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Introduction

Numerous phenomena from different areas of science and technology are mo-
delled by systems of ordinary differential equations (ODEs). ODEs describe
the motion of a body by its position and velocity; the evolution of the current
in an electrical circuit; the change of the temperature of an object in a given
environment; and even the dynamics of the price of a stock. In addition, some
methods in numerical partial differential equations (PDEs) convert the partial
differential equation into an ordinary differential equation system, which then
must be solved. Most ODEs cannot be solved analytically, in which case an
approximation to the solution is found by applying numerical integration meth-
ods.

For the numerical solution of systems of ODEs there are many methods avail-
able; see for example the text books of Butcher [7], Hairer et al. [18, 19], Lam-
bert [32]. These methods use time steps that are varying in time, but are
constant over the components. However, there are many problems of practical
interest, where the temporal variations have different time scales for different
sets of the components. For example, cellular phones consist of coupled digital
and analogue sub-circuits, which operate in nano- and micro-seconds, respec-
tively. The motion of the particles around a star, which attracts mass from a
secondary star, in astrophysics is described by a large system of ordinary differ-
ential equations. In this system the components, that correspond to the particles
near the center, are much faster than those corresponding to the distant ones.
To exploit these local time scale variations, one needs multirate methods that
use different, local time steps over the components. In these methods big time
steps are used for the slow components and small time steps are used for the
fast ones.

Also the components can have more levels of activity. For example, there can
be slow, intermediate and fast components.
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In the above figure we present a time slab (with components horizontally and
time vertically) of size Δtn = tn − tn−1, in which an approximation to the
solution at time tn is computed. In this example, time steps of size 1

4Δtn, 1
2Δtn

and Δtn are used depending on the activity of the components. The activity
of the components can also change in time, the slow components can become
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active and the active components can become slow.

The major aim of this thesis is to design, analyze and test multirate methods
for the numerical solution of ODEs. Different local time steps require care since
coupled components then may need information at different time levels. These
values can be obtained by interpolation, extrapolation or dense output. The
choice of interpolant is crucial, because it has direct influence on the stability
and the order of convergence of the multirate method.

The thesis consists of five chapters, preceded by this introduction, and ends
with a summary.

Chapter 1. In the first chapter, we introduce a self-adjusting multirate time
stepping strategy for the numerical solution of ODEs. The step size for a par-
ticular system component is determined by the local temporal variation of the
solution, in contrast to the use of a single step size for the whole set of com-
ponents as in the traditional (single-rate) methods. For a given global time
step Δtn = tn − tn−1, a tentative approximation at the time level tn for all
components is computed first. The components, for which an error estimator
indicates that smaller steps are needed, are computed again with halved step
size 1

2Δtn. The refinement is recursively continued until an error estimator is
below a prescribed tolerance for all components. The size of the time slabs Δtn
is determined automatically, while advancing in time, in a way which gives min-
imal amount of work per time unit without loosing accuracy. The performance
of the strategy is demonstrated on the basis of three numerical examples. A
second-order Rosenbrock method with an embedded first-order method is used
as basic time stepping method. Numerical experiments confirm that the effi-
ciency of time integration can be significantly improved by the use of multirate
methods.

Chapter 2. The second chapter contains a study of a simple multirate scheme,
consisting of the θ-method with one level of temporal local refinement. This
scheme is studied in order to obtain a better understanding of more general
multirate schemes. Issues of interest are local accuracy, propagation of interpo-
lation errors and stability. Cases θ = 0 (forward Euler), θ = 1 (backward Euler),
for which the θ-method is of first order, and θ = 1

2 , for which the θ-method is
of second order, are often used in practice. Missing component values, required
during the refinement step, are computed using linear or quadratic interpola-
tion. Analysis of the scheme together with numerical experiments shows that
the use of linear interpolation can lead to an order reduction for stiff problems.

Chapter 3. In the third chapter, we compare the asymptotic stability prop-
erties of two multirate strategies: recursive refinement strategy and compound
step strategy. For simplicity, only one level of refinement is considered.

In the recursive refinement strategy, a tentative macro-step of size Δtn is per-
formed first. For those components, where the solution is not accurate enough,
the computation is redone with two micro-steps of size 1

2Δtn. This strategy
allows for automatic partitioning based on the error estimators. For example,
the multirate time stepping strategy presented in Chapter 1 can be used.
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In the compound step strategy [2, 55], the macro-step and the first micro-
step are computed simultaneously. The integration is continued with the second
micro-step. The values at the macro-step time level for the active components
are calculated twice in the recursive refinement strategy: the first time during
the global step and the second time during the refinement step. The compound
step strategy avoids this extra work. However, the partitioning in slow and
fast components has to be done for this strategy in advance, before solving the
system.

The scalar Dahlquist test equation cannot be used for the stability analy-
sis of multirate methods, since multirate methods are used for systems, which
have at least one slow and one fast components. Instead, we consider a linear
2 × 2 system. For each strategy we present the asymptotic stability regions
and compare the results. The considered multirate schemes use second-order
Rosenbrock type methods as the main time integration method. The results are
given for linear- and quadratic interpolation at the refinement interface. It is
also shown that the results, obtained for the simple 2×2 case, give a good indi-
cation for stability properties of more general systems, such as the semi-discrete
systems obtained from the spatial discretization of the heat equation and the
advection equation.

Chapter 4. Numerous multirate methods were developed for solving stiff sys-
tems with different time scales, e.g. [3, 16, 44, 47, 55]. All these schemes are
of order two at most. In Chapter 4 we aim to develop multirate methods of
higher order. We address the main difficulties which arise in the construction
of higher-order multirate methods. Special attention is paid to the treatment
of the temporal refinement interface. We construct a multirate method which
is based on the fourth-order Rosenbrock method RODAS of Hairer and Wan-
ner [19]. In the numerical experiments the constructed method is compared
with the multirate version of the second-order Rosenbrock method ROS2 from
Chapter 1. From experiments it is seen that the multirate RODAS shows good
results and is more robust than the multirate ROS2. Use of Rosenbrock meth-
ods for problems with stiff source terms can lead to order reduction. We present
a strategy, which helps us to recover the order of consistency for stiff problems,
and which does not affect the order of consistency for non-stiff problems.

Chapter 5. Conservation laws give rise to mildly stiff ODE systems, upon space
discretization, for which explicit time stepping methods can be used. Multirate
schemes for semi-discrete conservation laws that have appeared in the literature
all seem to have one of the following defects: either local inconsistency or lack of
the mass conservation. In this chapter these two defects are discussed for one-
dimensional conservation laws. Particular attention is given to monotonicity
properties of the multirate schemes, such as maximum principles and the total
variation diminishing (TVD) property. The study of these properties is done
within the framework of partitioned Runge-Kutta methods. A detailed analysis
of two multirate forward Euler schemes, proposed by Osher & Sanders [37] and
Tang & Warnecke [54], is presented. Multirate schemes based on a standard
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second-order two-stage Runge-Kutta method are also considered.


