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Chapter 2

Fluid models and performance-evaluation
methodologies

This chapter provides more comprehensive descriptions of the fluid-modeling ap-
proach used in this thesis. It first addresses the underlying fluid models (Section 2.1),
and next (Section 2.2) the performance-evaluation methodologies that were concisely
introduced in Section 1.3.

2.1 Fluid modeling

In this section we describe a number of fluid models of traffic sources (Section 2.1.1),
and we introduce the concept of the fluid queue, i.e., a queue fed by fluid input
(Section 2.1.2).

2.1.1 Fluid modeling of traffic sources

In Section 1.3.1 it was already claimed that traffic sources can be modeled as if these
are ‘fluid’, i.e., as if the traffic sources continuously transmit traffic. In this section
we justify this fluid-modeling approach, and provide a definition of a fluid source
and highlight some of its properties. Subsequently, we present fluid models for: i)
individual traffic sources, and ii) the aggregated traffic of many sources, cf. Section
1.3.1.

Rationale for fluid modeling

Fluid modeling of traffic sources by a continuous process is a widespread metho-
dology, e.g. see [8, 10, 11, 18, 46, 100]. The idea behind this approach is to abstract
from the discrete nature of packets, which we explain after we have introduced two
different levels of abstraction: the packet level and the flow level, e.g., see [111].

The packet level considers traffic, potentially the aggregate of multiple users, at
the granularity of individual packets. The associated time scale is in the order of
the transmission time of a packet, i.e., order of milliseconds, and the traffic rate is
highly variable due to the dynamics of both users and their services involved. Typi-
cal packet-level performance metrics include the packet delay and delay variation.
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The flow level focuses on flows, to be understood as a succession of packets that
comprise an instance of a service, e.g., a web page, voice call or IP-TV stream. The
main events of interest are initiations of new flows and departures of finished flows
(e.g., after completion of a flow transfer). Frequently used flow-level performance
metrics include, e.g., the transfer time or average transmission rate of a flow; note
that these strongly affect the QoS of elastic services.

Fluid modeling exploits the fact that the flow-level time scale substantially exceeds
that of the packet-level; the packet-level fluctuations vanish if traffic is considered
over longer time periods. In fluid modeling a source is modeled as if it continuously
transmits traffic. A simple example is a streaming service, e.g., voice, that, when a
user is active, generates packets of size B at constant time intervals of length �t; this
active state is modeled as a fluid source with continuous transmission rate B/�t.
This modeling approach can be applied to all kinds of traffic sources, e.g., individual
flows or the aggregated traffic of many users, as long as the behavior is considered
on a time scale that is long enough to smoothen out the packet-level fluctuations.

The advantage of the fluid-modeling approach is that it provides more tractable
models compared to models that include packet-level details, and therefore allow,
in many cases, for more tractable analysis. Fluid models still capture the essences
of the underlying system; in particular, they include the effects of a varying number
of active users related to the initiations of new flows and the completion of flow
transfers. This modeling approach can be used to investigate properties of flows,
e.g., durations of flow transfers. In addition, characteristics of the aggregate traffic
at a time scale shorter than that associated with individual flows can be examined,
e.g., overflow periods (cf. Section 1.2.1).

Fluid traffic source A(t)

Let A(t) := {A(t), t ∈ R} be a continuous-time stochastic process, where A(t) de-
notes the amount of traffic generated in the interval [0, t). Observe that this process is
cumulative, in the sense that the amount of traffic A(s, t) that arrives in interval [s, t)
is A(s, t) = A(t) − A(s). Furthermore, in this thesis we only consider sources with

stationary increments, i.e., A(s, t) d= A(t − s), for all s, t ∈ R.
Directly coupled with the amount of offered traffic A(t) is the so-called instanta-

neous rate R(t), i.e., the rate at which the source generates traffic at epoch t. Then
R(t) := lims↑t A(s, t)/(t − s). It is noted, however, that R(t) is not always a well-
defined notion, e.g., for some Gaussian sources (see page 14).

Fluid-flow modeling of individual traffic sources

It is a widely used approach to model an individual flow as a continuous fluid
source, see e.g. [11, 18, 100]. The traffic source is often described by an ON-OFF-
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process, where the source is in the ON-state when the user is active, i.e., when in-
volved in a flow transfer, and in the OFF-state when inactive. The transmission rate,
constant or variable, during the ON-state depends on the type of service that it rep-
resents.

Traffic source with a fixed transmission rate when active. Some streaming services,
e.g., VoIP conversations, generate packets at constant intervals, when ON. As argued
before, this behavior during the ON-state can be modeled as a source with a constant
(positive) rate, and with rate 0 when OFF. This type of traffic source is used in Part I,
e.g., in Chapter 3 to model ADSL users with generally distributed ON-durations.

Traffic source with a variable transmission rate when active. Elastic services, such as
web-browsing or file-sharing, are rate-adaptive when ON. The traffic rate depends
on the current state of the network, e.g., the number of active users. For example, in
a link with a limited capacity C each source can transmit at rate rn := C/n if in total
n users are active. This type of traffic sources is used in Part II to model wireless
nodes.

Markov-modulated fluid source. A Markov-modulated fluid source is defined by a
continuous-time Markov chain Nt which transmits at rate rNt

if the system is in state
Nt. Then the amount of offered traffic A(t) is obtained by

A(t) :=
∫ t

τ=0

rNτ
dτ.

A Markov-modulated fluid source can be used to model a broad class of traffic
sources: individual traffic sources (including the two examples presented above in
case of exponentially distributed ON-durations), but it can also model the superpo-
sition of multiple (multi-rate) sources. This modeling approach is used in Part II,
in particular in Chapters 7 and 9, to model the arrival process of a superposition of
multiple wireless source nodes. An overview of Markov fluid-models is presented in
[51], the authors summarize the basic concepts and the potential use of these models.

Fluid models for the aggregate traffic of many sources

The traffic on high-speed transmission links in communication networks is, in many
cases, the aggregate of many users each having a small access rate. Studies in lit-
erature, e.g., see [3, 8, 10, 46, 73, 97, 102], reveal that the aggregate traffic can often
be modeled by a Gaussian process. The literature provides a theoretical foundation
for the Gaussianity of network traffic based on Central Limit Theorem (CLT)-type of
arguments. The Gaussianity is empirically validated by analyzing traffic traces of
real networks.

The Gaussianity of the aggregate traffic requires a sufficient level of aggregation.
In [73] the authors investigated the required aggregation, and distinguish between
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horizontal and vertical aggregation. By horizontal aggregation we mean the minimal
length of the time interval that one should consider before the traffic may be modeled
by a Gaussian process; if the time scale is too short one typically observes packet-
level behavior. Vertical aggregation involves the number of users that is required for
the aggregate traffic to exhibit Gaussian behavior.

More recent studies on this topic include [46, 97]. In [97] the authors elaborate on
the horizontal aggregation and examine whether the Gaussianity holds for various
time scales. They observe that when the traffic is Gaussian for a certain time scale, this
usually holds for a wide range of ‘adjacent’ time scales. The authors of [46] conclude
that the required level of vertical aggregation is at least 50 Mbits. However, this can
only be considered a temporarily useful rule of thumb; the continuous developments
of new services and the increasing access rates cause the required level of vertical
aggregation, expressed as the traffic volume, to grow over time.

Gaussian source. We have argued that the aggregate traffic of many sources can
be modeled by a Gaussian process under certain conditions. A traffic source A(·) is
called a Gaussian source if it is a Gaussian process with stationary increments, i.e., for
all s < t,

A(s, t) d= N (μ · (t − s), v(t − s)) ,

where μ is the mean traffic rate and v(·) the variance function.
Gaussian sources have a number of characteristics that make them suitable to

model network traffic, see e.g. [85, Section 2.6]. These characteristics are:

- Stationary increments. The distribution of the increment during interval [s, t)
only depends on the length of the interval, i.e., t− s, and is independent of the
position of the interval.

- Wide range of correlation structures. The variance function v(·) allows for a wide
range of correlation structures over time.

- Extreme irregularity of the traffic rate. The Gaussian source model can incorpo-
rate extreme traffic-rate fluctuations, where the instantaneous traffic rate can
be obtained as R(t) := lims↑t A(s, t)/(t − s). Recall that this traffic rate is not
always well-defined for Gaussian sources.

An example of a Gaussian process is the so-called integrated Ornstein-Uhlenbeck
(iOU) source which has variance function v(t) = 2λμ−3(tμ − 1 + e−tμ). Interestingly,
this process is the so-called Gaussian counterpart of an M/M/∞ process with arrival
rate λ and service rate μ, i.e., the expectations and variances of the amount of offered
traffic in interval [0, t) coincide. This process has a well-defined rate function R(t); in
particular, it is the Gaussian counterpart of the number of active users in an M/M/∞
system.
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Another Gaussian process that is widely used for network-traffic modeling is
fractional Brownian motion (fBm) with variance function v(t) = t2H where H is
the Hurst-parameter. This process has a long-range dependent correlation structure
for H > 1/2, behavior that was empirically discovered by, e.g., see [46, 80]. The
fBm process is, after appropriate scaling, the limiting process of the superposition of
many ON-OFF sources with heavy-tailed ON- or OFF-durations, see e.g. [33, 127].

2.1.2 Fluid queue

A queue fed by a (superposition of) fluid source(s) A(t) is called a fluid queue. The
queue typically has a limited service rate C. In case the instantaneous rate R(t) of the
traffic source exceeds the capacity C, the amount of work in excess of C is backlogged
in the queue; the workload in the queue at time t is denoted by W (t). The queue
works at full rate C whenever it is backlogged (W (t) > 0), and when the traffic
arrival rate equals or exceeds the service rate (i.e., R(t) ≥ C).

Next we will present a derivation of the steady-state buffer workload, which can
be written as a functional of the arrival process A(·). As an illustrative example we
consider a slotted cumulative arrival process A(·) that generates an amount of work
Xn in the n-th time slot, i.e., A(−n,−1) := X−n + · · · + X−1. We can relate the
workload W0 at slot 0 to the workload W−1 at slot −1:

W0 = max(0,W−1 + X−1 − C).

After applying this step k times we obtain

W0 = max(W−k + A(−k,−1) − kC, A(−k + 1,−1) − (k − 1)C, . . .

. . . , A(−1,−1) − C, 0).

This relation is known as Lindley’s recursion. For stability of the queue it is required
that the expected amount of work EXi that arrives during a slot is less than the
service rate, i.e., EXi < C. For a stable queue there exists a k such that W−k = 0. Now
observe that when κ denotes the last slot that the queue was empty, i.e., W−κ = 0
and W−k > 0 for 0 < k ≤ κ, then W0 = A(−κ)− κC. Hence, it is readily verified that

W0
d= sup

n≥0
A(−n,−1) − nC.

This means that the stationary distribution of the fluid queue is in distribution equiv-
alent to the distribution of the maximum of the ‘free process’ A(−n,−1) − nC. This
procedure also applies to continuous-time processes and leads to

W0
d= sup

t≥0
A(−t, 0) − Ct. (2.1)
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This identity is often attributed to Reich [106]. Note that this concept can be used
irrespective of whether or not the rate process R(t) is well-defined.

In this thesis we use some variants of the fluid queue: a Markov-modulated fluid
queue, a Markov-modulated fluid queue with so-called feedback, and a Gaussian queue,
which are explained next.

Markov-modulated fluid queue. In the analysis of Chapters 5 and 9 we use a Markov-
modulated source that feeds into a fluid queue. Let Nt follow a continuous-time
Markov chain on {0, . . . , nmax} with generator matrix Q, and let at time t the traffic
be generated at rate rNt

. Seminal work on this model was presented in the papers
[5, 77, 99]. A key contribution is the derivation of the stationary joint distribution of
(Nt,Wt) which is defined as

Fn(x) := lim
t→∞P (Wt ≤ x; Nt = n) = P(W ≤ x; N = n).

The dynamics of the fluid queue is described as a linear system of differential equa-
tions: the workload satisfies the Kolmogorov forward equations: F ′(x)R = F (x)Q′,
where R := diag{r0, . . . , rnmax

}. The solution of this system is, under mild regularity
conditions, given in the form of the following spectral expansion:

F (x) =
nmax∑
j=0

ajvj exp(zjx),

where (zj , vj) is an eigenvalue-eigenvector pair, i.e., a scalar and vector that solve
zjvjR = vjQ. Let ω denote the stationary distribution of Nt, then ωn = Fn(∞), and
further observe that P(W ≤ x) =

∑
n Fn(x).

The left graphs of Figure 2.1 present an M/M/∞-input process that feeds into a
fluid queue, i.e., flows arrive according to a Poisson process (λ) with a maximum
of nmax flows, and each flow generates traffic at rate 1 for an exponentially (μ) dis-
tributed duration. This system is a Markov-modulated fluid queue, and it is used in
the analysis of Chapter 5. The top left graph displays the number of active sources,
the bottom left graph the evolution of the buffer workload.

Markov-modulated fluid-queue with feedback. An extension of the above-explained
model comprises the transmission rates to also depend on the workload at the fluid
queue, so-called feedback. This behavior is modeled as a system with generator ma-
trix Q in case of an empty fluid queue (i.e., Wt = 0), and it behaves according to a
generator matrix Q̄ in case the queue is non-empty (Wt > 0). Observe that Nt does
not constitute a Markov chain. This model was examined in e.g. [88, 119, 120], and it
used in the analysis of Chapter 7.

Gaussian queue. The fluid queue is called a Gaussian queue when the input process
A(t) is a Gaussian source. Gaussian queues are notoriously hard to analyze; in par-
ticular, exact results are only available for Brownian motion and Brownian bridge input



2.2. Performance-evaluation methodologies 17

 0

 5

10

15

20

25

 0  2  4  6  8 10

T
ra

ff
ic

 r
a

te
 R

(t
)

M/M/∞

 0

 5

10

15

20

25

 0  2  4  6  8 10

T
ra

ff
ic

 r
a

te
 R

(t
)

iOU

0.0

0.4

0.8

1.2

1.6

2.0

 0  2  4  6  8 10

B
u

ff
e
r 

w
o

rk
lo

a
d

 W
t

Time

0.0

0.1

0.2

0.3

0.4

0.5

 0  2  4  6  8 10

B
u

ff
e
r 

w
o

rk
lo

a
d

 W
t

Time

Figure 2.1: Traffic rates R(t) and evolution of the workload Wt of the fluid queue with λ = 10,
μ = 1 and C = 15. Left: M/M/∞ sources with unit rate. Right: i OU source.

processes. For other Gaussian processes one has to rely on approximations, e.g. see
[85, Section 5.4].

An interesting result is that a fluid queue fed by n exponential ON-OFF sources
converges to a Gaussian queue with an iOU input process, under a special parame-
trization, e.g. see [78]. The Gaussian queue, and in particular, fed by iOU input pro-
cesses is analyzed in Chapter 5. The right panels of Figure 2.1 present a Gaussian
queue fed by an iOU source; the top right panel presents the instantaneous traffic
rate, and the bottom right graph the evolution of the Gaussian queue.

2.2 Performance-evaluation methodologies

In the analysis of the performance metrics under consideration we use a number of
methodologies which are explained in more detail in the following sections.
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2.2.1 Transforms

On several occasions we analyze the transform of a random variable to obtain more
solvable algebraic equations. Recall from Section 1.3.2 that, for a non-negative ran-
dom variable X , the Laplace transform (LT) E exp(−sX) and the moment generating
function (MGF) M(θ) := E exp(θX) are defined as

Ee−sX =
∫ ∞

x=0

e−sxf(x)dx, EeθX =
∫ ∞

x=0

eθxf(x)dx,

where f(x) is the probability density function of the random variable X . Further
recollect that the LT of the sum of two independent random variables is the product
of the LTs of the individual random variables. For an overview of Laplace transforms
and their properties we refer to the standard text of Kleinrock [75, Appendix I].

Transforms sometimes allow for exact inversion if they consist of (a combination
of) standard transforms. In addition:

- The moments of a random variable can be obtained by differentiation of the
transform; the k-th derivative of the MGF at 0 yields the k-th moment, in case
of the LT the derivative has to be multiplied by a factor (−1)k.

- Application of the Chernoff bound. The Chernoff bound is an upper bound for
the tail probability of a random variable and it is derived by inserting the MGF

into the Markov inequality. Recall that the classical Markov inequality yields
P(X ≥ a) ≤ (EX)/a for a non-negative random variable X ; if we substitute X

by exp(θX) we obtain the following upper bound:

P(X ≥ a) = P
(
eθX ≥ eθa

) ≤ EeθX−θa = e−θaM(θ).

Because this holds for all non-negative θ, we choose the tightest upper bound:

P(X ≥ a) ≤ inf
θ≥0

e−θaM(θ). (2.2)

Unfortunately, the Chernoff bound is rather implicit in that it still requires an
optimization over θ. Its major advantage, however, is that it does not require
an inversion of M(θ).

- Transforms can be numerically inverted. In particular, Abate and Whitt have
developed theory on the numerical inversion, for a survey, e.g., see [1, 2, 66].

In this thesis transforms are used throughout almost all chapters. For example: in
Chapter 9 the performance metrics are characterized by their LTs, Chapters 3 and
5 rely on the Chernoff bound to obtain upper bounds on tail probabilities, and in
Chapter 7 a particular performance metric is obtained by inversion of its LT.
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2.2.2 Large deviations

From a performance engineering point of view there is special interest in rare events,
i.e., events that occur with a small probability. For example, in communication net-
work the packet loss ratio is often restricted to a certain value in the order of 10−4 to
10−6. Large deviations (LD) theory focuses on rare events and can be used to estimate
tail probabilities.

The scope of large deviations theory is on rare events that occur due to an accu-
mulation of events, e.g., a large buffer content that occurs due to arrival of a large
number of (large) flows; LD is less suitable to analyze quantities that can be caused
by a single event (as typically occurs in heavy-tailed scenarios). For standard text-
books on large deviations we refer to [34]. In the context of this thesis, the book of
Mandjes [85] and the work of Shwartz and Weiss [123] are of particular interest.

In this thesis we rely on specific instances of LD theory, i.e., the sample-mean LD

and the sample-path LD.

Sample-mean large deviations. Consider a sequence of n i.i.d. samples X1, . . . , Xn

that are distributed as a random variable X with mean μ = EX . We are interested in
the probability that the sample mean n−1

∑n
i=1 Xi deviates from μ. First we define

f(n) := P

(
1
n

n∑
i=1

Xi > a

)
,

where a > μ. An upper bound on this probability follows directly from the Chernoff
bound (Expression (2.2)), i.e.,

f(n) = P

(
exp

(
θ

n∑
i=1

Xi

)
> enθa

)
≤ inf

θ≥0
e−nθaE

(
exp

(
θ

n∑
i=1

Xi

))

≤ inf
θ≥0

e−nθa (M(θ))n = e−nI(a),

where

I(a) := sup
θ≥0

(θa − log M(θ)) .

The function I(a) is usually called the convex conjugated or Fenchel-Legendre Trans-
form. An important result in large deviations is Cramér’s theorem, which builds on
the large deviation principle (LDP), see e.g. [34, 85, 123], from which can be concluded

lim
n→∞

1
n

log f(n) = −I(a).

Hence, the decay rate of f(n) is of an exponential nature for increasing n and the
decay rate is given by I(a). Observe that the upper bound of the decay rate results
from the Chernoff bound, whereas the lower bound is more difficult to prove.
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Sample-path large deviations. Large deviations can also be applied to stochastic pro-
cesses. The idea is rather similar as for the sample mean, but now we consider a se-
quence of stochastic processes X1(·), . . . , Xn(·) and their mean sample path
n−1

∑n
i=1 Xi(·). We are interested in the probability that the mean sample path falls

in a collection of paths S, i.e.,

P

(
n−1

n∑
i=1

Xi(·) ∈ S

)
≈ exp

(
−n inf

f∈S
I(f)

)
.

The functional I(·) assigns ‘costs’ to any path, and inff∈S I(f) represents the expo-
nential decay rate of the mean sample path being in set S. Another interesting result
is that if the sample-mean path is in set S, with overwhelming probability this path
is close to path f� ∈ S, which is the path that minimizes the functional I(·) over the
set S; the path f� is therefore called the most-likely path.

For sample-path LD we rely on two results: the framework of Shwartz and Weiss
[123] for Markov-modulated traffic sources, and the generalized version of Schilder’s
theorem for Gaussian processes, see e.g. [85].

Sample-path large deviations for Markov-modulated sources. In the framework pre-
sented in Shwartz and Weiss [123] a crucial role is played by the local rate function. In
case of a birth-death process, this function is defined as

Ix(u) := sup
ϑ

(
ϑu − λx(eϑ − 1) − μx(e−ϑ − 1)

)
, (2.3)

where λx and μx are the state-dependent birth- and death-rates. In fact, the local rate
function measures the ‘cost’ of moving in direction u, when the mean process is in
state x. The next step is to define the action functional I(f), which represents the ‘cost’
of the mean process n−1

∑n
i=1 Xi(·) following a path f(·):

I(f) :=
∫ ∞

−∞
If(s)(f ′(s))ds.

Analogously to the sample mean LD a large deviations principle can be stated which
says that the decay rate of probability that the mean sample follows a path in the set
S is

lim
n→∞

1
n

log P

(
n−1

n∑
i=1

Xi(·) ∈ S

)
= − inf

f∈S
I(f).

This framework is used in Chapter 5.

Sample-path large deviations for Gaussian sources. The generalized version of Schilder’s
theorem considers sample-path large deviations for Gaussian processes. We consider
the probability that the sample mean of a sequence X1(·), X2(·), . . . of i.i.d. Gaussian
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processes is in a set S, then, informally, Schilder’s theorem provides us the corre-
sponding decay rate:

P

(
n−1

n∑
i=1

Xi(·) ∈ S

)
≈ exp

(
−n inf

f∈S
I(f)

)
= exp

(
−n

2
inf
f∈S

‖f‖2
R

)
,

where ‖ · ‖R is a norm for paths within a well-defined path space R, the so-called
reproducing kernel Hilbert space; for more details see e.g. [85, Section 4.2].

Unfortunately the rate function of a given path, I(f), can usually not be given in
closed-form. Notably, in case of Brownian motion sources the rate function can be
calculated explicitly, due to the independence of the increments. In Chapter 5 the
case of iOU sources is considered, which also leads to rather explicit results due to
its specific characteristics, e.g., the Markovian nature of the rate process. For other
Gaussian sources the rate functions cannot be given explicitly, to the best of our
knowledge.

2.2.3 Simulations

Another methodology to estimate a performance metric is by using simulations. In
this thesis we use simulations as a validation tool for i) the analysis-phase, and ii) the
modeling-phase. Besides the ‘direct simulations’, we also use importance sampling
(IS), in particular, in case of rare-event simulation.

Simulation for validation purposes

Validation of the analysis. Exact analysis of a stochastic model is not always possible
and one has to use assumptions or approximations to obtain explicit or insightful
expressions. These assumptions and approximations can be validated by numeri-
cally comparing the analytically obtained expressions with simulations of the fluid
model.

Validation of the model. In the modeling phase the communication network and
users’ behavior are formulated in terms of a stochastic model. Typically, details of
the system are simplified in order to obtain a tractable model. These modeling as-
sumptions can be validated by comparing results of the real communication system
to the results from the model; this is done by simulating both the real telecommuni-
cation system in all its details, as well as the (fluid) model. The appropriateness of
the (fluid) model can be assessed by comparing the outputs of these simulations.

Simulation methodologies

We use two simulation methods, so-called direct simulations and importance sam-
pling, both are described below shortly.
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Direct simulations. Direct simulations can be applied to both the actual (commu-
nication) system as well as to the (fluid) model of the system. In simulations one
draws samples of the arrival process and service requirements to use these as in-
puts of an emulation of the behavior of the model or actual communication system
while keeping track of the desired performance metrics. An introductory textbook
on simulation techniques is by Law and Kelton [79].

Suppose we are interested in the probability that a random variable obtains a
value in set E , i.e. P(E ∈ E ). This probability is estimated by observing many occur-
rences E1, . . . , En of the random variable, and then the probability is estimated by
α(E ) in the following manner:

α(E ) := P(E ∈ E ) = E [I(E )] =
1
n

n∑
i=1

Ii(E ),

where Ii(E ) is the indicator function which is 1 if Ei ∈ E and 0 otherwise.
An indicator of the accuracy of an estimator is provided by the width of the con-

fidence intervals, which depends directly on the variance of the estimator. A rule of
thumb, that is often used, is that the width of the confidence interval should be less
than, say, 10% of the estimator itself. From the definition of the confidence interval it
can be seen that the number of required replications is inversely proportional to the
variance of a single experiment. This means that direct simulation can be very time-
consuming, in particular, if the performance metric corresponds to a rare event. A
methodology to reduce the variance, and thereby the simulation time, is importance
sampling.

Importance sampling. Importance sampling is a so-called variance-reduction meth-
odology. It uses the idea of change-of-measure, which means that samples are drawn
from an other probability measure, e.g., Q, under which the event under consider-
ation is more likely to occur. Consequently, the increased occurrences of this event
are compensated for by the likelihood ratio dP/dQ. The probability we are interested
in is then estimated as follows:

α(E ) = EQ

[
I(E )

dP

dQ

]
.

In principle any probability measure Q (for which dP/dQ is well-defined) can be
chosen, but an inappropriate choice can result in a variance increase.

Importance sampling is used in Chapter 5 to estimate rare-event probabilities of
the quantities related to congestion periods.


