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7
DROPLET COALESCENCE

We study droplet coalescence in a molecular system with a variable viscosity and
two colloidal systems with ultralow surface tensions. When either the viscosity is
large or the surface tension is low enough, we observe that the opening of the liquid
bridge initially proceeds at a constant speed set by the capillary velocity. In the
first system we show that inertial effects become dominant at a Reynolds number
of about Rec = 1.5 ± 0.5 and the neck then grows as the square root of time. For
the colloidal systems we show that decreasing the surface tension by a factor of 105

opens the way to a more complete understanding of the hydrodynamics involved.
The molecular systems are silicon oils with the same surface tension but different
viscosity. The systems with ultralow surface tension are colloidal liquids. One is
a colloid-polymer mixture that has phase separated into a colloid-rich liquid and
a colloid-poor gas phase. The second one is the colloidal system discussed in this
thesis: colloidal liquid droplets in equilibrium with its gas phase suspending in a
homogeneous binary liquid mixture. This chapter is based on the article entitled
”Hydrodynamics of droplet coalescence”, which appeared in PRL[140].

7.1 Introduction

Droplet coalescence occurs ubiquitously in many industrial mixing and separation
systems as well as in the environment. For example, it can be involved in the forma-
tion of raindrops to determine the distribution; drop impact on a fluid surface, the
separation of emulsion and sintering process. Recently, liquid droplet coalescence
has been brought into new light due to its application in micro-fluidic devices for bio-
chemical reactions[141, 142]. The last few years have witnessed a renewed interest
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in the breakup of free-surface flows under the influence of surface tension[143, 144].
Notably, significant progress has been made in the study of the hydrodynamic sin-
gularities that occur in these problems. For the coalescence of a droplet, at the mo-
ment of contact, a singularity occurs due to the inversion of one of its two radii of
curvature. Detailed theory[143, 145] and numerics[146] have been able to capture
these singularities, and an understanding of the hydrodynamics of the coalescence
has been developed. However, experimentally, because of the rapidity of the phe-
nomenon, very few quantitative studies of the initial stages of coalescence exist[147–
150].

In this chapter, we use an ultra-high speed video camera to study the coalescence
of pendent and sessile drops at different liquid viscosity. In the low viscosity regime,
the bridge of liquid contact is well described by a dynamic capillary-inertial model,
the distance of the neck develops with the square root of time. In the high-viscosity
regime, the neck initially grows in size at a constant velocity. The results are com-
pared with the theoretical predication to verify the power law behavior with a log-
arithmic correction. We succeeded in observing the linear dependence, not only by
increasing the viscosity considerably but also by decreasing the surface tension by 5
orders of magnitude. In this ultralow surface tension condition, we will demonstrate
two colloidal systems: colloid-polymer mixture and colloids in a binary mixture. We
will end with these two attractive colloidal systems by observing the coalescence
events in the regime of ultra-low interfacial tension.

7.2 Theory

When two liquid droplets approach each other with negligible initial velocity, the
Van der Waals force pulls the two droplets together and a liquid bridge is formed.
The interface dynamics are described by the Navier-Stokes equation:

Inertia︷ ︸︸ ︷
ρ
( ∂v

∂t︸︷︷︸
Unsteady

acceleration

+ v · ∇v︸ ︷︷ ︸
Convective
acceleration

)
= −∇p︸ ︷︷ ︸

Pressure
gradient

+ μ∇2v︸ ︷︷ ︸
Viscosity

+ f︸︷︷︸
Other
forces

(7.1)

The term on the left side represents the inertial force, the first term on the right
side the pressure (capillary) gradient, the middle term the viscous force and the last
term other body forces (gravity or centrifugal force). The viscous velocity is the
characteristic velocity when inertial is not important and is given by balancing the
viscous force and surface tension, i.e. by setting the capillary number Ca = ηU/σ,
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where η is the dynamic viscosity, which gives

υη =
σ

η
. (7.2)

The Reynolds number is the ratio of inertial forces to viscous forces and conse-
quently it quantifies the relative importance of these two type of forces

Re =
Inertialforce

V iscousforce
=

ρυsL

η
, (7.3)

where υs is the mean fluid velocity, L the characteristic length, η the (absolute) dy-
namic fluid viscosity, and ρ the density of the fluid. We can formulate the Reynolds
number in terms of the viscous velocity as

Re =
ρσL

η2
. (7.4)

When we set Re = 1, the inertial terms become dominant at lengths Lη

Lη =
η2

ρσ
, (7.5)

and at times tη

tη =
Lη

μ
=

η3

ρσ2
. (7.6)

• Model in the viscous-dominated regime
On purely dimensional grounds the balance between the surface tension and
the viscosity would predict a constant coalescence velocity as in Eq.7.1. the
asymptotic viscous theory by Eggers shows that:

R

R0
≈ − σt

πR0η
ln(

σt

ηR0
). (7.7)

R is radius of neck, R0 is the size of droplet.This asymptotic theory is suggested
to be valid for R/R0 < 0.03 and Re < 1. The only options to observe the
viscous regime are therefore to increase the viscosity or decrease the surface
tension. We will demonstrate our experimental results to compare with the
theoretical predications in the following section.

• Model in the inviscid regime
Eggers not only concentrates on viscous-dominated coalescence, but also in-
cludes a dimensional argument for the inviscid case, where he predicts that
the radial growth of the neck has a power law dependence on time. He as-
sumes that the interfacial stress driving this motion is σR0/R

2, where R0 and
R are the drop radius and the neck radius respectively. This stress should be
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balanced by the dynamic pressure ρυ2. By setting υ = dR/dt, the differential
equation for the radius can be given as

(
dR

dt

)2

∝ σR0

ρR2
⇒ dR

dt
∝ (

σR0

ρ
)1/2 1

R
, (7.8)

with the solution

R ∝
(

σR0

ρ

)1/4

t1/2. (7.9)
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Figure 7.1: An image of the area close to the point of contact shortly after the drops have merged. R0 is
the radius of drop, R the radius of neck.

This power law is only valid for a neck radius smaller than the radius of the
drop. Thus, the progress of coalescence of two liquid drops consists of three
phases. Firstly, the two interfaces rupture at some point and build up the liquid
bridge in between (see Fig.7.1). Secondly, when R � lη , the flow near the neck
is in the Stokes flow regime and follows the Stokes equations (Eq.7.7). Thirdly,
when R � lη , the liquid can be considered inviscid and follows Eq.7.9.

7.3 Experimental technique and sample preparation

To study coalescence at different liquid viscosities, the experimental setup is de-
signed in such a way that the two liquid droplets are made to merge in air with
negligible initial velocity. Fig.7.2 sketches the setup to bring the two drops into con-
tact. The configuration of the pendent and sessile drops are shown in Fig.7.1. Due
to the contact angle hysteresis, an accurate translation stage was used to adjust the
relative position of the top needles, both to adjust the vertical spacing, as well as the
horizontal centering of the two drops. The size of the initial contact region of the two
drops is in the range of 10 microns. To accurately capture the initial motions, we use
a long distance microscopic objective. In the experiments, a magnification of 10 at
a distance of about 10cm was used. Drops are produced using a 2ml disposable sy-
ringe. The drop curvature can be adjusted by carefully changing its volume with the
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Figure 7.2: Schematic figure of sessile and pendent drops coalescence measurement setup.

material density (g/cm3) surface tension (dyn/cm) viscosity (cP)
water 0.098 72.7 1

silicon oil 0.97 20 5,20,50,100,300,500,1000,
ethanol 0.789 23.04 0.0012

Table 7.1: Properties of the materials used in the coalescence measurement.

syringe piston. Diffuse back lighting is used for illumination. A high speed camera
(phantom V7) records the dynamics of the coalescence. The full spatial resolution of
the camera is 1024*1024 pixels, which varies with the acquisition speed selected. We
took images at 12,000 frames per second and a spatial resolution of 256*256 and 10μs
exposure time. Experiments were carried out at room temperature.

Three different fluids are prepared: water, ethanol and silicon oil. The properties
involved in the coalescence process for each fluid are shown in table 7.1.

For one of the ultralow surface-tension systems, we prepare a mixture of colloids
- 50nm in diameter, fluorescently labelled poly(methylmethacrylate) latex particles
- and slightly smaller polymers (polystyrene of Mw=2.33 × 105g/mol from Fluka)
in decaline. Because of the depletion interaction this systems spontaneously phase
separates into a colloid-rich phase (a colloidal ”liquid”) and polymer-rich phase (a
colloidal ”gas”)[20, 151]. It then behaves as a two fluid system, with an extremely
small surface tension. In this system, the surface tension is 1.6× 10−7N/m. Droplets
are produced by simply shaking the container. For the other system we prepare the
colloids (52.5nm radius, polystyrene particles) in a mixture of 3MP/water/heavy
water, density matched to that of the colloids. Just before phase separation of the
binary liquid mixture at T=63◦C, this system forms liquid droplets where colloidal
liquid is in equilibrium with the colloidal gas phase (see chapter3). The slight mis-
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match in density causes the droplets to move and coalesce with each other. The fast
camera equipped with the microscope is used to capture these coalescence events.
The interval time for the measurement is 1ms per frame.

7.4 Results

Figure 7.3: Coalescence of two water drops: eight consecutive frames taken at 11,200 frames/s at a reso-
lution of 256*256 pixels. R0=2mm.

For each experimental run we start by manually creating two droplets of roughly
equal size and locate them closely together. We make use of a precision pump to
slowly grow the pendent droplet. When the two droplets surfaces are just close
enough, we switch off the pump and, because of the deceleration, the coalescence
event sets off with an approximately zero initial velocity. Fig.7.3 shows a typical
sequence of images taken within the first millisecond after two water drops merge.
Image processing software ”Image J”has been used to analyze a sequence of indi-
vidual frames. The neck size as function of time is shown in Fig.7.4a. As we men-
tioned in theory section, for the lowest-viscosity fluids, the liquid bridge of radius
R � lv , where lv = η2ρ/σ, is the viscous length. The inviscid theory can be applied
to fit the data with Eq.7.9. The observed t1/2 dependence agrees with the numeri-
cal simulations of an inviscid fluid by Duchemin et al.[146]. Our experimental data
fitted with the model gives the value of the prefactor to be 1.14. For the data in the
low-viscosity regime, the fluid inertia does become important as can be observed in

Fig.7.4. When we rescale the time with the inertial time τi =
√

ρR0
3/σ[143], all the
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data collapses onto a single curve (Fig.7.4(b)) and we find the prefactors: water, 1.14;
5 mPas silicon oil, 1.24; and 20 mPas silicon oil, 1.11; these are in agreement with
other experiments[147], but deviate from the numerical prefactor of the simulation
result of 1.62. The crossover between two regimes is clearly visible for silicon oil
with a viscosity of 50mPas, and happens at a crossover time of 450± 150μs, leading
to a crossover Reynolds number of Rec = 1.5± 0.5, thus, these experiments allow us
to determine Rec.

Figure 7.4: (a) The time evolution of the radius of the neck for low viscosity fluids. (b) The data collapses
after scaling with R/R0 and t/τi. the full line has a slope of 1.2. For the system of 50mPas the crossover
between the viscous and inertial regimes can be observed; the curve has been shifted upwards artificially
for the late-time behavior to coincide.

7.4.1 Coalescence of viscous drops

Measurements were made with silicon oil to study coalescence in the viscous regime.
Fig.7.5 shows a typical sequence of images taken during the liquid bridge evolving
in the viscous coalescence process. The most distinct difference is that the shape
of the neck becomes sharper. With lower viscosity a capillary wave-crest appears
to precede the neck region (in Fig.7.3. The radius of a neck as function of time is
shown in Fig.7.6(a). In Fig.7.6 (b) we have rescaled the radius with R0 and the time
with the viscous time τv = ηR0/σ. All experimental data are again collapsed as
scaling behavior. The slope of the line through the origin is 0.55 ± 0.06. From this
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Figure 7.5: Close-up images of two silicon oil drops during coalescence: the viscosity is 1000cP.

Figure 7.6: (a) The time evolution of the neck radius for the high-viscosity region. The data is fitted with
the theory predication with Equ.7.7. (b) The data collapses after scaling with R/Ro and t/τi.

we deduced the opening speed of the neck to be close to half the capillary speed.
Ideally, when two drops approach each other, the bridge should form as soon as
there is any contact between their two surface. However, in the viscous drop, we
observed in our experiment that the liquid bridge did not form immediately after
the drops came into contact. When two drops continued to approach each other, the
surface of both drops deformed slightly and their surfaces were in contact over a
certain area before coalescence occurs. This non-coalescence phenomena has been
studied in the literature[149, 152].
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Figure 7.7: LSCM images of droplet coalescence in a phase separated colloid-polymer mixture. Colloid-
rich droplets (R0 = 15μm) coalescing with their bulk phases.

Figure 7.8: The time evolution of the neck radius in a colloid-polymer mixture for colloid-rich liquid
droplets. Full lines are linear fits to the data.

7.4.2 Coalescence in the ultra-low surface tension regime

Fig.7.7 shows the coalescence for the colloidal liquid droplets with their correspond-
ing bulk phases observed directly by laser scanning confocal microscopy. Fig.7.8
shows the radius of the neck as function of time. A linear behavior is found, as one
expects for viscous coalescence. The opening speed is 2.1μm/s. For σ/η, we ex-
pect velocities of 5.22μm/s for the liquid droplets without taking the viscosity of the
outer fluid into account[140, 153].

Fig.7.9 presents another coalescence event for colloids in a binary liquid mixture.
In chapter 4, the colloidal phase behavior in a binary liquid mixture is studied mainly
by the structure factor to characterize the phase transitions. From the structure fac-
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tor, we observed the existence of a liquid phase. For the visual measurement, we
found the liquid as small droplets. By analyzing the evolution of the neck during
the coalescence of two colloid-rich droplets, we obtain the linear behavior to charac-
terize for the viscous coalescence in Fig.7.10. The interfacial tension 1.1 × 10−7N/s
can be determined from the opening speed. This ultra-low interfacial surface ten-
sion corresponds to the one found for the colloid-polymer mixture system. It is the
characteristic feature of coexistence colloidal-liquid and colloid-gas in equilibrium.
It is strong visual evidence for the colloidal gas and liquid transition we discussed
in chapter 4.

Figure 7.9: Coalescence for colloid-rich droplets in a binary liquid mixture. Six consecutive images taken
at 100 frames/s at a resolution of 256*256 pixels. The radius of the drop is approximately 200μm.

7.5 Conclusion

We have demonstrated experimentally that the coalescence dynamics of droplets is
driven by surface tension and slowed down by viscosity for low Reynolds numbers
and by inertia for high Reynolds numbers. In the viscous regime, the opening speed
is set by the capillary velocity σ/η, the results agree with theoretical predications of
the linear behavior. In the inertial regime, the speed can be determined by balancing
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Figure 7.10: The time evolution of the radius of the neck during the two colloid-rich droplet coalescence
corresponding to the image in Fig7.9. Full line is linear fit to the data.

the capillary and inertial forces with a proportionality constant very close to unity.
The experimental data are collapsed with the analytic calculation. By using different
fluids, we have illustrated that the fluid properties have little influence on the di-
mensionless scaling law prefactor, however, it does modify the shape of the interface
between the air and the drops near the liquid bridge. As the viscosity increases, the
curvature in the neck region becomes sharper. The energy cost to bend the surface
also should be taken into account to explain the coalescence behavior. Droplet coa-
lescence allows us for both colloid-polymer mixture and colloids in a binary mixture
to observe their ultralow interfacial tension. In this way, it gives us a direct way to
study the interparticle interaction in these weakly attractive systems.


