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CHAPTER

7
Residual affinity of induced
repressors alters the shape of the
induction curve

Why do we still study E. coli?

Jeffrey H. Miller,

Experiments in Molecular Genetics, 1972

In recent years our understanding of gene regulation and regulatory networks has greatly

increased owing to the development of quantitative thermodynamic and stochastic mod-

eling approaches. Among one of the best characterized systems is the lactose utilization

operon of Escherichia coli. We argue, however, that to quantitatively account for the

behavior of the system, a missing ingredient in recent extended modeling efforts is the

residual DNA binding affinity of induced repressor species - although it has in fact been

experimentally determined in early studies on lac regulation. We present a basic thermo-

dynamic model that incorporates residual affinity in the lac system, and together with

experimental data on overexpressed wild-type and mutant repressors, we investigate its

consequences. We conclude that for the interpretation of kinetic as well as equilibrium

behavior, residual affinity plays an important role. For overexpressing systems, it signif-

icantly alters the expected shape of the induction curve. If it is not taken into account,

extraction of quantitative information from such measurements suffers from inconsis-

tencies in interpretation. We expect that residual affinity plays a similar role in systems

with regulatory allosteric interactions in general. Accounting for its effect should be par-

ticularly important in the field of synthetic biology and rational network design.

Although the lac operon in Escherichia coli is since its initial description [89] un-

doubtedly experimentally and theoretically themost well-studied example of bac-
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

terial regulation [93,201,211–213], some important aspects are still under scrutiny. Re-

cently a focus has been on repressor mediated DNA looping [214–218], the observed

cooperativity in the lac operon induction kinetics [207,219] and the presence of multi-

stability [220–222]. Quantitative thermodynamicmodels have been formulated that ex-

plain additional sharpness of the inducer response by incorporating a detailed model

of inducer bound repressor states [207, 219], as well as by including CAP/CRP medi-

ated DNA bending [207]. However, these models, and more in general models of tran-

scriptional regulation responding to an intra- or extra-cellular signal, do not take into

account an important ingredient: the residual DNA binding affinity of the ’inactivated’

transcription factor. In the case of the lac operon this means that repressors that are

fully saturated with inducer retain an affinity for the operator site, where they will still

competitively interfere with the binding of RNA polymerase and thus inhibit transcrip-

tion. This effect, although it was discussed in the earlier literature [201, 223] and bind-

ing constants were experimentally determined [224], has been neglected in the recent

modeling literature. The reason for it is understandable: within the wild-type lac sys-

tem the residual binding does indeednot seemvery prominent (whichwewill argue has

been evolutionary tuned to be so). But when the transcriptional regulators are over-

expressed, as is the case for specific lac mutants [225] or often for artificial systems,

the effects cannot be neglected. In fact, an important fraction of experimental work

on the lac system has been performed in overexpressing systems (e.g. [216, 226, 227]).

Also in studies focusing on the rational design of synthetic gene regulation networks,

transcription factors are usually not operating in their ’natural’ concentration ranges,

which may lead to a discrepancy between conceived and actual behavior of the net-

works (e.g. [153,178]). Apart from the consequences for the equilibrium description of

the lac system, a kinetic description of the systemwill also suffer from not taking resid-

ual binding into account. Effectively the absence of residual binding would imply that

the time constant of induction would be equal to the time constant of dissociation of

the repressor-operator complex (see section 7.3), which is certainly not true for the lac

operon.

In thisworkwewill present a somewhat simplified, but transparent thermodynamic

equilibrium model of lac transcription regulation that does take into account residual

binding of induced repressor states. Our model is discussed in close reference to ex-

perimental data we obtained from a highly overexpressing system and amutant system

with a reduced DNA binding affinity. The consequences of residual binding are made

clear by comparison to the casewhere residual binding is neglected. We show that over-

expression and residual binding can have unexpected effects and can explain a number

of apparent experimental inconsistencies and seemingly anomalous behaviors, from

literature data, as well as from our own data. We argue that, in order to meaningfully

extract thermodynamic information from experiments on transcription regulation, it

should be assessed whether residual binding plays a role in that particular system, and

if so, its effect should be taken into account. Especially in the field of synthetic biology
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it is important to realize the potential effects of residual binding.

7.1 Model

The most straightforward effect of repressor overexpression is that the operon cannot

be fully derepressed (see e.g. [211, 223]), which is the hall mark of residual affinity in

the system. Even when the transcription factors are saturated with their inducer they

still retain an affinity for their operator, and the expression from the operon is less than

the there were no repressor present. However, this fact is often obscured as the experi-

mentally obtained expression levels are generally normalized to the value at saturated

induction.

Our model consists of a set of coupled reaction equations, based on relevant ther-

modynamic equilibria. It describes the binding and unbinding of themolecular species

at the level of signal integration on the lac promoter and the resulting expression of the

downstream genes. Expression levels are generally determined in assays of the concen-

tration of the catabolic enzyme LacZ [154]. Since the focus is to provide an intuitive

view on the effects of residual binding, we have made the following simplifications. 1)

the two auxiliary operators of the lac system O2 and O3 (see fig. 1.4 on page 22 for an

overview of the architecture of the lac regulatory region) are lumped in one compound

operator, here termed O2. This reduces the amount of looped complexes that have to

be taken into account. This will not greatly affect the description as can be seen e.g.

from ref [227] where deleting O2 only has a small effect onmeasured repression values.

Mind that throughout this chapter subscripted operator species O1 and O2 refer to the

model parameters. 2) we assume that a repressor will change to its induced state upon

binding of one inducer. Other models have demonstrated the additional cooperativity

resulting from partially induced tetrameric repressors ( [207, 219] and see section 7.5).

This implies that ourmodel will not provide an ab initio prediction for the sharpness of

the induction curve, which is therefore incorporated via a phenomenological Hill coef-

ficient. Note that the predictions for either the zero or saturating inducer limits do not

depend on the cooperativity and are therefore not influenced by assumption 2).

The expression level of a repressible promoter is determined by the competitive

binding of the repressor and the RNA polymerase [228, 229]. Since binding processes

are generally fast with respect to the time scale of transcription, expression levels are

commonly assumed to be proportional the promoter activity P A , which is proportional

to one minus the fractional saturation of the operator by the repressor (P A ∝ 1− S f )

(see [90, 230]), where S f is defined as the averaged time fraction that a binding site

is occupied. However, the lac system is also activated by the CAP/CRP protein, the

action of which is modulated by catabolite repression [231]. Interestingly in the lac

system one of the operators partially overlaps with the binding site for the CAP/CRP

protein [232, 233], so that the level of activation is also determined by a competitive

binding mechanism. As we will see, this removes the proportionality of the expression
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Figure 7.1: Cube of reaction equations used to describe the lac system. K ’s are equilibriumdisso-
ciation constants, R is repressor, I is the intracellular inducer concentration. O1 and O2 denote
the main and auxiliary operator, where O2 represents a lumped variable for the lac O2 and O3
operators (see fig. 1.4). Downward reactions denote repressor species binding to O1, leftward
represents binding to I , and backward reactions represent binding toO2.

to the fractional saturation S f of the main operator.

The concentration of the product of downstream gene lacZ, or expression is given

by

E = AP Aαo

γ
(7.1)

where A is the factor of activation,αo is the un-activated, un-repressed enzymeproduc-

tion rate and γ is the dilution rate, resulting from cellular division and protein degrada-

tion. These elements are incorporated into themodel by coupling the relevant reaction

equations (figure 7.1). The species O1O2R and O1O2RI denote the looped complexes

of main operator, auxiliary operator and repressor with or without inducer bound.

The functional form of the promoter activity is given by

P A =O1 ·O2+ f O1 ·O2R + f O1 ·O2RI (7.2)

where O1 and O2 denote the average time fraction that the main and auxiliary opera-

tors are free, and O2R and O2RI denote the fraction of time that the auxiliary operator

is occupied by respectively free repressor R and induced repressor RI . A dot denotes

a product of these fractions. f is a factor (its value being between 0 and 1) to account

for the competitive binding of repressor species and CAP/CRP to the auxiliary opera-

tor, given by f = 1/A. In this way the promoter activity is 1 if both main and auxiliary

operator are unbound (O1 =O2 = 1, other terms 0), the activity is f if the main operator
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is free while the auxiliary operator is bound (O1 = 1, and O2R +O2RI = 1), and 0 if the

main operator is bound (O1 = 0).

In order to find an expression for P A in terms of equilibrium dissociation constants,

and repressor and inducer concentrations, we should state the equilibrium relations
A B
AB = KAB for the different binding events. However, in order not to overspecify the

system, one should properly take into account the constraints of the system: stating

three equilibrium relations on a face of the cube in figure 7.1, determines the fourth

one because of detailed balance. However, the relations on the faces are in their turn

constrained since they are part of a cube, and one constraint would be doubly counted.

In total we are left with 6 - 1 = 5 constraints, and 12 equilibrium constants. We thus fully

determine the system by stating 7 equilibrium relations.

O1 R

O1R
= K1

I R

I R
= K2

O2 R

O2R
= K3

(7.3)

O1R O2

O1O2R
= K4

O1 RI

O1RI
= K7

O2 RI

O2RI
= K8

O1RI O2

O1O2RI
= K10

which are chosen on the basis of either their experimental accessibility, or their useful-

ness in considering limit cases of the system (see section 7.3).

Next the conservation relations for operator and repressor are specified

R +RI = Rtot

O1+O1R +O1RI +O1O2R +O1O2RI =O1tot (7.4)

O2+O2R +O2RI +O1O2R +O1O2RI =O2tot

O1tot =O2tot = 1

Note that repressor bound operator states do not contribute to the conservation rela-

tion of repressors, since they are negligible compared to the total repressor concentra-

tion. Also there is no conservation relation for inducer, as the inducer (here the gratu-

itous inducer isopropyl-β-D-thiogalactopyranoside (IPTG)) easily crosses the cellular

membrane (e.g. [234]) so that the intracellular inducer concentration is buffered by the

extracellular reservoir. Note further that I can be considered equal to the extracellular

concentration, only in the case if membrane transport is by diffusion, hence in strains

deleted for the permease LacY.

Given these relations, we can analytically solve for P A (given by equation (7.2)),

which yields

P A = 4p (2+ y −2√1+ y)

y2
(7.5)

where

p = K1K7(I +K2)(K2K8(K3+ f Rtot)+ I K3(K8+ f Rtot))

(K2K7(K1+Rtot)+ I K1(K7+Rtot))(K2K8(K3+Rtot)+ I K3(K8+Rtot))
(7.6)
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

y = 4K3K8Rtot(I +K2)(I K1K4+K2K7K10)

K4K10(K2K7(K1+Rtot)+ I K1(K7+Rtot))(K2K8(K3+Rtot)+ I K3(K8+Rtot))
(7.7)

For small y , equation (7.5) simplifies to p; when y is large, this reads 4p
y . In fact, p is the

full description for the case when no tetramerization occurs, and only dimers can bind

(see section 7.3).

In order to compare the case without residual binding, we consider the limit of this

model where none of the inducer-bound repressor species is able to bind (K7, K8, and

K10 (and hence K12) to infinity). This changes the functional forms of p and y , which

are given in section 7.3. Other limits and their consequences are discussed in relation

to experimental data in section 7.3.

7.2 Results and Discussion

We constructed a plasmid that overexpresses wild-type LacI by a factor of 5·103 (see
section 7.4), thus yielding around 5·104 tetrameric lac repressors per cell. A reporter

plasmid containing the wild-type lac promoter controlling lacZ expression was used to

measure the induction curve as a function of IPTG concentration. The induction curve

is given in figure 7.2a, square symbols. The expression values are normalized here with

respect to themaximumoperon expression level, whichwe determined experimentally

in the absence of a repressor.

Indeed, it can be seen that the overexpressed system cannot be induced to themax-

imum expression levels: induced expression is a factor of ∼100 lower than the maxi-

mum. Moreover, the IPTG concentration, I1/2, at which the expression is halfway be-

tween the repressed and induced values (plotted in log-log), which forwild-type repres-

sor levels is ∼20 μM (see [207] for the ΔlacY strain TK150), has shifted to higher values:

140 μM. This is a strikingly large shift: whereas at wild-type repressor levels (in a ΔlacY

strain) full induction is reached at around 200μMIPTG, in the overexpression strain ex-

pression is only ∼1/30 of the induced level, and full induction is only reached for IPTG
concentrations larger than 2 mM.

This effect is especially important to account for when using transcription factors

in synthetic networks. Functioning of a designed network that contains transcription

factors that either operate outside their natural concentration ranges, or where their

concentration is regulated itself, often behave quite differently than expected (see e.g.

[153, 178]). An interesting situation occurs when I1/2 shifts upwards, while adding a

higher concentration of inducer would be toxic to the cell. This was for example the

case for TetR induction by doxycycline in the initially constructed repressor cascade

network in chapter 4. Practically, this causes the repressor to be uninducible. When

we evolved the cascade network under a selective pressure to be inducible by non-toxic

levels of doxycycline (�60 ng/ml), we mainly recovered tetR mutations which presum-

ably destabilized the tet repressor and decreased its capacity to repress. Indeed, also

whenwe randomlymutate the lac repressor to an extent that its repression is decreased
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Figure 7.2: (a) Expression data of a LacI overexpressing operon as a function of IPTG. Square
symbols are data for overexpressed wild-type sequence LacI, round symbols for a mutant LacI.
Curves are generated by the model described in the text. Triangles indicate maximum operon
expression levels, measured in the absence of repressor (leftmost triangle indicates level without
inducer). This expression level serves as normalization. (b) Definition of the curve shape pa-
rameters. The F value is the ratio of fully induced over uninduced expression. The slope is here
defined by the line that intersects the induction curve at 5% and 95% of the expression range,
plotted logarithmically. I1/2 is the inducer concentration where the expression is halfway its dy-
namic range, again plotted logarithmically.

(figure 7.2, round symbols) the value for I1/2 is shifted back from 140 μM to 58 μM.

The shape of the curve could be reproduced by equation (7.5), with the model pa-

rameters as given in section 7.6. The mutant data was fitted with the same parameters,

where the lower affinity of the mutant repressor-operator interaction was captured by

a single ’mutation parameter’. With the obtained parameters we use the model to in-

vestigate the effect of repressor overexpression quantitatively. Wewill focus on changes

in parameters describing the shape of the curves, as indicated in figure 7.2b. These

are besides I1/2: the F value or regulation factor F , being the induced expression di-

vided by the uninduced expression, and the slope, defined here as 0.9 F divided by the

inducer concentration interval between 5% and 95% of induction. We used this prac-

tical definition for the slope, and not the maximum derivative since the model allows

for non-sigmoidal curve shapes where the maximum derivative would not be a good

measure for the concentration of half-induction.

The shapes of the induction curves for repressor concentrations between 1 nM and

1 M are given in figure 7.3a, where 1 nM corresponds to about 1 repressor per cell1.

Figures 7.3b-d demonstrate the changes in the induction curve shape parameters (solid

lines) as a function of repressor concentration, in comparison to the situation without

1Note that the full concentration range might not be physiological for E. coli, as extreme overexpression
(Rtot�0.1 mM) will interfere with cellular growth.
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

Figure 7.3: Influence of overexpression and residual affinity on the shape of the induction curve.
(a) Changes in the curve shape as a function of total repressor concentration, ranging from 1
nM to 1 M for the model including residual affinity. Other model parameters are as used to de-
scribe the induction profile of wt-sequence LacI (curve through the square symbols in figure 7.2
and which is here shown in bold). (b, c, d) Influence of LacI overexpression on the curve shape
parameters defined in figure (7.2b). Solid curves include residual affinity, dotted curves do not.

residual affinity (dotted lines). From the figures we see that for wild-type expression

levels (10-20 repressors per cell [235], or log Rtot ∼1 - 1.3) the effects of residual affinity
are minimal: the solid lines and the dotted lines do not differ much. An intuitive evo-

lutionary argument can be given why this is the case. In fact the optimal operational

concentration for a repressor is subject to two opposite selection pressures: to maxi-

mize the F value and tominimize the cost of repressor protein expression. The require-

ment of a large F value sets a minimum to the repressor concentration. At the same

time, a higher repressor concentration would tune down the overall operon expression,

but this would be a very inefficient way to achieve a lower expression: downtuning the

promoter strength would achieve the same, but would impose a lower cost associated
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with repressor protein production and therefore bemore advantageous in evolutionary

terms. A more quantitative derivation can be given (see section 7.3) why the optimum

repressor concentration should actually be roughly equal to the dissociation constant

specifying the residual affinity.

For mildly overexpressing systems (∼10x wild-type levels, logRtot ≈ 2− 2.5), figure

7.3b shows that the regulation factor F increases, which corresponds well with the ob-

servation in ref. [226] that F values increased from 1300 to 6700 for 5x overexpression.

However for stronger overexpression F decreases again, as is observed in figure 7.2.

Note that not taking into account residual binding would imply that the fully induced

expression level is the maximum expression level (as if no repressor were present), and

the F value would grow without bound (dotted lines). The difference between the solid

and the dotted curve in figure 7.2 therefore also directly demonstrates the mismatch

between determining the F value either by induction, or by absence (or knock-out) of

the repressor (see also section 7.3).

Interestingly, the shift in I1/2 combined to the limited increase in F value for over-

expressing systems, may influence the quantitative estimation of parameters from an

induction curve. If the expression level at saturated induction is interpreted as themax-

imum expression level for the operon (no repressor present), a model reproducing the

experimental datamay largely overestimate the dissociation constant for inducer bind-

ing, K2, due to the shift in I1/2. Although K2 has been determined experimentally [224]

to be ∼1.0 μM, in the modeling literature generally much higher values are used (15-

30 μM). This, in turn, may lead to wrong predictions on the behavior of the regulatory

system, especially when integrated in a larger network.

Figure 7.3d shows the change in the steepness of the induction curve as a function

of repressor concentration. As remarked earlier, based on the model in section 7.1, we

cannot make precise statements about the values for the slopes of the curve. From

our model we see that for (mild) overexpression it increases, which has also been re-

marked in [219]. However, comparing the case with and without residual affinity, we

observe that amaximum value for the slope is reached at repressor concentrations that

are lower by a factor of about 10. Moreover, the slope decreases quickly at higher over-

expression, to a lower value than for wild-type repressor levels. This is qualitatively

different when there is no residual affinity: the slope of the curve is then predicted to

stay high. Again, as the sharpness of response is an important quantity in a signal trans-

ducing system (e.g. [236–238]), care should be taken in its description.

In this work we have discussed the effects of transcription factor overexpression

using a model that explicitly incorporates the residual affinity of induced states. We

argued that a description of transcriptional regulation is not complete and often will

not be accurate without giving attention to residual affinity. Although we have focused

mainly on the lac transcriptional regulation, we expect that similar effects occur for

other systems with an allosteric transition between an ’active’ and an ’inactive’ state

[239–241]. Especially when acting in a network where the concentration of allosteric
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

regulators itself is regulated, operational concentration effects can be expected to play

a role. For a realistic quantitative description of network behavior (e.g. [242]) and their

stable states, and especially for rational design of networks in synthetic biology [243],

explicitly considering these effects is important.

7.3 Useful limits and comparison to data

In this section a number of limits are worked out that demonstrate in an intuitive way

how changes in the system affect the shape of the induction curve and the F values.

An emphasis is placed on the role and consequences of residual affinity. Outcomes are

discussed in the light of measured data, and some interpretation issues in existing lit-

erature are clarified.

No residual affinity.
The case of no residual binding is obtained by taking the limits of large K7, K8, and K10

of equation (7.5). The functional form of P A remains the same, but the terms p and y

now read

p = K1(I +K2)(I K3+K2(K3+ f Rtot))

(I K1+K2(K1+Rtot))(I K3+K2(K3+Rtot))
(7.8)

and

y = 4K2K3Rtot(I +K2)

K4(I K1+K2(K1+Rtot))(I K3+K2(K3+Rtot))
(7.9)

which are the relations used in figure 7.3 (dotted curves) where the effects of having

residual binding are demonstrated.

Only one operator, O1.
If the auxiliary operators are knocked out or removed the F value is greatly reduced (see

e.g. [226,244]). We can find this limit by solving for the front face of the cube, or, equiv-

alently take the limit to infinity for K3, K4, K8, and K10.

This results in

P A = K1K7(I +K2)

K2K7(K1+Rtot)+ I K1(K7+Rtot)
(7.10)

The F value for the single operator system is given by

F = K7(K1+Rtot)

K1(K7+Rtot)
(7.11)

from which we can see that the maximum F value is given by K7
K1

(being the ratio of

dissociation constants for induced and uninduced repressor to the main operator), for

sufficiently large Rtot. Interestingly, for wild-type LacI concentrations Rtot is not larger
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than K7, which means that the full dynamic range is only observed in overexpression.

This is indeed the case. The group of Müller-Hill measured an F value of 18 in the wt i+

background, but a factor of 60 in a (5x) LacI overexpressing system [226].

Only one operator, O1 & no residual binding.
As seen above, one of the most notable effects of residual binding of induced repres-

sors is that an operon cannot be fully derepressed by induction. This implies that in

experiments that use non-functional repressors to determine themaximumoperon ex-

pression, the apparent F value of an operon grows unlimitedly for increasing repressor

concentrations. This is a main source of confusion in the interpretation of measure-

ments and the extraction of thermodynamic quantities from them. That the effects can

be large can be seen from e.g. [227], where a repression value of 230 is reported for

a 5x overexpressed (dimeric) repressor, determined by comparison to non-functional

repressor. In [226] the same quantity is determined by induction, and yields a factor of

60. These fairly large differences are often interpreted as experimental noise, but are

perfectly explained by the presence of residual binding. The combined case (only O1

and no residual affinity) discussed here can be obtained by setting K3, K4, K7, K8, and

K10 to infinity. We obtain

P A = K1(I +K2)

I K1+K2(K1+Rtot)
(7.12)

which is the same form as the first mechanistic model of lac induction kinetics in the

seminal paper by Yagil and Yagil [91]. The equation yields a regulation factor of F =
1+ Rtot

K1
. This is also the apparent regulation factor when using a non-functional mu-

tant in the experimental determination of the F value. In contrast, determining the F

value using induction yields equation (7.11). Indeed for overexpressing systems a dis-

crepancy between the two methods is expected, where for sufficiently high repressor

concentrations the induction method will result in a lower F value, which is indepen-

dent of the degree of overexpression.

No tetramerization / repressor acts as dimer.
Repressor mutants exist that do not form tetramers, but act as dimer (e.g. the lacIadi

mutant [226, 245]). Such mutant repressors are not able to bind two operators simul-

taneously and therefore not able to form loop the lac promoter DNA. Their observed

repression values are lower than those of tetrameric LacI, when the repressor concen-

tration is comparable to wild-type, but when the repressor is overexpressed the repres-

sion values for dimers and tetramers become similar (see e.g. [226, 227]). From our

model the expression for dimers is obtained by taking the limit of P A given by equation

(7.5) for large K4 and K10. P A then reduces to p, as given by equation (7.6). From this

we can see that indeed for high repression values there is no distinction between having

dimers or tetramers, since the limit of equation (7.5) for large repressor concentrations

is equally described by p. This can be understood by realizing that for large tetrameric
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

Figure 7.4: Logarithm of the factor given by equation (7.13), specifying the ratio of uninduced
expression levels accomplished by tetramers and by dimers as a function of the total repressor
concentration. When the ratio is 1 (here its log being 0), there is no difference in repression
between tetramers and dimers. Used parameters are given in section 7.6.

repressor concentrations each operator is occupied by a separate lac repressor, as is

necessarily the case for dimers. In fact, the factor

4(2+ y −2√1+ y)

y2
(7.13)

from equation (7.5) is the change of the functional form of the induction curve due to

the ability of tetramers to bind to two operators and loop the DNA.

From figure 7.4 we can see that the factor in equation (7.13) indeed reaches 1 for high

overexpression of repressor.

The F value in the no-tetramerization case is given by

F = K7(K1+Rtot)(K3+Rtot)(K8+ f Rtot)

K1(K7+Rtot)(K3+ f Rtot)(K8+Rtot)
(7.14)

which for large concentrations of (either dimeric or tetrameric) repressor, reduces to

F = K7/K1. Moreover, since for large Rtot the functional form of the induction curve is

a sigmoidal where I1/2 coincides with the inflexion point of the curve, we can find the

location of I1/2 by solving
d2

dI 2
P A = 0, which yields I1/2 = K2

�
K7/K1.

O1 knockout, only auxiliary operators.
Several effects of the auxiliary operators have been proposed. First, the presence of

the auxiliary operators would result in an increase in the local repressor concentra-

tion around O1 [246]. Second, the induction kinetics would become more coopera-

tive because of DNA looping, potentially aided by CAP/CRP binding [207,219,227,244].

Thirdly, since the operator O3 and the CAP/CRP activator binding site partially overlap,
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binding of repressor to O3 sterically hinders CAP/CRP activation, and thus lowers ex-

pression [227,233]. The observation that when only O3 is functional, there is still a large

difference in repression values between smaller dimers andbulkier tetramers [227] sup-

ports the third explanation. In our model the effect of DNA looping is incorporated

by the reaction constants. The effect of CAP/CRP interference is incorporated via the

factor f , where CAP/CRP activation is a factor of 1/ f (see the next sub-section for its

value). The case of an inactivated operator O1 can be obtained in our model by taking

the limit of K1 and K7 to infinity, from which we obtain an F value of

F = (K3+Rtot)(K8+ f Rtot)

(K3+ f Rtot)(K8+Rtot)
(7.15)

As K8 � K3 and for wild-type K8 � Rtot, the regulation factor becomes:

F = K3+Rtot

K3+ f Rtot
(7.16)

which is 1 for f = 1 (no interference with CAP/CRP), and 1+ Rtot
K3

for f = 0 (realistic val-

ues are closer to 0, see below). Assuming that K3 is of the order of 10 nM (roughly a

factor 5 less than K1, see above), for wild-type repressor concentration the repression

value will be of the order of 2. The measured value in [226] is 1.9.

Induction and CAP/CRP activation.
The most obvious effect in a CAP/CRP deletion strain is the lowered expression of lac

operon expression due to a lack of activation. A 50 fold difference has been found be-

tween the expression of a wild-type and CAP/CRP deletion strains [247], and a factor of

28 by maximum repression of a mutant containing only operator O3 [227]. This effect

is incorporated in our model, since the lac operon expression is proportional to P A/ f

(section 7.1). By changing f , we therefore do not only change the functional form of

P A , but also the overall expression level. Our measurements are performed by growth

in 0.2% glucose medium, which due to catabolite repression will reduce CAP/CRP acti-

vation∼3 fold [207,248]. As the best-fit value for f in ourmodel is around 0.1, wewould

interpolate the full CAP/CRP activation factor to be on the order of 1/(0.1/3) = 30, close

to the experimental value of 28 [227], or 50 in [247]. Interestingly, the mere factor of

3 that is due to catabolite repression may not be the main function of CAP/CRP sig-

nal integration in the lac operon, nor the overall activation factor of ∼30 (which could
equally be accomplished by increasing the promotor strength). An alternative sugges-

tion would be that the main role of CAP/CRP activation is steepening and increasing

the dynamical range of the response to lactose, as a result of the competitive binding

with the lac repressor. Such a general activator (CAP/CRP at the same time interacts

with many other operons) could well be an efficient general mechanism for simultane-

ously obtaining sharp response curves for a large number of operons.
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

Residual affinity and the kinetics of induction.
Not only an equilibrium but also a kinetic description of the system will suffer from

neglecting residual affinity, and even at wild-type repressor levels. Its absence would

imply that the time constant of induction would be equal to the time constant of disso-

ciation of the OR complex. This can be made intuitive by looking at front face of figure

7.1. When the operon is in the repressed state, upon addition of inducer, I will bind

to the free repressors R, which effectively lowers the concentration of repressor. How-

ever, at saturating concentrations of inducer, the induction kinetics are determined by

the rate of dissociation of the OR or ORI complex. The assumption that the repressor-

inducer complex has no affinity for the operator would imply that K7 is very large (in-

finite). However, by detailed balance, this would mean that the dissociation constant

K6 is also very large, implying that inducer does not bind OR. This would mean that

after addition of inducer, the time in which protein synthesis rate reaches its maximum

is at least equal to the dissociation time of the OR complex (20-30 minutes [249, 250]),

which is clearly incorrect when compared to experimental values. For example the op-

erator clearance rate (however for dimeric lac repressor) was determined at less than 1

s−1 in [234]. If we assume that inducer binding does not affect the association but only

the dissociation rate of repressor to operator, our estimate for operator clearance rate

would be the reciprocal of ∼25 min divided by the F value, which would indeed be on

the order of 1300 / 1500s = 0.9 s−1.

Evolutionary argument on wild-type repressor levels.
The argument why the optimal concentration of repressors should lie around the equi-

librium dissociation constant expressing the residual affinity is most clearly made by

reference to a simple system containing one operator (see case above ’Only one opera-

tor, O1’. We suggest that the optimum repressor concentration is a result of two coun-

teracting selective pressures. First, the repressor concentration should be high enough

to be able to accommodate themaximumF value in the system (if a lower F valuewould

suffice for operation, there would be no reason to have an in-built, but never used, ca-

pacity for higher F values). Earlier it was already shown that equation (7.11) for one

operator leads to a maximum F value for repressor concentrations larger than K7, the

equilibrium dissociation constant that determines the residual affinity of induced re-

pressors. However, as the fully induced promoter activity for one operator is given by

P A = K7

K7+Rtot
(7.17)

we see that for repressor concentrations larger than K7 the operon cannot be fully dere-

pressed. We argue that this is an evolutionary unfavorable situation, since if a lowered

expression would bemore favorable, it could be accomplished by down tuning the pro-

moter strength. This would achieve the same regulation, but with a lower cost, since no

extra repressor protein need to be produced. These arguments taken together, we ex-

pect that the operating concentration of the repressor will be of the order of K7. Indeed,
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when the lac operon is described in a simplified way as a one-operator system (as was

the case before the discovery of the auxiliary operators), the measured residual affinity

is on the order of 10−8 M (see [201] and section 7.6 below). This number amounts to

around 10 repressors per cell which also is the consensus value [93, 235]. It would be

interesting to see whether the same holds for other repressible operons.

7.4 Material and Methods

Induction experiments are performed using Escherichia coli K12 strain MC1061 [184],

which carries a deletion of the complete lac operon. This strain was obtained from

Avidity LLC, Denver CO, USA, as electrocompetent strain EVB100 (containing an addi-

tional chromosomal birA gene). We constructed a LacI overexpressing plasmid, based

on the pZ vector system [186], in which LacI is expressed from the PLtetO1 promoter

in a medium copy plasmid (p15A ori). This plasmid yields an estimated constitutive

expression of ∼5·104 lac tetramers per cell (by comparison of the PN25 promoter ex-

pression as stated in [186], and the comparable promoter strength of PL [251]). No in-

fluence of this extent of overexpression on the bacterial growth could be established

within an error of roughly 5% (for methods of growth measurements see chapter 4).

Repression strengths were determined by either ONPG or FDG expression assays (see

chapter 4), using a pTrc99A [187] based plasmid where lacI and Ptrc were replaced by

the Plac-lacZ fragment from strain MG1655 [188]. All growth and expression measure-

ments are performed in Defined Rich medium (Teknova, Hollister, CA, USA, cat. nr.

M2105), with 0.2% glucose as carbon source, and supplemented with 1 mM thiamine

HCl. Mutants were created in a mutagenic polymerase chain reaction using the Strata-

gene Genemorph II RandomMutagenesis kit.

7.5 Appendix A: not modeled induced repressor states

For simplicity, and given the scope of the present work, induction was modeled as if

the binding of one inducer molecule would bring the repressor in the induced state.

Although this might be the case for some repressors, LacI is a dimer of dimers [252],

which causes the induced repressor states to be more complex (see figure 7.5).

Both recent studies on the origin of the cooperativity in the lac system [207, 219]

include the possibility of partial induction. Without inducer, both dimers can bind and

the repressor can form loops (repressor in the black dotted box). At intermediate in-

ducer levels one dimer can be induced, while the other is still active (grey boxes). How-

ever, both studies assume that the ’unboxed’ states abolish all operator infinity, i.e. do

not take into account residual affinity of the fully induced states.

The reaction equation model described in the present work does not take into ac-

count multiple binding events of the inducer and had therefore to be modified with a

phenomenological Hill coefficient to account for increased steepness of the response
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7. RESIDUAL AFFINITY OF INDUCED REPRESSORS

Figure 7.5: Partially induced repressor states. As the lac repressor is a dimer of dimers, in which
each monomer has a binding site for an inducer molecule, there are various (partially) induced
repressor states. Different dimers are depicted as dark grey and light grey connected circles. Filled
circles represent monomers with an inducer molecule in their binding pocket. When an inducer
molecule is bound to (at least) onemonomer, the corresponding dimer is induced. Possible tran-
sitions between repressor states are indicated by a black line. Two recent lac cooperativity stud-
ies [207, 219] incorporate this scheme, but assume only the boxed states to be able to bind to
DNA. Figure after ref. [207].

due to the inducer cooperativity. Importantly however, while the model might not pro-

vide an ab initio prediction for the steepness of the response, the limits for low and

high inducer levels are independent of cooperative behavior and therefore the same as

when partial induction would have been included. A full model including both partial

induction states and residual binding is best approached with a partition sum descrip-

tion and is left for future work.
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7.6 Appendix B: reaction constants

Here we give the values of equilibrium dissociation constants used in the model de-

scription of the data given in figure 7.2a. For comparison specific experimentally ob-

tained constants are stated.

To model the mutant data in figure 7.2a, we used the same data, together with a ’muta-

tion parameter’ that raises all K ’s describing protein-DNA interactions (all but K2) with

the same factor. The obtained factor was 5.9.

constant model valuea lit. valueb refs.
K1 6.3 nM 1 nM [257]
K2 4.9 μM 1 μM [224]
K3 31 nM 10 nM [226]
K4 2 pM N/A –
K7 120 nM 60 nM [226]
K8 82 mMc N/A –
K10 3.5 μM N/A –
Rtot 14 μM N/A –

f 0.116 ∼0.1 [207,227]
Hill c. 1.9 N/A –

aAll literature values specifying DNA-protein interactions are corrected for aspecific interactions [253–
255], which cause that most of the repressors are aspecifically bound. Only a fraction of around 0.01 is free
in the cytosol [223, 256]. This could be incorporated by either scaling the total repressor concentration or
the equilibrium constants by a factor of roughly 100. We opted for the last. Note that this introduces some
uncertainty with respect to what is listed as the literature values. This would introduce a (small) scaling factor
between the model parameters and the listed literature values, which indeed seems the case.

bValues for compounded operators are estimated on the basis of the induction characteristics in the cited
references.

cThis value implies that the affinity is of the order of the affinity for aspecific DNA, being 100 μM- 10
mM [201] in the scaled units used here.
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