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Chapter 4

Towers and codes

This is an intermediate chapter intended to give basic notions and results about
towers and optimal towers of curves over finite fields and their applications in
coding theory.

4.1 Towers and their asymptotic behavior

We start by recalling the definition of the important asymptotical parameter A(q).

Definition 4.1. For any prime power q = pm define

A(q) = lim supg→∞
Nq(g)

g
.

The Hasse-Weil-Serre bound immediately implies that A(q) ≤ [2
√

q]. However
this upper bound is not sharp and it was first improved by Y. Ihara in [19], and
more systematically by V. Drinfeld and S. Vlăduţ in [50]. The improvement is
related to the method of “explicit Weil formulas”, which is due to J-P. Serre and
this method improves the upper bound for Nq(g) if g is relatively large with respect
to q.

Theorem 4.1. (Drinfeld-Vlăduţ bound) For every prime power q we have

A(q) ≤ √q − 1.

Moreover, if q is a square, then we have the equality A(q) =
√

q − 1.

Proof. For the proof we refer for example to [27] or [40].

Since the language of function fields is used frequently in the theory of asymp-
totic behavior of sequences of curves we provide definitions and basic facts in terms
of function fields.
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Definition 4.2. A tower of function fields over Fq is a sequence F = (F1, F2, F3, . . .)
of global function fields Fi/Fq in one variable, having the following properties:

(I) F1 ⊆ F2 ⊆ F3 ⊆ . . .,

(II) For each i ≥ 1, the extension Fi+1/Fi is separable of degree [Fi+1 : Fi] > 1,

(III) g(Fi) > 1 for some i ≥ 1.

Since the degrees of extensions are increasing we have by the Hurwitz genus
formula that limi→∞g(Fi) = ∞. On the other hand, if E/F is an extension of
global function fields over Fq and g(F ) > 1 then

N(E)
g(E)− 1

≤ N(F )
g(F )− 1

with N(E), N(F ) denoting the number of places of degree 1, and therefore the
limit

λ(F) = lim supn→∞
N(Fn)
g(Fn)

.

of the tower F = (F1, F2, F3, . . .) exists.
Next, we define the notions of a “good” and a “bad” tower, as well as a subtower.

Definition 4.3. The tower F is called asymptotically good (resp. asymptotically
bad) when λ(F) > 0 (respectively, λ(F) = 0), and it is called optimal if λ(F) = A(q).

Definition 4.4. Let F = (F1, F2, F3, . . .) be a tower of function fields over Fq.
Another tower E = (E1, E2, E3, . . .) over Fq is called subtower of F (written E ≺ F)
if for any i ≥ 1 there is an index m = m(i) ≥ 1 such that ι(Ei) ⊆ Fm, where ι is
an embedding ι : ∪i≥1Ei → ∪j≥1Fj .

From the asymptotical behavior of a tower we can deduce some asymptotical
properties of its subtowers and conversely. The following proposition explains these
relationships.

Proposition 4.1. Let F be a tower of function fields over Fq and let E ≺ F be a
subtower of F. Then we have.

(i) λ(E) ≥ λ(F ),

(ii) if E is asymptotically bad then F is also asymptotically bad,

(iii) if F is optimal then E is also optimal.

Proof. Let F = (F1, F2, . . .) and E = (E1, E2, . . .) then according to the arguments
above we have

N(Fi)
g(Fi)− 1

≤ N(Em(i))
g(Em(i))− 1

and therefore λ(E) ≥ λ(F ).
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Due to the Drinfeld-Vlăduţ bound we have λ(F) ≤ √q − 1 for any Fq-tower F.
In the other direction there exist Fq-towers attaining the Drinfeld-Vlăduţ bound if
q is a square (as we will see in the next Section), and every such tower is called an
optimal tower.

The following result on abelian extensions shows that a large class of towers of
function fields are asymptotically bad.

Theorem 4.2. (Frey-Perret-Stichtenoth) If a tower of function fields (F1, F2, F3, . . .)
over a finite field Fq is an abelian tower (i.e. Fi/F1 is an abelian Galois extension)
then it is asymptotically bad.

Proof. See [6].

Of course, these notions can also be phrased in terms of curves.

Definition 4.5. A sequence of algebraic curves {Ci}i≥1 over a finite field Fq is
called a good sequence (resp. bad sequence, resp. optimal sequence) if the cor-
responding tower of global function fields is a good tower (resp. bad tower, resp.
optimal tower). Moreover, we shall sometimes write λ({Ci}) instead of λ({k(Ci)}).

4.2 Explicit asymptotically good sequences

For the construction of asymptotically good families of linear codes over Fq one
needs explicit asymptotically good sequences of algebraic curves over Fq (see next
Section), and consequently explicit examples of asymptotically good sequences of
algebraic curves over Fq are important in coding theory.

For instance, M. Tsfasman, S. Vlăduţ and Th. Zink have used optimal towers to
show the existence of infinite sequences of linear codes of increasing lengths having
limit parameters above the so-called Gilbert-Varshamov bound (see [45]). Here we
consider several examples of explicit good sequences of algebraic curves.

Example 4.1. (Due to Garcia-Stichtenoth) In the first example we consider a se-
quence of algebraic curves over Fq2 which attains the Tsfasman-Vlăduţ-Zink bound.

Let {. . . → X3 → X2 → X1 = P
1} be a sequence of curves over Fq2 which

is defined as follows. We start by letting X1 be the projective line with affine
coordinate x1. The curve Xi+1 is obtained by adjoining to the function field of Xi

the function xi+1 satisfying the equation

xq
i+1 + xi+1 =

xq+1
i

xq
i + xi

.

A detailed investigation of A. Garcia and H. Stichtenoth in [11] of the tower (k(Xi))
yields that

g(Xn) =
{

(qn/2 − 1)2 if n is even;
(q(n+1)/2 − 1)(q(n−1)/2 − 1) if n is odd.
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Furthermore, the infinite place on X1 is totally ramified in the covering Xn → X1

and all points on the affine line with coordinates not in {β ∈ Fq2 : βq +β = 0} split
completely in the covering Xn → X1 for all n. Therefore the number of rational
points on Xn satisfies #Xn(Fq2) ≥ qn−1(q2 − q) + 1 and hence λ({Xi}) ≥ q − 1.
Combining the last inequality and the Tsfasman-Vlăduţ-Zink bound we obtain
λ({Xi}) = q − 1.
Example 4.2. Let X̃n be a Galois closure of the covering Xn → X1 from the
example above. In the next chapter, a detailed analysis of the sequence of curves
{X̃n} shows that:

g(X̃n) = deg(X̃n → X1)(q − q3−n − q2−n),

#X̃n(Fq2) = deg(X̃n → X1)(q2 − q),

and λ({X̃n}) = q − 1.
Note that this gives another proof of the optimality of the original sequence Xi,

since λ({Xn}) ≥ λ({X̃n}) by Proposition 4.1.
The next example of an optimal sequence is also due to A. Garcia and H.

Stichtenoth (see [9]).
Example 4.3. Let C1 be the projective line with coordinate x1 and let Cn+1 be the
curve defined by recursive equations

zq
n+1 + zn+1 = xq+1

n and xn+1 =
zn+1

xn
.

We thus obtain a sequence (. . . → C3 → C2 → C1 = P
1) of algebraic curves over

Fq2 .
Note that for n ≥ 2 we can rewrite the equation as

zq
n+1 + zn+1 = xq+1

n =
zq+1

n

xq+1
n

=
zq+1

n

zq
n + zn

.

It follows that the subfield Fq(z2, . . . , zn) ⊂ k(Cn) is isomorphic to the field k(Xn)
in the tower (k(Xi)) from example 4.1, and hence (k(Xi)) is a subtower of the
tower (k(C1), k(C2), k(C3), . . .). In particular, the sequence {Ci} is optimal, i.e.
λ({Ci}) = q − 1.

If the cardinality of the finite field is not a square then the situation regarding
the asymptotical behavior of sequences of curves is not so clear. The following
example was constructed by G. van der Geer and M. van der Vlugt in [48].
Example 4.4. Let Fi be the curve over F8 obtained by starting with the projec-
tive line X1 with coordinate x1 and defining degree 2 extensions by the recursive
equation

x2
i+1 + xi+1 = xi + 1 + 1/xi, i = 0, 1, 2, . . .

Then a careful investigation of this sequence shows that λ({Fi}) = 3/2. Mirac-
ulously, this is the same value as for the tower obtained by Zink using Shimura
varieties.
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Now we give an example where Kn → K1 has no wildly ramified places. This
is an example of an asymptotically good sequence of Kummer coverings (cf. [10]).

Example 4.5. Assume that q = pe with p a prime number and e > 1, and set
m := (q−1)/(p−1). Let K1 be a projective line with coordinate x1 and Kn be the
algebraic curve with corresponding function field k(Kn) := Fq(x1, . . . , xn), where
xm

i+1 + (xi + 1)m = 1 for i = 1, . . . , n − 1. This sequence of curves {. . . → K3 →
K2 → K1 = P

1} has the following properties:

- for all n ≥ 1, the covering Kn+1 → Kn is cyclic of degree m;

- if P is a point on K1 that ramifies in Kn → K1 for some n > 1, then P is a
zero of the rational function x1 − α for some α ∈ Fq;

- the infinite place on K1 splits completely in Kn → K1, for all n > 1.

These properties show that

λ({Ki}) ≥ 2/(q − 2)

and that the sequence is optimal for q = 4.

The last example of this Section is a sequence of curves where each elementary
step is not a Galois covering (see [2]).

Example 4.6. Let q = l3 > 8 and M1 be the projective line with coordinate x1. Let
{. . . → M3 → M2 → M1 = P

1} be a sequence of curve over Fq, where the curve
Mn is given by a recursive equation

1− xn

xn
=

xl
n−1 + xn−1 − 1

xn−1
.

Then the covering Mi+1 →Mi is not Galois and

λ({Mi}) ≥ 2(l2 − 1)/(l + 2).

4.3 Linear codes and algebraic-geometry codes

We briefly give a few definitions of basic notions from the theory of linear codes.

Definition 4.6. A linear code over a finite field Fq is a non-zero linear subspace
of the vector space F

n
q for some n ≥ 1. If C ⊆ F

n
q then n is the length of C and

k := dimFqC is the dimension of C. The Hamming weight w(x) is the number of
non-zero coordinates of x ∈ F

n
q . The minimum distance (or minimum weight) of a

linear code C over Fq is the smallest Hamming weight of a non-zero vector x ∈ C.
We say that C is a [n, k, d] code over Fq, if C is a code of length n, dimension k
and minimum distance d over Fq.
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Definition 4.7. For a [n, k, d] code C over Fq we define its rate

R = R(C) :=
k

n

and relative minimum distance

δ = δ(C) :=
d

n
.

An important object in the asymptotic theory of codes is the set Uq ⊆ [0, 1]×
[0, 1], which is defined as follows: a point (δ, R) ∈ [0, 1]× [0, 1] belongs to Uq if and
only if there exists a sequence (Ci)i≥0 of codes over Fq such that

n(Ci)→∞, δ(Ci) → δ and R(Ci)→ R as i →∞.

The properties of the set Uq can be described via the function αq : [0, 1] → [0, 1]
which is defined by

αq(δ) = sup{R : (δ, R) ∈ Uq} for δ ∈ [0, 1].

We have the following properties for αq.

Proposition 4.2. (Manin)

(i) Let (δ, R) ∈ [0, 1]× [0, 1] then (δ, R) ∈ Uq if and only if 0 ≤ R ≤ αq(δ).

(ii) The function αq is continuous and non-increasing.

(iii) We have αq(0) = 1 and αq(δ) = 0 for 1− q−1 ≤ δ ≤ 1.

Proof. See [25], [44].

Definition 4.8. The q-ary entropy function Hq : [0, 1 − 1/q] → R is defined by
Hq(0) := 0 and

Hq(x) := x logq(q − 1)− x logq(x) + (1 − x)logq(1− x)

for 0 ≤ x ≤ 1− 1/q.

Many upper bounds for αq(δ) are known (see [49], [44]). On the other hand
lower bounds for αq(δ) provide the existence of arbitrarily long linear codes with
good error correction parameters and therefore they are more interesting. We now
give a few classical bounds on αq(δ).

Theorem 4.3. (a) (Plotkin bound) For 0 ≤ δ ≤ 1− 1/q, we have

αq(δ) ≤ 1− q

q − 1
δ;
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(b) (Hamming bound) αq(δ) ≤ 1−Hq(δ/2) for 0 ≤ δ ≤ 1;

(c) (Bassalygo-Eilas bound) For 0 ≤ δ ≤ 1− 1/q,

αq(δ) ≤ 1−Hq(1− 1/q −
√

(1− 1/q)(1− 1/q − δ));

(d) (Gilbert-Varshamov bound) For 0 ≤ δ ≤ 1− 1/q,

αq(δ) ≥ 1−Hq(δ).

An important class of codes is the class of algebraic-geometry codes. The notion
of algebraic-geometry code was introduced by V. D. Goppa in his famous articles
[12] and [13]. It was not only a breakthrough but also a starting point for the
introduction of algebraic geometry into coding theory. Here we give just a few
results on algebraic-geometry codes.

Let C be an algebraic curve of genus g over a finite field Fq with #C(Fq) > 0.
For a given divisor D on the curve C and distinct Fq-rational points P1, . . . , Pn on
C such that Pi �∈ Supp(D), we define a Fq-linear map

φ :
{

L(D) → F
n
q ,

f → (f(P1), . . . , f(Pn)).

Then Im(φ) ⊆ F
n
q is called an algebraic-geometry code and it is denoted by G(D; P1, . . . , Pn).

Proposition 4.3. Let C/Fq, D and {P1, . . . , Pn} be as above. If g ≤ deg(D) < n
then G(D; P1, . . . , Pn) is a linear [n, k, d] code over Fq such that k = dim(D) ≥
deg(D) − g + 1 and d ≥ n − deg(D). Moreover, if 2g − 1 ≤ deg(D) ≤ n then
k = deg(D)− g + 1.

For the algebraic-geometry code G(D; P1, . . . , Pn) we have

R + δ > 1− g(C)/#C(Fq).

This lower bound improves as #C(Fq)/g(C) increases. ¿From this inequality and
the Drinfeld-Vlăduţ bound it follows that the Gilbert-Varshamov bound is im-
proved by the Tsfasman-Vlăduţ-Zink bound.

Proposition 4.4. (Tsfasman-Vlăduţ-Zink bound) If 0 ≤ δ ≤ 1, then we have the
following inequality

αq(δ) ≥ 1− δ −A(q)−1.

Proof. see [45], [27] or [40].

The Drinfeld-Vlăduţ bound shows that A(q) ≤ √q−1 and A(q) =
√

q−1 if q is
a square and hence the Tsfasman-Vlăduţ-Zink bound in Proposition 4.4 improves
the Gilbert-Varshamov bound for all square q ≥ 49.
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However, a lot of problems are still open. For example, is there a sequence
(Ci)i≥0 of cyclic codes Ci over Fq such that the rate and the relative minimal
distance tend to positive real numbers? Every cyclic code is a transitive code,
therefore we first look for a transitive code with certain parameters.

The construction of an optimal sequence of transitive codes is based on the
Galois closure of certain optimal towers which is also optimal. Moreover, as a
consequence of this construction other important classes of codes with “good pa-
rameters”, namely the self-dual codes and the self-orthogonal codes, were obtained.

Theorem 4.4. The classes of self-dual, self-orthogonal and transitive codes over
Fq2 meet the Tsfasman-Vlăduţ-Zink bound. In other words, in the classes of transi-
tive, self-dual and self-orthogonal codes there exist sequences (Ci)i≥1 of linear codes
over Fq2 with parameters [ni, ki, di] such that for given δ ≥ 0, we have nj →∞ as
j →∞, limj→∞ dj/nj ≥ δ and limj→∞ kj/nj ≥ 1− δ − 1/(q − 1).

Proof. See [41].
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