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3
X-PSI: A prototype open-source package for neutron star
X-ray Pulsation Simulation and Inference

T. E. Riley & A. L. Watts
Submitted to the Astrophysical Journal Supplement Series
Abstract
X-ray pulsations generated by the rotational modulation of asymmetric emission from the
surface of a neutron star can be used to statistically estimate exterior spacetime parameters
such as gravitational mass and equatorial radius and, more generally, parameters controlling an
equation of state (EOS) of interior cold dense matter. Here we describe the first public release
(v0.1) of X-PSI, an open-source software package for Bayesian modeling of energy-resolved
X-ray pulsations. In this paper we explain the modeling principles underpinning X-PSI,
which was developed with the overarching aim of constraining parameterized models of an
EOS via likelihood-based statistics. X-PSI couples X-ray pulsation likelihood functionality to
open-source statistical sampling software, for use on high-performance computing systems.
The numerical routines native to X-PSI are written in C, and are dependent on the GNU
Scientific Library (GSL). High-level object-oriented model construction and interfacing with
sampling software are performed by a user in the Python language. X-PSI is Unix source
code compatible, is being actively developed on GitHub, and is freely available under the MIT
license.

3 X-PSI: A package for neutron star X-ray Pulsation Simulation and Inference

3.1

Executive summary

The material in this section is based on the introduction to the submitted article. Other
material from that introduction, where appropriate, has been merged into Chapter 1 to form
the overarching introduction to this thesis; here we proceed with more specificity, introducing
the material in this chapter.
Riley et al. (2018, featured in Chapter 2) outlined a general treatment of the problem of
Bayesian parameterized EOS inference, discussing the general relativistic mapping between
interior source matter parameters and exterior spacetime parameters, with a focus on the
generative modeling of high-energy electromagnetic NS phenomena. The software package
X-PSI is designed for a small subset of this modeling: it offers a basic but customizable
open-source framework for modeling astrophysical X-ray pulsations generated by a rotating
NS to estimate its gravitational mass and surface equatorial radius.
The nominal usage of X-PSI discussed in this chapter is the analysis of data acquired using
contemporary and future high-resolution X-ray timing telescopes. Depending on the targeted
source (more specifically, the observational field containing the source), user-constructed
generative models may eschew treatment of detector phenomena such as dead-time and pileup—we do not consider these issues in this work. The software is designed such that a user
has substantial freedom to define a generative model of photon event data.
A necessary component of likelihood function evaluation is a software implementation of
the signal generated by the source. Signal models will inevitably belong to a simple, restricted1
set. The set of signal models can be viewed as an a priori plausible subset of a model space:
there will never be support for construction of all possible competitive models. A more
important reason for restricting models is that numerical integration over the surface radiation
field of a NS are computationally expensive to construct, and thus (single-threaded) likelihood
function evaluation times are typically on the order of a second for sampling applications
running on high-performance systems. The initial set of source models we consider have
efficient software implementations in X-PSI to improve tractability of parameter estimation
in parameter spaces that are moderately high-dimensional in the context likelihood function
evaluation cost. The X-PSI package is open-source and accessible via the popular Python
language; the supported set of source models can be extended by anyone as necessary—be
the motivation that of statistically-driven, incremental model development, or otherwise.
The X-ray pulsations of interest have been observed with an array of spectral-timing
properties, but are thought to share a common origin: bulk rotation of radiating material
in the near-vicinity of a NS surface. For the purpose of building software that is tractable
when embedded within statistical sampling applications, we need to limit scope. In particular,
the dominant source of radiation must be assumed to lie effectively at the surface of a NS
that rotates sufficiently slowly for deformation of the exterior metric—away from spherical
symmetry—to be unimportant for modeling data. Approximative spacetime models (namely,
1Meaning a subset of source properties are restricted by algorithm design; we will expound on this later in the
chapter.
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Morsink et al. 2007) for such sources are known to be computationally less expensive to
implement than higher-order spacetime solutions in general relativistic gravity. What spin
frequencies are sufficiently slow arguably cannot be rigorously defined without reference to
real data during the modeling process, but tentatively may extend up to several hundred
Hz—i.e., towards the nonrotating limit of the slow-rotation regime defined by Hartle (1967).
Theoretical work (e.g., Berti et al. 2005; Bauböck et al. 2012, 2013b,a, 2015; Nättilä &
Pihajoki 2018; Vincent et al. 2018), largely without reference to real data, suggests that the
Hartle (1967) rotating spacetime solution can be valid up to the vicinity of 716 Hz (Hessels
et al. 2006), and that the rotational metric-deformation therein can be important depending
on the observational context.
Rotation-powered sources that generate temporally stable signals should, loosely, require
less complex models to describe observations than accreting sources: aside from the potential
presence of strong off-surface sources of radiation (e.g., accretion discs, shocks in accretion
columns, and winds interacting with circumstellar media and the binary companion), accreting
stars often exhibit a dynamic surface radiation field that evolves in a manner beyond that due
to pure bulk rotation of the emitting material. Moreover, the evolution is can be on timescales
that are short compared to anticipated observation intervals: at least a few tens of rotations
for some thermonuclear burst oscillation sources (Watts 2012); and on timescales of order
a few days for accretion-powered pulsars (Patruno & Watts 2012). As a practical baseline,
the initial release of X-PSI is designed for modeling sources that generate stable time-domain
pulsations—i.e., sources whose signals are highly periodic as determined by an distant static2
observer.
Development of X-PSI is ongoing. Our purpose here is partially of a practical nature:
to checkpoint the package upon first public application (Riley et al. 2019, ApJL in press,
and featured in Chapter 4, use X-PSI to model NICER observations of the rotation-powered
millisecond X-ray pulsar PSR J0030+045), and thus invite public discussion on the optimal
continuation of this software project and any others similar to it. At the advent of largescale statistical computing in this field, we follow Huppenkothen et al. (2019) by calling on
interested members of the community to contribute generally to open-source code, packages,
and libraries that can be used both to analyze acquired data, and to inform design of future
observing programmes and accompanying proposals for time on high-performance computing
systems. We consider X-PSI at the time of writing (v0.1) as a basic prototype for some of
the functionality that a community-supported package for neutron star parameter estimation
via X-ray spectral-timing should offer in the future.
This chapter describes the general approach, implementation, and functionality of X-PSI,
and is structured as follows. We are working within a Bayesian inference framework, which
requires definition and implementation of likelihood functions and prior probability distributions. Pulse-profile likelihood functions incorporate the physics of: the surface radiation field;
the spacetime effects on the propagation of rays; astrophysical and instrumental backgrounds;
2Static frames are tetrads everywhere defined by 4-velocities that are orthogonal to spacelike hypersurfaces of
constant coordinate time in a chart that globally foliates the spacetime.
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photon detection by a distant telescope with a given response function; and the application of
a single computationally tractable rotational pulse to an X-ray event time-series far longer than
a rotational period. These aspects are treated in general terms in Section 3.2. In Section 3.3
we explain in high-level terms how to define a generative model in X-PSI that can interface
with external sampling packages for the computation of a (marginalized) posterior probability
distribution. In Section 3.4 we describe the primary sampler with which X-PSI currently
interfaces. In Section 3.5 we demonstrate a simple parameter estimation workflow using
X-PSI with synthetic pulse-profile data. We summarize in Section 3.6, and also comment on
avenues for future development.
Supplementary documentation for the application interface (the API) and for pulse-profile
(or light-curve) integration are available to aid the potential user; pointers to this material are
given where relevant. Note that we reserve the theory and numerical treatment of propagation
of surface radiation to distant observers for the repository documentation. Whilst there are
novel implementation-specific aspects to be covered, the underlying themes are covered by
the authors of the literature cited above and are adequate for understanding what X-PSI does.
Moreover, we view such components of likelihood function module as the most likely to
undergo further development (in both implementation and scope); the material in the present
work, on the other hand, promises to be more future-proof.

3.2
3.2.1

Likelihood functions for neutron star X-ray pulsations
Overview

In this section we consider probabilistic generative models of time-domain X-ray event data,
focussing on likelihood functions for observable radiation from surfaces of rotating NSs.
The are numerous physical processes required to build even a simple tractable model for
the generating process of observational data; such models may be plausible a priori, and
may perform well a posteriori, but will only ever be approximative. Readers experienced
in the physical (and thus necessarily statistical) modeling of time-domain X-ray observations
of emission from rotating NS surfaces may opt to only lightly peruse the material in this
section. Our purpose is to provide a tool for open-source usage, and thus we aim to provide
a self-contained description of the framework and scope of the available code. Moreover,
we review a number of principles that are considered standard in the field of compact-object
X-ray astronomy: we aim to lay out the essential reasoning at a level appropriate for a graduate
student tasked with piecing the statistical modeling process together.3
In Section 3.2.2 we introduce the concept of a generative model and its key components
in an abstract manner. In Sections Section 3.2.4 through Section 3.2.11 we build the basic
components of a physical model for describing X-ray observations. In Section 3.2.3 we give
a brief overview of the output of NS surface emission modeling. In Section 3.2.4 we review
3As was the case for T.E.R.
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the form of the X-ray event data for contemporary and future spectral-timing telescopes. In
Section 3.2.5 we review the operation of an instrument on-board such a telescope in response
to an incident radiation field composed in part by that from the surface of a distant (unresolved)
NS. In Section 3.2.6 we cover the modeling complications that must be navigated due to relative
motion of a (space) telescope and a targeted NS, and how such relative motion is canonically
treated via pre-processing of raw on-board event data into a form more compatible with X-PSI
modeling. In Section 3.2.7 we discuss the economical use of a single pulsation (generated
by a single revolution of a NS surface) for describing a time-series that is far longer than the
rotational period. In Section 3.2.8 we discuss backgrounds—i.e., signals from sources other
than the surface of the targeted NS. In Sections Section 3.2.9 and Section 3.2.10 we formulate
several forms for the likelihood function—e.g., unbinned and binned—that depend on the
definition of the data space. Lastly, in Section 3.2.11 we briefly generalize the notion of a
model from Section 3.2.2 to encompass additional probability measures that may be useful in
some contexts.

3.2.2

Model definition

We begin by requiring a probabilistic, parameterized model for the generation of an X-ray
event time-series. Let us define M as a model4 that, in part, defines a conditional sampling
distribution p(d | θ) of the data d (represented as a vector in some d-dimensional data space D),
where θ is a set of (real) parameters represented as a vector in some n-dimensional parameter
space Θ. The model M can be abstractly considered as the space Θ, together with both a
probability measure L : D ×Θ → R written as L(d, θ) B p(d | θ), and a joint prior probability
(density) distribution p(θ) : Θ → R. Combining the above elements, a probability measure
J : D ×Θ → R may be defined as the joint distribution J (d, θ) = p(d, θ) = L(d, θ)p(θ), from
which realizations (θ, d) can be randomly generated and predictions about future observations
can be derived.
The space Θ can, until suggested otherwise (see Section 3.2.11), be considered simply as
Θ ⊆ Rn . More generally, the space Θ can be a joint space of parameters that enter only in
the sampling distribution of the data, parameters that enter only in the sampling distribution
of other parameters, and parameters that enter in both; the latter are termed hyperparameters,
and if defined under M, the model is referred to as hierarchical.5
Let us identify an observed (fixed) vector d = d 0 as a random variate drawn from the ddimensional conditional sampling distribution L(d | θ): the variables along each dimension of
the data-space are jointly distributed due to statistical covariance. If the sampling distribution
is separable with respect to some subspace, subsets of numbers are statistically independent.
4Mathematical models require computational implementations; such implementations can in principle be included
in the model definition because ultimately evaluation of the likelihood function is dependent on the numerical accuracy
of the implementation.
5The hierarchy can in principle have multiple levels of hyperparameters. Also note that the joint prior distribution
of parameters and hyperparameters is the product of a conditional joint prior distribution of parameters, and a joint
hyperprior distribution of hyperparameters.
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The likelihood function given the random variate d = d 0 is defined as L(θ) : Θ → R,
L(θ) B L(d 0, θ) = p(d 0 | θ).

(3.1)

In Section 3.2 we limit the scope to likelihood functions only, despite priors being an inherent
component of generative modeling. We instead reserve discussion of priors for Section B.4 and
for the example exercise in Section 3.5: superficially this decision aligns with the viewpoint
that priors are inherently subjective and that readers and users should define their own priors;
whilst true to an extent, we also adopt the viewpoint of Gelman et al. (2017) that prior definition
is both in practice and from an information-theoretic perspective tied to likelihood function
definition. We choose therefore to treat the subject matter elsewhere, but not independently
of the material in Section 3.2.
We now define a probability measure π : Θ → R as the posterior probability (density)
distribution given by (Bayes’ theorem) π(θ) B p(θ | d 0) = L(θ)p(θ)/p(d 0); here we condition
on an observed vector d 0, p(d) : D → R, and p(d 0) = E p(θ) [L(d 0, θ)] is the prior predictive
probability of d 0. Expectation integrals with respect to the posterior6 are often the principal
target of Bayesian computation: conditional on assumptions and observations, one probabilistically learns about the model space M and may proceed to derive informed predictions.
Posterior predictions can be made via redefinition of J : D × Θ → R to be the joint distribution J (d, θ) = p(d, θ | d 0) = L(d, θ)π(θ), such that marginalization over θ gives the posterior
predictive probability p(d | d 0) = Eπ(θ) [L(d, θ)].7
If necessary, the model M can be explicitly conditioned on for clarity; e.g., each of
the above probability functions may be written p(. | ., M). It is also common to explicitly
condition on prior information when writing posterior and prior functions: this convention
can be useful for prior information to be interpreted as the union of independent observations
(data sets), but we do not use it in the main body of this work.

3.2.3

Neutron star surface X-ray emission signals

A subset of contemporary and future X-ray telescopes were and are being designed, in part,
for the observation of NS phenomena based on existing knowledge (e.g., NICER; Gendreau
et al. 2016). Let us begin therefore by summarizing the nature of the signals, incident on
an X-ray telescope, with which X-PSI works. An alternative approach would be to begin by
defining the space of the data—we save this for Section 3.2.4.
In X-PSI the source radiation field is defined as the rotating photosphere of a geometrically
thin atmosphere of a NS surface. The rotationally-deformed (opaque) 2-surface of the NS
is embedded within each of the time hyperslices (level surfaces) an ambient spacetime; the
NS surface and photosphere at different times are related purely by a rotation about the
stellar spin axis. Adopting the terminology of Chapter 2, we define an exterior spacetime
6Thus without the prior predictive probability p(d).
7Note that the posterior joint probability function as defined here fixes the conditional data vector, thus reducing
the generalized function D2 × Θ → R to a map D × Θ → R.
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solution as the union of an ambient spacetime solution and the NS surface embedded within
it; the surface delimits the relevant domain of the metric functions. Exterior spacetime
parameters then control the metric of the ambient solution, and the rotational deformation of
the surface. In principle, the global (interior and exterior) spacetime solution may or may
not be computed self-consistently depending on the modeling application—i.e., whether one
is primarily targeting statistical interior (EOS) constraints or exterior (spacetime) constraints;
X-PSI v0.1 does not support EOS parameter estimation but a long-term goal is to integrate
existing EOS code to allow such flexibility. In either case, X-PSI would necessarily have to
implement an ambient Schwarzschild spacetime,8 together with an oblate spheroidal surface,
as originally conceived by Morsink et al. (2007).9
X-PSI represents, to our best of our knowledge, the first open-source code of its kind
tailored specifically for statistical applications. The incident pulse calculation algorithm is
recorded in detail in the repository documentation: we formulate the well-known light-curve
integrals for purpose of software implementation, and discuss numerical treatment of those
integrals for the purpose of fast and accurate likelihood-function evaluation. Here we will
summarize the theoretical output of those integrals; the output must then be interfaced with
an instrument model (Section Section 3.2.5 and beyond).
All source pulse integrals of interest are incident photon-flux integrals over an observer’s
sky of the form
∫
FS (t, E; θ S ) =
µ(u, v)IS (t, E, u, v; θ S )dΩ,
(3.2)
S

where θ S denotes a subspace of model parameters that control the exterior spacetime solution
and radiation field—the targeted source S—together with parameters controlling the geometric configuration of a distant observer relative to S. Hereafter, we refer to the mathematical
objects that describe data-generation by S simply as targeted objects: e.g., S itself is the
targeted source, whilst θ S are targeted parameters. In regard to Equation (3.2): we require a
chart that globally foliates the spacetime with level surfaces of coordinate time t; we treat t as
equivalent to the on-board proper time of an instrument that is distant (asymptotically so) and
invariantly static. The symbol Ω denotes solid angle; contextually, S also denotes the image
(or region) that S subtends on the local sky. The function IS (t, E, u, v; θ S ) is the parameterized
incident spectral photon intensity transported from S along a ray bundle—with local sky coordinates (u, v)—that subtends an angle to a 2-surface local normal n̂ whose cosine is positive
and denoted by µ(u, v). All rays (null geodesics) that connect past spacetime events at the
photosphere to a common distant spacetime event are asymptotically radial, meaning µ → 1
if n̂ is everywhere effectively radial with respect to a spherical coordinate chart centered on

8Thus with a rotationally deformed mass monopole moment.
9We also refer the reader to the general discussion in Section 2.2.2.2 on approximative exterior spacetime solutions
for modeling of observable NS X-ray signals.
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the star. Let −r̂S denote the line-of-sight vector to S.10
An integral of the form given by Equation (3.2) is typically calculated for each member of
a two-dimensional set of points distributed in time and energy with respect to a distant static
frame. Such information is required for numerical evaluation of integrals over subdomains
of time and energy: the incident photon fluence through an element of a (photon-sensitive)
2-surface is given by
∫
∫
FS (t, E; θ S )dE dt =
FS (θ S ) =
µ(u, v)IS (t, E, u, v; θ S )dΩdE dt.
(3.3)
S

Hereafter we are only concerned with photon intensities, fluxes, and fluences; we therefore
omit the photon descriptor. Moreover, if the intensity or flux is a function of energy it is a
spectral quantity; otherwise the quantities are integrated over some finite energy interval. We
use the spectral descriptor only where useful. We define fluence as the number of photons per
unit area, integrated over some finite joint time-energy interval; we use this type of quantity
infrequently.

3.2.4

X-ray events

In order to construct a likelihood function of the form given by Equation (3.1) it first necessary
to define the data space D 3 d and the observed data vector d. To define a data space, we
require a model of a radiation-detecting instrument. The X-ray telescopes of interest are
contemporary and future high time-resolution telescopes such as NICER (Gendreau et al.
2016), eXTP (Zhang et al. 2019), and STROBE-X (Ray et al. 2019) that are optimized for
single-photon counting from point sources. The relevant principles are standard in the field
of X-ray spectral-timing (e.g., Arnaud et al. 2011), and thus we proceed to only briefly review
the relevant statistical assumptions and mathematical objects.
These X-ray telescopes either concentrate (i.e., collect and focus) X-ray photons onto one
or more detectors, or just collimate photons onto detectors.11 The detectors, when operating
optimally, register solitary incident photons as unique events in a discretized joint space of time
and amplitude (of the charge pulse generated). Raw12 X-ray photon events are summarized by
a pair of numbers that define the on-board time interval in which the photon event occurred,
and the detector channel13 to which that event was assigned.
Each detector is associated with some contiguous array of finite-width time intervals
and at most one arrival event is registered in a given time interval over all channels of that
10Notation chosen so as to indicate the radial unit vector in a spherical coordinate chart with origin defined by the
point source.
11Soft X-ray instruments on telescopes—such as NICER, STROBE-X, and the SFA on eXTP—implement singlereflection concentrator (or focussing) optics and a focal-plane array of parallel-operation Silicon Drift Detectors
(SDDs), but use collimation where necessary due to SDD drift-time effects (e.g., Prigozhin et al. 2016); hard X-ray
instruments on telescopes such as eXTP and STROBE-X would collimate rather than focus.
12As distinct from data procured by pre-processing raw event data, as we discuss below.
13The amplitude, pulse height, or pulse invariant (PI) channel into which photon arrival streams are output.
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detector. The event data in each detector channel constitutes a very high–dimensional random
variate generated by an arrival process. Each time interval in each channel can thus be
considered as Bernoulli random variable; the Bernoulli random variates constituting the data
then each describe whether zero or one events were recorded by a detector. This information
is represented as a set of time intervals wherein one photon event—or possibly more in the
case of a real detector with imperfect time resolution—triggered a detector response; the set
of non-events is then the far larger complementary set of empty time intervals in each channel.
The event space is then defined as a union over detector modules constituting a larger telescope
system.
It can be carefully argued—and is often assumed—that in the limit of a detector with
perfect time resolution (i.e., perfect time-tagging of photons and differentiation between
them), the arrival process in each channel of each detector converges to a non-homogeneous
Poisson arrival process that is statistically independent of all other processes.14 In this limit
the joint sampling distribution of all the Bernoulli random variables is separable over time
intervals, channels, and detectors. These assumptions are straightforward for likelihood-based
computation; one can adopt the view that if there are important deficiencies in this simple
stochastic model (of the incident radiation field and the operation of the instrument in response
to it), they will manifest a posteriori when evaluating performance.
Let a raw data space D thus be formed from a set of Bernoulli random variables. Another
data space D is then defined given the space D via some set of pre-processing operations;
these operations may or may not be considered included in the definition of the model M,
and are performed to ease computation by summarizing data at the cost of some information
loss (see Section 3.2.10). Fundamentally, we are interested in a parameterized physical
model of the joint probability mass distribution of the Bernoulli random variables (across all
time intervals, channels, and detectors)—or an approximation thereof. X-PSI supplies some
low-level routines and high-level objects for custom implementation of an instrument model
adhering to standard notions.

3.2.5

Instrument response

Instrument response functions are standard objects in the field of X-ray astronomy, and are
supplied for each space telescope, usually in the form of an ancillary response function (ARF)
together with a redistribution matrix file (RMF) for an on-board instrument,15 which itself
14The detector operation (or response) is a function of the flux through the photon-sensitive 2-surface—i.e., the
flux after focussing by foreground optics or surviving collimation—and dark current in the SDD. In practice, detector
dead-time (non-paralysable or paralysable) is an effect to be contended with. Given an incident radiation field that is
far from saturating, dead-time effects might be neglected until there is evidence to suggest it needs to be modeled.
Moreover, the detector response to incident photons in practice is such that two events that generate a charge pulse in
a detector can be registered as a single charge pulse. In the limit of perfect time resolution, then by definition of the
photon arrival process (integrated over all dimensions but time) as Poissonian, no two events occur simultaneously.
In practice, we require that temporal coincidences of charge pulses within the detector resolution timescale are rare
enough to be neglected. In this limit, event pile-up becomes an unimportant facet of instrument operation.
15The precise distribution between files of certain sub-system effects can be instrument specific.
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consists of a set of parallel-operation modules. We proceed to define the general form of the
response function as is necessary to formulate likelihood functions. We require the expected
number of the events recorded in the i th channel over a finite time interval. The integral form
of the instrument response16 to point-sources (including unresolved backgrounds) whose
specific intensities are denoted by I P (.), and to a diffuse background whose specific intensity
is denoted by ID (.), may be written as an expected count-number
ci =

∫

µ(x, y, u, v) [I P (t, E, u, v) + ID (t, E, x, y, u, v)] R(i; t, E, x, y, u, v)J(x, y)dΩdxdydE dt
∫
Õ∫
≈
FP (t, E)
µ(x, y, r̂ P )R(i; t, E, x, y, r̂ P )J(x, y)dxdydE dt
P ∈P

∫
+

µ(x, y, u, v)ID (t, E, x, y, u, v)R(i; t, E, x, y, u, v)J(x, y)dΩdxdydE dt,
(3.4)

where: P 3 S denotes a set of point-sources in the field of view including S and background
sources; (x, y) are some curvilinear coordinates on the collecting surface (of first contact
points of radiation incident on the system);17 (u, v) denote curvilinear coordinates on the
sky of point (x, y); r̂ P is the direction along the line-of-sight to a point-source P; µ(x, y, r̂ P )
projects the local 2-surface at point (x, y) on the focussing system along the line-of-sight to
a point-source P; J(x, y) is the local Jacobian determinant for the curvilinear to rectilinear
mapping; R(i; t, E, x, y, u, v) is the probability of a photon incident at time t from the (local)
neighborhood of the sky position (u, v) within the neighborhood of point (x, y) in the system
with energy E being registered by the measurement unit as an event in the i th channel; and
the response is linear in the limit of perfect operation as imposed above.
Let us now identify the flux FP (t, E) as parametrising a continuous field—on the joint
space of energy and spatial position—of statistically independent photon arrival processes
caused by precisely Poissonian light-matter interaction processes—e.g., thermal emission,
and interstellar absorption. The probability of an incident photon event E during a differential
time interval within the local neighborhood of point (x, y) and within a differential energy
interval is given by:
n o
Õ
Pr E { ≈ 1 −
µ(x, y, r̂ P )FP (t, E)J(x, y)dtdE dxdy
Õ P ∈P
Pr {E } ≈
µ(x, y, r̂ P )FP (t, E)J(x, y)dtdE dxdy,

(3.5)

P ∈P

16The joint response of the detectors and concentrator optics or collimators.
17The collecting surface is realistically constituted by a set of surfaces. E.g., for the NICER focussing system
(Gendreau et al. 2016) each module is constructed from a set of nested surfaces, and the total collecting area is given
by the union of the focussing modules. Thus a system is required that uniquely assigns coordinates to points on
the surfaces; discrete coordinates might also be necessary, in which case the integrals over a continuous surface in
Equation (3.4), need to be extended with summations over a union of surfaces.
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where E { is the complement event—i.e., no event—and the probability of two or more events
is zero. The response function modulates these incident photon event probabilities into event
probabilities in the output channels (refer to Section 3.2.4).
The point-source response function is usually represented in a discrete form and distributed. The function will be derived based on a microphysical model of the instrument
operation and other calibration products; in part it is measured—i.e., statistically estimated.18
That is, in a highly-controlled environment, an approximation is made that may be expressed
schematically as
∫

ci (t)dt ≈

∫

FP (t, E)dE dt ×

E ∈E j

1
∆t∆E j

∫

µ(x, y, r̂ P )R(i; t, E, x, y, r̂ P )J(x, y)dxdydE dt

E ∈E j

(3.6)
where: the energy discretization satisfies the criterion that variation of the response function
R(i; t, E, x, y, r̂ P ) over a finite photon energy interval E j of width ∆E j is sufficiently small
so as to validate the above approximation; the temporal discretization similarly satisfies the
criterion that variation of the response function R(i; t, E, x, y, r̂ P ) over a finite time interval ∆t
is sufficiently small so as to validate the above approximation; for calibration purposes, the
flux FP (t, E) is both approximately time-invariant and energy-invariant, and approximately
zero for E < E j ;19 and ci (t) is the expected count (event) rate function in the i th channel.
Without event culling, this count rate may also include a dark current contribution due to
thermal effects in the detectors. Let the model for the response to a point-source in a given
direction take the form of an (p × p0) matrix R? with areal units, where the energy interval
increments with column number, and channel increments with row number:
∫
1
R?i j (r̂ P ) B
µ(x, y, r̂ P )R(i; t, E, x, y, r̂ P )J(x, y)dxdydE dt.
(3.7)
∆t∆E j
E ∈E j

Such a representation simplifies communication and implementation of the response model,
and reduces memory requirements.20 Note that a response function derived in such a way
will ultimately exhibit dependence on the flux properties of the calibration source (and field),
which may be remarkably different from the properties of a field containing a targeted source
for science observations. Remaining uncertainty in the instrument response function may be
parameterized and jointly modeled with parameters of science targets.
To model the contribution from a diffuse background one might also require an approximation to the full response function R(i; t, E, x, y, u, v). If a calibration field is devoid of
18Multiple telescope pointings may necessitate distribution of multiple response models.
19The smaller the variation in the flux FP (t, E) over the interval E j , the greater the accuracy of the approximation.
20Response matrices akin to this are canonically decomposed into an effective area vector whose elements have
areal units, and a redistribution matrix whose elements are dimensionless, such that columns of R? are given by
the Hadamard product of the vector and the corresponding column of the redistribution matrix; the vector typically
contains efficiency factors and the redistribution matrix columns generally do not sum to unity.
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point sources and the diffuse background intensity is uniformly isotropic over the instrument
surface, then
∫

ci (t)dt ≈

∫

ID (t, E)dE dt

E ∈E j

×

1
∆t∆E j

∫

µ(x, y, u, v)R(i; t, E, x, y, u, v)J(x, y)dΩdxdydE dt.

(3.8)

E ∈E j

The conditions specified above pertaining to the approximation in Equation (3.7) similarly
apply to the approximation in Equation (3.8). The response matrix with elements given by
∫
1
Ri j B
µ(x, y, u, v)R(i; t, E, x, y, u, v)J(x, y)dΩdxdydE dt
(3.9)
∆t∆E j
E ∈E j

thus describes both the effective area and the effective field of view. It may be the case that the
contribution from a diffuse background to the event rate function in each channel is assumed
to be known, in which case a response matrix such as R that accounts for the field of view is
not required for likelihood function evaluation. As the effective field of view decreases, the
response function will approach that for a point source.
The response is modeled via some parametrization—either of underlying continuous
functions for theoretical subsystem operation or of the discretized, matrix form. That is, the
total response model will in general be constructed from parameterized subsystem models,
but in principle the elements of the matrices R?(r̂ P ) and R could be explicitly be defined
as parameters. The parameters thus defined are then statistically constrained conditional
on recorded event data, possibly both pre-flight and in-orbit, and periodically calibrated
using astrophysical sources. The response model is then typically assumed to be effectively
time-invariant over some (near future) observation epoch. For example, a set of narrow
energy intervals are defined and, for each interval, the response—across a pre-defined set
of channels—to a highly-controlled, filtered incident radiation field spanning the interval is
measured (in a regime where the stochastic properties of the detector operation are insensitive
to the incident flux). Given such measurements, inferential statements may be made about
the parameters in the response model, and that probabilistic information can be applied in the
modeling of science observations of targets.
In practice, for point sources in the field of view, an incident photon fluence is generally
calculated for each in a set of energy intervals that are determined by the approximate instrument response model for mapping expected photon fluences into expected count numbers.
Let the integral discretization of the incident flux FP (t, E) into incident photon fluences be
represented as the (p0 × q) matrix F P with energy intervals incrementing with row number
and time intervals incrementing with column number. The matrix of expected count numbers
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from point sources in the field of view is then approximated by the dot-product
Õ
R?(r̂ P ) · F P,
c≈

(3.10)

P

where elements of (p × q) matrix c are the contribution to the expected count numbers ci j
by point sources in the field of view, with channel incrementing with row number. Typically, target tracking is assumed to be sufficiently accurate so as to ignore a small temporal
variation of the telescope pointing with respect to each source direction r̂ P . If a data set
is constructed from the event streams of disjoint observing intervals, let the expected count
numbers form a set of matrices {c 1, c 2, . . .}, where each matrix c ` might be evaluated with
a unique, observation-specific response matrix R?`(r̂ P ). Similarly, one might require an
observation-specific response matrix R` appropriate for operation on a uniformly isotropic
diffuse background over the instrument surface.

3.2.6

Real and fictitious telescopes

Thus far we have considered a distant static telescope whose 4-velocity is uµ (τ) = [1, 0, 0, 0]T
with respect to the Schwarzschild chart and whose proper time τ thus coincides with coordinate
time t. Such a telescope is fictitious: in reality an instrument is not static (and is non-inertial)
due to motion of the telescope relative to the targeted NS. Moreover, there can exist (timedependent) perturbations of the spacetime near the target star due to a companion star, and the
asymptotically flat spacetime is perturbed by weakly gravitating (and slowly rotating) bodies in
the Solar system. Canonically, sophisticated modeling software is used to treat these issues—
which would otherwise vastly complicate the formulation of likelihood functions here—given
the information provided about a specific telescope, target source, and observation epoch.
We proceed to review what such software achieves, thereby identifying the way to interface
between objects computed by X-PSI—e.g., Equation (3.2), operated on by an instrument
response function—with real event data.
Let us first ignore perturbations to flatness, and suppose that the worldline of the instrument
on the asymptotic spacetime is the function x µ (τ), where τ is the proper time of the on-board
clock against which events are principally registered. The asymptotic nature of this worldline
is such that at any point along x µ (τ) the incident radiation intensity with respect to a local
static frame—instantaneously related to a comoving frame21 via Lorentz transformations in
the local tangent space—is such that source flux is given by Equation (3.2) evaluated at some
coordinate time with only an implicit dependence on the spatial coordinates x i (τ). Indeed, at
each spatial point in the vicinity of the Solar system, the flux in a local static frame is given
as a function of coordinate time identically by Equation (3.2) up to a position-dependent time
translation.
Consider first that the worldline x µ (τ) exists on a flat asymptotic spacetime, and a fiducial
point is defined with coordinates t(τ = τ0 ) = t0 and r(τ = τ0 ) = r0 in the Schwarzschild chart.
21Defined as the frame in which the 4-velocity is u µ (τ) = [1, 0, 0, 0]T .
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Suppose the source flux at time t = t0 at all points in the vicinity of the worldline with equal
radial coordinate r = r0 is given by Equation (3.2); the flux in a local static frame at all nearby
points with radial coordinate r = r0 + ∆r at time t = t0 is given by Equation (3.2) evaluated
at time t = t0 − ∆r/c. It follows that from an algorithmic perspective, one may first compute
the flux as a function of time without accounting for the worldline of the instrument, and
subsequently evaluate fluxes along the worldline via a time map τ 7→ t0 + ∆t − ∆r/c, where
∆r = r(τ) − r0 and ∆t = t(τ) − t0 . The specific photon flux in local static frames along the
worldline is then given by
FS (τ, E; θ S ) = FS (t(τ) − ∆r(τ)/c, E; θ S ) =

∫
S

µ(u, v)IS (t(τ) − ∆r(τ)/c, E, u, v; θ S )dΩ,
(3.11)

where the arbitrariness of r0 (in the asymptotic regime) manifests only as a temporal shift.
Strictly, the instrument is not asymptotic, but sufficiently distant that the explicit dependence
of the static flux on radial and angular coordinates is neglected for points belonging to the
instrument worldline; therefore, the coordinate-time evolution of the image S (instantaneously
subtended on the skies of static frames at points along the worldline) is shared—under a time
translation—by all spatial points belonging to the worldline. It follows that provided the
instrument tracks S, the angle µ(u, v) subtended (in a local static frame) between points in S
and the normal of each element of the instrument surface does not evolve.
Given the above, it can then by extension be carefully argued that the comoving flux incident on an element of a distant non-static, non-relativistic, non-inertial (tracking) instrument
in the asymptotic flat spacetime is sufficiently well-approximated as the flux incident in a
static fiducial frame under a time translation τ 7→ t − ∆r/c. Relativistic timing effects (and
spin-down; see below) are included in this mapping because over the course of the many
rotational cycles spanned, even an apparently small absolute deviation of dτ(t)/dt from unity
would result in decoherence of the transformed event times with respect to the natural rotation
of the target source. For a millisecond X-ray pulsar, for instance, the photon arrival process
is rotationally modulated on millisecond timescales, and the timing resolution achieved by an
X-ray instrument is far smaller than this timescale (Gendreau et al. 2016). If the temporal
mapping is inaccurate by even an O(10−2 ) s rotational period over the total time between the
first and last exposures—which may be O(106 –107 ) s for a mission such as NICER—the event
information would be smeared in time.22 Further, one can extend the arguments alluded to
above to consider gravitational perturbations by a pulsar companion and Solar system bodies,
the effects of which on the incident flux are, beyond crucial contribution to the aforementioned
temporal mapping, neglected.
The Poissonian nature of a photon arrival process is invariant under the monotonic time
22Meaning that if O(10−9 ) s timing cannot be achieved (cf. Hobbs et al. 2006) for a ∼ 5 ms rotation-powered radio
pulsar such as PSR J0030+0451 (Lommen et al. 2000), the phase-folded X-ray pulse-profile, with respect to a static
frame at the fiducial point, would be distorted.
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transformation τ 7→ t − ∆r/c. An approximate symmetry is thus observed: a photon event
E through an element of the instrument in a differential time-energy interval at time τ can
be mapped to a photon event through an element of a fictitious static instrument at the time
t(τ) − ∆r(τ)/c when the source radiation reached the spatial fiducial point (at coordinate
radius r = r0 ) on the worldline. Moreover, an event registered in the output stream against
a perfect on-board clock can be mapped to a fictitious detection event by a fictitious static
instrument in the same manner. The instrument response function—defined in discrete form
at some arbitrary time t by Equation (3.7)—at time t(τ) − ∆r(τ)/c in the time-domain of the
spatial fiducial point, would however match the response function that would be applied at
time τ in a frame instantaneously comoving with the real telescope.
Let us now consider a timing solution for the rotational phase φ(t) of the (slowly-rotating)
target star as a function of coordinate time t. Ignoring glitches (e.g., Edwards et al. 2006;
Bailes 2010),

φ(t) = φ0 +

1
2π

∫t
0

ω(t 0)dt 0 ≈ φ0 +



Û
Ü
1
ω(a)
ω(a)
ω(a)(t − a) +
(t − a)2 +
(t − a)3 + . . . ,
2π
2
6
(3.12)

where: ω(t) is the coordinate (asymptotic) angular rotation frequency of the star; the zero
phase φ0 B φ(t = 0) is arbitrary (and does not correspond to the number of revolutions
during the source-instrument light travel time interval); and, in the Taylor expansion for small
frequency derivatives, a ∈ [0, t]. The events in the time-domain of the fixed fiducial point can
thus be mapped to an arrival rotational phase; one thus has a map τ 7→ φ for phase-folding
arrival events against the natural rotation of the star.
We now discuss the canonical technique for curating a sparse set of photon arrival events
for subsequent data-space and generative-model definition. We build on the above wherein
other gravitating bodies in the dynamical vicinity of source and instrument are neglected. A
map is required between the satellite-specific on-board time-domain—populated by the raw
events—and a distinct time-domain that can be straightforwardly interfaced with a timing
solution for the rotational phase φ(t) of S as given by Equation (3.12). Let the coordinate
recorded by an imperfect on-board clock be denoted by τ̃: ultimately an injective map τ̃ 7→ φ
is often desired. However, the instrument is non-static and non-inertial (e.g., in-orbit rotational
source tracking due to finite parallaxes), has an imperfect on-board clock, and the spacetime
of the source is perturbed in a time-dependent manner due to gravitating bodies; there are a
substantial number of timing effects, of varying importance, which might be modeled in order
to precisely map on-board event times to arrival phases. Such a mapping has an inherent
degree of uncertainty: it is the output of a statistical fitting process wherein a rotational phase
model such as given by Equation (3.12) is parameterized and applied to generate a timing
solution.
Each space telescope is conventionally associated with unique (orbit and clock dependent)
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software tools to transform from times τ̃ to a time coordinate defined at a spatial reference
point in the Solar system—the barycenter, which moves relative to a given pulsar. Such a
mapping will account for the sky coordinates of the pulsar in a geocentric coordinate system
in order to compute the time at which radiation of the same phase as a given event passed the
Solar system barycenter. Given a set of transformed events associated with the Solar system
barycenter, a timing solution—e.g., Equation (3.12)—is then applied using a generic (satellite
independent) software framework such as tempo2 (Hobbs et al. 2006; Edwards et al. 2006;
Hobbs 2012)23 together with a plug-in such as photons to assign rotational arrival phases
φ to events and to phase-fold if desired, generating events with principal phases ϕ ∈ [0, 1].
The choice of a point fixed in space relative to the target pulsar is taken to be the center of
the pulsar for the purpose of assigning coordinate arrival times (phases) to photon events
registered by the real instrument; the phases and the coordinate interarrival times are shared
with a distant static frame, in a fictitious unperturbed pulsar spacetime, at which we place
our fictitious telescope and evaluate expected X-ray signals. The spatial location of this static
frame is in the near vicinity of the Solar system—i.e., at the distance of the Solar system,
along the line-of-sight which is inclined to the pulsar spin axis.
For pulsars that exhibit high rotational stability (e.g., high angular momentum and low
torques; Bailes 2010) and whose radio pulse-profiles exhibit (persistently) detectable flux, the
most accurate timing solution will usually be based on the application of a timing model to
radio observations. Such observations typically span much longer timescales—on the order of
years—than those of X-ray observations. The radio observation epoch ought to be sufficiently
long for the relative statistical constraining power on a timing solution to far exceed X-ray
constraining power on, e.g., spacetime parameters (as is the target of X-PSI). The timing
solution will therefore often be assumed exact and subsumed in a data pre-processing phase.
In the absence of a radio timing solution, one can instead use a timing solution derived from
pulsations in high-energy source radiation; in either case we recommend application of a
widely-used open-source software package for deriving the solution.
If one were to construct an X-ray model wherein (a subset of) the timing parameters are
not known exactly but have some associated joint prior probability density distribution (e.g,
the marginal joint posterior probability density distribution derived from a previous timing
analysis), X-ray parameter estimation may quickly become intractable due to the computational
cost of a numerical likelihood function combined with increased model complexity in a higher
dimensional parameter space. Moreover, any gain of information about the (nuisance) timing
parameters may be negligible, and the marginal posterior distribution of the parameters of
interest may be well-approximated24 by fixing the timing solution.

23Or alternatively TempoNest (Lentati et al. 2014).
24Especially considering the inevitable finiteness of sampling noise and of error in numerical likelihood function
approximation.
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3.2.7

The economy of computing a single rotational pulse

Numerical X-ray spectral-timing likelihood functions typically require many evaluations25 of
the four-dimensional integral given by Equation (3.3): a computationally expensive task that is
problematic for statistical sampling applications wherein a large number of likelihood function
evaluations are required. X-PSI is thus necessarily founded on the notions that: (i) plausible
models of large X-ray time-series can be written entirely in terms of a single pulse—or at most
a small number of distinct pulses—defined as the signal generated by a complete revolution
in the Schwarzschild chart of some mode of asymmetry in the rotating surface radiation field;
and (ii) the mathematical pulsation model is built on approximations that permit algorithmic
utilization of symmetries, and the numerical computation of a single pulse is satisfactorily
optimized. These assumptions can without additional effort be extended to encompass the
computation of an average pulse if the X-ray signal exhibits some secular evolution relative
to the pulsation timescale; whilst more realistic, it is less tractable to formulate a model—for
the average pulse—that will perform well, especially for sources whose signal generation
processes are clearly dynamic on observational timescales (e.g., Galloway et al. 2008; Watts
2012; Bilous & Watts 2018, and Section B.1).
Let us consider a data set formed from X-ray events that span a large number of rotational
cycles of a pulsing target source S. A joint sampling distribution of those events is clearly
more economical if it is constructed in terms of a single rotational pulse. This paradigm
becomes viable if, for a given time-series, the following statement is plausible: as registered
by an distant static observer, the expected X-ray signal over one pulse cycle, effectively, stable
in time—such as for a rotation-powered X-ray pulsar whose spin-down timescale is far longer
than the total exposure time (which may span a number of disjoint observing intervals).
The incident source flux function FS (t, E; θ S ) over a single pulse cycle is mapped identically to each in a contiguous set of time-domain intervals spanning, under some map t 7→ φ,
the phase interval φ ∈ [φ0, Φ], where Φ − φ0  1. That is, FS (φ, E; θ S ) = FS (ϕ, E; θ S )
is assumed, where the information-losing map ϕ(φ) = φ − bφc transforms arbitrary phases
φ > φ0 to a phase on the principal interval ϕ ∈ [0, 1] over which a single pulse function
FS (ϕ, E; θ S ) is defined and computed.
A timing-solution allows one to phase-connect temporally disjoint—and thus realistic—
observing intervals enumerated by ` whilst only requiring a single cyclic phase-shifting
parameter for the pulse function FS (ϕ, E; θ S ). These distinct observing intervals are in
general each associated with a distinct model for instrument operation that enters the model
in discrete form as a matrix of areal numbers. We represent these matrices as
∫
1
µ(x, y, r̂S )R(i; t, E, x, y, r̂S )J(x, y)dxdydE dt,
(3.13)
R?`i j (r̂S ) =
∆t` ∆E j
t ` ×E j

where the discretization of the response matrix into channels and energy intervals as described
25E.g., a number given by the (p0 × q) elements of a point-source fluence matrix F .
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in Section 3.2.5 is assumed as shared between observing intervals, and where t ` ⊂ [t0, T]
is an interval of length ∆t` . The interval lengths ∆t` correspond to interval lengths ∆τ`
on-board the real instrument, but provided the instrument is non-relativistic the distinction
may be neglected for computing expected count numbers. For the ` th interval, the expected
count-rate pulse function in the i th channel, s`i (t; θ S ), takes the form
∫
Õ
?
FS (ϕ, E; θ S )dE,
(3.14)
s`i (ϕ; θ S ) B
R`i j (r̂S )
j

E ∈E j

where s`i (φ; θ S ) = s`i (ϕ; θ S ) is assumed ∀φ. There are thus two levels of signal stability that
we require: (i) that of FS (ϕ, E; θ S ) over the phase interval φ ∈ [φ0, Φ] under φ 7→ ϕ; and (ii)
that of s`i (ϕ; θ S ), ∀(i, `), over the ` th phase interval φ ` ⊂ [φ0, Φ] of width ∆φ` over which a
response matrix is assumed time-invariant. To meet the first condition above, it is necessary
for ω(t) to be autonomous, i.e., to exhibit time-invariance of the form ω(t) = ω(φ), and further
that ω(φ) = ω(ϕ). The reason for this is that the gravitational time delays along rays connecting
spacetime points at the photosphere to points on a distant static instrument, when transformed
to a phase delay, depend on the frequency evolution. Moreover, if the frequency is identified
with the stellar rotation frequency and thus that of the radiating material at the surface, the
Lorentz transformations between local comoving and static frames at spacetime points at
the photosphere evolve between revolutions. In reality, for sources such as rotation-powered
pulsars that generate stable X-ray pulsations, the spin frequency evolution
∫T
∆ω =

(3.15)

Û
ω(t)dt,

t0

will be so small over the total exposure ∪` t ` = [t0, T] that, for the purpose of repeating the
Û = 0.
principal pulse function FS (ϕ, E; θ S ) over the entire time series, ω(t)
Let us write two useful corollaries. The time-integrated expected number of counts from
a pulsing source, s`i (θ S ), is thus given by
s`i (θ S ) =

∫

s`i (t; θ S )dt = 2π

t ∈t `

∫
φ ∈φ `

s`i (φ; θ S )
dφ ≈ ∆t`
ω(φ)

∫1
0

s`i (ϕ; θ S )dϕ,

(3.16)

where ω(φ)/2π = dφ(t)/dt. The approximation in Equation (3.16) holds true exactly if: (i)
Û = 0. The
the width of φ ` satisfies ∆φ` ∈ N; (ii) s`i (φ; θ S ) = s`i (ϕ; θ S ), ∀φ; and (iii) if ω(t)
expected pulse function s`i (ϕ; θ S ) can be transformed into a density on the interval ϕ ∈ [0, 1].
To do so let n`i (ϕ; θ S ) be the cumulative number of counts at principal phase ϕ:
dn`i (ϕ; θ S )
dt dφ
= s`i (ϕ; θ S )
dϕ
dφ dϕ
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=
ϕ

Õ
j

R?`i j (r̂S )∆t`

∫
E ∈E j

FS (ϕ, E; θ S )dE,

(3.17)
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Û = 0. Note that the non-injective nature of the map φ 7→ ϕ means
where we impose that ω(t)
that for the ` th interval the derivative dφ/dϕ evaluated at ϕ is equal to the number of cycles
in the time interval t ` —assuming that ∆φ` ∈ N. Integrating over ϕ ∈ [0, 1] we obtain the
approximation in Equation (3.16).
An important remark to be made here is that s`i (φ; θ S ) = s`i (ϕ; θ S ), ∀φ, is purely an X-ray
modeling assumption given a map ϕ(φ) = φ − bφc from a timing solution based on a some
relatively stable signal. For an empirically aperiodic signal, greater care would obviously be
required to determine if such an approximation is applicable. At present however, the singlepulse approximation appears to be required for the likelihood function to be computationally
tractable when embedded within sampling applications. For rotation-powered X-ray pulsars,
assumptions can be justified straightforwardly based on the empirical stability of signals on
typical observing timescales. We reserve additional discussion on time-evolution of the X-ray
signal for Section B.1.

3.2.8

Backgrounds

Point sources, extended sources, and diffuse background contributions to the radiation field
incident on an instrument must be considered when modeling—see, e.g., Equation (3.4).
Backgrounds for a telescope such as NICER can exhibit long-term variability over the mission
lifetime, and include (Chapter 4 and references therein): astrophysical sources in the field of
view other than the targeted source S; diffuse X-ray emission over the field of view; energetic
cosmic and non-cosmic particles and radiation; dynamical space weather and contamination
from sources in the Solar system—particularly the Sun; and thermal effects in the detectors.
During pre-processing of raw on-board event data, algorithms may be executed to cull certain
types of flagged background events, whilst all remaining events are defined as data and must
be modeled (Chapter 4 and references therein), typically as a collection of Poisson random
arrival processes.
We need not be as restrictive in scope when considering (nuisance) background models
because such models are often relatively inexpensive to compute per likelihood function call
due to being of a phenomenological nature, whilst being assumed to combine linearly with
target signals. Nevertheless, because numerical signals from S are expensive to compute
per likelihood function call, the number of parameter dimensions defined in the background
model should be as small as possible unless the background subspace B can be (analytically
or numerically) marginalized over such that the dimensionality of the posterior sampling
space is close to the dimensionality of the target subspace θ S . In general a subset of these
background parameters B could be defined as shared with the target parameters θ S , but this
is uncommon: by definition we would not expect the background to depend on parameters
describing physics in the vicinity of S (such as EOS parameters), for example, but it would
be quite reasonable for interaction of radiation with astrophysical material in the foreground
of both S and background sources to be parameterized. Similarly, the individual background
contributions may be unpulsed or, in principle, pulsed, but generally incoherently with respect
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to the rotation of S.
Let us define bi (t; B) as the total background count-rate function in the i th channel, such
that
bi (t ∈ t ` ; B) B

Õ
j

R`i j

∫

ID (t, E; B D )dE +

E ∈E j

ÕÕ
P,S

j

R?`i j (r̂ P )

∫

FP (t, E; B P )dE,

E ∈E j

(3.18)
where B D denotes the subset of background parameters associated with a uniformly isotropic
diffuse background, and B P denotes a subset of background parameters associated with a
nuisance point source P. The response matrices R?`i j (r̂ P ) and R`i j are respectively given in
schematic form by Equation (3.7) and Equation (3.9). Naturally, if it is to be assumed that the
background rate function is time-invariant over the ` th observation interval, the dependence
on the coordinate time t is dropped.
Background modeling is complicated by the notion of a fictitious static instrument that
registered the event data. The reason being that the fictitious instrument is static relative to
the spacetime of S, and the event-generating process is defined with respect to its coordinate
time t. Therefore if a background component is modeled as varying (during a given observing
interval) as a function of a time variable other than the coordinate time t in a distant static
frame (such as τ) one would need to apply a mapping (such as τ 7→ t) to approximate the
expected background contribution during operation of the static version of the instrument. As
treated in the following sections, backgrounds that are assumed to be time-invariant during
observing intervals are more straightforwardly implemented.

3.2.9

Unbinned likelihood functions

We now derive likelihood function approximations given count-rate functions for the target
source and the total background. An arrival process can be expressed in several equivalent
ways: in terms of arrival times, interarrival times, or as a counting process. A likelihood
function can thus in principle be formulated in several ways. Canonically a counting process
is invoked: if we consider the differential limit of a counting process we obtain an unbinned
form. The binned form (see Section 3.2.10) approximates the unbinned form and is more
commonly used in practice.
Let us first construct a likelihood function directly from the sampling distribution of
Bernoulli random variables indexed by tuples (i, k) that uniquely enumerate channels and
differential time intervals. Let these random variables form the set {Bik }, where by definition
Bik ∈ {0, 1}. Let us identify the count-rate function in the i th channel as
ci (t; θ) = si (t; θ S ) + bi (t; B),

(3.19)

where si (t; θ S ) and bi (t; B) are the target and background count-rate functions respectively.
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Let e ∈ E index the subset E ⊂ {(i, k)} of intervals in which an event is registered, meaning
that the random variate Bik = 1; the time interval associated with an event is t ∈ [te, te + dt].
Therefore, the union ({1} × E) ∪ ({0} × E) is equivalent to the data vector d in event space. Let
e ∈ E index the complementary subset E ⊂ {(i, k)} of intervals in which no event is registered,
meaning that the random variate Bik = 0; the time interval associated with a non-event is
t ∈ [te, te + dt]. Moreover, the count-rate functions local to events and non-events are denoted
by ce (te ; θ) and ce (te ; θ) respectively; the time-integrated expected number of counts in the
i th channel is ci (θ).
For the likelihood function, one obtains the unbinned form whose logarithm may, neglecting constants, be written
Õ
ln Pr{Bik | θ}
ln L(θ) =
ik

=

Õ

ln [ce (te ; θ)dt] +

Õ

e

=

Õ

=

Õ

ln [1 − ce (te ; θ)dt]

e

ln ce (te ; θ) −

e

Õ
e


ce (te ; θ)dt − ce2 (te ; θ)dt 2 + O(dt 3 ) + N ln dt

[ln ce (te ; θ) + ce (te ; θ)dt] −

e

ÕÕ
i

k

|
=

Õ
e

ln ce (te ; θ) −

Õ∫

ci (tk ; θ)dt +N ln dt

(3.20)

{z

Riemann sum

ci (t; θ)dt + N ln dt ∼

}

Õ

ln ce (te ; θ) −

Õ

e

i

ci (θ).

i

It follows that if a single pulse is applied via Equation (3.16), the likelihood function may be
approximated as
ln L(θ) ≈

Õ
e

ln [se (ϕe ; θ S ) + be (te ; B)]−

Õ
`,i

∫1
∆t`
0

s`i (ϕ; θ S )dϕ−

Õ∫

bi (t; B)dt, (3.21)

`,i t ∈t
`

where for S, the event index e summarizes the principal phase of the event and the observing
interval number `. For the background contribution e summarizes the pair (i, k) with k
Ð
indexing the differential time intervals that span the total exposure ` t ` . The background
event rate function bi (t; B) may assume the form given by Equation (3.18).

3.2.10

Binned phase-folded likelihood functions

3.2.10.1

General treatment

Event data is commonly compressed into a smaller number of summary statistics via phasefolding and grouping (binning) into intervals ϕ k ⊂ [0, 1] (see Section 3.2.9). When transformed into an equivalent time interval, these phase intervals are arbitrarily larger than the
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time resolution of the instrument. Data compression reduces the number of operations required for likelihood function evaluation, at the cost of information loss. Schematically,
serious information loss occurs if the underlying information content in the model exceeds
that which can be contained in the space of the data. Remarkably, when working economically
as described in Section 3.2.7, the target signal—which is of primary interest—is only resolved
over a single rotational cycle and thus phase-folding itself cannot be lossy as it pertains to
information about S; it is the binning that is overtly lossy, although beyond O(10) phase bins
the loss may well be unimportant in the context of other modeling problems. Depending on
the number of events (i.e., the number of variates Bik = 1) constituting the data, the cost of
evaluating an unbinned limit of the likelihood function may be substantially greater than the
cost of computing a single rotational pulse generated by S, and thus bordering on intractable
in order to preserve some minor quantity of information; rough benchmarking suggests that
for O(107 ) the typical likelihood function evaluation cost is doubled by not summarizing the
event data.
Let the event data grouped into a regular array of channels enumerated by i = 1, . . . , I, and
let the principal phase intervals be enumerated by k = 1, . . . , K. If a Poisson counting process
is assumed to generate the count numbers, the likelihood function given pre-processed event
data d may be written as
Ö
L(θ) =
p(dik | θ, M),
(3.22)
i,k

where dik ∼ Poisson(cik ) and cik = cik (θ) is the expected number of counts within the (i, k)th
interval. The events are thus grouped into finite phase intervals ϕ k in each channel. It
follows that due to phase-folding, many Poisson random variables—equal to the number of
observed cycles—are summarized by an element of a data space NI×K 3 d; the probability
mass distributions of these variables are convolved to define a (joint) sampling distribution
of the summary random variables—the number of counts cik in the (i, k)th interval. Note
that the expectations of the summed random variables are not all identical if the background
contribution or response matrix is not modeled as invariant over all observed cycles and thus
invariant ∀`. However, the processes that contribute background events are generally not of
interest—they are nuisances—and thus the information loss by phase-folding is at most a
minor concern (because the background contribution cannot be perfectly decoupled from the
contribution from S).
Let us identify the count-number function in the i th channel and k th phase interval as
cik (θ) = sik (θ S ) + bik (B),

(3.23)

where sik (θ S ) and bik (B) are the target-source and background count-number functions
respectively. The contribution from S to the expected number of counts is given, using
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Equation (3.17), by
Õ ∫ dn`i (ϕ; θ S )
sik (θ S ) ≈
dϕ
dϕ
` ϕ
k
∫
Õ
FS (ϕ, E; θ S )dE dϕ
=
R?`i j (r̂S )∆t`
`, j

ϕ k ×E j









! ∫
 Õ ∆t

Õ Õ

`
Í
∆t`
FS (ϕ, E; θ S )dE dϕ
=
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(
)
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`
`
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|
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F j k (θ S )



(3.24)

The response matrix with elements
?

Ri j (r̂ P ) =

Õ
`

∆t`
Í
R? (r̂ P )
( ` ∆t` ) `i j

(3.25)

is the temporal mean response matrix that can be modeled as discussed in Section B.3.2. The
matrix of count numbers expected from S is thus the dot-product
!
Õ
?
s(θ S ) =
∆t` R (r̂S ) · F(θ S ),
(3.26)
`

where F(θ S ) is a matrix of phase-integrated fluxes with elements defined by the annotation
in Equation (3.24). Note that the elements of the matrix F(θ S ) may be approximated using
instantaneous fluxes at points within finite phase intervals instead of explicitly integrating over
those intervals, provided the intervals are sufficiently small.
The background contribution to the expected number of counts is given in general by

∫
2π Õ 
bik (B) =
ID (φ, E; B D )dE dφ
R`i j
ω l, j 

φ
×E
j
lk

+

Õ
P,S

R?`i j (r̂ P )




FP (φ, E; B P )dE dφ ,


φ l k ×E j

∫

(3.27)

where for uniform-width phase intervals denoted by ϕ k ⊂ [0, 1], we have that φ lk ⊂ [φ0 +
l + (k − 1)/K, φ0 + l + k/K] with l ∈ N denoting the cycle number and thus the observing
interval `, and φ0 is the X-ray phase at the beginning of the ` = 0 observing interval. It is clear
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that a general time-dependent background, schematically represented by Equation (3.27), is
convoluted to evaluate and, in effectively all conceivable cases, would be overly complex,
especially given our restriction to use of a single rotational pulse from S. We proceed in the
following sections to invoke commonly-used simplifications.

3.2.10.2

Time-invariant backgrounds

If the background contributions are assumed to be time-invariant within each observing
interval t ` , but not necessarily identical between observing intervals of length ∆t` , it then
follows that

bik (B) =

Õ
`, j


∫


∆t` R`i j
ID (t ∈ t `, E; B D )dE dϕ


ϕ
×E
j
k

+

Õ
P,S

R?`i j (r̂ P )




FP (t ∈ t `, E; B P )dE dϕ .


ϕ k ×E j

∫

In dot-product form, the matrix of background count numbers is given by
"
#
Õ
Õ
?
b(B) =
∆t` R` · I D (t ∈ t ` ; B D ) +
R` (r̂ P ) · F P (t ∈ t ` ; B P ) ,
`

(3.28)

(3.29)

P,S

where I D (t ∈ t ` ; B D ) is a matrix of phase-integrated photon intensities—i.e., time-invariant
specific intensities integrated over finite energy intervals and multiplied by the phase-interval
width—and the F P (t ∈ t ` ; B P ) are matrices of phase-integrated photon fluxes, both during
the ` th observing interval.
Ð
Further, if the background contributions are assumed time-invariant over the union ` t ` ,
then one may write


! ∫
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Õ  Õ
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In dot-product form, the matrix of background count numbers is given by
!"
#
Õ
Õ ?
b(B) =
∆t` R · I D (B D ) +
R (r̂ P ) · F P (B P ) ,
`

(3.31)

P,S

where again I D (B D ) is a matrix of phase-integrated photon intensities and the F P (B P ) are
matrices of phase-integrated fluxes. In this final case—which may be commonly conditioned
on—the matrix of count numbers c(θ) is straightforwardly given by
c(θ) = s(θ S ) + b(B)
!"
#
Õ
Õ ?
?
∆t` R (r̂S ) · F(θ S ) + R · I D (B D ) +
=
R (r̂ P ) · F P (B P ) .
`

3.2.10.3

(3.32)

P,S

Default phase-invariant channel-by-channel backgrounds

In this section we describe a default general background model26 that makes minimal assumptions about the background contribution to the event rate function in each channel, but wherein
the predictive complexity is considerable. If follows that a generative model implementing
this background treatment may be strongly disfavoured relative to a model that treats the background radiation field incident on the instrument in a simpler (phenomenological) manner
based on prior knowledge and information (see Section 3.2.11). Nevertheless, the reader may
find the background treatment described in this section useful for application in exploratory
analyses. For a real-world application of this background model, refer to Chapter 4, wherein
NICER observations of the millisecond X-ray pulsar PSR J0030+0451 are analyzed; Chapter 4
uses notation based on this chapter, and offer additional discussion in the context of real data
where the true data-generating process is unknown.
Let the phase-folded, binned likelihood function be defined by (Miller & Lamb 2015)
L(θ S , B) B p({d i }i=1,...,I | θ S , {Bi }),

(3.33)

where: i ∈ [1, I] enumerates channels of the instrument as in Section 3.2.10; each d i is a
data vector associated with the i th channel, constituted by count numbers {dik }k=1,...,K where
k enumerates phase intervals ϕ k ⊂ [0, 1] as in Section 3.2.10 above; Bi is the background
count-rate parameter in the i th channel; and θ S are the target parameters. Each Bi term
is identified as the expectation of a homogeneous Poisson arrival process: up to a known
constant,
ln L(θ S , B) = −2

Õ
i,k

!∫
!∫


Õ
Õ




dik ln sik (θ S ) + Bi
∆t`
dϕ − sik (θ S ) − Bi
∆t`
dϕ,


`
`
ϕk
ϕk



26With an implementation in X-PSI; see Section 3.3 for usage instructions.
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(3.34)
where we recast the background contribution to the expected count-number matrix given
by Equation (3.32) in terms of the {Bi }. The statistical properties of backgrounds are in
reality time-dependent. However, any background emission processes or dynamic emission
processes in the near-vicinity of S that are not harmonically coupled to the rotation of the
surface will decohere with the surface X-ray emission27 over the phase interval ϕ ∈ [0, 1]
whose boundary is periodic. It follows that event phase-folding under a map t 7→ ϕ enables
invocation of time-invariant channel-by-channel background count-rate functions.
These background count-rate parameters are fast parameters in the following sense (see,
e.g., Lewis 2013a): given a precomputed target-source signal that enters directly into the
likelihood function, it is computationally inexpensive to evaluate that likelihood function
many times at distinct points in the fast subspace. The background count-rate parameters B
are sufficiently fast for one to define one parameter per instrument channel—of which there
are may be O(102 )—and analytically or numerically marginalise the likelihood function with
respect to the B-subspace in order to reduce the dimensionality of the (posterior) sampling
space. In Section B.2 we explore analytical and numerical background marginalization
techniques, and we describe implementation of the latter in X-PSI.
The target parameters θ S , on the other hand, form a mixture of slow and fast parameters.
Parameters such as the gravitational mass, the surface coordinate equatorial radius, and so
on, form a slow subspace in the following sense: given the value of a likelihood function at
a point within the subspace given some vector of fast parameter values, it is computationally
expensive to re-evaluate that likelihood function at a distinct point in the slow subspace.
The distance to the target and any phase-shifting28 parameters are effectively as fast as the
background parameters, but parameters of S are not analytically or numerically marginalized
over during likelihood evaluation, and are thus dimensions of the sampling space.
The background model described above is relevant to a number of source classes. In
Section 3.5 we generate synthetic pulse-profile data and demonstrate a parameter estimation
workflow, using both the known data-generating process and using this default background
treatment. One should however be aware of the potential dangers of invoking a set of phaseinvariant background parameters. For this we refer the reader to Chapter 4 and we reserve the
remaining discussion on this topic in the present work for Section B.2.2 because the default
background model may not be of interest to all readers.

3.2.11

Mixed discrete-continuous models

In Section 3.2 we have thus far formulated several components of a mathematical model
M of astrophysical X-ray pulsations. To be precise, we have a conditional joint sampling
27More generally, the phase evolution of the signal generated by the surface X-ray emission is not always given
solely by the natural rotation of the NS (e.g., Watts 2012).
28Phase-shifts as applied directly to the pulse function FS (ϕ, E; θ S )—or to component pulse functions—defined
in Section 3.2.7.
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distribution defined on the data space D, as a function of a vector θ ∈ Θ of (real) parameters
where Θ ⊆ Rn (see Section 3.2.4 in particular). In general, however, it is not necessary for
the model M to be associated with a continuous space Θ: it can be associated with a mixed
discrete-continuous, joint space of parameters and hyperparameters.
Let a model M be constituted, in part, by the union of a discrete set of continuous spaces
Ð
(see also Chapter 4): the set of spaces, Θ = m ({m} × Θm ), is enumerated by one or more
discrete (hyper)parameters m. One could explicitly define the model M as a model space,
being constituted by a discrete set of models Mm . In the simplest case a single discrete
parameter is defined such that Θ ⊆ N × Rn ; alternatively, a single discrete hyperparameter is
defined, again such that Θ ⊆ N × Rn , where the hyperparameter enumerates a discrete set of
joint prior distributions on some subset of Rn .
For a more complex model, one can distinguish between a set of continuous target parameters θ ?—such as exterior or interior spacetime parameters—which are shared between the
continuous spaces, and sets of continuous nuisance parameters θ m ∈ Θm , some of which are
shared between the spaces and some of which are unshared. The discrete (hyper)parameters
themselves are nuisances. The discrete and continuous nuisance (hyper)parameters may be
associated with S, the instrument response function, or the background. The overarching
target of computation may then be a joint posterior probability density distribution of the
parameters θ ?, marginalized over all nuisance (hyper)parameters, discrete and continuous.
We reserve the remaining mathematical and computational details for Section B.3—where
examples are also given.

3.3

Package functionality

In this section we discuss how a user should approach building a generative model within
X-PSI. The material in this section should be supplemented with the more detailed API documentation; here we only explain underlying theoretical principles that we consider sufficiently
robust against future updates, whilst the latest source code documentation should be referred
to for the version-by-version API usage guides. In Section 3.5 we demonstrate the modeling
process with an example, for which there also exist supporting materials in the source code.

3.3.1

Object-oriented design, subclassing, and extension modules

The X-PSI API is largely constituted by a set of Python classes, some of which are abstract
base classes that a user must subclass with custom model facets. These classes call certain
Python/C-extension modules (shared libraries) that contain tools for likelihood function evaluation and are native to X-PSI; we use low-level compiled code to ensure likelihood function
evaluation is sufficiently inexpensive for application of sampling software (as loosely defined
in relative terms in Section 3.1). Instances of these classes and subclasses collectively operate
as a generative model for X-ray event data attributed in part to a pulsing target star.
We can consider extensibility on several levels. First, X-PSI is a mixture of high- and
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low-level code, the former of which is generally easier to develop. Second, on the Python
level, X-PSI is a mixture of native code and lightweight wrappers of existing interfaces to
external libraries. The Python-level functionality is by design used to glue the compiled
extensions together in a manner that is straightforwardly understandable and inexpensive to
develop further, allowing flexibility for user customization; the extensions are generally the
bottlenecks that dominate likelihood function evaluation times and thus the Python modules
can be modified with appreciably smaller risk of amplifying evaluation times. In the following
sections we outline the scope and structure of X-PSI, and how a user can consider moving
out-of-scope, in a manner expected to be insensitive to the software version. We then reserve
all remaining details regarding the X-PSI API details to the latest source code documentation.

3.3.2

Python customization

On the Python level, the user must build and instantiate both a likelihood callback object and
a prior callback object—which is thematic for use of general-purpose open-source sampling
software (see Section 3.4). These objects are to be passed as arguments to external sampling
libraries (see Section 3.4) and thus conform to a standard. The (abstract base) classes for
these objects may be located in the Likelihood and Prior modules.
3.3.2.1

Likelihood callback

The Likelihood class must have callable instances and does not itself require subclassing by a
user. To instantiate the Likelihood class, however, the user must supply a collection of other
objects with which the Likelihood instance can interface, in an automated manner, whilst
organising the evaluation of the likelihood function. Of the objects that must be supplied for
instantiation of the Likelihood class, a subset do not require subclassing by a user, whilst a
subset necessitate subclassing with custom code. In both cases there are numerous behavioral
settings—some without defaults—that a user needs to configure; these pertain, for instance,
to parameter space dimensionality declaration, and numerical resolution during likelihood
function evaluation.
These objects form a hierarchy in which a given object is programmed with assumptions
about how objects further down the hierarchy behave. A likelihood function evaluation is
executed by a Likelihood instance, which resides atop the hierarchy, calling bound methods
and properties of these component objects, and organising their interaction via directing
the transfer of information. In turn, objects call bound members (methods, attributes, and
properties) of other objects that they are aware of; these calls are uni-directional, with an
object higher in the hierarchy only calling members of objects further down in the hierarchy.
The layers of the hierarchy are constructed by a user supplying objects in a given level to
relevant objects in the above level; objects that require a certain instance of a class (including
subclass instances) raise exceptions if that object is not passed upon instantiation.
An instance of the Likelihood class evaluates (the natural logarithm of) a likelihood

96

3.3 Package functionality

function by combining: (i) objects for computation of a specific-flux pulse function29 with
respect to a distant static frame, of the form FS (ϕ, E; θ S ) appearing in Equation (3.14); with
(ii) objects that represent the operation of an X-ray telescope on said flux pulse—evaluation of
Equation (3.14), amongst others—in order to evaluate a sampling distribution of the observed
(and pre-processed) data vector. The two groups abstractly defined here are separated in the
hierarchy: only Likelihood instances are programmed to facilitate their interaction.
An overarching design notion is that certain numerical parts of the model are more
difficult to implement efficiently than others (in terms of both programming time and compute
speed), and this stringently guides user-modeling freedom. Efficiency is here considered,
loosely, as the computational cost of achieving a certain level of numerical precision given
a mathematical model. The two object groups referred to above are defined such that the
first group—for computation of functions of the form FS (ϕ, E; θ S )—contains objects that do
not require subclassing, and represent the target star with a restricted set of mathematical
descriptions. The second group of objects pertaining to telescope operation and data, on the
other hand, do require subclassing and the user is free to use or develop extension modules
(e.g., to implement a likelihood function formulated in Section 3.2.10) where desired, perhaps
using the existing source code as a template for doing so.
A target star is more fundamental in its physical nature than an artificial system such as
telescope, but we are more ignorant as to the nature of the former. Correspondingly, likelihood
function evaluation cost is often dominated by the computation of signals from the target,
and model complexity may be dominated by that of the target star model. Moreover, signals
from the target star may be observed in many ways—e.g., with a number of telescopes and
data pre-processing paradigms—for which the user must provide implementations in order to
complete a model. It is natural when building an open-source package for modeling NS X-ray
pulsations to allow more user-freedom in: (i) the instrument modeling; and (ii) the treatment
of non-target signals that are nuisances, and whose physical origin is often eschewed in favour
of inexpensive phenomenological treatments that are assumed to be sufficiently complex to
encompass the true data-generating process without biasing inferences regarding the target
star. The material in Section 3.2 should give an impression of the flexibility for constructing
a model given a restricted set of models for a target star signal.
Nevertheless, it is possible to move beyond the scope of the restricted set of target star
signal models by subclassing the relevant classes for signal computation, whilst leaving the
integrator extension modules (see Section 3.3.3.2) unchanged. To understand the behavior
of the integrators as tools that are compatible with certain types of surface radiation field
(in particular those with useful symmetries), we refer the potential user to the source code
documentation.
If the Likelihood class is to be subclassed, the subclass should only add functionality,
and not overwrite methods, attributes, and properties of the parent class. In particular, the
following behaviors are crucial: (i) a
call
() method that, given an iterable container
29Or, in principle, a small number of such flux pulse functions.
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representing the vector θ, evaluates the natural logarithm of a likelihood function (optionally up
to a constant term) defined in Section 3.2.2 as a probability measure L(θ) : Θ → R where Θ ⊆
Rn is the domain of the likelihood function; and (ii) an
init
() method that accepts—
and binds to attributes—objects of the aforementioned hierarchy that the
call
()
method subclass is programmed to interact with. The Likelihood class is also programmed
for behaviors such as data synthesis given the object hierarchy forming the model; we return
to this notion in Section 3.5.
3.3.2.2

Prior callback

The Prior class requires subclassing by a user in order to define a callable class. The methods
defined in the Prior abstract base class contain simple default code that the user can either
overwrite entirely or call via the super() built-in function.
The requisite methods for a Prior subclass are: (i) a
call
() method that, given
an iterable container representing the vector θ, evaluates (optionally up to a constant term
depending on the sampling application) the natural logarithm of a joint prior density function
defined as a probability measure p(θ) : Θ → R where Θ ⊆ Rn is the prior support (refer
back to Section 3.2.2), which may or may not be compact; (ii) an
init
() method
that accepts—and binds to an attribute—an iterable container of n 2-tuples of hard parameter
bounds that thus form a hyper-rectangle in parameter space that wholly encompasses the
support Θ; and (iii) a method that inverse-samples p(θ) given an n-dimensional random variate
x ∈ H drawn uniformly from a unit hypercube H = [0, 1]n —i.e., a map H → Θ, x 7→ θ.
The first method is natural and often required by a sampler in order to draw posterior samples.
The latter method implements a possible technique (which is not universally applicable) for
drawing samples, in this case from the joint prior, which is often analytic if of a weaklyinformative (e.g., Gelman et al. 2017, and Section B.4) ilk;30 nested sampling in canonical
form requires a prior inverse sampling function (see Section 3.4.1), but it is not strictly
necessary for the function to draw specifically from p(θ) because the sampling problem can
be recast in practice—and where appropriate—as discussed in Section B.5.31
The default code in the unbound methods of the Prior class does the following. The
call
() method simply evaluates whether the vector θ exists in the hyper-rectangular
region defined by bounds passed to, and bound to an attribute by, the
init
() method;
the hyper-rectangular region is assumed to define the support Θ, and thus
call
()
returns zero if θ ∈ Θ and negative infinity if θ < Θ. The inverse-sampling method simply
maps a point x ∈ H to a point θ ∈ Θ, where Θ is the hyper-rectangular region, under the
assumption that the joint prior density p(θ) is flat on its support Θ; for the default code this
30If the prior is informative and numerical (as opposed to informative and analytically approximated), an approximate and efficient numerical inverse sampling map may be desired. See Section B.5 for practical alternatives.
31In Section B.5 we also discuss how the
call
() method of a Prior (subclass) instance can be used for
nested sampling when the problem is recast, in which case the function should return the exact density lest evidence
estimates be in systematic error. In canonical nested sampling, the joint prior density function evaluation is not
required.
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assumption necessitates that Θ be compact.
Lastly, we return briefly to a discussion of the Likelihood class, which itself inherits
from an abstract base class representing a parameter space Θ ⊆ Rn , where we identify Θ as
the support of p(θ). We do not distinguish functionally between the domain of the likelihood
function and the support Θ.32 Upon instantiation, the Likelihood class assigns an order to
the dimensions of the parameter space defined by objects of the hierarchy; this order is also
imposed on a container of hard parameter bounds that form a hyper-rectangular superset of
the domain of the likelihood function. The imposed order must be then be adhered to when
the Likelihood instance is called, and the order must be mirrored by a Prior instance.
To instantiate a Prior subclass, one should then pass the Prior subclass, together with
any arguments and keyword arguments, to a designated method of a Likelihood instance.
That method will construct an instance of the Prior subclass, passing the hard parameter
bounds together with any arguments and keyword arguments, and bind it to an attribute.
The hard bounds can then be implemented by the Prior subclass instance for definition of
the default hyper-rectangular support Θ. One should access the prior as an attribute of the
Likelihood instance, if required; when interfacing with sampling software (see Section 3.4)
via an X-PSI wrapper function, one need only pass the Likelihood instance. As should be
clear from the above and from Section B.5, likelihood and prior function implementation are
intertwined to a degree, but crucially the joint prior density should not be constructed to have
any dependency on the data.
3.3.2.3

Posterior tools

Aside from the objects that form the likelihood and prior callback hierarchy, other objects
are necessary for post-processing of posterior sample sets. Such operations typically include estimation of expectation integrals with respect to the posterior. To be more specific,
examples include: posterior vizualization, including kernel density estimation and credibleregion construction for marginal distributions; vizualization of derived quantities (functions of
parameters); estimation of both error due to Monte Carlo sampling noise and implementationspecific sampling error; graphical posterior predictive checking; quantitative posterior predictive checking and forecasting; Kullback-Leibler (asymmetric) and Jensen-Shannon (symmetric) divergence integrals for information-theoretic distributional comparisons, respectively
between posteriors and priors, and between posteriors (e.g., The LIGO Scientific Collaboration & the Virgo Collaboration 2018). A subset of these operations will be discussed in later
sections, once the sampling algorithm and software have been addressed.
The capability to perform post-processing operations will evolve with future development;
the user is also free to add custom functionality, interface with external libraries, and contribute
to the X-PSI project. The modeling flexibility available is intended to allow development of
custom statistical analysis pipelines: the user will have to develop tools specific for their
32If continuous hyperparameters are defined then the support Θ is of the joint prior density distribution of
parameters and hyperparameters, and the Likelihood instance defines only the parameter space, where the relevant
support is that of the marginal joint prior density distribution of parameters.
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research purposes. In Section 3.5 we give a concrete demonstration of a subset of the above
post-processing operations and provide corresponding material in the X-PSI source code to
guide custom usage.
3.3.2.4

External packages and libraries

X-PSI necessarily interfaces with external open-source packages and libraries beyond those
considered as core Python packages33 in order to link specialized software into the statistical
analysis framework. The user can modify or extend the interfaces to these packages and
libraries, modify or extend the packages and libraries themselves, or develop interfaces to new
or alternative packages and libraries. X-PSI is dependent (or offers a lightweight interface
for) several open-source packages libraries and upon initial public release. In Section 3.5 we
demonstrate an analysis using such software.
All likelihood functions will require numerical routines from the GNU Scientific Library
(GSL)—namely, routines for (doubly) adaptive Gaussian quadrature and spline34 interpolation. In addition, X-PSI requires posterior sampling software that: scales efficiently on
high-performance compute systems; is popular and well-tested; and whose limitations are
well-understood and are nevertheless considered robust to a wide class of problems. We consider usability to be implicit in these criteria. In Section 3.4 we discuss the sampler available
upon release. X-PSI also depends on packages for the post-processing of posterior samples.
These packages facilitate the post-processing operations highlighted in Section 3.3.2.3.

3.3.3

Customizable extensions

X-PSI implements C-extensions in order to boost likelihood function evaluation efficiency.
The salient disadvantage of this is that a user of X-PSI is required to modify and (re)compile
a subset of these extensions; to ease this process a recompilation script recognises if said
extensions need recompilation.
3.3.3.1

Surface radiation field

An integral of the form given by Equation (3.2) is written in an approximate, tractable form35
and then evaluated using a (deterministic) low-level integrator that spatially discretizes some
region of the computational domain (on a discrete sequence of Schwarzschild time hyperslices;
see the source code documentation). The incident intensity in the integrand of Equation (3.2)
is a function of the target source intensity along a ray bundle that maps the neighborhood of a
past spacetime event at the photosphere to the neighborhood of a spacetime event at a distant
instrument; ray bundles are themselves a property of the (stationary) exterior spacetime
solution, but the relevant bundles are determined by light-matter interaction events. The
33The core packages are cited at the end of this manuscript.
34Monotone cubic Steffen splines are the default.
35Specifically, as a Riemann sum.
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direction and coordinate time (phase) at which a relevant bundle is incident upon an instrument
determines the neighborhood of the surface at which the intensity must be evaluated. For
integration such phases are explicitly defined and form a discrete set on the unit interval,
whilst directions are (generally) defined implicitly and are effectively, but not exactly, the
direction −r̂S as defined in Section 3.2.3.
The integrator functions call an extension module containing the local comoving surface
radiation field implementation. The surface radiation field is that emerging from a geometrically thin, optically thick layer of material—an atmosphere stratified on a crust (e.g., Vincent
et al. 2018). The integrator passes a parameter vector, an energy, and an angle subtended to
the local surface normal; the radiation field is always assumed to be azimuthally invariant
with respect to the normal direction, which is not strictly necessary but is a common physical
assumption and is thus not a facet that should take precedence in model development. The
user will in general wish to change the parameterized surface radiation field model from the
out-of-the box configuration. To do so the user must modify the extension module dedicated
to the surface radiation field, adhering to function prototypes.
The local comoving radiation field will be usually be described in terms of effective gravity
and some set of macroscopic variables, e.g., effective temperature, chemical and ionization
fractions, and so on (see Salmi et al. 2018, for a useful example). In the radiation field
extension module the user needs to construct the specific intensity field at the surface in a
local, coordinate-invariant manner in terms of these variables. The vector of variables passed
by the integrator to the radiation field extension module will in most use cases be functions of
global NS surface coordinates and these functions will be parameterized by some subset of the
target parameters θ S . The mapping from surface coordinates to local comoving radiation field
variables is also used to inform integrator behavior—e.g., if the radiation field is azimuthally
invariant with respect to the rotating surface such symmetry is automatically utilized by calling
the appropriate integration algorithm. Moreover, the mapping must be implemented in the
likelihood callback object hierarchy in the form of surface meshes that discretize regions
that generate a signal. Upon initial release, a limited set of mesh-construction modules are
provided that we expect in most cases would be useful as a natural entry point (i.e., the simplest
conceivable type of surface emission model) for modeling a source deemed to fall within the
scope of X-PSI.
X-PSI also permits implementation of parameterized surface radiation fields that are
represented by the numerical output of independent radiative transfer software. Intensity
evaluation given a discrete representation of the radiation field generally requires multidimensional interpolation. A bespoke interpolator needs to be written via customization
of the existing extension module for the surface radiation field; the function prototypes of
this module are known by and called from the light-curve integrators. Calling a low-level
interpolator reduces expense when aggregated over many such calls. The numerical data
should however be preloaded into memory allocated dynamically within a Python process as
a multi-dimensional NumPy array: when such an array is passed to an integrator function as
a Python object, the underlying C data structure is automatically extracted using the Cython
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superset, and a pointer to said structure is in turn passed to an intensity evaluator function
in the extension module. Such preloading is optional, but if neglected when numerical data
is required from disk, one needs to make use of the initialization function in the extension
module to dynamically allocate memory, and a complementary function to free it; upon every
likelihood function call (more accurately, upon each call to a surface radiation field integrator)
this I/O, allocation, and deallocation would then occur, which would be an unnecessary
expense.
3.3.3.2

Integrators

In principle one can modify the integrator extension routines that deterministically evaluate
target flux functions of the form FS (ϕ, E; θ S ). One may wish to do this either to improve
performance, or to extend the modeling scope of X-PSI. If the overarching aim is to extend
the integrators for implementation of models that are out-of-scope at the time of development,
the integrator must perform efficiently for application for samplers (which indirectly call the
integrators many times). The integrator design is coupled to the nature of the assumed input,
and thus on the nature of the surface meshes—it follows that if the integrator is modified, one
must jointly consider whether mesh design must also be modified.
Finally, we note that there are a number of other extension modules available. A subset
of these modules contain integrators and interpolators designed to operate, in a joint space of
energy and phase, on a discrete approximation to a flux pulse function FS (ϕ, E; θ S ) generated
by the integrators described above (which integrate in solid angle over the image subtended
by a target star on the local skies of points on an instrument). Others are modules that
complete likelihood function evaluation given a discrete representation of a count-rate pulse
function—such a function is generated by a model instrument in response to a target star flux
pulse function; for reference see, e.g., Section 3.2.7 and Equation (3.14) in particular. The
various tools in the extension modules can likewise be modified, developed, or added to by
the user.

3.4

Sampling software

In this section we detail how one can apply external open-source sampling software to an
X-PSI model via a lightweight Python interface. We discuss the capabilities of the natively
supported sampler—in comparison to some other options—and advise on its usage.

3.4.1

Nested sampling

Nested sampling (Skilling 2006) is an algorithm pattern for Monte Carlo computation of
expectation integrals with respect to probability density distributions with support Θ ⊆ Rn .
The canonical application of nested sampling is the Monte Carlo evaluation of a fullymarginal likelihood integral (i.e., the prior predictive probability of a data vector conditional
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on a generative model, and hereafter the evidence) given by36
∫
Z = E p(θ) [L(θ)] =
L(θ)p(θ)dθ
θ ∈Θ

∫b
=

0

0

L dX(L ) = −

a

where

∫b
a



∫
∫




p(θ)dθ −
L 
p(θ)dθ  ,


 L(θ)>L0 +dL0

L(θ)>L0



a = min[L(θ)]
θ ∈Θ

(3.35)

0

and

b = max[L(θ)].
θ ∈Θ

The above is equivalent to Monte Carlo sample mean integration as formulated from the
Lebesgue perspective. The integral is here written as a one-dimensional Lebesgue integral
over the range L 0 ∈ [a, b] of the likelihood function whose d-dimensional domain is restricted
to the (compact) support Θ of p(θ).37 The elements dX(L 0) of the integrator X(L 0) must be
numerically estimated because the d-dimensional integral over the domain Θ of the likelihood
function is reduced to a one-dimensional integral over its range. In other words, the support
Θ is discretized into a countably infinite, single-parameter set of (differential) hypervolumes,
each of which is bounded by two hypersurfaces; the likelihood function is invariant over each
bounding hypersurface and is differentially different between hypersurfaces. Each hypervolume element is associated with a (differential) prior mass dX(L 0) given the integrator function
∫

0

X(L ) =

p(θ)dθ

(3.36)

L(θ)>L0

such that
dX(L 0)
= lim  −1
 →0
dL 0

 ∫

∫




p(θ)dθ −
p(θ)dθ  ,



 L(θ)>L0 +

L(θ)>L0



(3.37)

which exhibits singularities if L 7→ X is discontinuous.38
36Note that we here neglect conditional arguments for brevity, given that we working in the context of a continuous
model space.
37I.e., a Riemann-Stieltjes integral where the integrand is the integration variable L0 , defined on the range of the
likelihood function, of which the integrator X(L0 ) is a function.
38If continuity is satisfied, the Lebesgue integral may in principle be written as the one-dimensional Riemann
integral
Z=−

∫∞
0



∫
∫




L0 × lim  −1 
p(θ)dθ −
p(θ)dθ  dL0 .


 →0
 L(θ)> L 0 +

L(θ)> L 0
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In the nested sampling literature (e.g., Skilling 2006; Feroz et al. 2009; Handley et al.
2015), the Lebesgue integral given by Equation (3.35) is canonically transformed into the
one-dimensional Riemann integral on the unit interval

Z=

∫b
a

0

0

L dX(L ) =

∫1

L(X)dX,

(3.38)

0

where the integrand L(X) must now be numerically estimated instead of the integrator.
Irrespective of the formulation of the one-dimensional integral, Monte Carlo estimation
requires samples from p(θ) together with some partitioning of either the range of the integrator
or the range of the integrand; for deterministic methods the support Θ 3 θ is partitioned.
Nested sampling partitions the integrator X (Skilling 2006): at the i th iteration a replacement39
point θ is drawn uniformly from the joint prior distribution p(θ) subject to the constraint that
the likelihood function L(θ) > Li where Li = Li (θ i ) is a lower bound that itself increments
with iteration number, evaluated at the lowest-likelihood active point40 θ i that is to be replaced
(or deactivated without replacement). As a result, the integrator X(θ i ) invariantly decreases
with iteration number provided that L(X) is a strictly decreasing function of X.41 The value
of the integrator at each iteration, Xi , is non-deterministic, being estimated as an analytical
expectation E[Xi ] that exponentially decays with iteration number.
Given a set of nested samples {(θ i, Li, Xi )}i=1,...,n , Z is approximated as a Riemann sum
wherein the integral domain X is partitioned into n intervals in which L ≈ Li ; those intervals
that span the typical set are assigned a width such as E[wi ] = E[Xi−1 ]−E[Xi ]. The partitioning
of X is deterministic whilst the function L(X) is approximated by one sample per interval of
that partition; it is not known deterministically if a given sample truly lies within the interval
(of the partition of X) to which it is assigned. Note that this is distinct from Monte Carlo
sample integration, which is equivalent to writing Z as a Lebesgue integral, wherein it is
known which interval ∆L 0 of an integrand partition a given sample is to be assigned, but
instead a non-deterministic estimate is required of the associated integrator element ∆X.
In order to derive posterior inferences, nested samples are canonically assigned importance
weights proportional to Li E[wi ] in order to encode the estimated posterior mass within the
unique hypervolume element from which each was drawn. The random variable Z is reported
in terms of its expectation and variance, where the variance decays with increasing nested

39Provided the number of active points is not decreasing (Feroz et al. 2009).
40Alternative term for a live point.
41As highlighted by Skilling (2006) the likelihood function may in principle exhibit “awkward” behaviour: in
particular if it is monotonically decreasing with X but not strictly decreasing, which can be problematic in practice
(if not merely caused by numerical precision, which can be straightforwardly circumvented via likelihood function
extension). In Section B.5 we comment further on this issue because the weaker condition of monotonicity of L(X)
can be induced if the d-dimensional integral is recast as an expectation with respect to a joint density function p † (θ)
whose support Θ † is a proper superset of the support Θ of p(θ); in this case measures must be taken to ensure the
validity of nested sampling.
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sampling resolution settings (and thus increasing consumption of computing resources).42
Natively, xpsi is a mixture of high- and lower-level code. As a matter of design, we
choose the Python language for model-building because it is popular and flexible: it is an ideal
language for a package such as X-PSI that aims to interface various open-source projects. X-PSI
interfaces a user-defined generative model with the open-source nested sampler MultiNest
(Feroz et al. 2009). MultiNest boasts a widely used Python interface PyMultiNest (Buchner
et al. 2014). We have during development of X-PSI also interfaced with the nested sampler
PolyChord (Handley et al. 2015). However, we have opted to remove this functionality
because for expensive numerical likelihood functions, one is ultimately restricted to at most
moderate-dimensional sampling spaces, and thus in a regime where MultiNest is expected
to outperform PolyChord (see Handley et al. 2015).43 Below we expound on the choice to
interface only with MultiNest, which has the additional advantages of being more robust
from the perspective of wide usage and testing over a longer timescale, and being arguably
easier to apply.44
MultiNest implements rejection sampling with hyper-ellipsoidal decompositions of
active-point clusters, and whilst it is applicable to a broad class of problems involving highlystructured distributions, efficiency decays rapidly with parameter space dimensionality (Handley et al. 2015). PolyChord augments active-point clustering with Markov chain–based
sampling and fast-slow parameter hierarchies in order to function more efficiently than MultiNest in higher-dimensional spaces; see Handley et al. (2015) for discussion on the regime in
which performance of the sampling algorithms is commensurate.
We expect MultiNest to be an appropriate choice for X-PSI models because for a problem
to be tractable with available computing resources, the expense of numerical likelihood
function evaluation ultimately restricts the dimensionality of sampling spaces. As a rule,
resource requirements scale monotonically with sampling-space dimensionality regardless of
one’s choice of sampler: in high-dimensional spaces one can merely opt for the sampler that
will consume the least computing resources to achieve a given level of precision. Dynamic
nested sampling software exists (Higson et al. 2018a; Higson 2018a) that drives PolyChord,
and can accelerate parameter estimation; as noted by (Higson 2018a) however, the acceleration
scales with dimensionality, and may not be competitive in performance with MultiNest for
low-dimensional problems.
MultiNest offers a compromise between scope, efficiency, and robustness, all of which
makes it—for our specific application—the prime (nested) sampler of choice from those
publicly available. Nevertheless, we should be careful to highlight that computational cost
42Provided that one is working within the general class of problems to which a given nested sampling implementation is applicable.
43Private communication, W. J. Handley (2017).
44The (pure) Python package dynesty is an alternative open-source nested sampling implementation, which is
flexible and capable of performing dynamic nested sampling, error estimation, and vizualization. In the future
we plan on developing an interface to dynesty (Speagle 2019), provided that the parallelisation capabilities are
competitive with MultiNest. A user should however be able to straightforwardly apply dynesty—or some other
sampling software—if so desired.
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is ultimately sensitive to the structure of the problem at hand. In particular, if, due to the
parametrization of the sampling distribution of the data, continuous degeneracies exist that
are non-linear in O(10) dimensions, the MultiNest bounding algorithm for drawing nested
replacements may exhibit low efficiencies due to: (i) non-conformity of the union of bounding
hyper-ellipsoids to union of (closed) likelihood function hypersurfaces; and (ii) hyper-ellipsoid
overlaps. In this case, if such problematic structure cannot be straightforwardly transformed
away under reparametrization, the avenue down which to proceed for a given problem is
ultimately determined by resource availability: in particular, the availability of alternative
open-source45 sampling software and development time, versus granted computing resources.
Generally speaking, an X-PSI model may be in largely uncharted territory with respect to
statistical modeling expense, and thus gaining access to a high-performance system may be
deemed justifiable for this purpose. It is clearly more straightforward to use brute-computation
than to develop one or more of the algorithmic components of the process: the latter may well
require longer timescales and substantial work to show that appreciably higher efficiencies
are achieveable, whilst in the context of the former, steadily incrementing model complexity
generates useful inferences and provides a natural limit relative to the availability of a highperformance system.
In Section B.5 we treat a number of technical matters pertaining to both prior density
function implementation, and expectation integrals whose integrands are problematic for
nested sampling. These details should be considered by the reader who intends to use X-PSI,
but also may be of use to the reader who is generally interested in nested sampling theory and
application.

3.4.2

Ensemble-MCMC sampling

For completeness we note that X-PSI also interfaces with the popular open-source affineinvariant ensemble-MCMC sampler emcee (Foreman-Mackey et al. 2013). Running emcee is
rather straightforward: it is written natively in the Python language and prior implementation
merely amounts to density evaluation by a callback function or callable object. Moreover,
the sampler scales massively with available computing resources provided likelihood function evaluation dominates Message Passing Interface (MPI; Gough 2009) communication
overhead.
The class of problems to which the emcee sampler is known to be applicable, however, is
more restricted than for MultiNest: emcee performance is proven for unimodal distributions
in high-dimensions (Markov chain–based) with, at most, moderately non-linear degeneracies.
The main difficulties lie in choosing an amenable parametrization and transition, process
initialization (ensemble seeding), and the justification of process termination. For more
highly-structured distributions the performance of the canonical transition kernel degrades,
which inflates autocorrelation timescales, and thus necessitates longer Markov chains and
45We believe open-source, general-purpose statistics software with strong community support will yield the optimal
compromise between robustness and performance.
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higher resource consumption to satisfying convergence criteria (see Foreman-Mackey et al.
2013, together with the source code documentation and tutorials on matters of convergence).
Moreover, emcee does not estimate evidence integrals—the samples are equally-weighted,
approximately uncorrelated draws from the (approximate) posterior. As of writing, developments have been made which expand the scope of problems to which emcee is applicable:
emcee v3 natively supports a host of Markov-chain transition (or move) types which can be
mixed in a given sampling process, and a parallel-tempering variant of emcee also exists
(Vousden et al. 2016). A handy comparison between ensemble-MCMC sampling and nested
sampling was given by Allison & Dunkley (2014).

3.4.3

Usage on high-performance computing systems

The samplers that X-PSI interfaces with each exhibit a high degree of MPI parallelization
efficiency, provided that likelihood function evaluation time dominates MPI communication
overhead. X-PSI straightforwardly inherits these parallelization capabilities.
Nested sampling is an inherently serial process: the fundamental unit is a thread consisting
of single active point, such that many threads constitute a nested sampling process (Skilling
2006; Higson et al. 2018a).46 However, there exists much scope for parallelization—for instance one may trivially parallelise with respect to independent threads on non-communicating
processes. MultiNest, on the other hand, accelerates nested sampling processes with multiple47 threads by using information encoded in the set of active points to draw approximately
uncorrelated candidates from the prior subject to the evolving likelihood constraint; these
draws are thus made more efficiently than can be achieved by a set of non-communicating
processes, despite serialization of the nested-replacement process across threads and despite
point-to-point communication overheads. The algorithm distributes active-point candidate
generation across (communicating) MPI processes, storing excess candidates in memory for
use at subsequent iterations subject to an updated likelihood constraint. MultiNest parallelizes reasonably efficiently up to the number of active points scaled by the local acceptance
fraction at a given iteration of the sequential nested replacement process (Feroz et al. 2009).48
We note that for X-PSI models the numerical likelihood function evaluation time is
a (typically weak) function of parameters. It follows that in regard to nested sampling,
any parallelized active-point generation scheme that draws uniformly from the joint prior
subject to a likelihood function constraint must wait for barrier synchronization, lest regions
of parameter space with lower likelihood function evaluation times be implicitly assigned
greater prior density (which would also be stochastic). MultiNest ensures such barrier
46Note that requiring many threads is a necessary condition for a sampling process to be high-resolution, and can
also in principle be a sufficient condition. The question of what number of threads is sufficient of course depends on
the nature of the problem at hand.
47Exceeding the dimensionality of the sampling space (Feroz et al. 2009; Handley et al. 2015), which is the absolute
minimum.
48In practice, the hypervolume expansion factor is explicitly controlled by the user and thus whilst it generally
overestimates the acceptance fraction, is used to configure the number of MPI processes.
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synchronization is performed.
In default configuration, each sequential iteration of emcee operates (via a Markovian transition kernel) first on an ensemble of states (parameter vectors), and then on its complementary
ensemble of states; the ensemble and its complement by default have equal cardinality and
the operation on each is distributed amongst as many MPI processes as there exist states per
ensemble. A useful rule is that subject to resource allocation and a likelihood function whose
evaluation dominates MPI overhead, one is free to spawn as many MPI processes as states in
an ensemble; if one can afford W MPI processes, and if the ensemble and its complement
have equal cardinality, one should use W states per ensemble to generate a higher number of
(effectively) independent samples per autocorrelation time and thus per unit wall time.

3.4.4

Verification

3.4.4.1

Simulation-based calibration

It has been advocated in the literature that simulation-based calibration (SBC) of a parameter
estimation process—on a model-by-model basis—is not only desirable, but an inherent component of Bayesian analysis, necessary for inferential statements to be proven computationally
accurate (see Talts et al. 2018, and references therein).49 SBC accrues information from the
treatment of multiple (ideally many) posteriors by simulating draws from the Bayesian joint
distribution. Indeed, SBC is a rigorous form of calibration because it can be used to check for
the existence of error, and even characterize the cause. For instance, SBC can probe for: (i)
model mis-implementation between draws from the Bayesian joint distribution; (ii) posterior
sampling inaccuracy; and (iii) erroneous credible region computation. The first and third of
these error types can however be validated in other ways, whilst the second is the principal
focus of SBC.
Due to resource limitation—especially when in the context of a small team or collaboration—
it may be impractical to rigorously calibrate every model, and verges on intractable if likelihood
function evaluation is expensive as is the case in general for X-PSI models. For instance, one
might settle for lower-sensitivity SBC by using only the number of simulations for which
resources can be allocated: the sampling noise inherent to the distribution of a discrete rank
statistic (Talts et al. 2018) for each parameter grows as fewer resources are allocated, meaning less information can be accrued regarding computational accuracy. If one cannot afford
SBC, a question then arises: is it meaningless to execute and report such inference work?
The answer in our opinion is that in practice, the information remains valuable to the scientific process because other scientists with independent resources can cross-check estimates
with distinct statistical computation techniques, and/or independent observations and physical
49Exemplary alternative calibration was demonstrated by the gravitational wave community (Berry et al. 2015);
the calibration was similarly based on draws from the Bayesian joint distribution, but required the uniformity of a
posterior mass integral (a random variable) whose domain was a function of the true parameter values (similar to
a quantile as also discussed by Talts et al. 2018). Specifically, Berry et al. (2015) compute the two-dimensional
(highest-density) credible region for sky localization, and check for uniformity by requiring that the cumulative
fraction of prior draws, as a function of the posterior credible region, is approximately diagonal on [0, 1] × [0, 1].
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models. Usually it will be the case that one has no choice but to resort to cruder measures of
performance than SBC, often bypassing repeated analysis of synthetic data sets (replications)
in order to focus computational resources on analysis of observed data.
If one has the resources to draw many—e.g., O(103 –104 )—effectively independent samples set from the posterior conditional on the observed data, then a reasonable corollary is
that one also has sufficient resources to draw posterior samples conditional on one synthetic
data set (in turn conditional on one ground truth parameter vector). Indeed, this is a popular
form of test (Talts et al. 2018).50 Whilst not entirely devoid of information, this cannot be
considered proof of computation accuracy because in every case the output—such as a quantile or a rank statistic (Talts et al. 2018)—would not be inconsistent with a calibrated process.
Posterior predictive checking would be advisable, as always (Talts et al. 2018): if this is not
suggestive of error, and assuming that the likelihood function and prior are implemented as
for synthesis, then it is very difficult for one to make any meaningful statement about the
state of calibration based on analysis of a solitary synthetic data set. Nevertheless, parameter
estimation conditional on a synthetic data set, together with posterior predictive checking,
can help identify egregious implementation mistakes and is often reported in the literature to
reassure a reader that the computational output at least seems sensible.
3.4.4.2

Error analysis for nested sampling

Error estimation in the context of nested sampling has been treated in the literature (Higson
et al. 2018b; Higson 2018b; Higson et al. 2019) but is weaker than SBC as proposed by
Talts et al. (2018): the former is performed given one or more sampling runs on a particular
posterior computation problem.
Nested sampling is subject to both Monte Carlo sampling noise and implementationspecific error51 (Higson et al. 2018b; Higson 2018b; Higson et al. 2019), the latter of which is of
a systematic nature; in combination these properties lead to variation between nested sampling
runs at fixed resolution. MultiNest, for instance, in default configuration is controlled by
two sampling-resolution settings (and a termination criterion); the number of active points
and the efficiency setting both contribute to implementation-specific error because candidate
sampling subject to a likelihood constraint is accelerated by using information encoded in
50The procedure may for example proceed as follows: (i) estimate the posterior distribution; (ii) estimate the
intervals for each parameter (or the highest-density credible regions for pairs of parameters); and (iii) compare the
known injected vector to those intervals, noting the degree of surprise in a manner akin to hypothesis testing for
extreme values, with the null here being that of proper calibration. If for example the injected vector lies far into the
posterior tail, then one may be suspicious enough to investigate further. Of course, hypothesis testing cannot assign
a probability to the null.
51Note that whilst one could in principle consider the X-PSI numerical resolution of the mathematical likelihood
function given a parameter vector to contribute to such implementation-specific error, the likelihood function is
deterministic and thus does not contribute to variation between nested sampling runs. Quantitatively, to prove that
the numerical precision of the likelihood function implementation is adequate, one could consider Jensen-Shannon
divergences for the symmetrized difference in information encoded by posterior distributions with different likelihood
function resolutions (for a recent example in the context of inference sensitivity to physics approximations see the
appendix of The LIGO Scientific Collaboration & the Virgo Collaboration 2018).
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the set of active points. Moreover, the MultiNest efficiency setting has two definitions: in
one sampling variant the efficiency enters as a hypervolume expansion factor, whilst in the
constant efficiency variant it is an acceptance fraction for the rejection-based scheme to target
subject to minimum-bounding restrictions. The implementation-specific error is non-identical
between these variants for the same numeric efficiency value, and indeed for the latter variant
the risk of implementation-specific error can be far larger.
Error due to inherent stochasticity can be estimated and visualized from a single run
via bootstrap resampling of the constituting threads via the software nestcheck (Higson et al.
2018b; Higson 2018b; Higson et al. 2019).52 Implementation-specific error, on the other hand,
can only be estimated by repeating runs (with identical resolution settings). The absence of
implementation-dependent error is a state of perfect nested sampling (Higson et al. 2018b,
2019): one desires to approach this state as closely as possible with available computing
resources, but it is naturally difficult to ascertain how important the implementation-dependent
effects are when just a single run at some reasonable default level of resolution requires a
high-performance system.
In their supplementary material, Higson et al. (2018b) advocate that one should combine
a set of repeated runs in order to derive inferential statements together with Monte Carlo noise
estimates; such advice is also given by Higson et al. (2019). The repeated runs themselves
are advised by these authors and by Higson et al. (2019) in order to probe the importance
of implementation-specific error. Given an estimate of such error one can crudely determine
whether or not the Monte Carlo noise estimates on the combined run is an appreciable
underestimate of the true error. If implementation-specific error is deemed sufficiently small,
the Monte Carlo noise may be estimated directly from the combined run (Higson et al.
2019).53 Runs (at equal or different resolutions) combined under such conditions (using, e.g.,
nestcheck) will maximize production given already expended resources (Skilling 2006).54
To summarize, error estimation for nested sampling targets only a subset of the possible
implementation errors targeted by SBC (see Section 3.4.4.1). Ideally, one would, in order: (i)
execute SBC using some configuration of nested sampling resolution settings and proceed if
successful; (ii) execute a single nested sampling run—at the calibrated resolution—conditional
on observed data; and (iii) estimate the nested sampling error due to simple Monte Carlo noise
from that single run, and report the posterior inferences, together with estimated noise and
the SBC results. However, if the SBC highlights implementation error one would either have
52Note that nested sampling library versions that register dead-point birth iteration numbers are required (https:
//nestcheck.readthedocs.io; MultiNest v3.11). Also note that if the mode-separation MultiNest sampling
variant is activated, then at the time of writing (nestcheck v0.2.0), neither the theory nor software exist for a general
treatment of runs wherein threads are prevented from migrating between modes, and nestcheck should throw an
exception based on an assertion about the input sampling process.
53Combining perfect nested sampling runs can be adversely affected by varying termination conditions across
runs—see the supplementary material of Higson et al. (2018b).
54Note the discussion in Higson et al. (2018a) regarding combining runs—together with the active points remaining
at termination of each run—from the perspective of dynamic nested sampling. Viewed as a dynamic nested sampling
process, the prior masses assigned to the final active points deviate from the canonical case of equal masses and
estimators based on these masses thus also deviate; the assigned masses are nevertheless very close to being identical
until the number of active points is small.
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to: (i) repeat SBC—e.g., with higher resolution settings if deemed the probable cause—until
one achieves calibration; or (ii) analyse the observed data with multiple nested sampling runs
to estimate and report some subset of the implementation error, and also report the results of
the SBC. In reality, if resources are insufficient for SBC, one would have to report that it is
the case, rely on nested sampling error estimation, and report the run programme.
3.4.4.3

Advice for nested sampling run-programme design

The crux of the problem is now the determination—for a given posterior—of an adequate
programme of runs that: (i) permit estimation of Monte Carlo noise on estimators from the
combination of some subset of runs; (ii) permit cruder estimation of the implementationspecific error for comparison to the Monte Carlo noise estimate; and (iii) are tractable given
available resources (including wall time). Tractability is a function dimensionality of the sampling space, distributional structure, and the typical numerical likelihood function evaluation
cost; it is thus best judged based on past experience working with the model of interest or
with comparable sampling problems—e.g., those in a nested set with incremental increases
in complexity.
In order to choose resolution settings for the individual runs one should follow the advice
given by the authors of MultiNest55, which are considered to be at least sufficient for
distributions well-approximated as multivariate Gaussian, and by Higson et al. (2019). For the
(initial) number of active points this typically amounts to scaling the number of sampling-space
dimensions by up to two orders of magnitude;56 for implementation-specific settings such
as termination conditions and MultiNest’s efficiency parameter, conservative (expensive)
options and their counterparts are given by the authors. Of course, adhering to author
suggestions cannot guarantee tractability given some allocation of resources because resource
consumption is highly problem-specific (and in particular is sensitive to the divergence from
the prior to the posterior).
Arguably the most straightforward approach is to (somewhat arbitrarily) perform a single
nested sampling run at a resolution determined to be limiting based on knowledge of the problem and available resources. The first salient disadvantage of this approach is that whilst Monte
Carlo noise can be estimated via post-processing and may be small, one may have expended the
resource budget and thus cannot readily obtain information about implementation-specific error.57 Secondly, risk of sub-optimal resource usage decreases if more than one lower-resolution
run is performed with the same budget: one gains information about performance and implementation issues (regarding the global problem, likelihood and prior implementation and
sampling) more rapidly by monitoring and analyzing runs in their entirety. On the other hand,
55The PolyChord literature (Handley et al. 2015) also makes reference to nested sampling generally, and to
MultiNest.
56One order of magnitude at the minimum.
57One might be forced to split the run into constituent threads and recombine subsets of threads into smaller runs;
such a workflow appears in practice to reverse that suggested by Higson et al. (2019), and may therefore be more
difficult or nuanced to execute using existing software.
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by performing too many lower-resolution runs, the risk of important implementation-specific
error increases. With just two realizations (runs with identical configuration) a possible measure of error exists (Higson et al. 2019); these two runs can then either be combined, used as
a basis for increasing resolution, or both reported together with an indication of the error, be
it graphical or in the form of a summary quantity.
Our default protocol is to consider two runs at a resolution that satisfies the default
recommendations of the software authors: we thus aim to avoid relying on a single run, but
also minimize the risk of increasing error by lowering the resolution of each run. The runs
can then be inspected graphically or otherwise to diagnose inconsistency as demonstrated by
Higson et al. (2019). One can construct alternative approaches such as the above if deemed
necessary.58 However, we advocate adhering as closely as possible to the advice given in the
nested sampling error estimation papers cited above.
If, following the above protocol (specifically, that described in the literature), inferential
statements of interest have appreciable error due to sampling noise, implementation-specific
effects, and perhaps resource limitation, it is arguably necessary to report such detail as opposed to mere point estimates or a single posterior distribution. Readers are then supplied with
some information regarding the posterior, but are also informed regarding the performance
of a particular sampling algorithm with particular settings, and can consider ways in which
to advance the work computationally. If one cannot proceed further on the problem and this
information is not disseminated in some manner, then in our view one’s resources (pertinently,
time) are effectively wasted and resources may be spent independently by those unaware of
existing information on the tractability of the problem.
3.4.4.4

Sampler cross-checking

Another weaker verification of posterior accuracy than the SBC suggested by Talts et al.
(2018) is to apply two samplers with different underlying algorithms to identical prior density
and likelihood functions. Beyond graphical comparison, one could then consider the JensenShannon divergence for the symmetrized difference in information encoded by posterior
distributions estimated with distinct samplers. One-dimensional divergence integrals for each
parameter may be considered given that kernel density estimation is required.
Whilst such cross-checking does contain useful information and is a rather intuitive way to
verify consistency, it does rely on the availability of multiple samplers with distinct properties
58A modified approach would be to probe sensitivity to nested sampling resolution settings (given a likelihood
function computed subject to ulterior numerical resolution settings). One could attempt to demonstrate, at least
graphically with marginal distributions, that the posterior evolution with resolution plateaus to within the (decreasing)
Monte Carlo noise level, and that said noise level is sufficiently small so as to satisfy the user. However, such a
stopping criterion in resolution may not be reached given a computing resource allocation and the implementationspecific error cannot be so straightforwardly estimated because the processes evolve in resolution. In this case, if
inferential statements of interest clearly evolve between the highest and second-highest resolution runs (which may
be related by, e.g., a doubling in resource expenditure) it would be necessary to also report that one has not acquired
evidence that computations have “converged” due to resource limitation. One could report the evolution graphically
and in terms of (one-dimensional) Jensen-Shannon divergences.
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that have the potential to handle the problem. As an example, suppose that one first applies
a nested sampler such as MultiNest in a space with a compatible number of dimensions
(see, e.g., Handley et al. 2015); MultiNest blindly maps the prior hypervolume subject to
the chosen resolution settings, performing rejection-based sampling accelerated by cluster
recognition. If the nested set of samples exhibits unimodal behavior, one might consider
cross-checking properties such as credible regions, degeneracies, and expectation integrals,
by using said samples for initialization of a massively-parallel ensemble-MCMC sampler such
as emcee; such an approach attempts to partially bypass the salient problem of Markov chain
burn-in for finite-sample computations.

3.4.5

Post-processing

Post-processing involves computation of statistical estimators, and posterior (and prior) visualization. The X-PSI postprocessing module wraps several external Python packages for
post-processing of sample sets. It combines functionality and adds to it, offering a number of
classes that automate common patterns.59 We summarize the functionality here, and examples may be found in Section 3.5 and in Section 4.3. In Section 3.4.5.1 we give an overview
of the supported posterior post-processing tools that can be considered standard statistical
tools—or are at least not specific to the physics problem being considered in this work—and
would work with arbitrary nested-sample sets with little or no source code modification. Then
in Section 3.4.5.2 we describe post-processing tools that apply standard concepts, but are
entirely specific—in terms of input and output—to the context of the X-ray signals considered
in this work. These tools are simply those supported upon initial release; the context-specific
tools described in Section 3.4.5.2 are especially susceptible to future development—in terms
of what they output—but are those applied in Section 3.5 and in Section 4.3.
3.4.5.1

Standard posterior tools

X-PSI wraps the GetDist60 package for posterior Gaussian kernel density estimation (KDE)
and vizualization, given that MultiNest natively generates GetDist-compatible output.61
GetDist is used for calculation and plotting of statistical estimators that require (prior or
posterior) sample KDE. In particular, for: (i) estimation of one- and two-dimensional marginal
density functions; (ii) estimation of two-dimensional highest-density credible regions; and
(iii) estimation of parameter-by-parameter Kullback-Leibler divergences (Kullback & Leibler
1951).
59Note that as of writing, X-PSI depends on forks of several external packages in which customization has been
performed; in the future the dependency details are susceptible to change and one should thus refer to the source
code documentation.
60https://github.com/cmbant/getdist.
61The wrapper code also simplifies the use of emcee samples with GetDist, which can be useful for overplotting
density functions with those estimated based on nested samples. We also recommend the Python package corner
(Foreman-Mackey 2017) as an alternative to GetDist, especially for post-processing emcee samples.
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For KDE, GetDist offers smoothing either via a manual kernel bandwidth or an automated
bandwidth selector. GetDist handles—i.e., approximatively corrects for—smoothing bias in
the vicinity of hard parameter bounds in each dimension, but at present cannot estimate densities accurately in close proximity to non-trivial boundaries that can arise in two-dimensional
spaces due to compactly supported prior density functions. To mitigate over-smoothing,
GetDist offers multiplicative bias-correction, which can be iteratively applied to the density
function estimator but does not promise convergence.
X-PSI combines a subset of the nestcheck (Higson 2018b) error analysis and plotting
functionality with the posterior corner plotting functionality offered by GetDist. The nestcheck
package natively implements one-dimensional weighted KDE. X-PSI replaces this native KDE
with the more powerful KDE functionality of GetDist, whilst harnessing the nested sampling
run decomposition and bootstrapping routines of nestcheck. Moreover, nestcheck wraps
the software package fgivenx (Handley 2018; Handley & Higson 2018) for plotting a onedimensional posterior density function as a set of bands representing joined one-dimensional
credible intervals, on the density itself, for each value of the associated parameter. Such
plots can be straightforwardly generated for arbitrary scalar functions of parameters—i.e., for
maps Θ → R. The synthesis results in the canonical plotting of one- and two-dimensional
posterior density functions, together with credible intervals (on-diagonal), credible regions
(off-diagonal; native to GetDist), posterior density function error bands (on-diagonal), and
annotated numeric estimators for each parameter (on-diagonal).
X-PSI uses nestcheck to estimate the one-dimensional credible intervals on each parameter
+b , where x is the
directly from the sample weights. These intervals are denoted by c
CI p% = x−a
estimated median parameter value, and p% is the posterior probability mass contained in the
interval, half of which lies in [x − a, x] and half in (x, x + b]. The estimated quantiles x − a,
x, and x + b are random variables due to the stochastic nature of the sampling process; the
distributions of these quantiles are simulated. Three vertical bands are then rendered in each
on-diagonal panel: a light shaded band over the interval [x − a, x + b], which is delimited
by two narrower and darker bands which recursively indicate the interval containing p% of
x − a and x + b quantile estimator realizations. If error analysis is requested via nestcheck,
the median of each quantile is estimated and used to report the credible interval estimate for
each parameter. The requested credible intervals are reported numerically for each parameter
above the corresponding on-diagonal panel.
It is advisable to display posterior information together with prior information. X-PSI samples from the joint prior distribution by calling the Prior instance referenced by a Likelihood
instance attribute; no additional programming is required because these callbacks are used
by MultiNest to draw nested samples from the prior. The marginal prior density function
for each parameter is computed via GetDist KDE and overplotted in the on-diagonal panels
with the marginal posterior density function (or density function error band). The KullbackLeibler divergence quantifies, for each parameter, the information gain as the marginal prior
density function is updated to the marginal posterior density function (see Section C.1.2.4
for a high-level summary). The divergence from the prior density function to the posterior
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density function is both visually accessible and is reported as a numeric Kullback-Leibler
bKL for each parameter above the corresponding on-diagonal panel. If nestcheck
divergence D
is called upon for error analysis, the estimate is augmented with an interval [y − c, y + d]
+d ; the interval is again
bKL = y−c
containing p% of estimator realizations, and is denoted by D
symmetric in mass about the median. Given the low cost, many more prior samples can be
drawn than posterior samples, and the prior Monte Carlo noise neglected for the purpose of
divergence estimation.
X-PSI can estimate the joint (or global) Kullback-Leibler divergence for all parameters
constituting the sampling space, together with a nestcheck error estimate. Note that the joint
divergence of the target parameters θ S does not depend on a θ S -invariant normalization of the
default background–marginalized likelihood function. We refer the reader to Section C.1.2.4
for further details.
The user-defined Prior subclass can implement a collection of transformations of the
form Rn → R, where n ≥ 1, from some subset of θ to some set of scalar quantities
(deterministically related parameters). Note that if in any case n = 1, it is inadvisable to
try to plot both parameters in a posterior corner plot. These transformations will be applied
automatically to both the posterior and the prior. Any of the original parameters (e.g., whose
samples were written to disk by a sampler and would be loaded directly by GetDist), together
with any of the derived parameters, can be included in a posterior corner plot.
Multiple nested sampling runs on a single posterior can be overplotted, together with the
combined run.62 In the case that multiple runs are to be plotted, a combined run is chosen for
rendering certain objects that require two-dimensional figure patches: the numeric estimator
annotations above the on-diagonal panels; the credible interval bands for each parameter in
the on-diagonal panels; and the two-dimensional shaded density functions in the off-diagonal
panels. The posterior density function error bands are displayed for each of the runs if
requested, to enable graphical comparison as outlined in Section 3.4.4.2.
3.4.5.2

Posterior X-ray signal tools

X-PSI offers several automated routines for the posterior visualization of X-ray signals derived
from the model parameters. These signals are generated by the target source S both alone
and in combination with a background signal. Moreover, the variants are the expected phaseenergy resolved signals, energy-integrated pulse-profiles, and phase-averaged spectra, both
incident on the telescope and as registered by the telescope. The routines render component
signals generated by disjoint closed surface radiating regions, and the injected signal supposing
the true signal is known. For one-dimensional signals X-PSI wraps fgivenx to compute and
render, as a set of shaded bands, the conditional posterior distribution of a signal as a function
of a dependent variable—rotational phase or photon energy depending on the context.
Examples of the v0.1 capabilities may be found in Section 3.5. The captions of these
62As noted in Section 3.4, the MultiNest mode-separation sampling variant is incompatible with nestcheck. It is
the responsibility of the user to inform X-PSI that the run was executed under the mode-separation algorithm.
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Figure 3.1: Schematic diagram of a model with single-temperature hot surface regions (primary p and secondary
s) wherein the local comoving radiation field is that of an isotropic blackbody. Figure adapted from Figure 4.2, to
which we refer the reader for supplementary detail.

figures contain more detailed descriptions of the figure elements than offered here.

3.5

Demonstration

To demonstrate a simple parameter estimation workflow we now construct a model, generate
a synthetic data set, sample from the posterior, and report the output. Supplementary material
in the form of a Jupyter notebook may be accessed in the persistent source code repository.

3.5.1

Model setup

Our target source S is based on the ST-U model of Section 4.2.4.1: there are two disjoint
radiating (hot) surface regions that are circular and simply-connected, and wherein the local
comoving radiation field is uniform—see the schematic diagram Figure 3.1. These, regions,
labeled p (primary; lower-colatitude center) and s (secondary; higher-colatitude center), do
not share any parameters. We refer the reader to Chapter 4 for further details; we proceed only
to state the differences. Any parameter symbols typeset in this work (see Table 3.1) and also
in Chapter 4 have the same meaning unless stated otherwise. Let us refer to the model simply
as M as in the preceding sections; parameter symbols, short descriptions, and the joint prior
distribution are given in Table 3.1.
The local comoving surface radiation field in the neighborhoods of points within the two
radiating surface hot regions is that of an isotropic blackbody. The local comoving radiation
field in each region is therefore only a function of one variable: the temperature T p in region
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Figure 3.2: The left panels are conditional on model M, and the right panels are conditional on model Mdefault .
The top panels are identical and display the channel-phase resolved synthetic data vector y of count numbers (note
the phase symbol here is chosen as φ); the center panels display the posterior expectation of the expected count
numbers; and the bottom panels display the standardized (Poisson) residuals between the top and bottom panels.
Note that the symbol d in the residual color-bar denotes, in this context, an element of the synthetic vector y. The
data count numbers are split over two rotational cycles for clarity, such that the total number of counts is the sum
over all channels and phase intervals φ k ⊂ [0, 2], and the numbers on the interval φ ∈ (1, 2] are identical to those
on the interval φ ∈ [0, 1]. Note that for likelihood function evaluation the data space is D , N32×180 as defined in
Section 3.5.1. For the Mdefault posterior-expected count numbers E π(θ S ) [ci k (θ s )], we have sampled in the joint
space of all target parameters and background parameters, and thus we maximize the conditional likelihood function
p(y | B, θ S ) with respect to B given a sample at point θ S ∈ ΘS .

p or temperature Ts in region s, both of which are model parameters. Moreover, we assume
that no surface emission is attenuated by interstellar material.
A set of NICER v1.01 average instrument response files were used to construct a temporal?
mean instrument response matrix R (r̂S ) (see Section 3.2.5). These files are available
on HEASARC,63 and can be straightforwardly processed, e.g., with the astropy (Astropy
Collaboration et al. 2013; Price-Whelan et al. 2018) Python package.64 The instrument frame
is static and distant in the Schwarzschild spacetime of S. The instrument response was fixed
instead of being parameterized based on additional calibration products and prior uncertainty
as in Section 4.2.3.2. We consider event data in detector channel subset [20, 200].
The background radiation field incident on NICER is assumed to be a phase-invariant
simple powerlaw solely from a point source that is well within the NICER point spread
function for S. The instrument response to the background signal is thus assumed to be
63https://heasarc.gsfc.nasa.gov/docs/nicer/nicer_archive.html.
64http://docs.astropy.org/en/stable/io/fits/index.html#module-astropy.io.fits.

117

3 X-PSI: A package for neutron star X-ray Pulsation Simulation and Inference
?

accurately described by R (r̂S ).
We assume that the event arrival process in each detector channel is Poissonian and
statistically independent of all other channels and detectors. We define our data space by
assuming the raw event data was phase-folded and binned into 32 equal-width phase intervals
ϕ k ⊂ [0, 1] as in Section 3.2.10. Our data space is thus D B N32×180 , and the conditional
joint sampling distribution of the data is separable such that each dik ∼ Poisson(cik ) where
cik = cik (θ) = E[dik ].

3.5.2

Synthesis and posterior computation

Recall from Section 3.4.4.1 that estimating parameters conditional on a single synthetic data set
is not a proof of computational calibration, but is popular for demonstrating that the inferences
at least seem sensible–provided that it is accompanied by some form of posterior checking.
In this section we consider a single synthetic data set to demonstrate X-PSI functionality—we
did not have the computational resources for sophisticated calibration that approximates that
of Talts et al. (2018).
We defined an injection vector ϑ S ∈ ΘS for the target source S that is listed in Table 3.2.
The exposure time was defined as that for us to expect NICER v1.01 to register 2 × 106
counts from S in channel subset [20, 200], given the injection vector ϑ S . This exposure time
amounted to Texp ≈ 0.984308 Ms. Given ϑ S we completed the injection vector ϑ ∈ Θ with a
background powerlaw spectral index, and a background normalization such that the expected
number of background counts in exposure time Texp is 2 × 106 in channel subset [20, 200].
This resulted in a background specific photon flux at 1 keV of ∼ 6.052 × 10−4 s−1 cm−2 keV−1 .
The total number of counts in channel subset [20, 200] was thus 4 × 106 .
Given the conditional sampling distribution p(d | θ, M) we drew a synthetic data vector y. We then invoked the default background treatment defined in Section 3.2.10.3 and
Section B.2, and computed the joint posterior π(θ S | Mdefault ) = p(θ S | y, Mdefault ), where
Mdefault indicates that model M was modified by ignoring the known background model in
favor of the default. We recall that a fast numerical background-marginalization scheme is
required to reduce sampling space dimensionality. We executed two nested sampling runs at
one resolution level, and another at double that resolution; these runs were deemed consistent
and were combined for reporting of numeric estimators in Table 3.2. We also performed one
sampling run, at the lower resolution level, with the mode-separation algorithm activated:
an appreciable fraction of the sampling resolution (364/1000 active points or threads) was
absorbed by two local modes with vanishingly small posterior mass (each ∼ e−100 times that
of the global mode), but the posterior remained consistent with the other runs. We report
auxiliary sampling process information in Table 3.3. The reader should be able to ascertain
that our inferences are insensitive to the repetition and to the doubling of resolution.
We then computed the joint posterior distribution π(θ | M) conditional on the true datagenerating process. Due to exhaustion of computing resources, we only performed a single
nested sampling run for comparison to the posterior π(θ S | Mdefault ).
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Table 3.1: Summary table for prior and posterior information about the target source S whose radiating surface
regions are schematically illustrated in Figure 3.1. The joint prior distribution is reported as a product of the listed
one-dimensional density functions, which is then truncated according to the support—whose boundary is given by the
constraint equations—and renormalized appropriately. The implementation of prior is identical to the implementation
described Section C.2, which in turn is based on Section B.5.

Parameter
Ω/2π [Hz]
M [M ]
Req [km]

Θ p [radians]
Θs [radians]
φ p [cycles]
∆φ [cycles]
ζp [radians]
ζs [radians]


log10 T p [K]
log10 (Ts [K])
i [radians]
D [kpc]
log10 α
β

Description
coordinate angular spin frequency
gravitational massa
coordinate equatorial radius
compactness condition
compactness conditiond
enforce elliptical 2-surface cross-section
p region center colatitude
s region center colatitude
p region initial phase (from Earth)
region phase separatione
p region angular radius
s region angular radius
eliminate region-exchange degeneracy
non-overlapping hot regions
p region temperature
s region temperature
Earth inclination to rotation axis
Earth distance
background specific photon flux at 1 keV
background powerlaw spectral index

Prior (density and support)
fixed at 300
M ∼ U(1, 3)b
Req ∼ U[3rg (1), 16]c
Req /rg (M) > 3
Rpolar (M, Req, Ω) ≥ 3rg (M)
f (M, Req, Ω) ≥ 0
Θ p ∼ U(0, π)
Θs ∼ U(0, π)
φ p ∼ U(−0.5, 0.5), periodic
∆φ ∼ U(0, 1), periodic
ζp ∼ U(0, π/2)
ζs ∼ U(0, π/2)
Θs ≥ Θ p
f (Θ p, Θs, φ p, ∆φ, ζp, ζs ) ≥ 0
log10 T p ∼ U(5.5, 6.5)
log10 Ts ∼ U(5.5, 6.5)
i ∼ U(0, π/2)
D ∼ N(0.3, 0.1)f
log10 α ∼ U(−5, −1)
β ∼ U(−3, −1.01)

a Interpreted as a rotationally perturbed mass monopole moment (e.g., Hartle 1967), but the perturbation is small
for the spin frequency 300 Hz.
b Hard lower-bound loosely based on plausible astrophysical formation channels (see, e.g., Strobel et al. 1999).
c We denote the Schwarzschild gravitational radius as r (M) = G M/c 2 .
g
d The coordinate polar radius of the source 2-surface, R
polar (M, Req, Ω), is a quasi-universal function adopted
from AlGendy & Morsink (2014). This compactness condition, together with the elliptical surface requirement
below are unimportant for the 300 Hz spin frequency.
e Azimuthal separation of region centers, in the same sense as rotation, from the primary region p.
f We truncate the density function to the support D ∈ [0.1, 1.0].

For each figure associated with model Mdefault , we display a corresponding adjacent figure
for model M to facilitate easier visual comparison. We also report the same numeric information, where shared, in Table 3.3. In Figure 3.2 we display the synthetic count data and the
perform crude graphical posterior predictive checking: standard human inspection for residual structure when the model is confronted with the data a posteriori. In Figures 3.3 and 3.4
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Table 3.2: Summary table for prior and posterior information about the target source S whose radiating surface
regions are schematically illustrated in Figure 3.1. For short parameter descriptions and the joint prior, refer to
Table 3.1. The estimators in the final four columns (two for M and two for Mdefault ) are described in Section 3.4.5.1.

Parameter
M [M ]
Req [km]
Θ p [radians]
Θs [radians]
φ p [cycles]
∆φ [cycles]
ζp [radians]
ζs [radians]

log10 T p [K]
log10 (Ts [K])
i [radians]
D [kpc]
log10 α
β
a Note

Injected
1.4
12.5
1
2.14a
0
0.525
0.075
0.2
6.2
6.0
1.25
0.2
−3.2181
−2

c
CI68% (M)
+0.04
1.42−0.10
+1.20
13.56−0.94
+0.11
1.21−0.33
+0.41
1.84−0.16
0.0004+0.0018
−0.0020
0.5242+0.0017
−0.0016
0.076+0.014
−0.013
+0.04
0.20−0.03
6.192+0.008
−0.010
5.993+0.008
−0.010
+0.35
0.97−0.18
+0.03
0.21−0.03
+0.0007
−3.2181−0.0007
+0.004
−2.001−0.004

bKL (M)
D
2.25+0.04
−0.04
1.06+0.02
−0.02
1.75+0.03
−0.03
1.47+0.02
−0.02
7.11+0.02
−0.02
6.73+0.03
−0.03
4.36+0.02
−0.02
3.02+0.02
−0.02
4.95+0.02
−0.02
4.89+0.03
−0.02
1.10+0.02
−0.01
1.69+0.02
−0.03
10.38+0.03
−0.03
6.80+0.029
−0.038

c
CI68%
1.48+0.05
−0.07
13.31+1.34
−0.87
1.21+0.13
−0.31
1.89+0.35
−0.18
0.0002+0.0021
−0.0020
0.5244+0.0017
−0.0017
0.080+0.014
−0.015
0.21+0.04
−0.04
6.193+0.007
−0.010
5.997+0.007
−0.011
1.00+0.31
−0.21
0.22+0.03
−0.03
−
−

bKL
D
2.18+0.02
−0.02
1.02+0.01
−0.01
1.61+0.02
−0.01
1.41+0.01
−0.01
7.00+0.01
−0.01
6.65+0.02
−0.02
4.22+0.01
−0.01
2.93+0.01
−0.01
4.99+0.01
−0.01
4.78+0.01
−0.01
1.03+0.01
−0.01
1.56+0.01
−0.01
−
−

that this colatitude is chosen to be Θ s = π − Θ p .

we display the signal generated by S—both in total and in hot-region component form—a
posteriori, in comparison to the injected signal; the signals displayed are either incident on
NICER or are those after being folded through the instrument response. Moreover, these
signals are displayed as phase-energy (and phase-channel) resolved, phase-integrated, and
energy-integrated (and channel-summed).
When invoking the default background treatment instead of the known background model,
no important parameter estimation bias is evident in this specific case. Universal guarantees
cannot however be made on this basis. We have only considered a single parameter estimation
problem for comparison of the posteriors conditional on the true data-generating process and
on the default background model. We reiterate that the default background treatment is
optimally used for exploratory purposes—e.g., if the physics of the background is poorly
understood and candidate models are deemed to lack complexity based on examination of the
data
In Figures 3.5 and 3.6 degeneracies are clear between pairs of parameters. The primary
(lower colatitude) hot spot on the surface of the injected target source S was inclined to
the stellar spin axis by Θ p = i − 0.25 where i is the Earth inclination. As discussed in
detail, e.g., by Salmi et al. (2018), there exists continuous degeneracy—in terms of the signal
generated—between the inclinations of the radiating region and the observer, especially when
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Figure 3.3: The left panels are conditional on model M, and the right panels are conditional on model Mdefault .
The top panels display the posterior expectation of the phase-channel resolved specific photon flux incident on
NICER; note that the specific flux is actually integrated over the NICER energy intervals, hence the units of flux.
The top-center panels display as black curves the posterior expectation of the energy-integrated incident photon flux,
and is equivalent to the sum of the corresponding top panel over energy intervals. The bottom-center panels display
the posterior expectation of the phase-channel resolved count rate function after taking into account the NICER
instrument response (implicitly summed over all detectors). The bottom panels display the count rate function
summed over detector channels as the black curves. In the top-center and bottom panels, the component pulses
from hot regions p and s (see Figure 3.1) are shown, together with their combined signal. The injected signals are
rendered as blue curves in the top-center and bottom panels, but the deviation from the injected signals is hard to
discern. In the top-center and bottom panels we also display, as a set of shaded purple bands, the conditional posterior
distribution of the combined signal as a function of phase; bands of different shades connect, as a function of phase,
credible intervals containing different posterior masses p%. These bands are albeit difficult to discern given our
posterior sensitivity to the signal generated by S; however, the reader may be able to detect that invoking the default
background treatment under Mdefault results in slightly broader posterior uncertainty on the signal contributed by S.
In Figure 4.13 these posterior signal bands are visually clear, in particular because the response of the instrument is
uncertain and thus parameterized, whereas here the instrument response is fixed.

they are commensurate. In our case here the issue is complicated by the presence of a secondary radiating region. We have forgone analysis of potential parametrization degeneracies
in order to demonstrate the capability of MultiNest to handle non-linear degeneracy, given
sufficient resources—in this specific case the resource consumption was far from prohibitive.
In Chapter 4 we discuss the importance of designing one’s nested-sampling space to eliminate
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Figure 3.4: The left panels are conditional on model M, and the right panels are conditional on model Mdefault .
The top panels display the posterior-expected phase-averaged specific photon flux signal from S incident on NICER,
both in total and in component form (i.e., from each surface hot region). Due to high signal-to-noise, the dynamic
range of the spectra, and the logarithmic scale, the shaded posterior credible-interval bands on the total spectrum
are not discernable, but correspond to those displayed in Figure 3.3. The center panels display the transpose of the
phase-channel resolved signal displayed in Figure 3.3, plus the phase-invariant background signal. The bottom panels
display the phase-averaged count-rate signal from S both alone (the three lowest step-functions) and in combination
with the background count-rate signal (the enveloping step-function); the latter is the phase-average of the center
panel.

non-linear degeneracies where possible to maximize sampling efficiency with the MultiNest algorithm, especially when there are a number of overtly phenomenological parameters
defined in the problem.
Note that if we had the resources to execute the SBC suggested by Talts et al. (2018),
we would draw many (ϑ, y) tuples from p(θ, d | M) = p(d | θ, M)p(θ | M), the Bayesian
joint distribution, and for each compute the joint posterior distribution. Such calibration is
not tractable due to limited resources on a high-performance system. However, even if we
had sufficient resources to compute the joint posterior distribution π(θ S | Mdefault ) of the
parameters of S many times given many tuples (ϑ, y), the default background model would
not necessarily conform well to this SBC because the priors on the channel-by-channel background parameters are—if proper—separable and extremely vague relative to the conditional
likelihood function. If these priors are improper (see Section B.2 and Section 4.2.3.3) then
strictly the model is not generative, and this is a necessary condition for the SBC of Talts et al.
(2018); see Section 4.2.3.3 for discussion on the options for defining a proper background
prior.
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Figure 3.5: One- and two-dimensional marginal posterior density distributions for the parameters θ S conditional
on model Mdefault . Refer to Table 3.1 for parameter symbols and definitions. The one-dimensional prior density
functions are the dash-dot distributions in the on-diagonal panels. In the top-right we transform to alternative
inclination variables (i − Θ p , i + Θ p , i − Θ s ), and comparison of the Kullback-Leibler divergences to those of
(i, Θ p , Θ s ) reflects the combinations to which we are most sensitive (see Salmi et al. 2018). Other figure elements
are described in Section 3.3.2.3. We omit the error bands on the one-dimensional density functions, apart from those
in the transformed variables in top-right, because the information cannot be displayed adequately. For the nested
sampling run settings, refer to Table 3.3; note that for the mode-separation run, labeled run MM, the one-dimensional
posterior density function error cannot be estimated (see Section 3.4.4.2) for the top-right subplot, and we opt against
overplotting the density function line with the error bands corresponding to the other runs. The injection vector ϑ S
(see Table 3.2) is indicated by the points where the horizontal and vertical lines intersect (the reticles).
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Figure 3.6: One- and two-dimensional marginal posterior density distributions for the parameters θ conditional on
model M. Refer to Table 3.1 for parameter symbols and definitions. In the top-right we display the background
powerlaw parameters. The injection vector ϑ (see Table 3.2) is indicated by the reticles. Figure elements are
otherwise as described in Figure 3.5.
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Table 3.3: Summary of the sampling processes for the X-PSI example problem. Note that there are multiple runs
for model Mdefault ; those runs are combined to calculate some of the summary numbers—i.e., for the evidence and
the properties listed after the evidence (divergence, core hours, and so on).

Sampling process information
number of free parameters
number of runsb
number of active points
Efficiencyd
termination conditione
evidencef
joint KL-divergenceg (bits)
number of coreh hours
likelihood evaluations
nested replacements
weighted posterior samplesi

M
14
1
103
0.3
10−3
d
ln
Z = −25375.54+0.55
−0.52
bKL = 93.77+0.88
D
−0.97
17482
16193064
74383
17452

Mdefault
12 + 180a
3c
103 + 103 + 2 × 103
0.3
10−3
d
ln
Z = −26759.33+0.27
−0.26
bKL = 72.55+0.43
D
−0.46
15568
17342989
236786
64371

a There are 180 background terms—one per channel in the subset considered—which are numerically marginalized

over but are do not form dimensions of the sampling space.
b The mode-separation MultiNest variant was deactivated in all but one case. Without mode-separation, isolated
modes are not evolved independently and nested sampling threads are permitted contact multiple modes. As noted
in Section 3.4.4.2, the mode-separation run cannot be combined at present with other runs, and is thus omitted both
from the plots displaying only combined information (e.g., Figure 3.3) and from the combined numeric summaries
in this table. The posterior distribution estimated based on the mode-separation run is displayed in Figure 3.5.
c Plus an additional run with mode-separation activated. The run with mode-separation activated has 103 active
points (or threads), of which 636 were locked into the dominant mode identified in each of the other runs.
d More accurately, the reciprocal of the expansion factor applied to the active-point bounds. The constant-efficiency
MultiNest active-point bounding variant was not activated for any run.
e Applies both globally and locally.
f Defined as the prior predictive probability p(y | model). We report the interval about the median containing
±45% of 5 × 102 joint bootstrap-weight replications for the combined run. Note, however, that in order to complete
the reported evidence for Mdefault , upper-bounds Bi ∈ R >0 of the separable flat prior p(B i | Mdefault ) for the
background count-rate parameters need to be specified (see Section B.2). For a handle on the magnitude of
the background count rate that maximizes the conditional likelihood function L(Bi ; θ S ) in each channel, inspect
Í
d
d
Figure 3.4. The evidence for model Mdefault then needs to modified as ln
Z 7→ ln
Z − i ln Bi .
g I.e., the joint divergence of all parameters θ in the case of M, and the joint divergence of all target parameters
θ S in the case of Mdefault .
h Intel® Xeon E5-2697Av4 (2.60 GHz; Broadwell) processors on the SURFsara Cartesius supercomputer. Note
that the extension modules were compiled with processor-specific instruction sets, and that these are physical cores—
i.e., hyper-threading technology is not invoked.
i Excludes samples with important weight smaller than 10−6 times the largest such weight amongst samples.
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3.6

Summary and future development

We have reported on the initial release (v0.1) of X-PSI, a package for Bayesian statistical
inference of neutron star parameters given observed energy-resolved X-ray pulsations. X-PSI
has been applied to NICER observations of the rotation-powered millisecond PSR J0030+0451
by Riley et al. (2019, ApJL in press), and can be considered as an option for future work in the
context of contemporary (e.g., NICER) and next generation X-ray spectral-timing telescopes
(e.g., eXTP, STROBE-X, and Athena).
We proceed to highlight possibilities for future development. General aims of course
include: global efficiency improvement; broadening of the physical scope; interfaces for new
sophisticated samplers; new and improved tools for posterior post-processing, vizualization,
and analysis pipeline automation; additional tutorials; exhaustive documentation and unit
testing; and Python packaging improvements.
As stated in Section 3.1: X-PSI at the time of writing (v0.1) is a basic prototype for
some of the functionality that a community-supported package for neutron star parameter
estimation via X-ray spectral-timing should offer in the future. One logical avenue for future
development may be the integration of X-PSI into an existing open-source software package
for X-ray spectral-timing such as stingray (Huppenkothen et al. 2019). stingray has a broader
scope and community support: we can envision X-PSI being a specialist module that conforms
to the existing API standards. That said, substantial development would be needed in order to
cleanly integrate the statistical framework (i.e., nested sampling and object-oriented callbacks,
high-performance system usage, and posterior post-processing and visualization) and aspects
of the physical framework (e.g., likelihood functionality and instrument response functions)
described in this paper with the existing stingray framework.
Regarding physics development, we plan to natively support or interface with software
for both indirect and direct EOS parameter estimation: v0.1 only supports joint estimation
of gravitational mass and surface equatorial radius for a given star,65 where the derived
information can be subsequently used for indirect EOS parameter estimation externally of
X-PSI. We refer the reader to Section B.4 and references therein for discussion on this matter;
we also point the reader to Raaijmakers et al. (2019, ApJL in press), who demonstrate this
notion given output from X-PSI modeling of real NICER data.
We also plan to support an image-plane light-curve integration algorithm.66 An imageplane algorithm would prove useful for (posterior) visualization of the target source and for
internal cross-checking of light-curve integrators that implement distinct algorithm patterns.
We refer the reader to a brief discussion in the appendix of Bogdanov et al. (2019, submitted
to ApJLb) on the light-curve integrators of the AMS code base, which is itself a superset of
65Stellar spin frequency is in most cases going to be fixed, as is oblateness via a quasi-universal relation (e.g.,
AlGendy & Morsink 2014), but both can in principle be jointly estimated with the mass and radius. We refer the
reader to the discussion in Chapter 2 on such matters.
66Literature on more general-purpose image-plane software was cited in Section 3.1, notably the open-source code
bender (Nättilä & Pihajoki 2018), and Psaltis & Özel (2014) and references therein for additional details on the
formalism.
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X-PSI. We have streamlined X-PSI v0.1 for large-scale statistical computation: it imposes
the Schwarzschild ambient spacetime solution because the associated algorithmic patterns for
light-curve integration minimize computational cost. The AMS code as an entity is private for
development purposes, but image-plane functionality will be integrated into a future version
of X-PSI.
Software.—Python/C language (Oliphant 2007), GNU Scientific Library (GSL; Gough
2009), NumPy (van der Walt et al. 2011), Cython (Behnel et al. 2011), SciPy (Jones et al.
2001–), OpenMP (Dagum & Menon 1998), MPI (Forum 1994), MPI for Python (Dalcín
et al. 2008), Matplotlib (Hunter 2007; Droettboom et al. 2018), IPython (Perez & Granger
2007), Jupyter (Kluyver et al. 2016), MultiNest (Feroz et al. 2009), PyMultiNest (Buchner
et al. 2014), GetDist (https://github.com/cmbant/getdist), nestcheck (Higson 2018b;
Higson et al. 2018b, 2019), fgivenx (Handley 2018; Handley & Higson 2018), astropy (Astropy
Collaboration et al. 2013; Price-Whelan et al. 2018), X-PSI (v0.1; https://github.com/
ThomasEdwardRiley/xpsi).
Acknowledgments.—We thank Yuri Cavecchi for technical discussions and support during development of the pulse-profile integration routines. We thank Geert Raaijmakers for
constructive discussions on statistical computation during development of X-PSI. We also
thank the members of the NICER Light-Curve Modeling Working Group for discussions, and
for providing a collaborative environment in which X-PSI could be subjected to a rigorous
programme of testing.
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