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1
General introdu tion
Pro esses in whi h the organization of a system with many, often very similar, elements
in reases in

omplexity or regularity without any external guidan e are

organizing. In other words, the self-organization of the

alled self-

onstituent elements is only

driven by the intera tions between the elements. These elements usually explore many
ongurations before rea hing the one that is most stable.
Self-organizing systems are the subje t of many elds of s ien e. The stru ture
of almost all materials is a hieved by self-organization, patterns found in dynami al
systems with many

oupled elements often arise through it, and even quite

omplex

biologi al stru tures emerge from this pro ess. The reasons behind why the individual
elements behave the way they do may be very dierent, and may

onstitute a eld of

s ien e all of its own. However, the art of studying self-organization is to model these
elements and their intera tions in the simplest way possible, while still retaining the
omplexity of the stru tures and patterns they form.
In this thesis I study and use three simple models that des ribe a self-organizing
system, or that exhibit self-organization. I study (i) a simple blo k and spring model
representing multi onta t fri tion, (ii) a set of partial dierential equations des ribing
the dynami s of the

hange of order in the isotropi -to-nemati

transition of liquid

rystals, and (iii) I use a pat hy parti le model to model linear supramole ular selforganization. Be ause ea h of the three subje ts is introdu ed in a separate

hapter,

I will only give a short outline of my thesis in this general introdu tion.
In

hapter 2 I will introdu e the Burridge Knopo (BK) model of multi onta t

fri tion. This is a model for two slowly moving, ma ros opi
together by an external for e.
surfa e separating the obje ts

obje ts that are pressed

Although these obje ts are in relative motion, the
onsists of many small

onta ts that move only o

a-

sionally and remain motionless the rest of the time. The BK model des ribes these
rather

omplex sliding systems as a

olle tion of blo ks

onne ted to neighboring

2
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blo ks and to one of the obje ts by springs, and to the other obje t by a simple veloity dependent fri tion law. Depending on the stiness of the springs, and on the type
of fri tion law that is used, this model

an be applied to sliding systems of hugely

dierent length s ales. On the high end of the s ale it has been used to des ribe the
motion of the interfa e between two te toni

plates in an earthquake fault, whereas

on the other end of the s ale it has been proposed to des ribe the interfa e between
two atomi ally at sliding surfa es, lubri ated by a lo ally solidifying liquid of only a
few mole ular layers thi k. In Chapter 3 I study the BK model des ribing the latter
situation, where a mode of motion arises in whi h every blo k only moves when its
dire t neighbors do not. I study the properties and stability of this spe ial mode of
motion, both

omputationally and analyti ally. In Chapter 4 I then use the properties

of this solitary state of motion to better des ribe the relaxation of the average stress
on the
In

onta ts at nite temperature, after the sliding obje ts suddenly stop moving.
hapter 5 I introdu e the

on ept of a rst order phase transition by means of

nu leus growth, applied to the growth of orientational order in a liquid
this phase transition an under ooled isotropi

liquid,

rystal. In

onsisting of anisotropi

liquid

rystal mole ules, suddenly aligns lo ally into an orientationally ordered, nemati ,
domain. If this nu leated domain is large enough it grows, so that eventually all the
mole ules are aligned.
temperature

Latent heat

aused by the

hange of order leads to a small

hange at the growing domain interfa e. In

of this temperature

hapter 6 I study the ee t

hange on the growth dynami s of a spheri al domain. For the

time and length s ales I am interested in, I

annot keep tra k of the organization of

the individual elements in this transition. Instead, I study the evolution of an order
parameter that des ribes the amount of ordering at ea h position during the transition.
For this order parameter I solve a partial dierential equation in time and spa e,

alled

the time dependent Landau-Ginzburg equation, that models the evolution of the order
parameter as a fun tion of temperature. By
equation I

an

oupling this equation to a diusive heat

ompute the ee t of latent heat on domain growth dynami s. Be ause

the time and length s ales involved in orientational ordering and in thermal diusion
are so dierent in liquid
the

rystals, I devised a semi-analyti al approa h to integrate

oupled equations e iently.
In the last part of this thesis I address supramole ular self-assembly, a type of

self-organization found in nature to result in highly
su h as virus

apsids, membranes and bers.

omplex biologi al stru tures

Studying this type of self-assembly

may not only lead to a better understanding of how these stru tures are formed,
but may also lead to the design of new materials.

In Chapter 7 I introdu e the

pat hy parti le, a promising approa h to model the subunits that self-assemble into
these supramole ular stru tures. Dealing with ea h individual atom in ea h individual
mole ule, and
too

al ulating all the intera tions between all the atoms, qui kly be omes

ostly for the large assemblies that are formed.

Therefore the pat hy parti le

model separates the shape of a mole ule from the intera tions between the mole ules.
The shape of the mole ule is modeled by one, or only a few simple impenetrable

3
beads, and the intera tions between the mole ules are modeled by only a few pat hes
of intera tion at the surfa e of these beads. In Chapter 8 I des ribe a dis oti

mole ule

by a single bead and two dire tionally dependent pat hes, and I study the linear
self-assembly of these pat hy parti les numeri ally.
intera tion between the beads in dierent polymers

I show that a small sideways
auses these polymers to undergo

a transition to a solid bundle, whi h may be a rst step to understanding why many
naturally forming polymers self-assemble further into bundles.
Ea h of these three subje ts requires a dierent numeri al approa h. I integrate
large systems of ordinary dierential equations in Chapter 3, and solve a simplied
version of these equations by means of a probabilisti
Chapter 6 I integrate two

automaton in Chapter 4. In

oupled partial dierential equations, and in Chapter 8 I

perform Monte Carlo simulations of systems of many pat hy parti les. For ea h of
the subje ts I have

ombined my numeri al simulations with theoreti al studies, not

only to explain my ndings, but also to in rease the e ien y of my simulations.
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2
Fri tion
2.1 Introdu tion to sliding fri tion
Newton's rst law states that obje ts do not

hange their velo ity unless a for e is

a ting on them. This law is not so intuitive as one might think, as in every day life it
takes quite some eort to keep obje ts moving at the same, nite velo ity. Newton's
rst law therefore also implies that in every day life there must be some invisible for e
that opposes the motion of obje ts. In the

ase of a falling leaf for instan e, it is the

drag, i.e. the for e exerted by the gas or liquid surrounding the obje t, that is working
against gravity to slow the leaf down. For a book sliding on a table it is the fri tion
at the

onta t surfa e that slows the book down. In this and the next two

will report our results for a mi ros opi
spe i

hapters I

model of boundary lubri ated fri tion, a very

type of sliding fri tion. In this

hapter I will introdu e this type of fri tion,

and dis uss the appli ability to a tual sliding systems.
Sliding fri tion is exerted at the

onta t interfa e between two obje ts, the pla e

where the surfa es of the two obje ts tou h ea h other.
in the dire tion parallel to this interfa e and it is

The obje ts always move

onvenient to

onsider one of the

obje ts as a large stationary surfa e and the other one as the sliding obje t.

The

amount of fri tion for e depends strongly on the for e with whi h the sliding obje t is
pressed onto the surfa e, i.e. the load in the dire tion perpendi ular to the surfa e. In
the

ase of a book on a table, this perpendi ular for e is

aused by the gravitational

pull on the book. Before an obje t starts sliding due to an externally applied for e,
this for e must ex eed a threshold value,

alled the stati

threshold the obje ts are literally glued together.

fri tion for e

The stati

Fs .

Below this

fri tion for e is what

keeps us from sliding when we stand on a slightly in lined surfa e. On e the external
for e ex eeds the threshold the obje t starts to move and the fri tion for e de reases

6
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Sket hes by Leonardo Da Vin i (Codex Atlanti us)[1℄, des ribing his studies
on sliding fri tion. Top: Several ways of dragging the same blo k over a surfa e. Da Vin i
observed that in all these situations the stati fri tion for e was the same, namely that the
stati fri tion for e is independent of the onta t area. Bottom: A way of exerting a onstant
for e on a sliding blo k.
Figure 2.1:

to what is

alled the dynami

(or kineti ) fri tion for e

Fd .

There are a few empiri al relations, already observed by Da Vin i and

olle tively

alled the Amontons-Coulomb law, that des ribe sliding fri tion between ma ros opi
obje ts for not too extreme situations. Firstly, the stati

fri tion for e is proportional

to the for e perpendi ular to the surfa e. Se ondly, the stati
than the dynami

fri tion for e is higher

fri tion for e, and thirdly the dynami

fri tion for e is largely inde-

pendent of the sliding velo ity. The last relation is often

alled dry fri tion, as opposed

to vis ous fri tion, where the dynami
you

fri tion for e is proportional to velo ity. When

onsider the large dieren es between possible sliding systems, from ro k-on-ro k

sliding in earthquake faults to the sliding of a book on a table, it is remarkable that
these assumptions work reasonably well in all

ases of dry fri tion. The me hanisms

underlying the fri tion for es are very dierent for these sliding systems, and the study
of the origins of fri tion denes the resear h eld of tribology. Understanding what
auses fri tion in a parti ular set-up might take you from studying the elasti ity of
the obje t on a s ale of millimeters, to studying the ele trons at the surfa e, on the
s ale of Ångstroms or less. This large dieren e in the time and length s ales of the
pro esses that result in the fri tion for e is typi al of the seemingly simple problems
we have yet to solve in s ien e today. There are two approa hes to fri tional problems
today. One in whi h the surfa e atoms, and sometimes even ele trons, of a very small

7

2.2 The Burridge-Knopo model

Sliding te toni plates in an earthquake fault. (a) Two rough te toni plates are
lo ked at several positions. (b) The Burridge-Knopo model representation of an earthquake
fault.

Figure 2.2:

pat h of

onta t surfa e are modeled and simulated, and one in whi h one tries to

apture the basi

physi s of the surfa e in a simple me hani al model. In the latter the

smallest length s ales are dis arded, an approximation
one repla es large

alled

oarse graining, where

olle tions of these surfa e atoms by simple me hani al obje ts su h

as blo ks and springs. It is remarkable that the model I will introdu e in the next
se tion not only

aptures the basi

an earthquake fault, but

physi s of the motion of two te toni

plates in

an also be used to des ribe the motion of two at surfa es

lubri ated by a very thin layer of liquid.

2.2 The Burridge-Knopo model
In the fties Bowden and Tabor[3℄ suggested that surfa e roughness was the key
to explain fri tion.
the apparent

The real

onta t area, they proposed, was only a fra tion of

onta t area, and was made up by the asperities (protrusions) of both

surfa es. These asperities would interlo k and hinder the sliding motion. In reasing
the perpendi ular for e would

ause more asperities to tou h, and this gives rise

to the load-dependent behavior des ribed by the Amontons-Coulomb law.

In 1967

R. Burridge and L. Knopo argued that a simple blo k and spring model [2℄
apture the physi s of two slowly moving te toni

Bowden and Tabor they suggested that the te toni
spe i

plates are in

pla es. Although far from the interfa e the te toni

steadily, most of the time at the interfa e the te toni
suggested that these

onta t only at

plates move slowly but

plates remain still.

onta ts build up stress until their stati
onta ts are also very

threshold, the motion of one

ould set o an avalan he of moving

onta t

lose to the stati

fri tion
onta ts,

an extend throughout the system.

In the Burridge-Knopo (BK) model of Figure 2.2(b) the two te toni
des ribed as elasti

They

fri tion for e is rea hed,

after whi h they move. If neighboring
resulting in an earthquake that

ould

plates in an earthquake fault. Like

materials that, at rest, are in

onta t points are modeled by blo ks that

plates are

onta t at equidistant pla es. The

onne t to one of the plates by springs,

modeling the transverse elasti ity of the material, and to the other by stati
modeling the lateral sliding fri tion of the

onta ts.

sented by springs between neighboring blo ks.

fri tion,

The lateral elasti ity is repre-

If the for e on a blo k ex eeds the

8
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(a)

(b)

F

F
v

v
(d)

(c)
F

F
v

v

Fri tion for e as a fun tion of velo ity. At rest the stati fri tion for e Fs
applies. (a) Dry (Coulomb law) fri tion. (b) The vis ous fri tion I have used to des ribe
multi onta t fri tion. ( ) Velo ity weakening fri tion (found in e.g. ro k-on-ro k sliding in
earthquake faults) Fi = F0 /(1 + q̇i ). (d) A ombination between velo ity weakening and
vis ous fri tion.
Figure 2.3:

stati

fri tion for e a blo k is allowed to move a

ording to newton's laws of motion,

subje t to the spring for es and to an empiri al, velo ity dependent dynami al fri tion
for e (Fig. 2.3). On e the for e or velo ity rea hes some lower threshold a blo k is
subje ted to the stati

fri tion for e again and the blo k stops. One su h motion is

alled a slip event. To model ro k-on-ro k sliding, whi h is known to exhibit velo ity
weakening fri tion (Fig. 2.3( )), the empiri al, dynami

fri tion for e is

hosen to de-

rease with velo ity. This suppresses small slip events and promotes larger and faster
ones.

Furthermore, the springs in the lateral dire tion are

hosen to be at least a

hundred times stronger than in the transverse dire tion. This in reases the inuen e
neighboring blo ks have on one another and promotes the o

urren e of avalan hes,

or earthquakes [4℄.
This model has been used in the last de ade at a very dierent length s ale to model
the sliding fri tion between solids in the so

alled boundary lubri ation regime[5℄. In

boundary lubri ation two at surfa es are separated by just a few layers of lubri ant
mole ules. In the absen e of sheer stress this layer solidies, and the stati
for e

fri tion

orresponds to the sheer stress needed to melt this layer. If the sliding velo ity

is small enough the liquid layer may solidify at some pla es, see Figure 2.4(a-b),
lo ally gluing the two sliding obje ts together, mu h like the te toni

plates between

avalan hes. Lo ally then, the stress on su h a solid island in reases, until the island
melts again and the elasti

energy stored near this

onta t island dissipates.

Bo
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2.2 The Burridge-Knopo model

Lateral (a, ) and orresponding top view (b,d), of the Burridge-Knopo model
of multi onta t fri tion. (a-b) Parts of the lubri ation layer have frozen into solid islands.
These islands lo ally glue the upper to the lower surfa e. ( -d) Burridge-Knopo model
representation of (a) and (b).
Figure 2.4:

Persson pointed out that what
like what

auses fri tion in boundary lubri ated surfa es is mu h

auses earthquakes around te toni

plates. He suggested that the BK model,

with some small alterations, would be equally good in des ribing boundary lubri ated
fri tion. Contrary to the earthquake models, he proposed a vis ous fri tion for e to
slow down a slipping blo k, and

hose the same strength for both the transverse and

lateral springs. In this thesis I will

all this version of the Burridge-Knopo model

the BK model of multi onta t fri tion.
As Persson applies the BK model to des ribe the freezing and melting of a lubriation layer just a few mole ules thi k, temperature ee ts

annot be disregarded.

Therefore Persson also added random thermal u tuations to the BK model. The inlusion of temperature in the model allows blo ks to slip by thermal ex itation alone,
in situations where, at zero temperature, they
temperature

ould not have slipped. In lusion of

hanges the properties of the BK model in many ways. First of all, as

sliding of the upper surfa e at a lower velo ity in reases the time between slip-events
of the blo ks, the probability of a thermal ex itation in reases. This has the ee t
of de reasing the fri tion for e for de reasing sliding velo ities.

A se ond ee t of

temperature is that when the top surfa e stops sliding, the stress on the blo ks

an

relax due to thermal u tuations alone. The thermal ex itation probability is higher

10
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when the blo ks are under a higher stress, and so the pro ess of stress relaxation due
to thermal ex itations slows down in time. This ever slower relaxation of the system
to a more energeti ally favorable state resembles the relaxation of glasses.

In real

sliding systems this stress relaxation of the surfa e layer is well known, and presents
itself as the slow in rease of the stati

fri tion with the time passed sin e the surfa es

were in motion. The BK model shows the same behavior.
In Chapter 3 I show the results of the BK model of multi onta t fri tion, where
I drive the upper surfa e with a very low,
of mi ros opi

motion spe i

ratio of the spring

onstant velo ity

vs .

of the BK model in the regime I

I identify a mode
onsidered (the unit

onstants and the vis ous fri tion of the blo ks) that we have

alled

solitary motion. In solitary motion a blo k always moves when its neighbors do not

move.

If all blo ks are in solitary motion, the system is in the solitary state, and

all observables will be ome periodi
state for dierent boundary

over time. I study the o

urren e of the solitary

onditions and show that it is stable for small thermal

u tuations.
In the Appendi es of Chapter 3 I have added some supplementary material on the
BK model of multi onta t fri tion and the solitary state. In Appendix 3.A I des ribe
how the problem of boundary lubri ation

an be translated to the Burridge-Knopo

model, and I determine the ratio of the lateral and transverse spring strengths and the
vis ous damping

onstant for this spe i

problem. Then, in Appendix 3.B, I des ribe

in more detail how I integrate the equations of motion of the blo ks. Appendix 3.C is
dedi ated to the solitary state. I rst analyti ally

al ulate the motion of one blo k

during a solitary slip event, and from these results determine the ma ros opi

fri tion

for e in the solitary state. For a large olle tion of blo ks to be in the solitary state the
blo ks must be spatially organized in a very spe i

way. In the last part of Appendix

3.C I dis uss how the for es a ting on the individual blo ks must be arranged for a
system in the solitary state. The equations of motion show how to

al ulate the for es

on the blo ks from the blo k positions, but as I know the rules for the for es in the
solitary state, not the positions, I invert the equations of motion in Appendix 3.D.
This way one

an generate a solitary state without performing a lengthy simulation.

Finally, in Appendix 3.E, I give an outlook on the importan e of the solitary state for
elds outside of the fri tion

ommunity, most notably as a system that may exhibit

dire ted per olation.
In hapter 4 I use the solitary state to revisit the problem of stress relaxation in the
BK model of multi onta t fri tion. The notion of the solitary state allows us to ast the
problem into a simplied automaton model that perfe tly reprodu es the relaxation
urve in exponentially less time than the full BK model. A further simpli ation then
allows a renement of the approximate analyti al derivation of the stress relaxation,
initially proposed by Persson.

The analyti al derivation and its results are exa tly

the same as proposed for the relaxation of a hierar hi ally

onstrained, glassy system

and to my knowledge the BK model is the rst model to exhibit exa tly this type of
glassy behavior without the proposed hierar hy[6℄.
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(2005) Appendi es 3.A to 3.E are added here as supplementary material.

Transition to stri tly solitary motion in the
Burridge-Knopo model of multi onta t
fri tion
3.1 Introdu tion
Solid on solid sliding fri tion is often modeled by one dimensional spring-blo k models,
meant to represent very dierent situations. At the atomi

s ale, fri tion is well de-

s ribed by the Frenkel-Kontorova, or by the Frenkel-Kontorova-Tomlinson model [1℄,
where the blo ks represent individual atoms in intera tion with a surfa e represented
as a rigid periodi

modulation. At mu h larger length s ales, the Burridge-Knopo

(BK) model, illustrated in Fig. 3.1, is used to des ribe sliding te toni

plates. In the

BK model, the intera tion with the underlying surfa e is repla ed by a phenomenologi al velo ity dependent fri tion for e with a stati
dynami s of te toni

and a dynami

ontribution. The

sliding is usually studied by assuming a dynami

fri tion for e

that weakens as a fun tion of velo ity [2℄.
In all these models where energy is slowly fed to the system by the moving plate,
the dynami s is not uniform but dominated by fast dissipative events

orresponding

to sti k-slip motion of the individual blo ks. In their velo ity weakening BK model,
Carlson and Langer have shown [2℄ that avalan hes of all sizes o

ur, with a power
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Figure 3.1:

law size distribution
of an intrinsi

The Burridge-Knopo (BK) model

ompatible with the empiri al Gutenberg-Ri hter law. This la k

length s ale puts this deterministi

ontinuous model into the larger

lass of systems whi h are said to display self-organized

riti ality (SOC) [3; 4℄, a

term introdu ed [3℄ to des ribe the behavior of dis rete sandpile automata. Sin e the
nding of Carlson and Langer, the BK model has been studied intensively in this
ontext, parti ularly in the two-dimensional dis retized version proposed by Olami,
Feder, and Christensen [5℄ (OFC). However, several authors
model does not display
asymptoti

riti ality [7; 8; 6℄.

laim or suggest that the

It has even been

onje tured that the

avalan he size distribution is dominated by avalan hes of size one, the

fra tion of larger avalan hes

onverging towards zero as the system size in reases [9℄.

Here we study the multi onta t fri tion variant of the BK model, proposed by
Persson [10℄ to model ma ros opi

sliding systems in the boundary lubri ation regime.

The BK model of multi onta t fri tion uses a vis ous dynami
to velo ity, whi h,

fri tion proportional

ontrary to the velo ity weakening earthquake models, ee tively

redu es the range of intera tions of the blo ks. This approa h is justied by previous
studies of the same author [12℄ showing that, at low velo ity, a thin lubri ant layer
exhibits a distribution of pinned solid islands that liquefy and begin to slide when the
applied for e ex eeds a threshold value and pin again as their velo ity vanishes.
We nd that, after an initial transient, the motion o

urs as su

essive domino-

like slipping events of limited size rather than in avalan hes, thereby ex luding the
o

urren e of SOC. At a

riti al value of the interblo k intera tions

lose to realisti

values for sliding surfa es in the boundary lubri ation regime [10℄, the system rea hes
a dynami

regime, that we

all a solitary state, where the motion o

step-like slipping events of single blo ks.
stroyed by open boundary

onditions,

urs via periodi

Surprisingly, the solitary state is not de-

ontrary to the behavior of OFC-models [14℄.

Also the solitary state is robust against small thermal u tuations.

3.2 The BK model
N

The BK model of Fig. 3.1

onsists of

D,

onstant velo ity

to a plate moving at

blo ks of mass

vs

oordinate is

x = vs t,

and

qi

onne ted, at xed distan es

by springs of spring

to nearest neighbor blo ks by springs of spring
plate

m

onstant

k2
i

is the position of blo k

onstant

and rest lengths

k1 ,
D.

and
The

with respe t to its initial
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equilibrium position

qi (0) = 0.

The for e on a blo k at rest (i.e.

q̇i = 0)

is

Fi = k1 (x − qi ) + k2 (qi+1 + qi−1 − 2qi ) .
This for e is balan ed up to a threshold value

Fs

by the stati

fri tion for e, so that a

Fi ≥ Fs .

On e in motion, a blo k

blo k remains motionless until it experien es a for e

−2mγ q̇i .

is subje ted to a vis ous for e

(3.1)

If the blo k velo ity

q̇i

vanishes, the stati

fri tion for e is reintrodu ed by setting the blo k velo ity to zero if it

hanges sign.

For this reason we always remain in the underdamped regime. The dis ontinuity of
the fri tion for e at

q̇i = 0

makes the system extremely nonlinear.

We introdu e an dimensionless quantity

i:
hi ≡
We also introdu e

as the number (0,

0
1

if

q̇i = 0

otherwise

state of blo k

(sti k)

(3.2)

(slip)

Hi (t) ≡ hi (t) · [hi+1 (t) + hi−1 (t)] .

(3.3)

i is slipping. Note that
i is at rest (hi = 0) or when blo k i is moving while both
neighbors are at rest (hi±1 = 0, hi = 1). Sin e the fra tion of time a blo k is in motion
an be quite small, it is useful to average Eq. 3.3 over a time τ around t
Z
1 t
Hi (t′ )dt′ .
hHi (t)iτ ≡
(3.4)
τ t−τ
Hi = 0

1, 2)



hara terizing the dynami

of neighbors slipping while blo k

either when blo k

yielding a

ontinuous fun tion, ranging between 0 and 2.

By dening

h̄(t)

as the

fra tion of blo ks moving at time t, the average over all moving blo ks

hH(t)iτ ≡

(

1
N

0,

PN D Hi (t) E
i

h̄(t)

τ

, h̄(t) =

PN
i

hi
N

h̄(t) = 0

6= 0

(3.5)

onstitutes an order parameter denoting if a system is either in solitary motion, i.e.

hHiτ = 0,

or in

olle tive motion,

The equations of motion are

0 < hHiτ < 2.

mq̈i = hi [−2mγ q̇i + k1 (x − qi ) + k2 (qi+1 + qi−1 − 2qi )] ,
where


q̇i (t)q̇i (t + dt) < 0
 0,
1,
Fi (t + dt) ≥ Fs
hi (t + dt) =

hi (t), otherwise

(3.6)

with dt the time step of numeri al integration. The equations of motion are made

p
m/k1 ,

Fs /k1 and for
h
i
q̈i = hi −2γ̃ q̇i − ω02 qi + k̃2 (qi+1 + qi−1 ) + x ≡ hi σi

dimensionless by s aling time by

positions by

es by

Fs :
(3.7)
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1.0

σ̄

(a)
0.5
0.0
1.0

h̄

(b)
0.5

hHiτ

0.0
2.0
(c)

0.31
0.30
0.29
20300

20800

0.03
0.02
0.01
20300

20800

0.002
0.001
0.000

1.0
0.0

20300

0

1000

2000

19000

t

20000

20800

21000

Figure 3.2: Time dependen e of (a) the average for e σ̄ (b) the fra tion h̄ of blo ks moving
and ( ) the measure of olle tive behavior hHiτ for N = 10000, γ = 0.5, k2 = 1, τ = 0.5.
Panel (a) and (b) reprodu e Fig. 4 of Ref. [10℄ extended to larger time. Noti e in ( ) the
transition around t ∼ 20.000 to solitary motion, ausing σ̄ and h̄ (see insets of panels (a)
and (b)) to be ome periodi in time. Note that ∆t ≫ τ in this gure.

p
1 + 2k̃2 and σi denoting the total for e on blo
p k i irrespe tive of its
dynami state hi . Note that k̃2 and γ̃ are in units of k1 and
k1 /m respe tively, and
that F̃s = 1. We will only onsider dimensionless quantities, and will omit the tilde
with

ω0 =

from now on.

The Eqs. of motion (3.7) are integrated by a fourth order Runge-Kutta algorithm
with time step dt
random
periodi

= 0.005. The initial positions qi (0) are hosen from a uniform
distribution q = [−0.005, 0.005]; furthermore x(0) = 0 and q̇i (0) = 0. We use
boundary

onditions, unless spe ied otherwise. The width of the random

distribution determines the duration of the transient
We

onsider a driving velo ity

vs ≪ max(q̇i )

vs = 0.005,

olle tive sti k-slip behavior.

whi h is low enough to be in the limit

hara terizing typi al tribologi al experiments.

3.3 Solitary versus
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3.3 Solitary versus olle tive motion
In Figs. 3.2(a) and 3.2(b) we show the average for e

σ̄

blo ks as in Ref. [10℄ on a mu h longer times ale.

The initial

and the fra tion

behavior is due to the very narrow distribution of for es below
rst su h

Fs

at

t ∼ 1800,

t = 0. At the
≈ 1). As time

P (σ) widens and the number of blo ks slipping
t ∼ 1000, at any time a number of blo ks is moving

progresses the distribution of for es
and, at

of moving

olle tive sti k-slip

olle tive event almost all blo ks slip at the same time (h̄

at the same time de reases. After

h̄

the system is said to be in a steady state in Ref. [10℄.

h̄

In the steady state however, the fra tion

of moving blo ks keeps de reasing,

indi ating that the system is still equilibrating towards a more favorable state. Finally,
at

t = 20.000, we nd that σ̄ and h̄ be ome periodi
hHiτ ≈ 0 when the system be omes periodi .

that

in time. It is shown in Fig. 3.2( )
This indi ates that blo ks slip in

a step-like fashion between immobile nearest neighbors (hi±1
of solitary motion. On e this is the
the interval between su

= 0),

when e the name

ase for the motion of all blo ks for longer than

essive slips of the same blo k, the system is trapped in this

solitary state and be omes periodi .
Analyti al results give a rationale for this behavior. For solitary motion (hi±1
when

hi = 1)

a single blo k is that of a dis ontinuously driven, damped harmoni
initial

=0

the equations of motion (3.7) be ome de oupled, and the motion of

onditions

and by assuming

qi (0) = q˙i (0) = 0
vs ≪ max(q̇i ):

and

Fi (0) = Fs = 1

(i.e.

os illator. For

k2 (qi+1 + qi−1 ) + x = Fs ),

q̈i + 2γ q̇i + ω02 qi = Fs .
The solution of Eq. (3.8) for the underdamped

ase (γ

(3.8)

< ω0 )

γ
i
Fs h
sin(ωt) + cos(ωt)
qi (t) = 2 1 − exp(−γt)
ω0
ω

(3.9)

rea hes zero velo ity after a time

π
δt = ,
ω
In a time

δt

The interval

ω02 − γ 2 .

(3.10)

Fs
{1 + exp (−γπ/ω)} .
ω02

(3.11)

with

ω=

the blo k travels a distan e [15℄

∆q =
∆t

between

q

onse utive slip events of the same blo k is given by

∆t = ∆q/vs ,

(3.12)

be ause, although most of the time a blo k is not moving, its average velo ity has to
be equal to the plate velo ity

vs .

The fra tion of time a blo k is moving, is simply

the ratio of the duration of a slip event and the interval between them:

h̄ = δt/∆t.
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1

(a)

(b)

σi

0.5

0

−0.5

3200

3300

0

i

1

2

P (σi )

(a) For es σi for part of a system in a solitary state, with k2 = 1, γ = 0.5,
N = 10.000 and (b) the distribution of for es measured over N = 10.000 blo ks over a period
of 3000 time steps. Dashed lines from top to bottom indi ate σ = 1 − ∆q , σ = 1 − (1 + k2 )∆q
and σ = 1 − (1 + 2k2 )∆q respe tively. Arrows indi ate whi h blo ks will be in the high for e
range next. The peak in the distribution at σ < 1 − (1 + 2k2 )∆q is aused by moving blo ks,
and vanishes for vs = 0.
Figure 3.3:

Fi a ting on blo k i is slowly
in reased by the movement of the plate by an amount ∆q (k1 ∆q in dimensional units),
and by the sudden movement of both neighbors by an amount 2k2 ∆q . Therefore, the
for e dire tly after the slip event is Fmin = 1 − (1 + 2k2 )∆q (sin e Fs = 1). We an
In the interval

∆t

between slip events, the for e

identify three ranges of the for es a ting on a blo k:

1−(1 + 2k2 )∆q
1−(1 + k2 )∆q
1−∆q

≤ Fi ≤1 − 2k2 ∆q
≤ Fi ≤1 − k2 ∆q
≤ Fi ≤1

low
medium
high

A blo k is in the low for e range after it has slipped, moves to the medium range when
one neighbor has slipped, and to the high range when both neighbors have slipped.
Movement within ea h range is

aused by the slow motion of the plate.

Figure 3.3(a) shows a snapshot of the for es on part of the
regime.

hain in the solitary

Peaks of only one blo k are present in the lower and higher for e range,

separated by slanted lines in the medium for e range where most of the blo ks reside.

P (σ) around the time of the snapshot
σ = 1, and σ = 1 − (1 + 2k2 )∆q due to the

In Fig. 3.3(b) we show the distribution of for es
of Fig. 3.3(a).

P (σ)

is peaked at

predominan e of lines with a small slope.
The distribution of for es

P (σ)

in the solitary state shown in Fig. 3.3(b) is highly

3.3 Solitary versus
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symmetri , hen e its mean

σ̄ ≈

σ̄

an be approximated by the

enter of the distribution:



1 − 1 − (1 + 2k2 )∆q
1
= (1 − exp(−γπ/ω)) ,
2
2

where we have made use of Eq. 3.11 for

∆q .

(3.13)

The fri tion for e measured in experiments

is the lateral for e a ting on the support,

f=

N
X
i=1

(qi − x) ≈ −N σ̄

where we have assumed in Eq. 3.7 that
the kineti

P

i (qi±1 − qi ) ≈ 0 and

fri tion for e Eq. 3.14 is normalized by the stati

result implies that the ratio of the kineti
state

(3.14)

to the stati

an be used to extra t, from experiments, the ratio

P

i q̇i ≈ Nvs ≈
fri tion for e

0. Sin e
Fs , this

fri tion for e in the solitary

γ/ω

hara terizing the sliding

system.
The analysis of the behavior of the for es

σi

in the solitary state, leads us to

dene a typi al length s ale in the system. We nd that solitary motion requires two
onse utive blo ks in the high for e range to be separated by an arbitrary number of
blo ks in the medium for e range, and by exa tly one blo k in the low for e range.
The blo ks in the medium for e range are arranged in monotoni ally in reasing or
de reasing slanted lines that will rea h the high energy region one after the other.
However, sin e in the time
distan e

vs δt,

δt

it takes blo k

the absolute slope of the lines is
dσ
di

i

to slip, the upper surfa e travels a
onstrained by

≥ vs δt.

(3.15)

Sin e, in the stri tly solitary state, ea h slanted line must start and end in the
medium for e zone

∆σ = ∆q

wide, the minimum slope also limits the number of

blo ks along the line to

Nline =
The nite duration

δt

di
dσ

∆σ ≤

∆t
∆q
=
.
δtvs
δt

(3.16)

of a slip event introdu es a typi al length s ale,

systems displaying SOC. Stri tly speaking, in a

ontrary to

ontinuous model, the size of an

avalan he is given by the number of blo ks performing simultaneous motion. By this
denition, in a system in solitary motion, all avalan hes are of size one.
sequen es up to

Nline

of size one avalan hes

an and do o

However,

ur.

Next, we show in Fig. 3.4 the time evolution of hHiτ for three values of k2 . We
c
nd that a transition o urs at a riti al relative value of the spring onstant k2 ∼
1.5. Below k2c , hHiτ smoothly de reases to zero, signaling the o urren e of the
c
solitary state, whereas, above k2 , hHiτ rea hes a onstant nite value. An estimate of
parameters for realisti

sliding lubri ated surfa es [10℄ gives

k 2 ∼ 1.

For values of

k2

20

Transition to solitary motion in the BK model of multi onta t fri tion

k2 = 1.75

hHiτ

1.5
1.0

k2 = 1.25

0.5

k2 = 0.75

0.0
0

10000

20000

30000

40000

t

Order parameter for olle tive motion hHiτ as a fun tion of time, τ = ∆t(k2 )
(Eq. 3.12), for three values of k2 above and below k2c ∼ 1.5 (γ = 0.5, N = 10.000). At
k2 = 0.75 the de rease of hHiτ is smooth, whereas at k2 = 1.25 hHiτ also de reases to zero,
but only after several attempts. At k2 = 1.75 hHiτ tends to a onstant nite value.
Figure 3.4:

k2c

there is an initial, relatively smooth de rease of hHiτ , but the solitary
state is rea hed only after many attempts. This pro ess is shown in the left panel of
just below

Fig. 3.5 where we show a gray s ale map of the order parameter hHiτ for k2 below
c
and above k2 . The initial uniform band orresponds to olle tive sti k-slip motion (see
Fig. 3.2). This behavior is followed by a very short period of almost uniform motion
with velo ity

vs , appearing as bla

1

k regions in the gure . Noti e that uniform motion

has been shown to be unstable [2℄ for models with a velo ity weakening fri tion for e.
c
Afterward, for k2 < k2 , domains of solitary motion of dierent sizes grow and shrink,
c
until nally the omplete system is in a solitary state. For k2 > k2 , the system
remains in a

olle tive state,

hara terized by the fa t that neighboring blo ks move

simultaneously for part of their movement, mu h like domino toppling. However large
pat hes of solitary motion that expand and disappear are also present. We expe t the
c
probability that, for k2 > k2 , a pat h of solitary motion extends to the whole system
to vanish for N → ∞.

There are several indi ations that the transition to solitary motion is of rst order.
c
For a given system size, in reasing k2 towards k2 in reases the time needed to rea h
the solitary state, but does not

hange qualitatively the shape of the

urve shown in

k2 = 1.25. Moreover, on e the solitary state is rea hed, if k2 is in reased
c
in small steps above k2 the system readjusts to remain in a now metastable solitary
state, in analogy to overheating a system above Tc . We wish to underline however,
Fig. 3.4 for

that the eviden e for a sharp transition is only numeri al.

1

Bla k regions in Fig. 3.5 at t ∼ 2000 represent groups of blo ks moving with almost onstant
velo ity q̇i ∼ vs
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hHi iτ as a fun tion of time and blo k number i for γ = 0.5, N = 512,
τ = ∆t(k2 = 0). In the left panel k2 = 1.25 < k2c and in the right panel k2 = 1.75 > k2c . The
Figure 3.5:

logarithmi olor oding s heme is given to the right. White areas are in solitary motion.
Note that also above k2c the solitary state appears, but does not extend to the whole system.

3.4 Stability of the solitary state
Next we study the stability of the solitary state for small perturbations

aused by

thermal u tuations. Due to these u tuations a blo k may temporarily obtain enough
energy to slip, even though it is experien ing a for e smaller than the stati
for e. Following Persson [10℄ we

an dene an energy barrier for blo k

i

∆Ei = U(Fs , qi±1 , x) − Ui (Fi , qi±1 , x),
where

Ui (Fi , qi±1 , x)

is the potential energy of blo k i, and

U(Fs , qi±1 , x)

(3.17)
is the poten-

tial energy of the same blo k, moved to where it would experien e the stati
for e

Fs = 1,

fri tion

while keeping the position of the neighboring blo ks and of the plate

xed. The potential energy

Ui

is given by

1
k2
k2
Ui = (x − qi )2 + (qi+1 − qi )2 + (qi−1 − qi )2
2
2
2
2
F
= g(qi±1 , x) + i 2 .
2ω0
Sin e

fri tion

as

g(qi±1 , x)

does not depend on

Fi ,

Eqs. 3.17 and 3.18 give

∆Ei = ∆Emax (1 − Fi2 ),
The probability that blo k

i slips (i.e.

(3.18)

with

∆Emax = 1/2ω02.

(3.19)

over omes the energy barrier) within a time dt

is assumed to be

Pi (dt) = ν exp(−∆Ei /kB T )dt,

(3.20)
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Order parameter for olle tive motion hHiτ as a fun tion of time for dierent
temperatures, and for τ = ∆t, k2 = 1, γ = 0.5, N = 10.000. The solitary state is stable at
least up to kB T = ∆Emax /30.

Figure 3.6:

where

ν

is an attempt frequen y,

T

the temperature and

kB

the Boltzmann

In pra ti e, nite temperature is simulated by drawing a random number
at ea h integration step for ea h blo k, and if
time step size, the stati

ri < Pi (dt),

In Fig. 3.6 the time dependen e of the order parameter for

k2 = 1

where at

ri = [0, 1]

where dt is the integration

fri tion for e is de reased to zero by setting

is shown at dierent temperatures for

onstant.

hi = 1.

olle tive motion

T = 0

hHiτ

the solitary state is

stable. For low temperatures the order parameter goes to zero in a way similar to the
zero temperature

ase, although small u tuations do o

with in reasing temperature, until the system

ur. These u tuations grow

2

annot maintain the solitary state .

The solitary state is therefore stable at low temperatures.
gray s ale map of the order parameter per blo k

i,

In Fig. 3.7 we show a

as a fun tion of time.

At low

temperature the system evolves towards the solitary state in mu h the same way as in
the zero temperature

ase ( ompare with Fig 3.5). Colle tive motion o

urs only very

lo ally, very weakly, and often only involves the dire t neighbors of the blo ks that
were thermally ex ited. At higher temperatures, larger pat hes of

olle tive motion

appear, without ever extending to the whole system.
We re all that on e every blo k in the system is moving in a solitary fashion
for longer than the time between two slips

∆t,

the

omplete system is trapped in

the solitary state. Sin e ea h blo k slips the same distan e
2

∆q ,

the system be omes

At low temperatures the system an es ape the solitary state only very lo ally (left panel of
Fig. 3.7), for a brief period of time. At higher temperatures large groups of blo ks that are not in
the solitary state arise (right panel of Fig. 3.7), and only at very high temperatures (not shown)
these domains start dominating the dynami s.

3.5 Summary and
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hHi iτ for the parameters of Fig. 3.5 and k2 = 1, at kB T = Emax /30 (left)
and kB T = Emax /15 (right). In the low temperature ase (left) small u tuations only very
briey and lo ally amount to olle tive motion. The light gray verti al bands are aused
by series of blo ks moving with very small overlap in time. At higher temperature (right)
thermal events may lead to large pat hes of olle tive motion, that however do not extend
to the whole system.

Figure 3.7:

periodi

∆t. A nite temperature gives rise to a nite probability for a
e Fi < Fs , and sin e the distan e a blo k slips is proportional to

with a period

blo k to slip at a for

the for e a ting on the blo k at the moment it slips (Eq. 3.11), a thermally indu ed
slip event breaks the perfe t periodi ity of the solitary state.

However, as

learly

shown in Fig. 3.7 the nature of the motion is not drasti ally dierent from stri tly
solitary motion.
Lastly in Fig. 3.8 we show that the solitary state is not destroyed by open boundary
onditions. One

an re ognize the region of

interval between su

olle tive motion at the edges, be ause the

essive slip events of the same blo k is larger than in the solitary

state. These regions of

olle tive, nonperiodi

motion appear, expand and shrink at

the boundary, but do not extend to the interior of the sample. This is remarkable
be ause open boundary

onditions are expe ted to destroy simple periodi

states [14℄.

3.5 Summary and on lusions
In summary we have shown that the motion in the
fri tion at low driving velo ities o

ontinuous BK model with vis ous

urs in domains of nite size presenting an intrinsi

length s ale, thereby ex luding the o

urren e of SOC. Below a

riti al value of the

interblo k intera tion the system evolves to a stri tly solitary, periodi

state with su -

essive slipping of individual blo ks among immobile neighbors. The solitary state is
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For e σi (t) in a system of N = 512 blo ks with γ = 0.5 and k2 = 1, with open
boundary onditions. Bla k is σi (t) = 1 and white is σi (t) = 1 − (1 + 2k2 )∆q . Note that the
boundary onditions do not hange the solitary state of the bulk (60 < i < 470) even after
t = 90000 time steps (∼ 103 ∆t). Also note the dieren e in interval ∆t between solitary
(bulk) and olle tive (edges) slip events.
Figure 3.8:

stable against small thermal u tuations and open boundary

onditions. In the range

of parameters estimated to des ribe a tual sliding systems [10℄, this model predi ts
stri tly solitary motion, for whi h Eq. 3.14
stiness of the sliding system.

an be used to measure the damping and
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Supplementary material
Appendix 3.A Derivation of parameters
In this se tion we will des ribe how the problem of boundary lubri ation

an be

mapped onto the Burridge and Knopo model, as illustrated in Fig 2.4. Furthermore,
we derive the values of the spring
damping

onstant

γ.

onstants

Throughout this

k2

and

and the size of the vis ous

hapter we have given

in this appendix will we briey depart from this

k2

k1

k2

in units of

k1 .

Only

onvention, as we derive the size of

k1 .

and

The material of the sliding surfa e around a solidied part of the lubri ation layer
m = ρD 3 , with D the typi al length of a solid

is des ribed by blo ks of equal mass
island and

ρ

the density of the bulk material (See Fig. 3.1). The transverse elasti ity

of the material is represented by a spring,

onne ting the upper surfa e to the blo k,

The lateral elasti ity is represented by a spring of strength k2 . The
2
for e a ting on blo k i is denoted by Fi = σi δA, with δA = D and σi the stress
of

onstant

k1 .

at the position of blo k

i.

The pinning (freezing) of the lubri ation layer, and the

slipping (melting) is modeled by pinning the blo k to the lower surfa e and allowing

σi

it to slip when the stress

on blo k

i

is larger than some

riti al value

σs ,

the stati

fri tion for e of the blo k per unit area. (Note that only in ma ros opi , dry fri tion
the stati

fri tion is independent of the area, it does not apply at the atomi

level).

The blo k will sti k again when its velo ity vanishes, modeling the solidi ation of the
lubri ation layer in the absen e of a sheer for e. If all blo ks have the same size
whi h in our version of the BK model they do, then the
to

σs

is

Fs = σs δA.

When an island melts, the elasti

riti al for e

δA,

orresponding

energy stored in the

onta t is

released and partially turned into heat. This dissipation of energy is represented by
a vis ous (dynami ) fri tion for e, a ting on the moving blo k.
In Ref. [10℄ the value of the spring
ontinuum theory.
stress

σ

onstants are estimated by use of the elasti

The displa ement of a pat h of area

displa ement of a pat h a distan e
displa ement

c

d

away, is related to the me hani al model. The
2
of the pat h due to a for e F = σD is [11℄:

q±1 ,

F
,
ρc2 D

is the velo ity of sound. The displa ement a distan e

is applied, is approximately
and

due to a

D

d≈
where

δA = D × D ,

applied to that pat h only, and the ratio between this displa ement and the

due to a for e

F

d/3.

This

(3.21)

D

away from where

an be related to the displa ement of blo k

applied to blo k

0

F
q0

only:

k1 qi + k2 (2qi − qi−1 − qi+1 ) = F δi0 ,

(3.22)

26

Transition to solitary motion in the BK model of multi onta t fri tion

The left hand side has the form of a dis rete se ond order dierential equation, so
that in the

ontinuum limit Eq. 3.22 resembles the steady state Helmholtz equation:

2

aq(x) − b

q(x)
= cδ(x),
dx2

d

whi h is known to have solutions of the form:
try the ansatz

qi = A exp(−α|i|).

q(x) = A exp(−α|x|).

We will therefore

After substitution of the ansatz for

i = 0,

Eq. 3.22

be omes:

k1 A + k2 (2A − A exp(−α| − 1|) − A exp(−α| + 1|)) = F
A(k1 + 2k2 (1 − exp(−α)) = F
when e,

q0 = A =
Substitution of the ansatz for

i 6= 0

(3.23)

F
.
k1 + 2k2 (1 − exp(−α))

(3.24)

gives:

k1 exp(−α|i|) + k2 (2 exp(−α|i|) − exp(−α|i − 1|) − exp(−α|i + 1|)) = 0,
k1 + k2 (2 − exp(+α) − exp(−α)) = 0
where both sides where divided by

A,

and where the equations are equal to zero

i = 0.
exp(−α):

be ause the for e is only exerted on blo k

exp(−α),

we multiply both sides by

To solve the

k1 exp(−α) + k2 (2 exp(−α) − 1 − exp(−2α)) = 0

k1 + 2k2
u+1=0
k1 u + k2 2u − 1 − u2 = u2 −
k
s 2
2
k1 + 2k2 1
k1 + 2k2
u=
±
−4
2k2
2
k2


s 
2
k1
k1
1 k1
+ 4 .
exp(−α) =  + 2 ±
2 k2
k2
k2

We need to relate

q±1 /q0 = 1/3:

q±1 = A exp(−α),

and

q0 = A

to the

i 6= 0

ontinuum limit,

F
F
= 2
k1 + (4/3)k2
ρc D


s 
2
k1
1  k1
k1
+2±
+ 4  = 1/3
2 k2
k2
k2

ase for

u =

(3.25)

q0 = d,

and
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First we solve the latter equation

k1
±
k2

s

k1
k2

2

+4

k1
= 2/3 − 2
k2

where only the solution with a minus sign will lead to a real valued result

s

The values of the spring

k1
k2

onstants

2

+4

k1
k1
= 4/3 +
k2
k2
4
k1
=
k2
3

(3.26)

an now be derived:

1
1
= 2
k1 + (4/3)k2
ρc D
k1 + (4/3)(3/4)k1 = 2k1 = ρc2 D
ρc2 D
k1 =
2
3ρc2 D
k2 =
8

(3.27)
(3.28)

k2 =
k2 < k1 ,

These results (most notably Eq. 3.26) dier from those derived in [10℄, where

3/2k1

was found, versus our result

k1 = 3/4k2.

Note that in our result

ontrary to Persson's result k2 > k1 . With these results, it is stated in Ref. [10℄ that:
k1 ≈ k2 ≈ ρc2 D . As is explained in se tion 3.3, the solitary state spontaneously arises
for k2 . 1.5k1 , so for both estimates the solitary state des ription is appropriate. We
have followed Persson, and hose k1 = k2 .
After displa ing the pat h, the pat h returns to its equilibrium position, and dissipates the energy by sending out an elasti
[10℄ a damping for e

−mζ(q̇i − ẋ)

wave pulse into the medium.

In Ref.

is introdu ed into the equation of motion, and the

damping due to this dissipation is estimated in Ref. [13℄

1 m ω04
ξ,
2γ = ζ ≈
8π ρ c3

with

ω0 =

r

k1 + 2k2
m

(3.29)

ξ ≈ 3 is the phonon ontribution to the transverse damping for e, and where we
introdu ed γ = ζ/2 for onvenien e. Using Eqs. 3.27 and 3.28 and the denition

where
have

of the mass of a blo k, we get

1
25cξ
≈
ζ=
128Dπ
4

r

k1
m

(3.30)

Although this is a fa tor 4 smaller than what Persson estimated, we have followed
Persson, and

hose

γ = 0.5

q

k1
.
m
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Appendix 3.B Integrating the equations of motion
In this Appendix we explain in more detail how we integrate the equations of motion
of the blo ks and how we let a blo k sti k or slip.

The equations of motion are

integrated by means of a fourth order Runge-Kutta algorithm.
this algorithm we must rewrite equation 3.7, for a system of

2N

N

To integrate using

blo ks, as a system of

rst order dierential equations. As the position and velo ity of the upper surfa e

should also be integrated, it is
have to integrate a system of












d

dt 










q0
q1
q2

..
.

qN −1
qN
q̇0
q̇1
q̇2

..
.

q̇N −1
q̇N





 
 
 
 
 
 
 
 
 
 
=
 
 
 
 
 
 
 
 
 
 

The system of Eq.

vs ,

so that we

vs
q̇1
q̇2



..
.

q̇N −1
q̇N
0
[−2γ q̇1 + (q0 − q1 ) + k2 (q2 + qN − 2q1 )] · h1
[−2γ q̇2 + (q0 − q2 ) + k2 (q3 + q1 − 2q2 )] · h2

..
.

[−2γ q̇N −1 + (q0 − qN −1 ) + k2 (qN + qN −2 − 2qN −1 )] · hN −1
[−2γ q̇N + (q0 − qN ) + k2 (q1 + qN −1 − 2qN )] · hN
3.31 is integrated with xed step size

Kutta integration step,
velo ity has

q0 = x and q˙0 =
rst order dierential equations

onvenient to dene

2N + 2

hi

tstep .











 (3.31)











After ea h Runge-

is determined as follows. First it is determined whether the

hanged sign. If this is the

hi (t) =



ase the blo k sti ks:

hi (t − tstep ), q̇i (t − tstep ) · q̇i (t) ≥ 0
0,
q̇i (t − tstep ) · q̇i (t) < 0.

Then it is determined if the for e on the blo k has be ome higher than the
for e

σa ,

in whi h

riti al

ase the blo k starts slipping:

hi (t) =



hi (t − tstep ), σi < σa
1,
σi ≥ σa .

The temperature is in orporated into the model by
a blo k is ex ited over the barrier a
random number

(3.32)

0 < ri < 1 .

al ulating the probability

(3.33)

wi

that

ording to Eq. 3.20, and generating a uniform

ri ≤ wi then the blo k starts slipping:

hi (t − tstep ), ri > wi tstep
hi (t) =
1,
ri ≤ wi tstep .
If

The Runga-Kutta integration algorithm is fourth order a

(3.34)

urate in time, and therefore

we do not need many integration steps per slip-event of a single parti le. However,
the a

ura y of the solution is not only determined by the order of the integration
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The distan e ∆q one parti le travels when it is subje ted to a for e σi = 1,
allowed to slip, and for ed to sti k again when q̇i = 0, as a fun tion of k2 for γ = 0.5.

Figure 3.9:

algorithm, but also by how a

urately we resolve the strong dis ontinuities in the

motion of a blo k, whi h swit hes from a zero to a nonzero velo ity and vi e versa
in one time step. We have

hosen a time step of

tstep = 0.005.

This way we des ribe

the motion of a blo k in the solitary state by about 380 integration steps.
this time-step a moving blo k
most

0.5%

above the stati

an

With

ause a neighboring blo k to slip at a for e of at

fri tion for e

σs , and the motion of the upper surfa e an
0.0025% above σs . The maximum absolute

ause a blo k to slip with a for e at most

dis ontinuity in velo ity when we stop a blo k by applying the rule of Eq. 3.32 is of
the order

v ∼ 0.005,

and for a blo k in the solitary state it is maximally

v = 0.002.

Appendix 3.C Features of the solitary state
3.C.1 Motion of the blo ks in the solitary state
In Se tion 3.3 we have shown that the solitary state spans the
low

k2 .

omplete system only at

In this appendix we study the motion of a blo k, i.e. the position and velo ity

of a blo k, and the for e a ting on it, during a solitary slip event, as a fun tion of

k2 .

k2 , and
σ < 1 − (1 + 2k2 )∆q .
k slips ∆q (Eq.3.11) in the

This gives insight into why the solitary state is harder to rea h at higher

explains the small peak in the distribution of Fig. 3.3b at
In se tion 3.3 we have

al ulated the distan e a blo

solitary state. In Fig. 3.9 we show this distan e as a fun tion of the spring

k2 .

As

k2

in reases,

∆q

slip events (Eq. 3.12).
the length

Nline

onstant

∆t between subsequent
event δt (Eq. 3.10) is nite,

de reases and so does the interval

Be ause the duration of a slip

of Eq. 3.16 also de reases. This may be one of the reasons why the

solitary state be omes less prominent at high

k2 .

The velo ity

q̇
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right after one slip event σi (δt), with δt = π/ω , as a fun tion of k2 . (b) The maximum
velo ity q̇max , during a slip event, as a fun tion of k2 . In both panels γ = 0.5.
Figure 3.10:

q̇i (t) =
of a blo k also de reases with

k2 ,

Fs
exp(−γt) sin(ωt)
ω

(3.35)

and the negative for e slowing a moving blo k down

during a slip-event is stronger

i
h
γ
q̈i (t) = σi (t) = Fs exp(−γt) cos(ωt) − sin(ωt) .
ω

The blo k rea hes a maximum velo ity at time

q̇max

tv,max

 
ω
= σi = 0 ⇒ tσ,max = ω arctan
dt
γ

 
F
γ
ω
= q̇i (tvmax ) =
exp − arctan
ω0
ω
γ
dq̇i

(3.36)

−1

tσ,max


2ωγ
π
1
dσ
= 0 ⇒ tσ,max = − arctan
+ n , n = . . . , −1, 0, 1, . . .
2
2
dt
ω
ω −γ
ω

h
i


ω
 −Fs exp − γ arctan 22ωγ 2 + π
for γ < √0
ω
γ −ω
ω
2
h

i
σ−max =
ω
0
 Fs exp − γ arctan 22ωγ 2
for √ < γ < ω0
ω
γ −ω
2

(3.37)

(3.38)

and a maximum (negative) for e at

This for e gives rise to the small peak in Fig.3.3 at
3.10

σ−max , σi (δt)

and

q̇max

(3.39)

(3.40)

σ < 1 − (1 + 2k2 )∆q . In Figure
k2 . Finally, in Fig. 3.11, we

are shown as a fun tion of
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1.0

qi
q̇i
qi , q̇i , σi /σa

σi
(δt, ∆q) =
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Figure 3.11: Theoreti al traje tory of a blo k that starts at qi (0) = 0, is subje ted to a
for e σi (0) = 1, with neighbors and upper surfa e xed, and allowed to slip until q̇i (t) = 0.

Parameters: γ = 0.5, k2 = 1, tstep = 0.005.

show

qi , q̇i

and

most in this

σi

for

k2 = 1

γ = 0.5,

and

whi h are the parameters we have used the

hapter.

3.C.2 Fri tion for e as a fun tion of driving velo ity in the
solitary state
In Eq. 3.13 the average for e σ̄ is estimated as the enter of the distribution P (σ), i.e.
σmax −σmin
as σ̄ =
. However, this only holds for vs = 0. For a nite driving velo ity vs
2
a fra tion of the blo ks h̄
π vs
δt
(3.41)
=
h̄ =

∆t

ω ∆q

is in motion. As for a moving blo k

1
tend − tbegin

Z

tend

tbegin

σ dt = q̇(tend ) − q̇(tbegin ) = 0

(3.42)

on average, moving blo ks do not exert any for e on the upper surfa e and the fri tion
for e be omes



1
1 − h̄ ω02∆q
2


π
1
1 − vs
ω02 ∆q
=
2
ω∆q

σ̄ =

(3.43)
(3.44)
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(a) Fri tion for e F̄ and (b)qfra tion of moving blo ks h̄ as a fun tion of the
driving velo ity v = vs /v0 , where v0 = Fk1s km1 , taken from Fig. 6a of Ref. [10℄. The dashed
line denotes T = 0, the solid line denotes T = 0.025 (β = 40), ν = 0.1. In gures ( ) and (d)
the same quantities are plotted, al ulated analyti ally for the solitary state from Eqs. 3.44
and 3.41. The solitary state al ulations ni ely reprodu e the BK model measurements for
T = 0 and low velo ities, as the BK model is mostly in the solitary state in this regime. At
higher velo ities many blo ks are not in the solitary state, but move at the velo ity of the
upper surfa e q̇ = vs , whi h in reases the fri tion for e at high velo ities.
Figure 3.12:

Parameters: γ = 0.5, k2 = 1.

whi h de reases linearly with the driving velo ity
stated in Ref. [10℄, where

ontrast to what is

onstant dynami al fri tion

Figures 3.12( ) and (d) show the average fri tion

for e and the average fra tion of moving blo ks as

Ref. [10℄. Up to

This is in

reep is des ribed as having a

for e as a fun tion of velo ity.
respe tively. For

vs .

al ulated from Eqs. 3.44 and 3.41

omparison Figures 3.12(a) and (b) are simulation results taken from

ln(vs /v0 ) ≈ −3 (where v0 =

Fs
k1

q

m
) the solitary state approximation
k1

reprodu es the simulations, at higher driving velo ities however, the motion in the
BK model does not resemble that of the solitary state. This is be ause some blo ks
never sti k after they slip, and are dragged at

−2γvs

q̇i = vs .

These blo ks exert a for e

on the upper surfa e.

To summarize, the BK model of multi onta t fri tion exhibits velo ity weakening

fri tion at low velo ities and vis ous fri tion at high velo ities. At low velo ities the
fri tion for e

an be explained by the sti k-and-slip motion of the solitarily moving
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blo ks; the fri tion for e

al ulated for a system in the solitary state reprodu es the

velo ity weakening fri tion for e measured in the BK model very well.

At higher

driving velo ities less and less blo ks move solitarily, and the fri tion enters the vis ous
regime in whi h the blo ks are following the upper surfa e at the same velo ity.

3.C.3 Chara terizing the stru ture of the solitary state
In the solitary state, the position of the blo ks must be stru tured in a very spe i
way. In this appendix we will study the stru ture of a solitary state in more detail. In
the solitary state ea h blo k moves a well dened distan e during a slip event, and the
motion of ea h blo k is periodi
thus periodi

boundary

parts of a system

in time. All blo ks must therefore be equivalent, and

onditions are required. Although we have shown that large

an move solitarily, even when open boundary

onditions are used,

or small temperature u tuations are allowed, here we will only fo us on a purely
solitary state, for a system with periodi

boundary

onditions at

T = 0.

Although the position of a blo k is the most natural variable when des ribing blo k
motion, to understand the solitary state it is more
on ea h blo k. After all, the

onvenient to study the stress

ondition for two blo ks to move solitarily is that at no

time two neighboring blo ks should have a for e in the same range
′
The for e F on a blo k an be dis retized into three regimes Fi ,

1−(1 + 2k2 )∆q
1−(1 + k2 )∆q
1−∆q
They

σi

≤ Fi ≤1 − 2k2 ∆q
≤ Fi ≤1 − k2 ∆q
≤ Fi ≤1

low,
medium,
high,

σi > 1 − k2 ∆q .

Fi′ = −1;
Fi′ = 0;
Fi′ = 1;

orrespond to a blo k that has just slipped, a blo k for whi h one neighbor

has slipped, and a blo k for whi h both neighbors have slipped and whi h itself is
about to slip, respe tively. In the high for e regime, the position of the upper surfa e
determines, via the spring

k1 ,

when the blo k will slip. Here we will

onsider only one

sequen e of slip events, and remember whi h blo ks have slipped and whi h have not.
In this dis retization the rules for the slip of blo ks are as follows

σi−1 → σi−1 +1
σi
→ −1
σi+1 → σi+1 +1

(3.45)

In Se tion 3.3 we mentioned that two blo ks in the high for e regime should be
separated by exa tly one blo k in the low for e regime and an arbitrary number of
blo ks in the medium for e regime. By using Eq. 3.45 on a few example

ongurations,

shown in Tables 3.1-3.3, we will explain why this is ne essarily the ase. We will always
start with blo k

i = 3 in the high for

e range, and pla e either zero, one or more blo ks

in the low for e position between blo k

i = 3 and its periodi

image. Blo ks that have

already slipped are marked in gray in Tables 3.1-3.3, and will not be allowed to slip
again.
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In Table 3.1 we start with a

onguration where we pla e no blo ks in the low

for e regime. The high for e blo k is only separated from its periodi
in the medium for e range.
from

i = 3,

image by blo ks

The high for e regime propagates in both dire tions

until both meet at

i = 6.

In this

onguration blo ks 5 and 6, or 6 and

1 would have moved at the same time, breaking the requirement for solitary motion.
In Table 3.2 two blo ks (i

=5

and

i = 1)

are pla ed in the low for e regime between

two blo ks in the high for e regime (in this

ase again blo k

i=3

and its periodi

images). After three slip events none of the blo ks are in the high for e range, and
three neighboring blo ks are in the medium regime. The motion of the upper surfa e
would

ause these three blo ks to rea h the high for e regime at some point, whi h

would again break the requirement for solitary motion. Adding even more blo ks in
the low for e regime gives the same results. Therefore, to be in the solitary state, two
blo ks in the high for e regime have to be separated by exa tly one blo k in the low
for e regime, as illustrated in Table 3.3.
For a

hain of

for e regimes.

N

blo ks there are

3N

In the following we will

ways of distributing the blo ks into the three
al ulate how many solitary

ongurations

there are for an innitely slow moving upper surfa e. There must be an even number

n of blo ks alternatingly having a for e Fi′ = 1 and Fi′ = −1. There are 2 Nn possible

t
t1
t2
t3
t4

i

1
2
3
4
5
0
0
1
0
0
0
1 −1
1
0
1 −1
1 −1
1
−1
0
1
0 −1

6
0
0
0
2

Conguration starting with one blo k (i = 3) in the high for e regime and the
rest in the medium regime. At t4 the for e on blo k i = 6 is twi e the stati fri tion for e,
and so either blo ks 5 and 6, or blo ks 6 and 1 will move at the same time.
Table 3.1:

t
t1
t2
t3

i

1
2
3
4
5 6
−1
0
1
0 −1 0
−1
1 −1
1 −1 0
0 −1
0 −1
0 0

Conguration starting with one blo k (i = 3) in the high for e regime, two
blo ks (i = 1 and i = 5) in the low for e regime and the rest in the medium regime. At t3
there are no blo ks in the high for e regime and neighboring blo ks 1, 5 and 6 are in the
medium regime. These three will move at the same time.
Table 3.2:
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ways to distribute

n

of these alternating blo ks, and so there are

N
X

 
N
2
n
n=even6=0
ways of

reating a solitary

(3.46)

onguration. The binomial theorem states that:

N  
X
N n−k k
x y .
(x + y) =
n
i=0
N

If we

hoose

x=1

and

y=1

then

N

N

(1 + 1) = 2 =

N  
X
N
i=0

and if we

hoose

x=1

and

(3.47)

y = −1

(3.48)

n

then

N  
X
N
(−1)n
(1 − 1) = 0 =
n
i=0
N

(3.49)

adding equations 3.48 and 3.49 gives

N

2 =

N  
X
N
i=0

and sin e we

n

n

1 + (−1)

n



annot have zero blo ks with for e

 
N
X
N
,
=2
n
n=even
Fi′ ± 1

(3.50)

there are

N
X

 
N
= 2N − 2,
2
n
n=even6=0

(3.51)

i
1
2
3
4
5
6
t
t1
0
0
1
0
0 −1
t2
0
1 −1
1
0 −1
t3
1 −1
1 −1
1 −1
t4
−1
0
1
0 −1
1
t5 = t1
0
0
1
0
0 −1
Table 3.3: Conguration starting with one blo k (i = 3) in the high for e regime, one blo k
(i = 6) in the low for e regime and the rest in the medium regime. At t5 the onguration
of t1 is retrieved and no blo ks have moved in on ert.
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ways of

reating a solitary

onguration. For large

urations de reases exponentially with the

N

the fra tion of solitary

ong-

hain length

2N − 2
≈ exp(−0.4N)
3N
whi h may explain why it takes mu h longer for larger

(3.52)
hains to rea h the solitary

state. It is remarkable that the solitary state readily spans systems as large as

32, 000,

N =

suggesting that the solitary state is not just a nite size ee t. In pra ti e,

with a nite upper surfa e velo ity

vs ,

the distan e between two

onse utive blo ks

in the high for e regime is limited by Eq. 3.16, and this distan e de reases with
in reasing

k2 .

This limits the amount of possible

ongurations for higher

k2 .

The

last requirement that further de reases the amount of solitary states is that the for es

k2 ∆q + vs δt apart,
as blo ks that slip in rease the for e on neighboring blo ks by k2 ∆q , and the motion
of the upper surfa e during this slip event in reases the for e by vs δt. This is another

on neighboring blo ks in dierent for e ranges should be at least

reason why in reasing the sliding velo ity de reases the amount of solitary states.
To illustrate the motion in the solitary state, in Figure 3.14 we show the time
evolution of part of a system in the solitary state for exa tly one period. Blo ks in the
high for e regime are shown in bla k, blo ks in the medium for e regime are shown
in gray, and blo ks in the low for e regime are shown in white. For

omparison the

for es at all these times are shown in Fig. 3.15.

Appendix 3.D Creating a solitary state
Although we know how to

al ulate the for es on the blo ks from their positions, and

we know the requirements on these for es for the system to be in a solitary state, we
do not yet know how to generate blo k positions that satisfy the solitary state. In this
Appendix we show how to generate a system in the solitary state by rst applying
the rules on the blo k for es, and then

al ulating the blo k positions by inverting

the equations of motion.
One

an easily

reate a system of for es in the solitary state, by following a few

simple rules. It is easiest to start with a blo k in the high for e regime.

•

After ea h blo k in the high for e regime the next blo k must either be in the
low for e regime, or in the medium for e regime with a for e

∆F = k2 ∆q + vs δt

less then the one in the high for e regime.

•

After ea h blo k in the low for e regime the next blo k must either be in the
high for e regime, or in the medium for e regime with a for e

∆F = k2 ∆q + vs δt

more then the one in the low for e regime.

•

In the medium for e regime it depends on whether you
low (a) or the high (b) for e regime.

ame from either the
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i
Algorithmi ally generated solitary state. (a) The for es Fi of the solitary
state, as des ribed in Se tion 3.D. Dashed lines denote the boundaries between the low,
medium and high for e regime. (b) The positions al ulated from the for es of (a), with
Eq. 3.57. The dashed line at qi = 0 is a guide to the eye.
Figure 3.13:

Parameters: γ = 0.5, k2 = 1, N = 100, vs = 0.005.



After ea h blo k,

oming from a low for e regime, the next blo k must

either be in the high for e regime, with a for e

∆F = k2 ∆q more then
∆F = vs δt higher.

this

blo k, or in the medium for e regime, with a for e



After ea h blo k,

oming from a high for e regime, the next blo k must

∆F = k2 ∆q less then
for e ∆F = vs δt lower.

either be in the low for e regime, with a for e
blo k, or in the medium for e regime, with a
After

reating a system of

N

this

for es, one must make sure that the solitary state

rules also apply when taking periodi
Fig. 3.13(a) we have used these rules,

boundary

onditions into

onsideration.

In

aptured in an algorithm, to generate a random

solitary state.
To use these rules to generate input for the numeri al integration of the equations
of motion (Eq. 3.7), one needs the positions, not the for es. How to determine blo k
positions from their for es is dis ussed in the following se tion.

3.D.1 Determining blo k positions from the for es
In Eqs. 3.53 to 3.57 we show in detail how to derive the positions
a distribution of the for es along the

orresponding to

hain that gives rise to solitary motion. For a
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t = 0.00

t = 6.61

t = 13.22

t = 19.83

t = 26.44

t = 33.05

t = 39.66

t = 46.27

t = 52.88

t = 59.49

t = 66.10

t = 72.71

t = 79.32

t = 85.93

t = 92.54

Snapshots of part of a system in solitary motion. Note that the time between
two slip events of the same blo k is ∆q/vs = 92.5. The bla k dots on the surfa es show the
relative position of the upper and lower surfa e. Blo ks are olored in order of in reasing
for e, with white blo ks experien ing the maximum negative for e, and bla k blo ks experien ing the maximum positive for e. A white ross denotes a blo k that is about to slip, a
bla k ross denotes a blo k that has just slipped, a bla k ir le denotes a moving blo k.
Figure 3.14:

Parameters: γ = 0.5, k2 = 1, N = 1000, vs = 0.005.
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15 snapshots of the for es σi in part of a system in solitary motion. The
for es orrespond to the positions shown in Fig. 3.14. Note that the time between two slip
events of the same blo k is ∆q/vs = 92.5.

Figure 3.15:

Parameters: γ = 0.5, k2 = 1, N = 1000, vs = 0.005.
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system in whi h all velo ities

q̇i

are zero, all the for es are given by

x − qi + k2 (qi+1 + qi−1 − 2qi ) = fn
k2 qi+1 + k2 qi−1 − (1 + 2k2 )qi = fn − x = fn′

(3.53)
(3.54)

This is the dis rete version of the Helmholtz equation

aq(x) − b

d

2

q(x)
= f (x),
dx2

whi h has solutions of the form

q(x) =

Z

∞

f (x′ ) exp(−α|x − x′ |)dx′ .

−∞

|i−j|
, where the value
j fj z
mined. Substituting the ansatz in Eq. 3.54 gives:
This inspires the ansatz

qi = A

P

z<1

is left to be deter-

n+1
i+n−1
i+n
X
X
X
fi
|i+1−j|
|i+1−j|
=k2
fj z
+ k2
fj z
− (1 + 2k2 )
fj z |i−j|
A
j=i−n+1
j=i−n−1
j=i−n
First we need to get rid of the absolute signs, therefore we split the sums in two parts:

fi
=k2
A

i+1
X

fj z i+1−j +

j=i−n+1

+ k2

i−1
X

All the sums have an

i

fj z j−i−1

j=i+2

fj z i−1−j +

i+n+1
X

i
X

j=i−n

fj z i−j +

fj z j−i+1

i+n
X

!

fj z j−i .

an take it out of the sum

n+1
1
X
fi
1X
fi+j z j
=k2 z
fi+j z −j +
A
z
j=2
j=−n+1

!

−1
n+1
X
1 X
−j
fi+j z + z
fi+j z j
z j=−n−1
j=0

− (1 + 2k2 )

0
X

j=−n

!

j=i+1

in the summation index. We

+ k2

!

j=i

j=i−n−1

− (1 + 2k2 )

i+n+1
X

fi+j z −j +

n
X
j=1

!
!

fi+j z j ,
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We give a minus sign to the summation index of all the summations running over a
negative index

n−1
n+1
X
1X
fi
fi−j z j +
=k2 z
fi+j z j
A
z
j=−1
j=2
n+1

+ k2

!

n+1

X
1X
fi−j z j + z
fi+j z j
z j=1
j=0

− (1 + 2k2 )

n
X

fi−j z j +

j=0

n
X

!
!

fi+j z j ,

j=1

and we sum all left parts the same way, as well as the right parts, and subtra t or
add the parts that were forgotten or added by the new summation index:

fi
=
A

! n
!


n
X
X
1
k2 − (1 + 2k2 )
fi−j z j +
fi+j z j
z+
z
j=0
j=1

1
+ k2 fi+1 − k2 fi+1 − k2 fi + k2 zfi
z
This equation is satised if


and be ause

1
z+
z



1 + 2k2
=
k2

⇒

√
1 + 2k2 ± 1 + 4k2
z=
,
2k2

z < 1:
√
1 + 2k2 − 1 + 4k2
z=
.
k2

(3.55)

If all the summations vanish, it is easy to see that:

A=

1
.
k2 (z − 1/z)

So to transform from for es to positions we need to

(3.56)

al ulate

i+n

X
1
qi =
fj z |i−j| .
k2 (z − 1/z) i−n
The a

ura y of Eq.3.57 depends on

double pre ision oating point
3.13(b) the positions

For

k2 = 1 and γ = 0.5 ma

hine pre ision (for

n = 40.

In Figure

al ulated from the for es of Fig. 3.13(a) are shown. The for es

shown in Fig. 3.13(a) and for es
are indistinguishable.

n.

al ulations) is rea hed at around

(3.57)

al ulated from Eq. 3.53 and the positions of 3.13(b)
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Illustration of bond per olation on a square grid. The solid lines denote
onne tions between grid points, and there is no onne tion between grid points if there
is a dashed line. A onne tivity parameter p determines the probability of a onne tion
between grid points. Above a riti al value pc of this parameter an innitely sized grid will
always have a spanning onne tion between the left and the right side, below this parameter
there will never be one. Around this parameter, nitely sized grids behave riti ally. Left:
standard per olation, both the upper and the lower path onne t the left and the right side.
Right: dire ted per olation. The onne tions an only be made in one dire tion, and so the
upper path does not onne t left to right, while the lower path does.
Figure 3.16:

Appendix 3.E An outlook on the BK model of multionta t fri tion; dire ted per olation
In this

hapter we have shown that the BK model of multi onta t fri tion exhibits a

solitary state for
be

k2 . 1.5

with

γ ≈ 0.5.

We have also shown that all observables

an

al ulated analyti ally in this solitary state. This is very useful sin e ma ros opi

observables of systems that are not in the solitary state, but are in this range of
parameters, are nonetheless very

lose to the ones we

an

al ulate from the solitary

state approximation. However, although we know everything about the solitary state
we are not yet able to fully understand it. In parti ular, the question remains how
a system ends up in the solitary state, and why the solitary state does not arise
spontaneously for

k2 ≫ 1.5.

We have partially answered this question at the end

of Appendix 3.C.3, by noting that for larger

k2

the demands on the for es be ome

stri ter. However, the existen e of a threshold value of
for e rules.

k2

does not follow from the

In this appendix we suggest that the answer to this problem

ould be

found in the relation with the model of dire ted per olation, illustrated in Fig. 3.16.
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Figure 3.5 shows that for low values of

k2 the solitary state spans the whole system,

while for high values the solitary state stays lo alized. This seems to suggest that
the transition from a
transition, where
of

k2

k2

olle tive state to a solitary state is

takes the role of the

omparable to a per olation

onne tivity parameter. If it exists, the value

below whi h an innitely large system will eventually rea h the solitary state,

and above whi h it will never do,

an then be identied as the

parameter in per olation theory, and the system should behave
parameter, with

riti al exponents that

riti al

onne tivity

riti ally around this

an be measured to identify its universality

lass.
Our model should be ompared to per olation in two dimensions, with the blo k index number as the rst dimension and time as the se ond. The fa t that the
state

olle tive

annot go ba k in time furthermore suggests that if ever, the Burridge-Knopo

model should be related to dire ted per olation. Dire ted per olation was proposed to
des ribe the ow of uids through a porous material, driven along a spe i
(see gure 3.16b). Below a

ertain

ally impermeable to uids, and in reasing the

onne tivity above this value

in reases the permeability to a nonzero value. In our
spontaneously from the
This suggests that the

dire tion

onne tivity, the porous material is ma ros opiriti ally

ase, the solitary state

an arise

olle tive states, but not vi e versa (at zero temperature).
olle tive state, depi ted as dark pat hes in Figure 3.5,

identied as the propagating uid. So the left panel of Fig. 3.5

an be

an be thought of as

an impermeable material, whereas the right panel depi ts a permeable material.
Although many systems seem to be examples of dire ted per olation, no experimental system has of yet been found that falls in the same universality
dire ted per olation. The BK model of multi onta t fri tion
Grassberger and Barkema [16℄ suggested that the
where the

ould be a

lass as

andidate.

al ulations reported in Fig. 3.8,

olle tive state is imposed at the open boundaries, has remarkable similar-

ities to a dire ted per olation system that is driven at the edges perpendi ular to the
ow dire tion. The size distribution of the depth of per olation from the sides should
be determined, and

ompared to

riti al surfa e exponents of a theoreti al dire ted

per olation model. Unfortunately we have not pursued this line of resear h, although
we feel it

ould be very interesting.
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lose to, the solitary state where the elements
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logarithmi ally in time. We show that our model
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Logarithmi relaxation due to minimization
of intera tions in the Burridge-Knopo
model
4.1 Introdu tion
The gradual return of

omplex systems, su h as spin glasses[1℄, stru tural glasses[2℄,

granular materials[3; 4℄, proteins[5℄ and mi rogel pastes[6℄, towards thermodynami
equilibrium is often anomalously slow. Ma ros opi

quantities des ribing this relax-

ation frequently exhibit a range of times where their time dependen e is logarithmi .
When subje ted to a

onstant, weak driving for e, the response of these

omplex sys-

tems, in luding biologi al materials, de ays logarithmi ally in time as well [7; 8; 9℄.
Both types of slow behavior are usually asso iated with thermally a tivated pro esses
limiting the rearrangement of the mi ros opi

onstituents. The behavior

an arise

either from the parallel relaxation of independent elements, or by a sequential series
of

orrelated

omplex events[10℄. When modeling their behavior, the

often[10; 11; 12℄, des ribed as elements

i

having an energy

ǫi

onstituents are

in their mi ros opi
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The Burridge-Knopo (BK) model. Blo ks of mass m are onne ted to neighboring blo ks by springs of spring onstant k2 and to the top plate by springs of spring
onstant k1 . The top plate is moved at a low onstant velo ity vs . Blo ks move when they
experien e a for e larger than the stati fri tion for e and stop again when their velo ity
with respe t to the bottom plate vanishes.

Figure 4.1:

ǫ′i < ǫi
ǫi , ∆Ei , or

state. The elements are separated from a more favorable state with energy

by an energy barrier ∆Ei , whi h they an over ome thermally. Energies
ǫ′i an all depend on the state of the surrounding elements ǫj6=i, and it is by these
ouplings that omplex intera tions are introdu ed into the models.
The exhaustion model is an example of a system displaying logarithmi
without

omplexity[12℄.

relaxation

It has nonintera ting elements distributed in su h a way

that all values of the energy barriers are equally likely.

The o

urren e of su h a

distribution of energy barriers is regarded as very arti ial.
The Burridge-Knopo[13℄ (BK) model with vis ous damping has been studied
as an appropriate model for sliding fri tion in the boundary lubri ation regime[14℄.
At nite temperature it displays logarithmi

stress relaxation over a range of times

[14℄, with a behavior similar to that found for models with hierar hi ally
dynami s[11℄. We have shown in Chapter 3 that, when driven at a

onstrained

onstant velo ity,

this version of the BK model rea hes a solitary state where the model's elements
move independently [15℄. Here we will show that the BK model displays logarithmi
relaxation when its elements behave almost independently. The solitary state displays
strong analogies to the exhaustion model, with the dieren e that the for e a ting on
the elements before they slip, and not the energy barriers, are all equally likely. By
introdu ing an automaton model whi h is exa t for the solitary state, we
the stress relaxation over an extended time span. The results

an follow

an be interpreted by

mapping the automaton onto a simpler system of nonintera ting elements subje ted
to an almost uniform distribution of for es. Analyti al results

an be derived for this

simpler system.
This

hapter is organized as follows. In Se tion 4.2 the dynami s of the BK model

is reviewed.

In Se tion 4.3 we examine the stress relaxation at nite temperatures

(i) by full simulations, (ii) by an exa t automaton model, and (iii) by approximate
analyti al derivations based on a simplied version of the automaton. A summary and
on lusions are given in Se tion 4.4. Details of the analyti al derivations are given in
Appendix 4.A.

47

4.2 The BK model of multi onta t fri tion

4.2 The BK model of multi onta t fri tion
The stati

fri tion for e between two surfa es is dened as the amount of lateral for e

that has to be applied for the surfa es to start sliding.
found to be approximately twi e the dynami

Experimentally it is often

fri tion for e, the for e needed to keep

the surfa es in relative motion[16℄. Both the stati

and dynami

depend linearly on the for e perpendi ular to the

onta t surfa e, a nding

Coulomb or Amonton law. Mi ros opi ally the real
is only a fra tion of the ma ros opi

area of

fri tion for e usually
alled the

onta t area between two surfa es

onta t, either be ause of

ontaminants

between the surfa es, or be ause of the roughness of the surfa es. The real

onta t

area is approximately linear with the perpendi ular load for e, yielding the linear
dependen e of the fri tion for es on load[17℄. As the surfa es slide, the for e in reases
at the

onta t points. This in rease

is rea hed, and the

ontinues until the stati fri tion for e of a

onta t breaks or slips. A breaking or slipping

potential energy stored in it, and qui kly new
is low enough, only a tiny fra tion of the
breaking. In this

ase, the

mostly due to the stati

onta t

onta t releases the

onta ts are made. If the sliding velo ity

onta ts are in motion or in the pro ess of

ase of multi onta t fri tion, the dynami

fri tion for e pinning the mi ros opi

fri tion for e is

onta ts.

The BK model (Fig. 4.1) is a model for this type of fri tional systems.

It was

introdu ed to des ribe the dynami s of earthquake faults[13℄, but later adapted to
des ribe multi onta t fri tion[14℄. Slowly the top plate moves at a

ẋ = vs ,

and in doing so in reases the for e via springs of spring

blo ks of mass

m,

representing the mi ros opi

to the top plate at xed distan es
are denoted by

xi = x + iD ,

D.

damping

on

N

onne ted

Their points of atta hment on the top plate

while their positions are expressed by

intera tion between the

damped by a vis ous for e

k1

onstant

onta ts. The blo ks are

onne ted to their rst neighbors by springs of spring
elasti

onstant velo ity

onstant

qi .

k2 ,

All blo ks are

representing the

onta ts. Furthermore, when in motion, the blo ks are

−2mγ q̇i ,

where

q̇i

is the velo ity of blo k

i

and

onstant. The damping allows for the dissipation of energy as the

γ

is the

onta ts

move. The total for e experien ed by a blo k is

σi = k1 (xi − qi ) + k2 (qi−1 − qi ) + k2 (qi+1 − qi ) − 2mγ q̇i
= k1 xi − (k1 + 2k2 )qi + k2 (qi−1 + qi+1 ) − 2mγ q̇i .
The blo ks are an hored to the bottom immobile plate by a stati
size

σs . Due to the stati fri tion, blo
σi ≥ σs , and stop on e their velo

for e

a blo k is moving or not, is

hi ≡
For

0
1

if

fri tion for e of

ks start to move only when they experien e a

q̇i = 0.
quantity hi

ity vanishes again, i.e., when

hara terized by the dimensionless



(4.1)

q̇i = 0

otherwise

(pinned)
(moving).

onvenien e we shift the positions of the blo ks by

∆qi = iD ,

Whether

(4.2)

and s ale them by
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1.0

σ̄

0.5

0.0

0.0

0.1

0.2

2.0

104 t

2.1

2.2

Mean for e σ̄ as a fun tion of time, for a system with N = 10 000 blo ks,
k2 = 1, γ = 0.5, driven at vs = 0.005 at a temperature kb T = ǫ/16.7[18℄. The quantity ǫ is
dened in Eq. 4.6. Noti e the gap in time indi ated by verti al lines. At t = 2 × 104 the top
plate is stopped (vs = 0), and the for e relaxes approximately as a logarithm of time.
Figure 4.2:

σs /k1 .

We s ale time by

sionless

p

m/k1

and for es by

σs ,

so that Eq. 4.1 be omes dimen-

σi = x − ω02 qi + k̃2 (qi−1 + qi+1 ) − 2γ̃ q̇i ,
p
2
m/k1 . From now on we will only
where ω0 = 1+2k̃2 , k̃2 = k2 /k1 , and γ̃ = γ

(4.3)
onsider

dimensionless quantities and will omit the tilde. Note that due to the normalization,
the stati

fri tion for e is

σs = 1.

To simulate the motion of the blo ks, we integrate

their dimensionless equations of motion

where


q̇i (t)q̇i (t + dt) < 0
 0,
1,
σi (t + dt) ≥ 1
hi (t + dt) =

hi (t), otherwise

(4.4)

(4.5)

hi (t + dt) = 0, q̇i (t + dt) is set
dt = 0.005. The initial
positions qi (0) are hosen from a uniform random distribution qi (0) = [−0.005, 0.005];
furthermore, x(0) = 0 and q̇i (0) = 0. We use periodi boundary onditions. To
des ribe realisti sliding systems, we hoose k2 = 1 and γ = 0.5 as was suggested in
Ref. [14℄. Initially we drive the system at vs = 0.005. At this velo ity the individual
with

dt



q̈i = hi x − ω02 qi + k2 (qi+1 + qi−1 ) − 2γ q̇i ≡ hi σi ,

the time step of numeri al integration.

If

to zero. We use a fourth-order Runge-Kutta algorithm with

blo ks move only a small fra tion of the time.
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0.16
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4
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10 t
Figure 4.3:
Blo k velo ity as a fun tion of time t [(a) short times, (b) long times℄, and
blo k index i in a system of N = 100 blo ks, k2 = 1, γ = 0.5, T = 0, driven at vs = 0.005.
Gray s ale denotes velo ity: when white, the blo ks do not move, when dark, the blo ks are
in motion. Note that blo ks move only a fra tion of the time. Insets zoom in on part of the
graph. (a) Initially blo ks move in on ert; slipping blo ks drag their neighbors along. The
horizontal bla k lines of blo ks i and i + 1 overlap partially, resulting in wide diagonal lines
in this plot. (b) Eventually the blo ks are in the solitary state. Velo ities of neighboring
blo ks do not overlap, although they are orrelated. As a onsequen e, the diagonal lines
appear as dashed. Note that in the solitary state (b) the prole is periodi in time, whereas
the prole in (a) is not.

In Fig. 4.2 the mean for e

σ̄

is shown for a typi al simulation.

start driving the top plate at a velo ity
top plate.

vs ,

and at

t = 20 000

At

t = 0

we

we stop driving the

Initially the blo ks do not exert mu h for e on their neighbors, as they

are positioned at almost equal intervals along the plate; almost all the for e a ting
on the blo ks is due to the motion of the top plate and the for e a ting on all the
blo ks is approximately equal.

As the top plate moves forward,

nearly simultaneously, all blo ks start to move when

σi = 1.

σi

in reases until,

All blo ks stop almost

simultaneously as well. Su h sudden movement of one or more blo ks is
event. Motion through su h

k2 ,

alled a slip

olle tive slip events is not stable for moderate values of

and the distribution of for es

P (σ) widens

progressively until at some point, at all

times, approximately the same small fra tion of blo ks is moving while the others are
at rest. This is illustrated in Fig. 4.2, where the initial sawtooth behavior of the mean
for e
o

σ̄

a ting on the blo ks settles in time roughly to a

onstant.

The relaxation

urring when the driving plate is stopped is des ribed in Se tion 4.3.
In Chapter 3 we have shown that for

k2 . 1.6

and

γ ≈ 0.5

the blo ks evolve
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to solitary motion. In solitary motion a blo k
motionless throughout the motion of blo k
driven BK model at
between

i

i.

moves while its rst neighbors stay
In Fig. 4.3 the velo ity prole of a

T = 0 is shown at short and long times to illustrate the dieren

olle tive and solitary motion.

e

At short times the motion of neighboring

blo ks overlaps, as illustrated by the broad diagonal lines in the velo ity prole. At
long times in the solitary state, the motion of one blo k is always separated in time
from both of its neighbors. There are still diagonal lines in the prole, but they appear
as dashed.

4.3 Stress relaxation at nite temperature
At low enough driving velo ities and high enough temperatures the
two surfa es

fri tion for e. Blo ks
energy blo k

i

an start moving while

ǫ

σi < 1.

Following Persson[14; 15℄, the

needs to gain by thermal u tuations before it

∆Ei = ǫ(1 − σi2 )
where

onta ts between

an break due to thermal u tuations before they experien e the stati

with

an slip, is given by

ǫ = 1/2ω02,

is the maximum size of the energy barrier. The probability

slips (i.e., over omes the energy barrier) within a time

dt

(4.6)

wi dt

that blo k

is assumed to be

wi dt = ν exp(−β∆Ei )dt,
where

ν

mann

is an attempt frequen y

onstant.

β = 1/kB T , T

i

the temperature, and

(4.7)

kB

the Boltz-

In pra ti e, nite temperature is simulated by drawing a random

ri < wi dt, where dt is
hi = 1.
In Chapter 3 we showed that the solitary state is stable for temperatures kB T < ǫ/30,
and still dominates the dynami s at kB T < ǫ/15.
number

ri = [0, 1] at ea

h integration step for ea h blo k, and if

the step of integration, the stati

fri tion for e is de reased to zero by setting

After we stop driving a system that is in the solitary state, only thermal u tuations

an

ause blo ks to slip, even though the blo ks that are moving at that time

will nish their motion.
logarithmi

Persson has found that relaxation of the average for e is

over a range of times[14℄. In Fig. 4.2 the relaxation of the mean for e is

shown, after the upper surfa e is stopped. The fa t that the relaxation has a logarithmi

part makes it espe ially hard to study with

onventional simulations. While

the relaxation slows down ea h order of time, the integration time step has to be kept
onstant. We

an, however, make use of the knowledge of the solitary state to extend

our analysis over many de ades of time, allowing us to follow the logarithmi

time

behavior even for low temperatures.
In Chapter 3 we

al ulated the distan e a blo k moves in the solitary state. We

showed that a blo k experien ing a for e
a distan e

∆q(σinit ) =

σinit

at the moment it starts to move, moves

σinit
{1 + exp (−γπ/ω)} ≡ σinit ∆qmax
ω02

(4.8)
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0.0
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1.0

−0.5

0.0

σ

0.5

1.0

σ

The distribution of for es during relaxation after (a) t ≈ 101 , (b) t ≈ 106 , ( )
t ≈ 1014 and (d) t ≈ 1023 , al ulated by applying the automaton rules dened in Eq. 4.11
and the pro edures as dened in the text. The thi k bla k line denotes the distribution at
the given time, the thin gray lines denote the distribution at the three other times. Note
that the maximum for e in the distribution de reases with in reasing time and that the
distribution be omes peaked around σ = 0. N = 10 000 k2 = 1, γ = 0.5, kB T = ǫ/66.7.
Figure 4.4:

in a time

π
δt =
ω

with

q
ω = ω02 − γ 2

(4.9)

before its velo ity vanishes and it sti ks again. The for e after the blo k has slipped
is given by

σafter = σinit − ω02∆q(σinit ) = σinit 1 − ω02 ∆qmax
and the slip of blo k

k2 = 1, γ = 0.5,
σafter ≈ −0.38σinit .
For

i



(4.10)

k2 ∆q(σinit ).
≈ 0.46, δt ≈ 1.9,

in reases the for e on the neighboring blo ks by

and

σi = 1

these quantities evaluate to

∆qmax

Sin e in the solitary state blo ks do not move at the same time as their neigh-
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an use this knowledge to

onstru t an automatonlike model to des ribe the

relaxation of the mean for e in the solitary state after the drive is removed. In this

σi

automaton model the blo ks are represented only by the for es
The motion of blo k

i

a ting on them.

is represented by an instantaneous de rease of the for e a ting

on it, and an in rease of the for e a ting on its neighbors

σi−1 → σi−1 + k2 σi ∆qmax ,
σi+1 → σi+1 + k2 σi ∆qmax ,
σi
→ σi
− (1 + 2k2 )σi ∆qmax .

(4.11)

With the drive removed, the motion of blo ks in the solitary state is

ompletely

y le, we take N
wi dt from Eqs. 4.6 and 4.7, and apply the rule
k with ri < wi dt. As an initial ondition for the automaton we

thermally a tivated. As for the full simulation at ea h automaton
random numbers

ri = [0, 1],

of Eq. 4.11 for ea h blo
use the for es

σi

al ulate

of a full simulation at the time we remove the drive. However, sin e

a fra tion of the blo ks is still in motion at the time the upper plate is stopped, we
rst

omplete the motion of these blo ks at zero temperature before using the for es

as the initial state of the automaton. We
automaton
ea h

y les so that we

an

an tune the interval between

hoose the average number of blo ks

n

onse utive
that slips at

y le

n
dt =
N w̄
As the average for e de reases,
the time step a

⇒
w̄ de

n
w̄dt = ,
N

N
1 X
wi .
w̄ =
N i

reases and the interval

dt in

(4.12)

reases. By in reasing

ordingly, this method keeps the amount of blo ks

n that move at ea

h

step approximately onstant. This makes the omputational ost of al ulating the full
relaxation

urve by the automaton model temperature independent, and allows us to

al ulate exponential simulation time roughly in linear omputer time. A smaller
results in a smoother de ay at a higher omputational ost. The automaton is a
on time s ales larger than the typi al duration of a slip event
of

n

should be a small fra tion of

N

δt of Eq.

n/N

urate

4.9. The value

to provide good time and for e resolution.

In Fig. 4.4 we show the distribution of for es at the moment the top plate is
stopped and at various stages during the relaxation. The maximal for e in the distribution de reases with in reasing relaxation time. The
distribution is

onsequent narrowing of the

ompensated by the in reased probability around

σ = 0.

This sug-

gests that only blo ks experien ing the maximal for e in the system have a signi ant
probability to slip. In the limit of extremely low temperature only blo ks experien ing
the maximal for e have a non negligible probability to slip as a

onsequen e of the

exponential behavior given in Eq. 4.7.
In Fig. 4.5 we show the distribution of the for e
before a thermally ex ited slip o

urs. It is

ea h blo k that slips for the rst

N

peaked around

σinit = 1

σinit

a ting on ea h blo k just

reated by measuring the stress a ting on

slip events. The distribution

P (σinit )

initially is

and progressively be omes more uniform, extending to lower
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2.0

Pinit(σ)

1.5

1.0

0.5

0.0

−0.5

0.0

0.5

1.0

σinit
The distribution Pinit (σ) of for es σinit a ting on blo ks just before they slip,
for the rst 10 000 slip events in the simulation of Fig. 4.4. Note that this distribution
resembles a uniform distribution, while the distribution in Fig. 4.4 has a highly peaked
nature. N = 10 000 k2 = 1, γ = 0.5, kB T = ǫ/66.7.

Figure 4.5:

stresses, as more blo ks slip. It is mu h smoother than the one shown in Fig. 4.4 and
is approximately uniform for
As blo k

i

σinit & 0.25.

slips, the for e on its neighbors in reases so that there is a

ontinuous

supply of blo ks near the maximum for e in the distribution.

From Eq. 4.11 it is

lear that the net result on the average for e is a de rease of

∆σ̄ = −σi ∆qmax /N ,

proportional to the for e
that the

σi,init

σi,init

experien ed by a blo k just before it slips. The fa t

is rather uniform suggests a simplied des ription of the relaxation.

Instead of advan ing the automaton (Eq. 4.11), we study the relaxation of the for e on
blo k

i only, resulting from a uniform distribution.

This is a reasonable approximation

be ause the distribution of Fig. 4.5 that we represent as uniform already a
the ee t that slip of blo k

i

ounts for

has on its neighbors. This simplied automaton relaxes

under the rule

σi,init

→

σi,init − σi,init ∆qmax .

A further simpli ation allowing analyti al results is to assume

(4.13)
omplete relaxation

for ea h slip, namely,

σi,init
From Eq. 4.7 the probability

πi

that blo k

→
i

0

has not yet slipped after a time


πi (t) = exp(−wi t) = exp − νt exp(−βǫ(1 − σi,init )) .

The fra tion of blo ks

n̄(t)/N

(4.14)

that have not yet slipped after a time

t

is
(4.15)

t

after the top
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plate was stopped is given by

N

n̄(t) X
=
πi (t)Pinit (σi,init )
N
i=1
=

N
X

(4.16)

2

Pinit (σi,init )e−νt exp(−βǫ[1−σi,init ]) .

(4.17)

i=1

σ̄(t)

Consequently the average for e

σ̄(t) =

N
X

at time

t

is given by

2

σi,init Pinit (σi,init )e−νt exp(−βǫ[1−σi,init ]) .

(4.18)

i=1

If we assume

N ≫1

we

an safely repla e the sum over

σ̄(t) =

Z

∞

σi,init

by an integral over

2

σPinit (σ)e−νt exp(−βǫ[1−σ ]) dσ,

σ,

(4.19)

−∞

and integrate Eq. 4.19 numeri ally. We
in Fig. 4.5, or we
over

an either use the true form of

Pinit (σ) given
Pinit (σ) = 1

an approximate it by a uniform distribution of for es

0 ≤ σi,init ≤ 1;
σ̄(t) =

1

Z

2

σe−νt exp(−βǫ[1−σ ]) dσ.

(4.20)

0

We

an write Eq. 4.17 in a similar fashion

n̄(t)
=
N

Z

1

2

e−νt exp(−βǫ[1−σ ]) dσ.

(4.21)

0

Approximations of Eq. 4.20 for short, intermediate, and long times are derived in the
appendix A. At short times the relaxation is given by

 
1
1 
lim σ̄(t) = −
1 − exp(−βǫ) νt .
t→0
2 2βǫ

Sin e at low temperatures

exp(−βǫ) ≈ 0,

the for e does not relax

(4.22)

onsiderably at

short times. For long times, the relaxation is proportional to

lim σ̄(t) ∝ exp(−νt exp(−βǫ)).

t→∞

(4.23)

whi h gives an indi ation of how long it approximately takes for the system to fully
relax,

t ≈ exp(βǫ)/ν .

The most interesting regime is at intermediate times, where the relaxation is logarithmi

σ̄(t) ≈


1
1 
γ̂ + log(νt) ,
−
2 2βǫ

(4.24)
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is the Euler-Mas heroni

onstant

γ̂ ≈ 0.577.

In Ref. [14℄ Persson derives Eq. 4.24, albeit without the additive

γ̂ ,

onstant

by

making two assumptions that we have not needed in our derivation. First, the assumption that the energy barrier

an be expanded linearly in terms of

se ond, that the fra tion of blo ks

n/N

ξ = 1 − σ,

and

that have not yet slipped is proportional to

the mean for e a ting on the blo ks. On the ontrary, for very low temperatures, we
2
an show that σ̄ ∝ n̄ . At extremely low temperatures only the blo k experien ing
the maximal for e has a non negligible probability to slip. In this

ase we

that the blo ks slip in order of de reasing stress, mu h like in the driven

an assume

T =0

ase,

but with exponentially in reasing intervals between

onsequent blo k slips. Consider
PN
a system of N for es σi = 0, 1/(N − 1), . . . , 1, so that
i=1 σi /N = 1/2, relaxing
under the rule of Eq. 4.14. The mean for e at a time where n blo ks have not yet
slipped is

σ̄(n) =

n
1 X (i − 1)
n(n − 1)
n2
=
≈
.
N i=1 (N − 1)
2N(N − 1)
2N 2

(4.25)

By automaton simulations implementing Eq. 4.14, we found that Eq. 4.25 holds rea-

kB T . ǫ/15

sonably for temperatures
In Fig. 4.6 we

and be omes nearly perfe t at

kB T . ǫ/60.

ompare the dierent methods and approximations for

the stress relaxation

σ̄(t).

All

urves are s aled by

σ̄(t = 0).

al ulating

While the results of the

automaton al ulations (Eq. 4.11) are perfe tly in agreement with the full simulations,
the analyti al approximation of Eq. 4.20 is not. This is due to the fa t that
is not a truly uniform distribution.

If instead we integrate Eq. 4.19 using

Pinit (σ)
Pinit (σ),

the agreement between the numeri al integration and the result of the automaton
al ulations greatly improves, as shown in Fig. 4.6b.
Eq. 4.11 gives a very a

We note that the automaton

urate representation of the relaxation. The assumption of

the simplied automaton of Eq. 4.14 that negle ts the intera tions with the neighbors
and assumes

omplete stress relaxation during a slip event, works very well.

4.4 Summary and on lusions
In this

hapter we have studied the stress relaxation in a BK model within three

in reasingly simplied models, by assuming that the system relaxes from the solitary
state. (i) A full

ontinuum

al ulation for the dynami s and relaxation of a driven

BK model as a referen e system. This approa h allows us to study the system up
5
to t ∼ 10 . (ii) An exa t automaton (Eq. 4.11) for the solitary state, whi h uses the

distribution of the full

ontinuum

al ulation given in Fig. 4.4a, as the initial state, to

be able to study the relaxation over many more de ades. The agreement between the
exa t automaton and the full dynami al simulations is very good at all temperatures,
also when the a tual dynami al model is not in the solitary state[15℄. Furthermore,
we show that although the stress of three blo ks

hanges due to the slip of only one

blo k, the redu tion of the average stress depends only on the for e a ting on the
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1.0
(a)

(b)

σ̄(t)/σ̄(0)
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t
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20
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10

t

Comparison of the dierent methods to al ulate the stress relaxation for
dierent temperatures. All initial ongurations are taken after a t = 20 000 simulation
with k2 = 1, γ = 0.5, vs = 0.005, N = 10 000. All urves are s aled to σ̄(t = 0). Curves
from left to right for de reasing temperatures, kB T = ǫ/4.2, kB T = ǫ/8.3, kB T = ǫ/16.7,
kB T = ǫ/33.3, kB T = ǫ/50, kB T = ǫ/66.7, respe tively. (a) The thi k bla k line up to
t = 2 × 105 denotes the stress relaxation al ulated by the full integration of the equations of
motion. The thin gray line denotes the al ulation of the slip of 2N blo ks, by the automaton
of Eq. 4.11 started using the same onguration of for es as the full simulation. The dotted
bla k line is the numeri al integral of Eq. 4.20. (b) The thin gray line denotes the automaton
al ulation reported in (a). The dotted line is the numeri al integral of Eq. 4.19, with the
a tual Pinit (σ) al ulated over 2N automaton slips (see Figure 4.5).
Figure 4.6:

moving blo k just before it slips. From the results of this automaton we
the distribution of for es at the moment a blo k slips (Pinit (σ), Fig. 4.5).
simplied automaton (Eq. 4.14) based on the distribution

Pinit (σ),

onstru t
(iii) A

whi h we do not

solve numeri ally, but we use as inspiration for an approximate analyti al solution.
Consequently we have been able to des ribe the time dependen e of the mean of this
distribution by an integral that

an be

al ulated analyti ally for short, intermediate

and long times if we assume that this statisti al distribution is uniform. The analyti al
results in these three regimes are very similar to the one des ribed in Ref. [11℄ to
des ribe hierar hi ally

onstrained systems by means of very dierent assumptions.

Intuitively the stress relaxation of the strongly

onne ted elements of the BK model

seems to indi ate a stress relaxation that is dominated by the intera tion between the
elements. In this respe t, the BK model an also be viewed as hierar hi al

onstrained

be ause blo ks in rease the for e on their neighbors when they slip, in reasing the

4.4 Summary and
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probability that their neighbors will slip as well. However, the logarithmi

relaxation

has its origin in the fa t that, in the relevant range of parameters, the elements

an

essentially be des ribed as independent and their stress distribution as uniform.
Our results show that an alternative route to logarithmi

relaxation is the o

ur-

ren e of lo alized events of individual elements due to a uniform distribution of for es.
These results are not against the idea that slow relaxation is
systems, the

omplexity being

hara teristi

of

omplex

ast in the equal likeliness of all values of the for es

a ting on ea h blo k rather than in the detailed intera tions with the other elements
of the system.
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Supplementary material
Appendix 4.A Analyti al approximations of the
stress relaxation
By making the substitution as in Ref. [11℄,

η = νt exp(−βǫ[1 − σ 2 ]), ⇒ dσ =
we

1 dη
,
2βǫσ η

(4.26)

an estimate the relaxation of the fri tion for e at short, intermediate, and long

times after we have stopped driving the upper surfa e, by rewriting Eq. 4.20 as

1
σ̄(t) =
2βǫ
For very short times
negle ted with respe
order in

η

t ≈ 1/ν
t to 1/η .

νt

νt exp(−βǫ)

dη −η
e .
η

(4.27)

the exponential in the integral of Eq. 4.27
We

an be

an expand the exponential of Eq. 4.27 to rst

and integrate to give

lim σ̄(t) =
t→0

When

Z

t ≫ exp(βǫ)/ν ,



1
1 
1 − exp(−βǫ) νt + O(t2 ) .
−
2 2βǫ

i.e., for long times, the exponential on the r.h.s. of Eq. 4.27

de ays mu h faster than

1/η .

We

an roughly approximate Eq. 4.27 by

Z νt
dη
1
e−η
lim σ̄(t) ≈
t→∞
2βǫ νt exp(−βǫ) νt exp(−βǫ)
i
exp(βǫ) h
=
exp(−νt exp(−βǫ)) − exp(−νt)
2νtβǫ
exp(βǫ) exp(−νt exp(−βǫ))
.
≈
2βǫ
νt
For very long times

t

(4.28)

this is proportional to

The solution for intermediate times

exp(−t/τ )

with

(4.29)

τ = exp(βǫ)/ν .

an be found by integrating Eq. 4.27 in parts

su h that

1
[log(η) exp(−η)]νt
νt exp(−βǫ)
2βǫ
Z νt
1
log(η) exp(−η)dη.
+
2βǫ νt exp(−βǫ)

σ̄(t) =

(4.30)
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Evaluating the rst part of Eq. 4.30 gives



1 
−νt
−βǫ
−βǫ
log(νt)e − log νte
exp −νte
2βǫ

1
log(νt) exp(−νt) − exp −νte−βǫ
=
2βǫ

1
+ exp −νte−βǫ
2
1
1
log(νt),
≈ −
2 2βǫ
where the approximation is valid when
For

1/ν ≪ t ≪ exp(βǫ)/ν ,

exp(−νt) ≈ 0

and

the last term of Eq. 4.30

exp(−νte−βǫ ) ≈ 1.

an be approximated as

Z νt
1
log(η) exp(−η)dη
2βǫ νt exp(−βǫ)
Z ∞
1
γ̂
≈
log(η) exp(−η)dη = −
2βǫ 0
2βǫ
with

γ̂

the Euler-Mas heroni

onstant

γ̂ ≈ 0.577.

(4.31)

(4.32)

Summing Eqs. 4.31 and 4.32, results

in the most important result of the Appendix,

σ̄(t) ≈


1 
1
γ̂ + log(νt)
−
2 2βǫ

(4.33)
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5
Phase transition by nu leus growth
5.1 Phases of liquid rystals
One of the major dieren es between the phases of matter su h as gas, liquid or
solid, is the amount of freedom the parti les have. In a gas the parti les

an move

freely within the whole system volume, and there is hardly any preferential separation
between them. In liquids the parti les

an still move anywhere within the system, and

as su h, have not lost the freedom of position, however, in a liquid the parti les stay
losely together and hen e have lost the freedom of relative position. A solid has lost
almost all this freedom. Its

onstituents

an only move inside a small

age

reated by

the neighbors. The statisti al me hani al quantity des ribing this type of freedom in
a system is the entropy, the quantity that
system kept at a

∆S =
where

∆S

is the

hanges when we reversibly add heat to a

onstant temperature

hange in entropy,

temperature at whi h we do this.

∆Q

∆Q
T

(5.1)

is the heat added to the system and

T

the

When a rst-order phase transition takes pla e

between two phases that have dierent entropies at the transition temperature, the
hange of entropy is a

ompanied by what is known as the latent heat. For example,

when sweat evaporates, it

hanges from a liquid to a gas, in reasing its entropy. This

in rease in entropy must be
thereby

ompensated by extra ting heat from the environment,

ooling your body down.

Besides losing spatial freedom, a parti le
This is often the

an also loose orientational freedom.

ase with mole ules that are far from spheri ally symmetri , su h

as rod-like or dis -like mole ules. Some of these form materials that are

alled liquid

rystals. Be ause of their anisotropy they have many liquid phases, that all, ex ept
one, have some sort of

rystalline order, when e the name liquid

rystal. If the liquid

rystalline order is a fun tion of the temperature, then the liquid
thermotropi .

rystal is

Let us look at the typi al phases of a rod-like thermotropi

alled
liquid
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rystal.

At high temperatures the rods

an move anywhere within the system and

do not have any parti ular orientation, this purely liquid phase is
phase[2℄. At lower temperatures phases with several types of
In the nemati

alled the isotropi

rystalline order exist.

phase the parti les have lost only their orientational freedom, all rods

are more or less aligned, but they

an still be found anywhere within the system.

The sme ti

phase removes one of the spatial freedoms; mole ules are aligned like in

the nemati

phase, but they are also ordered in layers. There

an be more than one

sme ti

phase, that dier in the angle between the layers and the mole ule orientation.
◦
If the angle between the long axis of the mole ule and the layers is 90 the phase is
alled Sme ti

A, if the angle is dierent, the phase is

slightly more ordered.

alled Sme ti

B, whi h is

Higher order sme ti s do exist, in whi h there is ordering

between the layers (one layer tilting in one dire tion, the other in the other dire tion).
In

olumnar phases the liquid

phase, but they form sta ks or

rystal mole ules do not form layers as in the sme ti
olumns of mole ules that then form several types of

two-dimensional latti es. Finally, in the

rystalline phase, the rods are

onned to a

latti e position, and have lost all, or most, of their orientational freedom.
In a pure sample the transition from an isotropi
an o

ur in two ways. If the isotropi

phase is

temperature then spinodal de omposition o
isotropi

liquid to a nemati

ooled below the so

urs.

liquid

rystal

alled spinodal

In this temperature regime the

phase is unstable, and so spontaneously, all mole ules align into domains

with a similar orientation.

However, be ause there is no initial preferential orien-

tation, these domains are not aligned amongst themselves, and the reorientation of
these domains into one large nemati
the isotropi

phase is

an take quite some time. If, however,

ooled below the transition temperature but above the spin-

odal temperature, then the isotropi
only o

domain

ur through nu leation.

phase is metastable, and a

In this

ase the nemati

hange of phase

an

phase grows from one or

several approximately spheri al domains of ordered mole ules surrounded by the still
unaligned isotropi

phase. The rate at whi h these spheri al domains grow depends

on the temperature at the edge of the domain. However, the
edge

auses latent heat that

an slightly

hange of phase at this

hange this temperature.

In this hapter I introdu e the on epts that one needs to study nu leus growth theoreti ally by using thermodynami
to the spheri al growth of nemati

dierential equations. I will apply these equations
order from an isotropi

melt, as an introdu tion

to Chapter 6.

5.2 Order parameters
Entropy is often not the most suitable parameter to des ribe a phase, espe ially when
studying a very spe i
one
is

transition between two phases. In a transition between phases

an often identify one spe i

property, that one

alled an order parameter (here denoted by

phases, and that is present in the other.

m),

an des ribe by means of what

that is not present in one of the

The order parameter is then zero in the
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rst phase, whi h will be

alled the disordered phase, and nonzero in the other, the

ordered phase. For instan e, in the transition from the isotropi
phase of a rod-like liquid

rystal the orientation

hanges from

phase to the nemati
ompletely random, to

more or less aligned. The order parameter that is usually taken to des ribe the order
in the nemati

phase, is a tensor[1℄

Qαβ
where

ûi

N
1 X3
1
=
ûiα ûiβ − δαβ
N i=1 2
2

is the unit dire tion ve tor of mole ule i, and

In the next

m=
h·i

is the number of mole ules.

hapter we will not take the dire tion of ordering into a

will use the simpler, s alar version of the nemati

where

N

(5.2)



ount, and we

order parameter

3 cos2 (θ) − 1
2



,

(5.3)

denotes an average over the parti les in the system, and

θ

is the angle of a

parti le with respe t to the average orientation of the parti les in the system.

θ=0

therefore means that the parti le is exa tly aligned with the average orientation, and if

m = 1. If the parti les are randomly oriented,

 Z π
3 cos2 (θ) − 1
3 cos2 (θ) − 1
m=
(5.4)
=
sin(θ)dθ = 0
2
2
0
the isotropi phase, and 0 < m ≤ 1 in the nemati phase, with m = 1

all parti les are perfe tly aligned, then
then

So

m=0

in

1

des ribing a perfe tly aligned, nemati

phase .

If the transition from the isotropi
growth, then the nemati

phase to the nemati

phase o

urs via nu leus

order parameter is a non onserved order parameter. The

total order, dened by the integral of the order parameter over the system volume

V,

steadily

nemati

hanges from zero in the isotropi

phase, to

V

in a perfe tly aligned,

phase. In other phase transitions instead, the order parameter is

namely lo ally the order

hanges, but the total order is

onserved,

onserved. For example, at

high temperatures some oils

ompletely mix in water, while at lower temperatures

they demix into two layers.

A good order parameter to des ribe this transition is

the oil density

ρoil − aρwater .

ρoil

minus some s aled version of the water density

If we

in a demixed system

order parameter,

hoose

m<0

a

aρwater , i.e. m =
m = 0, while

orre tly, then in a totally mixed system

in the water phase and

hosen this way, is

m>0

in the oil phase. The total

onserved.

5.3 The Landau expansion of the free energy
To des ribe a transition that is driven by a dieren e in the free energies of the system,
it is most
1

onvenient to have an a

urate des ription of the free energy in terms of the

In Chapter 6 we use a s aled version of m.
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order parameter. However, for all but the simplest of systems this is far too
We

omplex.

an however use an approximate des ription, based on the way we expe t the free

energy to

hange if we

hange the order. In a se ond order phase transition we know

that the order parameter is zero above the transition temperature Tc , i.e. m = 0 at
T ≥ Tc and ontinuously hanges to nonzero values at T = Tc . In other words, lose
to Tc the order parameter is very small. This inspired Landau to write the free energy
as a series expansion in the order parameters, expanded around the disordered phase,
i.e.

m = 0,

at the phase transition temperature

Tc [4℄

F (m, T ) = F0 + α(T )m + A(T )m2 + B(T )m3 + C(T )m4 + D(T )m5 + . . .

(5.5)

The terms of the expansion also depend on the pressure, but in this and the following
hapter I will assume that the transition o
sion is possible around

m= 0

then one

urs at a

onstant pressure. If the expan-

an trun ate this series at a

ertain point.

The values of the higher order terms should then be less important than those of the
lower order terms and so around

α(T )

and

A(T )

Tc

we

an assume (as an approximation) that only

Tc

for the other

F (m, T ) = F0 + α(T )m + A(T )m2 + B(Tc )m3 + C(Tc )m4

(5.6)

are temperature dependent, and ll in the values at

terms

This is the Landau expansion in its most general form.
ertain temperature

T

Its global minimum at a

is the thermodynami ally most stable phase, lo al minima are

metastable phases. Note that only the order parameters at these minima, that I will
denote by

m̄,

are real thermodynami

(for example, in some

variables,

m

is only a mathemati al

ases it is not physi ally possible for

while mathemati ally it is).
the remaining terms, one

By eliminating terms and

m

onstru t

to be less then zero,

hoosing the right form of

an tailor the expansion to des ribe very spe i

phase

transitions. As an example I will approximately follow Landau's original appli ation,

m̄ = 0 to |m̄| =
6 0 at T = Tc . If we
F (m) = F (−m) then we an immediately eliminate all odd terms, i.e. α ≡ 0,
B(Tc ) ≡ 0 and D(Tc ) ≡ 0, leaving us only to deal with A and C . The free energy
that of a se ond order phase transition from
assume

must have a global minimum, and so the fourth order term must be positive, namely

C(Tc ) = c, with c > 0 a positive

most stable at high temperatures, and must hange
at

T = Tc ,

then

A

m̄ = 0, must be
ontinuously from m̄ = 0 to m̄ 6= 0

onstant. If the disordered phase, i.e.

must be zero at

T = Tc ,

larger than zero at higher temperatures,

and smaller than zero at lower temperatures. To rst order in temperature therefore,

A(T ) = a(T − TC ),

where

a>0

is again a positive

onstant. If we trun ate the series

at the fourth order, we get

F (m, T ) ≈ F0 + a(T − Tc )m2 + cm4
with

m̄ =

(

0q
±

for

−a(T −Tc )
2c

for

T ≥ Tc
T < Tc

(5.7)

(5.8)

5.3 The Landau expansion of the free energy
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Figure 5.1: Illustration of the Landau expansion for a rst-order phase transition with
an asymmetri order parameter (Eq. 5.12). In all panels blue lines and symbols depi t the
order parameter m̄o in the ordered phase, red lines and symbols the order parameter m̄b
on top of the barrier, and bla k lines and symbols the order parameter of the disordered
phase m̄d = 0. A square symbol depi ts a temperature below the oexisten e temperature
Tc , where the ordered phase is most stable. A ir le depi ts a system at the oexisten e
temperature, where both phases are equally stable, and a triangle depi ts the system at a
temperature above Tc . (a) Free energy F as a fun tion of the order parameter m. The
green lines depi t the free energy at three dierent temperatures within the binodal regime,
the shape of the symbols pla ed at the extrema of the urves denote the temperature, as
explained before. At m = 0 and F = 0 the square symbol, the triangle and the ir le fall
on top of ea h other. (b) Position of the extrema m̄ as a fun tion of temperature. ( ) Free
energy as a fun tion of temperature of the ordered phase (blue) the disordered phase (bla k)
and the barrier (red).
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The series expansion is allowed for se ond order phase transitions, be ause

Tc

lose to

the order parameter des ribing both phases and the free energy in both phases are

almost equal. Although a series expansion of the free energy around a rst-order phase
transition seems less obvious, sin e the order parameter

hanges dis ontinuously, it

is still possible[3℄. In a rst-order phase transition there is a range of temperatures,
alled the binodal regime, where both phases are either stable or meta stable (e.g. for

T0 < T < T1
i.e.

in Fig. 5.1). The appli ation of Eq. 5.6 must have the same properties,

in a small temperature regime it must have a minimum both at

separated by a maximum, a minimum at
regime only

m̄ = 0

m̄ 6= 0.

and,

Above the binodal temperature

may be stable, below the binodal

regime where only one of the phases is stable is

m̄ = 0,

m̄ = 0

must be unstable. The

alled the spinodal regime. There are

two ways to a hieve this behavior. For the studies of the next Chapter 6 I will

hoose

the se ond des ription.

•

If

F (m) = F (−m) then the odd terms vanish again, and one needs a sixth order

term to ensure a global minimum

F (m, T ) ≈ F0 + a(T − T0 )m2 − cm4 + em6
with

m̄ =

(

0q
±

c+

√

c2 −3ea(T −T0 )
3e

for

T ≥ Tc

for

T < Tc

(5.9)

(5.10)

c2
, and where all oe ients are positive. Note that T0 now
4ea
refers to the lowest temperature where the disordered phase is (meta) stable,
where

and

Tc = T0 +

Tc

is the temperature at whi h the disordered and the ordered phase have
c2
the same free energy and are therefore equally stable. T1 = Tc +
is the
3ea
temperature above whi h the ordered phase be omes unstable. The binodal
regime therefore is given by

•

If

F (m) 6= F (−m),

T = [T0 , T1 ].

be ause otherwise the disordered phase will not be
term then

m̄ > 0, then still α ≡ 0,
at m̄ = 0. The third order

with a single ordered phase at

auses the asymmetry that we need to have only one ordered phase

and the fourth order term is enough to have a global minimum.

F (m, T ) ≈ F0 + a(T − T0 )m2 − bm3 + cm4

2
1 2 b
2
−m
= F0 + a(T − Tc )m + m
c
2c

(5.11)
(5.12)

with

m̄ =

(

0 √
3b+

9b2 −32ac(T −T0 )
8c

=

3b+

√

for

b2 −32ac(T −Tc )
8c

for

T ≥ Tc
T < Tc

(5.13)
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b2
9b2
, T1 = T0 +
, and again all
4ac
32ca
Equation 5.12 is more insightful than Eq. 5.11; at T

where

Tc = T0 +

oe ients are positive.

= Tc the free
m̄ = 0 and m̄ =

energy is
b
learly a double well potential with minima at
, while
2c
the temperature dependent term shifts the position and value of the se ond
minima. In Figure 5.1 I illustrate the properties of this realization of the Landau
expansion.

5.4 Spatially inhomogeneous systems
The order parameter is a oarse grained des ription of the order in a system. It is often
al ulated by taking some spatial average over for instan e the parti le positions. In
simple models, su h as Ising models or latti e models of atom positions in a rystal, the
order parameter

an be

al ulated dire tly from the model, and the Landau expansion

an be a very useful tool to study their phase transitions. By taking thermodynami
derivatives one

an

al ulate the entropy

hange during the transition, or the heat

apa ity of a system. And if the order parameter is inuen ed by an external eld,
then the ee t of this eld on the transition

an be studied by adding the appropriate

term to the free energy expansion.
Until now I have assumed that the order parameter is the same throughout the
system, but that need not be the
thus be omes spatially dependent,

ase.

The order parameter

m = m(~r).

an u tuate, and

The Landau expansion of the free

energy will now be valid only lo ally, and we must add an expansion in terms of the
∇m, (∇m)2 , . . . to model the ee t of spatial inhomogeneity on the free

u tuations

energy. As the free energy must in rease for all u tuations, the lowest order term
2
must be (∇m) . If we all f [m(~
r )] the free energy density at ~r, then the total free
energy is given by an integral over all spa e of the free energy density plus the terms
that take the u tuations into a

F =

Z

V

where

s

ount


f [m(~r)] + sξ (∇m(~r))2 d~r

is proportional to the surfa e tension and

ξ

(5.14)

is a measure for the width of the

interfa e.
If the overall free energy of the system

an be lowered by

hanging the order of

the system, then the order parameter may also be ome time dependent,
In the

m(~r)

m = m(~r, t).

ase of a non onserved order parameter, we expe t the order parameter prole

to

hange in the dire tion of lowest free energy, whi h

an be expressed by the

time dependent Landau-Ginzburg equation

∂m
1 δF [m(~r)]
=−
∂t
τ δm(~r)
where
the

δ

denotes a fun tional derivative, and

ase of a

τ

(5.15)

sets the time s ale of the transition. In

onserved order parameter, the order parameter moves in the dire tion
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of lowest free energy u tuations, as the total free energy density

f

(i.e.

the free

energy without the spatially varying terms, in a homogeneous phase of volume

f = F/V )

is

onserved. In this

V:

ase Eq. 5.15 is not valid, and equations su h as the

Cahn-Hilliard equation, of the form[5℄

∂m
δF [m(~r)]
= Γ∇2
,
∂t
δm(~r)

(5.16)

should be solved.
After

hoosing the

orre t terms of the Landau expansion of the free energy den-

sity, performing the fun tional derivation of the right hand sides of 5.15 and 5.16, and
starting from a suitable initial order parameter prole, both the Landau-Ginzburg
equation, and equations su h as the Cahn-Hilliard equation, result in a partial dierential equation. In spe ial

ir umstan es, and often by using some approximations,

these partial dierential equations

an be solved analyti ally. Lu kily, they

an always

be integrated numeri ally, either on a simple grid using nite dieren e integration
s hemes, or on more involved geometries using for instan e nite element methods.

5.5 Temperature and latent heat
The

hange of entropy between dierent phases

that is added to
temperature

an be measured by the heat

onvert from one phase to the other at a

L = ∆Q

onstant phase transition

Tc
L = ∆Q = Tc ∆S

where

∆S

is the

hange of entropy. Heat inje ted into a system at a

(5.17)
ertain point

does not only in rease the temperature at that point, the heat also diuses away and

2

heats up the surrounding material .
the

hange of heat is related to a

The thermal diusion equation des ribes how

hange in temperature.

1 ∂Q
∂T
= DT ∇ 2 T +
∂t
cp ∂t
where
the

cp

is the spe i

losed system

the entropy

heat and

DT

is the thermal diusivity. To keep the energy of

onstant during the transition to a more ordered phase (∆S

< 0),

hange must be balan ed by the latent heat

∂Q
∂S
∂2F
= −Tc
= Tc
,
∂t
∂t
∂t∂T
2

(5.18)

(5.19)

The diusion of heat in the isotropi phase is dierent from that in the nemati phase. In
anisotropi liquids like a nemati liquid rystal, the diusion of heat in the dire tion of the average
mole ule orientation is dierent from that perpendi ular to this dire tion. In this thesis we use the
s alar heat diusion equation as an approximation.
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Figure 5.2: Illustration of a one dimensional system with a hanging order parameter
prole. Later times are denoted by lighter gray lines. (a) The order parameter as a fun tion
of position r, for four dierent times. The order in reases, and so the order parameter prole
moves to the right. (b) A hange of the order parameter prole results in latent heat. ( ) Due
to the latent heat of panel (b) the temperature in reases. At the same time the heat diuses
away, and heats up the surroundings. As the velo ity of the order parameter interfa e in
panel (a) depends on the temperature at the interfa e (panel ), the velo ity of the interfa e
de reases.

From the Landau expansion we get the free energy as a fun tion of the order parameter

m,

and so we have to rewrite the

hange of heat in terms of the order parameter

∂Q
∂ ∂F ∂m
∂ 2 F ∂m
= Tc
= Tc
∂t
∂t ∂m ∂T
∂m∂T ∂t
and so the temperature

(5.20)

hanges as

∂T
1
∂ 2 F ∂m
= DT ∇2 T + Tc
.
∂t
cp ∂m∂T ∂t

(5.21)

This partial dierential equation governs the way latent heat, that is generated by
the

hange of the order parameter,

hanges the temperature of the material.

The

hange of the order parameter is des ribed either by the Landau-Ginzburg equation
(Eq. 5.15) for a non onserved, or by the Cahn-Hilliard equation (Eq. 5.16) for a
onserved order parameter[5℄. And together the heat diusion equation (Eq. 5.21) and
the order parameter evolution (5.15 or 5.16) form a

oupled set of partial dierential

equations that must be solved simultaneously to study the growth of order in a rstorder phase transition, if the diusion of latent heat is important[6℄. In Figure 5.2 I
illustrate the way the
the temperature

T (r),

hange of a non onserved order parameter prole

m(r)

via the release of latent heat. In general the rate of

hanges
hange

of the order parameter prole depends on the temperature, and so the in rease of
temperature due to the latent heat slows down the growth of the nemati
In Chapter 6 I will study the growth of nemati
ooled isotropi

melt in more detail.

nu leus.

nu lei, growing from an under-

Experimentally, these ordered liquid

rystal
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nu lei have been found to grow roughly as a power-law of the time, with a growth
exponent that des ribes an S-shaped

urve as a fun tion of the quen h depth, i.e.

the amount of under ooling of the isotropi

liquid. We suspe ted that the diusion

of the latent heat might explain this S-shaped
dependent Landau-Ginzburg equation,
this

ase. We

urve, and set out to solve the time-

oupled to a thermal diusion equation, for

annot, however, numeri ally solve the

ause the thermal diusivity of liquid

oupled equations dire tly, be-

rystals near the isotropi

to nemati

is very high, and be ause the dieren e in entropy between the nemati

transition

and isotropi

phase is very small. The time and length s ales of the heat diusion equation and
the order parameter evolution equation are very dierent and solving both at the
same time is intra table. I

ir umvent this problem by solving the order parameter

equation analyti ally for a spheri ally symmetri

nu leus,

al ulating the latent heat

analyti ally as well, and only treating the temperature diusion numeri ally. By employing a multis ale method in whi h I in rease the grid spa ing and the time step
as the temperature eld widens, I am able to simulate the growth of these nu lei
exponentially faster than by

onventional, dire t integration.

In Appendix 6.A I derive the shape and the velo ity of the order parameter prole,
and the latent heat resulting from this
Appendix 6.B I

hanging order parameter prole. Then, in

al ulate the surfa e tension, and show that it is equal to what the

lassi al nu leation theory predi ts. In Appendix 6.C I derive the
more detail, and show how to

oupled equations in

al ulate the parameters of the model from experimen-

tally measurable quantities. Then, in appendix 6.D I show how to solve the

oupled

equations numeri ally, and how to do the same semi-analyti ally. Finally, in Appendix
6.E, I

ompare my

al ulations to experimental measurements on o tyl yanobiphenyl

(8CB). I show that nemati
too fast to a

nu lei grow diusively, but that latent heat diusion is

ount for their slow growth.
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The growth of nemati

liquid

rystal nu lei from an isotropi

melt follows a

power law behavior with exponent n found experimentally to vary between
1
for low quen h depths, up to 1 for high quen h depths.
This behav2
ior has been attributed to the
ompetition between
urvature and free energy.

We show that

urvature

havior of the nu leus growth,
latent

heat.

We

use

a

annot a

ount for the low quen h depth be-

and attribute this behavior to the diusion of

multis ale

order parameter evolution equation

approa h

to

solve

the

Landau-Ginzburg

oupled to a dif-

fusive heat equation, and dis uss this behavior for
material parameters experimentally measured for the
∗
liquid rystal 8CB.

∗
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Inuen e of latent heat and thermal
diusion on the growth of nemati liquid
rystal nu lei
6.1 Introdu tion
The growth of liquid

rystal nu lei from the isotropi

melt to an ordered phase has

re ently been experimentally found to follow a power law with an exponent that
1
gradually hanges from
to 1 as a fun tion of the quen h depth[1℄. Here we show
2
1
that the exponent
at low quen h depths annot be due to urvature ee ts as in
2
domain oarsening[2℄, but that thermal diusion of latent heat ould a ount for this
behavior.
Nu leus growth is the opposite of domain

oarsening, sin e the

oarsening of do-

mains is due to the disappearan e of all domains smaller than a typi al length s ale

L(t).

For non onserved elds, like the nemati

order parameter, Bray[2℄ shows that,

to de rease the surfa e energy, a spheri al domain shrinks by in reasing its

1/R(t)

urvature

as
dR
dt

=−

p
C
⇒ R(t) = R(0) − 2Ct,
R

(6.1)
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C is a positive onstant. At time t, all domains that at t = 0 were smaller than
R(0) = (2Ct)1/2 have disappeared, so that the smallest size of the domains gives a
1/2
typi al length s ale that grows as L(t) ∝ t
. Bray argues that this growth of the
where

typi al length s ale

an also be des ribed by reversing the sign of the

Eq. 6.1 as

dL
dt

=

C
⇒ L(t) ∼ t1/2 ,
L

While this reversed sign ma ros opi ally gives the
typi al length s ale in domain

urvature in

(6.2)

orre t answer for the growth of the

oarsening of a non onserved eld, Eq. 6.2

used to des ribe the dynami s of a single nemati

nu leus. That

annot be

ase is only des ribed

by Eq. 6.1.
Re ent experimental work revealed the growth kineti s of nemati
low quen hes below the

oexisten e temperature

Tc

nu lei for shal-

but well above the spinodal

[1; 3; 4; 5; 6℄. Chan and Dierking found experimentally that the growth exponent
des ribes an S-shaped
lose to the
exponent

urve as a fun tion of the quen h depth

oexisten e temperature and

n=1

n = 1

∆T ,

between

n

1
2
The

n=

at deeper quen h depths [1℄.

at large quen h depths is

orre tly attributed to the free-energy dif1
feren e between the nemati and isotropi phase, whereas the n = , found at shallow
2
quen hes, is attributed to urvature ee ts, by use of Eq. 6.2, that applies only to the
typi al length s ale in domain

oarsening.

Thermal diusion of latent heat instead, gives a natural explanation of the diun = 12 behavior. The latent heat generated during the rst-order phase transition
heats up the surroundings of the growing phase front, thereby slowing down the nu-

sive

leus growth. For low quen h depths, the motion of the phase front be omes limited
by the diusion of latent heat away from the front, be ause the front may heat up to
the

R∼

oexisten e temperature, where the velo ity of the front is zero; this gives rise to
t1/2 . At deep quen hes, the latent heat in reases the temperature at the phase

front to a

onstant, nite value below the

moves at a

oexisten e temperature, so that the front

onstant radial velo ity, albeit at a lower velo ity than without latent heat.

We dis uss this me hanism to des ribe nu leus growth in rst-order phase transitions
in liquid

rystals.

The importan e of latent heat diusion for the

rystal growth of metals and alloys

has been re ognized, and a phase eld model has been proposed in whi h an order parameter evolution equation is

oupled to a thermal diusion equation[7℄. The authors

of this model suggest that this me hanism
transitions, like the isotropi

to nemati

ould be relevant also for weaker rst-order
one in liquid

rystals, that are beyond the

appli ability of their approximations. Firstly we need to extend their expression of
the free energy, to allow for quen h depths down to the spinodal, se ondly we need
another integration s heme to deal with very broad temperature elds.
weakly rst-order transitions, thermal diusion is very high,

In fa t, in

ausing a variation of

temperature on a length s ale mu h larger than the propagating front. In this

ase

it be omes prohibitive to des ribe the sharp moving front and the temperature eld
on the same grid, as is done in Ref. [7℄. We propose a multis ale approa h that al-

6.2 Order parameter and
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oupling to a temperature eld

lows to study the evolution of a nemati

nu leus over many more orders of time than

onventional phase eld methods.
In Se tion 6.2 we introdu e the
parameter of the nemati

oupled dierential equations des ribing the order

phase and its

oupling to the temperature eld. Here we

also dis uss the relevant physi al parameters. In Se tion 6.3 we present our multis ale
approa h to the solution of the problem set in Se tion 6.2. Details of the

al ulations

are given in Appendi es 6.A and 6.B. In Se tion 6.4 we des ribe our results for the
growth of nemati
The

nu lei over a range of quen h depths and their power law behavior.

al ulations are done with parameters appropriate for the o tyl yanobiphenyl

(8CB) liquid

rystal. Se tion 6.5 provides a summary and

on lusions.

6.2 Order parameter and oupling to a temperature
eld
The isotropi

phase of liquid

rystals is

orientational order. In the nemati
to nemati

transition is usually des ribed by the following order parameter[8℄

3
m=
2
where

hara terized by the absen e of spatial and

phase orientational order appears. The isotropi



3 cos2 (θ) − 1
2



,

(6.3)

θ

is the angle between the average orientation of the nemati domain, and the
3
is here introdu ed
rystal mole ules. The prefa tor
2
for onvenien e, to be ompatible with Ref. [7℄. In the isotropi phase m ≡ 0, while
3
in a perfe tly aligned nemati domain m = . We study the dynami s of the order
2
parameter, oupled to a dimensionless temperature eld u(r, t) = cp (T (r, t) − Tc )/Lc ,
lo al orientation of the liquid

where

Tc

spe i

is the

heat at

oexisten e temperature and

Tc

Lc

and

cp

are the latent heat and the

respe tively. Using the notation of Ref. [7℄, the dimensionless time-

dependent Landau-Ginzburg equation for the spatially varying, s alar order parameter

m(r, t)

oupled to the diusive heat equation

an be written in spheri al

oordinates

as (see also Appendi es 6.A and 6.B)



∂m
∂f
1 ∂ 2 m d − 1 ∂m
−
=
+
,
2
∂t
2 ∂r
r ∂r
∂m


∂u
∂m
1 ∂ 2 u d − 1 ∂u
+ 2m
=
+
,
2
∂t
2p ∂r
r ∂r
∂t
where

f

(6.4b)

is the temperature-dependent free-energy density given below, and

dimensionality. The
heat,

(6.4a)

aused by the

m-dependent term on the r.h.s.

of Eq. 6.4b a

hange of entropy, and hen e a

during the transition. The dimensionless parameter

d

is the

ounts for the latent

hange in the order parameter,

p sets the ratio in time and length

s ales between the order parameter equation and the heat equation. This parameter
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is dened as

where
a time

ξm

ξ2 1
ξ2
p= m
= m
DT τm
DT

is the mi ros opi



√

MW Tc β
2σ
2
ρc Lc ξm

orrelation length and

onstant related to the mi ros opi

σ is the surfa e tension between the two
ρc is the density at Tc , and β the kineti

DT



nu lei

,

(6.5)

is the diusivity at

Tc . τm

is

relaxation of the order parameter, where

phases at

Tc , MW

is the mole ular weight,

oe ient. All these quantities are known
p = 3.38 × 10−6 ,

to some extent for 8CB (See Table 6.1), giving a very low value of
whi h makes a straightforward numeri al solution of the

oupled Eqs. 6.4a and 6.4b

prohibitive.

√

In Eqs. 6.4a and 6.4b, time is s aled by
density is s aled by

6σ/ξm .

τm ,

lengths by

m(r, t)

and the free-energy

The dimensionless free-energy density

is given by a Landau expansion of the free energy around
parameter

2ξm

and of the temperature eld

1
f = m2 (m − 1)2 + ηum2 ,
2

Tc

f

(see Fig. 6.1)

in terms of the order

u(r, t)
η=

ξm L2c ρc
,
3σcp Tc MW

(6.6)

η is determined by noting that at Tc , i.e.
at u = 0, the latent heat is given by Lc = T ∆S|T =Tc , where ∆S is the dieren e in
entropy S = −∂F/∂T (see Eq. 6.12) between the isotropi (m = 0) and the nemati
(m = 1 at Tc ) phase.
where the dimensionless

oupling

onstant

The free-energy density of Ref. [7℄ is an approximation of Eq. 6.6, giving the
same free energy to rst order in

u

around

u = 0.

In

ontrast to Ref. [7℄ the order

parameter in the disordered phase obtained from Eq. 6.6 is zero for all temperatures
where the disordered phase is metastable, and more importantly the ordered phase is
stable down to mu h larger values of

ηu

(thin solid gray line versus solid bla k line

in Fig. 6.1). As we will dis uss later this is espe ially important for liquid
where

η ∼ 1.

At these high values of

η

rystals,

the approximation of Ref. [7℄ is already in the

spinodal regime for very shallow quen hes. Moreover we extend their one-dimensional
analysis to the

ase of a

d-dimensional sphere,

so that we

urvature in two and three dimensions and address the
1
the exponent to approa h n =
at shallow quen hes.
2

an also study the ee t of
laim that

urvature

auses

6.3 Multis ale approa h
As was briey mentioned in the previous se tion, the low value of
prohibits a numeri al integration of the

p

in Eq. 6.4b,

oupled equations. Be ause of this large s ale

dieren e Eqs. 6.4a and 6.4b annot be integrated numeri ally by the usual integration
methods as the grid spa ing

∆r

must be small enough to resolve the spatial detail
2
of the interfa e region, and the time step must be of order ∆t ∼ p(∆r) [9℄, whi h is
prohibitively small

ompared to the times and lengths we are interested in. To solve
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0.0

f

−0.4

−0.8

−1.2

−1.6
−0.5

u=0
u = us,1
u = −0.1
u = −1.4
u = us,2
0.0

0.5

1.0

1.5

m

Free-energy density f from Eq. 6.6 as a fun tion of the order parameter (OP)
m in order of in reasing temperature. The dotted line shows the free energy at u = 0, where
both the disordered phase at m = 0 and the ordered phase at m = 1 are equally stable. The
bla k solid line shows the free energy at the spinodal temperature us,1, the thin solid gray
line shows the free energy used in Ref. [7℄ at its spinodal temperature us,2 . The dashed and
dash-dotted line denote the highest and lowest temperature we use in this hapter. Note
that the lowest temperature is very lose to the spinodal and beyond the rea h of the free
energy used in Ref. [7℄.
Figure 6.1:

this problem we have devised a multis ale numeri al approa h that allows to study the
evolution of the nu leus over many more orders of time than
Our approa h uses the fa t that Eq. 6.4a

onventional methods.

an be solved analyti ally [10℄, if we

assume a shape preserving prole. From Eq. 6.6, the value of the order parameter

mo

Experimentally measured quantities and dimensionless parameters determined
from them for the liquid rystal 8CB

Table 6.1:

Mw
ρliq
Tc
L
cp
σ
ξm
β
DT

From Ref. [7; 11℄
2.92 × 10−1 kg mol−1
9.79 × 102 kg m−3
3.13 × 102 K
6.12 × 102 J mol−1
7.30×102 J mol−1 K−1
9.4 × 10−6 J m−2
7.1 × 10−9 m
1.0 × 10−4m s−1 K−1
6.0 × 10−8 m2 s−1

τ
η
p

From Eqs. 6.5 and 6.6
2.47 × 10−4 s

1.38
3.38 × 10−6
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in the ordered phase is

mo =

3 1p
+
1 − 4ηu
4 4

(6.7)

so that the analyti al solution of Eq. 6.4a (see Appendix 6.A) provides the step-like
shape of the order parameter prole as

m(r) =
as well as its interfa e velo ity

mo
[1 − tanh (mo (r − R(t)))] .
2
Ṙ(t)



Rc
Ṙ(t) = v 1 −
R(t)
where

Rc

is the



d−1
, v = 3(mo − 1)
2v

, Rc =

is the (asymptoti ) velo ity of the nu leus at a temperature
oexisten e temperature

u = 0,

dieren e between the domain and its surroundings,

Rc = ∞.

in domain

(6.9)

riti al nu leus size below whi h a nu leus does not grow, and

equal to Eq. 6.1 at the
be ause

(6.8)

u.

v

Eq. 6.9 be omes

sin e there is no free-energy

ausing all domains to shrink,

By using Eq. 6.2 to des ribe the in rease of the typi al length s ale

oarsening, and adding a free-energy dieren e driving nu leus growth,

Ref. [1℄ derives an expression similar to Eq. 6.9, albeit with an opposite sign of the
urvature term (1/R(t)). Its solution

ontains a regime, whose duration in reases for
1
de reasing free-energy dieren e, where the growth exponent equals n =
, before
2
1
ultimately rea hing n = 1 for all quen h depths. It is this transient n =
regime
2
be oming more and more prominent at shallower quen hes, that is used to explain the
S-shaped

urve of the growth exponent as a fun tion of free energy and hen e quen h

depth. In nu leus growth however, a de reasing

urvature implies a larger nu leus and

hen e more surfa e energy, making

urvature oppose, not ontribute to, the growth
1
of a domain. Eq. 6.9 does not ontain an n =
regime, eliminating urvature as the
2
1
ause of the experimentally measured n =
exponent.
2
Although in prin iple the temperature eld is not uniform, nor time independent,

the temperature eld
values of

p.

In this

an be treated as uniform over the width of the interfa e for low

t if the temperature at
ulate v = v(R, t) and mo = mo (R, t).

ase Eqs. 6.8 and 6.9 are still valid at time

the phase front position

u = u(R, t) is used to

al

Ṙ(t) an
R t be determined at ea h time step, and numeri ally integrated to obtain
R(t) = R0 + 0 Ṙ(t)dt. The latent heat term on the right hand side of Eq. 6.4b is also
known at time t, and resembles a Gaussian around R(t), with a width mu h smaller
Then

than the spatial variations in the temperature eld. The latent heat

as a Dira

delta fun tion

δ(R)

at

R(t),

multiplied by a

an be des ribed

onstant (see Appendix 6.B)

2

v(R, t)
∂m(r, t)
≈ δ(R)Ṙ(t) 1 +
,
2m(r, t)
∂t
3

(6.10)
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so that Eqs. 6.4a and b be ome

i
d−1
∂R
3 hp
=v−
, with v =
1 − 4ηu(R) − 1
∂t
 2R
4
2
∂R 
v 2
1 ∂ u d−1 ∂u
∂u
+
1
+
=
+
δ(R)
∂t
2p ∂r 2
r ∂r
∂t
3
In pra ti e we determine the temperature
polating the temperature eld, and use it to

u(R)

(6.11a)
(6.11b)

at the phase front

R(t)

by inter-

al ulate the phase front velo ity

Ṙ(t)

from Eq. 6.9 and the latent heat integrated over spa e from Eq. 6.10 analyti ally at
ea h time

t. The
R(t).

at position

latent heat is then inje ted into the heat equation as a delta pulse
The temperature eld is then

al ulated at the next time step by

integrating the heat equation numeri ally using Crank-Ni olson integration [9℄, and
we use

Ṙ(t)

to propagate the phase front by using a se ond order integration s heme.

By solving the shape and evolution of the order parameter prole analyti ally at
onstant temperature, we have eliminated the smallest length s ale from the
equations, and

oupled

an fo us on the length s ale of the temperature eld instead. As the

temperature eld widens with time, we

an in rease the grid spa ing, and thereby

also in rease the time step during the numeri al integration of the heat equation.
We employ an equidistantly spa ed dimensionless temperature grid over the radial
oordinate

r,

xed at the highest value of

r

to

uquen h

and mirrored at the origin;

initially the entire temperature eld is set to uquen h . We
3D
3D
is the riti al nu leus size
radius R0 = 10Rc , where Rc
the 1D planar nu leus where Rc = 0. The initial grid spa
2
is spa ed by ∆t = 4p(∆r) . As the nu leus grows, we

start with a nu leus with a
in three dimensions also for
ing is

∆r = R0 /5

and time

oarsen and widen the grid

automati ally to des ribe the temperature eld around the interfa e with enough, but
not ex essively high detail.

6.4 Results
In this se tion we present the results for the temporal behavior of the nu leus size
for a range of quen h depths and dis uss its power law behavior.

Although we do

not have experimental data on nu leus growth in 8CB, it is the only liquid

rystal for

whi h all the parameters have been measured or estimated.
Qualitatively our results are in agreement with the experimental ndings, for the
bent

ore liquid

rystal mole ules studied by Chan and Dierking[1℄. However, to our

knowledge the liquid

rystal 8CB is the only one for whi h all parameters needed for

our model have been measured or estimated.
we nd that the experimentally found S-shaped

When using the parameters for 8CB
urve

an only be reprodu ed for too

large nu lei. We dis uss this point at the end of this se tion.

R − R0 of a growing spheri al nu leus
depth ∆T = (T − Tc ) = Lc uquen h /cp .

In Fig. 6.2 the radius
values of the quen h

is shown for dierent
The initial behavior

of the growth is similar for all quen h depths and is linear in time, until the

urves
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0.5
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∆T = −1.26K
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4

t(10 s)

t(s)

Radius R − R0 of a spheri al nu leus as a fun tion of time t, for in reasing quen h depth ∆T = uquen h Lc /cp : ∆T = −0.084 K, −0.2415 K, −0.42 K, −0.59 K,
−0.75 K, −0.92 K, −1.1 K and −1.26 K. In (a) the data is displayed on a log-log s ale plot
to reveal the growth exponent, whereas (b) shows the same data linearly on a time-s ale
where the two growth regimes diverge. Parameters taken from Table 6.1. The dashed line
denotes the temperature uquen h = −1, (∆T = −Lc /cp ). Blue lines denote shallow quen hes
where limt→∞ R ∝ t1/2 , red lines denote deep quen hes where limt→∞ R ∝ t1 .
Figure 6.2:

separate into two qualitatively dierent regimes. From the plots on a logarithmi s ale
(Fig. 6.2a) one

an see that the two regimes are hara terized by dierent exponents of
−Lc /cp < ∆T < 0 the radius approa hes R ∼ t1/2
1
asymptoti ally, whereas for ∆T < −Lc /cp the radius approa hes R ∼ t .
the power law. For quen h depths

∆T < −Lc /cp the latent heat in reases
nite temperature below Tc (u = 0); as

As shown in Fig. 3a, for large quen h depths

the temperature of the front to a

onstant,

the temperature at the front approa hes a
onstant value as well.

onstant value, the velo ity approa hes a

For small quen h depths

temperature at the front approa hes the

−Lc /cp < ∆T < 0

oexisten e temperature.

(Fig. 3b), the

The velo ity of

the front is then limited by the diusion of heat away from the front, and it is this
1/2
.
diusion pro ess that s ales as R ∼ t
In Fig. 6.4 we show the growth exponent

n

determined for three dierent regimes

in one, two and three dimensions. To this purpose we perform a linear least square t

R(t), spa
R0 )/R0 ] = n log(t/t0 ) + c,

ed equidistantly on a logarithmi time s ale, as log[(R(t) −
3
where t0 = 1 s. For long times t > 10 s, where the radii
1
are large, we obtain an S-shaped urve between n =
at ∆T . 0 and n = 1 at
2
∆T ≪ −L/cp . If the exponent is evaluated on a shorter radial range, the S-shaped
of our results for
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Thin lines: Temperature eld ∆T (r) at a given time during the growth of
a three dimensional nu leus for two temperatures. The proles are shown from left to
right at exponentially in reasing intervals of time, tn = t0 × 5n . The thi k line is the
temperature ∆T (R(t)) at the interfa e position R(t). In (a) the isotropi phase is quen hed
to ∆T = −0.92 K < −Lc /cp , at whi h a nu leus will grow as R ∝ t1 asymptoti ally. In
(b) the isotropi phase is quen hed to ∆T = −0.084 K > −Lc /cp , at whi h R ∝ t1/2
asymptoti ally. In (a) the rst prole is taken at t = 0.2 s and the last at t = 2 × 106 s. In
(b) the rst prole is taken at t = 10 s and the last at t = 2 × 109 s. Parameters are taken
from Table 6.1.
Figure 6.3:
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1.0

a) 1D

b) 2D

nu lei

c) 3D

0.9

n

0.8
0.7
0.6
0.5
0.0

0.5

1.0

0.0

−∆T (K)

0.5

1.0

0.0

0.5

−∆T (K)

1.0

−∆T (K)

Exponent n found by least square tting of the data of Fig. 6.2 to (R−R0 ) ∝ tn ,
as a fun tion of quen h depth −∆T , where the negative sign is introdu ed to be ompatible
with Ref. [1℄. The dotted line is n tted for radii 10−5 m < R(t) < 10−3 m, the dashed line
is a t for 10−4 m < R(t) < 10−2 m and the solid line for 10−3 m < R(t) < 10−1 m. The
thin solid line denotes the asymptoti value of n. a) one dimension, b) two dimensions, )
three dimensions.
Figure 6.4:

urve be omes less pronoun ed. Note that the asymptoti

qualitative behavior does

not depend on the dimension of the nu leus, although it takes longer to be rea hed
for higher dimensional nu lei. The S-shaped
with zero

urve is even observed for a at surfa e

urvature. At the onset of the long time behavior the radii are many orders

of magnitude larger than the

riti al nu leus size, hen e

urvature does not play any

role at this stage.
The

urve of Fig. 6.4 is similar to the experimental data of Chan and Dierking [1℄,

although the long time behavior is rea hed at larger radii and times than reported in
that experiment. The radii at whi h this long time behavior sets in are determined
by

ξ, p

and

η

of Eqs. 6.5 and 6.6. As noted in Ref. [7℄ the value of

measurable or

an only be estimated.

ξ

and

β

are poorly

We have found that the radii at whi h the
p−1 and ξ for small values of p. For our

long time behavior starts, s ale linearly with

simulations to mat h the experimental time and length s ales,

p should be one

to two

orders of magnitude larger.
Both

τ

and

p

depend on seven experimentally measurable quantities, and both

parameters have only been estimated for the isotropi

to nemati

transition in 8CB

[7; 11℄. It is unknown whether the growth exponent of 8CB follows an S-shaped
as reported by Chan and Dierking for bent

urve

ore mole ules, or whether the parameters

(Table 6.1) are appli able to the liquid rystal transition studied by them [1℄. Moreover
the parameters for 8CB that we have used are measured or estimated for the weakly

6.5 Summary and

on lusions
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rst-order isotropi

to nemati

phase transition, whereas the experimentally studied

transition is rst order.

Therefore it may be expe ted that latent heat dominates

even more in the latter

ase.

un ertainty of the parameters

All these

onsiderations lead us to believe that the

auses the dieren e between the length s ales of the

experiments and Fig. 6.4, and that the diusion of latent heat is

ru ial to a ount for
1
the experimental ndings. Our me hanism implies a rossover from n =
to n = 1
2
at ∆T = −Lc /cp . A stringent experimental onrmation of our onje ture would
therefore require the

Lc

and

cp

rossover value of the quen h depth to

oin ide with the ratio of

obtained by independent measurements.

Although the redu tion of
spheri al growth redu ing the

urvature plays a key role in domain

oarsening, in

urvature means in reasing the nu leus size and there-

fore its interfa e area. Curvature in a spheri al growth model therefore a ts to de rease
urvature term (−vRc /R(t))
1
in Eq. 6.9, not in rease it as in Eq. 4 of Ref. [1℄. If thermal diusion auses the n =
2
behavior for shallow quen hes −Lc /cp < ∆T < 0, the diusive ee t should be ome
1
stronger with time, i.e. the growth exponent should approa h n =
from above,
2
while if the behavior was due to urvature, its ee t should subside for larger radii
the nu leus size, illustrated by the negative sign of the

and longer times and evolve towards

n = 1.

6.5 Summary and on lusions
In this

hapter we have shown that the diusion of latent heat away from a growing

nemati nu leus slows down its growth, and auses the growth exponent to rea h
n = 12 for quen hes above T ∗ = Tc − L/cp . Moreover, diusion of latent heat auses
∗
a transient regime, so that the value n = 1 for T < T is rea hed only asymptotially. Therefore, measuring the growth exponent for limited times and radii yields an
S-shaped

urve for the exponent as a fun tion of quen h depth. This

urve is quali-

tatively similar to what is experimentally measured[1℄, although the time and length
s ales are rather dierent.
liquid

This dis repan y

an be either related to the dierent

rystals examined in experiment and studied here, or to the un ertainty in the

parameters used in our

al ulations.

Conversely we have shown that the explanation, borrowed from the theory of domain oarsening, attributing the S-shaped

urve to the

ompetition between

urvature

at low quen hes and the free-energy dieren e at high quen hes, does not apply to nuleus growth. Our results
at the isotropi

to nemati

hallenge the

urrent belief that latent heat is not relevant

phase transition, be ause of the relatively high thermal

diusivity in these

ompounds. However, sin e the urvature me hanism annot pron = 12 limit, our onje ture deserves serious
onsideration. The experimental test we propose at the end of Se . 6.4 ould resolve

vide an alternative explanation for the
this issue.
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Supplementary material
Appendix 6.A Shape and velo ity of the order parameter prole
In this appendix we derive the shape and velo ity of the order parameter prole. This

1

appendix has been published , but is extended in this thesis to in lude the derivations
for a more general, fa torizable free energy. At the end of ea h se tion, the solution
for the free energy density used in this

hapter (Eq. 6.6) is given.

The dimensionless time dependent Landau-Ginzburg equation for order parameter
evolution is given by

∂m
δF
=−
,
∂t
δm
with

m

F =

the order parameter eld and

f

Z 

1
(∇m)2 + f
2



dV

(6.12)

the lo al free energy density.

derivation of the free energy in Eq. 6.12 gives, for a

d-dimensional spheri

Fun tional
al symmetry

∂m
1 ∂ 2 m d − 1 ∂m
∂f
=
+
−
∂t
2 ∂r 2
2r ∂r
∂m
Initially we assume that the temperature

u

is

(6.13)

onstant over the whole system. Fur-

thermore we assume that the order parameter prole of a growing nu leus of size
only varies in the neighborhood of

R(t).

With these assumptions Eq. 6.13 be omes

∂m
1 ∂ 2 m d − 1 ∂m
∂f
=
+
−
.
2
∂t
2 ∂r
2R(t) ∂r
∂m
By

hanging variables

s = r − R(t)

R(t),

we move to a frame with the velo ity

(6.14)

Ṙ(t)

of the

phase front and rearrange terms to give

1 ∂2m
+
2 ∂s2



d − 1 ∂R(t)
+
2R(t)
∂t



∂m
∂f
−
=0
∂s
∂m

(6.15)

We assume a shape preserving prole, meaning that Eq. 6.15 should be independent
of time. This is the

ase when

d − 1 ∂R(t)
+
= v,
2R(t)
∂t
1

onstant

B. A. H. Huisman, and A. Fasolino. Phys. Rev. E. 76, 021706 (2007)

(6.16)
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and so the time evolution

R(t)

of the phase front is governed by the following dier-

ential equation



d−1
d−1
Rc
∂R
, Rc =
=v−
=v 1−
Ṙ =
∂t
2R(t)
R(t)
2v
where

v is a

onstant to satisfy the time independen e of Eq. 6.15 and

nu leus size, known from
give

(6.17)

Rc is the

riti al

lassi al nu leation theory. Eq. 6.17 is easily integrated to

t(R)
R − R0 Rc
+
log
t(R) =
v
v

where

R0

is the radius at

t = 0.

If

R0 > Rc



R − Rc
R0 − Rc



.

(6.18)

then the nu leus will grow, and if

the radius of the nu leus will in rease linearly with time. If on the other hand

R0 ≫ Rc
R0 < Rc

then the nu leus shrinks as



Rc − R
R Rc
log
t(R) − t0 = +
v
v
Rc
1
R2 + O(R3 /Rc )
≈−
d−1
where

t0

is the time when

R = 0,

R≈
The inverse of Eq. 6.18

R(t) = Rc

√

for

R≈0

(6.19)

yielding

1/2
d − 1 t0 − t
,

for

R ≪ Rc

(6.20)

an be formally written in terms of the Lambert W fun tion



W






R0 − Rc + vt
R0 − Rc
+1
exp
Rc
Rc

where the Lambert W fun tion is dened as the solution

W (z)

(6.21)

of the following ex-

pression

z = W (z)eW (z) ,

(6.22)

that has an innite amount of bran hes. For our purposes it is enough to know
and we use Eq. 6.17 to

al ulate

R(t)

R0

numeri ally.

Combining Eqs. 6.15 and 6.17 gives a se ond order ordinary dierential equation
(ODE) in

s
∂m
∂f
1 ∂2m
+v
=
2
2 ∂s
∂s
∂m

whi h

an be

ast into two

(6.23)

oupled rst order ODE's



 ∂m =y
∂s
∂f
∂y


=2
− 2vy
∂s
∂m

(6.24)
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We divide

∂y/∂s

by

nu lei

y
1 ∂y
∂s ∂y
∂y
2 ∂f
=
=
=
− 2v,
y ∂s
∂m ∂s
∂m
y ∂m

and if

∂f /∂m

of Eq. 6.6 is fa torisable into exa tly three roots

m1 , m2

and

2
∂y
= A(m − m1 )(m − m2 )(m − m3 ) − 2v
∂m
y
where

A

is the highest order

independent of

m

if we

oe ient of the polynomial

m3 ,

then

(6.25)

∂f /∂m.

Eq. 6.25 be omes

hoose

√

y=
and dire tly gives the value for

A(m − m1 )(m − m2 ),

(6.26)

v

v=

√

A
(m1 + m2 − 2m3 ) .
2

(6.27)

The order parameter prole is found by taking the primitive of

1/y = ∂s/∂m,

from

Eq. 6.26

where
dene

1
s(m) = √
log
A(m2 − m1 )



m − m2
m − m1



+k

(6.28)

k is determined by the denition of R(t). If we hoose m1 < m(s) < m2 and
R(t) as the position where m(s)|s=0 = (m2 − m1 )/2, then


log(−1)
m2 − m1
= 0 ⇒ k = −√
s m1 +
(6.29)
2
A(m2 − m1 )

so that Eq. 6.28 be omes



1
m − m2
s(m) = √
log −
m − m1
A(m2 − m1 )

(6.30)

Inverting Eq. 6.30 results in the prole

m − m1

√2
A(m2 − m1 )s
1 + exp

!2 
√
A
m2 − m1 
1 − tanh
(m2 − m1 )(r − R(t)) 
m(r) = m1 +
2
2
m(s) = m1 +

The time derivative of

√

m(r)

(6.31)

(6.32)

is given by

2



∂m(r)
A(m2 − m1 ) 
1 − tanh
= Ṙ(t)
∂t
4

√

A
(m2 − m1 )(r − R(t))
2

!2 


(6.33)
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where

Ṙ(t)

is given by Eq. 6.17.

The derivative of the free energy used in this

hapter (Eq. 6.6) is




∂f
3 1p
3 1p
1 − 4ηu
1 − 4ηu
= 4m m − −
m− +
∂m
4 4
4 4
= A (m − md ) (m − mo ) (m − mb )


3
= 4m (m − mo ) m − + mo
2
where the highest
by

mo ,

oe ient of the polynomial

(6.34)
(6.35)
(6.36)

A = 4, and the three roots are given
md = 0, the order parameter in

the order parameter in the ordered phase,

the disordered phase and
respe tively.

mb = 3/2 − mo ,

the order parameter on top of the barrier,

For this free energy then, the asymptoti

velo ity

v

of the interfa e

be omes

v = 3(mo − 1) .

(6.37)

The shape of the interfa e be omes

m(r) =
and the time derivative of

m(r)

mo
[1 − tanh (mo (r − R(t)))]
2

(6.38)

be omes

2 i
∂m(r)
m2 h
= Ṙ(t) o 1 − tanh mo (r − R(t))
∂t
2

(6.39)

6.A.1 Latent heat
If in a time interval

∆t

the phase front moves less than its interfa e width, then the

latent heat term in Eq. 6.4b

an be

al ulated from Eqs. 6.32 and 6.33 as

∂L
∂m
= 2m
∂t
∂t
√



Ṙ(t) A (m2 − m1 )3
2m1
2
=
1−b
+1−b ,
4
m2 − m1

(6.40)

where

b = tanh

√

!
A
(m2 − m1 )(r − R(t)) .
2

Eq. 6.40 resembles a Gaussian around

r = R(t),

with a width of order

If the spatial extent of the latent heat term is negligible

(m2 − m1 )−2 .

ompared to the spatial
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variations of the temperature eld, Eq. 6.40 an be written as a Dira delta at
multiplied by a

r = R(t)

onstant

∂u
1
∂m
= ∇2 u + 2m
∂t
2p
∂t
Z ∞
∂m
1 2
2m
= ∇ u + δ(R(t))
dr
2p
∂t
0
R(t) ≫ 0

If

(6.41)

then the integral on the r.h.s. of Eq. 6.41 using Eq. 6.40 evaluates to

δ(R)

Z

∞

0

where

nu lei

ri < R < ri+1 .

∂m
dr ≈ δ(R)
2m
∂t

Z

∞

2m

−∞

∂m
dr
∂t


= δ(R)Ṙ(t) m22 − m21

2δi
Ṙ(t) m22 − m21
=
ri+1 − ri−1

(6.42)
(6.43)

For the expression of the free energy used in this

hapter

(Eq. 6.6) Eq. 6.42 be omes

2m

∂m
≈ δ(R)Ṙ(t)mo2 = δ(R)Ṙ(t)(1 + v/3)2
∂t

Eq. 6.44 is a good approximation when
temperature at

R(t).

R ≫ 0.

Note that

mo

and

(6.44)

v

depend on the

Appendix 6.B Comparison to lassi al nu leation
theory
In this appendix we derive the surfa e tension resulting from the order parameter
prole of Eq.6.32. This surfa e tension is used to relate the parameters of the model

2

to experimentally measurable quantities. This appendix has been published , but is
extended in this thesis to in lude the derivations for a more general, fa torisable free
energy. At the end of the appendix, the solution for the free energy density used in
this

hapter (Eq. 6.6) is given.

To derive an expli it expression for the surfa e tension, we use the approa h taken
in

lassi al nu leation theory. The dimensionless free energy of Eq. 6.12 is the sum

of the dimensionless surfa e energy

γ

and the

ontributions of the separate phases,

Fhom .

Z
Z 
1
2
(∇m) dV = Fhom + γ
F = f dV +
2

treated as homogeneous phases

2

B. A. H. Huisman, and A. Fasolino. Phys. Rev. E. 76, 021706 (2007)

(6.45)

6.B Comparison to
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lassi al nu leation theory

If we assume that the free energy density is measured with respe t to a homogeneous
system in the disordered phase, and that the free energy density of the ordered phase

∆f = f (m2 ) − f (m1 ),

with respe t to the disordered phase is given by
for a spheri al domain of radius

R,

be omes

then Eq. 6.45,

4
F = πR3 ∆f + 4πR2 σ
3
where

γ

σ

(6.46)

is the dimensionless surfa e tension. In order to

we assume

R≫0

al ulate the surfa e energy

so that the rst term on the r.h.s. of Eq. 6.45 be omes

γ = 4π

∞

Z

0

r2
2



∂m
∂r

2

dr

≈ 4π

Z

∞
−∞

r2
2



∂m
∂r

2

dr,

with

∂m
∂r

=0

for

r.0

R≫0

(6.47)

Substituting Eq. 6.32 into Eq. 6.47 and integrating gives

√
π A
π2 − 6
3 2
γ=
(m2 − m1 ) R + π √ (m2 − m1 )
3
9 A
√
π A
γ≈
(m2 − m1 )3 R2 , when R ≫ 0
3√
A
γ
=
(m2 − m1 )3
σ≈
2
4πR
12
For a at interfa e (i.e. without

urvature) of area

a,

(6.48)

the surfa e energy is found by

again integrating along a line perpendi ular to the interfa e

γ=a

Z

∞

−∞

where

γ

1
2

∂m
∂r

2

is exa t for a 1D nu leus.

al ulating

f (m2 ) − f (m1 ),

ording to

dr

=a

√

A
(m2 − m1 )3 = aσ
12

The free energy

in Eq. 6.46 is found by

A
(m2 − m1 )3 (m1 + m2 − 2m3 )
12

(6.50)

lassi al nu leation theory a domain will in rease in size when the free

energy in reases with in reasing radius, from this we
size

∆F

(6.49)

giving

∆f = −
A



an

al ulate the

riti al nu leus

Rc
∂F
∂R

R=Rc

= 0, ⇒ Rc = −

Rc = √

2σ
∆f

1
2
= .
v
A (m1 + m2 − 2m3 )

(6.51)

(6.52)
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q = 2,

This result exa tly reprodu es Eq. 6.17 with

nu lei

and shows that the time depen-

dent Landau-Ginzburg equation for non onserved order parameters obeys the

lassi al

nu leation theory.
For the expression of the free energy used in this
less surfa e tension

σ

hapter (Eq. 6.6) the dimension-

of Eq. 6.49 be omes

1
σ = mo3
6

(6.53)

Appendix 6.C The oupled equations
In this appendix we will derive the order parameter equation 6.4a, the thermal diusion equation 6.4b, the dimensionless parameters

p, η

and the time

onstant

τ

with

whi h the time of the dimensionless equations is s aled.

6.C.1 The order parameter evolution equation
A

onserved order parameter evolves towards lowering the free energy a

ording to

the Landau-Ginzburg equation

∂m
1
δF [m(~r)]
=−
∂t
τ fb kB Tc δm(~r)

(6.54)

where the free energy per unit volume is given by

fb kB Tc
F =
V
with

ξm

the mi ros opi

Z 
V


2
ξm
2
(∇m) + f dV
2

orrelation length,

f

a dimensionless expansion in terms of

fb

the height of the free energy

the

oexisten e temperature and

the order parameter of the lo al free energy density,
barrier between the two phases in units of

kB Tc , Tc

V

the system volume. For an order parameter that at the

is

m̄ = 0

in the disordered phase and

energy density is

m̄ = 1

(6.55)

oexisten e temperature

Tc

in the ordered phase, the following free

onvenient

f = m2 (m − 1)2 +

A
(T − Tc )m2 .
2

(6.56)

Fun tional derivation of Eq. 6.54 with the free energy density of Eq.6.56 then gives

τ
A

∂f
∂m
= ξ 2 ∇2 m −
= ξ 2 ∇2 m − 2m(m − 1)2 − 2m2 (m − 1) − A(T − Tc )m
∂t
∂m
hange of phase in a rst order phase transition is a

L = ∆Q,

where

∆Q

is the

ompanied by latent heat

hange of heat. If the total energy is

T ∆S + ∆Q = 0

⇒

(6.57)

∆Q = −T ∆S

onstant then
(6.58)

6.C The

At the

89

oupled equations

oexisten e temperature the order parameter goes from

the latent heat in that

ase is

m̄ = 0

to

m̄ = 1

and

Lc

Lc = −Tc ∆S = −Tc



∂F
∂T

∂F
−
∂T
m=0

m=1



= Tc fb kB Tc

A
2

(6.59)

and so Eq. 6.57 be omes

τ

2Lc
∂m
(T − Tc )m
= ξ 2 ∇2 m − 2m(m − 1)2 − 2m2 (m − 1) −
∂t
Tc fb kB TC

(6.60)

6.C.2 The thermal diusion equation
The thermal diusion equation des ribes how the hange of heat is related to a hange
in temperature

∂T
1 ∂Q
= DT ∇ 2 T +
∂t
cp ∂t
where

cp

is the spe i

heat and

DT

is the thermal diusivity. The

happens roughly at the transition temperature
losed system

Tc ,

(6.61)
hange of phase

and so to keep the energy of the

onstant we must have

∂Q
∂S
∂2F
= −Tc
= Tc
.
∂t
∂t
∂t∂T
From Eq. 6.55 we know the free energy as a fun tion of the order parameter

∂Q
∂ ∂F ∂m
∂ 2 F ∂m
= Tc
= Tc
∂t
∂t ∂m ∂T
∂m∂T ∂t

(6.62)

m
(6.63)

and so the thermal diusion equation be omes

∂T
∂ 2 F ∂m
1
= DT ∇2 T + Tc
.
∂t
cp ∂m∂T ∂t

(6.64)

whi h, for the free energy density of Eq. 6.56, results in

∂T
Tc Afb kB Tc ∂m
= DT ∇ 2 T +
m
∂t
cp
∂t
∂m
Lc
= DT ∇2 T + 2m
cp
∂t
∂u
∂m
= DT ∇2 u + 2m
∂t
∂t
where

u=

cp
(T − Tc )
Lc

(6.65)

(6.66)

(6.67)

(6.68)
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nu lei

6.C.3 Coupling the equations, and making them dimensionless
Equations 6.60 and 6.67

onstitute a set of

oupled equations

∂m
L L 1
(6.69)
= ξ 2 ∇2 m − 2m(m − 1)2 − 2m2 (m − 1) −
um
∂t
Tc cp kB Tc fb
∂m
∂u
= DT ∇2 u + 2m
(6.70)
∂t
∂t
√
time by τ and position by z =
2ξ these equations be ome dimensionless
τ

S aling

1
η
∂m
= ∇2 m − 2m(m − 1)2 − 2m2 (m − 1) − um
∂t
2
2
∂u
τ DT 1 2
∂m
1 2
∂m
= 2 ∇ u + 2m
= ∇ u + 2m
∂t
ξ 2
∂t
2p
∂t

(6.71)
(6.72)

with

p=
where

p

Dm
ξ2 1
=
,
τ DT
DT

η=

L L 2
,
Tc cp kB Tc fb

Dm =

ξ2
τ

(6.73)

is a measure for the dieren e between the thermal diusivity

order parameter diusion onstant

DT

and the

Dm , and where η ouples the temperature to the orτ and fb are unknown experimentally. However,

der parameter eld. The parameters

fb

an be determined from the surfa e tension, whi h was derived for the dimension-

less equations with the lo al free energy of Eq. 6.56, in Appendix 6.B. Also, the time
s ale

τ

an be determined by

al ulating the velo ity of the interfa e, and relating it

to experiments.

6.C.4 Relating the parameters to experiments
The surfa e tension, Eq. 6.53, at the

oexisten e temperature

the real surfa e tension by taking into a

σ=
where

ρc

1 ξm fb kB Tc ρc
6
MW

Tc ,

an be related to

ount the s aling of the free energy

⇒

fb =

6σMW
ξm kB Tc ρc

(6.74)

Tc , and MW is the mole ular weight of the liquid rystal.
fb of Eq. 6.49 into Eq. 6.73 gives η in terms of experimentally measurable

is the density at

Substituting
quantities

η=
The value of

τ,

and ultimately

p,

L2 ξρ
.
3Tc cp σMW

(6.75)

an be determined from the velo ity of a planar
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interfa e at

onstant temperature, as given by Eq. 6.37

√

3 3p
2ξ
2ξ
1 − 4ηu
= − +
v = 3(mo − 1)
τ
4 4
τ
√
2
Lξ ρ(T − Tc )
−3 2ξ
ηu = −
≈
2τ
2τ Tc σMW
2
ξ Lc ρc (Tc − T )
v= √
= β(Tc − T )
2τ Tc σMW
√

where

β

is the kineti

Eq. 6.78 for

τ

oe ient, whi h

p

(6.77)

(6.78)

an be determined by experiment. Solving

gives

τ=√
and so

(6.76)

Lc ξ 2ρ
2βTc σMW

(6.79)

is also known in terms of experimentally measurable quantities

p=

√

2βTc σMW
Lc ρc DT

(6.80)

Appendix 6.D Numeri al te hniques
6.D.1 General dis retization
We dis retize the eld variable

u(r)

on a grid of

N

points

ui ,

where

ri

is the position

at the i-th grid point. In this se tion a subs ript denotes a spatial dis retization. The
Lapla ian of the eld variable

u

in a

d-dimensional spheri

∇2 u =
that we estimate at

ri

∂ 2 u d − 1 ∂u
+
∂r 2
r ∂r

(6.81)

by nite dieren es

∇2 u|ri ≈

where

al symmetry is

2ui
2ui+1
2ui−1
−
+
∆ri−1 ∆ri ∆ri−1 ∆ri+1 ∆ri ∆ri+1
d − 1 ui+1 − ui−1
+
ri
∆ri

∆ri = ri+1 − ri−1 , ∆ri−1 = ri − ri−1

and

Eqs. 6.4a and 6.4b numeri ally we dis retize time

(6.82)

(6.83)

∆ri+1 = ri+1 − ri . To integrate
n
in steps t = 0, ∆t, . . ., where we

use supers ripts for the time dis retization. We make use of the semi-impli it CrankNi holson integration s heme[9℄. Assuming a se ond order partial dierential equation
(PDE) of the form

∂u
= g(u, ∇2u)
∂t

(6.84)
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nu lei

we have to solve

∆t
g(u, ∇2u)
2

un+1 = un +
for ea h

un+1
.
i

If

g

equations whi h
we

is linear in

tn

+ g(u, ∇2u)

u and ∇2 u then Eq. 6.85

tn+1



(6.85)

omprises a system of

an be solved by e.g. LU de omposition. If

g(u)

an linearize the right part of Eq. 6.85 by a Taylor expansion of

N

linear

u,
u(tj )

is not linear in

g(u) around


 n+1
g(u)|tn+1 + g(u)|tn
u
+ un
≈g
2
2
n+1
n
∂g
u
−u
≈ g(un ) +
∂u un
2

(6.86)

6.D.2 Numeri ally integrating m and u
The derivative of the free energy of Eq. 6.6
nonlinear way. This means the

ouples equations 6.4a and 6.4b in a

oupled equations

re tly by impli it or semi-impli it methods.

annot be numeri ally solved di-

One way to over ome this problem is

to linearize the derivative of the free energy

lose to

Tc .

This approa h was taken

in Ref. [7℄. Although we have used a dierent approa h, namely the semi-analyti al
approa h detailed in Se tion 6.D.3, we have tested the validity of our semi-analyti al
approa h by

omparing it to this linearized method.

In Ref. [7℄ the

oupling between the order parameter evolution equation and the

heat diusion equation is linearized by approximating the lo al free energy density as

1
1
f = m2 (m − 1)2 + mu2 ≈ m2 (m − 1)2 + mu
2
2
where the approximation holds

lose to

u = 0,

be ause there

mo ≈ 1.

(6.87)

However, note

that in this approximation the order parameter in the disordered phase is
not equal to zero. The approximate, linearly

oupled set of equations then be omes

∂m
1
η
= ∇2 m − 4(m)3 + 6(m)2 − 2m − u
∂t
2
2
∂u
1 2
∂m
= ∇ u+
∂t
2p
∂t
Note that the derivative of the free energy
latent heat is linear in

∂m/∂t.

You

lose to, but

∂f /∂m

is now linear in

(6.88a)
(6.88b)

u,

and that the

an either integrate these equations dire tly with

rst order a

ura y in time, by using nite dieren es and an expli it time integration
n+1
s heme of the form t
= tn + ∆tg(u, ∇2 u)|tn , or by the Crank-Ni holson integration,

whi h is se ond order in time. In the latter

ase we need to linearize the dierential
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equation in terms of

∂f
∂m tn+1

+
2

∂f
∂m tn

tn+1 ,

with Eq. 6.86

un + un+1
i
≈4(mni )3 − 6(mni )2 + 2mni + η i
2


+ 6(mni )2 − 6mni + 1 mn+1
− mni
i
 n+1
uni + un+1
i
n 2
n
n
= 6(mi ) − 6mi + 1 mi + mi + η
− 2(mni )3
2

We arrive at the linearized,

oupled system of equations by

(6.89)

ombining Eqs. 6.83,

6.88 and 6.89

mn + mn+1
mn + mn+1
mn+1
− mni
mn + mn+1
i−1
i+1
i
i
= i−1
− i
+ i+1
∆t
∆ri−1 ∆ri
∆ri−1 ∆ri+1
∆ri ∆ri+1
n+1
n
d − 1 mni+1 + mn+1
i+1 − mi−1 − mi−1
+
2ri
∆ri
 n+1
η(uni + un+1
)
n
i
n 2
n
− 6(mi ) − 6mi + 1 mi − mi −
+ 2(mni )3
2
n+1
n+1
n+1
n
n
n
n
u
+
u
u
+
u
u
+
u
un+1
−
u
i+1
i−1
i
i
i
− i
+ i+1
= i−1
∆t
p∆ri−1 ∆ri
p∆ri−1 ∆ri+1
p∆ri ∆ri+1
n+1
n
d − 1 uni+1 + un+1
mn+1
− mni
i+1 − ui−1 − ui−1
+
+ i
2pri
∆ri
∆t
We move everything that depends on the

n + 1-th

(6.90a)

(6.90b)

iteration to the left hand side, and

keep the rest on the right hand side. This way the system of

oupled equations

an be

written as a matrix equation. To solve both sets of equations simultaneously we write
the eld variables in a ve tor in an interspersed way, so that the matrix equation we
have to solve be omes

where

B

A

T
n+1
n+1
n+1
A · . . . , un+1
, mn+1
, un+1
i−1 , mi−1 , ui
i
i+1 , mi+1 , . . .
T
= B . . . , uni−1 , mni−1 , uni , mni , uni+1 , mni+1 , . . . = bT

is the matrix of

the matrix that

Note that

oe ients of the linearized system of

onverts the eld variables at time

A is pentadiagonal.

tk

2N

(6.91)
equations, and

to the solution ve tor

As it is quite diagonally dominated it

b.

an be solved by

LU-de omposition without pivoting.

6.D.3 The semi-analyti al approa h
In Se tion 6.A we have

hosen a dierent method to integrate Eqs. 6.4a and 6.4b

using the free energy of Eq. 6.6.

We start with a nu leus of size

the temperature eld at a homogeneous under ooling temperature
and using Eqs. 6.17 and 6.37 we determine
ter eld and its time derivative at

t = ∆t/2

Ṙ(t = 0).
are

R0 and initialize
u ool . From u ool ,

The initial order parame-

al ulated from Eq. 6.8 by taking
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R(t + ∆t/2) = R(t) + Ṙ∆t/2.

nu lei

Then we integrate Eq. 6.4b with the Crank-Ni holson

integration s heme, whi h involves solving the following tridiagonal matrix equation
by LU de omposition

un + un+1
un+1
− uni uni−1 + un+1
un + un+1
i−1
i+1
i
i
=
− i
+ i+1
∆t
p∆ri−1 ∆ri
p∆ri−1 ∆ri+1
p∆ri ∆ri+1
n+1
n
d − 1 uni+1 + un+1
i+1 − ui−1 − ui−1
+
2pri
∆ri


∂m
∂m
1
+ 2m
2m
+
2
∂t tn
∂t tn+1

(6.92)

where

1
2



∂m
2m
∂t

tn

∂m
+ 2m
∂t

tn+1



2δi
≈
Ṙ
ri+1 − ri−1

tn+1/2



v| n+1/2
1+ t
3

The order parameter front position at subsequent time steps
n
n
determining v(t ) from u(R(t )) and al ulating

tn+1

is

2v(tn )R(tn ) − (d − 1)
2R(tn )


n
n
n
2v(t ) R(t ) + ∆tṘ(t ) − (d − 1)


Ṙ(tn+1 ) =
2 R(tn ) + ∆tṘ(tn )

∆t  n
n+1
n+1
n
Ṙ(t ) + Ṙ(t )
R(t ) = R(t ) +
2
Ṙ(tn ) =

2

(6.93)

al ulated by

(6.94)

(6.95)

(6.96)

Ṙ(tn+1 ) is estimated by applying Eqs. 6.94 and 6.95 for v(tn+1 ) al ulated
n
temperature u(R(t )). The temperature at a spe i position R is determined

subsequently
at the

by an eighth order Neville's interpolation[13℄ of the temperature grid. In subsequent
n
steps the heat sour e is al ulated analyti ally at t + ∆t/2 by al ulating the order
n+1/2
n
n
parameter front at R(t
) = R(t ) + Ṙ(t )∆t/2 again.

Appendix 6.E Comparison to experiments
In this

3

hapter we have applied our model of nu leus growth to the growth of nemati

liquid rystal nu lei of the substan e o tyl yanobiphenyl (8CB), be ause, to our knowledge, this is the only liquid
model parameters

p

and

η

rystal for whi h all quantities needed to determine our

have been estimated or measured (See Table 6.1). How-

ever, until now no experimental results on the nu leus growth of 8CB were available
3

Arti le in preparation. G. Tordini, B. A. H. Huisman, M. Rogers, P. C. M. Christianen, J. C. Maan,
A. Fasolino
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to

ompare our model with. Re ently Chan and Dierking have studied a pure thermal

diusion model analyti ally, and have also argued that thermal diusion
transition from diusive to linear domain growth.
no quantitative

However, to our knowledge still

omparison with experiments exists that

report experiments on the isotropi

to nemati

auses the

onrms this[12℄. Here, we

transition in 8CB, and

ompare our

model with these ndings.
In these experiments a thin re tangular
is lled with nearly pure 8CB. The
with 0.02 K a

ell (100µm thi k) of

ura y, that is pla ed under 45 degrees between

a polarizing mi ros opy set-up. To determine the
very slowly

lean, untreated glass

ell is loaded in a temperature

ooled from the isotropi

ontrolled holder,

rossed polarizers in

oexisten e temperature the

phase, until the nu leation of nemati

is rst observed. We assume that this temperature is the

ell is

domains

oexisten e temperature,

Tc . In all further experiments a rapid quen h is performed from just
T = Tc − ∆T , and the growth of nemati domains is registered. We have

and denote it by
above

Tc

to

veried that after the quen h the temperature was stable well before the nu leation of
the rst domain. This way we were able to measure the growth of a nemati
at a

onstant under ooling

a maximum of

0.35K.

∆T .

The nite quen h rate limited the range of

At higher

pro edure, leading to results that

∆T 's

domain

∆T 's

to

domains already appear during the quen h

annot be interpreted within our model. Note that

for 8CB we have estimated that the transition from the diusive regime to free energy
driven growth is situated at

∆T = Lc /cp = 0.84K,

and so the free energy driven

regime is outside the obtainable range for these experiments.
Due to the dire tional order of the nemati

domains, these domains are bire-

fringent, i.e. they have a slightly dierent refra tive index along the dire tion of the
nemati

domains, than along perpendi ular dire tions. When pla ing the

ell between

two mutually perpendi ular polarizing lters and shining light through this set-up,
the nemati

domains appear bright, whereas the isotropi

growth of the nemati
the

parts remain dark.

The

domains is measured by registering the light passing through

rossed polarizing lters and the

ell with a CCD- amera that takes 25 frames

per se ond. Then we determine for ea h pixel that is brighter than a threshold value
(separating the isotropi

from the nemati

determine the area of all these

phase) to whi h

lusters. Overlapping

luster it belongs, and

lusters from

onse utive frames

are given the same identi ation number, so that the growth of the domains

an be

followed over time.
In Figures 6.5 and 6.6 we show sequen es of images taken by the CCD- amera
at xed intervals, together with the results after image analysis, showing the domain
boundaries and their identi ation number, for
Several

•

∆T = 0.1 and ∆T = 0.35 respe

tively.

ompli ations arise, when studying nu leus growth this way.

The size of the domains depends on the threshold value used in the
tion algorithm, espe ially if the nemati
than the isotropi

ba kground. In that

domains are not

luster dete -

onsiderably brighter

ase the resulting estimate of the domain

size is rather noisy. The edge of domain 3 in Fig. 6.5 is noisy for this reason.
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t = 31.6s

t = 62s

t = 90.3s

t = 119.7s

Figure 6.5: Sequen e of CCD- amera snapshots (bla k ba kground) of the growth of nemati domains from an under ooled (∆T = 0.1K) isotropi melt, next to resulting domains
after image pro essing. Domains are identied with a number, after whi h their area is
measured. As domains are not perfe tly aligned with the ross polarizers, and domains may
ontain defe ts, this identi ation sometimes fails. Cluster analysis was only performed on
parts of the image.

6.E Comparison to experiments

97

t = 9.6s

t = 17.0s

t = 24.3s

t = 31.7s

Sequen e of CCD- amera snapshots (bla k ba kground) of the growth of nemati domains from an under ooled (∆T = 0.35K isotropi melt, next to resulting domains
after image pro essing. Domains are identied with a number, after whi h their area is
measured.
Figure 6.6:
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•

The brightness of a nemati

nu lei

domain does not only depend on the amount of or-

dering, but also on the dire tion. Therefore some domains appear less prominent
than others, and the brightness may vary
Furthermore, defe ts in the nemati

onsiderably throughout a domain.

dire tor

an

ause the edge of a nemati

domain to appear brighter than the interior, resulting in dark spots that are
wrongly identied as isotropi

domains inside a nemati

domain.

Domain 2

and 5 in Fig. 6.5 merge into a domain with a defe t, whi h is why this nemati
domain is not identied as a single domain by the

luster dete tion algorithm.

The area of domain 2 of Fig. 6.6 is underestimated be ause parts of its interior
are darker than the threshold.

•

A large fra tion of the domains grows out of the eld of view of the

amera

after some time. When this happens, like in domain 0 of Fig. 6.6, we dis ard
the domain.

•

Domains merge, but before they do, the dire tions of the nemati

domains must

align. This pro ess takes time, and results in a slowing down of nu leus growth
long before the domains a tually merge, as we observe for domain 1 and 44 in
Fig. 6.6.

•

Domains nu leate at rough spots on the

ell's surfa e, as indi ated by the fa t

that a ross dierent experiments some domains appear roughly at the same
positions and in the same order. This also means that the domains grow very
near to the

ell's surfa e, and may be inuen ed by its presen e. Also, the

is very thin, and domains

•

The

an be ome as large as the

riti al nu leus size, i.e. the minimum size a nemati

before the

ost of

ell

ell's thi kness.
domain must have

reating a surfa e between the two phases is over ome by the

free energy benet of ordering, is mu h smaller than the spatial resolution of
the

amera. Therefore an unknown time

∆t

passes between when the domain

starts growing, and when we rst observe it. This

ompli ates the analysis of

the growth as a power-law pro ess, be ause although the smallest times ale in
our measurement is given by the frame-rate of the

amera (0.04s), the smallest

reliable times ale for our analysis of the power-law pro ess is determined by the
unknown time
In light of these

∆t,

i.e. by the spatial resolution.

ompli ations we pi k the domains to analyze further by hand. We

make sure that the domains we pi k have a smooth edge, that they do not grow
out of the

amera's eld of view, and we ensure that we only follow the growth of

a domain well before it merges.

It is

lear from these images that the assumption

made in the theoreti al idealization of a single nemati
innitely sized isotropi

melt, whi h at the moment the domain nu leates is at a

uniform temperature below
experimental

domain growing from an

Tc ,

is not entirely a

urate. However, we hope that the

ir umstan es of a growing isolated nu leus are

lose enough to our
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theoreti al assumptions to validate the theoreti al hypothesis about the inuen e of
latent heat and its diusion on nu leus growth.
In gure 6.7 we show the radius
above, as a fun tion of time

t

R

of the nemati

domains, sele ted as des ribed

for three dierent quen h depths

∆T .

We show the

growth on a linear time s ale, and in two ways on a log-log s ale, whi h we will dis uss

R(t) =

later. We assume that the domains are spheri al, so that

A(t)

is the area of a nemati

that all the nemati

domain as measured by our

A(t)/π ,

where

luster algorithm.

Note

domains in one panel are all measured at the same time, in the

same experiment. The dieren es between the
u tuations, a slightly dierent environment
distan e to the

p

urves are due to lo al temperature

aused by neighboring domains and their

ell's surfa e, and errors introdu ed by the image analysis. They show

the inherent di ulties in measuring nu leus growth. Together with the experiments
we show the results of our theoreti al model, Eqs.6.11a and b, for the parameters
estimated for 8CB (Table 6.1), and for the same parameters but dierent values of
the thermal diusivity
Nu leus growth

DT .

al ulated for the diusion of latent heat in 8CB ex eeds the

growth measured in experiments for all under oolings.

Furthermore, at the time

s ales that the growth is measured experimentally, the model nu leus is still in the
linear growth regime, i.e. before the asymptoti
Fig. 6.4 sets in, while the experimental nu lei

behavior of the dashed-dotted line in
learly grow mu h slower than linearly.

Changing any of the experimental parameters, ex ept
resulting growth

DT ,

in Table 6.1

an shift the

urve to the desired smaller time and length s ales, but this results

either in the right domain size but the wrong growth exponent, or vi e versa. Only
by

hanging the thermal diusivity

DT

an the theoreti al

urve be made to resemble

the experimental one, as is shown in Fig. 6.7.
The growth exponent

an be determined from the slope of the

urve on a log-

log s ale. However, as mentioned above, we only know when the domains are rst
observed, not when they started growing, and when using the former time as the origin
of our log-log plots (Figures 6.7(d-f )), the growth exponent will be underestimated.
To determine the growth exponent of the experimental urves as a

urately as possible

we assume that all nu lei at the same under ooling grow identi ally from the time
they start growing, to the time they are rst observed, i.e.

that the time

∆t

only

depends on temperature, and is independent of the individual details of the nu lei.
Furthermore, we assume that the growth of the nu lei

an be des ribed by a power

n. To this purpose we estimate ∆t by tting a powern
law of the type A[(tmeasured − ∆t)/∆t] to ea h urve at the same quen h depth, and
minimize the sum of the errors of all the ts for ∆t. Figures 6.7(g-i) show the resulting
urves after translation with ∆t. The value of ∆t found in this way is then used to
law with only one exponent

determine the average growth exponent of ea h of the domains.
The resulting growth exponents are shown in Figure 6.4. At small quen hes the
domains seem to grow diusively, with a growth exponent of about

n ≈ 0.5,

onsistent

with the theoreti al growth exponent for large values of the thermal diusivity. For
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∆T = 0.1K

∆T = 0.2K

nu lei

∆T = 0.35K

60
D = 6 · 10−8 m2 /s
D = 6 · 10−10 m2 /s
D = 6 · 10−11 m2 /s
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Radius R(t) of nemati domains (solid bla k lines), sele ted as des ribed in
the text, as a fun tion of time for quen h depths (a,d,g) ∆T = 0.1K, (b,e,h) ∆T = 0.2K
and ( ,f,i) ∆T = 0.35K. The solid gray line shows the numeri al solution to Eqs. 6.11a and
b with parameters estimated for 8CB (Table 6.1). For omparison the dashed, dotted and
dashed-dotted urves show al ulations with in reasing values of the thermal diusivity DT .
Panels (d-f) show the growth on a logarithmi s ale, starting from the time the domains are
rst observed. Panels (g-i) show the same, but starting from the estimated time at whi h
the domains started growing, t − ∆t. For ∆T = 0.1, ∆t = −4.9s, for ∆T = 0.2, ∆t = −2.3s,
and for ∆T = 0.35, ∆t = −0.38s,
Figure 6.7:
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Figure 6.8: Average growth exponent as a fun tion of quen h depth ∆T , determined by
tting a power-law to (a) the entire growth urves of Fig. 6.7(g-i), and (b) to the se ond half
of the same growth urves. Symbols denote the t of the same radial range to the numeri al
solution of Eqs. 6.11a and b. Squares denote a t to the urve with DT = 2 · 10−11 m2 /s,
ir les the t to urves with DT = 6 · 10−11 m2 /s.

larger quen hes the growth exponent diers signi antly from the theoreti al predi tion, but is still slower than linear.
In our model the diusion of latent heat, generated by a moving phase front
between the isotropi and the nemati

phase, limits the growth of nemati domains for

Tc − Lc /cp < T < Tc , and auses the domains to grow with
around n = 0.5 in this temperature range. Without a diusive

quen hes at temperatures
a growth exponent of

pro ess limiting the domain growth, the radius of nu lei would in rease linearly in
time. It is

lear from Fig. 6.8 that 8CB nu lei do grow with an exponent

n ≈ 0.5

for small quen hes, and therefore that there is some diusive pro ess that limits
nemati

domain growth. From Fig. 6.7 we

an

on lude however, that it is unlikely

that thermal diusion is that limiting fa tor in the

ase of nemati

nu lei, as the

thermal diusion is several orders of magnitude too fast to explain the experimental
urves. Interestingly, the thermal diusivity that best mat hed the experiments, DT =
2 · 10−11 m2 /s, is equal to the diusivity of C2 Cl6 impurities in the nemati phase of

8CB[11℄.

Perhaps it is this diusion of impurities that

growth of nemati , liquid

ould explain the diusive

rystal nu lei from an under ooled, isotropi

melt.
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7
The self-assembly of pat hy parti les
7.1 Introdu tion to self-assembly
Many of the nano-s ale devi es, as well as stru tures and materials found in nature
onsist of

olle tions of mole ules bound together by non ovalent intera tions. While

some of these supramole ular stru tures are

arefully put together by

anisms involving for example templates or

haperons, an important part assembles

without any external help. The

omplex me h-

hallenge in supramole ular self-assembly is not only

to understand how these mole ules self-assemble into su h very pre ise supramole ular
stru tures, but ultimately also learn how to design mole ular building blo ks in su h
a way that they self-assemble into useful novel materials and devi es.
Be ause of the non ovalent nature of supramole ular intera tions the intermole ular bonds are often weak enough to break at biologi al onditions, i.e. the bond energy
is somewhere between 1 and 20
assembly reversible, and in that

kB T .

This makes most of the supramole ular self-

ase there is a thermodynami

the self-assembled stru ture, the monomeri

equilibrium between

building blo ks, and sometimes interme-

diate or wrongly assembled stru tures. The energy of many of these intermole ular
intera tions depends on outside fa tors su h as the salt- on entration or the pH of the
solvent, and the fa t that the stability of the nal stru ture

an be tuned by these out-

side stru tures, makes self-assembly very exible. However, the nal stru ture must
also be robust, i.e. the desired out ome must be by far the most stable stru ture, for
self-assembly to be an ee tive tool for building on the nano-s ale.
A designer of mole ular building blo ks has a large set of intera tions he
and here I will only mention a few. Ring stru tures, su h as aromati
sta k be ause of the intera tion between their

π -orbitals, an intera

sta king. Depending on the pH of the solvent, or its salt
mole ule may be

harged,

an use,

rings, tend to

tion known as

π -π

on entration, parts of the

ausing repulsion or attra tion based simply on Coulomb's

law of ele trostati s. Furthermore, mole ules

an intera t via series of intermole ular

hydrogen bonds, where the hydrogen donors and a

eptors are often ordered in su h

a way that the intera tion site has a lo k-and-key like spe i ity and a higher binding
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energy. Some parts of the mole ular building blo ks may have a dierent solubility in
the solvent than others. In the

ase of water as a solvent, the dieren e between the

hydrophobi

parts of the mole ules

and the hydrophili

reates an ee tive attra tion

between parts with a similar solubility, and an ee tive repulsion between dissimilar
ones. Also, mole ules have an ex luded volume, whi h is the result of the ele tron
shell repulsion between atoms at

lose distan es.

Mole ules that self-assemble often have a large mole ular weight, and to study
the thermodynami

equilibrium between the nal self-assembled stru ture and its

individual building blo ks by means of e.g.

Monte Carlo simulations, we need to

simulate a large number of building blo ks at the same time. If we wish to do this
with full atomi

detail we not only have to des ribe the atoms of all the mole ular

building blo ks, but also that of the solvent mole ules, whi h outnumber the building
blo ks by many orders of magnitude at low building blo k density. At the moment,
this is omputationally intra table for all but the simplest building blo ks and solvents.
Fortunately, when atomi

detail is not required or too expensive, we

an use

oarse

grained methods that lump multiple, fun tionally similar atoms of a mole ule into a
single (often spheri al) bead with approximately the same physi al

hara teristi s.

7.2 Pat hy parti les
Geometri ally, the building blo ks of self-assembly
where the spe i

attra tion and repulsion

an be viewed as ex luded volumes,

an be regarded as pat hes of intera tion,

distributed over the ex luded volume of the mole ule, mainly at its surfa e. Attra tive
pat hes represent for example series of hydrogen bonds, oppositely harged parts, ringstru tures, or hydrophobi

parts, while repulsive pat hes represent hydrophili

parts

or equally harged parts. This denes the pat hy parti le, a geometri al obje t dressed
with spe i ally intera ting pat hes, that I will use as a
self-assembly.

oarse grained model to study

7.2 Pat hy parti les
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Four ways of reating a pat hy parti le. Red spheres represent beads whi h are
hard, impenetrable volumes. Purple depi ts an attra tive pat h. (a) Rigid lusters of hard
sphere beads, where a few beads also have a supplementary attra tive part. (b) Square well
pat hy parti les: hard sphere dressed on the surfa e with spheri al square well potentials.
For any overlap of the purple volumes, ea h parti le gains an energy ǫ/2. ( ) Sti ky spheres:
hard spheres with ones of intera tion. The one originates at the parti le enter. For
any overlap of the purple ones, the parti les gain an energy ǫ/2. (d) Smoothly varying,
dire tionally dependent pat hes. Pat hes originate from the enter and have a maximum
attra tion when their dire tions (depi ted by arrows) are aligned along the inter-parti le
ve tor. Attra tion diminishes when the pat hes be ome less aligned.
Figure 7.1:
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As a rst approximation one usually starts with a spheri al volume. In some

ases,

e.g. for self-assembling globular proteins this is a reasonable approximation. There
are several ways of modeling the intera ting pat hes, illustrated in Fig. 7.1, and one
an even

•

ombine them on a single pat hy parti le

One

an build a basi

shape formed by several smaller spheres (Fig. 7.1(a)), and

assign dierent potentials to some of the spheres at the surfa e[1℄. This basi
shape is made of hard spheres, i.e. spheres with a potential

VHS =
where

r



0 r > RHS
∞ r ≤ RHS

is the distan e between two spheres, and

Then, at the spe i

(7.1)

RHS

is the hard-sphere radius.

positions at the surfa e of the basi

is supplemented by a pat h, a spheri ally symmetri
potential.

shape, a hard sphere

attra tive or repulsive

This approa h has the advantage that one

an make a range of

base shapes, and that one only needs spheri ally symmetri

potentials.

The

disadvantage is that you need many parti les to des ribe a single mole ule.

•

The square well pat hy parti le (Fig. 7.1(b))

onsists of a hard sphere, with

smaller spheres, with the origin on the surfa e of the larger sphere[2; 3℄. The
smaller spheres intera t via a square well potential

VSW =
where

ǫ



0
r > RSW
,
−ǫ r ≤ RSW

is the energy gain (or loss in the

a bond between pat hes, and

RSW ≪ RHS

(7.2)

ase of a repulsive pat h) of making
is the square well radius. This is a

very useful model, as it has only a few, very well dened parameters, i.e. the
number and position of the pat hes, the ratio between the hard-sphere radius
and the square well radius, and the energy of a bond.

•

The sti ky pat hy sphere (Fig. 7.1( ))

onsists again of a hard sphere base, but

instead of a spheri al square well potential at the surfa e of the sphere, this has
a

oni al square well potential[4℄.

The apex of the

enter of the hard sphere, and the

entral axis of the

one is positioned at the
one pier es the surfa e

of the hard sphere at a xed position. If pat hes on dierent mole ules overlap
the mole ules gain an energy
the

•

ǫ.

By

hanging the apex-angle, and the amount

one extends beyond the hard sphere, one

an

hange the pat h size.

Real intera tions are never on-o like the square well potential.
potential, su h as the Lennard-Jones potential,

A smoother

an be used as a more realisti

approximation of the true intera tion potential[5℄. In this way one

an extend

the square-well pat hy parti le, by pla ing a spheri ally symmetri , attra tive
potential on the surfa e of a hard sphere, or one

an extend the sti ky pat h
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potential, by pla ing a spheri ally symmetri

potential at the

enter of the

hard sphere, and modifying it su h that it attra ts maximally when the pat hdire tions are aligned perfe tly along the inter-parti le ve tor (Fig. 7.1(d)). A
smoother potential is more realisti , as it allows for a temperature dependent
average bonding energy. Furthermore with a smooth angular potential one

an

tune the exibility of a bond, whi h is useful to des ribe for example semi-exible
polymers.
The stru tures that
or

losed.

an be formed by self-assembly fall into two

The stru tures are

losed if they are limited in size, be ause additional

intera tions are geometri ally impossible. Virus
all fall into this

ategories, open

ategory. The simplest form of

apsids[6; 7℄, rings[8℄ and vesi les[9℄

losed self-assembly is a dimer,

reated

by a pat hy parti le with only one attra tive pat h, allowing only one intera tion.
Open self-assembly is found in bundles[10; 11℄, in photoni

rystals[12℄ and in open

membrane sheets[13℄, and its simplest form is linear supramole ular polymerization[2℄.
The simplest model for linear supramole ular polymerization is a spheri al bead with
two diametri ally opposed, attra tive pat hes on ea h side of the bead. The length of
the polymers they form is not xed, nor geometri ally limited. The supramole ular
polymers themselves

an sometimes aggregate into bundles.

The equilibrium polymer length distribution of spheri al beads with two diametri ally opposed, square well pat hy parti les has already been solved analyti ally, and
re ently these theoreti al predi tions have been

onrmed by numeri al simulations[2℄.

However, the theoreti al predi tions for more realisti , smoothly varying pat hy parti les have not been tested previously.

Also, the bundling of these supramole ular

polymers by sideways intera tions of the
served
In

omputationally, nor

onstituent mole ules has never been ob-

an it be des ribed by polymerization theory.

hapter 8 I will study this simplest form of open self-assembly, and the subse-

quent bundling, of a smoothly varying pat hy parti le that forms semi-exible polymers. The size of the pat h determines not only the polymer exibility, but also the
polymer length distribution at a
at low temperatures and densities

ertain temperature.

I show that the aggregation

an be des ribed by the simple theory of the ideal

free asso iation (IFA) model, and that the more involved Wertheim Thermodynami
Perturbation Theory predi ts the extend of polymerization without any tting parameters, even at higher temperatures. In this model, above a

ertain pat h-size, a

pat h also intera ts sideways with mole ules from other polymers, and I show that this
attra tion between polymers
dynami

auses a bundling transition. I dene a simple thermo-

model of polymer sublimation to

reate a qualitative phase diagram between

monomers, polymers and bundles. In Appendix 8.A I derive the polymer length distribution that results from the IFA-model, and

al ulate the

hemi al potential of a

parti le in a polymer gas. Then, in Appendix 8.B I equate this
to the

hemi al potential of a parti le in an Einstein

hemi al potential

rystal, to derive the polymer

sublimation line between an ideal gas of polymers and an Einstein
pendix 8.C I show how the bending rigidity of a polymer

hain

rystal. In Ap-

an be derived from
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the pat h potential, and nally, in Appendix 8.D I show how quaternions

an be used

to perform rigid parti le rotations in Monte-Carlo simulations.
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We report Monte Carlo simulations of the self-assembly of supramole ular polymers based on a model of pat hy parti les.

We nd a rst-order phase transi-

tion,

hara terized by hysteresis and nu leation, toward a solid bundle of poly-

mers,

of length mu h greater than the average gas phase length.

We argue

that the bundling transition is the supramole ular equivalent of the sublimation
transition, whi h results from a weak

hain- hain in-

tera tion. We provide a qualitative equation of state
that gives physi al insight beyond the spe i
∗
of the parameters used in our simulations.

∗

values

8

The body of this hapter has been published as:
B. A. H. Huisman, P. G. Bolhuis and A. Fasolino.
Phys. Rev. Lett. 100, 188301 (2008). Appendi es 8.A to 8.D
are added here as supplementary material.

Phase transition to bundles of exible bers
Self-assembly is an a tive eld of resear h, driven by the desire to design new materials. Understanding the rules of self-assembly has been dened as the
hemistry of this

entury[1℄.

neously organize be ause of highly spe i
hydrogen bonding, and

hallenge for

The large mole ules involved in self-assembly sponta-

π − π -sta

intera tions like hydrophobi /hydrophili ,

king. Modeling these self-assembly pro esses using

oarse-grained models, su h as the pat hy parti le[2℄, has the potential to yield theoreti al insight. Up to now, pat hy-parti le models have mostly been used to des ribe
the self-assembly of fun tionalized
formation of self-assembled

olloids for photoni

rystals[3℄, and to study the

lusters[4℄.

We fo us on linear supramole ular self-organization, like the experimentally observed reversible aggregation of dis oti

mole ules into supramole ular polymers[5; 6;

7℄. S iortino et al.[2℄ showed that the Wertheim Thermodynami
ory (WTPT) of asso iating liquids a
by

urately predi ts the

Perturbation The-

hain-length distribution

omparing the WTPT to simulations of square-well pat hy parti les.

beyond linear polymerization is the bundling of supramole ular
neither the WTPT, nor the square-well pat hy parti le,

One step

hains [5; 6; 7℄, that

an deal with, sin e it requires

hain- hain intera tions.
In this

hapter we present Monte Carlo simulations of pat hy parti les that, by

de reasing temperature or in reasing density rst polymerize into
quently undergo a phase transition toward bundles of these

hains and subse-

hains. We interpret this

bundling as a sublimation transition from a polymer gas to a solid bundle. This sub-
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a) Geometry of the pat hes. θi is the angle between the dire tion p~i of pat h i
and the interparti le ve tor ~rij = ~rj − ~ri . θj is the angle between the dire tion ~pj of pat h j
and r~ji = −r~ij . θij is the angle between p~j and −~pi. b) Pat h potential for three values of
θj for w = 0.4. The strongest attra tion o urs for θi = θj = θij = 0 and de reases rapidly
for in reasing angles. Parti les are depi ted at half their size.
Figure 8.1:

limation

ompetes with polymerization and gives rise to nontrivial phase behavior.

We propose a simple thermodynami
Our
eter

σ,

model to des ribe the transition.

oarse-grained model of disklike mole ules

onsists of hard spheres of diam-

dressed by two opposing pat hes. The orientation-dependent pat h potential

allows not only hain formation, but also exhibits a weak
potential between pat h

i dire

ted along the ve tor

p~i

hain- hain intera tion. The

and pat h

j

along

p~j , illustrated
r = |~rij |

in Fig. 8.1, is given by a Lennard-Jones potential of the interparti le distan e
modulated by three dire tional

omponents

V (r, θi , θj , θij ) = 4ǫ
where

ǫ is the maximum energy

 
σ 12
r

−

 σ 6 
r

of intera tion, and

 2

θi + θj2 + θij2
exp −
4w 2
w

(8.1)

penalizes nonperfe t alignment.

We trun ate V (r) of Eq. 8.1 at rc = 2.3σ and shift and res ale it to have V (rc ) = 0
1/6
and V (2
σ) = −ǫ. The rst two dire tional omponents favor minimization of the
angle

θi

p~i of pat h i and
~rji = −~rij . The third

between the pat h dire tion

of the angle

θj

between

p~j

and

the interparti le ve tor

~rij ,

and

omponent minimizes the angle
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θij

between

~pj

and

−~pi ,

favoring parallel alignment of the pat hes. This potential has

three advantages ompared to a square-well pat h potential[2℄. First, it allows multiple
bonds without in reasing the energy per intera tion site in dis rete steps. This feature
introdu es a slight intera tion between mole ules in neighboring

hains. Se ond, the

desired parallel alignment of neighboring pat hes prevents bran hing (and therefore
network formation) of the polymers. Finally, it allows us to tune the exibility of a
supramole ular

hain. One

an show that

al ulating the bending rigidity

κ
=
2

Ebend
where

Z

β = (kB T )−1 , L is the

κ,

w

is a measure of the

hain exibility, by

and hen e the persisten e length lp of a

L

0

1 3σǫ
1
6
ds
⇒
κ
=
2
,
R(s)2
4w 2

hain length, and

and lp

R(s) is the

≡ βκ

We study

V

ule separation

M

σ = 0.35nm

s. For examlp = 150nm at

hain radius at

ple, the oligo(p-phenylenevinylene)-derivative OPV-4 in dode ane has

300K, a mole
w ≈ 0.2.

and a bonding energy

56kJ/mol[6℄

yielding

pat hy parti les in a periodi ally repeated simulation box of volume

at temperature

T

by Monte Carlo simulations.

The system is equilibrated by

performing moves and rotations of single mole ules, and of whole
reptation moves.

hains as well as

an simulate a limited temperature range (kB T

We

at lower temperatures the probability of removing a mole ule from a
simple Monte Carlo move vanishes. We
intera tion

hain [8℄

V < −0.3ǫ.

hoose to

& 0.04ǫ)

as

hain by a

onsider mole ules bonded if their

Contrary to the square-well pat h potential [2℄, the potential

Ebond temperature dependent. We
= −ǫ + 3kB T , independent of w ) applies up to

of Eq.8.1 makes the average energy per bond

Ebond
Ebond ≈ −0.79ǫ.

nd that equipartition (i.e.

kB T . 0.07ǫ,

where

Supramole ular polymerization is reversible and there exists an equilibrium density

ρN of
P hains with length N , with N = 1, 2, . . . , ∞. The total density is given by
ρ= ∞
N =1 NρN . The average hain length N̄ , the aggregation fra tion η [9℄, and the

fra tion of unbonded sites[2℄ are dened as

P∞
P∞
Nρ
1
1
N
N =2 NρN
=1
= , η ≡ P∞
=1− 2
N̄ ≡ PN∞
X
N̄
N =1 ρN
N =1 NρN

In the ideal free-asso iation (IFA) model[9℄ ea h bond has energy
ρN ∼ ρN
1

ǫ

(8.2)

and the polymers

form an ideal gas so that

N̄ =
where

G . ǫ is an ee

1 1p
+
1 + 8ρ∆,
2 2

with

∆=

tive free energy per bond and

v
exp(βG)
2

(8.3)

v is the available bonding volume

per parti le. Both parameters are not known a priori, and are usually t to the average
hain lengths, determined by e.g.

ir ular di hroism measurements[6℄. The WTPT

in ludes the spatial extension of the mole ules [10℄ negle ted in the IFA-model, by
al ulating a referen e hard sphere free energy and adding the attra tive

ontribution
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1.0

w
w
w
w
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0.7

= 0.1
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= 0.3
= 0.4

η
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0.1
0.0
0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0.11

kB T /ǫ

Temperature dependen e of the aggregation fra tion η (Eq. 8.2) for several
values of the exibility w for M = 1330, ρ = 1.13 · 10−3 σ−3 . η = 1/2 denes the polymerization temperature T ∗ , indi ated by an asterisk on the urves and on the horizontal axis. At
w = 0.4 a transition from a gas of hains, to a solid bundle at kB T = 0.057ǫ is indi ated by
the dotted line. Symbols denote simulation results, solid lines are the WTPT. The dashed
line is a t of the IFA-model to the urve of w = 0.3, with v = 1.4 · 10−4 σ3 and G = 0.91ǫ.
Figure 8.2:

of the pair potential

Vatt (r).

WTPT also assumes that only one intera tion per at-

tra tive site is possible. The average
W
by Eq. 8.3, with ∆ = ∆

W

∆
where

∆W

≡ 4π

Z

hain length predi ted by the WTPT is given

grep (r) hexp(−βVatt (r)) − 1iω1 ,ω2 r 2 dr,

(8.4)

involves a single site-site intera tion, and is related to the se ond virial

mole ules,

h.iω1 ,ω2 denotes an average over all orientations ω1 and ω2 of the two
and grep (r) is the pair orrelation fun tion of the hard-sphere part of the

potential.

At low densities and temperatures the IFA-model and the WTPT are

oe ient[2℄,

equivalent, and for square-well pat hy parti les,

G

be omes the well depth and

v

is

al ulated analyti ally [2℄.
In Figure 2 we

ompare the aggregation fra tion

for several values of the exibility
appropriate at low densities, and

η

T
grep (r) = 1,

as a fun tion of temperature

w to the predi tion of the
∆W (Eq. 8.4) numeri ally

WTPT with

al ulated. The remark-
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able agreement with simulations shows that the WTPT also holds for smoothly varying potentials on a hard sphere. We also show a t of the IFA-model, that deviates
at higher temperatures due to the temperature dependen e of the asso iation energy.
We nd (not shown) that this deviation redu es with de reasing w , and is negligible
w < 0.1. The polymerization temperature T ∗ is dened as the temperature where
1
∗
∗
half of the mole ules has aggregated, i.e. where η(T ) = . T in reases with w due
2
to an in rease in available bonding volume v , or, equivalently, be ause a transition
for

from an unbound to a bound state

kB T < 0.058ǫ a

osts less entropy for a more exible

w = 0.4

and

with a

on omitant in rease of the average

sudden jump to

gas density. Su h a sudden in rease of

η

η≈1

o

urs. The

hain. For

hains have bundled,

hain length and a strong depletion of the

, not a

ounted for by polymerization theory,

has re ently been observed for the OPV-4 mole ule[6℄.
By analyzing the radial distribution fun tion and visual inspe tion, we nd the
bundles to have an approximate FCC stru ture with the bundle long axis along the
110. The

rystal is not exa tly FCC be ause it is slightly elongated along the bundle

axis and

ontains defe ts. We also observe that the bundle diameter in reases with

density, whi h makes it unlikely that this pat hy-parti le model des ribes bundles of
xed nite thi kness. However, we observe that thi k bundles with a perfe t

rystal

stru ture evolve towards prolate ellipsoids, with a mu h smaller aspe t ratio than
found growing from a polymer gas in our simulations.
bundles we observe

We believe that the long

orrespond to metastable stru tures resulting from kineti

growth

pathways that prefer formation of long bundles, sin e sideways growth is only possible
by a surfa e nu leation event, or the asso iation of polymer

hains. The latter are

in reasingly rare, primarily due to the nite number of parti les in the simulation
box. The equilibrium
grand

rystal shape might be rea hed faster e.g. by simulating in the

anoni al ensemble and/or by using smart Monte Carlo moves. However, the

observed metastable stru tures might be ome the true equilibrium stru ture in the
presen e of

hirality or larger strain in the model, as proposed in Ref. [11℄.

Now we examine the bundling transition in more detail. Figs. 3a and 3b show
the dramati

dieren e between a bundled and a polymer gas

the temperatures dier by only
remain identiable, with no

kB ∆T = 0.01ǫ.

In the bundle the individual

onne tions between

pro ess of bundling, shows that when three

onguration, while

hains

hains.

ome together, they remain bonded

and suddenly grow in length, suggesting a nu leation me hanism.
bundling transition is visible as a sharp jump of the average
dashed line represents systems heated up from a bundled

0.057ǫ.

hains

Visual inspe tion of the
In Fig.

3 , the

N̄ (T ). The
onguration at kB T =
hain length

This hysteresis together with the nu leation me hanism, is eviden e for a

rst-order phase transition. We identify the bundling temperature
of the hysteresis-loop, at
several values of

w.

kB Tb ≈ 0.065ǫ.

In the inset of Fig. 3

Tb

at the high end

we show

N̄ (T )

for

Although a stier

hain loses less entropy upon bundling than
∗
a exible one, Tb in reases with exibility w , similar to T . The transition is thus
not driven by entropy, but by the intera tion energy of neighboring

hains (Eq. 8.1)
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Top: representative onguration for w = 0.4 at two very lose temperatures.
M , ρ as in Fig. 2. a) kB T = 0.057ǫ, where a solid bundle has nu leated. b) kB T = 0.058ǫ
where the system is still a polymer gas. ) Average hain length N̄ (T ) for w = 0.4. The solid
line shows the jump of N̄ for kB T ≈ 0.057ǫ on ooling. The dashed line shows the hysteresis
while raising T from an equilibrated system initially at kB T = 0.057ǫ. Inset: Same urve
for several values of w. No hysteresis loop is shown. Noti e that the bundling temperature
in reases with w.
Figure 8.3:
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θ,

that, at large

in reases with

w.

Assuming the pat hes in neighboring

hains to

be perfe tly aligned, the smallest angle θi between mole ules in neighboring hains is
1
θi ∼ arctan(2− 6 ) ≈ 0.73rad or 42◦ . For w . 0.15 this lateral intera tion is negligible

(θi /2w

≈ 2.4).

In reasing

w

also in reases the available lateral bonding volume,

de reasing the entropy loss upon bundling.
We interpret the bundling as a sublimation transition, from a polymer gas to a
solid bundle.
potential

µsol

To derive an approximate equation of state, we equate the
of a bundle to that of a polymer gas

an derive

∂F
2
µ =
= µm − ln N̄ ,
∂M
β
p

with

µ

p

hemi al

. By using the IFA-model we

 
1
vρ
µ = ln
β
Z1
m

(8.5)

µm is the hemi al potential of an ideal gas of monomers with internal partition
fun tion Z1 , and where N̄ is given either by the IFA-model (Eq. 8.3), or by the WTPT
(Eqs. 8.3 and 8.4). For our rigid mole ules, Z1 = 1. We then model the bundle by an
where

Einstein

rystal[12℄ with

"  3 #
βk 2
1
= −ǫsol + ln Λ3
β
2π

µsol
where

ǫsol

and

k

are the equilibrium energy, and the spring

(8.6)

onstant of the Einstein

rystal, respe tively. We repla e the de Broglie wavelength term with the bonding
Λ3 = v , as was done to derive the IFA-model. Equating µm of Eq. 8.5 to µsol

volume

of Eq. 8.6 results in the sublimation line of an ideal gas of monomers

ρm
sub
Solving

µp = µsol

=



βk
2π

 23

exp(−βǫsol )

yields the sublimation density for the polymer gas

ρpsub =

ρm
sub

(8.7)

ρpsub

ρm
sub
.
m
(2ρsub ∆ − 1)2

It is useful to dene the density at the polymerization temperature
by

(8.8)

ρ∗ = ρ(T ∗ ),

ombining Eqs. 8.2 and 8.3

1
η(T ∗ ) =
2
Comparison of

ρpsub

to

ρ∗

⇒

√
2
−
2
ρ∗ =
.
2∆

(8.9)

allows us to estimate whether the sublimation transition is

dominated by the bundling of polymers (Eq. 8.8), or of monomers (Eq. 8.7).
In Fig. 4, we

ompare the

T −ρ

phase diagram resulting from our simulations to

the theoreti al polymerization and sublimation line. The parameters of the Einstein

W

rystal were determined by tting Eq. 8.8 to our simulations, with ∆ = ∆
of Eq. 8.4,
p
∗
al ulated from the WTPT. At low densities ρsub ∼
and the polymerization density ρ
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0.14

kB T /ǫ
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0.08

ρpsub
ρm
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ρ∗
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0.04
−6
10

−5

−4

10

−3

10

−2

10

10

−1

10

ρ/σ −3
Simulated gas-solid oexisten e line ( ir les), and polymerization line (squares)
for w = 0.4, together with the theoreti al monomer sublimation line ρm
sub (Eq. 8.7, dotted
line), polymer sublimation line ρpsub (Eq. 8.8, solid line), and polymerization line ρ∗ (Eq. 8.9,
dashed line) based on the WTPT-des ription of a polymer gas in equilibrium with an Einstein
rystal, with k = 1.2 · 103 ǫσ−2 and ǫsol = 1.05. In the inset we show the same, but on a
linear density s ale.
Figure 8.4:

ρm
sub , sin e the polymerization temperature is lower than the sublimation temperature,
p
∗
i.e. T < Tb . The sublimation lines dier at higher densities, be ause µ tends to a
nite value, whereas the

hemi al potential of an ideal monomer gas tends to zero.

The average polymer length

w.
o

N̄

at the sublimation transition in reases for de reasing

When the lateral intera tions vanish (w

< 0.15),

the bundling transition would

ur for innitely long polymers. The agreement between

ρpsub

and our simulations

suggests that this approximate theory des ribes the essential physi s of our pat hyparti le model.
In summary, we have presented a pat hy-parti le model that des ribes supramole ular polymerization and displays a rst-order phase transition to bundles, due to
weak

hain- hain intera tions. The

hain-to-bundle transition

an be seen as a sub-

limation transition from a polymer gas to a solid bundle, for whi h we have given a
qualitative equation of state. We have related the o

urren e of the phase transition

117
to the polymer exibility.

Our simulations show that bundling leads to a sudden

in rease of the average length of the aggregates. From the simulations, it is unlikely
that these simple pat hy parti les

an des ribe bers with an intrinsi ally limited

thi kness. However, we believe that the pat hy parti le is a powerful tool for e ient
modeling of omplex, self-assembling systems, that an be improved by in luding more
spe i , e.g.

hiral,

nite thi kness.

hain- hain intera tions, whi h might lead to bundles with xed
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Supplementary material
Appendix 8.A Equilibrium polymerization
In this appendix we will derive all thermodynami
iation (IFA) model, used in this

properties of the ideal free-asso-

hapter as a starting point to

reate a qualitative

phase diagram of polymer sublimation. In the IFA-model ea h parti le has two a tive
bonding sites, and ea h bond lowers the energy by a

onstant value

ǫ.

It assumes

that the polymers do not intera t with ea h other, and that polymers of length

N

behave like an ideal gas, in equilibrium with ideal gasses of polymers of dierent
lengths. In the limit of high temperatures and low densities, the IFA-model results
in an ideal gas of monomers. The Wertheim Thermodynami
(WTPT), when applied to equilibrium polymerization,

Perturbation Theory

an be viewed as a nonideal

gas expansion of the IFA-model, that takes the extended geometry of the mole ules
and their intera tions into a
virial

ount in a similar way as done to

al ulate the se ond

oe ient for nonideal gasses.

8.A.1 The partition fun tion and the free energy
In a volume

V

an ideal gas of

polymers of length
our volume is

M,

N,

n1

monomers is in equilibrium with ideal gasses of

whi h we will

and the total parti le

M=

∞
X

N -mers. The total
density is ρ = M/V

all

nN N = V ρ = V

N =1
where

ρN

is the density of

N -mers.

where

Λ

NρN

(8.10)

N =1

Q1

The partition fun tion

monomers is given by

Q1 =

∞
X

nN

number of parti les in

id

Z1 Z1n1

is the de Broglie wavelength.

1
=
n1 !



V
Λ3

 n1

Z1n1

of an ideal gas of

(8.11)

v = Λ3 , and identify
id
le. Z1 is the partition

We will assume that

this volume with the volume available for bonding per parti

Z1 is the internal partition fun tion of
partition fun tion of an N -mer is analogously dened as
 nN
V
1
id nN
ZNnN
QN = ZN ZN =
(8.12)
nN ! v

fun tion of an ideal gas of point parti les and
a single parti le. The

where

ZN

is the internal partition fun tion of a single

N -mer.

not only takes the internal freedom of the parti les into a
and size of the polymer

hain.

This partition fun tion

ount, but also the freedom
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We assume that none of the polymers intera t, so that we

N -mer
∞
Y
Q=
QN

partition fun tion as the produ t of all the

an write the total

partition fun tions
(8.13)

N =1

The free energy

F

is dened by

1
1
F = U − T S = − ln Q = − ln
β
β
with

β −1 = kB T .

∞
Y

QN

N =1

!

∞
1X
=−
ln QN
β N =1

QN
 nN
1
V
ln QN = ln
+ ln (ZNnN )
+ ln
nN !
v
v
+ nN ln ZN
= − ln(nN !) − nN ln
V
The logarithm of the partition fun tion



(8.14)

is



(8.15)

ln(n!) ≈ n ln(n) − n we get
v
+ nN ln ZN ,
ln QN ≈ −nN ln nN + nN − nN ln
V
i
h
n v 
N
+ ln ZN .
= nN 1 − ln
V

and using Stirling's approximation

By substituting

nN = V ρN ,

(8.16)
(8.17)

Eq. 8.17 be omes

ln QN = V ρN [1 − ln ρN v + ln ZN ]

(8.18)

Substituting Eqs. 8.18 in 8.14 gives

∞
V X
ρN [ln ρN v − ln ZN − 1]
F =
β N =1

(8.19)

8.A.2 The grand potential and the distribution of polymer
lengths
The grand potential

Ω

is given by

p

p

Ω= F −µ M =F −µ V
where

µp

is the

∞
X

NρN

(8.20)

N =1

hemi al potential of a single parti le in the polymer gas and

F

is the

total free energy. Substituting Eq. 8.19 in Eq. 8.20 gives

∞
∞
X
βΩ X
=
ρN [ln ρN v − ln ZN − 1] − β
µp ρN N
V
N =1
N =1

=

∞
X

N =1

ρN [ln ρN v − ln ZN − 1 − βµp N]

(8.21)
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The partition fun tion of a polymer is given by[9℄

ZN = Z1 λN −1 exp(−βǫ(N − 1))
where

ǫ

(8.22)

is the energy asso iated with a bond between two monomers,

tion fun tion of a monomer, and

Z1

is the parti-

λ is a non-universal model-dependent parameter that

relates to the bending stiness of the supramole ular hain. Substituting Eq. 8.22 into
Eq. 8.21 gives

∞
βΩ X
=
ρN [ln ρN v − ln Z1 − (N − 1) ln λ + (N − 1)βǫ − 1 − βµp N]
V
N =1

=
=

∞
X

N =1
∞
X

N =1

ρN [ln ρN v − ln Z1 + ln λ − βǫ + N(βǫ − βµp − ln λ) − 1]
ρN [ln ρN v + βG + β µ̃N − 1]

(8.23)

where we have dened an ee tive free energy per bond
potential per parti le

and an ee tive

∂Ω/∂ρN = 0,

β µ̃ = βǫ − βµp − ln λ

ρN

of

N -mers
ρN =

where for

(8.24)

namely

β ∂Ω
= ln ρN v + βG + β µ̃N = 0
V ∂ρN
and so the density

hemi al

µ̃

βG = − ln Z1 + ln λ − βǫ,
At equilibrium

G,

(8.25)

at equilibrium is

exp(−β µ̃N)
exp(−β µ̃N)
=
,
v exp(βG)
2∆

(8.26)

onvenien e we have dened

∆≡
The ee tive

hemi al potential

µ̃

an be

v
exp(βG).
2

al ulated from the total density (Eq. 8.10)

∞
1 X
N exp(β µ̃)−N
ρ=
NρN =
2∆
N =1
N =1
∞
X

=

(8.27)

exp(β µ̃)
1
2∆ (exp(β µ̃) − 1)2

(8.28)

(8.29)
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from whi h

exp(β µ̃)

an be written as

√
1 + 4ρ∆ + 1 + 8ρ∆
exp(β µ̃) =
4ρ∆
Analogously the average

luster length

N̄

an be

(8.30)

al ulated:

P∞
P∞
−N
NρN
exp(β µ̃)
N =1 N exp(β µ̃)
N
=1
P
P
=
=
N̄ =
∞
∞
−N
exp(β µ̃) − 1
N =1 ρN
N =1 exp(β µ̃)

(8.31)

By substituting Eq.8.30 into Eq.8.31 we arrive at

N̄ =

1 1p
1 + 8ρ∆
+
2 2

Finally, from Eqs.8.26, 8.30 and 8.32 we
lengths

ρN
1
ρN =
2∆

We

N̄ − 1
N̄

N

al ulate the distribution of

ρ
=
N̄ (N̄ − 1)



an get the values of the available bonding volume

per bond

β.



an

(8.32)

G from simulations, by measuring N̄

From Eq. 8.32 we

N̄ − 1
N̄

N

v , and the ee

luster

(8.33)
tive free energy

as a fun tion of the inverse temperature

an see that

1
1
ρ∆ = ρv exp(βG) = N̄ (N̄ − 1)
2
2

⇒


ln N̄ (N̄ − 1) = log ρv + βG

(8.34)

8.A.3 The hemi al potential, the pressure and the ideal limits
When we substitute Eq. 8.26 into Eq. 8.23, and use the denitions Eqs. 8.28 and 8.31
to evaluate the sum, we obtain

∞
M
V X
−ρN = −
Ω=
β N =1
β N̄

(8.35)

F = Ω + µp M

(8.36)

The free energy is

where

µp

an be derived from Eqs. 8.24, 8.31 and 8.32





2∆
β µ̃ + log
µ = −β (β µ̃ + βG + ln Z1 ) = −β
+ ln Z1
v


 


N̄
N̄(N̄ − 1)
−1
+ ln Z1
ln
= −β
+ ln
ρv
N̄ − 1


= β −1 log(ρv) − β −1 2 ln N̄ + ln Z1 .
p

−1

−1

(8.37)

(8.38)
(8.39)
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Noti e that the rst term on the right hand side of Eq. 8.39 is the
of an ideal gas of point parti les. The free energy

an be

hemi al potential

al ulated from the

hemi al

potential and the grand potential

M
F =Ω+µ M =−
β
p



1
− log(ρv) + 2 ln N̄ + ln Z1
N̄



(8.40)

For this solution the equality holds that

µp =
where we use the fa t that both

N̄

and

ρ

∂F
,
∂M

(8.41)

are fun tions of

M.

The pressure is dened as

P =−
where

N̄

∂F
∂V

(8.42)

is a fun tion of the volume. However, an easier way to

al ulate the pressure

is by noting that for an ideal gas

∞
ρ
1X
ρN =
Pid =
β N =1
β N̄
It is easy to

(8.43)

he k that the pressures of Eqs. 8.42 and 8.43 are equal by substituting

ρ = M/V .

Eq. 8.32 into Eq.8.40 and writing

We note that this model behaves like an ideal gas of point parti les in the limit

limρ→0 N̄ = 1,

so

lim Ω = −

ρ→0

lim P =

ρ→0

M
β

lim µp = µm β −1 log(ρv)

ρt
β

where we have used that

lim F = −

ρ→0

Z1 = 1

(8.44)

ρ→0

M
M
+
log(ρv)
β
β

for ideal point parti les, and introdu ed

(8.45)

µm

as the

hemi al potential of an ideal gas.

Appendix 8.B Ideal polymer sublimation
In this se tion we will derive a qualitative phase diagram for the bundling of an ideal
polymer gas. For this purpose we equate the

hemi al potential of a parti le in the

Ideal Free Asso iation (IFA) model of Se tion 8.A to the
parti le in an Einstein

hemi al potential of a

rystal. We assume that the parti les do not have any internal

degrees of freedom, and so

Z 1 = 1.
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8.B.1 The Einstein rystal
We assume an innite Einstein

rystal. The energy of one parti le in the solid is then

given by

1
1
1
Ui = kx2 + ky 2 + kz 2 − ǫsol
2
2
2
where

k

is the spring

onstant of the harmoni

parti le at the origin of its harmoni

potential and

potential. This harmoni

(8.46)

−ǫsol

is the energy of a

potential is an ee tive

potential to des ribe the many pair potentials in the solid, so that we
the individual

an separate

omponents in the partition fun tion

Qsol = Λ

−3M

Z Y
M
i

Z

exp(−βUi )d3 r1 · · · d3 rM




1 2 1 2 1 2
exp −β
=v
kx + ky + kz + ǫsol
2
2
2
!
M
3
 
exp [βǫsol ] 2π 2
=
≡ exp [−βµsol ]M
v
βk
−M



dxdydz

M
(8.47)

Where the de Broglie wavelength is taken as the available bonding volume

v ≡ Λ3 ,

as

already done in Se tion 8.A for the IFA-model. The free energy is dened as

Fsol
The

"  3#
1
M
βk 2
= − ln Q = −Mǫsol +
log v
β
β
2π

(8.48)

hemi al potential is then simply

µsol
At sublimation, the

"  3 #
βk 2
∂F
1
= −ǫsol + log v
=
∂M
β
2π

(8.49)

Z 1 = 1)
density ρ of

hemi al potential of the polymer gas (Eq. 8.39) (with

and the solid (Eq. 8.49) should be equal, giving us an expression for the
the gas as a fun tion of temperature, at the gas-solid binodal

µp = µsol
"  3#
2
βk 2
1
1
log(ρv) − log N̄ = −ǫsol + log v
β
β
β
2π
  23
βk
4ρ
exp(−βǫsol )
2 =
√
2π
1 + 1 + 8ρ∆

(8.50)

(8.51)
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In the ideal gas limit

∆=0

gas of point parti les in

(i.e.

N̄ = 1)

we get the sublimation line

oexisten e with an Einstein

ρm
sub

=



βk
2π

 23

ρm
sub

of an ideal

rystal

exp(−βǫsol )

(8.52)

and so for a gas of polymers the sublimation line is given by

ρpsub

4ρpsub

m

2 = ρsub
p
p
1 + 1 + 8ρsub ∆

ρpsub =

In the IFA-model

∆ ≡ v exp(βG)/2
ρpsub = 

The polymer sublimation line
when

ǫsol ≫ G,

v

and in that

ρm
sub
m
(2ρsub ∆ − 1)2

 32

(8.54)

ase

ρm
sub

βk
2π

ρpsub

(8.53)

exp[β(G − ǫsol )] − 1

2 .

(8.55)

will approa h the ideal gas sublimation line

ρm
sub

i.e. when the energy gain of deposition  the opposite of sublimation

 far ex eeds the gain of polymerization.

8.B.2 The Wertheim thermodynami perturbation theory
For realisti bond potentials the energy of a bond hanges with the distan e and orientation of the parti les, and is not a

onstant

ǫ

as in the IFA-model. The temperature

of the system determines the average energy per a bond, whi h for a harmoni
tial is equal to

kB T /2

per bond will also de rease with temperature. In the expression
terms

v

and

G

poten-

per degree of freedom, and so the average ee tive free energy

∆ = v exp(βG)/2 the

will be temperature dependent for su h spatially varying potentials.

The Wertheim Thermodynami Perturbation Theory (WTPT), applied to the
of equilibrium polymerization, renes the IFA-expression by redening
∆ = ∆W [2℄

∆

ase

of equation

8.27 as

W

∆
where

∆W

grep (r) hexp(−βVatt (r)) − 1iω1 ,ω2 r 2 dr,

involves a single site-site intera tion,

pair potential,
mole ules, and
potential.

≡ 4π

Z

Vatt (r)

(8.56)

is the attra tive part of the

h.iω1 ,ω2 denotes an average over all orientations ω1 and ω2 of the two
grep (r) is the pair orrelation fun tion of the repulsive part of the

Eq. 8.56 assumes that no rings are formed, and that the potential

an

learly be separated into an attra tive and a highly repulsive part. Note that Eq. 8.56
is very similar to the expression for the se ond virial

oe ient.

8.C The bending rigidity of a polymer

It is easy to see that

grep (r) ≈ 1.

∆W
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hain

∆ of the IFA-expression for low densities, where

resembles

In prin iple the IFA-model des ribes a square well pat hy parti le with

bond energy

ǫ

that in that

ase[2℄

and available bonding volume per parti le

v.

S iortino et al. showed

v
exp(βǫ)
2
where Vb is the

∆W ≈ Vb [exp(βǫ) − 1] ≈
where the approximation holds when

β ≫ ǫ,

bonding volume of a single bond (whereas
single parti le). For simple geometries

Vb

spheri al square well pat hes of radius

σ,

sphere of radius

v

is the available bonding volume for a

an be

δ,

spheri ally averaged

al ulated analyti ally. For example,

with the

enter at the surfa e of a hard

have an average bonding volume of[2℄

Vb =
For realisti

and

(8.57)

potentials

∆W

πδ 4 (15σ + 4δ)
.
30σ 2

(8.58)

has to be determined numeri ally. In this

always use the ideal gas approximation

grep (r) = 1,

hapter we

be ause our simulations are done

at relatively low densities. Evaluating Eq. 8.56 requires the integration of the pair
potential over seven degrees of freedom (integration over
three degrees of freedom,

ω1

and

ω2

both represent

r represents one), and we therefore use Monte Carlo integra-

tion, as it is the best method for integrating over higher dimensional spa es. To this
purpose we pla e a parti le with one pat h at the

enter of a

ubi

box in a random

orientation, and pla e a se ond parti le with the same type of pat h at a random
position within the box, and with a random orientation.

The volume

so that if the se ond parti le is positioned at the edge of the box, it
with the parti le at the origin. Ea h

V

is

hosen

annot intera t

onse utive step we assign a random orientation

to both parti les, move the se ond parti le to a random position inside the box, and
al ulate the value of the intera tion potential
ontribution

Vatt,i

Vatt,i =
The value of

∆W

is then easily

∆W
i (β) =
with

∆W
0 = 0,

Vi .

We then determine the attra tive

as



Vi
0

if
if

Vi < 0
Vi ≥ 0

(8.59)

al ulated simultaneously for a range of temperatures

i−1 W
V
∆i−1 (β) + [exp(−βVatt,i ) − 1]
i
i

and starting at

(8.60)

i = 1.

Appendix 8.C The bending rigidity of a polymer
hain
The bending rigidity

κ

of a rod is dened by the bending energy

Ebend =

κ
2

Z

0

L

1
ds
R(s)2

Ebend

as[8℄
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Set-up used to al ulate the bending rigidity of a polymer hain. Pla e pat hy
parti les on a ir le of radius R = 1/C , where C is the urvature. Pla e the parti les a
1
distan e rij = 2 6 σ apart, with the pat hes dire ted along the tangent of the ir le. In the
inset the denition of the angles θi , θj and θij are given, used in Eq. 8.1 to al ulate the
potential between pat h i and pat h j . In this onguration θi = θj = θij /2 = θR , where θR
is given in Eq. 8.62
Figure 8.5:

where

R(s)

is the radius along the path at position

s.

If we bend the rod in exa tly

the same way along its length, i.e. into a semi- ir ular shape with

Ebend

be omes

Ebend
This

κ
=
2

Z

L

C 2 ds =

0

an be dis retized for a polymer of

N +1

urvature

C,

then

κ 2
C L
2

parti les, i.e. with

N

bonds, as

N

Ebend
where

∆l

2∆E
κ
κX 2
C ∆L = NC 2 ∆L = N∆E ⇒ κ = lim 2
=
C→0 C ∆l
2 i=1
2

is the distan e of a bond and

∆E

(8.61)

is the bending energy of a single polymer
∆E/C 2 is not a onstant.

bond. The limit is taken be ause in pra ti e
For the

hains used in this

hapter, i.e. for a

hain of spheri al beads with two

exa tly opposing, attra tive pat hes of the type dened in Eq. 8.1 and Fig. 8.1,

∆E

is dened in Fig. 8.5 as

1/6

1/6

∆E = V (2 σ, θR , θR , 2θR ) − V (2 σ, 0, 0, 0),

 1/6


2 σC
3
= ǫ 1 − exp − 2 arcsin
2w
2
where

∆l = 21/6 σ

θR = arcsin



21/6 σC
2


(8.62)

is the equilibrium separation of a bond. Finally, substituting

in Eq.8.61, and expanding it around

C = 0,

∆E

gives the bending rigidity of the pat hy
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polymer

hain

√
3ǫ21/6 σ
3ǫ21/6 σ ǫ 2σ 3 (4w 2 − 9) 2
4
+
C + O(C ) =
κ = lim
C→0 4w 2
64w 4
4w 2

(8.63)

Appendix 8.D Quaternions, and their use in Monte
Carlo simulations
Quaternions are an extension of
are a very

omplex numbers, and, when properly normalized,

onvenient way to des ribe the orientation of an obje t in three-dimensional

spa e. This is be ause their four

oordinates map exa tly onto a three-dimensional

rotation matrix, and be ause this representation does not have the singularities that
are

hara teristi

of for instan e the Euler angle representation.

In Monte Carlo

simulations they oer an e ient and simple way to perform rotational moves of
mole ules and of the
A

lusters they form[13℄.

omplex number is dened as

quaternion has two extra

c = a + bi,

where

oordinates

i2 = −1

a, b ∈ R.

and

The

q = q0 + q1 i + q2 j + q3 k, q0 , q1 , q2 , q3 ∈ R

(8.64)

i2 = j 2 = k 2 = ijk = −1.

(8.65)

subje t to the rules

From these rules all the sum and produ t rules

ki = j , ji = −k , kj = −i,

and

ik = −j .

ij = k , jk = i,
∗
onjugate q dened as

an be derived, su h as

A quaternion

q

has a

q ∗ = q0 − q1 i − q2 j − q3 k.
Addition and multipli ation of the two quaternions

p = (p0 , p1 , p2 , q3 )

q = (q0 , q1 , q2 , q3 )

(8.66)
and

are therefore given as follows

p + q =(q0 + p0 ) + (q1 + p1 )i + (q2 + p2 )j + (q3 + p3 )k
pq =(q0 p0 − q1 p1 − q2 p2 − q3 p3 ) + (q0 p1 + q1 p0 + q2 p3 − q3 p2 )i
+ (q0 p2 − q1 p3 + q2 p0 + q3 p1 )j + (q0 p3 + q1 p2 − q2 p1 + q3 p0 )k.
With these results we

an

n(q) =

(8.67)

(8.68)

al ulate the length, or norm, of a quaternion

√

qq ∗

=

√

and a quaternion is normalized when
−1
an be al ulated
nion q

q∗q

√

=

q

q02 + q12 + q22 + q32 ,

qq ∗ = 1.

q −1 =

q∗
qq ∗

(8.69)

With this the inverse of the quater-

(8.70)
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and division is possible, as it is simply the multipli ation with the inverse of the other
quaternion. The quaternion

an be interpreted as having a s alar, and a ve tor part

q = q0 + ~qv ,
so that quaternion multipli ation

~qv = (q1 , q2 , q3 )

(8.71)

an be written as

pq = q0 p0 − ~qv · p~v + [q0 p~v + p0 ~qv + ~qv × ~pv ]

(8.72)

where the part in front of the square bra kets is a s alar, and the part inside the
square bra kets a ve tor. If the quaternion is normalized this representation
be written as

q = cos
where

α

α
2

+ sin

α
2

is a s alar representing an angle and

n̂,

α∈R

(8.73)

n̂ = (n̂x , n̂y , n̂z )

is a normalized 3-

ve tor, representing a rotation-axis. If we write a point in 3D-spa e

p = (0, ~p)

then rotation by an angle

α

around the ve tor

n̂

~p as a quaternion

an be performed by

p′ = qpq −1 = qpq ∗
where the

onjugate of

q

is equal to the inverse be ause

it is fastest to rst

reate a rotation matrix
′
by this matrix, i.e. p = M p
~ with M

M

(8.74)

q

is normalized. In pra ti e

from the quaternion

q,

and multiply


q02 + q12 − q22 − q32
2q1 q2 − 2q0 q3
2q0 q2 + 2q1 q3
q02 − q12 + q22 − q32
2q1 q3 − 2q0 q1 
M =  2q0 q3 + 2q1 q2
2
2q1 q3 − 2q0 q2
2q0 q1 + 2q2 q3
q0 − q12 − q22 + q32


At rst sight, quaternions seem rather
of e.g.

an also

p~

(8.75)

omplex for des ribing spatial orientations

mole ules in a Monte Carlo simulation.

After all, in the end we still have

to generate a rotation matrix to multiply our points with.

We

ould just as well

have generated this matrix from an angle and a rotation ve tor, or from Euler angles.
However, to generate a rotation matrix from Euler angles one has to
sines and three

osines whi h are

needs one sine and one

al ulate three

omputationally expensive operations.

Also, one

osine to generate the rotation matrix for a rotation ve tor

and rotation angle pair. Performing multiple rotations onse utively on the same point
in spa e is also mu h

heaper using quaternions than using matrix multipli ations.

Furthermore, not all three angles of the Euler angles are equal.

One starts with a

rotation around the rst Euler angle, then a rotation around a perpendi ular axis by
the se ond angle,
This

an

ompleted by a third rotation around the last perpendi ular axis.

ause gimbal lo k, in whi h the

hange of one of the angles

annot

hange

the orientation of the obje t anymore.
Euler angles

φ, θ

and

ψ

an easily be transformed to a quaternion by


 


 
θ
φ−ψ
θ
φ+ψ
cos
+ cos
sin
i
q = cos
2
2
2
2

 


 

θ
φ+ψ
θ
φ−ψ
sin
j + sin
cos
k
+ sin
2
2
2
2


(8.76)
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8.D.1 Randomizing quaternions
It is very easy to generate a random orientation with quaternions, in su h a way that
ea h orientation has an equal probability. One just has to generate points uniformly
distributed on the surfa e of a 4D-sphere of radius 1

do
{ x0=2*ran()-1; x1=2*ran()-1;
} while ( (S1=x0*x0+x1*x1)>1)
do
{ x2=2*ran()-1; x3=2*ran()-1;
} while ( (S2=x2*x2+x3*x3)>1)
len=sqrt((1-S1)/S2);
q0=x0; q1=x1; q2=x2*len; q3=x3*len;
where

ran()

returns a uniform random number in the interval

Using quaternions it is also very easy to

[0, 1].

hange the orientation of a mole ule by a

δq . The easiest way is to generate a random point δq inside a 4D-sphere
δqmax (dqmax), for instan e in the following way

small amount
of radius

do
{ q0=2*ran()-1; q1=2*ran()-1;q2=2*ran()-1; q3=2*ran()-1;
} while ( (norm2=q0*q0+q1*q1+q2*q2+q3*q3)>1)
q0=q0*dqmax;q1=q1*dqmax;q2=q2*dqmax;q3=q3*dqmax;
Then simply add the random quaternion to the orientation
q ′ to get a new, slightly dierent, orientation.

q ′ = q + δq , and normalize

Adding unnormalized quaternions and normalizing the resulting quaternion is only
useful for

hanging the orientation of a single mole ule with respe t to e.g. its

of mass. To rotate a
of the

luster of mole ules around a xed line through the

luster by a small amount

δq ,

we

annot use the advantages of the quaternion

and we have to generate the axis and the angle randomly.
generated by

The rotation ve tor is

reating points on a 3D-sphere of radius 1, and the angle

small s alar. Eq. 8.73

enter

enter of mass

α is a random,

an then be used to determine the rotation quaternion. First

translate all the mole ules of the

luster to the

enter of mass frame of referen e, then

multiply both the position and the orientational quaternion of the mole ule by
and then translate the mole ules of the

luster ba k to the box

δq ,

oordinate system.

8.D.2 Reptation moves
Reptation moves are a way to speed up the equilibration of the polymer

hain length

distribution during Monte Carlo simulations. During a reptation move you remove a
mole ule from one randomly
another randomly

hosen end of a randomly

hosen end of another randomly

is preserved and the Boltzmann

hosen

hosen

hain, and atta h it to

hain. If detailed balan e

riterion is met, then the move is a

epted.
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Detailed balan e

an only be preserved if the number of

the move. You must therefore always
of a

hain does not

ouple two

In pra ti e this is most easily
the old

lusters is not

hanged by

he k if the addition of the mole ule to the end

lusters together a
onrmed by

ording to your

luster

he king whether the new

riterion.

luster size is

luster size plus one. Detailed balan e also di tates that it should be possible

to perform the reverse move in the exa t opposite way as the forward move. For this
reason the orientation of the mole ule with respe t to its old and new neighbors should
be very well dened. And this is again very

onveniently done with quaternions, or

rotation matri es.
The problem is as follows. Say that
parti le at the end of a polymer, and

rn

rn−1

is the position and

and

qn−1

qn

the orientation of a

are the position and orientation of

its only neighbor. Now we wish to move this parti le to the end of another polymer,

rm and orientation qm , and a new neighbor with position
We must hoose rm and qm in su h a way that if we do

so that it gets a new position

rm−1

and orientation

qm−1 .

the reverse move, i.e. take the parti le from its new neighbor, and move it to its old
neighbor, it ends up at

rn

with orientation

qn .

This is the

ase if we

hoose

−1
qm = qm−1 qn−1
qn
i.e.

we take the orientation of parti le

n − 1,

parti le

n,

transform it to the

(8.77)
oordinate system of

and rotate it by the orientation of the new neighbor. Performing the

reverse move then gives the old orientation again

−1
−1
−1
−1
qn = qn−1 qm−1
qm = qn−1 (qm−1
qm−1 )qn−1
qn = (qn−1 qn−1
)qn = qn .
The position is

hosen in a similar way,

−1
rm = rm−1 + P ∆rnew = rm−1 + P [qm−1 qn−1
(rn − rn−1 )]
where

P

is randomly

and where

P

(8.78)

hosen to be

+1

or

−1

assures that the new position is

when the se ond

(8.79)

luster is a monomer,

orre tly pla ed at the end, if the se ond

luster is a polymer, i.e. the parti le is positioned in approximately the same dire tion
as

rm−1 − rm−2 ,

P = sign[∆rnew · (rm−1 − rm−2 )]

(8.80)

−1
rn = rn−1 + P2 [qn−1 qm−1
(rm − rm−1 )]
−1
−1
= rn−1 + P2 [qn−1 qm−1 (rm−1 + P1 [qm−1 qn−1
(rn − rn−1 )] − rm−1 )]
−1
−1
= rn−1 + P1 P2 [qn−1 qm−1 [qm−1 qn−1 (rn − rn−1 )]]
= rn−1 + P1 P2 (rn − rn−1 )
= P 1 P 2 rn

(8.81)

again, the reverse move is

where

P1 P2 = 1.

(8.82)
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Summary
Self-organization
Randomly throwing a lot of bri ks and mortar in your ba k yard might result in something that separates your property from that of your neighbor, it does not however,
result in a ni ely ordered bri k wall. For that you will need some tools, some masonry
experien e, and a lot of eort. No wonder that many see an intelligent designer in
the order of the things around us.
naturally o

urring stru tures do.

But while walls do not build themselves, many
I e, for instan e, is not meti ulously

rafted by

someone putting all the water mole ules in the right pla e, liquid water just freezes
below a

ertain temperature. And while we put a lot of eort into making obje ts

behave in an organized fashion, many naturally o

urring pro esses seem to take no

eort at all to be ome, and stay, organizedbe it in spa e or with some regularity in
time.
All these pro esses in whi h the organization of a system with many, often very
similar, elements in reases in
are

omplexity or regularity without any external guidan e,

alled self-organizing. In other words, the self-organization of the

onstituent ele-

ments is only driven by the intera tions between the elements. That is not to say that
these intera tions instantly draw the elements to their most stable

onguration, as

if pulled by many invisible strings. The elements usually explore many

ongurations

before rea hing the one that is most stable. So even if the bri ks in our pile

ould

attra t ea h other very spe i ally, they would need to move around a lot more in
their pile for them to nd their wall

onguration.

These self-organizing systems are the subje t of many elds of s ien e. The stru ture of almost all materials is a hieved by self-organization, patterns found in dynami al systems with many

oupled elements often arise through it, and even quite

omplex biologi al stru tures emerge from this pro ess. The reasons behind why the
individual elements behave the way they do may be very dierent, and may

onstitute

a eld of s ien e all of its own. However, the art of studying self-organization is to
model these elements and their intera tions in the simplest way possible, while still
retaining the

omplexity of the stru tures and patterns they form. Here I have tried

to do just that.
In this thesis I used and studied three simple models that des ribe a self-organizing
system, or that exhibit self-organization.

Ea h of these three subje ts required a

dierent numeri al approa h. I studied a simple blo k and spring model representing
multi onta t fri tion, whi h I did by integrating large sets of ordinary dierential
equations.

To study slow relaxation pro esses in this model, I studied a simplied

version of these equations by means of a probabilisti automaton. As a se ond example
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of a self-organizing system I determined the inuen e of latent heat on the dynami s of
an isotropi -to-nemati

phase transition in liquid

rystals, that involved integrating a

oupled set of partial dierential equations. Finally, to study the linear supramole ular
self-organization of dis oti

mole ules into polymers, and their subsequent bundling

into bers, I performed Monte Carlo simulations of pat hy parti les.

Multi onta t fri tion
In

hapter 2 I introdu ed the Burridge-Knopo (BK) model of multi onta t fri tion.

This is a model for two slowly moving, ma ros opi

obje ts that are pressed together

by an external for e. Although these obje ts are in relative motion, the surfa e separating the obje ts

onsists of many small

onta ts that move only o

asionally and

remain motionless the rest of the time. The BK model des ribes these rather
sliding systems as a
strength

k1

olle tion of blo ks

onne ted to one of the obje ts by springs of

and to the other obje t by a simple, velo ity dependent fri tion for e. The

blo ks intera t with neighboring blo ks via springs of
ratio

k2 /k1

omplex

onstant

k2 .

Depending on the

of the stiness of the springs, and depending on the type of fri tion law

that is used, this model

an be applied to sliding systems of hugely dierent length

s ales. On the high end of the s ale it has been used to des ribe the motion of the
interfa e between two te toni
between blo ks

plates in an earthquake fault, where strong intera tion

auses avalan he type sliding events. On the other end of the s ale it

has been proposed to des ribe the interfa e between two atomi ally at sliding surfa es, lubri ated by a lo ally solidifying liquid only a few mole ular layers thi k. In
this

ase

k2

is about the same size as

k1 .

I studied a version of the BK model suitable to des ribe the latter situation of
boundary lubri ated fri tion, i.e. where

k2 ∼ k1 ,

ordered mode of motion arises, that we have

in Chapter 3.

For this model an

alled the solitary state, in whi h every

blo k only moves when its dire t neighbors do not. This type of motion disappears if
the blo ks intera t too strongly. I studied the properties and stability of this solitary
state, both

omputationally and theoreti ally and showed that the solitary state is

stable against boundary ee ts and small temperature u tuations.
In Chapter 4 I then used the properties of this solitary state of motion to obtain
a better des ription of the relaxation of the average stress on the

onta ts at nite

temperature, after the sliding obje ts suddenly stop moving. To study this very slow
relaxation pro ess I have devised a very e ient probabilisti

automaton model, and

I simplied this automaton model further to obtain an analyti al expression for the
stress relaxation in the BK model. I nd that the stress relaxation in the BK model
is very similar to the relaxation of hierar hi ally

onstrained glassy systems, showing

that neither hierar hi al

omplex dynami s are ne essary for

slow, glassy relaxation.

onstraints nor highly
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The inuen e of latent heat on nemati liquid- rystal
nu leus growth
I introdu ed the

on ept of a rst order phase transition by means of nu leus growth,

applied to the growth of orientational order in a liquid

rystal in Chapter 5. In this

phase transition an under ooled isotropi liquid, onsisting of anisotropi liquid rystal
mole ules suddenly aligns lo ally into an orientationally ordered, nemati , domain. If
this nu leated domain is large enough it grows, so that eventually all of the mole ules
are aligned. Latent heat

aused by the

hange of order leads to a small temperature

hange at the growing domain interfa e, whi h might inuen e the growth dynami s.
Experimentally a transition from diusive domain growth to linear domain growth
has been reported, as a fun tion of the under ooling temperature.
In

hapter 6 I tried to answer the question whether the diusion of latent heat

auses this transition from diusive to linear domain growth. For the time and length
s ales I am interested in, I

annot keep tra k of the organization of the individual

elements in this transition.

Instead, I studied the evolution of an order parameter

that des ribes the amount of ordering at ea h position during the transition. For this
order parameter I solved a partial dierential equation in time and spa e,

alled the

time dependent Landau-Ginzburg equation, that models the evolution of the order
parameter as a fun tion of temperature. By
equation I

oupling this equation to a diusive heat

al ulated the ee t latent heat has on domain growth dynami s. Be ause

the time and length s ales involved in orientational ordering and in thermal diusion
are so dierent in liquid
the

rystals, I devised a semi-analyti al approa h to integrate

oupled equations e iently. I showed that the diusion of latent heat away from

a growing domain boundary
very large systems. However,

an

ause a transition from diusive to linear growth in

omparison with experiments shows that the diusion

of latent heat is too fast to explain the diusive growth measured in the lab.

The self-assembly of mole ules into polymers and of
polymers into bundles
In the last part of this thesis I addressed supramole ular self-assembly, a type of
self-organization found in nature to result in highly
su h as virus

apsids, membranes and bers.

omplex biologi al stru tures

Studying this type of self-assembly

may not only lead to a better understanding of how these stru tures are formed,
but may also lead to the design of new materials.

In Chapter 7 I introdu ed the

pat hy parti le, a promising approa h to model the subunits that self-assemble into
these supramole ular stru tures. Dealing with ea h individual atom in ea h individual
mole ule, and
too

al ulating all the intera tions between all the atoms qui kly be omes

ostly for the large assemblies that are formed.

Therefore the pat hy parti le

model separates the shape of a mole ule from the intera tions between the mole ules.
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The shape of the mole ule is modeled by one, or only a few, simple beads and the
intera tions between the mole ules are modeled by only a few pat hes of intera tion
at the surfa e of these beads.
In Chapter 8 I des ribed a dis oti

mole ule by a single bead and two dire tionally

dependent pat hes, and I studied the linear self-assembly of these pat hy parti les numeri ally. I showed that a small sideways intera tion between the beads in dierent
polymers

auses these polymers to undergo a transition to a solid bundle, whi h may

be a rst step to understanding why many naturally forming polymers self-assemble
further into bundles. I

ompare our numeri al results to theoreti al predi tions based

on the Wertheim thermodynami
dynami

perturbation theory, and propose a simple thermo-

model of polymer sublimation to des ribe the bundling transition. Although

this pat hy parti le model does not lead to bundles with a limited bundle thi kness
as often found in nature, it may be a rst step towards understanding bundling in
these systems as well.

Samenvatting
Zelforganisatie
Om jouw tuin van die van je buren te s heiden kun je natuurlijk een grote hoeveelheid
bakstenen en spe ie willekeurig op de s heidslijn kieperen. De kans dat je daarmee een
mooi gemetseld muurtje krijgt is nihil. Een net muurtje vergt een zekere hoeveelheid
ervaring, een aantal spe ialistis he gereeds happen en helaas ook een stuk meer moeite
dan simpelweg je kruiwagen omdraaien. Geen wonder dat velen geloven dat aan de
regelmaat van de natuur om ons heen een intelligent ontwerp ten grondslag ligt.
Maar alhoewel muren zi hzelf niet metselen, bouwen veel in de natuur voorkomende
stru turen zi h wel degelijk zelf. IJs bijvoorbeeld is niet mole uul voor mole uul door
iemand met oog voor detail in een regelmatig patroon gezet; wanneer de temperatuur
onder een bepaalde waarde komt, bevriest vloeibaar water vanzelf.

En terwijl het

ons veel moeite kost om de wereld om ons heen georganiseerd te houden, blijken vele
natuurlijke pro essen helemaal geen moeite te hebben om zi hzelf te organiseren en
georganiseerd te blijven, of dat nu organisatie in de tijd of in de ruimte betreft.
Al deze pro essen waarbij de organisatie van een systeem met vele  vaak soortgelijke (of zelfs identieke)  elementen in

omplexiteit of regelmaat toeneemt zonder

dat daarbij externe sturing nodig is, worden zelforganiserend genoemd. Met andere
woorden, de zelforganisatie van de elementen van het systeem wordt alleen gedreven
door de intera tie tussen deze elementen. Het is niet zo dat de bouwstenen nu heel
pre ies door onzi htbare draadjes naar een heel spe ieke positie worden getrokken.
Door de gelijksoortigheid van de elementen kan dezelfde stru tuur op zeer veel vers hillende manieren gemaakt worden en de elementen moeten vaak vele mogelijke
onguraties uitproberen alvorens ze hun plek vinden. Zelfs als we bakstenen zouden
kunnen maken die elkaar heel spe iek aantrekken, dan zouden deze bakstenen nog
erg veel rond moeten bewegen om uit zi hzelf iets te bouwen dat op een gemetseld
muurtje lijkt.
Zelforganiserende systemen vindt men in meerdere gebieden van de wetens hap.
Zo hebben bijvoorbeeld bijna alle materialen die natuurlijk voorkomen hun stru tuur
aan zelforganisatie te danken, tonen gekoppelde dynamis he systemen opgebouwd uit
veel elementen vaak zelforganiserend gedrag en is menig

omplexe biologis he stru -

tuur samengesteld zonder invloed van buitenaf. De intera ties tussen de bouwstenen
kunnen op zeer vers hillende manieren tot stand komen, terwijl de uiteindelijke organisatie vaak zeer veel overeenkomsten vertoont. Om zelforganisatie te bestuderen is
het dus zaak deze intera ties zo eenvoudig en algemeen mogelijk te bes hrijven, zonder
dat de elementen hun organiserend vermogen verliezen. In dit proefs hrift heb ik drie
van dit soort modellen gebruikt en bestudeerd die heel vers hillende zelforganiserende
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systemen bes hrijven.
Elk van deze drie systemen vergde een andere numerieke aanpak.
eenvoudig blok-en-veermodel gebruikt om de beweging van

Ik heb een

onta tpunten op het

grensvlak tussen twee over elkaar wrijvende oppervlakken te bes hrijven.

Hiervoor

moest een grote set gewone dierentiaalvergelijkingen numeriek geïntegreerd worden.
Om te bes hrijven hoe de kra hten op de

onta ten langzaam verminderen als het

wrijven van de oppervlakken stopt, heb ik het blok-en-veermodel verder vereenvoudigd
tot een automatonmodel. Als tweede voorbeeld van een zelforganiserend systeem heb
ik de invloed van latente warmte op de isotrope-naar-nematis he overgang in vloeibare
kristallen bestudeerd, waarbij ik een gekoppelde set partiële dierentiaalvergelijkingen moest oplossen. Als laatste heb ik de ketenvorming van s hijfvormige mole ulen
bestudeerd, oftewel hun lineaire, supramole ulaire zelforganisatie, en vervolgens de
bundeling van de resulterende ketens in dikkere vezels. Hiervoor heb ik Monte Carlosimulaties van zogenaamde pat hy parti les uitgevoerd.

Multi onta twrijving
In hoofdstuk 2 bes hrijf ik het Burridge-Knopomodel (BK-model) voor multi onta twrijvingssystemen. Dit is een model voor twee langzaam over elkaar wrijvende, ma ros opis he obje ten, die tegen elkaar gedrukt worden door een externe kra ht, zoals
bijvoorbeeld de zwaartekra ht. Het raakvlak tussen deze twee obje ten bestaat uit
vele kleine

onta ten die de twee oppervlakken lokaal aan elkaar lijmen. Het breken

van een klein deel van de

onta ten en het vaak even snel weer vormen van nieuwe

onta ten, veroorzaakt de weerstand die we voelen als we obje ten met dit wrijvingsgedrag in beweging willen brengen of houden. Dit zijn de zogenaamde statis he en
dynamis he wrijvingskra hten. Het BK-model bes hrijft dit ingewikkelde systeem met
behulp van een serie eenvoudige blokjes die de

onta ten voorstellen, verbonden met

een der bewegende obje ten door middel van veren en met een snelheidsafhankelijke
wrijvingskra ht verbonden aan het andere obje t. De intera tie tussen de

onta ten

onderling wordt eveneens bes hreven met veren. Door de verhouding te veranderen
tussen de stijfheid van de veren tussen de blokken onderling en de veer die het blok
met een obje t verbindt, en door de wrijvingskra ht aan te passen, kan dit model
worden toegepast op systemen van enorm uiteenlopende grootte.

Aan de ene kant

van het spe trum wordt het gebruikt als model voor de beweging in s huivende aardlagen, waar de sterke intera tie tussen de lokale
maakt.

onta ten aardbevingen mogelijk

Aan de andere kant wordt het model gebruikt om de wrijving te bes hrij-

ven die ontstaat als twee atomair vlakke oppervlakken in

onta t worden gebra ht en

moeten s huiven, gesmeerd met een heel dun laagje vloeistof dat lokaal bevriest en
op die manier de oppervlakken aan elkaar lijmt. In dit geval is de intera tie tussen de
onta ten niet erg groot.
In dit proefs hrift heb ik me beperkt tot een versie van het BK-model die de laatste
situatie bes hrijft en waarbij de stijfheid van alle veren ongeveer even groot is.

In
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hoofdstuk 3 laat ik zien dat er in deze versie van het BK-model een geordende manier
van bewegen ontstaat, waarbij elk blokje alleen beweegt als zijn buren niet bewegen.
Deze solitaire manier van bewegen verdwijnt als de intera tie tussen de blokken te
groot wordt. In hoofdstuk 3 bestudeer ik de eigens happen en de stabiliteit van deze
bewegingstoestand zowel numeriek als theoretis h en laat ik zien dat deze manier van
bewegen stabiel is bij randee ten en kleine thermis he u tuaties.
De wrijvingskra ht is ongeveer gelijk aan de som van alle elastis he kra hten die
werken op de

onta ten die de wrijvende obje ten verbinden. Als de obje ten plotse-

ling tot stilstand gebra ht worden, dan zullen de

onta ten een kra ht uitoefenen op

de obje ten. Deze kra ht kan geleidelijk afnemen als de

onta ten zwak genoeg zijn

om spontaan verbroken te worden door thermis he u tuaties. In hoofdstuk 4 gebruik
ik de eigens happen van de in hoofdstuk 3 gevonden solitaire bewegingstoestand om
het BK-model verder te vereenvoudigen en deze kra htsafname zowel numeriek als
analytis h te bes hrijven.

Ik laat zien dat de kra htsafname op dezelfde manier te

bes hrijven is als de afname die voorgesteld is voor bepaalde glasa htige systemen.
Maar terwijl deze glasa htige modellen uitgaan van een erg

omplexe, hiërar his he

intera tie tussen de elementen, gebruikt het BK-model een zeer eenvoudige wisselwerking.

De invloed van latente warmte op de groei van nematis he domeinen
In hoofdstuk 5 introdu eer ik een theoretis h model waarmee ik in hoofdstuk 6 een
van de vele manieren bes hrijf waarop regelmaat kan groeien in een zogenaamd thermotropis h vloeibaar kristal.

De overgang die ik bes hrijf vindt plaats vanuit een

isotrope, vloeibare fase, waarin alle mole ulen een willekeurige oriëntatie aannemen.
Als deze vloeibare fase gekoeld wordt tot onder de overgangstemperatuur, maar boven
de zogenaamde spinodaaltemperatuur, dan kunnen spontaan domeinen ontstaan die
zi h in de nematis he fase bevinden. In deze nematis he fase hebben de mole ulen
allemaal ongeveer dezelfde oriëntatie, maar zijn hun onderlinge posities nog net zo
ongeordend als in de vloeibare, isotrope fase. Als deze domeinen groot genoeg zijn
kunnen ze groeien door aan hun grensoppervlak mole ulen uit de isotropis he fase te
ordenen en zo te dwingen ook de nematis he fase aan te nemen. Deze groei zal zi h
voortzetten tot alle mole ulen zo geordend zijn. In de overgang van de isotrope naar
de nematis he fase verliezen mole ulen hun vrijheid van oriëntatie en dit verlies van
vrijheid resulteert in de afgifte van latente warmte op de plaats waar de mole ulen hun
vrijheid verliezen. Deze warmteafgifte beïnvloedt de temperatuur aan het oppervlak
van het groeiende domein. Aangezien de groeisnelheid van het domein wordt bepaald
door de temperatuur op de overgangsgrens, beïnvloedt de latente warmte dus ook
de groeidynami a. Experimenteel is waargenomen dat deze domeinen op een andere
manier groeien als de isotrope fase waaruit ze groeien sterker of minder sterk wordt
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afgekoeld.

Bij de laagste temperaturen waarvoor domeingroei optreedt, groeit de

domeinstraal lineair met de tijd, bij de hoogste temperaturen waar nog domeingroei
wordt waargenomen groeien de domeinen diusief.
In

hoofdstuk

6

onderzoek

ik of

de

diusie van

warmte

het

experimenteel

waargenomen vers hil kan verklaren in de manier waarop domeinen bij vers hillende
temperaturen groeien. De mole ulen die zi hzelf tijdens de overgang van de isotrope
naar de nematis he fase organiseren, zijn veel te groot in aantal om individueel te
bes hrijven. Daarom gebruik ik een model dat alleen de gemiddelde mate van oriëntatie ter plekke bes hrijft. Dit tijdsafhankelijke Landau-Ginzburgmodel bestaat uit
een partiële dierentiaalvergelijking waarvan de dynami a afhangt van de temperatuur
ter plaatse. Door dit model te koppelen aan een soortgelijke dierentiaalvergelijking
die bes hrijft hoe de temperatuur verandert ten gevolge van de diusie van warmte,
modelleer ik hoe latente warmte de groei van nematis he domeinen beïnvloedt. Daar
de diusie van warmte in de isotrope fase vele malen sneller is dan de groei van
de domeinen, zijn deze gekoppelde dierentiaalvergelijkingen heel moeilijk numeriek
door te rekenen voor dit spe ieke geval. Daarom los ik de vergelijking die de groei
van een domein bes hrijft analytis h op alsof de temperatuur

onstant is en gebruik

ik deze oplossing als warmtebron voor de temperatuursvergelijking.

Hierdoor kan

de temperatuursvergelijking met steeds groter wordende tijdstappen en een steeds
grovere ruimtedis retisatie worden geïntegreerd.

Ik laat zien dat het model inder-

daad een overgang van lineaire groei naar diusieve groei voorspelt voor zeer grote
domeinen. In experimenten wordt deze overgang e hter al voor veel kleinere domeinen
waargenomen, wat doet vermoeden dat de diusie van warmte te snel is om de groei
te belemmeren en te verklaren waarom de domeinen diusief groeien.

De zelforganisatie van mole ulen in ketens en van
ketens naar bundels
In het laatste deel van mijn proefs hrift behandel ik supramole ulaire zelfassemblage.
Deze vorm van zelforganisatie van vaak grote mole ulen komt in de natuur veelvuldig
voor en resulteert in zeer

omplexe biologis he stru turen zoals de eiwitmantel van

een virus, membranen en bundels. De hoop is dat we uiteindelijk in staat zullen zijn
zelf geheel nieuwe materialen en stru turen te bouwen als we dit type zelforganisatie
beter begrijpen, met eigens happen buiten het bereik van

onventionele materialen

en zonder dat we ieder bouwsteentje een voor een op zijn plaats hoeven te zetten. In
hoofdstuk 7 introdu eer ik een veelbelovend deeltjesmodel dat tra ht het gedrag van de
zelfassemblerende elementen op een zo eenvoudig mogelijke manier te bes hrijven: het
pat hy parti le model. In plaats van elk atoom van de bouwsteentjes afzonderlijk te

modelleren, bes hrijft dit model alleen de belangrijke intera ties tussen de bouwsteentjes als kleine gebiedjes van geri hte aantrekking en afstoting op het oppervlak van
een zeer eenvoudige vorm, zoals een bol. Dit bespaart ink veel

omputerrekentijd en
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daardoor kunnen grotere stru turen en meerdere stru turen tegelijkertijd bestudeerd
worden.
In hoofdstuk 8 gebruik ik een bol met twee aantrekkingsgebieden aan weerszijden
van de bol om een s hijfvormig mole uul te bes hrijven. Als de bollen voldoende di ht
bij elkaar zijn en als de temperatuur laag genoeg is vormen ze ketens van s hijfjes met
een ketenlengteverdeling die afhangt van de temperatuur.

Door numerieke Monte

Carlosimulaties uit te voeren op grote hoeveelheden van deze deeltjes, heb ik deze
lengteverdeling onderzo ht en kunnen vergelijken met twee bestaande theoretis he
modellen.

Als de aantrekkingsgebieden groot genoeg zijn, dan is er ook een kleine

zijwaartse aantrekkingskra ht tussen de ketens die een overgang mogelijk maakt van
ketens naar een bundel van ketens.

Bundeling wordt veel waargenomen bij in de

natuur voorkomende mole ulaire ketens. Ik laat zien dat het bundelingspro es van de
pat hy parti le ketens redelijk goed te bes hrijven is met een theoretis h model van

een gas van ketens dat kristalliseert. Hoewel in de natuur voorkomende bundels vaak
een zeer beperkte bundeldikte hebben, en dit model in zijn huidige vorm geen bundels
met een eindige dikte oplevert, zou dit model to h een eerste stap kunnen zijn tot een
verklaring voor deze in de natuur voorkomende bundeling.
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Samenvatting

Dankwoord
Na de titel is de openingszin van het dankwoord to h het eerste wat ik lees als ik het
kersverse proefs hrift van een opgelu hte promovendus in ontvangst neem. Stiekem,
natuurlijk. Als de promovendus trots een rea tie afwa ht bekijk ik eerst de kaft en
de opmaak.
een

Als het wat langer duurt voor de rit voortgezet wordt maak ik nog

ompliment over de plaatjes.

Maar zodra de promovendus opgelu ht dat het

proefs hrift eindelijk gedrukt is, al huppelend de volgende ontvanger van de noeste
arbeid opzoekt om het boekje af te geven, ligt het bij mij al op het laatste hoofdstuk
geopend voor me.

Hoe zou vier jaar promoveren in twee kantjes bes hreven zijn?

En, miss hien niet helemaal netjes, sta ik er ook in?

Nu bent u dus ik en ben ik

vermoedelijk enorm opgelu ht en blij naar de volgende ontvanger aan het rennen.
Daarom wil ik hier de mensen bedanken die bijgedragen hebben aan mijn proefs hrift
en die het promoveren tot zo'n leuke tijd hebben gemaakt.
Amsterdam vond ik als Gelderse jongen maar niets. Maar toen Annalisa me een
positie als promovendus onder haar begeleiding in Amsterdam aanbood, hoefde ik
eigenlijk niet lang na te denken: Doen, denk! Annalisa, jou wil ik dan ook als eerste
bedanken! Ik heb ontzettend veel van je geleerd, je hebt me altijd aangespoord om de
leukste en de meest interessante dingen te doen en zonder jouw begeleiding zou het
kopje resultaten of samenvatting niet in dit proefs hrift zijn voorgekomen.
Als het om mijn wetens happelijke werk gaat, zijn er velen die ik ook moet bedanken. De dis ussies die ik met Hubert Knops, Ronald Meester, Misha Katsnelson,
Peter Grassberger, Gerard Barkema, Fran es o S iortino, Emanuela Bian hi, Peter
Christianen, Giorgia Tordini, Julia Yeomans, Kurt Kremer, Eri a Eiser, Gadi Rothenberg en Paul van der S hoot had, zijn van veel waarde geweest voor de inhoud
van dit proefs hrift. Ook wil ik mijn

ommissieleden bedanken voor het geven van

nuttige op- en aanmerkingen over het manus ript. Als ik even kort vast zat kon ik
altijd binnenwandelen bij de sta van Computational Chemistry and Physi s.

Be-

rend, Peter, Evert-Jan, Christopher, Bernd en Gooitzen, bedankt voor jullie advies
en opmerkingen tijdens presentaties, besprekingen en andere momenten voor een wit
bord met een blauwe stift. Peter Bolhuis wil ik nog extra bedanken voor zijn grote
bijdrage aan mijn letter. Daarnaast wil ik de taalpolitie bedanken: Edith en Elske.
Bedankt voor al jullie

orre ties en taalweetjes. // Hoe moet ik dit dankwoord nou

zonder jullie sgreiven !?
Paranimfen zijn niet alleen heel nuttig tijdens de promotieple htigheid, tijdens de
laatste loodjes van mijn proefs hrift waren de mijne totaal onmisbaar. Met Abdon
als virtuele kamergenoot was thuis aan mijn proefs hrift werken nooit een eenzame
bedoeling en Elskes kalmerende invloed en haar enorme inzi ht in hoe promotiedingen
geregeld moeten worden, maakten de promotiedrempel een stuk lager.
Tot nu toe ben ik nog maar weinig wetens happelijke afdelingen tegengekomen

144

Dankwoord

waar het zo gezellig is als bij Molsim in Amsterdam.

Naar

on erten gaan met

Rini en Britt, zwemmen met Jantien, bijkletsen met Marieke, Merijn, Bei, Live en
Daniele,

/xy

Davids V-vorm aannemen aan de bar, lun hen tussen de eendjes met

Laurens, op de bank hangen met een kopje koe bij de nieuwe Marieke, learning a lot
about China from Lizhe and Xiandong, op de bank slapen bij Menno na een stevige
na ht uit, taarten bakken met Jo elyne, jotting down derivations on the ba k of a
Choue-stained

oaster with Christopher, meeting at the Kriterion with Laura, Anil

and Ana, Labskaus essen in Hamburg mit Sven, hard la hen met Ranieri en Vin ent,
zelfgerookte makreel eten met Dirk, borrelen met Peter, Bernd en Evert-Jan, bevendo
aè

on Annalisa, tea hing Quantum Chemistry with Enri o, Szymon, Lodewijk and

Wybren-Jan, etsen naast een rennende Tim, dankzij Martin weten wat er tijdens
voetbaldou hes gebeurt, Mittagessen mit Jutta im Pausenraum, Jalapeno's planten
met Maarten, op wereldreis in Amsterdam met Edith via restaurants, mails en internetwoordspelletjes, vrije energieën plotten met Lu as, parlando di

ibo Italiano

on

Lu a, Starwarslms bespreken zonder ze ooit gezien te hebben met Evert, pra tising
and failing to say
over

ze±¢ in Polish with Jarek, Daniele lastigvallen met moeilijke vragen,

omputers praten met Gooitzen, tagliando un polpo

on Fran es o, wijnsiluetten

op de muur maken bij Arjen en Suzanne, Jasper leren borst rawlen, bij de brouwerij
zitten met Elske en haar logee, bei einer Zigarette über die wirkli h wi htigen Dinge im Leben spre hen mit Nils, een satétje bij

afé Bax met Jan-Willem en Saskia,

last-minute Ierse pub met Abdon, het was allemaal even fantastis h en ik dank jullie
allen!
Buiten de afdeling moet ik zeker Britta bedanken voor mijn verblijf in Gein, mevrouw Monk voor mijn verblijf in Osdorp, but espe ially Maya for allowing me to
not only have the noisiest toilet, but also to have the most gorgeous view of all my
friends in Amsterdam. Without you, the

over of my thesis would've looked rubbish.

Thanks for everything! Marie, jij ook bedankt voor de geweldige tijd, ik ga je missen
buurvrouw! Als vrienden uit de oude tijd hebben Willem-Pieter, Patri k en Corien,
Bas en Jing en Bernard en Janna voor de broodnodige aeiding en ouderwets gezellige
avonden gezorgd. Vanaf nu heb ik weer tijd, ik beloof het!
Als laatste wil ik mijn ouders Henk en Ine, mijn zusje Mandy en mijn zwager Bas
bedanken die me bij alles wat ik doe gesteund hebben zonder dat ze pre ies wisten
waar ik nu in hemelsnaam mee bezig was.

Ik hoop dat jullie genoegen nemen met

do tor in de natuurkunde, want professor in de weetnikskunde, zoals jullie vroeger
voorspelden, is helaas niet meer mijn ambitie.
Het is klaar!
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