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Chapter 7

Perspectives

For this thesis, conclusions and recapitulations of achievements were given at
the ends of the most important chapters. In this chapter we outline possible
directions for future investigations.

In this thesis, we have investigated the hierarchies of semidefinite relaxations
for the stability number α(G), the fractional chromatic number χ∗(G) and the
chromatic number χ(G) of a graph G. All these hierarchies have either the
Lovász theta number ϑ(G) of a graph G, or some variation of it, as the first
relaxation. Since the Lovász theta number was introduced in 1979, It has been
applied in many ways. For instance, ϑ(G) is used for approximately colouring
the graph (see [53, 26, 46]) and the link between ϑ(G) and the Delsarte bound
for codes was observed in [83].

The second order bounds in the new block diagonal hierarchy led to stronger
bounds for the stability numbers, e.g. of ‘code’ graphs in [85, 32, 60], of orthog-
onality graphs in [51], and of Paley graphs in this thesis. However, these results
are just numerical. It will be interesting to see if some analytical bounds can
be derived from some of the hierarchies studied in this thesis. For example,
ϑ(Pq) =

√
q for Paley graph Pq and it is interesting to study if an analogous

analytical formula exists, e.g. for the second order bound ψ(2)(Pq) in the new
block diagonal hierarchy, since the computational results indicate that it can be
much stronger than ϑ(Pq).

The new block diagonal hierarchy Lt(G) of relaxations of STAB(G) is just
an application, to the stable set problem, of the more general hierarchy Lt(K),
K being a convex cone, presented in [40]. It has been shown in [40] that Lt(K)
outperforms the hierarchy of Lovász and SchrijverN t(K). The hierarchyN t(K)
is well studied, and it would be interesting to see if Lt(K) has, apart from
being computationally less costly, more properties which are stronger than the
properties of N t(K) observed, e.g., in [65, 59, 33].

One can also think of developing codes for solving the stable set and the
colouring problem. We have conducted some preliminary experiments using the
bound ψK(G). We developed a heuristic for colouring graphs, which can be
upgraded to an exact ‘branch and bound’ algorithm. Preliminary results gave
graph colourings with quality comparable to ‘state of the art’ heuristics.
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