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Chapter 1

Introduction

Everything that happens is intrinsically like the man it happens to.

Aldous Huxley, Point Counter Point

Much like true democracy needs newspapers, the social credit system1 needs social

media. Almost six hundred years ago, humans invented the printing press and, slowly but

surely, it had an essential contribution to the development and spread of democracy and

its institutions. The printed word provided a radical upgrade to mankind’s ability to store

and distribute knowledge and, through that, it severely disrupted the architecture of power

in feudal societies. A similarly radical but more recent upgrade to our communication

technologies was the invention of social media. It brought a yet further democratization in

the generation and dissemination of information.2 Social media provides a great variety of

amazing tools: blogs, Stack Exchange, Twitter, Facebook, Weibo - with varying degrees

of protocol standardization and, compared to books and newspapers, greatly improved

1Generally speaking, social credits are used by any platform that compiles users’ past behavior into
a reputation score. Such a score provides a cheap and effective way to reduce transaction costs by
generating trust between buyers and sellers on platforms such as Airbnb or Uber. Social credit systems,
such as the one currently being developed in China, aggregate reputation across platforms in order to
rate not just users but actual citizens. For more details, see Botsman (2017).

2Dewar (1998) outlines some of the long term effects the printing press has had on society. He also
tries to identify general patterns that may be relevant in understanding changes to come in the wake of
the invention of the Internet. Morris (2015) makes a more general argument that the evolution of our set
of values throughout pre-history and history has been strongly determined by our corresponding energy
capture technologies.

1
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ability to organize, search and synthesize information. Much like news papers, social

media was made possible by technological breakthroughs. Personal computing and the

Internet were the printing presses of our time. Unlike printed news papers, which now

seem to be on their way out, social media is still shaping society in ways that we may not

yet fully understand or anticipate.

That is why I believe factoring-in technological change may extend a scientist’s ability

to understand the dynamics of culture, politics, institutions and economies. Most likely

the development of technologies is also greatly influenced by such social factors in its

turn. This thesis documents my efforts to understand relationships between institutions

and technology by using the tools and mindset of an economist. It is my hope that using

quantitative models of instances of this type of interaction — manifested in the past or

present — can shed light on its general patterns. Perhaps such knowledge can eventually

provide support in understanding the challenges of the future.

Leading scholars in both institutional economics, North (1990); North and Wallis

(1994), and technological change, Nelson and Sampat (2001); Nelson (2002), point out

that institutions and technologies have much in common. In a dynamic context, institu-

tions provide a framework for organizing and distributing social production. They give

structure to the set of possible mechanisms for the aggregation of private resources and

also determine the rules for sharing output between those who contributed to its pro-

duction. At different levels of organization, private resources can refer to labor, human

capital, natural resources or intellectual property, see also North (1990, Ch. 2). Likewise

technology provides recipes for turning heterogeneous inputs into one coherent output.

Technology determines what can be produced and at what cost. Also, like institutions,

technologies play their role in multi-layered, hierarchical and interdependent ways and,

as such, are difficult to delimit and analyze in isolation.

To study more concrete phenomena that result from the interaction between institu-

tions and technology one also needs a modeling framework that can be applied to both

sides of that interaction. This is why, on the methodological side, this thesis heavily relies

on the apparatus of Game Theory.

Game Theory is currently one of the main paradigms for analyzing institutions. In

particular, coordination and cooperation games have been used to model institutions and

their evolution over time in the institutions-as-equilibria approach, see for instance Young

(1993, 2001) and Greif and Laitin (2004). Binmore (2010) offers a general discussion on

why and how game-theoretical models can be applied to understand institutions, pointing

out that institutions, formal or not, emerge over time as equilibria of a ‘larger game of

life’ where individuals, organizations and political actors react to own incentives in ways
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that improve some objective measure of fitness. In economics, Industrial Organization

manifests a great interest in the study of innovation and also heavily relies on game the-

oretic tools. Reinganum (1989) surveys some of the early literature and Gottinger (2006)

offers a more up to date overview of game-theoretic models of innovation in Industrial

Organization.

An alternative paradigm for building quantitative models of technology is offered by

Evolutionary Economics, see Nelson and Winter (1982) and Dawid (2006). Evolutionary

models of technological change allow for more complex and arguably more realistic firm

behavior aiming for wider scope, especially in the time dimension. This is achieved at

the cost of reduced analytical tractability which is supplemented by numerical simulation.

When it comes to modeling technology, my thesis draws insight and uses methods from

both strands of literature.

When needed, a compromise between Industrial Organization and Evolutionary Eco-

nomics can be achieved by using Evolutionary Game Theory. A central working assump-

tion that is maintained in both Evolutionary Game Theory and Evolutionary Economics

is bounded rationality. The concept, initially coined and developed by Herbert Simon,

see Simon (1957, 1972), recognizes the limitations in human decision-making in the face

of limited information, cognitive resources and time. Instead of fully optimizing under

perfect foresight, boundedly rational agents rely on rules of thumb and heuristics. These

are selected and refined over time according to their past performance in generating sat-

isfactory rather than optimal outcomes. Bounded rationality found a strong echo in

organization theory, Cyert and March (1963), and in evolutionary economics, Nelson and

Winter (1982). In mainstream economics, bounded rationality has been less popular than

the assumption of optimizing behavior under rational expectations. In biology, however,

where the objects of study are so much more different than the scientist, bounded ratio-

nality was not a controversial assumption to make. In fact, the seminal paper by Smith

(1974), one of the corner stones of Evolutionary Game Theory, introduces boundedly ra-

tional agents playing games to the study of biology independently of the works of Herbert

Simon. For the economics of innovation and institutions, Dosi (1990) provides strong

arguments why bounded rationality is a more realistic and fruitful working assumption

than perfect rationality.

In terms of tools, numerical simulation is also heavily used by evolutionary economists

and plays an important role in how game theory is applied across disciplines. In biology, as

in mathematical sociology and in economics, scientists often use simulation to extend and

to validate results derived using mean-field approximations. In evolutionary economics,

simulation is even more important because models are typically so complex that any
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analytical results are almost impossible to obtain. In my thesis, I have tried to gain

insight from analytically derived results and then complement or extend those results

with numerical simulation. Whenever analytical results were beyond my reach, I resorted

to computation to obtain either dynamic simulations of agent behavior and build bottom-

up pictures of aggregate behavior, or to numerically solve the set of equations describing

agent behavior.

The goal of this thesis is therefore to extend our understanding of the interactions

between technology and institutions by identifying and analyzing particular economic

phenomena in which such interactions occur. I tackle this by using primarily a game-

theoretical approach and integrating themes and assumptions from Evolutionary Eco-

nomics. In Chapter 2, I begin this journey by investigating how industrial technology and

financing institutions emerge out of the interaction between a banker and a large popu-

lation of innovating firms. In Chapter 3, I investigate the relation between innovation in

product differentiation and the nature of market competition between two duopolists as

the market they serve grows. Chapter 4 focuses on the choice between two production

technologies by firms competing in oligopoly markets and on the effects of innovation pol-

icy. The final chapter analyses the effects of wealth accumulation on cooperative behavior

and the emergence of different institutions for enforcing cooperation.

1.1 Overview

In this subsection I describe in more detail the research question, methods and results

of each chapter. I also elaborate on the relation between the chapters and the central

theme of this thesis.

In Chapter 2, I build a model to explain the empirical evidence pointing towards a

relation between external financing sources that an economy makes available to firms

and the firms’ innovation efforts. Cross-country comparisons show that market-based

financial systems support the development of industries where innovation is typically

radical whereas incremental innovation thrives in association with bank-based finance.

Moreover, within the same country, incrementally innovative firms tend to form strong

financing relationships with banks while radical innovators rely on arm’s length financial

arrangements.

The chapter starts with the analysis of a static game-theoretic model where a large

population of firms choose financing-innovation strategies. In terms of financing they

choose between a bank loan or selling bonds. In terms of innovation they have also two

possibilities: radical or incremental. Radical innovation is more risky than incremental

innovation but generates higher returns on average and these returns are heterogeneous
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across the firms. In the financial market, a monopolist bank offers a flexible lending

contract, while market finance is represented by a fixed interest rate. The equilibrium

of this model, i.e. when all agents, the firms and the bank, make the optimal decision

given the decisions of all other players, splits the firm population in two. A share of firms

with lower ability for radical innovation chooses bank finance and incremental innovation

while firms that obtain high returns from radical innovation choose market finance and

innovate radically.

In a dynamic version of the model I relax the assumption of perfect rationality and

instead let the firms and the bank update their strategies based on reinforcement learning.

On top of this form of bounded rationality, I add some elements which are typical of

evolutionary economics. I assume that firms can accumulate assets that can serve as

a cushion against bankruptcy in case the firm fails to generate enough cash to cover

its debts. I also introduce technological learning by doing: repeated efforts in radical

innovation raise its expected returns. This dynamic model generates results similar to the

static one: radical innovators choose market finance and incremental innovators choose

bank finance but the shares of firms choosing either of the two strategies are prone to a

lock-in phenomenon. For the same model parameters, the economy can evolve towards

different financial architecture and industrial innovation ecologies.

In short, Chapter 2 analyzes the relation between an institutional arrangement —

financial architecture — and the type of technology that results from the innovation

behavior of firms. The relation between the two is revealed to be a very strong one

with co-evolution determining outcomes through time, leading to lock-in. In terms of

tools, Chapter 2 therefore combines the analysis of a static game with agent behavior

derived through constrained optimization and an agent-based numerical simulation of an

evolutionary economics type of model.

Chapter 3 analyzes the interaction between institutions and technology from a dif-

ferent angle. Whereas in Chapter 2 there was no interaction between firms’ innovation

choices, in Chapter 3 innovation is endogenous and horizontal, in the sense that it does

not make a firm’s product better or worse than its competitor’s, it simply makes it differ-

ent. This relaxes the intensity of market competition when it comes to selling the product

to consumers. The model also assumes the type of market interaction between firms to

be endogenous: by choosing on which strategic variable to act, price or quantity, firms

determine the type of market they serve. Clearly, in the real world firms can influence,

to some extent, both their price and the quantity they supply, but the precise conditions

under which they do so — think for instance of an auction market — reflect a complex

institutional framework under which that market functions. In Chapter 3, that framework
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is an outcome of firms decisions and the space of its possible manifestations is shown to

be particularly enriched by firms’ R&D efforts. Firms end up using market mechanisms

and product differentiation in different combinations to achieve the same goal: relaxing

competitive pressure.

A famous result in the industrial organization literature, due to Singh and Vives

(1984), is that if duopoly firms can choose their strategic variable, then the only outcome

we can expect is Cournot competition — both firms will set quantities. This happens

because quantity competition is less intense. By allowing firms to also invest in product

differentiation, I show that Singh and Vives’ result does not always hold. In fact, depend-

ing on the size of the market served by the duopolists, all types of competition can be

obtained in equilibrium.

Although the model is static, this result lends it an interpretation with some dy-

namic flavor. As market size increases (exogenously), the game of choosing the strategic

variable changes structure. For small market size it is a dominance solvable game with

Cournot competition as unique outcome. For higher market size, the firms face a Pris-

oner’s Dilemma where Bertrand competition would be Pareto optimal, but Cournot com-

petition is the non-cooperative Nash Equilibrium. As market size further increases, the

game of choosing market variables becomes a Hawk-Dove game where, in pure strategy

equilibrium, one firm sets quantity and the other sets price. When market size increases

even further, setting prices will be the strictly dominant strategy and Bertrand compe-

tition is the unique equilibrium outcome for a relatively small parameter range. Finally,

for sufficiently high market size, all equilibria corresponding to differentiated duopoly

abruptly disappear and the market separates into two monopolies. An interesting im-

plication of this result is that product differentiation evolves in a discontinuous manner

exhibiting abrupt jumps whenever the equilibrium type of competition changes.

On a methodological level this chapter deals with the challenge of solving an alge-

braically intractable set of equations. Fortunately the model can be reduced to a single

parameter, which accounts for market size, and solved numerically to cover all possible

scenarios.

In Chapter 4, which is joint work with Fabio Lamantia and Jan Tuinstra, we study

a dynamic oligopoly market model where quantity setting firms can choose one of two

production technologies. In contrast to the model in Chapter 3, innovation here deter-

mines production technology, resulting in lower marginal costs for innovators and thus

increasing competitive pressure3. In Chapter 4 we analyze a different type of institution:

an innovation policy maker. This is a more top-down approach to setting the rules of the

3This is expressed by an increase in overall output and a reduction in price
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game and the results of our analysis show that, in markets where output and technol-

ogy choices generate fluctuations, there can be a disconnect between the policy-maker’s

intentions and the outcome of her efforts.

The chapter uses bounded rationality in production (best-reply dynamics) and technol-

ogy choice (evolutionary selection of better performing technologies) as sources of market

dynamics. Of themselves and especially together, output and technology choices can

generate endogenous instability and complicated dynamics, including chaotic fluctuations

and co-existing complex attractors with fractal basins of attraction.

By studying successively more complex versions of our model, we analyze these two dif-

ferent sources of instability separately and also investigate their interaction. We find that

boundedly rational production decisions amplify technological instability whereas bound-

edly rational technology decisions do not exacerbate the production-driven destabilization

of the Nash equilibrium. In any case, whenever the two types of decisions interfere in an

endogenously unstable market, fluctuations follow a visibly different pattern compared to

the fluctuations of a market with only one source of instability.

We also show that an innovation policy that aims to alter the market equilibrium

without taking into account off-equilibrium dynamics may, in a potentially endogenously

unstable market, generate welfare losses by destabilizing a stable equilibrium and/or by

raising the amplitude of market fluctuations. This happens when the policy makers

attempts to boost the use of the innovative technology without taking into account its

adverse effects on equilibrium stability.

Methodologically, this chapter combines a rich palette of tools. The game is first

solved in a static set-up using standard optimization techniques to identify the Nash

equilibrium. Then the stability of the Nash equilibrium is analytically investigated by

computing the eigenvalues of the Jacobian matrix. Finally, numerical simulation is used

for characterizing the off-equilibrium dynamics when the Nash equilibrium is unstable as

well as for the otherwise analytically intractable policy evaluation exercise.

In the fifth and final chapter, I use large population agent-based simulation to analyze

one of the most popular game theoretic models of social economic interaction: the public

goods game. This game serves as a very general metaphor of human social interaction.

Players are faced with the dilemma of contributing to the production of a public good

that everybody can use regardless of whether they have payed for it or not. Whereas

individually every player has an incentive not to contribute, socially everyone would be

better off if all contributed.

Extending the model with the possibility of punishing those who cheated their way

out of a costly contribution confers the metaphor the ability to also talk about coercive
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institutions. There are typically two ways in which defectors from a norm are punished:

by the police or by vigilante justice, but both of these methods are costly and, as such,

generate a second order social dilemma: those who only contribute to the production

of the public good but not to the punishment of defectors are free riding the punishers’

efforts to protect the public good.

Focusing on a variant of this game where interactions between players are spatially

arranged on a square lattice and strategies are transmitted through imitation of better

performing neighbors, I show that when contributions depend on accumulated wealth from

previous games, cooperation emerges more easily (i.e. for less efficient social production

technologies) than when the size of possible contributions is fixed over time. This result

extends to the second order dilemma in case of peer-punishment (vigilante justice) but as

far as pool-punishment is concerned results are mixed. Without second order punishment,

defectors are indirectly favored by accumulation as waves of cooperators spread faster,

eliminating pool-punishers and leaving room to defectors. When second order free-riding

is punished, moderate accumulation is detrimental for defectors but when stocks grow too

fast instability can again ensue.

Finally, when peer- and pool-punishment are both possible, wealth accumulation is

shown to support their co-existence as alternative cooperation enforcing institutions. In-

sofar as equilibria can be interpreted as institutional arrangements, this is a desirable

feature of an institutional economics model. In reality, as I will also set-out to show in

the next chapter, societies often rely on institutions that overlap in purpose and scope.



Chapter 2

Financial architecture and industrial

technology: A co-evolutionary model

2.1 Introduction

In Economics, financial institutions are considered as one of the most important fac-

tors shaping economic development through industrial innovation1. Theories of the rela-

tion between technology and finance follow a tradition that dates back to Schumpeter’s

analysis of credit and innovation within capitalist economies in Schumpeter (1934) and

Schumpeter (1942).2 Whereas neoclassical theory, starting with Modigliani and Miller

(1958), initially saw finance as neutral to the investment behavior of the firm, a more

recent body of work introduces market imperfections into the analysis to explain and

compare the observed variations in financial institutions and their relation to firm be-

havior, see Rybczynski (1984); Mayer (1988). The imperfect markets literature identifies

two main types of financial architectures through which firms can access external finance

— market based and bank based. Each type of arrangement is seen as a social construct

that serves in mitigating specific inefficiencies that arise in the relation between the firm

and its creditors. The observed institutional variation is traced back to parameters that

capture exogenous conditions, either relating to matters of organization or of technology.

Market financed systems rely on arm’s length relations between firms and their creditors.

This means the identity of the parties involved in a transaction is of little relevance and

the conditions of the transaction are upheld by explicit, binding contracts. In bank-based

1Nelson (1993) offers a detailed comparative study of institutional forms and their influence on the
specific patterns followed by industrial innovation in economies across the globe.

2Bertocco (2008) provides an excellent review of the relevant subject matter in the Schumpeterian
analysis, also putting into perspective recent work on financial intermediation in the imperfect markets
school.

9
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systems the interaction between the industry and the financial sector is based on strong,

long enduring relationships that are further away from the neoclassical view of free mar-

kets. Contracts can be renegotiated, the financiers may have significant market power

and use it in defining the relation to the entrepreneur.

Institutionalized variations in the patterns of credit allocation between economies are

also extensively treated by the Varieties of Capitalism theory, Hodgson (1996); Hall and

Soskice (2001). Their analysis highlights institutional synergies, including a feedback re-

lation between industry and finance. In industries where innovation is typically radical,

firms primarily access external finance through markets, while industries where innova-

tions are incremental are shown to blossom in cooperation with bank-based finance.

Dosi (1990) discusses the role of financial institutions in dynamically shaping inno-

vation with particular attention to the behavioral aspects of industrial innovation. In

his view, allocative decisions of financing institutions have an important role in shap-

ing technological change in an environment where the long-term dynamics are driven by

boundedly rational behavior of search and exploration by firms. Dosi sees technological

change as a process of search that, as it strives for the accomplishment of its goals, con-

tinues to generate new opportunities, constantly shaping the environment within which

the search is performed. Financial institutions play a crucial role in refining the search

process by encouraging specific types of innovative efforts, with a trade-off between the

selection of firms with better innovative capabilities and allowing firms to learn. Dosi’s

work, however insightful, lacks the illustrative support of a formal model of how finance

shapes innovation: a gap that this chapter tries to fill.

The general consensus is that market finance’s strength is in driving the firm selection

process by efficiently disseminating information regarding firm performance, while bank

finance is good at helping firms learn from mistakes and manage the risks associated with

innovation. Neither system is perfect. Market finance may suffer from short-sightedness,

while bank finance can lead to rent extraction by the financiers as well as put firms in

face of a soft budget problem.

In this chapter, I model this trade-off focusing on the heterogeneity in the ability

for innovation of firms. Like in most of the imperfect markets literature, this allows to

characterize firm financing and innovation decisions in terms of model parameters that

describe the distribution of innovation ability and liquidation costs. Part of the work in

this chapter - the static model - is related to the models of Baliga and Polak (2004) and

especially Minetti (2011), where, equilibrium finance and innovation choices depend on

the values of analog model parameters.

However, when the distribution of firms’ ability for radical innovation is endogenized,
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evolving through selection and learning by doing, the model complements the static equi-

librium picture with a dose of indeterminacy. Simulations of an analog dynamic envi-

ronment where a firm population and a monopolist bank3 learn by reinforcement how to

act, agree with the prescriptions of a static rational choice under imperfect information

model: incremental innovation is financed by the bank and radical innovation relies on

market finance. However, whether the former or the latter finance-technology association

is dominant in the long-run appears to be subject to a lock-in phenomenon. That is, for

the same model parameters, either one or the other association may emerge.

In this sense, the model describes a situation in which the prevalent institutional ar-

rangement is not entirely reducible to some primitive forces — which, in the Endogeneous

Institutions literature, would be embodied by either (some level of) cultural background

or geography. The possibility that feedback loops between economy and institutions and

culture exist is acknowledged and discussed in the literature, see for instance Roe (1996),

Greif and Laitin (2004) and Dari-Mattiacci and Guerriero (2011). However, to the best of

my knowledge, the relation between such feedback loops and indeterminacy of long-run

socio-economic outcomes has not yet been illustrated by a quantitative model.

In the next section, I will introduce the main concepts and influential theories by

surveying the relevant literature. In Section 2.3, I use insights from the existing literature

to build a simple static model of innovation and financing decisions and characterize

firms’ and financiers’ optimal choices. Section 2.4 explores this model in an agent-based

dynamic environment where change is driven by selection, through death and birth of

new firms and by learning in both the industrial and the financial sectors of the economy.

A final section concludes, discussing limitations, possible extensions and commenting on

the relevance of this illustrative model for policy-making.

2.2 Literature Review

Broadly speaking, this chapter examines the relation between the heterogeneous fi-

nancial ties that firms establish with their creditors and the heterogeneous ways in which

firms innovate. Therefore, I begin by reviewing work on the variations in financial in-

stitutions in a first subsection and then, in a second subsection, move on to introduce

some of the most influential models of heterogeneous innovation. In the third subsection

I will focus on work that explicitly considers the relation between financial architecture

and innovation both theoretically and empirically.

3In this sense the model goes a step further from the perspective of Dosi (1990), by also allowing the
financial environment to change in response to industrial dynamics.
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2.2.1 Two types of financial architecture

The variations in the conditions of credit allocation to firms have been under intensive

scrutiny in the main-stream of neoclassical economic research. Rajan and Zingales (2001)

and Boot (2000) offer systematic surveys and discussions of most of the relevant literature.

At the core of this theory lie the imperfections in credit markets. These imperfections are

formally treated as agency problems that stem from informational asymmetries between

lenders and borrowers as well as hold-up and soft-budget problems that are caused by

contract incompleteness.

Although the nomenclature may vary in the literature, the essential lines of distinc-

tion used in the classification of the patterns of capital flow towards industry support a

unified antipodal view of the existing institutional variation. Arm’s length finance, also

referred to as market finance or transactional finance, is typical of the Anglo-Saxon liberal

market driven economic environment and features explicit contracts that stipulate bind-

ing cash-flows between lenders and debtors, with strict bankruptcy procedures ensuring

the adherence of parties to the prearranged conditions. In arm’s length finance, infor-

mation is public and the concerned economic agents do not hold market power, leading

to a competitive setting of interest rates. Relationship-based finance is typical of finan-

cial systems where the financiers, usually banks, have strong ties with the firms. Such

a position, established through a long history of cooperation between the parties, gives

the financier access to valuable firm-specific information and possibly power to interfere

in the decision-making process of the debtor. Relationship-based finance allows for more

flexible arrangements between parties, but the creditors may take a de-facto monopolist

position with regard to their clients, the firms. This institutional arrangement is most

common for the more heavily regulated market economies of continental Europe and in

Japan, where the Keiratsu4 is the paramount example of tight and exclusive cooperation

between finance and industry.

Economists have often relied on country-level examples for illustrative purposes or

empirical investigations. Germany, Japan, Italy, France and Spain are often used as

examples of relationship-based financial architectures, while the UK and US illustrate

economies that typically rely on arm’s length finance, see Mayer (1988); Allen and Gale

(1995); Hall and Soskice (2001); Tadesse (2006); Dosi (1990); Schmidt, Hackethal, and

Tyrell (1999). However, this dichotomy is not fully polar: whereas in some economies one

institutional arrangement may be more widely prevalent than the other, the two types

of financing solutions often co-exist in varying proportions, Thakor (1996); Atanassov,

4Hoshi, Kashyap, and Scharfstein (1990) provides a synthetic description of the functioning of the
Keiratsu industrial structure in Japan, with insightful anecdotal illustrations from corporate life.
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Nanda, and Seru (2007); Minetti (2011).

2.2.2 Heterogeneity in innovation

The complexity of the process of industrial innovation makes it harder to cast into

just two categories — as is customary for financial architecture — all relevant features

of the R&D endeavors that drive technological change in an economy. An early attempt

at modeling heterogeneity in innovation can be found in Arrow (1962). In his paper,

innovation is a reduction in production costs and the qualitative distinction that makes

an innovation ‘drastic’ or not is based upon whether a cost threshold is reached by the

successful innovator allowing it to drive competition out of the market.

More elaborate models, where the risk-return features of qualitatively different innova-

tion endeavors are explicitly considered, include Balcer and Lippman (1984); Doraszelski

(2004); Lambertini and Mantovani (2010). This work allows for a finer analysis of the

R&D process explaining some of the puzzling observations in the behavior of innovat-

ing firms. Further considerations of heterogeneous innovation alternatives in competitive

market environments can be found in Ali, Kalwani, and Kovenock (1993); Lambertini and

Mantovani (2010). This literature allows for a more complete picture where the relations

between R&D activities inside rival firms are driven by their competitive interactions on

product markets.

Analyzing technological change outside of the full-rationality paradigm has been proven

a productive alternative in the wake of the influential work of Nelson and Winter (1982).

Among others, Adner and Levinthal (2001) formalize product and cost innovations in a

competitive market model where firms make heuristic-based decisions. Their work is ca-

pable of reproducing a number of stylized facts of the dynamics in the electronics industry.

Using an agent-based computational model, Dawid and Reimann (2011) match a number

of empirical regularities of product and process innovation in the automotive industry. In

Hommes and Zeppini (2014) firms produce the optimal output given their technology and

market structure in each time period, but technological change is driven by boundedly

rational choices between innovation and imitation in a dynamic discrete choice model.

It is important to note that economic literature often uses different terminologies

for, broadly speaking, the same conceptual distinction based upon a tradeoff between

the risk and return of R&D investments. For instance Ali et al. (1993) use the distinc-

tion pioneering-incremental, Doraszelski (2004) distinguishes between innovations and

improvements. With a slight risk of abusive generalization, one could see this dichotomy

also present in the more recent strand of literature on recombinant innovation, Zeppini

and van den Bergh (2013); Safarzynska and van den Bergh (2011). However, the litera-
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ture that distinguishes between product and process innovations is not always compatible

with the distinction, based on a risk-return tradeoff, that is considered central here, see

for instance Lambertini and Mantovani (2009, 2010).

2.2.3 Relations between financial intermediation and entrepreneurial

investment

Although the process of technological change is usually left outside of its focus, the

imperfect markets analysis provides valuable insights for understanding the forces through

which financial institutions may shape innovation. These insights stem from the exami-

nation of optimizing behavior of entrepreneurs who exploit the risk-return profiles of the

projects they undertake using credit contracted under different arrangements. Financiers,

through the contracts they offer, enact (some of the) features of the two institutional ar-

rangements discussed above. The imperfect markets approach comes as a critique to the

neutral finance perspective: finance can play an important role in determining the in-

vestment decisions of the firm, Mayer (1988); Rajan and Zingales (2001). The literature

emphasizes the ability of relationship finance to offer the advantage of insurance against

inefficient liquidation to projects that had a bad start, but might still be profitable in

the future. Conversely, relationship finance may also be conducive to project hold-ups

by the financier and rent extraction that dull the appeal of daring projects, distorting

decision-making away from the ‘first-best’, Rajan (1992).

Weinstein and Yafeh (1998) show that, when the financier is also a shareholder and

can directly interfere in the decisions of the firm, as is often the case in a Keiratsu, there

is a conflict of interest between ownership and creditors, distorting investment away from

the optimal level. In their paper, Weinstein and Yafeh model such a set-up and show

that the bank-controlled firm is led to over-invest and to pay debt service costs that

exceed the marginal profitability of debt financed investments. Taking a step further in

considering the specific aspects of technological change, Allen and Gale (1999) show the

financing advantage of markets over intermediaries when the opinion of capital owners

about projects’ profitability is highly heterogeneous. Their result relies on a trade-off

between saving on the cost of monitoring, which is shared when finance is intermediated,

and the ability to ‘agree to disagree’ of individual market investors. They argue that

diversity of opinion regarding the profitability of a project is likely an important feature

of investment in new technology. Minetti (2011) explains the conservative investment

choices by firms with strong bank ties through a hold-up by the bank of projects in new,

radical innovation. In his model, radical innovation is disruptive in the sense that it entails

a loss of value for the long-term financier, corresponding to the firm-specific knowledge
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that the relationship banker has about the old technology used by the firm.

Models where financial architecture emerges endogenously from economic behavior are

far less abundant. The work of Baliga and Polak (2004) uses a static agency model to

illustrate the emergence of either a strongly monitored or an arm’s length financial system

as two alternative equilibria of a game that can be virtually reduced to a coordination

problem for financiers. Chakraborty and Ray (2007) build a model where financial devel-

opment and architecture emerge as steady state solutions of a dynamic general equilibrium

model. In their model, exogenous technological conditions relating to the capital intensity

of the production process and lumpiness of industrial investment have an impact on the

type of financial system that emerges as a result of entrepreneurs’ choices. Under this

paradigm, institutions are set-up and prevail based on the optimizing behavior of fully

rational agents. As argued above, such behavioral assumptions may not be adequate for

modeling the process of endogenous technological change.

2.2.4 Empirical Evidence

Empirical studies identify a clear pattern of the association between industrial inno-

vation and the specifics of credit allocation systems. Hall and Soskice (2001) compare

patent data between the US and Germany, two countries that are considered archetypes

of the arm’s length and, respectively, relationship-based systems. They find that German

firms are more productive in patents for sectors where innovation is typically incremental

(i.e. consumer durables, machinery, transport) relative to other sectors where innovation

is considered to be typically radical (i.e. biotechnology, pharmaceuticals, semiconductors

and IT). Complementarily, American innovation follows a mirror pattern, excelling in

radically innovative sectors.

The methodology of Hall and Soskice (2001) leaves room for criticism and further anal-

ysis. Akkermans, Castaldi, and Los (2009) offer a qualified view of these results, showing

that a more conservative empirical method cannot support the contention of a nation

wide specialization when including more countries in the analysis, but in specific indus-

tries there are indeed identifiable patterns that go into the direction initially pointed out

by the Varieties of Capitalism school. In terms of objectivity, empirical work regarding the

issue can only go as far as the ability of researchers to define different types of innovation

(or for that matter, industrial innovation altogether5) and label data accordingly.

5As Nelson (1993) points out, it is often difficult to draw an operational frontier and track the road
from scientific advancement, through technological progress, to industrial innovation as new products
and production processes. More so, this relation may be very different across industries: biotechnology is
characterized by a very tight relation between basic research in the academia and product implementation,
Senker (1996). At the other extreme one can consider the example of laser technology, that needed nearly
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Building an empirical framework based on Allen and Gale (1999) and Yosha (1995),

Tadesse (2006) shows that financial architecture has a heterogeneous impact on industrial

innovation in ten manufacturing industries across thirty-four countries. The technological

distinction is shifted towards the informational value of the firm’s investment choices as

proxied by the share of intangible assets held by the firm. The main finding is that,

whereas market finance promotes faster growth over all, bank finance provides better

support for growth in manufacturing sectors with higher ratios of intangible capital. This

result leads the author to infer that arm’s length financing arrangements provide better

incentives for firms to adopt new technology and push further the technological frontier.

To complete the picture, bank finance is better at protecting proprietary information and

thus supports exploitation of existing knowledge.

This relation between financing sources and innovation also holds at a smaller scale,

when the comparisons are made between firms in the same industry sectors within the

same country. Atanassov et al. (2007) use a sample of US companies to show that

arm’s length finance is conducive to more radical innovation and higher subsequent firm

value. Minetti (2011) finds support for his model of technological conservativeness of

relationship-financed firms in a sample of Italian firms. In both studies, the extent to

which an innovation is considered to be radical is measured by patent citation data.

2.3 A static model of innovation and finance

In this section, I propose and analyze a simple static model of the financing and R&D

choices made by firms and the corresponding behavior of a monopolist bank in the vein of

the imperfect markets literature. I first consider the optimal choices of firms between R&D

projects given that they access external funds either through a market type of transac-

tional agreement or a relationship banking one. I then move on to characterize the price

setting behavior of a monopolist relationship bank that competes with a decentralized

debt market for its customers.

2.3.1 Firms

Consider a population of N risk neutral firms, indexed i, which have the opportunity

to invest an amount of 1 in a project, P . This can be either a radical project that

has the potential to bring about a drastic innovation, D, or an incremental project that

only improves the existing production technology, I. As in Bhattacharya and Mookherjee

half a century from the initial theoretical framework to the first technology patent, and from there another
14 years until its first industrial application as a product.
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(1986), this setting abstracts from R&D features pertaining to different scales and costs of

projects, and the size of the initial project investment is normalized to 1. More specifically,

the projects are assumed to generate the following cash-flows:

CFD,i =





Ai with probability pA

0 with probability 1− pA

CFI,i =





B with probability pB

b with probability 1− pB

Firms are heterogeneous in their abilities for radical innovation, Ai, which are indepen-

dent random draws from a distribution with density fA on support
�
AL, AH

�
. I assume

that AL ≥ B. When successful, the incremental project generates less revenue than the

successful radical one. However, when it fails, although it generates a smaller cash-flow,

b < B, it still provides the firm a safety net, compared to the radical project, b > 0. By

a common assumption in economic models of innovation, March (1991); Ali et al. (1993),

the incremental project also has a higher probability of success than the radical one,

pA ≤ pB. Thus, when successful, radical innovation is more profitable than incremental

innovation, but, at the same time, it involves more risk. In the present setting the higher

risk is modeled both by a smaller probability of success and the absence of cash-flows

in case of failure6. Following Minetti (2011), the incremental project is technologically

embedded: even when unsuccessful investment in it still has some value, b. This can come

in the form of some technological progress that could eventually be resold to other firms

in the market that use the old technology or just a partial technological advance that only

achieves a portion of the monetary rewards of full success. The radical project is an at-

tempt by the firm to surpass the existing technological frontier and explore new potential

avenues. If successful it would deliver to the firm considerable profits, Ai. However, the

new direction may also turn out to be technically or economically unfeasible and unable

to produce any cash flows.

In what follows I will assume that the firm chooses the project that delivers higher

expected value given its idiosyncratic abilities, Ai, which is individually known by the

innovating firm but not by any outsiders, including finance providers. The effects of

financing institutions will manifest by altering the threshold of ability for radical inno-

vation, A�, above which it is optimal for the risk-neutral firm to invest in the radical

project.

6Notice that in how it is used here, the term ‘risk’ is not equivalent to variance. It is however consistent
with the concept of value-at-risk used in finance to measure the riskiness of an investment.
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2.3.1.1 Internal finance

When the firm has enough internal funds to cover its R&D investment, it is not

threatened by liquidation and evaluates the projects based on their expected value on

top of the market rate, R. Let V NL
D and V NL

I denote the value of the radical and the

incremental project respectively, when there is no threat of liquidation. We then have:

V
NL
P = EP,i −R, (2.1)

where EI = EI,i = E (CFP,i|P = I) and ED,i = E (CFP,i|P = D) are the expected cash-

flows generated by investment in the incremental and radical project respectively. The

risk neutral firm then chooses the radical project whenever V NL
D,i > V NL

I and V NL
D,i > 0 .

This defines a threshold radical prowess, ANL
� , for the radical project to be worthwhile to

the firm:

A
NL
� ≡ EI

pA
, (2.2)

with firms having Ai < ANL
� preferring the incremental project and firms with Ai > ANL

�

investing in the radical project. There would therefore be F
�
ANL

�

�
incremental innovators

and 1− F
�
ANL

�

�
radical innovators, where FA is the cumulative distribution function of

the random variable Ai. In what follows, I examine how this threshold is affected by

external finance.

2.3.1.2 Market finance

When the firm requires external finance in order to begin projects, the economic value

of the outcomes described above changes for the firm. When the firm has to make debt

service payments from its proceeds, bankruptcy and asset liquidation become issues to be

taken into account. I assume that a firm with outstanding debt repayment obligations

and insufficient cash to fulfill them incurs a cost of reorganization c > 0, which is paid

on top of the outstanding debt. Essentially, what happens is that a firm with insufficient

cash to cover its debt will have to sell some of its assets in order to avoid bankruptcy.

This I assume to be costly to the firm, as the illiquid assets are typically worth more

inside the firm than on the market. The danger of liquidation then becomes a relevant

part of the decision-making process. When financed by markets — with a strict required

repayment, contractually fixed and non-renegotiable — the firm may be unable to repay

its dues. The value of the projects will then be:

V
M
P,i = EP,i −R− cP (R) , (2.3)
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where cP (R) is the expected cost of liquidation for a firm financed by arm’s length market

finance, choosing project P ∈ {I,D}:

cD (R) = (1− pA) c, ∀R > 0

cI (R) =





0 R ≤ b

(1− pB) c R > b.

(2.4)

Above and in the entire analysis that follows, I assume liquidation of assets inflicts a

fixed cost upon the firm as soon as it has to make payments higher than the amount of cash

generated by the project it invested in. In case of the radical project, this cost is incurred

with probability 1− pA. A firm that invested in an incremental project does not always

incur liquidation costs when the project fails; it depends on the relationship between the

cash flow generated by the project in case of failure and the repayment that the firm has

to make, b and R, respectively. The difference between expected liquidation costs between

the two projects becomes a decision factor for the firm and shifts the threshold level of

radical prowess. To simplify notation I define ∆c (R) ≡ cD (R)− cI (R). This means that:

∆c (R) =





(1− pA) c R ≤ b

(pB − pA) c R > b,

(2.5)

As firms are risk-neutral, they compare V M
D to V M

I and choose the radical project under

market finance if their radical prowess Ai is in excess of:

A
M
� (R) =

EI +∆c (R)

pA
. (2.6)

Since ∆c (R) > 0 the firms become more conservative in their R&D decisions (i.e. the

threshold for choosing the radical project is higher, AM
� > ANL

� ) compared to the no-

liquidation choice in (2.2). That is because, first of all, failure to innovate is more likely

for a radical innovation than for an incremental one, 1 − pA > 1 − pB. Moreover, when

R < b the incremental innovation is also qualitatively safer than the radical because even

if it fails, there will be no need to liquidate assets to repay the loan. This means that the

threshold AM
� discontinuously depends on the value of the market interest R as implied

by the term which jumps from (1− pA) c to (pB − pA) c as R becomes greater than b.

In order to focus on the choice between financing alternatives, I will assume that the

participation constraints are satisfied for any project, given any level of technological

ability. That means:
EI ≥ R + (1− pB) c

ED,i ≥ R + (1− pA) c
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I have assumed that liquidations only entails a fixed cost. It might be more realistic to

assume that, in fact, liquidation costs also increase with the size of the outstanding debt

that the firm cannot repay. The result of that would be to push the threshold AM
∗ (R)

higher compared to its value in (2.6) for all R and b. The intuition is simple: because,

in case of failure, the incremental project generates a higher cash-flow than the radical

project, liquidation for a radical innovator will be not only more likely — as is the case

with fixed liquidation cost — but also more painful. By the same logic, the difference

between AM
∗ (R) when R ≤ b and AM

∗ (R) when R > b also widens. For instance, if

liquidation costs are linearly increasing in the amount of the outstanding debt with a

fixed cost c and a slope of cs, the liquidation cost difference becomes:

∆c (R) =





(1− pA) (c+ csR) R ≤ b

(pB − pA) (c+ csR) + csb R > b.

2.3.1.3 Bank finance

In a broad survey paper on financial architecture where its relation to industrial R&D

in an economy is also discussed at length, Rajan and Zingales (2001) stress the advantage

of relationship banking in mitigating intertemporal risks faced by the innovative firm.

Empirical evidence points out that bank influenced firms pay higher interests on average,

Weinstein and Yafeh (1998); Agarwal and Hauswald (2008), but also enjoy more flexibility

for repayment in case of financial distress, Mayer (1988). Models where relationship-

financiers offer flexible state-contingent contracts to the firm are abundant in the imperfect

markets literature, for example Rajan (1992), Thadden (1995), and Bolton and Freixas

(2000). Whereas the specifics of such models vary from a focus on an informational

advantage for banks to the possibility of contract renegotiation, the essential feature

that distinguishes relationship from arm’s length finance is an intertemporal shift of debt-

service payments. By virtue of sharing a long-term relationship with the firm, bank finance

is more flexible, with the possibility to adjust required payments over time, contingent

on firm project outcomes: the bank can show leniency to a unsuccessful firm if it can

effectively bind the firm to pay more when its projects are successful, extracting rents

from firm profits due to its preferential position towards the firm.

In a simplified form, I draw on these insights and assume the relationship bank offers

firms a state contingent debt contract. When a firm is successful in its R&D endeavors

it pays RH while unsuccessful firms pay RL. By assuming that RL < R < RH I focus

on a scenario where there is a meaningful choice to be made between financing sources.

Otherwise, if regardless of the project’s success, the price of market finance is always
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lower than that of bank finance, firms will always choose market finance and vice-versa.

Precisely how the menu (RL, RH) is set will be treated in the next section. In the analysis

here, I also assume RL > 0 — the debt payments are always net transfers from the firm

to the financier7. I also assume that rates are never set so high as to lead firms into

bankruptcy after successful innovation: RH ≤ B.

To ease notation, I use RB ≡ pBRH + (1− pB)RL to denote the expected interest

rate paid by an incremental innovator to the bank and RA ≡ pARH + (1− pA)RL for the

expected interest paid by a radical innovator to the bank. This excludes any liquidation

costs. It is then practical to define the quantity:

∆R ≡ R
B −R

A = (pB − pA) (RH −RL) ≥ 0, (2.7)

expressing the expected difference in bank interest payments between a radical project

and an incremental one. Notice that this quantity is positive only as long as pA < pB.

When projects are equally likely to succeed, ∆R = 0.

The value functions for the two projects now become:

V
Bk
D,i = ED,i −R

A − cD (RL) (2.8)

and

V
Bk
I = EI −R

B − cI (RL) . (2.9)

The risk-neutral firm again compares V B
D and V B

I and chooses the radical project if Ai >

ABk
� where

A
Bk
� (RL) =

EI −∆R +∆c (RL)

pA
(2.10)

Bank finance has, in principle, the potential to either promote more radical innovation

or stifle it (compared to the internal financing case) by pushing the decision threshold

downwards or respectively upwards. The threshold is, as expected, lowered by an in-

crease in the difference in expected interest payments, ∆R, between the incremental and

the radical project. Conversely, the threshold rises with the difference in the expected

liquidation costs, ∆c (RL) between the radical and the incremental project. The difference

in expected liquidation costs is always positive and increases in the parameter c.

7This condition may seem restrictive. However, it can be justified by introducing into the model debt
to third parties such as suppliers. Then the bank would offer imperfect insurance against liquidation:
leniency with respect to own claims but not extending further credit to cover the claims of third parties.
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The value of ABk
� (RL) discontinuously depends on the relation between b and RL

in the same way that the threshold in (2.6), depends on the relation between b and R.

A generalization to liquidation costs that are increasing in the amount of unpaid debt

would have the same effects on threshold (2.10) as they do on threshold (2.6). The only

difference is that, as long as R > RL, the effect of such a model extension would have

stronger effects in raising the threshold under market finance than the threshold under

bank finance.

The following subsection pursues the comparison between market and bank finance.

2.3.1.4 Financing and Innovation Decisions

Using the above results from conditions (2.6) and (2.10), It is now possible to state

under which circumstances market finance supports more radical innovation than bank

finance if the financial architecture of the economy is exogenous, that is, if firms cannot

choose their preferred type of financing source and are either financed by a bank or by

markets.

Before I do that, it is opportune to introduce one further assumption, RA ≥ R. This

constraint, based on a rich empirical literature documenting that relationship-finance is

typically more expensive to the firm than arm’s length credit8, helps to simplify the case-

by-case analysis by focusing on the economically relevant parameter combinations. For

ease of reference, Table 2.1 collects all my modeling assumptions and notation.

Proposition 2.1. Assume financial architecture is exogenous. Then:

• when both bank and market finance behave identically towards a firm that has failed

to innovate incrementally, either RL < R ≤ b or b ≤ RL < R, there is more radical

innovation under bank finance, AM
� > ABk

� .

• when bank finance is more lenient than market finance towards a firm that has failed

to innovate incrementally, RL ≤ b < R, there is:

– more radical innovation under bank finance, AM
� > ABk

� , if the expected cost

of liquidation of a market financed incremental innovator is lower than the

interest differential, (1 + pB)c < ∆R or

– less radical innovation under bank finance, AM
� < ABk

� , if the expected cost

of liquidation of a market financed incremental innovator is higher than the

interest differential, (1 + pB)c > ∆R

8See Weinstein and Yafeh (1998); Agarwal and Ann Elston (2001); Chirinko and Elston (2006); Agar-
wal and Hauswald (2008).
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Table 2.1 – Model Assumptions and Notation

Label Assumption Meaning Justification

A1 Ai ≥ B Radical innovation is more Specific feature

profitable when successful of innovation

A2 Ai is iid on
�
AL, AH

�
Radical prowess is randomly Firm population

distributed in the firm population heterogeneity

A3 b > 0 Incremental innovation pro- Specific feature

vides a safety-net cash-flow of innovation

A4 pB > pA Incremental innovation has a higher Specific feature

probability of success (is safer) of innovation

A5 0 < RL < R < RH Flexible, success-contingent bank contract Heterogeneity

The Market offers a fixed rate contract. in financing

A6 c > 0 Fixed cost of liquidating Model - external

assets to pay debt financing friction

A7 RA ≥ R Bank finance is more Empirical

expensive to the firm

A8 EI ≥ R+ cI (R) Market finance is a-priori feasible Relevance

for an incremental innovator of the analysis

N1 EI = pBB + (1− pB) b Expected CF incremental innovation Notation

N2 ED,i = pAAi Expected CF radical innovation Notation

N3 EL

D
= pAAL Lowest expected CF radical innovation Notation

N4 RB = pBRH Expected debt payment by an Notation

+ (1− pB)RL incremental innovator financed by bank

N5 RA = pARH Expected debt payment by a Notation

+ (1− pA)RL radical innovator under bank finance

N6 cD (R) = (1− pA) c Expected liquidation cost for a Notation

radical innovator

N7 cI (R) =

�
(1− pB) c R > b

0 R ≤ b
Expected liquidation cost for a Notation

incremental innovator

N8 ∆c (R) = cD (R)− cI (R) Expected difference in liquidation cost Notation



24 2.3. A STATIC MODEL OF INNOVATION AND FINANCE

The proof of Proposition 2.1 is presented in Appendix 2.A. The simple mechanics

behind it are based upon comparing the thresholds for investing in the radical project

defined by (2.6) and (2.10). Apart from the relations between b, R andRL which determine

how each type of finance qualitatively interacts with the firm, the key ingredients are the

extra interest payed to the bank by an incremental innovator on top of what a radical

one would have to pay, as captured by the term ∆R and the expected cost of failing, as

captured by cI (R). To be more precise, cI (R) is the expected loss that an incremental

innovator can protect against by borrowing from a bank instead of borrowing from the

market. This effect captures the ability of a bank to be more lenient than market finance

and not inflict asset liquidation costs on a firm that has failed to innovate incrementally.

Therefore, it comes into play only when RL ≤ b < R. When both types of finance

act qualitatively the same way towards firms that have failed in their innovation efforts,

market finance leads to less radical innovation simply because pB > pA and RH > R which

means that being a successful incremental innovator is less rewarding for the bank financed

firm than for the market financed firm only because incremental innovation is associated

with a higher probability of success and thus a higher expected interest payment in case

of success.

Notice that, if the projects would be equally likely to succeed, implying that ∆R = 0,

bank finance would never support more radical innovation than market finance. The

results of Proposition 2.1 would boil down to either neutral effects of finance on innovation,

or strictly higher incentives for radical innovation when RL ≤ b < R.

If liquidation costs would be increasing in the amount of unpaid debt, the main results

of Proposition 2.1 would still hold. Both thresholds (2.6) and (2.10) would rise but the

effect would be stronger for market finance because of our assumption that R > RL.

This means that when the two types of finance behave in the same way towards a failed

innovation project, bank finance would be even more supportive of radical innovation. For

the case we are most interested in, when the two types of finance behave differently the

outcome would be quantitatively the same, substituting for cI (R) with some increasing

function of R.

In an economy with both bank and market finance available, rational firms are able

to compare expected profits from their optimal R&D project choice consistent with each

type of finance and therefore select the type of finance that would support them in making

the highest profits ex-ante. This choice by the innovating firms determines the demand for

each type of finance, as well as firms’ innovation choices, and is presented in the following

proposition:

Proposition 2.2. When firms can choose between innovation projects as well as between
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financing sources, there will be positive demand for bank finance only if RL ≤ b < R and

RB < R + cI (R). Moreover, if demand for bank credit is positive, there is a threshold

AC
� ≡ EI−(RB−R)+∆c(RL)

pA
such that:

• All firms with radical ability Ai < AC
� will be incremental innovators financed by

relationship bank credit.

• All firms with radical ability Ai ≥ AC
� will be radical innovators financed by market

finance.

Proposition 2.2 describes a perfect dichotomy of the firm population into market fi-

nanced radical innovators and bank financed incremental innovators that is governed by

the threshold AC
� . It also provides the conditions under which demand for bank finance

is positive: the bank must offer something that the market does not: insurance against

liquidation to incremental firms in case of failure of their innovative project, RL ≤ b < R,

and has to ask for this less than what firms would pay in expectation when borrowing

from the market and liquidating assets when they fail to innovate, RB < R+ cI (R). The

latter inequality explains why no firms choose to be market finance incremental innova-

tors. The result also heavily relies on a part of assumption A5 in Table 2.1, specifically

that the bank cannot offer insurance against liquidation to a radical innovator, RL > 0,

which is actually the only reason why no firm will choose to be a bank financed radical

innovator. Once these two strategies are eliminated, the perfect dichotomy of the firm

population appears as a very intuitive result: a firm that cannot generate large cash-flows

by innovating radically is better off innovating incrementally and being protected in case

of failure.

One can notice the resemblance between AM
� , ABk

� and AC
� . When the above conditions

for positive demand for bank finance are met, we have AM
� < AC

� ≤ ABk
� ,9 meaning

that, when firms can also choose their financing source, the decision threshold falls in

between the two extreme cases. Some firms that would have been incremental innovators

under bank finance have an advantage to become radical innovators financed by the

market and some of the firms that would have been radical innovators under market

finance prefer to become incremental innovators financed by the bank. The necessity of

external funds imposes a distortion in the investment behavior of firms as compared to

the ’no-friction’ choices described by the threshold ANL
� . When there is a monopolist

bank that competes with the market over financing the firm population, this distortion

stifles radical innovation by moving the decision threshold upward from what would be

9When R < RA the thresholds are strictly ordered: AM

�
< AC

�
< ABk

�
.
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Fig. 2.1. Financing and Innovation choices for different abilities for radical innovation.
AC

∗ represents the threshold that splits the firm population between bank financed
incremental innovators and market financed radical innovators when firms can choose
both finance and innovation. ANL

∗ , ABk
∗ and AM

∗ represent the thresholds that split the
firm population between incremental and radical innovators when firms make no

decisions on financing sources because either they have enough own funds, only have
access to bank finance, or only have access to market finance, respectively.

the first-best threshold when firms do not need external funds. Figure 2.1 offers a sketch

of the relationship between the thresholds under the conditions of Proposition 2.2.

Notice also that the necessary and sufficient conditions for non-null demand that the

bank needs to meet, together with assumption A7, imply the conditions of the second

case of Proposition 2.1, under which market finance supports more radical innovation

than relationship bank finance.

2.3.2 Financier’s Decision

The problem of the banker is to maximize profits by designing a contract, RL, RH ,

given an exogenous market rate, R, and other firm-specific parameters. In order to face

non-zero demand for credit the bank must bring about the conditions of Proposition 2.2

described above. Hence the bank faces the following constraints:

RH ≤ B (2.11)

RL ≤ b, (2.12)

R
A ≥ R, (2.13)

R
B ≤ R + cI (R) . (2.14)
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Notice that (2.12) and (2.14) also imply that market finance supports more radical

innovation than bank finance according to Proposition 2.1. Constraint (2.11) is based on

the natural assumption that the bank does not bankrupt its clients when they succeed.

Together with (2.13) the above conditions are sufficient for non-zero demand for bank

credit, in the context of Proposition 2.2. According to Proposition 2.2, all firms that

obtain relationship finance from the bank will be incremental innovators.

Finally, (2.13) can be considered as a constraint imposed by capital owners on financial

intermediaries engaging in relationship finance. If the relationship supposes some costs

associated to monitoring then the bank needs to cover these costs and eventually provide

capital owners with at least the same revenues they would obtain through direct, arm’s

length investment, i.e. buying bonds on the market.10

Knowing only the distribution of radical ability FA, the banker then solves:

max
RL,RH

FA

�
Ā
�
R

B (2.15)

subject to constraints (2.11)-(2.14), where FA

�
Ā (RL, RH)

�
denotes the cumulative dis-

tribution of firms with radical ability, Ai < Ā (RL, RH), which will choose bank finance

when the bank offers interest rate contract (RL, RH).

The results of this maximization problem are described by to the following proposition:

Proposition 2.3. Let AC
�

�
RB

�
be the threshold defined in Proposition 2.2. Depending on

model parameters, the optimal menu is either an interior solution defined by the implicit

equation:

pBRH + (1− pB)RL = pA
FA

�
AC

�

�

f (AC
� )

.

or it is a corner solution with constraint (2.13) saturated, with the optimal contract given

by:

RL = b, RH =
R− (1− pA) b

pA
.

Essentially, the above proposition describes the financial contract offered through rela-

tionship banking as a rent extracting contract that provides imperfect11 insurance against

liquidation in return for a higher than market rate expected repayment. When this rent-

extracting contract is possible, RH and RL can be set inside the set defined by constraints

10In principle the banker could also offer a fixed interest rate contract. However, operating costs would
force it to offer it at a higher rate than the market, leading to the bank obtaining no clients.

11The insurance is ‘imperfect’ because it only covers against bankruptcy towards the banker and not
against third parties. See also footnote 7.
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(2.11)-(2.14), that is (RL, RH) ∈ ]0, b ] × ]b, B ] as long as the average payment to the

bank satisfies RB = pA
FA(AC

� )
f(AC

� ) with the requirement that pA
FA(AC

� )
f(AC

� ) ≤ R + (1− pB) c to

ensure non-null demand for bank credit. When constraint (2.13) is binding, RA = R, the

bank optimally sets RL equal to its upper bound, b. To satisfy (2.13) with equality the

return in case of success of the project is set to RH = R−(1−pA)b
pA

.

The above proposition can be used to obtain a more detailed description of the optimal

bank behavior for the case of a uniform distribution of the ability for radical innovation:

Application

Assume radical ability is uniformly distributed on support
�
AL, AH

�
and denote EL

D ≡
pAA

L. Then, there is a threshold level of liquidation costs 12, c� =
2∆R+R+EL

D−EI

1−pA
, and a

non-empty parameter space where the optimal menu set by the bank is as follows:

• For c ≥ c�, the bank optimally sets the rent extracting menu as an interior solution:

pBRH + (1− pB)RL =
R + cD (R) + EI − EL

D

2
.

• When c < c�, the bank charges interest equal, in expectation, to the market rate,

through the following menu:

RL = b, RH =
R− (1− pA) b

pA
.

The threshold c� defines the minimum value of the liquidation cost such that the

bank can extract rents by using the interior solution. For low values of the fixed cost of

liquidation, the bank has to set a contract that brings, on average, the same returns as

the arm’s length contract traded on the market. When liquidation costs are sufficiently

high, the bank can extract rents from its relationship with the firm. Within the parameter

space that defines the solution outlined above, It is easy to examine some comparative

statics for c�. Not surprisingly, c� increases with the attractiveness of the radical project,

as reflected by EL
D and decreases with the attractiveness of the incremental project EI .

Since, according to Proposition 2.2, there is a one-to-one correspondence between finance

12This threshold can also be written avoiding the model endogenous ∆R, that is, in terms of the model

parameters as c� =
2pB(R−b)+pA(2b+E

L
D−EI−R)

(1−pA)pA
. This expression can be obtained either by substituting

the term ∆R from the expression of the optimal menu when c < c�, or by imposing RL = b in the interior
solution. This is due to the relation between the interior solution and constraint (2.13). Since the interior
solution only defines the optimal contract as an expected return, the firm can choose any combination of
RH and RL conforming to it. Given that (2.13) has a different slope than the isoprofit line in this space,
with 1 − pA > 1 − pB , the constraint gradually reduces the set where the interior solution is possible
until, for c = c�, the two solutions coincide, having RL = b.
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and innovation, an increase in the attractiveness of the incremental project makes it easier

for the bank to extract rents. However we also have a counter-intuitive result with the

positive relation between c� and R. This is due to the fact that, in our model, the bank

cannot make, on average, lower returns than the market. An increase in the market rate is

also passed through to the bank rates, so the firms have no extra incentive to switch from

market financed radical innovation to bank financed incremental innovation. In relative

terms, this makes the advantage of insurance against liquidation offered by the bank less

important to the firm and thus pushes c� upward.

2.3.3 Recap of the static model results

I have so far investigated a static model with rational firms, a monopolist bank and

imperfect information. The model assumes a population of firms with heterogeneous

ability for radical innovation that can choose between a radical and a incremental project,

on one hand, and bank or market finance, on the other. Depending on model parameters

and particularly how high the cash-flows generated by a successful radical project are, I

have characterized firm innovation and finance choices showing that for firms:

• The necessity to access external finance distorts innovation decisions away from the

first-best13 optimum.

• Compared to the first-best, market finance incentivizes more firms to innovate rad-

ically.

• When offering insurance against liquidation to incremental innovators, bank finance

determines less firms to innovate radically, compared to the first-best.

• When firms can decide both between innovation projects and financing sources,

they will either choose to be bank financed incremental innovators, for low radical

innovation ability, or market financed radical innovators, for high radical innovation

ability.

Optimal choices of the monopolist bank can also be characterized to a limited extent.

The optimal contract offered by the bank is contingent on the success of the innovation

project. When the bank extracts more, on average, from the firms than the financial

market can, the expected payment depends only on the probability of success of the

radical project and the distribution of the ability of radical innovation among firms.

13In the first-best scenario, firms have enough internal funds to innovate, so they do not access external
sources.
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The assumption of a uniform distribution for radical innovation prowess allows one

to specify the relevant parameter restrictions which determine whether the bank always

obtains strictly higher expected interest payments than the financial market or not.

2.4 Evolutionary dynamics in an agent-based model

Computational methods and agent based modeling have a long-standing tradition in

the technological change literature, Nelson and Winter (1982). Dawid (2006) provides

a review of agent based models of innovation and technological change. Fagiolo and

Dosi (2003) use an agent-based model to investigate the technological microfoundations

of macroeconomic fluctuations in an ecology where firms switch between exploitative and

exploratory innovative behavior. Dawid and Reimann (2011) use an agent based model

to capture features of product and process innovation in the German car industry. Along

this line, I cast the model presented in the previous section in an agent-based dynamic

set-up in order to show that adaptive behavior on the side of both firms and the bank

can explain, to a great extent, the patterns in the institutional and industrial variation

discussed in the introduction of this chapter.

The model in the previous section offers a static view of an economy where firms

choose their financing sources and R&D strategies rationally, having full information of

the available options and the specifics of the innovation process. Likewise, the monopolist

bank also has full knowledge of the firm decision process and acts accordingly in setting

interest rates and the conditions of the loan contract. In the present section I consider a

boundedly rational version of the above model where decisions are at first made randomly

and subsequently the agents learn from the outcomes of their past actions. Reinforce-

ment learning is one simple yet effective method to model such dynamics, with relatively

good support from experimental evidence. Mookherjee and Sopher (1997) and Erev and

Roth (1998) provide the two specifications of the learning process most widely used in

the economics literature and show that reinforcement learning models provide the best

explanation to the behavior of subjects playing non-cooperative games in experiments. In

the following, I report the results obtained using the cumulative reinforcement specifica-

tion shown to be the best predictor of behavior in Erev and Roth (1998). Nevertheless,

qualitatively similar results were obtained using the simple time-averaged specification

supported by Mookherjee and Sopher (1997).

The main finding of the computational exercise presented in this section is that in-

novation and financing choices do evolve together in the direction of the association put

forward by empirical studies and obtained in the static model from the previous sec-

tion. In our simulated economy, firms eventually learn to be either radical innovators
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accessing arm’s length finance from the market or incremental innovators that rely on

relationship-banking. Moreover, allowing the financial side of the economy to adaptively

change the lending contract, gives rise to a lock-in phenomenon. For the same parameter

combinations that define the starting conditions, the economy can evolve towards multiple

ecologies of financial architecture and technological specialization.

2.4.1 The set-up

As in the static model of Section 2.3, there is a single monopolist bank that generates

K menus of required returns. Each menu is a contract that specifies the payments that

the firm has to make, contingent on its success in the innovation project. In each time

period, the bank chooses one menu of the K available, with probability pkt . This choice

determines the payments for external finance that all firms that have chosen bank finance

will make. Probability pkt is given in each period by the logistic specification of dynamic

discrete choice models in the tradition of Brock and Hommes (1997):

p
k
t =

exp
�
λBLk

t

�
�K

k=1 exp
�
λBLk

t

� . (2.16)

The reinforcement, Lk
t , of each of the menus available to the banker is given by a dis-

counted time-average of the profits obtained by the bank from employing a menu, nor-

malized by the size of the firm population. A parameter, δ, discounts past experience by

putting exponentially lower weights on profits incurred further in the past. As in Erev

and Roth (1998) the reinforcement of menu k accumulates as strategy k is played more

often within the bounds imposed by the time discounting parameter, δ. The K menus

are generated by combining equally spaced points in the intervals (0, b) for RL and [b, B]

for RH respectively. For K = 10, I take:

(RL, RH) ∈
{(0.20, 1.00) ; (0.20, 3.00) ; (0.40, 1.40) ; (0.40, 2.60) ; (0.60, 1.80);
(0.60, 2.20) ; (0.80, 2.20) ; (0.80, 1.80) ; (1.00, 2.60) ; (1.00, 1.40)}

(2.17)

This choice covers systematically the surface (0, b]× [b, B] using different combinations of

high and low RL and RH . This choice may seem arbitrary, however it is of no particular

consequence for our results (see the robustness checks in Subsection 2.4.3). Essentially,

the arbitrary choice of one stable set of menus is required in order to have a setting where

initial conditions are always the same between simulations. Otherwise, the results would

be confounded between a lock-in phenomenon inherent to the system and the result of

variation in the model parameters.
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A population of N firms, indexed i, each choose one of four finance-innovation strate-

gies FP ∈ {BI,MI,BD,MD} with F ∈ {B,M} accounting for either relationship bank

finance or arm’s length market finance and innovation I ∈ {I,D}, being either the in-

cremental improvement or the drastic advance. Firms are heterogeneous in their ability

for radical innovation, Ai, which is initially drawn from a uniform distribution on sup-

port
�
B,AH

�
, but this ability grows with experience in radical innovation at a rate g.14

Technological ability is depreciated at a constant rate δg. This can be interpreted as

catching up by the incremental technology relative to the radical one. In other words,

staying at the frontier of technological ability requires continued investment in R&D. A

firm’s propensity to choose one of the four combinations of innovation and finance is com-

puted in a manner analogous to the formula 2.16 used for the banker. When the firm

generates enough cash-flow to pay its debt the profits increase the firm value in the form

of illiquid assets that can be liquidated to cover debt in the future only at the cost c.

The value of these illiquid assets depreciates at a constant rate ρ and provides a buffer

for the firm against bankruptcy. If this buffer is exhausted the firm dies and is replaced

by a new firm with A drawn from a uniform distribution with support [B,Amax
t ] , where

Amax
t = maxi=1,...,N Ai,t. This means that new entrants are constrained by the technol-

ogy frontier of the existing firms. Alternatively one could envisage allowing new entrants

to surpass existing firms in terms of radical prowess by some arbitrary percentage. In

the current setting, however, technological progress is driven only by learning by doing

while the selection process only sanitizes the industry by churning firms that have chosen

suboptimal innovation-finance strategies.

Appendix 2.C contains the detailed dynamic specification of the model.

2.4.2 Results

Figure 2.2 shows the evolution of the system in two simulations, where, for the same

model parameters, the economy evolves towards different ecologies of industrial innovation

and finance. Radical innovators borrowing from markets can co-exist with incremental

innovators borrowing from relationship banking, but the shares in which they do so can

vary considerably. Strategies MI and BD are gradually driven out by BI and MD.

For a more general assessment of the evolution of the economic system, one can create

samples of population shares by repeating the simulation for the same start-up parame-

ters. Figure 2.3 shows the distribution of the final number of firms per finance-innovation

strategies collected over 1000 independent simulations of the model with the same pa-

14More precisely, after each period, t when a firm has attempted – successfully or not – to radically
innovate, its ability in the next period becomes At+1

i
= At

i
(1 + g)
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Fig. 2.2. Industrial innovation and finance choice lock-in. Plots represent trajectories of
two different model simulation with the same model parameters: B = 3, b = 1, AH = 5,

c = 8, pA = 0.9, pB = 0.95, R = 1.2, δ = 1, λ = 3, K = 10, N = 1000, T = 20000



34 2.4. EVOLUTIONARY DYNAMICS IN AN AGENT-BASED MODEL

Fig. 2.3. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. In all simulations parameters are: B = 3,
b = 1, AH = 5, g = 1, δg = 0.5, c = 8, pA = 0.9, pB = 0.95, R = 1.2, δ = 0.7, λF/B = 3,

K = 10, N = 1000, T = 20000. The set of menus generated is the one in (2.17).

rameters. The finance-innovation BI and MD associations attract the greater shares

of the firm population. Either the system evolves towards a highly relationship-finance

dominated economy as is the case in the bottom panel of Figure 2.2 or to one where both

types of finance coexist as is the case in the upper panel.

The first encouraging observation is that the results of the dynamic model agree with

the results of the static model. As Proposition 2.2 prescribes, the firm population is split

into bank-financed incremental innovators and market financed radical innovators. It is

however impossible to tell if simulation results also agree with Proposition 2.3 since we

no longer have a probability distribution function for radical innovation ability as radical

prowess is now endogenous.

From Figure 2.4 and also inspecting Table 2.2 in the Appendix, we can see that the

bank never converges towards a menu that does not respect condition (2.13). In fact the

banker’s choices often converge towards menus that are considerably more expensive than

RA, even when cheaper menus could become more profitable by attracting and capturing

more of the firm population in the long-run. The two main reasons why this happens are

technological learning-by-doing and wealth accumulation on the side of the firms.

Contrary to the static model analyzed in the previous section, here the distribution
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of radical prowess is endogenous and depends on past actions of the firms. When the

bank has started off with an expensive contract, firms switch to market financed radical

innovation and thus learn to become better at radical innovation. This leaves the bank

with a small but loyal market, yet unable to attract any of the market-financed radical

innovators. Their ability to innovate has become so large that they would never find

it profitable to switch to bank financed incremental innovation. Instead, the bank can

continue extracting rents from its current clients because their low radical prowess makes

them uninterested in switching to market finance and radical innovation. Even if they

were to switch, at their low levels of accumulated wealth, they are likely to die out after

failing to innovate.

Conversely, when the bank starts off experimenting with the cheaper contracts, firms

are more likely to use the BI or BD strategies in the beginning of the simulation. Hence

their radical ability stagnates and even declines due to depreciation. Once this happens,

the bank may have an incentive to switch towards more expensive contracts. To some

extent, this temptation is held in check by the fact that firms have accumulated wealth

and can therefore afford to switch to market finance without being immediately destroyed

by liquidation costs when failing to innovate.

Eventually the firms and the bank will typically reach an equilibrium in terms of

expected contract cost, distribution of ability to innovate and wealth. This equilibrium

translates into accumulated strategy reinforcement levels that are much higher for one of

the contracts and finance-innovation strategies respectively. At this point experimentation

almost ceases for all but the very few new born firms.

Selection plays an important role in explaining why different configurations can become

stable in the long run. Despite the fact that market financed firms make higher profits

on average and achieve higher levels of wealth than bank financed firms, the insurance

against liquidation offered to incremental innovators by banks makes it impossible for

those firms to ever die. Regardless of how much richer market financed firms can become

on average, they can still suffer in the very long run a sufficiently persistent series of

negative shocks and eventually exit the market.

2.4.3 Robustness

Figures 2.5-2.8 in the appendix examine the effects of variations in the cost of liqui-

dation parameter, c, showing that results remain qualitatively the same for variations of

liquidation costs in the vicinity of the baseline setting, where c remains low enough for

the bank to be tied to the corner solution according to the results of our application in
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Fig. 2.4. Final Ratio of BI plotted against the menu that bank choices converge to.
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Section 2.315. Not surprisingly, we observe a shift towards more market financed radical

innovation when the cost of liquidation is lower. Since the comparative advantage of in-

vesting incrementally under bank finance is less important, the BI strategy becomes less

appealing. However, we cannot say much about what happens in the parameter range

where the bank would be able to extract rents: the liquidation costs are so high that all

strategies other than BI are virtually driven out. In any case there is no discrete change

in the results once this threshold is reached. Not surprisingly, this finer model result does

not survive in a dynamic, boundedly rational world.

Varying the number of menus offered by the bank, K, Figures 2.9, 2.10, and randomiz-

ing the set of menus offered by the bank, Figure 2.11, leads to very little change compared

to the results obtained in the baseline case. This provides sufficient reassurance that the

lock-in of finance and industry is not an artifact of the arbitrarily chosen set of possible

menus in (2.17) that the bank can learn over.

An inbuilt feature of the Erev and Roth (1998) learning model is the decreasing reac-

tion to new reinforcements as time flows, due to the cumulative specification of reinforce-

ments. We would like to make sure that the results are not driven by the first choices

made by the agents. Figure 2.12 explores the properties of the system when initial rein-

forcements are higher, showing that the results are not qualitatively sensitive to initial

reinforcements.

2.5 Conclusion

The above work should be regarded as a rough a first attempt at providing a quantita-

tive understanding of industrial innovation and financial architecture associations as the

result of long run co-evolution The static model provides insight into simple mechanics

that could explain why we observe an association between market finance and radical

innovation at one end of the spectrum and bank finance and incremental innovation at

the other end. Its dynamic counterpart endogenizes the distribution of technical ability

and shows that whether one association or the other is more prevalent is actually not pre-

determined. Instead we see an illustration of techno-institutional lock-in. Interestingly,

lock-in does not rely here on the common increasing returns assumption of Arthur (1989).

In this chapter, lock-in is the result of a positive feedback loop generated by technological

learning by doing and maintained by wealth and strategy reinforcement accumulation.

Given the cumbersome specification of the dynamic process, the dynamic model does

not allow a full analytical description of the dynamics. Hence, some of the results may

15For the parameter values investigated here c� = 10.22.



38 2.5. CONCLUSION

depend on a limited range of parameters. However, an important qualitative take-away

is that behavioral and accumulation dynamics in a world with heterogeneous innovation

and heterogeneous finance are consistent with a range of different patterns and varieties

of institutional and industrial complementarity. This view can be seen as a long-term

complement to the economic modeling of institutions as arrangements that reduce the

cost of frictions that are specific to the economic environments where these institutions

prevail. From a long-run perspective, the choices of financiers and firms and the ensuing

economic outcomes cannot be entirely explained by technology-specific exogenous param-

eters, because much of what is modeled as technology is endogenous. In this sense, the

chapter can be seen as a formalization of some of the insights discussed by Dosi (1990)

and Roe (1996).

The modeling could benefit from several extensions and most certainly by a regrouping

of the analyses obtained in the static and dynamic context. To begin with, both static and

dynamic models lack any form of competition between firms as well as between finance

providers. While the bank (implicitly) competes against the market rate, assuming there

is only one bank in the economy is certainly nor very realistic. Furthermore, firms evolve

through both learning and selection, as proposed by Dosi (1990) while the financing

institution evolves only through learning. It would be appropriate to model the dynamics

of both finance and the industry on equal grounds. In the spirit of North (1991) and Nelson

(2002), this would amount to treating financial institutions as evolving ’social’ technologies

that capital-owners can employ when investing. The model would gain in realism and,

most likely, yield stronger results by capturing other features of the financiers’ decision

making process that may be important in explaining the observed relative technological

conservatism of relationship financed firms. While bank finance may have an advantage

in terms of monitoring entrepreneurs and directly influencing their choices towards safer

R&D projects, markets provide capital owners the advantage of diversification. If market

investors enjoy a superior technology for protecting themselves against the losses incurred

by the firms they invest in, then it is highly likely that they would be more willing to

support higher risk projects that develop new technology.

The importance of a better understanding of the interaction between technological

change and the institutional forms that evolve in an economic system is extensively dis-

cussed in Unruh (2000) with a focus on the impact of institutional and technological

lock-in on man-induced environmental change. A view of the institutional and technolog-

ical coordinates of society as, at least partly, the result of a reinforced initial chance event

provides a different angle for policy-making for institutional improvement and reform. It

becomes necessary to understand institutional policy as events that are likely to set the
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system on new paths of development that may not be trivially anticipated, see for instance

Roe (1996) on institutional path-dependence. Conversely, when an institutional form is

dynamically reinforced by a broad array of technological and organizational complements,

a more complete modeling of the inertial forces that would work against change can make

for more powerful reform policy, or at least less wasted efforts. Clearly, if the institutional

structures currently in place are to some extent the result of chance, then it is not absurd

to assume that other, potentially preferable, techno-institutional bundles that have failed

to surface in the course of history may be feasible. A formal framework for analyzing the

processes of institutional formation and reinforcement is needed as a first step towards

creating policy tools adequate for long-term institutional engineering.
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Appendix 2.A — Proofs of Propositions

2.5.0.0.1 Proposition 2.1 To say whether bank finance supports more or less rad-

ical innovation compared to market finance, we examine the relationship between the

relevant decision thresholds provided by (2.6) and (2.10) depending on the relation be-

tween b, R and RL:

• When RL < R ≤ b, comparing (2.6) and (2.10), bank finance clearly supports more

radical innovation as the prowess threshold for choosing radical innovation is lower

in (2.10):

EI + (1− pA) c > EI + (1− pA) c−∆R

• When RL ≤ b < R, the threshold in (2.6) shifts and the one in (2.10) is as in the

previous case. Bank finance supports more radical innovation if the threshold in

(2.10) is lower than the threshold in (2.6) which happens if and only if:

(1− pB) c < ∆R (2.18)

If inequality (2.18) is reversed, then bank finance supports less radical innovation than

market finance.

• When b < RL < R bank finance always supports more radical innovation than

market finance as the prowess threshold for choosing the radical project is again

lower:

EI + (pB − pA) c > EI + (pB − pA) c−∆R (2.19)

2.5.0.0.2 Proposition 2.2 The proof of this proposition comes simply by examining

firm profits from R&D projects under each type of finance and then describing their

optimal choices case-by-case depending on the relations between the parameters. Formally

the firm faces the problem:

max
FP

π
FP

where

π
FP =






EI − cI (RL)−RB FI = BI

ED,i − cD (RL)−RA FI = BD

EI − cI (R)−R FI = MI

ED,i − cD (R)−R FI = MD

.
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At a first glance we can observe that πMD ≥ πBD, according to A7 and N6. Assuming

the firm chooses market finance when indifferent16, we exclude BD from the choice set. In

order to compare the profits for the remaining alternatives we need to specify the expected

liquidation costs in case of the incremental project. This leads to three possible scenarios

based on the relation between R, RL and b:

1. RL < R ≤ b:

π
FP =






EI −RB FI = BI

EI −R FI = MI

ED,i − cD (R)−R FI = MD

,

in this case, we have πMI > πBI . Hence demand for bank credit will be null, all

firms choosing to access market finance. The threshold radical prowess is given by

AM
� = EI+(1−pA)c

pA
.

2. b < RL < R:

π
FP =






EI −RB − (1− pB) c FI = BI

EI −R− (1− pB) c FI = MI

ED,i − cD (R)−R FI = MD

,

in this case, we have πMI > πBI . Hence demand for bank credit will be null, all

firms choosing to access market finance. The threshold radical prowess is given by

AM
� = EI+(pB−pA)c

pA
.

3. RL ≤ b < R:

π
FP =






EI −RB FI = BI

EI − (1− pB) c−R FI = MI

ED,i − cD (R)−R FI = MD

,

in this case we can have positive demand for bank credit if πBI > πMI and πBI >

πMD for at least some Ai ∈
�
AL, AH

�
. The further inequality amounts to a condition

relating model parameters and the expected bank interest: RB−R < (1− pB) c. The

latter inequality defines a new radical prowess threshold, AC
� =

EI−(RB−R)+(1−pA)c

pA
.

Hence demand for bank finance is positive and comes from firms with Ai < AC
� as

long as we have RB −R < (1− pB) c and RL ≤ b < R.

16Following Baliga and Polak (2004), we assume that, when indifferent, the firm chooses arm’s length
finance. This could be easily justified by introducing a one time positive cost of initiating a relationship
with the financier.
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Under the condition derived above, the entire firm population is split between BI

and MD. We can make sure of this by examining the inequality πMD > πMI , such

that the firms choose indeed only between MD and BI. we need Ai >
EI+(pB−pA)c

pA
≡

Ã. The threshold, Ã, which defines the minimum amount of radical prowess such

that MD is preferred to MI, is lower than A�
C
17. Hence MI is preferred to MD

only for values of the radical prowess for which BI is preferred to MD. Since BI is

always preferred to MI, under the above conditions, the entire firm population is

split between BI and MD by the threshold AC
� .

2.5.0.0.3 Proposition 2.3 First order conditions for RL and RH :

∂Ā

∂RH
f
�
A

C
�

�
R

B + pBF
�
A

C
�

�
+ λ0 − λ2pA + λ3pB = 0 (2.20)

∂Ā

∂RL
f
�
A

C
�

�
R

B + (1− pB)F
�
A

C
�

�
+ λ1 − λ2 (1− pA) + λ3 (1− pB) = 0 (2.21)

λ0 (B −RH) , c.s. (2.22)

λ1 (b−RL) = 0, c.s. (2.23)

λ2

�
R

A −R
�
= 0, c.s. (2.24)

λ3

�
R + (1− pB) c−R

B
�
= 0, c.s. (2.25)

We can add (2.20) and (2.21) to obtain:

− 1

pA
f
�
A

C
�

�
R

B + F
�
A

C
�

�
+ λ3 = λ2 − λ1 − λ0 (2.26)

and this implies:

pBλ1 = λ2 (pB − pA) + (1− pB)λ0, (2.27)

which, for pB > pA, helps in eliminating some of the possible solutions that would be

inconsistent with the above equality. This excludes

• λ1 = 0, λ2 = 0, λ0 > 0;

17Notice that RB −R < (1− pB) c → Ã¡A�

C
.
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• λ1 > 0, λ2 = 0, λ0 = 0;

• λ0 = 0; λ1 = 0, λ2 > 0;

• λ0 > 0, λ1 = 0, λ2 > 0.

Based on Proposition 2 we can also point-out that solutions having λ3 > 0 lead to null

profits for the bank, as demand for bank credit will be zero when (2.14) is binding.

The above considerations leave the following candidates for optimum:

1. λ0 = 0; λ1 = 0, λ2 = 0, and λ3 = 0. This implicitly defines a menu RB that satisfies

equation − 1
pA
fA

�
AC

�

�
RB + FA

�
AC

�

�
= 0 (Note that AC

� , as defined by Proposition

2, is a function of RB). Depending on the distribution of radical prowess in the firm

population, this solution lies between constraints (2.14) and (2.13).

2. λ0 = 0, λ1 > 0, λ2 > 0, and λ3 = 0. Which gives the solution RL = b and

RH = R−(1−pA)b
pA

. This solution satisfies (2.14) for c ≥ pB−pA
pA(1−pB) (R− b). For RH ≤ B

we need R− b ≤ pA (B − b).

3. λ0 > 0, λ1 > 0, λ2 > 0, and λ3 = 0 can be part of a solution only for a particular

value of the exogenous market rate R = pAB + (1− pA) b. This solution is of

little interest for the general analysis and also goes against the assumption EI ≥
R + cI (R).

4. λ0 > 0; λ1 > 0, λ2 = 0. This implies RB = pBB + (1− pB) b = EI . This solution

is ruled out by our previous assumption that the incremental project can be viably

financed by arm’s length finance: EI ≥ R + cI (R) which is incompatible with

constraint 2.14 for non-zero profits of the firm.

Application

For a uniform distribution of A on support
�
AL, AH

�
we straightforwardly apply the

results of Proposition 3 to find that:

1. There is a closed form for the interior optimum, RB =
R+(1−pA)c+EI−EL

D
2 . This solu-

tion satisfies (2.14) if c ≥ c ≡ EI−EL
D−R

(1+pA−2pB) and (2.13) if c >
2∆R+R+EL

D−EI

1−pA
. Examining

the latter inequality, we can conclude that, by setting RL to its upper bound, b, the

bank can exploit the interior solution as long as c ≥ c� ≡ 2pB(R−b)+pA(2b+EL
D−EI−R)

(1−pA)pA
.

In order to be possible to construct one such menu with RB =
R+(1−pA)c+EI−EL

D
2

that also satisfies RH < B and RL < b it is necessary and sufficient to have

EI >
R+(1−pA)c+EI−EL

D
2 ↔ c ≤ c̄ ≡ EI+EL

D−R
1−pA

.
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• For c� ≤ c̄, it is necessary to impose pB (R− b) ≤ pA (B − b).

• For c� ≥ c, it is sufficient to have EI −R ≤ EL
D and 1 + pA − 2pB ≥ 0.

• For c ≤ c̄, it is necessary that pB−pA
1−pB

[EI −R] ≤ EL
D

2. The solution RL = b and RH = R−(1−pA)b
pA

remains the only option for the bank

when c < c�.

• For RH ≤ B it is necessary that R− b ≤ pA (B − b).

• For RB ≤ R + (1− pB) c We find one of the necessary conditions for non-null

demand for bank finance from Proposition 2: ∆R ≤ (1− pB) c. It can also be

stated depending on the model parameters as: c ≥ pB−pA
pA(1−pB) (R− b).

These conditions define a non-empty parameter space for which a solution with the

structure as the one above exists. Non-emptiness is easily demonstrated by the

parameter choices in the computational exercise of Section 2.4, which satisfy all of

the conditions listed above.
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Appendix 2.B

The banker chooses menu k with probability:

p
k
t =

exp
�
λBLk

t

�
�K

k=1 exp
�
λBLk

t

� . (2.28)

Following Erev and Roth (1998), the reinforcement of menu k is specified as:

L
k
t =





δLk

t−1 + πk
t−1, k played

δLk
t−1 otherwise

(2.29)

where Lk
0 starts at some arbitrary initial value L0 for all strategies.

As long as the firm has positive asset value, Wi,t ≥ 0, its evolution is given by the

following equations.

Probability of choosing Finance-Innovation strategy FP :

p
FP
t =

exp
�
λFLFP

t

�
�

FI∈{BI,MI,BD,MD} exp (λ
FLFP

t )
. (2.30)

Reinforcement of Finance-Innovation strategy FP :

L
FI
i,t =





δLFP

t−1 + πFP
t−1, FP played

δLFP
t−1 otherwise

(2.31)

Firm profit from strategy FP ∈ {BI, BD, MI, MD}is given for each type of firm

by:

πBI
i,t−1 = ISi,t−1

�
B −Rk

H,t−1

�
+
�
1− ISi,t−1

� �
b−Rk

L,t−1

�
,

πBR
i,t−1 = ISi,t−1

�
Ai,t −Rk

H,t−1

�
+
�
1− ISi,t−1

�
(−c) ,

πMI
i,t−1 = ISi,t−1 (B −R) +

�
1− ISi,t−1

�
(−c) ,

πMR
i,t−1 = ISi,t−1 (Ai,t −R) +

�
1− ISi,t−1

�
(−c) ,

(2.32)

where ISi,t is an index tracking the success of firm i in innovative project P :

ISi,t =






1 with probability





pA FPi ∈ {BD, MD}

pB FPi ∈ {BI, MI}

0 with probability





1− pA FPi ∈ {BD, MD}

1− pB FPi ∈ {BI, MI}

(2.33)

Ability for radical innovation evolves according to:
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Ai,t = B + (Ai,t−1 − B) (1− δg) + gi,t−1 (2.34)

where gi,t−1 = 1 if firm i engaged in a radical innovation project in t − 1 and was

successful; otherwise gi,t−1 = 0.

Wi,t = ρWi,t−1 + πi,t (2.35)

When Wi < 0 the firm goes through death and rebirth, with all firm specific variables

being reinitialized:

Wi,t = Wi,0,

Ai,t → U (B,A
max
t ) ,

L
FP
i,t = L0.

Appendix 2.C — Figures

Fig. 2.5. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

cost of liquidation c = 7.
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Fig. 2.6. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

cost of liquidation c = 9.

Fig. 2.7. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

cost of liquidation c = 10.
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Fig. 2.8. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

cost of liquidation c = 11.

Fig. 2.9. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

number of bank menus K = 6.
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Fig. 2.10. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

number of bank menus K = 16.

Fig. 2.11. Distribution of the final number of firms per finance-innovation strategies
obtained in 1000 independent simulations. Baseline parameters as in Figure 2.3 except

for randomized bank menus at every simulation.
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Fig. 2.12. Distribution of population shares in 1000 simulations. Baseline parameters
except cost of liquidation except initial reinforcements at Li,0 = 5.
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Chapter 3

Equilibrium type of competition

with horizontal product innovation

3.1 Introduction

In their seminal paper, Singh and Vives (1984) show that, when the nature of duopoly

competition is the result of non-cooperative choices made by the firms, Cournot compe-

tition is the only outcome we can expect to find in equilibrium1. Their model considers

a sequential two-stage game, where firms first commit to using one of two strategic vari-

ables, price or quantity, and subsequently compete by optimizing profits over their chosen

strategic variable.

In Singh and Vives (1984), when solving the game by backward induction, the firms

will realize that setting quantities strictly dominates setting prices as long as the goods

are (imperfect) substitutes. This chapter qualifies their results by introducing an inter-

mediary stage in the game where the firms perform product R&D to increase product

differentiation. When the substitutability of the two products is thus endogenized, firms

are no longer bound to end-up in Cournot competition. Instead, depending on the size

of the market, all three possible modes of competition that are available in this setup —

Cournot, Bertrand and PQ — can be equilibria.2

The results of Singh and Vives (1984) have already been under scrutiny for some time

and on several occasions have been shown to be sensitive to specific model assumptions.

Motta (1993) shows that in a vertical differentiation model with investment in quality,

Bertrand competition can lead to higher equilibrium profits than Cournot competition,

as stronger competition in the market stage creates incentives for the low quality firm

1From a social planner’s point of view, this is a negative result, as Bertrand competition dominates
Cournot competition in terms of welfare.

2PQ refers here to the asymmetric case where one firm sets price and the other sets quantity.
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to innovate less and for the high quality firm to innovate more, ultimately leading to a

higher and mutually more profitable quality differential. Hackner (2000) extended the

horizontally differentiated model to an n-firm oligopoly and introduced exogenous quality

heterogeneity among firms. With strong heterogeneity, high quality firms can earn higher

profits under Bertrand competition than under Cournot competition. However, Hackner

(2000) and Motta (1993) do not endogenize the choice of strategic variables (i.e. they

do not analyze PQ competition) so it is impossible to tell what the equilibrium type of

competition would be if firms could choose their strategic variables before competing in

the market. Correa-Lopez and Naylor (2004) extend the duopoly model by introducing

production costs in the form of wages which are set through bargaining between the firm

and unionized labor. Since wage increases have a higher impact on Cournot than on

Bertrand profits3 when unions are strong enough, Cournot profits can become smaller

than Bertrand profits.

With exogenous quality asymmetry, Correa-Lopez (2007) shows that either PQ or

Cournot competition can be equilibria when strategic variables are endogenously selected.

Matsumura and Ogawa (2012) find that in a mixed duopoly where one firm is profit maxi-

mizing and the other is a welfare maximizing state-owned firm, setting prices is a dominant

strategy. Pal (2014) analyzes the choice of strategic variables in duopolies for network

goods and finds that for strong network effects firms face a Prisoner’s Dilemma ending up

in Pareto sub-optimal Cournot competition, while Bertrand and PQ competition cannot

be equilibria.

In contrast to most of the previous reversal results cited above4, the results presented

here do not require any exogenous asymmetry. At the same time, despite its simplicity

the model accommodates all types of competition. A corollary result is that equilibrium

product differentiation is not a smooth function of market size, exhibiting abrupt jumps

at the points where the equilibrium type of competition changes. Furthermore, close

to the threshold where the duopoly splits into two monopolies, the set of pure-strategy

subgame perfect equilibria of the game suffers multiple qualitative transformations where

the number of solutions changes. The following section introduces a formal model, the

analysis of which is presented in Section 3.3. A final section sums up the results and

concludes.

3Intuitively, this follows from the fact that Cournot competitors sell relatively smaller quantities for
higher prices.

4The exceptions are Correa-Lopez and Naylor (2004) and Pal (2014)
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3.2 Model

The model follows Singh and Vives (1984) in assuming there are two firms who compete

in a market for differentiated products. Demand and inverse demand result from the utility

maximization problem of a representative consumer with a taste for product diversity, as

captured by the parameter δ. The consumer solves:

max
q∈IR2

�
α

2�

i=1

qi −
1

2

2�

i=1

�
q
2
i + δqiq−i

�
+m

�

s.t. p · q +m = y,

where α and δ are positive parameters of the consumer’s utility function. The utility of

each good consumed on its own is controlled by parameter α. When we have just one

representative consumer, α captures the concept of market size. Parameter δ controls the

degree of product differentiation between the two goods, i ∈ {1, 2}, with δ = 0 accounting

for perfectly independent goods and δ = 1 for perfectly substitutable goods.

The first order conditions yield:

pi (qi, q−i) = α− qi − δq−i. (3.1)

Direct demand can be computed as:

qi (pi, p−i) =
α (1− δ)− pi + δp−i

1− δ2
. (3.2)

For the asymmetric scenario where firm i sets quantity and the other firm sets price, we

can readily derive from the above equations that:

pi (qi, p−i) =α (1− δ)− qi

�
1− δ

2
�
+ δp−i

q−i (qi, p−i) =α− p−i − δqi.

(3.3)

The two firms play the extensive form three-stage noncooperative game represented in

Figure 3.1. At each stage, the firms act simultaneously but, when the stage is over, they

observe the action taken by the other player.

In the first stage they simultaneously choose their strategic variable vi ∈ {p, q} which

can be either price, p, or quantity, q.

During the second stage, each firm can reduce product substitutability, δ, by making

costly R&D efforts. Denoting by gi the R&D effort level of a firm during the second stage,

we assume that given the efforts of both firms, product substitutability during the third
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Fig. 3.1. The game in extensive form

and last stage of the game will be:

δ = 1− b (g1 + g2). (3.4)

A reduction in product substitutability of b gi will cost firm i a monetary amount of

G (gi) =
g2i
2 . The action space at this stage is restricted to gi ∈

�
0, 1

2b

�
. This means that,

as in Lin and Saggi (2002), firms can contribute simultaneously to the total amount of

product differentiation by setting a positive R&D effort gi at quadratic investment cost. I

assume that one firm cannot singlehandedly decrease substitutability below 1
2 . When both

firms make no R&D effort, the products are perfect substitutes whereas, when both efforts

are at the upper bound, 1
2b , fully differentiated products are sold by two monopolists.

In the last stage of the game, firms compete on the market by setting their respective

strategic variables, v, the nature of which was chosen in the first stage. They simul-

taneously and competitively maximize their profits taking as given the level of product

substitutability, δ, that was achieved during the second stage. Formally, they will simul-

taneously solve:
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max
vi

{πi (vi, v−i; δ)−G (gi)} =






maxqi π
C [qi, q−i; δ (gi, g−i)]−G (gi) , vi = v−i = q

maxpi π
B [pi, p−i; δ (gi, g−i)]−G (gi) , vi = v−i = p

maxpi π
P [pi, q−i; δ (gi, g−i)]−G (gi) , vi = p, v−i = q

maxqi π
Q [qi, p−i; δ (gi, g−i)]−G (gi) , vi = q, v−i = p,

3.3 Results

The game is solved by backward induction and we focus on pure-strategy subgame

perfect equilibria, therefore we proceed by describing optimal firm behavior from the last

to the first stage.

3.3.1 Third stage: Market competition

In the third stage, firms take as given the observed realization of δ from the second

stage and maximize their profits with respect to the strategic variables chosen in the first

stage. As R&D investments are sunk costs at this stage we can disregard them.

Using (3.1) we obtain through straightforward computation the Cournot equilibrium

quantities, prices and profits:

q
C
i =p

C
i =

α

2 + δ

π
C
i =

�
q
C
i

�2
.

(3.5)

Likewise, from (3.2) we obtain Bertrand equilibrium quantities, prices and profits:

q
B
i =

α

2 + δ − δ2

p
B
i =

(1− δ)α

2− δ

π
B
i =

�
1− δ

2
� �

q
B
i

�2
.

(3.6)

And from (3.3) we can derive PQ equilibrium quantities, prices and profits:

qQ = α(2−δ)
4−3δ2 qP =

(2−δ2−δ)α
4−3δ2

pQ = (1− δ2) α(2−δ)
4−3δ2 pP =

(2−δ2−δ)α
4−3δ2

πQ = (1− δ2)
�
qQ

�2
πP =

�
qP

�2
.

(3.7)

Note that for any given amount of product substitutability, δ > 0, the results above

imply the following ranking of equilibrium prices, quantities and profits:
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πC > πQ > πB > πP

qQ > qB > qC > qP

pC > pP > pQ > pB.

When products are fully differentiated, δ = 0, all profits, quantities and prices are equal

as the two firms behave as monopolies serving two distinct markets.

3.3.2 Second stage: R&D investment

In the second stage of the game, firms simultaneously solve:

maxgi π
T
i (δ)−G (gi)

s.t.δ = 1− bgi − bgj

0 ≤ gi ≤ 1
2

(3.8)

where πT , T ∈ {C,B, P,Q} stands for the profits obtained in the three distinct scenarios

for the third stage determined in (3.5), (3.6), and (3.7).

Notice that the program in (3.8) depends only on two parameters, α and b. In Ap-

pendix 3.A, I show that normalizing b = 1 can be done without loss of generality. The

first order conditions5 of the program in (3.8) do not always have analytical solutions6.

By fixing parameter b = 1 and sweeping parameter α, which controls for market size, we

can solve numerically for R&D efforts and we can compute the corresponding equilibrium

quantities, prices and profits as depicted in Figures 3.4 through 3.8.

The best-response functions corresponding to the three market scenarios can be com-

puted numerically and are depicted in Figures 3.2 and 3.3. Inspecting the best-response

functions we notice that equilibrium R&D efforts, as a function of market size, behave

in qualitatively the same way across different types of competition. For small markets,

α <
√
2, the best response functions have a unique intersection, which I will call main

and denote by
�
gmi , g

m
j

�
. However, at α =

√
2, a second interesection of the best-response

functions appears in the upper right corner, gi = gj = 1
2 , of the economically relevant

range for R&D efforts, (gi, gj) ∈
�
0, 1

2

�2
. This happens simultaneusly for all three types of

competition, Bertrand, PQ and Cournot.7 In economic terms this second crossing repre-

5See Appendix 3.B.
6Analytical solutions, although not necessarily tractable, can be obtained for Bertrand and Cournot

competition. For PQ competition no closed form solutions exist.
7By plugging gi =

1
2 into the first order derivatives of the profit function, net of innovation costs, for

any of the three market scenarios, Cournot, Bertrand or PQ we obtain α
2

4 − 1
2 . Which means that when

first order conditions on R&D effort are satisfied with equality at the boundary, we have α =
√
2, see

also Appendix 3.B.
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sents full product differentiation, where the two firms are monopolies on two independent

markets. These secondary solutions
�
gsi , g

s
j

�
are paired to the main solutions in the sense

that, as α increases further, they gradually approach each other until they meet. After

the main and secondary solutions merge they disappear form the real space, see Figure

3.3.8 Before the secondary and main solutions to the first order conditions merge and

become complex, they gradually approach each other, the main one increasing and the

secondary one decreasing for higher values of α. All the while, R&D efforts at the upper

bound,
�
1
2 ,

1
2

�
remain a third intersection for the best response functions and are denoted

by
�
gMi , gMj

�
. When the main and secondary solutions merge and disappear, the boundary

solutions, corresponding to two monopolies, remain the unique Nash equilibrium for each

of the subgames starting at the second stage. This happens at at α = 1.433 for Bertrand

competition, α = 1.441 for PQ competition and at α = 1.462 for Cournot competition.

The above described behavior of the multiple algebraic solutions to the investment

stage spills over to all the other variables of the model. Quantities, prices, profits and

substitutability will all have multiple equilibrium values depending on which of the second

stage solutions is played out. For quantities, prices and profits, there will be, like for

investments, a lower branch representing the main solution which exists also at low values

of α and an upper branch that is derived from the secondary solution which appears

only for α >
√
2. For α >

√
2, there is also the monopoly solution which appears as a

linear segment above both of the curved branches. For product substitutability, which is

proportional to negative investment, the same observations hold but with reversed vertical

directions.

Turning to Figures 3.6 and 3.7, we see that the relation between both quantities and

prices of the two PQ competitors are robust to the introduction of horizontal product

differentiation. So is the relation between Cournot and Bertrand quantities, but not for

prices; as market size increases, Bertrand firms eventually are able to reach such high levels

of product differentiation that they can afford to optimally set higher prices than Cournot

competitors. When comparing Cournot (Bertrand) market outcomes with those resulting

from PQ competition we see that the only relation that is robust to the introduction of

the innovation stage is that between qC and qQ (qB and qP ). All other market variables

start off in the same relation as in the model without innovation for small markets, but,

as α increases, the relation is reversed.

Finally, turning to profits there are many notable intersections, represented in Figure

3.8. This is not surprising in view of our previous remarks regarding prices and quan-

tities. Based on the relation between profits for different values of α we can establish

8Algebraically the two solutions continue to exist as conjugates in the complex set.
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Fig. 3.2. Best response functions in the R&D stage of the game for Bertrand, PQ and Cournot

competition for R&D efforts (gi, gj) ∈
�
0, 1

2

�2
. Each row corresponds to different values for α : (a)

α = 0.3; (b) α = 0.7; (c) α = 1.2; (d) α =
√
2. At α =

√
2, for all three market types, the secondary

solutions,
�
gs
i
, gs

j

�
, cross into the economically relevant plane segment,

�
0, 1

2

�2
and coincide with the

upper boundary solution that corresponds to fully differentiated products sold by two monopolists,�
gM
i
, gM

j

�
.
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Fig. 3.3. Best response functions in the R&D stage of the game for Bertrand, PQ and Cournot

competition for R&D efforts (gi, gj) ∈
�
0, 1

2

�2
. Each row corresponds to different values for α : (e)

α = 1.433; (f) α = 1.441; (g) α = 1.462. At α = 1.433 the main and secondary solutions for Bertrand

competition coincide, while for higher α the two solutions become complex and the best response

functions only cross at the upper bound for R&D efforts. At α = 1.441 the main and secondary

solutions for PQ competition coincide, while for higher α the two solutions become complex and the

best response functions only cross at the upper bound for R&D efforts. At α = 1.462 the main and

secondary solutions for Cournot competition coincide, while for higher α the two solutions become

complex and the best response functions only cross at the upper bound for R&D efforts.
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Fig. 3.4. R&D efforts by market size α ∈ [0, 1.5]. Secondary solution (upper branch),
main solution (lower branch), corner solution (flat segment).

Fig. 3.5. Product substitutability by market size α ∈ [0, 1.5]. Secondary solution (upper
branch), main solution (lower branch), corner solution (flat segment).



EQUILIBRIUM COMPETITION WITH HORIZONTAL INNOVATION 63

Fig. 3.6. Equilibrium quantity by market size α ∈ [0, 1.5]. Secondary solution (upper
branch), main solution (lower branch), corner solution as pM (linear segment).

Fig. 3.7. Equilibrium price by market size α ∈ [0, 1.5]. Secondary solution (upper
branch), main solution (lower branch), corner solution as pM (linear segment).
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the equilibrium strategies for the first stage of the game. This is treated in detail in the

following subsection.

3.3.3 First stage: Market variable selection

Going through Figure 3.8 from left to right (see also Figure 3.9 for a zoom-in), one

can see that for sufficiently small markets, α < αQC , the relation between profits, πC >

πQ > πB > πP , established by Singh and Vives (1984) is robust to the introduction of

product innovation. At αQC the profit of the quantity setter in PQ competition becomes

higher than the Cournot profit. This has no impact in determining the unique subgame-

perfect equilibrium of the game, nor does the crossing at αBC where Bertrand profits

become higher than Cournot profits, turning the first stage game into a Prisoner’s dilemma

with price-setting playing the role of cooperation and quantity-setting standing in for

defection. At αPC the profit obtained by the price setter in PQ competition becomes

higher than Cournot profit, turning the problem of choosing market variables into a

Hawk-Dove game with quantity-setting playing the role of the more aggressive Hawk

strategy. Finally, at αBQ, Bertrand profit becomes larger than the profit obtained by a

PQ quantity-setter. The game is again dominance solvable, but this time it will play out

as Bertrand competition. While the reversals occurring at αQC and αBC may be of less

interest9, For α ∈ [αPC ,αBQ] the game has more than one subgame perfect equilibrium,

of which two asymmetric equilibria in pure strategies result in PQ competition10. For

α > αBQ Bertrand competition becomes the unique equilibrium type of competition until

market size reaches the critical value of αs. The patterns used in the background of

Figure 3.8 are meant to give the reader a direct graphical appreciation of the size of

the parameter space where all the reversals take place. All in all, the parameter space

where non-Cournot equilibrium types of duopoly can be observed is 5.09% of the total

parameters space that supports duopoly competition.

When market size becomes higher than αs, there are again multiple equilibria, but

this time they spawn from the player’s actions during the last two stages of the game,

see Figure 3.9. This happens as the corner solution, gi =
1
2 , where the duopoly separates

into two monopolies, becomes an equilibrium R&D effort given any type of competition.

The corner solution appears for the same α in all four subgames that start with an R&D

stage, under either Bertrand, Cournot or PQ competition11. Perhaps another remarkable

coincidence is that the initial profit ranking found by Singh and Vives (1984) applies

9The equilibrium type of competition remains Cournot for all α < αPC .
10The symmetric equilibrium in mixed strategies will realize into all three types of competition
11The explanation is that all types of competition become monopolies at the maximum bound for R&D

effort and profits are identical in price-setting and quantity-setting monopolies.
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Fig. 3.8. Profits and full game equilibria by market size, α = [0, 1.5]. Secondary solution
(upper branch), main solution (lower branch), corner solution as monopoly profit (linear

segment).
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Fig. 3.9. Zoom-in on profits by market size for α = [1.35, 1.47]. Secondary solution
(upper branch), main solution (lower branch), corner solution as monopoly quantity

(linear segment).
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to the profits from the secondary solutions as long as they exist together as interior

solutions, that is, for α ∈ [αs,αc
B]. In Figure 3.9 we can also notice that all secondary

profits are larger than all the main profits12 but smaller than monopoly profits. These

considerations allow us to fully characterize the model’s solutions for the remaining region

of the parameter space, α ≥ αs.

For α ∈ [αs,αc
B] all types of competition can be subgame perfect outcomes. More

precisely we have the following types of subgame perfect equilibria, categorized by their

outcome:

• Monopoly: There are 4×33 subgame perfect equilibria which consist of at least one

of the market types (Cournot, Bertrand or any of the two PQ subgames) deploying

maximum R&D efforts while off the equilibrium path, any of the pairs of efforts

below is undertaken.

[(gi, g−i) , (gi, g−i) , (gi, g−i)] ∈
���

g
C,m
i , g

C,m
−i

�
,

�
g
Q,m
i , g

P,m
−i

�
,

�
g
B,m
i , g

B,m
−i

��
×

×
��

g
C,s
i , g

C,s
−i

�
,

�
g
Q,s
i , g

P,s
−i

�
,

�
g
B,s
i , g

B,s
−i

��
×

×
��

g
C,M
i , g

C,M
−i

�
,

�
g
Q,M
i , g

P,M
−i

�
,

�
g
B,M
i , g

B,M
j

���

• Bertrand Competition (with main efforts). This equilibrium becomes possible for

α ≥ αPC . When, on the equilibrium path, firms both choose to compete in prices

and then invest
�
g
B,m
i , g

B,m
j

�
, there is just one pattern of subgame-perfect off-

equilibrium path play that is consistent with it: in all other subgames the firms

will have to choose the effort levels given by the main solution.

• Bertrand Competition (with secondary efforts). This new equilibrium, appearing

at α =
�
(2) is similar to the one above, in that it relies on the exact same off-

equilibrium path play.

• PQ competition (with secondary efforts). There are 23 such equilibria where in at

least one of the two PQ subgames secondary efforts are played on the equilibrium

path. Sub-game perfect off-equilibrium path play that is consistent with these equi-

libria requires that in the other PQ subgame and in the Bertrand subgame either

main or secondary efforts are played. In the Cournot subgame, off-equilibrium path

strategies must be main efforts.

12The exception is πP

s
which is surpassed by πQ

m
right before the solutions from PQ competition turn

complex.
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• Cournot Competition (with secondary efforts). There are 23 equilibria where firms

both compete in quantities and invest according to the secondary solution along

the equilibrium path, while, in the off-equilibrium path subgames, either main or

secondary efforts are deployed.

When α > αc
B, as interior solutions turn complex, there is a unique (monopoly) equilib-

rium in the Bertrand subgame which will also be the unique outcome of the game. Since

any of the three effort levels are equilibria in the off-equilibrium subgames, there are 33

such equilibria for the full game. As α further increases, the number of such equilibria

drops to 3 when α > αc
BQ. This happens as 2×3PQ monopoly equilibria appear. Finally,

when α > αc
C , all interior solutions have disappeared and there are just 4 subgame perfect

Nash equilibria, one for each of the four subgames that start at the R&D stage, where

corner R&D efforts are exerted in all subgames and product competition — actually in-

dependent monopoly behavior — takes place in all of four combinations of the strategic

variables.

Notice that employing a further equilibrium refinement on the basis of forward in-

duction we could reduce the number of equilibria between αs and αc
B, eliminating the

equilibria that support other outcomes than price-setting monopoly.

The analysis above also implies that, for the whole game, the Nash-Equilibrium out-

come in terms of product substitutability, δNE, is not a smooth function of market size,

α, exhibiting jumps at three critical points, αPC , αBQ and αs, as shown in Figure 3.10.

This points towards a straightforward empirically testable prediction of the model: as

markets increase in size one should observe discrete increases in the amount of differenti-

ation between products. Such jumps should be more likely for products that are weaker

substitutes.

3.4 Discussion and conclusion

The work presented here shows that introducing horizontal product innovation to

the two stage game proposed by Singh and Vives (1984) can systematically change the

strategic structure of the first stage of the game where market variables are chosen. The

possibility to alter the intensity of competition through costly effort results in multiple re-

versals in the ranking of the profits obtained in each of the four possible market-subgames.

Under more intense types of competition firms have stronger incentives to differentiate

their products. When firms sell to larger markets (or are more efficient in their R&D

efforts) they can afford larger R&D efforts that become more economically efficient in

reducing the intensity of competition compared to the choice of market variables. The re-
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Fig. 3.10. δNE, b = 1, α = [1.35, 1.5]



70 3.4. DISCUSSION AND CONCLUSION

sults highlight a tradeoff between these two means to reduce the intensity of competition:

committing to a decision variable that reduces the intensity of competition (i.e. quantity

setting) or altering the product in order to target a niche in market demand where the

firm has more market power. Market size increases lead the firms to prefer the latter

method of reducing competitiveness to the former. The result is not counter intuitive if

we keep in mind that, with exogenous product substitutability, as δ approaches 0 (i.e.

the duopolists become two monopolies) the profit differences between Cournot, Bertrand

and PQ competition gradually vanish. As market size increases, the between market

type difference in the amount of resources that firms can devote to costly specialization

diminishes.

Although the entire analysis of this chapter is static, by focusing on the effects of

market size on product differentiation and the nature of competition the results can be

put into a dynamic context. The immediate dynamic interpretation is that, as markets

grow, the nature of competition changes. Firms substitute shunning intense competition

through their business model choices with reducing the intensity of competition through

product differentiation.

The results of this chapter are also connected to the two Schumpeterian, Mark I and

Mark II, conjectures regarding the relation between competition and innovation. Schum-

peter’s first conjecture, Schumpeter (1934), which is referred to in the literature as Mark

I, argues that higher intensity of market competition between firms spurs innovation. His

second conjecture, Schumpeter (1942), dubbed Mark II, was that less acute competition

gives firms the slack they need in order to divert resources to innovation. In order to con-

nect my results with Schumpeter’s work one must accept the profit ranking that obtains

in the absence of product innovation, πC >
πQ+πP

2 > πB, as a proxy for the intensity of

competition13. Inspecting innovation efforts and their results depicted in Figures 3.4 and

3.10, one finds support for the first conjecture when comparing between either Counot

and Bertrand competition or between Cournot and PQ competition. However, when

comparing Bertrand against PQ (joint) levels of investment, we find support for both

conjectures with Mark II applying for small α and Mark I for larger α. Remarkably, the

latter of these observations goes against the common intuitive interpretation that the first

conjecture applies to small markets (new industries) and the second conjecture to large

markets (mature industries).

As far as the robustness of the results presented here, it is important to mention that

the sequentiality of the decision making, observability and commitment to past choices

(i.e. of the market variable) play a crucial role. Without these features we can expect

13This interpretation can also be found in Bonanno and Haworth (1998).
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the model to behave in a considerably different manner. Already at the basic level of the

problem, without any investment, Klemperer and Meyer (1986) show that when quantities

or prices are simultaneously chosen without any precommitment to a specific market

variable the firms are indifferent between being price-setters or quantity setters14. In the

model presented here commitment to the strategic variable chosen in stage one is likewise

essential. It is the anticipation of tighter competition in the third stage of the game that

drives firms to higher levels of product differentiation and eventually to higher profits.

While Singh and Vives (1984) focus on the theoretical implications of a market vari-

able choice game Klemperer and Meyer (1986) make more effort to give the situation

an economic interpretation. They contrast two approaches for supplying consulting ser-

vices: a consultant can either set an hourly rate or charge a fee per consulting project

and subsequently adjusts the amount of time spent per project depending on how many

other ongoing projects the consultancy is involved in. The first market strategy resem-

bles price-setting whereas the second is more akin to quantity-setting. In Klemperer and

Meyer (1986) it is demand uncertainty in combination with the shape of the marginal

cost function that determine the type of market competition in equilibrium, therefore in

the absence of asymmetries it would be impossible for firms to end-up in the asymmetric

equilibrium where one firm sets prices and the other one sets quantities. However, Trem-

blay, Tremblay, and Isariyawongse (2013) provide an example of PQ competition from car

dealership markets15. The model presented here is able to explain the empirically relevant

PQ competition without relying on any ex-ante asymmetry.

The results presented here contrast those found in previous work by Symeonidis (2003)

and by Qiu (1997) who only qualify Singh and Vives’s results regarding welfare, but find

no profit reversal. In Symeonidis (2003) product innovation increases market demand only

for the firm’s own product which will intuitively boost a quantity setter’s incentives to

innovate while Qiu (1997) considers only cost reducing-innovation which also turns out to

be more appealing for Cournot competitors compared to Bertrand competitors. In both

cases, innovation has a direct negative effect on the payoffs of a competitor through the

(inverse) demand functions. In the model presented here, product innovation is horizontal,

with firms investing to reduce product substitutability and thus imposes a strictly positive

externality on the competitor. It would be interesting to compare the strength of these to

effects when firms can invest in heterogeneous types of product innovation — horizontal

14The work by Tasnádi (2006) shows that indifference between the two market strategies also obtains
when firms do ex-ante commit to a market variable but produce a homogeneous good under severe
capacity constraints.

15They also show that with cost asymmetries, PQ competition can be the outcome of a model with
endogenous choice of strategic variables.
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and vertical — or in (horizontal) product and process (cost reducing) innovation. Further

research may also consider extending the setup to n-firm oligopolies and investigating

other demand structures. In particular, one can conjecture that with network goods,

as in Pal (2014), the parameter space where non-Cournot markets are equilibria would

become larger.

Appendix 3.A

In all three market scenarios considered, Cournot, Bertrand and PQ, making the

variable change ḡi = bgi in the net profit maximization program (3.8) leaves it depending

on only one parameter, ᾱ = αb.

Profits, net of R&D costs, under Cournot competition are:

π
C (gi, g−i;α, b) =

�
α

3− bgi − bg−i

�2

− g2i

2

Making the variable change ḡi = bgi and factoring out α2 the program becomes:

π
C (ḡi, ḡ−i; ᾱ) = α

2

��
1

3− ḡi − ḡ−i

�2

− ḡ2i

2ᾱ2

�
,

where ᾱ = αb. Now the maximand of the profit function will only depend on ᾱ as a

parameter and, since our variable change is invertible, the maximand of the initial and

the reformulated program will also be related by: ḡ�i = bg�i .

For Bertrand and PQ competition the same argument applies since the net profits

after the variable change are:

π
B (ḡi, ḡ−i; ᾱ) = α

2

�
1− δ2

[2 + δ − δ2]2
− ḡ2i

2ᾱ2

�

and respectively:

πQ (ḡi, ḡ−i; ᾱ) = α2
�
(1− δ2)

�
2−δ

4−3δ2

�2 − ḡ2i
2ᾱ2

�

πP (ḡi, ḡ−i; ᾱ) = α2

��
2−δ−δ2

4−3δ2

�2
− ḡ2i

2ᾱ2

�
.

with δ = 1− ḡi − ḡj.

Appendix 3.B

Computing the first order conditions we can dispose of the factor α2. Using the

variable change ḡi = bgi and substituting δ = 1 − ḡi − ḡ−i whenever possible, the first
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order conditions for program (3.8) under Cournot competition are:

2ᾱ2 = ḡi (2 + δ)3 .

Under Bertrand competition the first order conditions are:

2ᾱ2 = ḡi
[2 + δ − δ2]3

1 + δ3

For PQ competition where firm i sets quantities and firm j sets prices we have:

2ᾱ2 = ḡi
(4− 3δ2)3

(2− δ) (4− 4δ − 5δ2 + 6δ3)

2ᾱ2 = ḡj
(4− 3δ2)3

(4− 4δ + 3δ2) (2− δ − δ2)
.

The first order conditions are high order polynomial equations with cross terms and

have multiple solutions in all three market scenarios. Under Cournot competition, the

first order conditions have four symmetric solutions, two of which are always complex

(for positive α). The other two solutions are the main and secondary solutions described

above. Interestingly the secondary solution does not satisfy second order condition for

profit maximization for most values of α, the second order derivatives becoming negative

right before the solution enters
�
0, 12

�2
.16 Under Bertrand competition, the first order

conditions have six symmetric solutions. Aside from our main and secondary solutions,

there are two solutions which are always complex. Two more are real and, although they

satisfy second order conditions for joint profit maximization, they lead to negative profits

and investment far outside the boundaries we imposed on R&D efforts gi ∈
�
0, 12

�
. Under

PQ competition, there are five solutions to the first order conditions. Again we have two

solutions that are always complex. There is also one solution that is always real, but has

no economic meaning as it involves the price-setter minimizing profits by making negative

investments in product differentiation; even-though the quantity setter is maximizing own

profits, making a positive investment, both firms obtain negative profit.

16This is also the case under the other two types of competition, Bertrand and PQ.
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Chapter 4

Evolutionary Cournot competition

with endogenous technology choice:

(in)stability and optimal policy∗

4.1 Introduction

Corporate control is usually a complex, dynamic and multidimensional problem. Com-

panies typically adopt a segmented management structure with specialized departments

handling production, sales, marketing, HR, R&D, finance, etc. The fact that these de-

partments intensively communicate with each-other indicates that managers clearly know

that decisions taken on one dimension interfere with the actions performed by their col-

leagues in another department. Abstracting away from all fronts of decision-making other

than production and R&D, this chapter formally studies the impact of these decisions on

market dynamics and equilibria. We introduce a model where firms may take bound-

edly rational decisions on either production, innovation, or both, and show how these

decisions and their interaction in a dynamic environment relate to market equilibrium

stability, emerging endogenous fluctuations and the welfare effects of innovation policy.

Our approach allows us to identify two potential sources of market instability. The

first one is operational in nature and is driven through adaptive quantity-setting by firms

that are endowed with imperfect expectations of what their competitors will do. Given

its source, we will call this phenomenon ‘production instability’ throughout the chapter.

The second type of instability in our model stems from adaptive choices of firms over

two alternative production technologies. This choice, we show, can generate ‘techno-

logical instability’. Our analysis reveals that these two types of decisions can together

∗This chapter is joint work with Fabio Lamantia and Jan Tuinstra.
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generate bounded endogenous market fluctuations. We find that market instability asso-

ciated to bounded rationality in the production decision-making dimension is unaffected

by boundedly rational technological choices. This is not the case for technological insta-

bility: boundedly rational production decisions will amplify it compared to the case of

perfectly rational production decisions. For a policy maker, our model tells a cautionary

tale: when the market has the potential for endogenous is instability, innovation policy

that would optimize social welfare by shifting the configuration of a stable equilibrium

may generate large welfare losses by generating or exacerbating instability.1

Our first line of inquiry, relating to production instability, follows from the seminal pa-

per of Theocharis (1960). He showed the Cournot-Nash equilibrium in a quantity-setting

oligopoly to be dynamically unstable when more than three firms compete by supplying,

in each period, naive best-response quantities to the output produced by competitors

one period before. The importance of this result was reflected by the quick emergence

of work extending, qualifying and containing it, Fisher (1961); McManus and Quandt

(1961); Hahn (1962). With the development of chaos and bifurcation theory and the

wide acknowledgment of their relevance for economic theory due to Grandmont (1985)

and Brock and Hommes (1997), Theocharis’ inquiries were revisited in work celebrating

endogenous cycle formation and chaotic dynamics in oligopoly markets, see Agliari, Gar-

dini, and Puu (2000); Droste, Hommes, and Tuinstra (2002); Bischi and Lamantia (2004);

Hommes, Ochea, and Tuinstra (2011); Bischi and Lamantia (2012); Kopel, Lamantia, and

Szidarovszky (2014); De Giovanni and Lamantia (2016). A frequent feature in these mod-

els is the introduction of behavioral heterogeneity — be it in terms of expectations, Droste

et al. (2002); Hommes et al. (2011) or of the objectives of the firm, Kopel et al. (2014);

De Giovanni and Lamantia (2016). Our model also focuses on firm heterogeneity, but

here it is of a technological nature.

As such, our analysis of technological instability also relates our inquiry to Nelson

and Winter (1982). In their seminal work, bounded rationality and firms’ technological

heterogeneity — both central to our analysis — are key features of industrial dynam-

ics and economic growth. Heterogeneity and dynamic adaptation, they argue from an

evolutionary perspective that is Schumpeterian in both scope and method, are essen-

tial to understanding innovation and technological progress. Their approach inspired a

rich literature of Agent-Based simulation models. Some of its highlights are surveyed in

Dawid (2006). Also inspired by Nelson and Winter (1982), Hommes and Zeppini (2014)

and Diks, Hommes, and Zeppini (2013) analyzed models where firms choose between al-

1This is particularly the case when both technological and production instability are present, as
illustrated by Figure 4.27 in Section 4.6.
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ternative R&D strategies: innovation and imitation. Much like their analysis the work

presented here employs a simpler formulation of the technological dimension, one that

allows for a more general analysis of the model combining the classical tools of game

theory and dynamic system analysis with bifurcation theory and numerical simulation.

Despite differences in the naming of the two competing technologies2, our market-setup

closely resembles the one used in Hommes and Zeppini (2014) and Diks et al. (2013).

The model analyzed here is different in two respects. Firstly, we consider a setting where

firms strategically compete in an oligopoly market whereas Hommes and Zeppini (2014)

assume an infinite firm population with no individual market power. Secondly, the work

presented here relaxes the assumption of optimal quantity setting and investigates the

evolutionary competition between a new and an old technology acknowledging that firms

may also be boundedly rational in their production decisions, not only in their technology

choices. Our work is also related to Ding, Wang, and Jiang (2014) and Ding, Li, Jiang,

and Wang (2015), where firms learn how to invest based on realizations of profit margins

while, as in Hommes and Zeppini (2014), the market clears for Nash quantities every pe-

riod. In contrast, our model draws a clear line of separation between technological choices

and production decisions. This allows us to disentangle two different sources of instability

as well as to study their interaction.

This chapter is organized as follows. In Section 4.2 we begin by deriving some prelimi-

nary results for a market setup where firms choose production technology and are engaged

in static Cournot competition. We characterize the Nash equilibrium of the model and

show that, depending on model parameters — in particular, the cost of using the inno-

vative technology — we can either obtain an equilibrium with all firms employing the

same technology — innovative or standard — or a mixed equilibrium where fractions of

the firm population use different technologies. This is summed up in Proposition 4.1.

Casting our static model in a suite of dynamic settings we then move on to investigate

the stability properties of the market equilibrium when firms make boundedly rational

decisions, illustrating our results with numerical simulations. We consider three separate

cases: (i) technology distribution is exogenous and production is determined by Cournot

adjustment (i.e. best-response dynamics) — Section 4.3; (ii) output is always at the

Cournot-Nash equilibrium but firms switch technologies based on average profitability

— Section 4.4; (iii) output follows Cournot dynamics and technology is chosen based on

profitability — Section 4.5. For all three scenarios we establish necessary and sufficient

conditions for local stability of the steady state, in Propositions 4.2, 4.3 and 4.4. Finally,

2Where they speak of innovation versus imitation we contrast between an innovative strategy and a
standard strategy.
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in Proposition 4.5 of Section 4.6, we characterize an optimal innovation policy tailored on

the Nash equilibrium of the model. We numerically illustrate its effects on the equilibrium

outcome, contrasting them to its economic impact when the equilibrium it aims to adjust

is dynamically unstable.

4.2 An infinite population Cournot oligopoly game with

technological choice

Consider a firm population of unit size producing a homogeneous good. Firms play

a two stage sequential game. In the first stage, all firms simultaneously choose one of

two available production technologies. In the second stage firms produce a homogeneous

good. Before the second stage takes place, technology decisions become public knowledge

in an aggregate sense: firms know what the fractions of the firm population using each

technology are. After firms simultaneously decide on an output level, q, they are matched

with N −1 other firms randomly drawn from the population. Then, in groups of N , firms

jointly serve a group level demand function by supplying the output that they produced

before the match was realized. Because matching and market clearing are realized after

production decisions are made, firms do not know the exact technological composition of

their oligopoly competitors at the time they make production decisions. Instead, they

base their output decisions on their expectation of their group’s technologies. As we

consider only two technological alternatives, we only need to keep track of the share of

firms using one of the technologies. We denote by, z, the share of firms who produce with

the standard technology, s, while the remaining 1− z firms use the innovative technology

denoted by i.

The cost functions associated with the two technologies are given by

cs(q) =
1

2
dsq

2
,

for standard firms and

ci(q) = K +
1

2
diq

2

for innovative firms. We assume ds > di ≥ 0, with ds − di representing the marginal

cost advantage of innovative firms and K > 0 the fixed investment required for using the

innovative production technology. The amount K is payed before production and will be

treated throughout our analysis as a sunk cost.

Market competition is set-up to translate the classical Cournot oligopoly game to an

infinite and heterogeneous population. Each firm is randomly matched toN−1 other firms



EVOLUTIONARY COMPETITION WITH ENDOGENOUS TECHNOLOGY 79

in the population and their joint second-stage output clears a linear (inverse) demand:

P (QN) = 1−QN ,

where QN is the sum of quantities produced by the N firms that are matched together.

The game is solved by backward induction. We begin by determining the competitively

optimal output decisions in stage two for any given population shares. Then, by com-

paring the realized profits of the two technological strategies, we can establish the Nash

equilibrium in terms of both output and technology. Because the analysis will further dive

into model dynamics. it is convenient to restrict our attention to the quasi-symmetric

equilibrium, where all firms of one type produce the same output that we denote by

qj, j ∈ {s, i}.

Depending on the production technology used, the expected average profit of a firm

who knows the population shares of standard and innovating firms, z and 1− z, is com-

puted as the probability weighted sum, over all possible market compositions, of the

profits realized in each particular scenario, with k standard competitors and N − 1 − k

innovating competitors:

πs (z) =
N−1�

k=0

�
N − 1

k

�
z
k (1− z)N−1−k

�
1− qs − [kqs + (N − 1− k) qi]−

1

2
dsqs

�
qs

πi (z) =
N−1�

k=0

�
N − 1

k

�
z
k (1− z)N−1−k

�
1− qi − [kqs + (N − 1− k) qi]−

1

2
diqi

�
qi −K.

The only term in the above expression that depends on the summation index, k,

accounts for the possible output of competitors in each possible market composition,

[kqs + (N − 1− k) qi]. Simplifying accordingly we obtain:

πs (z) =

�
1− qs − Q̄N−1 (z)−

1

2
dsqs

�
qs

πi (z) =

�
1− qi − Q̄N−1 (z)−

1

2
diqi

�
qi −K,

(4.1)

where Q̄N−1 (z) =
�N−1

k=0

�
N − 1

k

�
zk (1− z)N−1−k [kqs + (N − 1− k) qi] denotes the

average competing output that a firm expects to face from the firms with which it will be

matched, given population shares z and 1− z. As we are assuming an infinite population,

this expectation will be the same for both a standard or innovating firm. We can compute:
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Q̄N−1 (z) =
N−1�

k=0

�
N − 1

k

�
z
k (1− z)N−1−k [kqs + (N − 1− k) qi]

= (N − 1) [zqs + (1− z) qi]

(4.2)

Plugging (4.2) into (4.1) and maximizing with respect to own quantities we obtain the

reaction functions:

qj (z) = Rj

�
Q̄N−1 (z)

�
= max

�
1− (N − 1) [zqs + (1− z) qi]

2 + dj
, 0

�
; j ∈ {i, s} . (4.3)

Solving for quantities and introducing the quantity Z = z
2+ds

+ 1−z
2+di

, we find manageable

expressions for the quasi-symmetric Cournot-Nash quantities as a function of Z:

q
N
s (Z) =

1

2 + ds

1

Z (N − 1) + 1
and q

N
i (Z) =

1

2 + di

1

Z (N − 1) + 1
. (4.4)

Notice that qNi (Z) = 2+ds
2+di

qNs (z) > qNs (z): innovators will always produce more than

standard firms.

Plugging Nash quantities back into (4.1) we obtain the expected average Cournot-Nash

profits:

πN
s (Z) = 1

2

�
1

Z(N−1)+1

�2
1

2+ds

πN
i (Z) = 1

2

�
1

Z(N−1)+1

�2
1

2+di
−K.

(4.5)

The choice of production technology in the first stage of the game will depend on the

relation between the profit functions given in equation (4.5). Proposition 4.1, proven in

Appendix 4.A, is based on a comparison of the two profit functions in (4.5) depending on

z and on model parameters. It allows identifying the quasi-symmetric Nash equilibria of

the game in terms of output qs and population-wide technology distribution, z. Because

there are only two available technologies and, according to equation (4.4), the quantities

produced by the two types of firms are linearly dependent, qNi (z) = 2+ds
2+di

qNs (z), the Nash

equilibrium of the two-stage game is fully characterized by a pair, (q∗s , z
∗), of standard

firm output and population share. While the model has four parameters, ds, di, N and

K, it is convenient to focus on the cost of innovation parameter, K. The results outlined

below will serve as a benchmark for the dynamic analysis of Sections 4.4 and 4.5.

Proposition 4.1. For all N ≥ 2, ds > di > 0, one the following three cases applies:

(a) (q∗s , z
∗) =

�
1

(1+ds+N) , 1
�
iff K > K1;
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(b) (q∗s , z
∗) =

��
2(2+di)K

(ds−di)(2+ds)
,

2+ds
ds−di

− (2+di)
(N−1)(ds−di)

��
(ds−di)(2+ds)

2(2+di)K
− (2 + ds)

��
iff K0 ≤

K ≤ K1;

(c) (q∗s , z
∗) =

�
1

(1+di+N) , 0
�
iff K < K0;

with K0 = (2+di)(ds−di)

2(2+ds)(N+1+di)
2 and K1 = (2+ds)(ds−di)

2(2+di)(N+1+ds)
2 > K0.

The results of Proposition 4.1 can be intuitively grasped by inspecting Figure 4.1.

The profits of innovative firms always slope steeper in z than they do for standard firms.3

Changing K results only in a vertical shift of the innovative firms’ profit curve. Therefore,

if the two profit curves intersect, they will do so for a unique value, z∗. For high innovation

costs, K > K1, standard firms always make higher profits and the Nash equilibrium has

all firms using the standard strategy. When innovation costs fall below K1, but are still

in the intermediate range between the two bounds, K0 and K1, there will be a unique

interior point of intersection, z∗, where the two strategies generate equal profits. Here,

any population shares with a smaller fraction of standard firms than z∗ cannot be a

Nash equilibrium since innovative firms will have an incentive to switch to the standard

technology (leading to an increase in z). Likewise, we cannot have a Nash equilibrium

with more than z∗ standard firms since in such a population a standard firm would want

to switch and become an innovator (resulting in a decrease in z). For K < K0 innovative

firms make strictly higher profits than standard firms, for any z, therefore all firms will

innovate in the Nash equilibrium.

From the expressions of z∗ and q∗s in Proposition 4.1 we can also immediately derive

the comparative statics of the equilibrium with respect to innovation costs: equilibrium

quantities (for both types of firms) are increasing in K and so is the equilibrium share

of standard firms, z∗. Also, the interior equilibrium fraction of standard firms, z∗, is a

strictly concave function of K.

At first glance, it may seem surprising that equilibrium output for both technological

strategies increases in K, particularly given that quantities are strategic substitutes in

Cournot oligopoly games. Inspecting the best-response functions for quantities, equation

(4.3), we notice that they are identical except for the denominator which tells us that

standard firms will react less aggressively to whatever the expected output by competitors

is. While own output is strategically decreasing in the expected output of the competitors,

it is not clear how competitors’ output would react to changes in innovation costs, K.

Intuitively, raising K would lead to a drop in the share of innovators, who always produce

3Because Z = −z ds−di
(2+ds)(2+di)

+ 1
2+di

appears only in the denominator of (4.5) and is decreasing in z,

both profits will be increasing in z. Furthermore, the slope of πN

i
(z) is always 2+ds

2+di
times that of πN

s
(z).
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Fig. 4.1. Second-stage Nash profits as a function of z for ds = 1.5, di = 0.5, N = 4 and
different levels of K. The (first-stage) equilibrium share of standard firms is found at

the intersection between πs (z) and πi (z).

more than standard firms. This, in turn, would leave a gap in the supply. This gap leaves

room for extra production to both the (now fewer) innovators and the standard firms,

therefore, firm output increases for both types when fixed innovation costs, K, increase.

The effect of innovation costs on equilibrium firm output is best explained when we

inspect the effect of K on total output at equilibrium, Q̄∗
N which, regarding K, behaves

exactly like the output by a firm’s competitors at equilibrium, since Q̄∗
N = N

N−1Q̄
∗
N−1. As

both z∗ and q∗s are increasing in K, the effect of fixed innovation costs on the average

industry quantity produced in equilibrium is a priori ambiguous: higher K means higher

production by the standard firms but also less innovative firms who, at any given parame-

ter combination, produce more than the standard ones. According to Corollary 1 it is the

latter effect that is stronger overall. Therefore, even if both types of firms would produce

more when the share of innovators drops as a consequence of the innovative strategy being

more expensive, overall, the population mix effect is stronger, leading to lower average

total industry output when innovation costs are higher.

Corollary 1. In a mixed population equilibrium, average total industry output is given

by:

Q̄
∗
N =

N

N − 1
[1− (2 + ds) q

∗
s ]

and decreases in K. Average total industry profits are:
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TIP = N
2 + di

ds − di
K.

Remarkably, once first-stage decisions on technology are internalized, the equilibrium

quantity produced by an individual firm — no matter its technology — will not depend on

the number of oligopoly firms, N , nor will its average equilibrium profit. The equilibrium

share of standard firms, z∗, is however increasing in N .4 This means that an increase in

the intensity of competition will lead, in our model, to less innovation, a result which has

a Schumpeter mark II flavor5, with more intensive competition having a stifling effect on

innovation. Indeed, given z, second stage profits are decreasing in N , see equation (4.5).

As N increases, the part of the profit function that does not depend on fixed innovation

costs decreases for both types of firms, but this decrease will be 2+ds
2+di

times stronger for

innovative firms. In other words, moving from N to N+1 firms will lead to a flattening of

the second stage profit curves given in (4.5), but the flattening will be more pronounced

for πN
i (z) than for πN

s (z). This means that the profit functions will cross — if at all —

for a higher z as shown in Figure 4.2. So, in the first stage, more firms will choose the

standard technology when the number of oligopoly firms increases.

The comparative statics of the equilibrium share of standard firms with regard to

marginal production costs are not always monotonic. We can show that the share of

standard firms is always decreasing in ds, as expected, but its relation to di depends on

the relation between parameters ds, di and N . Specifically z∗ will be always increasing in

di when the standard technology is not excessively more inefficient than the innovative

technology, or, if the efficiency gap between the two technologies is high, when the number

of oligopoly firms, N , is not too large; see also Appendix 4.E for details.

To illustrate our results in such a way that allows comparisons between different model

versions we will use one leading numerical example throughout the chapter. Occasionally,

we will examine the robustness of the insights offered by this numerical example by making

variations of some key parameters.

4It is clear from Proposition (4.1)(b) that z∗ depends on N only through the denominator of the
fraction multiplying the expression in square brackets, E = (2 + ds) − 1

q∗s
. Even though this expression

does not depend itself on N , we cannot immediately determine its sign. However, we notice that, through
q∗
s
, it is monotonic in K. More precisely, as long as there is a z∗ ∈ ]0, 1[ we have 2 + ds − 1

q∗s (K
0) < E <

2 + ds − 1
q∗s (K

1) which simplifies to 2+ds
2+di

(1−N) < E < 1 − N , meaning that E is always negative.

Therefore z∗ is increasing in N . Notice also that E = (2 + ds)− 1
q∗s

= − 1−(2+ds)q
∗
s

q∗s
= − Q̄

∗
N−1

q∗s
.

5Schumpeter’s first conjecture, Schumpeter (1934), is that higher intensity of market competition
between firms spurs innovation. This conjecture has been labeled mark I. He later stated, in Schumpeter
(1942), in what is also called Schumpter’s mark II conjecture, that less acute competition gives firms the
slack they need in order to divert resources to innovation.
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Fig. 4.2. The effects of increasing N on the equilibrium share of standard firms.
K = 0.012, ds = 1.5, di = 0.5.

Leading numerical example: N = 4, ds =
3
2 and di =

1
2 . From Proposition 4.1:

z
∗ =

77

12
− 1

3

�
35

8K
,

with K0 = 10
847 ≈ 0.0118 and K1 = 14

845 ≈ 0.0166.

Proposition 4.1 gives a characterization of the full range of equilibria that our model

can have in a static setting, with cases (a) and (c) corresponding to Nash equilibria

with only one type of firm, standard or innovative, respectively. Case (b) corresponds to

parameter combinations where both types of firms are present in equilibrium. Figure 4.3

provides a graphical illustration of these results for a particular choice for the number of

firms N = 4. In accordance with the expressions for K0 and K1, provided by Proposition

4.1, when N increases we observe only a downward shift of the subset of the (ds, di, K)

parameter space where the mixed equilibrium exists, while its shape remains qualitatively

the same.

Having characterized the Nash equilibrium of the static game, we turn our attention

to the dynamic features of the model, analyzing what happens when firms repeatedly take

decisions on which technology to use and/or on what quantity to produce. These decisions

can be either fully rational or adaptive. In the next section, we first consider a version of

the model where technology is exogenous (i.e. z is fixed) thus quantities produced are the

only source of economic dynamics - forming naive expectations of the quantity supplied

by competitors, each firm maximizes profits with respect to the quantity they produce.

Next, in Section 4.4, we endogenize technological choice, but constrain the production
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Fig. 4.3. Type of Nash equilibria in (di, ds, K) space for N = 4 in (a) and (b), N = 3 in
(c), N = 5 in (d)
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behavior of the firms to supplying the Nash equilibrium quantities corresponding to the

current shares of standard and innovative firms. In Section 4.5 we will investigate the

dynamic system where quantity follows the best-response dynamics and firms can also

switch between production technologies. At the end, we will introduce innovation policy

and investigate its welfare effects.

4.3 Non-evolutionary best-response quantity dynamics

In this section we assume that the population shares are fixed and known to the

firms before they make their production decisions. Quantity decisions follow a Cournot

adjustment process where, before producing for period t, firms make a naive forecast,

Q̄N−1,t, of how much their competitors will produce. The forecast will be based on known

population shares, z and 1−z, and past production behavior qs,t−1 and qi,t−1, Given these

expectations, each firm will produce a profit maximizing quantity, qj,t, j ∈ {s, i} that is

derived as the best response functions in (4.3), adapted here for a dynamic setting:

qj,t = Rj

�
Q̄N−1,t (z)

�
= max

�
1− (N − 1) [zqs,t−1 + [1− z] qi,t−1]

2 + dj
, 0

�
; j ∈ {i, s}

Notice that again qi,t = qs,t
2+ds
2+di

— the relation we found in our static analysis between

Nash quantities holds in this dynamic set-up as well. Thus, the dynamic model can

be entirely characterized by a one-dimensional map. Specifically, the quantity dynamics

expressed in qs become:

qs,t = Rs

�
Q̄N−1,t (z)

�

= max





1− (N − 1)

�
z + (1− z) 2+ds

2+di

�
qs,t−1

2 + ds
, 0






= max

�
1

2 + ds
− (N − 1)

�
z

2 + ds
+

1− z

2 + di

�
qs,t−1, 0

�
(4.6)

So, for any fixed level of z ∈ [0, 1], solving for the steady state quantity q∗s gives:

q̄
∗
s =

1

2 + ds

1�
z

2+ds
+ 1−z

2+di

�
(N − 1) + 1

and q̄
∗
i =

1

2 + di

1�
z

2+ds
+ 1−z

2+di

�
(N − 1) + 1

,

(4.7)

the same values as the Cournot-Nash quantities derived in (4.4). Proposition 2, which

goes without proof, describes the stability properties of this equilibrium.
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Proposition 4.2. The steady state of the dynamic system in (4.6) is the Cournot-Nash

equilibrium of the static game and it is globally stable if and only if:

N < �N (z) = 1 +
(2 + di)(2 + ds)

2 + (1− z)ds + zdi
(4.8)

otherwise the dynamics converge to a two cycle.

Given that the map in (4.6) is linear, the price and quantity time-series generated

by this model will either converge to the Nash Equilibrium or diverge and hit the non-

negativity constraint on production settling into a two cycle oscillating between 0 and
1

2+ds
. In a subspace of the parameter space defined by (N − 1)

�
z

2+ds
+ 1−z

2+di

�
= 1, there

will be a bounded two-cycle with quantities oscillating between any initial value q0 and
1

2+ds
− q0.

Proposition 4.2 also provides insight into the effects of model parameters on the sta-

bility of the system. It implies that increases in marginal costs, ds and di, will have a

stabilizing effect on market dynamics whereas an increase in the share of firms that use

the innovative technology will (weakly) reduce the stability of the system. The proposi-

tion also generalizes the Theocharis result: for ds = di = 0, we will only have stability for

N − 1 < 2 or N = 2.

Clearly, when ds and di are sufficiently high, the equilibrium is stable regardless of z.

Likewise, for sufficiently high N and low enough ds and di the equilibrium will always

be unstable for all z. In between these two extremes, there exists an interesting section

of the parameter space where the equilibrium is stable for large z (few innovators) and

unstable for low z (many innovators).

One such parameter region van be obtained by setting ds and di such that the equi-

librium is stable for z = 1 and unstable for z = 0. This requires �N(1) = 3 + ds > N >

3 + di = �N(0) which is also the case in our leading numerical example. Obviously, if
�N(0) < N < �N(1) there exists a �z ∈ ]0, 1[ such that the fixed point q̄∗s is unstable for

z ∈ [0, �z[ and stable for z ∈ ]�z, 1]. In fact,

ẑ =
(2 + ds) (N − 3− di)

(ds − di) (N − 1)
∈ ]0, 1[ . (4.9)

4.4 Evolutionary dynamics with Nash players

In this section, we assume that agents always play the Nash equilibrium strategy in

terms of the quantity they supply, but switch production technologies based on their past

performance. The adjustment of the share of firms employing a given technology will be

governed by a replicator equation and provides the only source of dynamic behavior for
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the model analyzed in this section. We first describe the model set-up in general terms

and then analyze two alternative specifications for the replicator equation: a sluggish

replicator where only a fraction of firms can change strategy in each period and a noisy

replicator dynamics where all firms switch at once except for a share of firms that randomly

and equiprobably mutate to one of the two technological strategies.

4.4.1 General set-up

To be more precise on the structure of the problem faced by firms and the timing of

decision-making, in time period t, the following steps happen in order:

1. Firms pay any fixed costs associated to their newly chosen production technology

(i.e. innovators pay K).

2. Firms find out the current population shares, they know zt.

3. Firms produce the Nash equilibrium quantities corresponding to the current popu-

lation shares, qNs (zt) and qNi (zt). Firms are randomly matched in groups of N . The

market clears and average profits πN
s (zt) and πN

i (zt) are realized.

4. (A fraction of the) firms update technological strategy: each firm randomly samples

another firm from the firm population, if the selected firm obtained a higher profit,

the updating firm imitates its R&D strategy with probability that increases with

the profit difference. This determines the population shares in the next period, zt+1.

A strategy revision protocol like the one described in the fourth step of the setup above

can be approximated by an aggregate replicator equation describing how, for every cur-

rent population state, zt, average realized profits πN
s (zt) and πN

i (zt) will determine the

population state in next period, zt+1, see Schlag (1998); Lahkar and Sandholm (2008);

Hofbauer and Sandholm (2009). Because we will explore two variants of the replicator

equation, at this phase, we generically refer to it by G
�
πN
s (zt) , πN

i (zt) , zt
�
.

Formally, the dynamic system defined above is a one-dimensional map and is fully

described by the following equations:

π
N
s (zt) =

1

2

�
1

Zt (N − 1) + 1

�2 1

2 + ds

π
N
i (zt) =

1

2

�
1

Zt (N − 1) + 1

�2 1

2 + di
−K

zt+1 = G
�
π
N
s (zt) , π

N
i (zt) , zt

�
,

(4.10)

where Zt =
zt

2+ds
+ 1−zt

2+di
.
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Each firm knows the current fraction of standard firms, zt, and sets the Nash equilib-

rium quantities corresponding to the current population shares and its own technology,

expecting all competitors to do likewise. In this sense, firms have rational expectations

because their expectation of competitors’ quantities is based on the actual population

shares and the realized Nash quantities. An alternative interpretation would be that the

quantity and technology adjustment processes take place on different time scales with

technology being updated less often while quantities have sufficient time to converge to

the Nash equilibrium between subsequent technology decisions.

In the standard replicator dynamics specification the updated strategy shares depend

linearly upon payoffs normalized by average population fitness. An alternative specifi-

cation is the Adjusted Logit Dynamics analyzed in Dindo and Tuinstra (2011). While

maintaining the same desirable behavioral properties, it has the advantage of generating

smoother dynamics and working equally well when payoffs are negative — as may well be

the case in our model, when outside of equilibrium. Applied to our model with only two

alternative strategies, the Adjusted Logit replicator dynamics are given by:

G
�
π
N
s (zt) , π

N
i (zt) , zt

�
=

zt exp
�
θπN

s (zt)
�

zt exp (θπN
s (zt)) + (1− zt) exp (θπN

i (zt))
. (4.11)

In the following subsections we explore the dynamic properties of the one-dimensional

model described at the beginning of this section when the evolution of population shares

is driven by one of two possible extensions of the above replicator equation.

4.4.2 Dynamic features with the sluggish replicator equation

We now consider a particular form of the dynamic system in (4.10) with a sluggish

replicator equation, meaning that only a share 1− δ of the firm population updates their

production technology:

zt+1 = Gδ(zt)

= δzt + (1− δ)
zt exp

�
θπN

s (zt)
�

zt exp (θπN
s (zt)) + (1− zt) exp (θπN

i (zt))
.

(4.12)

This specification boils down to the Adjusted Logit Replicator dynamics for δ = 0.

In the analysis that follows, it will be handy to denote the difference between the

average profits realized by the two types of firms setting Nash quantities by:

ψ(z) = π
N
s (z)− π

N
i (z) = K − (2 + di)(ds − di)(2 + ds)

2 [(2 + ds)(1 + di +N)− (ds − di)(N − 1)z] 2
. (4.13)
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Proposition 4.3 describes the dynamic properties of the evolutionary model where

firms set Nash equilibrium quantities and update their production technology based on

past performance. In conjunction with Proposition 4.1, it allows us to identify the steady

state and make a global analysis of its stability.

Proposition 4.3. The Nash equilibria given in Proposition 4.1 are steady states of the

dynamic system defined by equations (4.10) and (4.12). The stability of each steady state

is governed by the intensity of choice parameter, θ, and the cost of innovation, K in the

following way:

(a) ∀θ, ∀K > 0, z1 = 1, is a steady state. Steady state z1 is globally stable for K ≥ K1

and unstable for K < K1;

(b) For K0 < K < K1, z∗ ∈ ]0, 1[ is a steady state. Steady state z∗ is globally stable for

θ < �θ and unstable for θ > �θ, where:

�θ = − 2

(1− z∗)z∗ψ�(z∗)(1− δ)
.

(c) ∀θ, ∀K > 0, z0 = 0, is a steady state. Steady state z0 is globally stable for K ≤ K0

and unstable for K > K0;

Notice that the instability threshold, �θ, for the interior equilibrium, z∗, as defined in

Proposition 4.3, depends on z∗ and therefore also depends on the value of K whenever

K0 < K < K1. While z0 = 0 and z1 = 1 are always steady states of the system, they

are (globally) stable if and only if they are also Nash equilibria of the static game, see

Proposition 4.1.

Interestingly, the stability properties of the Nash equilibrium change smoothly as we

increase K, while its nature qualitatively shifts from a homogeneous to a mixed and then

again to a homogenous population equilibrium. Figure 4.4 illustrates the nonlinear rela-

tion between on the one hand, the instability threshold �θ and the fixed cost of innovation

on the other. When K ∈ ]K0, K1[ approaches either of the interval boundaries, �θ tends to

infinity. This feature is a direct result of the updating mechanism described by the replica-

tor equation in (4.11).6 When only few firms of either type are present in the equilibrium

population, the probability that, following a perturbation, a firm of the predominant type

will encounter a more profitable firm of the scarce type to imitate its strategy is smaller

6If, for instance, we would have used the standard logit updating equation which is based on best-
response behavior rather than imitation of better performing strategies and, as a consequence, the expo-
nentiated payoffs are not weighted by population shares, then we would not have had the same result of
increased stability of the mixed equilibrium close to the boundaries.
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Fig. 4.4. Instability threshold �θ as a function of K for N = 4, ds =
3
2 , di =

1
2

compared to a situation when strategies are evenly distributed at equilibrium. This means

that, around an equilibrium that is closer to the boundary, there will be comparatively

less switching of strategies and therefore smoother readjustment towards the equilibrium

following a shock. The bifurcation diagrams in Figure 4.8 confirm that the interior steady

state, z∗, tends to be more stable when K is close to K0 or K1 and unstable for values of

K located towards the center of the interval.

Notice also that the instability threshold, �θ, is increasing in δ. Quite intuitively, the

smaller the share of firms, 1 − δ, that update their strategy, the less likely will be the

emergence of overshooting behavior. Therefore, we find the standard Adjusted Logit

replicator dynamics to be more unstable than its sluggish extension.

Numerical analysis7 confirms the analytical results above showing the market can be

destabilized by overshooting in technology adjustment, for high θ. Although all market

variables — quantity, profits and strategy shares — alternate above and below the steady

7With the exception of the numerical analysis in Section 4.6 and the bifurcation diagrams with ran-
domized initial conditions in Figures 4.18 and 4.22, all numerical simulation results presented in this
chapter were powered by E&F Chaos, the user-friendly software for nonlinear dynamic analysis devel-
oped at CeNDEF, University of Amsterdam. For a didactic presentation of its capabilities see Diks,
Hommes, Panchenko, and van der Weide (2008).
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state, they never manage to converge to it. Inspecting the time-series plotted in Figure

4.5 we see that the economic mechanics of this result is fairly simple. When zt is below

its steady state value, as is the case in period 1000, both types of firms will underproduce

compared to the mixed equilibrium output. This happens because quantities are strategic

substitutes in Cournot games and expected average competing output is decreasing in z.

Therefore, firms will expect competitors to produce more than Q̄∗
N−1 when zt < z∗ and

react accordingly by producing too little. This means that second-stage Nash profits

in (4.10) will be below the steady state value for both types of firms, but more so for

innovators who will not be able to compensate their fixed innovation costs by selling

a sufficiently large output: as shown in Section 4.2, we will have πN
s (zt) > πN

i (zt).

This determines a switch towards the standard strategy, but because the intensity of

choice is too high, the steady state z∗ is overshot and now the opposite is true, with

πN
s (zt) < πN

i (zt) determining another overzealous switch towards innovation.

Interestingly, when starting close to the steady state, at first, successive fluctuations

increase in amplitude. This is to be expected, since the further away we are from the

steady state, the higher the profit difference, see also Figure 4.1. However, once zt moves

sufficiently far below the steady state, fluctuations will be dampened and population

shares will return close to the steady state although still slightly overshooting z∗. From

there the scenario repeats.

The economic interpretation of this observation requires close inspection of the dy-

namic map in Figure 4.6 and relies on the micro-level behavioral foundations of the strat-

egy share updating equation described in Dindo and Tuinstra (2011). The details of the

overshooting behavior and the return close to equilibrium are also related to the asymmet-

ric tent-like shape of the map with a flat-sloping increasing linear component given by δzt

and the sharply locally decreasing nonlinear component, (1−δ)
zt exp(θπN

s (zt))
zt exp(θπN

s (zt))+(1−zt) exp(θπN
i (zt))

.

For very small but positive z the map abruptly grows from 0 to 0.75. Because θ is

very high and standard profits are smaller than innovator profits, practically all firms

would switch to the standard strategy except for the δ = 0.25 proportion of firms who,

by assumption, cannot update strategy. By the same logic, as z increases, the map also

increases almost linearly with a slope of δ. When we get close to the fixed point, the profit

difference becomes small enough to compensate for the high θ and strategy switching will

no longer occur for all firms that are free to update. This is where we finally notice that

the map begins to curve downwards and cross the diagonal at z∗. At the micro-level of our

updating mechanism this means that innovating firms are decreasingly likely to copy the

technology of a standard firm, whenever they compare profits with such a firm, because

standard profits are not much higher than their own. At the point where the map crosses



EVOLUTIONARY COMPETITION WITH ENDOGENOUS TECHNOLOGY 93

Fig. 4.5. Evolutionary strategy switching by sluggish Adjusted Logit replicator dynamics
and Nash quantity setting: chaotic time series after a relaxation time of 1000 periods for
the share of standard firms, zt, standard firm output, qs,t, and profits of standard and
innovating firms, πs,t and πi,t. Parameters are based on the leading numerical example,

with K = 0.016 with N = 4, ds =
3
2 , di =

1
2 , θ = 10, 000, and δ = 0.25.
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Fig. 4.6. The 1-dimensional dynamic map of the system with technology switching and
Nash quantity-setting. Model parameters: K = 0.016 with N = 4, ds =

3
2 , di =

1
2 ,

θ = 10, 000, and δ = 0.25

the diagonal, firms can find no other firm with higher profit so they all keep their current

technology. After this crossing happens, the map will abruptly head downwards because

the profit differential increases faster as we move rightward from the mixed steady state

than it does when we move leftward from the mixed steady state, see also Figure 4.1.

This is what makes for more ample downward than upward overshooting in Figure 4.5.

Eventually, as we approach z = 1 innovators will become increasingly harder to find and

imitate, because there are simply less of them in the population, so, when z is very high,

most standard firms will simply compare profits with another standard firm and conclude

that they are doing well enough.

The shape of the map, in particular the softly increasing linear part followed by an

abruptly decreasing nonlinear segment also explains why large downward fluctuations are

followed by returns of the population shares close to equilibrium. The entire flat part of

the map slopes around the steady state equilibrium and, whenever overshooting brings

population shares sufficiently far below the equilibrium, it ‘catches’ the dynamics and

directs population shares back close to equilibrium. It is important to mention that the

return close to equilibrium is not so precise for all parameter combinations associated to

instability, but it does appear to be a common feature of those parameter combinations

that support chaotic fluctuations.

Figure 4.7 numerically complements the analytical results displayed in Figure 4.4. In



EVOLUTIONARY COMPETITION WITH ENDOGENOUS TECHNOLOGY 95

terms of sheer stability, innovation cost, K, seems to matter only to the extent that it

controls how close the mixed equilibrium is to the bordersK0 andK1. However, regarding

the complexity of the dynamics, the effects of K are less symmetrical with respect to K0

and K1. There is still some symmetry with regard to the intermediate range where the

mixed equilibrium is most unstable while the dynamics are least complex, forming only a

two-cycle, but the higher cost region is visibly more supportive of complicated dynamics

than the lower cost one.

Comparing results for different choices of the sluggishness parameter, δ, also outlines

a remarkable difference between the model dynamics with the standard Adjusted Logit

compared to the sluggish replicator equations. Figures 4.7 and 4.8 show how only a small

amount of sluggishness is enough to tame the system into a less complicated pattern.

According to the results depicted in Figure 4.9 the small pocket of unruly dynamics

generated by the Adjusted Logit replicator equation disappears for δ > 0.05. As we

further increase δ, we can have, for sufficiently high θ, qualitatively different types of

dynamics. This is illustrated by Figures 4.8, 4.7 and especially 4.9. For low levels of δ, an

over-shooting two-cycle exists for a considerable range of values of K ∈ ]K0, K1[ provided

the intensity of choice, θ, is sufficiently high. As δ increases, cycles of higher order as

well as chaotic dynamics — as displayed in Figure 4.5 — become possible while, at the

same time, the range of the fluctuations becomes smaller.8 As δ approaches 1, stability

is eventually restored. This parallels the result of Diks et al. (2013) where introducing

memory in the fitness function used for strategy updating in an evolutionary model of

innovation and imitation quantitatively reduced system instability (lower amplitude of

fluctuations) while also increasing it in a qualitative sense (creating a bifurcation route

to chaos). Although our model differs in the exact specification of fitness and of the

evolutionary dynamics9, increasing δ in our model has very similar effects on the shape

of the dynamic map as increasing the weight of past profits has on the one-dimensional

map analyzed by Diks et al. (2013, p. 812): it simply shifts weight towards the linear

increasing component of a map that, as in their paper, is “a convex combination of a

linear increasing and a non-linear decreasing map”, see also Figure 4.12 for a graphical

8Inspection of Figure 4.9 shows a fairly large parameter range where the system converges to a stable
three-cycle, for sufficiently high θ. According to Li and Yorke (1975) this is sufficient grounds to infer
that our one-dimensional system exhibits chaotic fluctuations.

9Here, a fraction δ of the population does not update its strategy whereas in their model the fitness
function which evaluates the performance of a strategy is a weighted average of past profits. Translated
to our notation, the evolutionary dynamics used by Diks et al. (2013) would read:

zt+1 =
exp (θUs,t)

exp (θUs(zt)) + exp (θUi(zt))

with Uj,t = ωUj,t−1 + (1− ω)πN

j
(zt).
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Fig. 4.7. Evolutionary strategy switching by sluggish Adjusted Logit replicator
dynamics and Nash quantity setting: bifurcation diagram in (θ, K) space for N = 4,

ds =
3
2 , di =

1
2 , z0 = 0.5 and (a) δ = 0 (b) δ = 0.01; (c) δ = 0.1; (d) δ = 0.5.

representation of the map for various parameter combinations.

In examining Figure 4.7(a) one may be surprised to notice the upper right portion

of the parameter space where the system seems to converge to a stable steady state

according to our numerical results. This may appear even more surprising if we take

into account that this apparent convergence tends to happen for higher intensities of

choice, when θ is above 10000. However, on closer inspection, we find that the system

does not actually converge to the mixed Nash equilibrium steady state there, but instead

it becomes “stuck” in the steady state with standard firms only, z = 1. As argued above,

this state cannot be a stable steady state of the system as long as it is not the Nash

equilibrium. What we actually observe in Figure 4.7(a) is a numerical error that the
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Fig. 4.8. Evolutionary strategy switching by sluggish Adjusted Logit replicator
dynamics with Nash quantity setting: bifurcation diagrams for the share of standard
firms, zt, over parameter K, for N = 4, ds =

3
2 , di =

1
2 , θ = 10, 000, for various levels of

sluggishness (a)δ = 0 (b)δ = 0.01; (c) δ = 0.1; (d) δ = 0.5; (e) δ = 0.75; (f) δ = 0.9.

Fig. 4.9. Evolutionary strategy switching by sluggish Adjusted Logit replicator
dynamics and Nash quantity setting: bifurcation diagram in (δ, θ) space for, N = 4,

ds =
3
2 , di =

1
2 , z0 = 0.5 and K = 0.016.
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standard Adjusted Logit replicator dynamics are susceptible to. When, as far as machine

precision can distinguish, zt becomes equal to 1 the replicator equation in (4.11) becomes

a trivial equality and the system can no longer change its state. It is useful to note that

while the sluggish extension to the replicator equation in (4.14) also becomes a trivial

equality for zt = 1, the fact that a portion of the firms, δ, does not update their strategy,

is enough to keep the system far enough from the border so that it does not become stuck

in the same way.

4.4.3 Dynamic features with the noisy replicator equation

An alternative to the sluggish replicator dynamics analyzed in the previous subsection

is the following specification:

Gρ

�
π
N
s (zt) , π

N
i (zt) , zt

�
= ρ+ (1− 2ρ)

zt exp (θπ∗
s(zt))

zt exp (θπ∗
s(zt)) + (1− zt) exp (θπ∗

i (zt))
(4.14)

This specification also reduces to the Adjusted Logit replicator equation when we set

ρ = 0.

Here the whole population can change strategy in every period, however only a share

1−2ρ does so according to the profitability of each strategy. The remaining 2ρ firms take

up a strategy at random, which results in the fact that there will be at least ρ firms in

every period employing each strategy. This means that zi = ρ and zs = 1− ρ are the two

extreme values that zt can take, but they can only be asymptotically approached for very

high intensity of choice when one of the pure strategies is dominant, that is when θ → ∞.

For π∗
s (z) > π∗

i (z) , ∀z (i.e. K < K0) we have z → ρ and conversely for K > K1 we will

have z → 1− ρ.

Computing the fixed points of the map can no longer be done analytically, since it

would involve solving for z in:

z = ρ+ (1− 2ρ)
z exp (θπ∗

s(z))

z exp (θπ∗
s(z)) + (1− z) exp (θπ∗

i (z))
.

Notice also, that the interior equilibrium point where both types of firm make the same

profits for K0 < K < K1, z∗, as defined in Proposition 4.1 is no longer a steady state of

the dynamic system. This is obvious when either z∗ < ρ or z∗ > 1−ρ. For ρ < z∗ < 1−ρ,

whenever zt = z∗ the map in (4.14) boils down to:

zt+1 = z
∗ + ρ(1− 2z∗)

meaning that only when z∗ = 1
2 will the dynamic map also be at a steady state. Otherwise,
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the steady state will be above z∗ when z∗ <
1
2 and below z∗ when z∗ >

1
2 . Exactly how

far z∗ is from the steady state of the noisy replicator dynamics will also depend on the

size of the noise parameter ρ.

In this sense, the noisy Adjusted Logit replicator equation relates to the Quantal

Response Equilibrium of McKelvey and Palfrey (1993). In both cases, the fixed point is

shifted from the mixed Nash equilibrium towards 1
2 . Moreover, the extreme case where

all firms mutate, ρ = 1
2 , leads to the same outcome of random choice between the two

strategies as setting the rationality parameter of McKelvey and Palfrey’s specification, λ,

to zero.

In Figures 4.10 and 4.11, we can see bifurcation diagrams of the system with noisy

replicator dynamics. A two-cycle typically occurs for large enough θ and, when noise is

very small, we can also observe higher order cycles and chaotic fluctuations10, however

increasing ρ greatly reduces the complexity of the dynamics generated by the system at

any intensity of choice, see Figure 4.11b, and it reduce the range ofK for which the interior

fixed point is unstable. Comparing Figure 4.11 to Figure 4.7, it is also interesting to notice

also that more complicated dynamics and higher order cycles do not predominantly occur

for high intensity of choice as was the case for the sluggish replicator dynamics.

Even though the maps of the two evolutionary processes, the noisy replicator and the

sluggish replicator equations, bear a striking analytical and graphical resemblance, see

Figure 4.12, the dynamics generated by them are visibly different. Most importantly,

while decreasing the amplitude of fluctuations, raising the parameter ρ does not increase

the complexity of the dynamics as an increase in δ does for the sluggish replicator. This

is because increasing δ also affects the slope of the exterior segments of the map, located

before the first inflection point and after the third inflection point. Contrarily, increasing

ρ leaves these segments parallel to the horizontal axis and increases their length, making

it more likely for the dynamics to eventually converge to the stable two-cycle they enforce.

In both cases, increasing δ and ρ seems to reduce the absolute value of the slope of the

map at the intersection with the diagonal — making the mixed steady state more stable

— but this effect is stronger for the noisy replicator map than for the sluggish replicator

one.

4.5 Evolutionary dynamics with best reply quantities

In this subsection, we assume that agents play the best response to the quantity they

expect their competitors will supply and switch production technologies based on their

10This is most likely a legacy of the standard Adjusted Logit replicator equation, see also Figure 4.8(a).
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Fig. 4.10. Evolutionary strategy switching by noisy Adjusted Logit replicator dynamics
and Nash quantity setting: bifurcation diagrams over parameter K, for N = 4, ds =

3
2 ,

di =
1
2 , θ = 5, 000, for various levels of noise (a) ρ = 0.005; (b) ρ = 0.01; (c) ρ = 0.1; (d)

ρ = 0.25. The variable represented is zt after T = 1000 iterations.

Fig. 4.11. Evolutionary strategy switching by noisy Adjusted Logit replicator dynamics
and Nash quantity setting: bifurcation diagram in (θ, K) space for N = 4, ds =

3
2 ,

di =
1
2 , z0 = 0.5 and (a) ρ = 0.01, (b) ρ = 0.1.
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Fig. 4.12. Evolutionary strategy switching with Nash quantities: comparing the
replicator maps for N = 4, ds =

3
2 , di =

1
2 and different combinations of parameters K,

θ, δ and ρ. Noisy and sluggish replicator equations in black and gray respectively.

past performance. Firm behavior, in time period t, can be broken down into four steps

that take place in the following order:

1. Firms pay any fixed costs associated with their newly chosen production technology

(i.e. innovators pay K).

2. Firms find out the average output in the previous period:

Q̄N,t−1 = N (zt−1qs,t−1 + (1− zt−1) qi,t−1)

and, based on it, they construct their myopic expectations of how much their com-

petitors will produce in t, Q̄e
N−1,t =

N−1
N Q̄N,t−1.

3. Firms produce the best response quantity qs,t = Rs

�
Q̄e

N−1,t

�
and qi,t = Ri

�
Q̄e

N−1,t

�
.

They are randomly matched in groups of N . Market clearing for each group leads

to the realization of firm profits in time period t.

4. (A fraction of the) firms update their technological strategy: each firm randomly

samples another from the firm population, if the selected firm obtained a higher

profit, the updating firm imitates its R&D strategy with probability proportional

to the profit difference.

Notice that, compared to the event sequencing in Section 4.4, step 2 differs with

respect to what information is known by the players. In the model with Nash quantities
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firms know current period population shares, zt, and produce the corresponding “second-

stage” Nash equilibrium quantities. In this section, firms only know the output in the

past period, t− 1, which incorporates information on past population shares, zt−1 instead

of current population shares zt. The firms of this section do not know how to compute

Nash equilibrium output. Moreover, even if they knew how to compute Nash output as a

‘formula’, they would not have all the information needed for the computation.

The best reply quantity dynamics are given by:

qj,t = Rj

�
Q̄

e
N−1,t (zt−1, qs,t−1)

�

= max

�
1− (N − 1) [zt−1qs,t−1 + (1− zt−1) qi,t−1]

2 + dj
, 0

�
; j ∈ {i, s}

As in the previous sections, the above equation implies that qi,t = qs,t
2+ds
2+di

, and again,

we have qi,t > qs,t; innovators always produce more than standard firms. The dynamics

can therefore be modeled by a two-dimensional map specifying best-response quantity

dynamics and evolutionary dynamics for the population shares.

In explicit terms, the dynamical system under investigation is given by:






qs,t = Rs

�
Q̄

e
N−1,t (zt−1, qs,t−1)

�
= max

�
1

2 + ds
− (N − 1)

�
zt−1

2 + ds
+

1− zt−1

2 + di

�
qs,t−1, 0

�

zt = G (πs,t−1, πi,t−1; zt−1)
(4.15)

where

πs,t−1 (zt−1, qs,t−1) =

�
1− qs,t−1 − (N − 1)

�
zt−1 + (1− zt−1)

2 + ds

2 + di

�
qs,t−1 −

1

2
dsqs,t−1

�
qs,t−1

(4.16)

and

πi,t−1 (zt−1, qs,t−1) =

�
1− qi,t−1 − (N − 1)

�
zt−1 + (1− zt−1)

2 + ds

2 + di

�
qs,t−1 −

1

2
diqi,t−1

�
qi,t−1−K

(4.17)

are firm profits realized in t−1 and G (πs,t−1, πi,t−1; zt−1) generically specifies how current

population shares depend on past profits.

As we did in the previous section, it is convenient to denote the profit differential of

the two strategies by:
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Ψ (z, q) = πs (z, q)− πi (z, q) . (4.18)

Notice that, in contrast to ψ (z) from (4.13), Ψ (z, q) is now a function of the two key

dynamic variables in our model.

4.5.1 Dynamics with sluggish replicator equation

We first investigate the steady states of (4.15) and their stability when:

Gδ (πs,t, πi,t, zt) = δzt + (1− δ)
zt exp (θπs,t)

zt exp (θπs,t) + (1− zt) exp (θπi,t)
. (4.19)

As in the previous section, see Proposition 4.3, the population structures with ho-

mogenous technology, z0 and z1 - with corresponding values for qs are steady states of the

two-dimensional system as well. Therefore for all K0 < K < K1 we have three steady

states:

(zSS, qSS) ∈
��

0,
2 + di

(2 + ds) (1 + di +N)

�
,

�
1,

1

(1 + ds +N)

�
, {z∗, q∗}

�
,

where z∗ is defined by Proposition 4.1. When there is no mixed population Nash equilib-

rium {z∗, q∗}, the dynamical system will have only two steady states.

As long as they do not coincide with a Nash equilibrium, the border steady states

with homogenous population cannot be stable. When an equilibrium with mixed popu-

lation shares exists, the homogeneous population states are fixed points of the map only

due to the population weighted specification of the replicator equation. Profits of the

two types of firms are unequal, with πs

�
0, 2+di

(2+ds)(1+di+N)

�
> πi

�
0, 2+di

(2+ds)(1+di+N)

�
and

πs

�
1, 1

(1+ds+N)

�
< πi

�
1, 1

(1+ds+N)

�
as portrayed by Figure 4.1 and implied by the unique-

ness argument in the proof of Proposition 4.1. Therefore, for any small perturbation in

population shares the replicator equation will drive the system away from the border.

As for the steady state with a mixed population, we can establish necessary and

sufficient conditions for its stability. The interior equilibrium where both types of firms

are present loses stability either for a sufficiently high intensity of choice — technological

instability, or may never be stable when the quantity best-reply function is unstable due

to high N — production instability. Proposition 4.4 and corollary 2 provide necessary and

sufficient conditions for the stability of the mixed population shares focusing on intensity

of choice, θ, number of firms, N , and cost of using the innovative technology, K.
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Fig. 4.13. Contour Plot of θ̃ in (N,K) space. Parameters: ds = 1.5, di = 0.5 , δ = 0.25.

Proposition 4.4. If a Nash equilibrium with mixed firm population, (z∗, q∗s), exists, it is

a stable steady state of the system in (4.15) with replicator dynamics specification (4.19)

iff θ < �θ = max
�

2(N−1)(2+di)(2q∗s (2+ds)−1)
(1−δ)(2+ds)q∗s [(2+ds)(1+di+N)q∗s−2−di][1−(1+ds+N)q∗s ]

, 0
�

As θ is an intensity of choice parameter, it is constrained to θ > 0, otherwise firms

will switch towards the less profitable strategy. Notice that from the expression of θ̃, we

cannot be certain it is always positive. It is arranged to display only positive factors with

the exception of the expression 2q∗s (2 + ds) − 1, which is of ambiguous sign. On closer

inspection we obtain the following corollary which is essentially a study of whether the

threshold θ̃ is positive or negative.

Corollary 2. For any production costs ds and di, the relationship between the threshold

intensity of choice, θ̃, which determines the stability of the mixed equilibrium, (z∗, q∗s),

and the other model parameters, N and K is described by one of the following scenarios :

(a) When N > 3 + ds and ∀K ∈ [K0, K1] the mixed equilibrium is never stable (θ̃ = 0);

(b) When 3 + di < N < 3 + ds, there is a threshold, K̂ such that the mixed equilibrium

can be stable for a sufficiently low but positive intensity of choice (θ̃ > θ > 0), if

K > K̂ and can never be stable for K < K̂ (θ̃ = 0). Moreover, K̂ is independent of

N :

K̂ =
ds − di

8 (2 + ds) (2 + di)
;
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(c) When N < 3 + di and ∀K ∈ [K0, K1], there is always some positive, intensity of

choice (θ̃ > θ > 0) such that the mixed equilibrium is stable.

Figures 4.13, 4.14 and 4.15 illustrate Proposition 4.4 and Corollary 2. In Figures 4.14

and 4.15 we use both numerical simulation and analytical results to illustrate our leading

numerical example providing horizontal and vertical sections of the level curves plotted

in 4.13. Notice that our leading numerical example falls under case (b) of Corollary 2. In

inspecting Figure 4.13 one should keep in mind that only the region between the curves

K
0 (N) =

(2 + di) (ds − di)

2(2 + ds) (N + 1 + di)
2

K
1 (N) =

(2 + ds) (ds − di)

2(2 + di) (N + 1 + ds)
2

characterizes the stability of the mixed equilibrium. Below K0 (N) the unique Nash

equilibrium consists of innovative firms only while above K1 (N) we only have standard

firms. The boundaries N0 and N1 in Figure 4.14 refer to the positive inverses with respect

to N of K0 (N) and K1 (N) respectively.

The results summarized by Corollary 2 above are related to Proposition 4.2 discussed

in Section 4.3. It is interesting to compare the threshold K̂ with the threshold �z that we

identified in Section 4.3, where the only source of dynamics was production best-reply.

By comparing to �z defined in equation (4.9), It turns out that we have precisely:

z
∗
�
K̂

�
= �z. (4.20)

Comparing Corollary 2 against Proposition 4.2 we can conclude that technology choices

do not alter the stability properties of the system on the dimension capturing production

instability via parameter N. The boundary case of no technological instability, θ = 0,

corresponds exactly to the model with exogenously given population shares. This is not

surprising, since the system in (4.15) collapses to only one equation for quantity dynamics

with constant zt = zt=0, when the sluggish Adjusted Logit replicator equation with θ = 0

is plugged in for G (πs,t−1, πi,t−1; zt−1).

By comparing θ̃ defined in Proposition 4.4 and �θ, derived in Proposition 4.3 we obtain

the following corollary result:

Corollary 3. It always holds that �θ > θ̃.

This means that technological instability of the mixed equilibrium is always amplified

when firms set best response quantities compared to when they set Nash quantities. This
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Fig. 4.14. Numerical bifurcation diagram in (N, θ) space against analytically computed
θ̃. Parameters: ds = 1.5, di = 0.5 , K = 0.016, δ = 0.25. The bifurcation diagram

displays system convergence after 10000 iterations from system initialization very close
to the steady state: (qs,t=0, zt=0) = (q∗s ± 10−5, z∗ ± 10−5).

Fig. 4.15. Numerical bifurcation diagram in (K, θ) space against analytically computed
boundary θ̃. Parameters: ds = 1.5, di = 0.5 , N = 4, δ = 0.25. The bifurcation diagram
separates regions of the parameter space converging to a stable steady state (white)
from regions converging to a two cycle (gray) after 10000 iterations from system
initialization very close to the steady state: (qs,t=0, zt=0) = (q∗s ± 10−5, z∗ ± 10−5).
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Fig. 4.16. Instability thresholds �θ and θ̃ as a function of K for N = 4, ds =
3
2 , di =

1
2

is illustrated in Figure 4.16 for our leading numerical example.

4.5.2 Noisy replicator dynamics

The two dimensional system under consideration here is:





qs,t+1 = Rs(Qe

t+1) = max
�

1
2+ds

− (N − 1)
�

zt
2+ds

+ 1−zt
2+di

�
qs,t, 0

�

zt+1 = ρ+ (1− 2ρ)z(t) exp(θπs,t)
z(t) exp(θπs,t)+(1−zt) exp(θπi,t)

(4.21)

Much like in Section 4.4.3 we cannot solve analytically for the steady states of the

system when the evolution of population shares is governed by the noisy replicator equa-

tion, nor can we make any formal statements about their stability. However, numerical

simulations of the above equations can provide a robustness check, at least in qualitative

terms, of the results obtained for the sluggish replicator dynamics.

4.5.3 Numerical Analysis

4.5.3.1 Sluggish replicator dynamics

Inspecting the time series generated by the model in Figure 4.17 we first notice that

market variables no longer fluctuate close to the steady state, as was the case with Nash

output in Section 4.4. Comparing the times-series of profits with those of quantities and

share of standard firms respectively we notice that quantity variation seems to account

for much more of the profit variation than does the dynamics of the share of standard

firms. Still, the role of population shares is not negligible: it is through the dynamics of zt
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that quantity dynamics, in contrast to the results of pure best-reply dynamics of Section

4.3, are bounded away from the two-cycle generated by the non-negativity constraint we

imposed on the best-reply function, yet without converging to the steady state.

According to Corollary 2 we are in a parameter region where, in the absence of tech-

nological switching, the market would converge to the steady state mixed equilibrium.

We actually do observe a dampening of the fluctuations of qs,t for the first four periods

plotted, but, because the intensity of choice is so high, as soon the profit of being an

innovator becomes even slightly higher than the profits of the standard strategy, as is the

case in t = 1002, the share of standard firms subsequently plummets below the threshold11

�z in t = 1003. This then leads to the wider fluctuation in qs,t in period t = 1004. This

pattern then repeats over the next four periods with only slight variation in the exact

values of market variables.

Figure 4.18 shows bifurcation diagrams of the sluggish replicator dynamics model over

parameter K for different values of δ. We notice that this time around, the amount of

sluggishness in strategy adjustment has an ambiguous effect on the complexity of the

dynamics. An increase from δ = 0.05 to δ = 0.25 eliminates all cycles of higher period

than 4, but a further increase to δ = 0.5 supports even chaotic dynamics. Also, δ seems

to no longer have the same impact on the range of fluctuations as it did in the model with

Nash quantities.

Plotting phase diagrams in (zt, qs,t) space can help better understand the overall dy-

namics of the system by combining a view of quantity and associated firm population

shares. The strange attractor with fractal structure in Figure 4.19 displays wide fluctua-

tions of strategy shares, covering almost the entire interval between no and full innovation.

In contrast, quantity dynamics are less complicated and remain strongly reminiscent of a

two-cycle characteristic to production instability, see also Figure 4.19.

In Figure 4.18, the initial values for z and qs are random draws, so multiple attractors

can be present in each diagram. This is indeed the case for both δ = 0.05 and δ = 0.25

when K > K1. While (z∗, q∗) = (1, 0.1538) becomes a stable steady state12 it is only

locally stable and most initial conditions actually converge to the complex attractor, see

Figure 4.20(a). Moreover, for δ = 0.05 a second complex attractor appears for 0.0181 <

K < 0.0183 as can be better seen from the zoom-in in panel (b) of Figure 4.18 and in

Figure 4.20(b). Interestingly, when the two complicated attractors coexist their basins

of attraction are fractal. Two complex attractors with fractal basins also coexist at

K = 0.01624 one is a 6-cycle the other is a higher order cycle, see Figure 4.21.

11See equation (4.20).
12The best-response dynamics is locally stable for a population consisting of only standard firms and

standard firms make higher profits than innovative firms for K > K1.
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Fig. 4.17. Best-response dynamics with evolutionary switching given by sluggish
Adjusted Logit replicator: eight-cycle time series after a relaxation time of 1000 periods
for the share of standard firms, zt, standard firm output, qs,t, and profits of standard
and innovating firms, πs,t and πi,t. Parameters are based on the leading numerical
example, with K = 0.016 with N = 4, ds =

3
2 , di =

1
2 , θ = 3200, and δ = 0.25.
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Fig. 4.18. Best-response dynamics with evolutionary switching given by sluggish
Adjusted Logit replicator: bifurcation diagrams for qs over parameter K, for N = 4,
ds =

3
2 , di =

1
2 , θ = 2, 000. δ = 0.05 in panel (a); δ = 0.25 in panel (b) and δ = 0.5 in

panel (c). Initial values (zt=0, qs,t=0) are drawn from a bivariate uniform distribution
with support on [0, 1]× [0, 0.3].
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Fig. 4.19. Best-response dynamics with evolutionary switching given by sluggish
Adjusted Logit replicator: strange attractor in (zt, qs,t) space, full-size and zoom-in.

Parameters: N = 4, ds =
3
2 , di =

1
2 , θ = 2, 000. δ = 0.05 and K = 0.01642

Fig. 4.20. Best-response dynamics with evolutionary switching given by sluggish
Adjusted Logit replicator: co-existing attractors. Basins of attraction for N = 4, ds =

3
2 ,

di =
1
2 , θ = 2, 000. δ = 0.05, (a) K = 0.018 and (b) K = 0.01815
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Fig. 4.21. Best-response dynamics with evolutionary switching given by sluggish
Adjusted Logit replicator: co-existing attractors. Basin of attraction for N = 4, ds =

3
2 ,

di =
1
2 , θ = 2, 000. δ = 0.05, K = 0.01624

On top of their visual appeal, coexisting basins of attraction have important implica-

tions for economic policy. As long as the policy maker does not know in which basin of

attraction the economy is currently located, the effects of policies are hard to anticipate.

When the border between basins of attraction are fractal — as can be the case in our

model — making sound policy becomes impossible. These aspects are discussed in more

detail in the following section.

4.5.3.2 Noisy replicator dynamics

Figure 4.22 shows bifurcation diagrams for the two dimensional system with mutation

in (4.21). Compared to the system with sluggish adjustment, the dynamics seem more

tame. In particular there is no coexistence of complex attractors, but we do still observe,

as shown also by Figure 4.23, the coexistence of a nontrivial attractor and the locally

stable steady state for K > K1 with basins of attraction very similar to those plotted in

Figure 4.20. Instead of the strange attractor with fractal structure observed with sluggish

adjustment, the most complicated dynamics generated with the noisy replicator equation

is the nontrivial attractor in Figure 4.24.
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Fig. 4.22. Best-response dynamics with evolutionary switching given by noisy Adjusted
Logit replicator: bifurcation diagrams for qs over parameter K, for N = 4, ds =

3
2 ,

di =
1
2 , θ = 2, 000. ρ = 0.05 in panel (a), ρ = 0.25 in panel (b). Initial values (zt=0, qs,t=0)
are drawn from a bivariate uniform distribution with support on [0, 1]× [0, 0.3].
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Fig. 4.23. Best-response dynamics with evolutionary switching given by noisy Adjusted
Logit replicator: co-existing attractors. Basins of attraction for N = 4, ds =

3
2 , di =

1
2 ,

θ = 2, 000. ρ = 0.05, K = 0.018

Fig. 4.24. Best-response dynamics with evolutionary switching given by noisy Adjusted
Logit replicator: nontrivial attractor. Phase diagrams over parameter K, for N = 4,

ds =
3
2 , di =

1
2 , θ = 2, 000. ρ = 0.05 for different values of K
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4.6 Welfare and innovation policy

We consider here a variation of the core model that includes innovation policy under

the form of a tax and/or a subsidy. In this context we compare welfare outcomes as

a function of policy at equilibrium and, when the equilibrium is not stable, along the

trajectories generated by the model.

With taxes (or subsidies) to standard firms τs and to innovators, τi, the profit functions

for the two strategies become:

π̃s =
�
1− qs − Q̄N−1 (z)− 1

2dsqs

�
qs + τs

π̃i =
�
1− qi − Q̄N−1 (z)− 1

2diqi

�
qi −K + τi.

(4.22)

Notice that firms’ best replies remain unchanged by the introduction of taxation, it

is only the average profits for the two distinct technology strategies that change. This

essentially means our previous analysis around parameter K, established by Proposition

4.1, can be applied to the profit functions defined above in (4.22) to obtain a similar result

by simply substituting K̃ = K−τi+τs for K. Likewise, we will extend the notation with a

tilde for all quantities pinned down by Proposition 4.1: by substituting K̃ for K in the ex-

pression of the interior equilibrium fraction of firms, z∗, we obtain the equilibrium share of

standard firms in the presence of innovation policy: z̃∗ = 2+ds
ds−di

+ (2+di)
(N−1)(ds−di)

�
2 + ds − 1

q̃∗s

�
,

where q̃∗s =
�

2(2+di)K̃
(ds−di)(2+ds)

. As was the case without policy, the latter expression for z̃∗

only characterizes the Nash equilibrium share of firms as long as K0 ≤ K̃ ≤ K1, where K0

and K1 are the lower and upper bounds for innovation costs defined in Proposition 4.1.

When K0 > K̃, z̃∗ = 0 and when K1 < K̃, z̃∗ = 1. Another implication of Proposition

4.1 is that, by setting taxes and/or subsidies, the policy maker can change the nature of

the market equilibrium between the three possible cases: standard firms only, mixed firm

population and innovative firms only.

By evaluating Nash equilibrium profits in (4.5) at z̃∗ and adding τs for standard firms

and τi for innovators we obtain the average realized equilibrium profits with policy for

the two types of firms:

π̃s = πN
s (z̃∗) + τs

π̃i = πN
i (z̃∗) + τi.

(4.23)

We use average profits13, πN
s (z̃∗) and πN

i (z̃∗), for computing total industry profits at

13Alternatively, we could compute welfare based on the expressions for equilibrium profits and output
as functions of the model parameters given in Corollary 1. That leads to identifying K̃∗ from the solution

to a third order equation in
�

K̃. The expression is very complex and we prefer expressing welfare as a
function of z̃, which gives the advantage of easy inspection of the border scenarios in Proposition 4.5.
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an equilibrium given by z̃∗ ∈ [0, 1]:

TIP (z̃∗) = N
�
z̃
∗
π
N
s (z̃∗) + (1− z̃

∗) πN
i (z̃∗)

�

=
N

2

(2 + di) (2 + ds) (2 + ds (1− z̃∗) + diz̃
∗)

[(2 + ds) (N + 1 + di)− z̃∗ (ds − di) (N − 1)]2
−KN (1− z̃

∗) .
(4.24)

Notice that taxes and subsidies, τs and τi, are not added to total industry profits here.

This is because we only use the expression in (4.24) to compute total welfare generated

by the industry. Hence, we cannot add to the calculation lump-sum redistribution from

elsewhere by the social planner. Otherwise, the social planner could increase welfare ad

infinitum by subsidizing firms.

Average consumer surplus can be computed as the average utility obtained by con-

sumers at equilibrium:

CS =
1

2

N�

k=0

�
N

k

�
(z̃∗)k (1− z̃

∗)N−k [kq̃∗s + (N − k) q̃∗i ]
2
.

Using Proposition 4.1 we can express q̃∗s as a function of z̃∗:

q̃
∗
s =

2 + di

(2 + ds) (N + 1 + di)− z̃∗ (ds − di) (N − 1)

and compute consumer surplus as a function of the equilibrium share of standard firms:

CS (z̃∗) =
N

2

�
(ds − di)

2 (1− z̃∗) z̃∗ +N (2 + ds (1− z̃∗) + diz̃
∗)2

�

[(2 + ds) (N + 1 + di)− z̃∗ (ds − di) (N − 1)]2
. (4.25)

We denote by W (z̃∗) total welfare at a regulated equilibrium where:

W (z̃∗) = TIP (z̃∗) + CS (z̃∗) .

Unfortunately, the expressions for total industry profits and consumer surplus defined

above are so complex that it is impossible to obtain a tractable analytical solution to

welfare maximization — a K̃ which maximizes W (z̃∗). Proposition 4.5 offers instead a

generic characterization of optimal policy in terms of the model parameters.

Proposition 4.5. Depending on the innovation cost parameter K, a benevolent social

planner will optimally induce a Nash equilibrium by setting taxes and/or subsidies, τs and

τi such that:

(a) Standard firms are driven out of the market, when K < K̃0.

(b) No innovators are operating in the market, when K > K̃1.
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Fig. 4.25. (a) K̃ = K + τs − τi with optimal welfare policy; (b) Equilibrium share of
standard firms; (c) Welfare in equilibrium; as a function of fixed costs of innovation, K,

for N = 4, ds = 1.5, and di = 0.5.
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Fig. 4.26. (a) K̃ = K + τs − τi with optimal welfare policy; (b) Equilibrium share of
standard firms; (c) Welfare in equilibrium; as a function of fixed costs of innovation, K,

for N = 14, ds = 6.5, and di = 0.5.
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(c) Firm population shares are driven to a unique z̃w = argmaxW (z̃∗) , z̃w ∈ ]0, 1[ when

K̃0 < K < K̃1.

The thresholds K̃0 < K̃1 are given by:

K̃
0 =

(ds − di)

2 (2 + ds)
2 (N + 1 + di)

3 [(ds + di + dids) (N + 1 + di) + 2(2 + di)(3 + di + ds +N)]

K̃
1 =

(ds − di)

2 (2 + di)
2 (N + 1 + ds)

3 [(ds + di + dids) (N + 1 + ds) + 2(2 + ds)(3 + di + ds +N)]

and it always holds that K̃1 > K1.

The results collected in the above proposition, which is proven in Appendix 4.D, are

based on the strict concavity of W (z̃∗) and on the monotonic relation between K̃ and

z̃∗. Although, the welfare function is strictly concave, it is not guaranteed that it has

a maximum at a value of K̃ for which z̃∗ is a share between 0 and 1. Whether the

optimizing K̃ corresponds to an interior solution depends mostly on how high the cost of

innovation, K, is. When K is very high, surpassing K̃1, total welfare is always decreasing

in the number of innovative firms. Therefore, the social planner’s would have to discourage

innovation by taxing innovative firms or subsidizing standard firms.14 WhenK is very low,

below K̃0, total welfare is strictly increasing in the share of innovative firms, therefore the

social planner should encourage innovation until no standard firms are left.15 Whenever

innovation costs are between the boundaries K̃0 and K̃1, the social planner induces an

equilibrium with mixed population shares.

Notice that because z̃∗ is a monotonically increasing function of K̃ = K+τs−τi, which

is linear in the policy parameters, optimal policy will be represented by any combination

of τs and τi that achieves the K̃ which corresponds to the z̃∗ which maximizes W (z̃∗).

In the illustrations provided in Figures 4.25 and 4.26 we assume that the social planner

takes minimal action: when the socially optimal population shares are also achieved by

the market with no intervention, she does nothing: τs = τi = 0 and when the social

optimum is attained with homogeneous population, either z̃w = 0 or z̃w = 1, she sets τs

and τi such that K̃ = K0 or K̃ = K1 respectively. Also, when no intervention achieves

14In fact, when K is that high, the social planner need not do anything because K̃1 is guaranteed by
proposition 4.5 to be higher than K1, which is the level of innovation cost that guarantees would innovate
without intervention.

15Technically speaking this can either mean incentivizing innovation as in Figure 4.25 or doing nothing
as in Figure 4.26. This is explained in more detail further below.
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optimal welfare with homogeneous population (this happens when K ≥ K̃1 or when

K ≤ K̃0 ≤ K0) the social planner does nothing.

In terms of actual policy, an equilibrium with policy intervention may require the

planner to either incentivize or disincentivize innovation. Whichever happens depends on

the relation between the innovation cost parameter boundaries of the mixed population

equilibrium with intervention, K̃0 and K̃1, and without intervention, K0 andK1. Because

it always holds that K̃1 > K1, it can never be the case that a social planner shifts a free

market equilibrium that has some positive share of innovators into an equilibrium with no

innovators. So on the upper side of the innovation cost spectrum there is only room for

intervention that helps innovators. An equally clear cut statement cannot be established

for the lower side of the innovation cost spectrum. The relation between K0 and K̃0 is

ambiguous. When K̃0 > K0, as is the case in our leading numerical example illustrated in

Figure 4.25, the social planner needs to take action and tax standard firms out of existence

as long as innovation costs are below K̃0, effectively shifting free market equilibria with

positive shares of standard firms into equilibria with only innovative firms. It is however

also possible that K̃0 < K0, as is the case in Figure 4.26. In this case, the new technology

is so cheap that the free market equilibrium will over- innovate compared to the social

optimum and the social planner has to stifle that tendency. This type of anti-innovation

policy takes place only up to the point where the lines representing K and K̃ cross. Note

that it is certain that they will cross, given that K̃1 > K1.

Proposition 4.5 describes optimal innovation policy in a static environment or in a

dynamic environment where the Nash equilibrium is globally attractive. However, the

actual effects of policy on the economic trajectories observed in a market where agents

are boundedly rational may in fact differ substantially from what is expected to obtain

in equilibrium, specifically when the equilibrium is not stable. Without the assumption

of a stable equilibrium, welfare along a dynamic trajectory of variables zt and qs,t can be

computed by averaging over the realized industry profits and consumer surplus. For each

period the expressions in (4.24) and (4.25) become:

TIPt = N [ztπs,t + (1− zt) πi,t]

and

CSt =
Nq2s,t [(ds − di)2(1− zt)zt +N(2 + ds + dizt − dszt)2]

2(2 + di)2
.

Figure 4.27 shows that innovation policy tuned for the Nash equilibrium of the model is

not adequate when the model equilibrium is unstable. In fact, we see that for most values
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Fig. 4.27. Welfare effects of innovation policy in the dynamic two-dimensional model as
a function of fixed costs of innovation, K, for N = 4, ds = 1.5, and di = 0.5, (a) θ = 60;
(b) θ = 2000. Welfare is averaged over 3000 time-periods after a relaxation of a 1000

periods for the realized values of qs,t and zt along their trajectories.
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Fig. 4.28. Welfare effects of innovation policy in the dynamic model with Nash
quantities as a function of fixed costs of innovation, K, for N = 4, ds = 1.5, and di = 0.5,
δ = 0.25 and (a) θ = 4000; (b) θ = 10000. Welfare is averaged over 3000 time-periods
after a relaxation of a 1000 periods for the realized values of zt along its trajectory.
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of K the economy suffers a welfare loss. This happens because the Nash equilibrium tends

to be unstable for lower values of K and stable for higher values. By setting K̃ < K, the

policy maker drives the market towards instability or wider fluctuations which generate

lower welfare outcomes than a stable free-market equilibrium or a less wildly fluctuating

market prior to intervention. As K increases in Figure 4.27(a), the Nash equilibrium

first becomes stable without policy and, later on, the policy too sets K̃ high enough for

stability to occur. This is why we observe a small region where policy still results in an

improvement of welfare when θ = 60. However, when θ = 2000, see panel (b), it will no

longer be the case, since the Nash equilibrium is no longer stable at any z < 1. Moreover,

with higher technological instability the welfare loss due to an ill-calibrated policy seems

to be larger.

To best understand the scenario in which such a policy failure would occur imagine

an industry where the innovation cost is higher than K̃1, but is slowly decreasing due to

exogenous technological progress. According to the results of proposition 4.5, also illus-

trated in Figures 4.25 and 4.26, the policy maker should begin to subsidize innovation

(or tax the standard technology) as soon as K̃ falls below K̃1 and expect to see welfare

slowly improving. If instead of being Nash players, firms are boundedly rational in set-

ting output and adaptively switch technology, the economy may react differently than

expected. When intensity of choice is low, as is the case in Figure 4.27(a), welfare would

initially grow but then start to decrease. When intensity of choice is high, Figure 4.27(b),

the market would immediately become unstable and welfare would suffer a sharp drop,

of around 30%. It is fair to say that, in this scenario, welfare would follow a similar path

without intervention. Yet it would require further exogenous decrease in the innovation

cost and have less severe welfare effects.

Notice that in the absence of intervention it is not clear what the value of welfare will

be in Figure 4.27(b). This is because there are multiple basins of attraction for K > K1,

see also Figure 4.18. Most likely the market will remain at the steady state and welfare

will remain constant until K falls below K1. Yet, an exogenous shock might also push

it away into the two-cycle. With intervention there is no more doubt: the economy is

immediately pushed into instability. This is because policy sets K̃ directly at K1 when

K = K̃1, see also Figure 4.25.

Comparing policy effects between the model version where both technology and quan-

tity are boundedly rationally set with the model where quantities are set at the Nash

equilibrium allows us to gouge the share of policy failure that is due to technological in-

stability. In Figure 4.28 we see that equilibrium calibrated innovation policy can still be

ill-suited but not nearly as harmful as it was under production instability. In fact, welfare
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in the regulated market comes quite close to the optimal welfare the regulator thinks she is

aiming for. Comparing time series in Figures 4.5 and 4.17 as well as bifurcation diagrams

in Figures 4.8 and 4.18 gives us a sense that the regulatory failure is mostly linked to pro-

duction instability. Whereas fluctuations in the model with Nash quantities are around

the equilibrium, this is no longer the case in the two-dimensional model and we see that

the range of fluctuations is strictly decreasing in K. Therefore, when K̃ < K, ∀K as is

the case in our leading numerical example, the policy maker, whenever she intervenes,

drives the industry towards more instability.

4.7 Discussion and conclusion

This chapter provided insight into the dynamic interaction between production de-

cisions and technology choice in a market competitive environment. It also studied the

effects of innovation policy by a social planner with a static view of the industry she in-

tervenes in. We managed to show contrast between policy outcomes in a stable industry

and those that obtain when the industry is (or has the potential to become) endogenously

unstable.

We started our analysis by characterizing static Nash equilibrium decisions of an infi-

nite firm population in terms of output and innovation. Intuitively, when the innovative

technology is very cheap all firms will use it, while when it is too expensive none will.

There is also a range of innovation cost where the firm population splits into innovators

and standard firms who use the old technology. As it is best suited to describe technology

transitions, it is on this scenario that we focus our attention in the rest of the analysis.

We moved on to relax the assumption of perfect rationality, recasting the model in a

dynamic context where boundedly rational firms adjust their decisions on either output,

technology, or both.

In the first instance, when technology distribution is exogenous and there is bounded

rationality only in production — firms supply the best-response quantity to their com-

petitors’ previous output — we showed that the industry may either converge to the

static equilibrium or endlessly fluctuate between null and positive output. Which of these

two happens depends on the intensity of competition as captured by the number of firms

competing in oligopoly. Other things being equal, the more intense the competition (i.e.

the higher the number of firms) the more likely it is that the market is unstable. At the

same time, for a given number of firms, it is possible to define a threshold in terms of the

share of firms using the standard technology such that, for more innovators16, the market

16Remember that, in our model, all firms who don’t use the standard technology are innovators.
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is unstable and, for more standard firms, the market converges to the equilibrium.

In the second instance we investigated, firms supply Nash equilibrium quantities, but

can switch technologies by imitating other, better performing, firms. Here, we showed

that, when an equilibrium with mixed population shares exists, there is a threshold in the

intensity of the technology choice which separates industries that converge to the static

equilibrium from those that exhibit periodic and even chaotic fluctuations in technology

distribution over the firm population. Interestingly, this threshold has a non-linear relation

with respect to the equilibrium firm shares and consequently it is also nonlinear in the

cost of using the innovative technology or the intensity of oligopoly competition.

The third type of instability we investigated combines both production and techno-

logical decision dynamics. This allows us to investigate how the two types of decisions

interfere with each-other with respect to the stability of the market equilibrium. Most

notably we find that technological instability is amplified by bounded rationality in pro-

duction — the threshold intensity of technological choice separating stable from non-stable

industries becomes lower. Interestingly, bounded rationality in technology choice does not

seem to affect production instability in a comparable way. There is again a threshold (now

equilibrium) population share of firms such that for less standard firms the equilibrium

is never stable and for more standard firms it can be stable (provided the intensity of

choice is not too high). This threshold is however identical to the one characterized in the

model version with exogenous technology distribution and boundedly rational quantity

dynamics. The combination of these two types of instability generates complex dynamic

phenomena such as chaotic fluctuations and coexisting nontrivial attractors with fractal

basins.

Having achieved these results, we extended the model to include innovation policy in

a simple way. After characterizing optimal policy in a the static context, showing that

the policy maker mostly incentivizes innovation but may also stifle it in some context, we

studied its effects on the dynamic versions of the model. The noteworthy result here, is

that when the policy which favors innovative firms can also destabilize the market (amplify

market instability) and throw it into the parameter space where there are endogenous

fluctuations (increase the amplitude of fluctuations). This leads to considerable welfare

loss. This result parallels that of Tuinstra, Wegener, and Westerhoff (2014) showing

that trade barriers that reduce welfare in equilibrium may have stabilizing effects on

endogenous market fluctuations and therefore improve welfare when the equilibrium is

unstable. Moreover, even when the instability of the market equilibrium is acknowledged

by the policy-maker, welfare improving policy may still remain a challenge. If multiple

basins of attraction co-exist and their frontiers are fractal, foreseeing the effects of policy
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remains a daunting task because, in practice, one cannot expect to estimate the current

state of the market nor the effects of policy with sufficient accuracy in order to determine

in which basin of attraction the policy would place the economy.

While Hommes et al. (2011) show that explosive best response dynamics can become

bounded when nested in an evolutionary heuristic switching model, we show that the

same result can be obtained by a model with evolutionary switching between production

technologies. To the extent that technological heterogeneity is a more widely accepted

feature of economic reality than behavioral heuristic heterogeneity, our analysis has the

potential to broadcast to a broader — or at least different — audience the idea that

Theocharis’ result on oligopoly instability remains relevant.

On the technical side we offer some insight into how different versions of the Adjusted

Logit replicator equation compare by using both its sluggish extension with only a share

of the population updating strategies each period and its noisy version where each period

a share of the population switches strategy at random. We find that that the sluggish

version has the advantage of better analytical tractability, by maintaining the property

of having fixed-points that coincide with the Nash-equilibria. While similar in terms of

stability, the noisy replicator equation seems to generate less complicated dynamics than

its sluggish cousin. Another important lesson, however, is that in numerical simulation,

the standard Adjusted Logit replicator dynamics can get stuck at steady states that are

not economically meaningful, while using its sluggish or noisy extensions avoids such

inconvenience.

Finally some limitations to the model interpretation and possible extensions should

be addressed.

To begin with, innovation enters our model in a particular way that is mostly consistent

with licensing of an external technology: firms have to pay a fixed cost each period in

order to use the innovative technology. This is only one of many ways in which firms might

access new technology and also only one of several alternative schemes for paying for it.17

Examining the empirical evidence, Vishwasrao (2007) shows that in the presence of sales

fluctuations fixed-fee licensing is the preferred method for licensing innovation. Therefore,

our way of modeling the cost for using the new technology is adequate when the cost

advantage of the innovative technology is not extremely high and when quantity dynamics

are unstable. The first of these two circumstances easily applies to many industries

17Kamien and Tauman (1986) examined a static model where a patent holder licenses a cost-reducing
innovation to a an oligopolistic market. They find that the a fixed-fee licensing scheme is preferred by
the licensor compared to a royalty scheme. On the other hand, when auctioning of the innovation is also
possible, Kamien, Oren, and Tauman (1992), find that an auction may be preferred by the licensor, in
particular, when the innovation is more substantive.
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today where firms can buy licensees for software that, without being game-changing, may

somewhat improve the productivity of employees. The second circumstance, as we have

shown, is inherently consistent with our model’s results.

Furthermore, the model used here cannot address long-term technological change. To

have such power, we would have to consider a scenario where the conditions by which

innovation is brought to the market change over time as a result of market outcomes.

Such a scenario is investigated by Hommes and Zeppini (2014) where repeated use of the

innovative technology over time can drive the associated production cost down. They find

that, depending on the price-elasticity of demand and model parameters, either market

breakdown (exclusion of the innovative technology) or technological progress (exclusion

of the standard technology) or balanced technological change (change in the equilibrium

share of innovators) can occur. It would be interesting to investigate the extent to which

that result would apply in our setting with oligopoly competing firms and best-response

quantity setting.

Finally, the policy maker’s behavior in our model may seem strange, at least for the

long-run. The scenario where the industry starts from a stationary equilibrium with only,

or mostly standard firms and the policy maker inadvertently throws it into instability

seems fairly plausible. It is also possible that a policy maker would observe fluctuations

in the market but fail to grasp their endogenous nature and attributes them to seasonality

or market exogenous shocks and therefore aim policy at altering an underlying yet un-

observed stationary equilibrium. Still, in the long-run, we would expect policy to finally

acknowledge its failure and adapt to the reality of the market. In that case, it is unclear

what type of policy would be implemented. Perhaps some form of boundedly rational

adaptive behavior on the side of the policy maker is the answer. Particularly what that

policy would look like and what its effects would be are exciting questions for further

research.
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Appendix 4.A — Proof of Proposition 4.1 and Corollary

Proof. Profits are equal when πN
s (z) = πN

i (z). Solving for K we obtain

K
∗ =

1

2

�
1

Z (N − 1) + 1

�2 1

2 + di
− 1

2

�
1

Z (N − 1) + 1

�2 1

2 + ds

=
1

2

�
1

Z (N − 1) + 1

�2 � 1

2 + di
− 1

2 + ds

�

=
1

2

�
1

Z (N − 1) + 1

�2 �
ds − di

(2 + di) (2 + ds)

�
,

which is positive ∀ds > di.

Expressing K∗ as a function of Z gives:

Z
∗ =

1

N − 1

��
ds − di

2 (2 + di) (2 + ds)K
− 1

�

We have thus:

z∗

2 + ds
+

1− z∗

2 + di
=

1

N − 1

��
ds − di

2 (2 + di) (2 + ds)K
− 1

�
.

Multiplying both sides by (2 + ds) (2 + di) we obtain

z
∗ =

2 + ds

ds − di
− 1

N − 1

��
(2 + di) (2 + ds)

2 (ds − di)K
− (2 + di) (2 + ds)

ds − di

�
(4.26)

By using (4.26), we can compute the equilibrium quantity for a standard firm when

technologies are equally profitable as function of the model parameters (4.7):

q
∗
s =

�
2(2 + di)K

(ds − di)(2 + ds)
(4.27)

We can also rewrite z∗ as a function of q∗s :

z
∗ =

2 + ds

ds − di
+

(2 + di)

(N − 1) (ds − di)

�
2 + ds − (q∗s)

−1�

Note that z∗ is increasing in K, as expected; the more expensive it is to use the

innovative technology, the smaller will be the equilibrium share of firms using it.

Rewriting (4.5) in function of z, we can compute Nash equilibrium profits for any

given population shares, z.
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π
N
s (z) =

(2 + di)2(2 + ds)

2((2 + ds)(1 + di +N)− (ds − di)(N − 1)z)2
(4.28)

π
N
i (z) =

(2 + di)(2 + ds)2

2 [(2 + ds)(1 + di +N)− (ds − di)(N − 1)z] 2
−K (4.29)

Notice that average profits, for both types of firms will be strictly increasing and convex

in z. The share of standard firms appears only in the denominator in the expression,

(2 + ds)(1 + di +N)− (ds − di)(N − 1)z = ds + (1 + di +N) + ((1− z) ds + zdi) (N − 1),

which is strictly positive ∀ 0 ≤ z ≤ 1, N ≥ 2 and ds < di and also decreasing in z as it

linearly depends on the population weighted average of marginal costs

Notice also that ∂πN
s (z)
∂z = 2+di

2+ds

∂πN
i (z)
∂z which means that the profit function of the

innovative firms slopes steeper in z than the profit function of standard firms. This

implies that if the profit functions cross for some z > 0 they will only do so once, assuring

the uniqueness of z∗.

The interior point defined in part (b) of the proposition exists when the two profit

function cross for some z ∈ ]0, 1[. This is equivalent to imposing πN
s (1) − πN

i (1) < 0 <

πN
s (0)− πN

i (0), meaning that condition z∗ ∈ ]0, 1[ is equivalent to:

K
0 =

(2 + di) (ds − di)

2(2 + ds) (N + 1 + di)
2 < K <

(2 + ds) (ds − di)

2(2 + di) (N + 1 + ds)
2 = K

1 (4.30)

which correspond to the two threshold levels for the fixed cost of investing in the new

technology that are defined by the proposition.

Thus, when K0 < K < K1, for z ∈ (0, z∗), we have πN
s (z) > πN

i (z) and for z ∈ (z∗, 1)

, it is πN
s (z) < πN

i (z).

Moreover condition πN
s (1) − πN

i (1) > 0 is equivalent to K > K1, standard firms are

always better off than innovators because of the high cost to innovate.

The opposite holds if πN
s (0) − πN

i (0) < 0, i.e. for 0 < K < K0, where innovating

dominates using the standard technology.

(Corollary 1)

By expressing equilibrium profits as a function of q∗s as:

π
N
s (q∗s) =

1

2
(2 + ds) (q

∗
s)

2 (4.31)

π
N
i (z) =

1

2

(2 + ds)

(2 + di)
(2 + ds) (q

∗
s)

2 −K (4.32)

and substituting for q∗s =
�

2(2+di)K
(ds−di)(2+ds)

we find equilibrium profits are linearly increasing



130 4.7. APPENDIX

in K for both types of firms:

π
N∗
s =

(2 + di)

(ds − di)
K (4.33)

π
N∗
i =

(2 + ds)

(ds − di)
K −K = π

N
i (q∗s) (4.34)

This means that average total industry profits are given by:

TIP = N
�
z
∗
π
N∗
s + (1− z

∗) πN∗
i

�
= N

(2 + di)

(ds − di)
K

Average industry output is given by

Q̄
∗
N = N [z∗q∗s + (1− z

∗) q∗i ]

= Nq
∗
s

�
2 + ds

2 + di
− z

∗ds − di

2 + di

�

=
N

N − 1
[1− (2 + ds) q

∗
s ] ,

Appendix 4.B — Proof of Proposition 4.3

Proof. Obviously the points z0 = 0 and z1 = 1 are equilibria for the map (4.12). Moreover,

when a pure strategy (innovating or using the standard technology) dominates the other

for all z, then the evolutionary dynamics make the system converge to that dominating

strategy. For instance consider the system for 0 < K < K0 so that innovation always

dominates the standard strategy. From ψ(z0) < 0 and computing:

g
� (z0) = δ + (1− δ)eθψ(0) ∈ (0, 1) .

Also from ψ(z1) < 0 and

g
� (z1) = δ + (1− δ)e−θψ(1) ∈ (1,+∞)

we have that z0 = 0 is locally asymptotically stable and z1 = 1 is unstable (the reasoning

when innovating is dominated by going standard is analogous).

For any K0 < K < K1, according to Proposition 4.1, ψ(z0) > 0 → g� (z0) > 1 and

ψ(z1) < 0 → g� (z1) > 1.

Now let us consider the inner equilibrium z∗. First of all, there is only one such
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interior equilibrium, as π∗
i (z) = π∗

s(z) has a unique solution for z > 0, if any at all —

this is assured by the monotonicity of ψ(z). The eigenvalue of the dynamic system at the

interior steady state is

g
�(z∗) = 1 + (1− z

∗)z∗θ(1− δ)ψ�(z∗)

and so z∗ always looses stability through a flip bifurcation when the intensity of choice θ

is sufficiently high, as the loss of stability occurs at

�θ = − 2

(1− z∗)z∗ψ�(z∗)(1− δ)
> 0 (4.35)

due to overshooting around the equilibrium.

We have so far discussed the local stability of the equilibria, but we can also argue for

global stability. For z0 and z1 this is trivial since in cases (a) and (c) all trajectories will

monotonically converge to z0 and z1 respectively, because the profit of one type of firm is

always larger regardless of z. In case (b) things will be only slightly more complicated,

with all trajectories starting below (above) z∗ being driven upwards (downwards) as case

(b) of Proposition 4.1 implies. As long as there is only mild overshooting around z∗, i.e.

θ < �θ the oscillations will be dampened and the population share of standard firms will

converge to z∗.

Appendix 4.C — Proof of Proposition 4 and Corollaries 3 and 2

Proof. Consider the Jacobian matrix at the interior steady state, which, by taking into

account that profits for the two strategies are equal at equilibrium, can be written as

follows:

J =

�
−(N − 1)

�
1−z∗

2+di
+ z∗

2+ds

�
(N − 1)

�
1

2+di
− 1

2+ds

�
q∗s

(1− z∗)z∗(1− δ)θ ∂Ψ(q∗s ,z
∗)

∂qs
1 + (1− z∗)z∗(1− δ)θ ∂Ψ(q∗s ,z

∗)
∂z

�
(4.36)

We can write the Jacobian as a function of the basic model parameters and q∗s .

This entails substituting in for z∗ as a function of equilibrium quantity, z∗ = 2+ds
ds−di

+
(2+di)

(N−1)(ds−di)

�
2 + ds − 1

q∗s

�
and working out the derivatives of the profit differentialΨ(qs,t, zt),

as defined in (4.18), with respect to qs,t and zt evaluated at q∗s and z∗ into:

∂Ψ(q∗s , z
∗)

∂qs
=

(ds − di) (1− (2 + ds) q∗s)

2 + di
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and

∂Ψ(q∗s , z
∗)

∂z
= −2 (ds − di) (N − 1)K

(2 + di) (2 + ds)
.

Making the above substitutions into (4.36) and simplifying yields:

J11 =− 1− (2 + ds) q∗s
(2 + ds) q∗s

J12 =(N − 1)

�
1

2 + di
− 1

2 + ds

�
q
∗
s =

2K (N − 1)

(2 + ds)
2
q∗s

J21 =(1− δ) θ
[1− (2 + ds) q∗s ] [(2 + ds) (1 + di +N) q∗s − (2 + di)] [1− (1 + ds +N) q∗s ]

(ds − di) (N − 1)2 (q∗s)
2

J22 =1− (1− δ) θ
2K [(2 + ds) (1 + di +N) q∗s − (2 + di)] [1− (1 + ds +N) q∗s ]

(2 + ds) (ds − di) (N − 1) (q∗s)
2 .

(4.37)

Where Jij is the element in the i-th row and j-th column of the Jacobian matrix. Notice

that although J12 was already in (4.36) an expression in model parameters and q∗s only in

, we used that q∗s = (q∗s )
2

q∗s
= 2(2+di)K

(2+ds)(ds−di)
1
q∗s

to bring it to a more compact form.

Denoting by E1 = 1− (2 + ds) q∗s , E2 = [(2 + ds) (1 + di +N) q∗s − (2 + di)] and E3 =

[1− (1 + ds +N) q∗s ] the reoccurring patterns we can further simplify the terms of the

Jacobian Matrix to:

J11 = − E1

(2 + ds) q∗s

J12 =
2K (N − 1)

(2 + ds)
2
q∗s

J21 = (1− δ) θ
E1E2E3

(ds − di) (N − 1)2 (q∗s)
2

J22 = 1− (1− δ) θ
2KE2E3

(2 + ds) (ds − di) (N − 1) (q∗s)
2 .

The expressions E1, E2 and E3 are all positive as long as we are talking about an

interior equilibrium as can be verified by evaluating them at the boundary values K0 and

K1:

E1 ≥ E1|K=K1 =1− 2 + ds

1 + ds +N
> 0

E2 ≥ E2|K=K0 =0

E2 ≥ E2|K=K1 =0.
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This is convenient because it allows us to determine the sign of three of the Jacobian

terms: J11 < 0, J12 > 0, J21 > 0.

By further denoting E4 = E2E3

(ds−di)(N−1)(q∗s )
2 we can conveniently rewrite the Jacobian

matrix in a compact and analytically tractable form:

J =

�
− E1

(2+ds)q∗s

2K(N−1)

(2+ds)
2q∗s

(1− δ) θ E1E4
(N−1) 1− (1− δ) θ 2KE2E3

(2+ds)
.

�
. (4.38)

The determinant of the Jacobian matrix turns out to be equal to the first term on the

diagonal:

DetJ = − E1

(2 + ds) q∗s
= 1− 1

(2 + ds) q∗s
< 0

and its trace is:

TrJ = 1− E1

(2 + ds) q∗s
− (1− δ) θ

2KE2E3

(2 + ds)
.

The discriminant of the eigen vector polinomial, p (λ) = λ2 − trJ +DetJ , is

∆ =
4E1 (2 + ds) q∗s + [E1 − q∗s (2 + ds − 2 (1− δ) θKE4)]

2

(2 + ds)
2 (q∗s)

2 > 0.

Therefore the eigenvalues of the Jacobian must be real always.

Finally, we can write the eigenvalues of the Jacobian matrix as:

λ1 = − 1

2 (2 + ds) q∗s

��
(E1 − q∗s (2 + ds − 2 (1− δ) θKE4)

2 + 4E1 (2 + ds) q∗s

+ [E1 − q
∗
s (2 + ds − 2 (1− δ) θKE4)])

λ2 =
1

2 (2 + ds) q∗s

��
(E1 − q∗s (2 + ds − 2 (1− δ) θKE4)

2 + 4E1 (2 + ds) q∗s

− [E1 − q
∗
s (2 + ds − 2 (1− δ) θKE4)])

The complexity of the above expressions make it hard to establish stability of the

system by comparing the eigenvalues to ±1 but they do offer some valuable insight. To

ease the exposition we denote by E5 = [E1 − q∗s (2 + ds − 2 (1− δ) θKE4)] and E6 =

4E1 (2 + ds) q∗s . While the sign of E5 is ambiguous, E6 is always positive.

First of all, it is clear that λ1 = − 1
2(2+ds)q∗s

��
E2

5 + E6 + E5

�
is negative. When E5

is positive, the term in brackets is surely positive, when E5 is negative the term under

the square root will surely be large enough to offset E5, so the term in brackets is always
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positive.

The same reasoning can be applied to determine that λ2 =
1

2(2+ds)q∗s

��
E2

5 + E6 − E5

�

is always positive.

Knowing that the eigenvalues are always real and of opposite sign is informative be-

cause, having ruled out all other possible configurations, we can establish that the system

will be stable if and only if the characteristic polinomial is positive at both −1 and 1:

�
1 + trJ + det J > 0

1− trJ + det J > 0
(4.39)

This is equivalent to

�
2(2q∗s (2+ds)−q∗s (1−δ)θE4K−1)

(2+ds)q∗s
> 0

2(1−δ)E4θK
2+ds

≥ 0

This means that the positive eigenvalue is always stable whereas the negative eigen-

value is stable if and only if:

2q∗s (2 + ds)− q
∗
s (1− δ) θE4K − 1 > 0,

or, expanding E4 and isolating θ to one side, when :

θ < θ̃ =
2 (N − 1) (2 + di) (2q∗s (2 + ds)− 1)

(1− δ) (2 + ds) q∗s [(2 + ds) (1 + di +N) q∗s − 2− di] [1− (1 + ds +N) q∗s ]
.

(Corollary 2)

Notice that θ̃ = (N−1)(ds−di)(2q∗s (2+ds)−1)q∗s
(1−δ)KE2E3

is not necessarily positive, its sign will be

the same as the sign of E7 = 2q∗s (2 + ds) − 1 which depends on the relation between

model parameters. E7 attains its maximum value when K = K1 so in order for the

interior equilibrium to be stable, at positive θ, for some K, we must have E7|K=K1 > 0,

or 3 + ds > N . Therefore the interior equilibrium is never stable for N > 3 + ds. The

minimum value of E7 is attained at K = K0 allowing us to conclude that the interior

equilibrium can always be stable — for low enough θ — if E7|K=K0 > 0, or 3 + di > N .

When 3+di < N < 3+ds, provided that θ is sufficiently low for the equilibrium to be

stable at admissible value of K ∈ [K0, K1], there will be some K̂ such that for K < K̂ the

mixed equilibrium is unstable at any θ > 0 while for K > K̂ the mixed equilibrium can

be stable for some θ < θ̃. We can compute �K by solving for θ̃ = 0 ↔ 2q∗s (2 + ds)− 1 = 0:

�K =
ds − di

8 (2 + ds) (2 + di)
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Note that �K does not depend on N .

(Corollary 3)

Expressing θ̂ as a function of q�s and using the same substitutions for E2 and E3 we

obtain:

θ̂ =
2 (2 + di) (N − 1)

(1− δ) (2 + ds) q∗sE2E3

Computing the ratio of the two thresholds we obtain:

θ̂

θ̃
=

1

2 (2 + ds) q∗s − 1
> 1 ↔ 2E1 > 0,

which always holds.

Appendix 4.D — Proof of Proposition 4.5

Proof. Examining the first and second derivatives of W (z):

∂W (z)

∂z
=NK −N (ds − di)

�
(2 + di)(2 + ds)(3 + di + ds +N)

[(2 + ds) (N + 1 + di)− z (ds − di) (N − 1)]3

+
ds + di + dids

2 [(2 + ds) (N + 1 + di)− z (ds − di) (N − 1)]2

�

∂2W (z)

∂z2
=− (ds − di)

2 (N − 1)N

�
3(2 + di)(2 + ds)(3 + di + ds +N)

[(2 + ds) (N + 1 + di)− z (ds − di) (N − 1)]4

+
(di + ds + dids) [(2 + ds) (N + 1 + di)− z (ds − di) (N − 1)]

[(2 + ds) (N + 1 + di)− z (ds − di) (N − 1)]4

�
,

we notice that the only increasing component of the welfare function with respect to the

equilibrium share of standard firms, z̃∗, is given by the element that accounts for the fixed

costs of innovation paid by the innovative firms, KN (1− z̃∗) . The remaining components

of the welfare function, consumer surplus and profits (net of innovation costs) are strictly

decreasing in z. Furthermore, W (z̃∗) is strictly concave, therefore it will have a unique,

local maximum for z̃∗ ∈ [0, 1], which will be either at one of the boundaries of the unit

interval where:
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W (0) = N

�
2 + di +N2

2 (1 + di +N)2
−K

�

W (1) = N
2 + ds +N2

2 (1 + ds +N)2

or at an interior point, W (zw).

Model parameters will determine which one of the above three possibilities actually

characterizes the model. Notice that concavity of W (z) implies that we always have

W � (0) > W � (1). We can further investigate the required relations for each case, focusing

again on parameter K. However, the analysis is hardly tractable:

(i) When maximum welfare obtains at z = 0 we will have W � (0) < 0 which requires

that:

K <
(ds − di)

2 (2 + ds)
2 (N + 1 + di)

3 [(ds + di + dids) (N + 1 + di) + 2(2 + di)(3 + di + ds +N)] = K̂
0

(ii) When maximum welfare obtains at z = 1 we must have W � (1) > 0 which requires

that:

K >
(ds − di)

2 (2 + di)
2 (N + 1 + ds)

3 [(ds + di + dids) (N + 1 + ds) + 2(2 + ds)(3 + di + ds +N)] = K̂
1

(iii) Finally, when W � (0) > 0 and W � (1) < 0 which is equivalent toK̂0 < K < K̂1 the

welfare optimum will be at some interior zw ∈ ]0, 1[.

Given that W (z) is concave, we can be sure that K̂0 < K̂1, but we may want to verify.

Because the expression in square brackets for K̂1 is visibly greater than its homologue for

K̂0, it all boils down to showing that the factors before the expressions in square brackets

satisfy:

(ds−di)

2(2+ds)
2(N+1+di)

3 <
(ds−di)

2(2+di)
2(N+1+ds)

3 ↔
�

2+di
2+ds

�2
<

�
N+1+di
N+1+ds

�3

where the latter expression is always true for di < ds and N ≥ 2.

Finally, we may be interested to compare K̂0 and K̂1 with K0 and K1 defined in

Proposition 4.1. However, the only parameter-independent relation we can establish is:

K̂1 −K1 = (ds−di)[8+di(3+ds−N)+ds(5+ds+N)]

2(2+di)
2(N+1+ds)

3 > 0 ↔ K̂1 > K1
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We also have that K̃0 > K0 iff.

N <
8 + 5di + d2i + 3ds + dids

ds − di

and that K1 > K̃0 iff.:

(2 + ds)
3 (1 + di +N)3 >

> (2 + di) (1 + ds +N)2 (d2i (3 + ds) + 4 (3 +N) + ds (N + 5) + di [11 + 3N + ds (4 +N)]) .

Appendix 4.E — Comparative statics

Here we derive comparative statics of z∗ with respect to production costs, ds and

di — one would expect z∗ to be decreasing in ds and increasing in di. Straightforward

differentiation leads to complex formulae that do not provide a basis for determining the

sign of the derivatives, but notice that the derivatives of z∗ with respect to parameters ds

and di are strictly decreasing and increasing in K respectively:

∂2z∗

∂ds∂K
= − (2 + di)

2

4
√
2 (ds − di)

2
�

(2+di)(2+ds)
2(ds−di)K

K2 (N − 1)
< 0

∂2z∗

∂di∂K
=

(2 + ds)
2

4
√
2 (ds − di)

2
�

(2+di)(2+ds)
2(ds−di)K

K2 (N − 1)
> 0

Which means that evaluating the derivatives of z∗with respect to ds and di at some

boundary value of K will translate into boundary values for the derivatives of interest.

Applying this logic yields that ∂z∗

∂ds
<

∂z∗

∂ds
|K=K0 = − (2+di)(1+di+N)

2(ds−di)
2(N−1)

< 0, as expected.

Unfortunately, ∂2z∗

∂di
>

∂2z∗

∂di
|K=K0 = (2+ds)(3ds+dsdi+N(2+2di−ds)+2)

2(2+di)(ds−di)
2(N−1)

≷ 0, is of ambiguous

sign. We can only say that, z� is increasing in di if (2 + 2di − ds) > 0, or, otherwise, if

(2 + 2di − ds) < 0, when N <
3ds+dsdi+2
−(2+2di−ds)

. This means z∗ is increasing in di when the

standard technology is not excessively more inefficient than the innovative technology, or,

if the latter is the case, when the number of firms competing in oligopoly is not too large.



138 4.7. APPENDIX



Chapter 5

Stock accumulation and the

evolution of institutions in a spatial

public goods game

5.1 Introduction

In evolutionary game theory, model dynamics are essentially changes in the distribu-

tion of hard-wired strategies over a population of interacting agents. A change in players’

behavior typically reflects the relative performance of strategies at some point in time. In

turn, strategy performance depends solely on the population-wide distribution of strate-

gies and their mapping into payoffs that are usually assumed constant. This assumption

may be innocuous when modeling the behavior of populations of interacting animals whose

reproduction is driven by relative fitness. However, property and technology make human

interactions different. The outcomes of strategic interactions today can affect the size of

the payoffs tomorrow. This is because knowledge and resources build up into what we

broadly call private wealth and, to some extent1, technology and accumulate to be readily

reused in the future. The work presented in this chapter is an exercise in extending evo-

lutionary games to incorporate the accumulation of private stocks as an additional source

of game dynamics.

For its analogy with a broad class of strategic social and economic interactions, I focus

on the public goods game with sanctions. Originally, the public goods game was created

to model strategic settings where individuals and organizations put together private re-

sources to create goods and services that are non-excludable and, as such, can be used by

1In contrast to wealth, technology is only partly proprietary, especially in the long-run. This is why,
throughout the chapter, I prefer to refer to what accumulates into agents’ private stocks as wealth.
Nevertheless, agents’ private stocks can be seen as encompassing at least some features of technology.
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anyone, regardless of having contributed to their creation or not. Beyond this context,

the public goods game is, strategically speaking, nothing short of an N -player extension

of the classical Prisoner’s Dilemma. The incentive and outcome structure shared by the

public goods game and the Prisoner’s Dilemma captures the strategic essence of one the

most important engines of abundance and economic growth: trade, see for instance Mil-

grom, North, and Weingast (1990) or Tesfatsion (1997). Whereas trades usually occur

between only two players: a buyer and a seller, putting together the resources necessary

for producing complex goods in advanced societies relies on the performance of multiple

trades for multiple production factors, as well as on the cooperative resolution of multiple,

potentially interrelated conflicts of interests. The public goods game is best interpreted

here as a high level metaphor for that entire stack of interactions. When sanctions are

added, the metaphor is enriched by a representation of the institutions that societies use

for enforcing cooperative behavior.

My results show that stock accumulation can have surprising effects on the dynamic

outcomes of the public goods game when interactions between players are local. It can

both support cooperation or disrupt it, depending on the speed of stock accumulation and

on the returns to scale of public good production. Accumulation also affects punishment

mechanisms in different ways, boosting the effectiveness of peer-to-peer norm enforcement

but potentially undermining the effectiveness of more rigid or centralized mechanisms for

enforcing cooperation.

That private stock accumulation affects public goods game dynamics may also have

notable epistemic value. The game itself, in its many variants, is one of the most popular

game-theoretic metaphors for the social dilemma of group cooperation in the face of selfish

incentives. The relevance of the model for understanding nature and society as well as for

determining how to improve the outcomes of economic interaction is testified by a large

body of literature in economics, evolutionary biology and physics, see Chaudhuri (2011),

Archetti and Scheuring (2012) and Perc, Gómez-Gardeñes, Szolnoki, Floŕıa, and Moreno

(2013) for reviews focusing on each of these three disciplines. In its basic formulation, the

model presents a puzzle: if individual incentives are to cheat, how come we observe — in

nature, societies and experiment — that individuals in fact often cooperate?

Among the large number of extensions of the model that have been put forward to

tackle this puzzle are local interaction and group selection, memory, voluntary partici-

pation to the game and the punishment of defectors. Where punishment is concerned,

there is a lot of diversity in exactly how it can be modeled, but broadly speaking there

are two alternatives: pool-punishment and peer-punishment. Representing a centralized
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and rigid coercive system2, pool-punishment assumes the mandatory maintenance of a

costly institution, regardless of the number and strength of the defectors it is supposed to

protect against. In contrast, peer-punishment is a more flexible and efficient mechanism

for punishing, one where players spend resources to punish free-riders only when such

defectors are present. Thus, peer-punishment costs are proportional to the incidence of

defection. Despite their differences, both types of punishment serve the same purpose -

reducing the profitability of free-riding on the public good. Also, they both give rise to a

new social dilemma called second order free-riding. Seeing punishment as a second order

public good — the mechanism that corrects the incentive structure of the game where

the (‘first order’) public good is created is itself a ‘second order’ public good — a second

order free-rider is a player that contributes to the primary public good, but free-rides on

other players’ efforts to ward off defectors.

The incorporation of stock accumulation in the model put forward here also renders the

distinction between the first and second order dilemmas more economically meaningful.

Whereas the first order public good concerns production — it creates wealth, or not — the

second order public good is only concerned with redistribution and its immediate effects

are the destruction of wealth, be it under the form of resources spent on policing or on fines

received. Subsequently, I also investigate the effects of accumulation on the second order

social dilemma, the punishment game. In the standard public goods game, with defectors

and cooperators only, accumulation is found to always promote cooperation when the

public good is produced with constant returns to scale: the faster stocks grow, the more

cooperation we see. When the public good has decreasing returns to scale we find that

there is an optimal level of stock depreciation, beyond which faster accumulation reduces

cooperation. Regarding the second order dilemma, we find that accumulation enhances

the success of peer-punishment but has mixed effects on pool-punishment. Without second

order punishment, defectors are indirectly favored by accumulation as waves of cooperators

spread faster, eliminating pool-punishers, and are eventually overrun by defectors. With

second order punishment, moderate accumulation is detrimental for defectors but, when

stocks grow too fast, instability can ensue. Finally, wealth accumulation is shown to

support the co-existence of alternative punishment institutions when both punishment

strategies are present.

Sigmund, De Silva, Traulsen, and Hauert (2010) and Szolnoki, Szabó, and Czakó

(2011) study models where two distinct punishment mechanisms, pool-punishment and

peer-punishment, are simultaneously present in a population of boundedly rational agents

2See for instance Traulsen, Röhl, and Milinski (2012); Zhang, Li, De Silva, Bednarik, and Sigmund
(2014)
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and evolutionarily compete against each-other.

With global interaction, as in Sigmund et al. (2010), there are two key ingredients

to the emergence of cooperation under the enforcement of a specific sanctioning institu-

tion: the punishment of second order free-riders and optional participation3. When pool-

punishment extends to second order free-riders4, it becomes a stable equilibrium of the

population dynamics. In the absence of second order punishment, peer-punishment be-

comes the prevailing means for policing contributions to the public good. This is because

peer-punishment is more robust than pool-punishment to the invasion of second-order

free-riders who are neutral invaders in a population consisting only of peer-punishers, but

make strictly higher profits than pool-punishers.

With spatial interaction on lattices, cooperation is, in general, more easily attained, see

Perc et al. (2013). Peer-punishers can no longer be invaded by second-order free-riders,

as shown in Helbing, Szolnoki, Perc, and Szabo (2010), but pool-punishment is still a

less stable enforcement mechanism. When second order free-riders are left unpunished,

the game exhibits cyclic dominance, as non-punishing contributors may invade regions of

pool-punishers and be in turn invaded by defectors. If punishment is efficient enough, pool-

punishers will begin to clear-out regions of defectors and the cycle will begin anew. In the

work of Szolnoki et al. (2011), where agents interact in spatially structured populations,

peer- and pool-punishment are shown to coexist in narrow parameter regions, but only

when peer-punishment is much weaker than pool-punishment.

In a model related to the work presented in this chapter, Du, Cao, Liu, and Jia (2010)

introduce memory in the fitness function of boundedly rational agents playing a spatial

prisoner’s dilemma game. The authors replace current payoffs with a weighted average

of past and current payoffs. This is conceptually similar to expressing fitness as a wealth

function that, each new period, adds current realized payoffs to a depreciated stock of

past payoffs. What is different in the model presented here is that the current payoffs

are themselves stock-dependent. To my knowledge, there is only one other evolutionary

game theory paper exploring this feature, Chadefaux and Helbing (2010). They introduce

wealth accumulation in a spatial prisoner’s dilemma game. Their work shows that accu-

mulation makes the cooperative outcome feasible for a wider range of parameters. This

result is explained by the formation of stable clusters of wealthy cooperators, who are more

easily able to spread in regions filled with poorer defectors, reaching full cooperation in

the absence of mutation.

3This means allowing for a strategy type that makes a small positive payoff on its own, independently
of the strategies played in the public goods game.

4In Sigmund et al. (2010) peer-punishers are also considered second order free-riders by pool-punishers.
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In the model presented here, agents play a public goods game 5 and random mutation

of strategies is permitted. Mutation alone results in qualitatively different dynamics of the

(primary) public good production game. Instead of simply enlarging the parameter space

that leads to full cooperation, in the presence of random mutation, accumulation favors

the co-existence of cooperators and defectors as clusters of cooperators cyclically increase

in size, dominating the surrounding regions of poorer defectors, but eventually collapse

when rich cooperators inside the cluster mutate to defectors. The work presented here also

investigates more thoroughly the stock accumulation process itself which is not explicitly

specified in the paper by Chadefaux and Helbing (2010). I model accumulation in a stock-

flow consistent manner. Agents own a private stock that is depreciated each period and

supplemented by a payoff flow generated by contributions to- and redistribution of the

public good, as well as the costs and fines associated with punishment. When stocks are

fully depreciated between periods the standard model with no accumulation appears as a

particular case of the model introduced here.

To best understand the effects of accumulation on the emergence of cooperation and on

the functioning of the two types of punishment mechanisms, we start with the basic public

goods game model and successively introduce the punishment strategies resulting in four

increasingly complex setups. The rest of this chapter is thus organized in six sections. In

the next section, I provide a general description — in terms of payoffs, strategy diffusion

and stock accumulation — of the framework used for all four model variants considered

here. The four subsequent sections each focus on one model and are each split into two

subsections. The first subsection specifies payoff functions and show that, when stocks are

fully depreciated between periods, the model is equivalent to the classical setting with no

accumulation. Each second subsection presents and comments on model results obtained

through numerical simulation. Section 5.3 analyzes the interaction between cooperators

and defectors, Section 5.4 adds peer-punishers to the strategy ecology, Section 5.5 removes

peer-punishment and adds pool-punishers instead and, finally, Section 5.6 considers the

full model with cooperators, defectors and both punishing strategies. The concluding

section reiterates the main results and puts them in perspective.

5.2 A spatial public goods game with sanctions and stock

accumulation

First, I describe a general framework of interaction, payoff flows, stock build-up and

strategy update. Agents play a public goods game with their neighbors on a two-

5The public goods game generalizes the incentive structure of the prisoner’s dilemma game to an
arbitrary number of players.
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dimensional lattice and update their strategies through imitation. When introducing

accumulation, it becomes important to ensure the stock-flow consistency of the model.

To achieve this and also keep the standard setting with no accumulation as a special case,

the event structure needs to be carefully defined.

As is common in spatial public goods games6, there will be a local game centered on

each agent in which that agent and all of her neighbors play according to their hard-wired

strategies. The fitness of an agent will depend on the outcomes of each of the games she

participates in. In each time step, t, the following events take place in order:

1. All public goods games are simultaneously played throughout the lattice. Agents

may contribute a share of their stock of capital to each of the games they play. The

contributed stocks are entirely consumed in the creation of the public good.

2. Played strategies are observed; sanctioning costs and fines are applied in each game.

3. The public good is equally distributed to all game participants.

4. The payoff flows from the previous two steps are added to (or subtracted from)

agents’ stocks of capital.

5. Strategies are updated through imitation driven by current wealth (stock size) com-

parisons between neighbors.

6. Stocks are updated for the next time-period: capital is depreciated and then is

supplemented by universal basic income7.

Notice that although the game is evolutionary a detailed sequential structure is main-

tained within each time step. This is because the model presented here aims at a reason-

ably realistic stock-flow representation. Therefore, in each time period, production and

sanctions happen in separate stages. In the initial stage, contributions for the public good

game can be made and in the second stage punishment costs and fines are applied to the

remaining wealth of agents. For simplicity, I assume that the returns from the public

goods game are received after the punishment stage.

Agents are assumed to be uniformly distributed on a lattice. The inclusive neighbor-

hood of an agent i — the set of agents connected to her, including herself — is denoted

by N i and |N i| = N, ∀i. Each agent simultaneously plays N games, one centered on each

6See, for instance Szolnoki et al. (2011)
7Agents receive the basic income regardless of the payoffs they realize from their strategic interaction.

This ensures that private stocks do not become stuck at zero without altering the relation between payoffs
of agents with different strategies but equal stocks.
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of the N agents she is connected to, including herself. I denote the games played by i by

Gj, where j ∈ N i. In Gj all players are neighbors of agent j, who is in turn a neighbor of

i. An agent plays the same strategy, si, in all of the games she participate in. An agent’s

total payoff flow in period t is the sum of payoffs πi,Gj

t obtained in each game:

π
i
t =

�

j∈N i

π
i,Gj

t

�
Zj

t−1, s
j
t−1

�

=
�

j∈N i

�
1

N
F

j
t + µ

i,Gj

t

�
,

(5.1)

where Zj
t−1 and sjt−1 are the vectors of capital stocks and the hard-wired strategies of

game Gj’s players when they enter period t. The payoff that agent i obtains in game Gj

is the sum of i’ share of public good that is created in game Gj, denoted by F
j
t and µ

i,Gj

t ,

which stands for any fines payed by i, if player i is punished by other players in Gj, or

any costs that player i pays in order to punish other players in game Gj.

In equation (5.1) it is assumed that the public good, F j
t , produced in game Gj, is split

equally among all of the game’s players, hence the factor 1
N . In reality, the usefulness

of a public good may be heterogeneous. For example, non-urban road infrastructure is

more useful to a middle class family owning two cars than to a student who typically

goes to visit his parents by train. Their contributions to the country’s road budget are

also heterogeneous. In this example there is a straightforward relation between private

wealth, contribution and public good usefulness, but exactly how much utility a specific

individual derives from a public good may depend on a large set of personal characteristics

with various degrees of correlation to wealth. Policy may try to match, to some extent,

individual contributions with individual utility, but there are stark limitations to that.

Therefore, I choose to entirely abstract from such considerations and investigate the most

simple scenario where equal shares of the public good are distributed and only equal

contributions to each public good can be made. Following Chadefaux and Helbing (2010)

potential contributions are normalized to match the stocks of the poorest player in game

j, which I denote by Zj
t−1 = min

�
Zj

t−1

�
.8

Therefore, once period t payoff flows are realized and distributed, the stock of capital

of agent i will become:

8For example, if player j and his neighbors own the following stocks: Zj

t−1 = (2, 5, 10, 12, 5) and the
share of stock contributed is half, γ = 0.5, then, in game Gj , all players will contribute 1

5 units of capital
to the creation of the public good, unless they are defectors. In simulations without this constraint,
where players still share the public good equally but contribute a constant share of their different stocks
regardless of the wealth of agents they are playing against, accumulation will still promote cooperation
for levels of the productivity parameter that normally lead to full defection. However, the effect will be
weaker, see Figure 5.6 compared to bottom panel of Figure 5.2.
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Z̃
i
t = Z

i
t−1 − Isit−1 �=D

�

j∈N i

γ

N
Zj
t−1 + π

i
t, (5.2)

where Zi
t−1 is the stock of capital of agent i at the end of last period and the beginning of

the current one, Isit−1 �=D is an indicator function taking value 0 if agent i is a defector and

1 otherwise and γ
NZj

t−1 denotes the amount of capital that a non-defecting agent i has

contributed to game, Gj. Notice that an agent whose strategy is not to defect will have to

make contributions to N games, hence the factor 1
N accompanying the summation terms

which ensures that, when an agent is the poorest in all the games he participates to, the

total amount of capital he contributes will not exceed a share γ of his stock. This also

means that agents who are not poorest among their first and second degree neighbors will

contribute strictly less than a share γ of their stock.

In the strategy update phase, agents will base their decisions on wealth comparisons.

That makes Z̃i
t the fitness measure of this model. Equations (5.1) and (5.2) show how the

fitness measure relates to an agent’s interactions in each game she participates in. For

later use, it is convenient to denote by Z̃
i,Gj

t the contribution of a game, j to agent i’s

fitness, with

Z̃
i,Gj

t =
1

N
Z

i
t−1 − Isit−1 �=D

γ

N
Zj
t−1 +

�
1

N
F

j
t + µ

i,Gj

t

�
, (5.3)

such that:

Z̃
i
t =

�

j∈N i

Z̃
i,Gj

t .

With probability 1 − θ, at the end of each period, agent i randomly picks an agent,

j, in its neighborhood and imitates its current strategy with a probability that increases

with the difference between the chosen neighbor’s payoff and the agent’s own payoff, as

well as with the size of the intensity of choice parameter, λ:

Psit→sjt−1
=

1

1 + exp

�
−λ

�
Z̃

j
t − Z̃i

t

�� . (5.4)

With a small probability, θ, agents will undergo mutation, picking a strategy at random

from the strategy space with equal probability. This ensures that strategies never disap-

pear from the population. This updating mechanism is, at micro-level, the same as to the

one underlying the noisy replicator equation investigated in Section 4.4.3.

After strategy updating, stocks are also updated for the next period: they undergo

depreciation by an amount ρ and are supplemented by universal basic income, τ , becom-

ing:
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Z
i
t = (1− ρ)max

�
Z̃

i
t , 0

�
+ τ. (5.5)

This specification ensures that stocks never become null or negative and that, under full

depreciation, ρ = 1, they become fixed at τ . For each strategy ecology, I then show that

when stocks become thus fixed, the individual fitness measure corresponds to what can

be found in the standard models with no accumulation, see for instance Szolnoki et al.

(2011).

Starting from the classical setting with only defectors and unconditional cooperators

analyzed in the next section, I introduce the sanctioning mechanisms in the subsequent

sections. Section 5.4 considers the case of cooperators, defectors and peer-punishers.

Then, in Section 5.5, I will focus an ecology consisting of cooperators, defectors and pool-

punishers. In a final section I analyze a public goods game where both peer-punishing

and pool-punishing are present in the population. Throughout, results obtained by the

standard model with constant payoffs are contrasted to the outcomes resulting when the

payoffs of each strategy depend on the history of play through the accumulation of stocks.

5.3 First order social dilemma: cooperators versus defectors

First we investigate the effect of payoff accumulation on the classical spatial public

goods game where only unconditional cooperators, C, and defectors, D, interact.

5.3.1 Fitness functions for the C and D ecology

In this set-up, the payoffs generically defined in (5.1) are obtained by summing over

the corresponding share of public good produced9 in each game that agent i participates

in:

π
i
t =

1

N

�

j∈N i

F
j
t , (5.6)

where

F
j
t = r




�

k ∈ N j

sk �= D

γ

N
Zj
t





α

(5.7)

9Because there is no punishment here, µi,G
j

t
= 0.
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is a social production function defining how individual contributions are transformed

into the public good. In each game, contributions10, γ
NZj

t , are gathered from all agents,

k ∈ N j, in the neighborhood of j who are not defectors, sk �= D. The sum of these

contributions is the argument of a neoclassical production function. The parameter α is

introduced for controlling the returns to scale of public good production. Throughout the

paper, I will focus on the case of decreasing returns to scale α < 1, but will also briefly

explore constant returns to scale. Aside from its economic meaning11, the decreasing

returns to scale assumption has a technical purpose: it imposes an upper bound on

capital stocks. Otherwise, through accumulation, stocks can grow indefinitely, rendering

the model unwieldy in simulation analysis. Notice that the multiplier r, referred to as

the yield or synergy factor of the public good in the game theory literature works here

much like the multifactor productivity parameter in the Solow (1956) neoclassical growth

model. Therefore I will refer to it as productivity.

In order to establish a conversation between the model with stock accumulation and

previous models with static payoffs, it is important to show that the model introduced

here nests the standard spatial public goods game with no stock accumulation. This

happens for full depreciation, ρ = 1, and constant returns to scale, α = 1. As explained

in the previous section, an agent’s fitness can be written as the sum of per-game fitness

defined in equation (5.3). Dropping the time subscript and indexing by agent strategy

for notational convenience, the per-game fitness in case of constant stocks can be written

out as:

Z̃
i,Gj

C =
τ

N
+ τ

γ

N

�
r
�
N

j
C + 1

�

N
− 1

�

Z̃
i,Gj

D =
τ

N
+ τ

γ

N

�
rN

j
C

N

�
,

(5.8)

10The rationale behind the expression for an agent’s contribution to each game is previously explained
in the paragraph discussing equation (5.2). In short, it is set so that agents will, in total over all games
played, contribute at most a share γ of their stock and also so that, in each game, contributions by each
player are equal, regardless their wealth.

11Motro (1991) examines the role of returns to scale in evolutionary public goods games with random
matching, showing that only decreasing returns to scale can support Nash equilibria where only a part
of the population cooperates - as is most often observed in nature. His result depends on the synergy
parameter, r, being greater than the number of players, N , and α being such that marginal returns
generate individual incentives for contribution at low participation rates and disincentivize cooperation
for higher participation rates. In our analysis we focus on the case where the public good presents a
social dilemma for all levels of contribution, r < N regardless of α.

Costa, Ellson, and Martin (1987) estimate the returns to scale of US public capital, at a regional
level, finding strong support for diminishing returns, regardless of the sectorial aggregation of the data.
However, in the private sector, especially in the long run, returns to scale are increasing, see for instance
Romer (1986), or Fingleton and McCombie (1998) .
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where N
j
C is the current number of cooperators — not counting player i — in game Gj.

In equation (5.8) we recognize the payoff functions of cooperators and defectors in a game

with no stock accumulation, up to a linear increasing transformation12, see for instance

Szolnoki et al. (2011).

5.3.2 Simulation results for the C and D ecology

Depending on the relation between the productivity parameter r and the number of

players in each game, N , the Nash equilibrium of a public goods game with random

interaction can be either full cooperation or all-out defection13. With spatial interactions,

the model behaves differently: for a range of model parameters, cooperation and defection

can co-exist in the steady state of the population. For instance, Szolnoki, Perc, and Szabó

(2009) show that in a lattice world with Von Neumann interaction neighborhoods, where

N = 5 as each agent interacts with its immediate neighbors on the horizontal and vertical

dimensions, cooperators and defectors co-exist in equilibrium for 3.74 < r < 5.49.14

wealth — of the social dilemma compared to the random interaction dynamics is

explained by the spatial interaction structure. Cooperators can thrive in bubble-like

clusters when r < N as, on average, payoffs of cooperators inside the cluster can be higher

than payoffs of the defectors outside, because cooperators inside the cluster participate

in games that, on average, produce more of the public good. Conversely, when r > N ,

defectors can still survive in thin layers around large clusters of cooperators.

When investigating the effects of accumulation on the spatial Public Goods Game it is

therefore of particular interest what happens for variations of the productivity parameter,

r, and — given the focus on accumulation in this model — the stock depreciation param-

eter, ρ. By simulating the model specified by equations (5.1)-(5.7), I find that, overall,

accumulation promotes cooperation in the public goods game. Moreover, the lower the

discount factor, ρ, the lower is the required productivity of the public good that supports

cooperation, as long as the public good has constant returns to scale, α = 1, see Figure

5.1.

Examining Figure 5.2, where returns to scale are decreasing, α = 0.9, we observe an

12In the strategy updating equation (5.4) the constant terms will cancel out and the effect of the factor
τγ 1

N
will be confounded with that of the intensity of choice parameter, λ.

13When random strategy mutation is possible, the two strategies may coexist, but only in ”artificial”
proportions where one strategy is only played by agents who have just mutated to it.

14Note that their result is obtained in a set-up with random sequential updating and in the absence
of random strategy mutation, whereas here updating is synchronous as in Nowak and May (1992) and
strategy mutations occur with small but positive probability. According to Roca, Cuesta, and Sánchez
(2009) quantitative - but not qualitative — differences between results of spatial cooperation games,
obtained under unconditional imitation using synchronous versus random sequential updating, are to be
expected.



150 5.3. COOPERATORS VERSUS DEFECTORS

Fig. 5.1. Population shares and wealth in the spatial public goods game with stock
accumulation for different values of r and ρ. Other parameters are fixed: share of stock
contributed to the public good, γ = 0.5, returns to scale of social production, α = 1,

basic income, τ = 1, intensity of choice, λ = 10, mutation probability, θ = 0.0005. Initial
strategies are drawn randomly with equal probability from the strategy space. Displayed

values are averages over 100 periods after a relaxation time of 500 periods.
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Fig. 5.2. Population shares and wealth in the spatial public goods game with stock
accumulation for different values of r and ρ. Other parameters are fixed: share of stock
contributed to the public good, γ = 0.5, returns to scale of social production, α = 1,

basic income, τ = 1, intensity of choice, λ = 10, mutation probability, θ = 0.0005. Initial
strategies are drawn randomly with equal probability from the strategy space. Displayed

values are averages over 100 periods after a relaxation time of 2000 periods.



intriguing result. Lowering the discount factor at first promotes cooperation but there is

a turning point at ρ � 0.25, below which stronger accumulation discourages cooperation.

The reason for this result is that stock accumulation has a double edged effect on the

social dilemma. On the one hand, it spatially and inter-temporally favors cooperators as

clusters with a history of contribution to the public good will enjoy higher fitness than

regions that have been plagued by defection in the past. On the other hand, having higher

stocks also increases the size of the social dilemma and, for decreasing returns to scale,

this happens faster than linearly — contributions grow linearly with stocks while public

good production increases at decreasing rates. The advantage of defecting in one period

also carries over to the next periods and, when depreciation is small, it persists longer.

Furthermore, decreasing returns imply that, even without defection, stock increases will

slow down and their intertemporal support for cooperator clusters will curb. In contrast,

the size of the social dilemma only increases with stocks and its persistence over time is

higher for lower levels of depreciation. It turns out that whether the system can stabilize

at a level of stocks for which the two effects balance each-other out depends on stocks

not accumulating too fast and never reaching a level where the advantages of being a

defector are so strong and enduring that they eventually lead to an all-out break-down of

cooperation.

Figure 5.3 illustrates strategy and stock dynamics for the two possible scenarios, one

where moderately depreciating stocks settle to a sustainable level and one where, due to

the low depreciation factor, an initial steep increase in stocks is followed by a breakdown

of cooperation throughout the lattice - note the different ranges of the y-axis between the

upper and bottom panel and the much faster peaking of stocks in the bottom panel. To

shed some light into this phenomenon Figures 5.4 and 5.5 show the evolution of the spatial

distribution of strategies and wealth stocks with fast and slow depreciation respectively.

At ρ = 0.2, the spatial distributions of stocks and wealth are strongly connected through

time - the heat map for wealth is very dynamic with whiter color appearing where clusters

of cooperators form. In contrast, at ρ = 0.05, the stock spatial distribution is correlated

to the strategy distribution at period 70, but as time moves on, that relation begins to

wane as strategies shift towards defection while the wealth heat map remains mostly the

same. Too slow depreciation therefore undermines the intertemporal spatial advantage of

cooperation because regions of defectors do not become ‘poor’ fast enough.

The upper panel of Figure 5.6 shows that the results described above are qualitatively

robust to changes in the share of stocks that is contributed by cooperators, γ. As expected,

the negative effect on cooperation brought about by a too fast increase in stocks is more

pronounced for higher γ which implies a faster growth of stocks for the same level of
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Fig. 5.3. Population share dynamics (left) and stock dynamics (right) for two spatial
public goods game with decreasing returns to scale, α = 0.9, and different depreciation
rates: ρ = 0.2 (upper panels) and ρ = 0.05 (lower panels). Other parameters: r = 3.5,

τ = 1, γ = 0.5, λ = 10, θ = 0.05.
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Fig. 5.4. Strategy — defectors in red, cooperators in yellow — and (log) wealth —
lighter shades of gray code for higher wealth — spatial distributions accompanied by per
strategy histograms of log wealth. Parameters: stock depreciation, ρ = 0.2, productivity,
r = 3.5, share contributed, γ = 0.5, returns to scale of social production, α = 0.9, basic
income, τ = 1, intensity of choice, λ = 10, mutation probability, θ = 0.0005. Initial

strategies are drawn randomly with equal probability.
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Fig. 5.5. Strategy — defectors in red, cooperators in yellow — and (log) wealth —
lighter shades of gray code for higher wealth — spatial distributions accompanied by per

strategy histograms of log wealth. Parameters: stock depreciation, ρ = 0.05,
productivity, r = 3.5, share contributed, γ = 0.5, returns to scale of social production,

α = 0.9, basic income, τ = 1, intensity of choice, λ = 10, mutation probability,
θ = 0.0005. Initial strategies are drawn randomly with equal probability.
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Fig. 5.6. Population shares and wealth in the spatial public goods game with stock
accumulation for different values of r and ρ. Baseline parameter configuration: γ = 0.5,

α = 0.9, τ = 1, λ = 10, θ = 0.0005 with variations to: γ = 0.75 (upper panel); no
normalization of contributions to poorest player’s stock (lower panel). Results represent

average values over 100 periods after a relaxation time of 1000 periods.
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productivity and a larger social dilemma for any level of stocks.

The lower panel of Figure 5.6 shows that the main results described in this section

are also qualitatively robust to the restriction we imposed on the stakes of the game to

match the stock of the poorest participant. The relatively weaker power of accumulation

in promoting cooperation when contributions to public good are not proportional to the

smallest stock, Zj, is readily explained by a reduction of the ability of wealthy clusters of

cooperators to protect themselves from invasion coming from poorer defectors located at

the cluster’s border.

5.4 Cooperators, defectors and peer-punishers

Peer-punishment is the standard model of individual — as opposed to institutionalized

— efforts that people make to maintain a social norm. Whenever a peer-punisher interacts

with a defector, the punisher will expend some amount of her own resources to inflict

damage on the (first order) free-rider. Otherwise, if the peer-punisher encounters no

defectors, she incurs no extra costs on top of her contribution to the production of the

public good. Theoretically, as well as in experimental setups, this possibility is formulated

as a sequential game where punishment can happen in a stage after contributions to the

public good are observed, when those considered to have not contributed enough can be

punished, see for instance Andreoni and Gee (2012). Solution concepts, such as backward

induction, rule out punishing as rational behavior and refer to punishment in general as a

second-order social dilemma where punishment is in itself the public good of maintaining

cooperation for the creation of the first order public good. Experiments, however, do

document, by and large, recourse to such behavior and an ability of peer-punishment to

promote cooperation.

In evolutionary models punishment is typically treated as a hard-wired strategy and

the model collapses any sequential game considerations into a one-shot specification of

the payoff functions, see for instance Sigmund et al. (2010); Szolnoki et al. (2011). As

discussed in Section 5.2, here we maintain a sequential structure within each period. Nev-

ertheless, the payoff functions of the evolutionary public goods game with punishment still

fit within the stock accumulation framework while leaving the possibility to accommodate

the standard model with static payoffs as a particular case.

In the literature, peer-punishment also appears in other contexts and forms than it

does here. For instance, Helbing, Yu, Opp, and Rauhut (2014) allow for a hypocriti-

cal kind of punishment where one of the hardwired strategies allows for punishers who

are themselves first order defectors and Rand and Nowak (2011) study a model where

antisocial punishment — defectors punishing cooperators — is also possible. Although
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these may be interesting scenarios and relevant in describing some aspects of real life

interactions, I choose to limit my analysis to the classical set-up that describes a society

where there exists a social norm — formal or informal — that denouces those who do

not contribute to the production of the public good. In the interpretation investigated

here, the norm is to contribute and, on top of this, some may even be so adamant about

respecting it that they would go out of their way and spend personal resources to punish

those who trespass it.

5.4.1 Fitness functions for the C, D and E ecology

As far as the production game is concerned, the quantities in the payoff flow function

generically defined in (5.1) are still specified by equations (5.6) and (5.7). On top of

this, punishment costs and fines, µi
t, are added. Depending on the stocks and strategies

involved in the game, punishers, E, and defectors, D, will incur the following ’second-

order’ payoff flows. As the following equation suggests, the agent will receive one such

flow from each game she participates in:
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µ
i,Gj

t , (5.9)
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The interpretation of equation (5.10) is that, having used up to
�

j∈N i
γ
NZj

t of her

initial stock for public good production, a peer-punisher is left with a wealth of at least15

Zi
t−1 (1− γ). Together with parameters pE and rE explained below, this residual stock

determines her strength, or ability to punish the defectors she encounters. I assume that

she equally divides her punishing strength among the N games she participates in. I also

assume that punishment costs spent on each defector are proportional to the defector’s

wealth. This means that, in each game Gj, punishment costs of a peer punisher will

be proportional to the sum of defectors’ wealth in that game, Zj
D,t =

�
l∈Nj , slt−1=D Z l

t−1.

One can compute the total punishment costs per unit of defector’s wealth spent by peer-

punishers in game Gj as pE
1
NZ

j
E,t =

�
l∈Nj , slt−1=E (1− γ)Z l

t−1pE
1
N , noticing they will be

15To facilitate the exposition, I use in the equation the lower limit of the remaining capital instead of
the actual remaining one Zi

t−1 −
�

j∈Ni
γ

N
Zj

t
. In the simulation results presented, the actual remaining

stocks are used, but the simplified formulation also yields very similar results.
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proportional to Z
j
E,t, the remaining wealth of peer-punishers in game Gj. Multiplied by

the parameter rE, which controls for the global efficiency of peer-punishment, fines are

applied to each defector in the game, proportionally with her current wealth, Zi
t−1.

The assumptions underlying the formulation of punishment costs and fines are del-

icate ones because they imply that, when punishing very wealthy defectors, an agent’s

punishment costs may become very large, larger even than the agent’s remaining stock of

wealth. However, it is arguably not an unrealistic scenario. To begin with, one’s outrage

towards an outlaw tends to be higher the wealthier the perpetrator, hence a willingness to

spend more resources to punish the wrongdoer. Moreover, even as that willingness begins

to fade in face of the realization of rising personal cost, having entered into conflict with

a too powerful outlaw may cost a vigilante more than the price they are willing to pay

for justice.

The parameters pE and rE control the cost and efficiency of the punishment tech-

nology. More precisely, if we restrict our attention to what happens in a specific game

Gj, according to equation (5.10), total punishment costs and fines in that game are:

pE (1− γ)Zj
D,t−1Z

j
E,t−1

1
N and pErE (1− γ)Zj

D,t−1Z
j
E,t−1

1
N , respectively.

Also, it is important to verify that, in the absence of accumulation, the model specified

by equations (5.1)-(5.7) and (5.10) accommodates the classical Public Goods Game with

peer sanctions. The fitness share corresponding to game Gj for an agent, i, using each of

the three strategies, will be:
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(5.11)

The fitness per game appears now as a convex combination of the payoffs from the

standard production Public Goods game and punishment flows. By giving the two com-

ponents equal weights, γ = 1
2 , and setting τ = 1, we obtain the classical payoffs up to

a linear transformation. In qualitative terms, the latter two restrictions are not essen-

tial, as we can set τ , pE and γ to match any parametrization of the Public Goods with

peer-punishment and no accumulation.
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Fig. 5.7. Population shares and average wealth in the spatial public goods game with
stock accumulation for different values of r and ρ. Other parameters are fixed: cost of

peer-punishment, pE = 0.05, peer-punishment efficiency, rE = 3, share of stock
contributed to the public good, γ = 0.5, returns to scale of social production, α = 0.9,

basic income, τ = 1, intensity of choice, λ = 10, mutation probability, θ = 0.0005. Initial
strategies are drawn randomly with equal probability from the strategy space. Displayed

values are averages over 100 periods after a relaxation time of 2000 periods.

5.4.2 Simulation results for the C, D and E ecology

It is a known result that with lattice interactions, the second order dilemma of peer-

punishment does not lead to failure of cooperation. In particular relevance to the model

studied here, Helbing et al. (2010) find that peer-punishment prevails with lattice in-

teractions and that, moreover, mutation helps clusters of peer-punishers grow faster by

breaking up clusters of non-punishing cooperators who do not survive when invaded by

defectors. The same holds for the model with accumulating payoffs and we observe that

accumulation acts against defectors.

As expected, the presence of peer-punishers enlarges the section of the (r, ρZ) param-

eter space where the public good is produced, see Figure 5.7. More interesting is perhaps

that the nonlinear effect of depreciation that we observed in the previous section, see Fig-

ure 5.2, is no longer present. Lowering ρ always leads to having smaller shares of defectors

in the long run. This is perhaps because, in contrast to the advantages of cooperation

which are concave in stocks, fines increase quadratically with stocks, see equation (5.10)

— if a defector appears through mutation nearby a peer-punisher, its punishment will be

extremely high.

In the absence of defectors, cooperators and peer-punishers will obtain identical pay-

offs. It is therefore most interesting to focus on parameter regions where, in the absence
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of peer-punishment, cooperation would break down. Hence the choice to investigate the

effects of pE and rE at r = 2.5 which, according to Figure 5.2, is not high enough to

support cooperation in the first order dilemma. The results of simulations looking into

the effects of punishment cost and efficiency are presented in Figure 5.8. It is intuitive

that the equilibrium population shares will depend on how expensive and how efficient

punishment is. The cost of punishment, pE, determines the size of the second order so-

cial dilemma, and together with punishment efficiency, rE, it determines the ability of the

punishment mechanism to correct the incentive structure of the game, countering the first

order social dilemma. Since this chapter considers alternative punishment mechanisms,

it is also interesting to compare them by plotting equilibrium population shares in the

(pE, rE) space.

Inspecting panel (a) of Figure 5.8, a first observation is that indeed the second order

dilemma does not lead to break-down of the public good in the long run. At any level of rE,

raising the punishment costs is only detrimental to defectors — at any level punishment

efficiency, rE, when moving right parallel to the horizontal axis, we can only find smaller

(or null) ratios of defectors in the long term population shares. By comparing panel (a)

against panels (b) and (c) it is clear that accumulation promotes contributions to the

public good — the parameter regions that lead to full defection are greatly reduced when

stocks accumulate.

5.5 Cooperators, defectors and pool-punishers

Pool-punishment is a simplified model of centralized institutional punishment, see

Sigmund et al. (2010); Andreoni and Gee (2012). Pool-punishers behave much like tax-

payers, contributing to maintain a punishment institution — the police — whether there

are any criminals to catch or not. In some societies individuals and organizations, other-

wise honest, enjoy the order maintained by the police but do not pay for it by committing

tax-evasion. Typically societies punish tax-evasion as a crime, but the intensity of these

efforts, as well as their results, vary across the globe, see Schneider (2005) and Richard-

son (2008). In this section I study the effects of accumulation on a public good policed

by pool-punishment under two scenarios: when tax-evasion goes unpunished and when

tax-evasion is punished.

5.5.1 Fitness functions for the C, D and O ecology

Whereas most evolutionary models of peer-punishment are in agreement when it comes

to defining per-strategy payoffs, for pool-punishment there is no clear standard in the
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Fig. 5.8. Population shares for different values of punishment cost, pE, and punishment
efficiency,rE. Stock accumulation is controlled by (a) ρ = 1 - no accumulation; (b)
ρ = 0.3 — moderate accumulation; (c) ρ = 0.05 - fast accumulation. All other

parameters are fixed: public good productivity, r = 2.5, share of stock contributed to
the public good, γ = 0.5, returns to scale of social production, α = 0.9, basic income,

τ = 1, intensity of choice, λ = 10, mutation probability, θ = 0.0005. Initial strategies are
drawn randomly with equal probability from the strategy space. Displayed values are

averages over 100 periods after a relaxation time of 2000 periods.
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literature. For instance, Szolnoki et al. (2011) assume that the fine for defectors is the

same, regardless of how many pool-punishers there are in a game — as long as there is at

least one, Sigmund et al. (2010) assume the fine is linearly increasing with the number of

punishers, but does not depend on how many defectors (or defectors and cooperators in

the case of second order punishment) are being punished, Schoenmakers, Hilbe, Blasius,

and Traulsen (2014) assume the size of the contribution to the punishment pool decreases

with the number of contributors while the fine stays constant.

With the intention to make further comparisons between the two punishment institu-

tions free of assumptions regarding their efficiency, I model instead a constant punishment

technology. Pool-punishers contribute a fixed share, Zi
t−1pO, of their wealth to the pun-

ishment pool. Then, with efficiency rO, these funds are turned into fines that are shared

among all agents that need to be punished, defectors or second order free riders (i.e. co-

operators). To allow for flexibility in how second order free riding is punished compared

to first order free riding, I introduce a new parameter, rS. It controls for how harshly

cooperators are punished in comparison to defectors. When rS = 0 second order free

riders are not punished at all, when rS = 1 they are punished as harshly as first order

free riders.

The payoff function for agent i, after participating in all neighboring games indexed

j, is given by:
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(5.12)

Equation (5.12) describes an agent’s total outcome over the punishment phase, con-

tingent on her strategy. I assume that, in each game, j, a pool of punishment resources,
pO
N Z

j
O,t =

�
l∈Nj , slt−1=O (1− γ)Z l

t−1pO
1
N is created and then used to fine defectors in that

game only. If an agent is a pool punisher, Isit−1=O, then her total punishment costs are

proportional with her remaining (after contribution to the public good) stock of capital,

(1− γ)Zt−1, and linearly increasing with a parameter globally controlling punishment

cost, pO. To ensure that total punishment expenses never exceed available resources of

the agent, I restrict pO ≤ 1 and divide an agent’s per-game punishment costs by N
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so that, over the N games in which the pool-punisher agent i participates, punishment

expenses sum up to (1− γ)Zi
t−1pO. In each game, j, the punishment fund, pO

N Z
j
O,t is

multiplied by a parameter rO, which controls for the efficiency of the pool-punishment

mechanism, and this total fine is distributed over punishable game participants propor-

tionally to their remaining wealth. This proportionality is achieved through the weight

factors
Zi
t−1

Zj
D,t+rS(1−γ)Zj

C,t

and
rS(1−γ)Zi

t−1

Zj
D,t+rS(1−γ)Zj

C,t

which apply to defectors and cooperators re-

spectively. In line with the previous section, I denote by Z
j
D,t−1 =

�
l∈Nj , slt−1=D Z l

t−1 and

Z
j
C,t =

�
l∈Nj , slt−1=C Z l

t−1, the total stocks of wealth of defectors and cooperators in game

Gj, at the beginning of period t.

According to the payoff function specified in equation (5.12) pool-punishment is, like

peer-punishment, local in the sense that punishment resources gathered in one game are

used up entirely in that game. The main difference is that how many resources are

gathered for punishment is independent of how many free riders there are present in that

game or how wealthy they are. This feature, common to all various specifications of pool-

punishment found in the literature, appears here as a tax on a punisher’s stock, which is a

constant proportion, pO, of her remaining stock (1− γ)Zi
t−1 and is equally divided among

the N games that the agent plays. In contrast, the specification of peer-punishment

costs in equation (5.10) makes punishment costs proportional to the total wealth of the

defectors present in that game. On the punished agent’s side of the fine things will also

look different between pool and peer-punishment. It is true that in both cases the richer

the punished agent the higher their fine. However, because with pool-punishment the

punishment resources are independent of how wealthy the punished are, a fine will be

proportional to the relative size of the punished agent’s wealth among all agents punished

in that game. In contrast, peer-punishment makes the fine proportional to the absolute

size of the punished agent’ wealth.

As specified above, cooperators too can be punished as second order free-riders,

whereas in the previous section, peer-punishers could not punish second-order defectors.

This follows Sigmund et al. (2010) who model pool-punishment as a centralized coercive

institutions that may also punish second order free riders, much like the police can also

punish tax-evasion.

As done in the previous sections, I also verify that the per-game fitness of the strategies

is equivalent to the payoff specification in a setup with no accumulation. When players

have constant stocks, τ , the fitness obtained in one game by each of the three strategies

considered in this section is:
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which, as discussed, is a way of setting-up a pool-punishment mechanism whose effective-

ness can be easily compared to the peer-punishment mechanism.

5.5.2 Simulation results for the C, D and O ecology

When examining Figures 5.9 and 5.10 and comparing them to their counterparts

in the C,D and E ecology, Figures 5.7 and 5.8, one can immediately notice that pool-

punishment is a less effective16 method of promoting cooperation compared to peer-

punishment. In fact, pool-punishment does not even always decrease the threshold pro-

ductivity level, r, required to avoid full defection, it all depends on the size of the de-

preciation factor, ρ. Moving along the vertical axis of Figure 5.9 we see that, for high ρ,

accumulation has a negative effect on the effectiveness of pool-punishment — the extra

range of productivity, r, that pool-punishment takes away from the full defection area de-

creases as accumulation speeds up. For values of ρ between 0.6 and 0.2 pool-punishment

is completely ineffective in promoting contributions to the public good, but for very fast

accumulation, ρ < 0.2, it becomes again effective in protecting the public good.

When there is no second order punishment, that is rS = 0, not only does pool-

punishment need to be much more efficient in order to keep defectors at bay, but, even

when it manages to support some degree of contribution to the public good, it does so in

an unstable manner, with cyclic replacement of punishers by cooperators, of cooperators

by defectors and of defectors by punishers. Figures 5.12– 5.15 display the typical cycling

aggregate strategy shares and average per-strategy wealth, as well as samples of the wave-

like spatial strategic dominance cycles.

In Figure 5.10, particularly for ρ = 0.3 and ρ = 0.05 the region of the parameter space

where we have a dominance cycle seems surprisingly non-compact with fringes of mixed

population shares extending vertically for low pO. However, given enough time, these

cycles seem to break down into full defection in some cases. In the mid panels of Figure

16Note also the different scale of the vertical axis between Figures 5.10 and 5.8.
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Fig. 5.9. Population shares and average wealth in the spatial public goods game with
stock accumulation for different values of r and ρ. Other parameters are fixed: no

second order punishment, rS = 0, cost of pool-punishment, pO = 0.05, pool-punishment
efficiency, rO = 3, share of stock contributed to the public good, γ = 0.5, returns to scale
of social production, α = 0.9, basic income, τ = 1, intensity of choice, λ = 10, mutation
probability, θ = 0.0005. Initial strategies are drawn randomly with equal probability

from the strategy space. Displayed values are averages over 100 periods after a
relaxation time of 2000 periods.

5.11 this type of ‘almost attracting’ cycle, that obtains for low but not very low values

of pO is shown. The pattern is clearly different17 from the dynamics obtained for larger

or lower values of pO, which support wave-like cyclical behavior that is robust in the very

long-run. Investing more machine-hours might clear off the parasitic effect of insufficient

relaxation time. However, I consider the result very intriguing in itself and so far find

it hard to offer a complete explanation of the formation of these ’almost stable’ cycles

and especially of the non-linear relation — only when stocks accumulate — between their

endurance and the punishment cost parameter, pO.

For ρ = 0.3, Figure 5.10 points to yet another intriguing region. For very low pun-

ishment cost, pO = 0.01 there appears to be a very thin region with a peculiarly high

density of pool-punishers. According to the upper panel in Figure 5.11, the configuration

appears to be quite stable in the long-run. The spatial dynamics in this region, shown

in Figure 5.16 are remarkably different from the wave-like cycles shown in Figure 5.14.

Because of the very small amount of resources dedicated to punishing, pool-punishers are

very slow in clearing out regions of defectors. Moreover, defectors can here survive in thin

layers around bubble-like clusters of pool-punishers, much like they do for higher levels

of r in the Cooperators and Defectors ecology presented in the previous section. This

17One clear feature that distinguishes these type of dynamics from the long run stable ones is higher
volatility of stocks and of strategy shares.
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kind of compartmentalization of the lattice contains invasions of pool-punisher clusters

by cooperators and, as a result, limits the spread of defectors also.

All in all, the nonlinearity of defector shares with respect to the pO parameter must be

related to the two-fold effect that accumulation has on the second order dilemma and on

the effectiveness of pool-punishment, both of which are controlled by parameter, pO. On

the one hand, accumulation speeds up waves of cooperators spreading into pool-punisher

territory because the benefits of second-order free-riding are inter-temporally boosted. On

the other hand, it speeds up the invasion of regions of defectors by wealthier and thus more

powerful pool-punishers. How these effects impact strategy transmission is also affected

by both agent wealth in absolute terms as well as by wealth differences between agents

with different strategies. The left panels of Figure 5.11 show that, as expected, the gap

between cooperators’ wealth and punishers’ wealth increases with pO. At the same time,

per-strategy average wealth decreases too because, even if agents may change strategies,

stocks persist and higher costs payed by an agent in the past will have an impact on

current wealth.

Comparing the panels of Figure 5.10 between different values of ρ shows that, in the

absence of second order punishment, wealth accumulation has an ambiguous effect on

the effectiveness of pool-punishment. There is certainly more cooperation with constant

stocks, however as depreciation further decreases from ρ = 0.3 to ρ = 0.05, the parameter

space that leads to full defection slightly decreases in size. This might seem surprising

since stock accumulation exacerbates the second-order social dilemma.

Noticing the more intensely blue color of the bottom right panel compared to the mid-

dle right one leads one to think that there must be something that makes pool-punishers

fare better when ρ is lower. Figures 5.12-5.15 help us identify precisely what that is. As

expected, when ρ = 0.05 the waves of cyclic dominance move faster than they do for

ρ = 0.3. This happens because both social dilemmas are exacerbated by faster growing

stocks and we can particularly see pool-punishers getting invaded by cooperators at higher

speed. However, at ρ = 0.05, we notice a phenomenon that never occurs at ρ = 0.3: clus-

ters of pool-punishers can spontaneously grow out in a sea of defectors after one of them

has mutated to pool-punisher, see Figure 5.13. It is noteworthy that, in order for such

pool-punisher bubbles to appear, stocks need to be sufficiently high and heterogeneous

— bubbles do not appear if we initialize the lattice at the same parameters, including

ρ = 0.05, with only defectors, no matter how much we increase the base income,τ . How-

ever they will appear when enough random exogenous wealth heterogeneity is introduced

into an initial population of only defectors. The concise take-away is that, while moderate

wealth accumulation renders pool-punishment a less effective sanctioning system, faster
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Fig. 5.10. Population shares for different values of punishment cost, pO, and punishment
efficiency, rO. Stock accumulation is absent ρ = 1, (upper panels), moderate, ρ = 0.3,
(mid panels), and fast, ρ = 0.05, (bottom panels). All other parameters are fixed: no
second order punishment, rS = 0, public good productivity, r = 2.5, second order
punishment factor, rS = 0, share of stock contributed to the public good, γ = 0.5,

returns to scale of social production, α = 0.9, basic income, τ = 1, intensity of choice,
λ = 10, mutation probability, θ = 0.0005. Initial strategies are drawn randomly with
equal probability from the strategy space. Displayed values are averages over 100

periods after a relaxation time of 2000 periods.



ACCUMULATION AND INSTITUTIONS IN A SPATIAL PGG 169

Fig. 5.11. Population share dynamics (left) and stock dynamics (right) in the C, D and
O ecology for different values of punishment cost: pO = 0.01 (upper panels), pO = 0.03
(mid panels) and pO = 0.3 (bottom panels). Other parameters, rS = 0, ρ = 0.3, α = 0.,

rO = 15 r = 2.5, τ = 1, γ = 0.5, λ = 10
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Fig. 5.12. Population share dynamics (left) and stock dynamics (right) in the C, D and
O ecology for a moderate depreciation rate, ρ = 0.3, and rS = 0, α = 0.9, pO = 0.05,

rO = 10, r = 2.5, τ = 1, γ = 0.5, λ = 10

Fig. 5.13. Population share dynamics (left) and stock dynamics (right) in the C, D and
O ecology for slow depreciation rate, ρ = 0.05, and rS = 0, α = 0.9, pO = 0.05, rO = 10

r = 2.5, τ = 1, γ = 0.5, λ = 10
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Fig. 5.14. Strategy — defectors in red, cooperators in yellow, pool-punishers in blue —
and (log) wealth — lighter shades of gray code for higher wealth — spatial distributions

for moderate depreciation rate, ρ = 0.3, and rS = 0, α = 0.9, pO = 0.05, rO = 10,
r = 2.5, τ = 1, γ = 0.5, λ = 10
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Fig. 5.15. Strategy — defectors in red, cooperators in yellow, pool-punishers in blue -
and (log) wealth —lighter shades of gray code for higher wealth —spatial distributions

for moderate depreciation rate, ρ = 0.05, and rS = 0, α = 0.9, pO = 0.05, rO = 10,
r = 2.5, τ = 1, γ = 0.5, λ = 10.
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Fig. 5.16. Strategy — defectors in red, cooperators in yellow, pool-punishers in blue —
and (log) wealth —lighter shades of gray code for higher wealth —spatial distributions
for very small punishing cost pO = 0.01. Other parameters: rS = 0, ρ = 0.3, α = 0.9,

rO = 15, r = 2.5, τ = 1, γ = 0.5, λ = 10
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wealth accumulation may support pool-punishment via heterogeneity.

As expected, when second order free-riders are punished as harshly as defectors, pool-

punishment becomes more effective in protecting the public good, see Figure 5.17. How-

ever, it is still not as effective as peer-punishment. Notice also that cooperators no longer

survive in the long run and the parameter space (pO, rO) is split into regions that evolve

either to full defection or full pool-punishment. When wealth accumulates, there is a

fringe of the parameter space, (pO, rO) where defection and pool-punishment co-exist in

the long-run, in fluctuating ratios. For rS = 1, this type of fluctuations occur only in the

presence of wealth accumulation and their emergence is related to the adverse effects of

fast stock growth on cooperation that were documented in Section 5.3. While clusters of

pool-punishers easily spread at their borders converting poor defectors, as stocks become

high inside the cluster, a strategy mutation to defection can destroy the cluster from

within, as long as the mutant is an agent that is richer than its neighbors. It is notewor-

thy that, even without the ability to punish second-order free-riders, peer-punishers are

immune to this type of collapse, as shown by Figure 5.8 in Section 5.4, because when such

an ‘inside’ mutation occurs, all surrounding agents will adjust their punishment efforts

proportionally to the wealth of the new defector.

5.6 Cooperators, defectors, peer- and pool-punishers

In most societies rules of conduct are enforced by a combination of centralized enforce-

ment and peer pressure. North (1990) makes a distinction between formal and informal

institutions. At a greater time and space scale Morris and Scheidel (2009) give an account

of the state power’s oscillation between centralized government and distributed authority.

To analyze the interplay between two competing forms of exerting authority, in this sec-

tion I analyze a public goods game where both peer- and pool-punishment are available

in the strategy space.

5.6.1 Fitness functions for the C, D, E and O ecology

In Sections 5.4 and 5.5 I have analyzed ecologies where either peer-punishers or, re-

spectively, pool-punishers spend resources to punish defectors. There were two essential

dimensions distinguishing these two types of punishment. The first dimension was whether

punishment costs depend on the presence and strength of defectors. Pool-punishers al-

ways contribute a share of their wealth to the punishment institution while peer-punishers

spend resources on punishing only when defectors are present and proportionally so to

the strength of the defectors. The second distinction was was that, through parameter rS,
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Fig. 5.17. Population shares for different values of punishment cost, pO, and punishment
efficiency, rO. Stock accumulation is absent ρ = 1, (upper panels), moderate, ρ = 0.3,

(mid panels), and fast, ρ = 0.05, (bottom panels). All other parameters are fixed: public
good productivity, r = 2.5, second order punishment factor, rS = 1, share of stock

contributed to the public good, γ = 0.5, returns to scale of social production, α = 0.9,
basic income, τ = 1, intensity of choice, λ = 10, mutation probability, θ = 0.0005. Initial
strategies are drawn randomly with equal probability from the strategy space. Displayed

values are averages over 100 periods after a relaxation time of 2000 periods.



176 5.6. COOPERATORS, DEFECTORS, PEER- AND POOL-PUNISHERS

I allowed pool-punishers to engage in second order punishment, which was not possible

for peer-punishers. In the case where the two types of punishment meet, I will further

extend this second feature to allow pool-punishers to punish peer-punishers, but not vice-

versa. It would be fairly easy in this framework to allow for second order punishment

by peer-punishers also. But, that would provide little if any extra insight into the rela-

tionship between accumulation and free-riding. Intuitively, what will happen is that all

results where peer-punishers and cooperators co-exist will be replaced with ecologies with

only peer-punishers. The second and more important reason why peer-punishers do not

second-order punish here has to do with modeling different types of institutions and the

argument that a more rigid type of institution (i.e. pool-punishment) is more likely to

punish those who do not contribute to its funding or vigilantes (i.e. peer-punishers). The

same modeling choice is made and also explained along the same lines in Sigmund et al.

(2010).

The payoff flows for an ecology with both type of punishers can be obtained by com-

bining equations (5.10) and (5.12). The punishment costs and fines applied to agent i in

period t become:
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(5.14)

As in Sigmund et al. (2010) pool-punishers may punish peer-punishers as well as

cooperators considering them second-order free-riders. This happens when rS > 0. Pool-

punishment functions as in Section 5.5 with total funds contributed by pool-punishers

being shared to punish defectors, cooperators and peer-punishers proportionally to their

current wealth levels.
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In the absence of accumulation, payoffs correspond to a straightforward combination

of the equations in (5.11) and (5.13) with the slight change required to accommodate the

punishment of peer-punishers by pool-punishers.

5.6.2 Simulation results for the C, D, E and O ecology

Figure 5.18 shows that, with or without accumulation, in the absence of second-order

punishment, the public good will always be guarded by peer-punishers. This contrasts the

results of Szolnoki et al. (2011) who find that for some combinations of the parameters

governing the cost and efficiency of punishment the two strategies can co-exist. A closer

look at their methods can explain this difference in results. Their co-existence result

requires a particular simulation protocol: the two punishment strategies are left to evolve,

without any random mutation, in separated ecologies, together with cooperators and

defectors. Only after a long relaxation time are the two punishment strategies allowed

to enter into contact with one-another. This initial phase allows the formation of stable

and complex spatial configurations which are immune to invasion at their border and

robust to change from within when random strategy mutation is not permitted. The

model presented here not only allows for random strategy mutation — which will prevent

the formation of such multi-strategy stable configurations — but also relies on a different

updating protocol with simultaneous rather than sequential strategy update, see also

footnote 14. While their initialization method was not implemented for this model, it is

unlikely that the co-existence result of Szolnoki et al. (2011) would be reproduced, not

so much because of the different strategy update or initialization protocols, but mostly

because the model presented here allows for random mutation of strategies.

When pool-punishers punish cooperators and peer-punishers as well as defectors, co-

existence of the two punishment strategies is possible as shown by the diagrams in Figures

5.19 and 5.20. From Figure 5.20, which focuses on the effects of the productivity parame-

ter, r, and of the intensity of second order punishment, rS, we can also infer two additional

results: higher productivity of the public good favors pool-punishment and faster stock

accumulation supports the co-existence of the two punishment strategies. It is noteworthy

that the size of the second order punishment factor, rS has no interaction with the ef-

fects of public good productivity on the long-run population behavior — phase transitions

occur along perfectly vertical borders.

In light of my findings in the previous section of this chapter, the first of these two

results is fairly intuitive: pool-punishers can be more aggressive towards defectors, as

well as peer-punishers, when the public good allows them to reach higher levels of wealth

because, in this model, higher average wealth also means higher stock heterogeneity.
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Fig. 5.18. Population shares, for different values of punishment cost, pO = pE, and
punishment efficiency, rO = rE. Stock accumulation is absent ρ = 1, (upper panels),

moderate, ρ = 0.3, (mid panels), and fast, ρ = 0.05, (bottom panels). All other
parameters are fixed: public good productivity, r = 2.5, second order punishment factor,
rS = 0, share of stock contributed to the public good, γ = 0.5, returns to scale of social

production, α = 0.9, basic income, τ = 1, intensity of choice, λ = 10, mutation
probability, θ = 0.0005. Initial strategies are drawn randomly with equal probability

from the strategy space. Displayed values are averages over 100 periods after a
relaxation time of 2000 periods.
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Fig. 5.19. Population shares, for different values of punishment cost, pO = pE, and
punishment efficiency, rO = rE. Stock accumulation is absent ρ = 1, (upper panels),

moderate, ρ = 0.3, (mid panels), and fast, ρ = 0.05, (bottom panels). All other
parameters are fixed: public good productivity, r = 2.5, second order punishment factor,
rS = 1, share of stock contributed to the public good, γ = 0.5, returns to scale of social

production, α = 0.9, basic income, τ = 1, intensity of choice, λ = 10, mutation
probability, θ = 0.0005. Initial strategies are drawn randomly with equal probability

from the strategy space. Displayed values are averages over 100 periods after a
relaxation time of 2000 periods.
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Fig. 5.20. Population shares, for different values of productivity, r, and second order
punishment, rS. Stock accumulation is absent ρ = 1, (upper panels), moderate, ρ = 0.3,

(mid panels), and fast, ρ = 0.05, (bottom panels). All other parameters are fixed:
punishment cost, pO = pE = 0.05, and punishment efficiency, rO = rE = 3., share of
stock contributed to the public good, γ = 0.5, returns to scale of social production,

α = 0.9, basic income, τ = 1, intensity of choice, λ = 10, mutation probability,
θ = 0.0005. The figure displays the result of 1 trial with randomized equal initial

population shares. Population shares are computed by averaging over 100 periods after
a relaxation time of 2000 periods.
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Moreover, the threshold level of productivity at which the transition between peer and

pool-punishment occurs decreases when the speed of depreciation decreases.

The second result, regarding punishment strategy co-existence is more interesting and

understanding it requires a deeper dive into model dynamics.

First, I investigate what happens in the absence of accumulation. Figure 5.21 shows

that when pool- and peer-punishment coexist, it is because pool-punishment is insuffi-

ciently strong to defeat defectors on its own. That is why it needs to rely on peer-punishers

to clear out defectors before it can invade the enforcers and establish itself in an area of the

lattice. This type of dynamics can be seen in the upper-left corner of the lattice where an

island of peer-punishers is invaded by pool-punishers at t = 2225 and, as peer-punishers

give way to pool-punishers, so do pool-punishers give way to defectors until, at t = 2350

that entire island has dissipated into a sea of defectors.

Accumulation has the role of both reducing the threshold level of public good pro-

ductivity, r required for peer-punishers to defeat defectors (c.f. Figure 5.7) and reducing

the threshold level of r required for pool-punishers to defeat defectors (c.f. Figure 5.9)

In between, we have levels of productivity where peer-punishers can defeat defectors on

their own, while pool-punishers cannot, but can still displace peer-punishers. This range

of productivity is where the type of cycles that also happen in the absence of accumula-

tion take place. Essentially, why accumulation favors punishment strategy co-existence

is because it lowers the peer-punisher productivity threshold more than it does the pool-

punisher productivity threshold. In fact, as shown by the bottom panel of Figure 5.20 and

Figures 5.22 and 5.23 very fast accumulation can work against pool-punishment, allowing

defection to break-out when stocks grow so fast that the inter-temporal benefits from first

order free-riding can no longer be offset by fines which remain constant per unit of stock.

This instability of pool-punishment makes it then possible for peer-punishment to spread

in defector populated regions.

5.7 Conclusion

The analysis presented in this chapter introduces wealth accumulation in a spatial

public goods game, giving an economic growth flavor to an evolutionary game-theoretic

model of institutions. This allows the investigation of the interaction between wealth

accumulation and institutional dynamics for two alternative methods for punishing de-

fectors. The results show that institutional emergence and development may depend in

non-trivial and surprising ways on the public good productivity, wealth growth and other

game parameters.

Starting with the classical cooperators and defectors ecology, my results show that
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Fig. 5.21. Time Series of strategy population shares and spatial distribution of strategies
with no accumulation, ρ = 1. Other parameters: r = 2.9, pO = pE = 0.05, rO = rE = 3,

rS = 1, α = 0.9, γ = 0.5, τ = 1, λ = 10, θ = 0.0005.
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Fig. 5.22. Time Series of strategy population shares and (log) average wealth per
strategy for fast accumulation, ρ = 0.05. Other parameters: r = 2.9, pO = pE = 0.05,

rO = rE = 3, rS = 1, α = 0.9, γ = 0.5, τ = 1, λ = 10, θ = 0.0005.
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Fig. 5.23. Strategy — defectors in red, cooperators in yellow, peer-punishers in green,
pool-punishers in blue — and (log) wealth — lighter shades of gray code for higher

wealth — spatial distributions for fast accumulation, ρ = 0.05. Other parameters: r = 3,
pO = pE = 0.05, rO = rE = 3, rS = 1, α = 0.9, γ = 0.5, τ = 1, λ = 10, θ = 0.0005.
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wealth dynamics mostly promote cooperation. When returns to scale are constant the

faster stocks accumulate (the lower the depreciation parameter), the smaller is the public

good productivity required for cooperation to prevail. With decreasing returns to scale

the relation becomes nonlinear, with a threshold beyond which faster accumulation hurts

cooperation instead of helping it. Since the model presented here can also be interpreted

as an inter-generational model of strategy and wealth transmission, the depreciation pa-

rameter can also be interpreted as an inheritance tax. Therefore, this result may have

policy implications in connection to recent debates on inheritance taxation, supporting

the view that, from a long-run perspective, there may be an non-zero optimal level of

taxation as long as returns to scale are less than constant.

When peer-punishment is added into the strategy ecology, accumulation strictly pro-

motes the public good production, regardless of its returns to scale. That peer-punishment

is robust to second-order defection in games with spatial interaction structure is an al-

ready known result, but it is nevertheless interesting to know that it remains valid with

wealth accumulation.

Replacing peer-punishment by peer-punishment leads to more interesting results. Typ-

ically ecologies with pool-punishers, cooperators and defectors display cyclical behavior

where pool-punishers displace defectors, who displace cooperators, who, in turn, displace

the punishers. This remains also true with stock accumulation, but the severity of the

second order dilemma, the displacement of punishers by cooperators shows a surprising,

nonlinear, relation with respect to punishment cost and efficiency. Accumulation simul-

taneously affects the speed at which cooperators displace pool-punishers and the speed

at which defectors displace cooperators. It does so in different ways and this makes both

high and low punishment costs effective in promoting the production of the public good,

but less so for intermediary levels.

When peer and pool-punishment are introduced together, stock accumulation is shown

to favor their co-existence in the long-run as long as pool-punishers behave aggressively

towards those who do not contribute to pool-punishment, cooperators and peer-punishers

alike. Insofar as equilibria can be interpreted as institutional arrangements, coexistence

is a desirable feature of an institutional economics model. In reality, societies often rely

on institutions that overlap in purpose and scope, take for instance, credit institutions or

health care systems.

The effects of wealth accumulation on institutional dynamics are consistent with a

stylized overview of the historical evolution of mechanisms that societies use for enforc-

ing cooperation norms. Specifically, the model reproduces the historic shift from peer

enforcement of social norms towards centralized government as production technology
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improved.

All in all, this chapter can be taken as an argument that including wealth dynam-

ics into evolutionary games, may prove a fruitful extension, generating many interesting

results, some fairly intuitive, others quite surprising. Due to the large number of parame-

ters and the high computational burden imposed by the stock accumulation process, the

limited number of results presented here might not be the whole picture of how wealth

accumulation and the public goods game with sanctions interact. Extensions to the model

and follow-up work can be envisaged in at least two directions. The more obvious one

is investigating how wealth accumulation affects behavior in other classical evolution-

ary games. The other direction would be setting the model up in such a way that the

production technology is itself dependent on past game outcomes.
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Summary

This thesis is titled “On the economics of institutions and technology: a computational

approach”. It studies phenomena related to the functioning of institutions — financing,

markets, innovation policy and sanctions — and to technology — product development

and production technology adoption — in the analytical framework of economics and

relying heavily on numerical methods and tools. As outlined in the introduction, my goal

was to extend our understanding of the interactions between technology and institutions

by identifying and analyzing particular economic phenomena in which such interactions

occur. This work therefore sets out to identify and analyze instances where technol-

ogy determines institutional outcomes, or when institutions determine the development

and adoption of technologies, or when the arrows of causation go both ways, technology

determining the evolution of institutions and technological change being influenced by

institutions.

The second chapter of this thesis begins with an attempt at examining an empirical

phenomenon where the full-circle of interactions between technology and institutions can

be observed at work. Observational evidence shows there is a pattern of correlation be-

tween the financial architecture of an economy and industrial innovation systems: coun-

tries with market-based financial systems support the development of industries where

innovation is typically radical, whereas industries that require more incremental innova-

tion thrive in association with bank-based finance. I set-up a model where firms choose

between either radical or incremental innovation and access external finance either from

markets or from a profit-maximizing monopolist bank. In a static environment, where all

economic agents make optimal decisions, it is the distribution of the firms’ heterogeneous

ability for radical innovation and other model parameters that uniquely determine the

choices made by the firm population and the banker. I also ran simulations of a dynamic

agent-based version of this model, where agents adapt their behavior through reinforce-

ment learning and bankruptcy provides a selection mechanism. Surprisingly, I found that

this stylized economy is prone to a lock-in phenomenon that can lead the system into dif-

ferent ecologies of technology and finance for the same starting parameters. This shows
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that co-evolution may play an important part in explaining the observed relation between

financial institutions and technology. Co-evolution and lock-in are arguably important

aspects to take into account by policy makers when weighing the long term effects of

institutional design as well as of innovation policy.

In the following chapter I analyzed the relationship between firm’s investment in prod-

uct differentiation and the type of market competition. I started from the canonic model of

a market game where duopoly firms first commit to a strategic variable, quantity or price,

and then compete in selling horizontally differentiated products. I endogenized product

substitutability by allowing firms to undertake R&D investments to increase product dif-

ferentiation. This turned out to have important consequences for the determination of

the equilibrium type of competition. Whereas in the original model Cournot competi-

tion always ensued in equilibrium, whereby firms decide on quantities to produce and let

market clearing determine the price, with horizontal product innovation the other types

of market competition — price competition à la Bertrand as well as asymmetric price-

quantity competition — can also be equilibria of the strategic variable selection game.

The outcome depends on model parameters which are normalized to reflect the ratio be-

tween market size and the effectiveness of investment to increase product differentiation.

At constant investment effectiveness, as market size increases, the game of choosing the

strategic variable changes structure. For small market size it is a dominance solvable game

with Cournot competition as unique outcome. For higher market size, the firms face a

Prisoner’s Dilemma where Bertrand competition would be Pareto optimal, but Cournot

competition is the non-cooperative Nash Equilibrium. As market size further increases,

the game of choosing market variables becomes a Hawk-Dove game where, in pure strategy

equilibrium, one firm sets quantity and the other sets price. When market size increases

even further, setting prices will be the strictly dominant strategy and Bertrand compe-

tition is the unique equilibrium outcome for a relatively small parameter range. Finally,

for sufficiently large market size, all equilibria corresponding to differentiated duopoly

abruptly disappear and the market separates into two monopolies. The structure of the

firms decision-making, which consists of a sequence of timed decisions starting from com-

mitment to a market variable, going through investment in product differentiation and

finally setting strategic variables, ties together firm-level innovation to differentiate prod-

ucts and the nature of market competition, showing that when production technology is

endogenized, market outcomes and equilibria can change considerably.

The fourth chapter of this thesis is based on joint work with Fabio Lamantia and Jan

Tuinstra. We studied a dynamic oligopoly market model where quantity setting firms

can choose one of two production technologies. We found that boundedly rationality in
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production (best-reply dynamics) and technology choice (evolutionary selection of bet-

ter performing technologies) as sources of market dynamics, can generate endogenous

instability and complicated dynamics, including chaotic fluctuations and co-existing at-

tractors with fractal basins of attraction. By studying successively more complex versions

of our model we analyzed these two different sources of instability separately and also

investigated their interaction. We found that boundedly rational production decisions

amplify technological instability whereas boundedly rational technology decisions do not

contribute to the production-driven destabilization of the Nash equilibrium. Whenever

the two types of decisions interfere in an endogenously unstable market, fluctuations fol-

low a visibly different pattern compared to the fluctuations of a market with only one

source of instability. Finally, we showed that an innovation policy that aims to alter

the market equilibrium without taking into account off-equilibrium dynamics can have

surprising effects in an intrinsically dynamic world. A well-meaning policy-maker may in-

advertently generate welfare losses by destabilizing a stable equilibrium and/or by raising

the amplitude of market fluctuations.

In the fifth and final chapter, I used large population agent-based simulations to an-

alyze space and time dynamics of contributions to the public goods game and efforts to

sanction non-contributors in the presence of private wealth accumulation. Focusing on a

variant of the public goods game where interactions between players are spatially arranged

on a square lattice and strategies are transmitted over time through imitation of better

performing neighbors, I showed that, when contributions depend on accumulated wealth

from previous games, wealth dynamics enriches strategy dynamics, widening the param-

eter space where strategy coexistence occurs and amplifying fluctuations. As observed in

previous studies, accumulation helps to reduce the first-order social dilemma: coopera-

tion emerges more easily (i.e. for less efficient social production technologies) than when

the size of possible contributions is fixed over time. The model analyzed in this chapter

showed that this result extends to the second order dilemma in case of peer-punishment

(vigilante justice), but as far as pool-punishment is concerned results are mixed. Without

second order punishment, defectors are indirectly favored by accumulation as waves of

cooperators spread faster, eliminating pool-punishers and leaving room to defectors to

conquer the entire lattice undisturbed. When second order free-riding is punished, mod-

erate accumulation is detrimental to defectors, but when stocks grow faster, instability

can again ensue and lead to the collapse of the public good and widespread defection. Fi-

nally, when peer- and pool-punishment are both possible, wealth accumulation was shown

to support their co-existence as alternative cooperation enforcing institutions as long as

peer-punishment is (to some extent) punished by pool-punishers.





Samenvatting (Summary in Dutch)

Dit proefschrift is getiteld ”Over de economie van instituties en technologie: een

computationele benadering”. Het bestudeert fenomenen die verband houden met het

functioneren van instituties — financiering, markten, innovatiebeleid en sancties — en

technologie — productontwikkeling en aanwending van productietechnologie — in het

analytische raamwerk van de economische wetenschap en sterk vertrouwend op numerieke

methoden en hulpmiddelen. Zoals uiteengezet in de inleiding was mijn doel om ons begrip

van de interacties tussen technologie en instituties uit te breiden door het identificeren en

analyseren van bepaalde economische fenomenen waarin dergelijke interacties plaatsvin-

den. Dit werk beoogt daarom gevallen te identificeren en te analyseren waar technologie

institutionele resultaten bepaalt, wanneer instituties de ontwikkeling en aanwending van

technologieën bepalen, of wanneer deze causale pijlen beide kanten op wijzen, met tech-

nologie die instituties bëınvloedt en op haar beurt weer wordt bëınvloed door instituties.

Het tweede hoofdstuk van dit proefschrift begint met een poging om een empirisch

fenomeen te onderzoeken waarbij de volledige cirkel van interacties tussen technologie

en instituties aan het werk kan worden gezien. Empirisch bewijs toont aan dat er een

patroon is van correlatie tussen de financiële architectuur van een economie en industriële

innovatiesystemen: landen met marktgebaseerde financiële systemen ondersteunen de on-

twikkeling van industrieën waar innovatie doorgaans radicaal is, terwijl industrieën die

meer incrementele innovatie vereisen gedijen in combinatie met bankgebaseerde financier-

ing. Ik heb een model opgezet waarbij bedrijven kiezen tussen radicale of incrementele

innovatie en toegang krijgen tot externe financiering, hetzij vanuit markten, hetzij via

een winstmaximaliserende monopolistische bank. In een statische omgeving waarin alle

economische agenten optimale beslissingen nemen, zijn het de verdeling van de hetero-

gene capaciteiten van ondernemingen tot radicale innovatie en andere modelparameters

die op unieke wijze de keuzes bepalen die door de bedrijfspopulatie en de bank worden

gemaakt. Ik heb ook simulaties uitgevoerd van een dynamische, agent-based versie van dit

model, waarbij agenten hun gedrag aanpassen door middel van reinforcement learning en

faillissement een selectiemechanisme biedt. Verrassenderwijs vond ik dat deze gestileerde
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economie vatbaar is voor een insluitingsfenomeen dat het systeem kan leiden naar verschil-

lende ecosystemen van technologie en financiering voor dezelfde startwaarden. Dit toont

aan dat co-evolutie een belangrijke rol kan spelen bij het verklaren van de waargenomen

relatie tussen financiële instellingen en technologie. Co-evolutie en insluiting zijn aantoon-

baar belangrijke aspecten waarmee beleidsmakers rekening moeten houden bij de afweging

van de langetermijneffecten van institutioneel ontwerp en van innovatiebeleid.

In het volgende hoofdstuk analyseerde ik de relatie tussen bedrijfsinvesteringen in

productdifferentiatie en het type marktconcurrentie. Ik ben uitgegaan van het canonieke

model van een marktspel waarbij duopolistische bedrijven zich eerst committeren aan

een strategische variabele, hoeveelheid of prijs, en vervolgens concurreren in de verkoop

van horizontaal gedifferentieerde producten. Ik heb de substitueerbaarheid van producten

endogeen gemaakt door bedrijven toe te staan O&O-investeringen te doen om de differen-

tiatie te vergroten. Dit bleek belangrijke consequenties te hebben voor de bepaling van het

type concurrentie in evenwicht. Terwijl in het oorspronkelijke model Cournot-concurrentie

altijd in evenwicht bleef, waarbij bedrijven productiehoeveelheden kiezen en marktruiming

de prijs bepaalt, kunnen met horizontale productinnovatie de andere soorten marktcon-

currentie — prijsconcurrentie à la Bertrand en asymmetrische prijs-kwaliteitsconcurrentie

— ook een evenwicht zijn van het spel om de selectie van de strategische variabele. De

uitkomst is afhankelijk van modelparameters die zijn genormaliseerd om de verhouding

weer te geven tussen de marktomvang en de effectiviteit van investeringen om productdif-

ferentiatie te vergroten. Naarmate de markt groter wordt, verandert het spel om de selec-

tie van de strategische variabele van structuur. Voor een kleine marktomvang is het spel

oplosbaar in dominante strategieën met Cournot-concurrentie als uniek resultaat. Voor

een grotere marktomvang zien de bedrijven zich geconfronteerd met een gevangendilemma,

waarbij Bertrand-concurrentie Pareto optimaal zou zijn, maar Cournot-concurrentie het

niet-coöperatieve Nash-evenwicht is. Naarmate de marktomvang verder toeneemt, wordt

het spel om het kiezen van marktvariabelen een havik-duif-spel waarbij, in het evenwicht

in pure strategieën, het ene bedrijf de hoeveelheid bepaalt en het andere de prijs. Wanneer

de marktomvang nog verder toeneemt, zal het vaststellen van prijzen de strikt dominante

strategie zijn en is Bertrand-concurrentie het unieke evenwichtsresultaat voor een relatief

klein parameterbereik. Ten slotte verdwijnen voor een voldoende grote marktomvang

alle evenwichten die overeenkomen met een gedifferentieerd duopolie abrupt, en splitst

de markt zich in twee monopolies. De structuur van de besluitvorming van de onderne-

ming, die bestaat uit een reeks tijdgebonden beslissingen — van het zich vastleggen op

een marktvariabele, via investeringen in productdifferentiatie, naar uiteindelijk het vast-

stellen van strategische variabelen — verbindt innovatie om producten te differentiëren op
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bedrijfsniveau aan de aard van de concurrentie op de markt, waaruit blijkt dat wanneer

de productietechnologie endogeen wordt gemaakt, de marktresultaten en het evenwicht

aanzienlijk kunnen veranderen.

Het vierde hoofdstuk van dit proefschrift is gebaseerd op gezamenlijk werk met Fabio

Lamantia en Jan Tuinstra. We hebben een dynamisch model van een oligopoliemarkt

bestudeerd waarbij bedrijven die productiehoeveelheden kiezen, ook uit een van de twee

productietechnieken kunnen kiezen. We hebben geconstateerd dat begrensde rationaliteit

in productie (best reply dynamiek) en technologiekeuze (evolutionaire selectie van beter

presterende technologieën) als bronnen van marktdynamiek, endogene instabiliteit en

gecompliceerde dynamiek kan genereren, inclusief chaotische fluctuaties en co-existente

attractoren met fractale aantrekkingsgebieden. Door achtereenvolgens complexere versies

van ons model te bestuderen, hebben we deze twee verschillende bronnen van instabiliteit

afzonderlijk geanalyseerd en ook hun interactie onderzocht. We hebben geconstateerd

dat begrensd rationele productiebeslissingen technologische instabiliteit versterken, ter-

wijl begrensd rationele technologiebeslissingen niet bijdragen aan de productie-gedreven

destabilisatie van het Nash-evenwicht. Wanneer de twee soorten beslissingen interfereren

in een endogeen instabiele markt, volgen fluctuaties een zichtbaar ander patroon in vergeli-

jking met de fluctuaties van een markt met slechts één bron van instabiliteit. Ten slotte

hebben we aangetoond dat een innovatiebeleid dat tot doel heeft het marktevenwicht te

wijzigen zonder rekening te houden met dynamiek buiten het evenwicht, verrassende ef-

fecten kan hebben in een intrinsiek dynamische wereld. Een welgemeende beleidsmaker

kan onbedoeld welvaartsverliezen genereren door een stabiel evenwicht te destabiliseren

en/of door de omvang van marktfluctuaties te vergroten.

In het vijfde en laatste hoofdstuk gebruikte ik agent-based simulaties van het publieke-

goederen-spel met een grote bevolking in de aanwezigheid van accumulatie van privévermogen.

Ik analyseerde de dynamiek over ruimte en tijd van de bijdragen aan de pot en de inspan-

ningen om verzakers te bestraffen. Ik concentreerde me op een variant van het publieke-

goederen-spel waarbij interacties tussen spelers ruimtelijk op een vierkant rooster worden

gerangschikt en strategieën in de loop van de tijd worden overgedragen door imitatie van

beter presterende buren. Ik toonde aan dat, wanneer bijdragen afhankelijk zijn van het

opgebouwde vermogen van eerdere spellen, de dynamiek van vermogen de dynamiek van

strategieën verrijkt door de parameterruimte waar co-existentie van strategieën optreedt

te verruimen en fluctuaties te versterken. Zoals waargenomen in eerdere studies, helpt ac-

cumulatie om het sociale dilemma van de eerste orde te verminderen: samenwerking komt

gemakkelijker tot stand (d.w.z. voor minder efficiënte sociale productietechnologieën) dan

wanneer de omvang van mogelijke bijdragen vaststaat over tijd. Het in dit hoofdstuk ge-



204

analyseerde model toonde aan dat dit resultaat zich uitstrekt tot het tweede-orde-dilemma

in het geval van het straffen van gelijken (eigenrichting), maar dat de resultaten gemengd

zijn wat betreft het straffen door middel van een gemeenschappelijke pot. Zonder bestraf-

fing van de tweede orde, worden verzakers indirect begunstigd door accumulatie, omdat

golven van samenwerkende buren zich sneller verspreiden, degenen elimineren die straffen

via een pot, en ruimte laten voor verzakers. Wanneer verzaken van de tweede orde wordt

gestraft, is matige accumulatie schadelijk voor verzakers, maar wanneer voorraden te snel

groeien, kan opnieuw instabiliteit optreden, en leiden tot wijdverspreid verzaken en in-

eenstorting van het publieke goed. Ten slotte, wanneer zowel straffen van gelijken als via

een pot mogelijk is, blijkt vermogensaccumulatie hun co-existentie als twee alternatieve

instituties om samenwerking te handhaven te ondersteunen, zolang straf van gelijken (tot

op zekere hoogte) wordt gestraft door straffen via een pot.
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