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Chapter 2

Basic facts of the theory of
curves over finite fields

In this chapter we collect a number of basic facts of the theory of curves over finite
fields that we will frequently use. This also allows us to establish the notations
that we will use.

2.1 The Hasse-Weil-Serre bound

Let C be a curve over the finite field Fq of cardinality q = pe with p a prime and
e ≥ 1. For us, a curve over a finite field Fq will always be a smooth, projective and
absolutely irreducible curve defined over Fq. For such a curve C we let g = g(C)
be the genus and C(Fqd) be the set of rational points of C over Fqd .

Definition 2.1. For fixed positive integers g and q we let Nq(g) (resp. Mq(g))
denote the maximum (resp. minimum) of #C(Fq) as C runs through all curves of
genus g over Fq.

It is not a priori clear that Nq(g) and Mq(g) are finite. That this is true follows
from the Hasse-Weil bound that we will now explain. First we introduce the zeta
function of the curve C over Fq, which is defined as the formal series

ZC(t) := exp(
∞∑

d=1

#C(Fqd) td/d).

The zeta function stores information about the number of Fqd -rational points on
C for all d. The zeta function is a central object in the arithmetic geometry and
algebraic number theory. For curves over finite fields the structure of the zeta
function is known.
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Theorem 2.1. (Hasse-Weil) Let C be a curve defined over Fq of genus g. Then
the zeta function has the following properties:

Rationality: ZC(t) = L(t)/(1 − t)(1 − qt) with L(t) ∈ Z[t] of degree 2g;

Functional equation: ZC(1/qt) = q1−gt2−2gZC(t);

Riemann hypothesis: L(t) =
∏2g

i=1(1 − αit) with complex numbers αi of absolute
value

√
q.

One can show that the real roots of the polynomial L occur with even mul-
tiplicity. Therefore we can write the set of inverse roots {αi} as g pairs αi, ᾱi

(i = 1, . . . , g).
From the definition of ZC(t) and this theorem one can deduce that the number

of Fqd-rational points can be written in terms of the inverse roots of the polynomial
L as

#C(Fqd) = qd + 1 −
2g∑

i=1

αd
i .

and we thus get the famous bound of Hasse and Weil:

Corollary 2.1. (Hasse-Weil bound) If C is a curve of genus g defined over Fq

then the number #C(Fqd) of Fqd-rational points of C is bounded by

|#C(Fqd) − qd − 1| ≤ 2g
√

qd.

The inverse roots αi (i = 1, . . . , 2g) also have another interpretation. This uses
the Tate module of the Jacobian Jac(C) of the curve C. The Jacobian of C is a
principally polarized abelian variety of dimension g defined over Fq.

Let � be a prime different from the characteristic p of the finite field Fq. The
Tate module of an abelian variety A over Fq is the following module

T�(A) := lim←−A[�n],

where A[�n] is the group of �n-torsion points of A defined over Fq and the projective
limit is taken with respect to multiplication by �. Each A[�n] is a Z/�n-module in
a natural way and the projective limit gets the structure of a Z�-module. The
Q�-vector space Tl(A) ⊗Z�

Q� is denoted by V�(A). The Galois group Gal(Fq/Fq)
acts on each of the A[�n] and therefore induces an action in the limit on T�(A) and
also on V�(A). In particular there is an action of Frobenius on the Tate module.

Now if C is a curve of genus g then we consider the Jacobian. Then we can
interpret the αi as eigenvalues of Frobenius on V�(Jac(C)) for any prime different
from the characteristic p:

Proposition 2.1. The Fq-Frobenius morphism F acts semi-simply on V�(Jac(C))
and has eigenvalues α1, . . . , α2g.
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(Instead of the Tate module we could have used the first �-adic étale cohomology
H1

et(C(Fq), Q�).) The Frobenius action on V�(A) completely determines the number
of Fq-rational points on C since we can read off the numbers αi from this action.

The characteristic polynomial PC(t) of the Fq-Frobenius acting on V�(Jac(C))
is the reciprocal polynomial to L(t). The properties of PC(t) are a special case of
properties of the characteristic polynomial of Frobenius acting on the Tate module
for an abelian variety A over Fq. The Riemann hypothesis for abelian varieties
yields more generally that PA(t) ∈ Z[t] has degree 2 dim(A) and its roots αi have
absolute value

√
q.

Theorem 2.2. (Tate) Let A and B be abelian varieties defined over Fq. Then A
is Fq-isogenous to an abelian subvariety of B if and only if PA(t) divides PB(t) in
Q[t]. In particular, PA(t) = PB(t) if and only if A and B are Fq-isogenous.

Proof. See [42].

Note that the number of points of C over Fq can be expressed as

#C(Fq) = q + 1 − τ,

where τ =
∑2g

i=1 αi is the trace of Frobenius on V�(Jac(C)) (or on H1
et(C, Q�)).

The Hasse-Weil bound uses the fact that the numbers αi have absolute value
√

q.
But we also know that these numbers are algebraic integers. J-P. Serre employed
this fact and was able to improve the Hasse-Weil bound slightly in case q is not a
square. The resulting bound is known as the Hasse-Weil-Serre bound (cf. [40] pp.
180-181).

Theorem 2.3. Let α1, . . . , α2g be the eigenvalues of Frobenius on the Tate module
V� (with � �= p) for an abelian variety of dimension g over Fq. Define m = m(q) :=
[2
√

q]. Then we have

|
2g∑

i=1

αi| ≤ gm

and equality holds if and only if for all i we have either αi+ᾱi = −m or αi+ᾱi = m.

Proof. The argument is very simple. We begin with the upper bound. We can
number the αi such that ᾱi = αi+g for i = 1, . . . , g, and put γi := αi + ᾱi + m + 1.
In view of m ≤ 2

√
q < m + 1 we observe that all γi are positive algebraic integers.

The set {γ1, . . . , γg} is invariant under the action of Gal(Q̄/Q), and therefore the
product of all γi is actually a rational number and even a positive integer. Using
the inequality between the arithmetic and geometric mean we get

1
g

g∑
i=1

γi ≥ (
g∏

i=1

γi)1/g
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and thus g ≤ ∑g
i=1 γi =

∑2g
i=1 αi + gm + g. If the inequality turns out to be an

equality, then the theorem on the arithmetic and geometric mean tells us that we
have αi + ᾱi = −m for all i. The upper bound can now be obtained by the same
arguments using instead γi := −αi − ᾱi + m + 1.

Corollary 2.2. (Hasse-Weil-Serre bound) If C is a curve of genus g over Fq, then

|#C(Fq) − q − 1| ≤ gm

and equality holds if and only if all eigenvalues αi of Frobenius satisfy either αi +
ᾱi = −m or αi + ᾱi = m.

2.2 Theory of defects

In some cases where the eigenvalues αi are such that |∑αi| is close to the Hasse-
Weil-Serre bound one can use a bit of number theory to exclude certain L-polynomials
occurring in the zeta function. The deviation of |∑ αi| is measured in the defect.
For the results here we refer to Serre’s Harvard notes or Shabat’s thesis [36].

Definition 2.2. A curve C of genus g over Fq has defect δ if |#C(Fq) − q − 1| =
gm − δ, with m = [2

√
q].

Remark 2.1. The notion of defect is slightly different from the original definition,
but in view of the fact that we use here only defect 1 and 2 curves this definition
is more convenient.

The eigenvalues of Frobenius on an abelian variety can be arranged in g pairs
αi, ᾱi for i = 1, . . . , g. By the Hasse-Weil bound the numbers m+1± (αi + ᾱi) are
real positive roots of a polynomial with integral coefficients. Therefore in order to
find curves with a small or a large number of rational points we shall consider a
list of the polynomials with integral coefficients and relatively small trace (which
corresponds to curves with many or few rational points). Smyth found a way
of classifying polynomials having relatively small trace. The idea of Smyth was
based on the proof of a theorem of Siegel ([37]). Consider the set Lr of integral
polynomials given by

Lr := {f ∈ Z[t] : f = td − (d + r)fd−1 + ad−2t
d−2 + . . . + a0,

and all roots of f are real and positive}

and Lirr
r be the subset of Lr consisting of polynomials that are irreducible over Z.

Remark that if f1 ∈ Lr1 and f2 ∈ Lr2 then f1f2 ∈ Lr1+r2 .
The main tool of the classification of the polynomials is the following theorem.

Theorem 2.4. (Siegel, Smyth) If f ∈ L
(irr)
r then either f = t − 1 ∈ L

(irr)
0 , or

f = t2 − 3t + 1 ∈ L
(irr)
1 or deg(f) < 2r.
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Consequently we have the following classification list of the polynomials with
small trace:

i) If r is negative then Lr is empty;

ii) If r is nonnegative then L
(irr)
r is a finite set;

iii) L
(irr)
0 = {t − 1}, L

(irr)
1 = {t − 2, t2 − 3t + 1},

For more results we refer to the paper of Smyth [39]. Applying these properties
to abelian varieties over finite fields, we obtain the following theorem.

Theorem 2.5. Let A be an abelian variety defined over Fq with eigenvalues of
Frobenius αi, ᾱi for i = 1, . . . , g. If we denote αi + ᾱi by γi then we have the
following.

i) If
∑g

i=1 γi = ±gm then (±γ1, . . . ,±γg) = (m, . . . , m)

ii) If
∑g

i=1 γi = ±(gm − 1) then (±γ1, . . . ,±γg) is one of

a) (m, . . . , m, m − 1)

b) (m, . . . , m, m − (1 +
√

5)/2, m− (1 −√
5)/2).

Proof. Let G±(t) :=
∏g

i=1(t − (m + 1 ∓ γi)) ∈ Z[t] . We have that G±(t) ∈ Lδ,
with δ = gm ∓ ∑g

i=1 γi. Given q we can retrieve the αi from G±. Writing out
all possibilities for G±(t), we get the γi from them. If G±(t) ∈ L0 then we obtain
that G±(t) = (t − 1)g; if G±(t) ∈ L1, then either G±(t) = (t − 1)g−1(t − 2) or
G±(t) = (t − 1)g−2(t2 − 3t + 1).

Another method of excluding certain characteristic polynomials of Frobenius for
Jacobians was also presented in Serre’s Harvard notes. We start with the following
proposition.

Proposition 2.2. Let A1 and A2 be nontrivial abelian varieties over Fq having
no isogenous factors, i.e. the characteristics polynomials PA1(t) and PA2(t) do not
have a common factor. Then A := A1 ×A2 cannot be isomorphic to a Jacobian of
an irreducible curve.

Proof. A nontrivial morphism between abelian varieties exists if and only if they
have an isogenous factor. Since an abelian variety A is always Fq-isogenous to
its dual A∗ there are no non-trivial Fq-homomorphisms from A1 to A∗

2 and from
A2 to A∗

1. Thus every polarization φ : A → A∗ is decomposable as φ1 × φ2 with
φi : Ai → A∗

i . But this means that the theta divisor is reducible ruling out that A
is a Jacobian.

9



Now we briefly recall some notation from the article [14] for formulating criteria
on the existence of an Jacobian.

Let A1 and A2 be abelian varieties over Fq and A := A1 × A2. We denote the
Frobenius endomorphism of A (resp. Ai) by F (resp. by Fi) and the Verschiebung
by V (resp. by Vi). If α ∈ Z[F, V ] ⊆ End(A) and αi is its restriction to Ai

with minimal polynomial Gαi then we denote the resultant of Gα1 and Gα2 by
Res(α). The greatest common divisor of the set {Res(α) : α ∈ Z[F, V ]} is denoted
by S(A1, A2). Now we formulate a necessary condition for abelian variety being
(isogenous to) a Jacobian.

Theorem 2.6. (Howe-Lauter) Let A1 and A2 be nonzero abelian varieties over Fq.

(a) If S(A1, A2) = 1, then there is no curve C over Fq whose Jacobian is isoge-
nous over Fq to A1 × A2.

(b) Suppose S(A1, A2) = 2. If C is a curve over Fq whose Jacobian is isogenous
to A1 ×A2, then there is a degree 2 map from C to another curve D over Fq

whose Jacobian is isogenous over Fq to either A1 or A2.

Proof. See [14].

Part (a) of this Theorem is equivalent to a result of Serre, see [14]. Serre’s result
is slightly more convenient for practical use, so it is worth presenting it here.

Theorem 2.7. (Serre) Let A1 and A2 be nontrivial abelian varieties over Fq. If
Res(F + V ) = ±1, then A1 × A2 is not isogenous over Fq to a Jacobian of an
irreducible curve.

Proof. See [34].

In the case of defect 1 or 2 the theory of defects and Honda-Tate theory show
the possible splitting of the Jacobian into isogeny factors. In particular, for a curve
of defect 1 we have the following consequence.

Corollary 2.3. If the genus g of a curve C over Fq is greater than 2 then

#C(Fq) �= q + 1 ± (gm − 1).

Proof. Suppose that a curve C of genus g has defect 1. Then according to Theorem
2.5 and Honda-Tate theory we have that Jac(C) ∼ A1 × A2, and we always may
assume that the dimension of A2 is either 1 or 2. If dim(A2) = 1 (resp. dim(A2) = 2)
then Gα1(T ) = (T±m)g−1 and Gα2(T ) = (T±(m−1)) (resp. Gα1(T ) = (T±m)g−2

and Gα2(T ) = (T 2 ± (2m − 1)T + (m2 − m − 1))), where αi = Fi + Vi ∈ End(Ai)
(i = 1, 2). However, the criterion 2.7 implies that this is impossible unless g ≤
2.
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2.3 Curves of genus 1, 2 and 3

The number of rational points on an elliptic curve over a finite field determines the
isogeny class of the elliptic curve. A classical result of M. Deuring describes the
isogeny classes of elliptic curves over a finite field, see [4] or [51].

Theorem 2.8. (Deuring) Let q = pa with a prime number p. Then there is a
bijection between the set of all isogeny classes of elliptic curves over Fq and the set
of the integers β, with |β| ≤ 2

√
q, satisfying one of the following conditions:

(1) (β, p) = 1,

(2) If a is even: β = ±2
√

q,

(3) If a is even and p �≡ 1 mod 3: β = ±√
q,

(4) If a is odd and p = 2 or 3: β = ±p(a+1)/2,

(5) If either a is odd or a is even and p �≡ 1 mod 4: β = 0.

As a consequence of Deuring’s Theorem, we obtain the maximal and minimal
numbers of rational points on elliptic curves.

Corollary 2.4. Let q = pa for a prime number p and m = [2
√

q]. Then if a is
odd, a ≥ 3 and p|m then Nq(1) = q + 1 + m− 1 and Mq(1) = q + 1 −m + 1, while
Nq(1) = q + 1 + m and Mq(1) = q + 1 − m for all other cases.

The case of genus 2 curves was considered by J-P. Serre, see [34]. In particular,
he computed the values Nq(2) and Mq(2) (cf. [33]). In order to formulate Serre’s
result, we define the notion of a special number.

Definition 2.3. Let Fq be a finite field with q elements. The positive integer
number q is called special (with respect to q) if either char(Fq) divides m = [2

√
q]

or q is of the form a2 + 1, a2 + a + 1 or a2 + a + 2 for some integer a.

Theorem 2.9. (Serre) Let q = pe and m = [2
√

q]. Then we have:
If e is even, then

• if q = 4 then N4(2) = 10 and M4(2) = 4,

• if q = 9 then N9(2) = 20 and M4(2) = 6,

• for all other q one has Nq(2) = q + 1 + 2m and Mq(2) = q + 1 − 2m.

If e is odd then

• if q is special and {2√q} ≥ (
√

5 − 1)/2, then Nq(2) = q + 1 + 2m − 1 and
Mq(2) = q + 1 − 2m + 1,
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• if q is special and {2√q} < (
√

5 − 1)/2, then Nq(2) = q + 1 + 2m − 2 and
Mq(2) = q + 1 − 2m + 2,

• for all other q one has Nq(2) = q + 1 + 2m and Mq(2) = q + 1 − 2m,

where {·} denotes the fractional part.

We start the treatment of curves of genus 3 with the fact that an abelian variety
of dimension g ≤ 3 with an irreducible principal polarization is the canonically
polarized Jacobian variety of an algebraic curve. This is clear for g = 1, for g = 2
the result was proved by A. Weil and for g = 3 it was proved by F. Oort and K.
Ueno, see [28].

Theorem 2.10. (F. Oort and K. Ueno) Let X be an abelian variety of dimension
g ≤ 3 over a field K with an irreducible principal polarization λ. Then there exists
a finite extension K ⊆ L and a curve C over L, such that (X, λ)⊗ L ∼= (Jac(C), θ).

Although the theorem says that every such abelian variety is a Jacobian over
some extension field, in certain cases we can employ Galois descent and show that
the Jacobian variety is defined over the ground field. In this thesis, we only need
a particular case of Galois descent, namely when the Jacobian is isogenous to a
power of one elliptic curve.

Theorem 2.11. Let C be a curve of genus g ≥ 2 over Fpe , where p is a prime
and e is an odd number. If the characteristic polynomial of the Fpe-Frobenius Φ
on Jac(C) has the following factorization P (t) = (t − π)g(t − π̄)g and there exists
φ ∈ Z[π] such that π = φe then C is defined over Fp.

Proof. See [23].

J. Top (see [43]) proved the following proposition, which was guessed by J-P.
Serre in his Harvard lecture notes [34], by using the approach of K. O. Stöhr and
J. F. Voloch.

Proposition 2.3. (Top) If C is a curve of genus 3 over Fq with property #C(Fq) >
2q + 6, then q ∈ {8, 9} and C is isomorphic over Fq either to the plane curve over
F8 given by

x4 + y4 + z4 + x2y2 + y2z2 + x2z2 + x2yz + xy2z + xyz2 = 0,

with exactly 24 rational points over F8, or to the quartic Fermat curve x4+y4+z4 =
0 over F9 with exactly 28 rational points over F9.

J. Top also gives a table of Nq(3) for all q < 100.
Very little is known about Mq(g) for g ≥ 3. But for instance all q such that

Mq(3) = 0 or those with Mq(4) = 0 are computed in [16].
An alternative approach for obtaining information on the numbers Nq(g) and

Mq(g), is due to J-P. Serre and it is based on the theory of hermitian modules.
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It was used by T. Ibukiyama in [18] and by K. Lauter in [24] for the exploration
of algebraic curves of genus 3 over finite fields. T. Ibukiyama also considered
supersingular curves of genus 3 with different methods and obtained the following
theorem.

Theorem 2.12. (Ibukiyama) For every odd prime p and q = pe with e ∈ Z≥1,
there exists a curve C of genus 3 defined over Fp such that the number of Fp2e-
rational points attains the Weil upper (resp. lower) bound for odd (resp. even) e,
i.e.

#C(Fp2e) = 1 + p2e + (−1)e+16pe.

Moreover, its Jacobian Jac(C) is isomorphic over Fp2 to the product of three copies
of a supersingular elliptic curve.

K. Lauter obtained a more general result on the rational points on a curve of
genus 3 over a finite field.

Theorem 2.13. (Lauter) For every finite field Fq there exists a curve C of genus
g(C) = 3 over Fq, such that,

|#C(Fq) − (q + 1)| ≥ 3m − 3.

In particular, one has Nq(3) ≥ q + 1 + 3m − 3 or Mq(3) ≤ q + 1 − 3m + 3.

2.4 Automorphism groups and Torelli’s theorem

In the previous sections we used Jacobian varieties to impose some conditions on
the zeta function of an algebraic curve. In this section, we recall some upper bounds
on the order of automorphism group of a curve.

Let C be an algebraic curve of genus ≥ 2 over an algebraically closed field k
of characteristic p. Let G := Autk(C), the group of automorphisms of C. As a
result of work of A. Hurwitz ([17], the case p = 0), H. Schmid ([31], the case p �= 0)
and K. Iwasawa and T. Tamagawa ([20], the case of arbitrary p) we know that the
group of automorphisms of a curve C is finite. Moreover, there exist several upper
bounds of the number of automorphisms of an algebraic curve. A. Hurwitz showed
that if p = 0 then #G ≤ 84(g − 1) and that this upper bound is best possible in
the sense that there is a curve whose group of automorphisms attains the bound.
For finite characteristic P. Roquette proved the inequality #Autk(C) ≤ 84(g − 1)
under the conditions that p > g +1 and the curve C is not of the form y2 = xp −x,
see [29]. The upper bound for small p (i.e. p ≤ 2g + 1) was improved by B. Singh
[38]. The main result of his paper is the following one.

Theorem 2.14. (Singh) Let C be a curve of genus g ≥ 2 over algebraically closed
field k of characteristic p. Let G = Autk(C) and G(P ) = {σ ∈ G : σ(P ) = P} for
a point P ∈ C(k). Then:
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(1) If p does not divide #G(P ) for every P ∈ C(k), then #G ≤ 84(g − 1).

(2) If there exists a point P ∈ C(k), such that p|#G(P ), then

#G ≤ 4pg2

p − 1

(
2g

p − 1
+ 1

)(
4pg2

(p − 1)2
+ 1

)
.

Moreover, equality holds if C is a curve defined by one of the following equa-
tions:

(I) yp − y = xp+1 with p ≥ 3;

(II) yp − y = x2 with p ≥ 5.

Torelli’s Theorem says that the Jacobian Jac(C) of a curve C with the canonical
polarization λ uniquely determines this curve. In particular, it shows the relation-
ship between the number of automorphisms of a curve and of the Jacobian, that
we will exploit in the next chapter.

Theorem 2.15. (Torelli’s Theorem) Let C and C′ be algebraic curves over an
algebraically closed field k and let f : C → Jac(C) (resp. f ′ : C′ → Jac(C′)) be
embeddings given by a point P (resp. P ′) on C (resp. on C′). If β : (Jac(C), λ) →
(Jac(C′), λ′) is an isomorphism of the canonically polarized Jacobian varieties, then
we have:

(a) There is an isomorphism α : C → C′ such that f ′ ◦ α = ±β ◦ f + c for some
c ∈ Jac(C′)(k).

(b) If the genus of the curve C is greater than 1 and C is not hyperelliptic, then
the map α, the sign ±, and c are uniquely determined by β, P, P ′. In case
C is hyperelliptic, the sign can be chosen arbitrarily, and then α and c are
uniquely determined.

Proof. see [1] or [26]

Since in the present thesis we deal with the case when the ground field is
a perfect field we mention the following proposition (see [26])

Proposition 2.4. If C and C′ are curves of genus ≥ 2 over a perfect field k then
the canonically polarized Jacobian varieties of C and C′ are isomorphic over k if
and only if C and C′ are isomorphic.
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