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CHAPTER 1

Introduction

1.1 POLYMERS

Polymers form a very important class of materials in our modern world.

Widely used polymeric substances are for instance plastics, Nylon, Teflon

and Kevlar (see Fig. 1.1 C). The reason that polymers are so widely used, is

that it is possible to change the properties of polymeric materials almost at

will. Polymer chains are very large, built out of many repeating units called

“monomers” (as depicted in Fig. 1.1 A). The monomers can be relatively sim-

ple, only consisting of a single carbon atom and two hydrogen atoms (see

Fig. 1.1 B), or they can be much more complex, involving many (different)

atoms. By changing the chemical composition of the monomers, the proper-

ties of the complete polymer can change dramatically. These properties are

very diverse, for instance the electrical resistance, the mechanical strength,

the solvent permeability and the resistance to heating. However, in this the-

sis the composition of the monomers and the properties listed in the previ-

ous sentence are not considered. I look at polymers on a more abstract level.

Polymer chains are modelled as small spheres called “beads”, connected by

springs. Using such a simple model one cannot expect to incorporate all

these diverse properties. However, what is incorporated are two very impor-

tant concepts: the size of the polymer in a solvent and the rate at which the

chain moves through this solvent.

The exotic behaviour of polymer solutions out of equilibrium is an interesting

research area. Typical examples are shear thinning1–3 and elastic turbulence

at small flow velocities.4,5 The viscosity of a polymer solution is higher than

the viscosity of the solvent without the polymer chains. Shear thinning is

the phenomenon that the viscosity of a polymer solution decreases if the

solution is sheared. The shearing can for instance take place between two
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Figure 1.1: Schematic representation of a polymer chain (A). The chemical composi-
tion of monomers can be very different. Shown here are polyethylene (B) and Kevlar

(C).

walls moving in opposite directions. Elastic turbulence at small flow veloc-

ities means that a polymer solution can behave like turbulent water flow at

very low flow velocities. These phenomena are caused by the relative long

relaxation time of the polymer chains. This influences the behaviour of the

surrounding solvent particles. Despite a large volume of scientific publica-

tions, the mechanisms behind these phenomena are still not completely un-

ravelled. A special class of polymers are the naturally occurring ones, such

as DNA and proteins. With the development of novel fabrication techniques

it is now possible to construct microscopic flow devices with dimensions of

the order of one DNA chain. This enables researchers to manipulate single

molecules and learn more about the behaviour of those. The fluid behaviour

inside such devices (“microfluidics“) differs dramatically from our day-to-day

experience.

1.2 COMPUTER SIMULATIONS

Computer simulations can be an excellent tool to complement experiments in

the microfluidic regime because they enable one to carefully examine single

polymer chains in great detail. As such, I believe that computer simula-

tions can lead to a more complete understanding of the complex behaviour

of polymer solutions. Most computer programs that are used to perform dy-

namic simulations on molecules work in the same manner. Imagine balls on

a pooltable. If they move in a straight line they keep on doing so until they

bounce against a wall, or until they bounce against another ball. In that

case the trajectory and speed of the balls change. In more physical terms:
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the balls keep on moving with the same velocity and trajectory (this can also

mean that they have a velocity that is exactly zero) until they interact with

another ball or with the wall of the table. Dynamical computer simulations

of particles proceed in a way similar to the balls on a pooltable. The particles

continue following their trajectory until they interact with another particle or

with for instance a boundary.

It is only possible to perform simulations if the exact position and velocity

(and the direction of the velocity) of all particles in the system is known. With

this knowledge the position of all particles a moment later can be computed.

Next, all interactions between all particles are evaluated and the new veloc-

ities are determined. A moment later all positions are calculated again, and

the new velocities of all particles are determined, and so on, and so on. The

time it takes to be ”a moment later“ is called a time step. The time steps

cannot be too big because then one might miss collisions between particles.

However, if the time step is set too small it will take very long before the sim-

ulation is finished. The trick is to choose the time step such that it is as big

as possible, without missing interactions between particles.

In nature, all processes have their own characteristic length and time scale.

On the smallest scale there is for example the motion of electrons, on the

largest scale there is the motion of planets and galaxies. Electrons can move

to another atom in less than a femtosecond,6 whereas astronomers use light

years to describe the distance between galaxies. In between these two ex-

tremes are polymer molecules, diffusing their own distance in seconds, or, if

they are very large, hours or even days. Each process, with its own relevant

time scale, requires a different simulation technique. As an example imag-

ine using a computational method where the movement of electrons is taken

into account. By definition the time step of this method must be smaller than

the typical relevant time. Using this method to calculate a diffusing polymer

chains will take at least more than 1015 time steps, a number far too high for

any supercomputer.

The time and length scales on which polymer molecules show interesting

behaviour is called the mesoscopic regime. As a mesoscopic model solvent

a dissipative ideal gas is used, coupled to a Lowe-Andersen thermostat.7

One of the big advantages of this simulation technique is that the particles

move in continuous space, whereas with other methods their movements are

sometimes restricted to a grid. This is an important feature of this simulation

method, considering the complex morphology of polymer chains. Other ad-

vantages of this method over other mesoscopic simulation methods are that

it is computationally efficient in the microfluidic regime we are interested

in,8 it is simple to implement and, finally, it is a particle model with correct
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Figure 1.2: From a ”real“ polymer chain to a simplified model polymer.

hydrodynamic interactions included by construction.

Turning to the polymer chains, despite the fact that all atomic details are

ignored, they still need to be drastically simplified (such that the polymer

model will not be longer than a hundred particles). In Fig. 1.2, I demonstrate

how a ”real“ polymer is simplified to a very short model polymer. However,

it only makes sense to renormalize the original polymers to a much shorter

model chain if the dynamics of the real polymer can also be captured by

the model chain. Lowe et al. have developed a method that enables one to

reproduce the hydrodynamic properties of real polymer chains using a very

short polymer model.9

1.3 OUTLINE OF THIS THESIS

The techniques described in this chapter are more thoroughly explained in

chapter 2. First an introduction to polymer physics is presented. In the

second part of chapter 2 the most important concepts of mesoscopic simu-

lations are discussed, followed by a section with a description of how long

polymer scaling can be retrieved using short model chains. In the following

chapters research results are presented. In chapter 3, I introduce a novel

method for the inclusion of solid boundaries in mesoscopic particle meth-
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ods. Many practical problems involve the flow of confined fluids, polymer

solutions in porous media for example. On a mesoscopic scale the boundary

should not introduce artificial density fluctuations and, on average, the fluid

velocity at the interface should be zero. The new method meets these require-

ments and is based on simple physical arguments. This method is employed

in chapter 4, where the drift velocity of single polymer chains flowing in a

pressure-driven flow in a microfluidic capillary is investigated. The influence

of the polymer size relative to the tube width on the results is compared with

experimental data. In chapter 5 the same system as in chapter 4 is consid-

ered, but this time with polymer solutions at much higher volume fractions.

In this case the polymer chains alter the shape of the fluid flow profile. A new

model is proposed that correctly describes the different shape of the profile.

Finally, in chapter 6 a novel method for modelling excluded volume polymer

chains is presented. This method treats the beads as blobs, which each in it-

self represent big pieces of polymer. The model is applied to investigate some

interesting research questions, among which is the behaviour of excluded

volume chains in spherical confinement.
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CHAPTER 2

Theory and computational methods

In this chapter we describe the most important concepts used in this thesis.

The first part is an introduction to polymer physics. Over the past decades

many great scientists contributed to the theoretical understanding of the

physics of polymers. In the 1930s researchers began to apply statistical

mechanics to understand the properties of polymer chains. By considering

the configurational description of a polymer chain, Kuhn,10 and Guth and

Mark,11 independently came to the conclusion that the mean squared end-to-

end distance of a polymer chain is proportional to the number of monomers.

Accordingly, the size of a polymer is proportional to the square root of the

number of beads in the chain. This was the starting point for the develop-

ment of one of the simplest polymer models: the Gaussian chain.12 In this

model the monomers are represented as non-interacting beads connected via

Gaussian springs. Both Flory and Huggins developed polymer lattice models

to account for this discrepancy between the Gaussian chain and experimen-

tal results.13,14 Based on this approach two key concepts were introduced in

polymer physics: the excluded volume10,15 and the theta point.16

Next we discuss the simulation techniques we use to obtain the results de-

scribed in this thesis. In this thesis we focus on mesoscopic processes. In

the mesoscopic regime we find very large molecules that are too big to sim-

ulate with all molecular (or atomic, or quantum-mechanical) details on long

enough time scales. Such big molecules are for instance polymers or pro-

teins. As such, course grained representations are used in the simulations.

In the case of a polymer, each bead represents many monomers. Also the

solvent is simplified in mesoscopic techniques. The specific task of the sol-

vent model is to mediate the hydrodynamic interactions between the beads,

not to represent all detailed features of a real solvent. For the majority of our

simulations, we have used an ideal gas solvent coupled to a Lowe-Andersen

(LA) thermostat. This method combines certain properties of the Andersen
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thermostat and Dissipative Particle Dynamics (DPD). In the last part of this

section we will also consider three alternative mesoscopic methods. These

methods treat the solvent as mesoscopic particles in continuous space (as is

the case with the LA thermostat as well), as solvent densities on a grid and

as a continuous medium without individual particles, respectively.

In the last part of this chapter we introduce models to simulate polymer

chains. Because polymer chains are very long it is impossible to include all

monomers in the simulation. However, as we will show, it is possible to mimic

correct polymer dynamical behaviour even for a finite number of particles in

the chain. Second we turn to the excluded volume chain. By introducing a

specific potential between all particles in the chain it is possible to expand

the model for the Gaussian chain to an excluded chain model.

2.1 INTRODUCTION TO POLYMER PHYSICS

2.1.1 THE SIZE OF A POLYMER CHAIN

There is more than one way to define the “size” of a polymer. We can for

instance define the size of a polymer chain as the total length of the molecule

if one would follow the chain from start to end. Alternatively, we can define

the size of a polymer chain in terms of the cross section of the polymer coil.

Obviously, the latter of the two is much smaller. In polymer physics the total

length of the chain is almost never used to describe the size.

Two widely used properties related to the size of polymer chains are the mean

squared end-to-end distance 〈R2〉1/2 and the radius of gyration Rg. The first

of these two is defined in terms of the absolute distance between the first and

last bead of the chain. For a chain consisting of Nb beads we get

〈R2〉1/2 = 〈(~rNb
−~r1)2〉1/2 (2.1)

where ~r1 is the position of the first bead and ~rNb
the position of the last

bead. The radius of gyration, the average distance of the beads from the

centre-of-mass RCOM, is given by

R2
g =

1

Nb

Nb∑

i=1

(~ri − ~RCOM) =
1

N2
b

Nb−1∑

i=1

Nb∑

j=i+1

〈(~ri −~rj)
2〉 (2.2)
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In both cases, with increasing number of beads, the values of both 〈R2〉1/2

and 〈R2
g〉1/2 increase accordingly. They only differ in terms of a constant.

2.1.2 THE GAUSSIAN CHAIN

Because of its relative simplicity, we will first discuss the Gaussian chain.

For a large enough number of beads, the distribution of the end-to-end dis-

tance is Gaussian for all polymer models. Even a polymer model consisting of

beads connected by rigids links will show a Gaussian distribution of the end-

to-end distance for Nb → ∞. However, by connecting the beads by a spring

that follows a Gaussian distribution around the Kuhn length b, by construc-

tion the distribution between all beads in the model polymer is Gaussian,

independent from the number of beads. The Gaussian potential between the

beads is of the following form

U = kBT

Nb−1∑

i=1

3

2b2
(~ri −~ri+1)2 (2.3)

where kB is Boltzmann’s constant, T the temperature and U the energy. Be-

cause the distribution of the distances between all beads is Gaussion, also

R2 and Rg follow a Gaussian distribution:

P(R) = 4πr2

(

3

2π〈R2〉

)3/2

exp

(

3R2

2〈R2〉

)

(2.4)

P(Rg) = 4πR2
g

(

3

2π〈R2
g〉

)3/2

exp

(

3R2
g

2〈R2
g〉

)

(2.5)

and

〈R2〉 = Nbb2 (2.6)

〈R2
g〉 =

(Nb − 1)(Nb + 1)

6Nb

b2 (2.7)

The beads interact with each other in an indirect manner, namely, via the

springs only. The lack of direct interactions between the beads makes the

Gaussian chain the polymer version of an ideal gas. Therefore, it is usu-

ally referred to as an ideal chain. Despite its simplicity, this model repre-

sents a “real” polymer chain at the theta temperature. At the theta point the

intra-molecular attractive and repulsive forces cancel each other out, so the

monomers do not “feel” each others presence.12,17
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2.1.3 THE EXCLUDED VOLUME CHAIN

When a polymer chain is not at the theta temperature, the interactions be-

tween the monomers do have an effect on the average polymer size. One

obvious repulsive interaction comes from the fact that each monomer occu-

pies a given volume in space. Two different monomers cannot reside in the

same volume in space. This steric effect will cause the polymer to swell, rel-

ative to the ideal size, hence the expression excluded volume. In this case,

contrary to the ideal chain, the interactions between two beads are not lim-

ited to beads close to each other along the chain. Two beads at very different

parts of the polymer chain can still end up close to each other in space.

These long-ranged interactions have an important effect on the properties of

the chain. Let us define the size of a polymer chain as l ∝ Nν
b, where ν is the

excluded volume parameter. For an ideal chain we have seen that ν = 1/2.

However, according to Flory, for an excluded volume chain ν = 3/5.15 It is

interesting to observe that the value of ν does not depend on the chemical

properties of the monomer, once the chain gets long enough. There is still

debate about the exact value of the excluded volume parameter and many

theoretical approaches have been used to calculate the excluded volume pa-

rameter as accurately as possible. We will now briefly discuss some of these

theories, from the original theory by Flory via perturbation theory and the

uniform expansion method to renormalization group theory.

Flory was the first to realize that, despite the fact that the monomer density

in a polymer chain is relatively low, the excluded volume interactions cannot

be neglected. A small number of all possible configurations of an ideal chain

is not accessible for an excluded volume chain. Consequently, the proba-

bility distribution of the end-to-end distance (see Eq. 2.5) is different for an

excluded volume chain:

P(R) = px(R)P0(R) (2.8)

where P0(R) is the distribution function of the ideal polymer chain and px(R)

is the probability that the configurations do not have overlapping monomers.

Let us now consider a polymer chain consisting of Nb monomers on a lattice.

In this system the volume of each monomer, vb, is equal to the volume of

a lattice point (so two monomers cannot occupy the same lattice point). If

we now assume that all monomers are within a volume r3, then px(R) is

approximated by

px(R) ≃
(

1 −
vb

r3

)Nb(Nb−1)/2

(2.9)

The first part of Eq. 2.9 is the probability that the complete chain avoids a

given segment of the chain. The factor Nb(Nb − 1)/2 accounts for the total

number of all possible combinations of monomer pairs. For small values of x
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it is known that ln(1 − x) ≃ −x, so we are allowed to rewrite Eq. 2.9 as

px(R) = exp

(

1

2
Nb(Nb − 1) ln

(

1 −
vb

r3

)

)

≃ exp
(

−
N2

bvb

2r3

)

(2.10)

The probability distribution of the end-to-end distance for the excluded vol-

ume chain, P(R) = px(R)P0(R), is now

P(R) ≃ k4πr2

(

3

2πNbb2

)3/2

exp

(

−
3r2

2Nbb2
−

N2
Bvb

2r3

)

(2.11)

in which k is a renormalization constant. The derivative of P0(R) with respect

to R is zero for R2
0 = 2Nbb2/3. If we repeat this for the excluded volume chain

by assuming that P(R)/dr goes to zero for a value of R = αR0, with α being the

expansion factor of the excluded volume chain, we find that

α5 − α3 ∝ vb

b3

√

Nb (2.12)

For large values of Nb we are allowed to neglect the α3 term, so the size of an

excluded volume chain scales as

R ≃ R0

(

vb

b3

√

Nb

)1/5

∝ N
3/5

b (2.13)

Here we observe that the size of an excluded volume chain scales as N
3/5

b

whereas the size of an ideal polymer chain scales as N
1/2

b .15

Thus far the effect of the solvent on the size of the polymer is neglected. How-

ever, it is well known that the size strongly depends on the surrounding type

of solvent. If we assume that the size of the solvent molecules is of the same

order as the size of the monomers, we can argue that the solvent molecules

also occupy a lattice point. Furthermore, it is assumed that all sites that are

not occupied by monomers are filled with solvent molecules. The interaction

energy between neighbouring lattice points occupied by monomers is defined

as ǫpp, the interaction energy between monomers and solvent particles as

ǫps and the interaction energy between solvent particles as ǫss. The total

number of these different contacts are called npp, nps and nss respectively.

The overall interaction energy for a given configuration l is now

El = −nppǫpp − npsǫps − nssǫss (2.14)

Taking solvation effects into account, the end-to-end probability distribution



12 Theory and computational methods

P(R) should be rewritten

P(R) ′ = P(R) exp

(

−
Ē(r)

kBT

)

(2.15)

where Ē(r) denotes the average energy for all configurations with an end-to-

end distance r. Note that P(R) ′ is now a temperature dependent function.

It is possible to estimate Ē(r) by, again, assuming all particles are placed

within a volume r3. In this case the probability of finding a lattice site filled

by a monomer is φ = Nbvb/r3. The probability a neighbouring site contains

a monomer as well, is given by φ times the lattice coordination number z.

Consequently, the average number of pairs n̄pp can be estimated as

n̄pp ≃ 1

2
zNbφ (2.16)

The average number of polymer-solvent neighbours is now

n̄ps ≃ zNb(1 − φ) (2.17)

Finally, n̄ss is the difference between the number of solvent-solvent sites of a

system without monomers, N0
ss, and the total of npp and nps

n̄ss ≃ N0
ss −

[

1

2
zNbφ + zNb(1 − φ)

]

(2.18)

Defining the average change in interaction energy as ∆ǫ = ǫps − (ǫpp + ǫss)/2

we find the following expression for Ē(r)

Ē(r) = −n̄ppǫpp − n̄psǫps − n̄ssǫss (2.19)

= −zNb(1 − φ)ǫps −
1

2
zNbφǫpp (2.20)

−

(

N0
ss −

1

2
zNbφ − zNb(1 − φ)

)

ǫss

= −
zN2

bvb

r3
∆ǫ + terms independent of r (2.21)

Combining Eq. 2.15 with Eq. 2.21, the probability distribution is

P(R) ′ ∝ R2 exp

(

−
3R2

2Nbb2
−

N2
bvb

2R3
(1 − 2χ)

)

(2.22)

where the parameter χ is defined as

χ =
z∆ǫ

kBT
(2.23)
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Comparing Eq. 2.11 with Eq. 2.22 we see that the influence of the solvent can

be expressed in terms of a single parameter ν, called the excluded volume

parameter

ν = vb(1 − 2χ) = vb

(

1 −
2z

kBT
∆ǫ

)

(2.24)

Following the same procedure as in the previous paragraph, we find

α5 − α3 ∝ ν

b3

√

Nb (2.25)

leading again to the observation that the size of an excluded volume chain

scales as N
3/5

b . At the theta temperature, the effects of the solvent interac-

tions disappear (∆ǫ = 0) and, consequently, the excluded volume parameter

is equal to zero. In this special case the size of the polymer chain scales as

N
1/2

b .17

Perturbation theory explores the behaviour of a weakly perturbed system,

relative to the unperturbed system. This results in a power series of the per-

turbed quantity. Because the excluded volume interactions are very weak,

one can employ perturbation theory to study the expansion of an excluded

volume chain.18 One possible approach is to expand 〈R2〉 as a power series
in terms of the interaction parameter z:19

〈R2〉 = Nb2

(

1 +
4

3
z − 2.075z2 + 6.297z3 − 25.057z4...

)

(2.26)

where we define the interaction parameter z as:

z =

(

3

2π

)3/2
vb

√
N

b3
(2.27)

Although this series is highly asymptotic, mathematical techniques enable

one to extract information from the asymptotic behaviour at large z. This

leads to the following estimate for the excluded volume parameter:20

ν = 0.588 ± 0.001 (2.28)

One can overcome the mathematical difficulties involved in perturbation the-

ory by considering the expansion of the bond length rather than the expan-

sion of the total chain, as a measure for the total expansion of the chain. The

expansion series then looks like

〈R2〉 = Nb ′2 + Nb ′2

(

b ′2

b2
− 1 −

4b3

3b ′3
z

)

(2.29)
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where b ′ is the expanded bond length. If the expansion of the bonds is a

good approximation of the expansion of the total chain, then, by definition,

〈R2〉 = Nb ′2 is true. This is only the case when

Nb ′2

(

b ′2

b2
− 1 −

4b3

3b ′3
z

)

= 0 (2.30)

Defining the expansion factor α as:

α2 =
〈R2〉
Nb2

(2.31)

we find α = b ′/b by combining eqs. 2.29 and 2.31. If we combine this relation

with the condition imposed in Eq. 2.30 we arrive at the following expression

for the expansion factor

α5 − α3 =
4

3
z (2.32)

Interestingly, for small values of z this equation agrees with the result found

in Eq. 2.28 and for larger values of z it gives the original Flory result of

ν = 3/5. This makes the uniform expansion model a bridge between these

two results.17

In renormalization group theory a very long polymer chain with some re-

pulsive interaction between the monomers is coarse-grained, such that the

interaction between these coarse-grained monomers is representative of the

interaction between very long subchains. The interaction between the origi-

nal monomers may be described by the dimensionless parameter u:

u =
ν

bd
, (2.33)

with b the Kuhn length and d the dimensionality. It is conjectured that in

the limit that the coarse-grained monomers are representative of infinitely

long subchains, their interaction does not depend on u and the number of

monomers in the subchain. Because these coarse-grained monomers are

representative of infinitely long subchains, it is expected that corrections

to scaling in such quantities as the polymer end-to-end vector and second

virial coefficient are no longer present. Starting from known results in four

dimensions, it is thus possible to derive perturbation expansions for these

quantities near d = 4, the critical dimensionality. In three dimensions this

gives ν = 0.592.21
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2.2 INTRODUCTION TO COMPUTER SIMULATIONS

2.2.1 THE ANDERSEN THERMOSTAT

In all our simulations the temperature is kept constant using a thermostat.

Thermostatted systems tend to be more stable than systems without a ther-

mostat, allowing for larger time steps. This is an important advantage for

simulations on large molecules, like polymers, because the time scale on

which they rearrange their configuration is relatively long. For systems out

of equilibrium, driven by an external force, a thermostat is needed to dissi-

pate the extra energy introduced.22

In real life we can impose a certain temperature on a system by bringing it

in contact with a large heat bath. The Andersen thermostat does roughly the

same. The contact with the heat bath is represented by stochastic impulsive

forces, that act occasionally on randomly selected particles. A stochastic col-

lision with the heat bath effectively means that a selected particle is given a

new velocity, drawn from a Maxwell-Boltzmann distribution corresponding to

the desired temperature.23 The Andersen thermostat is a valid Monte Carlo

scheme; it generates a canonical distribution, by construction. In between

the stochastic collisions the system evolves in the normal way. The frequency

at which the random particles are thermalized determines the strength of the

coupling with the heat bath. If the coupling is too strong the system will not

have enough time to equilibrate between the various collisions, resulting in

incorrect dynamical properties. On the other hand, if the coupling is too

weak the temperature of the system will not remain at the desired tempera-

ture.24

2.2.2 DISSIPATIVE PARTICLE DYNAMICS

Dissipative Particle Dynamics (DPD) is a popular mesoscopic simulation

technique, mainly used to study the hydrodynamic behaviour of complex

fluids. DPD was introduced in the beginning of the nineties by Hoogerbrugge

and Koelman,25 combining the advantages of both molecular dynamics sim-

ulations and lattice-gas automata. The advantages of lattice-gas automata

are mainly the large time and length scales that are within reach. Unfortu-

nately, because particles move on a regular lattice it is difficult to make the

system isotropic and Galilean invariant. In DPD the particles move in contin-

uum space, with a certain velocity, exactly like in molecular dynamics. Time

is discretized and after each time interval δt there is a collision phase fol-
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lowed by a propagation, similar to lattice-gas automata .25 The big difference

between DPD and simulations describing molecular systems is the poten-

tial between the particles. In classical molecular simulations this potential

is highly repulsive at short distances, becoming attractive further away. In

DPD the potential is softly repulsive, allowing the particles to overlap. This

makes it possible to use bigger time steps in DPD.

The force describing the interactions between the DPD particles has three

components:

fi(t) =
∑

j 6=i

fCij + fDij + fRij. (2.34)

The first component is a distance dependent conservative force and it de-

scribes the soft repulsion between particle i and particle j. The potential is

usually of the following form:

U(rij) = a

[

rij

rc

−
1

2

(

rij

rc

)2
]

(2.35)

where a represents the repulsion between the particles. It is possible to

replace the standard soft repulsion by a different potential, or even to drop

it completely, in which case the solvent becomes a dissipative ideal gas. The

second component is the dissipative force between particle i and particle j:

fDij = −γwD(rij)(r̂ij ·~vij)r̂ij. (2.36)

The dissipative force depends on a friction coefficient γ, a distance depen-

dent weight function wD going to zero at the cut-off radius rc, the velocity

difference between the particles ~vij and the interparticle vector r̂ij. One in-

teresting feature of the dissipative force is that it makes a contribution to the

stress and hence increases the viscosity of the system.7 We will later discuss

the importance of this observation in more detail. Finally there is a random

force:

fRij = −σwR(rij)θijr̂ij, (2.37)

where σ determines the magnitude of the random force, wR is again a dis-

tant dependent weight function and θij is a random number with zero mean

and unit variance. The weight function wR(rij) is usually chosen as a linear

function:

wR(rij) =

{
1 −

rij

rc
(rij < rc)

0 (rij > rc)
(2.38)

Together the dissipative force and the random force act as a thermostat: the

first drains energy from the system and the second adds energy. Español and
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Warren formulated a dissipation-fluctuation theorem stating that if these

forces are well balanced the system will equilibrate with an internal energy

of kBT . To reach such a situation the following relations should be fulfilled :26

ωD(rij) = ωR(rij)
2 (2.39)

σ2 = 2kBTγ (2.40)

2.2.3 THE LOWE-ANDERSEN THERMOSTAT

The two main properties of DPD (the soft potential and its thermostating

properties) are both not exclusive to DPD. One could for instance choose

to only use the DPD thermostat part and drop the conservative force. This

results in a stochastic thermostat method, similar in spirit to the Ander-

sen thermostat. However, unlike the Andersen thermostat, DPD works on

pairs of particles. This enables DPD to conserve momentum, whereas with

the Andersen thermostat this is impossible. To obtain correct hydrodynamic

behaviour, conservation of momentum is a necessity. On the other hand

the Andersen thermostat is, by construction, a valid Monte Carlo scheme,

ensuring that the equilibrium properties of the system are correct, indepen-

dent of the value of the time step. To obtain the same for DPD one has to use

a modified Verlet scheme.27 The trick is now to combine the conservation

of local momentum found in DPD with the valid Monte Carlo scheme of the

Andersen thermostat.

The Lowe-Andersen (LA) thermostat combines the properties we are looking

for. Each time step δt all pairs of particles within a cut-off radius rc have a

probability Γδt of undergoing a “virtual” collision. A virtual collision involves

generating a new relative velocity along the line of centers ~v∗ij · r̂ij from the

Maxwell-Boltzmann distribution ξ
√

2kBT/m. The new velocity of the particle

pair after the collision is now

~v∗i = ~vi + ~∆ij (2.41)

~v∗j = ~vj − ~∆ij (2.42)

with
~∆ij = r̂ij(~v

∗
ij −~vij) · r̂ij (2.43)

Since the forces act along the interparticle vector, angular momentum is

conserved. The new absolute velocity is specified such that linear momentum

is also conserved. Because only relative velocities are involved the method
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is Galilean invariant.7 Furthermore, because the method acts locally we are

allowed to use a neighbour-list to speed up the calculations.24,28 This means

that the computational work required scales in proportion to the number of

solvent particles.

In between collisions the particles evolve in the normal manner. The po-

sitions and velocities of the particles evolve according to Newton’s laws of

motion:

∂ri
∂t

= vi(t) (2.44)

m
∂vi

∂t
= fi(t) (2.45)

where fi is the force acting on particle i and where m is the mass. The

equations of motion can be solved using various integration schemes, for

instance with the velocity-Verlet algorithm.28 However, we use the modified

velocity-Verlet algorithm:29

ri(t + ∆t) = ri(t) + vi(t)∆t +
1

2
∆t2fi(t) (2.46)

ṽi(t + ∆t) = ṽi(t) + λ∆tfi(t) (2.47)

fi(t + ∆t) = fi(ri(t + ∆t), ṽi(t + ∆t)) (2.48)

vi(t + ∆t) = vi(t) +
1

2
∆t(fi(t) + fi(t + ∆t)) (2.49)

Here ṽi is an estimate for the velocity. If we set the parameter λ = 0.5 the

original velocity-Verlet algorithm is recovered.

Unlike with DPD, the weight function ωD(r) is not present, but it could be

reintroduced into the method. However, there is no physical reason to ac-

tually do so. The conservative force is dropped as well, turning the solvent

model into a dissipative ideal gas.27 Nevertheless, by setting the model pa-

rameters in the correct manner, we will still be able to reproduce the prop-

erties of a “real“ solvent. One of the parameters that discriminates a fluid

from a gas, Λ, is the ratio of the typical decay time for relative velocities to

the time it takes ballistic motion to move a particle over a typical distance rc.

The decay time for relative velocities will be of the order of 1/Γ . The typical

time associated with the ballistic motion is of the order of
√

2mr2
c/kBT . Now

we have the following expression for Λ:

Λ =

√

kBT

Γ2r2
cm

(2.50)
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A second parameter characterizing the system as being gas- or fluid-like is

the Schmidt number (Sc), defined as the ratio of the kinematic viscosity over

the diffusion coefficient. In a gas Sc ∼ 1, while in a solvent Sc is much bigger

than unity. We have already mentioned that the DPD thermostat enhances

the viscosity of the system. Obviously, this is very useful if one wants to

reach the solvent-like regime where Sc is bigger than unity. Finally, a gas is

generally much more compressible than a fluid is. However, if we keep the

Mach number, the ratio of the average flow velocity to the speed of sound Cs,

smaller than unity, it is safe to assume that our model solvent is relatively

incompressible.

Let us now specify the cut-off radius. It must of course be larger than the

interparticle separation λ = (1/ρ)1/3, where ρ is the number density, or the

particles will hardly interact with each other. However, if we set the cut-

off radius too large, the simulations will take too long. In between these

two limits we choose the cut-off radius such that on average each particle

interacts with 8 neighbours. Next we consider Γ . If we make Γ too large

the hydrodynamics of the system on relatively short time and length scales

will get distorted by the LA thermostat interactions. We choose Γ such that

Λ = 0.03, which sets Sc ∼ 75. This is still smaller than Sc is in a ”real“ solvent,

but it is large enough to mimic fluid-like behaviour. Unfortunately, lowering

Λ decreases Cs and consequently restricts the maximum flow velocities. Our

choices are a trade-off between a high enough Schmidt number and relative

incompressibility. In theory it is also possible to reach this fluid-like regime

using DPD. However, to do so correctly the time steps in DPD must be set

much smaller than with the LA thermostat.8

2.2.4 ALTERNATIVE MESOSCOPIC SIMULATION METHODS

Obviously, if you want to perform mesoscopic simulations, you are not re-

stricted to the Lowe-Andersen thermostat. There are many alternative sim-

ulation methods. In this paragraph we will discuss three such alternatives,

namely Stochastic Rotation Dynamics, the Lattice-Boltzmann method and

Brownian Dynamics. They treat the solvent as discrete particles, just like

in the LA thermostat, as a continuous medium, and as particles on a grid

respectively. In Fig. 2.1 we give a schematic overview of these three methods.

First, one relatively new method is Stochastic Rotation Dynamics (SRD), also

called Multi-Particle Collision dynamics. The method works as follows. A

system is filled with a set of non-interacting particles. Each time step δt the
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A B

C D

Figure 2.1: A schematic overview of all mesoscopic simulation methods discussed in
this chapter: the Lowe-Andersen thermostat (A), Stochastic Rotation Dynamics (B),

the Lattice-Boltzmann method (C) and Brownian Dynamics (D).
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positions r of the particles evolve in the normal way:

ri(t + δt) = ri(t) + viδt (2.51)

This is termed the streaming step, which is followed by a collision step. In

this step the system is divided in cubic cells, and inside each cell all particles

exchange momentum by rotating their velocity around the centre-of-mass

velocity:

vi(t + δt) = vcom(t) +R [vi(t) − vcom(t)] (2.52)

where vcom denotes the centre-of-mass velocity of all particles inside a given

cell and R is a rotation matrix that rotates the velocities by a given angle.30,31

Such a model is of course not Galilean invariant, however, by placing the

cells at random each time step again, this problem can be solved.32 The

simplified dynamics of the method made it possible to determine analyti-

cal expressions for the transport coefficients.33 For simulations on polymer

chains in solution, the chain is usually simulated using “normal” molecular

dynamics, whereas the solvent is modelled using SRD. Following this proce-

dure results have been obtained on (star)polymers in shear flow,34,35 shear

thinning,3 (tethered) polymers in Poiseuille flow,36,37 and polymer transloca-

tion through a nanopore.38

Another off-lattice mesoscopic technique is Brownian Dynamics (BD). This

is a relatively simple (and fast) method for simulations on fluids and sus-

pensions. The solvent particles in the system are not treated as individual

particles but as a continuous medium. The hydrodynamic interactions are

dealt with via the Oseen tensor.39 Closely related to BD is Stokesian Dynam-

ics (SD). The motion of a large particle (for instance a colloidal particle or a

polymer chain) immersed in a fluid can be written as

m
∂v

∂t
= fH + fP + fB. (2.53)

Here fH denotes the hydrodynamic force, which is accounted for via a hydro-

dynamic interaction tensor, that also takes higher order terms into account.

Although the hydrodynamic interactions are calculated with a high degree

of accuracy, the method is still relatively fast. The second term, fP, repre-

sents the non-hydrodynamic forces acting on the particle, for instance elec-

trostatic forces, interparticle forces or a wall potential. Finally, fB represents

the stochastic forces that account for the Brownian interaction with the sol-

vent.40 Recently the method was improved, making the computational costs

of the method scale as N lnN, with N being the number of particles. This im-

proved version is referred to as accelerated Stokesian Dynamics.41 BD and

SD have for instance been successfully applied to study the dynamics of DNA
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in microchannels,42–44 the behaviour of polymer chains in shear flow45–48and

elongational flow,49–52 and simulations on polymer brushes.53

A third alternative to the Lowe-Andersen thermostat is the Lattice-Boltzmann

method (LB). This is, as the name already implies, an on-lattice simulation

technique to solve the hydrodynamics of a given system. In the original

implementation, each time step particles stream from one lattice point to

the next with a fixed velocity. Next follows a collision step according to a

given collision rule, such that momentum is conserved.54 In a more elabo-

rate version of the LB algorithm one considers the one-particle velocity dis-

tribution function instead of discrete particles .55–58 The collision operator

is not uniquely defined. One widely used collision operator is for instance

the Bhatnagar-Gross-Krook method.59 Usually the LB method is used for

simulations on complex fluids in confined geometries. Polymer chains can

be included as point particles connected by springs that do not move on the

lattice grid, but continuously in space. The interaction between the LB fluid

and the monomers is included via a friction coefficient.60 This technique

has for instance been used to perform simulations on polymers in confined

geometries61 and flow-induced polymer migration.62

Each method has its pro’s and con’s. First of all, using the LA thermo-

stat it is straightforward to implement a polymer chain: just connect some

solvent particles by a spring and you have a simple polymer, including all

hydrodynamic couplings. For all three alternative methods discussed this is

not possible. Although SRD is similar in spirit to the LA thermostat, it is

not possible to just connect some particles by a spring and have a working

polymer model. Instead, just as is the case with LB, the polymer chain is

simulated separated from the solvent and the interactions with the solvent

are taken care of via an interaction coefficient. On the other hand, imple-

menting a polymer chain in BD/SD is almost as simple as it is in the case of

the Lowe-Andersen thermostat.

Many interesting polymer behaviour takes place near a solid interface or in

confined geometries. In the next chapter we will describe a novel (and sim-

ple) method for implementing such an interface in the LA thermostat method.

In principle this method also works in SRD. Unfortunately, implementing a

solid/fluid interface in BD/SD is not straightforward. One can split up the

interactions with solid boundaries in two parts: the hydrodynamic interac-

tions mediated via the solvent and the direct particle-boundary interactions.

With an arbitrary short-ranged, repelling potential between the particles and

the boundary one makes sure the direct interaction is taken care of.63 It is

more difficult to obtain correct hydrodynamic interactions in the presence

of a boundary. One method is to correct the Green function of the flow as
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a pre-processing step. The contribution of the solid geometry to the Green

function is calculated numerically on a grid.44 In LB, the most basic way to

implement a solid boundary is by returning any fluid that enters a gridpoint

inside a wall back to its starting position and then invert its velocity. This

simple bounce back scheme is shown to perform better than first order ac-

curacy, when the position of the boundary is at exact halfway the lattice link

between the fluid and solid.64 However, many alternative methods have been

proposed.65–71

2.3 SIMULATING POLYMER CHAINS

It is relatively simple to construct a valid model for an ideal chain. All it takes

is a set of beads connected by a harmonic potential:

U = kBT

Nb−1∑

i=1

3

2b2
(~ri −~ri+1)2 (2.54)

with U being the energy, kB is Boltzmann’s constant, T the temperature,

Nb the number of beads in the polymer, b the Kuhn length (the root mean

squared distance between connected beads) and ~ri the position of particle i.

However, despite the simple nature of this model it is still possible to mimic

long polymer behaviour with a very small number of beads. The centre-of-

mass diffusion coefficient D of a polymer of Nb beads is:
72

D

D0

=
1

Nb

+
a

N2
b

〈∑

i

∑

j 6=i

1

|(~ri − ~rj)|

〉

(2.55)

where D0 is the diffusion coefficient of a single bead and a, the hydrodynamic

radius, is given by the Stokes-Einstein equation:

a =
kBT

6πηD0

(2.56)

The first term in Eq. 2.55 represents the diffusion coefficient of a polymer of

Nb beads in the absence of hydrodynamic interactions. This agrees with the

Rouse polymer model.73 The second term represents the collective hydrody-

namic interactions between beads. For an infinitely long polymer the second

term scales as 1/
√

Nb, dominating the Rouse term. This scaling dependence

is known as Zimm scaling.74 For a chain consisting of a large number of
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beads the analytical expression for the diffusion is known:

D =

(

8

3

√

6

π

)

kBT

6πηb
√

Nb

(2.57)

Unfortunately, for a finite number of beads the diffusion coefficient does not

have a convenient analytic form. Dünweg et al. calculated corrections to

the Rouse model and, taking the lowest-order correction into account, they

obtained the following expression:72

D

D0

=
1

Nb

+
a

b

(

A√
Nb

−
4.04

Nb

)

(2.58)

in which A is a constant. This is a very convenient result because if

we now choose the ratio a/b such that b = 4.04a, long polymer scaling,

D/D0 ∝ 1/
√

Nb, holds for a small number of beads, Nb & 16.9

Constructing a valid polymer model for an excluded volume chain is less

straightforward. One possible approach for such a model is developed by

Jendrejack et al.42,44,75 They consider a linear polymer chain consisting of

Nb beads, connected by Ns = Nb − 1 springs. Instead of representing a

single monomer, each bead represents a bigger part of the original polymer.

Adjacent beads are kept together using a simplified wormlike spring (WLS)

potential.76,77 This model matches the exact properties of the wormlike chain

model in both the small and large force limit, and moreover, it also agrees

with experimental DNA data.78 The force between two adjacent beads i and j

is defined as follows:

Fij =
kBT

2b

[

(

1 −
Rij

R0

)1/2

− 1 +
4Rij

R0

]

Rij
Rij

(2.59)

where kB is Boltzmann’s constant, T is the temperature, b is the Kuhn length

of the original molecule, Rij is the vector between bead j and bead i, Rij is

the length of this vector and finally R0 is the maximum spring length. The

number of Kuhn segments inside the original polymer is Nk, so each spring

represents Nk,s = Nk/Ns original Kuhn segments. This sets the maximum

spring length R0 = Nk,sb. The contour length of the complete model chain

is L = NsR0. The interactions between beads that are not connected to each

other are treated as follows. Each bead is considered to be ideal, showing

Gaussian behaviour. The size of the beads is therefore equal to the size of

an ideal chain of Nk,s monomers: S2 = Nk,sb
2/6. The energy penalty for two

overlapping Gaussian chains lead to the following potential between bead i
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and bead j:

UEV
ij =

1

2
νkBTN2

k,s

(

3

4πS2

)3/2

exp

[

−3R2
ij

4S2

]

(2.60)

This potential is accurate, if the expansion of the chains represented by one

bead is small relative to the ideal chain size.

2.4 CONCLUSIONS

To conclude we can say that for the research presented in this thesis the

LA thermostat is advantageous over other simulation methods. The LA ther-

mostat is a simple method that produces correct hydrodynamic behaviour.

Furthermore, in the regime relevant for simulation on polymer chains it is

a computationally fast method. In chapter 3 we present a simple method

to incorporate solid boundaries within the framework of the LA thermostat.

Again, with some of the alternative methods presented here this is not a triv-

ial thing to do. Finally, it is simple to include an arbitrary number of polymer

chains in a system coupled to a LA thermostat, as we demonstrate in chapter

5. Using other mesoscopic methods it is sometimes not straightforward at

all to include polymer chains with all hydrodynamic couplings present. This

is not a problem using BD/SD. However, with increasing number of polymer

chains the computational resources required increase dramatically.
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CHAPTER 3

Accurate method for including Solid/Fluid

boundary interactions in mesoscopic model

fluids†

Particle models are attractive methods for simulating the dynamics of com-

plex mesoscopic fluids. Many practical applications of this methodology in-

volve flow through a solid geometry. As the system is modelled using par-

ticles whose positions move continuously in space, one might expect that

implementing the correct stick boundary condition exactly at the solid/fluid

interface is straightforward. After all, unlike discrete methods there is no

mapping onto a grid to contend with. In this chapter we describe a method

that, for axisymmetric flows, imposes both the no-slip condition and continu-

ity of stress at the interface. We show that the new method then accurately

reproduces correct hydrodynamic behaviour right up to the location of the

interface. As such, computed flow profiles are correct even using a relatively

small number of particles to model the fluid.

†This chapter is based on A. Berkenbos and C.P. Lowe J. Comp. Phys. 2008, 227, 4589.
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3.1 INTRODUCTION

Simulating the dynamics of mesoscopic model fluids is a computational chal-

lenge. Mesoscopic systems contain particles that are large enough for ex-

ternal (hydrodynamic) forces to influence their dynamics but not so large

that thermal (Brownian) forces are negligible. Classic examples are polymer

solutions and colloidal suspensions. Simulating such fluids consequently

requires accounting for both hydrodynamic and thermal effects. This is

difficult using standard computational fluid dynamics methods. These nor-

mally work on a macroscopic scale, where thermal forces are negligible. The

complexity of the fluid is then accounted for in terms of deviations from New-

tonian fluid behaviour as a result of the meso-scale effects. There is, how-

ever, considerable interest in developing methods that include both effects

directly, thus avoiding treating the meso-scale in an ad hoc manner.

Several notable approaches have been developed to tackle this problem. In

the Lattice-Boltzmann method (LB) one solves a fluctuating Boltzmann equa-

tion for a set of particles moving in discrete time with discrete velocities. The

correct hydrodynamic behaviour follows from the Chapman-Enskog expan-

sion of hydrodynamic variables in terms of the microscopic evolution of the

particle distribution functions. Thermal effects are introduced through sta-

tistical fluctuations in the stress tensor.55–58,79

Alternatively, several methods explicitly model the fluid using particles mov-

ing continuously in space and interacting by some given rule. Two examples

are dissipative particle dynamics (DPD) and stochastic rotational dynamics

(SRD). In DPD particles interact via three forces: a dissipative friction force

between particles with different velocities, a conservative force in the form

of a soft repulsive potential between the particles and a random force that

maintains a correct thermodynamic equilibrium.25,26 In the second exam-

ple, SRD, the system is partitioned into cells at each time step. The parti-

cles inside each cell exchange momentum by rotating their velocity around

the centre-of-mass velocity.30,31,33 To enforce Galilean invariance, each time

step the position of the cells must undergo a random shift.32

In both cases the interactions governing the evolution of the system sat-

isfy the conditions required to reproduce correct hydrodynamic behaviour

(conservation of momentum, Galilean invariance and isotropy). Further, the

interactions are specified in such a way that the equilibrium distribution is

a thermodynamically defined statistical ensemble (canonical in the case of

DPD, micro-canonical in the case of SRD). One drawback of these methods

is that, unlike LB where the parameters can be varied almost at will, there
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is little freedom to vary the parameters.9,80 Only for carefully chosen sets

of parameters can the model fluid satisfy the conditions for realistic fluid

dynamics.81 However, they also have two notable advantages; firstly, a well

defined thermodynamic equilibrium and secondly, the particles move con-

tinuously in space.

The reason one might expect that representing the fluid with a system that is

continuous in space is advantageous is as follows. A large class of practically

important problems in this field involve the flow of complex fluids through

some solid geometry, polymer solutions in porous media for example. This

requires simulating realistically the interaction of the fluid with a fixed solid

phase. Specifically, imposing a “stick” boundary condition such that the

fluid velocity at the interface is zero. In LB a simple bounce-back rule often

suffices. This involves reversing the velocity of particles that would otherwise

cross the interface. Identifying when this is the case involves discretizing the

solid/fluid interface.64 More sophisticated methods have been developed to

generate a more continuous mapping of the surface to the lattice at the cost

of greater computational complexity.65,66,82–84 To some extent this problem

is inevitable with LB because it solves a discretized equation. Mapping a

continuous interface on a discrete solution is a generic difficulty in finite

difference schemes. Using a particle model, there is no such discretization.

The off-lattice analogue of the bounce-back rule used in lattice Boltzmann, a

particle undergoing velocity reversal when it impinges on the surface, guar-

antees that the average fluid velocity at the interface is zero. This way a

stick boundary is recovered. One would therefore hope that it is possible to

accurately represent the interface in continuous space. Unfortunately this

is not the case. Firstly, if there are conservative interactions between the

particles (as there usually are in DPD), these give rise to density fluctuation

near the interface. In turn, the transport coefficients are spatially depen-

dent, inducing spurious effects near the boundary. It is possible to minimize

these effects, by using an interface-particle potential that tries to maintain a

uniform density, but not eliminate them completely.85–88 Furthermore, one

particularly elegant alternative approach for square or cubic geometries is

described by Visser et al.89

From a purely hydrodynamic point of view these conservative interactions

are unnecessary. If there are no conservative interactions, the model solvent

has an ideal gas equation of state. Examples of these types of methods are

SRD and the dissipative ideal gas (DPD without conservative interactions).90

Both have been used successfully to study the dynamics of mesoscopic sys-

tems.9,91 However, even in this case, where introducing a hard wall generates

no density variations, a simple bounce-back rule is still inadequate. This is
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because for both methods momentum is transported by interactions between

particles located within some pre-defined cut-off radius rc of each other. To

avoid introducing a spatially varying viscosity, particles in the vicinity of an

interface should experience the same environment as particles in the bulk.

This is exactly the reason that a “dummy region” of the same fluid, of width

at least rc, is required on the other side of the boundary. The question is

then, how should this dummy region be treated? One approach is to simply

say it is filled with a fluid moving with zero velocity (i.e. the velocity of the

interface itself).37,92 However, in this article we show that for axisymmetric

flows the dummy region can be treated such that the stress is continuous

across the interface. This method is more accurate, particularly when the

number of particles used to model the solvent is relatively low.

3.2 DESCRIPTION OF THE METHOD

While we could use SRD or a dissipative ideal gas, here we choose to use a

method closely related to the latter, namely an ideal gas coupled to a Lowe-

Andersen (LA) thermostat.7 This method is similar in spirit to the dissipative

ideal gas. There are three reasons why we use it here. Firstly, it satisfies

semi-detailed balance, so the equilibrium properties are correct even for

long time steps.8,93 Consequently, we do not have to worry about density

variations introduced as artifacts of integrating the equations of motion nu-

merically. Secondly, in this system particles undergo ballistic motion for a

time step ∆t followed by impulsive collisions. This means that it is possible

to compute exactly the trajectory of particles that collide with the interface

because during one time step their motion is deterministic. Thirdly, the

equilibrium distribution is canonical so there is no need for an additional

thermostat.

The method works as follows. Each time step, all pairs of particles within a

distance rc of each other have a probability of undergoing a “virtual” collision.

Such a collision involves generating a new relative velocity from the Maxwell-

Boltzmann distribution along the line of centers of the two particles. This

operation is carried out in such a way that linear momentum is conserved.

Because the force only acts along the line of centers, collisions also conserve

angular momentum. Additionally, only relative velocities are involved, so

the LA thermostat is Galilean invariant. These properties ensure we obtain

correct hydrodynamic behaviour, on sufficiently long time and length scales.7

Despite the fact we effectively use an ideal gas solvent, we can still recover

realistic solvent behaviour so long as we choose the model parameters with

care. There is a limited parameter space where one can reasonably argue
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that an ideal gas model solvent has liquid-like behaviour, and here we restrict

ourselves to this regime.9

Our basic requirements at the interface are the following. Firstly, that we

recover a stick boundary. That is, the average flow velocity at the boundary

should be zero. Secondly, the presence of the interface does not perturb

the transport properties of the solvent. The first condition is straightforward

to enforce. We use a “bounce-back” rule, meaning that the direction of the

velocity of particles that impinge on the interface is reversed. Specifically,

positions r and velocities v of particles that collide with the interface during

a time step ∆t are update according to:

r(t + ∆t) = r(t) + 2v(t)τc − v(t)∆t (3.1)

v(t + ∆t) = −v(t) (3.2)

where τc is the time elapsed from the start of the time step to the occurrence

of an interface collision. Under this operation the average of the pre- and

post- interface collision velocity of the particles is zero, so in this sense it

always enforces a stick boundary. To enforce the second condition, we fol-

low other workers and introduce a “dummy” region.94–100 This is a region of

minimum width rc that contains a fluid that is identical to the fluid in the

real system (all parameters, including the density, are equal). The interface

between the dummy region and the real system we term the “real inter-

face” (the dummy region is simply a device to ensure that the real interface

behaves correctly). Interactions between the system particles and dummy

particles are evaluated in the normal way: there is no difference between

particle types. This means that a fluid particle located at the real interface

experiences the same environment as a particle in the bulk, eliminating the

problem of having a spatially varying viscosity in the region of the interface.

Because the particle fluid has an ideal gas equation of state, the interface

will not generate density variations in the model fluid.

The question is now, how do we treat the fluid particles in the dummy region?

We begin by considering the force the model fluid exerts on the interface for

the simplest case: the flow of a fluid between two infinite parallel plates. The

force density F̃s(r) exerted by a Newtonian fluid on a surface, with normal

vector n̂ directed from the boundary towards the fluid, is given by:

F̃s(r) = τ · n̂ (3.3)

where the stress tensor τ for a fluid with shear viscosity η at a pressure p is
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given by:

τij = pδij + η

(

∂vi

∂rj

+
∂vj

∂ri

)

(3.4)

where vi is the i component of the local flow velocity. Let us consider the

force on the surface of one plate occupying the z = 0 plane due to a flow in

the x direction on the ”system side” (z > 0):

FS
x =

∫

S

η
∂vx

∂z

]

0+

ds (3.5)

Here the superscript + indicates that the derivative is evaluated on the sys-

tem side of the interface. On the other hand, the force due to a flow in the x

direction on the ”dummy side” of the plate is:

FD
x = −

∫

S

η
∂vx

∂z

]

0−

ds (3.6)

If we can arrange for these two forces to be equal and opposite, FS
x + FD

x = 0,

then, because all points on the surface are equivalent, it follows that:

∂vx

∂z

]

0+

=
∂vx

∂z

]

0−

(3.7)

That is, the stress will be continuous across the interface. We should also

point out that the same argument applies for a cylindrical tube because in

cylindrical coordinates the axial component of the fluid velocity behaves in

the same way with respect to the direction normal to the surface (in this

case the radial direction simply replaces the z direction). Because of the

radial symmetry it again follows that the stress will be continuous.

To summarize, if we can impose the condition that the average total force

exerted on the interface by the real system and dummy region is zero, it fol-

lows that the stress across the interface is continuous. To satisfy this we

adopt the following procedure, illustrated diagrammatically in Fig. 3.1. The

dummy system and the real system are separated by a no-slip boundary, so

the bounce-back rule is applied for both particles in the real and dummy

regions when they impinge on this interface. To complete the system we

confine the particles in the dummy region with a second hard wall. Since

particles cannot cross either boundary, dummy particles are always dummy

particles and the number of particles in each region is constant. The impor-

tant point now is that for the interface that confines the dummy region, we

use a “bounce-forward” rule. That is, the positions and velocities of dummy
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Figure 3.1: Schematic overview of the novel boundary method described in this
chapter. The circles represent the solvent particles and the small arrows show how

they collide with the interface. The “real” interface between the system region and

the dummy region is a no-slip boundary. The dummy region is confined by slip

boundaries.

particles that impinge on the confining boundary are updated according to:

r(t + ∆t) = r(t) + v‖(t)∆t + 2v⊥(t)τc − v⊥(t)∆t (3.8)

v(t + ∆t) = v‖(t) − v⊥(t) (3.9)

where v‖(t) and v⊥(t) are the components of the velocity parallel and per-

pendicular to the interface respectively. This operation does not change the

momentum in the axial direction (it imposes a slip boundary condition). The

force on this interface is therefore zero, so the total force acting on the fluid is

only the sum of the force exerted on the two sides of the real interface. Now,

if we ensure that the total external force acting on the system itself is zero,

it follows that Eq. 3.7 will be satisfied and the stress should be continuous

across this interface. This is straightforward to arrange. An external force

density F̃sys acting in the axial direction is required to drive the flow in the

real system. This force only acts on particles in the real system. The con-

dition of no total force now simply requires that we apply an external force
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density to the fluid in the dummy region, F̃dum, such that

F̃dum = −F̃sys

Vsys

Vdum

(3.10)

In summary, by using a slip condition on the interface that confines the

dummy region we know that the total force acting on the system is balanced

by the force on the real interface. If we ensure that the total force applied to

the system is zero, then this force must be zero as well. Consequently, the

force on the two sides of the real interface is equal and opposite, implying

continuity of the stress. Again, this should hold for both planar and tubular

geometries.

3.3 RESULTS

Using the methodology described above, we have calculated velocity profiles

for two systems. The first system we consider is flow through a cylindrical

tube. As noted, for this system we expect the stress to be continuous across

the real interface. Secondly, we consider flow through a tube with an ellip-

tical cross-section. The argument above does not necessarily hold for this

case, because there is no radial symmetry. We therefore use it as test case

for more general axisymmetric flows.

For a detailed comparison with theoretical results, an accurate value for the

viscosity of the fluid is required. The viscosity of the bulk fluid is determined

by using the periodic Poiseuille method.101 In the case of a confined fluid

there is an additional Knudsen-like parameter Λ, defined as the ratio of the

typical fluid particle separation (1/ρ1/3, where ρ is the number density) to

the typical geometry width L, Λ = 1/(Lρ1/3). This is effectively the degree of

resolution of the model solvent, the analogue of the grid spacing in a finite

difference method. Note that the larger the value of Λ, the fewer solvent par-

ticles are required to model the solvent. This means that the simulations

are proportionately less computationally demanding. For the tubular geom-

etry we take the characteristic length L, as being the tube radius R and for

the ellipse, the length of the minor axis β. The external force acting on the

fluid in the real system and dummy system regions were applied by adding

additional momentum in the axial direction after the collision step of the LA

thermostat, such that the requirement in Eq. 3.10 holds. In all cases this

force was chosen such, that the Reynolds number (Re = ρV0L/η, where V0

is the maximum flow velocity) was significantly less than unity. Therefore
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the results apply for the creeping flow regime, which is characteristic for the

microscopic scale.

In figures 3.2 and 3.3 we plot the axial flow velocity field V(r), where r is

the distance from the center, calculated for values Λ = 0.100 and Λ = 0.041

respectively. The velocity fields were calculated by time-averaging the spatial

velocity in small sub-volumes, after the systems reached the steady state

(that is, once these averages were independent of time). This procedure is

necessary for a mesoscopic model fluid because the thermal motion of the

solvent particles is not negligible. In the figures, the velocity is normalized

by the theoretical maximum flow velocity:102

V0 =
F̃sysR

2

4η
. (3.11)

We have calculated these data using three methods for implementing the

solid/fluid interface:

• “new method”, as described above;

• “no dummy”, a system without a dummy region and a bounce-back rule
at the system boundary;

• “random dummy”, a system with a dummy region and a bounce-back
rule at the interface of the system and dummy region. At the end of

each time step the velocity of the fluid particles in the dummy region is

generated randomly from the distribution of thermal velocities at zero

flow velocity.37,92

Also plotted is the exact result (valid in the limit when Re is small):102

V(r)

V0

=

[

1 −

(

r

R

)2]

. (3.12)

As the plots show, without using a dummy region the results are poor. De-

viations of the flow velocity from the exact result are pronounced for both

values of Λ. The agreement is better for the lower value of Λ (higher reso-

lution), suggesting that the correct profile is at least recovered in the limit

Λ → 0.
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Figure 3.2: Velocity profile for three different boundary methods. The open squares
represent the “no dummy” method, the filled diamonds represent the “random

dummy” method and the open circles represent the “new method”. The solid line

follows the exact solution given by Eq. 3.12. The vertical dashed lines show the posi-

tion of the real interface. In this case Λ = 0.100.
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Figure 3.3: Velocity profile for three different boundary methods. The open squares
represent the “no dummy” method, the filled diamonds represent the “random

dummy” method and the open circles represent the “new method”. The solid line

follows the exact solution given by Eq. 3.12. The vertical dashed lines show the posi-

tion of the real interface. In this case Λ = 0.041.
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Figure 3.4: Close up of the velocity profile of Fig. 3.3 near one boundary. The
open squares represent the “no dummy” method, the filled diamonds represent the

“random dummy” method and the open circles represent the “new method”. The solid

line follows the exact solution given by Eq. 3.12. In this case Λ = 0.041.
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Figure 3.5: The stress (dV/dr) over the boundary for three different boundary meth-
ods. The open squares represent the “no dummy” method, the filled diamonds repre-

sent the “random dummy” method and the open circles represent the “new method”.

The vertical dashed line shows the position of the real interface. In this case Λ = 0.041.
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Table 3.1: Measured slip lengths ls, at three different values for Λ, for the two

alternative boundary methods.

Λ ls/R ls/R

no dummy random dummy

0.149 0.8 0.3

0.100 0.7 0.2

0.041 0.4 0.06

For the “random dummy” method, the results for the lower value of Λ are

much better, and do not differ significantly from the exact profile on the scale

of the figure. However, for the higher value there is a small but significant

difference. Finally, for the “new method” there are no significant deviations,

for both values of Λ. In the figure we show the velocity field in both the real

system and dummy region (the interface is marked with the dashed line). As

we expect, for the new method, this is continuous across the interface.

To examine more carefully the accuracy of these methods near the boundary

itself, in Fig. 3.4 we show the velocity fields in this region for Λ = 0.041. Here,

the average local flow velocities are calculated on a finer spatial scale. As the

figure shows, without the dummy region the velocity does in fact approach

zero at the interface. That is, the bounce-back rule is indeed sufficient to

enforce this condition. Unfortunately, as the plots show, there is a severe

boundary artifact close to the interface. Although it is not clear from Fig. 3.3,

for the “random dummy” method, there is in fact a relatively small but ob-

servable error. In contrast, using the new method, the velocity agrees exactly

with the theoretical result in both cases. For this specific case we have also

checked whether our statement that the stress is continuous over the in-

terface is valid, see Fig. 3.5. Obviously, for the “no dummy” method there

is no such thing as the stress over the interface. However, for the “random

dummy” method and the new method there is. It is straightforward to see

that for the new method the stress is continuous over the interface, whereas

this is not the case for the “random dummy” method.

It is possible to quantify the deviations from exact behaviour near the inter-

face by determining a “slip length”, ls. We determined ls by plotting the veloc-

ity profiles as a function of (r/R)2, in which case the exact solution is linear.

At the point where the calculated velocity starts to deviate from linearity, we

extrapolate the original line to zero. This is the position where the “effective”

boundary of the system is located. Now we define ls as the difference between

the position of the effective boundary and the actual boundary. In Fig. 3.6 we
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Figure 3.6: Illustration of how the slip length ls is determined. The circles represent

the average velocity of a solvent in a tube, simulated with the “no dummy” method

and Λ = 0.100. The exact results should be a straight line through the position of the

interface at x2 = 1.00. The dashed line illustrates how we extrapolate to determine ls,

here ls ∼
√

1.50 − 1.00 = 0.70.

show how we determine ls ∼
√

1.50 − 1.00 = 0.70, in the case with no dummy

region at Λ = 0.100. In Table 3.1 we have tabulated the results for ls/R using

the alternative boundary methods at three different resolutions, the two il-

lustrated in Fig. 3.2 and Fig. 3.3 (Λ = 0.100 and 0.041) and a higher value for

Λ = 0.149. For both alternative methods, ls decreases with decreasing Λ. In

the biggest system the random dummy method has a slip length of only 3%

of the tube diameter. Using the same procedure, the new method gives a slip

length statistically indistinguishable from zero for all three cases.

Finally we turn to the case of a tube which lacks axial symmetry: an elliptical

cross-sectional geometry. As noted above, the argument that our method

ensures that the stress is continuous at the interface does not necessarily

hold for this system. In this specific example we set the ratio of the major axis

(α) to the minor axis β to be α/β = 2.0. We specify Λ = 0.2, taking the minor

axis β as the characteristic length L. In Fig. 3.7 the results for the velocity

profile along the major and minor axis are plotted. The theoretical expression

for the flow velocity in tubes with an elliptic cross section at Re → 0, is given

by the following expression:103

V(r)

V0

=

(

1 −
x2

α2
−

y2

β2

)

(3.13)
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Figure 3.7: Velocity profile for the new boundary method in a tube with an elliptical
cross-section. The ratio of the major axis (α) to the minor axis (β) is α/β = 2.0. Here

Λ = 0.2. The diamonds represent the velocity along the α axis, the circles the velocity

along the β axis. The solid line follows the exact solution given by Eq. 3.13. The

vertical dashed lines are the positions of the solid/fluid interface.

There is excellent agreement between the flow profile in Fig. 3.7 and the

theoretical expression in Eq. 3.13. Furthermore, as the plot shows the stress

is again continuous across the interface.

3.4 DISCUSSION AND CONCLUSIONS

All three methods we have considered in this article impose the correct stick

boundary condition at the solid/fluid interface. They only differ in how ac-

curately they reproduce the flow profile for a given degree of coarseness of

the model solvent (as measured by Λ). Without a dummy region, there is a

pronounced boundary layer near the interface, with a width roughly equal

to the particle interaction radius. This method will only work adequately,

even far from the interface, for extremely small values of Λ. Using a dummy

region within which the velocities are constrained to have a thermal veloc-

ity, but no flow velocity, is a vast improvement. For small values of Λ the

profile agrees reasonably well with the exact solution. However, there is al-

ways a small error near the boundary and for larger values of Λ this leads

to significant errors, even far from the interface. The method we have de-

scribed for implementing a solid/fluid interface ensures that the stress is

continuous across the interface. For all the values of Λ we have studied, the
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flow velocity agrees precisely (to the accuracy we have calculated it) with the

exact values, over the whole system. Furthermore, while we only justified

the method for the axisymmetric case, the method works equally well for a

system that does not have this symmetry (an elliptical cross-section). For

both cases we restricted testing our methodology to the low Reynolds num-

ber regime. However, so long as the flow is non-linearly stable the physical

reasoning behind the method still holds. That is, it should be valid even at

non-negligible Reynolds numbers, much higher than those studied here.

Clearly, the important difference between the methods is how well they per-

form at larger values of Λ. That is, where the fluid is represented with a

relatively small number of particles. The method we describe here is always

the most accurate. One could reasonably argue that the “random dummy”

method is adequate for most purposes, so long as Λ is not too large. How-

ever, since small values of Λ require a proportionately larger number of sol-

vent particles to resolve the fluid, using larger values (as the new method

allows) significantly reduces the amount of computation. This also has con-

sequences when one considers using these kind of methods to study “real”

complex fluids, not just the solvent, as described in chapter 4. Consider-

ing polymer solutions, to accurately capture the hydrodynamics, the typical

distance between beads in the model polymer must be similar to the sol-

vent interparticle separation.9 This means that smaller values of Λ require

longer model polymers, when the ratio of the polymer size to the tube width

is fixed. Again, this is computationally inconvenient. As a caveat, we should

also add that the introduction of a dummy region itself introduces some

computational overhead because the simulated system is bigger than strictly

necessary. This overhead, compared to a (hypothetical) method that does

not use a dummy region, scales as 2rc/R + (rc/R)2, so it is only significant if

rc ∼ R. In practice this is of little concern because one only expects to recover

hydrodynamic behaviour for the model solvent on length scales greater than

rc. This requires that R > rc for the methodology to be reliable.

The fluid itself was modelled using an ideal gas coupled to a LA-thermostat.

However, this is something of a matter of taste. Because the method is phys-

ically based, it could equally well be applied to any of the other particle tech-

niques that use a system with an ideal gas equation of state (SRD or a dissi-

pative ideal gas for example). Here we have restricted ourselves to geometries

with a cross-section that is independent of axial position. The method could

in principle be extended to more complex geometries but in this case it is

not a priori obvious that it will be more accurate than the “random dummy”

method. Nonetheless, it would be interesting to test this hypothesis.
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To summarize, we have developed a method that accurately models the inter-

action between a particle model fluid and a fixed solid boundary. We demon-

strated that the method is advantageous for an important set of problems.

Specifically, axial flow through a geometry with a constant cross-section. Its

advantages are two-fold: it introduces no boundary artifacts and allows one

to accurately model the flow with a relatively small number of solvent parti-

cles. The latter reduces the amount of computational work required to solve

a given problem.



CHAPTER 4

Drift velocity of single ideal polymer chains

in microfluidic capillaries†

We use a mesoscopic simulation technique to study the transport of poly-

mers in dilute solution flowing through a cylindrical tube. The simulations

use an explicit solvent model to include all the relevant hydrodynamic cou-

plings and a coarse grained ideal chain model for the polymers (appropriate

for systems near the theta temperature). For the interactions between the

solvent and the tube wall we use a method that ensures continuity of the

stress at the interface. We show that the results for the polymer drift veloc-

ity are independent of the degree of coarse graining. Further, for the case

where the size of the chains is small but not negligible compared to the tube

radius, our results are in excellent agreement with experiment. However,

they also show that in this regime the “accelerated” drift, relative to the av-

erage solvent flow velocity, is described by the steric effect of the tube wall

excluding the polymer centre-of-mass from sampling the full cross-section

of the tube. Hydrodynamic interactions have little influence in this regime.

Consequently, the agreement between experiment and theories that approx-

imate the former but include the latter is fortunate. When the undisturbed

polymer radius approaches or exceeds the tube radius, the hydrodynamic

interactions do have a significant effect. They reduce the drift velocity, in

qualitative agreement with theoretical predictions. The accelerated drift still

approaches the maximum value one would expect based on a Poiseuille flow

but more slowly than if one neglects hydrodynamics. Based on our results

we propose an empirical fit that accurately describes data in the intermedi-

ate regime. We conclude the chapter with a short discussion on the nature

of ordering of polymer chains at higher flow velocities.

†This chapter is based on A. Berkenbos and C.P. Lowe J. Chem. Phys. 2007, 127, 164902.



44 Drift velocity of single ideal polymer chains in microfluidic capillaries

4.1 INTRODUCTION

With the development of novel fabrication techniques it is now possible to

construct microscopic flow devices. Consequently, the behaviour of fluids

on this micrometer scale, micro-fluidics, is topical. Computer simulation

techniques capable of describing these systems are a useful complement to

experiment and theory because of their predictive power and the detailed

microscopic information they provide. In this chapter we apply such an ap-

proach to perhaps the simplest non-trivial problem. That is, a dilute polymer

solution flowing in a tubular capillary.

A separation technique, hydrodynamic chromatography, is based on this

system.104,105 Basically, it works as follows. At low Reynolds numbers the

flow profile of a pressure-driven flow through a cylindrical tube is parabolic.

Solvent molecules located near the centre therefore have a higher velocity,

on average, than those close to the wall. At the wall itself the average sol-

vent velocity approaches zero. Due to steric hindrance, the centre-of-mass of

larger molecules cannot approach the walls as closely as those of the smaller

solvent particles. Because of this “depletion” effect large molecules, polymers

for example, spend less time in the low velocity region close to the wall. Their

average drift velocity is therefore higher than the average solvent flow veloc-

ity. Because the magnitude of this “accelerated” drift velocity depends on the

molecular size, solutes of different size elute at different times. This assumes

of course that the solute molecular size is not small compared to the capillary

radius (otherwise the effect is negligible). Consequently, narrow capillaries

are required for efficient separation. For polymeric solutes, proteins for ex-

ample, this typically means capillaries not larger than a micron.106,107 Larger

capillaries are also possible (up to the order of a centimeter108). However, in

that case the capillary must be packed in some way, using small nonporous

particles for instance. In Fig. 4.1 we show a schematic representation of

hydrodynamic chromatography.

In the micron range, the solvent flow rate is typically limited to the regime

where both the Reynolds number for the flow and the Péclet number for

the solute is low. The former means that fluid inertia is negligible. The latter

implies that, in the case of polymeric solutes, the conformational distribution

is not significantly perturbed from equilibrium by the flow. Under these

circumstances it makes sense to estimate the solute drift velocity Vp in the

following simple manner. The equation describing the (radially symmetric)

velocity of a solvent at low Reynolds number at a distance r from the centre
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Figure 4.1: Schematic representation of hydrodynamic chromatography. The uni-
form force density F̃ inside a capillary with radius R results in a parabolic flow profile.

With increasing relative polymer size Rg/R, the polymer drift velocity increases as

well.

of a tube is known:102

Vs(r) =
F̃R2

4η

[

1 −

(

r

R

)2]

. (4.1)

Here F̃ is the force density acting on the fluid, R is the radius of the capillary

and η is the shear viscosity. The solute is now represented only by its centre-

of-mass. This is further assumed to drift with the unperturbed solvent flow

velocity (Eq. 4.1). This being the case, the drift velocity Vp is

Vp =
1

πR2

∫R

0

2πrP(r)Vs(r)dr, (4.2)

where P(r)dr is the probability that the centre of mass is located a distance r

from the centre of the tube. To calculate Vp we only need to know P(r). One

approximation is to simply say that the polymer cannot approach within a

distance Rp of the wall, but otherwise its distribution is uniform. In this case,

Eq. 4.2 yields

Vp/Vs = 1 + 2(Rp/R) − (Rp/R)2, (4.3)

where Vp/Vs is the solute velocity relative to the mean solvent velocity Vs.

This approach is “termed” the quadratic model. More complicated models

also take into account the fact that if the analytes are rigid they will rotate

due to the velocity gradient. In theory, this hydrodynamic effect modifies the

drift velocity such that for “refined quadratic” theories

Vp/Vs = 1 + 2(Rp/R) − C(Rp/R)2, (4.4)

where C is a model dependent value that is not unity, as in the quadratic
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model. In general, treating the solute as a solid rigid sphere results in lower

estimates for C (starting at C = 2.33) than treating it as a porous rigid sphere

(starting at C = 4.03). The consensus is thus that hydrodynamic interactions

reduce the “accelerated” drift velocity. However, by how much depends on

the method used to estimate it.104,109–111

While this simple approach gives a quantitative estimate of the drift velocity,

it has some limitations. Firstly, a polymer is flexible so the definition of a

particle radius is not specific. The quantity Rp is therefore to some extent

an adjustable parameter. Further, if the polymer is large compared to the

capillary then it cannot reasonably be regarded as spherical. Nonetheless, in

the Rp/R << 1 regime the refined quadratic model for a solid sphere, treat-

ing the sphere radius as the polymer radius of gyration, gives a very good

correlation with experimental measurements.111 One might expect that a

permeable sphere is a better representation of a polymer. Surprisingly, the

prediction of the refined quadratic model for a permeable sphere compares

less well with experimental results. Because the refined quadratic model still

uses an approximate form for the solute probability distribution it is impos-

sible to deduce whether deviations from the model are because it neglects

hydrodynamic effects or because it simplifies P(r). One way to resolve this

question is to use the correct P(r) for a polymeric solute in Eq. 4.2 and com-

pare with simulations that include the hydrodynamics. This is one of our

aims here.

Because polymers are very large molecules their dynamics in solution are

slow on a molecular timescale. This makes their influence on the solvent

complex. Simulating such a system with thermal fluctuations and all the

hydrodynamic couplings is a non-trivial problem. An elegant method for do-

ing so is Brownian dynamics (BD). This method treats the solvent as a con-

tinuum and its influence is included implicitly through the configurationally

dependent mobility matrix.39 Recently it was applied to study the dynamics

of single DNA molecules confined in a microfluidic capillary.42–44 However,

using BD also has some drawbacks. Including a solid/fluid interface within

the framework of BD is not straightforward (although Jendrejack et al. show

that it is feasible if one uses another method to calculate the contribution

of the solid geometry to the mobility42). Moreover, because of the long range

nature of the hydrodynamic interactions, the scaling of the computational

work required with increasing number of polymers is dramatic without the

use of a sophisticated algorithm. This is not relevant for the single polymer

system we study here, but we choose a methodology that, in principle, ex-

tends straightforwardly to the many polymer case. For these reasons we use

an explicit solvent model. That is, the hydrodynamic couplings arise as a

result of the motion of solvent particles. There are a number of techniques
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for modelling a simplified solvent using particles. One method is to couple

model polymers to a discretized solution of the fluctuating Boltzmann equa-

tion.61 Stochastic rotational dynamics has also been used to study polymer

dynamics.91,112–114 This method works with particles that move in continu-

ous space and interact by a rule that conserves energy.30,31 Consequently,

out of equilibrium a thermostat is necessary to suppress heating in the sys-

tem. Similarly, Dissipative Particle Dynamics (DPD)25,29,115,116 uses particles

moving in continuous space. A “built in” thermostat sets the temperature.

This thermostat is Galilean invariant and conserves momentum, so hydrody-

namic behaviour is recovered. DPD particles usually interact through a soft

repulsive potential. However, if one is just interested in the hydrodynam-

ics, the repulsive potential is an unnecessary complication. If it is omitted,

the model solvent is an ideal gas. Nevertheless one can still recover realistic

fluid behaviour by requiring that the ratio of the viscosity to the diffusion

coefficient (the Schmidt number, Sc) significantly exceeds unity. Here we

choose to use a thermostat closely related to the DPD thermostat (in that it

recovers hydrodynamic behaviour), the Lowe-Andersen (LA) thermostat.7

In this chapter we describe how we develop this methodology to study nu-

merically polymer drift in a capillary. The questions we address are firstly,

how well can the simulations describe what is observed in experiment? Sec-

ondly, to what extent can the simplified theories above adequately describe

polymer drift in a capillary when Rp/R < 1? Thirdly, what do we expect for

the regime Rp/R > 1, where quadratic models break down.

4.2 METHODOLOGY

One of the questions we will investigate in this chapter is how accurate the

quadratic model is if we allow for the non-uniform distribution of the centre-

of-mass and the deformation of the polymer chain, when the polymer is not

small compared to the width of the capillary. That is, if we use Eq. 4.2

but compute P(r) numerically. The procedure is as follows: configurations

of ideal chains were generated and then inserted randomly in the tubular

geometry. If the chains overlap the tube wall, the configuration is rejected,

otherwise the position of the centre-of-mass is taken into account for the cal-

culation of P(r). Because the acceptance rate drops dramatically when the

size of the polymer is very large compared to the size of the tube it is increas-

ingly difficult to obtain accurate results and more advanced techniques are

required. However we found this method adequate for our purposes here. It

is basically a simple Monte Carlo algorithm, therefore we refer to it as MC.
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Computationally, as noted above, the full dynamic simulations are more in-

volved. The approach we use to address the various aspects of the problem

are itemized below.

4.2.1 POLYMER MODEL

For the polymer, we take the simplest plausible model: an ideal chain. Adja-

cent beads are connected via a harmonic potential:

U = kBT

Nb−1∑

i=1

3

2b2
(~ri −~ri+1)2, (4.5)

with U being the energy, kB is Boltzmann’s constant, T the temperature, Nb

the number of beads in the polymer, b the Kuhn length and ~ri the position of

particle i. Using this form of the potential, the distribution of the end-to-end

vector is Gaussian for any number Nb of beads. The beads do not interact,

so this model is only valid for a polymer at or near to the theta temperature.

However, in principle, this restriction can be relaxed.42

Lowe et al. have shown that for a specific choice of the hydrodynamic ra-

dius of a polymer bead (a = kBT/6πηD0, where D0 is the diffusion coefficient

of a single bead) over the Kuhn length we can obtain long polymer scaling

(D/D0 ∝ 1/
√

Nb), even for a finite number of beads. In this sense the hydro-

dynamics of the polymer are coarse grained. To achieve this the ratio a/b

should be set such that b = 4.04a. In this case a = 0.21rc (with rc being the

cut-off radius) which defines the Kuhn length b = 0.84rc.
9

4.2.2 SOLVENT MODEL

The LA thermostat method works as follows. Each time step δt all pairs

of particles within a certain cut-off radius rc have a certain probability Γδt

of undergoing a “virtual” collision. A virtual collision involves generating

a new relative velocity from the Maxwell-Boltzmann distribution along the

line of centers. Since the forces act along this vector, angular momentum is

conserved. The new absolute velocity is specified such that linear momentum

is also conserved. Additionally, because only relative velocities are involved

the method is Galilean invariant. Taken together, these properties mean

that on long enough time and length scales full non-linearized hydrodynamic

behaviour is recovered.7
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There are two solvent parameters to specify. Firstly, we have to set the cut-

off radius rc. It must of course be larger than the interparticle separation

or the particles will hardly interact with each other. However, for computa-

tional reasons a large value for the cut-off radius is inconvenient. Here we

choose that value such that on average each solvent particle interacts with

8 others. Secondly, we have a Knudsen-like parameter, Λ =
√

kBT/(Γ2r2
cm),

that characterizes the ratio of the typical decay time for relative velocities to

the time it takes ballistic motion to move a particle a distance rc. Here m is

the mass of a solvent particle. Unsurprisingly, to reproduce hydrodynamics

on short time and length scales this parameter should be small. Similarly,

it must be small to satisfy Sc ≫ 1. We choose Λ = 0.03 which sets Sc ∼ 75.

We deliberately do not choose a smaller value for the following reason. An

ideal gas solvent is generally more compressible than a real solvent. How-

ever, we will restrict ourselves to flow velocities well below the speed of sound

Cs, so the Mach number (the ratio of the average flow velocity and the speed

of sound) is much less than unity. This being the case, one expects that

the compressibility of the solvent is irrelevant. Lowering Λ decreases Cs and

consequently restricts the maximum flow velocities. The value we use is a

trade-off between the requirement for high Schmidt numbers and relative

incompressibility.

There seems to be some confusion as to the regime where this methodology

applies.117 Here we would like to point out that using either the LA method

or DPD, Sc can be varied freely. This is not an inherent property of the “Lowe”

fluid. It is simply that in this regime the LA method is advantageous because

it allows significantly longer time steps than DPD.8

4.2.3 SOLID GEOMETRY

The final piece in the jigsaw is including the confining solid geometry. Our

basic requirements are as follows. Firstly that we recover a stick boundary.

That is, the average flow velocity at the boundary should be zero. Secondly,

the presence of the interface should not perturb the transport properties

of the solvent. The first condition is straightforward to enforce. Using a

bounce back rule (that is, the direction of the velocity of particles impinging

on the interface is reversed), the only possible steady state velocity at the

interface is zero. The second is more problematic. Clearly the interface

should not influence the density profile, otherwise it generates a local varying

viscosity. Similarly, the number of interactions a particle experiences with

its neighbours cannot change, or again an artificial local variation in the

viscosity is introduced. This means that at the very least a “dummy” system
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is needed up to distances rc on the other side of the boundary.

In our case, where the solvent is an ideal gas, one method is to fix the velocity

distribution for particles in the wall region to the appropriate Maxwellian.

While this is probably adequate here, we prefer to use a novel method that

goes a step further and requires continuity of the velocity across the interface

between the dummy region and the real system. Moreover, it applies for any

axially symmetric flows. More formal details are given in chapter 3, here we

just outline the physical reasoning.

The dummy region, with a width equal to the cut-off radius, is filled with

particles, at a density equal to the system density. Interactions between the

system particles and wall particles are evaluated in the normal way: there

is no difference between particle types. The system particles and the wall

particles are separated by a no-slip boundary. That is, a bounce-back is

performed whenever a wall or system particle impinges on the boundary.

To complete the system we have a slip boundary, confining the particles

within the dummy region. The slip boundary is enforced by reversing just

the perpendicular velocity. This operation does not change the momentum

along the axis. The flow in the system is driven by applying a uniform force

density F̃. For the wall region we also apply a uniform force density. However,

this force acts in the opposite direction such that the total force acting on

the system is zero. The only force the system can exert is at the interface

of the dummy region and the real system. Since the total applied force is

zero, in the steady state the force on the inner wall must also be zero. That

is, the force exerted by the system on the system side of the interface is

equal and opposite to the force exerted by the dummy region on its side.

Hydrodynamically, the force the fluid exerts is proportional to the gradient of

the velocity field. Thus, we know that the derivative of the velocity field is the

same on both sides of the interface. At the interface itself the velocity field is

continuous.

4.3 RESULTS

This is meant to be a course grained representation of a well defined (model)

polymer system, so it is important to verify that the results are independent

of the degree of coarse graining (the number of beads in the model polymer

chain). Only if this is true can we establish a link between the simulation

results and real systems, where the number of monomers is considerably

larger than is practical to use in the simulation. Using similar methodology,

Lowe and Dreischor9 verified that this was the case for equilibrium simula-
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Figure 4.2: Influence of the number of beads on the centre-of-mass diffusion of the
polymer (◦) and on the relative polymer drift velocity (�). In this case Rg/R = 0.326.

tions, as long as Nb & 16. Does this also hold for the non-equilibrium case we

consider here? To answer this question we performed a series of simulations

to test our model system. If the model is correct the hydrodynamic behaviour

of polymers with the same size relative to the tube diameter should be inde-

pendent of Nb. As a measure of polymer size we take the radius of gyration

Rg of the ideal chain:

R2
g =

(Nb + 1)(Nb − 1)

6Nb

b2 (4.6)

In Fig. 4.2 we plot the ratio of the polymer drift velocity to the mean solvent

velocity for chains of 8 to 64 beads, for the case where Rg/R = 0.326. Clearly,

the results for the accelerated flow velocities in these dimensionless terms

do not significantly depend on the number of beads in the chains. We have

verified that this is also the case for the results at all values of Rg/R studied.

The simulation results we describe here are therefore independent of Nb as

we require. Also plotted are centre of mass diffusion coefficients D calculated

for the model polymers in the absence of the tube. They follow long polymer

scaling D ∼ D0/N
1/2

b . This is as expected for this choice of parameters (al-

though for short model polymers it is not generally the case).

To differentiate the effects of hydrodynamic interactions from the depletion

effect, we first need to carefully examine what the simplified model predicts

when the latter is included correctly. That is, using the exact P(r) in Eq. 4.2.

In Fig. 4.3 we show plots of the distribution of the polymer centre of mass as

a function of distance from the centre of the tube. As the plot shows, even at

relatively small values of Rg/R ∼ 0.15 the distribution is poorly approximated

by the step function simple theories assume.
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For a non-distorted polymer Rg/R0
g = 1.
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Figure 4.5: Relative polymer drift velocity as a function of the radius of gyration over
the radius of the tube. Results are plotted for LA simulations (�) and MC simulations

(◦). The solid line represents the experimental data111 and the dashed line (−−) is the

empirical fit from Eq. 4.7.

In Fig. 4.4 we have plotted values of Rg perpendicular and parallel to the tube

axis. In the limit Rg/R → 0 these quantities are equal. The polymer can in

this sense be considered ”spherical”. As the plot shows, this approximation

holds up until Rg/R ∼ 0.25. For higher values the component along the axis

follows the usual unconfined polymer scaling (Rg ∼ bN
1/2

b ), whereas the radial

components approach a constant because of the confinement in the radial

direction. Combined with the observation above, this means that in the

regime Rg/R < 0.25 it is reasonable to consider the polymer as a “soft” rather

than hard sphere. For values of Rg/R > 0.25 the configurations of the polymer

are so perturbed by the tube that it hardly makes sense to approximate the

polymer as a spherical particle.

To confirm that the results we obtain from the full dynamic calculation are

valid in the low Péclet number regime, in Fig. 4.4 we have also plotted values

for the radius of gyration parallel and perpendicular to the tube axis calcu-

lated from this simulation. As the plot shows, the values are identical to the

equilibrium values for all Rg/R, confirming that the distribution of polymer

configurations in the dynamic simulations is not influenced by the ambient

flow.

The results for the accelerated drift velocity from the full hydrodynamic cal-

culation, using the particle model, are plotted in Fig. 4.5. Also shown is the

result for the quadratic model treating the polymer hydrodynamically as a

hard sphere (C = 2.33). We labeled this result ”experiment” because it best
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described the experimental results obtained by Tijssen.111 These experimen-

tal results were obtained for a solution at the theta temperature, match-

ing the model, but for smaller values of Rg/R than those we have studied

(Rg/R < 0.15). Clearly the agreement with experiment is very good. How-

ever, in the plot we also show the results we obtained for the simple model

using the correct centre of mass distribution function for the polymer (see

Fig. 4.3). Note that this model does not include hydrodynamic interactions.

Nonetheless, it is in agreement with both the full hydrodynamic simulation

and experimental results in the regime Rg/R < 0.25. Apparently in this regime

the hydrodynamic interactions have little effect, even though the theory that

best describes the experimental results includes a hydrodynamic effect. For

Rg/R > 0.25 we see that the hydrodynamic interactions do have an effect. This

is clear because the full simulation results predict a systematically lower

value for the accelerated drift velocity than the simpler depletion model does.

That is, the effect of the hydrodynamic interaction is to decrease the polymer

drift velocity, although not very dramatically. In the regime 0.5 < Rg < 1.5

the typical effect of the hydrodynamic interaction is only to reduce the drift

velocity by approximately 15%. However, from the point of view of hydro-

dynamic chromatography this is not a trivial effect because the difference in

elution time for polymers of different sizes is also proportional to the capillary

length. So the difference in elution times when one includes hydrodynamic

interactions can be arbitrarily large, depending on this length.

We have attempted to fit the values we have calculated for the accelerated

drift velocity to a form predicted by the refined quadratic model, including

higher order terms. However, such an expansion appears to be unable to

describe our data. This suggests that an expansion of this form is either

divergent or very slowly convergent. Empirically we found that the function

Vp/Vs = 1.74 + 0.28 ln(Rg/R) (4.7)

accurately describes our data in the intermediate regime 0.25 < Rg < 2. We do

not believe this function applies for Rg/R ≫ 2 for the following reason. There

is a striking and somewhat unexpected feature of the results we obtain for

the accelerated drift velocity of the polymer when we include hydrodynamic

interactions. For Rg/R ≫ 1 it appears that Vp/Vs → 2 (which is inconsis-

tent with Eq. 4.7). That is, even with depletion and hydrodynamic effects

included, the prediction of highly simplified models, that in this limit the

polymer simply drifts with a velocity equal to the maximum of the ambient

Poiseuille velocity profile, remains valid. If all other effects are included it

appears that this limit is just approached more slowly with increasing Rg/R.

Thus far we only considered the regime where the Reynolds number and
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P’eclet number are very small. Consequently the distribution of the polymer

in the capillary is not perturbed from its equilibrium value. This is appro-

priate for microscopic capillaries. For larger geometries and/or higher flow

rates this is no longer true. What is more, it is well established experimen-

tally that in this regime the distribution is perturbed by the flow.118,119 In

fact, the polymer has a preferred location at some point between the capillary

wall and mid point. The same effect is seen in computer simulations.62,120–122

Indeed, we see this effect too if we operate our model in this regime. Because

we have not analyzed the effect in sufficient detail these results are not re-

ported here. However, what we do want to address is the mechanism that

causes the effect. The importance of polymer hydrodynamic interactions is

undisputed. In what way is a matter of debate. Graham et al.123 predict

polymer migration away from the walls and attributes this effect to wall-

polymer hydrodynamic interactions and a gradient in chain mobility. On

the other hand, Ladd et al.122 propose that polymer migration can proceed

both away from and to the wall, and is determined by the balance of sev-

eral effects: hydrodynamic lift, rotation and drift of the polymer. The latter

suggests that a polymer behaves in a similar way to a rigid colloidal sphere.

Although this may seem a crude approximation, in Fig. 4.4 we showed that

for low degrees of confinement, in the microfluidic regime it is a reasonable

approximation. Continuing the analogy, for rigid spheres there is the well

known Segre-Silberberg effect: there is a preferred off-centre location for the

particle.124 The precise location is determined by two competing effects. The

first is a hydrodynamic repulsion from the wall due to the particle-wall hy-

drodynamic interaction. The second is a hydrodynamic attraction toward the

point with highest shear. Although this is generally the wall itself, this effect

does not require the presence of the wall. Whereas the hydrodynamic force

tries to push the particle to this specific location, thermal diffusion always

counters this. The degree to which particles are confined to a preferred loca-

tion is a competition between these two effects. Here we try to see how close

the analogy is between the colloidal sphere and a polymer by removing one

effect, namely the wall.

Importantly, all the above is an effect of fluid inertia (the non-linear term in

the Navier-Stokes equations). Any simulation method that is based on the

linearized Navier-Stokes equations, which completely neglects inertia, can

never describe this phenomenon. An example would be Brownian Dynamics.

However, as we pointed out, our approach is not limited in this way. It cor-

rectly includes inertia because it is Galilean invariant. As it also includes the

other important effect correctly, namely thermal diffusion, it is an appropri-

ate tool for studying this problem. To do so we have considered a system that

has no boundary but does have a non-uniform shear rate. Specifically, we

apply an external force such that the flow profile is one wavelength of a sinu-
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Figure 4.6: The distribution of polymer chains (bottom figure) in a non-uniform flow
(top figure). The flow is generated using the periodic Poiseuille flow method.101

soidal wave (this is then repeated to infinity by the use of periodic boundary

conditions).101 The solvent is modelled as described above and a single poly-

mer in the system is allowed to diffuse in the resultant flow field. In figure 4.6

(top) we show the flow profile we observe (normalized by the maximum flow

velocity). The polymer concentration is negligibly low so we do not expect

any significant non-Newtonian behaviour. Indeed we observe a sinusoidal

profile, as one would expect for a Newtonian fluid. In the lower part of the

figure we have plotted the distribution of the location of the centre of mass

of the polymer (averaged over different uniformly distributed starting points

and a considerable length of time). The two sets of results correspond to two

different magnitudes of the driving force resulting in two different flow veloc-

ities. Between the two simulations the ratio of the magnitude of any inertial

force (characterized by the Reynolds number) to the diffusive force changes.

The magnitude of the latter is characterized by 1/(γτD), where γ is the max-

imum shear rate, and τD a characteristic diffusive time (τD = D/R2
g). As the

figure shows, even though we have no walls in the system, we still observe

ordering. The polymer is not uniformly distributed. There are two preferred

locations (the centre and edge of the simulation box) and these correspond

to the positions of maximum shear rate. That is, qualitatively we see exactly

the behaviour one would expect for a rigid sphere in this system when inertia

is taken into account. Furthermore, as we increase the Reynolds number (so

any inertial force is increased while the opposing diffusive force is decreased)

the non-uniformity of the distribution takes the same form but increases
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in magnitude. Again this is in line with what one would conclude from the

analogy with a rigid sphere.

It would be useful at this point to see if the magnitude changes quantitatively

in the same way, but unfortunately (and despite quite a lot of computer time)

the data is too inaccurate to make a meaningful comparison. What we can

conclude is that even in this unbounded system there is a preferred location

for the polymer. This is the same preferred location as for a rigid sphere.

Both observations support the mechanism proposed by Ladd et al.122 to

explain the ordering effect observed in capillaries.

4.4 DISCUSSION AND CONCLUSIONS

We have developed and implemented a scheme for simulating the dynamics

of ideal polymers in a solvent flowing through a tube. To do so we used

a novel method that accurately describes the behaviour of the fluid at the

solid/fluid interface. In dimensionless terms we show that the predictions

for the model do not depend on the number of beads in the model poly-

mer chains. This means that we can reasonably extrapolate our results to

real systems. Doing so, we find excellent agreement between our simula-

tion results and experiments for the values of Rg/R studied experimentally.

We show that in this regime a simplified model that neglects hydrodynamic

interactions but includes the depletion effects correctly is accurate. We con-

clude from this that in this regime the hydrodynamics actually play a very

minor role. The agreement between the experimental results and theories

that simplify the depletion effect but include hydrodynamic interactions for

either a rigid sphere or a porous sphere are therefore fortuitous. As Tijssen et

al. commented, it was a surprise that the hard sphere model provided a bet-

ter description of the results than the more realistic porous model does.111

Clearly, the reason is that in this regime a correct description of the depletion

effect is far more important than a correct description of the hydrodynamic

interactions. The fact that both models make the wrong approximation for

the depletion effect means that one cannot conclude that the porous sphere

model gives a less realistic description of the hydrodynamics. Hopefully this

observation will help guide the development of better theories.

For higher degrees of confinement (Rg/R > 0.25) the hydrodynamics do play

a role. They reduce the accelerated drift velocity relative to the velocity that

one would expect from the simple model. In this respect our results are in

qualitative agreement with theory. From an experimental point of view this

means it would be advantageous to screen the hydrodynamic interactions if
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possible. Based on our simulation results we have given an empirical fit for

our predictions that can be tested experimentally when higher values of Rg/R

are studied. Given that the simulation results are independent of the number

of beads in the model chain we have good reason to believe that this will be

the case. In the limit where the size of the polymer is much greater than the

width of the capillary, the simulation shows that the accelerated drift velocity

approaches its maximum of twice the average solvent drift velocity. This

is exactly the same as the theoretical maximum one would expect from the

simple depletion model, even in a regime where one could hardly expect such

a simple model to work. Presumably this is because at such high degrees of

confinement the effect of the hydrodynamic interactions is to generate a local

“plug flow” solvent velocity profile, with a velocity equal to the maximum flow

velocity of the ambient Poiseuille flow.

We conclude by noting that the simulations we report here consider a rela-

tive special case. That is, a polymer solution at its theta temperature. How-

ever, they deal with what is, in computational terms, a complex mesoscopic

problem and provide a quantitative prediction for a parameter regime not

yet studied experimentally. In this sense we hope that it again shows that

mesoscopic simulation techniques have predictive as well as diagnostic po-

tential. Furthermore, we believe it should be possible to extend the simu-

lation methodology to more general cases where the polymer solution is not

at the theta temperature and where the geometry is more complex. Notably,

one might expect that the effect of being above the theta temperature could

be accounted for by simply allowing for the fact that the polymer is rela-

tively expanded in this case. However, the experimental results showed that

for this case a different constant in the refined quadratic model described

the results. This suggests that in this case hydrodynamic interactions are

important even in the regime where for ideal chains they are not.



CHAPTER 5

Flow of concentrated polymer solutions in

microfluidic capillaries - simulation and

theory

We describe the results of simulations of the flow of concentrated solutions

of ideal chains in microfluidic capillaries. With increasing concentration,

the mean flow rate of the solution significantly exceeds that of a Newtonian

fluid with equivalent viscosity. Further, the results show that with increas-

ing concentration the flow profile becomes increasingly “blunt” compared to

the normal parabolic profile characteristic of a simple Newtonian fluid. This

is all in agreement with experimental observations. However, the form of

the profile we observe cannot be explained by existing theories because the

characteristic length that determines the shape of the profile is a function of

the volume fraction of the solvated polymers and not of their size. Using this

observation we develop a “slight-slip” theory, using the conjecture that the

drift of the polymers differs slightly from the ambient local solvent velocity.

The slight-slip theory predicts velocity profiles in excellent agreement with

the simulations for concentrations ranging from dilute to semi-dilute. It also

accurately describes profiles measured experimentally and accurately pre-

dicts flow profiles for bi-disperse polymer mixtures. By studying this system

we are able to calculate how the efficiency of hydrodynamic chromatography

is affected relative to the dilute, mono-disperse, case studied in chapter 4.
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5.1 INTRODUCTION

Dissolving polymers in a simple Newtonian solvent can have a remarkably

dramatic effect. The slow relaxation processes of the polymer molecules,

up to seconds or even minutes, result in an extra non-linear stress term in

the Navier-Stokes equations.4 Examples of phenomena caused by this non-

linearity are: elastic turbulence, where flow is chaotic even for small flow

velocities;4,5 shear thinning, where the viscosity of the polymer solution de-

creases with increasing shear rate1–3 and turbulent drag reduction, where

adding a small amount of polymer to a turbulent flow results in a spectac-

ular increase in the flow rate.125–127 Despite a large volume of literature on

these topics, it is fair to say that generally the underlying mechanisms that

drive these effects are not yet fully understood. In this chapter we apply the

methodology developed in previous chapters to study numerically the flow

of concentrated polymer solutions through cylindrical capillaries. Again we

will focus on the micro-fluidic regime. Even though a number of possible

mechanisms that generate complexity in the flow of polymer solutions are

absent in this regime (for example, a shear rate dependence of the viscos-

ity), the presence of the polymers still has a profound influence on the flow

characteristics.

At the most basic level, the presence of solvated polymers has the following

effect. The viscosity of the polymer solution is higher than the viscosity of

the pure solvent (that is, the solvent in the absence of polymer molecules).

The additional contribution to the solvent viscosity (η), in the dilute limit, is

characterized by the intrinsic viscosity [η]. For low polymer volume fractions,

φ ≪ 1, the intrinsic viscosity is defined by:17

[η] = lim
φ→0

η − ηs

ηsφ
(5.1)

In this equation we define the polymer volume fraction φ as the total vol-

ume of all polymer chains over the total accessible volume in the system. We

define the total polymer volume as Np4πR3
g/3, with Np the number of poly-

mers and Rg the radius of gyration of the polymer chains. Einstein showed

that for colloidal suspensions of hard spheres [η] = 2.50.128 For polymer

chains, which we can consider to be “soft” spheres, the behaviour is analo-

gous but [η] is smaller. The pre-average Zimm model predicts the intrinsic

viscosity of an ideal chain to be 1.49.17 More sophisticated theories predict

values between 1.29 and 1.65.12

With increasing φ, the influence of the hydrodynamic interactions between

the different polymer chains becomes significant. It is for this reason that
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Eq. 5.1 is only applicable in the (infinitely) dilute limit. At higher polymer

volume fraction the viscosity can be written as a “virial” expansion:

η

ηs

= 1 + [η]φ + kH[η]2φ2 + ... (5.2)

where kH is termed the Huggins coefficient.
129 For polymeric systems with-

out strong excluded volume interactions (for instance a polymer solution

around the theta temperature) the theoretical predictions for kH range from

∼ 0.5 to ∼ 0.8.128,130–132

The flow profile of a pressure-driven Newtonian fluid inside a tube at low

Reynolds numbers is known. The equation describing the (radially symmet-

ric) solvent velocity at a distance r from the tube centre is given by:102

Vs(r) =
F̃R2

4η

[

1 −

(

r

R

)2]

(5.3)

Here F̃ is the force density acting on the fluid, andR is the radius of the capil-

lary. The maximum solvent velocity is reached at the centre of the tube (r = 0)

and has a value of Vmax = F̃R2/4η. Because the presence of solvated polymers

increases the viscosity (see above), at the very least we expect a lower flow

rate for a polymer solution, for a given force density. If the polymer solu-

tion is Newtonian, the actual form of the velocity profile remains the same.

If this is not the case, the shape of the velocity profile will not be parabolic

for pressure-driven (semi-)dilute polymer solutions. In the literature, various

models have been proposed to take this into account and describe the true

shape of the flow profile. These models can be classified into three different

approaches, which we will discuss in the proceeding paragraphs.

Above some value of the shear rate, all polymer solutions are non-Newtonian.

The viscosity in the non-Newtonian regime then itself depends on the shear

rate γ̇. One way of describing non-Newtonian fluids is the Ostwald-de Waele

model.102 This model treats the relation between the shear and the viscosity

using a power-law, η ∝ γ̇n−1. If the dimensionless quantity n = 1, the fluid is

Newtonian, for n > 1 the fluid is shear-thickening and for n < 1 it is shear-

thinning.133 Rewriting Eq. 5.3 according to this power-law, we find:

Vs(r)

V̄s

=
n + 3

n + 1

[

1 −

(

r

R

)1+ 1
n
]

(5.4)

where V̄s denotes the average solvent velocity. For n = 1, this equation is

equal to Eq. 5.3. In the limit n → ∞ the profile becomes plug flow.102 In

the systems we consider in this chapter, the Reynolds number and, con-
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sequently, the shear rate is very low, so we do not expect n to be large.

Moreover, the polymer segment concentration is not radially constant, as is

implicitly assumed in the Ostwald-de Waele model. Due to steric hindrance

the polymer is depleted from the boundary, resulting in a lower viscosity near

the boundary than in the centre of the capillary.

To address this point, one can take the polymer segment distribution into

account to determine the shape of the velocity profile. For ideal polymer

chains this distribution, as a function of the distance from a flat wall at

position r = 0, is given to a good approximation by:

ρs(r)

ρs(∞)
= tanh2

(

r

δ

)

(5.5)

One can define the local polymer volume fraction at a distance r from the

wall as φ(r) = φρs(r)/ρs(∞). By inserting this expression in the first part of

Eq. 5.2, the following relation between the viscosity and the distance from

the wall r is obtained:

η(r)

ηs

= 1 + [η]φ(r) = 1 + [η]φ tanh2

(

r

δ

)

(5.6)

The flow profile of a shearing polymer solution near a single wall is then given

by:

Vs(r) = γ̇

(

δ
√

[η]φarctan

(

√

[η]φ tanh

(

r

δ

))

+ r

)

(5.7)

Here γ̇ is the shear rate in the bulk (defined as γ̇ = dVs/dr) and δ is the

thickness of the depletion layer which is close to Rg.
134 In principle one can

also derive a polymer segment dependent expression for the flow profile of a

pressure-driven polymer solution inside a capillary. This is more appropri-

ate when the volume fraction of the polymers exceeds unity. Either way, the

crucial prediction of theories of this type is that it is a depletion boundary

region, of width of the order of Rg, that causes deviations from normal New-

tonian behaviour. Because this phenomenon does not depend on the shear

rate (that is, non-Newtonian behaviour of the bulk polymer solution per se) it

is an effect that will be present in the microfluidic regime we consider here.

However, as we will show, we have been unable to describe the shape of the

flow profile in our problem in terms of such a depletion layer.

A philosophically similar approach is successfully used to describe the flow

of blood in a vessel. In the centre of the vessel the viscosity is higher than

near the wall because the relatively big red blood cells are hindered by the

wall.135–137 The flow profile of blood in a vessel is now estimated using a

“two-fluid model”. Inside the vessel there is a tubular region of higher vis-
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cosity, whereas the viscosity of the depletion layer has a lower viscosity. In

between these regions there is an interface where the viscosity changes dis-

continuously. For a capillary with radius R and with an outer boundary layer

of width δ (such that the model paramater ζ = (R − δ)/R), the velocity profile

as a function of r/R is given by:

Vs,c(r/R) = Vs(0)

[

1 − ζ2 +
ηo

ηc

(ζ2 − (r/R)2)

]

, 0 ≤ r/R ≤ ζ (5.8)

Vs,o(r/R) = Vs(0)[1 − (r/R)2)], ζ ≤ r/R ≤ R (5.9)

where Vs,c and Vs,o are the velocities of the core region and the outside re-

gion respectively, ηc and ηo are the viscosities of these two regions and Vs(0)

is the maximum solvent velocity of a pressure-driven flow of a solvent with

viscosity ηo.
138 Unfortunately, it is doubtful if this model will work for poly-

mer chains because polymer chains are not impenetrable, whereas red blood

cells are. Solvent particles can move in and out the polymer region, making

the polymer chains more like a porous medium. Based on this observation,

one could conceive of a different approach based on the Brinkman model for

flow through porous media.139,140 The Brinkman model proceeds by modi-

fying the empirical Darcy equation such that the force the porous medium

exerts on the fluid is taken into account.

It is difficult to perform simulations on concentrated polymer system with

all hydrodynamic couplings included. One relatively simple method for do-

ing so is Brownian dynamics (BD). Here the solvent is modelled as a con-

tinuous medium and all hydrodynamic interactions are accounted for via

the configurationally dependent mobility matrix.39 Unfortunately, the long-

ranged hydrodynamic interactions between the polymer chains make the

method computationally expensive with increasing number of chains. To

counter this problem, complex algorithms have been proposed to speed up

the BD method.41 Furthermore, it is not straightforward to incorporate a

solid boundary within the framework of BD. One way of accounting for such

an interface is correcting the mobility matrix by a pre-processing step.44 A

more promising route for this problem is therefore to use particle methods

which do not suffer from these drawbacks (admittedly at the disadvantage

that they require an explicit, albeit simplified, solvent). Possible methods

are for instance Stochastic Rotational Dynamics (SRD), where the system

is partitioned into cells and particles exchange momentum by rotating their

velocity around the centre-of-mass velocity,30,31 or Lattice-Boltzmann (LB)

where solvent densities move on a grid according to given collision rules.55–58

Here we choose to employ the Lowe-Andersen (LA) thermostat,7 a method

that is similar in spirit to Dissipative Particle Dynamics (DPD).25,29,115,116

Mesoscopic particles move in continuous space and the interactions are
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dealt with via thermostatting collisions. The method is Galilean invariant

and conserves momentum, two features that are essential for correct hydro-

dynamic behaviour. Compared to DPD the repulsive interactions are aban-

doned, turning the solvent into a dissipative ideal gas.116 However, by tuning

the parameters of the model in a feasible manner we are able to recover cor-

rect hydrodynamic behaviour on long enough time- and lengthscales.7,81 We

demonstrated the procedure for single polymer chains in chapter 4. With the

methodology developed in chapter 3 we also know that we can model the

solid/fluid interface accurately, even in the computationally convenient limit

of a sparse solvent. Further, we argued that our methodology was particu-

larly suited for concentrated solutions containing more than a single poly-

mer. Here we will show that the methodology is easily extendable to multiple

polymer systems and that this is indeed the case.

We begin this chapter with a short overview of the computational techniques

we employ in this chapter. Subsequently, we examine the shape of the veloc-

ity profile of pressure-driven polymer solutions inside capillaries. We show

that the three theories outlined above are unable to explain our results. We

propose a novel “slight slip” model that accurately describes the shape of

the flow profiles we observe. Furthermore, we can make a comparison be-

tween our results and experimental data on the shape of the solvent flow

profile and on the volumetric flow rate. Finally, we return to the problem of

hydrodynamic chromatography and consider the accelerated drift velocity of

the polymer chains. Compared to chapter 4, where only very dilute polymer

solutions were considered, here we examine the influence of increasing poly-

mer concentration on the drift velocity. In addition, we consider the more

practical case of polymer solutions consisting of chains of different sizes.

5.2 SIMULATION DETAILS

The model polymer chains consist of Nb beads, connected to each other via

a harmonic potential:

U = kBT

Nb−1∑

i=1

3

2b2
(~ri −~ri+1)2 (5.10)

with U being the energy, kB is Boltzmann’s constant, T the temperature,

Nb the number of beads in the polymer, b the Kuhn length (the root mean

squared distance between connected beads) and ~ri the position of particle i.

As a measure of the size of the polymer chains we take the mean radius of

gyration, Rg, of the ideal chain. The mean squared radius of an ideal chain



5.2 Simulation details 65

is

< R2
g >=

(Nb + 1)(Nb − 1)

6Nb

b2 (5.11)

The mean radius of gyration is then Rg =
√

< R2
g >. The centre-of-mass

diffusion coefficient D of a polymer chain in the dilute limit is given by:72

D

D0

=
1

Nb

+
a

N2
b

〈∑

i

∑

j 6=i

1

|(~ri − ~rj)|

〉

(5.12)

where D0 is the diffusion coefficient of a single bead and a is the hydrody-

namic radius:

a =
kBT

6πηD0

(5.13)

As we discussed before in more detail, it is possible to mimic long polymer

diffusive behaviour using only a small number of beads. To do so, we must

set the ratio of a over b such that a/b = 4.04.9 We performed simulations on

systems with chains of 32, 16 and 4 beads at varying solvent densities such

that the ratio Rg/R, where R is the capillary radius, varies. Values range from

0.462 and 0.366 for the chains with Nb = 32, 0.366 and 0.158 for Nb = 16, and

0.158 and 0.126 for Nb = 4.

To model the solvent we use an LA thermostat,7 a technique similar in spirit

to DPD, although it does not involve dissipative and random forces as in

“classical” DPD. The bath collisions of the thermostat take over the role of

the dissipative forces in DPD, while the distance dependent random force is

not present. The LA thermostat satisfies the same conservation laws DPD

does, while being computationally simpler.8 It also conserves momentum

and is Galilean-invariant. The thermostatting procedure is as follows. Every

time step pairs of particles have a certain probability of undergoing a bath

collision. Each time a collision is at hand a new relative velocity along the

line of centres is drawn from the Maxwell-Boltzmann distribution. Because

the method acts locally we are allowed to use a neighbour-list to speed up the

calculations.24,28 This means that the computational work required scales in

proportion to the number of solvent particles. Since the LA thermostat col-

lisions transport momentum they enhance the viscosity. This is important

for recovering realistic liquid-like behaviour from an otherwise gas-like sol-

vent. One requirement for this is that the Schmidt number (which is the ratio

of the kinematic viscosity to the diffusion coefficient) is significantly greater

than unity. By choosing the cut-off radius (rc) and the collision probability

(Γ ) in a sensible way, we are able to work at a high (fluid like) value for this

ratio.7,81,141 Here we should also point out that thermostat collision are only

allowed between polymer beads and solvent, and between solvent particles.



66 Flow of concentrated polymer solutions in microfluidic capillaries

There are no bead -bead interactions (other than the bonding potential). This

procedure ensures that all momentum transport takes place via the solvent,

consistent with a hydrodynamic description of the problem.

Next we turn to the solid boundary. From a mesoscopic point of view the

boundary should not distort the density and temperature profile of the sol-

vent, and the average solvent velocity at the position of the interface should

be zero. One would expect that it is relatively easy to implement a solid

boundary in a mesoscopic particle method, since the particles are allowed

to move continuously in space. However, the opposite is true. One elegant

method that works particularly good for planar walls is developed by Visser

et al.89 Here we use a method where the boundary is implemented using a

wall region of width rc, filled with particles that are identical to the solvent

particles. Interactions between the particles in the two regions proceed in the

normal manner. The regions are separated by a no-slip boundary: a simple

bounce-back is performed whenever a particle impinges on this interface.

We confine the particles in the wall region using a slip-boundary. The flow is

driven by a uniform force density over the system particles. Finally, we apply

a uniform force on the wall particles opposite to the flow direction such that

no nett momentum is introduced in the system. Because no momentum is

introduced into the system as a whole, the force on the actual interface is, by

definition, equal (but opposite) on both sides. Therefore, the stress over the

interface is continuous, ensuring that also the velocity profile is continuous

over the interface. If we now return to the three requirements the boundary

model should fulfill we see that, because the stress over the interface is con-

tinuous, the density and temperature profiles are not distorted. Finally, the

no-slip boundary ensures the average solvent velocity at the interface will be

zero. This method works for any axi-symmetric geometry.142

Because we will be looking at changes in the properties of the polymer solu-

tion relative to the pure solvent, it is necessary that we accurately know the

properties of the former. Notably, that we know its viscosity. Even though the

model solvent is relatively simple, theoretical estimates of this quantity are

not accurate enough. We therefore need to “calibrate” the model by calculat-

ing it numerically. Commonly, the viscosity of mesoscopic particle solvents

is determined using the Lees-Edwards boundary method.143 However, here

we choose to use the much simpler periodic Poiseuille flow method.101 The

simulation box (with periodic boundaries on all sides) is divided into two vol-

umes of identical size. Over the particles in each volume a uniform force

density is applied, in one region in the positive direction, in the other in the

negative direction. As long as the flow velocities are kept relatively low, the

result is a two-dimensional parabolic velocity profile in each region. Finally,

the viscosity is calculated by using the relation between the average solvent
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Figure 5.1: The relative additional solvent viscosity η/ηs − 1 as a function of the

relative polymer volume fraction φ. The circles represent polymers with Nb = 32,

the filled diamonds polymers with Nb = 16. The dashed line is a fit of η/ηs − 1 =

[η]φ + kH [η]2φ2, where [η] = 1.6 ± 0.1 and kH = 0.77 ± 0.05.

flow velocity and the ratio of the applied force density to the viscosity.

5.3 CALCULATED HYDRODYNAMIC PROPERTIES OF CON-

CENTRATED MODEL POLYMER SOLUTIONS

We begin with a brief examination of the change in viscosity of the model poly-

mer solution with increasing concentration. Using the periodic Poiseuille flow

method101 outlined above, we studied a system subject to periodic boundary

conditions. This mimics the “infinite” unbounded case. The external force

we applied was minimal to ensure that the shear rates were insufficient to

generate any non-Newtonian behaviour. The calculations extend up to con-

centrations φ ∼ 1, where polymers begin to significantly overlap each other.

The definition of the polymer volume fraction is not unique, but here we

define it as φ = (4π)R3
g/3. Fig. 5.1 shows the increase in the solution viscosity

relative to that of the pure solvent. There are two things to note from the

figure. First, the results for model chains with 32 beads and 16 beads coin-

cide to within the errors. From this we can conclude that the 16 bead model

adequately captures the intra and inter-polymer hydrodynamic interactions

adequately (at least for these values of φ). Second, we can use the data to

estimate the intrinsic viscosity and the Huggins coefficient. The values we

obtain are [η] = 1.6 ± 0.1 and kH = 0.77 ± 0.05 respectively. These results are
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not particularly accurate but they lie within the accepted range predicted by

theory and calculated from experimental results.12,128,130–132 The reason for

the lack of accuracy is that we used an extremely low maximum shear rate to

ensure that we could neglect any non-Newtonian effects. This could probably

be increased to give more accurate results without violating this condition.

However, in this chapter we are more interested in the flow of confined poly-

mer solutions than in accurate values of these coefficients. It is sufficient to

say that, in terms of the viscosity of the unbounded solution, our method is

adequate.

5.4 CALCULATED FLOW PROFILES FOR CONCENTRATED

POLYMER SOLUTIONS IN A CAPILLARY

In our model system the values of several of the parameters are fixed by

the requirement that both the fluid behaviour and the coupling between the

fluid and the polymer motion is correct. This leaves us with three parameters

that we can vary. Namely, the number of beads in each polymer chain Nb

, the polymer volume fraction φ and the polymer size relative to the radius

of the capillary Rg/R. In this section we will carefully examine the influence

of changing these three parameters on the resulting solvent flow profile. We

begin by looking at the influence of the number of beads in the chains on

the results of the simulations for a given value of φ. Remember, in reality a

polymer is made up of considerably more monomers. These results should

be independent of the number of beads, if these chains are representative of

“real” polymer chains of a given size (i.e. a given value for Rg/R). If this is not

the case we must increase the number of beads, until we reach a value where

the results do not depend on the number of beads anymore. In Fig. 5.2 (A)

we demonstrate that the flow profile is indeed independent of the number of

beads. If we look at the chains consisting of 32 and 16 beads, we observe

that the flow profiles for both chain lengths are identical. This means that

we can reproduce the behaviour of a chain of length Nb = 32 using only

16 beads. Moreover, if we look at chains consisting of 16 and 4 beads, it is

remarkable to observe that a solution of chains with only 4 beads already

behaves identically to solutions with a much higher resolution. This does

not necessarily mean that the individual small chains behave in exactly the

same manner as the bigger ones do. However, it does at least mean that a

polymer solution with a certain polymer volume fraction consisting of chains

of 4 beads behaves identically to a solution with the same volume fraction

consisting of chains with Nb = 16 and with the same size. From this we can

conclude that at least up the moderate volume fractions plotted, the method
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we are using works.

Next we consider the situation where the volume fraction is changed, while

keeping the number of beads and the ratio of polymer size to the tube radius

constant (in this case Nb = 32 and Rg/R = 0.183). In real life this corre-

sponds to increasing the concentration of a solution of a polymer with a

given molecular weight. The results are plotted in Fig. 5.2 (B). As the figure

shows, with increasing polymer volume fraction the maximum velocity de-

creases relative to that of the pure solvent. This is unsurprising because

the viscosity of the solution increasingly exceeds that of the pure solvent.

The striking thing is that, with increasing concentration, the form of the

profile changes significantly from the hyperbolic form characteristic of the

pure solvent. Specifically, the profile gets blunted and appears to approach

something more like plug-flow at volume fractions φ ≫ 1. This is in quali-

tative agreement with experimental results.144–146 In addition, we note that

we do recover the normal (pure solvent) profile in the vicinity of the bound-

ary. However, the region for which this is true shrinks with increasing φ.

We should stress that these results all have the same polymer size, so this

length is not determined by any depletion effect because the depletion length

is the same in each case.

Finally, we consider the case where we keep the polymer volume fraction φ

constant, but this time change Rg/R (through Nb). In Fig. 5.2 (C) we plot the

flow profile for three different systems, all with a volume fraction of φ = 0.2.

However, the relative polymer size Rg/R differs significantly (by a factor of

almost four) between them. Despite this, the curves superimpose on top of

each other to a high degree of accuracy. Based on this figure we can conclude

that the only thing that matters in determining the form of the profile is

the polymer concentration. Whereas from the above we concluded that the

relative size of the polymer did not determine the width of the boundary layer,

we can now go further and conclude that it is in fact completely irrelevant.

Theories based on a slip layer of width ∼ Rg can never be consistent with this

observation. A successful theory should be based on the volume fraction

instead of on a depletion layer dependent on the polymer size. As we are not

aware of one, at this point we construct our own.

5.5 SLIGHT SLIP MODEL

Given the observation that the velocity profile for the polymer solution is not

a function of Rg/R, models that consider a depleted viscosity layer cannot

explain our results. Furthermore, we also know that we are in the regime
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Figure 5.2: The relative flow velocity profile for various systems. The total driving
force is constant for all systems, all profiles are corrected for the difference in the

viscosity of the pure solvent, the error bars are smaller than the symbol size.

Figure A shows results from simulations with polymer chains of 16 and 32 beads with

Rg/R = 0.366 and φ = 0.328 (filled circles and squares respectively), and of polymer

chains of 16 and 4 beads with Rg/R = 0.158 and φ = 0.632 (open circles and squares

respectively).

Figure B shows results from simulations with polymer chains all consisting of chains
of 32 beads with Rg/R = 0.183: the circles represent a system with a polymer volume

fraction φ = 0.03; the diamonds represent a system with a polymer volume fraction

φ = 0.33; the triangles represent a system with a polymer volume fraction φ = 1.64.

Figure C shows results from simulations of systems with a volume fraction of φ = 0.2:

the circles represent chains of 4 beads and Rg/R = 0.079; the squares represent chains

of 16 beads, Rg/R = 0.063; the diamond represent chains of 32 beads, Rg/R = 0.231.
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where the polymer solution is Newtonian. To verify this we calculated the

viscosity as a function of dimensionless shear rate. The results for low to

moderate shear rates are shown in Fig. 5.3. Notice that the viscosity of the

solvent is independent of shear rate, it is Newtonian. As the plot shows,

at high enough shear rates the polymer solution is, in contrast to the pure

solvent behaviour, shear thickening. This is in agreement with other simula-

tions of ideal chains.3 For the simulations reported here the maximum shear

rate always satisfies τγ̇ ≪ 1.

Although we are now considering concentrated rather than dilute solutions,

it seems highly unlikely that this is the explanation for the form of the profile.

Further, we are again in the regime where the Péclet number for the polymers

is low, so we do not expect that the distribution of polymers and monomers

in the system differs significantly from their equilibrium form. Again we

have verified this. In Fig. 5.4 we plot the relative density distribution of

the polymer centre-of-mass for a typical simulation of the flowing polymer

solution. As the figure shows, the distribution is of the equilibrium form.142

From the above we can conclude that the deviation of the flow profile from

the hyperbolic form in the dilute limit is purely an effect of the hydrodynamic

interactions. To see how this might be the case, we turn to a theory that has

proved to be an extremely useful tool for modelling flow in spatially inhomo-

geneous porous media:147,148 the Brinkman theory.139,140 This proceeds as

follows. As long as the Reynolds number is low, for a fixed porous medium

the relation between the steady-state flow velocity V̄ through the medium

and the applied force density F̃ is given by Darcy’s law:

V̄ = −
κ

η
F̃ (5.14)

where κ is a constant (the permeability) that depends on the properties of

the porous medium but not on those of the fluid. The Brinkman equation

considers the balance of forces acting on a volume element of fluid, i.e. the

driving force, the divergence of the viscous stress tensor and the friction force

exerted by the porous medium on the fluid.
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Figure 5.3: The viscosity as a function of the dimensionless shear rate τγ̇, where τ

is defined as R2
g/D0 and γ̇ = 4Vmax/L. The viscosity is measured using the periodic

Poiseuille flow method.101 The simulations are performed with chains of length Nb =

32 at a polymer volume fraction of φ = 0.5 (circles). Also plotted is the pure solvent

result (φ = 0, diamonds).
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Figure 5.4: The relative distribution of the polymer centre-of-mass as a function
of the tube radius. The simulations are performed with chains of length Nb = 32,

Rg/R = 0.462 for polymer volume fraction of φ = 0.328 (circles), 0.656 (squares) and

1.312 (diamonds). Also plotted is the equilibrium results (straight line).
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The assumption now is that the latter can be replaced locally by the force

term in Darcy’s law (Eq. 5.14). That is, one considers the porous medium as

a continuum that exerts a friction on the fluid at every point. This being the

case, we arrive at the Brinkman equation:

η∇2v − F̃ −
η

κ
v = 0 (5.15)

In spite of its approximate nature, Brinkman’s theory describes flow in spa-

tially inhomogeneous porous media surprisingly accurately.147,148 Notably, it

predicts that the Brinkman length λ (=
√

κ) acts as a screening length for the

hydrodynamic interactions. For example, for the axial flow of a fluid through

a tube of radius R, packed with a porous medium of permeability 1/λ2, the

solution for the flow velocity, a distance r from the centre, satisfying the stick

boundary condition, is

v(r) = A

[

1 −
cosh

(

r
λ

)

cosh
(

R
λ

)

]

(5.16)

The constant A is fixed by the condition that there is no net force on the

fluid, giving

A =
λ2F̃

η
(5.17)

For λ ≫ R Eq. 5.16 reduces to normal Poiseuille flow, for λ ≪ R the velocity

profile reduces to plug flow (v(r) is constant) outside a region of the order of λ

from the tube wall. This is qualitatively similar to the behaviour we observe

for the polymer solution. However, it seems unreasonable to consider this

system as a fixed rigid porous medium.

What we can more reasonably conjecture is that the polymers in solution

have some “slight slip”. That is, they travel at a velocity Vp that is slightly

less than the local flow velocity. Assuming this slip is independent of r, then

Vp = v(r) − αv(r), where α is a constant that is less than unity (otherwise

the polymer would be accelerating the fluid). In this case, the Brinkman

equation becomes:

η∇2v − F̃ −
η

κ
(1 − α) v = 0 (5.18)

where κ is the “rigid” polymer solution permeability (the permeability of a

porous medium composed of polymers that are fixed in space). If we now

define an effective polymer solution permeability κs, that takes into account

that the polymers are not fixed,

ks =
κ

(1 − α)
(5.19)
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then Eq. 5.18 has an identical form to the normal Brinkman equation

(Eq. 5.15) with a modified Brinkman length λs =
√

κs.

To make further progress we need to know the rigid solution permeability κ.

A porous medium composed of a density ρ of points that exert friction, (while

having negligible spacial extension) has a permeability

κ =
1

(6πρa)
(5.20)

when the points have a friction coefficient equal to 6πηa. Here a defines

a hydrodynamic radius. Porous media that physically occupy a negligible

volume of space are a rarity, but the ideal polymer chains we are considering

here are one such case (the monomers exert friction on the fluid but do not

otherwise interact with each other). We can now consider two limits for the

polymer solution. The first is the dilute limit, where the polymers themselves

can be regarded as the points that exert friction. That is the polymer volume

fraction (neglecting the factor 4/3π), φp = ρpR3
g, is negligibly small. In this

case we have

κ(φp → 0) =
1

(6πρpap)
(5.21)

where ρp and ap are the polymer density and polymer hydrodynamic radius

respectively. The latter is to a good approximation the radius of gyration

Rg.
149 In terms of the volume fraction, we therefore have

κ(φp → 0) =
R2

g

(6πφp)
(5.22)

The second limit is that of high polymer volume fractions, φp ≫ 1, for which

we recover a monomeric porous medium and we have,

κ(φp ≫ 1) =
1

(6πρmam)
(5.23)

where ρm and am are the monomer density and hydrodynamic radius respec-

tively. The polymer density, ρp, in terms of the monomer density, is simply

ρp = ρm/n, where n is the number of monomers in the chain. Eq. 5.23 now

reduces to

κ(φ ≫ 1) =
R3

g

(6πφpnam)
=

Rgb2

(6πamφp)
(5.24)

Examining the behaviour in these two limits (Eq. 5.22 and 5.24) suggests
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that more generally we can write

κ(φ) =
L(Rg, b, am)

(6πφp)
(5.25)

where L(Rg, b, am) is a function that is known in the limits φp → 0 and φp ≫ 1.

We now know that the effective permeability of the slipping polymers and so

the corresponding Brinkman length is given by:

λs =
√

κs =

√

L(Rg, b, am)

(6πφp) (1 − α)
(5.26)

To determine the degree of slip, we require that the solution to this

Brinkman-like equation satisfies the scaling observed in the simulations.

That is, we require that λ = Rf(φp), where f(φp) is some unknown function.

Comparing with Eq. 5.26, this is only true if

(1 − α) ∼
L(Rg, b, am)

R2
(5.27)

in which case we have

λs ∼ R

√

(

1

6πφp

)

(5.28)

Because this is a scaling argument, it is not possible to predict constant

pre-factors but here we maintain the factor 6π because it is not small (the

remaining constant factor we then hope is close to unity). At this point it

useful to look at what the model predicts for this slip. In the low volume

fraction limit, it follows from Eq. 5.27 that,

(1 − α) ∼

(

Rg

R

)2

(5.29)

Consequently, so long as Rg ≪ R, α is slightly less than unity. The polymers

almost follow the ambient velocity. In the concentrated (φp ≫ 1) limit, given

that the hydrodynamic radius is the order of the Kuhn length b,9 Eq. 5.27

can be re-written as

(1 − α) ∼

(

Rg

R

)(

b

R

)

(5.30)

The first term on the right hand side is small if the polymer is small compared

to the tube radius. However, the second term on the right hand side is always

small as long as the polymer is long. Consequently (1 − α) is always small,

meaning that α is close to unity. So, according to the model, in both limits the
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polymer almost follows the velocity of the solvent but not quite. A reasonable

term to describe it is thus a “slight slip” model. It is reassuring that we

recover this result because one would not expect the polymers to move at

a completely different velocity than the ambient fluid. The reason that this

slight slip still modifies the flow is because the polymer solution is relatively

impermeable. This means that although the slip is slight, it is enough to

cause a non-negligible force on the solvent.

Finally, using the solution of the Brinkman equation for the tubular geometry

we consider here (Eq. 5.16), we have a prediction for the velocity profile of

the form

v(r) = A(φp)









1 −

cosh

(

r
√

6πφp

R

)

cosh
(√

6πφp

)









(5.31)

Considering the pre-factor A(φ), we know that in the dilute limit it must go

to the usual Brinkman value, otherwise Poiseuille flow is not recovered in

this limit. So we have

A(φ → 0) =
F̃λ2

s

η
(5.32)

On the other hand, in the limit φ ≫ 1, it is not obvious that the pre-factor

takes the usual Brinkman form because we have a porous medium that is

flowing, not fixed. This makes it difficult to work out what the pre-factor

should be based on momentum balance arguments. What we can say is that

the dimensionless velocity, v(r)η/(F̃R2) must only be a function of φp. That

is, we have

A(φp) =
F̃R2

η
f(φp) (5.33)

where f(φp) is some generally unknown function (although in the limit φp →

0, we know that f(φp → 0) ∼ (6πφp)−1). What we can conjecture is that in

this limit, where the monomers are relatively homogeneously distributed in

the system, for a given Rg/R only the concentration of polymer is relevant.

Satisfying this condition requires that

A(φ ≫ 1) ∼
F̃R2

η
φ−2/3 ∼

F̃R2

ηR2
g

ρ−2/3
p (5.34)

Note here that η is still the pure solvent viscosity. We concede here that

this is currently a much less satisfactory argument than the one we used to

determine λ. However, we can always test it, which we proceed to do so now.
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5.6 COMPARISON OF THE SLIGHT SLIP THEORY WITH

SIMULATION AND EXPERIMENT

To test the slight slip theory we fitted a function with the form of Eq. 5.31

to the simulation data. In Fig. 5.5 we compare the fit with the profiles ob-

tained from simulations for volume fractions up to φ = 1.7. At first sight the

agreement is excellent. Since the only relevant quantity in the slight slip the-

ory is the polymer volume fraction, we can further speculate that the theory

also describes mixtures. To test this assumption we carried out the same

fitting procedure for flow profiles calculated from simulations of bi-disperse

mixtures. Specifically, we repeated the simulations for a mixture of polymer

chains of length Nb = 4 and Nb = 32 (at a ratio of 8 : 1). The results are

shown in Fig. 5.6. As the figure shows, again the fit accurately describes

the profiles, even up to volume fractions as high as φ ∼ 4. In fact, at an

equivalent volume fraction (illustrated for φ = 0.2), the equivalence is exact.

To rule out the possibility that the theory just gets lucky we can now check

to what extent the values of λ and A(φ) given by the fit agree with the pre-

dictions of the theory. Beginning with the apparent Brinkman length, λs,

in Fig 5.7 we show the calculated values, relative to the value predicted by

Eq. 5.28, as a function of polymer volume fraction. The fitted data includes

both mono and bi-disperse systems and polymer sizes of Nb = 4, 16, 32. As

the figure shows, there is no systematic variation of this quantity with vol-

ume fraction. It is actually constant to within the error in the fitted values

(not shown). This means that it does indeed scale in the way the slight slip

theory predicts. Further, the constant of proportionality is close to unity, our

best estimate is that λ/λs = 0.85. Turning to the pre-factor, A(φ), in Fig. 5.8

we have plotted the relative pre-factor A(φ)/A(φ → 0) as a function of φ1/3

for the simulations with polymer chains of 32, 16 and 4 beads. The quantity

A(φ) is calculated from the same fit to the velocity profiles (Eq. 5.31) that we

used to calculate λ. According to the theory (Eq. 5.34) this plot should be

linear (because A(φ) ∼ φ−2/3, whereas A(φ → 0) ∼ φ−1). Examining the re-

sults for the simulations with Nb = 16 we observe that in this case the value

of A(φ)/A0 agrees with the Nb = 32 results.
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Figure 5.5: The relative solvent velocity profiles of three different systems and the
accompanying fits according to Eq. 5.31. The results from top to bottom represent

the following systems: (1) Nb = 16, φ = 0.10, Rg/R = 0.158 , (2) Nb = 4, φ = 0.53, Rg/R =

0.126, (3) Nb = 32, φ = 1.68, Rg/R = 0.366.
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Figure 5.6: The relative solvent velocity profiles of polydisperse polymer solutions
simulations. The squares represent simulation results of a mixture with a volume

fraction of φ = 0.2, the crosses are results from simulations of solutions of single

polymer species (as also shown in Fig. 5.2 (C)). Next, from top to bottom, the circles

represent mixtures with a volume fraction of φ = 0.43, 0.87, 2.17 and 4.334 respectively.

We also show the corresponding fits according to Eq. 5.31.
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Figure 5.7: The Brinkman length λs relative to the predicted Brinkman length

(Eq. 5.28) as a function of polymer volume fraction φ. We determine λs by fitting

the flow profiles from simulations to Eq. 5.31. The squares represent results of simu-

lations with chains of length Nb = 32, the triangles with Nb = 16 and the circles with

Nb = 4, respectively.
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Figure 5.8: The relative pre-factor A(φ)/A0 as a function of φ
1/3 for polymer solutions

with chains consisting of 32 (squares), 16 (diamonds) and 4 beads (circles).
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Figure 5.9: Experimental solvent flow profiles for polydisperse solutions of

polyethyleneoxide in water through a 700 µm capillary.146 The polymer concentration

of profile A is 1.5% and the concentration of profile B, C and D is 2.5%, 3.5% and 4.5%

respectively. The fitted lines correspond to Eq. 5.31.

This suggests that the results are independent of the number of beads in

the chains at least for Nb > 16, and should hold for all longer chains. It is

plausible that the plot is linear, as the theory predicts, but the errors (not

shown) are rather high so it is difficult to absolutely conclude that this is

the case. One unambiguous observation is that the ratio is not constant,

that is the pre-factor is (unsurprisingly) modified compared with the usual

Brinkman result. From the figure we also see that for model chains with

Nb = 4 we find A(φ)/A(φ → 0) is significantly lower than for Nb ≥ 16. This is

probably not a physical effect, but an artifact. We believe the small number

of beads in the model does not adequately capture the hydrodynamics in the

concentrated regime. This is in contrast with the results for λ, where the

Nb = 4 results agreed with those for longer chains.

Clearly, the agreement between the slight slip model and the simulation re-

sults for concentrated solutions of both mono and bi-disperse polymers is

remarkable. The crucial question now is, does it describe reality? We have

already pointed out that it is in qualitative agreement with what is known

experimentally. Can we be more quantitative? Polymer solutions are usually

polydisperse. However, comparison with simulations suggests that the the-

ory is valid for bi-disperse system so there seems no reason to believe that

this does not generalize to the polydisperse case (again, because our theory
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Figure 5.10: The volumetric flow rate of the polymer solutions relative to the value it
would be for Poiseuille flow as a function of volume fraction. We calculated the volu-

metric flow rate for the Poiseuille flow based on the viscosity of the polymer solutions.

The squares represent the polymers with Nb = 4 (for the open symbols Rg/R = 0.126,

for the filled symbols Rg/R = 0.158), the circles represent polymers with Nb = 32 (for

the open symbols Rg/R = 0.366, for the filled symbols Rg/R = 0.462) and the diamonds

represent a mixture of the two types.

only depends on the total volume fraction φ). In Fig. 5.9 we compare our

prediction of the solvent flow profile with experimental results on the flow

profile of polydisperse solutions of polyethyleneoxide in water through a 700

µm capillary.146 Because we do not have information on the exact compo-

sition of the solution, the volume fraction is unknown. Consequently, the

comparison is only semi-quantitative. The modified Brinkman length is a

free parameter and we only consider the normalized flow profile. However,

we can still conclude that Eq. 5.31 is able to describe the shape of these

experimental profiles to a high degree of accuracy.

5.7 VOLUMETRIC FLOW RATE

A quantity that is more easily measured experimentally than the actual flow

profile is the volumetric flow rate. Comparison between the experimental val-

ues and the volumetric flow rates found in the simulations would be a useful

method to relate the computer simulations to experiments. The volumetric

flow rate (Q) is defined as the fluid volume passing a given cross section

in the tube per unit time. For a solvent flowing with a uniform velocity V
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through a tube of radius R we have Q = πR2V. In the case of a flowing solvent

in a tube with a non-uniform flow profile the volumetric flow rate is given by

the following integral over the cross section of the tube:

Q =

∫R

0

V(r)2πrdr (5.35)

Solving this integral, for Poiseuille flow (defined in Eq. 5.3) we find:

Q =
πF̃R4

8η
(5.36)

Because we determined the viscosity as a function of the polymer volume

fraction (see Fig. 5.1) we can predict the volumetric flow rate of a polymer

solution assuming the flow profile is that of Poiseuille flow of a Newtonian

fluid with the polymer solution viscosity. This we denote Qpois. On the other

hand, we can numerically determine the volumetric flow rate of the simu-

lated systems because we know exactly what the accompanying flow profile

of these systems is. If we calculate the ratio of the two, we can quantify how

much the flow rate of the polymer solution differs relative to that of the equiv-

alent Newtonian fluid. There will be two effects contributing to this. First,

we know that the shape of the profile changes and this will have an effect

(see Eq. 5.35). Second, the magnitude of the flow velocity will change but,

according to the slight slip theory, not obviously in a way that is inversely

proportional to the solution viscosity (see Eq. 5.34). In Fig. 5.10 we have plot-

ted the volumetric flow rate relative to Qpois, calculated numerically from the

simulation results, as a function of volume fraction. The data has a rela-

tively large error because of the accumulation of errors in the flow profiles,

numerical integration of the profiles and the solution viscosity. Nonetheless,

with increasing polymer volume fraction φ, the relative volumetric flow rate

(Q/Qpois) clearly increases. That is, the polymer solution flows at a rate no-

tably higher than a Newtonian fluid with the same viscosity. The magnitude

of the effect appears to increase roughly linearly and for φ = 3 the polymer

solution flows at four times the rate of its Newtonian counterpart. This is

exactly the “slip” effect observed experimentally.144 We do not have detailed

enough experimental data (notably data at a known volume fraction, which

requires that the size of the polymers is known) to make a complete compari-

son. What we can say is that the magnitude of the slip effect we observe is at

least comparable. Values of up to 5 are reported145 at high concentrations,

where the volume fraction is certainly greater than unity.
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5.8 POLYMER DRIFT VELOCITY

From an experimental point of view it is of interest to look at the acceler-

ated drift velocity of the polymer chains. In chapter 4 we discussed this in

detail for systems with volume fractions φ ≪ 1, here we will discuss simula-

tions up to φ ∼ 4.5. Due to steric hindrance of the wall the centres-of-mass

of the polymer chains get excluded from the area close to the wall. In this

area of the tube, the average solvent flow velocity is typically much smaller

than the flow velocity in the centre of the capillary. The polymers will spend

more time in the high velocity area, resulting in an accelerated drift velocity,

relative to the average flow velocity. We demonstrated that for small poly-

mers, Rg/R < 0.25, the hydrodynamic interactions have little influence. With

increasing Rg/R the hydrodynamics will decrease the average drift velocity,

relative to methods where these interactions are not taken into account.141

In the simulations we describe here, the polymer chains with Nb = 4 are

smaller than Rg/R < 0.25, whereas the chains with Nb = 32 are bigger. For

an experimentalist the mixed case will be the most interesting: how well can

a given capillary distinguish chains of different size, where, in this case, the

bigger chains are almost three times bigger than the smaller. Furthermore,

we are interested in finding out if there is a difference in drift velocity (∆V)

between systems with only one type of polymer and a mixed polymer solu-

tion.

In Fig. 5.11 (A) we plot the drift velocity VP/VS for systems with only chains

of Nb = 4 (Rg/R = 0.126), for systems with chains with Nb = 32 (Rg/R = 0.366),

and for a mixture of the two. Let us first look at the results of the simulations

with only one type of polymer chain. A first difference between the big and the

small chains is the fact that the larger chains drift faster than the smaller

chains. In both systems, for small φ, the results are in agreement with

the results found in chapter 4. We find that with increasing φ the drift

velocity decreases. This effect is stronger for the bigger chains. In Fig. 5.11

(B) we plot the difference between the two drift velocities as a function of

φ. For φ ∼ 0.5 we find ∆V is only about 75% of the value we calculated

for φ → 0. We also estimated the drift velocity for three different polymer

volume fractions based on the relative density distribution of the centre-of-

mass inside the tube (see Fig. 5.4). If we assume that the polymer chain

drifts with the average solvent velocity at the radial position of the centre-of-

mass we can calculate the flow velocity of this chain using Eq. 4.2. In this

case we use the flow profile we measured during the simulations, instead of

the undisturbed parabolic velocity profile (i.e. the procedure we followed in

chapter 4). The drift velocities calculated using this method are also plotted

in Fig. 5.11 (A). These estimates are ∼ 10% higher than the drift velocity found
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in the simulations. The predictions do follow the same trend as found in the

simulations, therefore we find the same value for ∆V as a function of φ (also

plotted in Fig. 5.11 (B)). Let us now turn to the simulations with a mixture of

both polymer sizes. In Fig. 5.11 (A) we do not observe a difference between

VP/VS for the chains in the mixture and for the chains in the systems with

only one type. However, it is interesting to find that the drift velocity of the

small polymer chains is constant, even for large values of φ. For the longer

chains,VP/VS keeps decreasing with increasing φ. The estimated velocity,

based on the distribution of the centre-of-mass and the velocity profile, is

almost identical to the results we found earlier. Interestingly, ∆V decreases

with increasing φ, going to only 50% of the original value for φ > 2.

We repeated the simulations for a lower solvent density, resulting in polymer

sizes of Rg/R = 0.158 and 0.462 for Nb = 4 and 32 respectively. As shown in

Fig. 5.12 (A), for solutions with one polymer type we observe a decreasing

VP/VS with increasing φ. Again, the estimated drift velocity based on the

distribution of the centre-of-mass is higher than the results from the simu-

lations (20% for the larger chains, 9% for the smaller). Fig. 5.12 (B) shows

that ∆V decreases with increasing φ, just as we observed for the simula-

tions at a higher solvent density. However, despite following the same trend,

here the estimated value of ∆V lies much higher than the results from the

simulations. Turning to the mixture in Fig 5.12 (A), for the larger chains

VP/VS is identical to results found for the non-mixed simulations. For the

small chains there is a notable difference between the drift velocity for the

mixture and the single species simulations. For the mixture VP/VS decreases

∼ 10% up to φ ∼ 2.5, but for higher values of φ we observe an increase of the

drift velocity. Contrary to this observation, the estimated drift velocity re-

mains constant for the small polymer chains, independent from the polymer

volume fraction. Again, the estimated values for both polymer lengths are

higher than the values found in the simulations. In the case of the mixture

we see in Fig 5.12 (B) that ∆V is almost constant up to φ ∼ 2.5. At even higher

volume fractions ∆V decreases. The estimated values for ∆V show a contin-

uous decrease with increasing φ, going from almost a factor of two higher

than found in the simulations for small volume fractions to lower values for

at least φ > 1.
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Figure 5.11: Results from simulations with chains of Nb = 4, Rg/R = 0.126 (circles),

chains with Nb = 32, Rg/R = 0.366 (squares) and a mixture of these two. Figure A
shows the relative polymer velocity for the single species (open symbols) and mix-

ture (filled symbols) simulations. The symbols are results from simulations, the x
(4 beads) and + (32 beads) are predictions based on the solvent flow profile and the

polymer density distribution.

Figure B shows the difference in relative polymer velocity VP/VS. The lines are results

extracted from the simulation (the dashed line represents the mixture, the contin-

uous line the single species simulations), the circles are predictions based on the

solvent flow profile and the polymer density distribution (open for the single species

simulations, filled for the mixture). The results in this figure are extracted from Figure

A.
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Figure 5.12: Results from simulations with chains of Nb = 4, Rg/R = 0.158 (circles),

chains with Nb = 32, Rg/R = 0.462 (squares) and a mixture of these two. Figure A
shows the relative polymer velocity for the single species (open symbols) and mix-

ture (filled symbols) simulations. The symbols are results from simulations, the x
(4 beads) and + (32 beads) are predictions based on the solvent flow profile and the

polymer density distribution.

Figure B shows the difference in relative polymer velocity VP/VS. The lines are results

extracted from the simulation (the dashed line represents the mixture, the contin-

uous line the single species simulations), the circles are predictions based on the

solvent flow profile and the polymer density distribution (open for the single species

simulations, filled for the mixture). The results in this figure are extracted from Figure

A.
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5.9 DISCUSSION AND CONCLUSIONS

In this chapter we considered the pressure-driven flow of polymer solutions

of various concentrations through microfluidic capillaries at low Reynolds

numbers. We used mesoscopic computer simulations to calculate the flow

profiles. The simulations were consistent, in that we could reproduce long

polymer behaviour with short model chains, for fractions up to φ ∼ 4. This

clearly demonstrates the power of the simulation techniques we employ. We

should stress that simulating concentrated polymer solutions in the presence

of a solid/fluid interface, while accounting for all the relevant hydrodynamic

interactions, is a very complex problem. However, we demonstrated that it is

possible to do so, using only a limited amount of computational resources.

The flow profile of Newtonian solutions is parabolic (the Poiseuille result).

However, the flow profile of a polymer solution, even in the micro fluidic

regime, shows a strong deviation from the parabolic profile. The shapes

and magnitudes are not described by existing theories. They are, however,

accurately described by the slight slip theory we developed in this chapter.

The slight slip theory considers the polymer solution as a porous medium

moving at a velocity that is not quite that of the ambient fluid. One thing we

have ignored thus far is the mechanism that generates the apparent slip. At

this point we should point out that the observation that polymers in solution

change the flow profile on length scales very much longer than the polymer

radius of gyration, Rg, is not true for simple shear flow. In this case the effect

really is limited to a region of width Rg adjacent to the surface. So whereas

our model succeeds spectacularly for flow in a capillary, it fails spectacularly

for simple shear flow. For this case there is no slight slip. In turn this sug-

gests that it is the non-uniformity of the unperturbed stress over the space

occupied by a polymer that is important. That is, the fact that the average

over the region of space occupied by the polymer differs from the velocity at

the centre of mass. To shed more light on this it would be instructive to

see how the slight slip model arises from the hydrodynamics in terms of a

more detailed microscopic description. Further, this could allow a theoreti-

cal calculation of the constants involved. This is beyond the capability of the

theory as it stands. Nevertheless, the “slight slip” theory clearly describes

the simulation results very well, not to mention experimental observations.

We should emphasize here that the slip we are talking about is a small

difference between the polymer drift velocity and the ambient flow veloc-

ity. It is absolutely not a breakdown of the stick boundary conditions at

the solid/fluid interface. The observation that the flow of polymer solutions

is anomalously rapid is often put down to this. We should emphasize that
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we observe the latter phenomenon, but our simulations rigorously enforce

the stick boundary condition. Put simply, the experimentally observed “slip”

effect has nothing to do with violations of the usual stick boundary condi-

tion. In our simulations this is rigorously enforced, but we see the same

effects observed experimentally.

Returning to hydrodynamic chromatography, we determined the drift veloc-

ity of the polymer chains for the chains of length Nb = 4 and Nb = 32, and

for the mixture of the two. From an experimental point of view this last sys-

tem is of special interest because it mimics a separation technique called

hydrodynamic chromatography. In chapter 4 we discuss this technique in

detail. In general we do not observe a difference between the results for the

mixture and for the single species simulations. Only the system with Nb = 4

and Rg/R = 0.158 behaves different compared to the mixture. Nevertheless,

in all cases we observe that the polymer flow velocity relative to the aver-

age flow velocity decreases with increasing polymer volume fraction. This is

not that surprising, considering the fact that the flow profile flattens with

increasing volume fraction. For a completely flat flow profile, no matter what

the preferred location of the polymer chains is, VP/VS will always be one.

Also, the difference between the drift velocity of the bigger and the smaller

chains decreases with increasing volume fraction. Consequently, we suggest

experimentalists to employ the hydrodynamic chromatography separation

technique only for polymer fractions φ < 1.
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CHAPTER 6

Long polymer thermodynamics from short

blobby chains

ABSTRACT

We construct a model for long polymers that treats each “blob” monomer in

the model as a long polymer in its own right. A simple theoretical analysis

shows that the interaction between these blobs when they make up part of a

longer chain is of the same form as the interaction between them in isolation

from the rest of the chain. The analysis allows us to determine the appropri-

ate coarse grained Kuhn length for the model. We simulated the model in an

NVT ensemble using a momentum conserving thermostat that acts on the in-

ternal modes. To test the model, we increase the number of blob monomers

in the chain until observables are independent of this number. We argue

that from the point of view of minimizing this number our model is about as

good as it is possible to get. The model is tested for two problems. First, the

osmotic pressure of a polymer solution as a function of concentration. Here

we find that with a relatively small number of blob monomers we recover

the correct thermodynamic behaviour in the semi-dilute regime. Second, the

pressure required to confine a polymer in a spherical cavity. Again, a rel-

atively short blob polymer reproduces the behaviour of long polymers. We

observe that the scaling of the pressure is analogous to the scaling of the os-

motic pressure with concentration for semi-dilute polymer solutions. Directly

comparing the results with the osmotic pressure of a semi-dilute solution, we

conclude that the analogy is only approximate. Finally, we observe that for

degrees of confinement so high that the model begins to break down, the

pressure increases more slowly with increasing confinement than it should

do. The opposite is true if one uses hard sphere monomers. This indicates

that in this limit the behaviour is not universal but model dependent.
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6.1 INTRODUCTION

In previous chapters we have considered ideal chains. That is, polymers

where the monomers do not interact with each other (other than hydro-

dynamically). In the real world this corresponds to a polymer solution

specifically at its theta temperature. Although we successfully developed and

validated the methodology for this case, our approach thus far is somewhat

restricted. What we would like is the ability to simulate the more general case

where the monomers do interact with each other. That is, where the chains

are “real” or “excluded volume” chains. This being the case, the scaling of

the polymer size, lp, with the number of monomers, Nb, changes relative to

the ideal case. Specifically we now have lp ∼ Nb
ν, where the scaling exponent

ν is probably 7/12 in three dimensions150 (remember that for the ideal chain

it is 1/2). The other basic problems we encounter for the ideal case still ap-

ply. Simulating long polymers numerically in atomistic detail is impractical.

With increasing number of monomers both the computational effort required

to model the polymer, and the number of configurations that then need to

be sampled, increases rapidly. Fortunately, the behaviour of even real poly-

mers on long enough length scales is generally independent on the atomic

details of the monomers. More coarse-grained parameters, such as the poly-

mer size, are the only relevant variables. The explanation for this comes from

renormalization group theory. This theory basically considers the behaviour

of polymers when monomers are grouped together to form a smaller number

of longer monomers. Because the definition of a monomer is not unique,

the properties of the polymer system should not change under this transfor-

mation. This begs the following question: is taking a “blobby view”, where

monomers in a model real polymer are themselves considered as shorter real

polymers, a plausible method to recover long polymer behaviour from short

model polymers? If the answer is yes, then this offers the prospect of an

extremely efficient computational method for simulating them.

At this point we should emphasize that this is the crucial point. According

to theory17,151 (and this is extensively validated experimentally152) all linear

polymers behave in essentially the same way if they are long enough. That

is, the detailed structure at the monomeric level is eventually irrelevant. This

point is particularly well made if we consider perhaps the simplest and most

widely studied model of the real polymer chain - the self avoiding walk on

a cubic lattice.153–157 This can hardly be considered realistic on a monomer

level and yet long self avoiding walks yield results that are in agreement with

experiments on “real world” polymers. Given this, it is unsurprising that

there are a wealth of models that claim to simulate coarse grained polymers

because they use a monomer-monomer interaction potential that does not
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include this detail. Two examples are using a Lennard-Jones potential or the

DPD conservative potential.3,158,159 These potentials are introduced without

any physical justification but ultimately this does not matter. By throwing

enough monomers at the problem the correct long polymer behaviour will al-

ways be recovered. The question is how many is enough? What we hope here

is that by constructing a more rational model this number will be as small

as possible. Our starting point is that in a coarse grained polymer model the

“monomers” are themselves polymers and the interactions are consequently

of the polymer-polymer type.

This idea is not new. Louis et al.160 took the idea to its extreme extent and

modelled polymers as single “effective” particles. To do so, they calculated the

potential of mean force between self-avoiding random walk chains to obtain

the effective interaction potential between polymers in the dilute limit. To

a good approximation, for a large number of beads (Nb), the potential U(R)

takes the form
U(R)

kBT
= A exp

(

−
BR2

R2
g

)

(6.1)

where kB is Boltzmann’s contant, T is the temperature, R is the separation

of the centres-of-mass of the two chains, R2
g the mean squared radius of gy-

ration and A and B are dimensionless constants with values A = 1.8 and

B = 0.8. Because this potential has a maximum at full overlap (R = 0) that is

1.8kBT , independent of Nb, they refer to it as a “soft” interaction (there is no

hard core repulsion, and the energy penalty for polymers completely over-

lapping is quite modest). By modelling long polymers in this way they could

study the phase behaviour of polymer-colloid mixtures. This is impractical

without a highly coarse grained model of the polymer, illustrating the po-

tential power of this methodology. One complication with their approach,

however, is that for concentrated polymer solutions, the interaction potential

is density dependent. It has to be re-calculated at each density.

The fact that a density independent potential does not describe the polymer

interaction potential above the dilute limit suggests the idea that one con-

structs a model where the polymers are represented as chains of “polymer-

monomers” instead. These “polymer-monomers” we subsequently refer to

as “blobs”. Using this approach, it is not necessary to specify the polymer-

polymer interaction. It arises naturally from the blob-blob interaction (cor-

rectly one hopes). De Pablo et al.44 described a model for DNA based on

this philosophy. That is, they coarse-grained DNA into a model where each

bead itself represents a shorter piece of DNA. Fitting the various parame-

ters they were able to reproduce experimental results for the shear induced

deformation.
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In their approach they used the uniformly expanded Flory-Krigbaum poten-

tial to describe the interaction between blobs. The Flory-Krigbaum model

is a “smooth density model”.12 Smoothed density models approximate the

polymer-polymer potential of mean force as the interaction free energy U(R) of

two overlapping dilute thermodynamic systems with centres-of-masses sep-

arated by a distance R:

U(R)

kBT
= N2

bυ

∫∞

0

P(r)P(r− R)dr (6.2)

where P(r)dr is the probability of a monomer being located at a position r

from the centre-of-mass and υ is the monomer second virial coefficient. To

characterize the degree of expansion of the chain we introduce the expansion

factor, α = lp/l0, where lp is the “size” of the excluded volume chain, and

l0 the equivalent size of the ideal chain. The Flory-Krigbaum potential is a

smooth density model that treats two excluded volume chains with negligible

expansion (α → 1). This being the case, P(r) is the ideal chain distribution,

leading to

U(R)

kBT
= N2

bυ

(

3

4πRg
2
0

)3/2

exp

(

−
3R2

4Rg
2
0

)

(6.3)

where Rg0 is the radius of gyration of the ideal chain. The Flory-Krigbaum

potential is only accurate if the blobs are real polymer chains that are not

significantly expanded relative to their ideal chain size (α → 1). The “uniform

expansion”’ variant used by De Pablo et al. takes into account the expansion

of the chain by approximating P(r) by the distribution of mass for an ideal

chain expanded by a factor of α.42,44,75 This leads to

U(R)

kBT
= N2

bυ

(

3

4πR2
g

)3/2

exp

(

−
3R2

4R2
g

)

(6.4)

where R2
g is now the mean square radius of gyration of the expanded chain

(R2
g = α2Rg

2
0). This represents a significant improvement over the Flory-

Krigbaum potential. It gives the correct result for the polymer second virial

coefficient, B2, in the limit where the chain is hardly expanded (as does the

Flory-Krigbaum potential). Namely, it predicts

B2(α → 1) = N2
bυ (6.5)

In the limit of long chains it predicts that

B2(α → ∞) ∝ (R2
g)3/2 (6.6)

Again, this is correct (in this limit Flory-Krigbaum gives B2 ∝ (Rg
2
0)3/2, which
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is wrong). However, this potential has two drawbacks. First, it gives a poor

estimate for the constant of proportionality in Eq. 6.6. Second, for the po-

tential at full overlap it gives

U(R = 0)

kBT
∼ Nb

2−3ν (6.7)

which (since the scaling exponent ν < 2/3) diverges to infinity with increasing

Nb. That is, the potential becomes increasingly hard sphere like. This is

both wrong and computationally inconvenient. Given these shortcomings

this potential does not seem the best starting point for constructing a blob

model.

More recently, Dreischor150 pointed out that if one views a polymer solu-

tion as a homogeneous distribution of monomers the effect is to scale the

monomer second virial coefficient by a factor of α(6ν−4)/(2ν−1). Applying this

idea to the smooth density model yields a potential of the form

U(R) =
Nb

2υ

α
4−6ν
1−2ν

(

3

4πR2
g

)3/2

exp

(

−
3R2

4R2
g

)

(6.8)

This potential represents a significant improvement over the uniformly ex-

panded Flory-Krigbaum potential because it (correctly) predicts that the po-

tential at full overlap is a constant independent of Nb in the highly expanded

(α → ∞) limit. That is, a potential of the form observed for the self avoiding

walk (Eq. 6.1). Furthermore, using Muthukumar’s19 expression for the ex-

pansion factor it predicts constants that closely match the simulated values,

and a second virial coefficient of

B2(α → ∞) = 6.6R3
g (6.9)

This is in agreement with other estimates. In addition, it is exact for the neg-

ligibly expanded case (Eq. 6.5) and accurate for the “slightly” expanded case

where α is slightly greater than unity. This can be shown by using Eq. 6.8 to

calculate the coefficients in the expansion of the second virial coefficient in

terms of the degree of expansion. They agree with formal expansion results

to an accuracy of better than 1%. For these reasons, it is this potential that

we will use as the basis for our model.

An important consideration now is; does it make sense to consider that the

interaction between polymers in the dilute limit accurately models the in-

teraction between polymeric monomers making up a longer polymer? As a

first step to developing the blob model, this is the first question we have to

address. Once we have the model, we need an efficient methodology for sim-
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ulating it. Finally, with all this in place we can test our approach. To do this

we consider the following questions. The first is, how well does it describe the

structure (more specifically the distribution of mass) in dilute blob chains?

The second is, how well can the methodology capture the thermodynamics

of semi-dilute polymer solutions? Finally, we consider the important case of

confined polymers. Specifically, we study the pressure required to confine a

polymer in a small spherical cavity. This is the programme we pursue in the

remainder of this chapter.

6.2 EFFECTIVE INTERACTIONS IN A BLOB CHAIN

An excluded volume polymer chain is characterized by the number of

monomers, Nb, the root mean squared separation between adjacent

monomers, b, and an excluded volume parameter υ. In the previous sec-

tion we defined υ to be the monomer second virial coefficient, from now on

we use υ = 2B2 where B2 is the second virial coefficient of a monomer gas.

Following this definition, υ is a measure of the effective monomer volume. if

we specifically define the expansion factor α in terms of the end-to-end vector

(the reason will become apparent later). That is,

α2 =
L2

L2
0

(6.10)

where L2 is the mean squared end-to-end distance of the excluded volume

chain and L2
0 = Nbb2 is the mean squared end-to-end distance of the ideal

chain (i.e. in the limit υ → 0).

What follows is in the spirit of de Gennes’ treatment of a long polymer as

a polymer of “blobs”, each blob itself being a shorter polymer.151 The main

difference is that we will not assume how the blob interaction depends on

the blob size. We construct such a blob model of a single long polymer

with given Nb, b and υ by grouping monomers into blobs that consist of

λ monomers. Quantities referring to the blob chain are indicated with a bar,

so N̄b(λ) = Nb/λ. The blobs are now themselves excluded volume chains.

To separate the effects of expansion within the blobs and expansion due to

interactions between the blobs, we introduce the concept of the “ideal blob

chain”. This is a chain in which monomers within the same blob interact with

each other in the normal way, but there is no interaction between monomers

in different blobs. Because there are no blob-blob interactions this will be an
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ideal chain with a modified Kuhn length b̄:

b̄(λ)2 = αB(λ)
2
λb2 (6.11)

where the subscript B indicates a property of the blob itself (in this case the

expansion factor). The quantity b̄ is explicitly the root mean squared end-to-

end distance for a blob in the ideal blob chain. Since the blobs are free to

overlap (it is an ideal chain of blobs), the mean squared end-to-end distance

of the ideal blob chain is

L̄0(λ)
2

=
Nb

λ
b̄(λ)2 = αB(λ)

2
Nbb2 (6.12)

Because the blob chain is a coarse grained version of the original chain it

must have the same size, so

ᾱ(λ)2L̄0(λ)2 = α2L2
0 (6.13)

Substituting the expression for L̄0(λ) from Eq. 6.12 into Eq. 6.13 allows us to

relate the expansion factor of the chain of blobs ᾱ(λ) to the expansion factor

of the original chain α and the blobs themselves αB(λ)

ᾱ(λ)αB(λ) = α (6.14)

The expansion factor of an excluded volume chain in three-dimensions is

determined by a single parameter z = Nb
1/2v/b3.161 That is, α = f(z), so

Eq. 6.14 has the form

f

(

Nb
1/2ῡ

λ1/2b̄3

)

f
(

λ1/2 υ

b3

)

= f
(

Nb
1/2 υ

b3

)

(6.15)

While the exact form of f(z) for all z is unknown, we do know some things

about it. First, for small z polymers are not significantly expanded so f(z →

0) = 1. If v/b3 ≪ 1 the condition αB(λ) = 1 is satisfied so long as λ1/2v/b3 ≪ 1.

This being the case b̄ → λ1/2b and Eq. 6.15 reduces to

f

(

Nb
1/2ῡ

λ2b3

)

= f
(

Nb
1/2 υ

b3

)

(6.16)

Since the degree of expansion always increases with increasing z, df(z)/dz >

0, we unambiguously have

ῡ = λ2υ (6.17)

For a dilute solution of polymers containing λ monomers, in the limit z → 0
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the second virial coefficient is

Bs
2 =

λ2v

2
(6.18)

so ῡ = 2Bs
2. This shows that the excluded volume interaction between blobs

in the polymer is indeed identical to the interaction between a dilute solution

of the equivalent polymer chains.

In the “scaling” limit (z → ∞), the polymer size has a power-law dependence

on the number of monomers, L ∼ Nν
b. This means that the expansion factor

also has a power-law dependence on z, specifically f(z → ∞) ∼ z2ν−1. We can

now consider the case where the blobs are themselves long excluded volume

chains, so long that the blob itself is an excluded volume chain in the scaling

limit (λ1/2v/b3 → ∞). We now have that the blobs, the blob chain and the

explicit chain are all in the scaling limit. This being the case Eq. 6.16 has

the form:
(

Nb
1/2ῡ

λ1/2b̄3

)2ν−1
(

λ1/2 υ

b3

)2ν−1

= C
(

Nb
1/2 υ

b3

)2ν−1

(6.19)

where C is a constant that is close to unity. From Eq. 6.19 it clearly fol-

lows that in this limit v̄ = Cb̄3. In the scaling limit, the polymer second

virial coefficient is proportional to the polymer “volume”, so in the limit where

the blobs of the blob chain are themselves long polymers, we find that the

effective interaction is again proportional to the second virial coefficient of a

solution of blob monomers. Remembering that in this case b̄ is specifically

the end-to-end vector of the blob, we assume that the relation between the

magnitude of the end-to-end vector and the radius of gyration for the real

chain is the same as for an ideal chain,

< R̄2
g >=

1

6
b̄2 (6.20)

in which case

B̄2 =
63/2

2
R̄g

3
= 7.35R̄g

3
(6.21)

The above assumes that the constant C is unity. More accurately, we can

use Muthukumar’s19 result for the SAW, C = 1.04, in which case we have

B̄2 =
63/2

2
R̄g

3
= 6.6R̄g

3
(6.22)

This is in quantitative agreement with the idea that when the blobs in the

blob chain are themselves long polymers, the blob-blob interaction has the

same strength as the interaction between blob polymers in the dilute limit.

We arrived at the same conclusion for the limit where the blobs were hardly

expanded. From this we can conclude that when we consider the monomers
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making up a polymer to be shorter polymers, the interactions between these

blob “polymer monomers” are the same as the interactions between them

when they are simply in solution and not part of a larger polymer. We should

stress that this is frequently assumed,151 but not shown, to be the case.

Although we now know the magnitude of the Kuhn length in the blob chain,

we have to chose the form of the bonding potential Ub. The logical choice is

the harmonic potential that gives the correct end distribution of the end-to

end vector for any Nb in the limit that the chain is ideal, that is

Ub

kBT
=

3

2

Nb−1∑

i=1

(

ri − ri+1√
6R̄g

)2

(6.23)

Combining this with the blob-blob potential (Eq. 6.8), the potential energy

we finally arrive at is therefore

Ub

kBT
=

Nb−1∑

i=1

Nb∑

j=i+1

1.8 exp

(

−3 (ri − rj)
2

4R̄g
2

)

+
3

2

Nb−1∑

i=1

(

ri − ri+1√
6R̄g

)2

(6.24)

Armed with this potential we can now proceed to calculate the properties of

these blobby chains.

6.3 SIMULATION METHOD

We now need a method to simulate our blob model. Initially we are inter-

ested in only static quantities. For this we could use either dynamic or

Monte-Carlo methods. Using the latter, calculating the static properties in

the confined polymer case is a difficult task: the acceptance rate of the trial

moves decreases rapidly with increasing confinement so the computational

effort involved increases accordingly. A full dynamic simulation, on the other

hand, can also require a large amount of computational resources. The rea-

son for this is that the relevant simulation time is how long we have simu-

lated the system relative to the time required for the polymer chain to have

“significantly” changed its configuration. One can argue that this is the case

once the end-to-end distance at some time t + τ is uncorrelated with the

end-to-end distance at the initial time t. Here τ is the decay time of the end-

to-end distance. We determine τ by calculating the autocorrelation function

of the end-to-end distance24:

C(δ) =< re2e(t) · re2e(t + δ) > (6.25)
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The characteristic time is then given by τ =
∫∞

0
C(δ)/C(0)dδ. This time in-

creases as the number of blob monomers in the model polymer increases

(hence the desireability of reducing the number of beads to a minimum). It

is known17 that if one neglects hydrodynamic interactions

τ ∼
ηN2

bb3

kBT
(6.26)

whereas including hydrodynamic interactions

τ ∼
ηN

3/2

b b3

kBT
(6.27)

We use a modified version of the Lowe-Andersen (LA) thermostat7 as a means

of accelerating the rate at which our dynamic method samples configurations

of polymer chains. Usually, the LA thermostat works on all pairs of particles

in the system, within a certain cut-off radius. Each time step, these pairs

have a certain probability of undergoing a virtual collision with the heat

bath. A virtual collision involves generating a new relative velocity v∗(t) from

the Maxwell-Boltzmann distribution along the line of centres. Furthermore,

the new relative velocity is imposed in such a way that linear momentum is

conserved. After a bath collision of particle i and j, the new velocity of the

latter is

v∗j = vj − (µij/mj)(θ − (vi − vj) · σ̂ij)σij (6.28)

where σ̂ij is the unit separation vector (σ̂ij = (ri − rj)/|ri − rj| and ri is the

position of particle i), mj is the mass of particle j, µij is the reduced mass of

the particle pair (µij = mimj/(mi+mj))) and θ is a stochastic variable.7,162 We

modify this scheme such that only particle pairs adjacent to each other along

the polymer chain are allowed to undergo a virtual collision. In other words,

bead number five can only interact with beads number four and six via the

LA thermostat. All other interactions between all beads, such as a spring

potential or an excluded volume potential, are treated in the normal manner.

The final ingredient in our simulation scheme is a random interaction of a

(random) single bead i with a virtual heat bath

vi =

√

kBT

mi

[ξ1, ξ2, ξ3] (6.29)

with ξ being independent random numbers taken from a Gaussian distribu-

tion of unit variance.162 Such an interaction is comparable with an Andersen

thermostating interaction.23 If we did not introduce this latter possibility,

the centre-of-mass kinetic energy of the polymer chain would not change

throughout the simulation because the LA thermostat acts on relative veloc-
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Figure 6.1: The decay time of the end-to-end distance, τE2E (expressed in units

of the time step), as a function of the number of beads, Nb, in the polymer model

chain. The circles represent the results from the simulations using the Andersen

thermostat, the diamond shaped symbols represent the simulations using the Lowe-

Andersen thermostat. The filled symbols represent the results from the simulations

using the blob chain model, the open symbols represent the Lennard-Jones model.

ities only and conserves momentum. The frequency of the Andersen thermo-

stat interactions should however be minimized (a well know drawback of the

Andersen thermostat is that with increasing frequency it progressively slows

down the dynamics of the system). On the other hand, a high thermostat

frequency is desireable for efficient sampling of the energies available to the

system. In our scheme it is the LA thermostatting procedure that is relatively

rapid. Effectively we have created a hybrid of a momentum conserving ther-

mostat that works at high frequency on the internal modes of the polymer

chains, and a low frequency Andersen thermostat that correctly thermostats

the centre-of-mass velocity. We have verified that the resulting algorithm

correctly samples the NVT ensemble.

We will now compare the scaling of the decay time of the end-to-end distance

of two different polymer models using the modified LA thermostat scheme

and the original Andersen thermostat. For the modified LA thermostat we

set the collision frequency to be 0.05 and for the incidental Andersen inter-

action to be 0.005. For the system coupled to an Andersen thermostat we

set the collision frequency to be 0.05. In Fig. 6.1 we demonstrate the po-

tential benefits of the new thermostat procedure on two types of polymer

chains. First we consider the polymer model for excluded volume chains as

presented in this chapter, second we look at an alternative to this model,



100 Long polymer thermodynamics from short blobby chains

namely a polymer chain consisting of Lennard-Jones particles.3 The latter is

not strictly relevant to the study here, but is an example of a more realistic

explicit monomer potential. We include it to assess whether the methodology

could be more generally useful.

Once the blobby chain is long enough, Nb > 20, the decay time of the end-to-

end distance scales as τ ∝ N1.51±0.01
b for the modified LA thermostat. In all

cases τ is expressed in units of the time step. For the Andersen thermostat

it scales as τ ∝ N
1.98+/−0.02

b . Interestingly, these two scalings actually corre-

spond with respectively the hydrodynamic (Eq. 6.27) and non-hydrodynamic

(Eq. 6.26) theoretical results. Consequently, the dynamics of a blobby poly-

mer chain are effectively a factor ∼
√

Nb faster using the novel thermostat

than using the Andersen thermostat. For simulations with a given num-

ber of time steps this means that the results using the modified LA ther-

mostat will be more accurate because we have sampled more independent

configurations. Looking at the results for the Lennard-Jones chains we see

the same trend. For the novel thermostat the decay time of the end-to-end

distance scales as τ ∝ N0.84±0.01
b whereas for the Andersen thermostat it

scales as τ ∝ N0.94±0.03
b . For the Lennard-Jones chains the results appear

less impressive, but one has to keep in mind that in most simulations the

chains are much longer than in this test case. Because we look at the scaling

with the number of beads, the actual difference in time needed to obtain a

given degree of accuracy increases rapidly with increasing number of beads.

Later in this chapter we investigate excluded volume chains in spherical

confinement. The interaction potential between the blobs and the wall is

of the following form:163

U(r) = −2 ln

[

r√
2R̄g

]

(6.30)

where r is the distance between the centre of the blob and the wall. Because

this is a relatively soft wall-potential, the time steps in the simulations must

be small. If we make the time step too big then, because of the errors involved

in numerically integrating the equations of motion, the polymer beads can

“escape” from the confinement. However, if we make the time step too small

the computational time involved increases drastically. We choose to use a

varying time step, depending on the distance from the wall. If all particles

are far from the wall we use a long time step (∆t0 = 0.1). If one of the particles

gets within a set distance δ from the wall, the time step (for all particles) is

decreased according to

∆t(r) =
∆t0r2

δ
(6.31)

The combination of this methodology and the modified LA thermostat scheme
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Figure 6.2: Normalized structure factor for blob chains, with various numbers of
blobs, as a function of the dimensionless wavevector kRg. The straight line represents

the small k scaling (1/(k)2).

enables us to perform simulation on confined chains with a very limited

amount of computational resources (typically less than one day per single

simulation run on a desktop computer).

6.4 RESULTS

We have examined how useful the blob methodology is as a means of simu-

lating long excluded volume polymers at a more modest computational cost

by considering three problems. The first is how well can it describe the

structure (more specifically the distribution of mass) in dilute blob chains?

The second is how well can the methodology capture the thermodynamics of

semi-dilute polymer solutions. Here we have the advantage of having exper-

imental data to compare with. Finally, we consider the pressure required to

confine a polymer in a spherical cavity.

6.4.1 STRUCTURE IN THE DILUTE LIMIT

We begin by considering the properties of our blob chains in the dilute limit.

The quantity we concentrate on is the structure factor (the Fourier transform
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of the density-density correlation)

s(k) =
1

N

N∑

i=1

N∑

j=1

exp
(

ik · rij
)

(6.32)

where N is the total number of monomers in the system and i indexes all

monomers in the system. The reasons for this are twofold. First, the struc-

ture factor is the response function for density fluctuations.164 That is, where

the structure factor of the blob model is correct, the response of the model to

an external perturbation will also be correct. Second, theoretically there is a

lot known about how this function behaves for long excluded volume chains.

For k ≪ 1/Rg it takes the form of the Fourier transform of a Gaussian of

width Rg in the same limit:

s(k)

N
= 1 − (kRg)2/2 (6.33)

Therefore, on long enough length scales the structure of the excluded poly-

mer chain is simply equivalent to that of an expanded ideal chain. On the

other hand, in the intermediate limit 1/b ≫ k ≫ 1/Rg the fractal nature of

the excluded volume chain determines the distribution and renormalization

arguments lead to

s(k) ∼
1

(kb)1/ν
(6.34)

Finally, we know that on very short length scales (in this case less than the

typical separation between adjacent blobs, b̄, i.e. k > 1/b̄) we only have the

self term in Eq. 6.32 so that s(k) = 1. In Fig. 6.2 we have plotted the nor-

malized structure factor s(k)/N as a function of the dimensionless wavevec-

tor kRg for blobby model polymers consisting of a number of blobs ranging

from Nb = 25 to 400. As the figure shows, it is a single unique function at

small k. Where the function does not depend on Nb, that is the curves co-

incide, a given blobby chain is reproducing the behaviour of a chain with

arbitrarily larger Nb: a short model chain is reproducing the behaviour of

any larger chain, even an infinitely long chain. Put simply, the method is

working. What we see is that this is the case up to increasingly large kRg

as we increase Nb. This means that we reproduce the correct behaviour on

progressively short length scales as we use more blob monomers. This is the

number of blobs behaving in an analogous way to the grid spacing in a finite

difference scheme for example. It determines the “degree of resolution” we

have in the model. To resolve the correct structure to a given accuracy on

increasing short length scales we inevitably have to increase Nb. On shorter

length scales (kRg ≫ 1), as Fig. 6.3 shows, the structure factor is a unique

function of the dimensionless wave vector kb. Also plotted is the theoretical
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Figure 6.3: Structure factor for blob chains, with various numbers of blobs, as a
function of the dimensionless wavevector kb. Also shown is the theoretical renormal-

ization group result for a real polymer chain in the scaling limit and, for comparison,

the small k scaling (1/(k)2).

renormalization group results for a polymer in the scaling limit. As the figure

shows, the agreement is excellent. With increasing Nb this behaviour is re-

covered to progressively smaller values of kb (that is, longer length scales).

As the region where kb = 1 is approached, and this scaling must break down,

there is very little additional structure introduced by the blob-blob potential.

6.4.2 THE OSMOTIC PRESSURE

Perhaps the most important property of a polymer solution is its osmotic

pressure Π. It is widely used for the determination of molecular weights of

large molecules such as polymers and proteins. Even very dilute polymer

solutions display large deviations from ideality (van ’t Hoff’s law) because of

their very low entropy of mixing. Renormalization arguments show that the

dimensionless osmotic pressure ΠR3
g/kBT is a unique function of the variable

ρ/ρ∗, where ρ is the monomer concentration and ρ∗ = R3
g/Np (with Np the

number of polymers) is the “overlap” concentration. This is the monomer

concentration at which, when increasing the concentration of the solution,

polymers start to significantly overlap each other (and consequently polymer-

polymer interactions become important). When ρ/ρ∗ ≫ 1, i.e. when the

polymer solution looks like a monomer soup, the number of monomers in a
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tion relative to the overlap concentration calculated for the blob chains with various

numbers of blobs. Also shown are the equivalent data for the self avoiding walk

(SAW)160,163 and experimental results.165

given polymer is irrelevant and this leads to a scaling

ΠR3
g

kBT
∼

(

ρ

ρ∗

)
3ν

3ν−1

(6.35)

In Fig. 6.4 we have plotted the dimensionless osmotic pressure we calculated

for solutions of blob model chains, ΠVp/kBT , as a function of the concentra-

tion relative to the overlap concentration ρ/ρ∗ = ρpVp. Here Vp is a polymer

“volume”, Vp = (4/3)πR3
g, and ρp is the polymer concentration. In these di-

mensionless terms, for a given number of blob monomers Nb in the chain

the results fall onto one unique curve up to a given value of ρ/ρ∗. In the

interest of clarity, we show data for a given Nb just up to the value of ρ/ρ∗ for

which deviations from the unique (Nb → ∞) curve become significant. As an

example, for Nb = 10 the last point plotted is for ρ/ρ∗ ∼ 4. Here, as the figure

shows, the calculated osmotic pressure is slightly below the universal curve.

This shows that at this concentration the blob 10-mer is starting to provide

an inadequate description of the system. On the positive side, this means

that a model chain of ten blobs adequately describes the thermodynamics of

a polymer solution for values of the concentration up to four-fold the over-

lap concentration. At this point the osmotic pressure is almost an order of

magnitude greater than its ideal value. The polymer-polymer interactions

are the dominant contribution to the osmotic pressure, so this is no mean

achievement. In the plot we also show the equivalent data for the self avoid-

ing random walk (SAW) on a cubic lattice160,163 for Nb = 10 and Nb = 500. As
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and kb (B). for blob polymers in concentrated solution. The open symbols are for
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the figure shows, even the blob model with Nb = 10 is a vast improvement of

the Nb = 40 self avoiding walk.

As we increase the number of blob monomers in the model the correct be-

haviour is recovered up to higher values of ρ/ρ∗. For example Nb = 40 is

adequate up until ρ/ρ∗ ∼ 20. In other words: we can always recover the long

polymer result but with increasing concentration we need more blobs in the

model to do so. This is not really surprising because we simply need to cap-

ture the correct behaviour on increasingly short length scales. That is, use

more blobs. This is consistent with the observation that in the dilute limit it

requires more monomers to resolve s(k) on shorter length scales.

Examining the configurational behaviour of the blob polymers in concen-

trated solutions, in Fig. 6.5 (A) we have plotted the normalized structure

factor as a function of the dimensionless wavevector kRg for two relatively

long blob chains (Nb = 50 and Nb = 100). As we see, for a given value of ρ/ρ∗

the curves coincide, indicating that the blob polymers are producing correct

(independent of Nb) behaviour. The two curves coincide up to a lower value

of kRg with increasing concentration. That is, with increasing concentra-

tions the correct behaviour is only recovered on longer length scales. This is

consistent with the conclusion that with increasing ρ/ρ∗ more blobs are nec-

essary to resolve the correct behaviour. Generally, we see that in the small k

limit density fluctuations are strongly suppressed and the polymer shrinks.

To some extent these results confirm the osmotic pressure results because

the osmotic compressibility is related to s(k) in this limit. If one is correct, so

is the other. In Fig. 6.5 (B) we have plotted the structure factor as a function

of the dimensionless wavevector kb. Notice that for large k the data approach

a function independent of the concentration with increasing values of kb.
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Because this function is independent of concentration it is the dilute limit

function (i.e. it is the same as that plotted in Fig. 6.2). In other words, on

short enough length scales the structure of the polymer is the same as it is in

the dilute limit. This is consistent with de Gennes’ model for the screening of

excluded volume interactions above the overlap concentration. In this limit,

de Gennes’ view is that the polymers behave as an ideal chain of expanded

blobs. Within the blob itself the polymer has the same structure as it does

in the dilute limit, precisely as we observe. The one thing we should note

is that, while this picture is supported by our results, there is nothing spe-

cial about the overlap concentration. The same mechanism seems to operate

even significantly below it.

6.4.3 THE PRESSURE OF A SPHERICALLY CONFINED POLYMER

Placing polymers under confinement dramatically reduces the number of ac-

cessible configurations. Consequently, there is a steep increase of the free

energy and the polymer exerts a pressure resisting the confinement. The

magnitude of the effect is an important factor in a number of important

problems, notably in the field of bio-physics. Two obvious examples are the

translocation of proteins through narrow channels166,167 and the packaging

of DNA inside virus capsids.168–170 From a computational point of view, as

noted above, it also makes Monte Carlo methods less efficient. From this

stand point, it is a good example of a problem where the dynamic method we

discussed in paragraph 6.3 could well be advantageous. Using this method

we have calculated the pressure exerted on a spherical container by a single

polymer modelled. This system was considered by Luijten and Cacciuto.171

They used a model polymer with hard sphere monomers confined by a steeply

repulsive potential (this represented the container). Using this model they

were able to confirm a recent theoretical prediction172 that the pressure of

confinement P scales in an analogous manner to the osmotic pressure of a

semi-dilute polymer solution. That is,

PR3
g

kBT
∼

(

R3
g

V

)
3ν

3ν−1

(6.36)

where V is the container volume and the “degree of confinement” R3
g/V plays

the analogous role to the concentration relative to the overlap concentration

i n the semi-dilute solution case. In Fig. 6.6 we have plotted the pressure

a confined blobby polymer exerts on the spherical cavity. The pressure was

calculated directly as the monomer-container force per unit area. As the

figure shows, the results follow a very similar pattern to those we observe for
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the osmotic pressure. For a given number of blob monomers we recover the

correct result up until some degree of confinement. Subsequently the model

breaks down and more blobs are needed in the model to calculate the correct

pressure of confinement. For the universal (Nb independent) curve obtained,

we observe that the scaling is indeed similar to that of a polymer solution

above the overlap concentration. Plotting the actual osmotic pressure of a

polymer solution (the data plotted in Fig. 6.4), in analogous terms we see

that although the scaling for high degrees of confinement is the same, the

functional form away from this limit is not. Further, where the blob model

breaks down the pressure of confinement increases at a slower rate. It does

not show the same behaviour PR3
g ∼ (V/R3

g)3 that was observed by Luijten et

al.171 This shows that the behaviour in this limit is not universal.

6.4.4 RHEOLOGY

All the preceding results we described concern static properties of polymeric

systems. This is in contrast to the rest of the thesis that deals with dynamic

properties. In principle, combining the blob model with the simple solvent

model is straight forward. This then allows us to achieve our goal of a real-

istic dynamic mesoscopic model for real polymers. However, it is not obvious

that the reasoning underlying the “magic” hydrodynamic radius9 is sound

in this case. Proceeding with this project requires careful analysis of this
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Figure 6.7: The relative solvent viscosity (left) and the component of the radius of
gyration along the flow axis (right), both as a function of the dimensionless shear rate

τγ̇, where τ is defined as R2
g/D0 and γ̇ = 4Vmax/L. All simulations were performed

on polymer chains of 32 beads at a volume fraction of 0.51. The squares represent

simulations on ideal chains, the circles on excluded volume chains. The viscosity is

measured using the periodic Poiseuille flow method.101 In both figures the errorbars

are smaller than the symbol size.

question. Nonetheless, we can at least show that such a methodology is in

principle practical. Further, we can examine how important the role of ex-

cluded volume interactions are in determining the dynamic behaviour of real

polymers.

To this end we consider the following. In chapter 5 we demonstrated that

solutions of ideal polymer model chains show shear thickening behaviour.

What happens if we repeat these simulations for the excluded volume model

chains we introduce in the current chapter? In Fig. 6.7 we plot the results

of the simulations for both types. Contrary to the ideal chains, the excluded

volume chains show shear thinning behaviour. This is in agreement with

other simulations.3 Furthermore, in Fig. 6.7, we look at the component of Rg

along the flow axis, relative to that component for chains in equilibrium. For

ideal polymer chains, this ratio increases to ∼ 9 for a dimensionless shear

rate of ∼ 4. This means that the chain is nine times longer than that same

chain in equilibrium. For the excluded volume chain this ratio increases

much slower, to a value of ∼ 2.5 at a shear rate slightly below τγ̇ = 5. In both

cases, the differences between the ideal chains and the excluded volume

chains can only be caused by the excluded volume potential because all

other parameters in the system were kept the same.
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6.5 DISCUSSION AND CONCLUSIONS

We have developed a model for real polymer chains (polymers that actually

interact with each other) based on treating the monomers as blob monomers

that are themselves long polymer chains. A simple theoretical analysis

showed that this view is valid. The potentials that result are soft, this makes

simulating blobby chains dynamically relatively straightforward. We note

that this fact would also make Monte Carlo simulations of the blob chains

very efficient. The novel “internal” thermostat we developed gives a relaxation

time τ for the end-to-end distance that scales with the number of monomers

as the “Zimm-like” τ ∝ N1.5
b . For a normal stochastic thermostat it is the the

“Rouse-like” τ ∝ N2
b. For small Nb the internal thermostat is notably more

efficient, and, given the above, it is increasingly advantageous with increas-

ing Nb. Therefore, this approach might well be very useful for simulations

of more detailed polymer models (proteins for example) where Nb is typically

much larger than the modest values used for the mesoscopic model studied

here. In the context we have used it here, we are not interested in whether

the dynamics are realistic or not. It is simply a means to an end (calculating

the static properties). While we do not claim that the dynamics are necessar-

ily realistic, there is an argument that it is at least more realistic than using

a normal stochastic thermostat. This is because it is at least possible to

set one parameter correctly, specifically, the ratio of the diffusive time to the

relaxation time. This is not possible simply using a stochastic thermostat.

Testing the model we find that it reproduces the thermodynamics of long lin-

ear polymers using a very small number of blob monomers. In fact, we now

argue that it is hard to imagine that one could do any better. The reason is as

follows. The behaviour of long linear polymer chains is generic (i.e. ΠR3
g/kBT

is a universal function of ρ/ρ∗) only so long as the monomer “volume frac-

tion” is low. A reasonable definition of the latter is ρυ. So, we can define the

concentration at which this assumption breaks down as ρ∗∗ = 1/υ. That is,

for concentrations corresponding to ρ/ρ∗∗ ∼ 1. At concentrations at or above

this concentration a typical blob separation is similar to, or less than, the

size of the blobs themselves. Because we cannot resolve the structure of the

polymer on length scales smaller than the size of the blobs themselves, this

places a fundamental upper limit on the concentration up to which the model

can work. Namely, the condition ρ/ρ∗∗ ≪ 1 must be satisfied. Returning to

the results from the model, we found that with Nb = 10 the results were

adequate up until ρ/ρ∗ = 4. In terms of ρ∗∗ this concentration corresponds

to ρ/ρ∗∗ = 0.25. That is, the model works up to a point close to the maxi-

mum value where it could conceivably work, given the amount of structural

information that it resolves.
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At concentrations where a typical blob separation is similar to, or less than,

the size of the blobs themselves, the system starts to look like a melt of

blobs. In this limit the behaviour of the system does depend on the form

of the explicit monomer-monomer interactions. The same is true for real

polymer systems. At melt concentrations the behaviour depends on the ex-

plicit atomic detail of the polymer molecules. A good illustration of this is the

fact that, for concentrations where the blob model starts to break down, the

osmotic pressure increases more slowly than it should (see Fig. 6.4). This

is because the model approaches a melt of “soft” particles. For any sys-

tem of particles with soft interactions, at high enough densities the pressure

scales as Π/kBT ∼ ρ2.173 This is a slower rate of increase than the true semi-

dilute scaling Π/kBT ∼ ρ7/3. This is in contrast with the SAW, for which the

monomers do have excluded volume, so a “hard melt” rather than a soft melt

is approached. In this case, at high concentrations the deviations from the

semi-dilute result show up as a more rapid rate of increase (see Fig. 6.4).

A peculiarity of the results for the osmotic pressure is that the universal

curve we find for the osmotic pressure does not agree quantitatively with

the results for the long (Nb = 500) SAW. Although the scaling with ρ/ρ∗ is

similar, the curves disagree by a factor of almost two. However, the results for

the blob model do agree extremely well with experimental results (noticeably

better than those for the SAW). There are two possible explanations for this.

First, that the function is not in fact unique. That is, in the limit of large Nb

the curves do not coincide. This would mean that the form of the monomer-

monomer potential matters even in the scaling limit and the blob potential

is more representative of the real potential. The second is that the Nb = 500

SAW is not quite representative of the long SAW limit. Because simulations

of even longer SAW’s (up to Nb = 80000) give values for the second virial

coefficient that are in agreement with experimentally measured values (and

the simulations reported here) we believe that the latter is the more probable

explanation.

We were also able to show that the methodology works for confined polymers.

For high degrees of confinement, we see the theoretically predicted scaling

of the pressure of confinement with degree of confinement. While this es-

sentially confirms the central result of Luijten et al.,171 it is at a significantly

lower computational cost. We do not have detailed enough information avail-

able to quantify by how much, but their calculations 171 required several

weeks of computing on a cluster. The (more accurate) calculations reported

here required days on a desktop PC. Furthermore, we could directly sim-

ulate a “hard” confining potential, whereas their methodology used steep

confining potentials. This means that the “volume” of the cavity is a some-

what ill-defined quantity that can also vary depending on the nominal degree
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of confinement. To eliminate any such effect requires running multiple sim-

ulations with progressively steeper confining potentials until the results are

independent of the potential. This is an additional computational overhead

that our method does not have.

The results for the confinement pressure are qualitatively but not quanti-

tatively similar to the osmotic pressure of a polymer solution. The blob

model itself behaves in an analogue fashion. A given number of blobs in

the chain will produce the true (long polymer) result up until some degree

of confinement. A blob chain with Nb = 20 gives the correct result up until

Vp = 3V, at which point the pressure of confinement is two orders of mag-

nitude greater than the ideal pressure. At higher degrees of confinement it

starts to underestimate the pressure. As with the osmotic pressure, for a

given Nb, as ρ/ρ∗∗ approaches unity the model must break down and more

blobs are required. Where our results do disagree with those of Luijten et

al. is in the limit where the model breaks down ρ/ρ∗∗ > 1. We see a slower

rate of increase, again because the soft melt has a pressure that increases

more slowly. For the model with hard monomers, the converse was true. In

this limit they found that PVp ∼ (Vp/V)3, as opposed to PVp ∼ (Vp/V)7/3 in the

“universal” regime. From this we conclude that in this limit the behaviour

is not universal, because it does depend on the exact form of the monomer-

monomer potential. The blob analysis they carried out to explain the scaling

that they observed similarly cannot be universally valid.

In the final section we reported preliminary results for the blob model with

more realistic dynamics. That is, coupled to the simple model fluid we used

in earlier chapters. We were able to show that this is in principle straight for-

ward and that the interactions in a real polymer chain significantly influence

the dynamics. This is illustrated by the significant difference in both the

viscosity and the deformation in shear flow between the blob model and the

ideal model we introduced earlier. At the very least this illustrates the impor-

tance of including polymer interaction for recovering correct dynamics. What

we did not do was carefuly validate that these results are truly representative

of a long real polymer. To do so would require a careful analysis of the results

for simulations using different numbers of blob monomers, along the lines

we persued for the ideal case. This remains a subject for future research, as

does extending the methodology to the “intermediate” regime. That is, where

the polymer is neither ideal nor in the scaling limit. Given that the potential

(Eq. 6.8) is accurate for both limits and the regime in between, this should

be possible. What we can conclude is that based simply on physical and the-

oretical arguments we have developed a blobby model for a polymer in the

scaling limit that is about as good as you can get.
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Summary

The research presented in this thesis mainly considers the results of meso-

scopic computer simulations on polymer solutions. This can be broken down

into two parts, namely computer simulations and the behaviour of polymer

chains in solution. Consequently, in the first two chapters we give an in-

troduction to these topics. First, in chapter 1, we try to do this on a very

basic level. We aim to make these concepts accessible to non-experts. Next,

in chapter 2, we discuss the topics in more detail. In this chapter we de-

scribe for instance how and why we use a dissipative ideal gas coupled to

a Lowe-Andersen thermostat as our simulation method. Furthermore, we

introduce some of the important concepts in polymer physics, for instance

the Gaussian chain and the excluded volume effect.

In chapter 3 we describe a novel method for implementing a solid boundary

in mesoscopic simulations. We demonstrate this method on pressure-driven

flow between two plates, in which case the flow profile must be the parabolic

Poiseuille result. The solid boundary should result in a stick boundary con-

dition at exactly the solid/fluid interface. Furthermore, the presence of the

boundary should not influence the density and temperature distribution of

the model solvent. The first requirement is easily fulfilled by imposing a sim-

ple bounce-back condition: the velocity of a particle impinging the surface

of the boundary is reversed. The latter two requirements have proven to be

more difficult, altough from literature it is known that it is essential to have

continuity of the stress over the interface. We propose a new method that, be-

sides a bounce-back boundary, involves the introduction of a relatively small

“dummy” layer, filled with particles identical to the other mesoscopic parti-

cles. Interactions between particles in the two areas proceed in the normal

manner. The dummy region is closed by a slip boundary: particles impinging

this surface bounce forward. This does not introduce additional momentum

in the axial direction and the total force on the slip surface is zero. Con-

sequently, the total force acting on the fluid is only the sum of the force

exerted on the two sides of the “real” interface. By ensuring that the total

force on the system is zero, we also ensure that the stress over the boundary

is continuous. This is arranged by introducing an external force over the
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dummy particles, opposite in direction to the force that is required to drive

the flow in the real system, but with the same magnitude. We compare this

method with two other alternative methods. First, a bounce-back boundary

without dummy region at all and, second, a bounce-back boundary comple-

mented by a dummy region filled with particles whose velocities are drawn

randomly from the distribution of thermal velocities at zero flow velocity. All

three methods correctly impose a no-slip boundary condition. However, only

for the method we introduced the flow profile agrees exactly with theory. We

also tested our method on flow through a tube with an elliptical cross-section

and it works equally well.

In chapter 4 we use the boundary method discussed in chapter 3 to study the

dynamics of ideal polymer chains in a solvent flowing through microfluidic

capillaries. Using novel fabrication methods, it is now possible to construct

microscopic flow devices. Therefore, it is of scientific interest to study the

behaviour of polymer solutions on the micrometer scale. At low Reynolds

numbers the flow profile of a pressure-driven flow in a tubular geometry is

parabolic. Due to steric hindrance, the centre-of-mass of a big polymer chain

spends less time close to the boundary than the centre-of-mass of a smaller

polymer. Consequently, the bigger chains spend more time in the high ve-

locity region than the smaller polymers, resulting in a higher average “accel-

erated” drift velocity. Based on this velocity difference, experimentalists can

separate particles of different sizes. This technique is called hydrodynamic

chromatography. We calculated the drift velocity as a function of the polymer

radius of gyration, Rg, relative to the size of the tube, R. We find excellent

agreement between our results and experiments for Rg/R < 0.25. We show

that in this case one can neglect hydrodynamic interactions and is allowed

to consider only the depletion effect arising from the steric hindrance with

the boundary. That makes it surprising that theories including the hydro-

dynamic interactions correctly predict the drift velocity of polymer chains

in this regime. Furthermore, we demonstrate that for higher confinement,

Rg/R > 0.25, the hydrodynamics do play an important role. The polymer drift

velocity is reduced, relative to the situation where hydrodynamic interactions

are not included. We propose an empirical fit that correctly describes our re-

sults, up to Rg/R ∼ 2. We conclude the chapter with a short discussion on

the nature of ordering of polymer chains at higher flow velocities.

In the fifth chapter we consider pressure-driven non-dilute polymer solutions

in microfluidic capillaries. The long relaxation time of the polymer chains

strongly influences the properties of the surrounding solvent. As a conse-

quence, the shape of the flow profile deviates from the normal Poiseuille

profile. Many theories are available that predict the shape of the flow profile,

but we demonstrate these cannot be correct. Because all our simulations
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are at low flow velocities and the polymers are not evenly distributed across

the channel, general theories for non-Newtonian fluids are not relevant in

this case. Furthermore, we demonstrate that methods assuming a deple-

tion layer with a width of roughly Rg are also incorrect. The results of our

simulations show that the polymer volume fraction determines the shape of

the flow profile. We propose a new formula that successfully predicts the

shape of the flow profile. This formula originates from the Brinkman theory

for flow in inhomogeneous porous media. Once we assume that polymers in

the solution behave like a porous medium with some “slight slip”, we find a

dependence between the slip length and polymer volume fraction. Our new

model does not only work for flow profiles generated with computer simula-

tions. We show that the model can also qualitatively predict the shape of flow

profiles obtained from experiments.

The thesis is concluded with chapter 6, in which we discuss a new model for

mesoscopic simulations of excluded volume chains. In the previous chap-

ters we only considered ideal chains, corresponding to “real” polymer chains

at the so-called theta temperature. This new model allowes us to also look

at polymers away from the theta temperature. We construct an excluded

volume polymer model that consists of “blobby” monomers, each blob rep-

resenting a long model polymer. In principle one can employ an arbitrary

potential between the blobs because it has been shown that, when the model

chains are long enough, they all behave identical. In this chapter we pro-

pose a potential that enables us to reach the point where all polymer chains

behave identical using only a limited amount of monomers. We test this

model on three different problems. First, the properties of our blob chains

in the dilute limit, using the structure factor. Here we conclude that the

behaviour is consistent with de Gennes’ model for the screening of excluded

volume interactions above the so-called overlap concentration. Second, the

osmotic pressure of a polymer solution as a function of concentration. We

find that only a relatively small number of monomers is needed to recover

the correct thermodynamic behaviour in the semi-dilute regime. Third, the

pressure required to confine a polymer in a spherical cavity. The scaling of

the pressure shows behaviour that is similar to the scaling of the osmotic

pressure with concentration for semi-dilute polymer solutions. This finding

agrees with recent theoretical predictions and with simulations. However,

we also show that the analogy between the two is only approximate. Finally,

almost all simulations in this chapter were performed using a modified ver-

sion of the Lowe-Andersen thermostat, that proves to be significantly more

efficient than simply thermostatting the complete system.
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Samenvatting

In dit proefschrift worden de resultaten behandeld van mesoscopische

computersimulaties aan polymeren in oplossing. Dit onderwerp kan in twee

delen worden opgesplitst, namelijk computersimulaties en het gedrag van

polymeerketens in oplossingen. In de eerste twee hoofdstukken worden deze

beide onderdelen besproken. Allereerst, in hoofdstuk 1, proberen we dit

op een zo simpel mogelijke manier te doen. Het is onze bedoeling om dit

hoofdstuk ook voor leken begrijpelijk te maken. In hoofdstuk 2 gaan we

dieper op beide onderdelen in. In dit hoofdstuk wordt onder andere bespro-

ken hoe en waarom we een dissipatief ideaal gas gekoppeld aan een Lowe-

Andersen thermostaat gebruiken als simulatiemethode. Verder behandelen

we een aantal zeer belangrijke concepten uit de polymeerfysica, waaronder

de Gaussische keten en het zogenaamde “excluded volume“ effect.

Hierna beschrijven we in hoofdstuk 3 een nieuwe methode om wanden te im-

plementeren in mesoscopische simulaties. We demonstreren deze methode

middels simulaties aan een door een drukverschil gedreven vloeistof tussen

twee platen. Het snelheidsprofiel zal in dit geval de parabolische vorm

moeten hebben die door de wet van Poiseuille wordt voorspeld. De wand

moet aan een aantal eisen voldoen. Allereerst dient de gemiddelde snelheid

van de vloeistof aan de wand nul te zijn. Het is gemakkelijk om aan deze

eis te voldoen door de richting van deeltjes die tegen de wand aanbotsen om

te keren (we noemen dit vanaf nu terugkaatsen). Verder mag de wand de

dichtheid en de temperatuur van de vloeistof niet beı̈nvloeden. Helaas is het

niet eenvoudig om dit voor elkaar te krijgen, al is in het verleden bewezen

dat dit alleen mogelijk is als het spanningsprofiel over de wand heen con-

tinu is. De methode die we introduceren in dit hoofdstuk maakt, naast de

terugkaatsende wand, gebruik van een relatief smalle extra laag deeltjes “in

de wand”. Deze deeltjes zijn identiek aan de deeltjes waaruit de vloeistof

tussen de twee wanden is opgebouwd. De interacties tussen de vloeistof-

deeltjes en de wanddeeltjes verlopen op de normale manier. Er is verder

nog een extra wand nodig om ervoor te zorgen dat de deeltjes in de smalle

laag blijven. In plaats van een terugkaatsende wand is deze wand doorkaat-

send (als een biljartbal die tegen de wand van een biljarttafel stoot). Op



126 Samenvatting

deze manier wordt er geen extra kracht in het systeem geı̈ntroduceerd in de

richting waarin de vloeistof stroomt. In deze richting is de totale kracht op de

doorkaatsende wand dus precies nul. Dit betekent dat de totale kracht die op

de vloeistof wordt uitgeoefend (in de richting van de vloeistofstroom) de som is

van de kracht die de deeltjes vanaf beide kanten uitoefenen op de terugkaat-

sende wand. Als we ervoor zorgen dat deze som ook precies nul is, is de

spanning over de terugkaatsende wand per definitie continu. Dit bereiken

we door dezelfde totale kracht uit te oefenen op de deeltjes in de extra laag

als er door het drukverschil wordt uitgeoefend op de vloeistof, maar dan in

tegengestelde richting. In hoofdstuk 3 vergelijken we onze nieuwe methode

met twee alternatieve methodes, namelijk alleen een terugkaatsende wand

en een terugkaatsende wand aangevuld met een extra laag deeltjes waarvan

de temperatuur identiek is aan die van de vloeistof in het systeem, met een

gemiddelde snelheid van nul. Alle drie de methodes slagen er in om een

gemiddelde stroomsnelheid van nul tegen de wand aan te creëeren. Echter,

alleen onze methode produceert exact het correcte profiel. Daarnaast demon-

streren we dat de methode even goed werkt voor buizen met een elliptische

vorm.

In hoofdstuk 4 passen we de methode die we in het voorgaande hoofdstuk

hebben geı̈ntroduceerd toe om de dynamische eigenschappen van polymeer-

ketens die door een capilair stromen te bestuderen. Omdat het nog maar

kort mogelijk is om microscopisch kleine buisjes te produceren is dit een

interessant onderzoeksgebied. Ook het snelheidsprofiel van een door een

relatief klein drukverschil gedreven vloeistof in een buis is parabolisch. Het

zwaartepunt van een grote polymeer kan minder gemakkelijk dicht bij de

wand van de buis komen dan het zwaartepunt van een wat kleinere poly-

meer. Hierdoor zal de grote polymeer gemiddeld meer tijd doorbrengen in

het gebied waarin de gemiddelde stroomsnelheid hoog is. Als gevolg hiervan

is de gemiddelde stroomsnelheid van deze polymeer hoger dan die van de

kleine. Het is mogelijk om op basis van dit principe deeltjes van verschillende

grootte van elkaar te scheiden, een methode die hydrodynamische chroma-

tografie genoemd wordt. Door middel van computersimulaties hebben wij de

stroomsnelheid van polymeren bepaald voor verschillende waarden van de

gyratiestraal van de polymeren, Rg, ten opzichte van de doorsnede van de

capilair, R. Voor waardes kleiner dan Rg/R = 0.25 komen onze resultaten zeer

goed overeen met experimentele resultaten. Wij laten zien dat de stroom-

snelheid van dergelijke polymeren volledig verklaard kan worden doordat

het zwaartepunt van de polymeren niet dicht bij de wand kan komen, de

hydrodynamische interacties zijn niet van belang. Het is opmerkelijk dat

de beste theorieën voor het voorspellen van de stroomsnelheid wel rekening

houden met de hydrodynamische interacties. Verder laten wij zien dat voor

Rg/R > 0.25 de hydrodynamische interacties niet meer te verwaarlozen zijn.
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Deze zorgen er namelijk voor dat de stroomsnelheid van de polymeren lager

wordt dan alleen op basis van de aanwezigheid van een wand verwacht mag

worden. Gebasseerd op onze resultaten introduceren we een empirische

functie die onze resultaten correct beschrijft tot Rg/R ∼ 2. We sluiten het

hoofdstuk af met een korte discussie van het mechanisme dat ten grondslag

ligt aan de ordening van polymeerketens.

In het vijfde hoofdstuk kijken we naar geconcentreerde polymeeroplossingen

in capilaire buisjes, in plaats van naar enkele polymeerketens. De interne

relaxatietijd van polymeerketens is veel langer dan de relaxatietijd van de

omringende vloeistof. Hierdoor beı̈nvloeden de polymeren het gedrag van de

vloeistof dusdanig dat het snelheidsprofiel niet langer parabolisch is. Er zijn

veel theorieën die proberen de nieuwe vorm van het snelheidsprofiel te voor-

spellen, maar wij tonen aan dat deze niet correct kunnen zijn. Allereerst zijn

algemene theorieën om vloeistoffen die zich niet Newtoniaans gedragen te

beschrijven in ons geval niet van toepassing, aangezien wij naar lage stroom-

snelheden kijken en de verdeling van de polymeren in de buis niet uniform is.

Daarnaast laten we zien dat theorieën die er van uitgaan dat de slip-afstand

ongeveer Rg is onjuist zijn. Onze simulaties laten zien dat de volumefrac-

tie van de polymeerketens de vorm van het snelheidsprofiel bepaalt. Wij

stellen een nieuwe formule voor die het snelheidsprofiel succesvol voorspelt.

Deze formule komt oorspronkelijk uit de theorie van Brinkman, waarmee

het gedrag van een vloeistof in een inhomogeen poreus medium beschreven

kan worden. Aannemend dat de polymeren in de oplossing zich gedragen

als een poreus medium dat “een beetje schuift” zijn we er in geslaagd om

een relatie te vinden tussen de slip-afstand en de volumefractie. Het nieuwe

model beschrijft accuraat de snelheidsprofielen van computersimulaties en

experimenten.

In het laatste hoofdstuk introduceren we een nieuw model voor meso-

scopische computersimulaties aan “excluded volume” polymeerketens. In de

voorgaande hoofdstukken hebben we ons alleen bezig gehouden met ideale

ketens, overeenkomend met “echte” polymeren bij de theta temperatuur.

Gebruik makend van het nieuwe model is het ook mogelijk om polymeren

te bestuderen bij andere omstandigheden. De modelketens zijn opgebouwd

uit zachte bollen, die ieder een lange polymeerketen voorstellen. In principe

kan tussen de bollen elke potentiaal gebruikt worden, aangezien polymeren

zich allemaal identiek gedragen, mits ze lang genoeg zijn. In dit hoofdstuk

stellen we een nieuwe potentiaal voor waarmee dit uniforme gedrag reeds

bereikt kan worden met een beperkt aantal bollen in de keten. We testen

het “excluded volume” model middels een drietal vraagstukken. Allereerst

bestuderen we de rheologie van de modelketens in verdunde oplossingen

door te kijken naar de structuurfactor. Het gedrag van het model blijkt con-
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sistent te zijn met het model dat de Gennes ontwikkelde voor de manier

waarop “excluded volume” interacties worden afgeschermd boven de zoge-

naamde overlapconcentratie. Ten tweede bekijken we de osmotische druk

van polymeeroplossingen met verschillende concentraties. We laten zien dat

het inderdaad mogelijk is om correct thermodynamisch gedrag te verkrijgen

met modelketens van beperkte lengte. Tot slot bestuderen we de druk die

uitgeoefend moet worden op een polymeerketen om deze in een bolvormige

ruimte op te sluiten. De druk lijkt op dezelfde manier te schalen als de osmo-

tische druk van een medium geconcentreerde polymeeroplossing. Dit komt

overeen met recente theoretische voorspellingen en resultaten verkregen met

simulaties. Uit onze analyse blijkt echter dat de overeenkomst slechts bij

benadering correct is. Overigens zijn de meeste simulaties in dit hoofdstuk

uitgevoerd met een aangepaste Lowe-Andersen thermostaat. Deze nieuwe

methode blijkt opmerkelijk efficiënt te zijn.
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