dat wil zeggen objecten die de eerste stadia van de ontwikkeling
tot gammaflitser doorlopen maar nooit gammastraling uitzenden. Dit kan bijvoorbeeld
het gevolg zijn van het feit dat de vuurbal niet genoeg energie heeft om de helium- of
waterstof-mantel van de ontploffende ster te doorkruisen, waardoor de geproduceerde
gammastraling wordt geabsorbeerd voordat zij de bron heeft kunnen verlaten. Gegeven
het observationele verband tussen gammaflitsers en supernova’s is het een interessante
mogelijkheid dat een substantiële fractie van alle supernova’s gepaard gaat met een, al
dan niet gesmoorde, gammaflits. Dit zou mogelijk kunnen bijdragen aan het beantwoorden van de vraag hoe een supernova precies ontstaat.
In tegenstelling tot gammastraling kunnen neutrino’s die geproduceerd worden in
de ontwikkeling van een gesmoorde gammaflitser de bron vrijwel ongehinderd verlaten. Voor de detectie van deze neutrino’s is vooral het energiegebied tussen 100 GeV
en 10 TeV interessant; bij lagere energieën is de detectiewaarschijnlijkheid laag en bij
hogere energieën is de neutrinoflux laag. Wij vinden dat het merendeel van de neutrino’s
in dit energiegebied ontstaat in inelastische proton-protonbotsingen in de vuurbal. Hierbij speelt de hoeveelheid energie per nucleon in de vuurbal een essentiële rol. Indien
deze energie groter is dan ongeveer vijf maal de massa van de nucleonen (bij standaardwaarden van de overige parameters) kan het neutrinosignaal tot op honderden miljoenen
lichtjaren worden waargenomen. Tenzij de fractie van supernova’s die gepaard gaat met
een (gesmoorde) gammaflitser veel kleiner dan één is, verwachten we dat dit leidt tot een
paar detecties per jaar met een neutrinodetector van een kubieke kilometer.
Neutrino’s worden vrijwel uitsluitend geproduceerd in proton-protonbotsingen via
de creatie en het verval van pionen en kaonen. Om de productie van deze deeltjes
in een gammaflitser nauwkeurig te kunnen modelleren, hebben we een parametrisatie
afgeleid die beschrijft hoeveel pionen en kaonen er per proton-protonbotsing worden geproduceerd als functie van de energie van het geproduceerde deeltje, de energie van de
protonen en de botsingsgeometrie. Omdat deze parametrisatie op een veelheid van astrofysische systemen kan worden toegepast, is ze als een apart hoofdstuk in dit proefschrift
opgenomen (hoofdstuk 6).
Concluderend kunnen we zeggen dat het potentieel van neutrino’s als boodschappers
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van de fysica van gammaflitsers voor de scenario’s beschreven in hoofdstukken 4 en 5
moeilijk te realiseren is vanwege de zeer geringe detectiemogelijkheden. Onze conclusies voor de gesmoorde gammaflitsers beschreven in hoofdstuk 7 zijn optimistischer:
voor een groot deel van de parameterruimte verwachten we dat waarnemingen met een
neutrinodetector van een kubieke kilometer het bestaan van deze hypothetische klasse
van gammaflitsers kunnen bevestigen, danwel zinvolle grenzen aan de parameters van
het model kunnen stellen.
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Razzaque, S., Mészáros, P., & Waxman, E. 2004b, Phys. Rev. Lett., 93, 181101
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