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Chapter 1

Introduction

1.1 Rational points on curves

Around 1980 V. D. Goppa discovered an amazing connection between coding theory
and the theory of algebraic curves over finite fields, see [12], [13]. Goppa’s idea
rekindled the interest in algebraic curves over finite fields and posed new problems.
We single out two of these. The first problem concerns ”curves with many rational
points” and the second one deals with the asymptotic behavior of the number of
the rational points on curves over a given finite field when the genus goes to infinity.

By ”a curve with many rational points” one means a curve C of genus g defined
over Fq such that the number of rational points #C(Fq) is close to Nq(g), where

Nq(g) = max{#C(Fq) : C is a curve overFq of genus g}.

i.e., Nq(g) is the maximum number of rational points for given field and genus.
Ideally one would like to know for given q and g the quantity Nq(g) and moreover
a description of one or even every curve that attains the bound. For genera 1,
2 there exist such complete or almost complete descriptions, see Chapter 2. For
small q explicit values of Nq(g) can found in the tables in [47]. However the theory
for the general case is far from being complete.

A natural approach of approximating Nq(g) is by finding an integral interval
[a, b], such that a ≤ Nq(g) ≤ b. The methods of finding lower and upper bound
are based on different ideas and concepts. On one hand we have explicit examples
and constructions for getting curves that give a lower bound, while on the other
hand we have observations on the general behavior of rational points on curves that
can provide upper bounds. For the former we have constructions originating from
class field theory, explicit constructions like Artin-Schreier and Kummer covers,
modular curves and Drinfeld modular curves etc. For the latter there is the Hasse-
Weil bound, its improvement by J-P. Serre and J. Oesterlé, the approach of K.O.
Stöhr and J.F. Voloch, the theory of defects etc.
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In case the upper and lower bound coincide we know the number Nq(g) and a
method to construct a curve with many rational points. One such case is the case
of the maximal curves:

Definition 1.1. A curve C of genus g over Fq is called maximal if the number of
rational points attains the Hasse-Weil-Serre bound, i.e. #C(Fq) = q + 1 + g [2

√
q ].

In 1981 Ihara found an upper bound on the genus of a maximal curve, namely
if C/Fq is a maximal curve of genus g, then g ≤ √

q(
√

q − 1)/2. Moreover, if q is a
square we have the following conditions on the genus of a maximal curve, due to
R. Fuhrmann, A. Garcia and F. Torres.

Proposition 1.1. Let C be a maximal curve of genus g over a finite field Fq2 .
Then either g = q(q − 1)/2 or (q − 1)(q − 2)/4 < g < (q − 1)2/4.

Proof. See [7], [8].

A classical example of a maximal curve is a “hermitian curve”.

Definition 1.2. A curve H over a finite field Fq2 is called hermitian if it is iso-
morphic to the curve given by an affine equation yq + y = xq+1.

This curve has genus q(q − 1)/2 and #H(Fq2) = q3 + 1 = q2 + 1 + 2gq. It
seems that it was a folklore guess that every maximal curve over Fq is a quo-
tient of a hermitian curve, but recently M. Giulietti and G. Korchmaros found a
counterexample, see [22].

The key parameter of the asymptotic behavior of Nq(g) is

A(q) = lim supg→∞
Nq(g)

g
.

The research of the numbers A(q) and Nq(g) is not unrelated, although the asymp-
totical estimates are usually more complicated. In fact, for a lower bound on A(q)
we have to construct an explicit example of a sequence of curves and investigate the
asymptotic behavior of the curves in the sequence. The upper bound which comes
from the Hasse-Weil-Serre bound (A(q) ≤ [2

√
q]) is not sharp and V. G. Drinfeld

and S. G. Vlăduţ showed that A(q) ≤ √
q − 1. Moreover, both Y. Ihara ([19]) and

M. A. Tsfasman, S. G. Vlăduţ and Th. Zink ([45]) proved that A(q2) = q − 1 by
using modular curves. In the same paper M. A. Tsfasman, S. G. Vlăduţ and Th.
Zink surpassed the Gilbert-Varshamov bound of coding theory.

The first construction of sequences of curves for a lower bound on A(q) is based
on sequences of modular curves. This has the disadvantage that it is not explicit;
for example in coding theory one often wants explicit equations. However, in 1995
H. Stichtenoth and A. Garcia constructed a tower of function fields over Fq2 such
that each step is an explicit Artin-Schreier extension and this tower attains the
Drinfeld-Vlăduţ bound, see [9]. Ironically, N. Elkies later proved in [5] that this
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tower corresponds to a sequence of Drinfeld modular curves. Since then several
other examples of good and optimal towers over the finite field Fq2 have been
constructed, but almost all of them lead to the same result. Nevertheless, new
towers obtained by taking the Galois closure of certain optimal towers bring new
results on the asymptotic behavior of self-dual, self-orthogonal and transitive codes,
see [41].

If q is not a square then the situation is less clear. We still do not have any
example of a good sequence of curves over the prime finite field. On the other
hand, in 1985 Zink proved that A(p3) ≥ 2(p2 − 1)/(p + 2) for a prime p using
Shimura surfaces. In [48] G. van der Geer and M. van der Vlugt constructed an
explicit example over F8, and this was generalized by J. Bezerra, A. Garcia and H.
Stichtenoth to good sequences of curves over Fpm with prime p and m ≥ 3, [2].

1.2 Outline of thesis

The present thesis investigates optimal curves over finite fields and optimal se-
quences of curves. Its main content is based on my two papers ”The Galois Closure
of the Garcia-Stichtenoth Tower” (cf. [52]) and ”Optimal curves of low genus over
finite fields” (cf. [53]).

In Chapter 2 we recall some basic facts about curves over finite fields, the zeta
function and the Hasse-Weil-Serre bound, defect theory, maximal and minimal
curves of genera 1, 2 and 3, Torelli’s Theorem and upper bounds on the order of
automorphism groups of algebraic curves.

Chapter 3 is devoted to maximal and minimal curves (in the sense of the Hasse-
Weil-Serre bound) over finite fields. The main result of this chapter is an improve-
ment of the Hasse-Weil-Serre bound for optimal curves of low genus over finite
fields with the discriminant −3, −4, −7, −8, −11 and −19 (see definition of the
discriminant in Section 3.1). The chapter begins with a brief description of an
equivalence of categories which enables us to translate our problem into a problem
about certain hermitian lattices. In the third section we prove non-existence of
optimal curves of low genus over finite fields with discriminant −3, −4, −7, −8.
Besides the classification of hermitian forms we use upper bounds on the order of
a group of automorphisms of an algebraic curve. A slightly different technique is
used in the other sections, where we look at quotient curves of an optimal curve
and show that these cannot exist. This chapter is almost identical to my preprint
[53].

Chapter 4 is an auxiliary chapter giving some key notions for the asymptotical
behavior of sequences of algebraic curves over finite fields and their applications in
coding theory.

In Chapter 5 we describe the Galois closure of the second Garcia-Stichtenoth
tower. This chapter is a slight reformulation and generalization of my paper [52].
This result requires a careful analysis of each covering. In Section 2, we describe
the rational functions which generate the corresponding tower. Counting of the

3



Fq2-rational points on the curves and a calculation of the contribution to the dif-
ferent in each stage (in Sections 4 and 5) yield the optimality of the new sequence
(Section 6).
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