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C
A NICER view of PSR J0030+0451: millisecond pulsar
parameter estimation

C.1

Posterior computation

Here we describe how we derived posterior inferences conditional on the models defined in
Section 4.2.

C.1.1

Nested sampling

We implemented nested sampling using the open-source software MultiNest1 (Feroz &
Hobson 2008; Feroz et al. 2009, 2013; Buchner et al. 2014). For a subset of model-nodes
in Figure 4.9 and Figure 4.11 we executed two production runs—i.e., we generated two
realizations of a particular stochastic sampling process—with the following resolution settings:
the number of active (or live) points was 103 ; the bounded-hypervolume expansion factor
was (at least2) 0.3−1 ; the termination condition as a function of iteration number i was,
schematically,


 
bi + ∆Z
c i − ln Z
bi < x =⇒
ln Z

bi
Z
> e−x,
b
c
Zi + ∆Z i

(C.1)

bi is an estimator for the evidence integral up to iteration i over estimated prior mass
where Z
c i is an estimator for the maximum remaining contribution to the evidence
b
(1 − Xi ), and ∆Z
bi . As x → 0, e−x → 1− and the estimated
over the complementary estimated prior mass X
amassed evidence entirely dominates the estimated remaining evidence; we generally set
x = 10−1 , which is five times smaller than suggested by Feroz et al. (2009).3 The number
1MultiNest v3.11 can be located at https://github.com/farhanferoz/MultiNest with SHA1hash 4b3709c. PyMultiNest v2.6 can be located at https://github.com/JohannesBuchner/PyMultiNest
SHA1-hash 5d8c103.
2A lower-bound for reasons pertaining to the implementation of the joint prior distribution; the lower-bound itself
is numerically transformed into an appropriate MultiNest setting in order to achieve at least this desired expansion
factor. Further detail is beyond the scope of this description (refer to Chapter 3).
3The minimum tolerance used for any process was x = 10−3 to confirm that termination was not premature.
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of active points is chosen to be a number that is larger than will be typically reported in the
literature for similar dimensional problems (perhaps with simpler distributional structure), or
recommended by the authors of MultiNest, for a compromise between resource consumption
and accuracy. The hypervolume expansion factor is, for all but one run,4 greater than the
number recommended by the authors of MultiNest for accurate evidence estimation. The
combination of a number of active points—which is between 40 and 80 times larger than
the dimensionality of the sampling space—and the recommended expansion factor, targets
posterior computation with an implementation-specific error5 that is smaller than the error
due to the inherent stochasticity of Monte Carlo sampling.
The constant-efficiency MultiNest bounding variant should in general be avoided where
tractability is not compromised to reduce risk of under-sampling when a hyper-ellipsoidal
decomposition does not conform well to likelihood level hypersurfaces; we did not use this
bounding variant. However, in the higher-dimensional contexts we are approaching in this
work, it could be useful to activate this bounding variant if integration is forecasted to consume
too many computing resources (e.g., the acceptance fraction drops too low below 10−3 when
using a high-performance system and an expensive likelihood function). Imposing a target
acceptance fraction may be useful for initial exploratory runs in order to probe for configurations with high (marginal) likelihood—a weak indicator of potential model performance
if future efforts achieve greater computational efficiency. When constant-efficiency mode is
activated the evidence estimates should be assumed to be positively biased unless importance
nested sampling is also activated (which can consume an appreciable fraction of the memory
on a typical supercomputer node for ∼ 108 likelihood function evaluations). The acceptance
fraction decaying to such levels is indicative that the minimum-bounding hyper-ellipsoidal
decomposition does not conform sufficiently well to the nested likelihood function level hypersurfaces, resulting in: (i) a large excess of hypervolume exterior to the likelihood surface but
within the bounding union of ellipsoids; and/or (ii) the union of bounding ellipsoids exhibits
a large fractional overlap. In such cases one could construct an alternative parametrization
of the problem that is more tractable with the MultiNest bounding algorithm (in the native
sampling space), or use an alternative (nested) sampling algorithm.
The mode-isolation sampling variant was not activated unless stated otherwise. This
variant isolates the evolution of local modes whose hyper-ellipsoidal clustering decompositions are mutually non-overlapping; upon isolation, the active points of sampling threads
constituting each mode cannot migrate between modes at subsequent iterations—they are
locked in, which can alleviate premature mode deactivation. Sampling resolution, however,
can be absorbed by unimportant modes, which is undesirable. The mode separation sampling
variant generates distinct statistics for each mode and labels actives points according to mode
association.
4The ST+PST model was implemented as we were exhausting our computational resources and thus we lowered
resolution—increased the nested-sample acceptance fraction—to ensure completion of an exploratory run—see
Table 4.2.
5I.e., the error due to not sampling from the entire prior hypervolume subject to a given likelihood function
constraint.
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With the above settings, amongst ulterior numerical settings for marginal likelihood
function evaluation, X-PSI typically executes O(107 ) marginal likelihood function evaluations
in O(104 ) core hours via MultiNest.

C.1.2

Summary of information presentation

We now summarize how we opt to present probabilistic information in the form of figures and
tables. We condition on a set of model variants that are treated in effectively the same manner,
and the information presentation is consistent for these models; we thus here describe the
information once. Figures and tables are displayed in the main body—see Section 4.3—for
the model we deem to perform best considering both prior and posterior predictive measures
and checks; we refer the reader to Table 4.2 and Figure 4.12 through Figure 4.21 for reference.

C.1.2.1

Graphical posterior predictive checking

In a figure such as Figure 4.12 we display salient information for assessing performance of a
model in isolation. Our generative modeling process is fundamentally built on the statement
that we do not believe the true data-generating process exists within the model space considered
(refer to Section 4.2.2); however the models may, for the purpose of generating data, be deemed
adequate approximations. We aim to graphically approximate an answer to the question: Does
the model generate, a posteriori, synthetic data that emulates structure in the real event data?
Graphical posterior predictive checking here relies on the power of human identification of systematic structural differences, which if physically characterized can drive future
model development towards better-performing approximations. Structural differences include
spectro-temporal correlations between random variates assumed to be statistically independent (e.g., the ST-S version of Figure 4.12 in the online figure set), and inaccurate noise
modeling leading to under- or over-estimation of the variance of random variables; the latter
also may manifest due to excessive, non-physical predictive complexity (over-fitting). In the
top panel of such a figure we display the data set for convenience. In the center panel we
choose to display the posterior-mean Poisson expected count numbers:
∫
Õ
λi j B Eπ(θ) [ci j (θ)] =
ci j (θ, Bi )π(θ, Bi | d)dθ ≈
wk ci j (θ k ),
(C.2)
S

k

where θ k ∼ π(θ | d) are samples with normalized importance weights wk drawn from the
background-marginalized posterior density π(θ | d), and S is the prior support. Crucially,
we do not sample the joint posterior distribution π(θ, B | d) because of prohibitive scal-
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ing of expense with dimensionality;6 therefore in order to compute a data-space posteriormean quantity, we opt to maximize the conditional likelihood function L(Bi ; θ k ) with rebi , such that
spect to each background count-rate parameter Bi , generating an estimator B
b
ci j (θ k ) B ci j (θ k , Bi ). In the bottom panel we display standardized residuals between
data count numbers and the quantities λi j , where we define Poisson random variables
xi j ∼ p(xi j | λi j ). We consider the set of figures associated with Figure 4.12 as graphical
posterior-checking plots. If no clear systematic structure manifests during posterior predictive checking and the posterior-predictive distribution is well-approximated by a sampling
distribution conditional on a parameter vector, we consider the model to be appropriate for
predicting future observations against which the model may be falsified.
Bayesian global performance measures—such as the evidence—are useful for determining
the utility of increments in the complexity of a generative model. However, whilst being
a target of our posterior computation, prior predictive probabilities are known to not be
universally robust and can be sensitive to prior choices and parametrization, especially in
phenomenological contexts. Thus in order to assess performance and identify model features
that conform well to data structure, it is necessary—and natural—to also visually inspect
predictions a posteriori. We consider other measures such as the expected posterior utility
(i.e., power for future statistical falsification) beyond the scope of this work (Vehtari & Ojanen
2012).
In this work we refrain as much as possible from invoking point measures—based on
parameter vector point-estimates—to quantitatively summarize and compare models. The
reason we do this is twofold: (i) a point estimate is usually the parameter vector that is
estimated to globally optimize some quantity, and subsequent to estimation all information
encoded by the posterior distribution is not explicitly regarded; and (ii) the target of our
statistical computation (nested sampling) is not any particular point measure, but instead to
draw samples from the posterior typical set for the purpose of estimating posterior integrals.
It follows that stronger guarantees can be made about the accuracy of statistical estimators
that are posterior integrals than can be made about those that are point estimates; we therefore
view integral estimators as generally more helpful and robust than point estimators.
As an example, consider the canonical estimation of the parameter vector that globally
maximizes the likelihood function conditional on some model. In our case, our posterior
computation does not target accurate maximization, and we are forced to marginalize over the
phase-invariant (background) count-rate parameters in order to define a nested-sampling space
6If our set of samples was drawn from the joint posterior distribution π(θ, B | d) we could better-approximate
the expectation integral in Equation (C.2), or at greater cost, approximate the posterior-predictive probability mass
distribution in data space:
∫
Õ
p(xi j | d) =
p(xi j | θ, Bi )π(θ, B | d)dBdθ ≈
wk p(xi j | θ k , Bi, k ),
k

whose expectation E[xi j ] and variance V[xi j ] are indicators of residual structure in the data relative to the model
a posteriori. The posterior predictive distribution may also be constructed by jointly generating samples from the
Bayesian joint distribution: x k ∼ p(x | θ k , B k ) and (θ k , B k ) ∼ π(θ, B | d).
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Figure C.1: Summary of the two-dimensional residual panels in the online figure set associated with

Figure 4.12. For each model we identify the sample (parameter vector) θ̂ BMML that reported the highest
background-marginalised likelihood function value amongst identified posterior modes, together with
the background count-rate vector B̂CML that maximizes the conditional likelihood function√given
θ̂ BMML . Given the expectations E[xi j ] = λi j (θ̂ BMML, B̂CML ), we evaluate the residuals (λ − d)/ λ for
each phase-channel interval, where {di j } are variates of independent Poisson-random variables {xi j }.
We display in each panel the distribution of these random variates (the real count numbers). The
minimum number of expected counts in any phase-channel interval is ∼ 30, and thus the {xi j } drawn
from the sampling-distribution
are, approximately, identically and normally distributed if transformed
√
as y B (λ − x)/ λ. The smooth black distribution in each panel is a normal distribution. The data
sampling-distributions for the ST-U model and models higher in complexity do not exhibit systematic
structural inaccuracies in the context of the variates: there are no clear signs of noise-model inaccuracy
or over-fitting, nor are there clear signs of residual correlations in, e.g., Figure 4.12. These models can
thus perform adequately as point-measure predictors of structure in the real count-number data. The
residuals conditional on the ST-S model are distributed with larger variance than unity (normal): more
weight is visible in the wings, and less in the near vicinity of zero.

whose dimensionality is not prohibitive. We thus do not guarantee that the sample (parameter
vector) θ̂ BMML that reported the highest background-marginalised likelihood function value
amongst identified posterior modes, together with the background count-rate vector B̂CML
that maximizes the conditional likelihood function given θ̂ BMML , is an adequate estimator of
the joint vector (θ, B)ML that globally maximizes the likelihood function. In Figure C.1 we
consider the joint vector (θ̂ BMML, B̂CML ): empirically we see that all but one model (ST-S) has,
within prior support, parameter vectors that perform adequately as point-measure predictors
of structure in the real count-number data.
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C.1.2.2

Parameter kernel density estimation and credible regions

We applied the post-processing module of the X-PSI package (v0.1; refer to Section 3.4.5).
X-PSI wraps—combines and adds functionality—to several other packages for statistical
computation: relevant here for Gaussian kernel density estimation (KDE) is GetDist.7 We do
not use GetDist to compute numerical one-dimensional credible intervals on each parameter,
but GetDist is used whenever KDE is necessary for post-processing (posterior) samples into
estimators: for calculation of the plotted one- and two-dimensional density functions; for
calculation of the plotted two-dimensional (joint) credible regions; and for one-dimensional
Kullback-Leibler divergence estimation, where both the marginal posterior and marginal prior
density functions need to be estimated from samples.
GetDist can execute smoothing using either a manual Gaussian kernel bandwidth or an automatic optimized bandwidth. For all parameters and models, for simplicity and consistency,
we invoke a manual bandwidth of 0.4 times the estimated parameter standard deviations,
based on the GetDist guidelines for choosing analysis settings. Moreover, GetDist performs
various smoothing corrections to avoid smoothing bias as one attempts to mitigate finitesample noise: (i) smoothed-density correction near hard one-dimensional parameter bounds
defined through the prior support, with capability to estimate a finite local density function
gradient; and (ii) iterative multiplicative bias-correction to the estimated density function to
nullify over-smoothing. Density estimation near non-trivial prior support boundaries in two
parameters does not account for the local boundary, but this is not problematic for our work
here. We roll with the default bias-correction settings: a linear boundary kernel (in both
one- and two-dimensional spaces) and zeroth-order multiplicative bias-correction (a single
application with no iterations).
C.1.2.3

Error analysis for statistical estimators

Two frameworks now require distinction: (i) the parametric probabilistic framework of the
generative model (a Bayesian context) for the data; and (ii) a non-parametric probabilistic
framework that operates with realizations of a stochastic sampling process, which in turn
operates on a deterministic target probability distribution defined in the parametric framework
given data and a generative model (e.g., Skilling 2006; Higson et al. 2018b). The sampling
process has a mixture of known and approximated properties, including fixed non-physical
settings. Estimators derived from the process output are stochastic and we are interested in
their distributions.
The purpose of executing some number of computationally expensive repeats is for error
analysis—specifically the estimation of implementation-specific error (Higson et al. 2019)
pertaining to sampling from the joint prior subject to a likelihood function constraint (a more
7https://github.com/cmbant/getdist. Specifically, tag v0.3.1, with some minor plotting customization locatable at https://github.com/ThomasEdwardRiley/getdist/tree/customization, with SHA1hash 61f69d0. The technical KDE notes for GetDist are located at https://cosmologist.info/notes/GetDist.
pdf.
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thorough review of error analysis techniques in Section 3.4.4). One way to approach this
problem is to compute posterior marginal density functions for many bootstrapped realizations
of each stochastic run and then graphically probe for the manifestation of implementationspecific error (Higson et al. 2019).
X-PSI wraps the package nestcheck8 (Higson 2018b; Higson et al. 2018b, 2019) to access existing error analysis routines. As an example of application in this work, consider
Figure 4.20: in the associated online figure set, where we supply a higher resolution version
of each panel, we display the marginal posterior density distributions for each parameter as
a set of shaded error bands. The shaded bands represent the distribution of posterior density, at each parameter value, based on simulated nested sampling process realizations; the
posterior density function is estimated for each realization with GetDist as described above
in Section C.1.2.2. The colorbar denotes the percentage of realizations spanned by a band
with a given shade, where each band connects intervals (at each parameter value) containing
the highest realization density of posterior density. Note that the colorbar is not associated
with the shaded joint density distributions in the off-diagonal plots. The contours in the
on-diagonal panels thus encode information on the variation of the parameter kernel density
estimator due to the inherent stochasticity of each of sampling processes; the estimator distributions are connected as a function of each respective parameter to delineate the behavior of
the probability mass. If the member processes are deemed to exhibit consistency under visual
inspection, the combined process may be invoked to estimate distributions of estimators.
We apply nestcheck routines to bootstrap re-sample threads and simulate weights for:
the one-dimensional quantiles in posterior mass for each parameter, which are in turn used
to report the credible intervals; the global and parameter-by-parameter Kullback-Leibler
divergences; and the evidence. The numerical values we report are in some cases (ST-S,
ST-U, and ST+CST) derived by combining two realizations into a single realization with
O(103 ) active points (sampling threads), if the runs are considered sufficiently consistent and
exhibit sufficient resolution for our purposes here. However, due to computational expense
we could only afford at most two runs, and for both ST+EST and ST+PST we were limited to
a single run with O(103 ) active points. Moreover, note that processes executed by the modeseparation algorithm are incompatible with the notion of process combination: the theory
nor software implementation exists at the time of writing, and therefore we only display such
a run—when relevant and available—in the posterior figures, but do not use it to calculate
numerical estimators.
C.1.2.4

Estimating posterior information gain

In a Bayesian context, the Kullback-Leibler (KL) divergence (Kullback & Leibler 1951)
can be applied as a non-negative real scalar9 measure of posterior information gain about a
parameter—or jointly about parameters—of a generative model, conditioned on the data set;
8Specifically, tag v0.2.0, with customization to support use of GetDist KDE, locatable at https://github.
com/ThomasEdwardRiley/nestcheck/tree/feature/getdist_KDE with SHA1-hash 4555df0.
9And thus parametrization invariant.
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it is also known via information-theoretic interpretation as relative entropy. Equivalently it is
the posterior-expected additional number of bits necessary to encode the value of a parameter
sample for lossless communication between agents, if the (marginal) prior distribution is
invoked to design an optimal encoding. Alternate interpretations exist to satiate a variety of
readers—e.g., Shlens (2014).
KL-divergence maximization is central to an information-theoretic—but often in practice
intractable—definition of a minimally-informative prior via reference to the generative model,
but without reference to the data (via data-space marginalization). Whilst we cannot feasibly
determine the maximal KL-divergence with respect to the space of all proper prior density
functions, the number of bits of information gain is a useful indicator of the degree to which the
likelihood function dominates the information encoded in the posterior. The KL-divergence
has, as an example, recently been applied by The LIGO Scientific Collaboration et al. (2018)
to probe posterior information gain and sensitivity to prior assumptions.
For continuous symbols, the KL-divergence is defined in the limit that a discrete symbol
becomes a continuous subset of Rn ; in practice, of course, computer representation of the
reals is discrete. Given the existence of a known optimal prior encoding, the number of
additional bits for lossless communication of a posterior sample at a given precision is, in the
context of our inference problem, far less than the number of bits required to store the sample.
Mathematically, in units of bits:




∫
Õ
π(θ | d)
π(θ k | d)
dθ ≈
wk log2
,
(C.3)
DKL (π || p) =
π(θ | d) log2
p(θ)
p(θ k )
k
S

where θ k ∼ π(θ | d) are samples with normalized importance weights wk drawn from the
background-marginalized density π(θ | d). Computation of a single scalar divergence for the
n-dimensional joint posterior is straightforwardly given by


∫
π(θ | d)
dθ
DKL (π || p) =
π(θ | d) log2
p(θ)
S

∫

p(θ)
1 p(d | θ)
dθ
=
π(θ | d) log2
(C.4)

Z
p(θ)

S
∫
Õ
= − log2 Z +
π(θ | d) log2 L(θ)dθ ≈ − log2 Z +
wk log2 L(θ k ).
S

k

It is more useful, however, to compute a marginal divergence for each parameter, yielding a
handle on which parameters the (marginal) likelihood function is most insensitive to in the
context of the (marginal) prior, and thus which prior assumptions global posterior inferences
may be most sensitive to. The parameters that exhibit the lowest marginal posterior information
gain are those for which prior assumptions are generally more important to be aware of and
should thus be an accurate representation of prior belief. Divergence estimation for each
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parameter (or jointly for m < n parameters) requires more involved post-processing because
kernel density estimation is performed for evaluation of the quotient of marginal densities
appearing in the integrand.
Note that if the marginal KL-divergence for some parameter θ is small (relative to the
divergences of other parameters) but the divergence is close to the theoretical maximum
expected divergence, the prior exists in the minimally-informative limit whilst being relatively
informative. E.g., if the Fisher information for θ is everywhere relatively small—meaning
the experiment is at most a weak probe of the parameter—the marginal posterior for θ should
be dominated even by a minimally-informative prior, but posterior inferences about other
parameters should be insensitive to all information about θ. If, on the other hand, the
likelihood function is a useful probe of θ whilst the marginal divergence is relatively small,
the global posterior may be sensitive to prior information about θ. In practice, we determine
that the parameters that typically exhibit the smallest divergences—pulsar distance D and
NICER instrument parameters α and γ—are assigned marginal priors that are not weakly
informative in the context of the likelihood function; moreover, we do not need to calculate
Fisher information to understand that the likelihood function itself is a useful probe of these
parameters, which exhibit degeneracies with other pulsar parameters. Therefore we conclude
that small divergences in these cases do indicate that our global posterior inferences are
strongly conditional on these prior assumptions.

C.2

Prior transforms

For nested sampling we aim to transform from a native sampling space—a unit hypercube
H = [0, 1]n —to a (physical) parameter space Rn according to an inverse transformation of the
joint prior density distribution p(θ) defined on Rn (typically with some compact support). We
thus require implementation of a mapping x 7→ θ where x ∈ H and θ ∈ Rn . In this appendix
we give the prior transforms implemented in order to facilitate reproduction of the sampling
processes, and also to provide a demonstration of some of the necessary architectural work
for parameter estimation via nested sampling.
In this work we provide a summary table for each model; as an example, refer to Table 4.2.
Within each table the joint prior density function q(θ) and its support S are reported. Here
we give a prescription for drawing a sample from a given prior: (i) draw a sample for each
parameter according to the listed sampling distribution p(θ) with support S † ⊂ Rn —using
one-dimensional inverse sampling—to generate a candidate vector e
θ ∈ Rn ; (ii) systematically
evaluate the constraint equations to determine whether e
θ ∈ S ⊂ Rn or whether S = e
θ ∈ Rn ;
and (iii) accept the candidate sample if e
θ ∈ S, otherwise reject the sample. The form—i.e., the
relative marginal density at two values of parameter θ—is, for a subset of parameters, not given
by the one-dimensional distribution θ ∼ q(θ) (whose definition in some cases, as the distance
D, requires explicitly stated truncation bounds) explicitly written in the prior column: the set
of constraint equations defining the joint compact support S often non-trivially modulate the
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density distribution q(θ) if θ appears in constraint equations jointly with some subset of the
other parameters. If the joint prior is separable with respect θ to then by definition p(θ) ≡ q(θ).

C.2.1

Gravitational mass and equatorial radius

We defined our joint prior distribution of gravitational mass and equatorial radius in Section 4.2.3.1. We apply a technique from Section B.5: inverse sampling of a joint flat density
function q(M, Req ) with a trivial rectangular boundary M ∈ [Ma, Mb ] and Req ∈ [Ra, Rb ],
and subsequent rejection only if Req < [3rg, 16] km.10 In this case, let H = [0, 1] × [0, 1]
and let the support of q(θ) = q(M, Req ) be S † ⊂ R2 . The mapping is then H → S †, x 7→ θ,
where S † ⊃ S. For (M, Req ) ∈ S, the joint prior density p(M, Req ) ∝ q(M, Req ) because the
constraint equation in compactness is dependent only on M and Req , and not on any ulterior
source parameters. Such a procedure is also summarized in the preamble of Section C.2
above.
A standard transform (in the context of the nested sampling software) on the other hand
would take the form H → S, x 7→ θ. To construct such a map, one may write p(M, Req ) =
p(Req | M)p(M) where
Rb
∫

p(M) =

p(M, Req )dReq ∝ Rb − 3rg (M).

(C.5)

3rg (M)

Then define x B (x M , xR ) where
x M (M) =

∫M

(C.6)

p(M 0)dM 0

Ma

and
xR (Req ; M) =

Req
∫
3rg (M)

Req
∫

0
0
=
p(Req
| M)dReq

3rg (M)

0 )
p(M, Req

p(M)

0
=
dReq

Req − 3rg (M)
.
Rb − 3rg (M)

(C.7)

Inverting, one has
Req (xR ; M) = xR Rb + 3(1 − xR )rg (M),

(C.8)

and similarly one obtains a non-linear function M(x M ).
The problem with such a standard transformation is clear from inspection of xR (Req ; M).
The common (M, Req ) degeneracy in pulse-profile modeling is linear due to sensitivity to com10Strictly speaking, we also impose several ulterior constraint equations. However, for the spin of PSR J0030+0451
these constraint equations are unimportant for defining the prior support on the joint space of M and Req .
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pactness M/Req . Therefore, requiring a constant compactness rg (M)/Req = const. implies
xR (Req ; M) =

const. − 3
,
Rb /rg (M) − 3

(C.9)

where M = M(x M ), meaning that xR = xR (x M ; M/Req ) is generally a non-linear function.
An optimal mapping would preserve the linearity of the degeneracy, and thus we do not opt
for a standard transformation where H → S, x 7→ θ; instead we inverse sample with rejection
as described above.

C.2.2

Hot regions

The joint prior distribution for the parameters of the members comprising both hot regions
is non-trivial to implement, requiring a number of considerations. Moreover, the difficulty
scales with the complexity of the hot regions. Here we break down the implementation into a
series of steps.
C.2.2.1

Parameter space

The joint parameter space for the members may be denoted v = (Θ p, φ p, ζp, Θs, φs, ζs, . . .),
where the six parameters explicitly written are inherent to every model wherein antipodal
reflection symmetry is not imposed, and any ulterior parameters depend on the model. For
ST-U, these six parameters are sufficient.
C.2.2.2

Region-exchange degeneracy

If the two hot regions sharing the stellar surface are of equivalent complexity, the prior support
for the coordinates of the regions can be defined so as to avoid degeneracy of the likelihood
function under exchange of the region positions.
For regions related via antipodal reflection symmetry, the prior support for the colatitude
of the regions can be defined such that only at (or near to) the support boundary are there
configurations wherein a pair of regions mutually map onto one another via a rotation about
the stellar rotation axis. The same condition applies if the regions are not related via antipodal
reflection symmetry, but have equivalent complexities—e.g., ST-U meaning two ST regions.
For instance, for ST-U, we can impose that Θ p ≤ Θs , where Θ p and Θs are respectively the
colatitudes of the centers of the primary and secondary ST regions.
If the regions are not related via antipodal reflection symmetry and do not have equivalent
complexities—e.g., ST+CST or ST+EST—then by definition it is not true that an arbitrary point
in parameter space yields exactly the same system configuration as distinct point in parameter
space due to region exchange. Indeed, region exchange degeneracy may only be exist for a
subset of parameter space, and thus one need not impose a joint constraint on the prior support
for the colatitudes of the regions.
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C.2.2.3

Ceding- and superseding-member radii

As highlighted in Section 4.2.4.3, it is advisable to define one’s native nested-sampling space
in order to linearize certain continuous degeneracies where possible.
The angular extent of the regions are remarkable in this respect for models constituted by
at least one region at the CST complexity level or beyond—i.e., when a hot region is constituted
by a superseding member and a ceding member, each with an angular radius. Whilst it is not
clear how to fully linearize degeneracy of type I illustrated in Figure 4.4 (see Section 4.2.4.2),
the important11 degeneracy of type IV can be linearized by working with the joint space of
ψ and ζ, the radii of the superseding and ceding members respectively (see Section 4.2.4.3).
Although such a choice may be appear obvious in isolation, it may not be the space on which
one chooses to intuitively define a joint prior density distribution.
Transforms for a CST or an EST region. If the superseding member subtends smaller
angular extent than the ceding member, it is useful to consider ψ B f ζ where f ∈ [ f , 1]
for small (or zero)  f . Moreover, it is common to invoke uniform prior density distributions
for parameters with the intention of choosing a weakly informative prior but without rigorous
proof. We therefore consider a flat separable density for f and ζ, such that q( f , ζ) = q( f )q(ζ)
where f ∼ U( f , 1) and ζ ∼ U(ζ , π/2 − ζ ) for small (or zero) ζ . More generally, one might
choose ζ ∈ [ζ , bζ ]; in our case bζ B π/2 − ζ . We then require the marginal density function
q(ψ) and the conditional density function q(ζ | ψ) in order to define a map H → S † , where
H = [0, 1] × [0, 1] and where S † indicates that the support S of p(ψ, ζ), after all considerations
in this appendix (see Section C.2.2.4), will be such that S † ⊃ S.
We must now consider the size of  f and ζ : these limits determine the boundary of the
prior support in the joint space of ψ and ζ. For a single-temperature hot region, we simply
choose  f = 0, such that either the superseding or ceding member can subtend zero angular
extent at the boundary of the support; for a dual-temperature region one might choose a small
finite value for  f given that it is filled with material of finite temperature. Given the choice
 f = 0 the choice of ζ is unimportant for deriving the prior distributions of interest.
The joint density q(ψ, ζ) is given by
q(ψ, ζ) = q( f , ζ)

∂f
= ζ −1 q(ψ/ζ)q(ζ).
∂ψ

(C.10)

The marginal density function q(ψ) is thus given by

q(ψ) =

∫

ζ −1 q(ψ/ζ)q(ζ)dζ ∝


∫b ζ



 ζ −1 dζ






ζ
 ∫b ζ











ζ −1 dζ

if ψ ≤ ζ
(C.11)
if ζ < ψ ≤ bζ ;

ψ

11In terms of prior mass in comparison to that associated with other degenerate structures.
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and further that
(

ln bζ /ζ
q(ψ) ∝

ln bζ /ψ

if ψ ≤ ζ

(C.12)

if ζ < ψ ≤ bζ .

Now define x B (xψ, xζ ) where the mass
xψ (ψ) B

∫ψ

(
0

0

q(ψ )dψ ∝

0

ψ ln bζ /ζ

if ψ ≤ ζ



ψ − ζ − ψ ln ψ/bζ



if ζ < ψ ≤ bζ ;

(C.13)

note that xψ (ψ) is continuous at ψ = ζ , and that xψ → 1− as ψ → b−ζ because q(ψ/ζ)q(ζ) =
(bζ − ζ )−1 where the joint density q( f , ζ) is finite. The function ψ(xψ ) is not obviously
obtainable in closed-form for ψ > ζ , and thus we interpolate to perform the transformation
xψ 7→ ψ.
We now require the conditional density q(ζ | ψ):
(

ζ −1 /ln bζ /ζ
q(ψ, ζ)
q(ζ | ψ) =
= −1

q(ψ)
ζ /ln bζ /ψ

if (ψ ≤ ζ ) ∧ (ζ ≤ ζ ≤ bζ )
if (ζ < ψ ≤ bζ ) ∧ (ψ < ζ ≤ bζ ).

(C.14)

Then define the mass
xζ (ζ; ψ) B

∫ζ
a(ψ)



ln ζ/ζ /ln bζ /ζ
q(ζ | ψ)dζ =

ln (ζ/ψ) /ln bζ /ψ
(

0

0

if (ψ ≤ ζ ) ∧ (ζ ≤ ζ ≤ bζ )
if (ζ < ψ ≤ bζ ) ∧ (ψ < ζ ≤ bζ ).
(C.15)

The function ζ(xζ ; ψ) is written in closed-form as
(
ζ(x) =

ζ exp xζ ln bζ /ζ

if (ψ ≤ ζ ) ∧ (ζ ≤ ζ ≤ bζ )



ψ(xψ ) exp xζ ln bζ /ψ



if (ζ < ψ ≤ bζ ) ∧ (ψ < ζ ≤ bζ ).

(C.16)

Transforms for a PST region. If the superseding member can subtend a larger angular
extent than the ceding member we consider the parameters f ∈ [ f , 2 −  f ] for small (or zero)
 f and ξ ∈ [ξ , bξ ] for small ξ . If f ≤ 1, we define ζ = ξ and ψ = f ζ, whilst if f > 1
we define ψ = ξ and ζ = (2 − f )ψ. We consider a flat separable joint density for f and
ξ: f ∼ U( f , 2 −  f ) and ξ ∼ U(ξ , bξ ). We again require the marginal density function
q(ψ) and the conditional density function q(ζ | ψ) in order to define a map H → S † , where
H = [0, 1] × [0, 1] and where S † indicates that the support S of p(ψ, ζ), after all considerations
in this appendix (see Section C.2.2.4), will be such that S † ⊃ S.
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The joint density q(ψ, ζ) is piecewise with respect to f , given by
(
ζ −1 q( f )q(ξ) if f ≤ 1
∂( f , ξ)
q(ψ, ζ) = q( f , ξ)
=
∂(ψ, ζ)
ψ −1 q( f )q(ξ) if f > 1.

(C.17)

We must now consider the size of  f and ξ : these limits determine the boundary of the prior
support in the joint space of ψ and ζ. For a PST region, we simply choose  f = 0, such that
either the superseding or ceding member can subtend zero angular extent at the boundary of
the support; for a PDT region one might choose a small finite value for  f given that it is filled
with material of finite temperature. Given the choice  f = 0 the choice of ξ is unimportant
for deriving the prior distributions of interest.
In order to construct a map H → S † , we aim to obtain the joint density p(ψ, ζ) in the
conditional form p(ψ, ζ) = p(ζ | ψ)p(ψ). The marginal density function p(ψ) is given by

q(ψ) =

∫ψ

−1

ψ q( f )q(ξ)dζ +

0

bξ
∫

(C.18)

ζ −1 q( f )q(ξ)dζ .

ψ

If ψ < ξ , then: for f > 1, q(ξ = ψ) = 0; and for f ≤ 1, q(ξ = ζ) = 0 for ζ < ξ . It follows
that

q(ψ) ∝

bξ

∫





ζ −1 dζ






if ψ < ξ

bξ

∫ψ
∫



−1
 ψ dζ + ζ −1 dζ




ψ
 0

if ξ ≤ ψ ≤ bξ ,

ξ

and further that
(

ln bξ /ξ
q(ψ) ∝

1 + ln bξ /ψ

(C.19)

if ψ < ξ

(C.20)

if ξ ≤ ψ ≤ bξ .

Now define x B (xψ, xζ ) where the mass
xψ (ψ) B

∫ψ
0

(
0

0

q(ψ )dψ ∝

ψ ln bξ /ξ

if ψ < ξ



2(ψ − ξ ) − ψ ln ψ/bξ



if ξ ≤ ψ ≤ bξ ;

(C.21)

note that xψ (ψ) is continuous at ψ = ξ , and that xψ → 1− as ψ → b−ξ because q( f )q(ξ) =
(bξ − ξ )−1 /2 where the joint density q( f , ξ) is finite. The function ψ(xψ ) is not obviously
obtainable in closed-form for ψ > ξ , and thus we interpolate to perform the transformation
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xψ 7→ ψ.
We now require the conditional density q(ζ | ψ):



ζ −1 /ln bξ /ξ





q(ψ, ζ) 
q(ζ | ψ) =
= ψ −1 / 1 + ln bξ /ψ

q(ψ)




 ζ −1 / 1 + ln bξ /ψ


if (ψ < ξ ) ∧ (ξ ≤ ζ ≤ bξ )
if (ξ ≤ ψ ≤ bξ ) ∧ (0 ≤ ζ ≤ ψ)

(C.22)

if (ξ ≤ ψ ≤ bξ ) ∧ (ψ < ζ ≤ bξ ).

Then define the mass
xζ (ζ; ψ) B

∫ζ

q(ζ 0 | ψ)dζ 0

a(ψ)





ln ζ/ξ /ln bξ /ξ


ζ 


  −1
1 + ln bξ /ψ
=

ψ





 [1 + ln (ζ/ψ)] 1 + ln bξ /ψ −1


if (ψ < ξ ) ∧ (ξ ≤ ζ ≤ bξ )
if (ξ ≤ ψ ≤ bξ ) ∧ (0 ≤ ζ ≤ ψ)
if (ξ ≤ ψ ≤ bξ ) ∧ (ψ < ζ ≤ bξ ).

The function ζ(xζ ; ψ) is written in closed-form as



ξ exp xζ ln bξ /ξ






ζ(x) = xζ ψ(xψ ) 1 + ln bξ /ψ






 ψ(xψ ) exp xζ 1 + ln bξ /ψ − 1

C.2.2.4

if (ψ < ξ ) ∧ (ξ ≤ ζ ≤ bξ )
if (ξ ≤ ψ ≤ bξ ) ∧ (0 ≤ ζ ≤ ψ)

(C.23)

if (ξ ≤ ψ ≤ bξ ) ∧ (ψ < ζ ≤ bξ ).

Non-overlapping hot regions

We implicitly define the support S of the joint density p(v), where the vector of parameters
controlling both hot regions sharing the stellar surface is v = (Θ p, φ p, ζp, Θs, φs, ζs, . . .), by
imposing a constraint equation in terms of v: we require that the regions are non-overlapping.
More explicitly: two radiating regions associated with distinct regions cannot overlap—if
they were to overlap, additional logical conditions would be required to specify an order of
precedence for intensity evaluation at spacetime events at the stellar surface.
For single-temperature regions with a single member—i.e., simply-connected and circular
—one need only determine whether the ceding members, with their simple (circular) boundaries, overlap; the same condition is true if there exists a superseding member that is a hole in
a ceding member—i.e., ST, CST, or EST. For dual-temperature hot regions, whose boundary
is always constituted by a maximum of two simple (circular) boundaries, one need only determine whether any pair of members—from two distinct regions—overlap. However, for a PST
region the boundary of the radiating region is more unwieldy for evaluating whether or not
the radiating region of the PST region overlaps with another region sharing the stellar surface;
in this case we simply define an overlap condition only in terms of the simple boundary of the
ceding member, a subset of which is superseded by non-radiating surface.
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To derive the joint prior density p(v) and its support S, we: (i) define q(v) as a product
of density functions; (ii) inverse sample as H → S † , x 7→ v; and (iii) accept the sample e
v if
the regions are determined to be non-overlapping. Algorithmically, we identify a set of pairs
of members with simple boundaries whose center coordinates and angular radii are defined
by vector e
v, and evaluate via a spherical coordinate transformation whether or not the angular
separation of the member centers is at least equal to the sum of their angular radii. If any of
the pairs of members overlap, then e
v < S.
As an example, for ST+EST, v = (Θ p, φ p, ζp, Θs, φs, ψs, ζs, εs, ϕs ) where the coordinates of the center of the ceding member of the EST region is derived from the vector
(Θs, φs, ψs, ζs, εs, ϕs ). Overlap is then evaluated for this ceding member in relation to the ST
spot whose boundary is derived from the vector (Θ p, φ p, ζp ). The marginal density function for every parameter constituting (the space of) vector v is thus modulated by excluding
overlaps.

C.3

Model summary tables

In this appendix we provide posterior summary tables for all models applied to the event data
of PSR J0030+0451, other than ST+PST (Table 4.2). For ST+EST see Table C.1. For ST+CST
see Table C.2. For ST-U see Table C.3. For ST-S see Table C.4. For CDT-U see Table C.5.

C.4

Supplementary ideas for model extension

We now make note of models within the scope of this work that were either clearly (without
need for explicit posterior computation due to the posterior properties of simpler models) not
competitive for PSR J0030+0451 or unhelpfully complex in phenomenologically describing
the structure of a hot region. Excess complexity does not mean that the modeling has been
optimized, but indicates that a particular extension to a model is not warranted because we
are insensitive to a subset of parameters (or combinations of parameters) and the signals
that maximize the likelihood function are signals that are effectively generated by a simpler
(nested) model.
ST+EDT and ST+PDT. Obtained via simple extension of ST+EST and ST+PST: let the
superseding member (the hole for EST) contain radiating material. Refer to Figure C.2.
EDT-S and EDT-U. Refer to the online figure set associated with Figure C.2. For EDT-S,
the surface radiation field associated with the secondary region is derived exactly by applying
antipodal symmetry to the primary region: there are no free parameters associated with the
secondary region. Conversely, for EDT-U, the secondary region is endowed with distinct
parameters—i.e., it is not derived from the primary region under antipodal symmetry. However, the parameters of the secondary region have an otherwise equivalent meaning—in terms
of surface radiation field specification—to their primary-region counterparts. As an example,
the azimuth of the center of the secondary ceding member is defined relative to the meridian
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Figure C.2: Schematic diagrams of models wherein an ST region shares the stellar surface with a

higher-complexity EDT or PDT region. The complete figure set (3 images) is available in the online
journal.

passing through the center of the secondary hole and through the rotational poles.
PDT-S and PDT-U. Refer to the online figure set associated with Figure C.2. For PDT-S,
the surface radiation field associated with the secondary region is derived exactly by applying
antipodal symmetry to the primary region: there are no free parameters associated with the
secondary region. Conversely, for PDT-U, the secondary region is endowed with distinct
parameters—i.e., it is not derived from the primary region under antipodal symmetry. However, the parameters of the secondary region have an otherwise equivalent meaning—in terms
of surface radiation field specification—to their primary-region counterparts.
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Parameter
P [ms]
M [M ]
Req [km]
Θ p [radians]
φ p [cycles]
ζp [radians]
Θs [radians]
φs [cycles]
ψs+ [radians]
ψs [radians]
εs
ϕs [radians]

log10 T p [K]
log10 (Ts [K])
i [radians]
D [kpc]
NH [1020 cm−2 ]
NICER α
NICER β
NICER γ

Description
coordinate spin period
gravitational mass
coordinate equatorial radius
compactness condition
ST region center colatitude
ST region initial phase (from Earth)
ST region angular radius
EST region hole center colatitude
EST region initial phase (from Earth antipode)
EST region angular radii difference
EST region hole angular radius
EST region annulus fractional angular offset
EST region annulus azimuthal offset
non-overlapping hot-region annuli
ST region NSX effective temperature
EST region NSX effective temperature
Earth inclination to rotation axis
Earth distance
interstellar neutral H column density
calibrated matrix scaling
reference-to-calibrated matrix weighting
reference matrix scaling

Prior (density and support)
P = 4.87, fixed
M ∼ U(1, 3)
Req ∼ U[3rg (1), 16]
Req /rg (M) > 3
Θ p ∼ U(0, π)
φ p ∼ U(a, a + 0.2)12
ζp ∼ U(0, π/2)
Θs ∼ U(0, π)
φs ∼ U(−0.5, 0.5), periodic
ζs ∼ U(0, π/2), ψs+ B ζs − ψs
fs ∼ U(0, 1), ψs B fs ζs
εs ∼ U(0, 1)13
ϕs ∼ U(0, 2π)
function of (Θ p, Θs, φ p, φs, ζp, ζs )
log10 T p ∼ U(5.1, 6.8), NSX limits
log10 Ts ∼ U(5.1, 6.8), NSX limits
i ∼ U(0, π/2)
D ∼ N(0.325, 0.009)
NH ∼ U(0, 5)
α ∼ N(1, 0.1), α ∈ [0.5, 1.5]
β ∼ U(0, 1)
γ ∼ N(1, 0.1), γ ∈ [0.5, 1.5]

c
CI68%
−
1.46+0.17
−0.18
13.89+1.14
−1.30

bKL
D
−
1.15+0.02
−0.02
0.69+0.02
−0.02

2.22+0.09
−0.10
0.45+0.00
−0.00
0.07+0.01
−0.01
2.66+0.07
−0.09
−0.51+0.01
−0.01
0.03+0.01
−0.01
0.25+0.04
−0.04
0.45+0.45
−0.33
0.79+0.35
−0.26

3.01+0.03
−0.03
6.59+0.02
−0.03
4.78+0.03
−0.02
3.36+0.02
−0.03
4.28+0.03
−0.02
2.93+0.03
−0.03
2.29+0.02
−0.03
0.08+0.01
−0.01
0.64+0.06
−0.06

6.11+0.01
5.03+0.03
−0.01
−0.03
+0.01
6.11−0.01
5.60+0.03
−0.03
1.01+0.07
2.40+0.03
−0.07
−0.02
0.33+0.01
0.02+0.01
−0.01
−0.01
+0.03
0.61+0.18
2.84
−0.03
−0.16
+0.09
0.99−0.09
0.02+0.01
−0.00
0.16+0.17
1.07+0.03
−0.11
−0.03
+0.01
0.99+0.09
0.04
−0.01
−0.09
Continued on next page
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Table C.1: Summary table for ST+EST, introduced in Section 4.2.4.7 and illustrated in Figure 4.10.

Table C.1 – Continued from previous page
Sampling process information
number of free parameters: 19
number of runs: 1
number of live points: 103
inverse hypervolume expansion factor: 0.3
termination condition: 10−1
d
evidence:14 ln
Z = −36367.81+0.48
−0.43
bKL = 62.1+0.8 bits
global KL-divergence: D
−0.8
number of core15 hours: 61210
likelihood evaluations: 88965106
nested replacements: 53149
weighted posterior samples: 17671

ε(1 + f )ζ + f ζ ≤ ζ =⇒ ε ≤ (1 − f )/(1 + f ).
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14Defined as the prior predictive probability p(d | ST+EST). We report the interval about the median containing ±45% of 103 joint bootstrap-weight replications for the
combined run.
15Intel® Xeon E5-2697Av4 (2.60 GHz; Broadwell) processors on the SURFsara Cartesius supercomputer.

C.4 Supplementary ideas for model extension

12Where φ p = a is an arbitrary phase dependent on event data pre-processing. We set a = 0.35.
13If we were to parameterize the eccentricity in terms of the sum of angular radii of the superseding (hole) and ceding regions, ϑ B ε(1 + f )ζ, a conditional prior such
as ε | f ∼ U(0, (1 − f )/(1 + f )) would be necessary, where the upper-bound imposes that the radiating region is not simply-connected (i.e., is an annulus):

Parameter
P [ms]
M [M ]
Req [km]
Θ p [radians]
φ p [cycles]
ζp [radians]
Θs [radians]
φs [cycles]
ψs+ [radians]
ψs [radians]


log10 T p [K]
log10 (Ts [K])
i [radians]
D [kpc]
NH [1020 cm−2 ]
NICER α
NICER β
NICER γ

Description
coordinate spin period
gravitational mass
coordinate equatorial radius
compactness condition
ST region center colatitude
ST region initial phase (from Earth)
ST region angular radius
CST region center colatitude
CST region initial phase (from Earth antipode)
CST region annulus angular width
CST region hole angular radius
enforce ST and CST colatitude order16
non-overlapping hot regions
ST region NSX effective temperature
CST region NSX effective temperature
Earth inclination to rotation axis
Earth distance
interstellar neutral H column density
calibrated matrix scaling
reference-to-calibrated matrix weighting
reference matrix scaling

Prior (density and support)
P = 4.87, fixed
M ∼ U(1, 3)
Req ∼ U[3rg (1), 16]
Req /rg (M) > 3
Θ p ∼ U(0, π)
φ p ∼ U(−0.5, 0.5), periodic
ζp ∼ U(0, π/2)
Θs ∼ U(0, π)
φs ∼ U(−0.5, 0.5), periodic
ζs ∼ U(0, π/2), ψs+ B ζs − ψs
fs ∼ U(0, 1), ψs B fs ζs
Θs ≥ Θ p
function of (Θ p, Θs, φ p, φs, ζp, ζs )
log10 T p ∼ U(5.1, 6.8), NSX limits
log10 Ts ∼ U(5.1, 6.8), NSX limits
i ∼ U(0, π/2)
D ∼ N(0.325, 0.009)
NH ∼ U(0, 5)
α ∼ N(1, 0.1), α ∈ [0.5, 1.5]
β ∼ U(0, 1)
γ ∼ N(1, 0.1), γ ∈ [0.5, 1.5]

c
CI68%
−
1.44+0.18
−0.19
13.88+1.23
−1.38

bKL
D
−
1.07+0.02
−0.02
0.61+0.01
−0.01

2.24+0.09
−0.09
0.46+0.00
−0.00
0.07+0.01
−0.01
2.60+0.05
−0.06
−0.50+0.00
−0.00
0.04+0.01
−0.01
0.23+0.03
−0.03

5.14+0.03
−0.02
6.66+0.03
−0.02
4.59+0.02
−0.02
2.79+0.02
−0.02
7.33+0.02
−0.03
2.71+0.02
−0.02
2.52+0.02
−0.02

6.10+0.01
4.99+0.02
−0.01
−0.02
+0.02
6.11+0.01
5.58
−0.01
−0.02
+0.07
1.02−0.08
2.32+0.02
−0.02
0.33+0.01
0.01+0.00
−0.01
−0.00
0.62+0.19
2.75+0.02
−0.02
−0.18
+0.00
0.99+0.10
0.01
−0.10
−0.00
+0.18
0.98+0.02
0.16−0.11
−0.02
0.99+0.09
0.01+0.00
−0.00
−0.09
Continued on next page
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Table C.2: Summary table for ST+CST, introduced in Section 4.2.4.7.

Table C.2 – Continued from previous page
Sampling process information
number of free parameters: 17
number of runs: 2
number of live points per run: 103
inverse hypervolume expansion factor: 0.3
termination condition: 10−1
d
evidence:17 ln
Z = −36368.00+0.34
−0.33
bKL = 62.9+0.6 bits
global KL-divergence: D
−0.5
combined number of core18 hours: 23010
combined likelihood evaluations: 39501475
combined nested replacements: 105264
combined weighted posterior samples: 32839

C.4 Supplementary ideas for model extension
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16Based on learning that additional complexity (of the form we consider in our model space) beyond ST is not warranted for the one region, but is warranted for the
other region.
17Defined as the prior predictive probability p(d | ST+CST). We report the interval about the median containing ±45% of 103 joint bootstrap-weight replications for the
combined run.
18Approximate equal-partition between Intel® Xeon E5-2697Av4 (2.60 GHz; Broadwell) and E5-2690v3 (2.60 GHz; Haswell) processors on the SURFsara Cartesius
supercomputer.

Parameter
P [ms]
M [M ]
Req [km]
Θ p [radians]
Θs [radians]
φ p [cycles]
φs [cycles]
ζp [radians]
ζs [radians]


log10 T p [K]
log10 (Ts [K])
i [radians]
D [kpc]
NH [1020 cm−2 ]
NICER α
NICER β
NICER γ

Description
coordinate spin period
gravitational mass
coordinate equatorial radius
compactness condition
p region center colatitude
s region center colatitude
p region initial phase (from Earth)
s region initial phase (from Earth antipode)
p region angular radius
s region angular radius
eliminate region-exchange degeneracy
non-overlapping hot regions
p region NSX effective temperature
s region NSX effective temperature
Earth inclination to rotation axis
Earth distance
interstellar neutral H column density
calibrated matrix scaling
reference-to-calibrated matrix weighting
reference matrix scaling

Prior (density and support)
P = 4.87, fixed
M ∼ U(1, 3)
Req ∼ U[3rg (1), 16]
Req /rg (M) > 3
Θ p ∼ U(0, π)
Θs ∼ U(0, π)
φ p ∼ U(−0.5, 0.5), periodic
φs ∼ U(−0.5, 0.5), periodic
ζp ∼ U(0, π/2)
ζs ∼ U(0, π/2)
Θs ≥ Θ p
function of (Θ p, Θs, φ p, φs, ζp, ζs )
log10 T p ∼ U(5.1, 6.8), NSX limits
log10 Ts ∼ U(5.1, 6.8), NSX limits
i ∼ U(0, π/2)
D ∼ N(0.325, 0.009)
NH ∼ U(0, 5)
α ∼ N(1, 0.1), α ∈ [0.5, 1.5]
β ∼ U(0, 1)
γ ∼ N(1, 0.1), γ ∈ [0.5, 1.5]

c
CI68%
−
1.09+0.11
−0.07
10.44+1.10
−0.86

bKL
D
−
2.09+0.02
−0.03
1.44+0.03
−0.03

2.48+0.06
−0.06
2.78+0.02
−0.02
0.46+0.00
−0.00
−0.50+0.00
−0.00
0.14+0.02
−0.02
0.29+0.04
−0.03

6.92+0.02
−0.02
4.08+0.02
−0.02
7.51+0.02
−0.02
8.05+0.02
−0.02
3.95+0.02
−0.02
2.98+0.02
−0.02

6.11+0.01
5.53+0.03
−0.01
−0.02
+0.01
6.10−0.01
5.71+0.02
−0.02
1.04+0.07
2.38+0.02
−0.08
−0.02
+0.02
0.35
0.33+0.01
−0.01
−0.02
+0.17
1.23−0.17
2.82+0.02
−0.02
0.96+0.10
0.11+0.01
−0.10
−0.01
+0.02
0.23+0.23
0.57
−0.02
−0.16
+0.10
0.91−0.09
0.56+0.04
−0.03
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Table C.3: Summary table for ST-U, introduced in Section 4.2.4.1 and illustrated in Figure 4.2.

Table C.3 – Continued from previous page
Sampling process information
number of free parameters: 16
number of runs:19 2
number of live points per run: 103
inverse hypervolume expansion factor: 0.3
termination condition: 10−3
+0.36
d
evidence:20 ln
Z = −36377.60−0.35
b
bits
global KL-divergence: DKL = 63.7+0.5
−0.5
combined number of core21 hours: 9588
combined likelihood evaluations: 25346841
combined nested replacements: 121617
combined weighted posterior samples: 49481
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19The mode-separation MultiNest variant was deactivated for these two runs that were combined to compute estimators. Mode-separation means that modes are not
evolved independently and nested sampling threads contact multiple modes; a mode-separation run was executed and is displayed in Figure 4.19 and in the figure sets
available in the online corresponding to Figures 4.20 and 4.21. The theory nor software implementation exists for combining this run with the two reported in the table.
20Defined as the prior predictive probability p(d | ST-U). We report the interval about the median containing ±45% of 103 joint bootstrap-weight replications for the
combined run. See the footnote in Table 4.2.
21Approximate equal-partition between Intel® Xeon E5-2697Av4 (2.60 GHz; Broadwell) and E5-2690v3 (2.60 GHz; Haswell) processors on the SURFsara Cartesius
supercomputer.

Parameter
P [ms]
M [M ]
Req [km]
Θ p [radians]
φ p [cycles]
ζ [radians]
log10 (T [K])
Θs [radians]
φs [cycles]
i [radians]
D [kpc]
NH [1020 cm−2 ]
NICER α
NICER β
NICER γ

Description
coordinate spin period
gravitational mass
coordinate equatorial radius
compactness condition
p region center colatitude
p region initial phase (from Earth)
ST region angular radius (shared)
ST region NSX effective temperature (shared)
s region center colatitude
s region initial phase
Earth inclination to rotation axis
Earth distance
interstellar neutral H column density
calibrated matrix scaling
reference-to-calibrated matrix weighting
reference matrix scaling

Prior (density and support)
P = 4.87, fixed
M ∼ U(1, 3)
Req ∼ U[3rg (1), 16]
Req /rg (M) > 3
Θ p ∼ U(0, π/2)
φ p ∼ U(−0.5, 0.5), periodic
ζ ∼ U(0, π/2)
log10 T ∼ U(5.1, 6.8), NSX limits
Θs = π − Θ p , derived
φs = φ p + 0.5, derived
i ∼ U(0, π/2)
D ∼ N(0.325, 0.009)
NH ∼ U(0, 5)
α ∼ N(1, 0.1), α ∈ [0.5, 1.5]
β ∼ U(0, 1)
γ ∼ N(1, 0.1), γ ∈ [0.5, 1.5]

c
CI68%
−
2.93+0.01
−0.01
15.97+0.02
−0.04

bKL
D
−
6.75+0.03
−0.03
6.11+0.04
−0.04

1.26+0.02
−0.02
−0.09+0.00
−0.00
0.09+0.01
−0.00
6.08+0.00
−0.00

4.07+0.03
−0.02
8.57+0.02
−0.03
6.55+0.02
−0.02
6.97+0.02
−0.02

1.23+0.02
3.98+0.03
−0.03
−0.02
+0.00
0.02
0.32+0.01
−0.01
−0.00
+0.03
0.02−0.02
5.93+0.04
−0.04
1.00+0.09
0.01+0.00
−0.00
−0.09
0.36+0.22
0.35+0.02
−0.19
−0.02
+0.00
1.01+0.09
0.03
−0.00
−0.09
Continued on next page
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Table C.4: Summary table for ST-S, introduced in Section 4.2.4.1 and illustrated in Figure 4.2.

Table C.4 – Continued from previous page
Sampling process information
number of free parameters: 12
number of runs: 2
number of live points per run: 103
inverse hypervolume expansion factor: 0.3
termination condition: 10−3
+0.29
d
evidence:22 ln
Z = −37211.71−0.31
b
bits
global KL-divergence: DKL = 51.3+0.5
−0.5
combined number of core23 hours: 1494
combined likelihood evaluations: 1666483
combined nested replacements: 87488
combined weighted posterior samples: 30202
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22Defined as the prior predictive probability p(d | ST-S). We report the interval about the median containing ±45% of 103 joint bootstrap-weight replications for the
combined run. See the footnote in Table 4.2.
23Intel® Xeon E5-2697Av4 (2.60 GHz; Broadwell) processors on the SURFsara Cartesius supercomputer.

Parameter
P [ms]
M [M ]
Req [km]
Θ p [radians]
φ p [cycles]
ψ p+ [radians]
ψ p [radians]
Θs [radians]
φs [cycles]
ψs+ [radians]
ψs [radians]

Description
coordinate spin period
gravitational mass
coordinate equatorial radius
compactness condition
p region center colatitude
p region initial phase (from Earth)
p region annulus angular width
p region hole angular radius
s region center colatitude
s region initial phase (from Earth antipode)
s region annulus angular width
s region hole angular radius

Prior (density and support)
P = 4.87, fixed
M ∼ U(1, 3)
Req ∼ U[3rg (1), 16]
Req /rg (M) > 3
Θ p ∼ U(0, π)
φ p ∼ U(−0.5, 0.5), periodic
ζp ∼ U(0, π/2), ψ p+ B ζp − ψ p
fp ∼ U(0, 1), ψ p B fp ζp
Θs ∼ U(0, π)
φs ∼ U(−0.5, 0.5), periodic
ζs ∼ U(0, π/2), ψs+ B ζs − ψs
fs ∼ U(0, 1), ψs B fs ζs

c
CI68%
−
+0.17
1.44−0.18
13.86+1.16
−1.26

bKL
D
−
1.15
0.68

+0.08
2.24−0.08
4.68
+0.00
0.46−0.00
6.75
+0.16
0.08−0.06
2.59
+0.01
0.07−0.01
5.28
+0.05
2.61−0.06
2.98
−0.50+0.00
7.38
−0.00
+0.01
0.04−0.01
5.23
+0.03
0.23−0.03
3.66
Continued on next page
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Table C.5: Summary table for CDT-U, introduced in Section 4.2.4.3 and illustrated in Figure 4.5. In this table we
only give the numerical details for one completed run. However, we attempted to perform a higher-efficiency higherresolution second run, without activation of the mode-separation MultiNest sampling algorithm. Our attempt to
improve the sampling efficiency by linearizing the degeneracy (type IV in Figures 4.4 and 4.6) observed in the first
run; however, we failed to fully apply the necessary transformations (later applied to models ST+CST and beyond,
as described in Section 4.2.4.3 and Section C.2.2), and the mapping from the native sampling space to the physical
parameter space inadvertently preserved the non-linearity of the degeneracy. We thus did not attain higher efficiency,
which coupled with higher-resolution calculation, meant that this run was nearing—but did not reach—termination
according to the standard criterion used for the other sampling processes reported in this work. Due to the low
sampling efficiencies being reported, we ceased computation after consumption of ∼ 160540 core hours in order
to preserve resources and redesign our modeling route as described in Sections 4.2.4.4 and 4.2.4.7. The highestlikelihood points from the posterior mode in this second run were however utilized, in combination with those from
the first run, to map out all of the degenerate posterior structure in Figures 4.6 and 4.7. The inefficiency suffered
during CDT-U posterior computation served as a stark reminder that we should design our problems as carefully as
possible in order to avoid resource wastage, and was the motivation behind considering in detail the question of “How
much hot-region complexity is helpful?” Whilst we could in principle conclude this adjourned run with additional
computing resources, we have argued in this work that would not be fruitful do so.


log10 T p [K]

log10 Tp [K]
log10 (Ts [K])
log10 (Ts [K])
i [radians]
D [kpc]
NH [1020 cm−2 ]
NICER α
NICER β
NICER γ

Table C.5 – Continued from previous page
eliminate region-exchange degeneracy
Θs ≥ Θ p
non-overlapping hot-region annuli
function of (Θ p, Θs, φ p, φs, ζp, ζs )
p region annulus NSX effective temperature
log10 T p ∼ U(5.1, 6.8), NSX limits 5.43+0.23
1.11
−0.20
+0.01
p region hole NSX effective temperature
log10 Tp ∼ U(5.1, 6.8), NSX limits 6.11−0.01
5.06
s region annulus NSX effective temperature
log10 Ts ∼ U(5.1, 6.8), NSX limits 6.11+0.01
5.56
−0.01
s region hole NSX effective temperature
log10 Ts ∼ U(5.1, 6.8), NSX limits 5.47+0.19
1.30
−0.23
Earth inclination to rotation axis
i ∼ U(0, π/2)
1.02+0.07
2.37
−0.07
+0.01
Earth distance
D ∼ N(0.325, 0.009)
0.33−0.01
0.02
interstellar neutral H column density
NH ∼ U(0, 5)
0.70+0.19
2.70
−0.18
calibrated matrix scaling
α ∼ N(1, 0.1), α ∈ [0.5, 1.5]
0.99+0.09
0.02
−0.09
+0.17
reference-to-calibrated matrix weighting
β ∼ U(0, 1)
0.16−0.11
1.05
reference matrix scaling
γ ∼ N(1, 0.1), γ ∈ [0.5, 1.5]
0.99+0.09
0.03
−0.09
Continued on next page
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24The mode-separation MultiNest variant was activated, meaning that isolated modes are evolved independently and nested sampling threads migrate between multiple
modes. A local posterior mode was identified, corresponding to a weaker phase solution in which the primary and secondary hot regions transpose—relative to the global
posterior mode—in their coupling to pulse components visible in the phase-folded event data. The number of live points locked into the mode with dominant posterior
mass was 637, a number assigned according to the prior mass distribution upon mode separation and under the influence of Monte Carlo noise. The posterior mass ratio
(or ratio of local evidences) is estimated to be ∼ 1100. As stated in Section C.1.2.3, because of activation of mode-separation sampling, we cannot perform error analysis
via process bootstrapping, and we would not be able to combine with another run, supposing one was available. We nevertheless have an error on the log-evidence
reported natively by MultiNest. Another consequence of the activation of mode-separation is that sampling resolution was absorbed by the local posterior mode with
much lower mass—in other words the active points were sparser in the dominant mode. In combination with sampling error due to likelihood isosurface non-linearity, the
consequence was that the dominant and degenerate posterior mode—which forms a large connected structure in parameter space as discussed in Section 4.2.4.4—was not
fully resolved. In particular, the type I degeneracy branch (refer to Figure 4.4 and Figure 4.6) was not fully resolved, with sampling threads (active points) migrating to
and densely populating the type IV branch (again refer to Figure 4.6) in an unbalanced manner. The second albeit incomplete run described in the caption of this table
exhibited much improved resolution of the dominant mode (see the points in Figure 4.6); the resolution remained incomplete, however, which we attribute to sampling
error due to the clear non-linear degeneracy present in the mode.
25We decreased the expansion factor to 0.8−1 when the acceptance rate decayed to below 5 × 10−4 , which slightly decreased the rate of decay. At this point the process
was sampling from the typical set and nearing termination (2 × 104 core hours remaining at low acceptance fraction).
26Defined as the prior predictive probability p(d | CDT-U).
27Intel® Xeon E5-2697Av4 (2.60 GHz; Broadwell) processors on the SURFsara Cartesius supercomputer.
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Table C.5 – Continued from previous page
Sampling process information
number of free parameters: 20
number of runs: 1
number of live points:24 103
inverse hypervolume expansion factor:25 0.3
termination condition: 10−1
d
evidence:26 ln
Z = −36366.76 ± 0.21
bKL = 64.0 bits
global KL-divergence: D
combined number of core27 hours: 101917
likelihood evaluations: 156707329
nested replacements: 54610
weighted posterior samples: 17503

